SECTION 6.1 (PAGE 321)

CHAPTER 6. TECHNIQUES OF INTE-
GRATION

Section 6.1 Integration by Parts
(page 321)

/xcosxdx

U=x dV =cosxdx
dU = dx V =sinx

= xsinx — / sinx dx

=xsinx +cosx + C.

/(x+3)ezxdx
U=x+3 dV =e¢*dx
dU = dx VZ%er

1 1
= E(x +3)e? — E/ezx dx

1 ’ 1
= E(x +3)e? — Zez" +C.

/xzcosrrxdx
U = x2 dV =cosmxdx
sin 7
dU =2xdx v =271
b4
x2sinzx 2/ .
=——— — — | xsinmxdx
b4 b4
U=x dV =sinmxdx
CcoS 7T
dU=dx vV =-2"%
T
x2sinmx 2 xcosmx 1
=— —— |- + — [ cosmxdx
b4 b4 b4 b4

1, . 2 2
= —Xx 31nnx+—2xcosnx——351nnx+c.
T T T

/(x2 —2x)e* dx
U=x%-2x dV = ek*
dU = 2x —2)dx v _ %ekx
= l(xz —2x)ed — 1 / (2x —2)é** dx
k k

U=x—1 dV =ée*dx

dU=dx  y_ Ll
k

1 21 1
= —(x?=2x) — 2| = (x — D! — = /ekx dx
k k| k k

1 2 2
= E(xz —2x)eks — k—z(x — ek + k—3e’“ +C.
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/x31nxdx

U=Inx dV =x3dx

d 4
dU:—x V_x_
X 4

1 1
:4_1 4lnx—Z/x3dx

1 1
= Zx41nx— EX4+C'

/x(ln x)3 dx = I3 where

I, = /x(lnx)” dx

U = (Inx)" dV =xdx
dU = ﬁ(ln)c)”_l dx V= l)c2
X 2

1

= Exz(lnx)” - % /x(ln)c)’“1 dx
1 n

= Exz(lnx)” - 5[,,,1

1 3
I = Exz(lnx)3 -5k

1 3171 2

= Exz(lnx)B — E[Exz(lnx)z — 511]
1 3 311 1

= Exz(ln)c)3 - sz(lnx)z + E[Exz(lnx) - 510]
1 3 3 3

= Exz(lnx)3 - sz(lnx)z + sz(lnx) -3 /xdx
2

_r 33 a4 Snay — 2
= |:(lnx) 2(ln)c) —|—2(lnx) 4:|—|—C.

/tanf1 xdx

U=tan~'x dV =dx
qu=-_ v=x
14 x2

_i / xdx
=xtan  x —
1+ x2

1
= xtan 'x — E1n(1 +xH+C.

/x2 tan~! x dx

U=tan"'x dV =x%dx
d 3
du = - v=2
1+ x2 3

x3 1 l/ x3
=—tan x— - | ——dx
3 3 1+ x2

3
X _i 1 X
:?tan x—§/<x—m>dx

3 2 1
= %tan_lx—%—i—gln(l—l—xz)—i—c.




INSTRUCTOR’S SOLUTIONS MANUAL

U =sin"lx dV = xdx
d 2
w2
V1 —x2 2
Zsin~! ! x?dx Let sin 6
—X x— = | —— x =
2) V1—x2

dx = cos do
1 1
= Exz sin™!x — 3 / sin® 0 d6

| 1 :
=§x sin x—Z(G—sm@cos@)—i—C

1
in~!x+ Zx\/l —x24+C.

12.
10. /xje_"2 dx = I, where
n = /X(2n+1)€7xz dx
U=x¥ dV = xe™* dx
dU = 2nx@=D gx V= —%e*xz 13
= —lxz"e_"2 + n/)c(z"_l)e_"2 dx
2
= ——xe™ 4 pl,_,
L = ——x4eﬂ‘2 + 2|:——xze x? + /xe X2 dx]
12 4 2
=—Ee x"+2x"+2)+C.
/4
11. 1, = / sec” x dx
0
U =sec" 2 x dV = sec® x dx 14.
dU = (n —2) sec" 2 x tan x dx V =tanx
/4 /4
= tanx sec” % x —(n-2) / sec” % x tan® x dx
0 0
=2 = =2y — In-2).
(n— DI, = 2"+ @n—-2)1,.
Therefore
V2?2 n-2
Iy = ——+ —-1I, 2, (n >2).
n—1 n—1

SECTION 6.1

For n = 5 we have

/4
/ sec® x dx = Is = i
0

3

4 4
3 1
_Y2 3(v2 1,
2 4 2 2

V2 3 /4
= —\/_ + —In|secx +tanx|‘
8 8 0
W2 3

:T+§l (1+\/§)

1= /tanzx secx dx

U =tanx dV =secx tanx dx

dU = sec? x dx V =secx

=secx tanx—fsec3xdx
=secx tanx — /(1 +tan2x)secxdx

=secx tanx — In|secx + tanx| — [

Thus, I = %secx tanx — —ln|secx +tanx| + C.

I=/ e** sin3x dx

U= er
dU = 2¢* dx

dV =sin3xdx
V = —%cos3x

1 2
= _§er cos3x + g/ezx cos3x dx

U =e*
dU = 2¢* dx

dV =cos3xdx
V= %sin3x

1 2/(1 ,. 2
= ——¢*cos3x + = [ =e*sin3x — =1
3 3\3 3

13 1 2 5.
?I = —gez" cos 3x + 562* sin3x + C;
1 2x :
1 = Be (2sin3x —3cos3x)+ C.
1= | xeV™dx Let x = w?
dx =2wdw

= 2/ 3¢ dw = 213 where

I, :/w”ew dw

U=uw" dV =e%dw
dU = nw" ldw V=e"
=w"e” —nl,_;.

I =213 = 2wie” — 6[w?e™ — 2(we® — Ip)]
= eV 2x/x — 6x + 12X — 12) + C.

(PAGE 321)
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1 P—
s [,
12 X
s —1 d.x
U=sin""x dV:—2
dx X
dU = —— 1
V1 —x2 VZ—;
1 1
dx
. —1 .
= ——sin" x +/ ——— Let x =sinf
X 12 12 x4/1 — x2

1

T T /2
=——+——|—/ cschdo
g

2

3 /6

b4 /2
= —— —1Injcsch —|—cot9|’
6 /6

:—%—lnl+ln(2+«/§)=1n(2+\/§)—%.

1
16. / Jxsin(r/x)dx  Let x = w?
0

dx =2wdw

1
= 2/ w? sin(rw) dw
0

U = w? dV = sin(rw) dw
dU =2wdw |, _ _cos(rw)
s

2 5
= ——w”cos(rw)
T

1

0

U=w dV =cos(mtw)dw
dU = dw _ sin(r w)

2

= — 4+ —

b4
2

17. / X se

4
= —+ — cos(mw)
T T

1%

b/
1

2| sn)]
— sin(rw)
Tl

1

0
4

0

2 xdx

U=x dV =sec? xdx
dU = dx V =tanx

= xtanx — /tanxdx

=xtanx — In|secx| + C.

1
18. /xsinzxdxzif(x—xcosbc)dx

$2
4

1
— E/xCOSZxdx

U=x dV =cos2xdx
dU=dx V =%sin2x

RS R ¥

214

11,2 1 in2x d
—22xs1n x—2 sin2x dx

X . 1
— —sin2x — = cos2x + C.
4 8

dx = cosfdo

4 1
+—/ w cos(rw) dw
T Jo

4 1
- = / sin(rw) dw
T 0

2
— 4 (n==
g T g

19.

20.

21.

22,

1= /cos(lnx) dx

R. A. ADAMS: CALCULUS

U = cos(Inx) dV =dx
JU - _sin(lnx) A V=X
X

= x cos(Inx) +/sin(lnx)dx

U =sin(Inx)
cos(Inx) V =x
——dx

X

dV =dx

=xcos(Inx) + xsin(Inx) — /

1
1= 3 (x cos(Inx) + x sin(lnx)) + C.

e
1 :/ sin(In x) dx
1

U = sin(Inx) dV =dx
JU — cos(Ilnx) dx V=x
X
e e
=xsin(lnx)| — / cos(Inx)dx
1 1
U = cos(Inx) dV =dx
JU — _sin(lnx) dx V=x

=esin(l) — |:x cos(In x)

e
+I]
1

1
Thus, I = E[e sin(1) — ecos(1) + 1].

In(l
/n(nx)dx Let u =1Inx
X

du

:/lnudu

dx
x

U=Inu dV =du
qauv=2""V=u

u

:ulnu—/du:ulnu—u+C

= (Inx)(In(Inx)) —Inx + C.

4
/ \/;e‘/} dx Let x = w?
0 dx =2wdw

2
= 2/ wre? dw =21,
0

See solution #16 for the formula
I = [w'e"dw = w"e” —nl,_;.

2
— 2<w26w
0

=8e2—8e2+4/
0

— 211> =82 — 4<we”’

2

2

- 10)

e dw = 4(e® — 1).

0



23.

24,

25.

26.

INSTRUCTOR’S SOLUTIONS MANUAL

/cos_lxdx 27.
U=cos !x dV =dx
qv=-—2_ v=x
V1 —x2
cos™! + xdx
=x X —_
V1 —x2

=xcos 'x—+v1—-x2+C.

/x sec™ ! xdx

U=sec ' x dV =xdx
JU dx 1,
= — = —X
[x|a/x2 — 1
1, 1 1 [x]

:Ex seC X—E

—dx
VxZ—1

1 1
= Exz sec !l x — 7sen xX)Vx2—-14+C.

Let x = secf

2 /3
=— -0 —/ secH df
3 0

27 /3
= — —In|sech +tan9|‘
3 0

2

=5 —In(2 +/3).

/(sin_l x)2dx Let x =sin6
dx = cos6 do

=/920056d9

U =062 dV = cos6 do

dU =20d0 V =sind
=925in9—2/9sin9d9

U=6 dV =sinfdo

dU = d6 V = —cosf
=02%sin6 — 2(—0 cos9+/cos€d9)
=02%sin6 + 20 cos — 2sind + C
= xGsin" %)% +2v1 — x2(sin"'x) — 2x + C.

dx = secHtand do 28.

SECTION 6.1 (PAGE 321)
/x(tam_1 x)2 dx
U=(tan"'x)> dV =xdx
2tan~! x dx x?
du =" Ty =
14 x2 2
2 2, —1
t
= x—(tan’1 x)? — / W dx Letu=tan"'x
2 14+ x dx
du =
1+ x2
X2

= T(tan*lx)2 —/utanzudu

2
x
j(tan_1 x)2 + f(u—u sec? u)du

2 2

= %(tanflx)z—i— % —/useczudu
U=u dV =sectudu
dU =du V =tanu

1, -1 2
=§(x + 1)(tan™ " x)* —utanu + [ tanu du
1 5 -1 2 -1
=§(x + 1)(tan™ " x)“ —xtan” x +In|secu|+ C

I, -1 .32 —1 1 2
=§(x + 1)(tan™ " x)° — x tan x+§1n(l+x)+C

By the procedure used in Example 4 of Section 7.1,

/ex cosxdx = %ex(sinx +cosx) + C;

/e" sinx dx = %ex(sinx —cosx)+ C.

Now

/ xe* cosx dx

U=x
dU = dx

dV =e*cosxdx
V= %e*(sinx + cos x)

= %xe"(sin—i—cosx) — % / e*(sinx + cosx) dx

= %xe"(sin—!—cosx)
— %ex(sinx —cosx + sinx + cosx) + C

= %xe"(sinx + cosx) — %e" sinx + C.

215
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m
29. Area =A=/ e ‘sinxdx
0

U=e* dV =sinxdx
dU = —e " dx V = —cosx
b4 T
=—e “cosx| — / e Y cosxdx
0 0
U=e"* dV =cosxdx
dU = —e " dx V =sinx
T
=e 7T +1- (e"‘ sinx| + A)
0
1 —7T
Thus Area = A = te units?

30. The tangent lineto y = Inxatx = lisy = x — 1,

Hence,

Shaded area = %(1)(1) + (1)(e —2) — / Inx dx
1

e

= 3—(l )
—e— 2 nx —
e—5—(xlnx x1

3 5
=e_§_e+e+0—1:€—zsq. units.

y=x—1

y=1

(e,1)
y=Ilnx

Fig. 6.1.30

31. I1,= /(lnx)” dx
U= (nx)"
_1dx
dU = n(Inx)" ' —
x

dV =dx
V=x

I, =x(Inx)" —nl,_.
Iy = x(Inx)* — 453
— x(Inx)* — 4<x(ln X — 312)
— x(Inx)* — 4x(Inx)® + 12(x(1n X% — 211)
= x(Inx)* — 4x(Inx)* 4+ 12x(In x)?
- 24(xlnx —x) e

= x((ln )% — 4(nx)® + 12(nx)% — 24Inx + 24) +c.
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/2
32. I, =/ x"sinx dx
0

U =x" dV =sinxdx
dU = nx""1dx V = —cosx
m/2 /2
= —x" cosx + n/ " Lcosxdx
0 0
U =x"! dV =cosxdx
dU = (n — Dx"2dx =sinx

/2

—(n— l)/ X" % sinx dx]

=n |:x”71 sinx

\n—1
=n(3) —nt-Dha (=2
/2 /2
1()=/ sinx dx = —cosx =1.
0 0

Is=6 (%)5 — 6(5){4 (%)3 —4(3) [2 (%) - 2(1)10“

3
= En — 1573 + 3607 — 720.

33. I, = /sin"xdx n=>2)

U=sin""!x dV =sinxdx

dU = (n — 1)sin" 2 x cosx dx V = —cosx

—sin" ' xcosx + (m — 1) / sin" =2 x cos® x dx

= —sin" ' xcosx + (n — D(Iy—2 — 1)
nl, = —sin" ' xcosx 4+ (n — DI,_»
1 n—1
I, = —=sin""!

xcosx +——1, 7.
n n

Note: In=x+ C, I} = —cosx + C. Hence

Ig = —sinjxcosx+§1
6= 6 64

1 LS ( s FER
= ——SIn COS — | ——s1in” COS —
g I A COSET g\ Ty s Aeosa i

= ——sin’ x cosx — — sin’ x cos x
6 24

+5 . +11
2smxcosx 510

8
.5 5 . 3 .
= ——sin” x CoOsx — — sin” X COSX — — Sin X COS X
6 24 16
5
— C
+ 16x+

S5x cos sin® x n 5sin3 x n 5sinx Lc
= — — X .
16 6 24 16




INSTRUCTOR’S SOLUTIONS MANUAL SECTION 6.1 (PAGE 321)

_ L. 6 dx 1 x24+a?—x?
ol A sl e
1 6 1 4
=—;sin6xcosx+?(—gsin4xcosx+§13> :i/ dx _i/ x2 dx
aZ (x2 + aZ)n—l a2 (x2 + aZ)n
= ——sin®xcosx — 5 sin* x cos x
dx
2401, 2 U=x dV=_—%
i iy 2 2
+35( 3 sin xcosx—i—3 1) JU — dr (x +a)il
S sin® x cos x — Ll sin* x cos x — 8 sin” x cos x V= 2(n — 1)(x2 + a1
7 35 35
16 1 1 —X
— —cosx +C =—h1-—
35 a? a2 \2(n — D2 +a2)n-!
sin6x+631n4x+85in2x+l6 L N 1 / dx
= —cosx — . .
7 35 35 35 2(m —1) (x2 4+ g2)n-1
I X " 2n —3 I
T 2n — Da?2(x2 + a2 2(n — Da? =t
I _;x
Now I} = —tan” ~ —, so
a a
L= * + 2
= 4a2(x2 +a2)? = 442 2
_ b n 3 X N 1 7
34. We have T 122 +a2)? 32 \ 222+ a?) 242!
X " 3x " 3 tan~] X tC
- ——tan~ ' — .
I, = / sec” x dx n>3) 4a’(x2 4+ a?)?  8a*(x2 +4d%)  8a° a
36. Given that f(a) = f(b) =0.
U =sec"2x dV = sec?> xdx b f@=fe
dU = (n —2)sec” 2xtanxdx V =tanx / x —a)(b—x)f"(x)dx
a
=sec" 2 x tanx — (n — 2) / sec" 2 x tan® x dx U=@x—-a)b—x) dV=f"(x)dx
dU =0b+a—-2x)dx V =f'(x
=sec” 2 x tanx — (n — 2) / sec" 2 x(sec’x — 1) dx ¢ ),, b F)
. _ _ ! _ _ /
=sec" 2x tanx — (n —2) I, + (n = 2)I,_2 + C =GE-ab-0fx B /a (b+a—20)f(x)dx
1 -2
I, = (sec" % x tanx) + n-e I+ C. U=bta—2x dV=f(x)dx
n—1 n—1 dU = —2dx V=75

I =/secxdx =In|secx +tanx| + C;

b b
=0— [(b +a—2x)f(x)| + 2/ f(x) dx:|

12:/se02xdx:tanx—|—C. b
| \ 471 , 2 = —2/a f(x)dx.
I = =(sec”x tanx) + —=| =sec“x tanx + =l | + C
5 5\3 3 37. Given: f” and g” are continuous on [a, b], and

1 4 — _ _ _
= gsec4x tanx + Eseczx tanx + 1—85tanx +C. fla)=g(a) = f(b) = g(b) = 0. We have

b
/ f)g"(x)dx

3/1 ) U=f(x) dV = g"(x)dx
Z(Esecx tanx+§h)] e dU = f'(xydx V=g@)

I l( Sxt )+5 L ecdxt +
= —(SeCc” x tanx —|—8ec” x tanx
7% 6|4

b b
—/ f0g' (x)dx.

1 5 15
=3 sec® x tanx + o7 sec® x tanx + 75 Secx tan x+ = f(x)g' (x)

15 ..
3 In|secx +tan x| + C. Similarly,

b b
—/ f'(x)g' (x)dx.

b
/ gy dx = f'(x)g(x)
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Thus we have

b b

/ f(X)g”(x)dx—/ f(x)g(x) dx

a a b
=0

= (f0g' @) = f0g)

a

by the assumptions on f and g. Thus

b b
/f(X)g”(X)dx=/ f(0)g(x) dx.

This equation is also valid for any (sufficiently smooth)
functions f and g for which

FB)g'(b) — f(b)gb) = f(a)g'(a) — f(@)g(a).

Examples are functions which are periodic with period
b—a,orif f(a) = f(b) = f'(a) = f'(b) =0, orif
instead g satisfies such conditions. Other combinations of
conditions on f and g will also do.

/2
I, = / cos" x dx.
0

a) For 0 <x <m/2 we have 0 <cosx < 1, and so
0 < cos?t2 x < cos?"t x < cos? x. Therefore
0 < Dpy2 < byt < Dy.

b Si / n—1 h / 2n +1
in = —1I,, \¢ = —
ce . n. n n—2, WC have 7,42 m+2 2n
Combining this with part (a), we get
2n+1 Dyt - Dy+y1 -1

n+2 by = Dhn T

The left side approaches 1 as n — oo, so, by the
Squeeze Theorem,

. 12n+1
lim

n—oo [y,

=1.

¢) By Example 6 we have, since 2n + 1 is odd and 2n

is even,
I _ 2n 2n—2 4 2
TS =153
Lo_m—1 m-3 317
M=o =242 2

Multiplying the expression for ;41 by /2 and
dividing by the expression for l,, we obtain, by
part (b),

2n 2n —2 4 2 7

i+l 2n—1 53 2 _m_ . 7w
dm =T =3 3 1 72" '=7

m m-2 422
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or, rearranging the factors on the left,

.2 2 4 4 2n 2n
lim
n—-oocl 3 3 5 2n—1 2n+1

_7'[
_2,

Section 6.2 Inverse Substitutions

(page 328)
/ @ Let u = 2x
VI o

1 1
_E/ﬁ=—SIH_IM+C=§SiH_1(2x)+C.

/ - dx Let 2x = sinu
1 —da? 2dx =cosudu
1 sin? u cos u du
=§/ cosu
=i/(1—cos2u)du=i—%+c
16 16 32

1 1
= 1—651n’12x— 1—65inucosu+C

1 1
= —sin"'2x — gx\/l —4x2 4 C.

16
/ x dx Let x = 3siné
—_ et x = 3sin
/9 — 2
dx =3cos6db
/9sm 63cosbdb
3cosf

9
= 5(9 —sinfcosd) + C

O

1
= Zsin ' ZxVo—24cC.

3 2

l\)

Let x = %sin@

x
/«/1—42
* * dx:%cos@d@
cosf do
= ————— = | cscOdb
/sinevl—sinze
1 1 —4x2

=In|cscld —cotf|+C =In|— —

C
2x 2x +

=1In

1— V1= 4x?
— |t

Let x = 3sin6

/ dx
2./9 — 42
XV —x dx = 3cos6 db
_/ 3cosB db
] 9sin263cosf

1 2
= — [ csc“6do

9

149 —x2

1
e~ C=—- T
g cote 9 x



INSTRUCTOR’S SOLUTIONS MANUAL

Let x = 35sin6

/ dx

JO — 2

VO =X —3cos0do
/ 3cos6do 1/ 0do

= —=— [ csc
3sin6 3cos6 3

1 1 3 9 — x2
:§1n|CSCQ—COt9|+C=§1n _

+C
X

x+1 xdx + dx
1 dx =

V9 —x2 «/ — x2 V9 —x2
—v9 — x2 + sin~! +C

Let x =3tanf

/ dx
2
VIHXT = 3sec?0do

_/3sec 6do /sec@d&

3sect
=In|secd +tanf| + C = In(x +v9 + x2) + C;.

9+x2

Fig. 6.2.8

3
x”dx
9. ———  Letu=9+x2

/ 2
9t x du =2xdx

_ 1 [ w=9du 1 [ \p o _1p
—2/ NG —2/(14 u )du

L _oungc

9vV9 +x24C.

1
=30+ X232~

10. dx Letx =3tan@

dx = 3sec?6do
(3secH)(3sec?6)do
81 tan* 6

1 30 1 s6
=—/Sec d@:—/c.og d6 Let u =sinf
9/ tant0 9 ) sin*6
du = cos0db
_ /‘du _ 1 LC=
o) ut T 278 B

(9 4 xH)3/?
27x3

x4

[

—+C
27 sin3 0 +

SECTION 6.2 (PAGE 328)

11. /7 Let x = asinf
PRI
(@% =%y dx_a0059d9

. acos@d@_
= | Teois — a2 ) 048

1 1
= ;tanG—I—C:a—zm—FC.
a
x
0
22
Fig. 6.2.11

X
/7 Let x = atanf
21 232
@+ 297 = asec?0 do

/ asec?6do _/aseczede
(a? + a®tan? 0)3/2 — a3 sec36

1 X
cos@dG_ sm@—i—C_i—i—C.
az a’a? + x2
\/az-&-xz
a
Fig. 6.2.12

24
13. rax Let x = asiné
(a2 _ x2)3/2
dx = acosfdb

_/azsin 6 acosfdb
- a3 cos® 6

:/tan20d0 :/(SeCZO— 1) do

=tanf — 0 + C (see Fig. s6-5-17)

x L1 X
=———— —sin ' = 4C.
a

22— 2
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/ X
(1 4+ 2x2)5/2

1
Let x = —tan6
V2

1
dx = — sec’ 6 do
V2

1 sec20do 1 30 do
—7 a0y~ )

/(1 — sin? 6)cosOdO Letu =sinf
du = cos 0 do

\/_/(l—uz)du—ﬁ(u—éu)—i—C

1 1
= —sinf — ——sin*0+C
V2 32

V2x 1 V2x :

T AViiae ( ) e
4x3 4+ 3x

T 3(1 +242)32

Fig. 6.2.14

15. Let x =2secf (x > 2)

/ dx
/32 _
VX 4 dx = 2secHtanf do
_/ZSeCQtanédé
- 2secH2tan6
l/de b o=t iic
= — = — = —sec  — .
2 2 2 2

x2—4
2
Fig. 6.2.15

Let x =asect (a > 0)

16 / dx
: 2. /32 _ 2
rovx a dx = asecftan6 db
_/ asecH tan6 do
T ) a?sec?fatand

1 1
=—/cos€d9= —2$in9+C
a

l«/ 2 _q?
== + C.
a x

X /%2 _a2
Fig. 6.2.16
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19.

20.
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/ dx dx 1 g x+1
= = —tan +
x24+2x+10 x+D2+9 3 3

/ dx _ dx
x2hx4+1 1\?2 3\ 2
Z ~- du = dx
(++3) + (%)

— / 7’424—2”\/5)2 = %tan”(%u) +C

2
2 - (2x+1)
= —tan + C.
V3 V3
dx
(4x% + 4x + 5)2

d
:/—xz Let 2x 4+ 1 = 2tan@
((2x+1)2+4) 2dx = 2sec? 0 do

sec?0do 1 )
= —=— [ cos“0db
16sec*s 16

= 3%(0 + sin6 cos@)

1t 1 2x+1 1 2x + 1
16 4x2 +4x +5

n
32 2

A 4x24+4x+5

2x+1

2

Fig. 6.2.19

x-=1+1

(x_1)2+2dx Letu=x-—1

du = dx

/ xdx _

2 _2x+3

udu +/ du

u 42 u 42

G2 +2) + — ta *1(”)+C

n(u —
ok V2

In(x? —2x+3)+%tan 1(%) +C.

=

Nl»— MI»—\

xdx

V2ax — x2
xdx
= Let x —a =asinf
vas —(x —a) dx =acos6do

(a 4+ asinf)acos6 db

acosf
=a(@ —cosf)+C

—asin 1 274 —V2ax —x2+C.

a

Letu:x+%
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/ (4x — x2)3/2

dx .
m Let 2 —x =2sinu
—dx =2cosudu

/ZCosudu 1/ 5

=— | ———=—- | sec“udu

8 cos3 u 4

x—2
+C.

4>|~

1
=——tanu+ C =
4 Vix —x2

4x—x2

Fig. 6.2.22

/ xdx
(3 —2x —x2)3/2

xdx .
_/ﬁ Let x +1 =2sin6

4—(X+1)2) dx =2cosfdo
(2sinf — 1)2cos 0 db
8 cos? 6

1 1
:E/secetanédé—zfseczeaw

1 1
=—secG—Ztan9+C

2
1 1 1
_ 1 X+ Lc
V3-2x—x2 43 —-2x —x2
_l 3—x tC
4 3 —2x —x2 .
2
x+1
[
N/ 3—2x—x2
Fig. 6.2.23

24,

25.

X
/(xz—l-Zx—l—Z)2 =/ [(x +D? + 177

sec? u du 5
—— = [ cos“udu
sec* u

1
= 5/(1+0052u)du=§+

sec? 6
sect §

1 $20\>
+c20s )d@

| 49
—/ (1 4200820 + +ci) d6
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Let x +1 =tanu
dx = sec’udu

u  sin2u

+C

1 1
= Etan’l(x + 1)+ Esinu cosu + C

1 x+1

1
= 5 tan” 'O+ +-———+C.

2x24+2x+2

N x242x42

x+1

Fig. 6.2.24

/m Let x =tan6

dx = sec? do
do = /cos40d0

2
sin20  sin46

sin 6 cos 6

= —tan_lx—i—

x4+

C
4 + 32 +
sinf cosf  sin26 cos 20
2 16

1
+ 3 sin 6 cos9(2c0s20 -D+C

1 b +1 X 2 N +c
2 14x2 8 14+x2\1+x2

| 3 x +l x

8 1+x2 4 (1+4+x2)2

2

+C

1 3x3 + 5x

——+C
+ 8(1 + x2)2 *

V1422

Fig. 6.2.25
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/722 Let x — tanu 28. I:/\/9+x2dx Let x = 3tanf
(l+ ) dx—sec Mdu dx:3SeC20d0
_/tan u sec2 udu _/tan udu :/3secé3sec20d0
- sect u - secZu
_ 3
/9111 udu = — /(1—c0s2u)du _9/sec 0 do
_u sin u coeu+c U = secf dV =sec?0do
) 2 dU =sec tanfdf V =tand
1 1
= =~ tan"! ——L—}—C. :9sec€tan€—9/sec€tan29d0
2 21+x2
= 9sech tanb —9/5609(86029— 1)do
A 14+x2 B
=9sech tan@+9/sec@d@—9/sec39de
1 =09sech tan6 + 9In|sechd +tanf| — I
Fig. 6.2.26 9 9+x2\ /x 9 9+x2 x
r= (L) @) s 2 1]
2 3 3 2 3 3
——x\/9+x2+ ln<\/9+x2+x)+C1
9
(where C; = C — Eln3)
d
29. /# Letx:uz
o dx =2udu
2udu 2
2+u u+2
=2u—4lnfu+2|+C=2J/x —4InQ2+/x)+C.
d
30. /Txlﬁ Letx:u3
by
dx =3u*du
2
d
:3/blt+u Letv=1+4u
J1—x2 ) ! dv=du
——dx Let x =sin@ 2
3 v-—2v+1 1
dx = cosb do =3 ——dv=3 v—24—-)dv
cos? 6 v v
=/7d9=1, where v?
sin” 6 =3 7—2v+ln|v| +C
I= | cot?6cscOdd 3
/ =5(1+x1/3)2—6(1+x1/3)+3ln|1+x1/3|+C.
U = coth dV = cotfcschdb
dU = —csc2 6 do V = —csch 31. I:/1+ dx Let x = u®
3 1+ x1/ 5
= —cschcotd — [ csc’6dO dx = 6u’ du
L+u® u® +u
= 6udu=6 [ ——du.
=—csc@cot9—/csc€d6—1. /1—|—u2 wa /1—|—u2 "
Division is required to render the last integrand as a
Theref(ire 1 polynomial with a remainder fraction of simpler form:
I=—Ecscecote—i—Elnlcsc&—i—cot@l—i—c observe that
1/1 =2 1 1 /T— x2 ug=u8+u6—u6—u4+u4+u2—u2—1+l

u5=u5+u3—u3—u+u

=+ 1) —u) +u.

1 1—
ln(l—i—\/l—x)——lnlxl vi-a o
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Thus
8 5
1
u:146—1444—143—l—142—14—1—|—i.
u? +1 u? +1
Therefore

1
+ 3 ln(u2 + 1)+ tan~! u) +C

7
+3In(1 +x'3) +6tan~! x1/0 4 C.

/2_ 2
32. % dx Let M2 = x2 + 1
v+l 2udu = 2xdx
_/uv3—u2du
u

= [ V3—u?du Letu=+/3sinv
du = /3 cosvdv

:/(\/gcosv)«/gcosvdv:3/cos2vdv

3
= E(v—l—sinv cosv) + C

3. ,(u +3uv3—u2+c
==sin!' | —= ) +>———
2 N AR

3 [x2 41 1
zzsiIfl x3+ —|—5\/(x2+1)(2—x2)—|—C.

0
33. / e*V1—e2*dx Let e* =sinf
—In2 e* dx = cosf df

7/2 2 1 /2
:/ cos“0df = - (0 +sinf cosh)
k14 2 T/

/6 6
_ 1 (n V3 n V3
“2\3 4 )76 8
/2 Cos X
34. / ————dx Letu=sinx
0 +/1+sin2x

du = cosx dx

1 du
=/ —— Let u = tanw
0 1+u du = sec? wdw

/4 sec? w dw /4
= — = secw dw
0 secw 0

/4
= In|secw + tan w|

0
=In|v2+1—In|1+0 =In(2+1).

_ §x7/6 _ gxsm n ;xm L2123y 1/3 L grl/6

35.

36.

37.

SECTION 6.2 (PAGE 328)

/‘\/51 dx
1 x242x 42

/ﬁl dx Let +1
= —_— etu=x
1 (+D241

du = dx

V3 du V3 T
=/ — —tanl'u = —.
0 M2+l 0 3

/2 dx Let 3si
_ et x = 3sinu
1 x24/9 — x2

dx =3cosudu

/"—2 3cosudu I/XZZ 2
= _ = — csc udu
=1 9sin2uBcosu) 9 J.;
1 = (D2 [
= —(—cotu) =——
9 x=1 9 X x=1
(V5 BY _2v2 V5
o9\ 2 1] 9 18"
Fig. 6.2.36
do
/27 Let x = tan(6/2),
+ sinf . 2% 2 dx
sin = ——, df=——
1+ x2 1+ x2
2dx
_/ 1+ x? _/ dx
= 5 = 3
24 X I14+x+x
14 x2
d 2 2 1
:/ X _“ -1 X+ —|—C

_— = tan
+12+3 V3 V3
TTy) g

2 2tan(9/2) + 1
2 ! (M) Lc

V3 V3
/2 o 0 2
——— letx=tan—, df =——dx,
o 1+4cos@ +sinb 2 1+ x2
1—x2 . 2x
cosf = ——, sinf = ——.
1+x2 1+x2

2
| <m>dx
/() l+<l—x2>+< 2x )
14 x2 1+ x2

_2/'1 dx _/1 dx
- 02+2x_01+x

1

=In|l+x|| =In2.

0
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do
39. /7 Let x = tan(6/2),
34+2cosf

1 —x? 2dx
cosh = ——, =—
14 x2 1+ x2
2dx
_/ T2 _/ 2dx
N 2-2x2 ) 5442
3+
1+x

= italf1 2 +C = i tan~! (tan(9/2)> +C
V5 Vi s V5 '

1

4. A / dx 1 x
o rea = =
12 +/2x — x2 12 /1 —(x —1)2

Letu=x—1

du =dx
0 0
=/ L =sin"'u
12 V1 —u? —12
b4 b4 .
=0-— (——) = — sq. units.
6 6
41. For int ti f 4 d 1 h
. For intersection of y = ———— and y = 1 we have
Y il t4 Y

A +4=9
+4x2—5=0
@452 -1) =0,

so the intersections are at x = £1. The required area is

1
9d
A=2/ _ M) dx
0o \x*+4x2+4

! dx NG
=18 b m—z Let x = 2tan 6

dx = /2 sec? 6
=l /2sec?0do
=18 _ =
=0  4secto
x=1 5
— cos“6do —2
f
x=1
—( + sin 6 cos@) -2
\/— x=0
X V2x :
f f T +2
( 5) -3
— — ) — = units?
232 v2) 2
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-9
Y= a4

R
y=1
—1 1 x
Fig. 6.2.41
I dx
42. Average value = Z /(; m

1 [t dx
:Z/O [(x —2)2 + 412
Let x —2=2tanu
dx = 2sec?udu
1 /4 2sec? udu
Z/_ﬂ/4 8secd u

1 /4 1 /4
= — cosudu = — sinu

16 J /4 —
L1 V2
T16\v2 V2) 167

43. Area of R

/a2 —b2
=2/ (x/az—xz—b)dx Let x = asinf
0 dx = acos6d
x=+/a?2—b?
:2/ a’cos?0do — 2bv/ a2 — b2
x=0
x=+/a?-b?

—2bva? — b?

x=0

X /a?—p2

= (az sin™! = 4+ xva? — x2> —2bva? —b?
a 0

bZ
=a’sin[1 — = +bVa? — b2 — 2bv/a? —
a

Zcos™' = — bv/a2 — b2 units?

a2(0 + sin 6 cos 6)

b
=a“cos” —
a
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/ -

Fig. 6.2.43

45.
44. The circles intersect at x = %, so the common area is
A1 + Ay where
1
A1=2/ 1 —x2dx Letx =sinu
/4 dx = cosudu
x=1
= 2/ cos® udu
x=1/4
x=1
= (u + sinucosu)
x=1/4
x=1
= @6in™' x +xv1—x2)
x=1/4
b4 . L 15 .
=— —si — — ——— Q. units.
2 4 16
1/4
A2:2/ V4 —(x —2)2dx Letx —2=2sinv
0 dx =2cosvdv
x=1/4
= 8/ cos? vdv
x=0
x=1/4
= 4(v + sin v cos v)
x=0
[ . (x - 2) (x - 2) Vax = xz] =
= 4| sin +
2 2 2 <=0
7 715
=4|sin"! [ -= ———i—z
8 64 2 46.
4sin~! ! V1S +2 it
= —4sin - - — 7T Sg. units.
g 16 .
Hence, the common area is
Sm /15
Al4+Ay="-2"
1+ A2 > >
1 7
— sin~! (Z) — 4sin~! (g) sq. units.
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Yy 4

an

Fig. 6.2.44

4 12
Required area = / (\/ 25 — x2 — —) dx
3 X
4 4 12
:/ \/25—x2dx—/ —dx
3 3 X

Let x = 5sinu, dx = 5cosu du in the first integral.

x=4 4
:/ 25cos? udu — 12Inx
x=3 3
25( + si ) - 121 4
= — in s - n-—
> u 4+ sinu cos u . 3
4
25 1 4
=2 (sint I + —xv25—x2| —12In-
2 5 2 3 3

25 4 3 4
= —(silf1 37 sin™! g) - 121n§ $g. units.

Fig. 6.2.45

Let x = asinu

a 2
Shaded area :2/ b1 — (f) dx
c a

X=a
= 2ab/ cos? udu
X

=c

dx =acosudu

X—a

= ab(u + sinu cos u)

X=C

b
= (ab sin! I 4 —xva? — x2>
a a

b4 .1 C cb .
=ab| = —sin™! =) = =Va2 — 2 sq. units.
2 a a

a

c
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y A 48 / dx
. ———— Letx =acoshu
x=c /v2 _ 42
— x a dx = asinhudu
\ /‘asinhudu
asinh u
x —cosh ' 24 C=ln@x+vVx2—ad)+C, (= a).
a
/ dx / asinhu du
i —/ = .
;—§+i—§=1 x2y/x2 — a? a2 cosh? u a sinhu
1 1
=—2/sech2udu=—2tanhu+c
. a a
Fig. 6.2.46 1 N
:—ztanh (coshf1 —)—|—C
a a
2
1
SN G R B
a a 2
X X
47. Area of R 1 - =451
- 4 14 +C
Y 1472 - 2
:—\/1—|—Y2—/ Vx% —ldx “x x? 1
Let x =secf r_ x__l
dx = secftanf df a a?
Y tan~! Y x2_a2
=—\/1+Y2—/ sec O tan? 6 dO =———+Ci.
2 0 asx
Y tan~! Y 3
= EV“FYZ_/O sec”0.d¢ Section 6.3 Integrals of Rational Functions
tan~'Y (page 336)
+/ secH do
0 2d
v { f Y npx—3[+C.
=3 1+Y2+<—Esec0tan9 2x =3
o dx 1
1 tan”'Y 2. - :—Zln|5—4x|+C.
—Elnlsec&+tan9|+1n|sec€+tan9|> -
v v | 0 3 / xdx 1/nx+2—2d
. =— | ——dx
:E\/1+Y2—5\/1+Y2+§1n(y+\/1+y2) mx+2 w) wx+2
X 2
1 =———1 2 .
= 2 In(¥ +/1+¥2) units? e L
If Y = sinh¢, then we have 4. / x? dx=/ x+4+ 16 dx
x—4 x—4
1 1 t x2
Area = Eln(sinht—i—cosht) = Elne’ =5 units? =5 +4x +16In|x — 4|+ C.
1 A B
5. =
y x2 -9 x—3+x+3
Ax +3A+ Bx —3B
x2oy2=] - x2—-9
= 1 1
=>{?ZB _?:A:—, B=—-.
(/1+y2,y) ( _B) = 6 6
/ dx _1/ dx 1/ dx
¥2-9 6J) x-3 6J x+3
1
R ‘ =g(ln|x—3|—ln|x+3|)+c
\ x Lalr =3 e
=—1In .
Fig. 6.2.47 6 |x+3
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1 A B
5-x oz tx
(A+ B)v/5+ (A — B)x
- 5—x2

2\1/—/( V5—x \/——i-x)dx
=ﬁ§(—ln|«/§—xl+ln|«/§+xl)+c

1 V54 x
2\/— \/—
1 A B
_|_
a—x a+x
Aa + Ax + Ba — Bx
22— 2

Aa+ Ba=1 T
A-B—0 “ATB=5

/ 1
5—x2

In +C

a2 52

=|
Thus
/ dx _ 1/ dx +1 dx
a?—x2 2a) a-x 2a) a+x
1
=—(—1n|a—x|+1n|a+x|)+c
2a

1
= In
T 2a
1 A . B
b2 —a2x2 " b—ax b+ax
(A+ B)b+ (A — B)ax
= 2 — 4242
1

=A=B=—
2b

/ dx 1 1 " 1 d
_ - x
b2 —a?x2  2b b—ax b+ax

1 (—In|b— In|b+
_( b—ax| , In| “x|)+c

a+x

+C.

:2b a a
1 b+ ax
=—1 C
2ab n‘ +

x2dx x—2
/7=/ - 2 Vax
x24x =2 x24x -2
-2
=x—/x7dx.
x24x—2
x—2 A B  Ax— A+ Bx+2B
If —|—
x2+x—2 x+2 -1 x2+x

-2
thenA+B_land A+28_—2 so that A = 4/3
and B = —1/3. Thus

/‘xzdx 4/dx+1/dx
—_—— =X — — -
x24x-2 3 x+2 3 x—1

4 1
x—ghnlr+2/+ Injx — 1]+ C.

b—ax

s
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10 r 4,5
’ 3x24+8x -3 3x—1 x+3
_ (A+3B)x+ (3A—B)
B 3x24+8x—3
A+3B=1 1 _i
:>{3A_B:0:>A—10, B=.
/ xdx 1 1 3
— = — — 4+ ——) dx
3x24+8x—3 10 3x—1 x+4+3
1 3
=Eln|3x—l|+ﬁln|x+3|+c.
x =2 A B Ax + A+ Bx
11. —_— =4 =
x2 4+ x X x+1 x2 4+ x
A+ B=1 _ .
(4187 sa=-2 B=3
x—2 dx dx
dx =3 -2 | —
x2 4 x x+1 X
=3In|x+ 1| —2In|x| + C.
1 A Bx+C
12. —_— = —
x3 4+ 9x x+x2—|—9
_Ax2+9A+Bx2+Cx
N x3 4 9x
=>1C=0 :>A:§, B:—g,CZO
9A =1
/ dx 1/ 1 X d
" = Vdx
x3 4+ 9x 9 x  x249
—11|| 11(2+9)+1<
9nx 18nx .
dx dx 1
13. = =
_/.1—6Jc—|—9x2 (1 —3x)2 3(1—3x)+

x x
14. /7dx:/7
2+6 Ox2 3 H2+1
+ 6x + 9x GBx + 1)+ du = 3dx
1 u—1 1 u 1 1
—/—du:—/—du——/—du
9/ u?2+1 9/ u?2+1 9J) u?+1
l1(2+1) Lan—tu+c
= —In(u — —tan ' u
18 9
1 1
= g In@+6x+ 9x%) — 5 tan~!(3x + 1) + C.
2 2
1 1 —
15. / X< 4+ dx=_/9x 6x—|—6x+9dx
6x — 9x2 9 6x — 9x2

1 [ 2¢43
=—f+—/de.

9 x(2 —3x)
Now
2x+3 A B 2A —3Ax + Bx
0 xt2i a T x2—3v)
—=2A=3, —3A+B=2
a3 gD
2’ 2
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Therefore we have

2
1
/de
6x — 9x2
X l/dx " 13 dx
X 18 ) 2—3x

9 6

X = Bap o te
=——+—-In — In
9T M Ty o

16. First divide to obtain

XAl 3Tk +8s

X2+Tx+12 x+Hx+3)
37x 4+ 85 A B

x+4x+3) :x—|—4+x—|—3
_ (A+B)x+3A+4B
- 2+Tx+12

A+B=37 B .
3A+4B =85 — A =063 B=-26

=|

Now we have

3
1 63 26
/de:/ x—T7+ —— dx
12 + 7x + x2 x+4 x+3
2

- %—7x—|—63ln|x+4|—26ln|x+3|+C.

1 A B N C
x(x2—a> x x—-a x+a
_ Ax? — Ad® 4+ Bx? + Bax 4+ Cx? — Cax
- x(x2 —a?)
A+B+C=0
A=—1/d?
[—Aa2:1 B=C=1/Q2a%).

17.

Thus we have

dx
/x(xz—az)
dx
2a2< / /x—a /x—i—a)

—g(—21n|x|+ln|x—a|+ln|x+a|)+K
1 n |x2 — d?|
T 242 x2

+ K.

228

R. A. ADAMS: CALCULUS

18. The partial fraction decomposition is

1 A B Cx+ D
x4—a* x—a x+a x2+a
A3 4 ax? +a’x +a®) + B(x® —ax®> + d’x — d?)
- x4 —a*
C(x? —a’x) + D(x* — d?)
+ 4 4
x*—a
A+B+C=0
N aA—aB+D=0
a’A+a’B—-d*C=0
@BA-a*B-d’D=1
=A= ! B = ! C=0, D= !
T 4a3” T T 4a¥ T T 7 T T 247
/ dx l/ 1 1 2a
—_ = — — — dx
x4 —a* 4a3 x—a x+a x2+a?
_ 1 X —a 1 fan- (x)+K
T 443 x+a 243 a ’
19 ad A Bx+C
Y ox3—a3 x-—a x2 4+ ax +a?
_Ax2+Aax+Aa2+Bx2—Bax+Cx—Ca
- 23— a3

A+B=0 A=a/3
:>{Aa—Ba+C=0:>{B=—a/3
Ad?> — Ca=d° C = —24%/3.

Therefore we have

3 3
X~ a
/x3—a3 :/(1+x—3—a3> dx

+a/' dx a/' x4+ 2a
=X — —_ = _—_
3 x—a 3 x2 4+ ax +a?

s l | |- /2x+a+3a
=x njx —a _
3 6 x2 4+ ax +a?

=x+%ln|x—a|—gln(xz—l—ax—i—az)

/ Z 2 a2

=x+§ln|x—a|—gln(x —l—ax—i—az)

a® 2 tan~! x4+ (a/2) N
e Y B
2 V3a (W3a)/2
a a 2 2
=x+§ln|x—a|—gln(x +ax 4+ a”)

—1 2x+a

a
— tan
V3 V3a
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20. Here the expansion is so we have
/x2+ld 5 dx +1/ -4
x=— [ —+4+—= [ ———dx
A, _Bx+C 18 2)x+2"12) G-D2+3
X3 4 2x2 +2x x  xZ42x+2 Letu=x—1
_ A(x?+2x+2)+ Bx?+ Cx du = dx
- x34+2x242 5 1 Tu+3
- 1 2|+ —
A+B=0 1 PRl |+12/ w213
2A+C=0=>A=-B=, C=-1, 5
A =1 2 —Eln|x+2|+—ln(x —2x +4)
h PR ik
so we have ——tan ' —— )
443 V3
/7“ =l/d_x_l/7x+2 dx 1 A B C D
42242 2/ x  2) xP4+2x+2 23. ) 7 = + 7 T + 3
Letu—=x+1 x=—=1) x—1 (x-=1 x+1 x+1
1
du = dx - ﬁ(A(x — D+ D2+ Bx+ 1)
1 fu+1 (x= =1
s LRE Pty +CO+ D = 12+ DG — 1))
1 1 1
= —Inlx|—-In@+1)—~tan'u+ K A+C=0 a1
% 411 2 | N A+B—-C+D=0 N T4
_ - —C - = 1
=—Inlx|—-In(x>+2x+2) — —tan” ' (x + 1) + K. A+2B-C-2D=0 =C=D=-
2 |x] 4( ) 2 ( ) A+ B4+CaD=1 B=C=D R
Thus
1 A B c /(X 2- 12
2, ————— = —
¥ —4x24+3x x x—-1 x-3 2_(/ / .
_ AG? —4x +3) + B2 = 3x) + C(x% — x) 4 =1 (X—U
N x3 —4x2 +3x / / )
A+B+C=0 x+1 (x+1)2
—4A-3B-C =0 1 1
3Al:1 1 1 =7 1n|)c—|—1|—ln|)c—1|—fl—x_‘_1 + K
S A=- B=—--, C=-. 1. |x+1 X
, , —_— — K.
3 2 6 4 x—l‘ 2(x2—1)+
Therefore we have
dx 24. The expansion is
S 2
X A B C D
/ +3X 5 5 — + + +
_ dx 1/ dx +1/ dx @ -DE*-=4) x-1 x+1 x-2 x+2
3 x 2)x-1"6J)x-3 . x? 1 1
1 1 A=l D= "2~ 6
ln|x|——ln|x—l|+ Sinjr =3+ K. S
X 1 1
B = lim = S
x—>—1 (x = D2 —4) —2(=3) 6
, x? 4 1
C=11m27:—:—
22. Here the expansion is ¥=2 (17— 1)()26 t2 34 3
4 1
D = lim 5 * =—=.
X2+1 A Bx+C x—-2 x*—=1Dx—-2) 3(—4) 3
P48 x+2 2_2x+4 Therefore
2 _ 2 2 1 1
_ AT 24D+ B +20+ Cx +2) s ——dx=——Injx— [+ Injx+ 1+
x34+38 x* = D= —4) 6 6
A+B=1 1 1
5 7 1 Z TR
—244+2B+C=0=A=15 B=1. C=—x1. gk =2l = ginedal+ k.
4A+2C =1
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1 1

25. = 27.

x4 —3x3 x3(x =3)

A B C D
=rtetetis

A —3x2) 4+ B(x* = 3x) + C(x — 3) + Dx*
o x3x=3)

A+D=0
—344+B=0
—3B4+C=0
—3C=1
A=—1/27
B=-1/9
C=-1/3
D =1/27.

Therefore
/ dx
x4 —3x3

1 dx I/dx
- 27 x  9J) x2

1/‘dx+ 1/ dx
3 x3 27) x-=3

= 1 =3 + ! + ! + K
T 27 x 9x  6x2
We have
xdx _ xdx _ 1
(F—x 12 e A ot
[(X—j) +Zz] du = dx
_/ udu +1/ du
@+ 2) @+ ?
3
Let u = — tanv,
2
3 5 . )
du = - sec” vdv in the second integral.
3
1 1 1 %—seczvdv
2\ 3 +§/ﬁ
4 Esec v
_ . / 2vd
=————+— [ cos“vdv
22 —x+1) 33 28.
-1 2
m \/_(U+SII1UCOS'U)+C
_ -1 2 g L2 2(x — $)V/3 L
202 —x+1) 3.3 V3 3f(2~/x2—X+ 1)2
2 2x — 1 -2
= — tan”! al + 2x + C.
3J3 V3 3(x2—x+1)
N du? L
2u
V3
Fig. 6.3.26
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t A

(t+1)(t2+1)2_t+1Jr
1

T U+ D+ 12

+C@+P 14+ D+ D@+ +EG+1)

Bt+C
2 4+1

Dt + E
@r 12

(A(t4 122+ )+ B+ +12 41

A+B=0 B=-A
B+C=0 C=A
= 12A+B+C+D=0=31D=-2A
B+C+D+E=1 2D =1

A+C+E=0 E = -2A.

Thus A=—-1/4=C, B=1/4, D =E =1/2. We have

tdt
(t+ D% +1)?
1 dt 1 t—1Ddtr 1 (t+1Ddt
=73 m*zfﬁﬁfm

1 1
—In(®+1) — - taur1

/m Lett =tan6
dt = sec? 0 do

1

1
=——In|t+1 t
4n|+|+

1
A2+ 1) 1)

1 1
:——ln|t+1|+ ln(z +1)—Ztan

1 1
7402 D /cos 6do

1
=——In|r+1
4n|+ |+
1
412 +1)

t

1

- ln(t2 +1)— ltanf t
8 4

1
+ —(0+sin00050)+K

:——ln|t+1|+ -

1

Ti@rn 3
_li-1
T42+1

1
ln(z +1)— Ztan t

1
tan™ t+

K
42+1+

1
gl + 1+ o ln(t +1)+K.

‘We have

dt
/(z — D@2 —1)?
d
=/ =13+ 1)?

_ du
- / u3(u +2)?

1 A B C D E
Par w et T i turoy
. AW + 43 + 4u®) + B3 + 4u? + 4u)

o ud(u +2)2

Cu?+4u+4) + Dw* +2u?) + Eu?

ud(u +2)2

Letu=1t—-1
du = dt
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A+D=0

4A+B+2D+E =0 30.

= 14A+4B+C=0
4B +4C =0
4C =1

A—3 B = !
=A== P

du
/u3(u—i-2)2
3 du 1 {du 1 [du
" 16 7‘z/u—z+z/u—s
3 du 1 du
16 u+2_§/(u+2)2
1 1
t—1 8@t—12

+ K

C= D

1
= —, E .
4 16 8

3
=—Injr—1
gl =11+ 7

3
241
TR T

31.

dx
29. 1/— Let 1 — x2 = u?
2V /1 — «2
XG+x)vI—x —2xdx =2udu

_ du
B _/ (1 —u)(4—u?)

1
1 —u?)4—u?
A B C D
= + +
1—u 1+u
1
A —— =
(I +u)4 —u?)
gL
(1 —u)(4 —u?)
_ 1 1
T A-u)2+u
1 1

D= —o-— e
(1 —u?)2—u)

C

U=—

Thus

Pe(bf e
6 1—u 6 14+ u
1 du 1 du
122w 12 2+u>
1—u 1 24+u
T+u Eln‘z—u
1-V1=x2| 1
IV i R TR
_ L a=Vi-a?
6

+ K

24+ /1—x2
2—J1-x2
Q24 V1 —x2)?
342

= ln‘

In + K

— In

K.
x2 12 +

SECTION 6.3 (PAGE 336)

/ dx / dx
= Let u =e*
e2X —4ex 44 (e¥ —2)2

du =e*dx
_ du
_/14(14—2)2
1 A B C
W@ =22 u u—2" w—272

_ AW? —4u+4) + Bu? —2u) + +Cu
B u(u —2)2

A+B=0 1 1 1
=

—4A-2B4+C=0=>A=-, B=——, C=-.
44 = 1 4 4 2

/ du _l/du 1/‘du+1/ du
uw—-22 4) u 4Ju-2"2) w-272
1

5(u-2)+

1
2| = e 2 +K
=/x(1f# Let x =tanf
dx = sec’> 0 db
sec2 6 do cos2 6 do
:/tan9sec30 :/ sin @
cos2 6 sin6 d6
:/ sin? @

Let u = cos6
du = —sinf db

/uzdu +/ du
= — =Uu .
1—u? u? —1

We have
11 1 1
w—1" 2\u—-1 u+1)"

u—1
u—+1
cosf — 1
cosf + 1

1

- _ni«/lﬂz_l
it 2 I
V1+x2
_¥+1ln<7¢l+xz—l>+c
Vita? 2 \Vi+a7+1

Thus

1
I = -1
u—|—2 n

+C

1
= 0+ =1
CcoS +2 n

‘-FC

+C
+1

Fig. 6.3.31

231



SECTION 6.3 (PAGE 336)

32. We have

_ dx Letu = 1 — 12
=) xa—xpyr =Y

2udu = —2x dx

_ udu _ du
N A —uud (A — u?)u?
1 A B C D

WA —u2) u w2 1l-u  1+u
A —u?)+ B —

u2) +CwW?+ u3) + D@W? —u?

u?(1 —u?)
—-A+C—-D=0
—-B+C+D=0
“la=o0
B=1

1
=A=0B=1C=-. D=

1
5
/' _ /du 1/' du 1/‘
(1—u2)u2_ w2 2) 1—u 2
1
= ln|l—u|——ln|l+u|+K

1 +1 1 —/1—x2
= — —In|——-
Vi—x2 2 |14+4/1-x2

1
:7—|—ln<1—\/1—x2)—ln|x|+K.
1 —x2

+ K

dx
33. / m Let x = secH
dx = secftan6 do

secH tan 6 dO cos> 6 do
_/ sec2 0 tan3 0 _/ sin2
1 —sin%6
=/Wcosede Let u = sin6
du = cos0db

1—u? 1
= du=———-u+0C
u

u2

1
= —(.— +sin0> +C
sin 6

x x2—1
=—( v )+c.
x2—1 x

Fig. 6.3.33
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Let u = sinf

/ do
0(1 +sind
cosOL+sinb) ) _ cos6.do

—/(1_u2)(1+u)‘/(1_u)(1+u)2
1 A B C

w1’ 1—u Txe 0702

A0+ 2u4u?)+ B —u?)+ C(1 —u)

(I —u)(1 +u)?

{A—BZO 1 1 1

2A—C=0 =>A=-, B=-, C=-.

A+B+C=1 4 4 2
du

(I —w)(1 + u)?

1 du 1
ZZ/meHu
1 1+ sin6
4 n‘l—sin@‘ 2(1+sm9)

/(1+u)2

Since Q(x) = (x —ay)(x —a2) --- (x — a,), we have

InQx)=In(x —ay)+In(x —az) +--- 4+ In(x — ay),
and, differentiating both sides,

€W _ 4oy = ——+— :

o) dx X—ay Xx—ap X —ay

11 1 1
0() ~ Q') [x—al +x—a2+"'+x_a,,]'

Since

PR) A A LA

= + s
0(x) X —a X —ap X —ay
we have

P(x)[1+1++1]
O |[x—a x—a X —ay

A A A
— 1 + 2 + .-+ " .
X —al X —ap X —dap

Multiply both sides by x — a; and get

P(x) X —ap X —ap
1+ +ot
Q’(X)[ X —az x—an]
Ar(x —a Ay(x —a
ay g Mma) o A ma)
X —ap X —dap
P
Now let x = a; and obtain /(al) =
Q'(a1)

P(aj)

Similarly, A; =
Q/(aj)

for 1 <j <n.
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Section 6.4 Integration Using
Computer Algebra or Tables (page 340)
According to Maple
/ 1+ x+x2
dx
(x4 — D(x* — 16)?
_Inx—1) In(x+1) 7
300 900 15,360(x — 2)
613'1( 2) ! + i In(x +2)
— ———In(x —2) — n
460,800 5120(x +2) 153,600
In(x2 + 1) 5
- 1 4
900 115,200 "7 Y
6x +8
_ tan~! (x/2) — _ bx+s
25,600 15,360(x2 + 4)

One suspects it has forgotten to use absolute values in
some of the logarithms.

Neither the author’s version of Maple nor his version of
Mathematics would do

t
= ——d
/\/3—2#‘

as presented. Both did an integration by parts and left
an unevaluated integral. Both managed to evaluate the
integral after the substitution u = ¢> was made. (See
Exercise 4.) However, Derive had no trouble doing the
integral in its original form, giving as the answer

32 . Verr 2328

in —
16 3 8

Maple, Mathematica, and Derive readily gave
/1 L 37 ]
———=dx=—+-—.
0o (x2+1)3 32 4

Use the 6th integral in the list involving +/x2 & a?.

x%dx

\/ 24+In|x +vVx2=2[+C
\/— njx X

Use the last integral in the list involving +/x2 & a2.

/ (2143 dx = %(x2+10)\/x2 +4+61n [x+v/x2 + 4|+C

SECTION 6.4 (PAGE 340)

7. Use the 8th integral in the list involving +/x2 4 a2 after
making the change of variable x = /3.

dt
/7 Letx:\/gl
2./3:2
t 3t +5 :\/gdl‘
_1/7
V3 x2Vx2
v2 V32 +5
_SBYES c:—T++c

8. Use the 8th integral in the miscellaneous algebraic set.

/ di 2 25
_ Y L2
tV3t—5 3 5

9. The 5th and 4th integrals in the exponential/logarithmic
set give

5 1 4 4
/x“(lnx)4 dx = @ -3 /x“(lnx)3 dx

_ xs(ng)“ B %1 <x5(12x)3 _ % /x4(lnx)2 dx)
_ s ((lnx)4 B 4(lnx)3)
5 25
+ ;—i <x75(1;1x)2 - % /x5 Inx dx)
_ s ((lnx)4 _40nx)’ 12(nx)*  24Inx 24
5 25 125 625

10. We make a change of variable and then use the first two
integrals in the exponential/logarithmic set.

T dx  Let u = x2
du =2xdx
3¢ du

+3(u—l)>e"+C

—T+3x2—3>ex2+c

233
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11. Use integrals 14 and 12 in the miscellaneous algebraic

set.
/x 2x — x2dx

2x — 2\3/2 3
=—u+§/\/2x—x2dx

3
2x — )c2)3/2 x—1

1
= + 2x—x2—|—§Sin_1(x—1)+C

3 2

12. Use integrals 17 and 16 in the miscellaneous algebraic
set.

/ V2x — x2
—
X

Q2x —x3)3% 1 / V2x — x2 J
= — - — X
1 X

x2

2x — x2)3/2
:_%—\/h—xz—sin_l(x—l)—FC
x

13. Use the last integral in the miscellaneous algebraic set.

/ dx _x—2 1 Lc
(V4x — x2)3 4 Vax —x2

14. Use the last integral in the miscellaneous algebraic set.
Then complete the square, change variables, and use the
second last integral in the elementary list.

/ dx
(Vax —x2)4
:x—2( T—x2)—2+1/ dx

8 8/ 4x —x2

x—2 +1/ dx Let )
= — _— etu = x —
8(4x —x2)  8) 4—(x—-2)?

du = dx
x—2 1/ du
:74—_ -
8(4x —x2) 8 ) 4—u?

x—2 1 u—+2
= S@r—x ;2 —2‘+C
x—2 1
:78<4x_x2>+3—z‘“‘m‘+c

Section 6.5 Improper Integrals (page 347)

o 1
1. / de Letu=x—1
X —
2 du = dx
* du ) R du
= —,%Z lim -3
1 u R—oo J1 u
R

. 1 . 1 1 1
=1lm —| =1lm (z—-——=)==
R— o0 21,{2 1 R—oo \ 2 2R? 2
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o0 1
/; mdx Letu =2x —1
du =2dx

1 [® d 1 R
- _/ Lo im [ w P du
2 5 M2/3 2 R—oo 5

1 R

= — lim 3u!/?

=00 (diverges)
R—o00

5

o] 672x
e ¥ dx = lim
0 R—00 —2 0

. 1 1
= lim (- - —
R—o00 \ 2 2€R
This integral converges.
/‘_1 dx . /‘1 dx
——— = lim o
—00 x2—|—1 R——o0 JR x2—|—1

= RliIP [tanfl(—l) — tanfl(R)]

—-5-(9)-3

This integral converges.

R

1

/l 4 im 34 D3
1 (x+ 1)2/3 c—>—1+

c

— T 13 _ 1/3
= dm 30— ara)

=332 This integral converges.

/a dx i € dx
_Y  _ im @
0 a? — x2 C—a—Jo a’ —x2

. 1 a-+x
= lim —In
C—a— 2a a—xiip
1 a+C

The integral diverges to infinity.

L S P
o - SET

U= —dx

_ L au — L du

- o ul/?3 _cir(r)lJr . ul/3
3 3
= lim ~u?3| =2
c—>0+ ¢ 2

/1 dx Let u2 =1
_— etu-=1—x
0 x+/1—x

2udu = —dx
1 2 c
:/ udu — 9 m du
0 ¢! —142)14 c—>1-Jo 1—u?
1 1
=2 lim =1In ut =00 (diverges)

0
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7/2 cosxdx .
9. (7 Let u =1—sinx
0

1 —sinx)2/3
du = —cosx dx
1 1
=/ w3 du = lim 3u'3| =3.
0 c—0+

c
The integral converges.

o0
10. / xe Ydx
0

R

= lim xe “dx
R—o0 0

U=x dV =e"dx
dU =dx V=-="*

R
= lim | —xe™*
R—o0

R
+ / e “dx
0 0
li R ! +1 1
= lm (—— — — =1.
R—o0 eR eR
The integral converges.

1 12
11. / _dx :2/ _ax
0 vx(1—x) 0

1/2 d
=2 lim al

c—0+ J, 1 12
)

172

=2 lim sin™'Qx — 1)
c—0+

C
The integral converges.

*x Ry
12. / ———dx = lim / ——dx
o 1+ 2x2 R—oo Jo 14 2x2

1 R
= lim - In(1 +2x2)
R—oo0 4

0
li 11(1+2R2) Uit

= l1im —1in — —1n = Q.
R—oo| 4 4

This integral diverges to infinity.

o0 xdx 2
13. /(; W Letu=1 + 2x
du =4xdx
1 /00 du 1 2\ "
= — — = — l1Im —_——
4 J, ud? 4 R—o0 Ju 1
1
=5 The integral converges.
/2 c
14. / secxdx = lim In|secx + tanx|
0 —(/2)— 0

= lim In|secC +tanC| = oo.
C—(m/2)—

This integral diverges to infinity.

SECTION 6.5 (PAGE 347)

/2 c
15. / tanxdx = lim In|secx]|
0 c—>(m/2)— 0

= lim Insecc = oo.
c—>(/2)—

This integral diverges to infinity.

o0
d
16. / al Letu =1Inx
e

x(Inx) dx
du = —
X
InR InR
= lim — = lim In|u|
R—o0 Jq u R—o0

1
= lim In(InR) —In1 = oco.
R—o0

This integral diverges to infinity.

e
17. / dx Let u =Inx
1

xvinx du =dx/x
1 1
d
= ZL = tim 2vu| =2
0 u c—>0+ c

This integral converges.

o0
d
18. / — ™ Letu=1Inx
. x(Inx)? dx

du
X

InR
d 1
— lim 2 = lim (——+1>:1.
R—o00 Jq u R—00 InR
The integral converges.
©  xdx 0 00
19. 1=/ =/ +/ I+
—o 1 —|—X2 —00 0 1 ?

® xdx )
12: m Letu:1+x
0 du =2xdx

i 1 /R du (i )
im — — = iverges
R—o00 2 1 u &

©  xdx 0 oo
20. 1:/ =/ +/ .
—oo1‘|'-x4 —00 0 ! ?

® xdx )
I = T Let u =x
0 du =2xdx

1/00 du 1
= — — = — 11Im n
2 )y T4u2 T 2R

Similarly, I; = —%. Therefore, 1 = 0.

00 N 0 [eS)
21. I:/ xe * dx:/ +/ =L+
—00 —00 0

o 2
L= / xe * dx Let u = x2
0

R

T
o 4

du =2xdx
R
1 [ 1
:—/ e du=- lim —e™| =-
2 Jo 2 R—o0 0 2

235
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1 . .
Similarly, I} = 5 Therefore, I = 0. 26. The required area is
o0
Area = / x2e”¥ dx
0
oo il 0 . 0 . | .
22. I:[me dx:[me dx+/0 e Xdx=9L+1 =/x*2e*1/xdx+/ 2o /x gy
oo 0 1
12=/ e “dx =1 =L+ I
0 1
I — y—2 : .
Similarly, I; = 1. Therefore, I = 2. Then let u = T and du = x~“dx in both 11 and I»:
1 —1
. ) Iy = lim x2e V¥ dx = Jim e du
—0+ —0+ J_
23. AreaofR:—/ Inxdx = — lim (xInx — x) ¢ { e
0 o 0 = lim (¢! —e /€)= -
=—0-=1)4 lim (clnc—~c¢) C—0+ e
c—>0+ R —1/R
=1—0=1 units? L= lim x2e V¥ dx = lim e du
R—o0 J1 R—o0 J_1
Y 1
= lim (e VR —e7hy=1- -,
> R—o0 e

Hence, the total area is /1 + I = 1 square unit.

27.  First assume that p # 1. Since a > 0 we have

00 x—Pp+l R
/ xPdx = lim
a R—oo —p + 1 a
e
T 1—p " Rooo(I—p)RPI
Fig. 6.5.23 1
_ — ifp>1
(p — Da?
00 if p<1
. > 2 a x—[)+1 a
24. Area of shaded region = / (e —e M)dx / xPdx = lim
oR 0 =0+ —p+1],
1 —p+1 1-p
= Rlim (—efx + 5672)() =1 + lim ¢
00 0 l—p c—0+p—1
. _ 1 _ 1 1 . 1-p
:Rlimoo(_eR_FEe 2R+1—§>:§sq. units. _ la—p if p<1

00 if p> 1.

If p = 1 both integrals diverge as shown in Examples 2
and 6(a).

1 0o _ 1
28. / roeny dx:/ —xdx-l-/ Y dx
—1 X+2 _1X+2 0 X+2

0 2 ! 2
:/ -1+ dx—!—/ 1 - dx
1 x+2 0 x+2

Fig. 6.5.24 0 1
—(—x42Injx+2)| +G@x-2Inx+2)| =n—.
-1 0
oo 4 2 2 )
25. Area :/ — -~ )dx 29. x“sgn(x — 1) dx
1 2x+1 x+4+2 0
R o, ?
= lim 2(1n(2x+1)—1n(x+2)) =/ —x dx+/ x?dx
R—o0 1 0 1 21
2R+ 1 x3 x3 1 8 1
= lim 21 —0=2In2 sq. units. N U0 I I ALy
Aim n(R+2> 0 n2 sq. units 3 0—!— 3, 3—i—3 3
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Since for all x > 0, therefore

X
S_
xXS4+1 7 x3

o.¢]
=]
1 00 2
/ / -~ dx
0 x3 1 xS+
1 o0
dx
< dx + —_
/ XS+1 * /1 x3
1

+ b.

Since I is a proper integral (finite) and I, is a conver-
gent improper integral, (see Theorem 2), therefore I con-
verges.

1
_—on[l,oo.
1+Vx ~ 2 )
Si / dxd to infinit t/w dx
1mce —= diverges to miminity, SO mus .
Jr R Y R

Therefore / also diverges to infinity.

. x/x 1
Since > — for all x > 1, therefore
x2—-17" Jx
o0 o0
d
=/ VY s [T g f
2 x2—1 2 X

Since I; is a divergent improper integral, / diverges.

[reta ()
o [

finite. Since x> > x on [I, 00), we have

/ e ¥ dx 5/ e Fdx = —.
1 1 e

o0
.3
Thus / e~ dx converges.
0

* gy is a proper integral, and is therefore

1 1 1 1
On [0,1], < —. On [1, 00), < —.
n 1011 Vx4 x? x n ) Jx+x2 T %2
Thus
! dx - dx
0o VXx+x2 7T Jo Jx
o0

/ * dx

_ S —_

1 Vx+x? X2

Since both of these integrals are convergent, therefore so
*  dx

0 Vx+x2

is their sum

35.

36.

37.

38.

39.

40.
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er -1
>
x+1 " x+1

/1 e 1/1 dx
dx > — =
1 x+1 eJ_1x+1

The given integral diverges to infinity.

on [—1, 1]. Thus

sin
Since sinx < x for all x > 0, thus _x < 1. Then

T sinx .
I = ——dx = lim
0 X e—0+

—dx </ (I)dx = m.
Hence, I converges.

2
Since sinx > il on [0, 7 /2], we have
b4

| sinx| /2 sinx
S—dx > > dx
0 X 0 X

2 (72 dx
> — — = OQ.
_rr/o X

The given integral diverges to infinity.

y A
»
y=sinx
2x
=%
s X‘
2
Fig. 6.5.37
2
Since 0 < 1 — cos \/x = 2sin® E <2 E = f,
2 2 2
7.[2
for x > 0, therefore —, which
- /0 1 —cos J— /
diverges to infinity.
On (0, /2], sinx < x, and so cscx > 1/x. Thus
/2 /2 dx
/ cscxdx > / — = 00.
0 0 X
/2
Therefore / cscx dx must diverge. (It is of the form
—/2

00 — 00.)

Since In x grows more slowly than any positive power of
x, therefore we have Inx < kx!/# for some constant k

.
J/xInx —

diverges to infinity by comparison with

and every x > 2. Thus, for x > 2

d /O" dx
an
2 /xInx

1 [ dx
k), x3*

Jex3/4

237
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a1, / - (/ /)xex But

Vax 1 [ldx
—>- ] — =00
0o xe* eJo Xx

Thus the given integral must diverge to infinity.

o0
42. We are given that / e dx = %\/ﬁ
0

a) First we calculate

o 2 R 2
x2e ™ dx = lim x2e™ dx
0 R—o0 Jo

U=x dV—xe_xzdx

dU = dx V = _f 7)(
k 1 (R 2
= lim |:——xefx —|——/ e " dx]
R—o0 0 2 0
1 1 [
=—= lim Re R —|——/ e dx
R—o0 2 0
1

b) Similarly,

o 2 R 2
/ x*e ™ dx = lim xte™ dx
0

R—00 Jo

U =x3 dV =xe™* dx

43. Since f is continuous on [a, b], there exists a positive
constant K such that |f(x)| < K fora < x < b. If
a < c¢ < b, then

b b
/f(x)dx—/ fx)dx
= /af(x)dx

b b
Thus lim / f(x)dx:/ f(x)dx.
c—a+ ¢ a
Similarly

c b
/f(x)dx—/ fx)dx
:‘/Cf(x)dx
b

<K(c—a)—>0asc—a+.

<Kb—-c)—>0asc—>b—.
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Thus hm f(x) dx = / f(x)dx.

44. F(x):/ et dt.
0

a) Since lim;_, o *~le=1/2 = (), there exists T > 0
such that *~le=?/2 < 1 if r > T. Thus

o0 o0
0< / et dr < / e tdt =2e7 7172
T T

o.¢]
and / e dt converges by the comparison

T
theorem.

If x > 0, then

T T
05/ et dt </ *~Var
0 0

converges by Theorem 2(b). Thus the integral defin-
ing I'(x) converges.

oo
b) F(x+1)=/ te t dt
0

R
= lim tYe ' dt
c—>0+
R—o00
U=t" dV =e 'dt
dU =xt*ldx V=—¢"
R R
= lim <—txe_' +x/ Ple dt)
c—>0+
R—o0 ¢ ¢
o0
=0 +x/ e dr = xI'(x).
0
o0
c) ') = e ldt=1=0!

By (b), F0(2) =1'H=1x1=1=1".
In general, if I'(k + 1) = k! for some positive integer
k, then

Fk+2)=(+ DIk +1)=k+ Dk! =k + DL
Hence I'(n + 1) = n! for all integers n > 0, by
induction.

1 o0
d) r(—):/ 2 dr Lett = x2
2 0

dt =2xdx
1 2 o0 2
:/ —e ¥ 2xdx:2/ eV dx =7
0 X 0

=
N
N W
N—
Il
N =
=
N
[\SARE
N——
Il
N =
9
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Section 6.6 The Trapezoid and Midpoint
Rules (page 354)

The exact value of I is

2 x3
1=/ 1+ xHdx = (x+—>
0 3

8
=24+ 3 ~ 4.6666667.

2

0

The approximations are

=i+ N rarn+(1+2) 42| =475
‘722 4 4) 27"

M= D (1 D)+ (1 2)+ (14
A 16 16 16

= 4.625
1
T3 = E(T4 + My) = 4.6875

my= 1+ D)+ (14 2)+ (142
874 64 64 64
i 2)V (2 (4 2

64 64 64
169 225
14+ == 14+ 222) | = 4.6562
+(+64)+<+64)] 65625
1
Tig = 5 (Ts + Ms) = 4.671875.

The exact errors are

I — T, = —0.0833333;
I — Ty = —0.0208333;
I — T1¢ = —0.0052083.

I — M4 = 0.0416667,;
I — Mg =0.0104167,;

If f(x) = 1+ x? then f"(x) = 2 =
KQ2-0 1
% = 3 Therefore, the error bounds are

K, and

1/1\?2
Trapezoid : |I — Tu| < 3 (5) ~ 0.0833333;
1 /1\?
I —Tg| < - (-] =~ 0.0208333;
3\4
1 2
[ —Tel < (§> ~ (0.0052083.

1
3
L 1
Midpoint : | — M4| < 3

1 2
(E) ~ 0.0416667;

1 /1\?
11— Ms| < (Z) ~ 0.0104167.

Note that the actual errors are equal to these estimates

since f is a quadratic function.

49
16

)

SECTION 6.6 (PAGE 354)

The exact value of [ is

1 1
1= / e Ydx =—e "
0 0

1
=1—- - ~0.6321206.
e

The approximations are

T=3Ge +e P pem 24734 4 Lo
~ 0.6354094

My = L(e™V/8 4 ¢=3/8 4 ¢=5/8 1 /%)
~ 0.6304774

Ty = 3(Ts + My) ~ 0.6329434
Mg = é(e—1/16 4 e 3/16 4 p=5/16 4 ,=7/16 4
6—9/16+e—11/16+e—13/16+e—15/16)
~ 0.6317092
Tie = 5(Ts + Mg) ~ 0.6323263.

The exact errors are

I — T, = —0.0032888;
I — Ty = —0.0008228;
I — T1g = —0.0002057.

I — M4 =0.0016432;
I — Mg =0.0004114;

If f(x) =e*, then f(z)(x) =e*. On [0,1],
If @ (x)| < 1. Therefore, the error bounds are:

, 1 /1)\?
Trapezoid : |I — T,,| < — | —
12 \n

1 /1
I =Tul < 5 (E) ~ 0.0052083;

1 /1
I - Ty < — (=) =~ 0.001302;
12 \ 64
1 /1
I —Tigl < — | =—— ) ~ 0.0003255.
12 \ 256
Midpoint : |/ M|<1 ny’
1dpoint : nl =5\
= Ma) =<~ (L) ~ 0.0026041;
=2 \16) :
1 /1
I — Mg| < — [ — ) ~ 0.000651.
24 \ 64

Note that the actual errors satisfy these bounds.

The exact value of [ is

/2
1 =/ sinxdx = 1.
0
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The approximations are

8 4 8

3T 1
T, = % (0+sinz +sin =  sin 22 +5> ~ 0.9871158

T

3 5 7
My = — (snl—}—sm——ksm—n—}—sm—ﬂ) ~ 1.0064545

8 16 16 16 16

1
Ty = 5(T4 + My) ~ 0.9967852

M id sin i + sin 3 + sin S
$T 6\ 32 32 32
" T " 9 " 1lx
Slrl 3—2 Sln ﬁ Sl 3—2
137 157
in —— + sin — | =~ 1.0016082
-+ sin 0 4+ sin 0 )

1
Tie = E(Ts + Mg) ~ 0.9991967.

The actual errors are

I — T, ~0.0128842; [ — M4 =~ —0.0064545;
I — T3 ~0.0032148; I — Mg~ —0.0016082;
I — T ~ 0.0008033.

If f(x) =sinx, then f”(x) = —sinx, and
|f”(x)] < 1= K. Therefore, the error bounds are:

. 1 /m T\2
Trapezoid : |1 — Ty| < — (— - 0) (—) ~ 0.020186;
12\2 8

11— Tyl < iz (% ~0) (1%)2 ~ 0.005047;

I —Tigl < 12 (% ~0) (—) ~ 0.001262.

Midpoint : |1 — Ma| < i4 (% - ) ( ) ~ 0.010093;
1 /@ T

|1~ Ms| < 7 (5 ~0) (—6) ~ 0.002523.

Note that the actual errors satisfy these bounds.

The exact value of I is

240
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The approximations are

n_ 1 (1)+16+4+16+11
4= 17 5" 25 2\2

~ (0.7827941

o L[64, 64 64 64
*T 465 73789 113
~ 0.7867001

1
T3 = E(T4 + My) ~ 0.7847471

1[256 256 256 256
§[25_7 265 T agr T 305"
256 256 256 256

37 T3 st @]

~ (0.7857237

g8 =

1
Tie = E(Tg + Mg) ~ 0.7852354.

The exact errors are
1 — Ty =0.0026041; I — My = —0.0013019;

I — Tz = 0.0006511; I — Mg = —0.0003255;
I — Ti16 = 0.0001628.

Since f(x) = —— then f'(x) = — 2% _ and
T+a2 (14 x%)?
4 6x2 2 4
f (.X) = m On [0 l] |f (.X)l < 4. Therefore

the error bounds are

T id: |I =T, < 41y
T 701d : — — | =
apezo nl = D .
4 (1
I — Ty < — | — ) =~ 0.0208333;
12\ 16
4 (1
I —Tg| < — [ = ) ~ 0.0052083;
12 \ 64
4 (1
I — Tig| < — [ =— | = 0.001302.
12 \25
Midpoint : | M|<4 '
1dpoint : =2
=Myl = — (L) ~ 0.0104167;
H=24\16) 7 ;
4

1
I — Mg| < — | =)~ 0.0026042.
| 8|_24(64) 0.00260

The exact errors are much smaller than these bounds.
In part, this is due to very crude estimates made for

Lf" .
Ty = %[3+2(5+8+7)+3] =46

1
Tg:5[3+2(3.8+5+6.7+8+8—|—7—|—5.2)+3]:46.7
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My =238+67+8+52)=47.4

2
Ty = 100 x §[0+2(5'5 +544.5) + 0] = 3,000 km?
1
=100 x §[0+2(4+5'5+5'5+5+5'5+4’5+4)+0]
= 3,400 km?
My =100 x 2(4 + 5.5+ 5.5+ 4) = 3, 800 km?

We have

Ty = 0.4(%(1.4142) +1.3860 + 1.3026 + 1.1772

+3(0.9853)) ~ 2.02622

My = (0.4)(1.4071 + 1.3510 + 1.2411 + 1.0817) ~ 2.03236
T3 = (Ty + My)/2 ~ 2.02929
Mg = (0.2)(1.4124 + 1.3983 + 1.3702 + 1.3285
+1.2734 + 1.2057 + 1.1258 + 1.0348) =~ 2.02982
Ti6 = (Tg + Mg)/2 ~ 2.029555.

1
. . 42
The approximations for I = / e dx are
0

1
Mg = g(e—1/256 4 9/256 4 ,=25/256 4 ,—49/256 |
¢—81/256 | ,—121/256 | ,—169/256 +e—225/256)
~ (0.7473

1[1
Tig = E[E(l) _|_efl/256 _|_efl/64 +€79/256 +efl/16+
6_25/256 +e—9/64 —49/256

—1/4 4 ,—81/256

+e
e~ 25/64 | 1217256 |,

1
¢—225/256 5671]

~ (0.74658.

+e
+e

+e

—9/16 —169/256 —49/64_|_

+e

Since f(x) = e"‘z, we have f/(x) = —2xe‘x2,

F7(x) = 22x% — e, and f”(x) = 4x(3 — 2x2)e~*".
Since f”’(x) # 0 on (0,1), therefore the maximum value
of | f”(x)| on [0, 1] must occur at an endpoint of that
interval. We have f”(0) = —2 and f”(1) = 2/e, so
|f”(x)] <2 on [0, 1]. The error bounds are

|7 M|<2 12:>|1 M|<2 !
=22 \x 81=24 \64

~ (0.00130.

" T|<2 1\? LT 2 /1
n=p\u) = 161 =15\ 256

~ 0.000651.

11.

12.

13.
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According to the error bounds,
1
2
/ e dx =0.747,
0

accurate to two decimal places, with error no greater than
1 in the third decimal place.

7/2 sinx . sinx
1= ——dx. Note that lim —— = 1.
0

X x—0 X

ngﬂ[lJrE i l+§ n T+ 28 Gn 3—+i51 il
16| 2 16 8 37 16 4
16 Sm 8,371 16,77112
T ST T Sin g Ty s E*z(nﬂ

~ 1.3694596
732 & 32,371 32,571 32 . Iw
8‘%[— "ty Tyt Ty,
32 . 97 32 117 32 137
—|—%51 32+ s1n¥+ﬁsm3—2
+ 2 sin 15—”} ~ 1.3714136
157 32
Tie = (Ts + Mg)/2 =~ 1.3704366, 1 ~ 1.370.

The exact value of I is

1 3
I:/xzdx:x—
0 3

The approximation is

1

0

1 1
T =) =02+ =()?*|==.
1 ()[2() +2()] >
The actual error is I — T} = —%. However, since
f(x) = x2, then f”(x) =2 on [0,1], so the error estimate
here gives

[—Th < =) = 2
=1 "%

Since this is the actual size of the error in this case, the
constant “12” in the error estimate cannot be improved
(i.e., cannot be made larger).

! 1
2
1_/xdx——.M1
0 3

1 1
erroris | — My =—- — - = —.
3 4 12

Since the second derivative of x? is 2, the error estimate
is

1
(§> (1) = —. The actual
1

2 1
I—M|<—(1-02%21% = —.
| 1|_24( )= (17) B

Thus the constant in the error estimate for the Midpoint

Rule cannot be improved; no smaller constant will work
for f(x) = x2.

241
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Let y = f(x). We are given that m; is the midpoint of
[x0, x1] where x; — xo = h. By tangent line approximate
in the subinterval [xg, x1],

F) & fm) + f/(m)(x —my).
The error in this approximation is
E(x) = f(x) = f(m1) — f'(m)(x —m1).

If f”(t) exists for all ¢ in [xg, x1] and | f”(t)] < K for
some constant K, then by Theorem 4 of Section 3.5,

K 2
|E(x)| < 7(15 —mp)”.
Hence,
l K 2
[f(x) = fim) — fr{m)(x —my)| < 7(96 —mp)”.

We integrate both sides of this inequlity. Noting that
X|—m| =m| — Xy = %h, we obtain for the left side

/f(X)dx—/ f(mi)dx
X0 X0

—/ flm)(x —mp)dx

X1
—mp)?

X1 , (x
/ f)dx — fm)h — f(my) >

X0

X1
/ f(x)dx—f(ml)h‘.
X0

Integrating the right-hand side, we get

XK K _ 3
/ _(x_ml)2dx=_w
x 2 2 3

K (h® W K
=—|=+—=)==0n.
6 \8 8 24

X1

X0

Hence,
foodx — f(m1)h‘
- /X:l[f(x) — fn) — Fom —m)]dx
<K

- 24
A similar estimate holds on each subinterval [x;_1, x;]
for 1 < j < n. Therefore,

Z(f " fdx - f(mj)h>‘

j=1 N1

=53
=1

b
/ f&x)dx — M,

/.] F)dx — f(mj)h‘

24 2 24

n
K K K-
< 2; —n = —4nh3 _Ke-a),
]:
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because nh = b — a.

Section 6.7 Simpson’s Rule (page 359)

2 ) 14
I=| (A+x%dx= 3~ 4.6666667
0

1 1 9
= [14+4(1+-)+20+D+4(1+~
Sa 6[+(+4)+(+)+(+4)

+(1+4)]:13—4

1 1 1 9
=—|1+4{1+—=)+2(1+-)+4(1+—=
si= g1+ (14 gg) w2 (1 5) +a (1 55)

25 9
20+ D+4(1+= ) +2(1+ =
+(+)+(+16)+(+4>

+4 1+49 +(1+4) _ 14
16 T3

The errors are zero because Simpson approximations are
exact for polynomials of degree up to three.

The exact value of I is

1

1
I=/ e tdx =—e "
0 0

1
=1—- - =0.6321206.

e
The approximations are
1
Sy = E(e(’ + 47V 120712 pge7A Lo

~ 0.6321342
1
Sg = ﬁ(e(’ + 4678 L 2o /A L 4em38
20712 4 46738 10673 440778 47T
~ 0.6321214.
The actual errors are

I — §4 = —0.0000136; I — Sg = —0.0000008.

These errors are evidently much smaller than the cor-
responding errors for the corresponding Trapezoid Rule
approximations.
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/2
I=/ sinx dx = 1.
0

3
S4 = % (O+4sin%+25in% —|—4sin% —|—sin%>

~ 1.0001346
3
Sg = %(O+4sin1£6+2sin%+4sinl—z +2Sin%

4 4si 57'r+2, 37'r+4, 77'r+, b4
sin — sin — sin - +sin o
~ 1.0000083.

Errors: I — S4 ~ —0.0001346; I — Sg ~ —0.0000083.

The exact value of I is

L ax 1
1 = — 5 =tan " x
0 14+ x

The approximations are

Saz l1ra(20) o (2) £a(ll) 4!
T2 17 5 2%5) 72

~ 0.7853922
1 64 16 64
Ss=—|14+4(=)+2(=)+4(=
a4 ()2 () +(5)+
2(2) 44 4o (20) 4 (), ]
5 25 113) "2

~ (0.7853981.

~ (.7853982.

gl &

The actual errors are
I — S4 = 0.0000060; I — Sg = 0.0000001,

accurate to 7 decimal places. These errors are evidently
much smaller than the corresponding errors for the corre-
sponding Trapezoid Rule approximation.

1
Sg = §[3+4(3.8+6.7+8+5.2) +2(5+84+7) +3]
~ 46.93
1
Sg = 100 x §[O+4(4+5'5+5'5+4) +2(5.54+5+4.5) +0]
~ 3,533 km?2

If f(x) =e*, then F®(x) =e*, and | f@®(x)] <1 on
[0, 1]. Thus

[T — 84| =

11— n*

=0 (1) ¢ 6.000022
180 \4

1(1—0)

I— Sg) <
| 8= g0

14
(g) ~ (0.0000014.

SECTION 6.7 (PAGE 359)

If f(x) = sinx, then f®(x) = sinx, and |f@P )] < 1
on [0, 7/2]. Thus

1((/2) = 0) /m\4
I — —— (=) ~0.00021
| Sa| = 130 (8) 0.000
1((/2) = 0) /7 \4
1 (=) =~0. 13.
| Sg| < 180 (16) 0.000013

b

Let I = f(x)dx, and the interval [a, b] be subdi-

vided into aZn subintervals of equal length # = (b—a)/2n.
Let y; = f(x;) and xj = a + jh for 0 < j < 2n, then

1 (b—a
Sm=z|——)|[y+4+2y+---
3\ 2n

+ 2y2n—2 + 4y2n—1 + yZn:|

2n—1 n—

1/b—a
[ — 4 2
() [ore X2

1
y2j + y2n]
1

and

1/b—a 2n—1
Ty = 3 (7) ()’0 +2 Z Yj +}’2n>

Jj=1

1 (b—a “
Li=5\—" y()+22y2j+Y2n-

j=1

Since T, = 5(Ty + My) = My = 2T, — Ty, then

T, +2M, _ T, + 2(2T2n - Tn) _ 4T — Ty
3 - 3 I
2T2n + M, _ 2T2n + 2T2n T _ 4T2n =T
3 3 3 '
Hence,

T,1—|—2Mn_2T2n+Mn_4T2n_Tn
3 - 3 3

Using the formulas of 75, and T, obtained above,
4T2n - Tn
2n—1

1[4 (b—a
:g[z( m )()’0+ZZ)’j+y2n)

j=1

(225 (25w )

j=1

2n—1 n—1

1 (b—-a
=—( o )[YO+4Zyj—ZZy2j+y2n]

j=1 j=1
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Hence,

4T, — Ty _ T, +2M, _ 2T, + M,

S = = =
2n 3 3 3

We use the results of Exercise 9 of Section 7.6 and Exer-
cise 8 of this section.

I=| f@)dx
0

0.4
Sa = = (14142 + 4(1.3860) +2(1.3026) +4(1.1772)

4 0.9853) & 2.0343333
S8 = (T4 +2M4)/3 ~ 2.0303133
S16 = (T3 + 2Mg) /3 ~ 2.0296433.

1
10. The approximations for I = / e dx are
0

1/1
Sg = 3 (g) [1 _|_4(e—1/64 LemI/64 4 ,25/64

e—49/64> +2(e—1/16+e—1/4+e—9/16) +e_1]
~ 0.7468261

1 /1
Sie = 3 (E) [1 +4(671/256 4 ¢~9/256 4 ,—25/256

6749/256 + 6781/256 + 67121/256 + 67169/256—}—

67225/256> +2(671/64+671/16 T Ve

e 25/64 | ,=9/16 _,’_6749/64> +efli|

~ (0.7468243.

If f(x) = e, then f@(x) = de=* (4x* — 12x2 + 3).
On [0,1], | f®(x)| < 12, and the error bounds are

1512 20 (1Y’
=180 \n

I — Sg| < 12 14~00000163
81 =T0\s) T

12 /1!

[I = Si6| < —=| =] 7 0.0000010.
180 \ 16

Comparing the two approximations,

1
I = / e dx = 0.7468,
0

accurate to 4 decimal places.

244
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! 1 1 n* 5
1= Ydx=—. Sy =—|0*+4(= 14 ==.
/Ox X 5 2 6|: + <2>+ 2

If f(x) =x* then f®(x) =24.
: 24(1-0) (1\* 1
Error estimate: |/ — 8| < ——— | =

180 \2) ~ 120
Actual error: |1 — S| = |+ S1_ L
Ctual error: 2| = 5 24 = 120

Thus the error estimate cannot be improved.

The exact value of [ is

1 x4
1=/x3dx=—
0 4

The approximation is

s ()]

The actual error is zero. Hence, Simpson’s Rule is exact
for the cubic function f(x) = x3. Since it is evidently
exact for quadratic functions f(x) = Bx>+ Cx + D, it
must also be exact for arbitrary cubics

fx) = Ax3 + Bx> 4+ Cx + D.

0

Section 6.8 Other Aspects of Approximate
Integration (page 364)

/1 dx 3

_ Letx =u

0 X3 +x)
_3/’1 u?du _3/1 udu
T u+ud T TSy 1+ud

dx Leti’=1-—x

/1 ex
0 vI—x 2t dt = —dx

0 1-12 1
=—/ ¢ 2tdt=2/ e\ =" dr.
1 t 0

One possibility: let x = sinf and get

¢ 2
7 :/1 et dx :/ﬂ/ e
141 —x2 )

Another possibility:

/0 et dx 1
I = -

“1/1=x2 o
In I put 1+x=u2; inhputl—x=u
U261y dy Ler®=1 gy
I :/ Zet _udu :z/ ¢ du
0 uv2—u? 0 2 —u?

I /1 2e' =y du 2/'1 e dy
2 = _— _——
0 uv2—u? 0 2 —u?

e dx

1—x

> =11+ I

2.
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1 u?-1 1—u?
e +e
so [ = 2/ —du.
0 2 —u?

/Oo dx . 1
etx = —

1 o x24+ x4+ 12
_ 2dr

dx —[—3

/n/Z dx )

= Let sinx = u
0 — 2udu =cosxdx =1 —u*dx
_ 2/1 udu

0 uv1—u*

/1 du
=2
0 VI =1 +u)d+y?

Let 1 —u =v?
—du = 2vdv

1 vdv
0 vy/(1+1—v2)(1+(1—v2?)
! dv
0 V2=1H2—202 Y

Let
/O" dx _/1 dx
o X1 Jo x4 +1

1 dt .
Let x = " and dx = —1—2 in I, then

/ _/0 1 dt _/1 12 it
2= 1 1 4 2 - 0 1+[4 '
o)+

+/°° dx 4
1 x4+1_1 2'

Hence,

/‘O" dx /1 1 . x2 d
et T ) dx
0 x*+1 o \x*+1  1+x*

x2 41

1
= dx.
/0 x*t+1

N

SECTION 6.8 (PAGE 364)

1
I =/ Vxdx = = ~ 0.666667.
0

7=l 0+‘/1+
S 2
7= (or +,/1+,/3 ~ 0.643283
AR R IR R
To= (4 +‘/1+,/3+,/5+,/7 ~ 0.658130
7% g Vg Vg V) T
T—18T+‘/1+,/3+,/5+,/7
= 16\"*"V1e "Vie "Vie V16

9 1 3 [15

Z =42+ /=) ~0.663581.

Ve TVie TV T 16)

The errors are

W

) ~ 0.603553

I
N =

J—

I — T, ~0.0631
I — T, ~0.0234
I — T3 ~ 0.0085
I — T ~ 0.0031.

Observe that, although these errors are decreasing, they
are not decreasing like 1/ nz; that is,
1
[ —Tonl >> |1 — Tyl
4
This is because the second derivative of f(x) = /x is

F"(x) = —1/(4x3?), which is not bounded on [0, 1].

Let

2
et . 12 00
im 7 = lim — [—]
t—0+ t =0+ el/t o0
—2t73

i -
0% el/t*(—2¢-3)
li !

im —s =
=0+ gl/1?
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Hence,

1/1 10.
S2=3 (—) [o + 4(4e™) + e*l]

~ 0.1101549

1/1
Sa=3 (Z) [o +4(16e710) + 2(4e™%)

16
+ 4(36716/9> + eil]

~ (.1430237

1/1 64 64
R 4 64064 4 2% ,—64/9 4 OF ,—64/25
Sg 3(8>[O+ (6e +9e +25€ +

49
~ 0.1393877.

Hence, I ~ 0.14, accurate to 2 decimal places. These
approximations do not converge very quickly, because the
fourth derivative of e~'/* has very large values for some
values of ¢ near 0. In fact, higher and higher derivatives

behave more and more badly near 0, so higher order 12.

methods cannot be expected to work well either.

Referring to Example 5, we have

x2 x"
er=14+x+—+ 4+ —+Ri(f;0,x),
2! n!

€X xn+1

where Rn(f, O,X) = m

, for some X between 0
and x. Now

2n+2

R, (f;0,

~ = E

if 0 <x <1 for any x, since —x?> < X < 0. Therefore

1 1
/ 2n+2dx
T (n+ D!
1

T2t 3)n+ D

’/ Rn(f:0, —x>)dx| <

This error

will be less than 10~* if 2n + 3)(n + 1)! > 10, 000.

Since 15 x 7! > 10,000, n = 6 will do. Thus we use 13.

seven terms of the series (0 <n < 6):

/1 | N x4 x6 N x8 10 N x12 J
~ X b 4 ) dx
0 20 30 4! 5! 6!
1 1 1 1 1 1

T3 5% T 7xa T oxa Tixs  13x6l
~ (.74684 with error less than 1074,

246

11.
ﬁe*“/“) + 2(16(16 +aet + %6(16/9> + e*l]

R. A. ADAMS: CALCULUS

o0
. 42
We are given that / eV dx = é 7 and from the
0

1

previous exercise e dx = 0.74684. Therefore,

\A

0

© 2 © 2 1 2
/ e " dx :/ e " dx—/ e dx
1 0 0

1
3 T —0.74684

=0.139

(to 3 decimal places).

If f(x) = ax> + bx? + cx +d, then, by symmetry,

1 1
/ f(x)dx:2/ (bx2—|—d)dx:2(§+d>
71 0

Af(—u) + Af (u) = 2A(bu® + d).

These two expressions are identical provided A = 1 and

=1/3,s0 u=1//3.
For any function f we use the approximation

1
L F@dx ~ f(~1/¥3) + F(1/3).

We have

[ o) +(55) =5

! 2
Error:/xdx—————
—1 9 5

! 1
cosxdx ~ cos( ) + cos ( ) ~ 1.67582
[ e e

1
Error = / cosxdx —1.67582 ~ 0.00712
-1

~ 0.17778

@IN

1
/ e*dx ~ e~ 1V3 + eVV3 ~ 234270
-1

1
Error = / e* dx —2.34270 ~ 0.00771.
—1

If F(x) = ax® + bx* + ¢x3 4+ dx? + ex + f, then, by
symmetry,

: ! b d
/ F(x)dx:2/ (bx4+dx2+f)dx:2(§+§+f>
-1 0
AF(—u) + BF(0) + AF(u) = 2A(bu* + du®> + f) + Bf.
These two expressions are identical provided

Au4=l
5’ 3 2
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Dividing the first two equations gives u?> = 3/5, so
u=,/3/5. Then 3A/5 =1/3, s0 A =5/9, and finally,
B =28/9.

14. For any function f we use the approximation

1
[ reaxx 1B+ 1P + 51O

We have

B 6 6
/1 6 gy ~ 2 3 + ] + 0 = 0.24000
X dx ~ — —/ = — =0.
- 9 5 5

1
Error = / x%dx — 0.24000 ~ 0.04571
—1

5

9

-(-()

~ 1.68300

1
Error = / cosx dx — 1.68300 ~ 0.00006
-1

1
/ eXdx ~ e V3 4 V35 a2 2.35034
-1

1
Error = / e* dx — 2.35034 ~ 0.00006.
-1

1 2
15. I:/ e dx
0

0 1 0 1 -1
Tg =Ti=Ro= () (5" + 3¢ ) ~ 06839397

1/1 1
m=1=3 <§e° ye 4y Ee*1> ~ 07313703
1
I =Ti=1 (272 + e71/10 4+ ¢7/16) ~ 07420841
1
70 =T = s (4T4 Lo /64 | m9/64 | ,-25/64 | e—49/64)
~ 0.7458656
| 4T — Ty
T =S = Ri = —5—% ~ 07471805
4T() _ T()
T =84 = % ~ 0.7468554
4T() _ T()
Ty = Sy = ———2 ~0.7468261
) 16T, — T}
T} = Ry = —2 1 ~0.7468337
167} — 1)
2= % ~ (.7468242
3 64T — T}
Ty = Ry = —3 2 ~0.7468241

63

I ~ 0.746824 to 6 decimal places.

SECTION 6.8 (PAGE 364)

1.6
16. From Exercise 9 in Section 7.6, for [ = f(x)dx,
0
TY =T = 1.9196
T = T» = 2.00188
7Y = Ty = 2.02622
Ty = Ty = 2.02929.
Hence,
1 4TIO B TO0
Ry =T = ——0 =2.0346684
0 )
T! = A TP 2.0343333 = §.
, 16T} —T1!
Ry = T3 = —2—1 = 2.0346684
0 0
=0 5013 =s
3 = =2. =S8
16T} — T,
Ty = % = 2.0300453
, 64T — T}
Ry=T) = —2 "2 =2.0299719.
63
2h
17. T =S = 3 (30 -+ 4y +3s)
h
T =5 = g(yo +4y1+ 2y +4ys + y4)
167} — T/}
Ry = T2 = 02 1
2= 0 15
_ 108 (yo + 4y1 + 2y2 + 4y3 + y4) — F (o + 42 + ya)
N 15
h
= 25 (1430 4 6431 + 2432 + 6433 + 1434
2h
- E(”‘) 3291 + 12y + 323 + 7y4)
18. Let
 sinx 1
I = dx Letx=-—
1+ x2 t
dt
dx = _t_z
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SECTION 6.8 (PAGE 364)

The transformation is not suitable because the derivative
1

of sin " is ) cos 7) which has very large values
at some points close to 0.

In order to approximate the integral / to an desired de-
gree of accuracy, say with error less than € in absolute

value, we have to divide the integral into two parts:

© sinx
I = ——dx
14+ x2

! sinx ® si
=/ dx—i—/ Sy dx
- 1+ x2 . 142

=11+ I.
Iftztann_e,then
/Oo sin x /°° dx
——dx < —_—
1 4+x2 1 4+x2
o0
= tan~! x)| = T — tan~! (1) < ¢
/ 2 -2

Now let A be a numerical approximation to the proper

) " sinx ) )
integral 5 dx, having error less than €/2 in ab-
x 14+x

solute value. Then

I—Al=|I|+1— A
<l — Al + |Io]
<E+€ N
STy TE

Hence, A is an approximation to the integral / with the
desired accuracy.

sin x , xcosc — sinx
fo=—"  f=—7
X X
£ = x2(cosx — x sinx — cosx) — (x cosx — sinx)2x

P
—x2sinx — 2x cosx + 2sinx

x3

Now use 1’Hopital’s Rule to get

lim " (x)

x—0

— im —2xsinx — x2cosx — 2cosx + 2x sinx + 2cos x
x—0 3)62
I _cosx _l

Tx>0 303
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Review Exercises on Techniques of
Integration (page 365)

X A B

it t2 il xi2
. Ax +2A+2Bx+ B

2x2 4+ 5x 42
{A+2B:1
2A+B=0

Thus A = —1/3 and B = 2/3. We have

/ xdx _l/ dx +%/dx
2x24+5x+2 3) 2x+1 3) x+2

2 1
= Il 42~ |2 + 1]+ C.

—1)3
(x ) du = dx
u—+1 1 1
:/ u,% dM:/<F+F)dM
= ! l-i-C— ! ! +C
u  2u? T ox—1 2x—-12 '
/sin3x0033xdx

= /sian(l — sin? x)cosxdx Letu =sinx
du = cosxdx
4 6
3_.5 u u
= | W —uw)du= - +C
/( ) 76
1

1
= Zsin“x — gsin6x—|—C.

1 1/3
/ﬂdx Letu =1+ /x
VX dx
du= ——
. 2%
:2/u1/3du =23 +C

=30+v0*P+c.

3 A N B
452 -1 2x—1 2x+1
_2Ax+A+23x—B
- 4x2 — 1

2A+2B =0 3
:>[A—B:3 = A=-B=3




INSTRUCTOR’S SOLUTIONS MANUAL REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION (PAGE 365)

8. /x3 cos(x?)dx Let w = x2

dw =2xdx
/ 3dx _3 / dx / dx 1 d
21 2\J -1 2+ 1 _7/"’“’“"“’
—zln 2x—1’ U=w dV =coswdw
4 2x +1 dU =dw V =sinw
= %wsinw—%/sinwdw
= %xz Sin(xz) + %cos(xz) + C.
2
/(x2—|—x—2)sin3xdx 9, % Let u = 5x3 =2
x- = _ 2
U=x24+x-2 dV =sin3x | du = 15x7dx
dU = Qx + 1) dx V=—%cos3x =15 u’2/3du:§u1/3—|—C
= —%(x2+x—2)cos3x+ %/(Zx—i— 1)cos3xdx — é(5x3 —2)1/3+C.
U=2x+1 dV =cos3xdx
dU =2dx V= 1Lsin3x 0, -4 8 _UArbi0a-38
12 | . x*4+2x—15 x-—-3 x+5 x*+2x —15
= —3z("+x —2)cos3x + 5(2x + 1) sin3x A+B =0 1 1
=>[ - =A=—-, B=—-.
—Z/sin3xdx SA—-38=1 8 8
? / dx _1/ dx 1/ dx
= 1?4+ x—2)cos3x + L2x + D) sin3x 24+2x—15 8J) x—=3 8J) x+5
3 9 | 3
+£cos3x+C. =—lnx ‘—i—C.
27 8 |x+5

dx
11. / m Let x =2tan6

/T — 12 dx =2sec’0 do
/de Let x =sinf B 2sec2 0 do 1 20 40
dx = cos 6 df =) TM6sects ~8)
cosZ 6 1
=/ Sin*é do = 1—6(0+Sin9c0s0)—|—C
:/csc2000t20d0 Let v = cot6 =itan71£+l( . 2)+C'
dv = —csc?0 df 16 2 8 \4+x
2 v?
=— dv=——+C
/v v 3
3 /
cot® 6 1 [+/1—x2 42
= +c=— XY= +c. .
3 3 X
(]
2
1 Fig. RT.11
X
(]
N 12. /(sinx+cosx)2dx=/(l+sin2x)dx
Fig. RT.7 =x— %cost—i—C.

249
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13. /2)‘\/1 +4*dx Let 2* =tané
2*In2dx = sec20 do

1 3
=— [ sec’6db
In2
1

(sec@tan@ + In | secH +tan0|) +C

" 2In2

1
- m(2’&/1 T4 + 1@ + /1 +4X)) +C.
n

NiETS
2)(

1

Fig. RT.13

cosx .

14. —————dx Letu=sinx
1 +sinZx

du = cosx dx

du _1
=/m=tan M+C

= tanfl(sin x)+ C.

-3
15. / S X dx = /tan3xsec4xdx

cos’ x

= /tan3x(l +tan2x) sec?xdx Let u = tanx

du = sec? x dx
6

4
3 5 u u
/(u-i—u)u 4+6+

lt 4 +lt bx+C
= —t1lan x —tfan" x .
4 6

16. We have

x%dx 3
m Let x = \/;tanu

dx = \/gseczudu

/ (% tan? u)(\/gsec2 u)du

3)3/2secu

2l
=—— [ (secu —cosu)du
5V3

1
= ——(In|secu + tanu| — sinu) + C
5V5

1 (ln «/5x2+3+\/§x B V5x )
55 V3 V3| V5xZF3
1
= ln(\/5x2 +34 «/§x) S Co,
55 55x2+3
1
WhereC)=C——ln«/§.
( 55
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17. [ = /e_x sin 2x dx

U=e™* dV =sin2xdx

dU = —e " dx V:—%cos2x

1 1
= —Eeﬂ‘ cos 2x — 3 / e *cos2xdx

U=e™™* dV =cos2xdx

dU =—e™dx y - %sin2x

1 _, 1/1 . . 1
:—Ee COSZX_E(Ee sm2x+51>
—x .. 1

:—Ee cost—Ze s1n2x—ZI

e (Pt b
I =—e 56082x+531n2x + C.

2x2 4+ 4x — 3 2x2 4+ 10x — 6x — 3
18. I:/#dx:/x*— al al dx
x4+ 5x

x2 4 5x
6
=/ ,_ o430
x(x +5)

6x +3 A B (A+ B)x+5A

TG +S x T x45 . xx+5)
A+B=6 3 27
A= B=2L
:>[5A:3 =4=3 5

3 dx 27 dx
T=[2ax-2 |2 _ZL
/ U5 % "5 ) x+s

3 27
=2x— Clnlx| = S Inlx +5/+ C.

19. I = /005(3 Inx)dx

U =cos(3Inx) dV =dx
dU:_3sin(3lnx)dx V=x
X

=xcos(3lnx)+3 / sin(31nx)dx

U =sin(3Inx) dV =dx
JU — 3cos(3Inx)dx V =x
x
=xcos(3Inx) + 3<x sin(31Inx) — 3])

1 3
1 = I_Ox cos(3Inx) + I_Ox sin(3Ilnx) + C.
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1 A Bx+C
200 ——— = e
4x3 +x 4x2 +1
_A(4x2+l)+Bx +Cx
N 4x3 +x
:>{4A+B=0

C=0 A=1 " B="%

1 dx xdx
— dx= g ==
/4x3+x * x /4x2—|—1

1
=In|x| — E1n(4x2 +1)+C.

In(1 + x2
21. /%dx Let u = In(1 +x?)
+x 2x dx

duy = ——
B

:;/udu—l%2 C
1(1n(1+x))

22. / sin® x cos* x dx

=/%(1—cost)[%(l—i—cost)]zdx
1 2 3
= 3 (1 + cos2x —cos”2x — cos” 2x) dx

1 1
= gx + T3 sin2x — — /(1 + cos4x)dx

1
~3 /(1 — sin? 2x) cos2x dx

x+ 1 ) by 4
— + —sin2x — — — —sindx —
8 16 16 64 16

+ L nd2 +C
4.8S1I1 X

X sin4x n sin3 2x Lc
16 64 48 ’

2

x“dx
——— Letx =+/25siné
/7 _ 2

2-x dx = /2cos0do

=2/sin29d9 =0 —sinfcosf + C

X xv/2 —x2
— ——)F—— +C.
/2 2

23.

=sin~!

2—x2

Fig. RT.23

REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION

24,

25.

I .
— sin2x

26.

(PAGE 365)

We have

1= /tan4x secx dx

U = tan® x dv
dU =3 tan?x sec? x dx V=

=tanx secx dx

S€C x

= tan> x secx — 3/tan2x sec® x dx

= tan> x secx — 3/tan2x(tan2x + 1)secxdx
= tan> x secx — 31 — 3J where
J :/tanzx secx dx

av
=sec?xdx V =

U =tanx =tanx secx dx

dUu sec x

= tanx secx —/sec3xdx

=tanx secx — /(tanzx + 1)secx dx

=tanx secx —J —In|secx + tanx| + C
J = %tanx secx — %ln|secx +tanx| + C.
I = %tan3x secx — %tanx sec x

+ %lnlsecx +tanx| 4+ C.

x2dx

m Letu:4x—|—1

du =4dx

1 u—1\2 1

1) ") e

1

o /(u_8 — 2%+ u_lo) du

1 1

- Ty Lys o Lysic
448" T 256"

576

1 1 1 1
~ (- - C.
64 ( Tax+ 17 | d@x 1 D°  9@x + 1)9) +

have

/xsinf1 (%) dx

ot (3) av=ss
- 2
_x
dUzi _7
V4 —x2
—ﬁsm l(i)—l x?dx Let x = 2sinu
) 2 2) Ja—_x2 N
dx =2cosudu
2
:x—sm 1(1) 2/sm udu
2 2
2 X
=2 gin- 1(5) /(1—0052u)du
2 X
_ .1 .
= —sin (E)—u—ksmu cosu + C
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x?2 L1 (X 1 >
:(——l)sm (E)+Zx\/4—x + C.

27. / sin’ (4x) dx

= /(1 — cos? 4x)2 sindx dx Let u = cos4x

du = —4sindx dx

1
=—Z/(1—2u2+u4)du

! 23-&—15 +C
=——(u—zu’+ -u
4 3 5

1 1 1
= —Zcos4x—|— 660534x - %cos54x—|—C.

28. We have
I / dx / xdx Let )
= = etu=x
x5 —2x3 +x x0 —2x4 4+ x2

du =2xdx
_1/ du _1/ du
T2 W —224+u 2) u—1)?

1 A B N C
uu—12" u  u—1 @—172
_ AW? —2u+1) +Bw? —u) +Cu

w3 —2u?+u

—2A-B+C=0=A=1, B=-1, C=1.
A=1

1 du 1 du 1 du
E/m_i 7_5/14—1
1 du
Jr5/(14—1)2
1

U = Lo =1 Lk
=—Inful—-Inju — 1| — -——
p T 2u—1

A+B=0 32.
:>{

11 x2 1
= —1In —
2 x2—-1] 2(x2-1

d
29. / al
24 e
e Ydx y
:/726*’64—1 Letu =2¢e*+1
du = —2e " dx

1 [ du 1 _
In2e ™ + 1)+ C.

2 u 2

I, = /x"3xdx

U =x" dv =3* dx
dU = nx""1dx 1% 3

+ K.

30. Let

" In3

x3% n I
n3 3" "
3X
Io= | 3 dx = C.
0 / =it

252
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31.

33.
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Hence,
I = /x33x dx

x33% 3 [x23% 2 [x3F 1
= - |- == -—D) |+
In3 In3| In3 In3\1n3 In3

_ g x3 3x2 n 6x
"7 |In3 (In3)2  (In3)3

(ln3)4:| + Cy.

sin? x cos x .
—dx Letu=sinx

2 —sinx
2
d
/g “ Let2—u=v
—u
du = —dv

44 2 4
[ Ew [(Lrae ) a
v v

UZ
—41n|v| +4v — ?—FC

du = cosx dx

1
:—41n|2—u|—|—4(2—u)—5(2—u)2+C
1
:—41n(2—sinx)—2sinx—Esinzx—i—Cl.
‘We have
2
xc+1
— dx=|[[1
/x2—|—2x+2 * /(
2x +1
=X — _—
x4+ 1241

2u — 1
:x—/—u du
u?+1

=x—Inju’+1|+tan ' u+C
=x—InG2+2x+2)+tan ' (x+ 1)+ C.

2x + 1 d
x242x 42 o
dx Letu=x+1
du = dx

/ dx .
———— Let x =sinf
2./1 — 2
VL= x dx = cos0 do
cosOdob 5
= ——— = [ csc“0db
sinZ 6 cos 0
/1 — 2
:—cot@—!—C:—ix—i—C.
X
1
X
b
V1=x2
Fig. RT.33
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34. We have
/163(1nx)2 dx V1422
X
U = (Inx)? dV = x3dx
2 1 4
dU = ZInxdx = —x 9
X 4 1
= l)c“(ln)c)2 — l /x3 Inxdx
4 2 Fig. RT.37
U=Inx dV=x3dx s s
1 1 38. /ex’ Letx =u
dU = —dx V=-x*
P e dx = 3u®du
1 1 1
= Zx“(ln)c)2 - §x4 Inx + g/x3 dx = 3/1426” du =31
_ x—4|:(lnx)2 3 llnx 4 l] +c See solution to #16 of Section 6.6 for
4 2 8 I, = /u"e” dx =u"e" —nl,_;.
=3[uke" — 2(ue" — )]+ C
3d (13 2.2/3 1/3
35. /\/xixz Let 2x = sin@ =¥ )(3)(/ —6x!/ +6)+ C.
F=4x% 5 gx = cos0 do 0. /x3_3d L3y
1 [sin®fcosfdf 1 S R x=/ . Al
= — w:—/(l—cosze)sinecw X 9x X 9x
16 cos 6 16
1 1 9x — 3 A B C
= — —cos@+—cos39>+c = _
16( 3 x3 —9x x+x—3+x+3
:i(1_4x2)3/2_im+c. :Ax2—9A+Bx2+3Bx+Cx2—3Cx
48 16 x3—9x
A+B+C=0 A=1/3
= {33—3C=9 :>{B=4/3
—9A = -3 C =-5/3.
! 2x Thus we have
] +l dx+4/ dx 5/ dx
= X — _— — _—
@ 3 X 3) x—=3 3J) x+3
/ 1 4 5
1-4x? :x+§ln|x|—|—§ln|x—3|—§1n|x—|—3|+K.
Fig. RT.35
10V*¥+2 dx
1/x 1 40. ——— Letu=+x+2
36. /ezdx Letu = — Vx+2 dx
X x dy — ———~
1 24/x 42
du:——zdx 2 2
x =2/10”du=—10”+C=—10‘/”2—1-0
:_/eudu:_el,+cz_el/x+c In10 In10

41. / sin’ x cos’ x dx

37 x+1 d
. ——dx
Vx2 41 =/(l—coszx)zcosgxsinxdx Let u = cosx
d o
= x2+1+/7—2x Let x = tan® du = —sinx dx
x4l dx = sec? 0 do :—/(1—2u2+u4)u9du
= x2+1+/sec9d0 L0 2 e
-t — - 4C
=+vx2+1+1In|sech +tanf| + C 1102 6 1014 14
cos?x  cost®x  cos'x
=Vx2+ 14+In(x +Vx2+1)+C. =% "1 1 ¢
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42. Assume that x > 1 and let x = secu and
dx = secu tanu du. Then

x2dx

VxZ—1

3

sec’ u tanu du

:/7:/se03udu
tan u

1 1
= Esecu tanu + Eln|secu +tanu| + C

1
1+51n|x+\/x2—1|+C.

1
= —xvx2—
2

Differentiation shows that this solution is valid for

x < —1 also.

d 1-1d
43. 1:/ 2;_‘2’6 - = ()(‘++1)2)2x
X X — X —
du = dx
/u—ld 11|2 ) / du
= ——du=-Inlu"-2|— | ——.
2T i WZ—2
1 A B

Mz—z_u—ﬁ+u+~/§

_Au—l—«/iA—l—Bu—\/EB

- uz -2
A+B=0
{ﬁ(A-B):l

1
S A=-B=—.

2V2

Thus we have

u—~2
u—++2
x—i—l—ﬁ
x+14+42

l1|2 2] L,
=-Inju"-2|——=1In
232

K
> +

11|2+2 1] L
=—Inlx x —1|— ——=1In
2 22

2% —3

44. xizdx Letu=4—3x—|—x2
N7y
4-3x+4x = (=34 2x)dx

du
— =2Ju+C=2/4—-3x+x2+C.
\/_
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Letu=x+1

45.

(PAGE 365)

/x sin~! 2x dx

U=sin"'2x dV =x2%dx
JU — —24x _x
V1 —4x2 3
LR P 3 N L. S PPN
=—sm x—— etv= — ax
3 vl—4x
dv = —8xdx

’%
X7 2 1—v 1
_?Slﬂ 2X—§/4v—1/2<—§dU>
x3 1
= ?Sin’12x+ E/(v“/z —vl/z) dv
=x3 2x+ f 3/2+C

3

1
- % sin~! 2x + ﬁ\/l —a? - (-4 g C

46. Let /3x = secu and /3 dx = secu tanu du. Then

47.

48.

/v3x2—1
——dx

tanu — secu tanu du

/ f

—— secu

=/tan udu:/(seczu—l)du

=tanu —u+C =+v3x2—1—sec ' (v3x)+ C
1
=\/3x2—1+sin*1( )+c.
V3x :

1
/ cos* x sin* x dx = T6 / sin® 2x dx

1 2
= — [ (1 —cosdx)“dx
64

1 1 + cos8x

= — 1 —2cosdx + ——— | dx
64 2

_ 1 /3x sindx n sin 8x LC

T 64\ 2 2 16

sin8
== <3x—sin4x+ “HS x) +cC.

/\/x—xzdx
/,/ 2)2af)c Letx——:zsmu

dx = 2cosudu

= %/COSZ uduzéu—}—gsinu cosu + C

= gsin '@y — 1) + $2x — DVx —x2+ C.

R. A. ADAMS: CALCULUS
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NIQUES OF INTEGRATION (PAGE 365)

52. Letu = x? and du = 2x dx; then we have
_/ dx _/ xdx _ 1/ du
3 L ) ox2+42 ) 262492 2 ) w4
-2
Since
5 1 A . B . C
o W+ u o utd u+dy
_ A@W? + 8u + 16) + B(u® + 4u) + Cu
Fig. RT.48 - u(u + 4)2
A+B=0 1 1 1
d =>{8A4+4B+C=0=>A=—, B=— , C=——,
49. /7)6 Let x = u? 164 — 1 16 16 1
4+ x)Jx
dx =2udu therefore
2udu du
=) Greon =) ire _ 1 d—”—i/ du —l/ du
5 ) NG 32 u 32) u+4 8J) (u+4)?
:Etan71§+C:tan717+C _iln u +l 1 +C
32 |u+4| Su+4
50 -1 _ In ul + ! +C
. /xtan (‘) dx T 320 X2 +4] 8G2+4)
— tan—! f) _
U = tan (3 av xglx sin(21nx)
3dx v 53. fdx Letu;Zlnx
aw 9+ x? 2 du = = dx
X2 x 3 x? 1 1 *
=5 (5)_5 9 + x2 =§/Sinudu=—§cosu+c
2
_ 1 x) 3/' 9 1
=t =)= l-——|d -
2 @ (3 2 9+2) = —5cosInx) +C.
2 .
3 9
= tan~! (f)__x+_t -1 (f)+c. 54. Since
2 3 2 2 3 sin(In x)
= >—dx
4 1 X
il d
3L :/x3+2x2 o U = sin(In x) dV:)C_)zC
/x4+2x3—2x3—4x2+4x2—1 dU = cos(nx) X 1
= dx X V=—
x3 +2x2 . X
4x2 — 1 sin(In x) cos(In x)
:/(x—Z—}—;i)dx, I + 2 dx
x3 4 2x2 .
X
4x2 — 1 A B c U=cos.(lnx) dVv = 2
e I sin(In x) 1
x3 +2x2 X X2 x+2 dU = — r dx v _-
Ax? +2Ax + Bx + 2B + Cx? . x
= PR _ _sm(lnx) _ cos(In x) _g
A+C=4 A=1/4 x X ’
=>{2A+B=0:>{B=—1/2 therefore
2B =—1 C =15/4. 1
1 = ——[sm(lnx) + cos(lnx)] + C.
Thus 2x
I_x2 oy oy L[ dx 1/dx+15 dx o2tan”! x B
PR Y A Y Ty 55. /W‘“ Letu =21an"!x
ST S SA L R T W=
== - —1In —+ —1n .
I S T i

:/

1 1 -
ldu = —e' +C =~ lX—l—C.

2 2
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56. We have
XHx=2 x> —Tx+8x -2
szidx:/—dx
x2 -1 x2 -7
8x —2
= x+x2_7 dx.
Since
8x-2 A B A+ B+ (B-AVT
X2—7_x+\/7 x—ﬁ_ x2—7
A+B=38 1 1
__2%2 5 A=44+— B=4-—,
B-A=-"% Vi Vi
therefore

1:/(x+i§:§)dx
e
=x2+(4+i)ln|x+ﬁ|+(4—

2 i
In(3 + x2
57. /dex Let u = In(3 + x2)
34 x2
d 2x dx
u=——
34 x2

1 u? 1 2\2
_E/udu_7+c_—(1n(3+x )) el

58. /cos xdx = /(1 — sin x) cosxdx Letu=sinx

du = cosx dx
=/(1 —u»3du =/(1 —3u® 4+ 3u* — u®) du

—u—u3+%u5—%u7+c
5 1

=sinx—sin3x+%sin x—7sin7x+C.

-
59. L();/lz/; dx Letu =sin"(x/2)
4 —x?) B dx N
2\/ -G A
u? -1
60. We have

/tan4 (mx)dx = /tanz(nx)[secz(nx) —1]dx
= /tanz(nx) secz(nx) dx — /[secz(nx) —1]dx

1 1
= — tanB(nx) — —tan(wx) +x + C.
3r b4
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1
77>ln|x—ﬁ|+c.

(PAGE 365)

(x+1)dx

Vx24+6x 410
3-2)d
(x+ )dx Letu—x—|—3

\/(x+3) + d
(u—2)du
Vu? +1
Let u =tané

_ /—u2+ ) du
- N )
WAl gy —sec?0do
=\/x2+6x+10—2/seced9
=+vx2+6x+10

61.

—2In|secH 4+ tan6| + C

=\/x2+6x+10—21n(x+3+\/x2+6x+10)+C

A/ x2+6x+10

x+3

1

Fig. RT.61

62. /ex(l —e™Y/24x  Let ¢* =sinu
e*dx =cosudu

6 (Y 3
cos’udu = 3 (1 4 cos2u)’ du

1
= —/(1 + 3 cos 2u + 3 cos® 2u + cos’ 2u) du

3
== + — sin2u + — /(1 + cosdu) du+

8 16
1 .2
— [ (1 — sin“ 2u) cos 2u du
5 + 3 sin2u + — 3 sin4 +sin2u
= -— u u
16 ' 16 64 16

1
T sin®2u + C
5 -1, x 1 —1

= T6 sin” (e') + — sm[2 sin”' (e¥)]+

3

o Sinl4 sin*l(eX)] -
e’V 1 —e2x
—e'VI1— ez"(l - 2€2X)

+
16

1 5. 3/2
_ge3x(l_62x) +C

1
5 sin’[2sin” N (eN)] + C

5 1
= 1—631n LY + ze 5

R. A. ADAMS: CALCULUS
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dx
/m Letx:ﬁtaHQ
= /2sec’6do

_./'2\/§tan39 V2 sec26do
B 8v/2sec’ 6

1 .3 2
—7/sm 0 cos“0do
/(l—cos 9)cos 6sinfdé Letu =cos6
du = —sin6do

1 4 2 1 woud
=— —uPydu=—|—-=]+cC
zﬁ/(" S zﬁ(S v)7
_t (v Y (2 Y,

S22 \s\v2r a2 3\V2+22
B 2 1
T 52 +x2)52 32+ x2)32

+C.

2422

x2 1 3

2 3
%*ﬁf( 2xl—f_ﬁx14rﬁ>dx
V2x —

X

4f‘

12
65. /%dx Let x = u®
X
dx = 6u’ du
du

u

uz +1

W — -ttt — w141
3

d
u? +1 "

8
6 4 2 1
u —u +u —1+2— du
u-+1

:6/
:6/
:6/
_6<_7 u—5+u——u—|—tan_1u)—|—c

7 5 3
- gx7/6—gx5/6+2«/1_6—6x1/6+6tan_1x1/6+C,

66. We have

/ dx
x(x2+x+ D12

(PAGE 365)
d 1 3
=/ IZ 35 Letx+—=£tan9
x[(x +3) —|—};]/ 2 2
dx = ~~sec* 0do

3
\/7— sec? 6 do

-] (Lo 1) (L)

2sec6do

\/—tane—l /«/gsmé—cos@
/‘ﬁsmG—i—cosB 40

3sin? 6 — cos? 6

sin 6 d6 cosf db
=23 / o 2 / B e ]
3sin? 6 — cos? @ 3sin? 0 —cos? @
sinf d6 cos6 db
=23 +2 | ———
/3—400529 /4sin29—1
Let u = cos6, du = —sinf df in the first integral;
let v =sinf, dv = cos 6 d6 in the second integral.

dv
=2
\/—/3 4u2 /41}2—1
_ / / du
B ——u2 3 =02

V3
L) (=S

1
1 /1 Sin9+§
——(—) 2)In —T +C

sinf — —

=—1In +C
V3\/( .
COS@+7 sinf +
Si ino 2x +1 d 0 V3
ince sinf = ———— and cosf) = ————,
2Vx2+x+1 2V/x2+x+1
therefore
/ dx _ l x+2)—2vx2+x+1
x(2+x+DV2 27 (x4 2)+2Vx2Fx + 1
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1+x

67. / dx Let x = u?
1
+Vx dx =2udu

1 2
=2/Mdu
14+u
2/u3+u2—u2—u+2u+2—2
1+u

2
:2/(14 —u+2——) du
1+

3 2

:2(%—%+2u—21n|1+u|>+c

2
= §x3/2—x+4f—4ln(l+ﬁ)+c.

xdx
68. /7 Let u = x2
4x% +4x2+5
At du =2xdx

du

_l/ du
T 2) 4ur44u+s
= — -_ Letw:2u+1
2/2 D2+4
QurDZH4 )~ 2du

1 dw 1 LW
L R =
4/w2—|—4 g (2)+

Lan ! (2 + 1) 4 c
= —lan X - .
8 2

d
69. e Letu=x2—4
(x? —4)2
du =2xdx
_l/du_ 1 L
) u2 = 2u
= ! +C = ! +C
To2(x2—4) To2x2-38 '

70. Use the partial fraction decomposition

1 A Bx+C
B+x24+x x  x24x+1

A2 4+x+ 1D+ Bx?+Cx

x3+x2+x
A+B=0
A+C=0=>A=1, B=-1, C=-1.
A=1

Therefore,
/' dx
X3+ x2+x
d 1
/x /2x+ dx Letu:x—i—%
xc4+x+1

du =dx
_l’_
=1n|x|—/ 3 23 du
+

1 2x + 1
=1nx——1nx +x+1 ——tan_1< >+C.
=3 ( ) V3 V3
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71.

72.

73.

74.

(PAGE 365)

R. A. ADAMS: CALCULUS

/x2 tan~! x dx

U=tan~'x dV =x2%dx

du = - _x
1+ x2 3
S l/x%dx
= —tan x — —
3 1+ x2
3 1 3 _
=" tan”! _/x tx xdx
3 3 x2+1
X 1 1 2
:?tan’ x—gx + = 1n(1+x)+C.

/ex sec(e¥)dx Letu =¢*
du = e* dx

= /secudu =In|secu + tanu| + C

= In|sec(e) + tan(e®)| + C.

I:/dix Letzztanf dx = 2dz
4sinx —3cosx 2’ 1+2z2
1-22 . 27
cosx:—1+zz, smx:1+22
2dz
_/ 1422
B 8z 3372
1+22  1+22
:2/ dz / .
32 +8 -3 3z — 1)(z +3)

1 A B

= +
Bz—D(E+3) 3z—-1 z+3

_ Az+3A+3Bz—B
T Bz—-D(Ez+3)
A+3B=0 A=3/10
3A—B=1 B = —1/10.

1—5/ dz _1/ dz
T5) 32—-1 5J) z+3

1 1
=—1n|3z—l|—§1n|z+3|+C

3tan~!(x/2) — 1
tan—!(x/2) + 3

=|

Thus

=—=1In
5

‘-ﬁ-C

dx 3
7 Letx=@+1)
x1/3 -1

dx =3u + D2 du

1)2 1
:3/(”+ " d :3/(u+2—|——>du
u u
2
—3( —|—2u—|—ln|u|)

= E(xl/3 —D24+6P—D+3mxP—1+cC.
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d
5. /7’“
tan x 4 sinx
d 2d
:/ cosxdx Let z = tan(x/2), dx <

sinx (1 4+ cos x) T 1422
1—22 . 2z

COSX = s SINX = ———

1+ 22 1+22

1 -2 2dz
:/ 14+z21472
2z 1+1—z2
1422 1422
(l—zz)dz 1 1—272
=l AL 221_.2 o dz
(1+z2+1-2z%) 2 z

Z2

1
=—-Injzl-=+C
2n|z| 4+

1 X 1 x\2
= —ln‘tan— - = (tan—) + C.
2 2 4 2
Remark: Since

.o X
can? SIS 1 —cosx
an” — = =
% )
2 22 14cosx

the answer can also be written as

ll 1 —cosx 1 1—cosx
In|l—~"| -,
4 1 +cosx 4 1-+4cosx
d d
(O [ S T
3—4x —4x Vd—02x+1) du = 2dx
1 u—1
=— | ——du
4) V4—u?

1 1
:—Z\/4—u2—ZSin71 (g)—}—C
- i m e - L (v N 4
= 2 X X 4sm X .

77. /idx Let x = u?
14+x d

x =2udu
u?du 1
=2/—=2/ 1——— ) du
14+ u? 1+ u?
:2<u—tan71u)—|—C:2\/——2tan’l\/)_c—i—C.

78. /v1+exdx Let u? =1+ ¢€*
2udu = e* dx

2u?du 2
= = 2
/uz—l /( +M2—1>du
—/ 2+ ! ! d
o u—1 u—+1 “

u—1
=2u +In +C
u+1
VI 4e¥ —1
=2J/14+e¥+In|— C.
V1I+e¥+1

REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION

(PAGE 365)

/ /x4dx / N 8x J
= — = X X.

x3—8 x3—8

8x _ A Bx +C

3-8 x—-2 x242x+4

_ Ax?4+2Ax +4A+ Bx? —2Bx + Cx - 2C

- x3-8

A+B=0 B=-A
=>{2A—ZB+C=8=>{C:2A
4A-2C =0 6A =8

Thus A =4/3, B=—-4/3, C =8/3. We have

/ x2+4/ dx 4/ x =2 J

= — = - = X

2 3) x=2 3) x242x+4
X

o

4 4 x+1-3
=" 4+-Inlx—-2|—-- | —— ax
2 3 3 ¢x+1D%2+3
—x2+41| 2= 2?4 20 + 4)
—2 3nx 3le X

4 [ x+1
+ —tan~ +K
V3 V3

By the procedure used in Example 4 of Section 7.1,

/ex cosxdx = %ex(sinx +cosx) + C,

/e" sinx dx = %ex(sinx —cosx) + C.

Now

/ xe* cosx dx

U=x
dU = dx

dV =e*cosxdx
V= %ex(sinx + cos x)
= %xex(sin—kcos x) — % / e*(sin x + cos x) dx
= %xex(sin—kcos x)
— %ex(sinx —cosx + sinx + cosx) + C

= %xex(sinx + cosx) — %ex sinx + C.
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. . 1
Other Review Exercises 6 (page 366) 5. / Jilnxdx Letx = u?
0 dx =2udu
1
d
d—ex[(ax—kb)cosx—i—(cx +d)sinx] 2/0 u2Inu)2u du
x
1
:ex[(ax—}—b)cosx+(cx+d)sinx—|—acosx—|—csinx :4/ Wlnudu
0
—(ax—i—b)sinx—i—(cx—i—d)cosx] U=Inu dV =udu
. dU_du M3
=e [((a+c)x+b+a+d>cosx = V:?
+((c—a)x+d+c—b sinx] 3 ! 1!
(( ) ) =4 1ir(1)1 (%lnu —5/ u? du
fatc=1b+a+d=0c—a=0andd+c—b=0, . e e

then a = ¢ = —d = 1/2 and b = 0. Thus __4 lim c3lnc—g(1—c3):—g

c—0+
I:/xexcosxdx—i[xcosx—i—(x—l)sinx]—FC 6 /1 dx /ldx (di )
s = § § : . _— > — = oo (diverges
2 0 xv/1—x2 0o X
1
Ifat+c=0,b+ta+d=0,c—a=1,andd+c—b=0, Therefore / _dx diverges.
then b =c = —a =1/2 and d = 0. Thus -1 xv/1 —x2
©  Jdx 1 oo
o 7. I = X=/+/ =hLh+Dh
J=/xe"sinxdx=?[xsinx—(x—l)cosx]—i—c. 0 +/xe 0 1
7 U dx Udx )
= — < ——
Yl Vre Tl U
i ®© dx /Oo —xy 1
= < e X = —
Ooxrefx dx . 1o yer ! ¢
0 Thus I converges, and I <2+ (1/e).
_ li1(1)1 /R e dx 8. Volume = 060 A(x) dx. The approximation is
c—>0+ .
R0 € 10
U o IV = o= dx Ty = 5[ 10200 +2(9,200 + 8,000 +7, 100
_ r—1 X
dU =rxldr V= —e +4,500+2,400)+100]
(o]
= liIg}r —x"e™* +r/ x e ™ dx ~ 364, 000 m>.
R00 c 0
o0
= lim c’eiC—Fr/ x" e % dx 9 _ 1o 2 409 2 2.4
Jim A - S = 5[ 10.200 4+ 4(9, 200 + 7. 100 +-2, 400)

because limg_, oo R"e~® = 0 for any r. In order to en-

sure that lim.—, o+ ¢"e™¢ = 0 we must have +2(8, 000 + 4, 500) + 100]

limg— 04 ¢” =0, so we need r > 0. ~ 367, 000 m3
1
7/2 /2 10. I =/ V2 + sin(rx) dx
/ cscxdx = liI(I)l —1In|cscx + cotx| 10
0 c—>0+ c " B
Ty = _[ 2+2(/2 D +42 2
= lim In|cscc + cotc| = oo (diverges) 4 8 V2+ (\/ +sin(r/4) + \/ +sin(r/2)
c—>0+
+/2Fsin(Gr/4) + «/E]
® dx R X ~ 1.609230
/ 3= lim (— — —2> dx 1
poxtx? ReooJi \x T4x . My = Z[‘/Z“L sin(r/8) + /2 + sin(37/8)
. 1 2
= Rli)moo (ln lx| — 5 In(1 + x )) 1 \/2 + sin(57/8) + \/2 + sin(7n/8)]
im L (4 R? o) - 2 ~ 1.626765
=2 \Mire ) T I1~16
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1
11. Tz = E(T4 + My) ~ 1.617996

1
Sg = §(T4 +2My) ~ 1.62092
1 ~1.62

[e9) xZ
12. 12/ ﬁdx Letx:l/t
2 X dx = —(1/1%) dr

[P (1/t%)dt L (r e
_/0 1/ +A/3) +1 _/0 B41241
Ty~ 0.4444 My~ 0.4799
Ty ~ 04622 Mg~ 0.4708

Sg ~ 0.4681 S16 ~ 0.4680
1 ~ 0.468 to 3 decimal places

13. a) Tu=1 (@ +1.001 + 1.332 4 1.729 + #)
=5.526
Sy = %(0.730 +2.198 + 4(1.001 4 1.729) + 2(1.332))
= 5.504.
b) If Tz = 5.5095, then Sg = 4TS+T4 = 5.504.

c) Yes, S4 = Sg suggests that S, may be independent of
n, which is consistent with a polynomial of degree
not exceeding 3.

Challenging Problems 6 (page 367)

1.  a) Long division of x2 + 1 into
x40 = x)* = x® — 4x7 4+ 6x° — 4x° + x* yields

4 4
1—

YA 6 a5y set a4 .
x2 41 x2 41

Integrating both sides over [0, 1] leads at once to

Pt —x)? 22 22
—a =T danll=2 o
0

x2+1 7
o x*a=x) 22
Since —— >0on (0,1), — — 7 > 0, and so
x2+1 7
T< —.
7

1
b) If 1 =/ x*(1 — x)*dx, then since 1 <x2+1 <2

0
on (0, 1), we have

1 .4 4
1 - 1
1>/fi_lLM>_.
o x24+1 2

CHALLENGING PROBLEMS 6 (PAGE 367)

Thus I > 22/7) —m > 1/2, or

22 22 1
— =l <m<—=-=
7 7 2

1
&) I = [ (x® —4x7 4+ 6x° —4x5 4 x) dx = 630 Thus

22 1 22 1

<m< .
7 630 7 1260

a) I, = /(1 —xH"dx

U= —x?" dV =dx
dU = —2nx(1 = x®"ldx V=x

= x(l _ x2)n + zn/x2(1 _x2)n71 dx
=x(1—x?" - 2n/<1 —x? =D —xH"dx

=x(1—x%" —2nl, +2nl,_1, so0
2n
T 241 2n+1

I,—1.

1
b) Let J, = / (1 — x%)" dx. Observe that Jy = 1. By

0
(a), if n > 0, then we have

1

I x(1—xH)n N 2n g 2n
"T T+l |y 21T T
Therefore,
2n 2n —2 4 2
Jn: —__‘10
2n+1 2n—1 5 3
_[em@n =) @QP 220>
N (2n + 1)! T @ent Dl
¢) From (a):
2n +1 1
Iy == —1I = —x( —x2".
Thus

a- )62)73/2 dx =13

C2(=1/2) + 1

-1
x

«/l—xz.

1
i = —x( —x%)~12
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a) x4+ x2 41 =024+ —x2 = (x2—x+DEZ+x+1).

Thus

/ x“4+1 / x2 41
x4+ x2+1 (x2—x+1)(x2—|—x—|—1)

1
= — + d
2/<x2—x+1 x2—|—x+1> *

1 1 1
:E/< 2 %+ N2 %)dx
(x—3)+3 (+2) +3
1 (t 712x—l+t 712x+1>+c
= —|tan”' ——— +tan .

b) x*+1 = (x2+1)2—2x2
Thus

/x+1_/ x24+1 i
Al ) 2=V + D2+ V2x + 1)

1 1 1
= + dx
2/(x2—x/§x+l x2+x/§x+l>

N —

/ 1 n 1 ,
RTINS
L<tan — 2 tan*IM + C.
V3 V3 V3

1
4. Im,n = / x'"(lnx)" dx Letx =e!
0 dx = —e~'dt

o0
= / e M (—)"e" dt
0

o0
=(—1)”/ e g Letu = (m+ Dt
0

du = (m+1)dt
(_l)n o n_—u
= m‘/) u-e du
e

(m+ 1)
(=D
IR

'(n+1) (see #50 in Section 7.5)

1 1
1
S. a)0<1n=/x”e_"dx</x"dx= ,
0 0 n+1
because 0 < e ™ < 1 on (0,1). Thus lim,_o I, =0

by the Squeeze Theorem.
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U=x" dV =e*dx
dU = nx""Vdx V=—-—e"*

1 1
+ n/ e dx
0 0

=—x"e™*

1
=nl,_1—- ifn>1
e

¢) The formula

I 1
I=!1——E—
n n v N

[
j=0 J:

holds for n = 0 by part (b). Assume that it holds for

some integer n = k > 0. Then by (b),

1 1 &1 1
Iiy1 = (k+ DI — — = (k + Dk! 1——2— -
e e OJ' e
k
1 1 1
=k+D!'|1-- e n——
k+D e]_ jl ek +1)!
k+1
1 1
=k+D[1-=3"—
e !

Thus the formula holds for all n > 0, by induction.

d) Since limy,_, o I, = 0, we must have
, 11
dm -] =0

n
. 1
Thus e = nanDlo E 7
j=0
1

1 —Kx
1 1
1=/e‘K"dx=e =—<1——K>.
0 -K |, K e

For very large K, the value of [ is very small
(I < 1/K). However,

1 |
Tion = — (1 4 -) > ——
100 100( +-0) > 100
1 1
S100= — (1 4--) > —
100 = 3504 0> 350
1 1
Moo — - (p=K/200 .y L
100 = 755 ¢ ) < Too
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In each case the - - - represent terms much less than the 8. a) f'(x) <0on[l,00), and limy—, f(x) = 0. There-
first term (shown) in the sum. Evidently Moo is smallest fore
if k is much greater than 100, and is therefore the best
approximation. Tjpo appears to be the worst. © ©
. [ ireiax == [ reas
a) Let f(x):Ax5—|—Bx4+Cx3+Dx + Ex+ F. Then 1 R
_ /
) O = lim. /1 £/ dx
f@)dx=2—+ —+Fh]. )
—h 5 3 = lim (f(1) — f(R)) = f(D).
R— o0
Also
Thus
2h[af(—h) b (=h/2) + cf(0) + bf (h)2) + af(h)]
o0 o0
:2[a(23h5+2Dh3+2F> ‘/ f/(x)cosx dx 5/ | f'(x)|dx — 0 as R — oo.
R R
2Bh>  2Dh?
+b<—16 +—4 —|—2F)—|—th:|. R
Thus lim f'(x) cosx dx exists.
R—o0 J1
These expressions will be identical if the coefficients -~
of like powers of & on the two sides are identical. b) / f(x) sinx dx
Thus 1
o 1 b 1 U= f(x) dV =sinxdx
204+ —=—-, 2a+—==, 2a+2b+c=1. dU = f'(x)dx V =—cosx
16 5 4 3 R
(o]
Solving these equations, we get a = 7/90, = Rlim f(x)cosx +/ f/(x)cosx dx
b = 16/45, and ¢ = 2/15. The approximation - P!
for the integral of any function f on [m — h, m + h] = — f(1)cos(1) _|_/ £/ (x) cos x dx;
is 1
the integral converges.
m-+h 7 16 :
/ fx)dx =~ Zh[%f(m —h)+ Ef(m — 5h) ¢) f(x) = 1/x satisfies the conditions of part (a), so
m—h
2 16 1 7 0 s
+ Bf(m) + Ef(m + 3h) + %f(m + h)]. / sinx converges
1 X

b) If m = h =1/2, we obtain by part (b). Similarly, it can be shown that

1
7 16 2
e dx m 1| =¥+ —e VA4 12 00
/0 [90 45 15 / cos(2x) dx  converges.
16 54, 7 4 ! g
T e
~ 063212087501 But since |sinx| > sin?x = %(l — cos(2x)), we have
With two intervals having 4 = 1/4 and m = 1/4 and % | sin x| dx > 1 — cos(2x)
m = 3/4, we get 1 X = 1 2x '
! I LA T Ly S s 7 00
A e Tdx ~ 2 %e + Ee + Ee The latter integral diverges ol::)ecause fl (1/x)dx
16 7 diverges to infinity while fl (cos(2x))/(2x) dx con-
+ 36_3/8 + Ee_l/z verges. Therefore
16 _s 2 16 _ 7 _ ]
/8 3/4 7/8 1 00 | o
+ —e + —e + —e + —e
45 15 45 90 / [sin x| dx diverges to infinity.
1 X

~ (0.63212055883.
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