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Is the Composite Function Integrable? 

Jitan Lu 

It is well known that the composition of two continuous functions is continuous 
and hence Riemann integrable. However, the composition of two Riemann inte- 
grable functions may or may not be Riemann integrable. For example, let 

1 when y .?I 0, 
0 when y = 0, 

and 

0 when x is an irrational number, 
clwhen x = -, where p and q are two coprime integers. 
P 

Then 

0 when x is an irrational number, 
cl1 when x = -, where p and q are two coprime integers. 
P 

Both f and g are Riemann integrable on [O, 11, but the composition f o g is not. 
Therefore, it is natural to ask whether the composition of two functions is still 
Riemann integrable, when one is Riemann integrable and the other is continuous. 

In what follows, we let f be a function defined on the interval [a,  b], and let g 
be a function defined on the interval [c, d l  with its range contained in [a,  b]. 

Question 1. If f is continuous on [a ,  b] and g is Riemann integrable on [c, dl, is 
the composition f 0 g Riemann integrable on [c, dl? 

The answer is yes. 
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Since f is continuous on the closed interval [a,  b], it is uniformly continuous on 
[a, b]. Hence, for each E > 0,there exists a S > 0,such that for any 5 ,  and 5, in 
[a,  b] with 5 ,  - (,I < 6 we have 

Moreover, f is bounded on [a, b]; say, If(y ) I I M for all y E [a,  b]. 
Since g is Riemann integrable on [c, dl, for the above S > 0,there exists an 

q > 0 such that for any division T of [c, dl with norm I TI < q, the following 
relation always holds: 

where Ax, is the length of the interval I, in the division T and 

is the oscillation of g on I,. We recall that the norm 1 T is the maximum length of 
the intervals in T .  

Now we consider the composition f o g .  For the division T, let M, be the 
oscillation of f o g  on I,. Divide all the intervals of the division T into two parts. 
The first part contains all the intervals on which the oscillation of g is not less 
than 6, and the second part contains the rest of the intervals. Then we have 

CM,AX,= C M,AX, + C M ~ A X , .  (3) 
01 u , 2 6  w , < 6  

From (I), we know that for any interval I, in the second part, MI < ~ / 2 ( d- c). 
Thus 

but 

w,Ax, 2 w,Axj > 6 Ax,. 
01 w j 2  6  u , 2 6  

Combining (5) with (2), we obtain 

Then 

Combining (3) with (4) and (6), we have 

That is to say, f o g is Riemann integrable on [c, dl. 

Thus we have proved the following result, which can also be found in [I,  p. 1971. 


Proposition 1. Iff is continuous on [a, b] and g is Riemann integrable on [c, dl  with 
its range in [a,  b], then f 0 g is Riemann integrable on [c, d I. 
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Question 2. If f is Riemann integrable on [a, b] and g is continuous on [c, dl, is 
f 0 g always Riemann integrable on [c, dl? 

The answer is negative, as shown by the following counterexample. Let 

O when y = 0, 
1 when y .?I 0, 

on [a, b] = [O, 11, and define g inductively as follows. 
First, let g,(x) = 0, x E [0, 11. Next, construct g ,  based on go.Divide [0, 11into 

three sections, say, I,, I,, I, in proper order, such that the centre of I, is i and 
the length of I, is +. Modifying the function go on I, appropriately, we obtain a 
function g,, that satisfies the following conditions: 

g,(x) = g,(x) for x in I, and I,; 
g,  is continuous on [O, 11; 
g,(x) is always greater than zero for any x in the interior of I,; 
the maximum value of g, on I, is i. 

Once g,,-, is defined, we construct g, as follows. First, divide all the intervals 
on which g,,_, is always zero into three sections, such that the centre of the 
middle section is the centre of the original interval and the length of the middle 
section is 1 /3" .  2"-' . Second, modify the values of g,-, only on the middle 
sections of them and obtain a function g,,, such that g,, is still continuous on [O, 11, 
but in the interior of each modified intervals, g,, is always greater than zero and 
the maximum is 2-". We note that there are 2"-' intervals in which g,, and g,_, 
have different values. Thus the total length of them is 3-". 

Continuing this process gives a sequence of functions {g,,} that satisfy the 
following conditions: 

g,, is continuous on [O, 11; 
1

g,(x) - g  ,,-,(x)l I 2",for any x E [O,lI; 
the total length of all the intervals in which g, is not zero is 

Thus, for any positive integers n > m we have 

For any E > 0, there is a positive integer N, say N > In E-'/ln 2 when E < 1. 
Then for any integers n > m > N, we have g,,(x) - g,(x)l < 2-N < E for any 
x E [0, I]. That is to say, gn(x) is uniformly convergent on [O, 11. Let g,(x) be 
uniformly convergent to g(x) on [O, 11. Then g satisfies: 

g is continuous on [O, 11; 
g(x) is not identically zero on any subinterval of [0, 11; 
the total length of all the intervals in which g(x) is not zero is 
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We now prove that f 0 g is not Riemann integrable on [0, 11. 
Let T be a division of [O, 11. Divide T into two parts. The first part T, 

contains all the intervals in which g(x) is non-zero and the second part T, 
contains the rest. The total length of all the intervals in T, is at most i;hence 
the total length of all the intervals in T2 is at least i.But in any interval I, of 
T2, we can always find two points ti and lisuch that g( t , )  = 0 and g( l ,)  # 0. 
Obviously, f 0 g( t i )  = 0 and f 0 g( l , )  = l . " ~ h u sthe oscillation Mi of f 0 g on I, 
is 1. 

Let M, be the oscillation of f 0 g on any interval I, of T, and Ax, be the 
length of the interval I,. Then 

Thus f 0 g is not Riemann integrable on [0, 11. 

The discussion can be continued by asking for conditions on g to ensure that 
f 0 g is Riemann integrable, provided that f is Riemann integrable. The following 
result provides one answer to this question. The proof is left to the reader. 

Proposition 2. Let f be a Riemann integrablefunction defined on [a, b] and let g be a 
differentiable function with continuous and non-zero derivative on [c, dl. If the range of 
g is contained in [a, b], then f 0 g is Riemann integrable on [c, dl. 
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On the Generalized "Lanczos' 

Generalized Derivative" 


Jianhong Shen 

This short note is an extrapolation of Groetsch's interesting article [I], and may 
lead to a clearer understanding of Lanczos' derivative. Only a minimal familiarity 
with random variables is required. 

Lanczos' generalized derivative is defined by 

where h is a parameter that can be assumed positive. It generalizes the ordinary 
derivative in the following two senses: 

(1) Suppose f(x) is locally C4 at x,. Then D, f(x,) = fl(x,) + O(h2). 
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