Catalan and Hankd: 10585

AltaKellogg; David Callan; Robin J. Chapman
The American Mathematical Monthly, Vol. 106, No. 2. (Feb., 1999), pp. 170-171.

Stable URL:
http:/links.jstor.org/sici ?si ci=0002-9890%28199902%629106%3A 2%3C170%3A CAH1%3E2.0.CO%3B2-T

The American Mathematical Monthly is currently published by Mathematical Association of America

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals'maa.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Dec 22 05:17:29 2007


http://links.jstor.org/sici?sici=0002-9890%28199902%29106%3A2%3C170%3ACAH1%3E2.0.CO%3B2-T
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/maa.html

Mobius and Riemann

10582 [1997, 270). Proposed by Peter Lindqvist and Kristian Seip, Norwegian University
of Science and Technology, Trondheim, Norway. Let p(n) denote the Mobius function of
number theory, and let £ (s) denote the Riemann zeta function. Prove that
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Solution by David M. Bradley, University of Maine, Orono, ME. We use the well-known
factthat } |, u(n) = 0 for j > 2. We compute
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In the inner sums, m and n both divide j if and only iflem(m, n)|j. Writing j = k-lem(m, n)
and interchanging the order of summation yields
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Since lem(m, n) = mn/ gcd(m, n), the result follows.

Editorial comment. The proposers’ solution was quite different. They introduced the func-
tions f(x) = Zz’;l sin(kx)/k* and fy(x) = Z,I,Ll(u(n)/ns)f(nx). For N € N, we have
fn(x) — sinx as s — 00, so it is natural to compute the L2(0, 7r) norm of the “error”
sinx — fy(x). Doing this in two different ways yields the result.

Solved also by M. N. Balachandran (India), D. Callan, R. J. Chapman (U. K.), R. Holzsager, J. H. Lindsey II, R. Padma (India),
P. Simeonov, NSA Problems Group, and the proposers.

Catalan and Hankel

10585 [1997, 361]. Proposed by Alta Kellogg, Ormond Beach, FL. A sequence ap,aj, ...
of real numbers is called strictly totally positive (STP) if every submatrix of the Hankel
matrix (a;4 )i, j>0 has positive determinant.

(a) Show that the sequence Cy, C}, ... of Catalan numbers, defined by C,, = ﬁ(z") is
STP.

(b) Show that the sequence of Catalan numbers is minimal in the following sense: If
ap, ay, ay, ... is an STP sequence of positive integers with a, < C, for every n, then
a, = Cy, for every n.

Solution to part (a) by David Callan, Madison, WI. Let C be the matrix (C;4 ;). For sets of
indicesu ={u; <--- <up}andv = {v; < --- < v,}, let C[u|v] denote the submatrix of
C with rows indexed by u and columns indexed by v. Recall that the Catalan number Cy,
is the number of Dyck paths (“mountain ranges") of length 2k. (A Dyck path consists of
northeast and southeast steps, starts on the x axis, ends on the x axis, and never falls below
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the x axis.) We claim that det C[u|v] is the number of n-tuples of pairwise nonintersecting
Dyck paths in which the ith path extends from (—2u;, 0) to (2v;, 0).

To see this, let S = S(u, v) denote the set of all n-tuples of Dyck paths such that the ith
path extends from (—2u;, 0) to (2vg(;), 0) and ¢ is a permutation of {1, ..., n}. To each
such n-tuple, assign the weight sgn ¢. From the definition of det C[u|v] as a sum of signed
products, it is immediate that det C[u|v] is the sum of the weights of the n-tuples in S. The n-
tuples that have intersections cancel via a sign-reversing involution: on the lexicographically
lowest-indexed pair of intersecting paths, locate the first point of intersection and switch the
tails of these two paths after this intersection point. This changes the sign of the associated
permutation ¢ and is an involution.

Thus only the nonintersecting n-tuples contribute to the sum, and their weight is 1, since
avoiding intersections forces ¢ to be the identity. This establishes the claim.

It follows that det C[u|v] is positive, since there is always the nonintersecting n-tuple
consisting of paths in which all northeast steps precede all southeast steps.

Solution to part (b) by Robin J. Chapman, University of Exeter, Exeter, U. K. In the cases
in whichu=v={0,1,...,n—1}oru={0,1,...,n—1}and v = {1, 2, ..., n}, there
is only one nonintersecting n-tuple of paths. Therefore, the matrices H,—| = (Ci+.,-);’,7 i 0
and H, | = (C,-+',~+1);"7L0 both have determinant 1.

Now suppose that (a;+ ;) is an STP sequence of positive integers with a, < C, for every
n. Since Co = C; = 1, we have gp = a; = 1. For an inductive proof, we suppose that
a; =C;fori < n.

When n = 2m is even, let A = (a;4 ;)" =0 Expanding along the bottom row yields

1 — det(A) = det(H,,) — det(A) = (C, — ap) det(Hp—1) = C,; —ap > 0.

Thus det(A) < 1, but by hypothesis det(A) > 1. Hence det(A) = 1 and a, = C,,.
When n = 2m + 1 is odd, the argument is similar, setting A = (ai+j+ 1);’_’1.:0 and
considering H,, rather than H,y,.

Editorial comment. The interpretation of a minor of a Hankel determinant in terms of
nonintersecting Dyck paths is due to X. G. Viennot, Une théorie combinatoire des polynémes
orthogonaux généraux (lecture notes), Université du Québec a Montréal, 1983. The Catalan
numbers are essentially moments of the Chebyshev polynomials of the second kind.

Another evaluation of the determinant det(C; 4 j);';io appears in C. Radoux, Nombres
de Catalan généralisés, Bull. Belg. Math. Soc. 4 (1 997) 289-292.

Solved also by the proposer.

A Random Distance

10592 [1997, 456]. Proposed by Roger Pinkham, Hoboken, NJ. Three points are selected
independently and at random in a disk of radius one. What is the average distance of the
third from the line determined by the first two?

Solution by Richard Holzsager, American University, Washington, DC. Let f be the prob-
ability density function of the distance r from the chord through the first two points to the
origin and let & = w(r) be the mean distance from a random point in the circle to a chord

at distance r from the origin. Then fol f(r)u(r)dr gives the expected value we want.

We can find f by calculating the probability of a chord being at distance greater than r
and differentiating. Let p be the first point, g the second point, and R the distance of the
chord through them from the origin. Then f(r) = —(d/dr) P(R > r). To find P(R > r),
first consider a point p at distance s from the origin. The point ¢ determines a chord at
distance greater than r if g is between the two tangents from p to the circle x2 + y? = r2.
Thus, given p, the probability that the chord pq is at distance greater than r is 1/7 times
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