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In this paper we use the Lie symmetry method for finding rational and transcen-
dental symmetry transformations and invariants for the 3D Lotka—Volterra
system. © 1995 American Institute of Physics.

I. INTRODUCTION

In many branches of physics and applied mathematics we find systems described by coupled,
nonlinear ordinary differential equations. If the dimension of the phase space is bigger than two,
the overwhelming majority of these systems has domains in the phase space where the motion is
chaotic in the sense that it depends sensitively on the choice of initial conditions. For instance, the
trajectories in dissipative three dimensional dynamical systems can approach strange attractors. An
important mathematical and physical problem is to find conditions for the absence of this chaotic
behavior by looking for parameter values for which the dynamical system can be completely or
partially integrated. If the system is an integrable one the solutions will be well behaved and we
can get global informations on its long-term behavior. The notion of integrability is related to the
existence of first integrals. So the questions above can be put in the foliowing form: how can we
identify the values of the parameters for which the equations of motion have first integrals?
Several methods have been employed for studying the existence of first integrals and the integra-
bility of dynamical systems. Some of them have been devised for Hamiltonian systems, such as
the Ziglin—Yoshida analysis’? or the method of Noether symmetries.>~> Other methods can be
applied also for non-Hamiltonian systems: the direct method,’~% the singularity analysis,9 the
linear compatibility analysis method,' the use of Lax pairs,'! the method of Lie symmetries, >
the quasimonomial formalism,'* the Carlemann embedding procedure,'>!© etc.

The symmetry method, introduced by Lie,!” consists of a systematic procedure for the deter-
mination of the continuous symmetry transformations of a system of differential equations. In the
last two decades or so the application of this method has grown quickly, especially due to the
utilization of computer algebra. It has been used, through the determination of symmetries and first
integrals, for the identification of completely or partially integrable cases for several dynamical
systems.'®~2! For example, Sen and Tabor made an extensive analysis of the Lie symmetries and
integrable cases of the Lorenz model.?? However all these works make the supposition of poly-
nomial dependence of the symmetries on all dynamical variables. For the resolution of the so-
called Lie conditions, which gives us the conditions for invariance of the system of equations, they
suppose usually a polynomial dependence of the infinitesimal transformations on the velocities
(for second order ODE) or on the variables (for first order ODE). This restriction limits the
possible symmetry transformations to be found. In the usual physical situations, in mechanics for
instance, the restriction is not serious because first integrals with physical meaning, as energy or
angular momentum, have a polynomial dependence on the velocity and can be identified by
related (Lie or Noether) symmetry transformations with a simple polynomial dependence. Our
main purpose here is to exploit the possibility of determining Lie symmetry vector fields with a
nonpolynomial (algebraic or transcendental) form on some dynamical variables.?®

We take the Lotka~Volterra system (LV) as a paradigmatic example for our study. This model,
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widely used in applied mathematics, employs a first order nonlinear differential system with linear
and quadratic interactions between the dynamical variables. It was introduced by Volterra?* and
Lotka® in the theory of biological populations. Furthermore it arises also in a variety of problems
in physics: laser physics,?® plasma physics,?’ convective instabilities,”® neural networks,” etc. An
important result by Brenig®® shows that a large set of ordinary differential equations can be
reduced to LV equations by quasimonomial transformations of variables. The possible existence of
strange attractors in LV like systems has been discussed by Smale®! and the occurrence of such
attractors was proven in numerical experiments by Ameodo, Coullet and Tresser.>? We developed
also some numerical experiments for the 3D-LV system with the form given below; they suggested
the occurrence of chaotic behavior for certain ranges of parameters. For the one dimensional
continuous case of the LV system we have the logistic equation; in the discrete case we get the
logistic map with a variety of periodic and chaotic behaviors. The integrability and the singularity
structure of the 2D continuous case was studied recently by Sachdev and Ramanan.*? A particular
class of the 3D-LV equations, with a cyclic invariance of the coefficient matrix, was extensively
analyzed by Gardini er al. in Ref. 34 where the dynamics of the continuous case is a simple one
and the discrete version exhibits a very complex bifurcation structure, with a large variety of
transitions from periodic to chaotic attractors. Grammaticos, Moulin-Ollagnier, Ramani, Strelcyn
and Wojciechowski®® did a thorough examination of the three dimensional case, with the form
given below, through the singularity analysis, the linear compatibility method and the Jacobi last
mulitiplier method. They found several situations where the system has time-independent first
integrals (see also Refs. 36 and 37).

We find here the Lie symmetry vector fields for the Lotka—Volterra system and get invariants
(first integrals) for many cases with specific values of parameters. Almost all time-independent
invariants we get can be found in the very complete work by Grammaticos et al.*® But we found
two new cases with transcendental invariants, and we also considered invariants with an explicit
time-dependence. The cases found here do not exhaust the situations where there are nontrivial Lie
symmetries; in spite of the possibility of getting algebraic and transcendental invariants on two of
the variables we make the assumption that the symmetry vector fields have a quadratic dependence
on one of them. Some of the cases found in Ref. 35 cannot be obtained with this restriction. We
think that similar analysis, where the use of the algebraic manipulation is essential, could be useful
in studying other three dimensional dynamical systems.

Il. LIE CONDITIONS FOR THE 3D LOTKA-VOLTERRA SYSTEM

The Lie method permits us the determination of the symmetry transformations of a set of
differential equations.'” By using these symmetries we can, in many cases, find first integrals
(invariants) in a straightforward fashion and identify integrable systems. The symmetry vector
fields can be obtained from the invariance of the system of first-order differential equations

Ay(x;,x;)=0 (1
under infinitesimal transformations with the form
x=x;+en(tx;), =t+eé(t,x;). 2)
We will take £=0. The symmetry evolutionary vector field has the form
U= 7,0y, (3)
The Lie conditions for invariance of the system (1) are

prOU(A )| a,=0=L 70+ (D,7,)d; J(A))|a,=0=0. @
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If I is a time-dependent first integral for the system (1) then

D,=dI+X(I)=0, ®)
where X is the dynamical vector field.

A result that enables us to obtain first integrals, starting from the symmetries of the equations,
is the following: given a set of first-order differential equations A;, if U; is a symmetry vector
field of A; then U,=1U; is also a symmetry vector field of A;, and only if I is a first integral of
the system A;. In particular, if a symmetry field U, is not functionally independent of the dy-
namical vector field X,

Uy=F(1,x)X (6)
then F is a first integral of the system.

The 3D Lotka—Volterra system is described by the following equations:

X=x(cy+z+d,), y=y(x+az+d,), zZ=z(bx+y+d;). ™)
We applied the Lie conditions (4) on these equations, with the ansétz that the symmetry vector
fields can be time-dependent and have quadratic dependence on z:
m= mo(t,5,y)+ nu(tx,y)z+ 915(t,x,y) 2%,
/p 7710(t7x’y)+ ﬂzl(t,X,}’)Z‘*‘ 7]22(’#‘,)’)22, (8)

73= M3o(2,2,) + 73)(1,%,¥) 2+ 93(,%,¥) 2.

This restriction is only a partial one because we admit that they are general functions of x and y.
The system of equations to be solved, in the general case, is very complicated. The calculations of
the symmetry vector fields were made by algebraic computation.

By applying the extended Lie operator to the Lotka—Volterra (7) we get the following system
of differential equations to be solved:

0= ax( le)(f,x,}’)x— 7712(t7x’y) + ay( 7712)(1‘,x,)’)ya,

0= ax( Wll)(t,X,)’)x"‘ ax( ﬂlz)(t,x,}’)xc)"*' ax( 7712)(tvx7y)Xd1 + at( an)(t’x’y) - ”ll(t’x’y)
— (8. x,y)ey = nip(t,x,y)d 1+ 3y ( 1) (8,x,¥)ya+ 0,(712)(8,x,y)yx + y(712) (2,x,y ) yd,
= p(t,x,y)xc = p3(t,x,y)x + 2 1p(t,x,y) bx + 2 7915(8,%,y )y + 2 715(8, %,y )d3,

0=20,(710)(#,X%,y)x+ 8. (711)(£,%,y)xcy + 8.(711) (£,x,¥)xd + 3, (1) (t,x,y) — 731 (£,.x,y)x
— 710(t,,Y) = u(t,x,3)ey — myy(8,x,y)d + 3, (m10) (8.2, ¥ ) ya+ 3,( 1)) (£,x,y)yx
+3,(m)(t.x,y)ydy— 71y(t,x,¥)xc+ 1y1(2,x,y)bx + 711(2,x,y)y + 911(2,x,y)d3,

0=—mo(t,x,y)cy — mo(t,x,y)d;+ 3, (710)(t,x,y)xcy + 3, (710) (2,%,¥)xd + 3, 10)(2,x,y)
= 730(t,%,¥)x = 120(2,, )xC + 0, (710) (2, %,y )y x + 3, (710} (2,X,¥ )y d>,

0= &x( 7722)(t7xay)x—' 7722(t,x,)’)a+ ‘9y( 7722)(t,x7)’)ya,
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TABLE L. Lie symmetry vector fields of the L-V system (a#1).

N° Parameters Symmetry vector fields
1 a,b,c U;=(xz+xcy+xd;)d,+ (yd,+yaz+yx)d, + (zy+zd, +2bx)9,
dy=dy=d, Uy=e~((xcy +x2) 3+ (yaz+yx)d,+ (zy+2bx)d,)
1
2 a,b,c=— e U= (dx+xz+cxy)o,+ (xy+dyy+ayz)d,+(zy+zds+2bx)d,
d],dz'd:; U2=Zxaby—be-t(d3—dzb+d1ab)Ul
1 x(—dba—zba+y)d,
3 a,b,c=— pTy Up=y(x+d;+az)d,— b +z(y+d,+bx)d,
di=d,=dj - e'd"((sza—xy):?x+(yxba+za2yb)ay+(bzzxa-v-zyba)dz)
2=
ab

—dyt
e 1
Uy=—~ W(((b2d1a2+bzza2—yab)x2

+(((a+ab)z—da+d ba)y—y*—z2a’b)x) 4,

+(b2yx a2+ (y? ab+((a3b2—a2b)z+d a’b+b%d az)y)x
+(za*b+d,ba)y*+ ((a*d \b— dlazb)z a322b)y)3
+(b3zx2a2+((b2 2+ b%a)zy—b’72a*+ 2b2zd1a2)x+zy ab
+((d ba+d,a’b)z—z2a’b)y—z°d,a’h)d,)

U4=Zxaby—be_(ab+l—b)ddl,Uz, U5=ZX y~be-(ab+l b)dltU
(y—az+bxa)e 4

Ug=~ — 0,

: 1
4 a=1——.,b - U= e )((—-bxz—bxy—bxd1+b2xdl+b2xz)&x

1 +(—byd,—bxy+b’yd,+zy+b’zy+ b xy—2byz)J,

ab +(—5zd1—bzxz+zb2d1—byz+bzzy+b3xz)az)

d e” 1!

' Us= g pyp ((~ bre—bry=brd)+ bixd, + bx2)0,
+(—~byd,—bxy+b2yd,+zy+bzy+b xy—2byz)d,
+(—bzd\-—bzxz+zb2d,-—byz+b22y+b3xz)az)

e—d,r
Us= - ((bz—2—bY)d,+ (b%y —by)d,+(2b>—b2)d,)
—dyt
U= y———(bx&,——(xb2~bz—bx+z)ay+zbal)
x y e—dlr
Us= —5 7 ((bx=x)3,+ (by =), + (xb” + by = bx)d)
Ug=x"""zy™"0;, Up=x""'2y~"U,

e~ Ni(xb?+by—bx—bz+7)U

Ug=xt"'zy~U,, Up=— ( Z—l )Us

e~ (xb2+by—bx—bz+7)U, (xb?+by—bx—bz+z)%e 24

N U11= i U5
b—1 b—1)
e”“V(xb?+by—bx—bz+z)_
b-1 Us

Uyo=—

U=~

5 a=-—1 U;=x(y+d, +z)z9 +y(d +x—2)9, +z(x+d|+y)6
b=c=1 Uy=e ""( (x? y+x 2d,—2xzy—xzt—xy*+x%2)9,
d\=d,=d; —(y*z—xy?—2yzd,+2yd\x—2xzy—y%d,+yz +x2y)0y
—(—y*z—yzt+x2z—xz2—72d, +22d,x)3,)
U3=e“’"((xy+zx)¢9x+(xy—zy)6y+(zx+zy)c?l)
Us=e " (—y(x—2)(3,~ 3,)), P4—Z(ax+2‘91_ay)
23, +3)(y+z ez
Ug= (4 ;)(y ), U,= =y Uy, Ug=—e (x—z—y)U,
dllz e—dlr(x z— y)
Us Up=- —Z_“Us

e
9 xy
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TABLE L (Continued.)

6 a,b=1 Ui=x(z+d))d,+y(x+za+d,)d,+z2(x+d, +y)d,
c=0 x"(za—y)e""*”dl’
di=d,=d, U,= —-—-—-——ya (xzd,+ (zya+xy)d,+(zx+2zy)d,)
_xa(za_y)e'd|at
3= va 1
B 1 x(y—bz—d,—bd,~2) (bdy—bz+bx—2)y
7 a——l—z,b Uy=— 75 a,+ 5 Iyt (bx+y+d)zd,
1 xe—d,z )
=55 U= -1—_,_—17‘((by+Z+b2)<9x+(—ybz—by)r?y+(b z+b2)3,)
d\=d,=d, ye 9’
Uz=— 75 ((bzx—bz+bx—z)z9y—bx&x+zo"zb)
8 ab=1 Uy=x(d,+2)d, +y(x+dy +2a)d,+ 2(y+dy +3)3,
c=0 xae—l(d3—d2+dla)
dy,dy,dy U,= —-——yaj——((xd3ya-—xdzya—xzya+xzd1a2+xz2a2
—xd,ya)d,+ (azdsy—xy*a+xzya®+zdsya®+a’z®y
~y*2a®~dsy’a—a’zdyy)d, + (diy +yld,— xzya + zdya?
+dyya+zPya®—dydyy+diya+zdyya®—y’dy+xz’a’
—yzza—2d3d2ya—zd2ya—zd2ya2)az)
_(at+1) x(dya+td,+za+z—ya+y)d,
9 ab= @D U= o +y(x+dy+za)d,
c__(a—l) +z(ya—y+d3a-d3+xa+x)&z
(a+1) a—1
d,=d,,d; x2eMa=1)7y=2Ma=1) g~ tds+dy)
U= (a-1) ((a=1)9,+(—a—1)d,)

0=0/(72)(2,%,y) = 712(2,%,¥)y + 3, (m2)(t,x,y)ya+ 8,(122) (£,%,¥)yx+ 8, ( m2)(t.x,y) yd>
+ ax( 7721)(tvx’y)X+ ax( ﬂzz)(t,x,Y)XCy + ax( 7722)(t,x,)’)«\fd1 - 7721(f,x,)’)a - 7722(t’x’y)x
= oo(t,x,y)do— 3, x,y)ya+ 2 70(t,x,y)bx+ 2 (b, x,y)y + 2 9p0(t,x,y)d3,

<

=0, (720)(t,x,y)x— 121 (2,x,y)y + 3, () (t,x,¥)xcy + 8, (7)) (1,x,y)xd | — 73,(2,%,y) ya
+39,(720) (8,x,y)ya+ 3, (72)(2,%,y)yx + 8, (1) (1,x,y) ydy + 3,(1721) (£,%,¥) — m0(t,x, ¥ )aa
= p21(t,x,9)x — 5 (t,x,¥)do + 721 (2,x,y)bx + 7y (2,x,y)y + 724 (2,%,y)d3,

O=ax( Uzo)(f,x,}’)xcy_ Ulo(f’x,)’)y+5x( 7720)(t’x’y)xdl +at( 7]20)(t’x9y)_ 7720(t’x’y)x
- Wzo(f»x,}’)d2+<9y( 7720)(t’x’y)yX+ay( 7720)(tyx’y)yd2_ 7730(1‘,«‘,)’))’51,

0=09,(m3)(t,x,5)x= nia(t,%,y)b = no(t,x,y) + dy(m)(t.x.y)ya,

0=3.(m3)(t,x,y)x— 11(,%,3)b+ 3 p3) (2, x,y)xcy + 3, (m3)(2,%,y)xd | + 3,(732) (£,x,¥)
+ ay( 7731)(f,x’)’)ya + ‘9y( ﬂ}Z)(tvx,y)yx-'_ 0y( 7732)(t,x,y)yd2_ 7721(t’x»y) + 7/32(t’xay)bx
+ 7., y)y + palt,x,y)ds,
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TABLE II. Invariants of the L-V system (a#1).

N° Parameters Invariants
1 a,b,c, d|=d2=d3
1 — o yab~b,—t(dy—dyb+dab)
2 a7b»0=”‘a‘5»dl,dz,d3 1,—~Zx“y e ~Hdy—dy 1@
3 b 1 ! (y~az+bxa)e %
a,0,c=— — = —
ab a
dl =d2=d3 . x—abybe(ab+l-b)d|t
= 4
4 I R ; x!7hy?
TR T T Ty
d\=dy=d; ! e ' (xb?+by—bx—bz+7)
2= =
b—1
5 =—1,b=c=1 I=—e i (x—z—y)
dy=d,=d, zedr
12=
xy
6 a,b=1,¢=0,d,=d,=d, ; _ x “yaeh®
1= za—y
7 1 1
a=_1-’;,b, C=E’, d1=d2=d3
8 a, b=1,C=0,d1,d2,d3
9 _(a+1) (a—1)

a, d1=d2,d3

B AT

0=0.(130)(1,x,y)x = 710(t,2,9)b+ 9, (731)(£,x,y)xCy + 3.(731)(£,2,9)xd 1 + 8:( 31)(1,x,y)
+ ay( 7730)(t7x,)’)ya + ay( 7/31)(t’x7)’)}’x+ ay( 7731)(t9x7y)yd2_ 7720(1,3‘,)’),

0=3,(730)(t,x,¥)xcy + 3, ( m30)(£,%,y)xd + 3 730) (£,X,Y) — 730(2,%,¥ ) bx = 930(2,%, Y)Y
= 730(2,x,y)d3+ 9,(m30) (2,%,¥)yx + 3,(m30)(t,x,¥)yd; . ©)

ill. LIE SYMMETRIES AND INVARIANTS OF 3D LOTKA-VOLTERRA EQUATIONS

The power series solutions of equations (9), in the general case where a # 1, have the form:

7712(t,x,y)=2 rl,m(t)'xlwamyms 7722(t’x9y)=2 r2,m(t)y1+mx_am’

m m

732(1,%,3) = 20 XY (r3 (1) F Ta (D)X + Y75 (1)),

m

m(txy) =2, XTI rg (1) X2+ 1y (8) XY + 7y ()X + 1o () +710,a(D)y + 711 m(£)¥?),

m
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TABLE III. Lie symmetry vector fields of the L~V system (a= 1).

N° Parameters Symmetry vector fields
1 a=1pb Up=x(cy+z+d))d,+y(x+2z+d))d, +z(bx+y+d;)d,
d\=d,=d,4 U=e _'d'((xcy+xz)a +(yx+yz)d,+(yz+2bx)d,)
c#0 2(x— cy) e '
Uy=—- ——7—U,
xcyb
2 a=1p=1 Us=x(cy+z+d)é, +y(x+z+d1)z9 +z(x+y+d))a,
d|=d2=d3 e"d‘
c+0 Upy=—1T——((x~ cy)cz(x ey)x(cy+z+dy)o;
XE(C+ l)y

+y(x+z+d))d, +z(x+y+d1)3 )+ ((x(yxtzey+yz

—x2)d,+y(2yx—ylc+yz+zcy—x2)d,+z(zey —xz—y 2c
1

+y2+2yx)3,)d, +xe(y —z)(x— cy)({ey + 2)xd;

+y(x+z)6y+z(x+y)dz)))

1
sz__n"dl({\y—7\(r cy)((cy+2)xd,+y(x+2)9,

+z(x+y)d,) +(x(yx—xz—y 2.2 —y 2¢)d,— y(y*c+xcy
+xz—yx)8,—z(xz—zcy—yx+2y’c+xcy)d.)d))
Ug=e ‘d'((cy+z)xa +y(x+2)d,+2(x+¥)d,)
(y—2)x—cy)e” ™

Ug= — ————————Ty
? 1 y 1
(- z)xc+z(x cy)')
U=
xr(y 2)
3 a=1b=2 U1=x(cy+z+dl)a,,+y()c+z~l—d,)a”y+z(2x+y+dl)6Z
dy=d,=d, Up=e ™ “1((xcy+x2)d,+ (yx+y2)d,+ (2x2+y2)d,)
t
c#0 o ((2xz(x—cy)F(x—cy)z(cy+z+d|)
Uy=e™ T
xc

+(2}’(—C)’—y+226‘+z)x2—22x3—(c+ Dy*(2ze—cy+2)x)d;

1
—2x(cy+z)(x—cy)(cy*+yt—zcy—yz+xz) ;2‘) 9,

1
2z{(x—cy)e(x—cy)(x+z+d
+( dxmey)elx lcy)( £ ])+(y(—3y—3cy+22+4zc)x

xc

—2x2+2c(c+ 1)y — (c+ 1)(2c+1)zyHd, — 2(x—cy)

1
X(x+z)(cy2+y2—zcy—yz+xz)) 7 Fl

+(2y(—2cy—2y+2zc+2)x

Xc

( (2z(x—cy)l?(x—cy)z(ZHy”fd;)
X1z T
—2x%+(c+ 1)(2c—1)y*—2¢(c+ DzyH)d, —2(2x+y)

1
><(x—cy)(cy2+y2—zcy—yz+xz)) ) ;f az)
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TABLE I, (Continued.)

N° Parameters Symmetry vector fields

U4=e"“l<(x((y(—cy—y+220+z)x—xzz+c(c+1)2y3)d,

2,2 !
~(cy+z)(x~cy)(ey*+y —zcy—yz+xz));g 3,
+((y(czy—y+z+220)x—xzz+c(c+1)y3’)d1

2, .2 !
~(x—ey)(x+z)ey+y —zcy~yz+xz); 3,
+(z((y(202y—y+cy+z+2u‘)x—x22+20(c+1)y3—c(c+1)zyz)dl

1
~(2x+y)(x—cy)ey?+y—zcy—yr+xz)) ;;z) 3z)
(x-cy)(cy2+y2—zcy—yz+xz)e”""U

Ug=—
5 y2 2

1
Us=( | Hx=ey)Hx—ey) )Us
(cy?+y2=zcy— yz+xz)xc

x(—zb—z—bd,—d,+y)

4 a=1 1 U=~ P 9t y(x+z+d;)d,+z(bx+y+d,)d,
~dy
= —— __ ¢ 2.2 —
b+1 U, (y+bx+x)((xd B+ 1)(B(b+1)%x2+(b+1)(2b— Dyx

b#E—1

g +(b= 1)y*+yz)—x(y—z—zb)(by*+2ybx +2ybx~zyb
d]“‘dz—*d:;

—z2xb?+bx?—xz+b3x?+ 26242~ 22bx)) 3, + (yd ,(b+ 1)
><((b+1)3x2+(b+1)(2b+1)yx+yz+by2)+y(b+l)(x+z)
X(b(b+1)2x2+(b+1)(2yb—zb—z)x+ by? —z,vb))a +(z(b+1)
X (bx+y)(b(b+1)2x2+(b+1)(2yb—zb—z)x + by* —zyb)
+z2(b+1)d,(2b(b+ 1)2x2+ (b + 1)
><(4ybd—zb~z+y)x+(2b+l)yz—zyb))az)
e,

U3=(T_fm—)— (xd;(B(b+1)*x2+ (b+ 1)(2yb>+ yb—zb—7)x
+b62y D —x(y~z— zb)(B(b+1)22+ (b+ 1)(2yb—zb—2)x
+by? —zyb))d, +(y(b+1)(x+z)(b(b+1)2x2+(b+1)(2yb
—zb—7)x+by? —zyb)+y(b+ 1)d(b(b+2)(b+ 1)x? +(2yb?
—zb+3yb—2)x+by?))d, +(z(b+1)(bx+y)(b(b+1)2 2
+(b+1)(2yb zb— z)x+by —zyb)+z(b+1)d(b(b+1)
X(2b+ 1)x?+(3yb—2b?—22b+4yb>— 2)x - zyb+2by?))d,)

Ug=e "1((zbx— yx+x2)d, +(zyb+yz+ybx+yx)d,
+(zyb+yz+sz2+sz)a)
(by?+2yb%x+2ybx—zyb— sz2+bx2—xz+b3x2+2b2x2—22bx)e"d"

s y+bx+x Us

1 =x(cy+z+dl)<9X+y(x+z+d|)ay+z(y+dl)5z
0 e~
0 Up=— —1— (x7d, (x(cy +2) 8, + y(z+ x)d, + 2y8,)
1=dy=d, xe
—z(x— cy)"(x(cy+z+dl)z9 +y(x+z+d,)d,+z(y+d,)d,))
-~2td
e 1
U= ———1—(x cy)cz(x(cy+z)z9 +y(z+x)d,+2yd,)
e‘dlx%
Uy= ——1U;
(x—cy)ez
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TABLE III. (Continued.)

N° Parameters Symmetry vector fields

6

I

U1=x(z+d|)ax+y(x+z+d,)3y+z(x+y+d|)5z

(SN
I
S -

Ao
Il
Qu
N
il
QU
Py

_ 2
y e %
U2=e"2“"( —x(yxz—z2x+yzdl+xzd,e"?+yd,x—xzd[+xz2+ " )3;:
-2_ 2 2 2,-2, 2 -2 3
~(yzdi+xzdie” i—72°x—x’z+2yd\x+yxz—xzd, + zx% " T+xz7% r+yx?)a,

z 2 2 2,-2, 2 -2 -2 2
—;(2yd1x+y di—yxz—x°z+zxte T+y%x+xzde” T+ xze xy+yx“—xzd,)d,

e Mix(y~1z)
U= ——————(—(xzd,+y(z+x)d,+2(y +x)3,))

Ug=e"N"(x20,+ y(z+x)3,+2(y +x)3,)
Y
Nix(y~2z) _(y+ze 5-7)

Us=-— U, U=
s y v (y-2)

3

x(y—2z—2d,)

U1=y(x+z+d,)5y— 2

z e—zd,zxs
U,= W(B 23,)

9, +z(2x+y+d))é4,

(y+2x)(y2+2xz— yz)
2zx*
x(y+2x)(4xz2 —6zyx+zy2—y3) (y+2x)
4y? %+

Us=

U4=e‘2d"( (62x2+y*x

2(zy3—4xy+ 2zyz,\:+4zy,\r2 —4y%x?—y*+8zx%)
2y2 z

—3zyx—zy2+zzy)¢9y+

x(2z—y)(2x—z+y)
2
YOy +2x)(2x—z+y)®  y(y+2x)(x—y)(2x—z+y)?
8,— . 3
2x x Y

U5=e‘“l’( - 8x—y(z+X)(2x-z+y)8y—z(y+ZX)(2x—z+y)ﬁz)

-

YAy +2x)(2x—z+y)?
vi 3.
x
. ze—dlrsz U ed,t .
U U gy Us
x(y2+4xz) s (y2x+4zx2—zy2—22yx) yz
4y * 2y 9yt _2—+xz 9
zedlt

2x—z+yU6

z

U9=e‘d !

Upe=-—

x(2z+y+2d))
8 a= U= ——2—(7X+y(x+z+d,)x9y—z(2x—y—dl)az
b=1_2 ze~2d11y,2
c=7 U,= T((Zz+y)x6x+2y(z+x)z9y—22(2x—y)az)
—dyt
ye (y(4x2+yz+2x2)(3,+24,))
e~dlr

U;=

U= ((Qx=y+2)((2z+y)xd,+2y(z+x)d,

—22:(2x ¥)3)+d (x(4x—3y)d,+2y(x— ¥)é,
+22(z+4x-2)3,))
(2x=y+z)e™
Us= —Tyz——((32x4+(l6z 24y)x3—4zx? y+3xy%)8,
+(16yx3 —8y(2y 2)x2+2y3(3y— 2z)x+7.zy3)¢9
+(32(2y—z)x>— 64x* — 16y(y — 2)x2—4zxy? +2zy3)a)
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TABLE III. (Continued.)

N° Parameters Symmetry vector fields

e—zdlxy

Ug=—77—(( 16+ (162~ 8y)x®+ 422k - 32xy%) 9,
+(32x* ~ 16(y —22)x>+ 82%x? = 2yz(3y — 22)x — 22%y%)9,
+22%y(2x—y)4,)

e

Uy= - —— ((2y—~42)x*+ 22xy + 2y%) 3, + 2y (22 +y2)d,
+4z(2x~-y)xd,)

e—dlt
Ug=— o ((64x%— 16(3y — 2z)x*—~ 8zx3y +2y%x? - 2zy%x

—zy"a,+ (32xty — 16y 2y —2)x3 + 4y (y —22)x2 ~ 2234,
—4x(2x—y)(16x3+ (82— 8y)x2+2y?)d,)

x(2x—y) 2y%e i
Up= — ——5—((y+4x)3,+2y3,—8x38,), U= — U
x¥(2x—y+z) 2zy?
Up= _—JQ_‘_Uz’ U= WUs
16y422e—d|l 8ed|rx2
Up= 777 Us, U= yi Us
x“(4x“+yz+2x)(2x—y) (2x—y)(4x*+yz+2x2)
9 a=1,b Ui=x(cy+z+d|)d,+y(x+z+d ), +z(bx+y)d,
c#0,d,=d, _ z(x—cy)tede
dy=0 U,= _;Tl'c;F"_Ul

10 a=1 Up=x(cy+z+d)d,+y(x+z+d))d,+z(x+y)d,
b=1 (dycy—dyynQa))+dyyln(y)+diyin(e)) —yx+xz+cy* —zey)
d\=d, U,= " U,
d;=0 -1 1 zc 1
—x T z(x—cy)e—dcy—d\y+ — (x—cy)Ty
<z
U=~ . - U,
11 a= x(d;+db—y+zb+2z)d
b —1 Uy= —— St y(x+z+d)d,+2(bx+y)d,
! I
- yl yb b xz
c= = by e e
b+1 U, (bdlln(lxl) bx b+1+ bi1 Baiyix U,
d]=d2
d3=0

ERIEDS XYM iom( D)X P13 m(8)XY + P g (D)X + T 15,0 (8) 7 16,m(1) Y + T 17,m(1) YD),

m

m(tx,y)=2, X7y (P 1g (1) X%+ 119 ()XY + P o0 (1) X+ oy () + Pop ()Y + 723 m(£)Y2),

m

To(t,x,y) =2, XY (P ()X + 725, (0)X7Y + Fog ()XY 4+ 127 (£)Y3 + Fog ()22

m

+ 129 m()xY + P30 ()X + 131 () F Fap (£)y + 133 m(£)¥7),
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Mao(£,2,y)= 2 XYM (P 34 ()X + 135 ()XY + P36 m(8)XY? + 737, (£)Y° + F3g (1) X7

m

+ 739 ()XY + 140 (D)X + 141 1y (1) + Pap ()Y + T a3 m(£)¥2),

7302, X,y) = 2 x_am}’m(ru,m(t)x3+ r45.m(t)x2y+r46,m(t)xy2+r47,m(t)y3+r48,m(t)x2

m

+ 749 ()XY F P 500X+ 751 (8) F 752, (£)y + 53,m(£)¥2), (10)

where the r; ,(#) must satisfy 95 ordinary differential equations. Solving this system we find
several cases with nontrivial Lie symmetry vector fields (Table I). In Table II we list the invariants
that we can find by using the method discussed in Sec. II. Let us stress that this system is invariant
under a simultaneous cyclic permutation of a,b,c, of d,,d,,d; and x,y,z. Therefore, if we know
a symmetry vector field (first integral) for some values of the parameters it is transformed into a
new symmetry vector field (first integral) of transformed system.

If a=1, then #;; can be written in the following form:

Pa(6,5,9)= 20 T1m(DX' MY, (1, x,y) = 2 ram(8)x! Ty,

m m

Daa(1,2,9) = 2 XY (F3 () + Pam(1)X),

P(15,9) = 25 XY (Ps m(8)X2+ 16 (1) 2+ 17 (1)),

m

Mr(1,%,9) =2 XY™ (rgm()X*+ 1o ()X +r10,m(1)),

m

Pa(t,5,y) = xTYM(r (X2 H g (D)xF 113 (2)),

m

mo(t.x,y)= 2 XY (P 148X 4115 (X2 H 11 () X+ 717,0(1)),

m

o 1,2,3)= 2 XY™ (F 1 ()23 + P19 (152 + P m(£) X+ 121 (1)),

m

T30(t,%,9) = 2 XY™ (Fygm( 63+ 133 ()52 4 P ()5 + P35 (1)), (11)

m

where the r; ,,(¢) must satisfy 35 ordinary differential equations. We do not claim to have found all
solutions of this system. The symmetry vector fields and invariants for several representative cases
are showed in Table III and Table IV, respectively.
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TABLE IV. Invariants of the L-V system (a=1).

N° Parameters Invariants
1 a=1b bel —td
’ (x—c e~
d‘=d2=d3 11= Y) ¢
c#0 xey?
2 1,b=1 ( )1
a=1b= zZ(x—cy)— —td
c —z}(x—cy)e
dy=d,=d; I= - IL,= S y)
c#0 (z—y)xe Y
24,2 —id
x—cy)cy +y‘—zcy—yztxz)e !
3 a=1b=2 11:_( y)(ey*+y : Y=y )
dy=dy=dy; c#0 7
zZ(x—cy)e(x~cy)
I= T
(cy*+yr—zcy—yz+xz)xc
Sl e (Yt 2yb%x+2ybx—zyb—zxb*+ bx*—xz+b3x*+2b%x% — 2zbx)e '
4 a=h =7 1= y+bx+x

b#—1, di=dy=d,

1
xte'h

5 a=1, b=0, ¢ # 0 I=—
d\=d,=d; Z(x—cy)T
—-dt
e Vx(y—z
6 a=1 =079
b=1 , 7
c=0 P _(ze™®
di=d;=d; -2
-djt
e V(2x—z+
7 a=1 1,=———(——y~l
b=2 22 —dy1,2
=—L g —g=4 (y+2x)(y*+2xz—yz) ze hix
C=—13, GTa=a; 2= 2202 I,= 7
2
x*2x—y+z
8 a=1 1=‘_‘—T—‘( y+z)
b=-2 D 2 —dy
=Ll g =d.=d (2x—y)(4x*+yz+2xz) 2zy%e” %1
€=73, 41T a=d; I,= 857 Iy= g
( )1+cb
zZ(x—¢ 3
9 a=1b, ¢ # 0 1= Y
dy=d,, dy=0 xeyb
) ) ( a )
= = —z2}x—c 2{x—cy)e(x—c
10 a=1, b=1 11=d11n(|y|)~dlln(|x|)—(y (x—cy 5= y)c[( y
d|=d2. d3=0 y yx'c'
1 vl yb b xz
1 a=l, e=-p3y I‘_bd‘ln(ﬂ b At e by e
d1=d2, d3=0
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The invariant I, in the case (9) of Table IV is a generalization of an invariant found by
Grammaticos et al. for the particular case where b=1. We note that, as remarked in Ref. 35 the
Lotka—Volterra system possesses an invariant measure density, i.e., there exists a function
M(x,y,z) satisfying

0 Mx)+ 3, (My)+3d(Mz)=0, (12)

where x,y and 7 are given by the dynamical equations (7). The Jacobi last multiplier method
allows us, in this case, to find a second invariant /, starting from the initial one / 1. This method
applied in the case (9) leads to the invariant:

xly
12=(1n(x)—ln(y))d1+x—-cy+llf (u—c)~Utebley(i-alegy, (13)

Therefore, we get a new integrable case of the 3D Lotka—~Volterra system. We found also the
following expressions for the case a=1,¢ # 0, d\=d,=d,; and b=integer:

| Gmey)e i)

1 yb ’
_(r=cy)ez(x—cy)o! (1
2= x”cf(b) ’
where f(b) is given by
bl 2(2],-1(=y)P 2T ) (cji+ DI (b))
FB)=(=D?TT Ge+ 1)yb+ —2 P = . 15)

j=1

We proved by direct computation that I, and 7, in (15) are actually invariants for the following
values of b: 1, 2, 3, and 4. We make the conjecture that /, and I, in (15) are in fact invariants for
any integer value of parameter b.

IV. CONCLUSION

We studied here the Lie symmetries of the 3D Lotka— Volterra system and we found several
parameter values at which one or more first integrals exist. The main purpose of this paper was to
show that the determination of rational and transcendental Lie symmetry transformations can be
useful for identification of nonpolynomial first integrals for systems of ordinary differential equa-
tions.
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