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11.

12.

13.

14.
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CHAPTER 5. INTEGRATION

Section 5.1 Sums and Sigma Notation

(page 278)
4

Zi3:13+23+33+43

j —1+2+3+ +100
j+1 72 3 4 101

Y3 =343+3 4. 43

(_l)nfl
i+1 R T A

—2)2 2 "2 2
S0-2 1222 3
2149 2
j_lﬁ—n3+§+3+- + =

5+6+7+8+9=> i
i=5
200
-4 2 (200 terms) equals 22
i=1

99
_ Z(_l)iiZ
i=2

100
-+ 100x% = Z ix'”

24242+
1+ 2x +3x2 + 43 + -

T+x+x2 450+

n
_+xn_§ :xi

i=0

2n
_ Z(_l)ixi

i=0

l—x4+x2—x3 4. x>

1 1 (1)"1 (l)ll
1__ - — . =
4+9 n? Z
L 2 3, 4 iy
2 4 8 16 2n 21

i=1
100

Zsm} = Zsm(z -1

176

(- 1)” on
(n—2)?

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.
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m 1 m+6 1

ZeriT X et

k=-5

Z(i2+2i) _ nn+1D)Q2n+1) +2n(n +1) _

“ 6 2
i=1

1,000

2(2/ +3) =

2(1, 000)(1 001)

Z(n Ll) —3n

T —1

2 — —n(n +1D2n+1)

n
Z(zl _ 12) — 2n+1
i=1

n
Zlnm=1n1+1n2+m+1nn=1n(n!)

m=1

e(llJrl)/n -1

n
ifn 2

6

+ 3,000 = 1, 004, 000

242+ ---+2 (200 terms) equals 400
1 —
1+x+x2+--~+x"={ﬁ ifx #1
n—+1 ifx=1
1+x2n+1 )
1—x+x2—x3+---+x2’1={ﬁ if x # —1
2n+1 if x =—1
2 oo _ X — 1.
Let f(x) =1+x4+x"4+---+x" = if x # 1.
Then
Fl(x) =14 2x +3x2+ - +100x”
_d x' =1 100x'" — 101x!%0 4 1
dx x—1 — (x —1)2
22 —3% 4% — 5% ... 4982 — 997
49 49
= Z[(zk)2 — 2k + 1))=Y [4k* —4k> — 4k — 1]

k=1

49 x 50
:—Z[4k+1]_— X7 49 — —4,949

1 2 3 n
Lets=—-+4+—-+4+—-+4---4+ —. Then

27473 2
s_L,2.3 o on
2478716 2t

nn+1)Q2n+17)



29.

30.

31.

32,

33.

34.

INSTRUCTOR’S SOLUTIONS MANUAL

Subtracting these two sums, we get

s_1+1+1+ +1 n
272 48 on ntl
11— n

T2 1-(1/2) o+l

_ n+2

- _211+1'

Thus s =2+ (n +2)/2".

n

S (ri+n-ro) Z Fi+1) -~ Z £)

i=m i=m

n+1
= > f(/)—Zf(z)
j=m+1 i=m

=fn+1— fim),
because each sum has only one term that is not cancelled
by a term in the other sum. It is called “telescoping”
because the sum “folds up” to a sum involving only part
of the first and last terms.

=10, 000

10
Z(n4 —(n—1D*=10* -0
n=1

m
Y@ -2y = —20=2"—1

Zl 1\ 1 1 m+1
—~\i i+l “m 2m+1 mQCm+1)

Emm > (G-

j=1

The number of small shaded squares is 1 +2 + --- + n.
Since each has area 1, the total area shaded is Z?:l i.
But this area consists of a large right-angled triangle of
area n2/2 (below the diagonal), and n small triangles
(above the diagonal) each of area 1/2. Equating these
areas, we get

i,_n2+ 1 n(n+1)
1—2 n2— 2 .

36.
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Fig. 5.1.34

To show that
Z _ n(n + 1)

we write n copies of the identity

k+ D2 =k =2k +1,

one for each k from 1 to n:

2 _12=2()+1
32-22=22)+1
42 -32=23)+1

n+D*—n*>=2n)+1.

Adding the left and right sides of these formulas we get

n+1*—1

n
2 =2Zi+n.
i=1

nn+1)

1
Hence, Z;lzlizi(n2+2n+l—l—n): 3

The formula Y 7_,i = n(n + 1)/2 holds for n = 1, since
it says 1 = 1 in this case. Now assume that it holds for

n = some number k > 1; that is, ZLI i = k(k+ 1)/2.

Then for n = k + 1, we have

k+1

Zz _ZH—(k—H)— )+(k+1):W'

Thus the formula also holds for n = k 4+ 1. By induction,
it holds for all positive integers n.

177
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37. The formula Y!_,i®> = n(n + 1)(2n + 1)/6 holds for
n = 1, since it says 1 = 1 in this case. Now assume that
it holds for n = some number k > 1; that is,
S i% = k(k + 1)(2k + 1)/6. Then for n = k + 1, we
have

k+1 k
doit=> it k+1)°
i=1 i=1

k(k +1)2k + 1)
- 6
1[2k2+k+6k+6]

+ (k+1)?
_k+

- ki(k + )2k +3)

_ (k +D(Gk+D+DQE+D+1)
= G .

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

38. The formula Y7, ri=! = (" — 1)/(r — 1) (for r # 1)
holds for n = 1, since it says 1 = 1 in this case. Now
assume that it holds for » = some number k£ > 1; that is,
Sk r=l = (k= 1)/ — 1). Then for n = k + 1, we
have

k+1 k rk _1 r

2 rtfl — 2 rtfl +rk — _|_rk —

. . r—1 r—1
i=1 i=1

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

39,
n
3
2
1 d
l 2 3 o n
Fig. 5.1.39

The L-shaped region with short side i is a square of side
i(i 4+ 1)/2 with a square of side (i — 1)i/2 cut out. Since

(i(i+1))2 ((i - 1)i>2
2 B 2

it 423 i - =28 +i%)
= =1,
4

178
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that L-shaped region has area i3. The sum of the areas
of the n L-shaped regions is the area of the large square
of side n(n +1)/2, so

n

S (n(n + 1))2
i=1 - 2 .

40. To show that

n
YoiP=r42P 434
j=1

v = ———,

we write n copies of the identity
(+D*—k* =4 +6k% + 4k + 1,
one for each k from 1 to n:

21t =40 +6(1)> +4(1) +1
324 =42 + 622 +42) +1
44 —3* =403 +6(3)* +403) + 1

m+ 1D —n* =4m)’ + 6()> +4(»n) + 1.

Adding the left and right sides of these formulas we get

n n n
m+D* =11 =4> "3 46) j*+4) j+n
j=1 j=1 j=1

n
6 +1)2n+1
—a)y A D

4 1
n(n2+ ) .

Hence,
n

4y P=m+D —1-nn+D@n+1) =20 +1) —n
j=1

=n?(mn+ 1?2

SOZ]

41. The formula 37, i% = n®(n + 1)>/4 holds for n = 1,
since it says 1 = 1 in this case. Now assume that it holds
for n = some number k > 1; that is,

S i3 = k*(k + 1)2/4. Then for n =k + 1, we have

n2(n + 1)2

k+1 k
B MR
i=1 i=1
2 2 2
_ @Hlﬁlf = @[kz%l(k“)]
2
= oy,



42,

(n+ 13 =1

43.
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Thus the formula also holds for n = k 4+ 1. By induction,

it holds for all positive integers n.

To find °7_; j* = 1% +2* +3* + ... 4+ n*, we write n

copies of the identity
(k+1)° —k> = 5k* + 106> + 10k> + 5k + 1,
one for each k from 1 to n:

25— 13 =5(D)* +10(1)° + 101 +5(1) + 1
37 —25 =52)* +102)° +102)> +5(2) + 1
4 —35=53)*+103)° +103)> +53) + 1

n+1° —n’ =5m)* + 10(n)> + 10(n) + 5(n) + 1.

Adding the left and right sides of these formulas we get

Substituting the known formulas for all the sums except
;’:1 j*, and solving for this quantity, gives

n

4 nm+1DQn+1)Gn%+3n—1)
2= 30 '

j=1

Of course we got Maple to do the donkey work!

5.4 1,
Zl_—n—}—n—}—ﬁn—ﬁn

Z clpey L Ly ]
1 n n n —-n —n
2" 6 4

7 7 1
7 SR 2
Z n+n+12n 2 +12

Zg n+n+

We would guess (correctly) that

1
110 _ 'l 4 10
E i —-n -+
2

Section 5.2 Areas as Limits of Sums
(page 284)

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

n n n n
=5) j'H10)_ jF+10) 245 j+n
j=1 j=1 j=1 j=1

SECTION 5.2 (PAGE 284)

A= lim —

n—oo n

1|:3 3x2 3x3 3n]
n n n n

3
lim S (1+2+3++n)
n—oon

. 3 n(n+l)
= lim — - = —sq. units.
n—>00 n 2 2
y A
7(13)
y=3x
123 4 n=l 1 *

n n n n n
Fig. 5.2.1

This is similar to #1; the rectangles now have width
3/n and the ith has height 2(3i /n)+1, the value of 2x+1
at x = 3i/n. The area is

18 1
— lim _M +3 =943 =12sq. units.

n—o00 n2 2

This is similar to #1; the rectangles have width
(3—1)/n =2/n and the ith has height the value of 2x—1
at x = 1+ (2i/n). The area is

A_nlggoz <2+2——1>

= lim —2 E i+—n
n—>00 p< 4 N n
=

8 1
= lim —@ + 2 =4 4 2 = 6sq. units.

n—oo p2

179
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This is similar to #1; the rectangles have width
(2 — (—=1))/n = 3/n and the ith has height the value of
3x +4 at x = —1+ (3i/n). The area is

“.3 3i
A:nlggo;;(—3+3;+4)
1=

. 2T, 3

Z,,‘L“;o,,—zzi_l’ﬁ"
27n(n+1) 27 33 .
_nlggoﬁT—i—3_7+3_75q.umts.

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

2 2\? 4\? 2n\?
A= lim — 1+=) +(1+-=-) +---+(14+=
n—-oon n n n

. 2 4 4 8 16
= lim — 1+—+—2+1+—+—2
n—oon n n n n
4n  4n?
+"'+1+—+—2
n n

o 8 nn+1) 8 nn+1)2n+1)
_nlinéo(“ﬁ'TJ’nTT)

8 26
=2+4+ 3= ?sq. units.

2 2n X
a 14+57=3

Fig. 5.2.5

T+

Divide [0, a] into n equal subintervals of length Ax = 4
n

by points x; = E, (0 <i <n). Then
n

> (@)[(%) +1]
_ (%)3 éiz + % éa)

(Use Theorem 1(a) and 1(c).)

Sn
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3
_ (g) nn+1)2n + 1) N z(n)
n 6 n
a’(n+1H@2n+1)
=5 a2t

3

Area = lim S, = “ + asq. units.
n—00 3

YA

y:x2+1 7

X1 X2 a X

Fig. 5.2.6

7. The required area is (see the figure)

A= lim —

3 3\?2 3
[(—1+—> +2(—1+—>+3
n—-oon n n
2
6 6
+(—1+—> +2(—1+—)+3
n n
3 3n

12 62 12
Fl1l-=+5-2+—=+3
n n n
6n  9n? 6n
+---+(1——+—2—2+—+3>]
n n n
27 (2 1
— lim (6+_3.M>
n—00 n 6

=6+ 9 = 15sq. units.

y =x242x+3

—1 X
—142 —1+2L=2

n
Fig. 5.2.7

=



INSTRUCTOR’S SOLUTIONS MANUAL SECTION 5.2 (PAGE 284)

\oi

10.
Fig. 5.2.8 ‘ 2 x
The region in question lies between x = —1 and x = 1 A
and is symmetric about the y-axis. We can therefore dou-
ble the area between x = 0 and x = 1. If we divide this y=x>—2x
interval into n equal subintervals of width 1/n and use i

the distance 0 — (x2 — 1) = 1 — x2 between y = 0 and
y = x% — 1 for the heights of rectangles, we find that the
required area is

Fig. 5.2.10

N 0 The height of the region at position x is
A =2 lim Zl (1 _ ’_) 0 — (x2 — 2x) = 2x — x2. The “base” is an interval of
n—ooi—n n? length 2, so we approximate using n rectangles of width
2/n. The shaded area is

12
=2Jim 2 (G-=)
i=

n . )
C/n a4+ D@+ 4 4 , A:nng N _ 4
=2Ilm|(-—————=——]=2—- - == sq. units. H—> 00 n\"n n2
n 6n3 3 i=1

n—0o0

6

n . %)
. 8i 8i
_ IET;OZ} (; s )
=

. 8 n(n+1) 8 nn+1)2n+1)
= lim | —= - —
n—o00 \ n2 2 n3 6

8 4

=4 — - = — sq. units.
3 3

11.
Fig. 5.2.9 .
The height of the region at position x is | y=4x —x2+1

0—(1—x) = x—1. The “base” is an interval of length 2,
so we approximate using n rectangles of width 2/n. The
shaded area is

) 2i 1 A
A:nli?c}o;E(2+7_l> |
1=
n
, 2 4
ZJEF.IO;(;+;>

) 2n nn+1) . % / # # # 4\ X
= nll>rgo (7 + 47) =2+ 2 =4 sq. units. Fig. 52.11
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The height of the region at position x is

4x —x2 41 —1 = 4x — x2. The “base” is an interval of
length 4, so we approximate using n rectangles of width

4/n. The shaded area is
4i  16i
o $ ()
, 64i  64i°
nIEE.‘OE (5% -5%)
1=

. (64 nn+1) 64 nn+1)2n+ 1))
= lim — - —
n—oo \ n 2 n3 6
64 2
=32 — — = — sq. units.
3 3

b
12. Divide [0, b] into n equal subintervals of length Ax = —
n

ib
by points x; = —, (0 <i <n). Then
n

n n

=) =R )

i=1 i=1

_ b om Xn:(e(h/n>>i‘l
n

(Use Thm. 6.
_bom >e(/)¢
n e/m — 1
_ b =1
T n e/m) — 1"
b
Letr = —.
n
,

Area = lim S, = (¢” — 1) lim ¢" lim ——
n— 00 -0+ r—0+e" — 1

=’ — D) lim i = ¢? — 1sq. units
- r—0+ e’ - 4 ’

13. The required area is

1.2(d).)

R. A. ADAMS: CALCULUS

Now we can use 1’Hopital’s rule to evaluate

22/n _ 1 0
fim 21 H

lim n(2¥" — 1)

n—o0 n—o0 1 0

n

22/n 12 2
_\nr)

—1
n2
= lim 23/M+n2 = 21n2.

n—o00

= lim
n—oo

Thus the area is 7 square units.

In2

y 4

1 X
2 4 6 2n
_H_E_H_Z_H—Z —1+7:1

Fig. 5.2.13

b\ 2 nb\3
Area= lim — ||-) +(—) +---+|—
n—oon n n n

14.

+ (22/”)"71]

A= lim % [2—1+(2/n) + o= 1+4/n) 4t 2—1+(2n/n)]
n—oon
22//1 2
— lim [1 + (zz/n) + (22/,1) +
n—oo n
22/n (22//1)" —1
= lim P S A—
n—oo n 22/n _ 1

= lim 2%" x 3 x

n— 00 n(22/n — 1)
1
=3 lim (22 1)

182

b4
= lim — (1> +2° +3° +... + 1%
n—oon
TR A U Ve "
_nLOOF f ?Sq units.
y 4
y=x3
77 >
b2 3b (=Db mb_,
n n n n n
Fig. 5.2.14

b 1/n
15. Letr = (—) and let
a

X0 =a, x| =at, x3 =at2,

.., X, =at" =b.



16.
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The i th subinterval [x;_1, x;] has length Ax; =

. 1
at’=l(t —1). Since f(xi_1) = —,
at171

n
: 1
_ —1
Sp = ;all -1 (a[l—_l>

b 1/n
:n(z—l):n[(—) —1].
a

1 b .
Let r = — and ¢ = —. The area under the curve is
n a

we form the sum

. . c"—1 0
A= lim S, = lim —
r=>0+ r 0

n—00

= lim

r—0+ 1

c¢"Inc b .
=Inc=In{— ) square units.
a

This is not surprising because it follows from the defini-
tion of In.

YA
1
y==
X
\
%
a X X2 b
Fig. 5.2.15
Vs
12
y=2(1—-x)
1 x
Fig. 5.2.16

n

’ .

Sp = Z — (1 - l—) represents a sum of areas of n
= n

rectangles each of width 1/n and having heights equal to

the height to the graph y = 2(1 — x) at the points

x = i/n. Thus lim,_~ S, is the area A of the triangle

in the figure above, and therefore has the value 1.

17.

18.

19.

SECTION 5.2 (PAGE 284)

Fig. 5.2.17

n

Sp = Zg (1 — ﬁ) represents a sum of areas of n
= n
rectangles each of width 2/n and having heights equal
to the height to the graph y = 1 — x at the points

x = 2i/n. Half of these rectangles have negative height,
and lim,_ S, is the difference A — Ay of the areas of
the two triangles in the figure above. It has the value O

since the two triangles have the same area.

43 1 3i
Sy = ; a2 = ; ;. (2 + n) represents a sum
of areas of n rectangles each of width 1/n and having
heights equal to the height to the graph y = 2 4 3x at
the points x = i/n. Thus lim,—~ S, is the area of the
trapezoid in the figure above, and has the value
12+5)/2="1/2.

n N2
1 J
Sy = — 1= =
=2 )
j=1
= sum of areas of rectangles in the figure.

Thus the limit of S, is the area of a quarter circle of unit
radius:

lim §, =~
n—00 4

183
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y 4
y=a/1-x2
>
2 n—l 1
n n n n
Fig. 5.2.19

Section 5.3 The Definite Integral
(page 290)

f@x)=xon[0,2], n=8.
113537
Pg=10,—-, -, -1, -, -, -, 1
42474724
L=l a3 22 T
8T 4727% 47274 1
78 P R U S BV U S |
e 8§ 47273 47271 %

f(x)=x%on[0,4], n=4.

L(f. Py) = (?) [0+ 1+ @ + )] = 14.

U(f. Py) = (?) [(D? + @ + 3 + @71 = 30.

f(x)=¢" on [-2,2], n=4.

4
1
L P)=1(24e '+l tely= 2L " ~am
eZ(e —1)
4_
U(f, Py =1+ el 463 =2 ~ 11.48.
e(e—1)

f(&x)=Inxon[1,2], n=>5.

L(f, P5) = (E> [lnl+ln§+lnz+ln§+ln2]
5 5 5 5 5
~ 0.3153168.
U(f, Ps) = (E> |:1n§+lnz+ln§+ln2+ln2]
5 5 5 5 5
~ (0.4539462.
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5. f(x)=sinx on [0, 7], n=6.
P T 7w w 2w Sm
= s Ty R A T o T
6 6’3236
= 1 V3 V3 o1 ]
L(f,P)=—|0+-+—+—+=-40
(f, Pe) 5 +2+2+2+2+
- %(1 ++/3) ~ 143,
n_l V3 V3 1_
P)=— |+ — 1414~ 4~
U(f6)62-|-2-|--|--|-2-|-2
- %(3 +/3) ~2.48.
6. f(x) =cosx on [0,27], n=4.
2w b4 3
L(f,Ps)=|—)|cos—=+cosm +cosm +cos— | =—m.
4 2 2
2 b4 3r
U(f, Py) = 7 cos0+cos5+cos7+cos2n =.
YA
y=cos x
/2 b4 >
3m/2 2m x
Fig. 5.3.6
7. f(x) = x on [0, 1]. P,,:{O,%,%,...,%,%}.We
have
1 1 2 n—1
L(f,P))=—-|{0+—4+—4+---+
n n o n n
I m=Dn n-1
T n? 2 oo
11 2 3 n
Uuf,h)y=—|-+-+-—-+--4+-
n\n n n n
_1 n(n+l)n_n+l
T n? 2 oo

Thus limy, 00 L(f, Py) = limy—00 U(f, Py) = 1/2.
If P is any partition of [0, 1], then

n+1

L(f,P) =U(f, Pn) = o

for every n, so L(f, P) < lim, o U(f, P,) = 1/2.
Similarly, U(f, P) > 1/2. If there exists any number [/
such that L(f, P) < I < U(f, P) for all P, then I can-
not be less than 1/2 (or there would exist a P, such that
L(f, P,) > I), and, similarly, / cannot be greater than
1/2 (or there would exist a P, such that U(f, P,) < I).
Thus 7 = 1/2 and [ xdx = 1/2.
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8. f(x)=1l-xon[0,2]. P, ={0,2 2 . 22 2} By I'Hopital’s Rule,
We have
lim n(@" — 1) = lim ‘!
2 2 4 2 -
L(f,Pn)Z—((1——>+<1——>+~~~+<1——n>> n— 00 n— 00 3/ln/l’l ) \
n n n n . e(=3/n%) 3¢
n = llIIl —_— = 1Im =
2 4 . n— 00 —l/n2 n— 00
=n——) i
n - Thus
4 1
=2——2M=———>0asn—>oo, ] 5 3
n 2 n lim L(f, P,) = lim U(f, P,) =e —1:/ e dx.
n—oQ n—o0 0

U(f, P %((1—2)4_(1_%>+...+(1_2nn—2)>

_ n : 1
2 4 : 1 [i
i=0 =1
4 m—1n 2 —
=2—-——=-——" =— > 0asn— oo. i
2 2 0 12 lim Z / - i fdx

? o i T
Thus / (I —x)dx =0. 13. lim Z—sin— =/ sinx dx
0 n—>c>oi=1 n n 0
9. fx)=x3on[0,1]. P, = {0, 1 2 . o=l 1l we ) Ny )
have (using the result of Exercise 51 (or 52) of Section 14. lim Z —In (1 + —) = / In(1 + x)dx
6.1) 00 —n n 0
n . 1
1 2i —1
1 0\? 1\’ n—1\° 15. lim Z—tan*1 ( ! ) =/ tan"x dx
L(f»Pn):_ (— + | - + .4 ’14}00471}1 2n 0
n n n n i=
2i — 1 i —1 i
1 ”ii 3 1 (n— 1)2n? Note that l2n is the midpoint of |:l pat l;:|
T ont p Ol T ont 4
= n n 1
1 1 dx
—1\2 16. i " 2 =/
L ik N dm > i“éoZn T+ Ga/m? " Jy 1442
4 n 4 i=1 i=1
1 A% 2\’ ny3 17. LetAx:b_aandx~:a+iAxwhere1<i<n—1.
vir Py =—(-) +(5) ++(%) p i =is
AN n n Since f is continuous and nondecreasing,
1 & 1 n%(n+1)7?
o ML L(f. P) = f(@bx + f ) A+
i=1 SO)Ax 4+ -+ 4 f(xp—1)Ax
_ 1 /n+1 2 1 b—a n—1
=71 — g asn— oo :T[f(a)+zf(xi):|’
i=1
L, 1 U(f, Py) = fx)Ax + fx)Ax + -+
Thus/0 x’dx = e fGn—1)Ax + f(b)Ax
b—a n—1
10. f(x) =e on[0,3]. P, = {0,238, .. =3 30} we = T[Zf(xi)+f(b)].
have (using the result of Exercise 51 (or 52) of Section i=1
6.1) Thus,
Lif Py =2 (eO/n TV T R e3<n71>/n) U(f Py — L(f, Py
n n—1
_3em-1 3@ -1 [Z Fai) + fb) ~ f (@)~ Zf(x, ]
nein—1  n@EA3n—1y
b — b
U(f, Py = E (63/" —‘,—66/" +e9/n +.. +63n/n) — 63/nL(f, P,). _ ( a)(f(b) — f(a))
n n
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Since
Jim [U(f, Pa) = L(f. P =m)] =0,

therefore f must be integrable on [a, b].

18. P={xp<x; <-- < x},
P={xp<xi<--<xj_1<x <xj <. <xp}
Let m; and M; be, respectively, the minimum and max-
imum values of f(x) on the interval [x;_1, x;], for
1 <i <n. Then

L(f, P) = mi(xi — xi-1),
i=1

U(f.pP)= ZMi(xi — Xi-1)-
i=1

If m; and M J’ are the minimum and maximum values
of f(x) on [xj_1,x], and if m}’ and M]’f are the corre-
sponding values for [x, x;j], then

I " / 4
m; = mj, m;=mj, MJ»SM]', Mj < M;.
Therefore we have

mj(xj — xj—1) < mi(x" = xj_1) +mj(xj — x),

M;(xj — xj—1) > MJ’-(x’ —xj—1)+ M]’»’(xj —x').
Hence L(f, P) < L(f,P)and U(f, P) > U(f, P).

If P” is any refinement of P we can add the new points
in P” to those in P one at a time, and thus obtain

L(f.P) = L(f. P"), U(f, P") <U(f, P).

Section 5.4 Properties of the
Definite Integral (page 296)

b c a
1. / f(x)dx—i—/ f(x)dx—i—/ f(x)dx
a b c
=/Cf(x)dx—/cf(x)dx=0
2 3 3
2. /3f(x)dx+/ 3f(x)dx—/ 2f(x)dx
0 1 0
2
—/ 3f(x)dx
1 : 2
:/ (3—2)f(x)dx+/ B+3-2-3)f(x)dx
0 1

3
+/ B—=2)f(x)dx
2

3
= / fx)dx
0
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3. [ +2)dx= %(4)(4) _

y4 2.4

y=x+2 2

Fig. 5.4.3

4. [Z(G3x+ 1)dx = shaded area = L(1 +7)(2) = 8

Y A
y=3x+1
5 x
Fig. 5.4.4
bZ 2
5. fahxdx =5~ %
y4
y=x
a b X
Fig. 5.4.5

6. [F(1—20)dx=A;—Ar =0

y =t —2x

Fig. 5.4.6

7. [VVIRdi = (2R =
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1
15. / V4 — x2dx = area A; in figure below
0

1 .
= —area of circle — area Ap

(see #14 below)

= -2 — o £
4 3 2

0
1
8. / V2 — x2dx = quarter disk = ~7(v/2)? = r
,ﬁ 4 2

T
9. / sin(x3) dx = 0. (The integrand is an odd function

T
and the interval of integration is symmetric about x = 0.)

10. [ (a — |s|])ds = shaded area = 2(3a?) = a®

y

/o AN
Fig. 5.4.10 X
1. [ -3 +mydu=n[' du=27 Fig. 5.4.15
y 4
2
16. / V4 —x2dx = area A3 in figure above
1
1 = area sector POQ — area triangle POR
1 1
= (2% — =(HV/3
(12 = S()V3
—1 1 u= — 2_77 — \/_g
, 3 2
Fig. 5.4.11
2 5 2 ) 33
17. 6x“dx =6 dx =6— =16
12 Lety=+vV2x—x2=y>+@x—-1>=1. /(; v /(;x * 3
2
1 b4
/Yy 42 — . 2 _ =2 3 3 2
/0 ¥ —x7dx = shaded area = 77 (1)7 = 7. 18. / (x2—4)dx=/ xzdx—/ xdx — 43 - 2)
y 2 0 0
33 23 7
= — — — — 4 = —
3 3 3
2 2
* 19. / (4—t2)dt:2/ @ — 1) dt
-2 0
23 32
Fig. 5.4.12 =224 -3 ) =%
4 _ . . 2 22 22 2
13. / (e* —e ™) dx =0 (odd function, symmetric interval) 20. W —vdv="-2=12
—4 0 3 2 3

4

3 3 3
14. / (2+t)\/9—t2dt=2/ \/9—t2dt+/ V9 —12dt 9. /1(x2+ /l—xz)dx:l—3+l(n12)
-3 -3 -3 0 3

1
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

SECTION 5.4 (PAGE 296)

6 6 6
./ sz—%ﬁnx)dle/ 2x2dx+:/ x2sinx dx
—6 —6 —6

6
2 4 3
0

21
/ —dx =In2
1 X

41 41 21
/_dt:/ _dt_/ Lar
2t 1t 1t

=In4 —1In2=1In(4/2) =1n2

3 1 31 1/41
/ —ds:/ —ds—/ —ds
1/4 S 1S 1S
1
=ln3—an=1n3+ln4=1n12
1 4
A = — 2)d
verage 4_0/0 (x +2)dx
1) p
=113 =
1 b
Average = —/ (x+2)dx
b—al,
- e r20-0
T bh—al2 a a
1 44+a+b
= — 2:7
2(b+a)+ )
1 T
Average :7/ (1 +sint)dt
T —(—m) J_,
l T T
=—|:/ ldt—l—/ sintdt:|
2 — -
1
Zn[n+ ]
3, 133
Average = —— x“dx=-—=3
3—0Jp 33
1 2
Average value = —/ 4 - xz)l/2 dx
2—-0Jy

1
= E(shaded area)

_1 1 AN
_E(Z”(2)>_2
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=V

Fig. 5.4.31

1 21
32. Average value = ——— / —ds
2—(/2) ips

2 1 4
=—(In2—In=- ) ==1In2
3( 2) 3

33. f_21 sgnxdx=2—-1=1

y 4
| 6 y=sgnx
—1 »
2 X
Lo
Fig. 5.4.33
34, Let
_J14x ifx<0
f“)_{z if x > 0.
Then

2
/ f(x)dx = area(l) 4 area(2) — area(3)
-3

=2 x2+ 3D - ;@) =25.

Y4 y=2
47
-3 2
@) /-1 2 x
y=x+1
(=3,-2)
Fig. 5.4.34
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3 2 3
36. / |2—x|dx=/ (2—x)dx+/ (x —2)dx
0 0 2
2

3
=(2 x2 + X2 P
= X 2 ) > x

9 5
=4-2—-04+=--6—-24+4=—
+2 + 3

2

2
37. I =/ V4 —x2sgn(x — 1)dx
0

= area A} — area Aj.
Area A] = én22 - %(1)(\/5) = %7{ — %ﬁ
Area A, = %]TZZ— area A| = %n + %ﬁ
Therefore I = (7/3) — /3.

y 4

Fig. 5.4.37

38. f03‘5[xldx = shaded area =142+ 1.5 = 4.5.
YA

y=lx]

=y

39.

y=u+ﬁr—u—1%Hx+2>/

\A%

Fig. 5.4.39

40.

41.

Average =

SECTION 5.4 (PAGE 296)

4
/(M+H—M—H+u+mmx
-3

=area A1 — area Ap

15 5+8 1+2 1+2 11
=53 - 1) — H)—==(1)=
530+ 5@ — () = =) = 5 3(D)

A i ' 3 X
Fig. 5.4.40
3x2—x
/ dx
o lx—1
—area A; — area Ay
143 1 7
:—2 ——1 1 = —
5@ =5 = 3

2
/ |[x 4+ 1|sgnx dx
2

2 0
( (x+1)dx—/ |x+1|dx>
0 2

1+3 1
L><2—2><—><1><1
2 2

I
A= A= K=

N
AW

v 2,3)

y=x+1

1 A

-2
A2 A 1\43 2 x

“(=2,-1)
Fig. 5.4.41
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b ~ b b —n/6 —7/6
2. [ (ro-F)ar= [ fwar- [ fax 0. [ ecosxdr = sins
a a z;) —n/4 —n/4
=(b—a)_f—f/ dx __l_‘_L:Z—\/E
_ @ 2 2 24/2
=0b-a)f-b-af=0 A ﬂ/;/_ V2
b 2 10. / sec?0dO = tan® —tan L = V3
43. / (f(x) - k) dx 0 0 3
b ) b b n/3 T a1
= / (f(x)) dx — 2k/ fx)dx + k2/ dx 11. //4 sinf df = —cos@ B =
a a a T ”
b 2 _ 2
o _ _ 201 2 42
_/a (1) dx =2k )] + K0 ~a . / (1 -+ sinuy du = @ — cosw| = 22
_ h 2 _ 0 0
— (- a)k —f)2+/ () dx— - f* . .
. . a 13. / efdx=¢e"| =e" —e "
This is minimum if k = f. r r
2
Section 5.5 The Fundamental Theorem 14. /;2(6 — e ") dx =0 (odd function, symmetric interval)
of Calculus (page 301) . e .
15. / adx = 2 S
2 2 16—0 0 Ina|, Ina
Lo fyvde=g) == =* ! 2" 2 3
0 0 16. /2de= S
. 4 6 —1 In2|_; In2 2In2 2In2
2 Jxdx = Zx32 — 1 1
) 3 dx o
( 0 17. /_lm—tan xil—E
1 1 _ 1
3 / —dx = =—1-(-2)=1 1/2 172
12 X2 X 2 18. / x —sinlx| =2
0 V1= XZ 0 6
oo I A . I
! /2 <x2 B x_3> = (_; 2x2> 19. / > _ sin~! T
- -2 —1 /4 — x2 2

2 2 _Z_<_£)_
5. /(3x2—4x+2)dx=(x3—2x2+2x) =9 6 6/
0 0
d 1
279 3 1\ ? 20. / 4_xz = Etanf1 % =0——tan ' (=1) = %
6. / St )dx=(-— =) =-9/8 24+ -2
1 x3 2 x2 8 1 1

21. Area R = fol dx=2

2 2
7. /(x2+3)2dx=2/(x4+6x2+9)dx
-2 0

XS 2
2<—+2x3+9x>

5 0

32 404
=2(—+16+18) = —

(5+ - ) 5

9

y

(1,1

8. /;9(\/;—%>dx=§x3/2—2«/}4

= [%(9)3/2 - zﬁ] - [%(4)3/2 - 2«/71] = 33—2

Fig. 5.5.21
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2 2

e
1
22, Area:/ —dx =Inx
e X

e

e
=lne’—lne=2-1=1 $q. units.

Y

Fig. 5.5.22
4
23. Area R=— ()c2 —4x)dx
0
3 4
(5
3 0

64 32
=— (— - 32) = ?sq. units.

/.

4 x

y=x2—4x

Fig. 5.5.23

24. Since y = 5—2x —3x% = (543x)(1 —x), therefore y =0
atx:—% and 1, and y >Oif—§ < x < 1. Thus, the
area is

1 1
/ (5—2x —3x%) dx :2/ (5 —3x%)dx

-1 0
1
=2(5x — x°)

0
=2(5—1) = 8 sq. units.

YV a

SECTION 5.5 (PAGE 301)

25. For intersection of y = x2 —3x +3 and y =1, we have

x2—3x+3=1
x2=3x+2=0
x—=2)x—1)=0.

Thus x = 1 or x = 2. The indicated region has area

2
AreaR:l—/ (x? = 3x +3)dx
1

1 (S o6tr6- L -2 13|} = Lsq unit
= 3 373 = - units.

Fig. 5.5.25

26. Since y = \/x and y = % intersect where /x = %, that
is, at x = 0 and x = 4, thus,

4 4
Area:/ ﬁdx—/ Zdx

0 0o 2

4

2 2
—Z3n X
3 0 4
16 16

0

3 7°3 Sq. units.

y=vx “.2
y=x/2

v

Fig. 5.5.26
27. Area R =2 x shaded area

o[ )

_,(l_1y_! "
=2{3~3)= 3% units.
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} A V A
x=y? (L. ANy =¢e"
s 3
y=x2 —a X
-
Fig. 5.5.30
Fig. 5.5.27 .
31. AreaR= (1 —cosx)dx
0
2
28. The two graphs intersect at (£3, 3), thus = (x — sinx) "o 27rsq. units.
0
3 3 Y1
Area:2/ (12—x2)dx—2/ xdx s l—cosx
0 0 =
3 3
1 1
= 2(12x - —x3> - 2(—x2>
3 0 2 0
=2(36 — 9) — 9 = 45 sq. units. R
271x‘

Fig. 5.5.31

27

27 3
32. Area:/ xVBax = =423
! 2 1

3 3
= 5(27)2/3 =5 =12 5q. units.

A Y

1 1
29. AreaR:/ x1/3dx—/ 7% dx

3 2 3 2 1
—x*3 =X =2 2= —8q. units. ‘
3 T 3T N
v 1 27 x
Fig. 5.5.32
37/2 /2 3w/2
33. / |cosx|dx=/ cosxdx—/ cosxdx
0 0 7/2
/2 37/2
=sinx —sinx
> 0 /2
X
=14+14+1=3
Fig. 5.5.29
3sgn(x —2) 2 dx 3 dx
3. /7&:_ _+/_
1 x? pox? 2 x?
0 TNIE |
30. Area:/o e ¥dx =—e*| =e%—1 sq. units. = — 2| =—=
—a X X |2 3
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35. Average value
1 2
= —/ (1 +x+x2+x3)dx
2Jo

_l +x2+x3+x4
2\t T3y

_ ! 2+2+8+4 _ 16
2 3 T3

3x
(2)/ d
_ 13A
-4(3 )|

2

0

36. Average value =

-2
1
= 6(66 —e7 ).
1 1/In2 X 1/In2
37. Avg. = / 2Ydx = (In2)—
1/In2 Jy n2|,
38. Since

o]0 ifosi<L
W=, if1<r<3,

the average value of g(¢) over [0,3] is

17! 3 1 3
5[/0 (0)dt+/1 ldt]zg[O—i—tl]

laopn=2
3 T3
39, 4 [7sinf,, _ sinx
dx J, t X
d (3 sinx d ! sin x sint
40. — dx = —|— dx | =———
dt J, «x * dz[ /3 X x:| t
d [9sint d [* sint
41. — —dt = —— — dt
dx t dx Jo t
sin x2 sin x2
= —2x 7 = -2
X

42, i)CZ/X Sinudu
Zx/XZ sinu dquxzi/x2 S
u dx Jy u

* Sinu 5 [ 2x sin x2
2x du + x —
u X

Zx/ sinu du + 2x @m(x )
0

[=}

[=}

4. i/’ cos y dy = cost
dt J_; 1+y2 1412

44.

45.

46.

48.

49.

50.

51.

SECTION 5.5 (PAGE 301)

d cos 6 1
do sin6 1—x?

d cos6 1 sin@ 1
- / LI / dx
do|J. 1 —x2 a 1 —x2

_ —sin6 cos 6
T 1—cos20 1—sin26
—1 1

= —— = —cscH —secH
sinf  cos6

F@t) = / cos(x?) dx

0

dx

Jx
F(J/x) = / cos(u?) du
0

cos x
—F(f)_cosxzf NG

Hx) = 3x/ eV dr
4

2

H (x) = 3/ eVidt + 3x(2xe 1)
4
4
HQ) = 3/ e Vidt +3(2)(4e™?)
4

24
=3(0) +24e” 2 = =
e

f(x):n+7t/ f@)dt

1

f@)y=nfx) = [flx)=Ce™
7=f(1)=Ce® = C=me ™"
fx) =™ WD,

f(x)=1—/0 oy
) =—fx) = fx)=Ce™

1= f0)=C
fx)=e".

The function 1/x? is not defined (and therefore not
continuous) at x = 0, so the Fundamental Theorem of
Calculus cannot be applied to it on the interval [—1, 1].
Since 1/x2 > 0 wherever it is defined, we would ex-

L ax
pect / — to be positive if it exists at all (which it
-1 X

doesn’t).

* sin sin x
If F(x) = 1+ —Q dt, then F'(x) = l+x2 and
F(17) =0.

2 1
F(X) 2X - Ccos (m) dt.

<1 for all ¢, and hence

1
Note that 0 <
1412

1
0 < cos(1) §cos(l+zz> <1
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The integrand is continuous for all ¢, so F(x) is defined Y4

and differentiable for all x. Since
limy—s 400 (2x — x2) = —o0, therefore
limy_ 400 F(x) = —00. Now

V=T

, 1
F (.X) = (2—2X)COS (m) =0

only at x = 1. Therefore F must have a maximum value

at x = 1, and no minimum value. 1 2 1 x
n n
1 S 2\3 5 i
52. lim _|:(1+_> +(1_|__) +...+(1+E) ] Fig. 5.5.54
n—oon n n n
= area below y = x°, above y = 0, ) .
. . Section 5.6 The Method of Substitution
between x =1 and x =2
(page 308)
2 17 1 21
:/ xsdx:gx6 28(26—1):7
1 1 1. /ej_zxdx Letu =5—2x
du = —2dx
1 1 1
2 — __ u U —__ 5—2x
53. lim z(sinz—}—sin—n—k---—}—sinﬂ) 2/6 du ze +C 26 + C.
n—»oo n n n n
= nlgrgo sum of areas of rectangles shown in figure 2. /cos(ax +b)dx Letu=ax+b
T T du =adx
:/ sinxdx = —cosx| =2 1 1 .
0 0 =—/cosudu=—smu+c
. a a
Y 1
y=sin x = sin(ax + b) + C.
3. /«/3x+4dx Letu =3x+4
du =3dx
. L 2 3 2 32
. =—fudu=-u'"+C=-0CBx+4)""+C.
T 2n 3w wﬂ 3 9 9
n n n n
Fig. 5.5.53 4. /er sin(e*)dx Let u = **
du = 2e* dx
1/ . 1
=— | sinudu = —=cosu+C
54 y n n n n 21 2
S5 g e By s B S :_ECos(ezx)—FC.
i 1 n? n? n? n? cdx
pale S (e e s S ) 5. ———— Letu=4x>+1
(4x2+1)°
du = 8xdx
—1
1 1 1 1 - /u’Sduz——u"‘—i—C:i—i—C.
—nll)n;o; N + N2 + j 8 2 32(4x2 + 14
I+ <_> I+ (_> + (;) sin /x
n n / dx Letu=.x
1 Jx d
= area below y = —, above y = 0, du = X
14+x U= 2ﬁ

between x =0 and x = 1
1

1
1
:/ —zdx:tanflx T
0 1+.x 0 4
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10.

11.

12.

13.

14.

INSTRUCTOR’S SOLUTIONS MANUAL SECTION 5.6 (PAGE 308)

2 t
/)ceA dx Letu=x? 15. /7dt Let u = 12
/4 _ 4
du =2xdx 4-t du =2t dt
l/ uy 1 Wy 1 )‘2+C 1/
=— [ é'du==e = —¢ . == | —
2 2 2 2) Ja—ui2
2341 1 . _ju | I 2
/x 2 Flagx Letu=x3+1 =§sm §+C=53m 3 + C.
du = 3x%dx 5
u
21/2"5114:12 +C 16. /2_7_—6dx Let u = x3
X
3 3In2 du = 3x%dx
2A+1+C 1/ du lt71 u v
= . = — —— — ——tan _
3In2 3) 2442 32 V2
CcoS X 1 x3
—————dx Letu=si =—tan ! Z=)+cC.
/4+sin2x x Letu =sinx Wi (ﬁ)
du = cosx dx
d d —*d
=f—u 17. / ad :/e x‘ Letu=1+¢"*
4+ u? e +1 14 e .
1 1” 1 | 1 4 du = — dx
= — - = — - —‘. . u —
2t.aln 2+C 2t.aln <2smx)—|—C :—/7:—ln|u|+C:—ln(1—|—e ¥y 4 C.
2
sec” x dx e dx
/7dx Let u = tanx 18. / =/ Let u = e*
1 — 2 X —x 2x
I —tanx du = sec? x dx e te e* +1 du = ¥ dx
e / W Vw4 C
= = ——— =tan u
V1 —u? uz +1
=sinlu+C =tan"!e® + C.

s 1
=sin” (tanx) 4+ C.
(tan x) 19. /tanx Incosxdx Letu=Incosx

ex—}—ldx du = —tanx dx
er —1 1 2 1 2
=— udu:—zu +C:—§(lncosx) + C.

/2 —x/2
= %d}c Let u = /2 — ¢=*/2
eA/Z_eA/Z 1 ) x+1
du =5 (e*/2 + e_x/z) dx 20.
d’/{ Vl_x
=2/—=21n|u|+C xdx
u = 7 2 \/1 Letu =1—x?2
—Xx —x2
=21ne"/2—e_x/2‘+C=1nex+e_"—2‘+C. du = —2x dx
in the first integral only
/—dt Letud_lnt :——/——|—s1n x=—Vu+sin'x+C
t
T 1—x2+sin"'x+C.
1 1
= [ udu=-u®>+C==nr)>+C. d d
/ 2 ;0 21. / al / a Letu =x +3
x24+6x+13 (x+3)2+4
/ ds 45 du = dx
——— Letu=4->5s
V4 —5s du — —5ds / tan §+C
du 1 x+3
_ —1
_ au - C.
Vi e
2 2
=—ZuPyc=-ZVa-5s+cC. 22. dx = dx Letu=1—x
5 5 Vita—x? s-a-x
| =
/zx;dx Let u =x2+2x+3 du dn' (22) 4 ¢
= — —_—— — — =
VI3 — 2+ Ddx NeEpe NG
1—x x—1
—du_f+c x24+2x+3+C =—sin—1( >+C=sin—1 <—>+c.
-2/ v 7 7
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23.

24.

25.

26.

27.

SECTION 5.6 (PAGE 308)

/sin3xcos5xdx
= /sinx(cos5 x — cos’ x)dx Letu =cosx
du = —sinx dx

= /(u7 - uj)du

b ub cos®x  cos®x
=——-—+C= - C.

8 6 8 6
/sin4tc0s5tdz

= /Sin4l(1 — sin? t)2 costdt Letu =sint
du = costdt

5 7 9
4 6 3 u 2u u
= —2u® + du=——-—"—4+—+C
/(u u u®)du 5 7 9—|—

1 5 2 4 I
=—sin"t—=sin"t+ —sin"t + C.
5 7 9

/ sinax cos® ax dx Let u = cosax

1
= ——/uzdu
a

ud

=——+4+C=
3a+

in2 2
/sinzxcoszxdx:/(SIIlzx) dx

_l/l—cos4xd X sin4x+c
! 2 TTETT:

du = —asinax dx

1 3
=——cos’ax +C.
3a

1 —cos2x\?
/sin6xdx=/<$> dx

1
= §/(1 — 308 2x + 3 cos? 2x — cos> 2x) dx
x  3sin2x
T8 16
1
-3 /cost(l —sin®2x)dx Let u = sin2x
du = 2cos2xdx

% /(1 + cos4dx)dx

:5_x_3sin2x+3§1n4x /(l—u)du
16 16 64

_ S_x B 3sin2x n 3sin4dx B sm2x n sin? 2x Lc
16 16 64 16 48
5x  sin2x  3sindx  sind 2x

"6 4 e TTa TC
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28.

29.

30.

31.

32,

33.
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2
/cos4xdx :/7[1—’_(:(;8(2){)] d

= é—ll/[l + 2cos(2x) + cos2(2x)] dx

x  sin(2x) L1 /l—i— 4x)d
= - cos
4 4 8 v
in(2. sin(4
_ X sin(2x) x sin(4x) LC
4 4 8 32
3 in(2. sin(4
_ 3 sin(2x)  sin(4x) L
8 4 32

/secsxtanxdx Let u = secx
du = secx tanx dx

5 5
4 u sec” x
/u u 5 5

/ sec® x tan® x dx

= /seczxtanzx(l —i—tan2x)2 dx Letu =tanx
du = sec? x dx

1 2 1
=/(u2+2u4+u6)du=§u3+§u5+;u7+c

1t3+2t5+1t7+C
= —tan" x —tan™ x = tan" x .
3 5 7

/ Jtanx sec* x dx

/«/tanx(l + tan® x)sec xdx Letu =tanx

du = sec? x dx
=/<u1/2+u5/2> du

23 2
= C
3 7 f

2 2
- g(tanx)”2 + 7(tamx)m +C.

/sin_z/3 xcos’xdx Letu =sinx

du = cosx dx
1— 2
:/—NL; du =3u'l? —
u
3

=3sin!?x — Esin7
7

37/%
—u'’”+C
7u +
Bx+cC.

/cosx sin4(sin x)dx Letu =sinx
du = cosxdx

1 —cos2u\?
:/sin‘%du:/(%) du

1 1 s4
:Z/(1—2cos2u+¥) du

3u sin2u  sin4u

8 4+32

+C

3 1 1
= 3 sinx — 1 sin(2sinx) + ) sin(4sinx) 4+ C.



34.

35.

36.

37.

38.

INSTRUCTOR’S SOLUTIONS MANUAL

Let u = sin(In x)
cos(In x)
—dx

/ sin(Inx) cos?(In x) J
X

X
1, 1
:/u3(1 —u?)du = Jut - 8u6+c

| — 1 . 4
= 1 sin"(Inx) — 3 sin”(Inx) + C.

sin? x
1 dx
cos* x
= /tanzx sec?xdx Letu =tanx

du = sec? x dx

3
2 u 13
Z/M du=?+C=§tanx+C.

]
sin’ x

/ 1 dx:/tan3xsecxdx
cos

/(sec x —1)secxtanxdx Let u =secx
du = secxtanx dx

:/(uz—l)du:%lf—u—kc

= %sec3x—secx+C.

/ csc® x cot x dx

= /cscx cotx csc4x(csczx — l)2 dx

Let u = cscx

du = —cscxcotxdx
—/(u8 —2u6+u4)du
_ W W ‘c
9 7 5

7

Do a2 IS
= ——CSC" x —CS8C X — - CSC™ x .
9 7 5

4
cos™ x

/ —3 dx:/cot4xcsc4xdx
sin® x

= /cot4x(l +cot2x)csczxdx Let u = cotx
du = —csc? x dx

5 7
4 2 u u
— 1 du=————+20C
/u(—|—u)u 5 7—|—
1

1
5 7
=——cot’x — =cot’ x + C.
5CO X 7CO X

39.

40.

41.

42,

43.

44.

SECTION 5.6 (PAGE 308)

0 du =2xdx
17
=3/ (u—Du"?du
17
12 4
— (2,32 _ o2
2(3” ! )1
174/17 — 1 1417 2
=——WIl7T=-1 = + —.
3 3 3
Ve sin(r 1
/ Md Letu =mlnx
X T
! du = —dx
X
1 /2 1 /2
=—/ sinudu = —— cosu
T Jo T 0
1 1
=—0-1)=—.
b4 b4

m/2 T2 1 — cos2x\ 2
/ sin® x dx :/ (7>
0 0 2

1 (72 1 4
:—/ (1—200s2x+w> dx
4 Jo 2

/2 7/2

3 sin2x [ sinax 7?31

8 o 4 o 32 o 16
b

/ sin® x dx

/4
T

= / (1 —cos’x)?sinxdx Letu =cosx
/4 du = —sinx dx

-1 2 1/v2
Z—/ (A —2u? +uydu =u — Zu® + —u’
V2 303

-1

o L, (1+21)_413+
V2 32 20V2 3 5) 60v2 15

< dr
—— Letu =Int
. tint dt

du = —
t

2
d 2
:/ —u:lnu’ =In2—
1 u 1

/ 72/9 zsmfcos\/—

Inl =In2.

dx Letu =sin/x

*/16 dy— cosf
2J—
s / PR g = 220
V2 In2 1y, 12
(2f/2 21/«/5).
1n2

4
/x3(x2+1)71/2dx Letu=x2+1, x2=u-—1

8

197



SECTION 5.6 (PAGE 308)

/2
45. «/l—i—cosxdx_/ IZCoszzdx

—\/—/ cos—dx—%/—smi =2.
2o
/2
V1 —sinxdx
/ ‘/l—cos dx Letu_——
du = —dx
:—/ V1 —=cosudu
/2

/2

s
/2
=/ 2sin? = du =\/§(—2003 E)
, Vv 2 2

=-2+2V2=2(2-1).

0

2
46. Area:/ ﬁdx Let u =x2+16
x
0 du =2xdx

1 g 1. |°
=_/ du _ 1y
2 16 u 2 16

1 1 5
= E(ln 20—1n16) = 3 In (Z) Sq. units.

2
d
47. AreaR:/ _rax Let u = x2

4416
0 X du =2xdx
4

1/4 du Lt & T "
= — —— =— —tan — = —Sq. units.
2)o w2116 8 4], ~ 2™

y A

Fig. 5.6.47

48. The area bounded by the ellipse (x2/a2) + (y2/b%) =1 is

/b 1——2dx Let x = au
V a

dx = adu

:4ab/ V1 —u2du.
0

The integral is the area of a quarter circle of radius 1.

Hence

7(1)?

Area = 4ab ( ) = mwab sq. units.
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We start with the addition formulas

cos(x +y) =cosxcosy — sinx siny
cos(x —y) =cosxcosy + sinxsiny

and take half their sum and half their difference to obtain

1
COSX COSy = 5 (cos(x + y) + cos(x — y))

1
sinxsiny = E(cos(x —y) —cos(x + y)).
Similarly, taking half the sum of the formulas

sin(x + y) = sinx cos y + cos x sin y
sin(x — y) =sinxcosy — cosx siny,

we obtain

1
sinxcosy = 3 (sin(x +y) +sin(x — y)).

We have

cosax cosbx dx
1
= 3 /[cos(ax — bx) 4 cos(ax + bx)]dx

= % /cos[(a —b)x]dx + % / cos[(a + b)x]dx

Let u = (a — b)x, du = (a — b) dx in the first integral;
let v=(a+ b)x, dv = (a + b)dx in the second integral.

= éfcosudu—kéfcosvdv
2(a — b) 2(a + b)

1 |:sin[(a —b)x] sin[(a + b)x]] .

T2 (a —b) (a+b)

/ sinax sinbx dx

= % /[cos(ax — bx) — cos(ax + bx)]dx

_ 1 [sin[(@a —b)x] sin[(a + b)x]
_5[ (a—b)  (a+b) ]+C

/ sinax cos bx dx

= % /[sin(ax + bx) + sin(ax — bx)] dx

= %[/ sin[(a + b)x]dx + / sin[(a — b)x] dx]

1 ]cos[(a+D)x]  cos[(a—b)x]
__5[ (a+b) (a—b) ]+C'
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51. If m and n are integers, and m # n, then

T [ cosmx cosnx
. . dx
_z | sinmx sinnx

= l /ﬂ (cos(m —n)x xcos(m + n)x) dx

2) 5
_1 (sin(m —mx  sin(n +n)x) g
2 m-—n m-+n x
=0+0=0.

T
/ sinmx cosnx dx
T

= % / (sin(m + n)x + sin(m — n)x) dx

-7

1 (cos(m +n)x n cos(m — n)x) i

m+n m-—n

2
= 0 (by periodicity).

-7

If m =n # 0 then

m
/ sinmx cos mx dx
—TT
1 m
= —/ sin2mx dx
2 ) 5
T

= ——cos2mx
4m

= 0 (by periodicity).

-7

52. If 1 <m <k, we have

T a() T
/ f(x)cosmxdx = —/ cosmx dx
—r 2 J_,

k b
+ E an / cosnx cosmx dx
-7

n=1

T
-7

k
+an/ sinnx cosmx dx.
n=1

By the previous exercise, all the integrals on the right
side are zero except the one in the first sum having
n = m. Thus the whole right side reduces to

T T 5
am f cos?(mx) dx = ay, / 1+ cos@my)
T -7 2
a

= 7’”(27{ +0) = may.

Thus
1 T
ay, = —/ f(x)cosmxdx.
T q

A similar argument shows that

1 b
by = —/ f(x)sinmxdx.
b4

-7

SECTION 5.7 (PAGE 313)

For m = 0 we have

/ﬂ f(x)cosm)cdx:/rr fx)dx

ap [T
= 7 . dx
k
+ Z (ay cos(nx) + b, sin(nx)) dx
n=1
a

= 7°(2n) +04+0=aym,

so the formula for a, holds for m = 0 also.

Section 5.7 Areas of Plane Regions
(page 313)

1

Area of R = / (x — x2) dx
0

1

x2 X3 1 1 1 .
== - = = - — = = — §(. units.
2 3),72737 6
y A
(L,1)
y=x
R y=x*
X
Fig. 5.7.1
1
Area of R = | (Vx —x?)dx
0
1
2 1 2 1 1
= (=33 -3 )| =2 — = =2 sq. units.
3 3 ), T3 373
Y A
y=v3 a.D
R -
X
Fig. 5.7.2
2
Area of R = 2/ (8 — 2x%) dx
0
2
4
— (16x - —x3) = — sq. units.
3 o 3
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Fig. 5.7.3 Fig. 5.7.5

6. For intersections:
T+y=2y2—y+3=2y2-2y—4=0
20 —2)(y+1)=0= ie, y=—1or?2.

For intersections:

—2x=6x—x>=2x2—8x=0

ie., x =0 or 4.

4 2
Area of R = / [6x = x? = 7 = 20) | Area of R = / [(7+y) — 2y =y +3)]dy
—1
4 ‘ 2 )
:/(8x—2x2)dx 22/1(2+)’—)’)d)’
o _
4 2
2 64 1 1 .
= <4x2 — §x3) . =3 Sq. units. = 2(2y + Eyz — §y3> y =9 sq. units.
L yA
4,8)
R
y:x2—2x
Fig. 5.74 Fig. 5.7.6
) ) 1
For intersections: 7. Areaof R=2 / (x — x3) dx
0
4x — x2 =6 —3x 2 4N (1
— Ay _ 12 x X .
22y:_z;x_x6} N 2 Tx+6=0 =2<7_I> = = sq. units.
yor= (x—1x—6)=0 O
Thus intersections of the curves occur at x = 1 and a1
x = 6. We have y=x
6 2 y=x’
3 .
AreaofR:/ (Zx—x——3—|——x>dx R x
1 2 2
7x2 X3 3 6
=——-—=-3x
4 6 1 (-1,-1)
245 36 1 15— 125 .
= 0T T s Fig. 5.7.7
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1
8. 4Shaded area = / (x? —x¥dx
0

1

= — s(. units.
o 12

Fig. 5.7.10
e
. . 1 5—2x
11. For intersections: — =y = >
X
. Thus 2x2 — 5x +2 = 0, i.e., 2x — 1)(x —2) = 0. The
Fig. 5.7.8 graphs intersect at x = 1/2 and x = 2. Thus
2
5-2 1
AreaofR:/ ( x——)dx
1/2 2 X
1
9. Areaof R :/ (Vx —x¥dx
0
2 4!
= <§x3/2 - %) . =10 . units.
y 4
x=y? (L)
y=+x
R y=x
> x
X
Fig. 5.7.11
Fig. 579

1
12.  Area of shaded region = 2/ [ —x%) — (x> =1)"]dx
0

! 2 4 1 3 1 5
=2/ (x —x)dx=2(—x ——x)
0 3 5

Y A

1

= — s(¢. units.
o 15

10. For intersections: y=(x2—1)?
=2y —y-2=y"—y-2=0
6-2)y+1)=0= ie,y=—1lor2.

2
Area of R = / [y? = @2y? =y —2)dy
~1

2 1, 13\
=f 24y —ydy = (25 + 5y = 2
» 2’ T3 )L

= — sq. units.
) q

Fig. 5.7.12
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2
13. The curves y = % and y =

Thus
1 1 )C2
Area of R =2 — — — | dx
0 l+x2 2
X
6

)

intersect at x = £1.

1+x2

( _ T 1 )
=2 | tan = — — — sq. units.
o 2 3
y A
1
Y=Y
x2
=7
R/
-1 l‘ x‘
Fig. 5.7.13

14. For intersections:
4x
34+ x2
i.e., x =1 or 3.
3 4x
Shaded area = / —— —1|dx
1 L3+ x2
3

=1=x>—4x+3=0

=[2In3 +x?) —x]| =2In3 —2 sq. units.

1

YA

v 4x
T 342

(L, @3,

=y

Fig. 5.7.14

4 2.
15. The curves y = = and y =5 — x“ intersect where
X
x*—5x24+4=0, ie, where (x2 —4)(x2 — 1) = 0. Thus
the intersections are at x = 1 and x = £2. We have

2 4
2
AreaofR:Z/ (S—x ——2>dx
1 X

x4 2 .
=25 ——+ - = — sq. units.
3 by

1

202

18. Area =/

—/2
/2] s(2

2/ + cos(2x) dx
0

sin(2x)
(x + ) )

R. A. ADAMS: CALCULUS

=

Fig. 5.7.15

! (siny — (% — %) dy

-7

3 b4
= (—cosy+n2y— %)

-7

473

= —— s(. units.
3 q

17. Areaof R = / (sinx — cosx)dx

Fig. 5.7.16
57/4
/4
Sm/4
= —(cosx + sinx)
/4

=2+ /2 =22 sq. units.

y
y=sinx
S .
R Sx/4
y=cos x
Fig. 5.7.17
/2

(1 —sin®x) dx

2
2
w/ T .
= — sq. units.

0
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7 N
A
y=sin® x

Fig. 5.7.18

/2
19. Area A =/ (sinx — sin® x) dx
0

sinx cosx — x
=|—cosx + —

y 4

/2
:1—

0

y=sinx
y=sin® x
7
2
Fig. 5.7.19

/4
20. Area A = 2/ (cos2 X — sinzx) dx
0

/4 /4
= 2/ cos(2x) dx = sin(2x) =1 sq. units.
0 0

Y 4

X

x
4

Fig. 5.7.20

. . 4x b4
21. For intersections: — =tanx = x =0 or 7
T

/4 (Ax
Area :/ (— —tanx) dx
0 T

2 /4 b4
= (—x2 - ln|secx|>
b4

1
= — — —In2 sq. units.
0 8 2

g it
— S{. units.
7 s

SECTION 5.7 (PAGE 313)

=V

Fig. 5.7.21

22. For intersections: x'/3 = tan(wx/4). Thus x = £1.

1
Area A :2/ (x1/3 — tan 7r4_x) dx

0
1

3 4
=2 —x4/3——ln‘secn—x‘

4 b 4 0

3 8 3 4
== ——Inv2=2— —1In2 sq. units.
2w 2

y=ftan(rrx/4)

1 X

Fig. 5.7.22
23. For intersections: secx = 2. Thus x = /3.

/3
Area A = 2/ (2 —secx)dx
0
/3
= (4x — 2In|secx + tanx|)
0

4
= ?T[ —2In(2 + ﬁ) sg. units.

y=

y=secx

=y

Wl
Wl

Fig. 5.7.23
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24. For intersections: |x| = ~/2cos(rx/4). Thus x = +1.
1
Area A = 2/ («/Ecosjl—x —x) dx
0

1

— — 1 sq. units.
b4
y A

X
y=+2cos vy

TA

y=lx| |

1

Fig. 5.7.24

25. For intersections: x = sin(wx/2). Thus x = £1.
1
Area A =2/ (sinE —x) dx
0 2
4
= (—— cos 2% x2>
b4 2

— — 1 sq. units.
b4

26. For intersections: ¢* = x + 2. There are two roots, both
of which must be found numerically. We used a TI-85

solve routine to get x; &~ —1.841406 and x; ~ 1.146193.
Thus

X2
Area A =/ (x+2—¢") dx
X

1

2
= (x_ +2x —ex>
2 X

~ 1.949091 sq. units.

X2

204
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1
27. AreaofR=4/ Vx2 —x4dx
0
1
:4/ xvV1—x2dx
0

Letu=1—x2

du = —2xdx
1 1
4 4
= 2/ u?du = -u?? == $g. units.
y 4
I~

Fig. 5.7.27

0
28. Loop area = 2/ x2V2+xdx Letu?=2+x
-2 2udu = dx

V2 V2
- 2f W? = 2)%uQu) du = 4f w® — 4u®* + 44> du
0 0

41745+43ﬁzsé\/§ "
= —u — —=-u —u = SQ. umnits.
7" 75 T3 ), 105 0
YV a
X
y2=x*(24x)
Fig. 5.7.28

29. The tangent linetoy =e¢* atx =1lisy—e=e(x — 1),
or y = ex. Thus

Area of R = [ (e —ex)dx

= — — 1 sq. units.
o 2 4




30.
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(1,e)

y=ex

/R

Fig. 5.7.29

The tangent line to y = x3 at (1, 1) is y—1 = 3(x—1), or
y = 3x — 2. The intersections of y = x> and this tangent
line occur where x> — 3x +2 = 0. Of course x = 1

is a (double) root of this cubic equation, which therefore
factors to (x — 1)2(x +2) = 0. The other intersection is
at x = —2. Thus

1
Area of R :f (x> —3x +2)dx
-2

4 2 1
X 3x
=(——-—+2

-2
B3 6iora? it
= - — = = — S§q. unifts.
42 g %
)vk
1.1
X
y=3x-2

(=2,-8)

Fig. 5.7.30

Review Exercises 5 (page 314)

1 1 21— 2 2j +1
2G0T T AGE T RG+)?
N2j+1 (] 1
gﬂﬂnz_g(ﬁ_mw)
1 1 n? +2n
T2+ mr1)2

The number of balls is

40x30+39x 29+ +12x24+11x 1
30
30)(31)(61 30)(31
=Zi(i+10)=( D] )+10( )31
i=1

= 14,105.

3.

10.

REVIEW EXERCISES 5 (PAGE 314)

xi=14+Qi/n), ( =0,1,2,...,n), Ax; =2/n.

3 n 2

/ f)ydx = lim Y (] —2x; +3)=

1 n— 00 P n
n

2 4i 42 4i
= lim = l+—+—)—(2+=)+3
g 23 (1 5+ 55 - (2o 5) )

i=1

2 4 ,
= Jim 22+ 22|

i=1

i (4 8 n(n—|—1)(2n—|—1)>
= lim —n+—3—
n—>o00 \ n n 6
8 20
—44 2=
+3 3

R, =Y "_1(1/n)/T+ (i/n) is a Riemann sum for
f(x) =+/1+ x on the interval [0, 1]. Thus

1
lim R, =/ V1 +xdx
0

n—o00
' 422

2 3
= —(1 3/2
3( +x) . 3

T T

sinxdx =4m — 0 =4n

(2 —sinx)dx =2Q2mn) — /

-7 -7

NG
/ V5 = x2dx = 1/4 of the area of a circle of radius v/3
0

_1 2_ 57
=" =7

f13 (1 — %) dx =area A; — area Ay =0

Fig. R-5.7

foﬂ cosxdx =area A — area Ay =0

y
y=cos x
Ay ‘ ‘ x

Fig. R-5.8
e o 1
f=— [ @-sin(x*)dx = —[2Q7)—0]=2
27 J_ o 27
- 13 15 5
h==| |x=2ldx === =Z (via #9)
3 Jo 3276

205



11.

12.

13.

14.

15.

16.

17.

18.

REVIEW EXERCISES 5 (PAGE 314)

t
f(0) = / sinx?)dx,  f'(t) = sin(r?) 19.
13

sinx

fx) = V1412de,  f'(x) =1 +sin? x(cosx)
—13

. '
g(s) = / ESMdu, g'(s) = —48in(4s)
4

S

20.

ecost

g0) = / Inxdx
esind
g (0) = (In(e**))e % (—sin ) — (In(""?))e* "% cos 6

= —sinf cos 0 (e + ¢*1n%)

2f () +1 :3/lf(t)dt .
20'(x) = —3(x)
2f(H)+1=0

S = =ceP
£ = —%e@mum'

—  f(x)=Ce ¥/

1
C=__¢?
- 2e

T
1=/ xf(sinx)dx Letx=m—u
0

22.
dx = —du

0
= —/ (r —u) f(sin(m —u))du (but sin(w — u) = sinu)
= n/ﬂ f(sinu) du —/ﬂ uf(sinu)du
0 0

:n/ﬂ f(sinx)dx — 1.
0

Now, solving for I, we get

/ﬂ xf(sinx)dx =1 = T /n f(sinx)dx.
0 2 Jo

y=2+x—x2and y =0 intersect where 2 +x —x2 =0,
that is, where (2 — x)(1 + x) = 0, namely at x = —1 and
x=2. Since 2+x —x%2>0on [—1,2], the required area
is

2 2 3
/ (2+x—x2)dx = (Zx + % - x_)
-1

2

= — s(. units..
3 2 M

-1

The area bounded by y = (x — 1)2, y =0, and x = 0 is

Ly 23.

1 ()C _ 1)3 )
= =3 % units..

(x — D¥dx

0 0

206
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x =y — y* and x = 0 intersect where y — y* = 0, that
is,at y=0and y = 1. Since y — y* > 0 on [0, 1], the
required area is

! 2o\
/ (y — y4 — O) dy = —_ = — = — 8q. unitS.
0 2 5

o 10

y =4x —x2 and y = 3 meet where x2 — 4x + 3 = 0, that
is, at x = 1 and x = 3. Since 4x — x2 > 3 on [1, 3], the
required area is

3 x3
/ (4x —x%—3)dx = <2x2— 5 —3x>
1

y = sinx and y = cos(2x) intersect at x = /6, but
nowhere else in the interval [0, 7 /6]. The area between
the curves in that interval is

3

= — s(. units.
3 a

7/6 /6
/ (cos(2x) — sinx) dx = (4 sin(2x) + cos x)
0

V3 V3 3V3

3
:T+7—1:T—lsq.units..

0

y=5—x2 and y = 4/x% meet where 5 — x% = 4/x2, that
is, where
=52 4+4=0
@ =DH* -4 =0.
There are four intersections: x = =£1 and x = +2. By

symmetry (see the figure) the total area bounded by the
curves is

2 , 4 x3 4
2 5—x"——=)dx=25x——+—
1 x2 3 X

2

= — sqg. units.
3 q

/

/x2 cos(2x3 +Ddx Letu=2x3+1
du = 6x%dx

1 i in(2x3 4 1
=—/cosudu=smu+ sin(2x” + 1)
6 6 6

Fig. R-5.22

C =

+C
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¢Inx
—dx Letu=Inx
x
! du =dx/x
1 241
1
=/ udu:u— ==
0 20y 2

4
/\/9t2+t4dt
0
4
:/ tV9+12dr Letu =9+ 12
0

du =2t dt
25
1 /25 1 98
=_ Vudu = -u??| ==
2 Jo 3 9 3
/sin3(nx)dx
= /Sin(nx)(l — cosz(nx)> dx Let u = cos(mx)

du = —msin(wx) dx
1 2
=—— |0 —-u”)du
b4
1 (u? 1, 1
=—(——-u)+C=—cos’(wmx) — —cos(rx)+ C
7 \ 3 3 T

In2 el
/ m du Letv=e¢e"
e
0 dv =e"du

Letu =mlnx
du = (/x)dx

B 1 /4 ) B 1 /4 )
= — tan“udu = — (sec“u — 1)du
7 Jo 7 Jo

/% tan®(7r In x)
——dx
1

X

1 /4
= —(tanu — u)
b4

0 4 4

/ sin+/2s + 1 d
———ds

Letu =+/2s+1
25+ 1

du =ds/2s + 1
:/sinudu =—cosu+C =—cos+/2s+1+C

1 2
/coszisinzidtz—/sinz—tdt
5 5 4 5
1 4t
=—/ 1 —cos— ) dt
8 5

|
| —
N
~
|
|
<8
=
w| &
N~
+
a

x2=2x 1
F(x) = dt
x) /0 1412

32.

33.

34.

35.

REVIEW EXERCISES 5 (PAGE 314)

Since 1/(1 + 2) > 0 for all ¢, F(x) will be minimum
when
x2—2x:(x—1)2—1

is minimum, that is, when x = 1. The minimum value is

-1 ar . ! b1
F(l) = =tan” 't = ——.
() l+t2 0 4

F has no maximum value; F(x) < m/2 for all x, but
F(x) — m/2 if x* —2x — oo, which happens as
x — Fo0.

flx) = 4x —x2 > 0if 0 < x < 4, and fix) <O
otherwise. If a < b, then fab f(x)dx will be maximum if
[a, b] = [0, 4]; extending the interval to the left of O or to
the right of 4 will introduce negative contributions to the
integral. The maximum value is

4

4 X3
(4x — xz) dx = (2x2 — ?)

0 o 3

The average value of v(t) = dx/dt over [to, 1] is

1 ndx 1
/ —dt = x(1)
t—to Jy, dt 1 —t

5 _x(t) —x(o)

av-

0 =1

If y(z) is the distance the object falls in # seconds from
its release time, then

y'®t)=g, y(©0)=0, andy'(0)=0.

Antidifferentiating twice and using the initial conditions
leads to

) = Lgr?
v = et

The average height during the time interval [0, T'] is
1/T12 g TP gT?* (T
— gtrdt = ——=—=y|—=).
T Jo 2 2T 3 6 J3
Let f(x) = ax3 + bx? + cx + d so that

! a b ¢
dx=—-+ -+ - +d.
/(;f(x)x 4+3—|—2—|—

We want this integral to be (f(xl) n f(xz)) /2 for all
choices of a, b, ¢, and d. Thus we require that

a(xi +x3) +b(x? + x3) 4 c(x1 +x%) +2d

! a 2b
=2/ fx)dx ==+ —+c+2d.
0 2 3
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It follows that x; and x must satisfy

1
= )
2
x12 +x§ = 3 2)
x +x = 1. 3)

At first glance this system may seem overdetermined,;
there are three equations in only two unknowns. How-
ever, they do admit a solution as we now show. Squar-
ing equation (3) and subtracting equation (2) we get
2x1x2 = 1/3. Subtracting this latter equation from
equation (2) then gives (x» — x1)> = 1/3, so that

x2 — x1 = 1/+/3 (the positive square root since we want
X1 < x2). Adding and subtracting this equation and equa-
tion (3) then produces the values x» = (v/3 + 1)/(2v/3)
and x; = (V3 — 1)/(2\/5). These values also satisfy
equation (1) since

3 3 2 2 2 1 1
x]+x5 = (2 +x2)(xy —x1x2+x5) =1x 376 = 7

Challenging Problems 5 (page 315)

x; =2/" 0<i<n, f(x) =1/x on[l,2]. Since f is
decreasing, f is largest at the left endpoint and smallest

at the right endpoint of any interval [20~1/? 2i/7] of the
partition. Thus

n

1 i
U Pa) = ) s @1 = 2070

i=1

_ Z(zl/n
n

LU P =) 57 W @/ =207 Dim)
i=1

n(21/11 )

n
_ _ Udf, P,
=Y -2y =p1 - 271 = #
i=1
Now, by I’Hopital’s rule,
21> 0
lim n2Y" = 1) = lim [—]
n—o00 X—> 00 l/x O
2/x [n2(—1/x2
— fim 20M2EVD

X—>00 —1/x2

Thus lim,— o U(f, P,) = lim,_c0 L(f, P,) = Ins.
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a) cos((j + %)t) - cos((j - %)t)
= cos(jt) cos(%t) — sin(jt) sin(%z)
—cos(jt) cos(%z) — sin(jt) sin(%z)

= —2sin(jt) sin($7).
Therefore, we obtain a telescoping sum:

isin(jt)
j=1
= Z [COS((j + 2)t) — COS((] é)t)]

231n(2;) =
- m [ 0s<(n + %)z) - cos(%t)]
2
= #(lz) [COS(QI) - COs((n + %)z>] '
N2

b) Let P, = {0, £, 2%, 3% ... 2%} be the partition of
[0, /2] into n subintervals of equal length
Ax = m/2n. Using t = 7w /2n in the formula ob-

tained in part (a), we get

/2
/ sinx dx
0

n .
. C(jr\ ®
= lim sin| — )| —
114>o<>jZ1 <2n> 2n

i T 1 (2n + 1)7[
- s — =
T n—o00 2n 2sin(/(4n)) 4n
= lim —— COS — — COS ———————
n—o0 sin(m /(4n)) n—o0 4 4n
T
=1x (cosO—cosE) =1

a) sin((j + %)t) - sin((j - %)z)
= sin(jt) cos(31) + cos(jt) sin(51)
— sin(jt) cos(%t) + cos(jt) sin(%z)

= 2cos(jt) sin(%t).
Therefore, we obtain a telescoping sum:

icos(jz)
=
Z [sm((} + 2)t) — 91n< (- é)z)]

j=1
231n(2t) [9111( 2 ) - Sin(%t)] .

231n(2t)
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b) Let P, = {0, 3”n, %’;, 33’;, .. '5—’;} be the partition of (obtained by the Binomial Theorem) for j = 1,2,...,n
[0, /3] into n subintervals of equal length The left side telescopes, and we get
Ax = m/3n. Using t = m/3n in the formula ob-
tained in part (a), we get

/2
j=1
/ cosx dx 2 1 .
0 m +2)(m + .
" L RO ED Sy 3
= lim Zcos LI RS 2 j=1 Jj=1
e X 3n ) 3n

T (2n _|_ 1)7, T Expanding the binomial power on the left and using the
= ,,LOO 3n 2 sm(n /(6n)) ( - 6_> induction hypothesis on the other terms we get
n/(6n) ( (2n + I)JT T ) .
= lim —sin —
n—o0 sin(7r /(6n)) n—>oo 6n W2 2™ = (m+2) ij+1
T \/5 j=1
=1x (sm— —smO) = —
3 2 (m +2)(m + 1) "+
J’_
2 m+1

4 f)=1/x21=x0<x1 <Xx2 < -+ <x, =2 1If )
¢i = /Xi—1x;, then where the - - - represent terms of degree m or lower in the
variable n. Solving for the remaining sum, we get

2 2 2
Xi 1 < Xi=1Xj = ¢j <X},

sm+1
SO Xj—1 < ¢ < xj. We have Z]
n n 1 m+42
1 — m+2 Y an ST m+1
Zf(ci)Axi :inqx,' (x; — xi—1) m12 (ﬂ + (m+2)n + S
=1 i=l1 nm+2 nm+1
n —
= Z ( - —) (telescoping) m+2 2
iz Xi—1 Xi
1 1 1 1 so that the formula is also correct for k = m + 1. Hence
= % T 1 - 5= 73 it is true for all positive integers k by induction.
n
5 R b) Using the technique of Example 2 in Section 6.2 and
d 1
Thus / _)25 — lim Z Flen) Axi = . the result above,
1 X n— 00 = 2
a n .
5. We want to prove that for each positive integer k, / *dx = 1im & Z <E>j
0 n—oon o n
YAt RS
Jjt= — k—1(n), —_ k1 s -k
= k+1 2 =a nlggonﬂ J
j=1
where P;_; is a polynomial of degree at most k — 1. — ! lim ( 1 1 P"*kl (1n)>
First check the case k = 1: n—oo\k+1 2n nk+
gkl
n 1+1 = .
. onn+1) n n k+1
=— 7 — + Py(n), +
2 2 T+1 T TR
j=1
where Py(n) = 0 certainly has degree < 0. Now assume 3 )
that the formula above holds for k = 1,2,3,...,m. We 6. Let f(x) = ax” + bx~ + cx + d. We used Maple to

will show that it also holds for k = m + 1. To this end, calculate the following:

sum the the formula The tangent to y = f(x) at P = (p, f(p)) has equation

(m+2)(m + 1)

. m+2_ -m+2 _ -m—+1 imay ...
(J+D J"T = m42) "+ > Jhetl y=g(x) = ap’ +bp*+cp+d+Bap® +2bp+c)(x — p).
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This line intersects y = f(x) at x = p (double root) and
at x = g, where

2ap +b
P

Similarly, the tangent to y = f(x) at x = ¢ has equation
y =h(x) = aq® +bq> +cq+d+ (3aq® +2bq +c)(x —q),

and intersects y = f(x) at x = g (double root) and
x = r, where

_ 2aq+b  4ap+D

a a

The area between y = f(x) and the tangent line at P is
the absolute value of

q
f () — g(x) dx
4

12

asl

The area between y = f(x) and the tangent line at
0 = (g, f(g)) is the absolute value of

/ (f(x) —h(x)dx
q

4 <8la4p4 + 108a3bp? + 54a2b? p? + 12ab3p + b4>

3 a3

which is 16 times the area between y = f(x) and the
tangent at P.

We continue with the calculations begun in the previous

problem. P and Q are as they were in that problem, but
R = (r, f(r)) is now the inflection point of y = f(x),

given by f”(r) = 0. Maple gives

Since

b+ 3ap 2(b + 3ap)
andr —gq=———-
a a

have the same sign, R must lie between Q and P on the
curve y = f(x). The line QR has a rather complicated
equation y = k(x), which we won’t reproduce here, but
the area between this line and the curve y = f(x) is
the absolute value of frq( f(x) — k(x)) dx, which Maple
evaluates to be

4 (81614]74 + 108a*bp® + 54a>b* p? + 12ab’p + b4>

81 a3
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1 (81a4p4 + 108a%bp? + 54a2b2p? + 12ab3 p + b4>

R. A. ADAMS: CALCULUS

which is 16/27 of the area between the curve and its
tangent at P. This leaves 11/27 of that area to lie be-
tween the curve, QR, and the tangent, so QR divides the
area between y = f(x) and its tangent at P in the ratio
16/11.

Let f(x) = ax* 4+ bx3 4+ cx? + dx + e. The tangent to
y = f(x) at P = (p, f(p)) has equation

y=gx) = ap4+bp3+cp2+dp+e+(4ap3+3bp2+2cp+d)(x—p),

and intersects y = f(x) at x = p (double root) and at the
two points

—2ap —b =+ \/b2 —dac — 4abp — 8a? p?
x = .
2a

If these latter two points coincide, then the tangent is a
“double tangent.” This happens if

8a2p2 + 4abp + 4ac — b =0,
which has two solutions, which we take to be p and ¢:

—b 4+ +/3b2 — 8ac
p=—"—"—"FTF """

4da
—b — +/3b2 — 8ac b
:—:—p——.
4da 2a

(Both roots exist and are distinct provided 3% > 8ac.)
The point T corresponds to x =t = (p + q)/2 = —b/4a.
The tangent to y = f(x) at x = ¢ has equation

B 3b4+b2c bd++ b’ bc+d +b
= X)) = ——+——+——+e¢ _— = — X —
Y 2563 " 164 4a 842 24 4a
and it intersects y = f(x) at the points U and V with
x-coordinates

—b — 2332 — 8ac
u = N

4a

—b + /24302 = 8ac

V= .
4a
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a)

b)

The areas between the curve y = f(x) and the lines
PQ and UV are, respectively, the absolute values of

q v
Ay =/ (f(x)—g(x))dx and Az =/ (h(x)—f(x)) dx.
P u

Maple calculates these two integrals and simplifies
the ratio Aj/A to be 1/+/2.

The two inflection points A and B of f have x-
coordinates shown by Maple to be

—3b — /3(3b? — 8ac)
= a

“= 124 nd
—3b 4+ /332 — 8ac)
p= 12 :
a

It then determines the four points of intersection of
the line y = k(x) through these inflection points and
the curve. The other two points have x-coordinates

_ —3b— 15(3b% — 8ac)

"= 12a and
—3b + /15352 — 8ac)
s = .
12a

CHALLENGING PROBLEMS 5 (PAGE 315)

The region bounded by RS and the curve y = f(x)
is divided into three parts by A and B. The areas of
these three regions are the absolute values of

A = / k(x) — £ () dx
B
Ay = / (f () — k() dx

As = /ﬂ (k(x) — £(x)) dx.

The expressions calculated by Maple for k(x) and
for these three areas are very complicated, but Maple
simplifies the rations A3/A; and A2/A; to 1 and 2
respectively, as was to be shown.

211



