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the special case a = 5. When a is even, there is no solution except (a, m,n) = (2, 1, 1).
When a is odd and at least 3, there is no solution when # is odd, when m is a power of 2, or
when m is divisible by at least as high a power of 2 as n.

When a = 5, further exclusions restrict the possibilities for (m, n) to {(2¥ D, 2kq) T pis
odd, g is even, and 0 < k < 4}. Furthermore, such a solution requires the five equations

#(5?'? — 1) = 524 — 1 for 0 < j < 4. This is highly restrictive; there may be no solution.

Part (a) solved also by H. Salle, GCHQ Problems Group, and the proposer.

Three Congruent Circles Between Two Triangles

10659 [1998, 366]. Proposed by Jiro Fukuta, Shinsei-cho, Gifu-ken, Japan. Let D, E, F
be points in the interior of sides BC, CA, AB, respectively, of triangle AABC such that
the incircles of AAEF, ABFD, and ACDE are congruent, each having radius r. Let
0, s, and K be the inradius, semiperimeter, and area of AABC, and p’, s/, and K’ be the
corresponding quantities for ADEF.

(a)Provethat p’ = p —r,s' = (1 —r/p)s,and K’ = (1 — r/p)2K.

(b) Prove that, if r = p/2, then D, E, and F are midpoints of the sides of AABC.

Solution of part (a) by GCHQ Problems Group, Cheltenham, U. K. Let the incentres of
AAEF, ABFD, and ACDE be O;, Oz, and O3 respectively. We first show that the
triangles AO; 0,03 and ADEF have the same area and same perimeter.

Let the incircle of AAEF touch AF at T and EF atU. Let the incircle of ABDF touch
BF atV and DF at W. Then FT = FU and FV = FW,so FU+ FW = FT + FV =
TV = 0] 0,. Continuing this process around ADE F shows that it has the same perimeter
as A010,0s3.

Let G be the foot of the perpendicular from F to O10; and let H be the intersec-
tion of 010, and EF. Then Area(AFGO1) = Area(AFTO;) = Area(AFU 0)), so
Area(AFGH) = Area(AO1U H). Continuing in this manner shows that ADEF has the
same area as AO10,03. The result is true whether or not line segments FG and O, W
intersect. Since the two triangles have the same area and the same perimeter, they must also
have the same inradius, namely o’

Now AO; 0;,0j3 is homothetic to AABC, with the incentre of AABC as the centre of
homothety. It follows that o’ = p — r. The scaling factor from AABC to AO1 0,03 is
p'/p,sos = (p'/p)s = —r/p)sand K' = (0'/p)*K = (1 — r/p)?K as required.

Solution of part (b) by Cdlin Popescu, Université Catholique de Louvain, Louvain-la-Neuve,
Belgium. For brevity, let us call a triple of points D, E, F with the properties described in
the statement of the problem r-adequate. The midpoints Dy, Eg, Fy of the sides BC, CA,
AB, respectively, form a p /2-adequate triple; we have to show that it is the only such triple.
To this end, let D, E, and F form a p/2-adequate triple, and note that K'/K = 1/4, by
part (a). Observe that BD/BC, CE/CA,and AF/AB canbe writtenas 1/2+x, 1/2+y,
and 1/2 4 z, respectively, with x, y, and z either all in (—1/2, 0] or all in [0, 1/2). Indeed,
if say x < 0 < y, then clearly the inradius of ACDE would be larger than the inradius
of ACDgyEy, which is impossible since both are p/2. Writing K4, Kp, K¢ for the areas
of AAEF, ABFD, ACDE, respectively, we obtain K4/K = (AE/AC)(AF/AB) =
1/2—-y)(1/24z) =1/44(z—y)/2—yzand similarly Kp/K = 1/4+(x —z)/2—zx and
Kc/K =1/44+(y—x)/2—xy. Itfollowsthat K'/K = 1—(K4/K+Kp/K+Kc/K) =
1/4 + xy + yz 4+ zx. Since x, y, and z are either all nonnegative or all nonpositive,
K'/K = 1/4 forces x = y = z = 0. Hence D, E, and F are indeed the midpoints of the
sides of the triangle ABC.

Solved also by T. Hermann, N. Lakshmanan, G. Peng, C. R. Pranesachar (India), A. Sasane (The Netherlands), and the proposer.
Part (a) solved also by R. Barbara (France), F. Bellot Rosado (Spain), J. Dou (Spain), P. E. Nuesch (Switzerland), C. Popescu
(Belgium), W. Reyes (Chile), R. A. Simon (Chile), and I. Sofair.
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