
An Elegant Continued Fraction for #

L. J. Lange

The American Mathematical Monthly, Vol. 106, No. 5. (May, 1999), pp. 456-458.

Stable URL:

http://links.jstor.org/sici?sici=0002-9890%28199905%29106%3A5%3C456%3AAECFF%3E2.0.CO%3B2-Z

The American Mathematical Monthly is currently published by Mathematical Association of America.

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/maa.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archive is a trusted digital repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It is an initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Dec 22 05:25:59 2007

http://links.jstor.org/sici?sici=0002-9890%28199905%29106%3A5%3C456%3AAECFF%3E2.0.CO%3B2-Z
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/maa.html


An Elegant Continued Fraction for m 

L. J. Lange 

The regular continued fraction for n begins as follows [3, p. 231: 

1 1 1 1 1 1 1 1 1 1 1 1 
7 r = 3 + -7 + E + I + 2 9 2 + T + i + i + Z + i + 3 + 1 + 1 4 + ~ ~ .(1) 

There is no known regularity to the partial denominators in (1) and the only known 
means to obtain them is to compute them one-by-one from a known decimal 
approximation for n. Lord Brouncker (1620-1686), the first president of the Royal 
Society of London, gave (without proof around 1659) the first recorded infinite 
continued fraction [3, p. 21: 

In 1775, according to [I, p. 1311, Euler gave a proof of the validity of (2) by showing 
that 

x 12x2 3 2 ~ 2  5 2 ~ 2  
arctan x = - - ------- --- (3)1 + 3 - x 2  + 5 - 3 x 2  + 7 - 5 x 2  + ..' 

is equivalent to the power series representation 

( - 1 ) " ~ ~ ~ ' ~ ~
arctan x = , -1 1x11.

2n + 1n=O 

Brouncker's result can be obtained by setting x = 1 in (3). 
The following continued fraction expansion for the principal branch of the 

analytic function arctan z, valid for all z in the complex plane not on the imaginary 
axis from i to +iw and from -i to -iw, is well known [3, p. 2021: 

z 12z2 22z2 32z2 d2z2 
arctan z = - - - - -

1 +  3 + 5 + 7 + 9 + . . . '  (4) 

Setting z = 1 in (4) leads to 

Although they are not formulas for n itself, the classical continued fractions (2) 
and (5) are attractive because of the simple expressions for all of their partial 
numerators and denominators. Our contribution is the following continued frac- 
tion for n itself, whose partial numerators and denominators are easily described 
and remembered. Though the tools to derive it have long been available, to our 
knowledge, this formula has not yet appeared in the literature. 

Theorem 1. 



Pro08 We think it is of interest to show in several different ways that (6) is valid. 
Perron [5, p. 351 gives the following representation, which he attributes to Stieltjes: 

r ( x  + :+ E ) ~ ( x+ - n 112 - n2 32 - n 2  52 - n 2  


x +  --- -- = 4. 

2x + 2x + 2x + ... 

(7) 

where x > 0 and 1 > n 2  > -a.Setting n = 0 in (7) gives 

which is a formula also obtained by Ramanujan and Preece according to Perron 
[5, p. 361. To obtain (6) we have only to substitute x = 3 in (8) and employ the 
properties r(1/2) = 6, = 1, and T(x + 1) =T(1) x r ( x )  of the r-function. It is 
surprising that apparently Ramanujan either was not aware of, or else did not 
choose to record this result. To show how we really arrived at (6) the first time, we 
need the following result [5, Satz 1.13, p. 281 relating to what are known as 
Bauer-Muir transformations of continued fractions; see [4]. 

Theorem 2. ( a )  If both continued fractions 

where cp, = a, - r,-,(b, + r,), hauepositive elements and i f  both conuerge, then they 
have the same ualue. ( b )  If the first continued fraction has positiue elements and it 
converges and i f  r, 2 0 from a certain v on ,  then the second continued fraction also 
conuerges and it has the same ualue as the first. 

The second continued fraction in Theorem 2 is called the Bauer-Muir transform of 
the first one. On page 35 of [S] is the expansion 

7~z 12 - z 2  32 - z 2  52 - z 2  72 - z 2  
zcot -= 1 + ------ ----- --- -

4 2 + 2 + 2 + 2 + . . . '  (9) 

which is valid for all complex z .  If we apply Theorem 2 to this continued fraction 
with z = x  E ( -1 , l ) and  

we obtain 
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Taking the limit of both sides of (9) as z -t 0 gives Brounker's result (2), and 
taking the limit of both sides of (10) as x + 0 leads to (6) upon taking reciprocals. 

It would be nice if the speed of convergence of (6) was in accordance with its 
beauty, but unfortunately this is not the case. In support of this slowness assertion 
the 100th approximant of (6) rounds to 3.14159241, whereas both n and the 4th 
approximant of its regular continued fraction expansion (1) round to 3.14159265. If 
the expansions (2) and (5) are used to approximate n ,  the 11th approximant of (5) 
gives 3.14159265 as an approximation, but Brouncker's continued fraction (2) 
converges so slowly that its 1000th approximant leads to the poor estimate of 
3.14259165 for n. As another source of information about n,  we recommend to 
the reader the recent book [2]. 

Addendum:. The formula (6) was used as a logo for the conference on continued 
fractions that was held at the University of Missouri-Columbia in late May 1998. 
At this conference D. Bowman of the University of Illinois mentioned in a 
personal conversation that he had another approach to deriving (6). Bowman starts 
with the result 

and then makes use of the fact that for a, + 0 the series CT=,(- l )k- l /ak and the 
continued fraction 

are equivalent, that is, the nth partial sum of the series and the nth approximant 
of the continued fraction are equal. This connection between series and continued 
fractions can be derived easily from a result of Euler (see [5,p. 171 or [3, p. 37]), or 
it can be proved directly by induction. After replacing a, by 2k(2k + 1)(2k + 2) in 
(12) and calculating a,,, - a, = 24(k + 112,we are led to the representation (6) 
through a simple cancellation process that preserves the equivalence of the 
continued fractions involved. Bowman mentioned that his approach to verifying (6) 
gives as a welcome by-product some immediate truncation error information. 
Because of the series-continued fraction equivalence and the alternating nature of 
the first series in ( l l ) ,  we have In - f , l  I l /((n + l)(n + 2)(2n + 311, where f, 
is the nth approximant of (6). 
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