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Preface

The motivation of introducing geometric process is due to many practical
problems in different fields, including science, engineering, medicine and so-
cial science. In maintenance problems, as most systems are deteriorating,
the successive operating times of a system after repair will be decreas-
ing, while the consecutive repair times after failure will be increasing. In
epidemiology study, the number of infected cases usually shows an increas-
ing trend in the early stage, and is stable in the middle stage, but has a
decreasing trend in the late stage. In economics research, the economic
development of a country or a region often shows a periodic cycle, so that
its gross national product (GNP) will be increasing in the early stage of a
cycle, and stable in the middle stage of the cycle, then decreasing in the
late stage of the cycle. Many models such as minimal repair model, non-
linear regression model, nonlinear time series model, were developed for
treating problems of the above phenomena with trend. However, it seems
that a more direct approach is to introduce a monotone process model. As
a simple monotone process, Lam (1988a, b) first introduced the geometric
process.

Definition A stochastic process {X;,i =1,2,...} is called a geomet-
ric process if there exists a real a > 0 such that {a*"1X;,i =1,2,...} form
a renewal process. The real number a is called the ratio of the geometric
process.

Clearly, a geometric process is stochastically decreasing, if a > 1; it is
stochastically increasing, if 0 < a < 1. It will become a renewal process,
if @ = 1. Therefore, the geometric process is a generalization of a renewal
process.

So far, much research work has been done in developing the theory and
applications of geometric process. Many fruitful theoretical results and in-

vii
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teresting applications have attracted more and more attention. As a result,
the second edition of Encyclopedia of Statistical Science has added
“Geometric Process” (see Lam (2006) for reference) as one new item.

In this book “Geometric Process and Its Application”, we shall sum-
marize the research work on theory and applications of geometric process
developed since 1988. We expect that the publication of this book will
stimulate further research in this topic and strengthen the practical appli-
cations. We sincerely hope more new results will follow after the publication
of this book. We also hope the penetration of geometric process into dif-
ferent application fields will be accelerated after this book comes out.

Chapter 1 is a chapter of preliminaries. It contains a brief review of the
Poisson process and renewal process. Stochastic order and some classes of
lifetime distribution are then studied. In addition, a new class of lifetime
distribution, namely earlier preventive repair better (worse) than later in
expectation, is introduced. In Chapter 1, some martingale theory is re-
viewed. Furthermore, a formula for the rate of occurrence of failure is also
studied.

In Chapter 2, the definition of geometric process is introduced, followed
by the study of its probability properties.

In Chapter 3, like the renewal function in a renewal process, the ex-
pected number of events occurred by time ¢ in a geometric process is de-
fined as the geometric function of the geometric process. As the renewal
function, the geometric function is also very important in application such
as in warranty problem and block replacement model. In Chapter 3, several
methods for the evaluation of the geometric function are suggested, these
methods are then compared with a simulation method.

In Chapter 4, the statistical inference of a geometric process is studied.
To do this, two statistics are introduced for testing if a data set agrees
with a geometric process. Afterward, some nonparametric and parametric
estimators for the parameters in a geometric process are proposed. The
asymptotic normality of these estimators are then studied.

In Chapter 5, a geometric process model is applied to analysis of data
with trend. Many real data sets are analyzed. In comparison with the
results obtained by other three models, the geometric process model is the
best model among four models. Furthermore, a threshold geometric pro-
cess model is introduced for analyzing data with multiple trends. As an
example, the threshold geometric process model is used to study the data
sets of daily infected cases in SARS.
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In Chapter 6, the application of geometric process to the maintenance
problem of a one-component system is studied. The optimal replacement
policy is determined analytically. Furthermore, the monotonicity of the
optimal replacement policy is discussed. Afterward, a monotone process
model for a multiple state system is considered, and a threshold geometric
process maintenance model is introduced for a system with multiple trends,
in particular for a system with a bathtub failure rate function. Moreover,
a shock geometric process model and a d-shock geometric process model
are considered, both models study the effect of environment on the system.
Then as a preventive repair is very useful in increasing the availability and
reliability of a system, at the end of Chapter 6, a geometric process model
with preventive repair is considered.

In Chapter 7, the reliability analysis for a two-component series, parallel
and cold-standby systems respectively, is discussed. A geometric process
maintenance model for a two-component cold standby system is also inves-
tigated.

In Chapter 8, the applications of geometric process to other topics in
operational research is discussed. We consider here the applications in
queueing theory and warranty problem.

Thus, Chapters 2-4 concentrate on the theoretical research of the prob-
ability theory and statistical inference of geometric process. Therefore,
Chapters 2-4 form the foundation of the application of the geometric pro-
cess. Nevertheless, Chapters 5-8 demonstrate the applications of geometric
process to statistics, applied probability, operational research and manage-
ment science.

The prerequisite for reading this book is an undergraduate calculus
course plus a probability and statistics course. Only a few sections or
results which are marked with an asterisk * may require more advanced
mathematics. However, the readers can skip over these parts without af-
fecting the understanding of the main contents in the manuscript.

On the one hand, this book is a reference book for the researchers who
are interested in geometric process theory or its application; on the other
hand, it is a handbook for practitioners such as maintenance managers or
reliability engineers or data analysts. Moreover, this book can be used as a
postgraduate textbook or senior undergraduate textbook for statistics, ap-
plied probability, operational research, management science and reliability
courses for one semester.

I take this opportunity to thank Professors A. C. Atkinson, M. D.
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Cheng, D. R. Cox, S. S. Ding, L. C. Thomas and H. Tong, who were
my teachers respectively during my undergraduate and postgraduate stud-
ies, for their continuing instruction and advice. I would also like to thank
Professor Y. L. Zhang for our long-term cooperation in research, especially
in the joint research of geometric process. I am grateful to Dr. Jennifer
S. K. Chan and Dr. Yayong Tang for their assistance in preparation of the
manuscript. I should express my gratitude to all of my friends and students
for their help, concern and encouragement. I should also express my thanks
to the colleagues of World Scientific for their effort and work, so that this
book can be prosperously published.

Last but not least, I would like to thank my wife Chiu Bing Tan and
my sons Fong Lam and Ying Lam for their continuous concern and sup-
port in order that I can devote time and energy to teaching, research and
preparation of this book.

Yeh Lam

The University of Hong Kong and
Northeastern University at Qinhuangdao
ylam@saas.hku.hk

May 2007
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Chapter 1

Preliminaries

1.1 Introduction

A fundamental concept in probability theory is random experiment. An
random experiment is an experiment whose outcome cannot be determined
in advance. The set of all possible outcomes of an random experiment is
called the sample space of the experiment and is denoted by S.

An event F is a subset of sample space S. An event FE is occurred if the
outcome of the random experiment is an element of E. A random variable
X is a real function defined on S.

A stochastic process {X (¢),t € T} is a family of random variables so
that for each ¢ € T, X (t) is a random variable, where T' is called the in-
dex set. We may interpret ¢ as time, and then X (¢) is called the state of
the stochastic process at time ¢. If the index set T is a countable set, the
process {X(t),¢t € T} is called a discrete time stochastic process; if T' is a
continuum such, an interval for example, the process { X (t),t € T'} is called
a continuous time stochastic process.

Now, we introduce two concepts.

Definition 1.1.1. A stochastic process {X(¢),¢ € T} is said to have
independent increments if for all tg < ¢t < -+ < ¢, and t; € T,i =
0,1,...,n, the random variables

X(tl) - X(t()), X(tQ) - X(tl)a e 7X(tn) - X(tnfl)
are independent.
According to Definition 1.1.1, a stochastic process has independent in-

crements if the changes of the process over nonoverlapping time intervals
are independent.
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Definition 1.1.2. A stochastic process {X (t),¢ € T'} is said to have sta-
tionary increments if for all ¢,¢t+ s € T, the distribution of X (¢ +s) — X (t)
is the same for all .

Thus, a stochastic process has stationary increments if the distribution
of the change of the process between two times depends only on their time
difference.

Chapter 1 introduces some preliminaries. In Section 1.2, we shall study
the Poisson process that is a simple counting process. Section 1.3 will in-
troduce the renewal process that is a more general counting process. In
Section 1.4, we shall consider the stochastic order and discuss some classes
of lifetime distribution. A new class of lifetime distribution, namely earlier
preventive repair better (worse) than later in expectation, is introduced.
Section 1.5 briefly studies the concept of martingale, then introduces mar-
tingale convergence theorem and the Doob, Riesz and Krickeberg compo-
sition theorems. In Section 1.6, we shall study the rate of occurrence of
failures that is an important concept in reliability.

1.2 The Poisson Process
First of all, we define the counting process.

Definition 1.2.1. A stochastic process {N(t),t > 0} is said to be a count-
ing process if N(t) is the total number of events occurred by time t.
Properties of the counting process.
(1) N(@) =
(2) N(t) is 1nteger valued.
(3) If s < t, then N(s) < N(t).
(4) For s < t, N(t)— N(s) represents the number of events occurred in (s, t].
It follows from Definition 1.1.1 that a counting process has independent
increments if the numbers of events occurred in disjoint time intervals are
independent. On the other hand, a counting process has a stationary incre-
ments if the distribution of the number of events occurred in a time interval
depends only on the length of interval.
Now, we are available to define the Poisson process.

Definition 1.2.2. A counting process {N(t),t > 0} is called a Poisson
process with rate A > 0, if
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(1) N(0) =0.
(2) The counting process has independent increments.
(3) For all s,t > 0,
I 0\\) NSV

P{N(t+s)— N(s)=n}= e n=0,1,... (1.2.1)
Note that (1.2.1) means that the number of events occurred in an time
interval of length ¢ is a Poisson random variable with mean At.

Definition 1.2.3 gives an alternative definition of a Poisson process.

Definition 1.2.3. A counting process {N(t),t > 0} is called a Poisson
process with rate A > 0, if

(1) N(0) =0.

(2) The counting process has independent and stationary increments.

(3) P{N(h) =1} = Ah + o(h).

(4) P{N(R) > 2} = o(n).

Theorem 1.2.4. Definitions 1.2.2 and 1.2.3 are equivalent.
Proof.

It is trivial to show that Definition 1.2.2 implies Definition 1.2.3. To
show that Definition 1.2.3 implies Definition 1.2.2, let

pn(t) = P{N(t) = n}.
By classical probability analysis, p,(t) will satisfy the following differential

equations
Po(t) = —Apo(t), (1.2.2)
pL(t) = =Apn(t) + Apn—1(t), n=1,2,... (1.2.3)
with initial condition
1 n=0
= ’ 1.24
Pa(0) {0 n 0. (12.4)

In fact, for n > 0,
pn(t+h)=P{N(t+h)=n}
=P{N(@)=n,N(t+h)— N(t) =0}
+P{N({#t)=n—1,N({t+h)—N(t) =1}

+> P{N(t)=n—k N(t+h)— N(t) = k}

= Pu(t)po(h) + pp—1(t)p1(h) + o(h) (1.2.5)
= (1 = A)pa(t) + Apn-1(t) + o(h), (1.2.6)
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where (1.2.5) is due to conditions (2) and (4), while (1.2.6) is in virtue of
conditions (3) and (4) in Definition 1.2.3 respectively, so that

po(h) =1 — P{N(h) =1} — P{N(h) > 2} = 1 — Ah + o(h).

Therefore
pu(t+h) —pa(t) @
h h
Letting h — 0 yields (1.2.3). The proof of (1.2.2) is similar. Now we can
solve the differential equations with initial conditions. In fact, from (1.2.2)
and (1.2.4) it is easy to see that

= _)‘pn (t) + /\pn—l(t) +

po(t) = e M.
Then assume that
)t
n—1(t) = ——— .
pa—1(t) = gy
(From (1.2.3) with the help of (1.2.4), we have
)™
pu(t) = ( n') e M. (1.2.7)

Thus by induction, (1.2.7) holds for all integers n = 0,1,.... This proves
that Definition 1.2.3 implies Definition 1.2.2. Hence, the proof of Theorem
1.2.4 is completed.

Definition 1.2.5. A continuous random variable X is said to have an
exponential distribution Exp()), if its density is given by

e M >0,
fl@) = {0 elsewhere. (1.2.8)

An important property of exponential distribution is the memoryless prop-
erty . To explain this, consider

P{X tX P{X t
PX>s+t|X>sp— DX st X>s) PIX>s+1)

P{X > s}  P{X >s}
ef)\(ert)

e
This means that the conditional probability that a system survives for at
least s + ¢ hours, given that it has survived for s hours, is the same as
the unconditional probability that it survives for at least ¢ hours. In other
words, the system cannot remember how long it has survived. It can be
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shown that a continuous distribution is memoryless if and only if it is an
exponential distribution.

A discrete random variable X is said to have a geometric distribution
G(p) with parameter p, if the probability mass function is given by

px) =P{X=x}=p¢® ' z=1,2,... (1.2.10)

with ¢ =1 —p. Then E{X} = 1/p. An integer valued random variable X
is memoryless if

P{X>m+n|X>n}=P{X >m} form, n=0,1,... (1.2.11)

It can be shown that an integer valued distribution is memoryless if and
only if it is a geometric distribution.

Given a Poisson process with rate A, let X7 be the time of the first
event. In general, for n > 1, let X,, be the interarrival time between the
(n — 1)th and the nth events. Then we have the following theorem.

Theorem 1.2.6. Given a Poisson process with rate ), the interarrival
times X,,,n = 1,2,..., are independent and identically distributed (i.i.d.)
random variables each having an exponential distribution Ezp()\).
Proof.

It is clear that

P{X; >t} =P{N(t) =0} =e .

Then X; has an exponential distribution Fxp()\). Now consider
P{X; > s Xy >t} = /P{X1 > 5, X >t | X; =alhe Mda

0
[eS)

= /P{no event in(z,t 4 2] | X1 =z} e Mdx

S
o0

/P{no event in(z, t 4+ z]} e dx (1.2.12)

S

e M / e (1.2.13)

s
67)\867)\15

)
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where (1.2.12) is due to independent increments, and (1.2.13) is in virtue
to (1.2.1). Therefore, X; and Xo are independent each having Exp()\)
distribution. Then Theorem 1.2.4 follows by induction.

Now define Sy = 0 and

n

Sn:ZXi

i=1

Sy is the arrival time of the nth event. Clearly, we have

Nt)>ne S, <t (1.2.14)
Because X;,7 = 1,2,...,n, are i.i.d. random variables each having expo-
nential distribution Exp(X). Then (1.2.14) yields that
PLS, <) = PIN() > n) =5 Ao
n St} = >np=> e (1.2.15)

i=n
Consequently, by differentiating with respect to ¢, .S,, will have a gamma
distribution T'(n, ) with density function

A" n—1_—)\x
fulz) = { T e 2 >0, (1.2.16)
0 elsewhere.

Assume that NV is a Poisson random variable with parameter A, and
{X;,i = 1,2,...} are i.i.d. random variables each having a distribution
F. Assume further {X;,7 =1,2,...} are independent of N. Then random
variable

X=X+ +Xy

is called a compound Poisson random variable with Poisson parameter A
and component distribution F.

Definition 1.2.7. Assume that {N(t),t > 0} is a Poisson process, and
{X;,i=1,2,...} are ii.d. random variables and are independent of process
{N(t),t > 0}. Let

X(t)=X1+ -+ Xng-
Then stochastic process {X (¢),t > 0} is called a compound Poisson pro-
cess.

Clearly, if {X (¢),t > 0} is a compound Poisson process, then X (t) is a
compound Poisson random variable with Poisson parameter At.
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In Definition 1.2.2 or 1.2.3, the rate A of a Poisson process is a constant,
hence the Poisson process is called a homogeneous Poisson process. Now,
we shall consider the case that the rate is a function of time ¢. This is a
nonhomogeneous Poisson process.

Definition 1.2.8. A counting process { N (¢),t > 0} is called a nonhomo-
geneous Poisson process with intensity function A(t),¢ > 0, if
(1) N(0) =0.
(2) The counting process has independent increments.
(3) P{N(t+ h) — N(t) =1} = A(t)h + o(h).
(4) P{N(t+ h) — N(t) > 2} = o(h).
Then we have the following theorem.

Theorem 1.2.9. Given a nonhomogeneous Poisson process {N(t),¢ > 0}
with intensity function A(¢),¢ > 0, then

(@
P{N(t+s)— N(s)=n}=—2 " exp{— / Az)dz}
n=0,1,... ) (1.2.17)

The proof is similar to that of Theorem 1.2.4, see Ross (1996) for details.
Now, let X be the lifetime until the first failure occurs. Then from
(1.2.17), we have

F(t) = P{X > t} = P{N(t) = 0} — exp{— / Moz},  (1.2.18)
0

and F(t) is called the survival function . Thus the distribution F and the
density f of X are respectively given by

Flz)=1- exp{—/)\(u)du}, (1.2.19)
0
and
Aa) = IJ;((?) (1.2.20)

In other words, the intensity function A(¢) and the distribution F' are
uniquely determined each other.
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In practice, two particular nonhomogeneous Poisson processes are im-
portant.

(1) The Cox-Lewis model
The intensity function is

A(t) = exp(ag + ait) —00 < ag,aq <00, t>0. (1.2.21)

(2) The Weibull process model
The intensity function is

AMt) =aft’™' a,0>0,t>0. (1.2.22)

1.3 The Renewal Process

Now, let {X,,,n = 1,2,...} be a sequence of nonnegative i.i.d. random
variables each having a distribution F with F(0) = P{X, = 0} < 1.
Denote

w=FE(X,) = /xdF(x)
0

Obviously 0 < p < co. If we interpret X,, as the interarrival time between
the (n — 1)th and nth events (or renewals), then as in Poisson process, we
can define the arrival time of the nth event by

Sn=>_Xi (1.3.1)
with Sg = 0. Thus, the number of events occurred by time ¢ is then given
by

N(t) =sup{n: S, <t}. (1.3.2)
Then, {N(¢t),t > 0} is a counting process.
Definition 1.3.1. The counting process {N(t),t > 0} is called a renewal
process.
If the common distribution F' is an exponential distribution, then the

renewal process becomes a Poisson process. Therefore, renewal process is
a generalization of Poisson process. Now define

M(t) = E[N(t)],
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M (t) is called the renewal function, it is the expected number of events
occurred by time ¢.
As in Poisson process, we have

N(t)>n<= S, <t (1.3.3)
Then

P{N(t) =n} = P{N(t) > n} — P{N(t) > n+ 1}
= P{S, <t} — P{Spy1 <t} = Folt) — Fouir (t),

where F,, is the distribution function of S;,,. Thus we have the following
result.

Theorem 1.3.2.

M(t) = i F,(t). (1.3.4)
Proof. )

M(t) = E[N(t)] = Y _nP{N(t) = n}
n=0

=Y n{Fu(t) = Fua(t)} = D Fu(d).
n=1 n=1
This completes the proof.

Theorem 1.3.3.
M(t) < oo forall0<t< oo. (1.3.5)

Proof.
Since P{X,, = 0} < 1, there exists an o > 0 such that p = P{X,, >
a} > 0. Now define

(1.3.6)

Let
Sp=X1+4-+X,, N(t)=sup{n: S, <t}

It is clear that {J\7 (t),t > 0} forms a renewal process whose events can
only take place at times ¢t = ka,k = 0,1,.... The number of events at
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these times ¢t = ka are i.i.d. random variables each having a geometric
distribution G(p). Thus
R [t/o]
E[N(t)] = Z E[number of events occurred at ko]
k=0
SR
P(X, > a)

where [z] is the largest integer no more than z. As X,, < X,,, then we have
N(t) < N(t), and (1.3.5) follows.

Note that the above proof also shows that E[(N(¢))"] < oo for all ¢ >
0,r>0.
By conditional on the value of X7, we have

M(t) = /E ) | X1 = z]dF(z). (1.3.7)
Because
0 T >t,
N(tHXl_x_{l—kNl(t—x) r <t (1.3.8)
where
n+1

Ni(t) =sup{n: ZXi <t}
i=2
Then by substituting (1.3.8) to (1.3.7), it follows that
¢
— [+ B - 0))dr ),
0
since N1(t) and N(¢) have the same distribution. Thus we have
¢
+/M (t — x)dF (z). (1.3.9)
0

Equation (1.3.9) is called the renewal equation, it is an integral equation
satisfied by renewal function M (t).

Then assume that {X,,,n = 1,2,...} are continuous with common den-
sity function f. Let the density of S, be f,,. Thus, Theorem 1.3.2 gives

=Y falt). (1.3.10)
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Denote the Laplace transform of M(t) by

o0

M*(s) = / e~ M (t)dt,
0
and the Laplace transform of f(¢) by
£r6) = [ e s
0

Because S, = > X; is the sum of Xi,..., X, the density of S, is the
i=1
n-fold convolution of f. Then the Laplace transform of f,(t) is given by
fals) =1 (s)]"
Now, let the Laplace transform of M’(t) be M'*(s). By taking Laplace
transforms on both sides of (1.3.10), we have

M) = Y Fil) = Sl =
n=1 n=1

However, as
M"™(s) = sM*(s) — M(0) = sM*(s).

It follows from the above two equalities that
. f*(s)
MO =
Thus, to determine renewal function M (¢), we can either use Theorem
1.3.2, or solve renewal equation (1.3.9). Alternatively, we can determine
the Laplace transform M*(s) by (1.3.11) and then obtain M (¢) by invert-
ing.

In many practical situations, an approximate formula for M (¢) is con-
venience. To derive an approximate formula, we need to introduce the
concept of lattice.

A random variable X is lattice if it only takes on integral multiples of
some d > 0. In other words, X is lattice, if there exists d > 0 such that

oo

Y P{X=nd}=1

n=—oo

(1.3.11)

The largest d having this property is called the period of X. If X is lattice
and F is the distribution of X, then we also say F' is lattice.
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Theorem 1.3.4. If F is not a lattice, E[X] = p and Var(X) = 02, then
M@)=—+———+0(1) as t— oo. (1.3.12)

Proof.
First of all, let the common density be f. Then the Laplace transform
of f is given by

F(s) = Ble™] = B[l - sX + 3 (sX)2 -]

2
= 1= s+ 2 (0% 4+ 1%) + O(s°). (1.3.13)

By substitution, (1.3.11) becomes

1—su+s*(0? + u?)/2+ O(s?)
slsp — s%(0” + 1) /2 + O(s?)]

M*(s) =

=l s+ 5707 24 OGN + T+ 05
= ﬁ+%+0(1) as s — 0. (1.3.14)
Inverting (1.3.14) yields
M(t) = % + 022;2“2 +g(t) as t— oo (1.3.15)

Let g*(s) be the Laplace transform of g(¢). Then from (1.3.14) and (1.3.15),
by using the Tauberian theorem, we have

Jm g(t) = lim sg™(s)
1 0.2 _ M2

- %E%S[M*(S) Cous? 2uls

=0

This completes the proof of Theorem 1.3.4.
Now, let N(o0) = tlim N(t), then we have

Lemma 1.3.5.

P{N(c0) = 0} = 1. (1.3.16)
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Proof.
From (1.3.3), we have

P{N(x) < o0} = P{X,, = o0, for some n}

:P{U(anoo)}

< iP{Xn =00} =0.
n=1

Lemma 1.3.5 means that with probability 1, N(t¢) tends to infinity as ¢
tends to infinity. The following lemma gives the limiting rate of N(¢) as ¢
tends to infinity.

Lemma 1.3.6. With probability 1,
N(t)

1
——~> — — as t— oo (1.3.17)
t [

Proof.
Because Sy () <t < Sn(t)+1, then
SN(t) < t SN(t)+1
N(t) = N(@) ~ N(@)

It follows from Lemma 1.3.5 that with probability 1, N(t) — oo as t — oo.
Then the strong law of large numbers shows that

SN ()
N(t)

On the other hand, we have

— p as t— oo.

Snw+1 Snw+1 (N +1
N(t) {N(t) + 1}{ N(t) '
— u ast— oo.

As t/N(t) is between two numbers, both of them converge to p as t — oo, by
principle of squeezing, so does t/N(t). This completes the proof of Lemma
1.3.6.

Definition 1.3.7. Given a sequence of random variables {X,,n =
1,2,...}, an integer-valued random variable N is called a stopping time
for {X,,n=1,2,...},ifforalln =1,2,..., event {N = n} is independent
of XnJrla XnJrQ, e
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Assume that N is a stopping time for stochastic process {X,,n =
1,2,...}. Then we can observe the process in sequential order and let N be
the number observed before stopping. If N = n, then we shall stop after
observing X1, ..., X,, and before observing X, 11, X,12, ... Obviously, if NV
is a stopping time for {X,,n = 1,2,...}, then for all n = 1,2,... events
{N < n} and {N > n} will be determined by X;,..., X, only. Now, we
have the following theorem.

Theorem 1.3.8. (Wald’s Equation)

If {X,,n=1,2,...} is a sequence of i.i.d. random variables each having a
common expectation E[X] < oo, and if N is a stopping time for {X,,,n =
1,2,...} with E[N] < oo, then

E[)  X,] = E[N]E[X]. (1.3.18)

Proof.
Let the indicator of event {N > n} be

e e
Then
N [eS) [eS)
E]) X, =E[>_ XuI,) =Y E[X,I,]
= B[X] iE[In] (1.3.20)
n=1
= E[X] f: P{N > n} = E[N]E[X], (1.3.21)

where (1.3.20) is because N is a stopping time, then event {N > n} is
determined by X1, ..., X, _1 and hence independent of X,,. This completes
the proof.

Now, assume that {N(¢),t > 0} is a renewal process whose interarrival
times are {X,,,n = 1,2,...}. Then N(t)+1 is a stopping time for {X,,,n =
1,2,...}. This is because

Nit)+1l=ne N{t)=n—-1
S X+ + X0 <t X+ X >0

Thus event {N(t) + 1 = n} is determined by Xi,---,X,. Consequently,
N(t) 4+ 1 is a stopping time. Therefore Theorem 1.3.8 yields the following
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result.

Corollary 1.3.9. If y < oo, then
E[Sny+1] = p{M(t) +1}. (1.3.22)

The following theorems are important in renewal process.

Theorem 1.3.10. (The Elementary Renewal Theorem)

——= — — as t— oo, (1.3.23)
t H
where 1/00 = 0.
See Ross (1996) for the proof.

Theorem 1.3.11. Let y and o2 be the mean and variance of the common
distribution of the interarrival time in a renewal process {N(¢),t > 0}.
Then

y
N(t) —t/p 1 / —a?/2

py—_/. E — e ¥ /%dx as t — oo. 1.3.24

{= T v} = o= (1.3.24)
Proof.

Let r = t/u+ yo+/t/p3. Then by using (1.3.3)
N(t)—t
PO Uk (NG <)

ot/ P

_ P{Srt >t}:P{Sﬁ — Tl > t_lrt:u}

O+\/Tt O4\/Tt

Sry — Tl Yo \—1/2
=P{—— > —y(l+ —

17

—— [ e ™% 1.3.25
e T 3.
- \/27r/ ( )
-y

Yy
1 —z2/2
= — e dxr as t— o0,
Vo /
— 00

(1.3.25) is due to the central limit theorem so that (S, — ryu)/oy/r¢ con-
verges to standard normal distribution N(0,1) as ¢ tends to infinity, and
because

yo

Vin

—y(1+ YTY2 oy ast — oo
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This completes the proof.
Theorem 1.3.11 states that if ¢ is large, then N(t) will approximately
be normal with mean ¢/u and variance to? /u®.

Theorem 1.3.12. (Blackwell’s Theorem)
Let F' be the common distribution of interarrival times in a renewal process.
(1) If F is not lattice, then for all @ > 0

M(t+a)—M(t)—a/p as t — oo. (1.3.26)
(2) If F is lattice with period d, then
E[number of renewals at nd] — d/u as t — oo. (1.3.27)
For the proof of Theorem 1.3.12, see e.g. Feller (1970).

Given a function h defined on [0, 00), for any a > 0, let M, (a) and m,, (a)
be the supremum and infimum of h(t) on interval [(n—1)a, na] respectively.
Then h is said to be directly Riemann integrable if for any a > 0, m,(a)
and m,, (a) are finite and

lim {a 3" a(a)} = lim{a " m, (a)}.

a—0

A sufficient condition for a function h to be directly Riemann integrable is
that

(1) h(t) >0forallt >0,

(2) h(t) is nonincreasing,

3) [ h(t)dt < oc.
0

Then we have the following theorem.

Theorem 1.3.13. (The Key Renewal Theorem)
Let F be the common distribution of the interarrival times in a renewal
process. If I is not lattice, and h is directly Riemann integrable, then

t [’}

lim [ h(t = 2)dM (z) = % / h(t)dt, (1.3.28)

0

(=)

where

M(z) =Y Fu(z) and pu= / F(t)dt.
0

n=1
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For the proof of Theorem 1.3.13, see e.g. Feller (1970).

Given a renewal process {N(t),t > 0} with interarrival times {X,,n =
1,2,...}, we can define the age at t as

A(t) =t — Sy, (1.3.29)
the residual life at t as
B(t) = Sn(t)+1 — 1, (1.3.30)
and the total life at ¢ as
Xnw+1 = Snw+1 — Sne) = A(t) + B(t). (1.3.31)

Then we have the following theorem.

Theorem 1.3.14. Let F' be the common distribution of the interarrival
times in a renewal process. If F' is not lattice with mean p < oo, then

(1) Jim P{A(t) <} = lim P{B(t) <} = = Jo Fy)dy, (1.3.32)
(2) Jim PXy(y1 <2} =L [ ydF(y). (1.3.33)
See Ross (1996) for the proof of Theorem 1.3.14.

Now, consider a renewal process {N(¢),t > 0} with interarrival times
{Xpn,n =1,2,...} having a common distribution F. Assume that each time
a renewal occurs we shall receive a reward. Let R, be the reward earned
at the time of the nth renewal. Usually, R, will depend on X,, but we
assume that the pairs {(X,, R,),n = 1,2,...} are i.i.d. random vectors.
Then {(X,, Rn),n =1,2,...} is called a renewal reward process. Thus, the
total reward earned by time ¢ is given by

N(t)

R(t) =Y Ry
Let -
E[R] = E[R,], E|X]= E[X,].

Afterward, we have the following theorem.

Theorem 1.3.15. Assume that E[R] < oo and E[X] < oco. Then with
probability 1,
R(t)  E[R]

— —_— 1.3.34
P X as t — o0, ( )

=
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and

as t — oo. (1.3.35)

See Ross (1996) for the proof of Theorem 1.3.15. This is an important
result and has a lot of applications in practice.

Remarks

If we say a cycle is completed whenever a renewal occurs, then (1.3.35)
states that the long-run average reward per unit time (or simply average
reward) is just the expected reward earned during a cycle, divided by the
expected time of a cycle.

The reward can be negative. In this case, we may define R, as the
cost incurred at the time of the nth renewal. Then (1.3.35) states that the
long-run average cost per unit time (or simply average cost) is given by

the expected cost incurred in a cycle

average cost = (1.3.36)

the expected time of a cycle

Although we have assumed that the reward is earned all at once at the
end of the renewal cycle, Theorem 1.3.15 still holds when the reward is
earned gradually during the renewal cycle.

1.4 Stochastic Order and Class of Lifetime Distributions
At first, we introduce the concept of stochastic order here.

Definition 1.4.1. A random variable X is said to be stochastically larger
(less) than a random variable Y, if

P{X >t} > (<) P{Y >t} forall t. (1.4.1)

It is denoted by X >4 (<4)Y. Let F and G be the distributions of X and
Y respectively, then (1.4.1) is equivalent to

F(t) > (<) G(t) for all t. (1.4.2)

A sequence of random variables {X,,,n = 1,2, ...} is stochastically increas-
ing (decreasing) if

XnJrl > st (Sst)Xnan = 1a 27 cee
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Lemma 1.4.2. If X >, Y, then E[X] > E[Y].
Proof.
Assume first that X and Y are nonnegative random variables. Then

E[X] = /P{X > thdt > /P{Y > t}dt = E[Y]. (1.4.3)
0 0
In general, we have
X=X"-X",
where
o ra
and
{0 1
Similarly, Y = Y+ — Y. It is easy to show that
X>uV=XT>, 7, X~ <,V . (1.4.6)
Consequently, it follows from (1.4.3) and (1.4.6) that
EX]=FE[X"-E[X ] >E[Y']|-E[Y"]=E[Y]. (1.4.7)

The following theorem gives a sufficient and necessary condition so that X
is stochastically larger than Y.
Theorem 1.4.3.

X 2aY = E[f(X)] = E[f(Y)]

for any nondecreasing function f. (1.4.8)

Proof.
Suppose that X >, Y and f is a nondecreasing function. For any ¢, let

) =inf{z: f(z) >t}
Then
P{f(X) >t} =P{X > f7'(t)} > P{Y > f'(t)} = P{f(Y) > t}.

Consequently, F(X) >4 f(Y). Then, from Lemma 1.4.2, E[f(X)] >
E[f(Y)].
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Now assume that E[f(X)] > E[f(Y)] for any nondecreasing function f.
For any t, define

1 x>,
filw) = {O elsewhere.

Then
Elf(X)] =P{X >1}, E[fi(Y)]=P{Y >t} (1.4.9)
Because E[f:(X)] > E[f:(Y)], (1.4.9) implies that X > Y.

Then assume that X is the lifetime of a system with distribution F.
The residual life of the system at age ¢ given that the system has survived
up time ¢ will be given by

X;=X—-t|X>t (1.4.10)
A very popular class of life distribution is studied on the basis of the mono-
tonicity of X;.
Definition 1.4.4. A life distribution F' has an increasing failure rate (IFR)
if X; is decreasing in t, i.e.
X, > Xy for s <t (1.4.11)
Or for any = > 0, we have
PX—-s>z|X>s)>PX—-t>z|X >t) for s<t. (14.12)
It has a decreasing failure rate (DFR) if X; is increasing in ¢, i.e.
X, <4 X; for s<t. (1.4.13)
Or for any = > 0, we have
PX—-s>z|X>s)<PX—-t>z|X>t) for s<t. (14.14)

If F has an IFR, it is denoted by F' € IFR, if I’ has a DFR, it is denoted
by F' € DFR. Now define
_ F(t+z)
F =P(X -t X>t) = —-+2.
i(z) = P( >z | X >1) o)
Then we have the following result.

Theorem 1.4.5. F € IFR (DFR) if and only if F;(x) is decreasing
(increasing) in .
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The class of IFR (DFR) distributions is closely related to the concept of
failure rate. Consider a continuous random variable X, let the distribution
and density be F and f respectively. Then the failure rate function is
defined by

f()
At) = m (1.4.15)

Let X be the lifetime of a system. Given that the system has survived for
time ¢, the conditional probability that it will not survive for an additional
time dt is given by

Pt< X <t4+dt,X >t
P{t< X <t4dt| X >t} = fteX<trd X>t

P{X > t}
t4dt
d

_P{t< X <t+adt} tf f(u)du

B P{X >t} - F(t)

. f(B)dt

= LU ()t 1.4.16

T =0 (1.4.16)

Thus A(t) is the probability intensity that a t-year-old system will fail in

(t,t + dt).

Now, assume that X is the lifetime until the first failure in a nonhomo-
geneous Poisson process with intensity function A(¢). Then it follows from
(1.2.19), (1.2.20) and (1.4.15) that intensity function A(¢) is the failure rate
function of X.

In particular, if X is the lifetime before the first failure in a Poisson
process with rate A, then lifetime X will have an exponential distribution
Exp(\) with density function given by (1.2.8). As a result, the failure rate

is \
et
At) = =y =\
Therefore, the failure rate of an exponential distribution Exp()) is a con-
stant A that is the rate of the Poisson process.

Let

d=sup{t:t>0, F(t) > 0}.
It can be shown that if F' € IFR(DFR), then F' is absolutely continuous in
(0,d), i.e. F' has a probability density in (0,d). See Barlow and Proschan
(1975) or Cheng (1999) for reference. Now we have the following equality.

dF't(x) - 1 = =
e {F(t)}Q{—f(t+x)F(t)+f(t)F(f+x)}
_ F(f—i— )

F) {A@) = At + )}
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Then we have the following theorem.

Theorem 1.4.6. A continuous life distribution F' has an IFR (DFR) if
and only if its failure rate function A\(t) is increasing (decreasing).

From Theorem 1.4.6, we can see intuitively that X is IFR (DFR) means
that the older the system is, the more (less) likely to fail in a small time dt
is.

The following results are well known, see Barlow and Proschan (1975)
for reference.

Theorem 1.4.7.
(1) A gamma distribution I'(«, §) with density function

BT a-1,—px
flo)={ T@* ° z>0, (1.4.17)
0 elsewhere,

is IFR if @« > 1 and DFR if o < 1.
(2) A Weibull distribution W(a, §) with density function

_ afz®le =" 2 >0,
fl@) = {0 elsewhere, (1.4.18)

iIsIFRif « > 1 and DFR if a < 1.

In particular, an exponential distribution Exp(A) with density function
(1.2.8) is IFR as well as DFR.

The set of all IFR (DFR) distributions forms a class of life distribution.
Now, we consider another class of life distribution.

Definition 1.4.8. A life distribution F’ with finite mean p is new better
than used in expectation (NBUE) if

F(t) > %/F(m)dw for ¢t > 0. (1.4.19)
t

It is new worse than used in expectation (NWUE) if

F(t) < %/F(m)dw for ¢t > 0. (1.4.20)
t

They are denoted respectively by F' € NBUE and F € NWUE.
The set of all NBUE (NWUE) distributions forms a class of life distri-
butions. The following lemma gives the relationship between IFR (DFR)
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and NBUE (NWUE) classes.

Lemma 1.4.9. If alifetime distribution F' € IFR (DFR), then F' € NBUE
(NWUE).

See Barlow and Proschan (1975) for the proof.

Let the lifetime of a system be X. Given that X > ¢, then X; =
X —t is the residual life. Thus from Definition 1.4.8, we can see that a life
distribution F' is NBUE (NWUE) if the expected residual life of a system
which has survived for time ¢ is no larger (less) than the expected lifetime
of a new and identical system. In fact, if F € NBUE (NWUE), then from
Definition 1.4.8, it yields that

E[X:] = /xdFt(x) = %/xdﬁ"(t—i—x)
0 0

Besides IFR (DFR) and NBUE (NWUE) classes, many other classes of
life distributions have been considered (see Barlow and Proschan (1975) and
Cheng (1999) for reference). However, all the classes of life distributions
studied so far are defined on the basis of the life distribution of a system
itself, i.e. the ageing effect on the system itself. In practice, for improv-
ing the system reliability and implementing the system more economically,
besides the failure repair, we may also adopt a preventive repair that is a
repair during the operating time of the system. Then, it is interesting to
study the effect of preventive repair on the distribution of the total operat-
ing time of the system. For this purpose, we shall introduce a new class of
lifetime distribution by taking into account the effect of preventive repair.

Let F(z) be the distribution of the operating time X of a system. As-
sume that a preventive repair is taken when the operating time of the
system reaches T', and the system after preventive repair is as good as new.
Let M be the number of preventive repairs before system failure. Then,
Y = M + 1 will have a geometric distribution G(p) with probability mass
function given by (1.2.10), where

p=P{X <T}=F(T)
and ¢ = P(X >t) =1 — p. Moreover,
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Now, the total operating time with preventive repair at T is given by
M
Xp =Y T+ X1 = MT + X1,

i=1

where X341y < T is the (M + 1)th operating time of the system. Thus,
the expected total operating time with preventive repair at T is given by

E[Xr] = E{E[Xr | M]}
= E{E[MT + X(p41)] | M)}

— B{MT+ —— / ’ tdF(t)}
0

7T
T
= —{qT+/ tdF(t)}
/ {1— F(O)}dt. (1.4.21)

Then, Lam (2006b) introduced the following definition.

Definition 1.4.10. A life distribution F' is called earlier preventive repair
better than later in expectation (ERBLE) if the expected total operating
time with preventive repair at ¢

/ {1- F(z)}de (1.4.22)

is nonincreasing in ¢, this is denoted by F € ERBLE. It is called earlier
preventive repair worse than later in expectation (ERWLE) if p(¢) is non-
decreasing in ¢, and is denoted by F' € ERWLE.

The following results are also due to Lam (2006b).

Lemma 1.4.11. If a life distribution F' € IFR (DFR), then F' € ERBLE
(ERWLE).

Proof.
If FF € IFR, F will be absolutely continuous. Let the density function
be f, then the failure rate function is given by A(¢) = f(¢)/{1—F(t)}. Thus
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it follows from (1.4.22) that

H(O) = g FOR = FOL= 1) [ 1= Fw)as)
0 PO ([
= F0E o) / dﬂ

f() /
< ———={F(t) - dz} =0.
Thus, F' € ERBLE. For the case F' € DFR, the proof is similar.
Then, from Theorem 1.4.7, we have

Corollary 1.4.12.
(1) A gamma distribution I'(c, ) with density function (1.4.17) is ERBLE
if « > 1 and ERWLE if o < 1.
(2) A Weibull distribution W (a, §) with density function (1.4.18) is ERBLE
if « > 1 and ERWLE if o < 1.

In particular, an exponential distribution Exp(\) with density function
(1.2.8) is ERBLE as well as ERWLE.

To see the relation between the classes of ERBLE (ERWLE) and IFR
(DFR). we can consider the following two examples.

Example 1.4.13. Let
1—e® 0<z<1,
F(x) = {1 e a1 (1.4.23)
It is easy to check that for s <1 <t and 1 < s+ x <t + x, then
_ F(s+ ) _
Fg _ -\ (2s+3x)
R TR
Fit+z) 4
< F —— = 7,
=" =
Thus F ¢ IFR. However, for 0 < ¢ < 1, u(t) = 1, it is a constant. Moreover,
fort>1

1 IR R S v
pt) =gl —e" 3¢ —ge™),

it is decreasing. This implies that F' € ERBLE.

Example 1.4.14. Let

l—e!t 0<z<1,
F(x) = {l—e“"” e> 1. (1.4.24)



26 Geometric Process and Its Applications

By a similar argument, it is also easy to show that ' € ERWLE, but F ¢
DFR.

From Lemma 1.4.11 and two examples above, we can conclude that the
ERBLE class (ERWLE) is greater than the IFR (DFR) class. The class of
ERBLE (ERWLE) is a new class of life distributions by taking into account
the effect of preventive repair. This new class of life distributions should
have its own theoretical interest and practical application.

1.5 * Martingales

Consider a stochastic process {Z,,n =1,2,...}, let
.7:” = O'{Zl,...,Zn}

be the o-algebra generated by {Z1,..., Z,}. If we interpret Z,, as the sys-
tem state at time n, then F,, will represent the history of the system up to
time n.

A stochastic process {X,,,n = 1,2,...} is called a martingale with re-
spect to {F,,n=1,2,...}if for all n

E[|Xn]] < oo, (1.5.1)
X, e F, ie. X, is F, measurable, (1.5.2)
E[Xpi1 | Fu] = X (1.5.3)

If {X,,n=1,2,...} is a martingale, then taking expectation on both sides
of (1.5.3) yields

E[Xn+1] = E[Xn]’
and hence
E[X,] = E[X;1] for all n. (1.5.4)

A stochastic process {X,,n = 1,2,...} is called a supermartingale (sub-
martingale) with respect to {F,,n = 1,2,...} if for all n, conditions (1.5.1),
(1.5.2) and

E[Xn+1 | fn] < (Z)Xm (1~5-5)

hold. If {X,,n = 1,2,...} is a supermartingale (submartingale), then
taking expectation of (1.5.5) yields

E[Xn1] £ (2)E[Xy],
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and hence
E[X,] < (>)E[X;] for all n. (1.5.6)

Theorem 1.5.1. (Martingale Convergence Theorem)
Assume that {X,,,n =1,2,...} is a supermartingale (submartingale) with

sup E[|X,]] < oo.
1<n<oco

Then with probability 1, random variable
X = lim X,

n—oo

exists and E[|X]|] < co.  Seee. g. Stout (1974) for the proof of Theorem
1.5.1.

Theorem 1.5.2. (The Doob Decomposition)
Assume that {X,,,n = 1,2,...} is a submartingale with respect to {F,,,n =
1,2,...}. Then {X,,n =1,2,...} has a decomposition such that

X, =M, — Ay, (1.5.7)

where M,,n = 1,2,...is a martingale, {A,,n = 1,2,...} is an decreasing
sequence of random variables such that A,+1 < A, with probability 1,
Ay =0and A, € F,_1. Moreover, such a decomposition is unique.
Proof.

Let My = X7 and A; = 0. Then define M,,, A, for n > 2 as follows.

M, = M,_1 + (X, — E[Xp, | Fu-1])s (1.5.8)
Ay, =Apn1+ (Xno1 — E[ Xy | Fazil)- (1.5.9)
(From (1.5.8) and (1.5.9), we have

M, — Ap = Z(Xi - X))+ X1 - A =X,
i=2
and (1.5.7) follows. It is then easy to check M,,,n =1,2,... and {A,,n =

1,2,...} satisfy the requirements. To show such a decomposition is unique,
suppose X, = M,/L — A;L is another decomposition. Then

M,—M, =A, —A,.

Thus M; = M{, since A; = A/1 = 0. Moreover, because My — Mé =
Ay — A, € Fy, therefore,

My — My = E[My — M, | 1] = My — M, = 0.
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Then by induction, we can show that M,, = M,, and hence A, = A, for all
n. This completes the proof of Theorem 1.5.2.

Theorem 1.5.3. (The Riesz Decomposition)
Assume that {X,,,n = 1,2,...} is a submartingale with respect to {F,,n =
1,2,...}. Then the following two conditions are equivalent.

(1) lim E[X,] < oo, (1.5.10)
(2) {X,,n=1,2,...} has a decomposition such that
X, =Y, + Zy, (1.5.11)

where {Y,,n = 1,2,...} is a martingale and {Z,,n = 1,2,...} is a non-
positive submartingale with nhHH;O E[Z,] = 0. Moreover, such a decompo-
sition is unique. If in addition, {X,,n = 1,2,...} are nonnegative, then
{Y,,n =1,2,...} are also nonnegative.
Proof.

(1) = (2) By Theorem 1.5.2, {X,,,n = 1,2,...} has a Doob decompo-
sition X,, = M,, — A,,, then

E[X,] = E[M,] — E[A,] = E[Mi] — E[A,).

As A, is nonpositive, then E[|A4,|] = E[X,] — E[Mi] < oo, and Ay =
lim A, is integrable. Define

Y, = M, — E[Ax | Fu), (1.5.12)
Zn = E[Ax | Fn] — Ap. (1.5.13)
Now {Y,,n = 1,2,...} is a martingale, since {E[Ax | Fpn],n = 1,2,...}
is a martingale. As A,,n = 1,2,..., is decreasing and A, € F,_1, then

{Zn,n =1,2,...} is nonpositive submartingale since

E[Zy | Fn] = E[E(Ax | Fr) — An | Fri]
= FlAw | Fr-1] — An
> E[Aoo | fnfl] - Anfl = Zn71~

On the other hand, by monotone convergence theorem, (1.5.13) gives
lim E[Z,] = lim E[E(Ax | Fn) — 44
= F[Ax] — E[Ax] = 0.

To show that such a composition is unique, suppose X,, = Y,; + Z,,L is
another decomposition. Now let
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Then {W,,,n =1,2,...} is a martingale and
E[[Wall < E[|Z,]] + E[|Zy]]
= —E[Z)|— E[Z,) — 0 as n—0.
This implies that {W,,n = 1,2,...} is uniformly integrable and W, =
lim W, = 0. Consequently,

Y, =Y, =W, = Jim EWo s | Fo] = EWeo | Fo] = 0.
Thus such a decomposition is unique. Now if in addition, {X,,,n =1,2,...}
are nonnegative, then (1.5.12) yields
= klim E[Mpyi | Ful] — klim ElAn+k | Frl
= klim EMpir — Aptr | Fn] = klim E[ X1k | Fn] > 0.
Thus, {Y,,n =1,2,...} are also nonegative.
(2) = (1) Now
E[X,] = E|Y.] + E[Z,) = E[Y1] + E|Z,]) < E[Y1] < 0.
This completes the proof of Theorem 1.5.3.
Theorem 1.5.4. (The Krickeberg Decomposition)

Assume that {X,,,n = 1,2,...} is a submartingale with respect to {Fy,,n =
1,2,...}. Then the following two conditions are equivalent.

(1) sup E[X,F] < . (1.5.14)
(2) {X,,n=1,2,...} has a decomposition such that
X, = Ly — M, (1.5.15)
where {L,,n = 1,2,...} is a nonpositive submartingale and {M,,n =

1,2,...} is a nonpositive martingale. Moreover, such a decomposition has
the maximality such that for any other decomposition X, = L/n — M,/l,

/ / .. . o . .
where L, M, are nonpositive submartingale and nonpositive martingale

respectively, then
L,>L, M,>M,.

Proof.
(1) = (2) Because {X,,n = 1,2,...} is a submartingale, then



30 Geometric Process and Its Applications

{X,F,n = 1,2,...} is a nonnegative submartingale and {E[X,[],n =
1,2,...} is nondecreasing. As a result,

lim E[X,[] =sup E[X,] < oc. (1.5.16)

n—oo n

By Theorem 1.5.3, {X;F,n =1,2,...} has a Riesz decomposition

Xtr=Y,+ Z,,
where {Y,,,n = 1,2,...} is a nonnegative martingale and {Z,,,n =1,2,...}
is nonpositive submartingale. Now for n = 1,2,..., let M,, = =Y, and
define

Ly=X,+M,<Xf+M,=XI-Y,=2,<0.

Then {M,,n =1,2,...} is a nonpositive martingale and {L,,n =1,2,...}
is a nonpositive submartingale. To show the maximality, suppose that
X, = L; — M,/L is another decomposition, then

’

M,

n

=L, —X,<OA(=X,)=—-X} =Y, —Z, =M, — Z,.
Therefore

M,, = E[M, ;| F,]
< E[_X:errk | fn] = E[Mn+k = Zn+k | fn]
= M, — E[Znii | Ful. (1.5.17)

Because {Z,,,n =1,2,...} is nonpositive and

lim E[Z,] =0,
then {Z,,n = 1,2,...} is uniformly integrable and Zo, = lim Z, = 0.

n—oo

Thus, klim E[Z+r | Fn] = 0. Consequently, letting k — oo, (1.5.17) yields

M, < M,,
hence
L, —L,=M, — M, <O0.
(2) = (1) Since M,, = L,, — X,,, we have M,, < —X;F. Then
E[X] < —E[M,] = —E[My] < occ.

This completes the proof of Theorem 1.5.4.
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1.6 * The Rate of Occurrence of Failures

Given a repairable system, let N¢(t) be the number of failures of the system
that have occurred by time ¢. Then the expected number of failures by time
tis M¢(t) = E[Ny(t)]. Its derivative my(t) is called the rate of occurrence
of failures (ROCOF) at time ¢t. Obviously, if m¢(¢) is increasing, the system
is deteriorating, if my(t) is decreasing, the system is improving. Therefore,
the ROCOF is an important index in reliability theory.

Lam (1995, 1997) introduced a simple formula for the determination of
the ROCOF my(t) for a Markov chain with infinite state space. Suppose
the state of a system at time ¢ is X (¢). Assume that {X(¢),t > 0} is a
continuous time homogeneous Markov chain with a finite or infinite state
space S = {0,1,2,...}. Let the infinitesimal matrix of the process be
A = (gi;j). Thus

pij (At) = P(X(t+ At) =7 | X(t) = 1)
_ At +o(At) G #d,
n { 1—qAt+o(At) j =1, (1.6.1)
where ¢; = —¢;; > 0 and ¢;; > 0 for j # 4.

Assume that the system has two kinds of state: up state and down
state say. Denote the set of up states by W and set of down states by F'.
Then obviously S = W U F. At the beginning, suppose the system is in an
up state. Let the number of transitions of the Markov chain by time ¢ be
N(t) and the number of failures by time ¢ be N(t) respectively. Denote
N(t,t + At] = N(t + At) — N(t) and Ng(t,t + At] = Np(t + At) — Ng(t).
Then clearly

Ny(t,t + At] < N(t,t + At]. (1.6.2)

Moreover, let p;(t) = P(X(t) = i). Now, we make the following two as-
sumptions.

Assumption 1. The Markov chain {X(¢),¢ > 0} is conservative, i.e.
4 = Z Qij -
J#i
Assumption 2.
g =supg; < oo.
i

Note that if the Markov chain has a finite state space S, Assumptions 1 and
2 will automatically hold. Thus Assumptions 1 and 2 are actually made for
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the Markov chain with an infinite state space S.

It is well known that for a Markov chain {X (¢),t > 0}, the sojourn time
at state ¢ has an exponential distribution Exp(¢;). Therefore, Assumption 2
means that the expected sojourn time will have a positive lower bound, i.e.

1 = inf x > 0.

q v g

To derive the formula for the determination of the ROCOF my(t) for the
Markov chain {X (t),t > 0}, we start with time Ty = 0, for n > 1, let T},
be the nth transition time of the process {X (¢),¢t > 0}. If X (7T},) = ¢, then
T,+1 — T}, is the sojourn time of the process in state i. Now we can prove
the following lemmas.

Lemma 1.6.1. For all integer n, we have
1. P(T, =Ty < At | X(T,) = j, X(To) = i) < (qAt)",  (1.63)
2. P(T, —To < At | X(Ty) =1i) < (¢At)™. (1.6.4)
Proof.
For n = 1, it is well known that the sojourn time in state 7 has ex-
ponential distribution Exp(g;) with density function f(z) = g;exp(—g;x)

for > 0 and 0 otherwise, and T} is independent of the state X (T}) = j.
Therefore

P(Th — Ty < At| X(Th) =4, X (Tp) = 1)
— P(Ty — Ty < At | X(Tp) = i) = 1 — exp(—q.At)
< qiAt < gAt, (1.6.5)

where (1.6.5) is due to the inequality 1 — exp(—xz) < z for z > 0 and
Assumption 2. Thus, (1.6.3) and (1.6.4) are true for n = 1. Now, assume
that (1.6.3) and (1.6.4) hold for n. For n + 1,

P(Tn+1 - TO S At | X(Tn—i-l) = ]aX(TO) = Z)

<Y P(Tny —Tn < ALT, — Ty < AL X(T,) =k
k
| X(Tny1) = 5, X(To) = 1)

=Y P(Th41—Tn < At
k
| T, — To < At, X(T) =k, X (T 1) = §, X (Tp) = 4)

XP(Ty — Ty < At | X(Ty) = k, X (Tni1) = 5, X (To) = i)
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Then
P(Thi1 —To < At | X(Tht1) = 3, X(To) = 1)
< ZP(TR+1 - T, <At | X(Tn+1) :ij(Tn) = k)
k

xP(T, — Ty < At | X(Ty,) = k, X (Tp) = 1)
XP(X(Tn) =k | X(Tn+1) =7 X(TO) = 7') (167)
< (@A™ Y T P(X(Ty) = k| X(Tpr) = 4, X(To) =) (1.6.8)
k

= (qAt)"*,

where (1.6.7) is because of the Markov property and (1.6.8) is due to the
homogeneity. Consequently by induction, (1.6.3) holds for all integers. A
similar argument shows that (1.6.4) is also true for all integers.

Lemma 1.6.2.

P(Th —To < At,To — Ty > At, X(Th) = 5 | X(Tp) = i) = ¢;; At + o(At).
(1.6.9)

Proof.

Py —To <A, To— Ty > At, X(Th) =5 | X(Tv) =1)
:/ P(Ty =Ty < AL Ty =Ty > AL X(T1) = j | Ty — Ty = 2, X (Ty) = i)
0

x giexp(—q;x)dx
At
= P(Tg—Tl>At—x|X(T1):j,T1—T0:£C,X(TQ):i)
0
XxP(X(Ty) =j | Ty — To = =, X(T) = i)qiexp(—qiz)dx
At
= P(Ty =Ty > At —z | X(Th) = 5)[(gij/a:) + o(1)]giexp(—giz)dx
0

At
- / expl—g; (At — 2)][(gi3/41) + o(1)}grexp(—gsz)d

= qijAt + O(At).
Lemma 1.6.3.
P(Np(t,t+ At]=1)= > pi(t)gi; At + o(At).
iEW,jEF
Proof.

Because of (1.6.2), we have
P(N¢(t,t+At] =1)
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=3 P(Ns(t,t+At] = 1| X(t) = i)P(X(t) =)

ieWw
+ D P(Np(t t+ At] = 1| X(t) = i) P(X(t) =)
ieF
=Y {P(Ng(t,t+ At] = 1, N(t,t + At] = 1| X (t) = i) P(X (t) = i)
ieW

+P(Ny(t,t + At =1, N(t,t+ At] > 2| X(t) =i)P(X(t) =14)}
+ 3 P(Ng(t,t+ At] = LN (t,t + At] > 2| X(t) = i)P(X(t) = i)
ieF
=3 P(Ng(t,t+At] = LN(t,t + At] = 1| X () = i) P(X(t) = i)
ieW
+ > P(Ng(t,t+ At] = 1, N(t,t + At] > 2| X(t) = i) P(X(t) = i)
=1 + Iy (1.6.10)
On the one hand, it follows from Lemma 1.6.2 that

> P(T-To <ALTy—Ty > At, X(Th) = j | X(To) = i)pi(t)
ieW,jeF

= Y it At +o(At). (1.6.11)
iEW,jEF
On the other hand, Lemma 1.6.1 gives
I < ZP (t,t+ At] > 2 | X(Tp) = i)pi(t)

_ Zp (Ty — Ty < At | X(To) = i)pi(t)

< (gAt) Zpl = (qAt)? (1.6.12)

The combination of (1.6.11) and (1.6.12) yields Lemma 1.6.3.

Lemma 1.6.4.

i EP(N;(t,t + At] = k) = o(At).

k=2

Proof.
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i kP(Ny(t,t + At] = k)
k=2

= i ST RP(Ng(t,t 4+ A = k | X(t) = ) P(X(t) = i)

k=2 i

< iZkP(N(t,t—i—At] > k| X(t)=i)P(X(t) =)

k=2 i

=D kP(Ti =Ty < At | X(Ty) = i) P(X(t) =)
k=2 i

< f: k(qgAt)* = o(At), (1.6.13)
k=2

where (1.6.13) follows from Lemma 1.6.1.
Now, since

My(t + At) — My(t) = E[Nj(t,t + AT)]

= P(Nj(t,t+ At] = 1) + i EP(Ny(t,t + At] = k)
k=2

= Y pilt)aiAt+o(At),

iEW,jeEF

by Lemmas 1.6.3 and 1.6.4. Thus we have proven the following theorem.

Theorem 1.6.5. Assume that a Markov chain is conservative, i.e.
qi = Z qij
J#i
and
g = sup g; < 00,
i
then the ROCOF at time t is given by
my(t) = Z pi(t)qi;- (1.6.14)
ieW,jeF

In particular, if the state space S of a Markov chain is finite, Assumptions
1 and 2 are clearly true, then Theorem 1.6.5 holds. This special case was
considered by Shi (1985).
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1.7 Notes and References

For reading this monograph, we assume that the readers should have
learned Calculus and an undergraduate course in Probability and Statis-
tics. Of course, some other preliminaries are needed. Chapter 1 contains
almost all additional knowledge needed in this monograph. Sections 1.2 to
1.4 are mainly based on Ross (1996), Barlow and Proschan (1975), Ascher
and Feingold (1984). However, in Section 1.4, the class of life distributions
ERBLE (ERWLE) that takes into account the effect of preventive repair is
new, it was introduced by Lam (2007a). We expect that ERBLE (ERWLE)
will have important theoretical interest and wide practical application. In
Section 1.5, we introduce martingales and the martingale convergence the-
orem. Moreover, the Doob, Riesz and Krickberg decomposition theorems
are also studied. For reference of these three decomposition theorems, see
Dellacherie and Meyer (1982) or He et al. (1995). As in many reference
books, they just highlight on the supermartingale case. Here we state
the martingale convergence theorem for both the supermartingale and sub-
martingale cases. Then we state these three decomposition theorems for
submartingale case and give detailed proof for convenience of application
in geometric process. In Section 1.6, we study the rate of occurrence of
failures (ROCOF). If the expected sojourn time in a state of a conserva-
tive continuous time Markov chain has a positive lower bound, Lam (1995,
1997) gave a formula for the evaluation of ROCOF. In the case that a pro-
cess is not a Markov chain but can be reduced to a Markov process after
introducing some supplementary variables, Lam (1995, 1997) also gave a
formula for the determination of the ROCOF. Section 1.6 is based on Lam
(1997) that was published in Journal of Applied Probability by Applied
Probability Trust.



Chapter 2

Geometric Process

2.1 Introduction

In Chapter 1, we mention that for the purpose of modelling a deteriorating
or improving system, a direct approach is to introduce a monotone process.
On the other hand, in analysis of data from a series of events with trend,
a natural approach is also to apply a monotone process. In this chapter,
as a simple monotone process, geometric process is introduced. Then, we
shall study the probability properties of geometric process. Furthermore, a
threshold geometric process is also proposed.

The structure of Chapter 2 is as follows. In Section 2.2, the definition of
geometric process is introduced, some properties of the geometric process
are discussed. In Section 2.3, as in renewal process, the age, residual life and
total life of a geometric process are considered. Then, some limit theorems
in geometric process are studied in Section 2.4. In Section 2.5, a special
geometric process with exponential distribution is considered.

2.2 Geometric Process

As a simple monotone process, Lam (1988a, b) introduced the geometric
process.

Definition 2.2.1. A sequence of nonnegative random variables {X,,n =
1,2,...} is said to be a geometric process (GP), if they are independent
and the distribution function of X, is given by F(a" ') forn = 1,2,...,
where a > 0 is called the ratio of the GP.

To make sense, in practice we should assume F'(0) = P(X; = 0) < 1.

37
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If {X,,n=1,2,...} is a GP and the density function of X; is f, then
from Definition 2.2.1, the probability density function of X, will be given
by a®~1f(a" 'x). Note that throughout this book, we shall use GP as an
abbreviation of geometric process.

Definition 2.2.2. A stochastic process {X,,n = 1,2,...} is said to be a
GP, if there exists a real a > 0 such that {a""'X,,n = 1,2,...} forms a
renewal process. The positive number « is called the ratio of the GP.

Clearly, Definitions 2.2.1 and 2.2.2 are equivalent. Furthermore, a GP
is stochastically increasing if the ratio 0 < a < 1; it is stochastically de-
creasing if the ratio a > 1. A GP will become a renewal process if the ratio
a = 1. Therefore, GP is a simple monotone process and is a generalization
of the renewal process.

Assume that {X,,n = 1,2,...} is a GP with ratio a. Let the distri-
bution function and density function of X; be F and f respectively, and
denote E(X;) = X and Var(X;) = 2. Then

A
ElXnl = ==, (2.2.1)
and
0.2

Thus, a, A and o2 are three important parameters of a GP. Note that if
F(0) < 1, then A > 0. Now define Sy = 0 and

Then let F,, = (X1, X3, -, X,) be the o-algebra generated by {X;,i =
1,---,n}. Note that {S,,n = 1,2,---} is a sequence of nonnegative in-
creasing random variables with

If ratio a < 1, then it is straightforward that
S, X% 00 as n — oo. (2.2.3)

However, if ratio a > 1, then we have

sup E[|S,|] = lim E[S,] = A lim lza”_ _aA <oo. (2.24)

n>0 n—oo 1 —a~1 a—1
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This implies that {S,,n = 1,2,---} is a nonnegative submartingale with
respect to {F,,n =1,2,---}. Furthermore, we have the following result.

Theorem 2.2.3. If a > 1, there exists a random variable S such that

S, X% 8 as n — oo, (2.2.5)
S, ™% S as n — oo, (2.2.6)
and
E[S] =a)/(a — 1), (2.2.7)
Var[S] = afi. (2.2.8)
Proof.

Because {S,,n =1,2,---} is a nonnegative submartingale with respect
to {Fn,n=1,2,---}, then from Theorem 1.5.1, there exists a nonnegative
random variable S such that

a.s.
S, — S as n — oo.

Thus (2.2.5) follows. Afterward, we can write S = > X;. It follows from
i=1
(2.2.2) that

E[(S. = 5)%] = E[( Y Xi)?]
i=n+1

Var[ Y Xi]+{E[ > Xi}?

i=n+1 i=n+1
1 o? A2 0
— —
2\ 1 (a—1)2 e

Then (2.2.6) follows. Thus, by using monotone convergence theorem,
(2.2.5) yields that

E[S,] — E[S] as n — 0,
and (2.2.7) holds. On the other hand, we have
CL202(1 _ a72n) N a2)\2(1 _ afn)Z
a?—1 (a—1)2

By using monotone convergence theorem again, we obtain

B[S7] = Var[Sa] + {E[Su]}* =

a’o? a?)\?

E[SQ] — ) + (a—l)Q.
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Then (2.2.8) follows from Var[S] = E[S?] — {E[S]}?. This completes the
proof of Theorem 2.2.3.

Therefore, according to Theorem 2.2.3, S;, converges to S not only al-
most surely but also in mean squares. Furthermore, Theorem 2.2.3 implies
that if a > 1, then for any integer n, because event {S < oo} implies that
{8, < 0o}. Therefore

P(S, < o) = 1. (2.2.9)

Now, by applying Theorems 1.5.2 to the nonnegative submartingale
{Sn,n=1,2,...}, we have the following theorem.

Theorem 2.2.4. (The Doob Decomposition for GP)
If a > 1, the process {S,,n = 1,2,...} has a unique Doob decomposition
such that

Sp = M, — Ap, (2.2.10)
where {M,,n = 1,2,...} is a martingale, {A,,n = 1,2,...} is decreasing
with A1 =0and A, € Fp_1.

Note that if a > 1, then {S,,n = 1,2,...} is a nonnegative submartingale

and
a\

a—1

< 0.

lim E[S,] = sup E[S;}] = sup E[S,] =

t—o0

Then Theorems 1.5.3 and 1.5.4 yield respectively the following two results.

Theorem 2.2.5. (The Riesz Decomposition for GP)
If a > 1, the process {S,,n = 1,2,...} has a unique Riesz decomposition
such that

Sp =Yy + Zn, (2.2.11)

where {Y,,,n = 1,2,...} is a nonnegative martingale and {Z,,,n = 1,2,...}
is a nonpositive submartingale with lim E[Z,] = 0.
n—oo

Theorem 2.2.6. (The Krickeberg Decomposition for GP)
If @ > 1, the process {S,,n = 1,2,...} has a Krickeberg decomposition so
that

Sp = Lp — M, (2.2.12)

where {L,,n = 1,2,...} is a nonpositive submartingale and {M,,n =
1,2, 00} is a nonpositive martingale. Moreover, such a decomposition has
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the maximality such that for any other decomposition X, = L;L — M,;,

where L;L, M,; are nonpositive submartingale and nonpositive martingale
respectively, then
L,>L,, M,>DM,.

In reliability engineering, the failure rate or hazard rate of a system
expresses the propensity of the system to fail in a small time interval after
t, given that it has survived for time ¢. In practice, many systems demon-
strate that their failure rate has the shape of a bathtub curve. As the early
failures of a system are due to quality-related defects, the failure rate is
decreasing at the early stage or the infant mortality phase. During the
middle stage or the useful life phase of the system, the failure rate may be
approximately constant because failures are caused by external shocks that
occur at random. In the late stage or the wearout phase of the system,
the late-life failures are due to wearout and the failure rate is increasing.
Therefore, in practice, many systems are improving in the early stage, then
will be steady in the middle stage, and will be deteriorating in the late
stage. In data analysis, many data sets show the existence of multiple
trends. Consequently, we need to introduce a threshold GP for modelling
a system with bathtub shape failure rate or analysing data with multiple
trends.

Definition 2.2.7. A stochastic process {Z,, n =1,2,...} is said to be a
threshold geometric process (threshold GP) , if there exists real numbers
{a; >0,i=1,2,...,k} and integers {1 =M; < Ma < ... < M} < My =
oo} such that for each i =1,...,k,
{a"MiZ, M;<n< M}

forms a renewal process. The real numbers {a;,i = 1,2,...,k} are called
the ratios and { My, Ms, ..., My} are called the thresholds and k is called the
number of thresholds of the threshold GP. Moreover, {Z,,, M; <n < My}
is called the ith piece of the threshold GP.

Note that in Definition 2.2.7, it is not necessary that the renewal pro-
cesses for different ¢ are the same. Let the common mean and variance of
{a?_Mi Zy, M; <n < M;;1} be \; and o7 respectively, then

Ai
E(Z,) = ——— (2.2.13)
a; ¢
and
2
Var(Z,) % M;<n< My, i=1,... k (2.2.14)
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Therefore number of thresholds k, threshold M;, ratio a;, mean A; and
variance o2 for i = 1,...,k are important parameters for a threshold GP.
Clearly, if £ = 1, the threshold GP reduces to a GP defined by Definition
2.2.1 or 2.2.2.

2.3 Age, Residual Life and Total Life

Given a GP {X,,,n =1,2,...}, as in renewal process, we can define the age
at ¢ as

A(t) =t — Sy, (2.3.1)
the residual life at ¢ as
B(t) = Sy — L, (2.3.2)
and the total life at t as
XNw+1 = Sn@w)+1 — Sney = A(t) + B(t). (2.3.3)

Let F), be the distribution of S,,. Then we have the following result.

Theorem 2.3.1.

(1) PA@ > = TOFZ [ F@E-udh) 0<e<t,
0 x>t
@) PB(#)>z) = FE+D+ X [F@ @+t-y)dFh) =>0,
1 xr <0.
(3) P(Xn(pyp1 > @) = F(tva)+ n;ng(a”(w V (t —y)))dF,(y) = >0,
1 z <0.
@ PEwp o= OO o< <t

1 T >t,

where F is the distribution of X; and F(z) = 1 — F(z), while F), is the
distribution of S, and F,(z) = 1 — F,(z).
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Proof.
For x > ¢, part (1) is trivial. Now, assume that 0 < z < ¢,

P(A(t) > x) = P(Sy() <t — )

=Y P(Sn@ <t—=z, N(t)=n)

n=0
=) P(Sp<t—g, Spi1>1)
n=0
— F()+ Z/ (Sus1 >t | S = y)dF, (y)
n=17
=F(t)+) | P(Xps1 >t —y)dFu(y)

3
Il
—

xT

Il
E\
=
WK

o7 O\T

F(a™(t —y))dF,(y).

3
Il
—

Thus, part (1) follows. The proof of part (2) is similar to part (1). To prove
part (3), we note that

P(Xn(yt1 > 7) = Z P(XN@)+1 > 2, N(t) =n)
n=0

= Z/P(Xn+1 > Z‘,Sn <t< Sn+1 | Sp = y)an(y)
o t

= Z/P(Xnﬂ > max(x,t — y))dF, (y) (2.3.4)
n:OO

Feva)+ 3 / — 9))dFa (y).

Then part (3) follows. Moreover, the proof of part (4) is similar to part
(1). This completes the proof of Theorem 2.3.1.

Furthermore, we can also obtain an upper and lower bounds for
P(XN(t)—H > :E)
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Theorem 2.3.2.
i F(a"2)F(t)P(N(t) = n) < P(Xn()41 > )
i F(a"x)F, t>0, z>0,

where F is the distribution of X; and F(x) = 1 — F(z), while F), is the
distribution of S,, and F,(z) = 1 — F,(z).
Proof.

It follows from (2.3.4) that

o0

t
P(Xn@y+1 > ) Z/P nt+1 > max(z,t —y))dF,(y)
n=07

IA

f: P(Xpi1 > 2)dF,(y)
J

n=0

iF (2.3.5)

n=0
On the other hand,
n=0

=) P(Xpy1>a | 8, <t < Supa)P(N(t) =n)
n=0

-3 / P(Xpi1 > | Sn <t < Sty Sn = y)dFn(y) PN (L) = n)
n=0 0

=3 [ Pir > 0| X > t = B @) PN = )
n=0 0

Z Xnt1> 2 /dF =n) (2.3.6)

=) F(a"2)F () P(N(t) = n), (2.3.7)
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where (2.3.6) is due to

y<t-—u,
PXpp1>a| Xpp1 >t — P(Xn 1>2) sy
P(Xni1>t—y) ZI) y=rt—4=o
P n+1 > x

Integrating (2.3.5) and (2.3.7) from 0 to oo with respect to = gives the fol-
lowing corollary.

Corollary 2.3.3.
AD a " F(t)P(N(t) =n) < E[Xn41] S A a "Fu(t) t>0.
n=0

2.4 Limit Theorems for Geometric Process

It is well known that Wald’s equation plays an important role in renewal
process. The following theorem is a generalization of the Wald’s equation
to a GP, it is called as Wald’s equation for GP.

Theorem 2.4.1. (Wald’s Equation for GP)
Suppose that {X,,n =1,2,...} forms a GP with ratio a, and E[X1] = A <
o0, then for ¢ > 0, we have

N(t)+1
E[Snw41] = AE[ Y a™". (2.4.1)
n=1
If a # 1, then
ElSx] = To—{Bla™"] — a}. (24:2)
Proof.

Let I be the indicator function of event A. Then X,, and Iyg, <4} =
IiN(t)+1>n} are independent. Consequently, for ¢ > 0, we have
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N(t)+1

[SN(t)+1 Z X = Z X I{N(t)+1>n}]
=Y E[X,JP(N(t)+1>n) Z “HLP(N(t) 4+ 1> n)

3

||
i

J
QT PN +1=5)
N(t)+1

=AE[ Y a "M (2.4.3)

n=1

Then (2.4.1) holds. Moreover, if a # 1, then (2.4.2) follows from (2.4.3)
directly. This completes the proof of Theorem 2.4.1.

Corollary 2.4.2.

>a+ 59 0<a<,
Ela=N®]{ =1 a=1,
<a+ 52 g1 <

Proof.
For a = 1, the result is trivial. Now, assume that a # 1, then for all
t > 0, Theorem 2.4.1 yields

A _
t < B[Sy = 7= (Ela N — q).

Consequently, Corollary 2.4.2 follows.
Moreover, from (2.4.1), we have the following inequality.

Corollary 2.4.3

>ME[N®)])+1} 0<a<]l,
E[Snw+l§ = MEN@®]+1} a=1,
<ME[N@{#)]+1} a>1.
Note that if a = 1, the GP reduces to a renewal process, while Corollary
2.4.3 gives E[Sy(y+1] = ME[N(t)] + 1}. This is Wald’s equation for the
renewal process.

The following theorem follows Theorem 2.4.1 directly.
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Theorem 2.4.4. If a stochastic process {X,, n =1,2,...} is a GP with
ratio a > 1, then we have

(1) lim 1E[a=N®] = 0;

t—o0 e
(2) Jim LE[> a1 =0
(3)  Jlim ¢ E[Sy()41] = 0. (2.4.4)
We can see (2.4.4) from different way. Because from (2.2.5), we have
P(N(o0) > n) = P(S, <o0)=1 forall n.
Thus
P(N(c0) =00) =1.

Therefore, tlirgo E[Sn#)+1] = E[S], and (2.4.4) follows.

However, the limit properties for the case of 0 < a < 1 is completely
different. For example, if a = 1, the GP reduces to a renewal process. The
elementary renewal theorem in renewal process yields that

i ElSvwnl _ . MBIN@]+1}

t—o00 t t—o0 t

Then from Theorem 2.4.1 and (2.3.2), we have

=1

Theorem 2.4.5. Assume that {X,, n=1,2,...} is a GP with ratioa = 1,
then we have

(1) lim 1E[ _N(t)] =0;

t—o0
N(t

2 fim 1B a7 = &

(3) tlggo %E[S N(t) +1] 1,
(4) Jim $B(t) = 0.

Now, we shall introduce the following lemma for NBUE (NWUE) class of
the life distribution.

Lemma 2.4.6. The NBUE (NWUE) class is close under convolution op-
eration.
Proof.

To prove Lemma 2.4.6, assume that two nonnegative random variables
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X and Y are independent having distributions F' and G respectively. As-
sume further that X € NBUE and Y € NBUE. Let E[X] = pand E[Y] =
Denote the distribution of Z = X +Y by H. Then

H(z+y)=P(Z>z+vy)
=PX>z,Y >y X+Y >z+y)
+PX >z, Y <y X+Y>z+4+y)+PX<z,X+Y>z+y)

z)G(y) + (z+y—u)dG(u G(z +y—u)dF(u). (2.4.5)
2

Integrating (2.4.5) from 0 to co with respect to y gives

=vF(x) + (v)dvdG(u) + v)dvdF(u

[ Jriomscto | ] e
<vF(z) + pF(z) +v / G(z — u)dF (u) (2.4.6)
= pF(z) +vH(x) (2.4.7)
< (u+v)H(z), >0, (2.4.8)

where (2.4.6) is because X and Y € NBUE, while (2.4.7) and (2.4.8) are
due to the fact

H(z) = Fz /Gx—u)dF()zF()

Therefore, Z = X +Y € NBUE. For the case of NWUE, the proof is simi-
lar. This completes the proof of Lemma 2.4.6.

Now, we are able to show that for a GP {X,,,n=1,2,---}, if X; € NBUE
(NWUE), then for any integer n, X,, € NBUE (NWUE) and S,, € NBUE
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(NWUE). This is the following lemma.

Lemma 2.4.7. Given a GP {X,,,n =1,2,.--} with ratio a, if X; eNBUE
(NWUE), then X,, and S,, eNBUE (NWUE) for n =1,2,---

Proof.
Let the distribution function of Xy be F(z) and E[X;] = A\. Moreover,

let the distribution function of X,, be F,(z) and E[X,] = A\, = \/a" L.
Then

S 7F (x)dx = ! 7F(a"1x)dx
An " D\
t t
= % / F(z)dx < F(a" ') = F,(t),
a™ 1t

since F' is NBUE. Now, because {X;,i = 1,2,...} are all NBUE, then by

Lemma 2.4.6, S,, = > X; is also NBUE. For the case of NWUE, the proof
i=1

is similar.

Afterward, we are available to study the limit theorem for 0 < a < 1.

Theorem 2.4.8. If {X,,, n=1,2,---} is a GP with ratio 0 < a <1 and
X, € NBUE, then

(1) 1< lim Z5v0nl < Jpy BSvoal <1
T =00 t—oo - a
(2) 0< tgngo M < tll)rgo E[B;(t)] %7
(3) 5¢ < lim $Bla 0] < Tm 3 B[N0 < 5
N (1) N (1)
(4) (0v 2Ly < lim 1E[ Y a1 < thm 1E[Y a "t < L
t—oo n=1 —oot n=1

Proof.
Consider B(t), the residual life at time ¢ for the GP, then

E[B()] = E[Sn@)+1 — t] = E{E[Sn()+1 — tIN ()]}
< E{BE[Xy@t)11 N (0]} = AE[a™ VO], (2.4.9)
Therefore

t < E[Sn(ty41] < t+AE[a= VO], (2.4.10)
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The combination of (2.4.2) and (2.4.10) gives

t< o (Ela™N®] —a) <t + AE[a=N®)], (2.4.11)
—a
Inequality (2.4.11) implies that
(A —ajt Ny . L—a)t
<F < —+41. 2.4.12
o< Bl < E200 (24.12)

Then part (3) follows. Now based on (2.4.9) and (2.4.12), part (2) is trivial.
Moreover, part (1) follows from (2.4.10) and (2.4.12).
On the other hand, because SN (t) < t, then

t
B 2.4.13
Z )< L (2.4.13)
Furthermore, Theorem 2.4.1 ylelds
N(t)
t < E[Sns1) = AE[Y_ a™ "] + AE[a” N D], (2.4.14)
n=1

Consequently, it follows from (2.4.12)-(2.4.14) that

t _ t _ t (1—a)t
1S g ntll s © plgmNO1 s 2 —1. (24.1
X = [Zjla S S e S (2.4.15)

Hence part (4) follows. Note that if 0 < a < 1/2, the left hand side of part
(3) should be replaced by 0. This completes the proof of Theorem 2.4.8.
2.5 A Geometric Process with Exponential Distribution

Now, we study the properties of a GP in which X; has an exponential dis-
tribution Exp(1/\) with density function.

fla)= {éeXp(_@ . z 8 (2.5.1)

Then, we have

Theorem 2.5.1. Given a GP {X,,,n = 1,2,...} with ratio a, assume
that X; has an exponential distribution Exzp(1/\). Then for 0 < a <1 or

a>1,t< 2 1,Wehawe
1—a)t
1. Ela-NO)] =1 4 ¢ 2.5.2
la ] + an ( )
aX 1 a\
E[SN#)+n+1] = ) (t— p— 1). (2.5.3)
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Proof.
Let p;(t) = P(N(t) = i). Then by a classical probability analysis, we
have

po(t) = —lpo(t), (2.5.4)

)
pit) =

4 i—1

~Spilt) + 4 pii(t) i=1,2,.... (2.5.5)

A

Equations (2.5.4) and (2.5.5) are in fact the Kolmogorov forward equations.
As an example, we shall derive equation (2.5.5) here.

pi(t + At) = P(no event occurs in (¢,t + At]|[N(t) = i)P(N(t) = i)
+P(one event occurs in (t,t + At]|N(t) =i — 1)P(N(t) =i—1)
+P(two or more event occur in (t,t + At], N(t,t + At] = 1)

i—1

=(1- %At)pi(t) + aTAtpi_l(t) Fo(At)i=1,2,...

Then (2.5.5) follows by letting At — 0. Thus

—VO) ZE “NOIN@) =i P(N() =) =Y a 'pi(t)
i=0
Consequently

dE —N(t)

—l/
Za Pil

z '71

——Po +Zaﬂ{——]91 — Pi- 1(t)}

Y Zpi(t) + a Zpi—l(t)
i=0 i=1

1—a

a\

Then (2.5.2) follows. Now, by conditional on the numbers of events occurred
by time ¢, it follows that
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oo

E[Sn@#)4n+1] = ZE[SN(t)+n+1 | N(t) = k]JP(N(t) = k)
k=0
oo k+n+1

~SBLY XJP(N() = k)
k=0 =1

ax = 1
— l1 -y Tt PIV() = k)}

k=0
. a,)\ 1 7N(t)
T a-—1 { antl Efa }
a\ 1 a\ a\

pame el Gl 92 aslorax>l, t<777.

Therefore (2.5.3) follows. This completes the proof of Theorem 2.5.1.
In particular, we have the following corollary.

Corollary 2.5.2.

1. E[Syw] =t, (2.5.6)
t
By recalling that the age A(t), residual life B(t) and total life X )41
at t defined in Section 2.3, Corollary 2.5.3 is a direct conclusion from Corol-

lary 2.5.2.

Corollary 2.5.3.

1. BIA®)] =0, (2.5.8)
2. E[B(t)] = A+ (2 " (2.5.9)
3. BlXyw] = A+ (% 1)L (2.5.10)

Now suppose 0 < a < 1, we can use Theorem 2.4.8 since exponential
distribution is NBUE, while for a = 1, Theorem 2.4.5 is applicable. How-
ever, the following theorem due to Lam et al. (2003) is a better result.

Theorem 2.5.4. Assume that {X,, n = 1,2,---} is a GP with ratio
0 <a <1, and X; has an exponential distribution Exp(1/A). Then
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(1) tlggo %E[SN(t)Jrl] = %;

(2) lim E[B;(t)] _ l-a.

)
t—o0 a

(3) lim %E[a‘N(t)] = loa.

t—o0 ai

N(t)
(4) lim 1E[ Y a "] = 1.
t—o0 n=1
In comparison Theorem 2.4.8 with Theorem 2.5.4, we can see that for
the exponential distribution case, the limits always exist and equal the
upper bounds in the inequalities of Theorem 2.4.8 respectively.

2.6 Notes and References

In this chapter, we introduce the GP and study its probability properties.
As GP is a generalization of renewal process, most results in this chapter
generalize the corresponding results in renewal process. Lam (1988a, b)
first introduced the definition of GP and discussed its simple properties that
form the basis of Section 2.2. However, Theorem 2.2.3 is based on Lam et al.
(2003), while Theorems 2.2.4-2.2.6 are direct applications of the Doob, Riesz
and Krickeberg decompositions to the process {S,,n = 1,2,...}. On the
other hand, Sections 2.3 and 2.4 are based on Lam et al. (2003), in which
part 2 of Theorem 2.3.1 is originally due to Zhang (1991). In Section 2.5,
we study a particular GP with exponential distribution, in which Theorem
2.5.1 and Corollaries 2.5.2 and 2.5.3 are new, but Theorem 2.5.4 is from
Lam et al. (2003).
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Chapter 3

Geometric Function

3.1 Introduction

Given a GP {X,,,n =1,2,...} with ratio a, let

Sn=>_ Xi.
i=1
Then we can define a counting process
N(t) =sup{n| S, <t}, t=>0. (3.1.1)
Now let
M(t,a) = E[N(¢)]. (3.1.2)

Function M (¢, a) is called the geometric function of GP {X,,,n =1,2,...}.

In practice, if X,, is the interarrival time between the (n — 1)th event
and the nth event, then M (¢, a) will be the expected number of events oc-
curred by time t. If X, is the operating time after the (n — 1)th repair,
then M (t,a) will be the expected number of failures by time ¢. Obviously,
if the ratio a = 1, the GP reduces to a renewal process, and the geometric
function M (¢, 1) becomes the renewal function M (t) of the renewal process.
Therefore, geometric function M (¢, a) is a natural generalization of the re-
newal function. As the renewal function plays an important role in renewal
process, the geometric function will also play an important role in GP.

In this chapter, we shall study the properties of the geometric function.
In Section 3.2, an integral equation called geometric equation for M (¢, a)
will be derived. The existence of M (t,a) for a GP is studied in Section
3.3. In Section 3.4, the Laplace transform of M(¢,a) is determined. Then
in Section 3.5, an analytic solution of the geometric equation is studied. A
numerical solution to the geometric equation is introduced in Section 3.6.

55
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An approximate solution to the geometric equation is derived in Section
3.7. Then, the solutions obtained by above three methods are compared
with the solution by a simulation method in Section 3.8. Finally, as a par-
ticular case, the geometric function of a GP with exponential distribution
is considered in Section 3.9.

3.2 Geometric Equation
Now, we shall derive an integral equation for the geometric function M (¢, a).
First of all, it follows from (3.1.1) that

N(t)>n<= S, <t (3.2.1)
Let F,(z) be the distribution function of S,, with

1 t>0,
0 elsewhere.

m@:{

The following theorem is a generalization of Theorem 1.3.2. The proof
is exactly the same.

Theorem 3.2.1.
M(t,a) =Y Fu(t). (3.2.2)
n=1

Furthermore, Let F' be the distribution of X, then similar to (1.3.9), we
have the following integral equation for M (¢, a).

M@@:F@+/M@@—WMMWL (3.2.3)
0

To prove (3.2.3), we shall first derive a result by induction.
t
Eﬁ%i/ﬂAMG—WMHW. (3.2.4)
0

In fact, for n = 1, (3.2.4) is trivial. Assume that (3.2.4) holds for n. For
n + 1, because Sy,41 is the sum of two independent random variables S,
and X, 11, we have

SnJrl =5 + Xn+1~
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Then

:/ /PLNW—u—mMWQdHMw (3.2.5)
0 0

:/ /i;ﬂapw—ummm%)dﬂm
0 0

t a(t—v)

_ / / Fuo1(alt — v) — y)dF(a""'y) p dF (v)

0

0
:/&wwwmﬂm (3.2.6)
0

where (3.2.5) is due to the induction assumption, while (3.2.6) is because
Sy, is the sum of S,,_1 and X,,. Therefore (3.2.4) holds for any integer n.
As a result, (3.2.3) follows by substituting (3.2.4) into (3.2.2).

As equation (3.2.3) is an integral equation satisfied by the geometric
function M(t,a), (3.2.3) is called the geometric equation. If the density of
X1 is f, then (3.2.3) becomes

M(t,a) = F(t) + / M(a(t — u),a)f(u)du. (3.2.7)
0

3.3 Existence of Geometric Function

To start with, we shall study the existence of the geometric function of a

GP.

Theorem 3.3.1. If {X,,n=1,2,...} is a GP with ratio 0 < a < 1, then
for all ¢ > 0, N(t) is finite with probability 1, and the geometric function
M (t,a) is also finite.
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Proof.
Given a GP {X,, n = 1,2,...} with ratio a, define a renewal process
{X, =a"1X,,, n=1,2,...}. Now let

Sn:X1+X2++Xna
and
N(t) = sup{n | S, <t}.

From Theorem 1.3.3, it is clear that for all t > 0, N(t) < co with probability
1 and E[N(t)] < co. However,

Sn < Sn,
then N(¢) < N(t). This implies that
P(N(t) < o0) > P(N(t) < 00) =1,
and
M(t,a) = E[N(t)] < E[N(t)] < cc.

Then Theorem 3.3.1 follows.
Consequently, for a GP with ratio 0 < a < 1, a finite geometric function
always exists. However, for a > 1, Theorem 2.2.3 gives

a.s.
S, — S as n— o

with
a\

E(S) = 7 <o

Therefore, P( lim S,, = co) = 0. This implies that for a > 1,

P(N(c0) =o0) =1, (3.3.1)
where N(o0) = tlim N(t). Note that from Lemma 1.3.5, (3.3.1) also holds
for a = 1. Therefore, using the monotone convergence theorem yields that
for a > 1,

tlim M(t,a) = occ.

Moreover, Lam (1988b) gave the following example showing that if a > 1,
then M (t,a) is not finite for all t > 0. Let {X,,,n =1,2,...} be a GP with
a > 1. Assume that X; is a degenerate random variable with distribution
given by

1 €T Z 0,
F(z) = {0 clsewhere. (3.3.2)
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Let the distribution function of S,, be F},,. Then define

n

M,(t,a) = Fi(t).

i=1
By induction, it is easy to verify that

0 t <6,
k 1 k+1 1
Mn(t,a)— k HZ;FSt<GZ;F, k:1,2,...,7’l—1,

1
-1 -

5

n t>40

i=1

Letting n — oo, then we have

0 t <6,
k k+1
M(t,a) =1 k 9;ai£1§t<9;a+,l, k=1,2,... (3.3.3)

00 t> b
— a—1

Thus M(t,a) = oo for t > 2. Actually, for a > 1, a more meticulous

result for the geometric function M (t, a) is given by the following theorem.

Theorem 3.3.2. Given a GP {X,,,n =1,2,...} with ratio a > 1, let the
distribution of X; be F' and assume that

0 =inf{z | F(z) > F(0)}, (3.3.4)
then
ab
M(t,a) = o0 for t> 1 (3.3.5)
Proof.
According to Theorem 2.2.3, we have
lim S, =S
and
so = E[S] =aX/(a—1). (3.3.6)

Then, there exists 6 > 0 such that P{S < E[S]} > §. If otherwise, P{S <
E[S]} = 0. Then

E[S] = E{S| S < E[S|}P{S < E[s]} + E{S | S > E[S]}P{S > E[s]}
> E[9].
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This is impossible. Now, because S,,n =0,1,..., is nondecreasing in n, it
follows from (3.2.1) that for any integer n, we have

P{N(a\/(a—1)) >n} = P{S, <aX(a—1)}
> P{S<E(S)} >4

This implies that for t > sg = E(S) = aA\/(a — 1),

M(t,a) = B{N()} > B{N(a}/(a— 1))}
> nP{N(Aa/(a—1)) > n} > nd.

Letting n — oo yields that
M(t,a) =00 for t>sg=al/(a—1). (3.3.7)

Thus if § > A, then (3.3.5) follows from (3.3.7) directly. Otherwise, if 6 < A,
let

s1=50/a+0.
Then (3.3.6) yields

A A
s1= = H0<— + (S) = s0
Therefore, for s; <t < sg, we can write
A So
t=——+85=—+s
a a

such that # < s < X and s < t. Now (3.2.3) with the help of (3.3.7) gives

M(t,a) = F(t)+ /M(a(t —u),a)dF(u)
0

> Pt)+ / M(a(t — ), a)dF (u)
0

=F@{)+ /M(so +as — au,a)dF (u)
0

=00 for s;<t< sg. (3.3.8)
The combination of (3.3.7) and (3.3.8) shows that
M(t,a) =00 for t> s;. (3.3.9)
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Then by induction, it is straightforward to prove that M(¢,a) = oo for
t > sy, where

s s g
n—1 0
a am ‘ a’
1=0
ab
— as n — 0.
a—1

This completes the proof of Theorem 3.3.2.

Applying Theorem 3.3.2 to Lam’s example, we can see that M (¢,a) =
00, for t > afl/(a — 1), this result agrees with (3.3.3). On the other hand,
if the distribution of X is increasing at 0, then (3.3.4) implies that 6 = 0.
Therefore, Theorem 3.3.2 concludes that M(t,a) = oo for ¢ > 0. Then we
have the following corollary.

Corollary 3.3.3. Given a GP {X,,,n = 1,2,...} with ratio a > 1, if the
distribution function of X; is increasing at 0, then

M(t,a) =00 for t>0.

In other words, a finite geometric function does not exist for t > 0. As a
result, we can concentrate the study of geometric function on the case of
0<a<l.

3.4 General Solution to Geometric Equation

To solve geometric equation (3.2.3) for the geometric function M (t,a), we
can start with My(t,a) = F(t). Then by iteration, it follows that

M, (t,a) = F(t) + /Mn,l(a(t —u),a)dF(u). (3.4.1)
0

By induction, we can see that M, (¢, a) is nondecreasing in n for all ¢ > 0.
Consequently, the limit function

M(t,a) = lim M,(t,a)

exists. Then by using monotone convergence theorem, limit function
M (t,a) will be a solution to geometric equation (3.2.3). Moreover, if F'(x)
is continuous, then the solution M (¢, a) is unique in any interval [0, d] sub-
ject to F'(d) < 1. To prove this result, assume that 0 < a < 1. Then let
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C10,d] be the Banach space of all continuous functions on [0, d]. Define a
linear operator L on C[0,d] such that for G € C[0,d], H = L(G) with

L. H(t) =F(t)+ / Glalt —u))dF(u), for0<t<d (3.42)
0

It is easy to check that L is a contraction operator. In fact, for G1,Gs €
C[O,d], let H) = L(Gl) and Hy = L(GQ), then

|Hy — Hl| < F(d)||G1 — Gl . (3.4.3)

Then L is a contraction operator, since F(d) < 1. Therefore, by the fixed
point theorem, there exists a unique fixed point in C[0,d]. As d is any
positive number satisfying F'(d) < 1, the solution to (3.2.3) is also unique.

On the other hand, given a GP {X,,,n = 1,2,...} with ratio a, let the
density function of X; be f(x) and denote the Laplace transform of f(x)
by

£16) = [ e oy
0
and the Laplace transform of M (¢, a) by
M*(s,a) = /eiStM(t,a)dt.
0

Then taking the Laplace transform on the both sides of (3.2.3) gives

M*(s,a) = fT(S) + éM*(Z, a)f*(s). (3.4.4)

Now if 0 < a < 1, Theorem 3.3.1 implies that the geometric function
M (t,a) is always finite, and (3.4.4) can be solved iteratively for M*(s,a).
To do this, starting with
f7(s)

M (s,a) = P

then by iteration, we have

Mz (s,0) = T T s

By induction, it is easy to show that

n 7

Mi(s,a) = =S (I 7 (3.45)

i=0 ;=0
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Let n — oo, by using ratio test, it is trivial that the series on the right
hand side of (3.4.5) is convergent, since 0 < a < 1. Thus, the solution to
(3.4.4) is given by

. LS 1 58
M*(s,a) = EZ 11 ()¢ (3.4.6)
i=0 | j=0
Consequently, if 0 < a < 1, the geometric function M (¢,a) could be deter-
mined by inversion of M*(s,a).

However, if a > 1, series (3.4.6) is divergent. In fact, rewrite M*(s,a) =
o0

> a;(s) with

=0

Then the Raabe test gives

i {0 ) gy 0 S
'hml{alq_l(s) 1}—1 (=) 0, (3.4.7)

1—00 1—00

where (3.4.7) is due to (1.3.13). As a result, series (3.4.6) is divergent for
a > 1, there is no solution to (3.4.4). This result agrees with the conclusion
of Theorem 3.3.2.

In this section, two general methods for the solution of geometric equa-
tion are suggested. In practice, the implementation of (3.4.1) is a tedious
job, the inversion of (3.4.6) is even an extravagant hope. Therefore, in Sec-
tions 3.5-3.7, we shall introduce some powerful methods for the solution of
geometric equation.

3.5 * Analytic Solution to Geometric Equation

At first, consider a subset of L2[0,T], the space of all square integrable
functions on [0,7]. Assume that F(T) < 1 and the density of X; is f.
Then let

W10, T] = {u| uis continuous on [0,T], u(0) =0, u, v’ € L*[0,T]}.
The inner product is defined for u,v € W[0,T] is defined by

T
(u,v)w = /0 (w(@)v(z) + o' (z)v' (z))dz. (3.5.1)
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Then the norm of w € W0, T] is given by

lullw = v/ (u, w)w.

Clearly, W[0, T is a separable Hilbert space. Moreover, W[0,T] C C[0,T],
the space of all continuous functions on [0, T]. Note that in this section, we
shall use (-,-)w and (-,-) to denote the inner products in spaces W0, T

and L2[0,T), and use | - |w, || - |z and || - ||c to denote the norms in spaces
W10,T], L?[0,T] and C[0,T], respectively. Then, let

ch(z+y—T)+ch(lv —y|=T)

= 0.2
R(z,y) 25h(T) , (3.5.2)
where
e +e ”? e* —e?
ch(z) = — and sh(z) = —
It is easy to check that for any function u € W[0,T], we have
(u(y), R(z, y))w = u(x). (3.5.3)

Thus R(x,y) is a reproducing kernel function (see e.g. Aronszajn (1950)).
Because R(z,y) is symmetric, (3.5.3) is equivalent to

(u(y), Ry, z))w = u(z). (3.5.4)
Now, define an operator A on W10, T]:

Ah(z) : h(z) — hz) - /0 " h(ae — 1) f(w)dy. (3.5.5)

Thus, equation (3.2.7) is equivalent to
Ah=F. (3.5.6)

Now, let
Gla) = [ blate— ) )iy 357)
0

Then, we have the following lemmas.

Lemma 3.5.1. Assume that 0 < a < 1, f € L?[0,T] and h € W0, T].
Then, we have

IGI7 <

Sl !

IR (3.5.8)

and

IG'NIZ < aTlIFIIZ IR N1Z- (3.5.9)
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Proof.
By using the Cauchy-Schwarz inequality, we have

||G||L—/{/h alw — 1) () dy}*da
< / { / B (a(z — y)dy / 72(y)dy}da
= /OT{é/OM hQ(z)dZ/; f2(y)dy}da

T
< —IFIZ IR,

since 0 < a < 1. Furthermore, because h(0) = 0, then

G't)=a [ “W(ale - ) f(y)dy.

Thus, we have

16112 = / /h a(z — ) f (W) dylPda
< / @ [ 1t =iy [ Py
= /OT{CL/OM h?(z)dz /Ox f2(y)dy}dz

< aT |l FIZIKIIE.

This completes the proof of Lemma 3.5.1.

Lemma 3.5.2. Assume that 0 < a < 1, f € L?[0,T] and h € W0, T].
Then Ah € W0, T].
Proof.

For any h € W0, T], in order to prove Ah € W10, T], we need to show
that Ah(z) is a continuous function on [0, 7], Ah(0) = 0, Ah(z) € L?[0,T)
and (Ah(x))" € L?[0,T]. The first two conditions are trivial. To show the
third one, Ah(x) € L?[0,T], we note that h € W10, T] is continuous, then
there exists M > 0 such that for all z € [0,T], |h(z)| < M. Consequently,
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we have

| AR|2 = (Ah, AR);
:=wu»—A ha(z — y)) f(y)dy, h( /'h oz — ) [ (w)dy)1

=nm&—2mu»£ ha(z — 1) F(w)dy)z
2

+ ’ (3.5.10)

| #tate =)y
0 L

It is easy to see that three terms in right hand side of (3.5.10) are all
dominated by M2T. As an example, from the definition of the inner product
in L2[0,T], the second term becomes

}wu»ﬂwmux—wﬁ@mmL

AThwy/zmux— 1)) f () dyda

v [ s

< M°T.
Thus, (3.5.10) yields

|mm%snw%+ﬂ /'h alz — ) F(y)dy)

2
+

/‘Mux—wﬁ@mm
0 L
< M?T + 2M>T + M>*T = 4AM>T.

Consequently, Ah(x) € L2[0,T]. Afterward, we shall show that (Ah(x))" €
L2[0, 7).

[(Ah(2))'7 = (W (z) = G'(x),h'(z) - G'(2))z
= IWlI7 = 2(W'(2), G'(2))r + |G"[I7.  (3:5.11)
Once again, by using the Cauchy-Schwarz inequality and (3.5.9), we have

(W (2) |/ 2)da]

Hh’IILIIG’IIL
(@) 2 flllb 12

<
<
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Thus, (3.5.11) with the help of (3.5.9) yields
(AR @))II7 < {1+ 2aD) (||l +aT | FIZHIRIE. (3.5.12)
This implies that (Ah(z))" € L?0,T], and Lemma 3.5.2 follows.

Lemma 3.5.3. Assume that 0 < @ < 1 and f € L?[0,7]. Then A is a
bounded linear operator from W[0,T] to W10, T].
Proof.

It follows from Lemma 3.5.2 that A is an operator from W[0,T] to
W10, T]. Furthermore, A is obviously a linear operator. Now we shall show
that A is a bounded operator. To this end, we note that

[AR[[fy = (h(z) — G(z), h(z) — G(z))w
= [|hlffy — 2(h(2), G(@)w + |Gl
< Rl + 20Inllw G llw + 1G1F- (3.5.13)
Because G € W[0,T1], hence (3.5.1) and Lemma 3.5.1 imply that
G|y = IGIIZ + IG"112
T
—IFIZIRIZ + aT I FIZIRI1Z

T
o A

N

IN

Therefore, (3.5.13) gives

T T
4RI < 1% + 2{=3 21l liR iRy + I FIZIAI
T
= {1+ () 2132 Ry

Consequently
T
[AR[lw < {1+ (E)I/QHJCHL}”h”W-
Thus, A is a bounded linear operator from W[0,T] to W10, 7] with norm

T
IAllw <14 ()21l (3.5.14)

Note that as W0, T] is a Hilbert space, the conjugate space of W0, T,
i.e. the space of all bounded linear operator on W[0, T}, is itself in sense of

isomorphism. Therefore the same W-norm could be used here.

Now, we can derive an analytic solution to equation (3.5.6). To do this,
noting that W0, T] is a separable Hilbert space and F # 0, there exists a
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complete orthonormal basis {a, }22, in W0, T] with ag = F/||F||w -
Then let A* be the conjugate operator of A. Denote

Vi = span{A*ay, A%aq, ..., A%y},

and

Vi,

(@

V:

n=1

oo oo
where |J V,, is the closure of |J V;,. Moreover, let P be the projection
n=1 =

n=1
operator from A*W0,T] onto V. Denote hg = A*ap, then we have the
following result.

Theorem 3.5.4. The solution to equation (3.2.7) can be expressed by

b [ Fllw (ho — Pho)

(ho, ho — Pho)w
where A*W0,T] is the closure of A*W|0,T].
Proof.

At first, we shall prove that equation (3.5.6) is equivalent to the following
equations

€ A W0, T, (3.5.15)

{(h,A*ao)W = [[Fllw, (3.5.16)

(h, A*a,)w =0 n=1,2,....

To show that (3.5.6) = (3.5.16), since Ah = F and {a,}5% is a complete
orthonormal basis of W0, T, we have

(h, A%a0)w = (Ah, a0)w = (F,a0)w
= (|1Fllw - a0, 0)w = || F'llw (o, a0)w = || Flw
Moreover,
(h,A*Oén)W = (Ah,ozn)w = (F, Oén)W
= ([[Fllw - a0, on)w = [|F|lw (0, an)w = 0.

To show that (3.5.16) = (3.5.6), by the Bessel equality and (3.5.16), we
have

Ah = Z(Ah,an)wan = Z(h,A*an)Wan
n=0 n=0

= (h,A*Oé())WOéQ = HF”W Q0 = F.
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Second, we shall prove that if equation (3.5.6) has a solution h, then
ho = A*ag € V. Otherwise, if hg € V, then there exists {v,, n=1,2,...}
such that v, € V,, and

vy = Zam-A*m — hg as n — oo,
i=1

where a,;, i =1,...,n are some constants. Thus (3.5.16) gives
(h,vn)w = (h, ZamA*Ozi)W = Zam(h, Aray)w = 0.
i=1 i=1

Therefore

(h,ho)w = lim (h,’Un)W =0.

n—oo

That is, (h, A*ag)w = 0, which contradicts the first equation in (3.5.16)
since h is the solution of (3.5.6) and || F||w # 0. Consequently, ho ¢ V and
hence hg — Phqg # 0.

Now let

b | Fllw (ho — Pho)
(ho, ho — Pho)w

It is easy to see that h satisfies (3.5.16). In fact,

|| Fllw (ho — Pho)

h,A*OZ = h,h = ’
( 0w = (b, ho)w ((ho,ho—Pho)W

ho)w

F
— A (o Pho,halwe = [Pl
| Fllw (ho — Pho)
h, A*a, = LA,
(h, A0 ) ((ho,ho—Pho)W on)w
7]l w

= o ho — Pholw (ho — Pho, A*an)w = 0,
since P is the projection operator from A*W|0,T] onto V', and hg — Phgy L
V. Therefore, (3.5.15) is an analytic solution to equation (3.5.6) or (3.2.7).
This completes the proof of Theorem 3.5.4.

In application of Theorem 3.5.4, a complete orthonormal basis in
W[0,T] is needed. To do so, let D = {T;,i = 1,2,...} be a dense sub-
set in [0,7]. Let {wi(z) = R(z,T3),i = 1,2,...} be a family of univariate
functions obtained from the reproducing kernel function R(z,y) by substi-
tuting y = T;. Then {y;(z),i = 1,2,...} are linear independent in W0, 7.
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To prove this, assume that there are some constants {¢;,i = 1,...,n} such
that

Z civi(z) = 0.
i=1

Thus for any v € WI0,T], we have (u, > ¢;pi)w = 0. In particular,
i=1

consider a sequence of functions u; € WJ[0,T],j = 1,2,... such that
u;(T;) = 6;5, where §;; is the Kronecker delta defined by

s _frit =
Y0 i i
It follows from (3.5.4) that
u;(Ti) = (uj(@), R(z, Ti))w = (u;(), pi(x))w

Then for any j < n, we have

n

¢j = Z ciug(Ti) = Y ciluj (@), i) w = (u;(@), chz’(%))w =0,

i=1
and so {p;(z),s = 1,2,...} are linear independent. Because D is dense in
[0,T], then {p;(x),i =1,2,...} form a basis of W10, T].

Furthermore, define

Yi(x) = A% pi(x). (3.5.17)
Then {¢;(x),i = 1,2,---} are linear independent in space A*W[0,T]. To
show this, assume that there are some constants {d;,i = 1,...,n} such that

i=1
Then for any u € W[0,T], we have

0= (u(z), Zdﬂm(x))w = (u(), ZdiA*%'(w))W
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Because {T;,i = 1,--- ,n} is a subset of D. We can arrange them in order
so that 0 < T} < --- < T},. Then for each 7 = 1,...,n, define a function
uj,i=1,...,n,on [0,T] such that
1+#§H) T; —a(Tj —Tj_1) < & < Tj,
UJ(Z‘) =41+ W}f—l) T, <x<T;+ CL(Tj - ijl)a (3.5.19)
0 o elsewhere.

By substituting v = w,, into (3.5.18), it is easy to see that Au,(7T;) = 0 for
i < n. In fact,

T;
AMGD=uAE%—A wn(alT; — ) (y)dy

aT;
= un(T3) — l/0 un(2)f(Ti ~ 2)dz = 0,

a

since 0 < a <1 and aT; < aT,_1 <T, —a(T, —Tp—1). On the other hand,

Ty
mmnpwwm—A wn(a(T — ) F(y)dy

1 [oT» z
-1 (T — PV
1 /0 wn(2) F(T — Z)dz

a a

Now we shall prove that Au,(7T,) # 0. In fact, if a7}, < T}, — a(T, — Th—1),
then from (3.5.19) we have

1 (lTn
Aun (@) = 1= [ (@ - Dy =1,
a 0 a
It oT,, > T, — a(T, — Ty,—1), again from (3.5.19)
1 [oTn z
Auy(T,) =1— = / un(2) f(Th — =)dy
a 0 a
1 [oIn z
:1——/ un(2) f(T, — —)dy
A JT, —a(Tn—Tn_1) (2)4( a)
H Tn T 24— 1)T
21 f fyar>1- (B 0 pry s
0

since

20 — 1 20 —1

0< T, —Th-1<
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due to F(T) < 1. Thus Au,(T,) # 0. Then applying (3.5.18) to u,, gives
0="> diAu,(T;) = dy Aun(T,).
i=1

This implies that d,, = 0. Then we can substitute v = u,_1 into (3.5.18)
to obtain d,—1 = 0. In general, it follows by induction that d; = 0 for
i=1,...,n. Thus {¢;(x),i =1,2,---} are linear independent.

Thereafter, by the Schmidt method, a complete orthonormal basis
{i(x),i = 1,2,...} of A*WI[0,T] can be constructed on the basis of
{¢i(x),1 =1,2,...}, such that

Gix) = BriA pr(z) i=1,2,.... (3.5.20)
k=1
Now, let
Yn = Span{&l/‘;?v ce. 71;77.}7
then

AW, T] = | Ya.
n=1
Now, let P, be the projection operator from A*W10,T] to Y.

Theorem 3.5.5. If {T;,i = 1,2,...} is a dense subset in [0,7], then a
series representation of the solution to equation (3.2.7) is given by

h(z) = i [Z BeiF (Tk) | ¥i(). (3.5.21)
Proof. o
Let
Poh = i(ha@)wl@,
then -

|Poh — hllw — 0 as n — oo. (3.5.22)

To prove (3.5.22), note that h € A*W[0,T] = |J Y., there exists g, € Yo
n=1

such that

lgm — hllw — 0 as m — oco.
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In virtue of the fact | P,||lw < 1, we have for n > m

[ Pnh = hllw = [[Pah = gm + gm — hllw
< 1Puh = gmllw + llgm — hllw
= [|Pu(h = gm)llw + lgm — Rllw
< |Pullwllh = gmllw + llgm — hllw
= (IPullw + Dllgm — hllw

< 2||gm — hllw — 0, as n — oco.

Thus (3.5.22) follows. Then by the embedding theorem (see, e.g., Gilbarg
and Trudinger (1977)), ||h||c < C|h||w for some constant C > 0. There-
fore, we have P,h — h uniformly. Furthermore, by using the Bessel equality
and the reproducing property of R(z,y), it follows that

Mg

=1 =1 k=1

=33 Bui(Ah, o) wibi(@ ZZ@” R(Tx,z))wii(w)
=1 k=1 =1 k=1

= Z ﬁ iF(Ty)hi(x).

b
\ |

This completes the proof of Theorem 3.5.5.

Now, consider a truncated series of (3.5.22)

hn(@) = (Puh)(z) = > D B F(T)Wi(x), n=1,2,... (3.5.23)
=1 k=1

Clearly, {h,(z),n = 1,2,...} is a sequence of approximate solutions to
equation (3.2.7). The error of the approximate solution h,(x) is given by

E,(z) = h(x) — hy(z).
Then, we have the following result.
Theorem 3.5.6.

|Bnsillw < [Ballw, n=1,2,... (3.5.24)
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Proof.
By the definition of E,, (x), we have
n+1
Enti1(2) = h(@) = hys1(2) = h(z) = ha(@) = Y Brni1 F(Ti) i (2)
n+1 ~ =
= En(z) - Z Brnt+1F (T )on41 ().
k=1
Consequently,
1 Ens1lliy = (Bus1(2), Bt () w
n+1 n+1
Z Bjntr F(T3)n41(2), En(x) = Y Bt F(Te)dnr1 (@) w
k=1
n+1
= |Eallfy =2 Bront 1 F(Ti)(En (), npa (@) w
k=1
n+1 n+1 _ ~
O Bim it F@HD  Bronta F(To) YWy (), Y (2)) . (3.5.25)
j=1 k=1

Because of the orthogonality of sequence {¢i(z)}, we have
(hn(z),Ynt1(x))w = 0. Then from (3.5.4), we have

(Bn(@), Ynr1(@))w = (h(x) = hn(2), Pns1(2))w

n+1

= (h(@), Fna @ = (@), 3 B 1”5 @)
n+1 . n+1

= Z Bint1(h(z), A%pj(x))w = Z Bjn+1(Ah(z), 0;(x))w
=1 =1
n+1 n+1

- Zﬁ] n+1 Zﬂj n+1F

Moreover, the orthonormality of sequence {wi ()} gives

(Vg1 (@), ngr (2))w = 1.
As a result, (3.5.25) becomes

[yomey(
n+1 n+1 n+1

= Bullfy — 20D Bimn1 F(THHD  Bentrn F(Te)} + > Bronta F(Ti)}
k=1 k=1

J=1
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n+1

= 1Eulfy = D Benri F(T)}Y < ||Ealy-
k=1

Thus Theorem 3.5.6 follows.
The following theorem gives an upper bound for error E, ().

Theorem 3.5.7.

|En(z)| < [|hllw[R(z,2) — Zn:if(%)]m- (3.5.26)
Proof. o
By using reproducing property (3.5.3) or (3.5.4), we have
|En (@) = [h(x) = hn(2)]? = [h(z) - : LZ: B F(Ti) | ()
= [(h(y), R(z,y))w — Zj; [; Bri(F (), R(y, Ti))w | ()|
= [(h(y), R(z,y))w — ik;ﬁm(flh(y) or(y)wii(x)]?
= [(h(y), R(z,y))w — ilk;ﬁm(h(y) A i (y))wbi(x)[?
= |(h(y), R(z, y)w — (h(y),é;ﬁmz‘l e (y)vi(a))wl®
= [(h(y), R(z,y))w — (h(y), zn:@(ywl'(w))wlz (3.5.27)
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R(x,y) i: Rz, ) wij(y)w
< |1l {IR(:r iy - 2; bi(t), R(z, 6))w (R(x,y), i (y))w
+ ié R(z, t))w (;(1), R(z, t))w (i(y), $;(y)w
= |l {IR(x,y)II%V - é(%(ﬂ, R(z, t))%v} : (3.5.28)

where (3.5.27) is due to (3.5.20) and (3.5.28) is from the reproducing prop-
erty. Now, because

IRz, )}y = (R(z,y), R(z,y))w = R(z, ).

we have

| En(2)]* < [|hll% {R(x,x) - Zlﬁf(x)} : (3.5.29)
=1

Hence Theorem 3.5.7 follows.

In practice, the determination of normalization coefficients {0, k < i}
is not easy. A computational method is suggested as follows: first express
the ¥’s in terms of 1’s; then rewrite the approximate solution as

n

hn(x) = citi(w). (3.5.30)
i=1
To determine the coefficients {¢;,s = 1,...,n}, we can apply operator A to

both sides of (3.5.30) and let z =Tj,j =1,...,n. It follows that

= Zci(Am)(Tj) j=1,...,n. (3.5.31)

Since the projection operator P, is a self-conjugate operator, P, = P},
and A*pj(z) = ¢i(x) € Yy, Pui(x) = ¢i(x),7 = 1,2,...,n. By
using the property of conjugate operator, the left hand side of (3.5.31)
becomes
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(Ahy)(T}) = (APR)(T;) = ((AP.h)(y), R(y, T;))w =
((Pul)(y), A% (y)w = ((Pal)(y), %

( Jw = (h(y), 15 (y))w

( w = (F(y)vR(Tjay))W = F(T3).

h(y), Putpi(y
Ah(y), v;(y)

)
)
The right hand side of (3.5.31) gives
Zcz sz SDJ = Z Cz (y))W ZQ(%( ) "/}j(y))W
=1 i=1 =1
Consequently, equation (3.5.31) becomes
> @i wei =F(Ty), j=1,---,n. (3.5.32)
i=1

As the coefficient matrix of linear equations (3.5.32) is symmetric and posi-
tive definite, (3.5.32) will have a unique solution ¢;, i = 1,...,n. Therefore,
(3.5.30) could be applied for finding an approximate solution to (3.2.7).

In order to find the inner product of v; and +;, we need to consider
the representation of operator A and its conjugate operator A*. To derive
a representation of operator A, by the reproducing property and the lin-
earity of the inner product, for any continuous function g(s), the following
equation holds

Furthermore, for any u € W[0, T, we have

Au(s) = A(u(t), R(s,t))w
— (ult), R(s. ))w / (u(t), Rla(s — v), 1))w f(u)dy

— (u(t), R(s. ))w / R(a(s — ). ) () dy)w
— (u(t), B(s,1) /R a(s — ), 1) f(W)dy)w (3.5.33)
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Therefore, for any u,v € W[0,T], (3.5.1) gives

T
(u, A"0)w = (Au, v)w / [(Au(z))o(z) + (Au(z))"V (2)]dz

/{ Rz, 1) /R oz — ), ) FW)dy)w - v(z)

R(z,t) / R(a(z —y y)dy)yw - V' (z)
:/0 {(u(t),v(x)[R(z,t) /R alx —y (y)dy))w
fo ), t)f (y)dyl

+(u(t), v’(x) )w Hda

:/OT{(u(t) R(x,1) /R a(z — 1), 1) (y)dy]

-l R ) 1) (y)dy]

+v'(z) IR

ax Yo Y
Consequently, we have
(u, A = (u /{v xt—/rRax—y,tfydy]
oy 1) = Rl =)0/ 0)y 1} .
— (u R(z,t) / Rla(x - dy)w )
Then, we have
A*o(t) R(z,1) / Rla(z -y dyhw.  (3.5.34)

Thus from (3.5.17) and using the reproducing property, a representation of
1;(t) is given by

wilt) = (pita). Rart) = [ " Rla(e — ). ) fW)dy)w
= (R(z,T;), R(x, t) / R(a(x — y)dy)w
= R(T;,t) —/ R(a(T; —y),t) f(y)dy (3.5.35)
0
T;
- [ Rt ~ ). 07wy (3.5.36)
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Moreover, we have

(W) = (ot / R(a(Ts — ), ) (9)dy, v (8))w
— (it s ()w — ( / 1R(a(Ti—y),t)f(y)dy,%(t))w
T;
= (R(t.T3), (1)) w — / (R(a(T; — y), 1), 3 () w £ (w)dy,

T;
=1 (Ti) — ; ¥;(a(Ti — ) f (y)dy, (3.5.37)

or by the symmetry of the inner product

(i) w = (T, / Gia(T; — ) fw)dy.  (35.38)

With the help of (3.5.32) and (3.5.37) or (3.5.38), we can easily find an
approximate solution h,(x) by (3.5.30).

3.6 Numerical Solution to Geometric Equation

In this section, for 0 < a < 1, a numerical solution to equation (3.2.7) for
the geometric function is studied by using a trapezoidal integration rule.
First of all, we introduce the following lemma that is useful for estimation
of the error in the numerical method.

Lemma 3.6.1. Given a nonnegative sequence {y,, n =0,..., N}. Assume
that
(1) yo =0,
n—1
(2) yn <A+ BhY y;, 1<n<N,
§=0

where h = 1/N, A and B are two positive constants independent of h.
Then

< .0.
Oznfg\/ yi < AeP (3.6.1)

Proof.
First of all, we prove an inequality

yn < A(1+ Bh)" 1. (3.6.2)
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In fact, by condition (2), (3.6.2) is trivial for n = 1. Now, assume that
(3.6.2) holds for j =1,...,n— 1. Then

n—1

j=1
n—1
< A+BhY A(l+ Bh)™!
j=1
= A(1+ Bh)" .
By induction, (3.6.2) holds for any integer n. Because h = 1/N we have
B
n < A1+ =1
yn < AL+ )
<Au+§W<A£
— N —_— .

Now rewrite M (t,a) as A(t) for convenience. Then, by taking a trans-
formation

=a(t —y),
equation (3.2.7) will become
A) / A(s)F(t— 2 )ds. (3.6.3)

Without loss of generality, suppose that ¢ € [0,7] and f(0) = 0 for simplic-
ity. Then, partition interval [0,7] by points T; = i¢h, i = 0,1,..., N with
step width h = T/N. Afterward, let

ANT;) = / A(s)f(T; — —)ds
1
=F(T)+ 5/ A(s)f(T; ds+ / A(s )s
0
= F(Ti) + I + I, (3.6.4)
where [z] denotes the integer part of a real number = with
1 [Thas s
h:—/ A F(T; — 2)ds (3.6.5)
a Jo a

and

1 [of s
:EAMA@ﬂE—?M. (3.6.6)
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Now write
1 s
g(s) = EA(S)f(Ti - a)~

Then a trapezoidal integration rule with partition points {73, i =
0,1,...,[ai]} on interval (To, Ti4i) = (0,T}4q)) can be applied to I;. Thus

[ai]—1

h h
Ti(g) = To+h§j (T) + 5.9(Tlas))-

Because A(Tp) = A(0) = 0, it follows that

Tiai)
= [ aeas = Tio) + Bilo)
[m] 1
:%A(To)f(T - — +— Z A(Ty) f(T; —&)
h T[al]
%M DI (0= =) + Bi(g)
[ ai)
h Tai
= - Z ATy f %)-F%A(T[ai])f( i [a])
FEN). (36.7)

where F1(g) = I — T1(g) is the error of T1(g). It is well known that if
g € C?[0,T], the space of all functions with continuous second derivative
on [0,T], then the error of using a trapezoidal integration rule is of order
2, ie.

Ei(g9) = O(h?). (3.6.8)

Similarly, a trapezoidal integration rule with 2 partition points 74, aT; on
interval [Ti,;, aT;] is applied to Io. Then

ClTi - Tai Tai CLT%
o) = T AT 18- Ty 4 e - 4D )
ali — Ty Tlai)
= Tl A () F(T — 212,
2, ( [az])f( a )

since f(0) = 0. Therefore I becomes

Iy

aT;
/’g@wzn@+@@

Tlai]
_ady — Ty A
a 2a

(Ttai)) f (T3 — T[;i] ) + Ea(g), (3.6.9)
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where Fy(g) = Io — T2(g) is the error of T5(g). Similar to (3.6.8), we have
Ba(g) = O((aTs — Trag)?) = O((aih — [ailh)?) = O(h2), (3.6.10)

since | ai — [ai] |< 1.

By using (3.6.7) and (3.6.9), (3.6.4) becomes

A(0) =0, (3.6.11)
and
h lai]—1 T,
NT) = F(T) + 2 > MT)F(Ti= )
k=1
h Tai T Tal Tai

5o M) S (T = =20+ ¢ A (T (T~ =)
+(Ei(g9) + E2(g9)) i=1,...,N. (3.6.12)

To obtain a numerical solution, in view of the fact A(0) = 0, we can
start with

Ao = 0. (3.6.13)

In general, an approximate solution A; of A(T;) could be obtained from
(3.6.12) by neglecting the sum of errors (E1(g) 4+ E2(g)). In other words, an
approximate solution A; can be determined recursively from the following
equation

h Tlai)
A, = F(T, - A — A f(T; — ——
+ Z kf + 2 [m]f( a )
CLT Tm T[M']
71\ =1 N .6.14
+ 2 [al]f( a ) ’ P (3 6 )
Denote the error of A; by e; = A(T;) — A;. Then

eo = 0. (3.6.15)

In general, by subtracting (3.6.14) from (3.6.12), we have

[ai]—1

Tk h CLTi — T[ai] T[ai]
=2 T— by fo o e L
e a;ekf( a)+{2a+ 50 € ]f( o )
+(E1(g) + E2(9)) i=1,...,N. (3.6.16)

Then, write

A= 1r<nax [(E1(9) + E2(9))]
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and

LT, — ) for 1<k < [ai] —1,
G‘Ti_Tu.i Ta'i 3
= + ) f(T; — 1) for k = [ai],

(
0 for [ai] <k <.

Q|

B, =

Moreover, let

B= max {Bj} < .
1<k<i<N

Then an upper bound for the error e; can be derived from (3.6.16). In fact,
we have

lei
- [ai]—1 | | 1 (T Tk) h 1 CLTi — T[ai] | | ( [az] ) A
- ; ck af B 2a W fai) |/ a
i—1
<SA+BhY lexl, i=1,...,N, (3.6.17)
k=1
with
|€0| =0.
Now Lemma 3.6.1 implies that
max |e;| < AeP (3.6.18)

1<i<N

Note that by (3.6.8) and (3.6.10), A = O(h?). As a result, (3.6.18) yields
that
max_ e < ch? (3.6.19)

1<i<

for some constant ¢ which is independent of h. In conclusion, the error of
A; is of order h2.

3.7 Approximate Solution to Geometric Equation

Given a GP {X,,n = 1,2,...} with ratio a, let the density function of
X1 be f(z) with B(X;) = A, Var(X;) = ¢? and up = B(XF), k=1,2,....
Another possible approach to determination of geometric function M (¢, a) is
to find its Laplace transform M*(s, a) and then obtain M (¢, a) by inversion.
If a = 1, the GP reduces to a renewal process. Then the geometric function
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M(t,1) becomes the renewal function of the renewal process. It follows
from (1.3.11) that

fr(s)

s(1 = f*(s))’
where M *(s, 1) is the Laplace transform of M (¢,1), and f*(s) is the Laplace
transform of f(z). In general, the inversion of (3.7.1) is not easy except
for some special cases. Of course, if a # 1, the problem will be more
troublesome, since one can see from (3.4.4) or (3.4.6) that there even exists
no simple expression of M*(s,a). Alternatively, one may try to find an
approximate expression for M(¢,a). In practice, an approximate formula
of M (t,a) might be good enough for application. For example, if a = 1,
according to Theorem 1.3.4, the renewal function M (¢, 1) is given by

M*(s,1) = (3.7.1)

t 2 _ )2
M(t,1) = 5+ JzT +o(1). (3.7.2)

To derive an approximate expression for M(t,a), we can expand M*(s, a)
as a Taylor series with respect to a at a = 1 in the following way.

M*(s,a) = M*(s,1) + %ﬁj’@b:l(a— 1)

1 02M*(s,a)
2 Ja?
To do this, first of all, (3.7.1) yields that

OM*(s,1) _ sf*(s) = f*(s)(1 = f*(5))

la=1(a — )% +o{(a —1)*}.  (3.7.3)

Js s2(1 — f*(s))2 ’ (8.7.4)
and
O*M*(s,1) 1
R ()
< {2f ()L = fH(s)]* + [s7F*"(s) — 25 (s)][1 = f*(s)] + 25°[f 7 ()7}
(3.7.5)

By substituting v = s/a and differentiating both sides of (3.4.4) with re-
spect to a, it follows that

OM*(s,a)

Ja
e . s OM*(u,a) | 10M*(u,a)
— o {- g - 52T

} . (3.7.6)

a Oa
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By letting a = 1, (3.7.6) with the help of (3.7.1) and (3.7.4) gives

OM*(s,a) *( ) . OM*(s,1)
da Ja=1 = 11— f*(s) {M (s,1) +5 Os }
[ (s)f*(s)
7[1 0 (3.7.7)

Thus from (3.7.7), we have
0?>M*(s,a) | _ 1
8a85 S TR YT
)AL )L = F )] + () +2f () (s)]*} . (3.7.8)

Again by differentiating the both sides of (3.7.6) with respect to a, we have

0?M*(s,a)
0a?
e 2 . 4s OM*(u,a) 2 OM*(u,a)
_f(s){a3M( )+ ou a? da
s2 0°M*(u,a)  2s 82M*(u, a) 10°M*(u,a)
e 0w T @ oaou 4 0a } - (3.7.9)
Now, substituting a = 1 into (3.7.9) yields that
0?M*(s,a)
o bt
f*(s) . OM*(s,a) OM*(s,1)
= —_— — s |g= 4 _—
Ty M 1) — 27 e s
0?M*(s,a) 5 02 M*(s,1)
_%_557_“ﬂ+5_7£7_

-[_ 5{ () + 267 ()0 = £ ()]

+2{s[f () F () A+ (F )]+ F ()7 ()} = f(s)]
+2s(f*(s))2(L+2f*(s))} - (3.7.10)

On the other hand, we have the following approximate expansions

(1) f*(s)=1-=As+= (/\2—|—cr )s? —éugs +iu4s +o(s), (3.7.11)

(2) f(s) =2+ (N +0° )3—%/138 —l—éms + o(s?), (3.7.12)

(3) f(s) = (A2 +0%) — pas+ %msz +o(s%). (3:7.13)
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By substitution of (3.7.11)-(3.7.13) into (3.7.1), (3.7.7) and (3.7.10) re-

spectively, we have

M 1) = — + T2 Lo (3.7.14)
5= As2 2)\2s ' o
OM*(s,a) 1 o2 — \2
50 =1~ 323 T gume T oW, (3.7.15)
and
0?M*(s,a)
gl
4 3(0? — \?) 1 5 \2vo 5 o
= A\3g4 + \ig3 + 6)\582 [9(0' + A ) —12\%0° — 4AIU3]
+ e [(ON +150%) (M + 0%)% — 4 (3N 4 40?) + 3 ju4]
+O(1). (3.7.16)
Therefore, it follows from (3.7.3) that
M (s, a)
1 0'2 — )\2 1 0‘2 — )\2
" o s T el
2 3(0% — \?) 1 ) 910 5 o
+{A3s4 YT Toeaz (907 + AT)7 = 120707 — 4Ap]
+24)\68 [(9/\2 +1507) (A + 0%) — dAp3(3N* + 407) + 3)\2u4]} (a—1)?
+0(1). (3.7.17)

Consequently, by taking an inversion of (3.7.17), we can obtain an ap-
proximate expression for M (t,a) with the help of the Tauberian theorem

below
tllg_noo M(t,a) = 15% sM*(s,a).
Theorem 3.7.1. For 0 < a <1, we have
M(t,a)
t o2 —\? 2 (02 =M\t
= — _— R -~ 7 _ 1
X2 +{2)\2+ 2\3 }(a )

t3 3(‘72 _)\2)752 t 2 212 2 2
+{3W+ N + 12)\5[9()\ +0%)" =12\ — 4\us]

[(9A% 4+ 1502 (A% + 02)? — d\us (30 + 402) + 3)\2u4]} (a—1)2
(3.7.18)

tone

+o(1).
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Clearly, if @ = 1, (3.7.18) reduces to (3.7.2). In other words, Theorem
3.7.1 is a generalization of Theorem 1.3.4.

Now we consider some special distributions that are very popular in life
testing and reliability.

(1) Exponential distribution
Suppose that X; has an exponential distribution Exp(1/\) with density
function

1 T
o= { PR 220
Then
E[X1] =\, Var[X;] = \?
and

pr = E[XF] = MT(k+1),k=1,2,...

Consequently, from Theorem 3.7.1 we have

Corollary 3.7.2. If 0 < a < 1 and X; has an exponential distribution
Exp(1/)), then
t 2 t3

M(t,a) = < + 533 ——(a—1)*+o(1). (3.7.19)

(2) Gamma distribution

Suppose that X; has a gamma distribution I'(«, 3) with density function

fla) = { %xo‘_lexp(—ﬁx) x>0,

0 xz <0.
Then
«
E[Xi] ==, Var[X;] = @
and
I'(k+ o)
= E[XN = k=1,2
M [ 1] 6kr(a) ’ )

Consequently, from Theorem 3.7.1 we have the following result.
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Corollary 3.7.3. If 0 < a <1 and X; has a gamma distribution I'(«, §),

then
t 1-—
B 0‘+£

M(t, a):E—i— 50 2[ﬁtz—i-(l—oz)t](a—l)
24 513 180°° +18(1 — ) 3% + 2(1 — a)(1 — 5a) Bt
+(1—a?)}(a—1)*+o(1). (3.7.20)

(3) Weibull distribution
Suppose that X; has a Weibull distribution W (e, 3) with density func-
tion

BrLlexp(—pBz%) x>0,
fl@) = {g <0
Then
P(1+7) P+2)-[ra+2)P
E[Xl] = W, V?LI'[Xl] = ﬁ2/0¢
and
k
i = E[X}] = %,kz 1,2,

Consequently, from Theorem 3.7.1 we have the following result.

Corollary 3.7.4. If 0 < a <1 and X; has a Weibull distribution W («, ),

then
1/« (1 2

ra+1) "ora+ L) !

T {52/%2 — iy 5)12}/31/%} oy
+24[F(11+ P {863/%3 o ) ;(21[2(; S

o TSN+ P~ 1200+ DPRa -+ 2) -+ Dy
V) o ES - g]z{[mm + 260+ 1))
—4T(1 + é)m + %)[41“(1 + %) —(T(1+ é))Q]

+3(I(1 + é))Qr(l + g)}} (a—1)* +o(1). (3.7.21)
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(4) Lognormal distribution
Suppose that X; has a lognormal distribution LN (u,72) with density
function

2nTIT
0 elsewhere.

) = { L _exp[— 55 (Inz — p)?] x>0,

Then
A\ = E[X] = exp(u + %7‘2), 0? = Var[X;] = A\*[exp(7?) — 1].
and
e = E[XF] = )\kexp{%k(k - DL k=1,2,...
Consequently, from Theorem 3.7.1 we have the following result.

Corollary 3.7.5. If 0 < a < 1 and X; has a lognormal distribution
LN (p1,72), let § = exp(7?), then

t -2 2 (6—2)t
M(t,a)—X—FT—F{ﬁ"F 2)\ }(a—l)

3 3(5—2)t2 t 3 )
(48 - 126 — 12
+{3/\3+ e 12/\( 5% —95% + 126 )

1
+ﬂ(356 — 165 4+ 195° — 652)} (a—1)*+0(1). (3.7.22)

3.8 Comparison with Simulation Solution to Geometric
Equation

We have studied the analytic, numerical and approximate methods for the
solution of equation (3.2.7). In practice, a simulation method is also ap-
plicable. To demonstrate and compare these four methods, we shall con-
sider four numerical examples each with exponential distribution, gamma
distribution, Weibull distribution and lognormal distribution respectively.
For each example, the solutions obtained by these four methods will be
compared.

To do this, assume that {X;,i =1,2,...} is a GP with ratio 0 < a <1,
and the distribution and density of X; are F' and f respectively.
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At first, from (3.5.30), we shall evaluate an analytic solution on [0, 7]
where T is determined by the distribution or the requirement in practical
problem. The procedure for the analytic solution is as follows.

Step Al: Partition interval [0, 7] into N subintervals with equal length
h =T/N. Then evaluate respectively the values F(T;) and f(T;) of F and
f at nodes T; = th,i=0,...,N

Step A2: Evaluate the values R(T;,T;), R(aT;,T;), R(T;,aT;) and
R(aT;, aTj) of reproducing kernel function respectively.

Step A3: Calculate the values of ¢;(T}) for j = 0,...,N. To do so,
from (3.5.35), the trapezoidal integration rule yields,

Yo(T5) = R(0,T}),
and for i > 1,
U(Ty) = R(T.T)) / R(a 7)1 (9)dy
= R(T;,Tj)
h i—1
—5 (R(aTi,Tj)f +22R (T; — Ty), T;) f(T) + R(O, T)f(T)) .
k=1
Then calculate the values of ¢;(aTj) for j = 1,2,..., N in a similar way.

In fact, (3.5.35) gives
wo(aTj) = R(O, aTj),

and for i > 1,
T;
$i(aTy) = R(T;,aT;) — / R(a(T; — ), aTy)f (y)dy

= R(T, ) 5 (RlaT, aT)f(0)

k=1

Step A4: Determine the values of inner products A(i,j) = (¥i,v%;)w
To do this, from (3.5.37), for ¢ > 1, using trapezoidal integration gives

A(i, §) = 9;(T3)
—h <¢J (aT;) f +2Z’¢J (T; = Tk)) f(Tk) +¢J(O)f(Tl)> ‘
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Step Ab: Solve linear equations (3.5.32) that are now given by

N
> A(ij)ei = F(Ty), j=1,....N, (3.8.1)
=1

fore;, i=1,...,N.
Step A6: Determine the values of an approximate analytic solution
An(t). From (3.5.30), it is given by

N
AN(Ty) = chi(Ty) (3.8.2)
i=1
with AN(O) =0.

Second, we shall evaluate an numerical solution from (3.6.14) on [0, T'.
The procedure for the numerical solution is much simpler.

Step N1: Partition interval [0, 7] into N subintervals with equal length
h =T/N. Then calculate the values F(T;) and f(T};) of F' and f at nodes
T; = jh,j=1,...,N.

Step N2: Let Ag = 0 and evaluate Aj, j =1,..., N from (3.6.14) re-
cursively. The values of A;, j =0,1,..., N, form a numerical solution to
(3.2.7).

Third, according to (3.7.18) or (3.7.19)-(3.7.22), an approximate solu-
tion could be obtained.

Finally, we could obtain a simulation solution in the following way.

Step S1: For each &k = 1,...,n, generate a sequence of i.i.d. random
numbers Yl(k), Yz(k), ..., each having distribution F', using a subroutine of
a software, MATLAB say.

Step S2: By taking transformation Xi(k) = Yi(k)/ai’l, {Xi(k),i =
1,2,...} form a realization of the GP with ratio a.

Step S3: Calculate the partial sums Si(k) =5 X;k),i =1,2,....

j=1
Step S4: Count N¥)(T}), the number of events occurred by time
T; = jh with h = T/N, for j =1,...,N.

Step S5: After n, 2000 for example, times simulation, take

A = Ly vy
k=1
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as a simulation solution of A(t) at T, j = 1,...,N.

After evaluation, the analytic solution, numerical solution, approximate
solution and simulation solution are plotted together in the same figure for
comparison. For the analytic solution, we shall use a dash line in the figure;
for the numerical solution, we shall apply a solid line; for the approximate
solution, we shall use a dash-dotted line; while for the simulation solution,
we shall apply a dotted line. For easy comparison, in the same figure, we
shall also plot the 95% and 105% of the values of simulation solution as the
lower and upper bounds of the geometric function A(T}) by using dotted
lines.

Because real data analysis that will be conducted in Chapter 4 shows
that the ratio a of the fitted GP model will satisfy the condition

0.95 < a < 1.05,

the ratios in all four examples are taken as a = 0.95.

Example 3.8.1. The Exponential Distribution
In this example, assume that X has an exponential distribution Fxzp(2)
with density function

272" x>0,

flx) = {0 v <0, (3.8.3)

The distribution function is F(x) = 1 — e~2® for > 0 and 0 otherwise.
The ratio is a = 0.95. The value of T is taken to be 10E(X;) = 5. We first
divide interval [0, 7] = [0, 5] into N = 1000 = 2007 subintervals with equal
length 0.005.

Afterward, we can follow Steps A1-A6 to obtain an analytic solution
An(Tj), 7 =1,...,N. Then, Steps N1 and N2 are used to obtain a numer-
ical solution A;, ¢ = 1,..., N. Thereafter, from (3.7.19), an approximate
solution is given by

0.02

A(t) =2t — 0.14 + 'Tt3. (3.8.4)

Finally, the subroutine exprnd in MATLAB is applied to generate a
sequence of i.i.d. random numbers each having exponential distribution
Exp(2). For this purpose, Steps S1-S5 are applied to evaluate a simulation
solution A(T}). Then, the 95% and 105% of the values of simulation solution
are taken as the lower and upper bounds of the solution A(T}).

The analytic, numerical, approximate and simulation solutions with the
lower and upper bounds of the solution are plotted together in Figure 3.8.1.
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Figure 3.8.1. Exponential distribution Ezp(2)

Figure 3.8.1 shows that the results obtained by four methods are very close.
The values of Ax (T}), A;, A(T;) and A(T}) all lie inside the lower and upper
bounds of the solution. The relative errors of four methods are all smaller
than 5%.

Example 3.8.2. The Gamma Distribution
In this example, assume that X; has a gamma distribution I'(2, 1) with
density function

re ™™ x>0,
flz) = {O £ <0, (3.8.5)

The distribution function is F'(z) = 1—(14+z)e~* for z > 0 and 0 otherwise.
The ratio a is still 0.95. Now choose T' = 10E(X;) = 20. Then interval
[0,7] = [0,20] is divided into N = 1007 = 2000 subintervals with equal
length 0.01.

An analytic solution and a numerical solution can be obtained according
to Steps A1-A6 and Steps N1-N2 respectively. On the other hand, from
(3.7.20), an approximate solution is given by

1

A(t) = ﬁ{o.02t3 — 1.245t% + 97.245¢ — 48.0075}. (3.8.6)
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Then, the subroutine gamrnd of the MATLAB is applied to generate a
sequence of i.i.d. random numbers each having gamma distribution I'(2, 1).
Afterward, a simulation solution will be obtained by following Steps S1-
S5. Again, the 95% and 105% of the values of the simulation solution are
taken as the lower and upper bounds of the solution A(7;). The numerical
results obtained by four methods are plotted together in Figure 3.8.2 for

comparison.
9
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Simulation
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time t

Figure 3.8.2. Gamma distribution I'(2, 1)

Figure 3.8.2 shows that the results obtained by the analytic, numerical and
simulation methods are all very close. The values of Ax(T}) and A; and
A(Tj) all lie inside the lower and upper bounds of the solution. The relative
errors of these three methods are all smaller than 5%. However, it is not
the case for the values of approximate solution A(7};). We can see that
the approximate solution still lies inside the lower and upper bounds in
an intermediate interval [1,14]. However, the deviation of the approximate
solution in two end intervals [0,1] and [14, 20] is larger and the error is more
than 5% but still less than 10%.
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Example 3.8.3. The Weibull Distribution
In this example, assume that X; has a Weibull distribution W (2, 1) with
density function

(3.8.7)

flz) = {Zmexp(—xQ) x>0,

0 z <0.

Now, the distribution function is F'(x) = 1—e~" for z > 0, and 0 otherwise.
The ratio is still @ = 0.95. We choose T' = 10 > 10FE(X;) = 5y/7. Then,
interval [0,T] = [0, 10] is partitioned into N = 1007" = 1000 subintervals
with equal length 0.01.

According to (3.7.21), an approximate solution is given by
(2—m)t

01,
— Tt RS
71'{ + ™ }

~ 2t 2—7
Ao = =+
0.0025 (5 18(2—7) , 8t
3372 {8t+ NG t+7r(

2
53T —67r+15)}. (3.8.8)
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Figure 3.8.3. Weibull distribution W(1, 2)

Again, the analytic, numerical and approximate solutions are compared
with a simulation solution by plotting them together in Figure 3.8.3. Note
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that the subroutine weibrnd in MATLAB is now used for obtaining a se-
quence of i.i.d. random numbers from W(2,1) distribution. Moreover, the
95% and 105% of the values of the simulation solution are taken as the
lower and upper bounds of the solution A(Tj).

We can see from Figure 3.8.3 that the differences among the values ob-
tained by analytic, numerical and simulation methods are all very small.
The values Ay (T}), Aj and A(T}) all lie inside the lower and upper bounds
of the solution. This means that the relative errors of these three methods
are all smaller than 5% . However for the values of approximate solution
A(T}), although in an intermediate interval [0.5, 6.5], the values A(T}) still
lie inside the lower and upper bounds, the deviation of the approximate
solution from the simulation solution in two end intervals [0, 0.5] and [6.5,
10], is larger and the error is more than 5% but still less than 10%.

Example 3.8.4. The Lognormal Distribution
In this example, assume that X; has a lognormal distribution LN (0, 1)
with density function

fa) = { ﬁexp{—%([nwﬁ} x>0, (3.8.9)
0 z <0.

Now F(x) = ®(¢nx) for > 0, and 0 otherwise, where ®(x) is the standard
normal distribution function. The ratio is still a = 0.95. We take T =
18 > 10E(X;) = 10e}/2. Then, interval [0,T] = [0,18] is divided into
N =100T = 1800 subintervals with equal length 0.01.

Now, we can also evaluate the analytic and numerical solution following
Steps A1-A6 and Steps N1-N2 respectively. Afterward, from (3.7.22), an
approximate solution can be obtained by

~ t e—2 (e —2)t

t2
3 3(e —2)t? t 3 9
+o.0025{363/2 t e a9’ +12e - 12)
1
+ﬂ(3e6 — 16e* + 19¢* — 662)} . (3.8.10)

Finally, a simulation solution is obtained following Steps S1-S5 as we did
in previous examples, except the subroutine logrnd in MATLAB now is
applied for generating a sequence of i.i.d. random numbers from LN (0, 1)
distribution. Moreover, the 95% and 105% of the values of the simulation
solution are taken as the lower and upper bounds of the solution. Similarly,
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the results obtained by four methods are plotted together in Figure 3.8.4
for comparison.
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Figure 3.8.4. Lognormal distribution LN (0, 1)

Again, we can see from Figure 3.8.4 that the differences among the results
obtained by analytic, numerical and simulation methods are also very small.
The values An(T}), A; and A(t) all lie inside the lower and upper bounds
of the solution. The relative errors of these three methods are all smaller
than 5% . However, for the values of approximate solution A(Tj), although
in an intermediate interval [7, 16], the approximate solution still lies inside
the lower and upper bounds, its deviation from the simulation solution in
two end intervals [0, 7] and [16, 18] is larger so that the error is more than
5% but still less than 10%.

From the study of four numerical examples, we can make the following
comments.
(1) The analytic, numerical and simulation methods are all powerful in the
determination of the geometric function M (¢, a).
(2) The error of the approximate solution is less than 10% on a reasonably
large interval, larger than [0, 10E(X1)] say. In an intermediate interval,
the error is even less than 5%. For the exponential distribution case, the
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approximate solution is accurate on [0, 10E(X7)]. Overall, the approximate
solutions given by (3.7.19)-(3.7.22) are good approximate solutions.

(3) In theoretical research, an approximate solution for M (¢, a) is useful.
Formula (3.7.18) or (3.7.19)-(3.7.22) could be an appropriate choice. For
exponential distribution, (3.7.19) is an accurate approximation. However,
for the other three distributions, formulas (3.7.20)-(3.7.22) are accurate in
an intermediate interval. Therefore, in using an approximate solution of
(3.7.18), it is suggested to compare the values between the approximate
solution and a simulation solution to determine an appropriate interval so
that the approximate solution can be applied more accurately.

3.9 Exponential Distribution Case

As a particular case, suppose that 0 < a < 1 and X7 has an exponential
distribution Exp(1/A) with density function

1 —x/X
_ [ xe z > 0,
/(@) {o 2 <0.

If in addition @ = 1, then {N(¢),t > 0} is a Poisson process with rate 1/\.
It is well known that

M(t,1) = E[N ()] = 5. (3.9.1)

In general, Braun et al. (2005) derived an upper and lower bounds for the
geometric function M (¢, a).

Theorem 3.9.1. If 0 < a < 1, and X; has an exponential distribution
Exp(1/)), then

a én{(l_a)t—i—l}SM(t,a)S ! én{(l;a)t+1}.(3.9.2)

1—a a 1—a
Proof.
Let p;(t) = P(N(t) = i). Then from (2.5.4) and (2.5.5), it is straight-
forward to derive the following equations:

d - 1 (t)

ZM(t.a) = 3 Ela™ 0, (3.9.3)
o N L= ane
th[a |= 3 Ela ] (3.9.4)
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Because function z? is convex, then by using Jensen’s inequality, (3.9.4)
yields
d
—Fla Ny < - [V )32, (3.9.5)
Note that N(0) = 0, then from (3.9.5) we have
1
N®) (3.9.6)
[ ] (1—-a)t a)t + 1
Thus (3.9.3) and (3.9.6) yield that
d 1
— M (t —_ 3.9.7
a9 = g (39.7)

Then by noting that M(0,a) = 0, the right hand side of the inequality
(3.9.2) follows. To show the left hand side of (3.9.2), we note that 1/x is a
convex function for x > 0, then Jensen’s inequality implies that

1
Nty L
Ela™"] > eIk

Therefore, the combination of (2.5.2), (3.9.3) and (3.9.8) yields that

(3.9.8)

d 1
EM(t a) > W (3.9.9)
As a result, the left hand side of (3.9.2) follows. This completes the proof
of Theorem 3.9.1.

In particular, if @ = 1, the GP reduces to a Poisson process, then (3.9.2)
reduces to the following equality
t
A
This agrees with the well known result (3.9.1). Thus, Theorem 3.9.1 is a
generalization of the well known result in Poisson process.

M(t,1) = (3.9.10)

Furthermore, by expanding the logarithm function as the Taylor series
at a = 1, we have the following result.

Corollary 3.9.2. If 0 < a < 1, and X; has an exponential distribution
Exp(1/)), then

L st @124 o{(a— 1))
A 2a)\2 3a2)\3
2 3
< M(t,a) < ; + ;?(a 1)+ ;/\3 (a—1)?+o{(a—1)*}. (3.9.11)

In comparison with Corollary 3.7.2 and Corollary 3.9.2, we can see that
in the exponential distribution case, the approximate solution to the geo-
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metric function M (¢, a) is in fact its upper bound. This is the reason why
the approximate solution for exponential distribution case is as accurate as
the other three solutions we discussed in Section 3.8.

3.10 Notes and References

The geometric function was first introduced by Lam (1988a, b). Sections
3.2 - 3.4 are based on Lam (1988b). However, Theorem 3.3.2 is new. It
is due to Lam (2005b) that is a generalization and improvement of a re-
sult in Braun et al. (2005). By using a reproducing kernel technique, in
Section 3.5, a series expansion of the geometric function is obtained. That
is based on Lam and Tang’s paper (2007). Section 3.6 is based on Tang
and Lam (2007) in which a numerical solution to the geometric function
is studied by using a trapezoidal integration rule, see Stoer and Bulirsch
(1980) for the reference. The results in Section 3.7 are originally due to
Lam (2005b). By expanding the Laplace transform of M (¢, a) in the Taylor
series, an approximate expression of M(¢,a) is obtained. Theorem 3.7.1
gives a simple approximate formula for M (¢, a), it is a new result. The
material in Section 3.8 is also new in which the analytic solution, numer-
ical solution and approximate solution of M(t,a) are compared with the
simulation solution through four numerical examples each with exponen-
tial distribution, gamma distribution, Weibull distribution and lognormal
distribution respectively. Section 3.9 studies an exponential distribution
case. That is a particular and important case. Theorem 3.9.1 is due to
Braun et al. (2005) that gives a lower bound and an upper bound of the
geometric function for the exponential distribution case.



Chapter 4

Statistical Inference of Geometric
Process

4.1 Introduction

Suppose we want to apply a model for analysis of data, three questions will
arise. First, how can we justify if the data agree with the model? Or how
do we test whether the data are consistent with the model? Second, if the
data agree with the model, how do we estimate the parameter in the model?
Third, after fitting the model to the data, how well is the fitting? What
is the distribution or the limiting distribution of the parameter estimator?
In using a GP model for analysing a data set {X;,7i = 1,2,...,n}, we are
also faced with these three questions. In this chapter, we shall answer these
questions through a nonparametric as well as a parametric approach.

Given a stochastic process {X;,i = 1,2,...}, in Section 4.2 we shall
introduce some statistics for testing if {X;,i = 1,2,...} is a GP. In Sec-
tion 4.3, under the assumption that a data set comes from a GP, a least
squares estimator is suggested for the ratio a of the GP. Moreover, the
moment estimators are introduced for the mean A and variance o2 of Xj.
Then Section 4.4 studies the asymptotic distributions of the above esti-
mators. The methods used in Sections 4.2 to 4.4 are nonparametric. In
Section 4.5, we study the parametric inference problem of the GP by mak-
ing an additional assumption that X; follows a lognormal distribution.

4.2 Hypothesis Testing for Geometric Process

To answer the first question, suppose we are given a stochastic process
{X;,i=1,2,...}, we need to test if {X;,4 =1,2,...} agrees with a GP. For

101
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this purpose, we can form the following two sequences of random variables.
Ui = Xoi/Xoi1,i =1,2,..., (4.2.1)
and
U, = Xoip1/Xoii=1,2,.... (4.2.2)

Moreover, for a fixed integer m, we can also form two more sequences of
random variables.

V;‘ :Xngerl,i,i = 1,2,...,m, (423)
and
V, = Xi1 Xomao—i,i=1,2,...,m. (4.2.4)

The following two theorems are due to Lam (1992b). They are essential for
testing whether the stochastic process {X;,i =1,2,...} is a GP.

Theorem 4.2.1. If {X;,i =1,2,...} is a GP, then {U;,i = 1,2,...} and
{U;,i =1,2,...} are respectively two sequences of i.i.d. random variables.
Proof.

Assume that {X;,i = 1,2,...} is a GP. Clearly, {U;,i = 1,2,...} are
independent. Now, we shall show that the distributions of U;,i = 1,2,...
are identical. To do this, let the probability density function of X; be f;.
Then it follows from Definition 2.2.1 that

fi(z) =a' " f(a' )

where a is the ratio of GP {X;,i = 1,2,...} and f is the density function
of X;. Then the density function g; of U; is given by

oo

gi(u) = /tf%(ut)f%—l(t)df

0
%)

_ /a4i73tf(a%*lut)f(aQFQt)dt

0
oo

- / ayf (auy) f (v)dy,

0

that does not depend on ¢. This implies that {U;,i = 1,2,...} is a sequence
of i.i.d. random variables. A similar argument shows that {Ui/,i =1,2,...}
is also a sequence of i.i.d. random variables. This completes the proof of
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Theorem 4.2.1.

Theorem 4.2.2. If {X;,i =1,2,...} is a GP, then for any fixed integer
m, {Vi,i=1,2,...,m} and {Vi,,i = 1,2,...,m} are respectively two se-
quences of i.i.d. random variables.

Proof.

Assume that {X;,i = 1,2,...} is a GP. Then, {V;,i = 1,2,...,m} are
clearly independent. To show that the distributions of V;,i = 1,2,...,m
are identical, let the density function of X; be f;. Then the density function
h; of V; is given by

hi(v) :/%fi(%)meJrlfi(t)dt
0
:/a2m—1%f(ai—l%)f(GQm—it)dt
0
7 am—11 ¢ Ve om
- 0/ @ () F @)y

Again, it does not depend on i. This implies that {V;,s = 1,2,...,m} is
a sequence of i.i.d. random variables. By a similar argument, {Vi,,i =
1,2,...,m} is also a sequence of i.i.d. random variables. This completes
the proof of Theorem 4.2.2.

In practice, in order to apply Theorems 4.2.1 and 4.2.2 to a data set
{X;,i=1,2,...,n}, we should use all the information involved in the data
set. For this purpose, the following auxiliary sequences are constructed.
(1) If n = 2m is even, form

{U;,i=1,2,...,m} and {V;,i=1,2,...,m}. (4.2.5)
(2) If n =2m + 1 is odd, form

(U, i=1,2,...,m} and {V;,i=1,2,...,m}; (4.2.6)
or

{Uiyi=1,2,...,m} and {V,,i=1,2,...,m}. (4.2.7)

Then according to the parity of n, we can test whether the data set
{X;,i=1,2,...,n} comes from a GP by testing whether the random vari-
ables in sequences (4.2.5), (4.2.6) or (4.2.7) are respectively i.i.d. or not. To
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do this, let T4 be the indicator of an event A. For testing whether random
variables {W;,7 = 1,2,...,n} are i.i.d. or not, the following tests can be
applied.

(1) The turning point test.
Define

m—1

Tw = Z Tiowi—wi (Wi —wi) <o)
i=2

If {W;,i=1,2,...,n} are i.i.d., then asymptotically

B 2(m —2)7 ,116m —2971/2
T(W) = [TW - = H n ] ~N(0,1).  (4.2.8)
(2) The difference-sign test.
Let
Dw = ZI[W1'>Wi—1]'
i=2

If {W;,i=1,2,...,n} are i.i.d., then asymptotically

D(W) = [DW - mT_lmml—;l}m ~ N(0,1). (4.2.9)

See Ascher and Feingold (1984) for some other testing statistics.
4.3 Estimation of Parameters in Geometric Process

To answer the second question, assume that a data set {X;,i =1,2,...,n}
follows a GP. Let

Yi=ad"'X;, i=1,2,...,n. (4.3.1)
Then {Y;,i = 1,2,...,n} is a sequence of i.i.d. random variables, so is
{{nY;,i=1,2,...,n}. Thus, we can denote its common mean and variance

by u = E[¢nY;] and 72 = Var[¢nY;] respectively. Taking logarithm on the
both sides of (4.3.1) gives

Y, = (i —1)fna+InX;, i=1,2,...,n. (4.3.2)
On the other hand, we can rewrite

mY; =p+e, i=1,2,...,n, (4.3.3)
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/ .. . . .
where e's are i.i.d. random variables each having mean 0 and variance 72.
Then, (4.3.2) becomes

X, =p—(—Dlna+e, i=1,2,...,n. (4.3.4)

Consequently, (4.3.4) is a simple regression equation. By using linear regres-
sion technique, Lam (1992b) obtained the following least squares estimators
of u, 3 = fna and 72.

fi = ﬁ ;(m — 3+ 2)fnX;, (4.3.5)
B:(n_l—nﬂgn—21+1€nX (4.3.6)
and
S L {f: mX;)? - - Zenx —éi n—2i+1 €nX}
n—2 |4 24
(4.3.7)

As a result, an estimator of a is given by

a = exp(f). (4.3.8)

For convenience, write ¥; = &' 'X;, ¥ = Y1 Vi/n and X =
>, Xi/n. Then the moment estimators for A and o2 are given respec-

tively by
i=d Y a#Fl (4.3.9)
X, a=1,
and
L -Y? a#l
S o (4.3.10)
1 ;(Xz'—X)Q a=1

Clearly, estimators @, A and o2 are nonparametric estimators. Moreover,
the estimator a of a can be obtained by minimizing the sum squares of errors

Q= Z [nX; — p+ (i — 1)fna]®. (4.3.11)
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Another nonparametric estimators for ¢ and A can be obtained by mini-
mizing directly the sum square of errors

Qp =) [Xi—a U7DN2, (4.3.12)

i=1

Then we can derive the following two equations

X i1
(Zaiq)(ZF)

=1 =1
N D NN |
=Q_ ) =) (4.3.13)
i=1 =1
and
Zn: Cl_(i_l)Xi
A= :}Lﬁ (4.3.14)
CL_2 1—1

Let the solution to equations (4.3.13) and (4.3.14) be ap and Ap. Then
they are another least squares estimators of a and A.

4.4 Asymptotic Distributions of the Estimators

In this section, we shall answer the third question by studying the limit
distributions of the estimators @, A and 2. The following four theorems
are due to Lam et al. (2004).

Theorem 4.4.1. If E[({nY)?] < oo, then
n*/2(3 — B) = N(0,1272). (4.4.1)

Proof.
First of all, because 3 = fna, > ;(n—2i+1) =0 and

n

D (n—2i+1)i=—(n—1)n(n+1)/6,

=1
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then it follows from (4.3.6) that

>
D

Zn—%—i—lénX —fna

=1

= Zn—2z—|—1€nX +Zn—2l+1)(z—1)€na}
(n—l (n+1) {l_l

i=1

p=-b= (n—1n(n+1)

6
(n—1n(n+1) 4

M:

(n—2i+ 1)nY;
1

.
Il

6
(n—Dn(n+1)

M=

(n —2i 4+ 1)(InY; — p).

Il
—

3

Then, we have

[(n— Dnln+ ]33 -p6) = = l)n(ln NI Zﬁm, (4.4.2)
=1

where
Bpi =6(n—2i+1)(nY; —p) i=1,2,...,n
are independent. Let

n—ZVarﬁm —36722 n—2i+1)?

=1

=127%(n — Dn(n + 1). (4.4.3)

Now, denote the distribution of 3,; by G,; and the common distribution
of {nY; — p by G. Then we check the Lindeberg condition

n

2.
L, = — 22dGi(z
B, Z |z|>eBL/? (=)

3

1
= — / 36(n — 2i + 1)%*w?dG(w) (4.4.4)
B, =1 J6l(n—2i+1)w|>eB/?
< L/ w2dG(w)
B, lw|>eBL/2/[6(n—1)]
—0 as n — oo, (4.4.5)

where (4.4.5) is due to (4.4.3) and the condition E(¢nY)? < co. Thus, by
the Lindeberg-Feller theorem,

[(n— Dn(n+ 1)]Y2(8 — B) - N(0,1272),
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and (4.4.1) follows.
Now from Theorem 4.4.1, using the Cramér ¢ theorem (see, e.g. Arnold
(1990)) yields straightforwardly the following result.

Theorem 4.4.2. If E[({nY)?] < oo, then
n32(a — a) - N(0,12a272). (4.4.6)

As a result, on the basis of Theorem 4.4.1 or 4.4.2, one can test whether
a = 1 or not. This is equivalent to test

Hy:p5 =0 against Hp:[8#0.
In fact, from (4.4.1), the following testing statistic could be applied
R=n%23/(V12%), (4.4.7)

where 7 is computed from (4.3.7). Under Hy, R ~ N(0,1) approximately.
Note that the problem of testing whether a = 1 is equivalent to the prob-
lem of testing whether the data set agrees with a renewal process or an
homogeneous Poisson process. Therefore an alternative way is to apply the
Laplace test, it is based on the statistic

[12(n — 1)]1/2(2?;117; T
T, n—1 2

where T; = 23:1 X, with Ty = 0, and T} is the occurrence time of the ith
event. Under Hy, L ~ N(0,1) approximately (see Cox and Lewis (1966)
for reference).

The following two theorems study the limit distributions of estimators
X and o2 respectively.

L =

), (4.4.8)

Theorem 4.4.3.
(1) Ifa# 1, E[Y?] < 0o and E[(fnY)?] < oo, then
V(A =) =5 N(0,02 + 3)272). (4.4.9)
(2) Ifa=1and E[X?] < oo, then
Vi(h = \) 55 N(0,02). (4.4.10)

Proof.
To prove (4.4.9), at first, it follows from (4.3.9) that

n

Zn:(ffi—YiH %Z(Y; =) (4.4.11)

=1

A==

S|
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Then Theorem 4.4.1 yields that

B—B3=0,(n"3?).

Moreover, because

n(n—1) =
and
1 s 2n — 1
1Y
Var[n(n -1) ;(l g 6n(n —1)
we have

n

n(n—1) =

On the other hand, in virtue of

Y, =Y +{(@/a)"" -1}V

— Y, + {expl(i — V)(B— B)] - 1}Y;
= Yi+ (= 1)(B = B)Y; + Op(nY),

hence

| > SI'—‘

Then with the help of (4.4.2), (4.4.11) becomes

(n—=1)(3 = B) + Op(n~

Y- Y= 10,7,

Zn:z—lY—i—O( b

1).
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(4.4.12)

(4.4.13)

V(A=) = %nlﬂ(n —1)(B—B) +n /2 i(Yl —A) + 0, (n1?)

i=1
=n~1/2 Z Ani + Op(n_l/Q),
i=1

where

2
i =Y; — 1— 22 (tnY; —p), i=1,2,...
A A+ 3X( n+1)(€n W), i n

are independent. Now, let

(4.4.14)



110 Geometric Process and Its Applications

Denote respectively the distribution of A,; by H,; and the common distri-
bution of Y; by F. Then, we check the Lindeberg condition

1 n
L, =— / 22dH,;i (2
Bng |2|>eBY/? &
1 & 2i 2
- _ 1= —" Y(tny — F
B;/D{y A3 =y )} dF()
SBi/ {ly—=A|+3\| tny — p |}2dF(y) =0 as n — oo,
» Jp,
(4.4.15)
where

2i
Dpi={y:|y—A+3\1—- ——)(lny—p)|>eB'?
ey = A+3M = =) (ny — ) [= eB,/7,

Dy ={y:|y—A|+3X\[fny —p|>eB)/*}
and (4.4.15) holds since
E[(]Y =X 43X\ | Y — p|)?] < o0

Then by using the Lindeberg-Feller theorem and Slutsky theorem, (4.4.9)
follows directly from (4.4.15).

On the other hand, if @ = 1, then from (4.3.9), (4.4.10) is trivial. This
completes the proof of Theorem 4.4.3.

Theorem 4.4.4.
(1) Ifa#1,E[Y?* < o0 and E[(fnY)?] < oo, then

Vi(o? — o) £ N(0,w? + 120%72), (4.4.16)
where w? = Var(Y — \)%.
(2) Ifa=1and E[X*] < oo then

V(o2 — 0?) 25 N(0,w?), (4.4.17)
where w? = Var(X — \)2.
Proof.
To prove (4.4.16), first of all, we shall show that for a # 1

n

o1 . B
ot = ;(Yi —\)? + no? (ﬁ - ﬁ) +0, (). (4.4.18)
It follows from (4.4.12) that

%E

“<>\
§I>—‘
§I>—‘

Zn:z—1y+0( L. (4.4.19)
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Subtracting (4.4.19) from (4.4.12) yields

VeV =Yi— Y+ (3= Bl - )Y — = 3 = 1)Y] + Op(n ).
=1

3

In view of Theorem 4.4.1, we have

B—8=0,(n"?),

then
~ ]. " A =
o* = 77,—1;(}6_}/)2
- — S YPR 26— A Yl Y- LS 6 - vl -7
n—1 n
i=1 i=1 j=1

i=1 j=1
= D MR I CR ) SRS G S D LR
+0p(n~"). (4.4.20)

As a result, by estimating the orders in probability in (4.4.20), we have

n

. 1 _
02 = — {Z(Yi—)\)Q—n(Y—A)Q}

i=1
+n(f - 6{ oD Zz—l E(Y?)]
+E(Y?) - 2D Z: A(Y—A)—A2}+Op(n1)
= % Z(Yi — A2 403 - B)EXY?) =N+ 0,(n ). (4.4.21)

Consequently, (4.4.18) follows. Now we are able to prove (4.4.16). In fact,
it follows from (4.4.18) and (4.4.2) that

Vn(e? — o?) = zn: Oni + Op(n~1?), (4.4.22)
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where
U'm':(Y;_)‘)Q_UQ (nY; — ), i=1,2,...,n

Obviously, o,; are i.i.d. random variables for i = 1,2,...,n with E(o,;) =
0. Then by a simple algebra, we have

B, = ZVar(am-) = nw? +
i=1
subject to E[Y?4] < oo and E[(/nY)?] < oco. Now, by a similar argument
as we did in (4.4.15), it is straightforward to show that the Lindeberg
condition holds. In fact, let the distribution of o,; be I,,; and the common
distribution of Y; be F' respectively. Denote

602%(n —2i+ 1)
_|_—

12(n—1 1
(n n)(n+ )0472

2t —1
Bni={y :|(y—=N?—-0?+60%(1— Z—)(fﬂy — ) |> eB)/?}
n
and
Bu=1{y : (y—N?+0>+60 | ny — pu |2 eBY?),
then
& 2
L,= B_n§~/|z|25331/22 dlni(2)
IR 2 2 2 i—1 ’
== (y = A =0 +60°(1 = ——)(ny — ) o dF(y)
™ oi=1 ne
SBi [(y =N+ 0>+ 60> | tny — p ||*dF(y) — 0
n JE,

as n — oo, (4.4.23)
where (4.4.23) holds, since
E[(Y = A)? + 02 +60% | nY — u|)?] < c0.
Consequently, it follows from the Lindeberg-Feller theorem that
1 n
i S oni N (0,1), (4.4.24)
no =1
Hence (4.4.16) follows from (4.4.24) by using the Slutsky theorem.
For a = 1, by central limit theorem, (4.4.17) is a well known result.
This completes the proof of Theorem 4.4.4.

As a result, by using Theorems 4.4.1-4.4.4, the p-values of the estimates
or an approximate confidence interval for parameters a, A\ and o2 can be
determined. In practice, the unknown parameter values can be replaced by
their estimates. For example, from (4.4.6) an approximate 95% confidence
interval for a is given by

(& —1.96V12a7n~/2, a + 1.96v12a7n>/?). (4.4.25)
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4.5 Parametric Inference for Geometric Process

In this chapter, so far we have just applied a nonparametric approach to
the statistical inference problem of a GP. In this section, we shall study
the same problem by using a parametric approach. By making an addi-
tional condition that X7 follows a specific life distribution, the maximum
likelihood estimators (MLE) of a, A and o2 of the GP and their asymptotic
distributions will be studied. The results are then compared with that ob-
tained by the nonparametric approach.

Now assume that {X;,i =1,2,---} form a GP with ratio a and X; fol-
lows a lognormal distribution LN (p1,7%) with probability density function

f(x):{ A exp{~ghr(tns — p)?) 2 >0,

0 elsewhere.

(4.5.1)

Let Y; = a'~1X;, it is easy to show that E[/nY;] = E[fnX;] = p and
Var[fnY;] = Var[fnX;] = 72. On the other hand, we have

1
A= E[X;] =exp(p+ 572) (4.5.2)
and
0? = Var[X;] = A[exp(7?) — 1]. (4.5.3)
Now, it follows from (4.5.1) that the likelihood function is given by
L(a, p, %)
= 2m) (] X exp{ Z ' Xy) ]2} .
i=1 i=1
(4.5.4)
Therefore, the log-likelihood function is
inL(a,p,7°)
_n n 9 s
= —§€n(2ﬂ') - §€n(r ) —4n {1:[1)(1}
1 1 2
272 Z X;) — pl? (4.5.5)

Now, let the maximum hkehhood estimators (MLE) of a,u and 72 be,
respectively, ar,, i, and 77. Then from (4.5.5), ar, fi, and 77 will be the

solution of the following equations:
n

D (n—2i+1)tn(a'X;) =0, (4.5.6)

=1
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_ %Zen(a“lxi) (4.5.7)
=1
and
1 & ,
2 _ 1 i1y _ 12
T —n;[fn(a X;) — p)?. (4.5.8)

Consequently, (4.5.6) yields
S (n—2i+1)nX;

Y (i=1)(n—2i+1)

n

6 .
R CERTCESY) ;(n —2i + 1)nX;. (4.5.9)
9) into (4.5.7) yields that

ETL&L = —

Substitution of (4.5.
1 n
ﬂL:—Z [(i — 1)¢nay, + InX;)]

:%{ f:n_mﬂ)enx —|—21an}

2)nX;. 4.5.1
n—i—l)z; —3i+2)ln (4.5.10)

Furthermore, it follows from (4.5.7)-(4.5.9) that

2
1 1~ .
== E_ { (i — )fnar, + nX; - E [(]—l)énaL—i—Ean]}

n
j=1

2

_ _Z{enx ——Zenx "2 iy
_Lly tnX; - > 3 nX;)?
~ Z(n i—EZn i)

i=1 j=1

—lnag Yy (n—2i+1)(nX; — 1 > inX;)
n

i—1 j=1

fnainn—%—i—l }
i=1
— {f: (InX;)? ——(Z(M) —%én&Li(n—%—i—l)EnXi}.

i=1
(4.5.11)
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Therefore, in comparison with the least squares estimators of a, u and 72
given by (4.3.8), (4.3.5) and (4.3.7), we have the following theorem.

Theorem 4.5.1.
(1) ar =a;
(2) fr=p
(3) 77 =12272,
Then by using the invariance property of the MLE, it follows from (4.5.2)
and (4.5.3) that the MLE of A and o2 are given respectively by
. 1 -
AL =exp(fir + 57%) (4.5.12)
and

02 = 2 [exp(72) — 1]. (4.5.13)
If a = 1, we can replace a by 1 in (4.5.7) and (4.5.8). Accordingly, the MLE
of u and 72 are given by

LG
i =~ ZénXl (4.5.14)

and

=1
1) < 1 (<& ’
S Z(zznxi)?—E <Z€nXi> . (4.5.15)
=1 =1

Note that under lognormal distribution assumption, we can see from The-
orem 4.5.1 that the MLE of u, 3 and 72 are essentially the least squares
estimators. Then, from linear regression theory, we have the following re-
sult.

Lemma 4.5.2.
(1)
‘a w 2,7_2 2TL — 1 3
(5)~>(5) | s . 4510
(2)
(=27 2 —2), (4.5.17)

T
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(3)
<g> is independent of 72. (4.5.18)
For the proof of Lemma 4.5.2, see for instance Seber (1977).

Lemma 4.5.3.

AED) O (F2) e
Proof.

It follows from (4.5.16) that

) 2(2n — 1)72
Vn(jt = p) ~ N(0, T)'

Then by applying the Slutsky theorem and Theorem 4.5.1, we have

Viljiz — p) = N(0,472).
On the other hand, From (4.5.17) and Theorem 4.5.1, we have
@ (n —2)72

= ~X2(n—2).

-
This means that TLTAIQI/TQ is the sum of (n — 2) i.i.d random variables each
having a chi-square distribution x?(1). Therefore, the central limit theorem
gives
nti/ri=(n=2) Vin—20mr/n-2-71) 1L N(O,1).
2(n — 2) V272

Consequently,

Vn(rz —7%) £ N(0,2r%).

Finally, we note that from (4.5.18), jir, and ’7'2 are independent. This com-
pletes the proof of Lemma 4.5.3.
Furthermore, we have the following theorem.

Theorem 4.5.4.

(1) n32(ay, — a) - N(0,12a272),

(2) n!/2(Ar = A) =5 N (0, \27r2(4 + 372)),

(3) n'/2(02 — 02) - N(0,160%7 + 274 (A2 4 202)2).
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Proof.
Because dj, = @, part (1) of Theorem 4.5.4 follows directly from Theo-
rem 4.4.2. To prove part (2), first of all, define

1
g(p, 7%) = exp(p + =7°),

2
then by using Lemma 4.5.3 and the Cramér § theorem, (4.5.2) yields that
n'2(AL = A) =5 N(0,02), (4.5.20)

where

ox = (09/0u dg/07*) (462 224) (55/5&)

=0 (T g0) (1)

1
= \272 <4 + 5#) (4.5.21)

(see Lehmann (1983) for reference). This completes the proof of part (2).
By using (4.5.3), the proof of part (3) is similar.

Now, we shall compare the estimators of A and o2 obtained by the max-
imum likelihood method and nonparametric method. To do this, assume
that a # 1, then from Theorems 4.4.3 and 4.5.4, the asymptotic relative
efficiency of A to Az (see Lehmann (1983) for reference) is given by

)= asy. Var[Ar] B N72(44 72)
B ey Var[\] 0%+ 3272
72(4 + %7’2)

= <1, 4.5.22

exp(72) — 1+ 372 ( )

(4.5.22) is due to (4.5.3) and the following inequality

P

e(\,

2

1
e$>1—|—x—|—§x for = >0.

To study the asymptotic relative efficiency of 62 to 0%, we need the

following lemma that can be proved by induction.

Lemma 4.5.5.
h(n) =6"—4x 3" —2"(2n* + 1) +8(n*+1) >0 for n=0,1,...
Now, because X1 ~ LN (u,7?), the 7th moment of X is then given by

1
E(XT]) =exp(ru+ 57"272). (4.5.23)
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Thus (4.5.3) gives
w? = Var(X; - A)? = E[{(X1 — V)2 - 0}
= X{exp(67%) — 4exp(3%) — exp(27?) + Bexp(7?) — 4}.
Furthermore, we have
w? +120%7% — {16072 + 274 (\? 4 20°%)?}
= A{exp(672) — 4exp(372) — exp(272) + 8exp(r?) — 4
—4r2[exp(7?) — 1]2 — 274 2exp(7?) — 1]?}

=\ Z h(n)7?" /n! > 0, (4.5.24)
n=3

where (4.5.24) is derived by the Taylor expansion. Therefore the asymptotic
relative efficiency of 02 to o2 is given by

asy. Var[o2] 16072 4 27%(A\? + 202)?

asy. Var[o?] w? + 120472

<1. (4.5.25)

e(02,02) =

In conclusion, the combination of (4.5.22) and (4.5.25) yields the fol-
lowing result.

Theorem 4.5.6.
(1) e(A\, ) < 1;
(2) e(aAQ,UA%) <1.

Therefore asymptotically, for a # 1, AL is more efficient than A\ and
hence better than A. Similarly, 62 is more efficient than 2 and hence bet-
ter than 62.

4.6 Notes and References

In this chapter, we study the problems for the statistical inference of a GP,
including the hypothesis testing and estimation of parameters a, A and o2 in
the GP. Sections 4.2 and 4.3 are based on Lam (1992b), but the estimators
iap and Ap were studied by Chan et al. (2006). Section 4.4 is due to Lam
et al. (2004). The results in Sections 4.2-4.4 are nonparametric. However,
a parametric approach can be applied. Section 4.5 is due to Lam and Chan
(1998), it studies the parametric estimation of the three parameters a, A
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and o2 of a GP under an additional assumption that X; has a lognormal
distribution. Lam and Chan (1998) also did some simulation study for
justification of the parametric method. Thereafter, Chan et al. (2004)
also considered the statistical inference problem for a GP with a gamma
distribution by assuming that X; has a I'(a, §) distribution with density
function (1.4.17). The MLE for parameters a,o and § are then derived.
Consequently, the MLE for A and ¢ are obtained accordingly. See Chan et
al. (2004) for more details. Refer to Leung (2005) for some related work.
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Chapter 5

Application of Geometric Process to
Data Analysis

5.1 Introduction

In Chapter 4, we consider the problem of testing if a data set, from a
sequence of events with trend for example, comes from a GP. Then we
study the problem of estimation of the three important parameters a, A
and o2 in the GP. In this chapter, we shall apply the theory developed in
Chapter 4 to analysis of data. To do this, in Section 5.2, the methodology
of using a GP model for data analysis is discussed. First of all, we shall
test if a data set {X;,4 =1,2,...,n} is consistent with a GP, i.e. if a data
set can be modelled by a GP. Then three parameters a, A and o2 of the GP
are estimated. Consequently, the fitted values of the data set can be simply
evaluated by

X, =MNa"t i=1,2,...,n, (5.1.1)

where @ and \ are the estimates of a and A respectively. Then, Section
5.3 briefly studies the methodology of data analysis by using two nonho-
mogeneous Poisson process models including the Cox-Lewis model and the
Weibull process (WP) model. Afterward in Section 5.4, 10 real data sets
are fitted by the GP model, the renewal process (RP) or the homogeneous
Poisson process (HPP) model, the Cox-Lewis model and the WP model.
The numerical results obtained by the four models are compared. The re-
sults show that on average the GP model is the best model among these
four models. Thereafter in Section 5.5, a threshold GP model is introduced
to analyse the data with multiple trends. As an example, four real SARS
data sets are then studied.

121
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5.2 Data Analysis by Geometric Process Model

Now, we shall introduce the methodology for applying a GP model to data

analysis. To do this, we assume that a data set {X;,s = 1,2,...,n} is
given. We may interpret the data set as a sequence of the interarrival times
from a series of events. Then the arrival time T;,i = 1,2,...,n, of the i*"

event is determined by

T, = j:Xj
j=1

with Tp = 0. Moreover, the fitted value of X; is denoted by Xj, j =
1,2,...,n. Then the fitted value of T; will be given by

=3 %
j=1

with Tp = 0.

To test if a data set fits a GP model, we can form two sequences of
random variables and test whether the random variables in these sequences
are i.i.d according to Theorems 4.2.1 and 4.2.2. If the size n is even, two
sequences in (4.2.5) are constructed, and if the size n is odd, two sequences
in (4.2.6) or (4.2.7) are formed. Let T(U) and T(V) (or T(U') and T(V"))
be the values calculated from (4.2.8) by replacing W; with U; and V; (or U/
and V;) respectively. Similarly, let D(U) and D(V') (or D(U’) and D(V"))
be the values evaluated from (4.2.9) by replacing W; with U; and V; (or U/
and V) respectively. Then we can compute the following p-values:

pU _ P(| Z>2TU)) if W; is replaced by U;,
T P(|Z|>T(U")  if W; is replaced by U,

pU _ P(| Z |> D(U)) if W; is replaced by U;,
b P(| Z|>D(U")  if W; is replaced by U!.

If a p-value is small, less than 0.05 say, we shall reject the null hypothesis
that the data set fits a GP. Similary, we can also evaluate the p-values

pY {P(| Z|>T(V))  if W; is replaced by V;,

TP Z|=TV")  if W;is replaced by V7,

Py — {P(| Z |> D(V/)) if W; is replaced by V;,

“\P( Z|>D(V’) if W is replaced by V.
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To test whether the data set agrees with a RP (or HPP), we first calcu-
late the values of R and L from (4.4.7) and (4.4.8). Then we can evaluate
Pr=P(| Z|> R)and P, = P(| Z|> L). If a p-value is small, less than
0.05 say, we shall reject the null hypothesis that the data set fits a RP (or
HPP).

If a data set comes from a GP, the parameters a, A and o2 will be es-
timated respectively by (4.3.8)-(4.3.10). As a result, the fitted value of X;
can be simply evaluated by (5.1.1).

5.3 Data Analysis by Poisson Process Models

Suppose that we want to analyse a data set {X;,i =1,2,...,n} where X;
is the interarrival time between the (i — 1)th and ith events by using a
Poisson process model. If a renewal process (RP) model with mean A or
a homogeneous Poisson process (HPP) model with rate A is applied, the
estimate of A will be given by

S\ZX:

S|

> X (5.3.1)

i=1

Then for all ¢ = 1,...,n, the fitted value of X; is simply given by
X;=\=X. (5.3.2)

Now suppose a nonhomogeneous Poisson process model with intensity func-
tion A(t) is applied. We shall discuss two popular models here, namely the
Cox-Lewis model and the Weibull process model.

(1) The Cox-Lewis model

By (1.2.21), the intensity function is
A(z) = exp(ao + 1 @), —00 < ag, 01 <00, =>0. (53.3)

Clearly, if a; > 0, the Cox-Lewis model is applicable to the case with
decreasing successive interarrival times. If a3 < 0, it can be applied to the
case with increasing successive interarrival times. If a; = 0, the Cox-Lewis
model becomes a HPP model. Therefore, we can assume that a; # 0. Now
denote w = exp(ap)/a1. The conditional density of T; given T1,...,T;_1
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is given by
¢
fIt] Th, ..oy Tic1] = A(t) exp{— Az)dx}
Ti—a1

= exp(ap + aqt) exp{—w(e™t — e Ti-1)} ¢t > T, .
Then, it is straightforward to show that
E|T; | T, ..., Ti—1]

= / texp(ag + ait) exp{—w(e®*t — e Ti=1)}dt (5.3.4)
Ti 1
= exp(ag + weTi-1) / texp(ant — we*)dt. (5.3.5)
Ti 1
It is easy to show that the MLE ¢ and &7 of ap and a4 are the solution

to the following equations.
no

exp(ag) = R (5.3.6)
" n  nTpexp(agT,)
T+ ——— = =0. 3.
Z + a1 explanTy) — 1 0 (5:3.7)

i=1
Thus, @ = exp(d&o)/d&1. Moreover, starting with To = 0, the fitted value of
T; using (5.3.5) will be given iteratively by

- oo R
T; = exp(Go + afueleH)/ texp(at — we*t)dt.

Ti1
Consequently, the fitted value of X; is given by
Xi=T —Ti_. (5.3.8)

(2) The Weibull process model

Now, suppose that a data set {X;,i = 1,2,...,n} follows a Weibull
process (WP) model. From (1.2.22), the intensity function is
ANz) = afz? 1, a,0 >0,z >0. (5.3.9)

Obviously, if # > 1, the WP model is applicable to the case that the suc-
cessive interarrival times are decreasing, and if 0 < # < 1, it is suitable to
the case that the successive interarrival times are increasing. If 8 = 1, the
WP model reduces to a HPP model. Therefore, we can assume that 6 # 1.
The conditional density of T; given 11, ...,T;_1 is given by

FIEITh, o Toa] = A(#) exp{— /T A)dz}

=aft’ Lexp{—at® - T )}, t>Ti;.
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Then, it is straightforward to show that

E[T; | Th,...,Tiy] = %/ V9 tdt,  (5.3.10)
Ui—1

where u;_; = aT? | with ug = 0. Moreover, the MLE & and  of a and 6
are given respectively by

&=—, (5.3.11)

and
b= W (5.3.12)

i=1
Based on (5.3.11) and (5.3.12), we can fit T; by (5.3.10) iteratively as in
the Cox-Lewis model. The fitted value is given by

T, = M/ /0=ty (5.3.13)
dl/e it

where 4;—1 = df’f;l with 49 = 0. Again, the fitted value of X; can be
evaluated by (5.3.8).

5.4 Real Data Analysis and Comparison

In this section, ten real data sets will be analyzed by the GP model, the RP
or HPP model, the Cox-Lewis model and the WP model. We shall test if a
data set can be modelled by a GP model and if the ratio of the GP equals
1. Then for each data set, the parameters in four models are estimated
respectively. Afterward, the data are fitted by these four models.

To compare the fitted results obtained by different models, we define
the mean squared error (MSE) by

n

_1 X))
MSE =~ (X; - X,)?,

i=1

and the maximum percentage error (MPE) by

MPE = max {| T; = T | /T;}.

These two quantities are used as the criteria for measuring the goodness-of-
fit of a model and for the comparison of different models. Roughly speaking,
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the MSE measures the overall fitting while the MPE concerns more on an
individual fitting of a data set. Then the values of MSE and MPE are
evaluated for model comparison.

In the 10 examples below, if the RP (HPP) model is rejected at 0.05
level of significance, the values Pg and/or Pp are marked by ‘*’. If a = 1,
i.e. the RP (HPP) model is not rejected, we can fitted two GP models, one
is the GP model with ratio @, and the other one is the RP (HPP) model,
then choose a better model with a smaller MSE or MPE as the modified
GP model (MGP). If a # 1, i.e. the RP (HPP) is rejected, the GP model
is also the modified GP model. Accordingly, the values of MSE or MPE
corresponding to the modified GP model will also be marked by ‘x’.

Example 5.4.1. The coal-mining disaster data.

This data set was originally studied by Maguire, Pearson and Wynn
(1952), and was corrected and extended by Jarrett (1979). Also see An-
drews and Herzberg (1985) for its source. The data set contains one zero
because there were two accidents on the same day. This zero is replaced by
0.5 since two accidents occuring on the same day are usually not at exactly
the same time. Hence the interarrival time could be approximated by 0.5
day. Then the size of the adjusted data is 190.

(1) Testing if the data agree with a GP.
Hp: it is a GP Hp: it is a RP (or HPP)
Py Py Py Py Pr Py
0.46108 | 0.47950 | 0.14045 | 0.47950 | *8.76585 x 10~7 | *1.84297 x 10~7

The p-values PY, P§, PY. and PY are all insignificant and hence we
conclude that the data set could be modelled by a GP model. Moreover
the p-values Pr and Py, reveal a strong evidence that the data follow a
GP with a # 1.

(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE | *8.17888 x 10* | 9.77941 x 10* 7.88506 x 10% 8.77217 x 10*
MPE *0.50313 2.45817 0.51646 0.86325
a 0.99091 | a 1|ao —4.52029 | a 0.15404

Est. | A| 78.00898 | \| 213.41842 | a; | —4.96387 x 1075 | 6 0.67082
o2 | 8700.84032 | 02 | 98311.51844
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Inter-arrival time for the Coal-mining Disaster data
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--------- wp

2500 7

2000 7

1500

1000

500

no. of disaster

Figure 5.4.1. Observed and fitted X; in Example 5.4.1.

Arrival time for the Coal-mining Disaster data
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----- cox
--------- wp

30000 |

20000 |

10000 |
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no. of disaster

Figure 5.4.2. Observed and fitted T; in Example 5.4.1.

Example 5.4.2. The aircraft 3 data.
Thirteen data sets of the time intervals between successive failures of air
conditioning equipment in 13 Boeing 720 aircraft were studied by Proschan
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(1963). Later on, the Cox-Lewis model was applied to the analysis of these
data sets (see Cox and Lewis (1966)). Totally, there are 13 data sets and
we shall analyze the largest three of them, namely the data sets of aircraft
3, 6 and 7. The aircraft 3 data set is of size 29 which has the second largest

size among the 13 data sets.

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
PY PY Py Py Pg Py,
0.49691 | 0.65472 | 0.17423 | 0.65472 *0.04935 0.13877

The results show that a GP model is appropriate for the aircraft 3 data.
Moreover, since Pg = 0.04935, the hypothesis of a RP (or HPP) is

rejected at 0.05 significance level.
(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE | *4.26817 x 103 | 4.84059 x 102 4.27368 x 10 4.64721 x 102
MPE *0.45221 0.67034 0.33067 0.36280
a 0.96528 | a 1| o —4.07980 | o | 2.59523 x 102
Est. | A| 49.30115| M| 83.51724 |« | —3.03625 x 10~4| @
02(1630.72965 | o2 | 5013.47291
Inter-arrival time for the Aircraft 3 data
— Observed
300 | T l(‘-?SHPP
----- cox
--------- wp
200 |
100
0
T T T T T T
0 5 10 15 20 25
no. of failure

Figure 5.4.3. Observed and fitted X; in Example 5.4.2.



2500 |
2000 L—
1500
1000

500

Application of Geometric Process to Data Analysis 129

Arrival time for the Aircraft 3 data

— Observed

15 20 25

no. of failure

Figure 5.4.4. Observed and fitted T; in Example 5.4.2.

Example 5.4.3. The aircraft 6 data.
The aircraft 6 data set is of size 30 which has the largest size among the
13 data sets.

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
Py Py PY Py Pr Py
0.66327 | 0.38648 | 0.82766 | 1.00000 0.07306 *0.02735

The results show that the data set can be modelled by a GP but not a
RP (or HPP) at 0.05 significance level.
(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE | *4.38519 x 103 | 4.99517 x 103 4.45453 x 103 4.88807 x 103
MPE *3.90365 1.59130 4.84261 6.33027
a 1.05009 1|ao —5.01813 | o | 3.79604 x 10—*
Est. | A| 112.78403| A| 59.60000 |7 |9.17952 x 10~ | @ 1.50592
o2 | 14966.79465 | o2 | 5167.42069
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Inter-arrival time for the Aircraft 6 data
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Figure 5.4.5. Observed and fitted X; in Example 5.4.3.
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Figure 5.4.6. Observed and fitted T; in Example 5.4.3.
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Example 5.4.4. The aircraft 7 data.
The aircraft 7 data set has 27 interarrival times and has the third largest
size among the 13 data sets.

(1) Testing if the data agree with a GP.

131

Hp: it is a GP Hp: it is a RP (or HPP)
PY Py Py Py Pg P
0.63641 | 0.35454 | 0.23729 | 1.00000 0.44498 0.58593

Results show that a GP model is a reasonable model. Moreover, since
Pr = 0.44498 and P;, = 0.58593, a RP (or HPP) model is also accept-

able.
(2) Estimation and comparison.
GP RP (HPP) Cox-Lewis WP
MSE | *3.90667 x 103 | 3.90897 x 103 3.87200 x 103 3.89746 x 103
MPE *0.42138 0.88503 0.78491 0.84606
a 0.97639| a 1| oo —4.27505 | o | 1.42946 x 10~2
Est. | M| 56.12595| \| 76.81481 | oy | —6.47003 x 1072 | @ 0.98775
02 |2080.77753 | 02 | 4059.31054
Inter-arrival time for the Aircraft 7 data
— Observed
— GP
. . RPHPP
----- COX
300 we
200
100
0

no. of fail

ure

Figure 5.4.7. Observed and fitted X; in Example 5.4.4.
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Arrival time for the Aircraft 7 data
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Figure 5.4.8. Observed and fitted T; in Example 5.4.4.

Example 5.4.5. The computer data.
The computer data recorded the failure times of an electronic computer

in unspecified units. The size of data set is 257 (see Cox and Lewis (1966)
for reference).

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
PY Py Py Py Pr Py,
0.83278 | 0.64731 | 0.67283 | 0.16991 0.62773 0.40020

(From the results, the data set could be modelled by either a GP model
or a RP (or HPP) model.

(2) Estimation and comparison.

GP RP (HPP) Cox WP
MSE| *2.63970 x 10° | 2.64204 x 10° 2.73778 x 10° 2.64607 x 10°
MPE 1.02546 *0.95401 1.14872 0.76350
a 1.00031| a 1|ao —5.99797 | o | 4.34914 x 103
Est. | A 377.24250| X\ 362.85992 | a1 [2.19202 x 1076 0 0.96013
2 284228.18562 | 02 | 265235.87093
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Inter-arrival time for the Computer data
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Figure 5.4.9. Observed and fitted X; in Example 5.4.5.

Arrival time for the Computer data
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Figure 5.4.10. Observed and fitted T; in Example 5.4.5.

Example 5.4.6. The patient data.

The patient data set recorded the arrival time of the patients at an
intensive care unit of a hospital. The data set contains some zeros because
2 patients arrived in one unit time interval (5 minutes). As in Example
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5.4.1, these zeros are replaced by 0.5. Moreover the arrival time of the
247th patient is earlier than that of the 246th patient. This is clearly a
wrong record. Hence the data set is adjusted by deleting the arrival times
of the 247th and all later patients. After adjustment, the adjusted data
set will have 245 interarrival times coming from 246 patients (see Cox and
Lewis (1966) for reference).

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
1% U 14 1%
Py Py PY Py Pr P
0.66525 | 0.08581 | 0.82872 | 0.43488 0.22009 *0.00961

From the results, a GP model is appropriate, but a RP (or HPP) model
is rejected at 0.01 significance level.
(2) Estimation and comparison.

GP RP (HPP) Cox WP
MSE | *1.17648 x 103 | 1.21071 x 103 1.17018 x 103 1.18411 x 103
MPE *6.59249 5.33424 7.55167 12.21500
a 1.00158 | a 1| ag —3.94854 | a | 5.68196 x 10~3

Est. | A 45.55491 38.00751 | a1 | 6.24328 x 1075 | 6 1.16764

0| 1671.27418 | 0= | 1215.37058

>
=

N
N

Inter-arrival time for the Patient data

150
100
50 ‘ }M I ( \“ |
iy ‘ | i‘lr il [F’ | n‘| | Hll‘lrll“ix "iul‘
o-

T T T T T T
0 50 100 150 200 250

no. of patients

Figure 5.4.11. Observed and fitted X; in Example 5.4.6.
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Arrival time for the Patient data

Observed
GP
RPHPP
Ccox

WP

8000

6000

4000

2000

T T T T T T
100 150 200 250

no. of patients

Figure 5.4.12. Observed and fitted 7; in Example 5.4.6.

Example 5.4.7. The No.3 data.

The No.3 data set contains the arrival times to unscheduled mainte-
nance actions for the U.S.S Halfbeak No.3 main propulsion diesel engine.
The No.3 data were studied by Ascher and Feingold (1969 and 1984). Since
we are interested only in the arrival times of failures which cause the un-
scheduled maintenance actions, the arrival times to scheduled engine over-
hauls are then discarded. As a result, the adjusted data set contains 71
interarrival times.

(1) Testing if the data agree with a GP.

Hp: it is a GP Hy: it is a RP (or HPP)
U U \%4 \%4
Py P§ P Py Pr P,
0.41029 | 0.56370 | 0.68056 | 1.00000 | *3.74283 x 10~5 | *9.8658 x 10~ 14

The results show a strong evidence that the data set could be modelled
by a GP with a # 1.
(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE| *1.96179 x 10° 3.32153 x 10° 2.19096 x 10° 3.76349 x 10°
MPE *0.40626 0.78942 1.06518 2.50796
a 1.04165| a 1o —8.33532| | 4.8626 x 101!
Est. | A|1.07621 x 103 | X|3.59408 x 10% |1 {1.49352 x 10~4| 6 2.76034
02(2.11031 x 109 |52 |3.36898 x 10°




136 Geometric Process and Its Applications

Inter-arrival time for the No. 3 data
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Figure 5.4.13. Observed and fitted X; in Example 5.4.7.

Arrival time for the No. 3 data
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Figure 5.4.14. Observed and fitted 7T; in Example 5.4.7.

Example 5.4.8. The No.4 data.

The No.4 data set contains the arrival times to unscheduled mainte-
nance actions for the U.S.S. Grampus No.4 main propulsion diesel engine.
The data set was studied by Lee (1980a and b). The largest interarrival
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time of 6930 is extremely outlying because “the person who recorded failures
went on leave and nobody took his place until his return” (see Ascher and
Feingold (1984)). Thus the datum 6930 and its successor 575 are scrapped.
Moreover, as in Example 5.4.7, the arrival times of the scheduled engine
overhauls are also discarded. Consequently, the adjusted data set contains
56 interarrival times with a zero interarrival time replaced by 0.5 as before.

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
PY Py Py Py Pg P
0.75734 | 0.33459 | 0.08925 | 0.74773 0.12270 0.31765

(From the results, although a GP model is still applicable, a RP or an
HPP model is also acceptable.
(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE| 6.99051 x 10* | *6.86290 x 10% 6.76273 x 10* 6.57068 x 10%
MPE *0.48788 0.68707 0.58417 0.39750
a 1.01809 1|ao —5.89286 |« | 4.56957 x 104
Est. | A 440.42242 | X| 269.11607 | o1 [3.77321 x 107° | 6 1.21785
02 1202345.83807 | 02 | 69876.84537
Inter-arrival time for the No. 4 data
Observed
GP
1200 | x|
wpP
800
400
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20 30 4o 50
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Figure 5.4.15. Observed and fitted X; in Example 5.4.8.
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Arrival time for the No. 4 data
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Figure 5.4.16. Observed and fitted 7T; in Example 5.4.8.

Example 5.4.9. The car data.

This data set was collected and studied by Lewis (1986). The original
data are the times that 41 successive vehicles travelling northwards along
the M1 motorway in England passed a fixed point near Junction 13 in
Bedfordshire on Saturday, 23rd March 1985. The adjusted data set contains
40 successive interarrival times of vehicles (also see Hand et al. (1994) for

reference).
(1) Testing if the data agree with a GP.
Hp: it is a GP Hp: it is a RP (or HPP)
PY Py Py Py Pg P
0.57812 | 0.25684 | 1.00000 | 0.70546 0.25581 0.23638

As in previous examples, the result show that a GP model is appropri-
ate, a RP (or HPP) model is also acceptable.
(2) Estimation and comparison.

GP RP (HPP) Cox-Lewis WP
MSE | *58.51012 60.41000 59.11375 59.94275
MPE|  0.85048 *0.41818 1.02818 1.03741
a| 1.01594| a 1| ao —2.47994 | «| 3.90616 x 10~2

2.56010 x 10~3

>

Est. 1.20695

>

10.42037 | A| 7.80000| «
o< | 102.45368 | o< | 61.95897

=

N
N
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Inter-arrival time for the Car data
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Figure 5.4.17. Observed and fitted X; in Example 5.4.9.
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Figure 5.4.18. Observed and fitted 7; in Example 5.4.9.

Example 5.4.10. The software system failures data.
This data set originated from Musa (1979) (see also Musa et al. (1987)
and Hand et al. (1994) for its source). It contains 136 failure times (in
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CPU seconds, measured in terms of execution time) of a real-time com-
mand and control software system. Musa et al. (1987) suggested fitting a
nonhomogeneous Poisson process model to this data set. There are three
cases that the consecutive failure times are identical. As in Example 5.4.1,
their interarrival times were adjusted from 0 to 0.5. The adjusted data set
consists of 135 interarrival times of system failures.

(1) Testing if the data agree with a GP.

Hp: it is a GP Hp: it is a RP (or HPP)
U U % v
Py PY Py PY Pr P
0.37449 | 0.93216 | 0.07570 | 0.67038 | *8.75589 x 10~7 *0.00000

(From the results, it is clear that the data could be modeled by a GP

with a # 1.
(2) Estimation and comparison.
GP RP (HPP) Cox-Lewis WP
MSE | *7.50100 x 10° 1.06327 x 106 8.18677 x 10° 8.14735 x 10°
MPE *29.84097 216.36152 67.69000 1.32667
a 0.97687 | a 1|ao —5.32116 | 0.56839
Est. A 92.52291 | A 652.08456 | o1 | —3.42038 x 1075 | 6 0.48079
02 10190.64326 | o2 | 1071149.05020
Inter-arrival time for the Software System Failures data
Observed
GP
RPHPP ,
COX
WP
4000
2000 |
0-
0 20 40 60 80 100 120 140
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Figure 5.4.19. Observed and fitted X; in Example 5.4.10.
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Arrival time for the Software System Failures data
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Figure 5.4.20. Observed and fitted T; in Example 5.4.10.

From the analysis of 10 real data sets, the average values of MSE and
MPE (AMSE and AMPE) for four models are summarized below. For
further comparison, the values of AMSE and AMPE for the modified GP
model (MGP) are also presented.

GP | RP (HPP) | Cox-Lewis | WP MGP
AMSE | 137570 | 184110 146280 | 162320 | 137450
AMPE | 4.4502 | 23.0150 85597 | 2.6598 | 4.3999

On the other hand, we may compare the average ranks of MSE and
MPE (ARMSE and ARMPE) for the 10 real data sets.

GP | RP (HPP) | Cox-Lewis | WP | MGP
ARMSE | 1.7 3.6 1.9 28 | 16
ARMPE | 1.9 2.7 2.5 27 | 17

Therefore, by comparison, the GP model has the smallest average MSE
and the second smallest average MPE among these four models. The per-
formance of GP model is even better when we compare the rank of these
four models, the GP model has the smallest average ranks of MSE and
MPE. The visual impression shown by the figures agrees with the results
from these two summary tables.
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Furthermore, from above two tables, the modified GP model is clearly
better than the GP model. In fact, the average MSE and MPE for the
modified GP model are respectively 1.3745 x 10° and 4.3999, and the av-
erage ranks of MSE and MPE are respectively 1.6 and 1.7. Therefore, it
is suggested to fit a modified GP model to a data set. Note that under
different criteria, the modified GP model may be different. For instance, in
Example 5.4.5, the RP (or HPP) model is not rejected. Then according to
MSE, the GP model is taken as the modified GP model, however, according
to MPE, the RP model will be taken as the modified GP model.

Moreover, the range of @ in the 10 data sets is from 0.96528 to 1.05009.
Recall that by Theorem 4.4.2 the asymptotic variance of a is of order
O(n™3), hence a is a very accurate estimate of a, the error is of order
0,(n™3/2). As a result, the true ratio a in these 10 data sets should be
close to 1. In general, this conclusion retains the true, since in most practi-
cal situations, the trend is usually small. Thus, in the study of a GP model,
one can focus his attention on a GP with ratio a close to 1, from 0.95 to
1.05 for example.

We have already seen that on average the GP model is the best model
among four models. Moreover, the GP model has some other advantages.
From the analysis of 10 real data sets, all of them can be fitted by a GP.
The reason is probably due to the fact that the GP model is essentially a
nonparametric model. Therefore, the GP model can be widely applied to
analysis of data from a series of events, with trend or without trend. On
the other hand, the estimation of the parameters a, A and ¢2 for a fitted GP
model is simple. Furthermore, based on Theorems 4.4.1-4.4.4, we can easily
study the statistical inference problem for the GP model. In conclusion,
the GP model is a simple and good model for analysis of data from a series
of events with trend.

5.5 Analysis of Data by a Threshold Geometric Process
Model

In analysis of data from a sequence of events, most data are not stationary
but involve trend(s). In many cases, there exists just a single monotone
trend, then a GP model may be applied. The ratio a of the GP measures
the direction and strength of such a trend. This is what we have done in
Sections 5.2 and 5.4.
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In practice, many real data exhibit multiple trends. For example, in
reliability engineering, many systems demonstrate that their failure rate
has the shape of a bathtub curve. At the early stage of a system, as the
failures of the system are due to quality-related defects, the failure rate is
decreasing. During the middle stage of the system, the failure rate may be
approximately constant because the failures are caused by external shocks
that occur at random. In the late stage of the system, the failures are due
to wearing and the failure rate is increasing. Consequently, these systems
should be improving in the early stage, then become steady in the middle
stage, and will be deteriorating in the late stage. In epidemiology study,
the number of daily-infected cases during the outbreak of an epidemic dis-
ease often experiences a growing stage, followed by a stabilized stage and
then a declining stage. The economic development of a country or a region
often shows a periodic cycle, so that the gross domestic product (GDP) is
increasing in the early stage of a cycle, then the GDP will be stabilized dur-
ing the middle stage of the cycle, and it will be decreasing in the late stage
of the cycle. All of these data exhibit multiple trends. As a GP model is
appropriate for the data with a single trend, a threshold GP model should
be applicable to data with multiple trends. Thus, a threshold GP model
with ratio a; < 1 at the early stage, as = 1 at the middle stage and a3z > 1
at the late stage is a reasonable model for the successive operating times
of a system with a bathtub shape failure rate, the number of daily-infected
cases of an epidemic disease, and the GDP of a country or a region in a
cycle, etc.

To demonstrate the threshold GP model, we apply the model to the
study of the Severe Acute Respiratory Syndrome (SARS). The outbreak of
SARS was in 2003. Many extensive researches have been done on this topic,
many models were suggested for modelling the SARS data. Most of them
are deterministic, for reference see Tuen et al. (2003), Hsieh et al. (2003)
and Choi and Pak (2004). Recently, Chan et al. (2006) suggested a thresh-
old GP model to analyse the SARS data. The SARS data include the daily
infected cases, the daily death cases, the daily recover cases and the daily
cases in treatment for four regions, namely Hong Kong, Singapore, Ontario
and Taiwan. Here we focus only on modelling the number of daily infected
cases in the four regions during their outbreak periods. These data sets
contain some negative number of daily infected cases, possibly due to the
adjustments made when some originally confirmed cases were later tested
to be non-SARS cases. Therefore, these data sets are amended accordingly.
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The complete data sets for all the four regions used in our analysis are
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attached in Appendix for reference.

A summary of the information is given in Table 5.5.1.

Table 5.5.1. Basic information of SARS data for the four regions

Regions Hong Kong | Singapore | Ontario Taiwan
Start date | 12/3/03 13/3/03 | 18/3/03 1/3/03
End date 11/6/03 19/5/03 17/7/03 15/6/03
n 92 68 122 107
Sn 1,755 206 247 674
Sn/n 19.08 3.03 2.02 6.30

where start date is the reported start date, n is the number of data, S, is
the total number of cases, and S, /n is the average number of cases.

The key problem in using a threshold GP model to fit a data set {X;,j =
1,...,n} is to detect its thresholds or the turning points, {M;,i =1,...,k},
each is the time for the change of the direction or strength of trends. When-
ever the thresholds or the turning points are detected, for the ith piece of
the threshold GP, we can estimate its ratio a;, A; and 012 using the method
for a GP developed in Chapter 4.

There are many methodologies for locating the turning point(s),
{M;, i = 1,...,k}, a more convenient method is to plot the data set
{Xj,j = 1,...,n} first. Then we can easily find some possible sets of
turning points visually. For each possible set of turning points, {M;, i =
1,...,k}, we can fit a threshold GP, and evaluate the fitted values

A . .
X]:W, MiS]<M¢+1, 'Lzl,...,k, (551)
where M7 =1 and My, =n+ 1.
Then define the adjusted mean squared error (ADMSE) as
1 k Mip1—-1
ADMSE = — X, — X;)%? 4 c(2k 5.5.2
TL L P, 62

which is the sum of the mean squared error and a penalty term that is
proportional to the number of thresholds k in the threshold GP model.
The best threshold GP model will be chosen for minimizing the ADMSE.
In practice, an appropriate value of ¢ should be determined in advance. To
do this, we may take

1
c= §€nX, (5.5.3)
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where S,, = Z?Zl X, and X = S,/n is the average number of infection
cases per day. Then (5.5.3) means that the higher the value of X is, the
heavier the penalty will be. Thus, large value ¢ will give high penalty
resulting in less number of thresholds and parameters in the model. This is
an empirical choice. Intuitively, as X;,i = 1,...,n, are nonnegative, then
large value of X may contain more fluctuations or involve more trends, in
which many trends, especially small trends, are due to noise. To reduce
the ‘noisy’ trends, a mild penalty proportional to nX seems plausible. We
can explain this point by an example, suppose a threshold GP model is
fitted to the SARS data in Singapore, and c is taken to be 0, %Enf( and 1
respectively, the number of pieces k will be 3, 2 and 1 accordingly. Visually,
from Figure 5.5.3, it seems that k = 2 is more appropriate. In other words,
c= %Enf( seems a reasonable choice.

Then, a threshold GP model is fitted to each SARS data set of the
four regions using the nonparametric method developed in Chapter 4. The
results are summarized in Table 5.5.2 below.

Table 5.5.2. Fitting a threshold GP models to SARS data

Region k | M; | ADMSE a; Ai
Hong Kong | 2 1 118.98 0.9540 14.8544
34 1.0718 41.2221
Singapore 2 1 6.338 0.9970 4.5012
33 1.1306 6.4291
Ontario 4 1 9.110 0.9765 2.5011
36 1.0513 0.6565
73 1.1663 14.2766
98 0.9999 0.0870
Taiwan 3 1 21..816 0.9681 0.3412
46 0.9670 7.8138
83 1.1197 8.5228

For each region, the observed and fitted values X; and S; are plotted
against 4, so that we can see the trends, locate the turning points visually,
then determine the growing, stabilizing and declining stages roughly. Note
that the differences between observed and fitted S; do not necessarily reveal
goodness of fit of the models as measured by ADMSE. It seems that the
differences between observed and fitted X; are quite marked at the early
stage whereas they are less marked at the late stage.
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(1) Hong Kong data set

Hong Kong was seriously attacked by SARS in terms of both the num-
ber of deaths and economic losses. Among the four infected regions, Hong
Kong data set shows a clear growing and declining stages and has the high-
est number of total infections. Infection controls were enforced on March
29. The turning point T lies on April 13 of 2003.

(2) Singapore data set

Singapore data set has the lowest number of infections among the four
affected regions. Like Hong Kong, Singapore data set also shows a clear
growing and declining stages. Singapore invoked the infection controls on
March 24. The turning point lies on April 14 of 2003.

(3) Ontario data set

Ontario data set shows clearly two phases of outbreak. Since the num-
bers of daily infection were mostly zero in between the two phases, the
ratio between these two phases is set to 1. Three turning points on April
22, May 29 and June 23 of 2003 were identified. They marked clearly the
rises and falls in each phase. On March 26, Canada declared a public health
emergency and implemented infection measures.

(4) Taiwan data set

The trends for the number of daily infection in Taiwan are similar to
those in Hong Kong and Singapore but with a delay in the outbreak on
April 20. Two turning points, namely April 15 and May 22, were detected
which marked a low-rate, a growing and then a declining stages. On March
20 of 2003, Taiwan started to implement infection controls, such as the
surveillance and home quarantine system.

The daily infection data for the four regions all show trends of increas-
ing, stabilizing and then decreasing with different region-specific patterns.
Different regions have different risks of transmission: among households,
hospital care workers, inpatients and community, etc. Different regions
also have different checks including the precautionary measures: contact
tracing, quarantine, thermal screen to outgoing and incoming passengers,
stopping of hospital visitations and closing of school, etc., and the pub-
lic health measures: wearing masks, frequent hand washing, avoidance of
crowded places and hospitals, prompt reporting of symptoms and disin-
fection of living quarters, etc. On April 2, World Health Organization
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(WHO) recommended that persons traveling to Hong Kong and Guang-
dong Province, China, would consider postponing all but essential travel.
On April 23, WHO extended its SARS-related travel advice to Toronto
and further to Taiwan on May 8, apart from Beijing, Shanxi Province,
Guangdong Province and Hong Kong. The travel advices and precaution
measures initiated by WHO helped to contain global transmissions. In the
above figures, we can see the trends of outbreak in each region and evaluate
it in terms of the implementation of infection controls, allowing for latency
and incubation periods.

Hong Kong data
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Figure 5.5.1. Hong Kong daily SARS data
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Singapore daily SARS data




Application of Geometric Process to Data Analysis

149

Singapore data
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Ontario data
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Taiwan data
30
=
33
>3
53
[
=}
=z

1-Mar 22-Mar 12-Apr 3-May 24-May  14-Jun

Date

Observed ------ Fitted A Turning point

Figure 5.5.7. Taiwan daily SARS data



Application of Geometric Process to Data Analysis 151

Taiwan data
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Figure 5.5.8. Taiwan cumulative SARS data

One of important objective of fitting a model is to predict the future
number of infected cases. Figure 5.5.9 shows the practical significance of
the GP model in prediction of the Hong Kong daily SARS data. By using
the data from March 12 to April 30, a threshold GP model is refitted to
the Hong Kong SARS data. Note that the turning point M, remains un-
changed. Then the predicted number of daily infected cases after April 30
could be evaluated from (5.5.1). The results are presented in Fig. 5.5.9.
One of the important factor is to predict the release date of infection con-
trols, especially the release date of travel advice. On May 20, the Depart-
ment of health predicted that the travel advice would be removed before
late June. One of the requirement was the 3-day average of infected cases
to be less than 5. From the predicted model, the 3-day average predicted
infected cases will cut line X = 5 on May 19, that is very close to the
observed date of May 17. By considering other criteria, such as less than
60 hospitalized cases and zero exported, the travel advice in Hong Kong
was removed on May 23, 2003.
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Hong Kong data with prediction
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Figure 5.5.9. Hong Kong SARS data with prediction

5.6 Notes and References

In this chapter, we study the application of GP to analysis of data with
trend. In Section 5.2, the methodology of using a GP model to analyze data
with a single trend is considered. In Section 5.3, Poisson process models
including the Cox-Lewis model and the Weibull process model, are briefly
introduced. In Section 5.4, ten real data sets are fitted by four different
models, including the Cox-Lewis model, the Weibull process model, RP
(HPP) model and the GP model. Then the numerical results are compared
by using two criteria, MSE and MPE. We can see that on average, the
GP model is the best model among these four models. Besides, the GP
model is simple that is an additional advantage. Sections 5.2-5.4 are due
to Lam et al. (2004). The tables and figures in Section 5.4 except the
last table, especially Figures 5.4.1-5.4.20, are reproduced from Lam et al.
(2004) published by Springer-verlag. We greatly appreciate for the kind
permission of Springer Science and Business Media for reusing the material



Application of Geometric Process to Data Analysis 153

in Lam et al. (2004) in this book.

Moreover, in epidemiology study, the daily infected cases often exhibit
multiple trends. Therefore, a threshold GP model should be applicable.
Section 5.5 is based on Chan et al. (2006) that applied a threshold GP
model to analysis of SARS data. We are grateful to John Wiley & Sons
Limited for permission to reproducing the tables and figures from Chan et
al. (2006) for Section 5.5 of this book. Note that the figures in Section 5.5
are different from that in Chan et al. (2006), since another nonparametric
estimates ap and 5\D studied in Section 4.3 are also considered there. On
the other hand, a threshold GP model is also useful in reliability study or
lifetime data analysis as many systems have a bathtub shape failure rate,
see Section 6.8 for a threshold GP maintenance model.
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Chapter 6

Geometric Process Maintenance
Model

6.1 Introduction

Lam (1988a, b) first introduced a GP model for the maintenance problem
of a deteriorating system. Since then, a lot of research work on different GP
maintenance models has been done. In this chapter, we shall study some
GP maintenance models for a one-component system. In Section 5.2, a GP
model is introduced, it is the basic model for the maintenance problem of a
one-component two-state system which is either deteriorating or improving.
In Section 5.3, an optimal maintenance policy is determined analytically
for a deteriorating system as well as an improving system. In Section 5.4,
the monotonicity of the optimal maintenance policy in a parameter for a
deteriorating system is discussed. Then, a monotone process model for
a one-component multistate system is introduced in Section 5.5, we show
that the monotone process model is equivalent to a GP model for a one-
component two-state system.

However, the above GP maintenance models just pay attention on a
system that fails due to its internal cause, such as the ageing effect and
accumulated wearing, but not on a system that fails due to an external
cause, e.g. some shocks from the environment. In Section 6.6, a shock
GP maintenance model for a system is introduced. Then in Section 6.7, a
d-shock GP maintenance model is studied.

In practice, many systems exhibit a bathtub shape failure rate. As a
result, the successive operating times will have multiple trends such that
they are increasing during the early stage, and stationary in the middle
stage, then decreasing in the late stage. To study the maintenance problem
of such a system, a threshold GP maintenance model for a system with
multiple trends is considered in Section 6.8. Furthermore, it is a general
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knowledge that a preventive repair will usually improve the reliability or
availability of a system. Based on this understanding, Section 6.9 studies
a GP maintenance model with preventive repair.

6.2 A Geometric Process Maintenance Model

Now, we shall introduce a GP maintenance model that is based on Lam
(2003). It is a general model, as it is not only for a deteriorating system
but also for an improving system. The model is defined by making the
following assumptions.

Assumption 1. At the beginning, a new system is installed. Whenever
the system fails, it will be repaired. A replacement policy N is applied
by which the system is replaced by a new and identical one at the time
following the Nth failure.
Assumption 2. Let X; be the system operating time after the in-
stallation or a replacement. In general, for n > 1, let X,, be the system
operating time after the (n—1)th repair, then {X,,,n =1,2,...} form a GP
with E(X7) = A > 0 and ratio a . Moreover, let Y;, be the system repair
time after the nth failure, then {Y,,,n = 1,2,...} constitute a GP with
E(Y1) = p > 0 and ratio b. Let the replacement time be Z with E(Z) = 7.
Assumption 3. The operating reward rate is r, the repair cost rate is
c. The replacement cost comprises two parts: one part is the basic replace-
ment cost R, and the other part is proportional to the replacement time Z
at rate c¢p.

Besides, an additional assumption is made from one of the following two
assumptions.
Assumption 4. a>1land 0<b<1.
Assumption 4’. 0 <a <1 and b > 1 except the case a =b=1.

Then under Assumptions 1-4, the GP maintenance model is a model for
a deteriorating system. However, under Assumptions 1-3 and 4’, the GP
maintenance model is a model for an improving system.

Remarks

At first, we shall explain the motivation of introducing the GP model.
In practice, many systems are deteriorating because of the ageing effect and
accumulated wearing, so that the successive operating times after repair are
decreasing, while the consecutive repair times after failure are increasing.
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This is not only based on our general knowledge but also on the results
in real data analysis in Chapter 5. Therefore, for a deteriorating system,
the successive operating times can be modelled by a decreasing GP while
the consecutive repair times can be modelled by an increasing GP approxi-
mately. In this case, we should make Assumptions 1-4, that is a GP model
for a deteriorating system.

On the other hand, in real life, there are some improving systems. For
example, the successive operating times of a system after repair might be
prolonged since the system operator can accumulate the working experi-
ence or some failed parts of the system are replaced by more advanced
parts during a repair, while the consecutive repair times after failure might
be shorten because the repair facility becomes more and more familiar with
the system and in many cases, a repair just becomes a replacement of some
parts. For an improving system, the successive operating times of the sys-
tem can be modelled by an increasing GP, while the consecutive repair
times of the system can be modelled by a decreasing GP approximately. In
this case, we should make Assumptions 1-3 and 4’, that is a GP model for
an improving system.

Secondly, we shall expound the reasons of using replacement policy N.
In fact, use of policy N has a long history, see Morimura (1970) and Park
(1979) for reference. Nevertheless, in the literature of the maintenance
problem, there are two kinds of replacement policy. One is policy T by
which the system is replaced at a stopping time 7', the other one is policy
N by which the system is replaced at the time following the Nth failure. It
is interesting to compare these two policies. For the long-run average cost
per unit time case, Stadje and Zuckerman (1990) and Lam (1991b) showed
that under some mild conditions, the optimal replacement policy N* is at
least as good as the optimal replacement policy 7. Furthermore, Lam
(1991c, 1992b) proved that for the expected total discounted cost case, the
same conclusion holds. In addition, the implementation of a policy N is
more convenient than that of a policy 7, this is an extra merit of using
policy N. Therefore, policy N is applied in our model.

As one part of the replacement cost, the basic replacement cost R in-
cludes the production cost of a new and identical system, the administrative
cost and the transportation cost. They are clearly independent of the re-
placement time Z. Besides cost R, the other part of replacement cost such
as the labour wages and power expenses will be proportional to the replace-
ment time Z.
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Now, we say that a cycle is completed if a replacement is completed.
Thus a cycle is actually a time interval between the installation of a system
and the first replacement or a time interval between two consecutive re-
placements. Then, the successive cycles together with the costs incurred in
each cycle will constitute a renewal reward process. By applying Theorem
1.3.15, the long-run average cost per unit time (or simply the average cost)
is given by

Expected cost incurred in a cycle

6.2.1
Expected length of a cycle ( )

Consequently, under Assumptions 1-3 and using policy N, the average
cost is given by

N
—r Y, Xp+R+c¢,2)
k=1

N—1
Ec .
k=1

Yi
C(N) = N N_1
E(z_: X + Z_: Yk—l—Z)

e Y bk . 7")\2 = 1+R+Cp7'

k=1
= — (6.2.2)

)‘Zakl—’—ﬂzbkl‘FT

= A(N) —r,

where
N-1
(c+mp > —bkl,l +R+cpT+1T
k—
A(N) = e . (6.2.3)
)\Z akl—l +u Z bk%l—’—/r
k=1 E=1

Now, our objective is to determine an optimal replacement policy N*
for minimizing C'(N) or A(N). To do this, we may evaluate the difference
of A(N +1) and A(N) first.

AN +1) — A(N)

(e +r)u{( % - Nil W) +7alN} — (R + cpm 4+ r7) (AN 71 + pa)
= 71\} N+1
aNbN_l[ e ][/\Z ak1+MZ bk1+T]

Because the denominator of A(N +1) — A(N) is always positive, it is clear
that the sign of A(N + 1) — A(N) is the same as the sign of its numerator.
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Then, we can define an auxiliary function
g(N) = g(N7a7ba)‘7uaTvrv C7R7 C;D)
N N—-1
(c+ )Y af — S %)+ 7aV}

k=1 k=1
= . 24
(R+ cpm +r7) (AN + palv) (62.4)

As a result, we have the following lemma.

Lemma 6.2.1.

AN +1)

AV

A(N) <= g(N)

AV
—

Lemma 6.2.1 shows that the monotonicity of A(N
the value of g(N).

Note that all the results above are developed under Assumptions 1-3
only. Therefore, all results including Lemma 6.2.1 hold for the models of a
deteriorating system and of an improving system.

~—

can be determined by

Zhang (1994) considered a GP maintenance model in which a bivariate
policy (T, N) is applied. A bivariate policy (T, N) is a replacement policy
such that the system will be replaced at working age T' or following the
time of the Nth failure, whichever occurs first.

Now, by using policy (T, N), under Assumptions 1-3 and assume that
{Xn,n =1,2,...} and {Y,,n = 1,2,...} are two independent stochastic
processes, we can evaluate the average cost in a similar way. To do this, let

n n

Un= Xiy Va=) Y

with Uy = 0, Vy = 0. Again, we say that a cycle is completed if a replacement
is completed. Let W be the length of a cycle, then

N-1
W= (T +Vi)Iw,<r<v,.} + (U~ + V1) g <1y + Z, (6.2.5)
1=0
where I 4 is the indicator function such that

o= {1 if event A occurs, (6.2.6)

0 ifevent A does not occur.
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Assume that the operating time and repair time are continuous. Then we
have

N-1
EW) = E{Y (T + Vi)l <r<visny + (Un + V) ljuy <y + Z}
1=0
N-1

= E{TI{TSUN}} + Z E(%)E(I{U«;<T§U7’,+1})
i=1

+E{(Un + VN-1)l{uy<ry} + 7

:E{TI{TSUN}}"‘Z ij PHE(T) = Fipa (T)}

=1 j=1
+E{E(UN + VN-1)I{uy<r}|lUN)} + 7

N—-1 N-1

= TR+ X (X ) = Fin™)

+E{E[(Un + V1) vy <} [Un]} + 7

= TRNT)+ Y 5 (1)~ (1)
j=1

T
+/ E(UN+VN,1|UN:u)dFN(u)+T

N— " N—1 "
= F T F
g b j=1 b] ' N
T T
+/O udFy(u) + E(Vy 1)/0 dFy(t)
N-—1
:/0 Fy(u)du + Z () + (6.2.7)

since E(V;) = E e and {X,,n = 1,2,...} and {Y,,n = 1,2,...} are

independent. On the other hand, the expected cost incurred in a cycle is
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given by

N—-1
CE(Z ‘/iI{U'i<TSU'i+1} + VN—lI{UN<T})
i=1
—rE(TLir<vyy + Unliuy<ry) + R+ ¢, E(Z)

N—-1 T
W _
=c) ) - 7“/0 Fy(u)du + R+ ¢,T. (6.2.8)
=1

Thus by using (6.2.1), the average cost under policy (7, N) will be given
by

N1 _

3 = F;(T) —rfOTFN(u)du+R+cpT
C(T,N) = FlT - — . (6.2.9)
fo Fy(u)du+p > bj%le(T)—i—T
=1

Jj=

Obviously, policy N is a bivariate policy (co, N') and policy T is a bivariate
policy (7', 00). This implies that an optimal policy of (T, N) is at least as
good as an optimal policy N* and an optimal policy T*.

6.3 Optimal Replacement Policy

In this section, we shall determine an optimal replacement policy N* for
minimizing C(N) or A(N) for a deteriorating system and an improving
system respectively. For this purpose, at first let h(N) = AN 1 + pa®.
Then it follows from (6.2.4) that

g(N +1) —g(N)

. (c+r)u 2, N—1 al k 2, N—1/ N+1
S Erorrronhn e (=) kZ:l“ AV a )
N-1
+pa® (@ — o) + Apa® (a — 1) Z v* 4+ Ara™ oV (a — b)) (6.3.1)
k=

Then, two different models are considered here.

Model 1. The model under Assumptions 1-4
Model 1 is the model for a deteriorating system. Now, from (6.3.1) and
Assumption 4 the following lemma is straightforward.
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Lemma 6.3.1. Function g(N) is nondecreasing in N.
Consequently, Lemma 6.2.1 together with Lemma 6.3.1 gives an ana-
lytic expression for an optimal policy N*.

Theorem 6.3.2. An optimal replacement policy N for the deteriorating
system is determined by

N;ik = mln{N | g(N) = g(N7 a, b» )‘7 M, T,T,C, R? Cp) 2 1} (632)
The optimal replacement policy N is unique if and only if g(N}) > 1.

We can apply Theorem 6.3.2 to determine an optimal policy for the
deteriorating system. Besides, we can also determine an optimal policy
numerically.

A numerical example

Now, we study a numerical example with the following parameter values:
a =1.05,b=0.95 R = 3000, A\ = 40, = 15,c = 10,7 = 50,¢, = 10 and
7 =10.

The numerical results are presented in Table 6.3.1 and Figure 6.3.1
respectively.

Table 6.3.1. Results obtained from formulas (6.2.2) and (6.2.4)

N CIN) eMN) | N C(IN) gN) | N CN) glN)
1 22.0000 0.2354 | 11 -22.6116 1.5565 | 21  -17.6895 4.6345
2 -6.3510 0.2710 | 12 -22.3166 1.8050 | 22 -17.0663 4.9794
3 -14.8933 0.3268 | 13 -21.9524 2.0716 | 23 -16.4336  5.3236
4 -18.7671 0.4035 | 14 -21.5328 2.3545 | 24 -15.7935 5.6655
5 -20.8101 0.5020 | 15 -21.0682 2.6520 | 25 -15.1481 6.0037
6 -21.9437 0.6227 | 16 -20.5666 2.9622 | 26 -14.4991 6.3368
7 -22.5571 0.7657 | 17 -20.0344 3.2832 | 27 -13.8480 6.6638
8 -22.8432 0.9311 | 18 -19.4766 3.6129 | 28 -13.1966 6.9838
9 -22,9089 1.1185 [ 19 -18.8976 3.9494 | 29 -12.5460 7.2958

10 -22.8181 1.3272 | 20 -18.3008 4.2905 | 30 -11.8978  7.5994

Model 2. The model under Assumptions 1-3 and 4’
Model 2 is the model for an improving system. Now, because of As-
sumption 4’, instead of Lemma 6.3.1, we have the following lemma.



Geometric Process Maintenance Model 163

25

15F .
10+ 5% KK
5r %*%***** b
0**********
-5F . .
-10f e ]
“15F - e ) i
20} . |

o5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ N
0 5 10 15 20 25 30 35 40

Figure 6.3.1. The plots of g(N) and C(N) against N

Lemma 6.3.3.  Function g(N) is decreasing in N.
Consequently, based on Lemmas 6.2.1 and 6.3.3, we have the following
result.

Theorem 6.3.4. Under Assumptions 1-3 and 4’, policy N;" = oo is the
unique optimal policy for the improving system.
Proof.
Because g(N) is decreasing in N, there exists an integer N; such that
N; =min{N | g(N) <1}. (6.3.3)
In other words, we have
g(N) >1<«<= N < N,,
and
g(N)<1l<= N> N,.

Therefore, Lemma 6.2.1 implies that C(N) and A(N) are both unimodal
of N and take their maxima at N;. Because of (6.2.2) and Assumption 4’,
it is easy to check that the minimum of C(N) will be given by
min C(N) = min{C(1), C(c0)}

R+cp,m—1A
ke LA ) G, 3.4

e (63.4)
Thus, N; = oo is the unique optimal replacement policy for the improving
system. This completes the proof of Theorem 6.3.4.

= min{
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Intuitively, it is a general knowledge that the older the improving system
is, the better the system is. This means that we shall repair the system
when it fails without replacement. Theorem 6.3.4 agrees with this general
knowledge.

6.4 Monotonicity of the Optimal Policy for a Deteriorating
System

For an improving system, Theorem 6.3.4 shows that policy N} = oo is al-
ways the optimal policy. Therefore, we need only to study the monotonicity
of an optimal policy IV for a deteriorating system. Thus, in this section, for
a deteriorating system, the optimal policy V] will be denote by N* for sim-
plicity. Because the auxiliary function g is a function of N, a,b, A, u, 7,7, ¢, R
and cp, then the optimal policy N* will be a function of a,b, A\, u, 7,7, ¢, R
and ¢, and can be denoted by

N* = N*(a,b, A\, u, 7,7, ¢, R, ¢p).

To study the monotonicity of the optimal policy N* in one parameter,
while the others keep unchanged, we need the following lemma which can
be derived from Theorem 6.3.2 directly.

Lemma 6.4.1. Auxiliary function g and optimal policy N* possess an
opposite monotonicity property in each parameter of a, b, A, u, 7,7, ¢, R and
Cp-

From (6.2.4), it is clear that function g is decreasing in b, R and ¢, but
increasing in p and c. Therefore, from Lemma 6.4.1 the following theorem
is straightforward.

Theorem 6.4.2.

(1) N*(a,b,\ u,7,7r¢ R, cp) < N*(a,V, A\, p,7,7,¢,R,cp), Vb<U.
2) N*(a,b,\u,1,r¢, R, cp) > N*(a,b,\, 0/, 7,76, R, cp)y, ¥V < pl.
N*(a,b,\, u, 7,7,¢, R, ) > N*(a,b,\, u, 7,7,¢, R, ¢cp), Ye<d.
N*(a,b,\, u, 7,7,¢, R, cp) < N*(a,b,\, u,7,7,¢, R ,¢cp), YVR<R.
N*(a,b, A\, p,7,7,¢, R, cpy) < N*(a,b, A\, u, 7,7,¢, R, c;,), Ve, < c;).

3

(2)
3)
(4)
()
We can easily see that the results are all consistent with our practical ex-

perience. For example, as the replacement cost R increases while the other
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parameters keep unchanged, one would delay the replacement for saving
expenses. Similarly, as the repair cost rate ¢ raises with the others fixed,
one would prefer to replace the system earlier for reducing expenditure. In
other words, optimal policy N* is increasing in R but decreasing in c.

To study the monotonicity property of N* with respect to the other
parameters, we can see from (6.2.4) that

55 <:>R+(CP—C)T%

Consequently, using (6.4.1) with the help of Lemma 6.4.1, we have the

following theorem.

0. (6.4.1)

Theorem 6.4.3.
(1) If R+ (¢p — ¢)7 > 0, then

N*(a,b, A\, pu, 7,7, ¢, R, cp) > N*(a,b,\, pu, 7,7, ¢, Rycp), ¥V r<r'
(2) If R+ (¢p — )T =0, then

N*(a,b,\, p, 7,7, ¢, R, cp) = N*(a,b,\, pu, 7,7, ¢, Ry cpp), Vr<r'
(3) f R+ (¢p — )7 <0, then

N*(a,b,\, i, 7,7, ¢, R, cp) < N*(a,b,\, i, 7,7", ¢, R, ), Y r<r'.

Furthermore, differentiating (6.2.4) with respect to A yields

N N-—1
(e e {( T = 5 1) - 1|
99 _ k=1 k=1 (6.4.2)
1)) (R+ cpT + r7) (AN =1 + palN)? o

Obviously, the sign of % is determined by the sign of

N N-1
a(N) =p(d_ab = vF) — N,
k=1 k=1

since the other factors in (6.4.2) are all positive. However, a direct checking
shows that a(N) is increasing in N. As a result, there exists an integer Ny
such that

N N-1
Ny=min{N | a(N) = p(>_a* = > 0¥y ="' >0} (6.4.3)
k=1 k=1
Note that Ny does not depend on A. Therefore,

dg
- N < N,
8/\<O<:> < Ny
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and

Jg
- > N > N,.
8/\*(“:) > Ny

In other words, function ¢ is decreasing in A when N < N and increasing
otherwise. Thus, the following theorem follows from Lemma 6.4.1 directly.

Theorem 6.4.4.
(1) If N*(a,b, A\, u, 7,7,¢, R, cp) < Ny, then

N*(Cl, ba A7 n T, 7, C, R7 CP) S N*(CL, b7 )‘/7 w7, T, C, R7 CP)7 \V/ A < )‘/'
(2) If N*(a,b, A\, pu,7,7,¢,R,cp) > Ny, then
N*(Cl, ba A7 m, T, 7, C, R7 CP) Z N*(CL, b7 )‘/7 w7, T, C, R7 CP)7 \V/ A < )‘/'
Furthermore, by differentiating (6.2.4) with respect to 7, we have
N N-—1
(c+r)u{Ra™ — (cp +1)A( Y a* = 35 0M)}
@ — k=1 k=1 (6 4 4)
or [R+ (cp +7m)7]2(AON =L + pal) ' o

Similar to the case of %, the sign of % is determined by the sign of

N

N-1
B(N) = Ra™ — (c, + T)/\{Z a® — Z b*y. (6.4.5)
k=1

k=1
Then we have the following result.

Lemma 6.4.5.
(1) If (¢, + 7)A < R(1 —a™ 1), then B(N) >0, V N.
(2) If R(1—a~') < (ep,+7)A < R, then there exists N, which is independent
of 7, such that B(N) >0, if N < N, and §(N) < 0, otherwise.
(3) If (¢p + )X\ > R, then B(N) <0, V N.
Proof.
(1) If (¢, + 7)A < R(1 —a™'), then
B(N +1) = B(N) = {[R — (¢, + r)Na — R}a" + (¢, + r)AbY > 0.
(6.4.6)
Inequality (6.4.6) implies that B(NN) is increasing in N with
B(1) =[R— (cp +1)Aa > 0.
Hence B(N) > 0, V N. Therefore, part (1) follows.
(2) IfR(1—a') < (cp+7)A < R, then
[R—(cp+7)Ala—R<0 but R—(c, +7)A > 0.
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Because a > 1 and 0 < b < 1, we can write a = ab with o > 1.
Firstly, assume « > 1, then

BN +1) = B(N) = {[(R = (cp +7)A\)a — Rl + (¢, + r)ALb"Y.
Because factor {[R — (¢, + r)A\a — R}a™ + (¢, + r)A is decreasing in N,
there exists an integer Ny such that

B(N+1)=pB(N)>0<= N < N,
and
BN +1) = B(N) <0 = N > Np.
In other words, B(N) is increasing if N < Ny and decreasing otherwise.
Note that,
B(1) =[R— (cp +7)Aa > 0.
Therefore, there exists an integer N, > Ny such that
N; =min{N | 8(N) < 0}. (6.4.7)

Clearly N, does not depend on 7. Therefore, 5(N) > 0 for N < N, and
B(N) < 0, for N > N,.

Secondly, assume that a = 1. In this case, a = b = 1. Then from
(6.4.5), B(N) = R — (¢p +7)A > 0 is a constant, and (6.4.7) is still true
with N, = co. Thus, part (2) follows.

(3) If (¢p + 7)A > R, then

B(N +1) = B(N) = Ra™"** — Ra™ — (¢, + r)A(a™V ' = ™)
<[R— (cp +r)Na" (a —1) <0.

Therefore, B(N) is decreasing with 3(1) = [R — (¢, +7)A]a < 0. Then part
(3) follows.

Recalling that the monotonicity of function g in 7 is determined by the
sign of B(N), Lemmas 6.4.1 and 6.4.5 together give the following result.

Theorem 6.4.6.
(1) If (¢, + 7)A < R(1 — a™!), then
N*(a,b,)\,u,T,r, C7R7 C;D) 2 N*(a,b7)\,‘u,7'l,7‘, Cy R7 C;D)a v T < TI'

(2) f R1—a') < (¢p +7)A < R and N*(a,b,\,u, 7,7, ¢, R,cp) < N-,
then

N*(avbv)\auyTyrycvR?Cp) 2 N*(a,b,)\,ﬂ77/,7",C,R,Cp), V< 7—/;



168 Geometric Process and Its Applications

if R(1—a™') < (¢, +7)A < Rand N*(a,b,\, u, 7,7, ¢, R,¢,) > N, then
N*(a,b,)\,u,T,r, C7R7 C;D) S N*(a,b,)\,u,T/,r, Ca R7 C;D)a v T < Tlv

where N is determined by (6.4.7) and is independent of 7.
(3) If (¢p + 7)A > R, then

N*(a,b7)\,u,T,T,C,R,Cp) S N*(a,b,)\,u,T/,T,C,R,Cp), v T < T/'

Finally, we need to study the monotonicity of optimal policy N* in
parameter a. It is easy to see that % is negative for large value of a. Con-
sequently, optimal policy N* should be increasing in parameter a for large
value of a. However, in general the monotonicity of N* in parameter a is
still unknown. This is an open problem leaving for further research.

6.5 A Monotone Process Model for a Multistate System

In most existing models of maintenance problems, including the GP model,
we only consider a two-state system with up and down states say. However,
in many practical cases, a system may have more than 2 states. For exam-
ple, an electronic component such as a diode or a transistor, may fail due
to a short circuit or an open circuit. In engineering, a failure of machine
may be classified by its seriousness, a slight failure or a serious failure. In
man-machine system, a failure may be classified by its cause, a man-made
mistake or a machine trouble. In this cases, a system will have two dif-
ferent failure states and one working state. On the other hand, a system
may also have more than one working state, for example, a car may be
driving in one out of five speeds. Lam et al. (2002) considered the case
that a system has several failure states but one working state. The same
problem was also studied by Zhang et al. (2002). Thereafter, Lam and
Tse (2003) investigated the case that a system has several working states
but one failure state. They introduced a monotone process model for these
multistate deteriorating systems.

Recently, Lam (2005a) introduced a more general monotone process
model for a multistate one-component system which has k working states
and / failure states, k + £ states in total. Furthermore, the system could be
either a deteriorating or an improving system. To introduce the monotone
model for the multistate system, we shall first define the system state S(t)
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at time ¢ by
i if the system is in the ith working state at time ¢,
i=1,...,k
S(t) = SR _ . . 6.5.1
®) k + ¢ if the system is in the ith failure state at time t,( )
i=1,...,¢

Therefore, the state space is Q@ = {1,...,k,k+1,...,k+¢}. The set of
working states is W = {1,...,k}, and the set of failure states is F' =
{k+1,...,k + ¢}. Initially, assume that a new system in working state 1
is installed. Whenever the system fails, it will be repaired. Let ¢, be the
completion time of the nth repair, n = 0,1, ... with ¢, = 0, and let s, be
the time of the nth failure, n = 1,2,.... Then clearly we have
to < 51 <1t <...<8n<tn<5n+1<...
Furthermore, assume that the transition probability from working state i
fori=1,...,k to failure state k+ j for j =1,...,¢ is given by
P(S(spt1) =k 47| S(tn) =1) =q;
with Z§:1 g; = 1. Moreover, the transition probability from failure state
k+ifori=1,...,¢ to working state j for j =1,...,k is given by
P(S(tn) =7 | S(sn) = k+1i) =p;
with E?Zl pj = 1.

Now let X; be the operating time of a system after installation. In
general, let X,,,n = 2,3,..., be the operating time of the system after the
(n — 1)th repair and let Y,,,n = 1,2,..., be the repair time after the nth
failure. Assume that there exists a life distribution U(¢) and a; > 0, i =
1,...,k, such that

PXi<t)=U(1),
and
P(Xo<t|S(t1)=1)=Ulait), i=1,... k.
In general,
P(X, <t|S(t1)=1t1,...,59(tn-1) =in-1)
=Ul(a;, ...a;, ,t), ;=1,...,k, j=1,...,n—1 (6.5.2)

Similarly, assume that there exists a life distribution V(¢) and b; > 0, i =
1,...,¢, such that

P(Y1 <t]|S(s1) =k+1i) =V(b),
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and in general,
P(Y, <t]S(s1) = k+i1,...,S(s0) = k + i)
:V(bi1~~~bint)a ijzl,...7€, j:].,...,n. (653)

We now make some additional assumptions on the model.

Assumption 1. A replacement policy N is applied by which the system
is replaced by a new and identical one following the Nth failure.
Assumption 2. If a system in working state i is operating, the reward
rate is r;, ¢ =1,...,k. If the system in failure state k + 4 is under repair,
the repair cost rate is ¢;, ¢ =1,...,£. The replacement cost comprises two
parts, one part is the basic replacement cost R, the other part is propor-
tional to the replacement time Z at rate c,. In other words, the replacement
cost is given by R + ¢, Z.

Assumption 3.

1. 1=a1 <as <...<ay, (6.5.4)
2. 1=b;>by>...20b;>0. (655)

Under additional Assumptions 1-3, we shall argue that the model is a
maintenance model for a multistate deteriorating system. For an multistate
improving system, Assumption 3 will be replaced by the following assump-
tion.

Assumption 3.

1. 1=a1>ay>...>a; >0, (6.5.6)
2. 1=b1 <by<...<by. (6.5.7)
Note that not all equalities in (6.5.6) and (6.5.7) hold simultaneously.

Remarks

Since the system has k different working states, the system in different
working states should have different reward rates. Similarly, the system in
different failure states should have different repair cost rates. The replace-
ment cost includes the cost of system that is a constant, it also includes the
cost for dismantling the used system and installation cost of a new system,
they are proportional to the replacement time.

Under Assumption 3, given two working states 0 < i; < io < k, we have

(X2 | S(t1) =11) 254 (X2 | S(t1) = 1i2). (6.5.8)

Therefore, working state i1 is better than working state i5 in the sense that
the system in state i1 has a stochastically larger operating time than it has
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in state i3. Consequently, the k& working states are arranged in a decreasing
order, such that state 1 is the best working state, ..., and state k is the
worst working state. On the other hand, for two failure states k + 41 and
k+igsuchthat k+1<k+i1 <k+is <k+/,

(Y1 | S(s1) =k +i1) <su. (Y1 | S(s1) = k +12). (6.5.9)

Therefore failure state k + i1 is better than failure state k + i in the sense
that the system in state k + i1 has a stochastically less repair time than it
has in state k 4 is. Thus, ¢ failure states are also arranged in a decreasing
order, such that state k + 1 is the best failure state, ..., and state k + £ is
the worst failure state.

Under Assumption 3’, given two working states 0 < i1 < is < k, a
similar argument shows that working state i is worse than working state
io since the system in state ¢; has a stochastically less operating time than
it has in state io. This means that k working states are arranged in an
increasing order, such that state 1 is the worst working state, ..., and
state k is the best working state. On the other hand, ¢ failure states are
also arranged in an increasing order, such that state k + 1 is the worst
failure state, ..., and state k + £ is the best failure state. Note that if all
equalities in (6.5.6) and (6.5.7) hold, this will be a special case of (6.5.4)
and (6.5.5). In this case Assumption 3 will hold, and it should be excluded
from Assumption 3’.

In particular, if py =q1 =0,a2 =... =ax =aand by = ... = by = b,
then the system reduces to a two-state system. In fact, (6.5.2) and (6.5.3)
now become

P(X, <t)=U(a""'t),
and
P(Y, <t)=V(b"t).

Thus, {X,,n = 1,2,...} will form a GP with ratio a and X; ~ U, while
{Y,,n = 1,2,...} will constitute a GP with ratio b and Y7 ~ G where
G(t) = V(bt). As a result, our model reduces to the GP model for a one-
component two-state system considered in Section 6.2. If in addition, a > 1
and 0 < b < 1, our model becomes a one-component two-state deteriorat-
ing system, if 0 < @ < 1 and b > 1, our model becomes a one-component
two-state improving system.
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Now, we shall determine the distributions of X,, and Y,, respectively.

k
P(Xp<t)=)» P(Xa<t|S(t)=1)P(S(t) =1)
=1
k
= ZplU (ait) .
=1
In general,
P(X, <t)
k k
:Z Z PX <t|S(tl)—Zl,...,S(tn_l)Zin_l)
’Ll:l ’Ln_1:1

XP (S (t1) =i1,..., S (tn1) = in_1)

k k
= Z Z ph pln 1 (ail .. ~ain,1t) (6510)

11=1 In—1=

=1
_ (n—1)! Ik J1 Jk
= Z AT ]k'pl oprU (al ...ay t). (6.5.11)

Zr’ic=1 Ji=n—1

By a similar way, we have

"

(Yo <1)

Y <t|S(Sl)—k+’Ll,,S(Sn):k+ln)

I
.MN

s

=
Il
—

b, ) (6.5.12)

i1"'

¢
2P

(S(s1)=k+i1,...,5(sn) =k+1in)
¢
Z

|
uM~ >

| . . . .
= Z ﬁq{%..qgfv(b{l...b;ft). (6.5.13)
AT

Now, we shall derive the long-run average cost per unit time (or sim-
ply the average cost) under Assumptions 1 and 2 only. To do this, let
JoStdU (t) = X and ;" tdV (t) = p. Thus from (6.5.11) we have
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E[X,] (6.5.14)
_ Z (n — 1)' J1 pjk - tdU ( Jkt)
gl k! " Jo '
Sk L ji=n—1
- 3 ol (pl) (p_’fykA
| m ’
Z?:1]1:n_1 NAREERWI aiq Q.
n—1 A
— A<&+...+p—’“> =, (6.5.15)
a1 ag a
where a = (Zf L B 2i)=1 Similarly, from (6.5.13), we have
q1 a@\" _
B =p(L& .  +2) £ 6.5.16
(B L) -4 (6:5.10)

where b= (Y[_; %)~ 1.

Then, we shall calculate the expect reward earned after the (n — 1)th
repair. For this purpose, define R,, the reward rate after the (n — 1)th
repair, as

Rn:Ti if S(tn_l)zi, i:1,...,/€.

Because S(tg) = 1, then Ry = r1, the expected reward after installation or
a replacement is given by

E[Rle] = E[T’le] = 7"1)\. (6517)

In general, for n > 2, the expected reward after the (n— 1)th repair is given
by

E[Rn X,
k k
=> - > E(RaXn | St) =i1,...,S(tu-1) = in-1)
’Ll:l ln_lzl
XP(S(tl) = Zl, ey S(tnfl) = infl)
k k oo
= Z te Z DPiy o+ Pip_1 / rinflth(ail e ain,lt)
i1=1 1=l 0
k k p D k r Di
S D IR g L
. all aln 2 - _ a’in—l
11:1 ’Ln_2:1 ’Ln_l—l

n-2 rA
—rA <—1+...+@) = (6.5.18)
a1
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where

= Z Libi (6.5.19)
a;
=1
Thereafter, we shall evaluate the expected repair cost incurred after the
nth failure. To this end, define C,,, the repair cost rate after the nth failure,

as
Cho=c¢ 1if S(sp)=k+i, i=1,...,¢L.

By an argument similar to the calculation of E(R,X,), the expected repair
cost after the nth failure is given by

E|C,Y,]
n—1
Q1 dk CH
= = = 5.2
=cp <b1 +. +bk> = (6.5.20)

where

Cigi
= . .5.21
yo 6521)

i=1

Now suppose that a replacement policy N is adopted. We say a cycle is
completed if a replacement is completed. Thus, a cycle is actually the time
interval between the installation of the system and the first replacement
or two successive replacements. Then the successive cycles and the costs
incurred in each cycle form a renewal reward process. Let 7 = E[Z] be
the expected replacement time. Then, by applying Theorem 1.3.15, the
average cost is given by

C(N)

EXN oY, - SN R, X + R+ cp7]
[Zn X N Y+ 7]

c,uzn 1 bn — — [Tl)\+7'/\zn—gm + R+ cpT
)‘Znﬂﬁ‘fﬂuzg 11 T

be(%) 271:/:—11 T — arA Zn 1 W + R +cpr

— - ~La . (65.22)
AZn:l a“—1*1+(%)2n 1 b" =1 +7

where
R =R— (r; —ar)\ (6.5.23)

Clearly, a and b are two important constants in (6.5.22). To explain the
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meaning of a and b, we introduce the harmonic mean of a random variable
here.

Definition 6.5.1. Given a random variable X with E[1/X] # 0, mpy =
1/E[1/X] is the harmonic mean of X.
The harmonic mean has some nice properties.

(1) If X is a discrete random variable having a uniform distribution, such
that X = x; with probability 1/n,i = 1,...,n, then the harmonic
mean my = n/ [ ;_,(1/x;)] of X is the harmonic mean of numbers
LlyeooyTp.

(2) T0<a< X <G, thena<mpyg < 0.

(3) If X is nonnegative with E[X] > 0, then my < E[X]. This is because
h(z) = 1/z is a convex function, from which the result follows the
Jensen inequality. In fact,

1 1
Bl 2 gy

Thus, in our model, from (6.5.15) and (6.5.16), @ is the harmonic mean
of a random variable X with P(X = a;) = p;, i = 1,...,k, and b is the
harmonic mean of a random variable Y with P(Y =b;) =¢;, i =1,... L.
For this reason, we can call respectively a and b the harmonic means of
ai,...,ar and by,...,by.

Then, our problem is to determine an optimal replacement policy for
minimizing the average cost C(N). To this end, we first observe from
(6.5.22) that

where

(be +ar)(%) D et + R + T+ art

n=1
N N—1
AZn:l # + (%) Zn:l b“%l +7
Obviously, minimizing C'(NN) is equivalent to minimizing A(NN). Therefore,
to determine an optimal policy for the multistate system, a similar approach

as applied to a two-state system in Section 6.2 could be used. To do this,
consider

A(N) =

(6.5.24)

A(N +1) — A(N)
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1 N
= NN BB 1) T a?")u{A[Z: a® =Y b+ e}
—(B' + ¢+ arm)(A™ + pa )}, (6.5.25)

where

@It

N 1 N—
=D o Z
n=1 n=1
For R’ + ¢,7 + art # 0, define an auxiliary function
(be + an)p{ Ay 0" = Y ") + ma™}
(R + cpT + arT)(AON + pa™) '

For R’ + ¢,7 + art = 0, another auxiliary function is defined

g(N) =

(6.5.26)

N-1

go(N) = (be + ar)u{\( Za - Z b™) 4 1a™}. (6.5.27)

Consequently, we have the followmg lemma.
Lemma 6.5.2.

(1) If R + ¢p7 + arT > 0, then
AN +1)

AV

A(N) = g(N) % 1.
(2) If R + ¢p7 + arT < 0, then
A(N +1)

AV

A(N) < g(N) g 1.

(3) If R + ¢,7 + arT = 0, then
>

AN +1) % A(N) = go(N) =

0.

Lemma 6.5.2 shows that the monotonicity of A(N) can be determined by
the value of g(IV) or go(N).

For R’ + ¢,7 + art # 0, let h(N) = A" + pa®, then from (6.5.26) we
have

g(N +1) —g(N)

. (be +ar)p 25N ( al 2, N/ N+1
(R + cpT + arT)h(N)h(N + ){)\ b nzla A (a -0

N—-1
+apa (@ = bV) + Apa™ (@ — 1) Y 0" + AraVbV (@ - b)) (6.5.28)

n=1
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For R’ + ¢,7 + arT = 0, it follows from (6.5.27) that
go(N +1) — go(NV)
= (be + ar)p{\a™ Tt — o) + 7(aV T — o)}, (6.5.29)

Note that the results above are all derived under Assumptions 1 and
2 only. Therefore, all the results including Lemma 6.5.2 hold without As-
sumption 3 or 3.

Now, we shall show that under Assumptions 1-3, the model is a main-
tenance model for a multistate deteriorating system; while under Assump-
tions 1, 2 and 3’, it is a maintenance model for a multistate improving
system.

Model 1. The model under Assumptions 1-3

Theorem 6.5.3. Under Assumption 3, for n =1,2,..., we have

Xn Zs.t. XnJrla

Yn Ss.t. Yn+1~

Proof.
For any t > 0, it follows from (6.5.10) that

P (Xn+1 S t)

2
Zpil-..pinU(ail...aint)

I
<Mw

i1=1 in=1
k k k
= Z Z Piy -+ Pip_1 [Z pinU(ail ...ain_laint)]
i1=1 in—1=1 in=1
k k k
2 Z e Z pil . .pinil Z pinU (ail e CLinlt)‘|
i1=1 ip—1=1 in=1
k k
= Z Z pil"'pin_lU(ail"'ain—lt)
i1=1 in—1=1
=P(X,<t).

Thus X,, >s+. Xnt+1. By a similar argument, from (6.5.12) we can prove
that Y, <+ Y,41. This completes the proof of Theorem 6.5.3.

Because {X,,, n = 1,2,...} is stochastically decreasing and {Y,,, n =
1,2,...} is stochastically increasing, then Theorem 6.5.3 shows that Model
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1 is a monotone process model for a multistate deteriorating system.

Now we shall argue that Model 1 is equivalent to a one-component two-
state GP model for a deteriorating system. In fact, under Assumption 3,
we have

l=a1<a<ap and b, <b<b; =1. (6.5.30)

Then consider a GP maintenance model for a one-component two-state
system, up and down states for example. Suppose the successive oper-
ating times after repair {X,,n = 1,2,...} form a GP with ratio a > 1
and E[X;] = A. Suppose further the consecutive repair times after failure
{Y, )n=1,2,...} constitute a GP with ratio 0 < b < 1 and E[Y]] = p/b.
The replacement time is still Z with E[Z] = 7. The reward rate is ar, the
repair cost rate is be. The basic replacement cost is R’ while the part of
replacement cost proportional to Z is still at rate c,. Then under policy
N, following the argument in Section 6.2, we can see from (6.2.2) that the
average cost for the two-state system is exactly the same as that given by
(6.5.22). As a result, the multistate system and the two-state system should
have the same optimal policy, since they have the same average cost. In
other words, our model for the multistate deteriorating system is equivalent
to a GP model for the two-state deteriorating system in the sense that they
will have the same average cost and the same optimal replacement policy.
In conclusion, we have proved the following theorem.

Theorem 6.5.4. The monotone process model for a k + ¢ multistate dete-
riorating system is equivalent to a GP model for a two-state deteriorating
system in the sense that they will have the same average cost and the same
optimal replacement policy. The successive operating times in the two-state
system {X,/l, n=1,2,...} form a GP with ratio a > 1, the harmonic mean
ofay,...,ax, and E[X i] = )\; while its consecutive repair times after failure
{Y,;, n=1,2,...} constitute a GP with ratio 0 < b < 1, the harmonic mean
of by,... by, and E[Y;] = p/b. The reward rate of the two-state system
is ar with r given by (6.5.19) , the repair cost rate is bc with ¢ given by
(6.5.21), the basic replacement cost is R’ given by (6.5.23), but the part of
replacement cost proportional to Z is still at rate cp.

Then we shall determine an optimal policy for the multistate deteriorat-
ing system. To do this, from (6.5.28) and (6.5.29) with the help of (6.5.30),
the following lemma is straightforward.
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Lemma 6.5.5.

(1) If R + ¢,7 + arT > 0, then g(N) is nondecreasing in N.
(2) If R + ¢,7 + arT < 0, then g(N) is nonincreasing in N.
(3) Function go(NN) is nondecreasing in N.

The combination of Lemmas 6.5.2 and 6.5.5 yields the following theorem.

Theorem 6.5.6.

(1) For R’ + ¢,7 + art > 0, an optimal replacement policy N for the
multistate deteriorating system is given by

Nj =min{N | g(N) > 1}. (6.5.31)

The optimal policy N is unique if and only if g(Nj) > 1.
(2) For R + ¢,7 + art < 0, an optimal replacement policy N for the
multistate deteriorating system is given by

N =min{N | g(N) < 1}. (6.5.32)

The optimal policy N is unique if and only if g(N}) < 1.
(3) For R’ + ¢,7 + art = 0, an optimal replacement policy N for the
multistate deteriorating system is given by

Nj = min{N | go(N) > 0}. (6.5.33)
The optimal replacement policy N is unique if and only if go(N;) > 0.

In application of Theorem 6.5.6, we should determine the value of R’ +
¢pT + art first. As an example, suppose that R’ + ¢,7 + art > 0, then we
can determine N} from (6.5.31). Thus

g(N) <1<= N < Nj,
and
g(N)>1<= N > Nj.

Therefore, N is the minimum integer satisfying g(N) > 1. By Lemma
6.5.2, we have

A(N) > A(N}) if N<Nj,
and

A(N) > A(N}) if N> Nj
In other words, policy IV] is indeed an optimal replacement policy. Obvi-
ously, it is unique if g(NV) > 1.
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Model 2. The model under Assumptions 1, 2 and 3’
Now, instead of Theorem 6.5.3, we have the following theorem.

Theorem 6.5.7. Under Assumption 3’, for n = 1,2,..., we have
Xn <sit. Xnt1,

and
Yo 25t Yot

The proof is similar to that of Theorem 6.5.3.

Consequently, Theorem 6.5.7 demonstrates that Model 2 is a monotone
process model for a multistate improving system.

Now under Assumption 3’, we have

ar<a<a; =1 and 1=0b; <b<y. (6.5.34)

Also, not all equalities in (6.5.34) hold simultaneously.

As in Model 1, we can consider a GP model for a one-component two-
state improving system. Then, we have the following theorem which is
analogous to Theorem 6.5.4.

Theorem 6.5.8. The monotone process model for a multistate improving
system is equivalent to a GP model for a two-state improving system in the
sense that they have the same average cost and the same optimal replace-
ment policy. The successive operating times after repair {X/,n=1,2,...}
of the two-state system will form a GP with ratio 0 < ¢ < 1, the harmonic

mean of ay,...,a, and E[X{] = \; while its consecutive repair times af-
ter failure {Y,n = 1,2,...} will constitute a GP with ratio b > 1, the
harmonic mean of by, ..., by, and E[Y,] = u/b. The reward rate of the two-

state system is ar with r given by (6.5.19), the repair cost rate is be with
c given by (6.5.21), and the basic replacement cost R’ is given by (6.5.23),
but the part of replacement cost proportional to Z is still at rate cp.

Note that, for an improving system, the average cost due to adoption
of a replacement policy N is also given by (6.5.22). Moreover, we can also
determine an optimal replacement policy for the improving system on the
basis of Lemma 6.5.2. To do so, recall that not all equalities in (6.5.34) will
hold together. Then from (6.5.28), (6.5.29) and (6.5.34), g(N) and go(N)
are clearly strictly monotone. By analogy with Lemma 6.5.5, we have the
following lemma.
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Lemma 6.5.9.

(1) If R + ¢p7 + arT > 0, then g(N) is decreasing in N.
(2) If R + ¢p7 + arT < 0, then g(N) is increasing in N.
(3) Function go(V) is decreasing in N.

The following theorem gives the optimal replacement policy for the multi-
state improving system.

Theorem 6.5.10.

(1) For R’ + ¢,7 + art > 0, the unique optimal replacement policy for the
multistate improving system is N = oo with

C(N}) = C(c0) = —ar. (6.5.35)

i

(2) For R’ + ¢,7 + art < 0, the unique optimal replacement policy for the
multistate improving system N; = 1 with

_ R+cpm — 1A

T

(3) For R’ 4 ¢,7 + art = 0, the optimal replacement policy N; for the
multistate improving system is either 1 or co, and

C(Nj) = C(1) = C(o0)

C(NF) =C(1) (6.5.36)

_ RAcpm—mA
= gy = —ar. (6.5.37)
Proof.
1. For R’ + ¢p7 4+ art > 0, g(N) is decreasing. Then there exists an
Ny =min{N | g(N) < 1}. (6.5.38)

By Lemma 6.5.2, it is easy to see that C(N) and A(N) are both unimodal
and take their maxima at Ni. This implies that the minimum of C'(N)
must be given by min{C(1), C(c0)}. Because R’ + ¢,7+art > 0, it follows
from (6.5.22) and (6.5.23) that

R+ —mA

¢ A+T

> C(o0) = —ar.
Consequently,
min C(N) = min{C(1),C(c0)}
= C(o0) = —ar-. (6.5.39)

Therefore, N} = oo is the optimal replacement policy. The optimal policy
is also unique because from Lemma 6.5.9, g(N) is strictly decreasing.
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2. For R’ + ¢,7 + art < 0, the proof is similar.
3. For R’ + ¢,7 + art =0, because go(IV) is decreasing, there exists an

No =min{N | go(N) <0}. (6.5.40)

A similar argument shows that C(N) and A(N) will both attain their max-
ima at Ng. This implies that the minimum of C(N) must be given by
min{C(1), C(c0)}. However, because R’ + ¢,7 + art = 0, then

_ Rtcpr—mA
T A+
Thus, the optimal replacement policy NNV, is either 1 or co.
This completes the proof.

In practice, for most improving systems,

c(1)

(c0) = —ar.

R' +cym+art = R— (r1 —ar)A + ¢, + arX > 0, (6.5.41)

since R is usually large in comparison with other parameters. On the other
hand, as k working states of the system are arranged in an increasing order,
and state 1 is the worst working state. The worse the working state is, the
lower the reward rate will be. It is natural and reasonable to assume that

r<r, i=1,2,...,k, (6.5.42)
holds. Thus

and (6.5.41) holds. Thus the unique optimal policy is N = co.
Consequently, for most multistate improving systems, we should repair
the system when it fails but never replace it.

6.6 A Geometric Process Shock Model

So far, we have just studied the GP models for a system that is deteri-
orating due to an internal cause such as the ageing effect or accumulated
wearing. However, an external cause such as some random shocks produced
by an environment factor may be another reason for deterioration of a sys-
tem. For example, a precision instrument or meter installed in a power
workshop might be affected by the random shocks due to the operation of
other instruments in the environment. As a result, the operating time of
the instrument or meter might be shorter. Therefore, a maintenance model
with random shock is an important model in reliability. In this section, we
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shall study a GP shock model by making the following assumptions.

Assumption 1. A new system is installed at the beginning. Whenever
the system fails, it will be repaired. A replacement policy N is adopted by
which the system will be replaced by a new and identical one at the time
following the Nth failure.
Assumption 2. Given that there is no random shock, let X,, be the op-
erating time of system after the (n — 1)th repair, then {X,, n=1,2,...}
will form a GP with ratio a and E[X;] = A (> 0). Let Y,, be the repair
time of the system after the nth failure. Then, no matter whether there is
a random shock or not, {Y,, n =1,2,...} will constitute a GP with ratio
b and E[Y1] = 1 (> 0). The replacement time is a random variable Z with
E(Z)=r.
Assumption 3. Let the number of random shocks by time ¢ produced
by the random environment be N (¢). Assume that {N(t),¢ > 0} forms a
counting process having stationary and independent increment. Whenever
a shock arrives, the system operating time will be reduced. Let W,, be the
reduction in the system operating time following the nth random shock.
Then {W,,, n=1,2,...} are i.i.d. random variables. The successive reduc-
tions in the system operating time are additive.

If a system has failed, it will be closed in the sense that any shock ar-
riving after failure gives no effect on the failed system.
Assumption 4. The processes {X,,, n = 1,2,...},{N(¢),t > 0} and
{Whp, n=1,2,...} are independent.
Assumption 5. The reward rate of the system is r, the repair cost rate of
the system is c. The replacement cost comprises two parts, one part is the
basic replacement cost R, the other part is proportional to the replacement
time Z at rate ¢p, and E(Z) = 7.
Assumption 6. ¢ >1and 0 <b < 1.

Under Assumption 6, the model is a deteriorating system. For an im-
proving system, we shall make another assumption.
Assumption 6. 0 <a <1 and b > 1 except the case a =b=1.

Now, we shall first study the model under the Assumptions 1-5. To do
so, denote the completion time of the (n — 1)th repair by ¢,_1. Then the
number of shocks in (¢,-1,t,—1 + t] produced by the environment is given
by

N(tn_l,tn_l —l—t] = N(tn_l —|—t) —N(tn_l), (661)
where N(t,—1) and N(t,—1 + t) are respectively the number of random
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shocks produced in (0, ¢,—1] and (0, ¢,—1 +t]. Therefore, the total reduction
in the operating time in (t,—1,t,—1 + t] is given by
N(tn_1+t)
AX(tn_l,tn_l—i-t] = Z W;
i=N(tn_1)+1
N(tn_1,tn_1-+t]

= > Wi, (6.6.2)

equality (6.6.2) means that the random variables in both sides have the
same distribution. Consequently, under random environment, the residual
time at t,_1 + t is given by

Sn(t) = X’I’L —t— AX(tn—htn—l"rt]’ (663)

subject to S, (t) > 0. Therefore, the real system operating time after the
(n — 1)th repair is given by

X, = inf{t | Su(t) < 0}, (6.6.4)

The following lemma is useful for later study, the proof is trivial.

Lemma 6.6.1.
P(Xn - t - AX(tn—htn—l"Ft] > O, Vt E [O,tl])
= P(Xn - t/ - AX(tnflytnflth,] > O) (6'65)

Remarks

Assumption 2 just shows that the system is deteriorating so that the
consecutive repair times constitute an increasing GP, and if there is no ran-
dom shock, the successive operating times form a decreasing GP.

Assumption 3 means that the effect of the random environment on the
system is through a sequence of random shocks which will shorten the op-
erating time. In practice, many examples show that the effect of a random
shock is an additive reduction rather than a percentage reduction in residual
operating time. In other words, {W,,n = 1,2,...} will act in an additive
way rather than in a multiplicative way. For example, it is well known that
second hand smoking is very serious, as its effect is accumulated by an ad-
ditive reduction in his lifetime. Similarly, a car suffered by traffic accidents
will reduce its operating time, the reduction is also additive.

Equation (6.6.3) shows that whenever the total reduction
AX(t, 1t 1+t in system operating time in (t,,—1,tn—1 + t] is greater than
the residual operating time X,, — ¢, the system will fail. In other words,
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the chance that a shock produces an immediate failure depends on the dis-
tributions of X,, —t and AX(,, 4. ,4+4- To see the reasonableness of this
point, consider the following examples.

In a traffic accident, as all the passengers in the bus are suffered by the
same shock, so that the reductions in their lifetimes are more or less the
same, but the effect on different passengers might be quite different. An
older passenger is more fragile because he has a residual lifetime less than
a younger passenger has. Thus the older passenger can be injured more
seriously than a younger passenger. The older passenger may even die,
but the younger passenger may only suffer a slight wound. This situation
also happens in engineering. Suppose many machines are installed in a
workshop, all of them are suffered the same shock produced by a random
environment, but the effects might be different, an old machine could be
destroyed whereas a new machine might be slightly damaged. This means
that the effect of a random shock depends on the residual lifetime of a
system, if the reduction in the lifetime is greater than the residual time,
the system will fail. Therefore result (6.6.3) is realistic. These two examples
also show that {W,,n = 1,2,...} will act additively. In fact, if {W,,,n =
1,2,...} act in a multiplicative way, the system could not fail after suffering
a random walk.

Now, we say a cycle is completed if a replacement is completed. Then
the successive cycles together with the costs incurred in each cycle form
a renewal reward process. Therefore, the average cost per unit time (or
simply the average cost) is also given by (1.3.36).

To begin, we shall study the distribution of X/ . For this purpose,
suppose N (tp—_1,tn—1 + t'], the number of random shocks occurred in
(tn—1,tn—1 + t'], is k. Then for ¢ > 0, by using Lemma 6.6.1, we have
the following result.

P(X! >t | N(tp_1,tn_1+t]=k)
P(mf{t|S (t) <0} >t | N(tp—1,tn-1+t]=k)

P(Sn(t) =Xn —t —AX 4, 4144 >0, VE€[0,¢]

| N(tn—1,tn-1+t'] = k)

=P(Xn—t' —AX(t, 110 11t > 0| N(tae1,tnor + '] = k)
=P(Xy —AX, ittt > | N(tn—1,tn1 +t'] = k)

k
=P(X, =Y W;>t).
i=1
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Thus
P(X:«L > ¢/ | N(tn—1,tn—1+ tl] =k)

_ / / Fo(@)h (w)daduw, (6.6.6)
D

D ={(z,w) |z >0,w>0,x—w>t}

where

k
fn is the density function of X,, and hy is the density function of > W;.
i=1
Let the common density of W; be h, and the common distribution of W; be
H. Then, hy, is the k-fold convolution of h with itself. Now, (6.6.6) yields

that
P(X! >t | N(tp_1,tn_1 +t]=k)

/ /t/+w x)dz|hg (w)dw

:/ [1— F(t' 4 w)]dHy (w)

0
- / T B+ w)dH (w), (6.6.7)
’ k
where F), is the distribution function of X,,, H}, is the distribution of Z Wi,
it is the k-fold convolution of H with itself. Then =
P(X] >t
= iP(X; >t | Ntp_1,tn1+t]=k)P(N(tn_1,tn_1 +t]=k)
k=0

= [1_/OOF (t' +w)dHy (w)|P(N (tp-1,tn—1 + ] = k)
k=0

_1—2/ Fo(t' +w)dHy,(w)P(N(t') = k), (6.6.8)

where (6.6.8) is due to the fact that {N(¢), ¢ > 0} has stationary in-
crements. Therefore, by noting that F,,(z) = F(a" 'x), the distribution
function I, of X/ is given by

I,(z) = P(X], <z)

= Z/ a" Mz +w))dHy(w)P(N(z) = k).  (6.6.9)
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Consequently, by applying the replacement policy N, it follows from
(1.3.36) that the average cost is given by

N—1 N
Ele > Y, —r Y X, +R+c,Z]
C(N): n=1 n=1
[Z X!+ E Y, + Z]

n=1

N—1
i 21 AT TZ A, +R+cpT

= g: . MNZl e (6.6.10)

= A(N;L:IT " (6.6.11)
where

N = B[X!] = /0 " dl, (2) (6.6.12)

is the expected real operating time after the (n — 1)th repair, and

N-1
(c+m)p Y sr + R+cpm+r7
A(N) = n=l : (6.6.13)

N
ZleLu X e b7
= —

Now let
N N1
=> Ntud gt
n=1 n=1
Then it is easy to justify that

A(N +1) — A(N)

N-1
— 1 ! s
T OV TA(N + DA(N B ; o)

—(R+ cpT—i—rT)()\NHbN* ,u)} (6.6.14)

c—l—r

an

Then, we introduce an auxiliary function g(N).

N N-1
(e+r)p(2 Ay = Ayyy 2 0" +7)
n=1 n=1

6.6.15
(R—l—cpT—i—rT)(XNHbel + ) ( )

g(N) =
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Moreover, it is straightforward that
(C + T)U(/\/]VJA - bXN+2)
(R4 cp7 +r7)bN (Ny g + 597) ANyjo + 27)
N+1 N
3 )\/,L—I—MZF-I—T}. (6.6.16)
n=1

n=1

g(N +1) —g(N) =

Now, our objective is to determine an optimal replacement policy N*
for minimizing C(N) or A(N). To start with, from (6.6.14) and (6.6.15),
we have the following lemma.

Lemma 6.6.2.
A(N+1)%A(N) — g(N)%l.

Now, we shall consider two cases respectively.
Model 1. The model under Assumptions 1-6

This is a GP shock model for a deteriorating system. Now, as {X,,,n =
1,2,---} form an decreasing GP, and F), is the distribution of X,,, then
from (6.6.9) for all real ¢', we have

P(X] >t)>P(X, , >t).

Thus we have the following lemma.

Lemma 6.6.3. )/ is nonincreasing in n.
Furthermore, it follows from (6.6.16) that

Lemma 6.6.4. ¢(N) is nondecreasing in N.
The combination of Lemmas 6.6.2-6.6.4 yields Theorem 6.6.5.

Theorem 6.6.5. An optimal replacement policy N is determined by
N} =min{N | g(N) > 1}. (6.6.17)

The optimal replacement policy N* is unique, if and only if g(N*) > 1.
In particular, it follows from Theorem 6.6.5 that

Corollary 6.6.6.
(1) It
(c+r)\pu(N) +71)

I = R e ) )

)
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then N* = 1. The optimal replacement policy N* = 1 is unique, if and
only if g(1) > 1.
(2) Ifa>1,0<b<1and

(c+ (3 N, +7)

n=1

(R+cpm+rT)p

g(oo) = ;
then N* = oo. The optimal replacement policy N* = oo is unique.
Proof.

The result of part (1) is trivial. To prove part (2), note that if a > 1,
as E[X,] = =2 then

Sl

E < oQ.
an—l

n=1

Hence by noting that \, < -2+, we have

an—1»

o0
Z)\;<oo.
n=1

Thus part (2) follows.

In other words, if g(1) > 1, the optimal policy is to replace the system
whenever it fails; if g(co) < 1, the optimal policy is to repair the system
when it fails but never replace it.

Model 2. The model under Assumptions 1-5 and 6’

This is a GP shock model for an improving system. Now, instead of
Lemmas 6.6.3 and 6.6.4, from (6.6.9) and (6.6.16), we have

Lemma 6.6.7. )], is nondecreasing in n.

Lemma 6.6.8. ¢(N) is nonincreasing in N.
Consequently, we have

Theorem 6.6.9. Under Assumptions 1-5 and 6’, an optimal policy NV} is
determined by

1 A1) < A(o0),
Nf=<1 oroo A1) = A(c0), (6.6.18)
00 A(1) > A(o0).
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Proof.
Because g(N) is nonincreasing in N, there exists an integer N; such that
N; = min{N | g(N) < 1}. (6.6.19)

Therefore, Lemma 6.6.2 implies that C'(N) and A(N) are both unimodal
functions of N and take their maxima at N;. Therefore, (6.6.18) follows.

Corollary 6.6.10. If either b > 1 or b =1 and

R+ ¢y > (¢4 1)\ + e, (6.6.20)
then policy N = oo is the unique optimal policy.
Proof.

If b > 1, then (6.6.13) yields that A(co) = 0, since .00, A, is divergent.
Now (6.6.18) implies that N = oo is the unique optimal policy.

If b =1, then (6.6.13) and (6.6.20) give
RA-cpm +r7
This also implies that N = oo is the unique optimal policy.

In practice, b > 1 holds in most cases, if it is not the case, R might be
very large in comparison with other costs so that (6.6.20) will hold. There-

Aoo) <c+r< = A(1).

fore, for an improving system, N = oo will usually be the optimal policy.

Now consider a special case that {N(t), t > 0} is a Poisson process with
rate 7. Then,
£k
P(N(t)=k) = %eﬂf, k=0,1,... (6.6.21)
Let the successive reduction in the system operating time caused by ran-
dom shocks are Wy, Wa, ..., Wy, ... They are i.i.d. each having a gamma
distribution I'(a, ) with density function h given by

B pa—1lg—Pw
hw) ={ T@" ¢ w>0, (6.6.22)
0 elsewhere.
k
Therefore > W; is a gamma random variable with distribution T'(ka, 3).

i=1
Furthermore, assume that X; has an exponential distribution Exzp(1/))
with density function f given by

1 T
[ xexp(=%) x>0,
J(@) = {0 elsewhere. (6:623)
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Then the distribution function F,, of X, is given by
_ 1 —exp(—a™tz/\) x>0
Fo(z)=F(a"'z) = ’
(z) (a""2) {0 elsewhere.
Because {N(t), t > 0} is a Poisson process, and {W;,i = 1,2,...} are
i.i.d. random variables, then

(6.6.24)

N(t)
AX@, g=Y Wi (6.6.25)
i=1
forms a compound Poisson process. It follows from (6.6.9) that

I,(z) = P(X] <)

= i /000[1 - eXp(—anil(x *w) )] ﬁka wkaflefﬁwdwweiw

= A (ko) k!
N el (o E T QB g g &
= 1= ewl-(+ Sl [ bl (6 + Syl
L > ol an? xl Yz k
=1 kZ:Oe p[ (7"’ 2\ ) ]k'[(ﬁ—l—anfl/)\)a]

By, !
=1-en{-h - (Gmy)" + =5l

Thus
E[X)] =X, z/ zdI, ()
0

CLnfl -1
= (7[1_ (ﬁ+ai—1/)\)a]+ 5 > . (6.6.26)

Clearly, if v = 0, the system suffers no random shock, and the model
reduces to the GP maintenance model introduced in Section 6.2; if o = 1,
then Wy, Wa, ..., W, ... are i.i.d random variables each having an Fxp(5)
distribution. Then (6.6.26) becomes

A
E(X))=\, = . (6.6.27)
a" 1+ gl
Now, we can substitute formula (6.6.26) or (6.6.27) into (6.6.15) for an ex-
plicit expression of g(IN). Then an optimal replacement policy N* can be

determined by using Theorem 6.6.5 or 6.6.9 accordingly.

As an explanation, a numerical example is studied here to explain how
to determine an optimal replacement policy N*. Let ¢ = 5,r = 25, R =
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3600, c, = 15,\ = 50, = 10,7 = 40,a = 1.01,b = 0.97,a = 2,3 = 4 and
~v = 5. Using (6.6.26), we have
v — 40000 + 400a" " + %"~
n = n=1(2800 + 13a"—! + 0.02a2"~2)
Then, we can substitute A/, and parameter values into (6.6.10) and (6.6.15)
respectively for C(N) and g(N). The results are tabulated in Table 6.6.1
and plotted in Figure 6.6.1. Clearly, C(34) = —3.3612 is the minimum of
the average cost. On the other hand, g(34) = 1.0333 > 1, and
34 = min{N | g(N) > 1}.
Thus, the unique optimal policy is N* = 34, we should replace the system
following the time of the 34th failure.

Table 6.6.1 Results obtained from (6.6.10) and (6.6.15)

N C(N) gN) | N C(N) g(N) | N C(N) g(N) | N C(N) g(N)
1 70.6548 0.1295 | 11 3.3214 0.2399 | 21 -2.1982 0.4997 | 31 -3.3233 0.8939
2 44.9898 0.1339 | 12 2.2911 0.2592 | 22 -2.4156 0.5335 | 32 -3.3461 0.9394
3 31.4157 0.1398 | 13 1.4264 0.2800 | 23 -2.6020 0.5687 | 33 -3.3585 0.9859
4 23.0475 0.1471 | 14 0.6948 0.3023 | 24 -2.7612 0.6052 | 34 -3.3612 1.0333
5 17.3942 0.1559 | 15 0.0720 0.3261 | 25 -2.8961 0.6429 | 35 -3.3551 1.0816
6 13.3355 0.1661 | 16 -0.4610 0.3514 | 26 -3.0095 0.6819 | 36 -3.3410 1.1306
7
8
9
1

10.2932 0.1779 | 17 -0.9187 0.3782 | 27 -3.1036 0.7221 | 37 -3.3195 1.1805
7.9386 0.1911 | 18 -1.3127 0.4064 | 28 -3.1804 0.7634 | 38 -3.2913 1.2310
6.0710 0.2058 | 19 -1.6525 0.4361 | 29 -3.2417 0.8058 | 39 -3.2568 1.2823
0 4.5610 0.2221 | 20 -1.9456 0.4672 | 30 -3.2888 0.8493 | 40 -3.2167 1.3342

80

70 1
60f 1
50t 1
40t 1
30t 1

20b © C(N) ]

0 20 40 60 80 100

Figure 6.6.1. The plots of g(N) and C(N) against N
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6.7 A Geometric Process -Shock Model

In Section 6.6, we study a GP shock model for a system under a random
environment. Whenever a shock arrives, the system operating time will
be reduced, the successive reductions in operation time are i.i.d. random
variables and are additive. A shock is a deadly shock if the system will fail
after suffering the shock. Then a deadly shock is a shock when it arrives the
accumulated reduction in operating time will exceed the residual operating
time. A d-shock is different from the above shock. If the interarrival time
of two successive shocks is smaller than a specified threshold ¢, then the
system will fail, and the latter shock is a deadly d-shock. Now we shall
introduce a GP d-shock model for a repairable system by making the fol-
lowing assumptions.

Assumption 1. At the beginning, a new system is installed. Whenever
the system fails, it will be repaired. A replacement policy N is adopted by
which the system will be replaced by a new and identical one at the time
following the Nth failure.

Assumption 2. The system is subject to a sequence of shocks. The shocks
will arrive according to a Poisson process with rate 6. If the system has
been repaired for n times, n = 0,1,.. ., the threshold of deadly shock will
be a™§ where « is the rate and ¢ is the threshold of deadly shock for a
new system. This means that whenever the time to the first shock is less
than ¢ or the interarrival time of two successive shocks after the nth repair
is less than a™d, the system will fail. During the repair time, the system
is closed, so that any shock arriving when the system is under repair is
ineffective. The successive repair times of the system after failures form a
GP with ratio b. The mean repair time after the first failure is 4 > 0. The
replacement time is a random variable Z with E(Z) = .

Assumption 3. The repair cost rate is ¢, the reward rate when the system
is operating is r. The replacement cost comprises two parts, one part is the
basic replacement cost R, the other part is proportional to the replacement
time Z at rate c,.

Assumption 4. The Poisson process and the GP are independent.
Assumption 5. a>1and 0 <b < 1.

Then under Assumptions 1-5, the GP §-shock model is a maintenance
model for a deteriorating system. For an improving system, Assumption 5
will be replaced by Assumption 5.
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Assumption 5°. 0 < a <1 and b > 1 except the case a =b = 1.
Then under Assumptions 1-4 and 5’, the GP d-shock model is a main-
tenance model for an improving system.

Remarks

In this model, we assume there is one repair facility. Therefore, the
repair facility will repair the system immediately when it fails until the
system is recovered from failure. Therefore, the repair facility will be free
if the system is operating.

In many cases, the interarrival times of shocks are i.i.d. random vari-
ables. Then a Poisson process will be an adequate approximation of the
real arrival process of the shocks. On the other hand, Assumption 4 is
natural, as the Poisson process is due to an external cause, the effect of
random environment, while the GP is determined by the system itself.

In practice, most systems are deteriorating. For a deteriorating sys-
tem, it will be more fragile and easier to break down after repair. As a
result, the threshold of a deadly shock of the system will be increasing in
n, the number of repairs taken. In other words, if the number of repairs
n increases, the threshold of a deadly shock will increase accordingly. As
an approximation, we may assume that the threshold value increases in n
geometrically at rate > 1. Furthermore, for a deteriorating system, the
consecutive repair times of the system will be longer and longer. In con-
clusion, Assumptions 2 and 5 just indicate that the system is deteriorating
from different phases. Therefore, under Assumptions 1-5, the GP §-shock
model is a maintenance model for a deteriorating system.

However, in real life, there do have some improving systems. For an im-
proving system, the older the system is, the more solid the system will be.
Thus, the threshold of a deadly shock could be decreasing geometrically,
while the successive repair times of the system will constitute a decreasing
GP. Consequently, under Assumptions 1-4 and 5’, the GP d-shock model is
a maintenance model for an improving system.

Now, we shall say that a cycle is completed if a replacement is com-
pleted. Thus a cycle is actually a time interval between the installation of
a system and the first replacement or an interarrival time interval between
two consecutive replacements. Then, the successive cycles together with the
costs incurred in each cycle will constitute a renewal reward process. The
average cost per unit time (or simply the average cost) is again given by
(1.3.36). Let X,, be the operating time of a system following the (n — 1)th
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repair in a cycle, and let Y, be the repair time after the nth failure of the
system in the cycle. Thus under replacement policy N, from (1.3.36) the
average cost C(N) is given by

N—-1
(ZY—TZX—FR—FCP)

—1
E(Z X, + Z Y.+ 2)
N—1
cu Y bn =T 7‘2/\ + R+ cpT
= = e (6.7.1)

N
DAt X T bT
n=1 =1

— AN -7, (6.7.2)

where A\, = E(X,,) is the expected operating time following the (n — 1)th
repair, and

N1
(c+r)p Z =t + R+ (cp +7)7

A(N) = . (6.7.3)
Z An + 1 Z bn T T T
n=1
Now, we need to evaluate the values of \,,,n = 1,2,.... To do this, let

U,1 be the arrival time of the first shock following the (n — 1)th repair.
In general, let U, be the interarrival time between the (k — 1)th and kth
shocks following the (n — 1)th repair. Let M,,,n =1,2,..., be the number
of shocks following the (n—1)th repair until the first deadly shock occurred.
Then,

Mn = mln{m | Unl Z an715a R Un m—1 Z Ofnilda Unm < anild}-
(6.7.4)
Let U, be a random variable with exponential distribution Ezp(f) with

mean 1/6. Then, M,, will have a geometric distribution G(p,,) with
am” 1§
pn = P(U, < a"10) = / Be= % da
0
=1 —exp(—0a™16) (6.7.5)

and ¢, =1 — p,. Thus
My,

Xo = Uni. (6.7.6)
=1
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Now, suppose that M,, = m, then

}(n ::}(nnz‘kljﬁn1 (6.7.7)
with
m—1
){nnlzz jg: Cﬂn
i=1
and
Upi > a7, ... Up me1 > a" 15, but Uppm < o™ 16 (6.7.8)
Consequently,
m—1
Xom = > (Uni =™ 7'8) + (m — 1)a" "4,
i=1

Because exponential distribution is memoryless, U,; — " '4, i =
1,2,...,m — 1, are i.i.d. random variables, each has the same exponen-
tial distribution Exp(#) as U, has. This implies that X,,,, — (m —1)a"~1§
will have a gamma distribution I'(m — 1,6). Thus, the density g, of X,m
is given by

gm—! _ m—2,—0(z—K)
Gnm (T) = Gy (7 — K™ e v > K, (6.7.9)
0 elsewhere,

where K = (m — 1)a™1§. As a result

E(Xnm) = mT_l + (m—1)a""15. (6.7.10)

On the other hand, because Uy, < a™~1J, we have

E(Upm) =EU, | U, < an_lé)
a5

ufe= " /[1 — exp(—0a™~16)|du

a5 exp(—0a""1H)
— . 711
1 — exp(—f0an—19) (67.11)

Il
le’_‘c\
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Then (6.7.7) with the help of (6.7.10) and (6.7.11) yields
An = E(X )

:ZE n|M— )( n—m)

- Z E(Xnm + Unm)q;nilpn

m=1

= m—1 _ 1 a" 1dexp(—0am16). .
_ —1Da™ 15 - m—1 n
mZ:l{ g e - A (fan1g) (0 P

1—p,,1 4 1 a" 5exp(—fam16)
= — mn (5 —_ —
Dn (0 ta )+ 0 1 — exp(—fan—19)
1
= . 6.7.12
0[1 — exp(—0an—16)] ( )
Consequently, from (6.7.1), the average cost is given by
N1 N .
Ch 2 T T L giempartey] TR T
C(N) = L (6.7.13)
Zl i eprga—] T M Z T T
A(N) - (6.7.14)

where A(N) from (6.7.3) is given by

N-1
(c+rpu > s + R+ (cp+1)7
A(N) = n=l ~— : (6.7.15)

N

1 1
Z O[1—exp(—0a™—1§)] +p E [ +7
n=1 n=1

Our objective is to find an optimal policy for minimizing C'(N) or A(N).
For this purpose, first of all, we consider the difference of A(N + 1) and
A(N),

AN +1) — A(N)

(C + T)M( évj An — )\N+1 Nil b + 7') - (R + (Cp + T)T)()\N+1bN71 + M)

pN- 1[2)\ +uz bn1+r][2)\ +uzbn1+r]

n=1 =1 n=1 n=1
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Then define the following auxiliary function

N N—1
(C+r)u( 2 An = ANt 20 0" +7)
n=1 n=

=1
(R+ (cp +7)7)An10N 1 + p) (6.7.16)

g(N) =

N N-—-1
(c+ r)u{nzzjl G[I,EXP(iGQn—la)] - 9[1fexp(179aN5)] "2::1 b" + 1}

(R + (Cp + T)T){mblv_l + ,U}

(6.7.17)

As the denominator of A(N + 1) — A(N) is always positive, it is clear that
the sign of A(N + 1) — A(N) is the same as the sign of its numerator. Con-
sequently, we have the following lemma.

Lemma 6.7.1.

AN +1) % AN) = g(N) Z 1.

AV

Lemma 6.7.1 shows that the monotonicity of A(N
the value of g(N).

Note that the results in Section 6.7 so far are developed under Assump-
tions 1-4 only. Therefore, all the results including Lemma 6.7.1 hold for
both the deteriorating and improving systems.

To determine an optimal replacement policy analytically, we shall con-
sider two cases.

~—

can be determined by

Model 1. The model under Assumptions 1-5

This is a GP d-shock model for a deteriorating system. Now, we have
the following lemma.

Lemma 6.7.2. Under Assumption 1-5, we have
(1) A, is nonincreasing in n,
(2) g(N) is nondecreasing in N.
Proof.
Because a > 1, then from (6.7.12), A, is clearly nonincreasing in n.
Moreover, for any integer N, from (6.7.16) and Assumption 5, we have

g(N +1) —g(N)

N+1 N
(c+ )Nt = DAn42) (3 A+ 1 3 s +7)
= n=1 n=1 >0. (6.7.18)

(R4 (cp +r)T)bN (Any1 + 58=7) (An42 + %)
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Therefore, part (2) of Lemma 6.7.2 follows.

Then, from Lemmas 6.7.1 and 6.7.2, the following theorem gives an an-
alytic expression of an optimal policy.

Theorem 6.7.3. Under Assumptions 1-5, an optimal replacement policy
N for a deteriorating system is determined by

N =min{N | g(N) > 1}. (6.7.19)

Furthermore, the optimal policy is unique if and only if (V) > 1.

In particular, if

(c+7r)u(A +7)
(R+ (cp+7)7)(A2+p) —

9(1) =

then N = 1. This means that an optimal replacement policy is to replace
the system immediately whenever it fails. If g(oco) exists and g(oo) < 1,
then N = co. This means that the optimal policy is to continually repair
when it fails but never replace the system.

Model 2. The model under Assumptions 1-4 and 5’

This model is a GP §-shock model for an improving system. Now,
instead of Lemma 6.7.2, Assumption 5’ and (6.7.18) yield the following
lemma.

Lemma 6.7.4. Under Assumption 1-4 and 5’, we have
(1) A, is nondecreasing in n,
(2) g(N) is decreasing in N.

Consequently, Lemmas 6.7.1 and 6.7.4 give the following result.

Theorem 6.7.5. Under Assumptions 1-4 and 5’, policy N = oo is the
unique optimal replacement policy for the improving system.
Proof.

In fact, because g(IN) is decreasing in N, there exists an integer INV; such
that

N; =min{N | g(N) <1}. (6.7.20)
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Therefore, Lemma 6.7.1 yields that A(N) and C(N) are both unimodal
functions of N and both take maximum at ;. This implies that the min-
imum of C(N) will be given by

min C(N) = min{C(1),C(c0)}
R+cpr—1)

—r}=—r .7.21
= (672)

= min{
Consequently, N = oo is the unique optimal replacement policy for the
improving system. This completes the proof of Theorem 6.7.5.

As the optimal policy for the improving system is always N = oo,
we shall study a numerical example for a deteriorating system here. The
parameters are: a = 1.04,b = 0.95,0 = 0.04,4 = 15,¢ = 10,7 = 20, R =
5000,¢, = 8,6 = 1 and 7 = 40. The results of C(N) and ¢g(/N) against N
are tabulated in Table 6.7.1 and plotted in Figure 6.7.1. From Table 6.7.1,
it is clear that C'(17) = —8.6911 is the unique minimum of the average
cost. Consequently, policy N; = 17 is the unique optimal replacement
policy. The same conclusion can be obtained by using Theorem 6.7.3. In
fact, from Table 6.7.1 we can see that g(17) = 1.1219 > 1 and

17 = min{N | g(N) > 1}.

Therefore, N* = 17 is the unique optimal replacement policy. This means
that we should replace the system at the time following the 17th failure.

In conclusion, an optimal replacement policy obtained by using Theorem
6.7.3 is the same as that obtained by calculating values of C'(IN). However,
we note here that Theorem 6.7.3 is a theoretical result for determination of
an optimal replacement policy for a deteriorating system. Furthermore, by
using Theorem 6.7.3 we can always stop the search whenever g(N) crosses
over 1.
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Table 6.7.1 Results obtained from (6.7.13) and (6.7.14)
N C(N) g(N) | N G(N) g(N) N CN) gN) | N E(N) g(N)
1 -1.5582 0.0424 | 11 -8.5842 0.3971 21 -8.6541 1.9777 | 31 -8.3540 6.0935
2 -5.4484 0.0499 | 12 -8.6230 0.4815 22 -8.6361 2.2518 | 32 -8.2991 6.6911
3 -6.7674 0.0618 | 13 -8.6512 0.5789 23 -8.6150 2.5530 | 33 -8.2505 7.3241
4 -7.4247 0.0787 | 14 -8.6709 0.6903 24 -8.5909 2.8827 | 34 -8.1991 7.9921
5 -7.8137 0.1012 15 -8.6834 0.8170 25 -8.5639 3.2424 | 35 -8.1449 8.6943
6 -8.0673 0.1301 16 -8.6898 0.9604 26 -8.5342 3.6333 | 36 -8.0880 9.4295
7 -8.2429 0.1660 | 17 -8.6911 1.1219 | 27 -8.5017 4.0568 | 37 -8.0281 10.1963
8 -8.3693 0.2097 | 18 -8.6877 1.3028 28 -8.4666 4.5138 | 38 -7.9653 10.9929
9 -8.4625 0.2622 19 -8.6802 1.5048 29 -8.4287 5.0051 | 39 -7.8996 11.8170
10 -8.5321 0.3243 | 20 -8.6689 1.7292 30 -8.3882 5.5316 | 40 -7.8308 12.6661

50

40
30

20

-10
0

Figure 6.7.1. The plots of g(N) and C(N) against N

6.8 A Threshold Geometric Process Maintenance Model

In practice, many systems demonstrate that their failure rate has the shape
of a bathtub curve. In other words, in the early stage, the failure rate of a
system is decreasing; during the middle stage, the failure rate may be ap-
proximately a constant; and in the late stage, the failure rate is increasing.
Consequently, the system should be improving in the early stage, steady
in the middle stage, and deteriorating in the late stage. A maintenance
model for such a system is clearly important in practice. Accordingly, Lam
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(2007b) introduced a threshold GP model by making the following assump-
tions.

Assumption 1. At the beginning, a new system is installed. Whenever
the system fails, it will be repaired. A replacement policy N is applied
by which the system is replaced by a new and identical one at the time
following the Nth failure.

Assumption 2. Let X; be the operating time after the installation or
a replacement. In general, for n > 1, let X, be the operating time of the
system after the (n — 1)th repair. Assume that {X,,n = 1,2,...} form
a threshold GP having ratios {a;,s = 1,...,k} and thresholds {M;,i =
1,...,k} with My = 1 and E[X;,] = A > 0,i = 1,...,k. Moreover,
let Y, be the repair time after the nth failure, then {Y,,n = 1,2,...}
constitute a threshold GP having ratios {b;,i = 1,...,k} and thresholds
{M;,i=1,...,k} with E[Ya,] = p; >0,i=1,... k. Let the replacement
time be Z with E[Z] = 7.

Assumption 3. The operating reward rate after the (n — 1)th repair is

r(n)=r; M;<n<My, i=1,...k, (6.8.1)
with My1 = co. The repair cost rate after the nth failure is
cn)=ci M;<n<My, i=1,...k (6.8.2)

The replacement cost comprises two parts, one is the basic replacement
cost R, the other one is proportional to the replacement time Z at rate c,.

Now, we say that a cycle is completed if a replacement is completed.
Since a cycle is actually a time interval between the installation of a system
and the first replacement or a time interval between two consecutive re-
placements of the system, the successive cycles will form a renewal process.
Furthermore, the successive cycles together with the costs incurred in each
cycle will constitute a renewal reward process. It follows from (1.3.36) that
the long-run average cost per unit time (or simply the average cost) is given
by

M=

r(n)X, + R+ c,Z}
1
— (6.8.3)
E{ Xn+ Y Yo+ 272}
1 n=1

n

N—-1
E{ Y e(n)Yn -
C(N) = —2=1

n

2

Then the average cost C(N) is given as follows.
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For 1 = M; < N < Ms, let
Ri=R+cpyt and 7 =1.
Then (6.8.3) gives

N—1 N
C1 1 Z b?%—rl)\l Z F—’—Rl
n=1 n=1
C(N) = = o . (6.8.4)
ALY anl—l +p > bn%l_FTl
n=1 1 n=1 "1

In general, for M; < N < M;y1,i=2,...,k, let

M;—M;_1 M;—M;_1

1 1

R =Ri_1+ci—1pti—1 E — — Tim1Ni—1 E —
bn 1 n—1

n=1 i—1 =1 %i-1

and
M;—M; 1 1 M;—M; 1 1
Ti =Ti—1+ Aic1 E — T -1 E i1
=1 Fi-1 n—1 i—1

Then by induction, (6.8.3) yields

N-—1 1 N 1
Cilti Y P riNi >, —=w + R;
C(N) = n=M; %i n=M,; %
(N) = N N-1
1
i > = M +pio> P + 7
n= ]VL n=M; “i
N—M; 1 N—M;+1 1
Cilli Y T riNi Y Tt R;
_ n=1 i n=1 @ (6 8 5)
N—-M;+1 1 N—M; 1 ’ o
Aioo>L T +ui Y 7T + 7
n=1 i n=1 "t

Note that although R; is positive, R;, ¢ = 2,...,k, may be negative. Fur-
thermore, from (6.8.4) and (6.8.5), we can see that for different ranges of
N, the structure of average cost C(N) is the same. Now, for the ith piece
of the threshold GP, assume that policy N is applied. Then the average
cost is given by

N-1

CiMi Z bn Tn—1 711/)\ Z n “h—1 +R
Ci(N) = —! nE (6.8.6)
)\Z Z an “h—1 + MZ Z bn%l + Ti
n=1 "1 n=1 "¢

= AZ(N) —Ti, (687)
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where
N-1
(ci+ripi X =t + Ri+mimi
A(N) = —— " —— . (6.8.8)
Xi > #"‘,Ui > b%l—FTi
n=1 "1 n=1 "¢

Obviously, the average cost C'(IV) is equal to

Consequently, C(N) could be minimized if we could minimize each of
Ci(N), i = 1,...,k. As in each piece of the threshold GP, we study a
GP maintenance model, we can apply the method developed in Section
6.2. To do so, we shall first study the difference of A;(N + 1) and A;(N).

Ai(N +1) = Ai(N)

N N-—-1
(ci + ri)pa{ i 2_:1 aj — Z_:l 07) +mial } — (Ri+rim) (b))

N-1 N =y R X .
ay by N 21?4—!” Zl F+Ti][Ai Zl F"’M le—ﬂ*'ﬂ‘]
n= n= n= n— K

Then, if R; + r;7; # 0, define an auxiliary function

N N—-1
(coFrom M X af = 3 b7) + mial'}
— =1
(Ri +rim)(Nib) ' + paalY)

If R; + r;7; = 0, define another auxiliary function

gi(N) = (6.8.10)

N N-1
gio(N) = (ci +r)pf (O al = > b) + mal ). (6.8.11)
n=1 n=1

Accordingly, we can define functions
gN)=¢gi(N—-M;+1) M; < N< My, i=1,...,k (6.8.12)
and
go(N)=gio(N —M; +1) M; < N< My, i=1,...,k
(6.8.13)

respectively.

Since the denominator of A;(N + 1) — A;(N) is always positive, the
sign of A;(N + 1) — A;(N) is determined by the sign of its numerator.
Consequently, we have the following lemma.
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Lemma 6.8.1.
(1) If R; 4+ r;7; > 0, then
> >
Ai(N +1) = Ai(N) <= g;(N) = 1.
(2) If Ry +r;7; <0, then
> <
Ai(N+1) =2 Ai(N) <= gi(N) < 1.
(3) If R; +r;7; =0, then

AN +1) 2 Ai(N) <= gio(N) % 0.

AV

can be determined by the value of g;(IV)
), the following result is straightforward.

Thus, the monotonicity of A; (N
or g;o(N). Therefore, from (6.8.

\]\/

Lemma 6.8.2.
(1) If R; 4+ r;7; > 0, then

Ci(N +1) = Cy(N) <= gi(N) % 1.

AV

(2) If R +r;7; <0, then

Ci(N+1)

AV

Ci(N) <= gi(N) g 1.

(3) If R; 4+ r;7; =0, then

IV

Ci(N +1) % Ci(N) <= gio(N) = 0.

= A

Now, let h;(N) = A\;bY =" + p;aN . Then from (6.8.
9i(N +1) = gi(N)

_ (Ci +7"71)/1,71 2 N 1 2 N 1 N+1

0), we have

N—-1
+)\iuiafv(ai — biv) + )\iuiafv(ai — 1) Z b + )\inafvbﬁv_l(ai — bi)}.
n=1
(6.8.14)
On the other hand, (6.8.11) yields

gio(N + 1) — gio(N)
= (ci +r)pifNi(@™ ™ = bN) + (e —ad)}. (6.8.15)
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Now we can determine an optimal policy N;* for the ith piece of the
threshold GP. If a; > 1 and 0 < b; < 1, then in the ith piece of the thresh-
old GP, the successive operating times after repair will be stochastically
decreasing, while the consecutive repair times after failure will be stochas-
tically increasing. Thus, the system is in a deteriorating stage. However, if
0 <a; <1 and b; > 1, then in the ith piece of the threshold GP, the suc-
cessive operating times after repair will be stochastically increasing, while
their consecutive repair times after failure will be stochastically decreasing.
Therefore, the system is in an improving stage. In both cases, by using
Lemma 6.8.1 with the help of (6.8.10) or (6.8.11), an optimal policy N}
can also be determined. Finally, by comparison of average costs C;(N;) for
i =1,...,k, an overall optimal policy N* for the system could be deter-
mined.

As a particular and important example, we shall study the optimal re-
placement policy for a system with a bathtub shape intensity function. To
do this, an additional assumption is made here.

Assumption 4. Assume that & = 3 and the ratios satisfy the following
conditions:

1.0<a1 <1, by >1, (6.8.16)
2. as = ]., bg = ]., (6817)
3.a3>1, 0<by <1, (6.8.18)

not all equalities in (6.8.16) or (6.8.18) hold together.

According to Assumption 4, the threshold GP has three thresholds, and
the system has three stages or phases. The early stage or the infant fail-
ure phase of the system is from the beginning to the completion of the
(M3 — 1)th repair. Since 0 < a3 < 1 and b; > 1, the system is in an
improving stage. The middle stage or the useful life phase of the system
is from the completion of the (Ms — 1)th repair to the completion of the
(M3 — 1)th repair. Because as = by = 1, the system is in a stationary stage
so that the successive operating times are identically distributed, so are
the consecutive repair times. The late stage or the wear out phase of the
system starts from the completion of the (M3 — 1)th repair. As az > 1 and
0 < b3 < 1, the system is in a deteriorating stage. Therefore, Assumption
4 means that the system has a bathtub shape intensity function.

Now we shall discuss three different stages respectively.
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Stage 1. For 1 < N < My, then 0 < a; <1 and by > 1. The system is in
the improving stage.

Obviously, Ry + r171 > 0, it follows from (6.8.14) that function g1(N)
is nonincreasing in N. Therefore, there exists an integer IV; such that

N; = min{N | g1(N) < 1}. (6.8.19)

Then, Lemma 6.8.2 yields that C;(N) is a unimodal function of N and
takes its maximum at N;. Although N; may be greater than Ms — 1, the
minimum of C7(N) is always given by
min C(N)= min Ci(N)
1<N<M; 1<N <M
= min{Cy(1),C1 (M3 — 1)} = min{C(1),C(M2 — 1)}. (6.8.20)

Stage 2. For Ms < N < Mj, then as = 1 and by = 1. The system is in
the stationary stage.

Now, from (6.8.10) and (6.8.11), g2(N) and g29(IV) are both constants.
Therefore, Lemma 6.8.2 implies that Cy(N) will be either monotone or a
constant. As a result, the minimum of Cy(N) will be taken at one of two
end points. Then, we have

min  C(N) = min Cy(N)
My<N<Ms 1<N<Ms—Ms+1
= min{Cg(l), CQ(Mg - Mg)} = min{C(Mg), C(Mg - 1)} (6821)

Stage 3. For N > Mjs, then ag > 1 and 0 < b3 < 1. The system is in the
deterioraing stage.

If R34 7373 > 0, then (6.8.14) shows that g3(IN) is nondecreasing in N.
Therefore, there exists

Nz =min{N | g3(N) > 1}. (6.8.22)

Consequently, Lemma 6.8.2 shows that C3(V) is minimized at N3.
If R3 + r313 < 0, a similar argument shows that there exists

Ni =min{N | g3(N) <1}, (6.8.23)

N3 is the optimal policy.
Now, assume that R3 + r373 = 0. Because

g30(1) = pzaz(cs +13) (A3 + 73) > 0,

and gso is nondecreasing in N, then g3o(N) > 0 for all integer N > 1.
Lemma 6.6.2 yields that C3(NV) is minimized at Nj = 1.
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Consequently, we have
in C(N) = min C3(N)

In conclusion, it follows from (6.8.20), (6.8.21) and (6.8.24) that an
optimal replacement policy N* for a system with a bathtub shape intensity
function is given by

C(N*) = min C(N)
=min{C(1),C(Mz — 1),C(M3),C(M3 —1),C(Ms + N3 — 1)},
(6.8.25)

where N3 is determined by one of (6.8.22) and (6.8.23) if Rg + 373 # 0,
and Nj =1 otherwise.

Thereafter, we can state the conditions for the uniqueness of the opti-
mal policy N*. The proof is straightforward.
1. For N* =1 and g;(1) > 1, then the optimal policy N* = 1 is unique.
2. For N* = My — 1 and ¢1(M2 — 2) < 1, then the optimal policy
N* = My — 1 is unique.
3. For N* = M>, then

(1) If Ry + ro72 > 0 and go(1) > 1, the optimal policy N* = My is
unique.

(2) If Ry + rama < 0, the optimal policy N* = Ms is always unique,
since g2(1) < 0 by (6.8.10).

(3) If Ry + rome = 0, the optimal policy N* = M is always unique,
since g20(1) > 0 by (6.8.11).
4. For N* = Mz — 1, if go(1) < 1, the optimal policy N* = M; — 1 is
unique, since Rg + romo > 0. Otherwise, if Ry + ro7m < 0 then Lemma 6.8.2
with the help of (6.8.10) or (6.8.11) implies that Co(M3z — 1) > Cy(Ms),
then N* £ M3 — 1, this is impossible.
5. For N* = M3 + N3 — 1, then

(1) If Ry + r3m3 > 0 and g¢3(N5) > 1, the optimal policy N* =
Ms + N3 — 1 is unique.

(2) If Ry + r3m3 < 0 and g¢3(N5) < 1, the optimal policy N* =
Ms + N3 — 1 is unique.

(3) If R3 + r3ms = 0, the optimal policy N* = My + N —1 = M3 is
always unique.
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Three particular cases are then discussed below.
1. If My = oo, then the threshold GP model becomes a GP model for an
improving system. It follows from (6.8.20) that

C(N*) = %n;ri C(N) =min{C(1),C(c0)}

Ry —mM

= ,—Tr1} = —rq. 6.8.26
{ N 1} 1 ( )

Therefore, N* = oo is the unique optimal policy for the improving system.

This particular model has been studied in Section 6.2.

2. If My =1 but M3 = oo, then the threshold GP model reduced to a RP

model for a stationary system. Then from (6.8.21), the optimal policy N*

is determined by

N — {1 if C(1)<C(o00), (6.8.27)

0o if C(1) > C(c0).

This is a perfect repair model with i.i.d. operating times and repair times.
3. If M3 =1, then the threshold GP model becomes a GP model for a
deteriorating system. From (6.8.22), the optimal policy N* = Nj. This
particular model has also been considered in Section 6.2.

To demonstrate the threshold GP model, consider an example of a 3-
piece threshold GP model for a system with a bathtub shape intensity
function. The parameter values are: a; = 0.95,b; = 1.05,a3 = 1,by =
1,a3 = 1.03,b3 = 0.97, and My = 6, M35 = 26. Therefore, the system is
in the infant failure phase for 1 < N < 6, it is in the useful life phase for
6 < N < 26, and is in the wear out phase for N > 26. The cost parameters
are: ¢; = 50,71 = 20,¢c0 = 10,72 = 30,c3 = 20,73 = 40, R = 600, ¢, = 10.
The other parameter values are: Ay = 40, u; = 15, Ao = 50, o = 10, A3 =
48, u3 = 12 and 7 = 10.

Then, we can evaluate the values of C(N) according to (6.8.5) and g(N)
from (6.8.12). The results are tabulated in Table 6.8.1.

According to (6.8.5), for 1 < N < My = 6, we can see from Table
6.8.1 and (6.8.19) that C (V) is maximized at N; = 2 and is minimized at
My;—1=5. For6 = My < N < Mg =26, as Ro+7rom = 8677.0419 > 0 and
g2(N) = 0.3235 < 1 is a constant, Co(N) is decreasing and is minimized
at M3 — My = 20, and C(N) is minimized at M3 — 1 = 25. Finally, for
N > M3 = 26, since Rz +7r373 = 33843.2742 > 0, then from Table 6.8.1 and
(6.8.22), C3(N) is minimized at Nj = 11. Consequently for N > M3 = 26,
C(N) is minimized at M3 + N5 — 1 = 36.
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Table 6.8.1. Results obtained from (6.8.5) and (6.8.12)

N ¢N) e |N cN) glV) N CN) g(N)

1 -2.0000 1.0215 | 16 -15.8782 0.3235 31 -19.6556 0.7739
2 -1.7936 0.8639 17 -16.2431 0.3235 32 -19.7728 0.8147
3 -2.1981 0.6323 18 -16.5667 0.3235 33 -19.8624 0.8578
4 -2.7307 0.3332 19 -16.8557 0.3235 34 -19.9267 0.9032
5 -3.3029 -0.0264 | 20 -17.1153 0.3235 35 -19.9678 0.9508
6 -5.1722 0.3235 | 21 -17.3499 0.3235 36 -19.9875 1.0007
7 -7.6836 0.3235 22 -17.5628 0.3235 37 -19.9872 1.0528
8 -9.5417 0.3235 23 -17.7569 0.3235 38 -19.9684 1.1071
9

-10.9720 0.3235 24 -17.9346 0.3235 39 -19.9323 1.1637
10 -12.1070 0.3235 25 -18.0980 0.3235 | 40 -19.8800 1.2223
11 -13.0296 0.3235 26 -18.5403 0.6028 41 -19.8123 1.2830
12 -13.7943 0.3235 27 -18.8477 0.6327 42 -19.7301 1.3457
13 -14.4385 0.3235 28 -19.1081 0.6647 43 -19.6432 1.4102
14 -14.9885 0.3235 29 -19.3267 0.6989 44 -19.5253 1.4767
15 -15.4636 0.3235 30 -19.5079 0.7353 45 -19.4040 1.5448

Finally, it follows from (6.8.25) that the minimum average cost C'(N*)
is given by

C(N™)

min{C(1),C(My — 1),C(Ms,), C(Ms — 1),C(Ms + Ni — 1)}
min{C(1),C(5),C(6),C(25),C(36)}

= min{—2.0000, —3.3029, —5.1722, —18.0980, —19.9875}

= —19.9875. (6.8.28)

Therefore, an optimal replacement policy is N* = 36. The system should
be replaced by a new and identical one following the 36th failure. The
optimal policy is unique because

9(36) = g5(36 — 26 + 1) = g5(11) = g5(NZ) = 1.0007 > 1.

6.9 A Geometric Process Preventive Maintenance Model

So far, we have just studied a GP model in which a system will be repaired
after failure. In many cases, such as in a hospital or a steel manufacturing
complex, a cut off in electricity supply may cause a serious catastrophe.
To maintain their electric generator with a high reliability is important for
production efficiency, economic profits and even life safety. A preventive
repair is a very powerful measure, since a preventive repair will extend
system lifetime and raise the reliability at a lower cost rate. Therefore, we
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shall introduce a GP preventive maintenance model.

Assume that a new system is installed at the beginning. A maintenance
policy (T, N) is applied, by which whenever the system fails or its operating
time reaches T' whichever occurs first, the system will be repaired. A repair
when a system fails is a failure repair, while a repair when the system
operating time reaches T is a preventive repair. The system will be replaced
by a new and identical one at the time following the Nth failure.

The time interval between the installation and the first replacement
or time interval between two successive replacements is called a cycle. For
n=1,2,..., N—1, the time interval between the completion of the (n—1)th
failure repair and the nth failure repair in a cycle is called the nth period
in the cycle. However, the Nth period is the time interval between the
completion of the (N — 1)th failure repair in the cycle and the replacement.
Let Xr(f), n=12,...,i=1,2,... be the operating time of the system after
the ith preventive repair in the nth period. Let Y,gi),n =1,2,...,1 =
1,2,... be the ith preventive repair time of the system in the nth period.
Denote the failure repair time of the system in the nth period by Z,.
Given that the number of preventive repairs in the nth period is M,,,n =
1,2,..., N, a diagram of one possible realization of the system process in a
cycle may be given in Figure 6.9.1.

+«—The 1st period—

....|OOO|....|OOO|---|...|*** —_ — —
T Y1(1) T Y1(2) X1(1V11+1) 7
(<xM)  (<x?) (<T)

«—The Nth period—

....|OOO|---|...|*****
T Y]Sfl) X](VMN+1) W
(<X (<T)

ee: working state, oo: preventive repair state, xx: failure repair state, *x:
replacement state
Figure 6.9.1. The diagram of a realization of the system process in a cycle

Lam (2007a) introduced a GP preventive maintenance model by making
the following assumptions.
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Assumption 1. The system after preventive repair is as good as new
so that {XT(Li),i = 1,2,...} are i.i.d. random variables, while {Y,gi),i =
1,2,...} are also i.i.d. random variables. However, the system after fail-
ure repair is not as good as new so that the successive operating times
{XT(LD, n = 1,2,...} after failure repair form a GP with ratio a and
E[Xl(l)] = ), while the consecutive failure repair times {Z,,n = 1,2,...}
constitute a GP with ratio b and E[Z;] = u. On the other hand, the pre-
ventive repair times {YTEU, n = 1,2,...} in successive periods form a GP
with ratio b, and E [Yl(l)] = v. The replacement time W is a random vari-
able with E[W] = 7.

Assumption 2. The processes {X,(f), n=1,2...,i=1,2,...}, {Y,Si),n =
1,2,...,i=1,2,...} and {Z,,n =1,2,...} are independent and are all in-
dependent of W.

Assumption 3. The failure repair cost rate is ¢, the preventive repair rate
is ¢p, the reward rate when the system is operating is r. The replacement
cost comprises two parts, one is the basic replacement cost R, and the other
one is proportional to the replacement time W at rate c,.

Assumption 4. Assume that T has a lower bound Ty > 0, i.e. T > Tp.

Remarks

Under Assumptions 1-4, the model is a GP preventive maintenance
model. As a preventive repair is adopted when the system is operating, it
is reasonable to assume that the system after preventive repair is as good
as new. Therefore, in Assumption 1, we assume that the successive operat-
ing times after preventive repair are i.i.d. random variables. On the other
hand, we still assume that the system after failure repair is not as good as
new such that the successive operating times after failure repair will form
a GP and the consecutive failure repair times will constitute a GP. This is
the difference between two kinds of repair. It is also the advantage of using
the preventive repair. Furthermore, the GP preventive maintenance model
is a model for a deteriorating system, if a > 1 and 0 < b,b, < 1, it is a
model for an improving system if 0 < @ < 1 and b,b, > 1. Therefore, the
GP model is a general model that can be flexibly applied to a deteriorating
system as well as an improving system.

Assumption 4 means that time 7" has a lower bound. In practice, there
should have a break interval Ty between two consecutive repairs for recov-
ering the repair facility and preparing next repair. Then, a repair can only
start after break interval Ty that can be taken as a lower bound of T. On
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the other hand, we may choose a lower bound T such that
(1)
P(x(M <Ty) < 6

with a small 6y equal to 0.05 for example. Note that if T = oo, our model
will reduce to the GP maintenance model without preventive repair studied
in Section 6.2.

Our problem is to determine an optimal maintenance policy (T, N*) for
minimizing the long-run average cost per unit time (or simply the average
cost) C(T, N). Once again, as the successive cycles form a renewal process,
the successive cycles together with the costs incurred in each cycle will
constitute a renewal reward process.

Now, suppose a maintenance policy (T, N) is adopted. Let X,, be the
total operating time of the system in the nth period of a cycle, and M,
be the number of preventive repairs taken in the period. Then M, is the
number of operating times longer than 7' in the nth period. Denote the
distribution function and density function of x0 by F,(z) = F(a" 'x)
and f,(z) = a""!f(a" 'z) respectively. By using (1.3.36), the average
cost C(T, N) is given by

N M,
Elc, zz (1+cZZ—rZX + R+, W]

C(T,N): n=1 ; n=1 n=1

B[ Xn ZZY”+ZZ + W]

N n_N—l e
szbglilE[Mn]‘FC e — T Z E[X,]+ R+ cr7
== =l n=l_ . (6.9.1)
Z[]+an1[ n] + §n1+r

n=1

To derive an explicit expression for C(T, N), we shall first study the dis-
tribution of M,,. Recall that M, is the number of preventive repairs taken
in the nth period. Thus, Y,, = M,, + 1 will have a geometric distribution
G(prn). Then (1.2.10) yields that

P(M, =i)=PY,=i+1)=pnq,, i=0,1,...
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with
pn=P(X\V <T)=F(a""'T) (6.9.2)
and ¢, = P(X,(Ll) >T)=1—-p,. Consequently,
E[M,] = Z—:. (6.9.3)

Furthermore, from (1.4.21), the expected total operating time in the nth
period is given by

1 ’ n—1
E[X,] = XNT,n) = m/0 {1 - F(a"'t)}dt. (6.9.4)

Now, (6.9.1) becomes

C(T,N)
N N—1 N
Y bnﬂf}—"—i—c Yo —r 2 MT,n)+ R+c1
n=1"P " n=1 n=1
= ~ ~ NI . (6.9.5)
AT+ 3 g+ Y g 4T
n=1 n=1 n=1
Then
C(T,N)=A(T,N)+ cp, (6.9.6)
where
I(T,N)
A(T,N) = 9.
(TN = S (697
with
I(T,N)
N-1 N
=(c—c,) bn"_l —(r+¢p) Y MT,n) + R+ (¢r — cp)7, (6.9.8)
n=1 n=1
and
N N ¢ N-1 i
T,N)= T L . 9.
J(T,N) ;)\( ’n)+;b2_1pn et (6.9.9)

Therefore, to minimize C(T, N) is equivalent to minimize A(T, N). In gen-
eral, an optimal maintenance policy (T, N*) could be obtained numerically
by minimizing C(T, N) or A(T, N). However, under some additional con-
ditions, it is easy to determine the optimal maintenance policy (T, N*).
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Lemma 6.9.1.
(1) = is nonincreasing in 7.

(2) g—" is nonincreasing in n if @ > 1 and nondecreasing in n if a < 1.
n

(3) A(T,n) is nonincreasing in n if @ > 1 and increasing in n if a < 1.
Proof.

Parts (1) and (2) follow from (6.9.2) directly. To prove part (3), by
considering n as a continuous variable, then (6.9.4) gives

ONT,n) a" Yna
on  F(a"'T)?
T T
x{F(a”’lT)/ tf(anflt)dwf(an*lT)T/ (1— F(a™'))dt}.
0 0

(6.9.10)
Obviously, it is nonpositive if a > 1, and positive if a < 1. This completes
the proof of part (3).

Lemma 6.9.2. If life distribution F'(z) is ERBLE, then life distribution
F(a™ 'x) is also ERBLE and \(T,n) is nonincreasing in 7.
Proof.

If life distribution F'(x) is ERBLE, then by Definition 1.4.10,

AT, / {1 — F(a)}de (6.9.11)

is nonincreasing in 7. Therefore from (6.9. 4) the expected total operating
time in the nth period is glven by

\NT,n) = e 1T / {1 - F(a" 't)}dt

= —a" TF(an1T) /0 {1 — F(u)}du
= Xa" 7T, 1) /a1 . (6.9.12)
It is clearly nonincreasing in 7. Thus life distribution F(a"~'t) is also
ERBLE. This completes the proof of Lemma 6.9.2.
Now, we can prove the following theorem.

Theorem 6.9.3. Assume that the life distribution F' € ERBLE, and
I(Ty,N)>0 forall N >1, (6.9.13)
then
I%%l]%[lA(T, N) = mj\lan(TO;N)- (6.9.14)
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Proof.

Because the distribution F'is ERBLE, it follows from Lemma 6.9.2 that
AT, n) is nonincreasing in 7. On the other hand, by Lemma 6.9.1, 1=
is nonincreasing in T. Consequently, I(T, N) is nondecreasing in T, while
J(T, N) is nonincreasing in T and positive. Then Assumption 4 and (6.9.13)
yield that

. TN
tin AT, N) = minmin 77—
_ . I(T(]vN) _ .

The following corollary is a special case of Theorem 6.9.3.

Corollary 6.9.4. Assume that life distribution F' € ERBLE, a > 1,0 <
b <1 and ¢ > ¢,. In addition, there exists an integer k such that

I(Th,n) >0 for n=1,2,...,k, (6.9.15)
and
I(To, k+1) — I(To, k)
= (c—c,,)bki_1 — (r + )M (To, k +1) > 0. (6.9.16)
Then
%H}A(T’ N) = mj\ian(To,N).
Proof.

Actually, we need only check condition (6.9.13). Because of (6.9.15),
(6.9.13) holds for N < k. For N > k, by noting that a > 1,0 < b < 1 and
¢ > ¢p, it follows from (6.9.15), (6.9.16) and Lemma 6.9.1 that

I(T07 N)
N-1
= I(Ty, k) + {I(To,i+1) — I(Tp,4)}

I

= I(Ty, k) + , {(c— cp)bi—71 —(r+ep)ATo,i+1)}

I
> I(To, k) + (N —k){(c— cp)bk—i1 —(r+cp)ATo, k+1)}

0. (6.9.17)
Thus, from Theorem 6.9.3, Corollary 6.9.4 holds.
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As a result, if a system is deteriorating with an ERBLE distribution,
Corollary 6.9.4 may be applicable. In using Corollary 6.9.4, essentially we
need to check conditions (6.9.15) and (6.9.16) only, since in practice, the
failure repair cost rate should be higher than the preventive repair cost
rate, and ¢ > ¢, should be true.

Now, we consider a special case by assuming that the operating time of
a new system is an random variable with exponential distribution Exp(1/\)
having density

le=t/X i~
_ ) xe ,
Jw= {0 elsewhere. (6.9.18)

Then, it is straightforward that

T
po =P <1) = [
0

=1—exp{—a""'T/\}. (6.9.19)

n—1

exp{—a""1t/\}dt

Consequently
gn = P(XV > T) = exp{—a""1T/\}. (6.9.20)

Furthermore, from (6.9.4) we have

N(T,n) = == (6.9.21)
Then, (6.9.8) and (6.9.9) become
YA
I(T,N) = an T r+cp)zan71+R+(cT—cp)T,
n=1
(6.9.22)

and

N N
:Z:la Z L anl 7. (6.9.23)

Hence we have the following theorem.

Theorem 6.9.5. Assume that the operating time of a new system has
an exponential distribution. Then an optimal maintenance policy (T*, N*)
is determined by

A(T*,N*) = min{rr]l\i]nA(To,N),m]\i/nA(oo,N)}. (6.9.24)
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Proof.
For any policy (T, N), (6.9.21) shows that I(T, N) does not depend on
T, then
I(T,N) = I(Ty,N) = I(c0, N).

Furthermore, J(T, N) > 0 and is nonincreasing in T by Lemma 6.9.1. Then
it I(T,N) > 0, we have

I(T,N) _ I(To,N)
AN = 778 = TN
I(T07 )
[t (TO, ) A(TOaN)
Alan(To, N). (6.9.25)

On the other hand, if I(T, N) < 0, then

I(T,N) _ I(c0,N)
AT, N) = J(T,N) J(T,N)
I(co, N)
T V) A(oo, N)
> In]\i]nA(oo,N). (6.9.26)

This completes the proof of Theorem 6.9.5.

In general, a numerical method should be applied for finding an optimal
policy. To start with, an upper bound 73y of T is chosen in the following
way.

P(xXV >Ty) <6,

with small #; = 0.05 for example. Then a grid method could be adopted
as follows:

Step 1: Divide interval (Tp,T1) by points Tp = tg < t1 < --- < tx, = Ty with
large k so that the maximum length of subintervals (¢;, t;41),2 =0, ..., k—1,
is small enough.

Step 2: For each i = 0,1,...,k, evaluate the average cost A(t;,n) and
choose

A(t;,n;) = min{A(t;,n)}.
Step 3: Determine

A(t*,n*) = Oglgk{A(ti,nl)}
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Then the policy (¢*,n*) is an approximate optimal maintenance policy for
the system.

Now, for explaining the GP model and the methodology developed in
this section, we consider three numerical examples.

Example 6.9.6. Assume that the operating time of a new system has a
Weibull distribution W (a, 8) with parameters a = 2.2, = 1. The other
parameters are a = 1.02,b = 0.96,b, = 0.98, 1 = 0.8,v = 0.2,7 = 1.0,r =
40,c = 30,¢, = 5, R = 500, ¢, = 25.

As the life distribution F' is W (2.2,1), Corollary 1.4.12 implies that
F ¢ ERBLE. Moreover, a = 1.02,b = 0.96,b, = 0.98, the system is a
deteriorating system. However, Theorem 6.9.3 and Corollary 6.9.4 are not
applicable, since

1(0.1,1) = —194.0462 < 0.

Therefore, we shall apply the grid method for finding an approximate op-
timal policy. As the value of Tj is not specified in this example, we may
determine a lower bound T and an upper bound 73 first by a probability
consideration. To do so, we note that

P(xV > T) = exp{—pT"}.
Then
P0.1< XM <22) = exp(—0.122) — exp(—222) = 0.9836.

Thus, it is reasonable to take Ty = 0.1 and T} = 2.0. Then divide interval
(To,T1) = (0.1,2.0) into 20 subintervals with equal length by ¢; = 0.1(¢ +
1),i=0,...,19. Afterward, we can find

A(t;,n;) = min A(t;,n) (6.9.27)

by comparison of values A(t;,n). Then an approximate optimal policy
(t*,n*) could be determined by
A(t*,n*) = 021&‘4(“’”1')' (6.9.28)
The numerical results are given in Table 6.9.1.
From the first six columns of Table 6.9.1, we can see that minimum value
of A(ti,n;) is —14.6362, thus an approximate optimal policy is (t*,n*) =
(0.2,13).
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Table 6.9.1. The values of A(t;,n;) and n;

ti A(ti,ni) n; ti A(ti,ni) ni ti A(ti,ni) ni ti A(ti,ni) n;

0.1 -12.1717 9 |1.1 7.6696 22|0.11 -12.7113 10 (0.21 -14.6124 13
0.2 -14.6362 13 |1.2 85506 23|0.12 -13.1669 10 |0.22 -14.5528 13
0.3 -13.1251 14 (1.3 9.1675 23|0.13 -13.5531 11 {0.23 -14.4601 13
0.4 -9.9919 15114 9.5922 24(0.14 -13.8709 11 |0.24 -14.3371 13
0.5 -6.4019 16 |1.5 9.8773 24|0.15 -14.1237 11 |0.25 -14.1881 14
0.6 -2.9301 17 1.6 10.0723 25|0.16 -14.3255 12 |0.26 -14.0179 14
0.7 0.1545 18 | 1.7 10.1907 25|0.17 -14.4728 12 |0.27 -13.8246 14
0.8 2.7480 19 | 1.8 10.2662 25|0.18 -14.5697 12 |0.28 -13.6101 14
0.9 4.8368 20 |1.9 10.3130 25|0.19 -14.6209 13 [0.29 -13.3764 14
1.0 6.4565 21 2.0 10.3413 25(0.20 -14.6362 13 |0.30 -13.1251 14

Thus an optimal policy should lay in interval (0.1,0.3). To obtain a
more precise approximate optimal policy, we can divide (0.1,0.3) further, 20
subintervals with equal length 0.01 for example, and repeat the above proce-
dure. The numerical results are given in the last six columns of Table 6.9.1.
Afterward, we can find minimum value A(t;,n;) = A(0.20,13) = —14.6362.
Therefore a more precise approximate optimal policy is (t*,n*) = (0.20, 13).
Clearly, we can partition interval (0.19,0.21) further for obtaining a better
approximate optimal solution.

Example 6.9.7. Assume that the operating time of a system has a
Weibull distribution W (e, 5) with density function
afBz® Lexp(—pa t>0,
fa) = { B p(—B2%)

0 elsewhere, (6.9.29)

and o = 2,8 = 1. The other parameters are a = 1.05,b = 0.95,b, =
097,40 =03,v = 02,7 = 04,r = 30,c = 25,¢, = 10, R = 2000,¢c, =
20,7y = 0.5.

Because the lifetime distribution F' has a Weibull distribution W (a, 3)
with @ = 2 > 1, Corollary 1.4.12 implies that F' € ERBLE. Moreover,
since ¢ = 1.05 > 1,b = 0.95,b, = 0.97, the system is deteriorating. As
c =25 > ¢, = 10, to apply Corollary 6.9.4, we need check conditions
(6.9.15) and (6.9.16). To do this, the values of I(Ty, N) and A(Typ, N) are
tabulated in Table 6.9.2. Moreover, the values of A(Ty, N) are plotted in
Figure 6.9.2.
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Table 6.9.2. The values of I(Ty, N) and A(Tp, N)

N I(Ty,N) A(To,N)|N I(To,N) A(To,N)|N I(To,N) A(To,N)
1 1920.5854 602.1537 |11 1456.8149 59.2853 |21 1332.5433 35.0326
2 1849.1004 306.2005 |12 1433.4250 54.9077 |22 1330.9632 33.8745
3 1784.5805 205.4929 | 13 1412.9526 51.2392 | 23 1330.9714 32.8196
4 1726.4372 154.8939 | 14 1395.1807 48.1250 |24 1332.5145 31.8534
5
6
7
8
9

1674.0869 124.5468 | 15 1379.9152 45.4517 |25 1335.5503 30.9641
1627.0352 104.3807 | 16 1366.9832 43.1341 |30 1372.3450 27.3720
1584.8278 90.0496 | 17 1356.2310 41.1070 |50 1942.0809 19.8209
1547.0543 79.3748 | 18 1347.5230 39.3195 | 100 14546.4130 15.4142
1513.3444 71.1276 |19 1340.7395 37.7316 | 200 231804.902 15.0025

10 1483.3648 64.5880 |20 1335.7763 36.3113 |oco oo 15.0000
A(T, N) 700
600 i
500 i
4001 1
300 1
200 1
100(- 1
'-\\ ATy, N)
% 50 100 150 200 "

Figure 6.9.2. Plots of A(Ty, N) against N.

It is easy to see from Table 6.9.2, conditions (6.9.15) and (6.9.16) hold
for k = 22. Consequently, by Corollary 6.9.4, an optimal maintenance
policy (T*, N*) is determined by

A(T*, N*) = min A(Ty, N) = A(0.5,00). (6.9.30)
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N N
Note that series >3 A(T,n) and } %52 are both convergent, but series
n=1 n=1"P "

N-1
> gact is divergent. Therefore, (6.9.7) yields that
n=1

A(05,00) = lim A(0.5,N) = c—c, = 15. (6.9.31)

Therefore, the optimal maintenance policy is (T*, N*) = (0.5,00), i.e. a
preventive repair is taken when the system age reaches 0.5 and a failure
repair is taken when the system fails whichever occurs first without re-
placement. Correspondingly, the minimum average cost is

C(T*, N*) = C(0.5,00) = A(0.5,00) + ¢, = 25.

Example 6.9.8. Assume that the operating time of a system has an expo-
nential distribution Fzp(1/\) with parameter A = 120. The other param-
eters are a = 1.01,0 = 0.95,b, = 0.98, p = 25,v = 10,7 = 20,r = 40,c =
30,¢, = 10, R = 8000,¢, = 20,7y = 20. As the operating time distribu-
tion is exponential, Theorem 6.9.5 is applicable. The optimal maintenance
policy (T*, N*) is determined by

A(T*,N*) = min{n}\i]nA(To,N),m]\ian(oo,N)}. (6.9.32)

The values of A(Ty, N) and A(oo, N) are tabulated in Table 6.9.3 and plot-
ted together in Figure 6.9.3.
From Table 6.9.3, it is easy to see that

A(T*,N™*) = min{rr]l\i]nA(TO,N),n}\i]nA(oo,N)}
= min{A(20,11), A(00, 12)} = A(o0,12) = —30.2739.  (6.9.33)

Table 6.9.3. The values of A(Tp, N) and A(oco, N)

A(To,N) A(co,N) [N A(To,N) A(oo, N)|N A(To,N) A(oo, N)

11.2740 15.7143 11 -21.6341 -30.2598 |21 -20.1125 -28.2280
-8.2121 -11.4181 12 -21.6302 -30.2739 |22 -19.8475 -27.8538
-14.4533 -20.0954 |13 -21.5764 -30.2164 23 -19.5698 -27.4593
-17.4271  -24.2433 |14 -21.4823 -30.1004 24 -19.2802 -27.0457
-19.0988  -26.5885 |15 -21.3548 -29.9356 25 -18.9794 -26.6143
-20.1192  -28.0318 |16 -21.1993 -29.7292 30 -17.3267 -24.2180
-20.7662 -28.9572 |17 -21.0196 -29.4866 40 -13.4163 -18.4840
-21.1783 -29.5560 |18 -20.8189 -29.2121 50 -8.9056 -11.9621
-21.4325 -29.9343 |19 -20.5996 -28.9092 70 0.7990  0.9945

-21.5747 -30.1555 |20 -20.3636 -28.5804 100 12.3635 13.6820

S om0 ok w2
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Figure 6.9.3. Plots of A(Tp, N) and A(co, N) against N

Therefore, the optimal maintenance policy is (T, N*) = (o0, 12). Corre-
spondingly, the minimum average cost is

C(T*,N*) = C(c0,12) = A(00,12) + ¢, = —20.2739.

6.10 Notes and References

In this chapter, we study the GP maintenance models. Assume that the
successive operating times of a system after repair form a GP with ratio a,
while the consecutive repair times of the system after failure constitute a
GP with ratio b. By giving different values of a and b, the GP models can be
applied to a deteriorating system as well as an improving system. In Section
6.2, the GP model for a two-state system using policy N is formulated. It
was first time introduced by Lam (1988a, b) and then generalized by Lam
(2003). In Section 6.3, an optimal replacement policy is determined analyt-
ically for a deteriorating system, while for an improving system, we show
that policy N* = oo is always the optimal policy. Then, the monotonicity
properties of the optimal policy for a deteriorating system are considered in
Section 6.4. The materials in Sections 6.2-6.4 are due to Lam (2003). On
the other hand, Section 6.2 also studies a GP maintenance model in which
a bivariate policy (T, N) is applied. This model was considered by Zhang
(1994). The formulas presented here are based on Leung (2001) and Zhang
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(2007). Tt is easy to see that the results of Leung (2001) and Zhang (1994)
are equivalent.

In Section 6.5, a monotone process model for a multistate system is
introduced, it is shown that the model is equivalent to a GP model for a
two-state system. Furthermore, an optimal policy for the multistate system
is also determined analytically. Section 6.5 is on the basis of Lam (2005a),
it was first published in Journal of Applied Probability by The Applied
Probability Trust. However, some special cases were considered earlier by
Lam et al. (2002), Zhang et al. (2002) and Lam and Tse (2003). On
the other hand, Lam (1991a) considered a monotone process maintenance
model for a two-state system.

In Sections 6.6, a GP shock model for a system under a random environ-
ment is introduced. It is originally due to Lam and Zhang (2003). However,
the GP shock model for an improving system and hence Theorem 6.6.9 are
new. This model is actually a GP cumulative damage model. A cumula-
tive damage model was initially considered by Barlow and Proschan (1975).
Later on, Shanthikumar and Sumita (1983, 1984) studied a more general
shock model under the assumption that the magnitude of the nth shock
and the time interval between the (n — 1)th shock and the nth shock are
correlated.

A ¢-shock model was studied by Li (1984) and Li et al. (1999), they
derived the life distribution of a system without repair and the economic
design of the components in the system. In Section 6.7, a GP §-shock
model for a repairable system is considered in which the interarrival times
of successive shocks are i.i.d. with exponential distribution. This is a gener-
alization of Li et al. (1999) by considering a repairable system that is either
deteriorating or improving. Section 6.7 is on the basis of Lam and Zhang
(2004). Afterward, Tang and Lam (2006a, b) studied more general d-shock
GP models in which the interarrival times of successive shocks are also i.i.d.
but with gamma, Weibull and lognormal distributions respectively, also see
Liang et al. (2006) for further reference.

Then, a threshold GP maintenance model is studied in Section 6.8. that
is based on Lam (2007b). On the other hand, Zhang (2002) considered a
GP model with preventive repair and using a replacement policy N. There-
after, Wang and Zhang (2006) studied a GP model with periodic preventive
repair. However, in Section 6.9, we study a more general GP model with
preventive repair by using a maintenance policy (T, N), it is due to Lam’s
paper (2007a).

Finally, we note here all the numerical examples in Chapter 6 are new.
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For more reference about GP maintenance model or related work, see
Rangon and Esther Grace (1989), Leung and Lee (1998), Sheu (1999),
Péréz-Ocon and Torres-Castro (2002), Wang and Zhang (2005), Zhang et
al. (2001, 2002), Zhang et al. (2007), among others.
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Chapter 7

Application to Analysis of System
Reliability

7.1 Introduction

In this chapter, we shall study a GP model for a two-component system
with one repairman. The main concern is to analyze the system reliabil-
ity. In Sections 7.2-7.4, we shall consider respectively the series, parallel
and cold standby systems. By introducing some supplementary variables,
a set of differential equations for the probability distribution of the system
state are derived. The equations can be solved analytically or numerically.
Then some important reliability indices of the system such as the availabil-
ity, the rate of occurrence of failure, the reliability and the mean time to
the first failure are determined. In Section 7.5, as a particular case of a
two-component system, we shall study the maintenance problem for a cold
standby system.

7.2 Reliability Analysis for a Series System

Now we consider a GP model for a two-component series system with one
repairman. For convenience, we shall use ‘service’ to represent ‘either re-
pair or replacement’ here. Then we make the following assumptions.

Assumption 1. At the beginning, a new two-component series system
is installed. The system is up if and only if two components are both op-
erating. Whenever a component fails, it will be repaired and the system is
down. Assume that two components shut off each other, i.e. the behaviour
of one component does not affect the other one.

Assumption 2. For i = 1,2, let X;; be the operating time of com-
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ponent i after the installation or a replacement. In general, for n > 1,
let X;, be the operating time of component i after its (n — 1)th repair,
then {Xn,n = 1,2,...} form a GP with ratio a; > 1, and X;; has an
exponential distribution Exp();) with distribution function

P(Xil St) =1 —ei)wt, t >0,

and 0 otherwise. Moreover, let Y;,, be the repair time of the ith component
after its nth failure. Then {Y;,,n = 1,2,...} constitute a GP with ratio 0 <
b; <1, and Y;; has an exponential distribution Exp(u;) with distribution
function

P(Yy <t)=1—e M >0,

and 0 otherwise.

Assumption 3. For i = 1,2, assume that component i will be replaced
by a new and identical one following the time of its IV;th failure. Moreover,
for i = 1,2, let Z; be the replacement time of component 7. Assume that
Z; has an exponential distribution Exp(7;) with distribution function

P(Z;<t)=1—-eT' t>0,

and 0 otherwise.
Assumption 4. Assume further {X;,,n = 1,2,...}, {Vin,n =1,2,...}
and Z; are all independent.

Under Assumption 2, for ¢ = 1,2, the successive operating times
{Xin,n = 1,2,...} form a decreasing GP, while the consecutive repair
times {Y;n,m = 1,2,...} constitute an increasing GP. Therefore our model
is a GP model for a deteriorating two-component series system.

Now, the system state at time ¢ can be defined by

0 if both components are operating at time ¢,
I(t) =< 1 if component 1 is under service at time ¢,
2 if component 2 is under service at time .

Obviously, {I(t),t > 0} is a stochastic process with state space S =
{0,1,2}, working state set W = {0} and failure state set F' = {1,2}. Thus,
the system is up at time ¢ if and only if I(¢) = 0. Clearly, {I(¢),t > 0}
is not a Markov process. However, a Markov process may be constructed
by applying the method of supplementary variable. To do this, two sup-
plementary variables I (¢) and I5(t) are introduced, where I;(t),i = 1,2, is
the number of failures of component i by time ¢ since the installation or
the last replacement. Then, the system state at time ¢ is (I(t), I1(t), I2(t)),
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and process {(I(t), [1(t), I2(t)),t > 0} will form a Markov process. Note
that the system state
(I(t),I,(t),I2(t)) =(0,4,k), 7=0,...,Ny—1, k=0,...,Ny— 1,
means that at time ¢ both components are operating, hence the system is
up, but component 1 has failed for j times while component 2 has failed
for k times. On the other hand, the system state
(I), (1), I(t))=(1,4,k), 7=0,...,Ny—1, k=0,...,Ny — 1,
means that component 1 has failed for j times and is under repair and
component 2 has failed for k times, hence the system is down. Moreover,
the system state
(I(t),I1(t), I2(t)) = (1, N1,k), k=0,...,Na—1,
means that component 1 has failed for N; times and is being replaced and
component 2 has failed for k times, hence the system is down. A similar
explanation can be applied to system state
(I(t), I1(t), I2(t)) = (2,4,k),j=0,...,N1 — 1, k=0,..., No.

Now, the probability distribution of the system state at time ¢ is given
by

pisk(t) = PLUILW, L (1), (6) = (5,3, k) | (1(0), 11(0), 12(0)) = (0,0,0)},
1=0,7=0,...,Nt—1; k=0,...,Ny — 1;
1=1,7=1,...,N1; k=0,...,Ny — 1;
1=2,7=0,...,Ni—1; k=1,...,No.

Then, we can derive the following differential equations.

d ; i _
(5 + al 1 + afX2)poji(t) = b pprj(t) + b5 papaji(t),
jZ 1,...,N1—1,]€=1,...,NQ—1; (721)

d
(a + A1+ abXa)pook (t) = b5 apaor (t) + Tipingk(t),
k=1,...,Ny—1: (7.2.2)
d .
(% + @l M+ Ao)pojo(t) = b pprjo(t) + Tepagn, (1),
=1, N —1: (7.2.3)
d
(= + A1+ X2)pooo(t) = Tipin,0(t) + Tep20on, (1); (7.2.4)

dt

d - o
(5 + b1 n)pn(t) = a] " Aipoj—1k(t),
j=1,...,Ni—1,k=0,...,Ny—1; (7.2.5)
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d
(dt +1)pinik(t) = al T Ao, -1k (1),

k=0,...,No—1; (7.2.6)
d _
(EH)IS " pi2)poji(t) = a5~ Aapojr—1 (),
j=0,...,Ny—1,k=1,...,No—1; (7.2.7)

d
(dt + 7'2)p2JN2 (t) = CL2 )‘2POJN2 1(1),

j=0,...,N - 1. (7.2.8)
Equations (7.2.1)-(7.2.8) are actually the Kolmogorov forward equa-
tions. They can be derived by applying a classical probability analysis. As
an example, we shall derive equation (7.2.1) here. For j =1,...,N1—1,k =
1,...,Na — 1, we have
DPojk (t 4+ At)
= P(no component fails in (¢,¢ + At] | (I(t), 11 (t), I2(t)) = (0, j, k))poj (t)
+P(component 1 completes repair in (¢,t + At]

| (I(2), L (t), I2(t)) = (1, 7, k))pajn(t)
+P(component 2 completes repair in (¢,t + At]
| (1(2), [1(t), I2(t)) = (2, ], k))p2;(t) + o(At)
= (1 — M A (1 — ab Ao A)pojr (t) + b  paprjn (t) At
5 papajk (1) AL + o(At).
Then
Pojk(t + At) — poji(t)
At
—(a M1 + akX2)poji (t) + b1 paprju (t) + b5~ papaj () + o(1).
Therefore, (7.2.1) follows by letting At — 0. The other equations can be
derived in a similar way. The initial condition is
1 (i,4,k) =(0,0,0),
Pigk(0) = {0 ilsewh)ere.( )
In general, the Kolmogorov forward equations (7.2.1)-(7.2.8) with initial
condition (7.2.9) may be solved by using the Laplace transform. After
obtaining the probability distribution p;; (t) by inversion, we can determine
the reliability indices straightforwardly.
In fact, the availability of the system at time t is determined by
A(t) = P(the system is up at time t) = P(I(t) = 0)
Ny—1 Np—1

= > poi(d). (7.2.10)

j=0 k=0

(7.2.9)
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If
tlgglo Pojk(t) = Aojk,

then the equilibrium availability is given by

Ni—1N3—1
A= lim A(t) = > Ao (7.2.11)
j=0 k=0

Let
o0
O O
0
be the Laplace transform of p;;(t). Then, an alternative way to determine
the equilibrium availability is to apply the Tauberian theorem
A= lim A(t) = lim sA*(s)
t—o0 s—0
N;—1Ns—1

= >0 > limspils). (7.2.12)

j=0 k=0
The rate of occurrence of failures (ROCOF) is another important re-
liability index. Let the ROCOF at time t be mg(t), then Theorem 1.6.5
gives

Ni—1N3—1 )
mp(t) =Y Y pojk(t) (@i A + abAy). (7.2.13)
j=0 k=0
Moreover,
Ni—1N2—1
my = tlirgo mf(t) = Z Z Aojk(a{)\l + ag)\Q). (7.2.14)
j=0 k=0

Consequently, My (t), the expected number of failures by time ¢, will have
an asymptotic line with slope my.
The reliability of the system at time ¢ is given by

R(t) = P(the system operating time > t)
= P(min(X11, Xo1) > t) = exp{—(A1 + A2)t}. (7.2.15)
Then the mean time to the first failure (MTTFF) is determined by

MTTFF = / R(t)dt
0

(7.2.16)

= —(M1 + Ao)t}dt = .
Jexpl=(n + )bt = s
0
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In particular, consider the case that Ny = Ny = 1. This is a series
system with two different components in which a failed component will be
replaced by a new and identical one without repair. Because {I(t),t > 0}
form a Markov process, we need not introduce the supplementary variables.
Therefore, we can define the probability distribution as

pi(t) =P(I(t) =1), i=0,1,2.
Now instead of equations (7.2.1)-(7.2.8), we have
d

(E + A1+ A2)po(t) = Tip1(t) + T2pa(t), (7.2.17)

d
(E + 71)p1(t) = Aipo(t), (7.2.18)

d
(E + Tg)pg(t) = )\Qp()(t). (7219)

The initial condition (7.2.9) becomes
1i=0,

pi(0) = {0 P10 (7.2.20)

Then for ¢ =0, 1,2, let p}(s) be the Laplace transform of p;(t) defined by

pio) = [ e mtoar

By taking the Laplace transform on both sides of (7.2.17)-(7.2.19) with the
help of (7.2.20), it follows that
(s + A1+ X2)pi(s) — 1 =14 mpi(s) + Tapi(s),
(s +71)pi(s) = Mipo(s),
(s + m2)p3(s) = Aapg(s).
Therefore
(s+71)(s+ 1)
s[s24+ M+ X411+ 72)s+ (M7 + Ao + 1172)]
(s 7)(s+ )
s(s+a)(s+0)’
where —a and —( are two roots of the quadratic equation
S+ M+ X+ +n)s+ M+ An +1im) =0, (7.2.22)
The discriminant of (7.2.22) is
A=M+X+1+7)2 =4\ + X7t +TiT2)
=M\ =471 7))+ 40N > 0.

po(s) =

(7.2.21)
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Therefore, both a and 3 are positive numbers.
Consequently, we have

A (s +72)
(8) = ——m——— 7.2.23
pl(s) S(S-FO()(S-Fﬁ) ( )
and
/\Q(S + 7'1)
3(s) = ————7—. 7.2.24
It follows by partial fraction
A; B; C;
(s) =2 - -  =0,1,2. 2.2
Pi(s) s +s—|—oz s+’ +=91 (7.2.25)
Now
7172 7172
AO = a0 = )
af ATe + AT + TiT2
(11 —a)(m2 — )
By=——-—"—-"—
0 a(a — 6) ’
o _ (=B —p)
0= "% 7
BB —a)
and for i = 1,2,
A — ANiT3—i AiT3—
e Mt Aem 4T
Bl' _ )\1'(7'3_1' - Oé),
a(a =)
Ai(m3-i — )
Ci=——F127—7—-.
BB — )
By inversion, (7.2.25) yields that
pi(t) = Ai + Bie ' + Cie™ Pt i =0,1,2. (7.2.26)
Thus, the availability at time ¢ is
A(t) = po(t) = Ag + Boe " + Coe 7", (7.2.27)

Because o > 0 and § > 0, the equilibrium availability exists and is given
by

Alternatively, it follows from (7.2.12) that

tlim A(t) = lirr(l] spo(s) = Ap.
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On the other hand, from (7.2.13), the ROCOF at time ¢ is given by

my(t) = po(t) (A1 + A2)
= (/\1 + )\2)(140 + B()e_at + C()@_ﬂt).

Furthermore
_ By —at Co —pBt
My(t) = (A1 + A2){Aot + —(1 — ™) + ?(1 —e 7}
The equilibrium ROCOF is
my = t1i>1£10 my(t) = Ao(M + A2).

The asymptotic line of M(t) is
By | Cy
= (A1 + X)) (Aot + — + —).
y=(+ 2)(0+a+ﬁ)
Furthermore, the reliability and MTTFF are given by (7.2.15) and (7.2.16)

respectively.

7.3 Reliability Analysis for a Parallel System

Now we consider a GP model for a two-component parallel system with one
repairman under the following assumptions. As in Section 7.2, we shall use
‘service’ to represent ‘either repair or replacement’ here. Now, we make the
following assumptions.

Assumption 1. At the beginning, a new two-component parallel system
is installed such that the system is up if and only if at least one component
is operating. A failed component will be repaired by the repairman. Then
component i, 1 = 1,2, will be replaced by a new and identical one following
the time of its N;th failure. If one component fails but the other component
is being service, it must wait for service and the system is down.
Assumption 2. For i = 1,2, let X;; be the operating time of com-
ponent i after installation or a replacement. In general, for n > 1, let
X;n be the operating time of component i after its (n — 1)th repair, then
{Xin,n=1,2,...} form a GP with ratio a; > 1, and X;; has an exponential
distribution Exp(\;) with distribution function

P(Xll St) :1—67)\“5, tZO,

and 0 otherwise. Moreover, let Y;;,, be the repair time of component i after
its nth failure. Then {Y;,,n = 1,2,...} constitute a GP with ratio 0 <
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b; <1, and Y;; has an exponential distribution Exp(u;) with distribution
function

P(Ya <t)=1—e ' >0,

and 0 otherwise.

Assumption 3. Fori = 1,2, let Z; be the replacement time of component
i. Assume that Z; has an exponential distribution Exp(r;) with distribution
function

P(Z;<t)=1—-¢T" t>0,

and 0 otherwise.
Assumption 4. Assume further {X;,,n = 1,2,...}, {Yin,n =1,2,...}
and Z; are all independent.

Under Assumption 2, for ¢ = 1,2, the successive operating times
{Xin,n = 1,2,...} form a decreasing GP, while the consecutive repair
times {Y;,,n = 1,2,...} constitute an increasing GP. Therefore our model
is a GP model for a deteriorating two-component parallel system.

Then the system state at time ¢ can be defined by

0 if both components are operating at time ¢,

1 if component 1 is under service and component 2
is operating at time ¢,

2 if component 2 is under service and component 1

I(t) = is operating at time ¢,

3 if component 1 is under service and component 2
is waiting for service at time ¢,

4 if component 2 is under service and component 1

is waiting for service at time ¢.

Now, the working state set is W = {0,1,2}, the failure state set is
F = {3,4}, and the state space is S = W U F. Once again, {I(t),t > 0}
is not a Markov process. However, we can also introduce two supplemen-
tary variables I (t) and I2(t), where I;(t), ¢ = 1,2, is the number of fail-
ures of component i by time ¢ since installation or the last replacement.
Then, the system state at time ¢ will be (I(t),I1(t),I2(t)), and process
{(I(t), I1(t), I2(t)),t > 0} will become a Markov process. Note that the
system state

(I(t),I1(t),I2(t)) = (0,4,k), 7=0,...,Ny—1, k=0,...,Ny— 1,

means that at time ¢t both component are operating, hence the system is
up, but component 1 has failed for j times while component 2 has failed for
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k times. We can also explain the meaning of other state (I(t), I (¢), I2(t))
accordingly. Now, the probability distribution of the system state at time
t is given by

pijk(t) = P{U(t), I (t), I2(t)) = (i,4,k) | (1(0), 11(0), 12(0)) = (0,0,0)},
1=0,7=0,...,Ni—1; k=0,...,Ny— 1;
i1=1,7=1,...,N1; k=0,...,N, — 1;
1=2,7=0,...,Ni—1; k=1,..., Ny;
1=3,j=1,...,Ny; k=1,..., No;
1=4,j=1,...,Ny; k=1,..., Ns.

Consequently, by using classical probability analysis, we have the fol-
lowing Kolmogorov forward equations.

d i _
(dt + @l + a5 A2)poji(t) = b papn(t) + b5 popaj(t),
j=1,. . Ni—Lk=1,...,No—1; (7.3.1)
d _
(dt + A1+ @b Xa)pook (1) = b5 papaon (t) + Tpinyk(t),
k=1, .. Ny—1; (7.3.2)
d ; .
(E + @l M+ A2)pojo(t) = b pprjo(t) + Tapain, (1),
j=1.. . N -1 (7.3.3)
d
(dt + A1+ X2)pooo(t) = Tipin,o(t) + Tep20n, (1); (7.3.4)
d _
(d + ak o + 01 p)pujr(t) = @] Mpoj—1k(t) + b5 papajr(t),
jzl,..., 1—1,k:1,...,NQ—1; (735)
d .
(dt + A 4 0 un)prjo(t) = @ Aupoj_10(t) + Tapajn, (1),
j=1.. N~ 7.3.6)
d
(d

(

; +akho +m)pink(t) = G{Vﬁl/\lpom—lk(t) + b§71M2p4N1k(t),
k=1,...,Ny—1; (7.3.7)

(

+ X2+ 71)pinvio(t) = al T Apon, —10(t) + Topan, N, (1); (7.3.8)

(dt
d _ -
(%+aj1)\1+b§ Yook (t) = ak ™ Nopoju—1 (t) + b, apage (t),
j=1,.. Ni—Lk=1,....No—1; (7.3.9)
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d
(dt + A1+ b5 o) paok (t) = ab Xapook—1(t) + Tipanik(t),
k=1, Ny—1; (7.3.10)
d -1
(dt + @]\ + T2)p2in, (1) = g Aapojng—1 () + b1 papsin, (1),
j= 1, N1 (7.3.11)
d
(dt + A1+ 72)p2on, (1) = ad? Xapoon, —1(t) + Tipsn n, (); (7.3.12)
d
(dt + 0 p1)psjn(t) = ab Naprjr_1 (1),
G=1,.. . Ni—1k=1,... Ny (7.3.13)
d
(dt + 1)pank(t) = aE 7 Napiny k-1 (t),

k=1,..., No (7.3.14)

d
(dt+b2 Lpi2)paji(t) = @~ Aapaj—1a(t),
G=1,. . Nik=1,... Ny—1: (7.3.15)

d
(= p + To)pagn, (1) = @l Aipaj1n, (t),
j=1,..., N. (7.3.16)

The initial condition is
Pijk(0) = {

Although we may solve equations (7.3.1)-(7.3.16) with initial condition
(7.3.17) by using the Laplace transform, it might be better to apply a
numerical method. For reference see Lam (1995) in which a numerical
example is studied by using the Runge-Kutta method. As for the series
case, after obtaining the probability distribution p;;x(t), we can determine
the reliability indices of the system.

The availability of the system at time t is given by

1 (i,4,k) =(0,0,0),

0 elsewhere. (7.3.17)

A(t) = P(the system is up at time t)

Ni—1Np—1 Ny No—1 Ni—1 Ny
=YD poir® DD pr®) + DY pa(t). (7.3.18)
j=0 k=0 j=1 k=0 J=0 k=1
Furthermore, let the ROCOF at time ¢ be m(t), then Theorem 1.6.5 gives
N; Ny—1 N1—1 N3

=5 purdire + 30N pa(t)aih.  (7.3.19)

j=1 k=0 =0 k=1
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If there exists a limiting distribution, let
i pir(t) = Aijp.
Then the equilibrium availability is given by
A= g, 40

Ni—1 Ny—1 N; No—1 Ni—1 N
= Z Z Aojk +Z Z A1jk + Z ZAgjk. (7.3.20)
j=0 k=0 j=1 k=0 =0 k=1
The equilibrium ROCOF is given by
N; Na—1 Ni1—1 Na )
my = tlirgo mf(t) = 2; kz:o Aljkagx\g + Z% ;Agjkajl/\l. (7.3.21)
=1 k= j=0 k=

Consequently, as in the series case, M¢(t) will have an asymptotic line with
slope m.

To study the reliability of the system, we can treat the failure states
3 and 4 as absorbing states, and denote the system state at time ¢ by
I(t). Then after introducing the same supplementary variables I;(t) and
Iy(t), process {(I(t),I;(t), I2(t)),t > 0} will form a Markov process with

the probability mass function
g (t) = PLCE), (0, I () = (1,5 ) | (£(0), 1,(0), Ix(0)) = (0,0,0)},
1=0, 7=0,...,Ny—1; k=0,...,No—1;
i=1, 7=1,...,Ny; k=0,...,Na —1;
1=2, 7=0,...,N;—1; k=1,...,Na.

The Kolmogorov forward equations now are as follows.

d ; i _
(= + a1 + abho)qojr (t) = 0] paqujn(t) 4+ b5 pagoje (1),

dt
j=1,...,Ni—1,k=1,...,N;—1; (7.3.22)

d _
(E + A1+ aE\2)qook (t) = b5 agaok (t) + T1qin, k (1),
k=1, .. No—1; (7.3.23)
d ; i
(E + a1 + A2)qojo(t) = b 1M1Q1j0(t) + Toqa2;N, (1),
j=1,... N —1; (7.3.24)
d
(E + A1+ X2)qooo (t) = T1q1n,0(t) + T2q20N, (t); (7.3.25)

d o -
(% + a5 + b ) quie(t) = @] Agoj—1k (),
j=1,.. N —1,k=0,...,Na—1; (7.3.26)
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d _
(E + a4+ 1)@ k() = a{\h "Nqon, 1k (1),
k=0 ,...,No—1; (7.3.27)
d ; . -
(E + al A1 + b5 o) ok (t) = a5 Aaqoje—1 (t),
j=0,... Ny —1,k=1,...,Ny— 1; (7.3.28)
d ; _
(E + al A1+ T2)a2in, () = a5 Aaqojng -1 (t),
j=0,.. N —1; (7.3.29)
The initial condition is
oy J 1 (4,5,k) = (0,0,0),
9ij (0) = {0 elsewhere. (7.3.30)

After solving the equations, the reliability at time ¢ of the system is now
given by

R(t) = P(the system operating time > t)

N1—1 Ny—1 N; Na—1 Ni—1 N»
=)0 > ai@®+ DD qukt) + > > qek(t). (7.3.31)
j=0 k=0 j=1 k=0 j=0 k=1

Moreover, the mean time to the first failure (MTTFF) is determined by

MTTFF = / R(t)dt = lim R*(s). (7.3.32)
0

7.4 Reliability Analysis for a Cold Standby System

In practice, for improving the reliability or availability of a one-component
system, a standby component is usually installed, such a two-component
system is called a standby system. For example, in a nuclear plant, to re-
duce the risk of the ‘scram’ of a reactor in case of a coolant pipe breaking
or some other failure happening, a standby diesel generator should be in-
stalled. In a hospital or a steel manufacturing complex, if the power supply
suddenly suspends when required, the consequences might be catastrophic
such as a patient may die in an operating room, a standby generator is then
installed. Therefore, it is interesting to study the reliability of a standby
system. In practice, many standby systems are cold standby systems in the
sense that the standby component will neither fail nor deteriorate. A GP
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model for a cold standby system with one repairman is considered under
the following assumptions.

Assumption 1. At the beginning, a new system of two components is
installed in which component 1 is operating and component 2 is in cold
standby. Whenever an operating component fails, it will be repaired by the
repairman, and the standby component is operating. A failed component
after repair will be operating if the other one fails, and standby otherwise.
If a component fails when the other one is under repair it will wait for
repair, and the system is down. Assume that the shift of switch is reliable
and the change of system state is instantaneous. Replacement policy N is
applied by which the system will be replaced by a new and identical one
following the Nth failure of component 2.

Assumption 2. Fori=1,2, let X;; be the operating time of component
i after the installation or a replacement. In general, for n > 1, let X;,, be
the operating time of component i after its (n — 1)th repair, then {X;,,n =
1,2,...} form a GP with ratio a; > 1. Assume that X;; has an exponential
distribution Fzp(A;) with distribution function

P(Xp <t)=1—eN" >0,
and 0 otherwise. Let Y;, be the repair time after the nth failure. Then

{Yin,n=1,2,...} constitute a GP with ratio 0 < b; < 1. Assume that Y;;
has an exponential distribution Fxp(u;) with distribution function

P(KI St):]'_eiuitv tZOa
and 0 otherwise.

Assumption 3. Let Z be the replacement time of the system. Assume
that Z has an exponential distribution Exp(7) with distribution function
P(Z<t)=1—-¢eT" t>0,

and 0 otherwise.

Assumption 4. Assume that {X;,,n=1,2,...}, {Vin,n=1,2,...} and
Z are all independent.
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Now, the system state at time ¢ can be defined by

0 if component 1 is operating and component 2
is standby at time ¢,
1 if component 2 is operating and component 1
is standby at time ¢,
2 if component 1 is operating and component 2
is under repair at time t,
I(t) =< 3 if component 2 is operating and component 1
is under repair or waiting for replacement at time ¢,
4 if component 1 is under repair and component 2
is waiting for repair at time ¢,
5 if component 2 is under repair and component 1
is waiting for repair or replacement at time ¢,
6 if the system is under replacement at time t.

Thus, the sets of working states, failure states and replacement state
of process {I(t),t > 0} are respectively W = {0,1,2,3}, F = {4,5} and
R = {6}. Then the state space is S = WUFUR. Furthermore, for i = 1,2,
let I;(t) be the number of failures of component i since the installation or
the last replacement. It is easy to see that

I(t) I(t) =0,
L) -1 I(t) =1,
I(t) I(t) = 2,
Lty =4 Lt)—1 I(t)=3, (7.4.1)
Ii(t) I(t) = 4,
L) —1 I(t)=5,
I(t) I(t) =

For ¢« = 1,2, let period 1; be the time interval between the installation or
replacement of the system and the first failure of component i. In general,
let period n; be the time interval between the (n — 1)th failure and the nth
failure of component i for n = 1,..., N. Moreover, let period A; be the
time interval between the Nth failure of component ¢ and the completion of
replacement. We say that a cycle is completed if a replacement is completed.
To understand the concepts of periods and cycle better, suppose policy
N = 3 is applied, then a possible realization of a cycle of the cold standby
system may be expressed in Figure 7.4.1.
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Period 1; | Period 21 Period 34 Period A;
——— | xxlo]— |00 xx x| |-———- OOO|® @ ®
X1 Yin Xio Y12 X3 Z
Period 15 Period 25 Period 35 Period A,
ooooooo|——— ><><><><|———— ><><><|oo|———— R R R
X1 Yor  Xoo Yoo X23 Z

——: operating case, ee: standby case, X X: repair case,
OO: waiting case, ®®: replacement case

Figure 7.4.1. A possible realization of a cycle

Now, we shall explain the reason why a replacement policy N is applied.
In fact, under policy IV, if the system is at a replacement state at time ¢,
then I(t) = 6 and I1(t) = Iz(t) = N. Thus both components have failed
for N times. Figure 7.4.1 demonstrates that two components will operate
alternatively, they play a similar role in operation. From (7.4.1), the number
of failures of component 2 is at most different from that of component 1 by
1. In many practical cases, two components in a standby system are even
identical. Consequently, it is reasonable to apply policy NV so that we shall
replace the system when both two components have failed for IV times.

It follows from (7.4.1) that I5(t) is completely determined by I7(t).
Therefore, we need only introduce one supplementary variable I (¢), and
the system state at time ¢ can be denoted by (I(t),I;(t)). As a result,
process {(I(t),I1(t)),t > 0} will be a Markov process. With the help of
(7.4.1), the state

(I(t),I1(t)) =(0,5), j=0,...,N —1,
means that at time ¢ component 1 is operating and component 2 is standby,
hence the system is up, and two components have both failed for j times.
We can also explain the meaning of other state (I(¢),I1(t)) at time ¢ ac-
cordingly.

Then, the probability mass function of the system state at time ¢ is
given by

pis(t) = PLUO.1(0) = G.5) | (T0),1:(0)) = (0,0},
i=0, 7=0,...,N —1;
i=1, 7=1,...,N —1;
i=2, j=1,...,N —1;
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1=3, j=1,...,N;
i=4, j=1,...,N —1;
i=5, j=2,...,N;
i=6, j=N.
Consequently, by applying classical probability analysis, we can derive
the following Kolmogorov forward equations.

d

(dt + A1)poo(t) = Tpen (t); (7.4.2)
d . )

(= T aiMpoj(t) = b, papa;(#), j=1,...,N—1; (7.4.3)
d . .

(dt +ad " N)pr(t) = b paps(t), j=1,...,N —1; (7.4.4)

(= T oA+ 00 ua)pa; (1) = af ™ Do (£) + b papas (8),

j=1,...,N—1; (7.4.5)

d

(dt + A2 + p1)psi1(t) = Aipoo(t); (7.4.6)
d j— i

(+ aj 1)\2 + 0] p)ps; () = a] Napoj—1 () + b paps; (1),
d —1 N—-2

(dt +ay " X)pan(t) = a) T Aipon-1(t) + by Puopsn(t);  (7.4.8)
d .

(% + ] )pay (8) = af M dops;(t), j=1,....N—1; (7.4.9)
d .

(dt + 03 2 p0)ps;(t) = a] " Mapaj—1(t), G =2,...,N; (7.4.10)
d

(5 T Tpen(t) = ay " Aipsn (t). (7.4.11)

The initial condition is

pi0) ={y G 00 (7.4.12)

0 elsewhere.

Once again, the probability mass function p;;(t) can be determined by
using the Laplace transform. To do this, let the Laplace transform of p;;(t)
be

o0

pi;(s) = /e*“pij (t)dt.

0
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Then, it follows from (7.4.2)-(7.4.12) that

(s + A)poo(s) =1+ g (s); (7.4.13)
(s+ a{)\l)p(’;j(s) = bg_l,ugpzj(s), j=1,...,.N—1; (7.4.14)
(s +ah N)piy(s) =01 iy (s), G =1 N =1 (7T415)
(s+ a1)\1 + b2 N2)p§j( s) = a2 )\2291]( s) + b{71M1P2j(5),
j=1,...,N —1; (7.4.16)
(s + A2 + p1)p51 () = A1pgo(s); (7.4.17)
(s+ a%71A2 + b{ilﬂl)ng( )= a1 )‘IPOJ 1(8) + b%72M2P;j(5)a
j=2,...,N—1; (7.4.18)
(s+ a3 " A)psn(s) = af " Mpon_i(s) + 05 2papiy(s);  (7.4.19)
(s + 0] ua)pi;(s) = ab " dopi(s), j=1,...,N—1; (7.4.20)
(s + 052 u)p; (s ) =ai " psi (), G=2,..., N (7.4.21)
(s +T)pbn(5) = a " Aipin(s)- (7.4.22)

Then, we can solve (7.4.13)-(7.4.22) for pj;(s). Afterward, we could deter-
mine the probability mass function p;;(¢) by inverting. Thus, we are also
able to determine the reliability indices. The availability of the system at
time t is given by

A(t) = P(the system is up at time t)

N-1 N-1 N—-1 N
= o)+ > () + Y po(t)+ Y pai(t).  (T.4.23)
J=0 j=1 j=1 j=1

Furthermore, let the ROCOF at time ¢ be m¢(t), then

N—-1 N
t) = Z P2 (t)a]l)\l + Zpgj (t)a%_l/\g. (7424)
j=1 j=1

To determine the reliability, we may look on the failure states 4 and 5
and replacement state 6 as the absorbing states, and then denote the system
state at time ¢ by I(¢). Afterward, by introducing the same supplementary
variable I1(t), a new Markov process {(I(t), [1(¢)),t > 0} is defined. Now,
let the probability mass function be

qij(t) = P{(1(t), 11 (t)) = (i, ) | (1(0),11(0)) = (0,0)},
1=0, 7=0,...,N —1;
i=1, 7=1,...,N
i=2, 7=1,...,N—1;
i1=3, 7=1,...,N
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Again, by using classical probability analysis, we have

d
(7 +M)g00(t) = 0; (7.4.25)
d . .
(dt+a1A1)q0J()_b; Yagoj(t), j=1,...,N —1; (7.4.26)
d . .
(dt+a2 "No)quj(t) = b1 pagsi(t), j=1,...,N —1; (7.4.27)

d .
(dt a0 e)gei(t) = ab heqiy(t), j=1,...,N —1; (7.4.28)

d
(dt +ad N+ ] ) as;(t) = a] M Agoj—1(2),
j=1,...,N —1; (7.4.29)
d
(dt +a) " A2)gan(t) = af T Aigon—1(t). (7.4.30)
The initial condition is

1 (17]) = (070)’

qi;(0) = (7.4.31)
0 elsewhere.

Taking the Laplace transform with the help of (7.4.31), it follows from
(7.4.25)-(7.4.30) that

(s 4+ A1)ggo(s) = 1; (7.4.32)

(s+alM)gg;(s) = 0] 'pags;(s), j=1,...,N—1; (7.4.33)

(s+ad " Xa)gi;(s) = b 'pugs,(s), j=1,...,N—1; (7.4.34)

(s+alA + b5 ' u2)gs;(s) = ad " Xagi;(s), j=1,...,N —1; (7.4.35)
(s + a3~ Ao+ b )3 (s) = @~ Mgy (),

j=1,...,N—1; (7.4.36)

(s+a2 1>\2)Q3N( )= a1 )‘1qu 1(8)- (7.4.37)

After determining ¢;;(t), the reliability of the system at time ¢ is given by

R(t) = P(the system operating time > ¢)
N—1 N—1 N
) + Z Qi (1) + Y a(t) + > gs;(t). (7.4.38)
§=0 j=1 j=1
Then the mean time to the first failure (MTTFF) is determined by

MTTFF = / R(t)dt = lim R’ (s). (7.4.39)
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As an example, consider a special case, N = 2. Then it follows from
(7.4.13)-(7.4.22), we have

A1 Aopi1 p2(28 + A2 + p1)pgo(s)

poi(s) = (s 4+ a1 A1+ p2)(s+ Ao+ 1) (s +arrr)
1
NN S 7.4.40
(54 X2)(s 4 p1) ( )
" A111PGo ()
_ , 7.4.41
pll(s) (8+)\2+,U1)(5+/\2) ( )
. AA2p1 (28 + Ao+ p1)pgo(s)
_ (7442
P21(8) (s+ a1 A1+ p2)(s+ Ao+ 1) (s + A2)(s + 1) ( )
* _ Alpao(s)
pin(s) = ) (7.4.43)
Pia(s) = a1 X Aop pia (25 + a1 + p2) (25 + Ao + 11)Pjo(5)
T (s ahn)(s + arhn + p2)(s + aza)(s + Ag + pua)
1
% , 7.4.44
(5 + A2) (s + pa)(s + p2) | :
. A1A2pgo(s)
_ , 7.4.45
Pia(s) (s + X2+ p1)(s + ) ( )
pia(s) = a1 AP A1 (25 + Ao + p11)pio(s)
52 (s + a1 A1 + pu2)(s+ A2 + p1)
1
% , 7.4.46
(s +X2)(s + p1)(s + p2) ( :
1 A1)pg
Pia(s) = —= + w (7.4.47)

T T

However, it follows from (7.4.22) that

af NP Ao pa(25 + a1 M1 + p2) (25 4+ Ag 4 p1)pjo(s)
s+ aiA + p2)(s + agdo +bipr)(s 4+ g+ p1)(s + a1 r)

1

Poa(s) = 0

Thus, the combination of (7.4.47) and (7.4.48) will give an expression of
poo(s). Afterward, by using partial fraction technique and inverting, we
can obtain the expression of poo(t).

To determine the reliability, from (7.4.32) and (7.4.36), we have the
following results.

(7.4.49)
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Az B3
" = + . 7.4.50
q31(3) St At 5+ M ( )
where
AL
Azl = —————
31 Al — )\2 — lulv
A1
B3y =———+——.
8t Al — A2 — 125}
Then it follows from (7.4.34) that
A11 Bll Cll
5 () = : 7.4.51
q71(s) AT VIR R VLI W ( )
where
A1
Ag=——""—
11 )\1 — )\2 — Ml,
/\1M1
By = :
PO ) (a - )
A1
Ci1 = )
=5
Thus from (7.4.35), we have
Aoy By Ca Do
:(s) = n n o (7.4.52
421 (5) s+atAi+p2 sH+X+pur s+ s+ A ( )
where
Ay = — A1 A2
(a1 A1 — A2 — p1 + po)(ardr — A1+ p2)(ard — Ao + p2)’
B — A1z
2 (a1 A1 — Aa — p1 + p2) (M —/\2—,111)7
Coy = /\1)\2M1
(a1 A1 — A1+ p2) (A — A2 — ) (A — Ag)’
A1 A2
Do = .
2 (a1 A1 — A2+ p2)(A1 — A2)
Afterward, (7.4.33) yields
A1 Bo1 Co1 Dy, Eo;

01(s) = + + + ,
901 (5) staM+pe s+HX+pr o s+adr o s+A 0 s+ A

(7.4.53)
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where
A01 _ /\1/\2M1
(a1 A1 — Ag — p1 + p2) (a1 Ay — A+ p2)(ards — Az + pa)’
By = — A1A2pi2 7
(a1 A1 — Aa — p1 + po) (a1 d — A2 — 1) (A1 — A2 — p1)
Cor = — Azt
(a1 — 1)(&1)\1 — )\2 — ul)(al)\l — )\2),
Doy = /\2M1M2
(a1 — 1)(a1 A — A1+ p2)(Ar — A — pa) (A1 — A2)’
Fo = A1 Ao fio

(al)\l — )\2 + Mg)(al)\l — /\2)(/\1 — )\2)
Finally, (7.4.37) gives

A B C: D
a(s) = 32 i 32 n 2 32
s+aid+pe s+X+pur st+adr s+ azhe
Eso F3o

82 7.4.54

s+ M\ + s+ Ay’ ( )
where
A32

al)\sz,ul
(a1 A1 — A2 — 1 + p2)(a1d1 — azda + p2)(a1ds — A+ po)(ards — Ao + p2)’

Bay — — a1 AT Aapo
(a1>\1 — A2 — Hn1 + ,uz)(a1>\1 e Ml)((12>\2 — A2 — /JI)(>\1 — A2 — ,Ud)’

Ciy = a1z pin

3 (a1 —1)(0,1)\1 —Ag—ul)(a1A1 —agAz)(UJ)\l —Az)7
Dy — — a1 AT po

52 (a2 — 1)(a1 A1 — a2X2 + p2)(azha — Az — p1) (a1 A1 — azA2)(azh2 — A1)’
ey — a1 A1 A241 2

27 (e = D)(ah — M+ p2) (A1 — A2 — 1) (azhe — M)A — A2)
F3 = Az

(az — 1)(a1d1 — Az + p2)(a1d1 — A2) (A1 — Aa)’
Consequently, we can determine g¢;;(t) by inverting. Then the reliability at
time ¢ is given by

R(t)y= > ai(t). (7.4.55)

(i,5)eW
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It follows from (7.4.49)-(7.4.54) that the reliability at time ¢ is given by
R(t) = (Ao1 + Agy + Agp)e (arrrFra)t
+(Boy + A11 + Bay 4 Asy + Bag)e™ Getit
+(Coy + Cap)e~ 1Mt 4 Dgye~a2Aat
+(14 Do1 + B11 + Co1 + B3y + Egg)e_)‘lt
+(Eo1 + Ci1 + Doy + Fiz)e ™. (7.4.56)
Then the MTTFF is given by

MTTFF = / R(t)dt
0

_ Ap1 + Ao1 + Az Bo1 + A11 + By + Az + Bss

a1 A1 + p2 A2 +
C C: D
I 01 + Cs2 I 32
al)\l ag)\g
+1 + Do1 + Bi1 + Ca1 + Bs1 + Eso
A1
E C D F.
i 01+ 11;\# 21 + 32 (7.4.57)
2

7.5 A Geometric Process Maintenance Model for a Cold
Standby System

A GP maintenance model for a cold standby system is introduced here by
making the following assumptions.

Assumption 1. At the beginning, a new two-component system is
installed in which component 1 is operating and component 2 is in cold
standby. Whenever an operating component fails, it will be repaired by the
repairman, and the standby component is operating. A failed component
after repair will be operating if the other one fails, and standby otherwise.
If one component fails when the other one is under repair it will wait for
repair, and the system is down. Assume that the shift of switch is reliable
and the change of system state is instantaneous. A replacement policy N
is applied by which the system will be replaced by a new and identical one
following the Nth failure of component 2.

Assumption 2. For i = 1,2, let X;; be the operating time of compo-
nent ¢ after the installation or a replacement. In general, for n > 1, let
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Xin be the operating time of component i after its (n — 1)th repair, then
{Xin,n=1,2,...} form a GP with ratio a; > 1. Assume that the distri-
bution function of Xj;; is F; with mean A; > 0. Let Y;, be the repair time
of component i after its nth failure. Then {Y;,,n = 1,2,...} constitute a
GP with ratio 0 < b; < 1. Assume that the distribution function of Y;; is
G; with mean p; > 0.

Assumption 3. Let Z be the replacement time of the system. Assume
that the distribution of Z is H with mean 7.

Assumption 4. Assume further {X;,,n = 1,2,...}, {Yin,n =1,2,...}
and Z are all independent.

Assumption 5. The operating reward rate is r, the repair cost rate is c.
The replacement cost comprises two parts, one part is the basic replace-
ment cost R, and the other part is proportional to the replacement time Z
at rate cp.

As in Chapter 6, we say a cycle is completed if a replacement is com-
pleted. Then a cycle is in fact a time interval between the installation of a
system and the first replacement or the time interval between two consec-
utive replacements.

To apply Theorem 1.3.15 for evaluation of the average cost, we should
calculate the expected cost incurred in a cycle and the expected length of
a cycle. With the help of Figure 7.4.1, the length of a cycle is given by

N
L=Xy+ Z(XU VY1)
=2

N-1
+ Y (Xo; Vi) + Xoy + Z, (7.5.1)
Jj=1

where XVY = max{X,Y}. To evaluate E[L], we need the following lemma.
The proof is straightforward.

Lemma 7.5.1. Assume that X and Y are two independent random vari-
ables with distributions F' and G respectively. Then the distribution H of
Z =X VY is given by

H(z) = F(2)G(2). (7.5.2)

Now, if in addition, X and Y are nonnegative, then the expectation
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Z:X\/Yisgivenby

E[Z]=E[X VY] :/[ / z+/[1—G(z)]F(z)dz
0 0
= E[X] + / 2)dz (7.5.3)
0
— BY]+ / 1= F(2)]G(2)dz. (7.5.4)
0
Recall that for i = 1,2, the distribution of X;; is F;(a}”'z), and the distri-

bution of Y;; is G;(b)”"y). Then, let

[1— Go(b)22)|Fi(a] ' 2)dz,

o\

and

B = /[1 — G (K 2) | Fa(ad 2)dz.
0
Then (7.5.3) yields that

E[(le VYo, 1 le +/1_G2 bJ 2 ] 1( )dz
0
A1
1
Similarly, we have
E[ng \/Ylj] = XQJ +/ ]- _Gl bj ! ]FQ( Z)dZ
0
Ao
= =5 + B;. (7.5.6)
a3

Consequently, by using Theorem 1.3.15, the average cost C'(N) is given by
N-1 N
E{c 3 Y1 +Yo;] = r X [X05 + Xoj] + R+ ¢, 2}
1 1

C(N) = =
& SR A
¢ Z (bﬁill +b$};21)_702(aji1 + 131)+R+Cp7'
= B (7.5.7)
- N N—l . . .

N A\
> (25
j=1 M

RN+ i+ S BT
j=2 j=1
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Thus an optimal policy can be determined from (7.5.7) numerically or an-
alytically.

A special case of our model that two components in a cold standby system
are identical and the replacement time is negligible was considered by Zhang
et al. (2006), in which a numerical example with exponential distribution
is provided, see there for reference.

7.6 Notes and References

It is well known that the maintenance problem and reliability analysis of a
system are two important topics in reliability. The applications of GP to
these two topics have been developed quickly. A number of literatures were
appeared in many international journals. In Chapter 6, the application of
GP to the reliability problem of a one-component system is investigated, it
concentrates on the study of maintenance problem for the one-component
system. In Chapter 7, the application of GP to the reliability problem of
a two-component system is considered, the main concern is the reliability
analysis of a two-component system, especially the determination of the
reliability indices of the two-component system.

In Section 7.2, we analyze a two-component series system, this is based
on the work of Lam and Zhang (1996a). On the other hand, Lam (1995)
and Lam and Zhang (1996b) studied a GP model for a two-component
parallel system, both papers assume that one component after repair is ‘as
good as new’, but the other one after repair is not ‘as good as new’. How-
ever, in Section 7.3, a new GP model is introduced by assuming that both
components after repair are not ‘as good as new’. Therefore, it is a more
general model than that of Lam (1995) and Lam and Zhang (1996b).

About the same time, Zhang (1995) studied a GP model for a two-
component system with a cold standby component but without considering
the replacement of the system. The model we considered in Section 7.4
is also new, since it takes into account the replacement of the system. By
introducing some supplementary variables, we can obtain a Markov process
and then derive the Kolmogorov forward equations. Sometimes, the equa-
tions can be solved for an analytic solution by using the Laplace transform.
In general, the equations could be solved by using a numerical method such
as the Runge-Kutta method. Note that the idea and method developed here
could be applied to more general system such as a three-component system.

Recently, Zhang et al. (2006) studied a GP maintenance model for a
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cold standby system by assuming that two components are identical and
the replacement time is negligible. In Section 7.5, we consider a GP main-
tenance model for a cold standby system by assuming that two components
are different and the replacement time is not negligible but a random vari-
able. Therefore, the model studied here is a generalization of the work of
Zhang et al. (2006). Besides, Zhang and Wang (2006) had also considered
an optimal bivariate policy for a cold standby repairable system. Moreover,
a GP model for a series system was studied by Zhang and Wang (2007).
Also see Wu et al. (1994) for reference.
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Chapter 8

Applications of Geometric Process to
Operational Research

8.1 Introduction

In this chapter, we shall study the applications of GP to some topics of
operational research.

In most of queueing systems, the service station may experience break-
down. Therefore, it is realistic to consider a queueing system with a re-
pairable service station. As most systems are deteriorating, so are the
most service stations. Thus, it is reasonable to study a GP model for a
queueing system with a repairable service station. Then, we shall study a
GP M/M/1 queueing model in Section 8.2.

A warranty can be viewed as a contractual obligation incurred by a
manufacturer in connection with the sale of a product. In case the product
fails to perform its intended function under normal use, it will be repaired
or replaced either free or at a reduced rate. It is also an advertising tool
for the manufacturer to promote the product and compete with other man-
ufacturers. Better warranty terms convey the message that the risk of
the product is lower and hence is more attractive. Therefore, a product
warranty has often cost implications to both manufacturer and consumer.
Actually, a warranty problem is a game with two players, the manufacturer
and consumer. Then, in Section 6.3, we shall study a GP warranty model
by game theory approach.

8.2 A Geometric Process M/M/1 Queueing Model

A GP model for M/M/1 queueing system with a repairable service station
(or simply the GP M /M /1 model) is introduced by making the following

255
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assumptions.

Assumption 1. At the beginning, a queueing system with a new service
station and one repairman is installed, assume that there is m (> 0) cus-
tomers in the system.

Assumption 2. Suppose that the number of arrivals forms a Poisson pro-
cess with rate A. Then the successive interarrival times {v,,n = 1,2,...}
are 1.i.d. random variables each having an exponential distribution Fzp(\)
with distribution

F(z) =P, <z)=1—e? >0,

and 0 otherwise. The customers will be served according to ‘first in first
out’ service discipline. The consecutive service times {xn,n =1,2,...} are
also i.i.d. random variables each having an exponential distribution Fxp(u)
with distribution

Gx)=P(xpn<z)=1—¢"" >0,

and 0 otherwise. Assume that g > A.

Assumption 3. Whenever the service station fails, it is repaired immedi-
ately by the repairman. During the repair time, the system closes so that
a new arrival can not join the system. In other words, no more customer
will arrive, but the customers waiting in the system will remain in the sys-
tem, while the service to the customer being served will be stopped. After
completion the repair, the service station restarts its service to the cus-
tomer whose service was stopped due to failure of the service station with
the same exponentially distributed service time, and the system reopens
so that a new arrival can join the system. If there is no customer in the
system, the service station will remain in an operating state.
Assumption 4. Let X,,,n =1,2,..., be the operating time of the service
station after the (n—1)th repair, and let Y,,,n = 1,2, ..., be the repair time
of the service station after the nth failure. Then {X,,n = 1,2,...} form
a GP with ratio ¢ > 1. Assume that X; has an exponential distribution
Ezxp(o) with « > 0 and distribution

Xi(z)=P(X1<2)=1—€"% >0,

and 0 otherwise. On the other hand, {Y,,n = 1,2,...} follow a GP with
ratio 0 < b < 1, and Y7 has an exponential distribution Fxp(3) with 8 > 0
and distribution

Yi(z) =PY1 <z)=1-¢"" 2 >0,

and 0 otherwise.
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Assumption 5. The sequences {vp,n = 1,2,...},{xn,n =
1,2,.. 1 {Xn,n = 1,2,...}, and {Y,,n = 1,2,...} are independent se-
quences of independent random variables.

Remarks

(1) Assumption g > A makes a M /M /1 queueing system a real queue, oth-
erwise the length of the queueing system might tend to infinity.

(2) Assumption 3 is reasonable. For example, consider a computer network
system in which several workstations are connected together to form a local
area network as a ‘system’, and a printer is the ‘service station’, a computer
officer is the ‘repairman’. Whenever a workstation needs to submit a print-
ing job that will queue up as a ‘customer’ in the system. If the printer
breaks down due to cut supply of power or short of ink or paper, it will be
repaired by the computer officer, while the job being printed for an earlier
part of printing time will be stopped, and the printer will close such that
any new printing job will be rejected. In other words, no more ‘customer’
will arrive. However, the printing jobs already submitted will remain in
the ‘system’. After completion of the repair, the printer will resume the
job, and the ‘system’ will reopen. Because the exponential distribution is
memoryless, the later part of the printing time (the residual service time)
for the job stopped when the printer breaks down will have the same dis-
tribution Exp(u).

(3) Assumption 4 just means that the service station is deteriorating. This
is a GP model considered in Section 2 of Chapter 6.

For the GP M/M/1 model, the system state (I(t),J(t)) at time ¢ is
defined in the following way: I(t) = 4, if at time ¢, the number of customers
in the system is ¢,7 = 0,1,...; J(¢t) = 0, if at time ¢ the service station
is in operating state or in an up state, and J(¢) = 1, if at time ¢ the
service station breaks down or in a down state. Therefore, the state space
is Q={(,74),i =0,1,...;j = 0,1}, the set of up states is U = {(4,0),i =
0,1,...}, and the set of down states is D = {(i,1),i = 1,2,---}. However,
stochastic process {(I(t), J(t)),t > 0} is not a Markov process. Then, we
shall introduce a supplementary variable K (¢) and define

K(t)=Fk k=0,1,...

if the number of failures of the service station by time ¢ is k. Then stochastic
process {(I(t),J(t), K(t)),t > 0} will be a three-dimensional continuous-
time Markov process.
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Since the system state at time 0 is (I(0), J(0), K(0)) = (m,0,0), the
probability mass function of the Markov process at time ¢ is the transi-
tion probability from (7(0),J(0), K(0)) = (m,0,0) to (I(t),J(t), K(t)) =
(1,4, k), it is given by
pijr(t,m) = P{(I(t), J(t), K(t)) = (i, 4, k) | (1(0),J(0), K(0)) = (m,0,0)},

with

or

By applying a classical probability analysis, it is straightforward to de-
rive the following Kolmogorov forward equations:

d
(E + ) pook(t,m) = uprox(t,m) k=0,1,... (8.2.1)
d
(E + A+ p+a) pioo(t,m) = Api—100(t,m) + ppiy1 oo(t, m),
i=1,2,...; (8.2.2)
d
(E + A+ p+a"a) piok(t,m) = Api—1ok(t,m) + upition(t,m)
+0"  Bpak(t,m), i=1,2,...:k=1,2,...; (82.3)
d ok k-1
(E + 0" B) pak(t,m) =a"" apior—1(t,m),
i=1,2,.. . k=1,2,... . (8.2.4)

The initial condition is

L (4,4, k) = (m,0,0),

0 elsewhere. (8.25)

Pijr(0,m) = {
Let d;; be the Kronecker § defined by
1 j=i
0ij = .,
J {0 j#i.
Then define the Laplace transform of p;; (t, m) by

P;‘kjk(S,m):/ e *tpijr(t, m)dt. (8.2.6)
0
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Now, taking the Laplace transform on the both sides of (8.2.1)-(8.2.4) and
using initial condition (8.2.5) give

(S + )‘) pSOk(Sv m) = MpTOk(sa m) + 50k6m07

k=0,1,...: (8.2.7)
(s+ A+ p+a) piols,m) = Api_100(8,m) + 1p;1100(5, M) + iy
i=1,2,...; (8.2.8)

(s+ A+ p+aba) piop(s,m) = Api_iq(s,m) + KPis 10k (8, M),
+0F 1 8ps(s,m), i=1,2,...:k=1,2,... (8.2.9)
(s +05718) pig(s.m) = a*Taply,_ 1 (s,m),
i=1,2,..:k=1,2,... (8.2.10)

At first, we shall determine the distribution of busy period. A busy
period is a time interval that starts when the number of customers in the
system increases from 0 to greater than 0, and ends at the time whenever
the number of customers in the system reduces to 0. In classical model for
M /M /1 queueing system (or simply the classical M /M /1 model) in which
the service station is not subject to failure, assume that at the beginning
there is no customer or just 1 customer in the system, let B; be the ith
busy period. Then it is well known that {B;, By, --} are i.i.d. random
variables each having a common distribution B(z) = P(By < x) with the
Laplace-Stieltjes transform given by

. 00 . A+ p— X+ )2 — 4A
B*(s):/ etdB(t) = S AT H Vs + A+ ) £(8.2.11)
o 3
and
- dB*(s) 1
E(B) = - 0 = 2.12
(B) = =5 o = =5 > 0 (8212)

(see e. g. Kleinrock (1975) for reference). Thereafter, we shall use B to
denote a busy period in classical M/M/1 model with distribution B(x),
given that at the beginning the number of customer in the system is 0 or
1.

In general, if at the beginning there are m customers in the system,
then {Bj, Bz, -} are still independent but the distribution of Bj is given
by

B (2) = B* Bx---% B(x), (8.2.13)

the m-fold convolution of B x) with itself, while the distribution of B;,i=
2,3,... is still given by B(z).
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In the GP M/M/1 model, a busy period will include the total service
time plus the total repair time of the service station. Let B; be the ith busy
period in the GP M/M/1 model. Then, each B; will consist of two parts,
the first part is the total service time of the service station corresponding to
busy period B; in the classical M/M/1 model, the second part is the total
repair time of the service station. Consequently, by summing up the total
repair time of the service station, the sum of the first n + 1 busy periods
given that the total number of repairs is k is given by

n+1 n+1
ZB _ZB +ZY (8.2.14)
n+1 _
From (8.2.13), the distribution of 3. B; is given by B (x), the (m+n)-
=1
fold convolution of B(z) with itself.
Now, let the convolution of distributions X,,+1(z), ..., Xntk(z) be
X (@) = X1 % Xnga 5 X (),
and the convolution of distributions Y, 11 (z ) .y Yotk(x) be

Y (2) = Vg1 # Vg % YM( ).
Moreover, define
X0 (@) =1, Y@ =1 for z>0. (8.2.15)

Afterward, we have the following theorem.

Theorem 8. 2 1. The distribution of the first busy period Bj is given by
/ V(@ — w)[ X (w) = X (w)]dB™VD (), (8.2.16)

where m V 1 = max{m, 1}.
Proof.
First assume that m > 0. It follows from (8.2.14) that

Bi(z) = P{B; <z}
k+1

—ZP Bl+ZY <z, ZX <Bl<ZX (8.2.17)

k+1

:i/jp ZY <x—uZX <u<ZX dB™ (u) (8.2.18)
k=0

= i /"ﬂ Yl(m (x —u) [X1<k> (u) — X{kﬂ)(u)]dg(m) (w). (8.2.19)
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Here (8.2.17) follows from (8.2.14). Because at the beginning, there are
m customers in the system, then (8.2.13) yields (8.2.18). Furthermore,
(8.2.19) holds since {X,,n = 1,2,...} and {Y,,n = 1,2,...} are indepen-
dent.

Second, if m = 0, the first busy period B; will start when the number
of customer in the system increases to 1. Then the distribution of B is the
same as the case m = 1, and (8.2.16) follows. This completes the proof of
Theorem 8.2.1.

The distribution of other busy period depends on the system state at
the beginning of the busy period. Therefore, in general it is different from
the distribution of Bj. Assume that a busy period B; starts at time ¢ with
state (I(t), J(t), K(t)) = (1,0,k). Then the conditional distribution By(x)
will be given by the following result.

Theorem 8.2.2. Given that a busy period B; starts with
(I(t),J(t),K(t)) = (1,0,k), the conditional distribution of B; is given by
n—k n—k n—k+1
=3 [V e ol - X B0
(8.2.20)

Proof.
It follows from (8.2.14) that

Bi(z) = P{B; < z[(I(t), J(t), K(t)) = (1,0,k)}

) n+1

=> P{B+ Z Yy <a, XEo + Z X;<B< X+ Y, X;
n=k Jj=k+1 j=k+2 j=k+2
n+1
_Z/ ZY<3: uZX<u<ZX u)(8.2.21)
Jj=k+1 j=k+1 j=k+1
n—k n—k n—k+1 5
—Z/%H’ WX @) - X WldBw). (3:2.22)

Because the service station after the kth repair, an earlier part of operat-
ing time X1 was spent in the last busy period, but the latter part X,CLJr1
of operating time X1 is used for the service in the present busy period.
Then due to the memoryless property of exponential distribution, X kL+1
will have the same distribution as Xj;41 has. Thus (8.2.21) follows. Once
again, (8.2.22) is true since {X,,,n = 1,2,...} and {Y,,n = 1,2,...} are
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independent. This completes the proof of Theorem 8.2.2.
The following theorem will give the probability that the service station
is idle.

Theorem 8.2.3. The probability that the service station is idle at time ¢
is given by

P(the service station is idle at time t) = Zp()()k(t, m), (8.2.23)

where
oot
pooo(t, m) = Z/ [F(n) (t —u) — F(n+1)(t _ u)]e—audB(m+n) (u),
(8.2.24)
and
oot
pook (t,m) = Z/ [F(n) % Yl(k) (t—u)— Fnt1) Yl(k) (t — )]
< (X () — XED ()| dBm ™ (0), k=1,2,... (8.2.25)
with

F(z) = Fx Fx-- % F(x),

B™(2)=B% Bx---% B(x),
respectively being the n-fold convolutions of F(x) and B(z) with them-
selves, and F(™) x Yl(k) (z) is the convolution of F(™(z) and Yl(k) ().
Proof.

Result (8.2.23) is trivial. To show (8.2.24) and (8.2.25), assume first

that m > 0 and £ > 0. Since the idle period V; and busy period B; in the
queueing system will occur alternatively, we have

pook(t,m) = P{(I(t), J (1), K(t)) = (0,0, k)|(1(0), J(0), K(0)) = (m,0,0)}

= ZP {Bl + Z(Vl + Bit1) <t< B+ Z(Vl + Bit1) + Vo,
n=0 i=1 i=1
total number of repairs on the service station by time ¢ is k}

n+1 n+1 n+1

_ZP{ZV+ZB +ZY <t<ZV+ZB +ZK,
ZX <§B <I§X} (8.2.26)
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Therefore,
[e%e] + n+1
pook(t,m):Z/ P{ZV +ZY <t—-u< ZV +ZK,
k+1
ZX <u< ZX } dBmH) (y) (8.2.27)
= Z / [F() s Yl(k) (t —u) — FH) Yl(k) (t —u)]
n=0 0
< [ X () — XD ()] d B (). (8.2.28)
Here (8.2.26) follows from (8.2.14), while (8.2.27) is due to the fact that
n+1l _

the distribution of Z B, is given by B(t™)(z). On the other hand, as

{Vi,i =1,2,...} depends on {vp,n = 1,2,---} only, then Assumption 5
implies that {V;,l =1,2,...} and {Y;,i =1,2,...} are independent, hence
(8.2.28) follows.

Now, assume that m > 0 but k£ = 0. A similar argument shows that

pooo(t,m) = P{(I(t), J(t), K(t)) = (0,0,0)[(1(0), J(0), K(0)) = (m,0,0)}
n+1 n+1 n+1 n+1 }

_ZP{ZV+ZB <t<ZV+ZBl,ZB <X
n+1
:Z/ P{ZV <t—u<§:v;,u<xl} dBmH) (y)
n=0 0
= i /Ot [FOV(t —u) = FOFD (= u))(1 — Xy (u))dB™ ™ (u)
n=0

) t
=y / [FM (t — ) — FOHD (£ — u))e~"dBM+m) (u).
n=0 0

If m = 0, then we can think By = 0, the proof is similar. This completes
the proof of Theorem 8.2.3.

Especially, from (8.2.24) we have
Pooo(t, 0) _e—At+Z/ F(n) F(n+1)( u)le _a“dB(")(U)~

(8.2.29)

Thereafter, we shall determine the Laplace transform of p;;i (¢, m) recur-
sively. As a result, the probability mass function p;; (¢, m) may be obtained
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by inversion. For this purpose, some well known results are reviewed here.

Assume that X1,..., X, are independent and X; has an exponential dis-

tribution Exp();). Assume that A;,i = 1,...,n are different. Then the
n

density function of > X, is given by

=1
(D" Mg A S e >0,
2 (z) = i=1 1L (=) (8.2.30)
ke
0 elsewhere,

(see Chiang (1980) for reference). In particular, if \; = a' ‘o with a > 1,
then (8.2.30) gives

- (—1)nt 27?11_;1)x>0’
zy(z) = s (8.2.31)
0 elsewhere.

n(n 1) at—1

n
Consequently, the distribution function of Y X; is given by

i=1
n n a.j71 *ai_laaj
(n) 1_Z(Hm)€ x>0,
X () = = (8.2.32)
0 elsewhere.

n

However, if a = 1, > X, will have a gamma distribution I'(n, o)) with, re-
i=1

spectively, the following density and distribution functions.

a” n—1_,—ax
(n) _ ) e z > 0, 8.2.33
7 (@) {0 elsewhere. (8.2.33)
(n) Z (O‘T) —az g > O,
Xy (@) = (8.2.34)
O elsewhere.

By using Theorem 8.2.3, an explicit expression for pf,.(s,m) can be
obtained from the following theorem.

Theorem 8.2.4.

Pook(s,m) =
r—1

k k+1 - L
v 'g i—k—1 a [B*(st+a’ 'a)]™
H S+bi— 15 E a (I arilfa’iil)SJr)\*)\B*(S‘Fai_la) for a>1,

1= r=1

k . -
k k b]flﬂ + )711 -
(—1) (z—!{jl;ll S+b-7_1ﬂ}dak g+)\ ;B:’t g_"_0‘)} fOI" a = 1
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Proof.
Assume first @ > 1, then from (8.2.25) and (8.2.32), we have

o0
Pook (8, ™M) =/ e **pook (t, m)dt
0

0o o t
/ ey / [FO {9 (¢ — ) — FOHD 5y, (¢ — )]
0 n=0"0

(X () = X ()] d B (u) ydt
S [T e v - P ey Py
n=0

e X () — XFD ()] d B (u).

Then
Poox (5; m)
k .
A ] o0
_ (2 yn+l I A —su
_Z s—l—)\ (s—i—)\) ](]1_15+bj16)/0 ¢
k+1k+1 a’ 1 —a Tau a’~ 1 —a Tau
X{ZH a1 — gi—1 ZH ar—1 — gi—-1 }dB(m+")( )
= =S
oo k - k+1 k+1 —
A7 bI 16 P a’” 1
_7;)(8+)\)n+1(1;[18+bj—15);a (1:[1 ar—l_ai—l)
J r#i
% /OO ef(era’:_la)udB(ern) (u)
0
k k+1 k+1 _
b] 1ﬁ P ar 1
_H5+b] 1521‘1 (gar—l_ai—l)
r#i

XZ 5+)\n+1 B*(s +a" )"t

k k+1 k+1

r;a_éi

265

p1p P a1 [B*(s—f—ai_la)]m
= a - = .
Hs+bj 152; ([[1 a’T71_a171)8+)\_)\B*(8+ai710Z)
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For a = 1, by a similar approach, it follows from (8.2.25) and (8.2.34) that
Pook(s,m) = / e poor(t, m)dt
0

=§l/{/ e FM < ¥ (v) = PO 5 v (v))duv}
n=0"0 0

xe " [X{" () = XD (@)dB Y (u)

Consequently, we have

k

. =1, A, AL, b1
pOOk(svm)_z:og[(5+/\) —(8+/\) H](jl;[l m)

k
e s (OZIZ) e—audé(m+n) (’U,)

j—1 el n k qk[B* m+n
st bim1B &= (s 4+ At k! dak

x-c\gﬁ

k _ 2% m
k! j:18+b3_1ﬂ dok " s + X — AB*(s + a)

This completes the proof of Theorem 8.2.4.
In particular, for k =0 and a > 1, from (8.2.35) we obtain
[B*(s + o))"

o00(s,m) = = . 8.2.36
Pooo (s, m) S+A—AB*(s + ) ( )

By using Theorem 8.2.4, it is straightforward to derive the Laplace trans-
form pjoo(s, m) of proo(t, m). In fact, it follows from (8.2.7) that
s+ A % Omo
Pooo(s,m) — ——
I
_ (N[BT s+ )™ Gmo
s + A — AB* (s + a)) wo

Ploo(s,m) =

(8.2.37)
Furthermore, we have the following theorem.

Theorem 8.2.5.

AMp' —a')B" (s + @) + plpa’ — p'q)
w(p = q)[s + A = AB*(s + )]

Pioo(s,0) = i=0,1,...

(8.2.38)
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[(P*—q") (s+ M) +u(pg" —p' Q][B* (s+a)]™ _ p'=™—g'"™

w(p—q)[s+A—AB* (s+a)] wlp—q)
* _ 1=2,3,...; m=12,...,i—1,
Pioo($:M) =\ (' ') (s \) u(ra’ =p' DIIE" (s+0)]™ (8.2.39)

w(p—q)[s+A—AB* (s+a)] ’
i=0,1,...; m=1d,i+1,....

where p and g are two roots of quadratic equation

pt? — (s +A+p+a)t+A=0. (8.2.40)
Proof.
Assume that m = 0, then from (8.2.8) we have
. stAtpta, -
Piy100(5,0) = ﬁpioo(s’o) - ;Pifloo(s’o)v
i=1,2,... (8.2.41)

Because the discriminant of equation (8.2.40) is positive, two roots p and ¢
are distinct and real. Then (8.2.41) becomes

p:+100(57 0) — Ppjoo(s,0) = ‘I[Proo(sv 0) — PP;_100(5; 0)], (8.2.42)

or

Piv100(8,0) — apjoo (s, 0) = p[Pjoo (s, 0) — qpi_100(s,0)].  (8.2.43)
By iteration, it is straightforward that

Pio0(8,0) = PP_100(5,0) = ¢" " [pioo(s,0) — PPGoo (s, 0)],
and

1’—1[

Pi00(8,0) — qpj_100(5,0) = p'~ " [Pio0(5,0) — qpgoo (s, 0)].

Consequently,

A %

P —q

p—q

_ A —g)B s+ a) +plpd' - ')
wp—a)(s+A=AB* (s +a)) o

Thus (8.2.38) follows. To prove (8.2.39), consider the case m < i first. By

a similar argument to (8.2.42), from (8.2.8) we have

pd' —p'q_,
Ploo(s,0) + ﬁpooo(sv 0)

Pioo(s,0) =

p;'k+100(57 m) — pp%koo(sv m)
=q"" (Prmt100(8,M) = PPpoo (s, m))

o 1
=q"""[q(Pr00(s,m) = PPy, _100(5,m)) — ;]
_ qiferl( qifm.

* N 1
D00 (8, M) = PPy, _100(8,m)) — ;
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Therefore,

* * L — * 1 i—1m—
Dioo (8, M) — ppi_100(s,m) = ¢' 1(??00(577”) — PPooo(s,m)) — ;ql et

(8.2.44)
Similarly
* * 7—1 * * 1 i—m—1
Pioo(8,m) = qpi_190(s,m) = '~ (PToo (5, M) — @0 (s, m)) — ;p .
(8.2.45)

Then for the case m < 4, (8.2.39) follows from (8.2.44) and (8.2.45) directly.
On the other hand, for the case m > i, (8.2.39) is trivial. This completes
the proof of Theorem 8.2.5.

As a result, on the basis of Theorems 8.2.4 and 8.2.5, the Laplace trans-
forms pyj; (s,m) can be evaluated from equations (8.2.7)-(8.2.10) recur-
sively. Then, we can determine the probability mass functions p;;(t, m)
by inversion.

As a simple application, we can determine the Laplace transform of the
distribution of I(t), i.e, the Laplace transform of the distribution of the
number of customers in the system at time ¢. In fact

P(I(t) =1 (1(0), J(0), K(0)) = (m,0,0))

P{(I(t), J(t), K(t)) = (i, 5, k) | (1(0), J(0), K(0)) = (m,0,0)}

<.
=l

M 11

Dijk(t,m).

=]
~
Il

0

<.

Thus, the Laplace transform of P(I(t) =i | (1(0),J(0), K(0)) = (m,0,0))
can be determined accordingly.

Now, we shall study the distribution of waiting time in the queue and
in the system for a new arrival respectively.

Let Q; be the waiting time in the queue for a new arrival at time ¢.
Suppose that the system state at time ¢ is (I(t), J(¢), K(¢)) = (4,0, k).
Then when the new arrival arrives, there are i customers in the queue and
the first one is being served. The new arrival must wait for the time until
completion of the services to these i customers. As the earlier part of the
service time to the first customer was conducted before the new arrival
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arrives, then the total service time to these ¢ customers since time ¢ is given
by

)
Gi = XlL +ZXj.
=2

Therefore, G; is the sum of the latter part ¥ of the service time x; for the
first customer plus the service time for the other ¢ — 1 customers. Because
of the memoryless property of exponential distribution, x¥ and y; will have
the same exponential distribution G(z). Consequently, the distribution of
G; will be given by

GD(z) =G*Gx---%G(x),
the i-fold convolution of G with itself. On the other hand, since J(t) =0
and K (t) = k, the service station is in an up state and has been repaired for
k times. To complete the services to ¢ customers in the queue, the services
may be completed by time Xl£+1v the latter part of operating time Xy of
the service station after the kth repair, since the earlier part of operating
time X1 has been used for the service before the new arrival arrives. As
a result, the event Q; < x is equivalent to the event

Gi S Z, Gl S XkLJrl.

In general, the services may be completed after n-time more repairs on

the service station, n = 1,2,... . Thus, the real time for completion of
k+n
the services to these ¢ customers is G; + Y, Y;. Consequently, the event
Jj=k+1
Q: < x now is equivalent to
k+n k+n k+n-+1
G; + Z }/JSZ‘, XkLJrl—l— Z Xj<G¢SXkL+1+ Z Xj.
j=k+1 j=k+2 j=k+2

Note that when the new arrival arrives, the service station has served for
the earlier part of operating time Xy41. The latter part X kL+1 of Xj41 is the
residual operating time of the service station. Again, due to the memoryless
property of exponential distribution, X kL+1 and Xy will have the same
exponential distribution X1 (z). According to the above explanation, we
can prove the following theorem.

Theorem 8.2.6. Let the distribution of Q; be Q:(z), then

Qt (Z‘) = Qt (0) + Z mek (t, m) {/Ow e*akaudG(i) (’U,)

i=1 k=0
+2 / Y (e — )X () = XU ()]dG <u>} for x>0,
n=1

(8.2.46)
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with Q4(0) = io: Pook (t,m).

k=0

Proof.
For x = 0, the result is trivial. Now consider the case x > 0, we have

Qi(z) = (Qt<$)_ PQi=0)+P0O<Q<z)
= QO SS pioktmIPLQe < | (101, J(1), K (1) = (1,0.)}

i=1 k=0
= Qu0) + 3.3 pr(t.m){P(Gi < v.Gs < X[,,)
i=1 k=0
k+n k+n k4+n+1
+ZPG =+ Z Y <3) Xk+1+ Z X <G <Xk+1+ Z
n=1 Jj=k+1 j=k+2 j=k+2
)+ piorltsm) { [ 0= Xewiasw
=1 k=0
[e%) T k+n
—|—Z/ P( Z Y; <z —u,
n=170 j=k+1
k+n k+n+1
Xk+1+ZX<U'<Xk+1+ Z )G ()
j=k+2 j=k+2
0) +ZZpi0k(t,m) {/ eiakaudG(i)(u)
i=1 k=0 0

£3 [¥ih i 0 X6

This completeb the proof of Theorem 8.2.6.

Now, let S; be the waiting time in the system for a new arrival at time ¢.
It is equal to the waiting time in the queue plus the service time to the new
arrival. Thus, by a similar argument, we can easily obtain the following
formula.

Theorem 8.2.7. Let the distribution of S; be S¢(z), then

=33 panttm) { [* e eract )
0

i=0 k=0

+ Z/ Yk(z)l (x —u) XISZ-)l( ) — X,ngrl)(u)]dG(i“)(u)} , for =z >0,
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and Sy (z) = 0 otherwise.
Finally, we shall discuss some reliability indices of the service station.

1. Mean time to the first failure (MTTFF)

Given that there are m customers in the system at the beginning, let T;,, be
the time to the first failure of the service station, and let the distribution
of T,,, be

Tp(z) = P{Tn <z | (1(0),J(0), K(0)) = (m,0,0)}. (8.2.47)

Then we have the following theorem.

Theorem 8.2.8. The Laplace-Stieltjes transform of T,,(x) is given by
o as[B*(s + )™
s+a  (s+a)fs+A—AB*(s+a)]

T (s) = (8.2.48)

Proof.

Once again, let V; be the ith idle period. Note that all busy periods
prior to the first failure are the same as that in the classical M /M /1 model.
Then it follows from (8.2.46) that

T(z) = P{X1 < 2, X1 < By | (1(0), J(0), K(0)) = (m,0,0)}

) n n n+1
n=1 i=1 i=1 i=1
| (1(0),J(0), K(0)) = (m,0,0)} (8.2.49)

_ /O " P(B1 > u)dxXy(u)

n+1

+§:/$P{Zn:‘/i gx—u,zn:éi <u< Zéi}Xm(u)
n=1"0 i=1 i=1 i=1
= /”3(1 — B (w))ae™*"du

0
+3° [ FOw = 0B ) - B w)ae .
n=1"0

(8.2.50)

where (8.2.49) is obtained by conditional on the number of idle periods prior
to the first failure of the service station, while (8.2.50) is due to (8.2.13).
Now, let the common density of v,, be f(z), n =1,2,..., and let

(n)
) = D pp )
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be the n-fold convolution of f with itself. Then by taking the Laplace-
Stieltjes transform of Ty, (z), it follows from (8.2.50) that

730 = [ et
/OO e~ (1 = B (x)) de+2/

{ / f (& — w)[Bm+n= 1)(u)—B(m+")(u)]aea“du}dw
e —<9+a>zda:+2 / e O (u)do

S+« 0
X {/00 ae*(”a)“[B(m*”*l)(u) — Bmtn) (u)]du}
0
__a a[B*(s + a)|™
s+« s+«

G e {IB s+ - (B (s + )
o a[B*(s + a)|™ n aA[B*(s + a)]™(1 — B*(s + ))
s+a s+a (s 4+ a)[s + A — AB*(s + )]

o as[B*(s + a)]™

s+a  (s+a)s+A—AB*(s+a)]
Consequently, with the help of (8.2.11), the expectation of T,,, i.e. the

mean time to the first failure (MTTFF) of the service station, will be given
by

E(T,,) = /OOO tdT (1) = —de;(s) lo—o
1, (B
T o NI Br(a)]
a—+ A —+/(a+ X 24\
_ L { MR R ”} . (8.2.51)

a 2m*1)\m{—a+)\—u+ Vi + A+ p)? —4)\u}
2. Availability of the service station
Let the availability of the service station at time ¢ be
A (t)
= P{the service station is up at time ¢ | (1(0), J(0), K(0)) = (m,0,0)}.
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Moreover, let the probability that the service station breaks down at time
t be

A (t)
= P{the service station is down at time ¢ | (1(0), J(0), K(0)) = (m,0,0)}.

Now, denote the Laplace transforms of A,,(t) and A,,(t) by A% (s) and
A7 (s) respectively. Then, the following theorem follows directly.

Theorem 8.2.9.

A30(9) = 30> pion(sm)

=0 k=0
Proof.
It is clear that

k
+ A, (t) = 1, we have
- 1
A (s)+Ar(s) = 5
Thus

=¥ > pio(s,m).

i=0 k=0
3. The rate of occurrence of failures (ROCOF)

Let My(t) be the expected number of failures of the service station that
have occurred by time ¢, then its derivative my(t) = M}(¢) is called the
rate of occurrence of failures (ROCOF). According to Theorem 1.6.5, the
ROCOF can be evaluated in the following way:

my(t) = Z Z aFapior(t,m).

1=1 k=0

AL (s) =

[V



274 Geometric Process and Its Applications

Therefore, the Laplace transform of m(t) is given by

o0 o0
Z Z aFapiy(s,m).

1=1 k=0

As pjy;. (s, m) has been determined, we can evaluate m’(s) and hence m(t)
accordingly.

8.3 A Geometric Process Warranty Model

A warranty can be viewed as a contractual obligation incurred by a manu-
facturer in connection with the sale of a product. In practice, a warranty
strategy provided by a manufacturer may depend on the product nature
and its usage. Two broad classes of policies have been studied so far. A
free repair (replacement) warranty (FRW) provides product repair (replace-
ment) by the manufacturer, at no cost to a consumer for a limited period
of time from the time of initial purchase. A pro-rata warranty (PRW) will
repair (replace) a failed product at a cost proportional to the working age
of the product to a consumer. Whenever a replacement is conducted, a
failed product is replaced by a new and identical one.

In marketing research, the sales volume of a product is one of main
concerns of a manufacturer. In general, the sales volume depends on na-
tional economic performance, it also depends on the quality and price of
product as well as the warranty offered. However, the national economic
performance is an external factor, the manufacturer has no control over this
factor. The manufacturer could try to improve the quality of the product
and reduce the price. Nevertheless, for a specific product the quality is
specified by the national standard bureau and the price is more or less the
same in market because of the free competition in market. As a result, to
promote the sales volume of a product, a manufacturer should offer more
attractive warranty condition to consumer and apply his optimal strategy
for maximizing his revenues or minimizing his cost. This is not an easy
problem, as a warranty that is favourable to consumer will be unfavourable
to manufacturer, and vice versa. In this section, a GP warranty model is
considered by making the following assumptions.

Assumption 1. At the beginning, a manufacturer sells a product to a
consumer with FRW on time period [0, W). Let X; be the operating time



Applications of Geometric Process to Operational Research 275

of the product after sale or replacement and X;,7 = 2,3,... be the oper-
ating time of the product following the (i — 1)th repair. Assume that the
successive operating times of the product form a GP with ratio a > 1, and
X1 has an exponential distribution Exp(1/A) with density function

1
f(@) = {ge’q’( KRN,
and A > 0. The repair time and replacement time are negligible.
Assumption 2. According to FRW, the manufacturer agrees to repair
the product free of charge when it fails in [0, W). By applying an extended
warranty policy, at time W, the manufacturer will offer an option to the
consumer either to renew or not to renew the warranty. A consumer can
renew the warranty at time W by paying a renewal cost cy to the manu-
facturer, in return the manufacturer will provide free repair service to the
consumer for an extended warranty period [W, W + L). The consumer can
further renew the warranty at time W+ L again for a period [W+L, W+2L)
by paying the same renewal cost ¢y to the manufacturer, and so on.
Assumption 3. A consumer can adopt the following k-renewal strategy:
for i =0,...,k — 1, renew the warranty contract at times W + iL for an
extended period (W + 4L, W + (i + 1)L). After renewing the warranty for
k times, the consumer replaces the product by a new and identical one
following the first failure after time W + kL, where k satisfies

W+ kL < aAl, (8.3.1)

a —

or k=0,1,..., K with
aX— (a—1)W
(a—1)L
and [z] is the integer part of . Assume that once the consumer chooses
a k-renewal strategy, he will choose the same strategy forever.
Assumption 4. Let the initial purchase price or the replacement cost to a
consumer be cg and the production cost per product to the manufacturer is
¢-. The renewal cost of the warranty contract incurred by a consumer is ¢y .
The repair cost incurred by the manufacturer is ¢.. The manufacturer will
adopt a cy strategy by choosing a renewal cost ¢y satisfying the following
constraint:

K= ], (8.3.2)

cy < CR. (8.3.3)

Remarks.
In Assumption 1, the successive operating times {X,,,n = 1,2,...} form
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a GP with ratio ¢ > 1. This means that the product is a deteriorating
product.

By Theorem 2.2.3, inequality (8.3.1) is reasonable. To show this, assume
that @ > 1. As the operating time of a product after the (i — 1)th repair is
X, the expected total operating time of the product will be

f: Blx:) = - (8.3.4)
i=1

Ta-—1

Because the end time of the last warranty period W + kL should be no
more than the expected total operating time ;‘—_Al, then (8.3.1) is a natural
assumption.

In practice, the market values of cg, ¢, and c. are more or less the same
in the commercial market due to a similar real expenses and free compe-
tition. Moreover, W and L are also more or less the same in the market
because of general custom or tacit understanding among manufacturers.
Therefore, the manufacturer can only change these values a little by his
discretion. Thus the manufacturer can apply a cy strategy by choosing a
cost ¢y flexibly.

Constraint (8.3.3) is also reasonable since the renewal cost ¢y to a con-
sumer should be cheaper than the initial purchase cost or replacement cost
cr. Otherwise, the consumer will simply buy a new and identical one rather
than renew for an extended warranty period.

As the manufacturer can choose cost ¢y and a consumer can choose a
k-renewal strategy, then the manufacturer and consumer form two players
of a game. This game may be called as a warranty game.

Now, we study the extensive form representation of the warranty game.
First of all, we say a cycle is completed if a replacement is completed. Thus,
a cycle is actually the time interval between the sale of a product and the
first replacement or a time interval between two successive replacements.
Clearly, the successive cycles and the costs incurred in each cycle form a
renewal reward process. Then, let

M(t) = E[N(t)],

be the expected number of failures that have occurred by time ¢. In fact,
M (t) is the geometric function M (¢, a) defined in Chapter 3.

Assume that the manufacturer has adopted a cy strategy by choosing
value ¢y, and a consumer applies a k-renewal strategy. The cost incurred
in a cycle to the consumer is clearly given by cgr + kcy. As the number of
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failures of the product by time W + kL is N(W + kL), the product will be
replaced by a new and identical one at time Syw4xr)+1- Consequently,
the expected length of a cycle is E(Syw4kr)+1). Then from Corollary
2.5.2, the average cost to a consumer is given by

cr + ken
Aclen: k) E(Snw+kr)+1)
_afcr + ken)

aN+ W kL

To determine the average cost to the manufacturer, as a consumer
adopts a k-renewal strategy and the manufacturer is responsible for re-
pairs on the product up to time W + kL, the expected cost incurred in a

cycle is

for k=0,1,..., K. (8.3.5)

ceE(N(W + kL)) 4+ ¢ — cr — ken.

The expected length of a cycle is also E(Sywrr)+1). Therefore, the
average cost to the manufacturer is given by
ce E(N(W 4+ kL)) + ¢, — cr — ken
E(SNw+kL)+1)
_ a{ceM(W—l—kL)—i—cr—cR—ch}. (8.3.6)
a\+ W + kL

Thus the warranty game is a two-stage dynamic game of complete and

Am(CN, k) =

perfect information. The extensive form representation of the warranty
game (see e.g. Gibbons (1992)) can be described in the following way.

1. The manufacturer and a consumer are two players in the game.

2. At the beginning, the manufacturer chooses a strategy or action, a
cost cy, from the feasible set A; = [0,cgr). Afterward, the consumer
chooses a strategy or action, a k-renewal strategy, from the feasible set
As = {0,1,...,K}. They know each other the full history of the play of
the game. Moreover, both players are rational players, so that they will
always choose their own optimal strategies or actions.

3. Given a combination of strategies or actions (cy, k), i. e. the manufac-
turer chooses a cy strategy and the consumer chooses a k-renewal strategy,
the average costs incurred by the two players are given by A,,(cn, k) and
Ac(cn, k) respectively.

In the extensive form representation of the warranty game, rather than
the payoff received by a player, we study the average cost incurred by a
player. Therefore, instead of maximizing the payoff, we should minimize
the average cost in the warranty game.
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Now, we study the optimal strategies for manufacturer and consumer.
To do this, we shall apply the backward induction (see e.g. Gibbons (1992))
to determine the optimal strategies for the two players respectively. For this
purpose, assume that the manufacturer has chosen cost ¢y, we shall derive
the following lemma.

Lemma 8.3.1. For k > 0, A.(cn, k) is nondecreasing (nonincreasing) in
k, if and only if

en > (<) acg,

where oo = L/(aX + W).
Proof.
Consider the first difference of A.(cn, k).
aler + (k+ 1)en] a(cg + ken)
Aclew, k1) = Aclen k) = S L ~ oA e W kL
al(aX + W)en — Leg]
(a\+ W +kL)[aA+ W + (k+1)L]

Then Lemma 8.3.1 is trivial.
To determine the optimal strategies for the manufacturer and consumer
respectively, we consider two cases.

Case 1. a < 1.
Then by Lemma 8.3.1 and (8.3.5), for given cy, the minimum of
Ac(cen, k) is given by

min A.(cn, k)
k€eAs

(8.3.7)

[ Ac(en,0) =acr/(aA+ W) acgr < ey < cg,
| Ac(en, K) cy < acg.

where K is given by (8.3.2) and is independent of ¢y. Accordingly, if the
manufacturer chooses a strategy cy, the optimal k*-renewal strategy for a
consumer is either O-renewal strategy or K-renewal strategy, namely

<
. {0 QCR = CN < CR, (8.3.8)

K ¢y < acp.

To determine an optimal strategy for the manufacturer, as a consumer
is a rational player and the game is of complete and perfect information,
the manufacturer could assume that the consumer always plays his optimal
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k*-renewal strategy. Then from (8.3.6), the minimum average cost to the
manufacturer is given by

Ap (e, k*) = cjrvneigl A (en, k%)

=min{ min A, (cn,0), min A, (en,K)}
acr<cn<cr cn<acr

alceM(W) + ¢, — cr] alce M(W + KL) + ¢, — cg — Kacg]

= min{ ar+ W : a\+ W + KL }
= min{cy, ¢}, (8.3.9)
where
a{ccM(W) + ¢, — cr}
= 3.1
“ ar+ W (8.3.10)

and

a{cceM(W + KL)+ ¢, —cp — Kacg}
a\+W + KL '
Consequently, we can determine an optimal strategy for the manufac-

(8.3.11)

Cy =

turer by simply making a comparison between c¢; and ca. Nevertheless,
in general, an optimal strategy for the manufacturer may not exist. For
example, if ¢; > c¢g, it seems that an optimal strategy for the manufacturer
is ¢iy = acgr. Unfortunately, this is not true. In fact in this case, (8.3.7)
shows that the optimal strategy for the consumer is either O-renewal strat-
egy or K-renewal strategy. If the consumer applies K-renewal strategy, the
average cost to the manufacturer is A, (¢, K) = cg, this is the minimum.
Nevertheless, if the consumer applies O-renewal strategy, the average cost
to the manufacturer now will be A,,(c,0) = ¢; that is not the minimum.
Consequently, the strategy cj = acg is not an optimal strategy for the
manufacturer. In other words, if ¢; > c¢a, the optimal strategy for the man-
ufacturer does not exist! To overcome this difficulty, we shall introduce the
concept of e-optimal strategy here.

Definition 8.3.2. A strategy cj; is an e-optimal strategy for the manu-
facturer, if

A (e, k%) < min Ay, (en, k") +e. (8.3.12)

cNEAL
If meig A (en, k*) does not exist, then (8.3.12) is replaced by
CN 1
A (e, k) < inf  Ap(en, k") +e. (8.3.13)

cNEAL

The e-optimal strategy had been studied by Thomas (1979) and Lam (1987)
in inventory control and queueing control problems respectively. Afterward,
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it was also applied to a warranty model by Lam and Lam (2001).

Theorem 8.3.3. For o < 1, an optimal strategy cj or e-optimal strategy
cfy for the manufacturer is determined in the following way.

(1) If ¢1 < cg, then any strategy ¢y satisfying
acr < ¢y < cr

is an optimal strategy for the manufacturer.
(2) If ¢1 = cg, then any strategy ¢} satisfying
acr < ¢y < cr
is an optimal strategy for the manufacturer.
(3) If ¢1 > cg, then the strategy ¢4 with

elax+W + KL)
aK
is an e-optimal strategy for the manufacturer.

cy = acg —

Proof.
1. Assume that ¢; < co. Now for any strategy c}; satisfying acr < cjy <
R, according to (8.3.8), the optimal strategy for a consumer is 0-renewal
strategy. As a result, from (8.3.6) the average cost to the manufacturer is
given by

Ap(cy, k") = Am(cy,0) = ¢1 = min{cy, ca}. (8.3.14)
Therefore, strategy cj is an optimal strategy for the manufacturer.
2. Assume that ¢; = co. Then for strategy ¢} = acg, it follows from (8.3.8)
that an optimal strategy for a consumer is either 0-renewal or K-renewal

strategy. If the consumer adopts O-renewal strategy, then by (8.3.10), we
have

A (e, k) = An(cy,0) = 1 = min{cy, e };
if the consumer applies K-renewal strategy, then from (8.3.11),

Am (e, k) = Ap(cy, K) = ca = min{ecy, ¢ }.
In both cases, A, (¢, k™) takes its minimum. Thus, strategy c¢jy = acg is
an optimal strategy for the manufacturer.

Moreover, for any strategy acr < cj < cg, the optimal strategy for a
consumer is O-renewal strategy. Then

A (e, k) = An(cy,0) = ¢ = min{cy, ea}.
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Thus, any strategy cj satisfying
acr < cy < cr

is an optimal strategy for the manufacturer.
3. Now assume that ¢; > co. For strategy cf

elax+W + KL)

aK ’
because ¢y < acg, K-renewal strategy is the optimal strategy for a con-
sumer. As a result, from (8.3.6) we have

cy = acg —

Am(ci\hk*) = Am(cinK)

a{ceM(W + KL) + ¢, —cr — Kacr} e
aA\+W + KL

=co+e=min{cy,c2} +¢€

= mig Ap(en, k") +e.

cNEAL

Therefore, strategy c% is an e-optimal strategy for the manufacturer.
This completes the proof of Theorem 8.3.3.

Case 2. a > 1.
In this case, it follows from (8.3.3) that ¢y < ¢g < acg. Then (8.3.7)
yields that

min A.(cn, k) = Ac(en, K). (8.3.15)
k€eAs

Hence, K-renewal strategy is the optimal strategy for a consumer, i. e.
k=K.
On the other hand, (8.3.6) shows that min A,,(cn, k*) does not exist,

cNEA
then we define

A (cy, k) = inf A (en, K)

cN<CR
.. a{lceM(W + KL)+ ¢, —cr — Ken}
= - . .].
At LW+ KL ca, (8.3.16)
where
M KL r —cr— K
oy = UMW + KL) +cr —cr — Ken} (8.3.17)

a\+W + KL

Thus, we have the following result.
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Theorem 8.3.4. For a > 1, an e-optimal strategy cf for the manufacturer
is given by
elax+W + KL)

€
Cnp = CR — .
N aK

Proof.
It is easy to check that

Am(ci\/vk*) = Am(ci\hK)
_a{ceM(W + KL)+ ¢, —cr — Kcgr} n
N aX\+W + KL ¢

=c3+e= inf A,(cen, k") +e

cN<CR

Therefore, cf; is an e-optimal strategy for the manufacturer.

In application of Theorems 8.3.3 and 8.3.4, we should evaluate values
c1,c or cg first. To do this, several methods for calculating the values
M (W) and M (W + K L) have been developed in Chapter 3. In many prac-
tical situations, L < W, then a < 1 and Theorem 8.3.3 is applicable.

Remarks.

Because both players are rational players and the warranty game has
complete and perfect information, the manufacturer and a consumer will
always apply their optimal strategies respectively. By using backward in-
duction, we can determine the optimal strategies for a consumer and the
manufacturer respectively.

Note that the optimal strategy for the manufacturer is a conservative
strategy. In fact, if a consumer does not use his optimal strategy, the con-
sumer will incur a higher average cost, while the manufacturer will incur
even lower average cost and gain a higher profits.

If « < 1and ¢; < co, Theorem 8.3.3 concludes that the optimal strate-
gies ¢y and k* for the manufacturer and consumer respectively will exist,
then any combination of strategies (c¢l, k*) is a backward induction out-
come of the warranty game. Now, the backward induction outcome is not
unique. However, if @ < 1 and ¢; > c¢a, as there exists no optimal strategy
for the manufacturer, the backward induction outcome does not exist!

If @« > 1, we can see from Theorem 8.3.4 that K-renewal strategy will
be the unique optimal strategy for a consumer. Because mrvn<1rclR A (en, K)

does not exist, so does not an optimal strategy for the manufacturer. Thus
the backward induction outcome also does not exist. This is the motivation
to introduce an e-optimal strategy c% . Accordingly, we may call (c¢$, k™)
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as the € backward induction outcome of the warranty game.

In the GP warranty model, if a < 1, there exists an indifferent point
acr. Whenever ¢y = acp, a consumer can apply either 0-renewal or K-
renewal strategy. Both strategies are optimal for a consumer. Although
a consumer will incur the same average cost, the manufacturer will incur
different average costs. Then if ¢; > ¢y, the manufacturer will have no
optimal strategy, i. e. an optimal strategy for the manufacturer does not
exist! In other words, there is no backward induction outcome in the war-
ranty game. Therefore, an indifferent point may cause the nonexistence of
an optimal strategy for the manufacturer, and hence the nonexistence of
an backward induction outcome in the warranty game.

In the GP warranty model, we can see that the manufacturer can al-
ways apply either an optimal strategy cj or an e-optimal strategy c%;, so
that a consumer will fall into a ‘trap’. Consequently, the warranty game
will be beneficial to the manufacturer but not to a consumer. We are not
surprising with this result, because the warranty contract is proposed by
the manufacturer, nobody wishes to be caught in his own ‘trap’.

Of course, for promotion of marketing sales, the manufacturer should
apply an optimal strategy and make the strategy as attractive as possible
to a consumer. To do this, the manufacturer should choose the value cj,
as small as possible, while the cost A,,(c}, k£*) will keep unchanged. This
will be possible if the optimal strategy for the manufacturer is not unique.
For example, if @ < 1 and ¢; = c¢o, then by Theorem 8.3.3, any strategy
cy satisfying acr < ¢y < cg is an optimal strategy for the manufacturer.
Clearly, the optimal strategy cj = acgr is the most attractive one to con-
sumers, it should be adopted by the manufacturer. Nevertheless, if a < 1
and ¢ < cg, then any strategy c} satisfying acgr < ¢}y < cg is optimal for
the manufacturer. To choose a more attractive policy to a consumer, the
manufacturer may adopt an optimal policy

¢y = acg + 9,
where § is a small positive number. If @« < 1 and ¢; > c2, by Theorem
8.3.3, the manufacturer can choose an appropriate e-optimal strategy c%
to compromise the profits and the attraction to consumers.

The GP warranty model should have much potential application to pro-
motion of marketing sales. According to Theorems 8.3.3 and 8.3.4, a man-
ufacturer can put forward a warranty term, and make more profits while
the warranty term is still attractive. On the other hand, a consumer will
also benefit from Theorems 8.3.3 and 8.3.4 by using the optimal strategy
to reduce his cost and avoid more expenses.
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8.4 Notes and References

In Chapter 5, we consider the application of GP to data analysis. Through
the analysis of many real data sets, it has been shown that a GP model is a
good and simple model for analysis of data with a single trend or multiple
trends. In Chapters 6 and 7, we study the application of GP to the mainte-
nance problem and reliability analysis of a system. It is the application of
GP to reliability and electronic engineering. In fact, the applications of GP
to data analysis and maintenance problem both are the initial motivations
of introducing GP. In Chapter 8, we consider more applications of GP to
operational research and management science. Here, we have just focused
on queueing theory and warranty problem.

Section 8.2 concerns an application of GP to a M/M/1 queueing sys-
tem, it is based on Lam et al. (2006). As M/M/1 queue system is a simple
queueing system, more research work is expected in the future.

Warranty problem is an interesting topic in operational research and
management science and has important application in marketing research.
For reference, see Blischke and Scheuer (1975, 1981), Mamer (1982),
Nguyen and Murthy (1984), Balcer and Sahin (1986), Blischke and Murthy
(1994), among others. Section 8.3 is due to Lam’s work (2007¢), it studies
a GP warranty model. We deal with the GP warranty model using game
theory approach. A warranty problem is treated as a game between two
players, a manufacturer and a consumer. It is interesting not only in war-
ranty problem, but also in game theory.

As GP is a simple monotone process, we can expect it will have more
and more applications in different topics of statistics, operational research,
management science, engineering and other subjects.
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A.1 Hong Kong SARS Daily Infected Case Data

Daily Daily Daily Daily
N Date N Date N Date N Date
Cases Cases Cases Cases

1 12/3 10 24 4/4 27 47 27/4 16 70 20/5 4
2 13/3 14 25 5/4 39 48 28/4 14 71 21/5 1
3 14/3 5 26 6/4 42 49 29/4 15 72 22/5 3
4 15/3 8 27 7/4 41 50 30/4 17 73 23/5 2
5 16/3 5 28 8/4 45 51 1/5 11 74 24/5 0
6 17/3 53 29 9/4 42 52 2/5 11 75 25/5 1
7 18/3 28 30 10/4 28 53 3/5 10 76 26/5 1
8 19/3 27 31 11/4 61 54 4/5 8 77T 27/5 2
9 20/3 23 32 12/4 49 55 5/5 8 78 28/5 2
10 21/3 30 33 13/4 42 5 6/5 9 79 29/5 2
11 22/3 19 34 14/4 40 57 7/5 8 80 30/5 4
12 23/3 20 35 15/4 42 58 8/5 T 81 31/5 3
13 24/3 18 36 16/4 36 59 9/5 6 82 1/6 3
14 25/3 26 37 17/4 29 60 10/5 7 83 2/6 4
15 26/3 30 38 18/4 30 61 11/5 4 84 3/6 1
16 27/3 51 39 19/4 31 62 12/5 5 85 4/6 1
17 28/3 58 40 20/4 22 63 13/5 6 8 5/6 0
18 29/3 45 41 21/4 22 64 14/5 9 87 6/6 2
19 30/3 60 42 22/4 32 65 15/5 5 88 7/6 2
20 31/3 80 43 23/4 24 66 16/5 3 89 8/6 0
21 1/4 75 44 24/4 30 67 17/5 4 90 9/6 1
22 2/4 23 45 25/4 22 68 18/5 3 91 10/6 1
23 3/4 26 46 26/4 17 69 19/5 1 92 11/6 1

http://www.info.gov.hk/info/sars/eindex.htm
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Daily Daily Daily Daily
N Date N Date N Date N Date
Cases Cases Cases Cases

1 13/3 3 18 30/3 2 35 16/4 5 52 3/5 0
2 14/3 6 19 31/3 1 36 17/4 4 53 4/5 0
3 15/3 7 20 1/4 3 37 18/4 1 54 5/5 1
4 16/3 4 21 2/4 3 38 19/4 5 55 6/5 0
5 17/3 1 22 3/4 2 39 20/4 1 5 7/5 0
6 18/3 2 23 4/4 1 40 21/4 6 57 8/5 0
7 19/3 8 24 5/4 2 41 22/4 2 58 9/5 1
8 20/3 3 25 6/4 3 42 23/4 3 59 10/5 0
9 21/3 5 26 7/4 7 43 24/4 3 60 11/5 0
10 22/3 5 27 8/4 5 44 25/4 3 61 12/5 0
11 23/3 7 28 9/4 8 45 26/4 3 62 13/5 0
12 24/3 14 29 10/4 7 46 27/4 1 63 14/5 0
13 25/3 4 30 11/4 7 47 28/4 0 64 15/5 0
14 26/3 5 31 12/4 7 48 29/4 2 65 16/5 0
15 27/3 4 32 13/4 4 49 30/4 0 66 17/5 0
16 28/3 8 33 14/4 7 50 1/5 0 67 18/5 0
17 29/3 3 34 15/4 4 51 2/5 2 68 19/5 1

http://wuw.moh.gov.sg/sars/
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A.3 Omntario SARS Daily Infected Case Data

Daily Daily Daily Daily
N Date N Date N Date N Date
Cases Cases Cases Cases

1 18/3 7 32 18/4 0 63 19/5 0 94 19/6 0
2 19/3 1 33 19/4 2 64 20/5 0 95 20/6 1
320/3 0 34 20/4 2 65 21/5 0 96 21/6 0
4 21/3 0 35 21/4 3 66 22/5 0 97 22/6 3
5 22/3 2 36 22/4 1 67 23/5 0 98 23/6 0
6 23/3 0 37 23/4 0 68 24/5 0 99 24/6 0
7 24/3 0 38 24/4 0 69 25/5 0 100 25/6 0
8 25/3 8 39 25/4 2 70 26/5 0 101 26/6 0
9 26/3 9 40 26/4 0 71 27/5 0 102 27/6 0
10 27/3 1 41 27/4 1 72 28/5 2 103 28/6 0
11 28/3 7 42 28/4 3 73 29/5 22 104 29/6 0
12 29/3 0 43 29/4 1 74 30/5 15 105 30/6 0
13 30/3 7 44 30/4 0 75 31/5 2 106 1/7 0
14 31/3 9 45 1/5 2 76 1/6 8 107 2/7 0
15 1/4 5 46 2/5 0 77 2/6 15 108 3/7 0
16 2/4 4 47 3/5 0 78 3/6 3 109 4/7 0
17 3/4 7 48 4/5 0 79 4/6 2 110 5/7 0
18 4/4 4 49 5/5 0 80 5/6 0 111 6/7 0
19 5/4 8 50 6/5 0 81 6/6 4 112 7/7 0
20 6/4 8 51 7/5 0 82 7/6 T 113 8/7 0
21 7/4 1 52 8/5 0 83 8/6 0 114 9/7 1
22 8/4 3 53 9/5 0 84 9/6 0 115 10/7 0
23 9/4 3 54 10/5 0 85 10/6 1 116 11/7 0
24 10/4 1 55 11/5 0 86 11/6 8 117 12/7 0
25 11/4 2 56 12/5 0 87 12/6 4 118 13/7 0
26 12/4 0 57 13/5 0 88 13/6 1 119 14/7 0
27 13/4 0 58 14/5 0 89 14/6 0 120 15/7 0
28 14/4 3 59 15/5 0 90 15/6 2 121 16/7 0
29 15/4 5 60 16/5 0 91 16/6 0 122 17/7 1
30 16/4 17 61 17/5 0 92 17/6 0

31 17/4 6 62 18/5 0 93 18/6 0

http://www.health.gov.on.ca/english/public/updates/archives/
hu03/husars.html
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Daily Daily Daily Daily
N Date N Date N Date N Date
Cases Cases Cases Cases

1 1/3 1 28 28/3 2 55 24/4 18 82 21/5 11
2 2/3 0 29 29/3 0 56 25/4 12 83 22/5 9
3 3/3 0 30 30/3 2 57 26/4 25 84 23/5 9
4 4/3 0 31 31/3 1 58 27/4 10 85 24/5 9
5 5/3 0 32 1/4 1 59 28/4 17 86 25/5 3
6 6/3 0 33 2/4 1 60 29/4 13 87 26/5 6
7T 7/3 2 34 3/4 2 61 30/4 17 88 27/5 7
8 8/3 0 35 4/4 2 62 1/5 21 89 28/5 0
9 9/3 0 36 5/4 1 63 2/5 14 90 29/5 5
10 10/3 0 37 6/4 3 64 3/5 18 91 30/5 3
11 11/3 0 38 7/4 0 65 4/5 15 92 31/5 0
12 12/3 0 39 8/4 0 66 5/5 14 93 1/6 3
13 13/3 2 40 9/4 0 67 6/5 16 94 2/6 3
14 14/3 1 41 10/4 0 68 7/5 20 95 3/6 1
15 15/3 0 42 11/4 0 69 8/5 18 9 4/6 2
16 16/3 1 43 12/4 1 70 9/5 18 97 5/6 2
17 17/3 2 44 13/4 1 71 10/5 18 98 6/6 2
18 18/3 1 45 14/4 1 72 11/5 24 99 7/6 4
19 19/3 2 46 15/4 2 73 12/5 24 100 8/6 2
20 20/3 0 47 16/4 2 74 13/5 25 101 9/6 3
21 21/3 1 48 17/4 4 75 14/5 18 102 10/6 0
22 22/3 1 49 18/4 4 76 15/5 20 103 11/6 0
23 23/3 1 50 19/4 4 77 16/5 17 104 12/6 1
24 24/3 0 51 20/4 10 78 17/5 13 105 13/6 0
25 25/3 0 52 21/4 25 79 18/5 12 106 14/6 0
26 26/3 0 53 22/4 10 80 19/5 15 107 15/6 1
27 27/3 2 54 23/4 24 81 20/5 16

http://www.cdc.gov.tw/sarsen/

Remark: The url at the end of each table is the source of data.
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