
Characterizations of the Medial Triangle: 10588

Marcin Mazur

The American Mathematical Monthly, Vol. 106, No. 4. (Apr., 1999), pp. 365-366.

Stable URL:

http://links.jstor.org/sici?sici=0002-9890%28199904%29106%3A4%3C365%3ACOTMT1%3E2.0.CO%3B2-K

The American Mathematical Monthly is currently published by Mathematical Association of America.

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/maa.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archive is a trusted digital repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It is an initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Dec 22 05:24:35 2007

http://links.jstor.org/sici?sici=0002-9890%28199904%29106%3A4%3C365%3ACOTMT1%3E2.0.CO%3B2-K
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/maa.html


continus, Tdhoku Mat. J. 13 (1918) 300-303. Klee also noted that circular disks are smooth 
(i.e., possess a continuously differentiable parameterization) as well as rotund. For more on 
smooth tilings, see V. Klee, E. Maluta, and C. Zanco, Tiling with smooth and rotund tiles, 
Fund. Math. 126 (1986) 269-290; V. Klee and C. Tricot, Locally countable plump tilings 
are flat, Math. Ann. 277 (1987) 315-325; and P. M. Gruber, How well can space be packed 
with smooth bodies? Measure theoretic results, J. London Math. Soc. (2) 52 (1995) 1-14. 

D. G. Larman, A note on the Besicovich dimension of the closest packing of sphere in 
R,, Proc. Cambridge Philos. Soc. 62 (1966) 193-195 shows that, in the case of packing of 
circular disks in the plane, the uncovered set has Hausdorff dimension at least 1.03. 

Solved also by G. E. Bredon, P. Budney, J. D. Clemens, J. Cobb, R. Holzsager, A. A. lagers (The Netherlands), V. Klee, I. H. 
Lindsey 11, 0.P. Lossers (The Netherlands). R. Martin (Germany). L. E. Mattics. M. Misiurewicz, I. Namioka. 0.Nanyes, C. G .  
Petalas & T. P. Vidalis (Greece), C. Popescu (Belgium), A. W. Schurle, J. H. Shapiro & T. L. McCoy. A. A. Tarabay & R. Barbara 
(Lebanon), and the Anchorage Math Solutions Group. 

Random Perfect Matchings 

10587 [1997, 3611. Proposed by Joaquin Gdmez Rey, Madrid, Spain. Let Kzn be the 
complete graph on 2n vertices. Let P,, be the probability that two random perfect matchings 
of K2,, are disjoint. What is limn,, P,,? 

Solution by Jose' Heber Nieto, Universidad del Zulia, Maracaibo, Venezuela. The limit is 
e-'I2 0.60653. The number of perfect matchings of K2, is Mn = (2n)!/(2,,n!). Given a 
perfect matching G of K2, and a set J of j edges of G, there are M,,-J perfect matchings of 
K2,, containing J .  Therefore, the inclusion-exclusion principle yields 1)' (7) M,,-
as the number of perfect matchings of K2, disjoint from G. Thus 

Now limn,, Pncan be computed by applying Lebesgue's dominated convergence theo- 
rem. LetX = (0, 1 , 2 , .  . .},anddefineameasureponXbyp({j}) = l / j! .  Let fn :X -t R 
be defined by 

( - l ) j n ! ~ , , - j-1 n - i  
f,,(j> = (n - j)!Mn = (-l)J n 

- 2i - 1i=O 2n 

Then limn,, f,,( j )  = (- 1/2).1. Furthermore, I f,,( j ) 1 5 1, and the constant function 1 is 
integrable, since j, 1 d p  = CFol / j !  = e. Therefore, 

" 
lim f,,d p  = -(-1/2)j = e-'I2. 

n-03 j=O j !  

Solved also by R. J. Chapman (U.K.), R. DiSario. J. Grossman, J. Labelle, D. Tenny, NCCU Problems Group, and the proposer. 

Characterizations of the Medial Triangle 

10588 [1997, 3611. Proposed by Marcin Mazul; The University of Chicago, Chicago, IL. 
Let A1A2A3 be a triangle. For i = 1 ,2 ,  3, let Bi be a point on side Ai+lAi+2, where 
subscripts are taken modulo 3. 
(a) Show that IAi Bi+l 1 + I Bi Bi+ll = IAi Bi+zI + I Bi Bi+2I for i = 1 , 2 , 3  if and only if Bi 
is the midpoint of Ai+1Ai+2 for i = 1 , 2 , 3 .  
(b) Show that IAiBi+ll + IAiBi+21= IBiBi+lI + IBiBi+21 for i = 1 , 2 , 3  if and only if Bi 
is the midpoint of Ai+lAi+2 for i = 1 ,2 ,  3. 
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Solution by the proposel: If Bi is the midpoint of Ai+lAi+z for i = 1 , 2 , 3 ,  then triangles 
A1A2A3and BlB2Bg are similar, so IBlB2I = (1/2)IAlAzl,  IB2B31 = (1/2)IA2AgI,and 
IBgBlI = (1/2)1A3AlI. Hence 

and similarly for the other conditions of both parts. 
(a) We prove that for any triangle B1 B2B3 there exists exactly one triangle A1 A2A3 such that 
IAiBi+l I + IBiBi+l I = IAi Bi+zI + IBiBi+2I for i = 1 ,2 ,  3. This implies our assertion. Fix 
a triangle B1 B2B3, and suppose that for a triangle A1A2A3the conditions are satisfied. Let 
( i ,j ,  k) be a permutation of ( 1 , 2 , 3 ) .  Consider the hyperbola with foci Bj and Bk passing 
through Bi . Since-IAi Bj I + I Bi Bj I = [ A i  Bk I + 1 Bi Bk I , the hyperbola passes through Ai . 
Write hi for the part of the branch of the hyperbola passing through Ai that is on the opposite 
side of the line Bj Bk from Bi. Since Bj and Bk are the foci of the hyperbola, hi is entirely 
contained in the union of,all lines joining Ai and some point on the segment Bj Bk. 

Now suppose that A is any point on hl different from A1. (This A is a candidate for 
the vertex A 1 in a new triangle satisfying the conditions.) If A is inside triangle B2A B3, 
then the line from A through B2 intersects hg in a point P that is on the opposite side of 
the line A2A3 from A l ,  and if A is outside of B2A1 Bg then P is on the same side of A2A3 
as A1. (Point P is the candidate for point A3 of the new triangle.) The same holds for the 
intersection Q of the line A B3 with h2 (the candidate for A2 of the new triangle). Therefore, 
the line segment P Q does not pass through B1. We conclude that A cannot be a vertex of a 
triangle that satisfies our requirements. A similar argument shows that no point A outside 
triangle B2A1 B3 can be a vertex of a triangle that satisfies our requirements. Thus A 1 A2A3 
is the only triangle for which the conditions hold. 
(b) Let ak = (1/2)1AiAj1 ,  bk = IBi Bj 1 ,  and x; = aj - IAi B; 1 ,  where ( i ,j ,  k) is an even 
permutation of ( 1 , 2 , 3 ) .By hypothesis, ai +xi +ak - xk = bi +bk. Adding two of these 
equations and subtracting the third yields bi = ai - xj + xk, so 

By the law of cosines we obtain b! = (aj+~ j + )(ak~-xk )2-2(aj +xj) (ak-x k )cos Ai.  
Since cos Ai = a: +a; - a!/2ajak we get after simple transformations 

Let zi = xi /a i .  Comparing expressions ( 1 )  and ( 2 )for b:, we get 

If one of the zi's is 0, then all of them vanish. If they are all nonzero, then dividing by z j z k  

and adding all three equalities we get a1 +a2 +a3 = 0,which is evidently false. Therefore, 
all the xi 's  vanish and the assertion is proved. 

Solved also by M. Vowe (Switzerland) and GCHQ Problems Group (U. K.) 

Binary Expansions and kth Powers 

10596 [1997,4561. Proposed by Paul Bateman, University of Illinois, Urbana, IL, and 
David Bradley, Simon Fraser University, Burnaby, BC, Canada. 
(a )Prove the identity 
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