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PROBLEMS AND SOLUTIONS

Edited by Gerald A. Edgar, Daniel H. Ullman, and Douglas B. West

with the collaboration of Paul T. Bateman, Mario Benedicty, Paul Bracken, Duane M. Broline, Ezra
A. Brown, Richard T. Bumby, Glenn G. Chappell, Randall Dougherty, Roger B. Eggleton, Ira M.
Gessel, Bart Goddard, Jerrold R. Griggs, Douglas A. Hensley, Richard Holzsager, John R. Isbell,
Robert Israel, Kiran S. Kedlaya, Murray S. Klamkin, Fred Kochman, Frederick W. Luttmann, Vania
Mascioni, Frank B. Miles, Richard Pfiefer, Cecil C. Rousseau, Leonard Smiley, John Henry Steelman,
Kenneth Stolarsky, Richard Stong, Charles Vanden Eynden, and William E. Watkins.

Proposed problems and solutions should be sent in duplicate to the MONTHLY
problems address on the inside front cover. Submitted problems should include
solutions and relevant references. Submitted solutions should arrive at that address
before November 30, 1999; Additional information, such as generalizations and
references, is welcome. The problem number and the solver’s name and address
should appear on each solution. An acknowledgement will be sent only if a mail-
ing label is provided. An asterisk (*) after the number of a problem or a part of a
problem indicates that no solution is currently available.

PROBLEMS

10739. Proposed by Oscar Ciaurri, Logrofio, Spain. Suppose that f: [0, 1] — R has
a continuous second derivative with f”(x) > 0 on (0, 1), and suppose that f(0) = 0.
Choose a € (0, 1) such that f/(a) < f(1). Show that there is a unique b € (a, 1) such that

f'(@) = f®)/b.

10740. Proposed by Charles Vanden Eynden, Illinois State University, Normal, IL. A
connected bipartite simple graph has a unique bipartition, meaning a partition of the vertices
into two independent sets. Let G be the set of such graphs that have no isomorphism that
interchanges the two sets of the bipartition. Is there a criterion that for each G € G selects
a well-defined set of the bipartition?

10741. Proposed by Tim Keller, Fair Oaks, CA. Is there an even base b for which there exist
square integers of the form dddd},? By dddd},, we mean the four-digit number in base b all
of whose digits are d. For odd b we have the examples 11117 = 207 and 4444, = 402.

10742. Proposed by Emre Alkan, University of Wisconsin, Madison, WI. Let us say that
a finite group G has the maximal property if, for any prime p that divides |G|, G has a
maximal subgroup H such that p|H| divides |G|.

(a) Show that every finite solvable group has the maximal property.

(b) Show that there are infinitely many finite groups with the maximal property that are not
solvable.

(c) Show that there are infinitely many finite groups without the maximal property that are
not solvable.

10743. Proposed by Cdlin Popescu, Université Catholique de Louvain, Louvain-La-Neuve,
Belgium. Let p > 5 be prime, and let n be an integer such that (p +1)/2 <n < p — 2.
Let R = Y (—1)!(}), where the sum is taken over the quadratic residues i modulo p, and
let N = Y (—1)/ ('j’), where the sum is taken over the quadratic nonresidues j modulo p.
Prove that exactly one of R and N is divisible by p.
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