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Editorial comment. Other solvers used generating functions, inductive arguments, and var- 
ious identities and transformations. Joe Howard and Heinz-Jiirgen Seiffert independently 
observed that the result follows fairly quickly from a result proved by the proposer in his 
solution to Problem 4427, School Science and Mathematics 95 (1995) 221. 

Solved also by E. S. Andersen & M. E. Larsen (Denmark), J. C. Binz (Switzerland), P. Bracken, D. Bradley (Canada), E. Braune 
(Austria), D. Callan, R. J .  Chapman (U. K.), D. A. Darling, V. Dwivedi (India), E. Hertz, M. Hoffman, J. Howard, A. Kaplan 
(France), A. A. Kelzon (Russia), R. A. Kopas, 0.Krafft & M. Schaefer (Germany), J. H. Lindsey 11, J. Lorch, P. McCartney, D. K. 
Nester, A. Pechtl (Germany), E Qi (China), E. Schmeichel, L. Scribani (South Africa), H.-J. Seiffert (Germany), A. Sinefakopoulos 
(Greece), I. Sofair, R. Sprugnoli (Italy), A. Stadler (Switzerland), A. Stenger, J. Van hamme (Belgium), M. Vowe (Switzerland), 
2.Wu, GCHQ Problems Group (U. K.), WMC Problems group, and the proposer. 

A Limit of Periods 

10603 [1997, 5671. Proposed by Yury J. Ionin and Robin R. Lewis, Central Michigan 
University, Mt. Pleasant, MI. Let a ,  b ,  and k be positive integers, and let Pk(a, b )  be the 
period of the sequence {anmod b k } g l. Find limk,, Pk+l (a,b)/Pk(a,  b ) .  

Solution by the proposers. The limit equals the largest divisor of b that is relatively prime 
to a .  

Suppose first that a and b are relatively prime. Fixing a and b, let Pk = Pk ( a ,  b) .  We have 
aPk = 1 mod bk ,so aPk = 1 +qkbkfor some integer qk. Note that Pk divides Pk+l Thus 
Pk+l = ukPk, where uk is the smallest positive integer u such that aUPk= 1 mod bk+l. 
Since 

a ~ p k= (1  +qkbk)u= ( 1  + uqkbk)mod bk+', 

we have uk = b/dk ,where dk = gcd(qk,b).  Thus Pk+l = bPk/dk.  
If k >_ 2, then the equalities aPk+l = 1 + qk+lbkil = (1 + qkbk)hldkimply that 

qk+l = (qk/dk)+ tkqzb, where tk is an integer. Therefore, if p is a common prime divisor 
of b and qk, then p occurs in the prime factorization of qk+l with an exponent smaller than 
its exponent in the prime factorization of qk. If p is a prime divisor of b that does not divide 
qk, then p also does not divide qk+l. If k is sufficiently large, this implies that qk and b are 
relatively prime, so dk = 1 and Pk+l = bPk. It follows that the desired limit is b. 

Suppose now that a and b are not relatively prime. Let r be the largest divisor of b 
that is relatively prime to a ,  and let b = rs.  Now Pk(a, b )  is a period of the sequence 
{anmod r k } g l ,and thus Pk(a, r )  divides Pk(a, b) .  

On the other hand, consider the expression aPfi('L~r)im-am,  This is divisible by r k ,and 
for large m it is divisible by sk .  Since gcd(r, s )  = 1, it must therefore be divisible by b k ,  
and we discover that Pk(a,r )  is a period of the sequence {anmod bk}gl.Hence Pk ( a ,  b )  
divides Pk ( a ,  r ) .  We conclude that Pk ( a ,  b )  = Pk ( a ,  r ) .  Since a and r are relatively prime, 
the claim follows from the previous case. 

Solved also by D. A. Callan, R. J. Chapman (U. K.), J. H. Lindsey 11, A. N. 't Woord (The Netherlands), GCHQ Problems Group, 
and NCCU Problems Group. 

Avoiding the Identity 

10606 [1997, 6641. Proposed by Thomas Zaslavsky, Binghamton University, Binghamton, 
NI.: Given a positive integer m ,  show that there is a positive integer n such that, for every 
group G of order at least n ,  it is possible to choose m elements gl ,  g2, . . . ,gm so that no 
product of the form g:l with 1 5 k 5 m and distinct subscripts i 1 ,  i2, . . . , ik ingzl  . . gtl 
11, 2,  .. . ,m }  equals the identity. 

Solution by Stephen M. Gagola, Jr., Kent State University, Kent, OH. Let a signedproduct 
be a product of distinct group elements or their inverses in a specified order. A set S is 
admissible if the identity is not expressible as a signed product of elements of S. We prove 
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