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Conditional Convergence of Infinite Products

William F. Trench

In this article we revisit the classical subject of infinite products. For standard
definitions and theorems on this subject see [1] or almost any textbook on complex
analysis. We will restate parts of this material required to set the stage for our
results, as follows.

The infinite product P = IT"(1 + a,) of complex numbers is said to converge if
there is an integer N such that 1 + a, # 0 for n > N and lim, _ I1,_y(1 + a,,)
is finite and nonzero. This occurs if and only if the series ¥, _, log(1 + a,,)
converges.

We say that P converges absolutely if T1°(1 + |a,|) converges. If P converges
absolutely then P converges, but the converse is false. The following theorem
[1, p. 223] settles the question of absolute convergence of infinite products.

Theorem 1. The infinite product T1°(1 + a,) converges absolutely if and only if
Yla,| < .

If P converges but IT°(1 + |a,|) does not, then we say that P converges
conditionally. Conditional convergence of Ya, does not imply conditional conver-
gence of P. The following theorem [1, p. 225] seems to be the only general result
along these lines, at least in the textbook literature.

Theorem 2. If X"|a,|* < » then ¥"a, and [1°(1 + a,) converge or diverge together.

Here we offer some other results concerning convergence of infinite products.
Because of Theorem 1, these results are of interest only in the case where
Y*a,| = .

Theorem 3. If there is a sequence {r,} such that
limr, =1 (D)
n—%

and

ern(l + an) “ Fat < %, (2)

then I1°(1 + a,) converges.

Proof: Let g, =r,(1 +a,) —r,,,. Then

Llg,l < (3)
from (2), so lim, _, g, = 0 and therefore lim, , a, = 0 by (1). Choose N so that
t,,1+a,and 1 +g,/r,,, are nonzero if n > N. Now define py,_, = 1 and

n
pn=11(0+a,), n=N.
m=N
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If n>N then 1+a,=p,/P,_1» 0 & = (r,p./Pu_1) — Fns,» and therefore
Pn = Tus1 Pn1(l +8,/7041) /7, Which implies that

(1 +gm/rm+l)' (4)
N

n
rn+1

Py =

N m=

Since (1) and (3) imply that X"|g,, /7,,,,| < %, Theorem 1 implies that the infinite
product -

Q = ].—.[ (1 +gm/rm+l)
m=N

converges; moreover Q # 0 because 1 + g, /7., # 0 if m > N. Now (1) and (4)
imply that lim, , ,p, = Q/ry is finite and nonzero. ]

To apply this theorem we must exhibit a sequence {r,} that will enable us to
obtain results even if X*|a,| = o. The following theorem provides a way to do this.

Theorem 4. Suppose that for some positive integer q the sequences

m=m m

aP= 3 a,d% P, k=1,...,q (witha}) = 1),
are all defined, and

Lla,ap] <. (5)
Then TT°(1 + a,,) converges.

Proof: Define

1<k<g.

n

k o
KO =1+ ¥ (~1)a)
j=1

We show by finite induction on k that
k
(1 +a,) =) = (—1)"a,a? (6)

for 1 < k < g. Since lim,, _,,7{? = 1 we can then set k = g and conclude from (5)
and Theorem 3 with r, = r{? that [T*(1 + a,) converges.
Since r{" = 1 — a{) the left side of (6) with k = 1 is
(1= )1+ a,) ~ (1= afh) =a, —a — a,a? + il = —a,a)

n”n

since a!), + a, = a\). This proves (6) for k = 1.
Now suppose that (6) holds if 1 < k < g — 1. Since r{®) =y + (—1)kgk+D,
(6) implies that

k k k
(r'(lk+1) + (_1) agzk-H))(l + an) - rr(rlril) - (_1) a§1k++11) = (_1) a
Therefore
k
PO+ a,) =D = (<) (a0 - D = a,a D+ )
k
= (=1)**Va,akn,

since a1V + a,al® = a%* D, This completes the induction. ]

a®

n’n *

We now prepare for a specific application of Theorem 4. Henceforth A is the
forward difference operator; thus, if {g,} is a sequence, then Ag, =g,..1 — &m>
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while if G is a function of the continuous variable x then AG(x) = G(x + 1) —
G(x). Higher order forward differences are defined inductively; thus, if v > 2 is an
integer, then

A m = AV—lgm+1 - Al/_1g1n = Z (_1)r_y(:./)gm+r'
r=0
A similar definition yields A*G(x).

Lemma 1. Suppose that t is a real number, not an integral multiple of 2w, and
{gnhn_o is a sequence such that lim,, _, .g, = 0 and

=2}

A%, | < (7)
for some positive integer v. Then Y°g, e™ converges and
* v—1 o)
Z gmeimt — (1 _ e”) ”[ Z Asgs + eiw Z (Augm)eimt , (8)
m=0 s=0 m=0
where
v—1
= _1\"* v imt _
A mgs( 1) (m_s)e , 0<s<wv—1. (9)

Proof: Suppose that M > 2» and let

M
Su=(1-e")" ¥ gne™. (10)
m=0
Since
(1 _ eit)yeimt — Z (___1)’( V)ei(m+r)t7
r=0 r
we have
v ) v M )
Su= ¥ gn X (=1 )em = (=1 (2] & gt
r=0 F r=0 r m=0

M
)y

m=0
v v M-+r ]

(-0 (7) X g e

r=0 m=r

Reversing the order of summation in the last sum yields

Sum T [E 0 2en)ems X[ £ 0(2)en e

m=0 \r=0 r m=v \r=0

M+v v

S o D CV (4 P
m=M+1 \r=m-M r

Since lim,, .8, = 0 the last sum on the right converges to 0 as M — . The

second sum on the right is

M . . M-v .
Z (Av m_v)eunt = eVt Z (Avgm)ezmt’
m=vy ) m=0
which converges as M — o because of (7). Therefore

v—1 m )
lim S, =8= ), ( Y (—1)"(:)gm_,)e"”” +e Y (ANg,,)e™,

M=o m=0 \r=0 m=0
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which can also be written as

v—1 o)
S = ZAsgs +eivt Z (Avgm)eimt,
s=0

m=0

with A4, as in (9). This and (10) imply (8). [

Henceforth we write G(x) = O(x~%) to ifidicate that x*G(x) remains bounded
as x — o,

Definition 1. Let %, be the set of infinitely differentiable functions F on [1, )
such that

FI(x) =0(x™ "), »=0,1,... (11)

For example, let F(x) = u”(x), where u is a rational function with positive
values on [1,%) and a zero of order p > 0 at o; then F satisfies (11) with a = py.
To see this, we first recall that if f= f(u) and u = u(x), the formula of Faa di
Bruno [2] for the derivatives of a composite function says that

!

o) = L 4o S (1) (5) ((—,)) (12

r=1

where the prime denotes differentiation with respect to x. We are assuming here
that the derivatives on the right of (12) exist. Here u,...,u"’ are evaluated at x,
and X, is over all partitions of r as a sum of nonnegative integers,
Pty tr, =, (13)
such that
ry+2r, + v, = v, (14)

Applying (12) with f(u) = u” yields
v ! w(x)\"(u(x)\" U
() = ) yy=r ’
PO = £ 0w (0 S i (S (S ,

vl
where(y)” = y(y — 1)+ (y — r + 1). Since u®(x) = O(x77"), it follows that
(w7 () (W (x))"(w'(x))" ++ (u"(x))" = O(x7),
where
A=p(y=r)+(p+Dr+(p+2)r,+ - +(p+v)r,=py+v
because of (13) and (14). This verifies (11) with « = pvy.

For our purposes it is important to note that %, is a vector space over the
complex numbers. Moreover, if F; €%, ,i=1,2, then F\F, € 7,

aytajyt

Lemma 2. If F € Z, then
AF(x) =0(x"*"), v=0,1,2,...

Proof: We show that
NF(x)| <K max [FO(8)], (15)

where K is a constant independent of F. Since F*)(x) = O(x~*"") this implies
the conclusion.
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To verify (15), we note that if x > 1 and r > 0 then Taylor’s theorem implies
that
v=1 F(m)( F® 2
F(x+r)= Z Ar"’ + ——-ﬁr”

m=0

where x < ¢ < x + r. Since A’F(x) = Zf=0(—1)’_”(:)F(x + r), it follows that

b

m! v!

v = £ O o))+ o L ()rEece.

Since 2,?=0(—1)f—V(j)rm =0 for m=0,...,»— 1, we can now infer (15) with
= () .

Lemma 3. Suppose that F € Z,. Let v be a fixed positive integer and let t be a real
number, not an integral multiple of 2. Then

Z F(m)eimt — G(l’l)ei"t + O(n—a—v+1 )’
m=n

-where G € Z, (and G depends upon v).
Proof: We write

Y, F(m)e'™ =e™ Y. F(n + m)e™. (16)
m=n m=0
From Lemma 2, A’F(n + m) = O((n + m)~*""); that is, there is a constant A4
such that lAVF(n +m)| <A(n + m)~* " if n + m > 0. Therefore, if n > 2,

had n+m dx
|A"F(n + m)| <A —E A e
mzo ( ) Z n+m) ,,Eoffwm—l (x + a)
w dx
= f —_— =O(n—a—v+1)'
n-1(x+ a)

Applying Lemma 1 (specifically, (8)) with g,, = F(n + m) and n fixed shows that
Y, F(n+m)e™ = G(n) + O(n=*""*")

m=0
with
o, v—1
G(x) =(1_e”) ZAsF(JC"FS),
s=0
so G € .7,. Now (16) implies the conclusion. |

The following theorem shows that Theorem 4 has nontrivial applications for
every positive integer q.

Theorem 5. Suppose that

a,=f(n)e"’, n=1,23,..., (17)
where f € 7, for some y € (0, 1], and let q be the smallest integer such that
(g +)y>1. (18)

Then the infinite product P = T1°(1 + a,) converges if 6 is not of the form 2kw/r
with k an integer and r € {1,.. ., q}.
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Proof: We show by finite induction on p that if p = 1,..., g then
a. aP) = f (n)et(p+l)r19 + O(n—(pﬂ)v q+p) (19)

n=n
where f, € %,.,,. In particular, (19) with p =g implies that a,a(? =

O(n~1*D7) 50 (18) implies (5) and P converges, by Theorem 4.
From (17) and Lemma 3 with ¢t = 6, F = f, a=1vy,and v=gq,

af,l) = Z f(m)etme l(n)em@ + O(n—y—q+l ),

with G, € .7,. Therefore a,a’ = f(n)e™(G (n)e? + O(n=7"1*1)). Since f € F,

n=n

this can be rewritten as a,ad = f(n)e*"? + O(n=?7"4*1), with f, = fG, € 7,,.
This establishes (19) with p = 1, so we are finished if g = 1.

Now suppose that ¢ > 1 and (19) holds if 1 < p < gq. Since (p + 1)6 is by
assumption not an integral multiple of 277, Lemma 3 with t = (p + 1), F=f,,

a=(p+ 1)'y, and v = g — p implies that

Z f (m)e:(pﬂ)me G (n)e’("“)”" + O(n—(p+l)y (,+p+1)

m=n

where G, € 7, ), This and (19) imply that

aflp+l) = Z a a(p) Gp(n)ei(p+1)110+O(n—(p+1)y—q+p+l),

m=m

SO

n-n

a a(p+1) _f(n)einH(G (n)ei(p+l)119 + O(n—(p+1)y—q+p+l ))

Since f €., this can be rewritten as

anaglpﬂ) = H(n)e’“’”)”" + O(n—(p+2)y—q+p+l )’
with f,,, = fG, € F,,,- This completes the induction. ]

Corollary 1. Suppose that {a,}” is as defined in Theorem 5. Then the infinite product
[T°(1 + a,) converges if 0 is not a rational multiple of 2.

Corollary 2. Suppose that o« > 0 and R is a rational function such that
R(x) > 0 on [N,») (N = integer) and lim, _, ,R(x) = 0. Then the infinite product

[12_y (1 + (R(n))%™®) converges if 0 is not a rational multiple of 21r.

Corollary 3. The infinite product T1°(1 + n~%e"?) convergesif @ > 0 and 6 is not a
rational multiple of 2.
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