Lecture 9. Applications 3: Geometric Systems Needing Prolongation

9.1. ORTHOGONAL COORDINATES IN DIMENSION 7.

In this example, I take up the question of orthogonal coordinates in general dimensions, as opposed to
dimension 3, as was discussed in Lecture 5.

Let N be a manifold of dimension n endowed with a Riemannian metric g. If U C N is an open set, a
coordinate chart (z!,...,2"): U — R" is said to be orthogonal if, on U,

9= g11(dz")* + g2z (d®)* + -+ + gn (da")?,
i.e., if the coordinate expression g = g;; dz* dz’ satisfies g;; = 0 for i different from j. This is (g) equations
for the n coordinate functions z*. When n > 3, this is an overdetermined system and one should not expect
there to be solutions. Indeed, very simple examples in dimension 4 show that there are metrics for which
there are no orthogonal coordinates, even locally. (I'll say more about this below.)

I want to describe an EDS whose n-dimensional integral manifolds describe the solutions to this problem.
Note that, if you have a solution, then the 1-forms n; = |/gi; dx’ form an orthonormal coframing, i.e.,

g=m?+m?+-+n
This coframing is not the most general orthonormal coframing, though, because it satisfies n;adn; = 0
since each 7; is a multiple of an exact 1-form. Conversely, any g-orthonormal coframing (11,...,7,) that
satisfies niadn; = 0 for 4 = 1,...,n is locally of the form n; = A; dz; for some functions A; > 0 and z, by
the Frobenius Theorem. (Why?)

Thus, up to an application of the Frobenius Theorem, the problem of finding g-orthogonal coordinates
is equivalent to finding g-orthonormal coframings (11, ...,n,) satisfying n;adn; = 0. T now want to set up
an exterior differential system whose integral manifolds reprsent these coframings.

To do this, let 7 : F — N be the g-orthonormal coframe bundle of N, i.e, a point of F is of the
form f = (x,u,...,u,) where © = w(f) belongs to N and u; € T, N are g-orthonormal. This is an O(n)-
bundle over N and hence is a manifold of dimension n + (g) There are the canonical 1-forms wy,...,w,
on F' that satisfy

wi(v) = (7' (v)), for all v € Ty M with f = (z,u1,...,un).

These 1-forms have the ‘reproducing property’ that, if = (91,...,7,) is a g-orthonormal coframing
on U C N, then regarding n as a section of F’ over U via the map

Un(.13) = (J?, (771)96; (nn)x)a

we have o) (wi,...,wn) = (N1, -+, 7).

Exercise 9.1: Prove this statement. Prove also that a n-dimensional submanifold P C F can be locally
represented as the graph of a local section o : U — F if and only if wyA - - - Aw, is nonvanishing on P.

Consider the ideal Z = (wirdwy, ..., wpadw, ) defined on F. The n-dimensional integral manifolds of 7
on which wiA---Awy, is nonvanishing are then the desired local sections. We now want to describe these
integral manifolds, so we start by looking at the integral elements.

Now, by the classical Levi-Civita existence and uniqueness theorem, there are unique 1-forms w;; = —wj;
that satisfy the structure equations

n
dwi = — E Wij AWy .
j=1

The 1-forms w;,w;; (i < j) are then a basis for the 1-forms on F'.
By the structure equations, an alternative description of 7 is

n n
7= <w1/\(Zwlj/\wj),...,wnA(anj/\wj) >
j=1 j=1
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Let G,,(TF,w) denote the set of tangent n-planes on which wyA - - - Awy, is nonvanishing. Any F € G,,(TF,w)
is defined by equations of the form

n
Wij = E DPijk Wk
k=1
n

Such an n-plane will be an integral element if and only if the p;;x = —pjix (Which are n(2) in number) satisfy
the equations

n n
Ozwi/\(g wij/\wj)zwi/\( E pijkwk/\wj) fori:l,...,n.
j=1 3ok=1

Exercise 9.2: Show that these conditions imply that p;;; = 0 unless & is equal to 7 or j and then that
every integral element is defined by equations of the form

Wij = Pij Wi — PjiWj

where the n(n—1) numbers { p;;|i # j } are arbitrary. Explain why the p;; don’t matter, and conclude that
the codimension of the space V;,(Z,w) in G, (TF,w) is

n(Z) —n(n—1) = Ln(n—1)(n —2).

Now, to check Cartan’s Test, we need to compute the polar spaces of some flag in £ = E,,. We already
know from Lecture 5 that there are regular flags when n = 3, so we might as well assume that n > 3 from
now on. I am going to argue that, in this case, there cannot be a regular flag, so Cartan-Kéahler cannot be
applied and we must prolong.

Let F' = (Eo, E1, ..., E,) be any flag. Because Z is generated by n 3-forms, it follows that ¢(Ey) =
¢(E7) = 0 and that ¢(F3) < n. Moreover, because E, has codimension %n(n — 1), it follows that ¢(Ey) <
1

sn(n — 1) for all k. Combining these, we see that

c(F)<c(Eg)+ -+ c(Bno1) £04+0+n+ (n—3)-in(n—1).

When n > 3, this last number is strictly less than $n(n—1)(n—2), the codimension of V;,(Z,w) in G (TF,w)
that we computed above. Thus Cartan’s Test shows that the flag F' is not regular.

Thus, if we want to find solutions, we will have to prolong. We make a new manifold F(1) = F x R"("_l),
with {p;;|i # j} as coordinates on the second factor, and define 7 (1) to be the ideal generated by the (g)
1-forms

0i5 = wij — Pijwi + Pjiwj -

Of course, if we are going to study the algebraic properties of this ideal, we are going to have to know df;;
and this will require that we know dw;;. Now, the second structure equations of Cartan are

n n
1
dwij ==Y wikrwkj+ 3 > Rijriwkaw,
k=1 k=1

where the functions R;;j; are the Riemann curvature functions.
Now, using this, if you compute, you will get

n
— 1
deij =3 E Rijklwk AW — T AW; + T AWj mod {ekl}k<l
k=1

for some 1-forms 7;; (i # j), with m;; = dp;; mod {w1, ..., wn}.

Right away, this says that there is trouble: If there is a point f € F for which there exist (i, 7, k,1)
distinct and R;jki(f) # 0, then the prolonged ideal will not have any integral elements passing through f on
which wiA ... Aw, is nonzero. (Why not?)



Now, it turns out that the functions R;;x; with (4, j, k, [) distinct are all identically zero if and only if the
Weyl curvature of the metric g vanishes, i.e., (since n > 4) if and only if g is conformally flat. Since orthogonal
coordinates don’t care about conformal factors (why not?), if we are going to restrict to the conformally flat
case, then we might as well go whole hog and restrict to the flat case, i.e., the case where R;;i; = 0 for all
quadruples of indices. In this case, the structure equations of Z() become

dbij = —mij Aw; + i Aw; mod {0k Fr<

for some 1-forms 7;; (i # j), with m;; = dp;; mod {w1, ..., wn}.

Exercise 9.3: Use these structure equations to show that (F W7 (1)) is involutive, with Cartan characters
(0,81, ", 8n) = (%n(n - 1), %n(n - 1), %n(n —1),0,0,...,0).

In particular, the last nonzero Cartan character is s = %n(n—l). Explain the geometric meaning of this

result: How much freedom do you get in constructing local orthogonal coordinates on R™?

Exercise 9.4: (somewhat nontrivial) Using the above analysis as starting point, show that the Fubini-Study
metric ¢ on CP? does not allow any orthogonal coordinate systems, even locally.

9.2. ISOMETRIC EMBEDDING OF SURFACES WITH PRESCRIBED MEAN CURVATURE

Consider a given abstract oriented surface N? endowed with a Riemannian metric g and a choice of a
smooth function H. The question we ask is this: When does there exist an isometric embedding z : N? — R?
such that the mean curvature function of the immersion is H? If you think about it, this is four equations
for the map = (which has three components), three of first order (the isometric embedding condition) and
one of second order (the mean curvature restriction).

Since H? — K = (k1—k2)? > 0 for any surface in 3-space, one obvious restriction coming from the Gauss
equation is that H? — K must be nonnegative, where K is the Gauss curvature of the metric g. I'm just
going to treat the case where H? — K is strictly positive, though there are methods for dealing with the
‘umbilic locus’ (I just don’t want to bother with them here). In fact, set r = vV H? — K > 0.

The simplest way to set up the problem is to begin by fixing an oriented, g-orthonormal cofram-
ing (n1,n2), with dual frame field (u,u2). We know that there exists a unique 1-form 7,5 so that

dm = —ni2 An2, dnz = ma A, dniz = Knians.

Now, any solution z : N — R® of our problem will define a lifting f : N — F (the oriented orthonormal
frame bundle of R?) via
f= [x 2'(ur) 2’ (u2) 2 (ur)xx(uz) ]

Of course, this will mean that

f*wg =0
f*wl =M
f*wl =12

ffwsi = huim + hi2 2
ffwse = hiam + haa 12

where h11 + hoo = 2H. We also know, by the uniqueness of the Levi-Civita connection, that
f fwig = T2

and the Gauss equation tells us that hiihgs — his?2 = K. This is two algebraic equations for the three h;;.
Because H?2 — K = 12 > 0, these can be solved in terms of an extra parameter in the form

hi1=H 47 cos¢
h12= TSin(b
hoo =H — 71 cos¢.
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This suggests setting up the following exterior differential system for the ‘graph’ of f in N x F. Let M =
N x F x 8!, with ¢ being the ‘coordinate’ on the S' factor and consider the ideal Z generated by the five
1-forms

Oy = w3

0y =w1 —m

O = way — 12

3 = w12 — M2

0y = w31 — (H+rcosg)m —r sindne
05 = wso — rsingn; — (H—rcosd) ne

It’s easy to see (and you should check) that
d90 = d91 = d92 = d93 = 0 mod {90, 91, 92, 93, 94, 95}
The interesting case will come when we look at the other two 1-forms. In fact, the formula for these is simply

dbs = r7A(singn — cosdne)

d {60,061, 02,03,04,0
d955_7”7'/\(005¢771+sinq5772)} mod {6y, 01,02, 03,04, 05}

where, setting dr = rim1 + rome and dH = Hym + Ha g,

T =d¢—2ms — 1 '(ro + Hycos ¢ — Hysing) m
+ 7Y (ry — Hycos ¢ — Hosing) ns .

It is clear that there is a unique integral element at each point of M and that it is described by 6y = --- =
05 =7 =0. Thus, M®) = M and

I(l) - <90; 91) 92) 935 94’ 95’T>'

To get the structure of Z(!) is is only necessary to compute dr now and the result of that is
dr = 7“_2<C cos¢ + S sin¢g + T) m Anz mod {6, 01, 02,03,04,05, 7}
where the functions C, S, and T are defined on the surface by

C = 27"1H1 — 27"2H2 — THll +7”H22 s
S =2roH) +2r1Ho — 2rHyo,
T =2r* —2H?r? + r(r11+r22) — 1% — e — Hi* — Hy®.

and I have defined H;; and r;; by the equations

dHy, = —Hymo + Hyym + Hiana,
dHy = Hymo+ Hiom + Hoona,
dri = —remi2 +7r11m1 + 711272,
dro= 7rim2+7T12M1 + 712272



Exercise 9.5: Why do such functions H;; and r;; exist? (What you need to explain is why Hio and 712
can appear in two places in these formulae.)

Clearly, there are no integral elements of Z(!) except along the locus where C' cos¢ + S sing + T = 0,
S0 it’s a question of what this locus looks like.

First, off, note that if T2 > S2 4+ C2, then this locus is empty. Now, this inequality is easily seen not to
depend on the choice of coframing (11, 72) that we made to begin with. It depends only on the metric g and
the function H. One way to think of this is that the condition T2 < S? + C? is a differential inequality any
g and H satisfy if they are the metric and mean curvature of a surface in R>.

Now, when T? < C?+ 52, there will be exactly two values of ¢ (mod 27) that satisfy C' cos ¢+ .5 sin ¢+
T =0, say ¢+ and ¢_, thought of as functions on the surface N. If you restrict to this double cover ¢ = ¢4,
we now have an ideal Z(*) on an 8-manifold that is generated by seven 1-forms. In fact, 6, ..., 05 are clearly
independent, but now

T=FEim+ Exn

where Ey and F are functions on the surface N € N xS* defined by the equation C' cos ¢+ S sinp+T = 0.
Wherever either of these functions is nonzero, there is clearly no solution. On the other hand, if 1 = E; =0
on N, then there are exactly two geometrically distinct ways for the surface to be isometrically embeded
with mean curvature H. If you unravel this, you will see that it is a pair of fifth order equations on the
pair (g, H). (The expressions T' and S?+C? are fourth order in g and second order in H. Why?)

Exercise 9.6:  (somewhat nontrivial) See if you can reproduce Cartan’s result that the set of surfaces
that admit two geometrically distinct isometric embeddings with the same mean curvature depend on four
functions of one variable. (In the literature, such pairs of surfaces are known as Bonnet pairs after O. Bonnet,
who first studied them.)

Another possibility is that 7= C' = § = 0, in which case Z(1) becomes Frobenius.

Exercise 9.7: Explain why T = C = S = 0 implies that the surface admits a one-parameter family (in
fact, a circle) of geometrically distinct isometric embeddings with mean curvature H.

Of course, this raises the question of whether there exist any pairs (g, H) satisfying these equations.
One way to try to satisfy the equations is to look for special solutions. For example, if H were constant,
then Hy, Hs, H1i1, Hi2, and Hos would all be zero, of course, so this would automatically make C' =S =0

and then there is only one more equation to satisfy, which can now be reéxpressed, using K = H? — 72, as

T=r*(AgIn(H* —K)—4K) =0

where A, is the Laplacian associated to g.

It follows that any metric g on a simply connected surface IV that satisfies the fourth order differential
equation AyIn(H? — K) — 4K = 0 can be isommetrically embedded in R? as a surface of constant mean
curvature H in a l-parameter family (in fact, an S') of ways. In particular, we have Bonnet’s Theorem:
Any simply connected surface in R® with constant mean curvature can be isometrically deformed in an circle
of ways preserving the constant mean curvature.

However, the cases where H is constant give only one special class of solutions of the three equations C' =
S =T = 0. Could there be others?

Well, let’s restrict to the open set U C N where dH # 0, i.e., where H;? + Hy? > 0. Remember, the
original coframing (71, 72) we chose was arbitrary, so we might as well use the nonconstancy of H to tack
this down. In fact, let’s take our coframing so that the dual frame field (uj,uz) has the property that wu;
points in the direction of steepest increase for H, i.e., in the direction of the gradient of H. This means that,
for this coframing Ho = 0 and H; > 0.

The equations C' = .S = 0 now simplify to

H12=(7"2/7")H1, Hll—H22=(27"1/7")H1.

Moreover, looking back at the structure equations found so far, this implies that dH = H; 7; and that there

is a function P so that L
Hl_ dHl = (TP + 7”1/7") un + (TQ/T) n2, ,

—mz2 = (r2/r)m + (rP —r1/r)n2.
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The first equation can be written in the form
d(In(Hy /1)) = rPn;.

Differentiating this and using the structure equations we have so far then yields that dPan; = 0, so that
there is some A so that dP = An;. On the other hand, differentiating the second of the two equations above
and using T' = 0 to simplify the result, we see that the multiplier A is determined. In fact, we must have

dP = (r*H?* + H\*> —r* — Py, .
Differentiating this relation and using the equations we have found so far yields
0= 27“_4(H12 + TQHQ) ToN1 AN .

In particular, we must have ro = 0. Of course, this simplifies the equations even further. Taking the
components of 0 = dry = 11112 + 71171 + 722 172 together with the equation T'= 0 allows us to solve for 711,
r12, and rag in terms of {r, H,r1, Hy, P}.

In fact, collecting all of this information, we get the following structure equations for any solution of
our problem:

dm =0

dne = (rP —r1/r)n1 Ang
dr=r1m

dH = Hym

dry = (2% — 2H?r + ryrP — 2r % /r — H\? /1) m
dHy = Hi(rP+ri/r)m
dP = (r?H?* + H\*> —r* —r* Py,
These may not look promising, but, in fact, they give a rather complete description of the pairs (g, H) that
we are seeking. Suppose that N is simply connected. The first structure equation then says that n; = dx

for some function z, uniquely defined up to an additive constant. The last 5 structure equations then say
that the functions (r, H, 1, Hy, P) are solutions of the ordinary differential equation system

r=r
H =H
/ 3 2 2 2
ry = (2r° = 2H*r + rirP — 2" /r — Hy%/r)
H{ = H{(rP+ry/7)
P/ —_ (T2H2 + H12 _7,,4 _7,,4P2)
Obviously, this defines a vector field on the open set in R® defined by r > 0, and there is a four parameter
family of integral curves of this vector field. Given a solution of this ODE system on some maximal z-interval,
there will be a function F' uniquely defined up to an additive constant so that

F' = (rP—ry/r).

Now by the second structure equation, we have d(e~17s) = 0, so that there must exist a function y on the
surface N so that 7o = ef” dy. Thus, in the (z,y)-coordinates, the metric is of the form

g= de +62F(x) dy2

where (r, H,r1, Hy, P, F') satisfy the above equations.



Exercise 9.8: Explain why this shows that the space of inequivalent solutions (g, H) with H nonconstant
can be thought of as being of dimension 4. Also, note that the metric g has a symmetry, namely translation
in y. Can you use this to understand the circle of isometric embeddings of (N, g) into R® with mean
curvature H? (Hint: Look back at the EDS analysis we did earlier and apply Bonnet’s Theorem.

Exercise 9.9: Redo this analysis for isometric immersion with prescribed curvature in a 3-dimensional
space form of constant sectional curvature c. Does anything significant change?

Exercise 9.10: (somewhat nontrivial) Regarding the equations S = C =T = 0 as a set of three partial
differential equations for the pair (g, H), show that they are not involutive as they stand, carry out the
prolongation process and show how the space of integral manifolds breaks into two distinct pieces because
the space of integral elements has two distinct components at a certain level of prolongation. Show that one
of these (the one corresponding to the case where H is constant) goes into involution right away, but that
the other (corresponding to the Bonnet surfaces that we found above) takes considerably longer.

Exercise 9.11: (also somewhat nontrivial) Suppose that we want to isometrically embedd (N2, g) into R®
in such a way that a given g-orthogonal coframing (71, 72) defines the principal coframing. Set up the exterior
differential system and carry out the prolongations to determine how many solutions to this problem there
are in general and whether there are any special metrics and coframings for which there is a larger than
expected space of solutions.



