Cutting a Polyomino into Triangles of Equal Areas
Sherman K. Stein

The American Mathematical Monthly, Vol. 106, No. 3. (Mar., 1999), pp. 255-257.

Stable URL:
http://links.jstor.org/sici ?sici=0002-9890%28199903%29106%3A 3%3C255%3A CAPI TO%3E2.0.CO%3B2-F

The American Mathematical Monthly is currently published by Mathematical Association of America

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals'maa.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Dec 22 05:19:09 2007


http://links.jstor.org/sici?sici=0002-9890%28199903%29106%3A3%3C255%3ACAPITO%3E2.0.CO%3B2-F
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/maa.html

Since f(K) is a product of positive, decreasing functions of ¢, it is itself a positive,
decreasing function of ¢. Since « > /3, we have ¢ > V3. Hence the maximal
value of f(K) is attained when ¢ = y3, that is, when T is an equilateral triangle.
In this case "

f(K) = %(m -D) < %(2 -V3).

Now suppose that K has no lattice point in its interior. Combining (4) with (2)
gives

1
2R-D < —,
-3
with equality when and only when K is congruent to the equilateral triangle shown
in Figure 1. u
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Cutting a Polyomino into Triangles
of Equal Areas

Sherman K. Stein

In 1970 Monsky proved that a square cannot be cut into an odd number of
triangles of equal areas [1], [6, p. 118]. This result has been generalized four times.
Mead proved that when an n-dimensional cube is cut into simplices of equal
volumes, the number of simplices is a multiple of n! [2]. Kasimatis proved that
when a regular n-gon, n > 5, is cut into triangles of equal areas, the number of
triangles is a multiple of » [3]. Stein proved that the theorem about the square
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holds for any centrally symmetric polygon with at most eight sides [4] and Monsky
generalized this to any centrally symmetric polygon [5]. In this note we extend the
theorem about squares to polyominoes consisting of an odd number of squares.

By a standard square in the xy-plane we mean a unit square whose corners have
integer coordinates. A standard segment is a line segment of unit length joining two
points with integer coordinates. A polyomino is the union of a finite number of
standard squares.

Conjecture 1. When a polyomino is cut into triangles of equal areas, the number
of triangles is even.

That is a special case of

Conjecture 2. When a polygon in the xy-plane that is bounded by lines parallel to
the axes is cut into triangles of equal areas, the number of triangles is even.

The following theorem confirms a special case of the first conjecture.

Theorem. When a polyomino consisting of an odd number of standard squares is cut
into triangles of equal areas, the number of triangles is even.

We use the machinery described in [1] and [6, pp. 110-117], which we summa-
rize briefly. Define ¢:Q — Q by ¢(2°b/c) = a, where b and c¢ are odd, and
¢(0) = », For instance, ¢(2) =1, ¢(3) =0, and ¢(5/2) = —1. Label a point
(x,y) € O X Q by P, if ¢(x)> 0 and ¢(y) > 0, by P, if ¢(x) <0 and ¢(y) >
¢(x), and by P, if ¢(x) > ¢(y) and ¢(y) < 0. For example, (2,0) is labeled P,
(1,3) is labeled P, and (2,1) and (1,1/2) are labeled P,. It can be shown that if a
line segment formed of standard segments has ends labeled P, and P,, then the
ends of the individual segments are labeled either P, or P, and an odd number of
them have both labels. The following lemma [6, p. 118] is the key tool in
establishing the theorem.

Lemma. Let a polyomino R have area A. Assume that on the boundary of R are an
odd number of standard edges with ends labeled P, and P,. Then ¢(n) > ¢(2A4) if R
is cut into n triangles of equal areas.

Proof of the theorem: As may be checked, the only standard segments whose ends
are labeled P, and P, are parallel to the x-axis and lie on lines with an odd
y-coordinate. Thus on the border of each standard square is one edge with the
labels P, and P,. Edges in the interior of R are adjacent to two standard squares,
while edges on the boundary are adjacent to one standard square in R. Since there
are an odd number of standard squares in R, the assumption of the lemma holds.
Because A is an integer, ¢(2.4) > 1. Thus the number of triangles is even. ]

The theorem also holds for polyominoes consisting of at most 6 standard
squares. (Incidentally, the even case implies the odd one since each standard
square can be cut into four congruent squares.) As an illustration, consider the
polyomino of area 6 formed of a row of four standard squares with a square
attached at each end on the same side of the row, as shown in Figure 1. Note that
it can be cut into six triangles of equal areas. No matter how we rotate or translate
the polyomino, the hypothesis of the lemma cannot apply, for the conclusion would
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be that the number of triangles would be a multiple of 4. It is necessary to
transform the polyomino so that the image has an area A for which ¢(A4) < 0.
Applying the transformation (x, y) — (x, y/2) followed by the translation by (1, 1)
produces a labeling described in the hypothesis of the lemma, as may be verified.

REFERENCES

1. P. Monsky, On dividing a square into triangles, Amer. Math. Monthly 77 (1970) 161-164.

2. D. G. Mead, Dissection of a hypercube into simplices, Proc. Amer. Math. Soc. 76 (1979) 302-304.

3. E. A. Kasimatis, Dissections of regular polygons into triangles of equal areas, Discrete and
Computational Geometry 4 (1989) 375-381.

4. S. K. Stein, Equidissections of centrally symmetric octagons, Aequationes Math. 37 (1989) 313-318.

5. P. Monsky, A conjecture of Stein on plane dissections, Math. Zeit. 205 (1990) 583—-592.

6. S. K. Stein and S. Szab6, Algebra and Tiling, Math. Assoc. America, 1994.

University of California at Davis, 1 Shields Ave, Davis, CA 95616-8633
stein@math.ucdauvis.edu

A Short Proof of Turan’s Theorem

William Staton

Extremal graph theory is the search for the thresholds in edge density where
substructures of interest are forced to appear in graphs. The canonical extremal
theorem involving structure S is of the type: If G is a graph with n vertices
containing no S, then G has no more than f(n) edges. The genesis momént of
extremal graph theory occurred in 1941 with Turan’s article [1] in which he proved
the canonical extremal result for S = K,, a complete graph with r vertices. The
purpose of this note is to provide a new and perhaps shorter proof than has
previously been noticed.

Theorem (Turan, 1941). Graphs with n vertices containing no K, have no more than
(r — 2)n*/Qr — 2) edges , forr > 2.
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