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Introduction — Laplace Example

@ Linear partial differential operators (LPDOs) of order 2:
L=0,0y+a0,+b0y+c
@ Gauge transformations:
L—g 'Ly,  g=g(z,y)
@ Laplace invariants:

h=c—a; — ab, k=c—b, — ab.



Introduction — Laplace Example

@ Linear partial differential operators (LPDOs) of order 2:
L=0,0,+ad, +bd, +c
@ Gauge transformations:
L—g 'Ly,  g=g(z,y)
@ Laplace invariants:
h=c—a; — ab, k=c—b, — ab.
@ The operator L can be factorised if h =0 or k = 0:

L = (8 +b)(d,+a)+h,
= (9, +a) (9 +b) +k.



Introduction — General Situation
@ Consider arbitrary LPDOs of order d:

L= au(z)o",  0"=0ok.. o
lul<d

with symbol ZM:d a,(z)X*H.
@ The factorisation of LPDOs is gauge invariant:

g 'Lg=g 'LiLlog= (9" "L19)(g " L2 g).

@ Conditions for factorisation < Laplace invariants.



Introduction — General Situation
@ Consider arbitrary LPDOs of order d:
L= au(z)o",  0"=0ok.. o
lul<d
with symbol 3, _; a,(x) X*.
@ The factorisation of LPDOs is gauge invariant:
9 'Lg=g""L1Log= (9 "L1g)(g "L2g).

@ Conditions for factorisation < Laplace invariants.

Methods to compute invariants:

@ Partial factorisation (obstacles) [SWO07b], [SW073a]
@ Moving frames [MSO08]

o ...

@ Vessiot equivalence method [Ves03]
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Third Order LPDOs

The number of invariants in a generating set:

[MS08] Vessiot
Symbol, order |0 1 2 3 |total |0 1 2| total
X3 2 21 5 [[2 3 5
X3, (a) 2 0 2 4 |2 1 1| 4
X3, (b) 1 10 1] 3 |11 1] 3
X3, (e) 01 1 2 [0 2 2
X2y 1 31 5 |1 5 6
XY (pX+qY)|3 3 1 7 |3 4 8
full 5 4 1| 10

LX3 == 8:3 + (12085 + aoza§ + a118x8y + aloc‘)x + a018y + aopo-



Third Order LPDOs

The number of invariants in a generating set:

[MS08] Vessiot
Symbol, order |0 1 2 3 |total |0 1 2] total
X3 2 21 5 [[2 3 5
X3, (a) 2 0 2 4 |2 1 1] 4
X3, (b) 1 1.0 1| 3 |11 1] 3
X3, (e) 0 1 1 2 [0 2 2
X2y 1 3 1 5 |1 5 6
XY (pX+qY)|3 3 1 7 |3 4 8
full 5 4 1] 10

@ Moving frames: small invariants of higher order,
@ Vessiot: large invariants of minimal order.

In future: Combine both methods!



Invariants for LX3 33 + CL200 + a190, + ago

@ Moving frames [MSO08]:

2
I = ajpo— 3920 ~ 20,
Jou 1 L2, 1
= agy — =a1002 — -0 32
T 00 3 0420 27 (¢5N) 3 Tx
@ Vessiot:
1 2
I; = —ap+ 3%0 + a0z,
1 2 3
I, = a1 — 3apo + azoaio — 3200205 — 520

@ Comparison:

Ialo _ —Il Iaoo — _1 12 + Il
1 x 3 1 1,x



Symbol, order

Invariants for Fourth Order LPDOs

Results of the Vessiot equivalence method:

0

X4
X* (a)
X* (d)

5
3
2

N O Ol =

X3y

X2Yy?

X3 (pX +qY)

X2Y (pX +qY)

X2(pX +qY) (rX + sY)
XY (pX +qY) (rX +sY)
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@ Natural Bundles
@ Prolongation and Projection
@ Embedding Theorem



Natural Bundles

Let X be a manifold, coordinates (x) = (z1,...,2").
@ Diffoc(X, X): local diffeomorphisms ¢ : X — X.
@ Pseudogroup © C Diffjoc(X, X).



Natural Bundles

Let X be a manifold, coordinates (z) = (1,...,2").
@ Diffoc(X, X): local diffeomorphisms ¢ : X — X.
@ Pseudogroup © C Diffjoc(X, X).

@ A natural ©-bundle is a fibre bundle

T F— X :(x,v) = (x)
such that each #(z) € © liftsto ¢ : ¥ — F as:
T = (), v = ®u(Z, Zy).

In other words: © acts on F.



Natural Bundles

Let X be a manifold, coordinates (z) = (1,...,2").
@ Diffoc(X, X): local diffeomorphisms ¢ : X — X.
@ Pseudogroup © C Diffjoc(X, X).

@ A natural ©-bundle is a fibre bundle

T F— X :(x,v) = (x)
such that each #(z) € © liftsto ¢ : ¥ — F as:
T = (), v = ®u(Z, Zy).

In other words: © acts on F.
@ A section of F is called geometric object:

w:X —=F:(z)— (z,v=w(z)).

@ ¢y :F—Risaninvariantifpo® =14 Vi(z) € O.



Laplace Example |

@ Pseudogroup © of gauge transformations:

x x
X—->X:|ly |+~ .
u = e9(@)y,

@ The natural ©-bundle F for the Laplace operators

S S R
Il

L=0,0y+a0,+b0,+c

has coordinates (z,y, u; a,b, c).



Laplace Example |

@ Pseudogroup © of gauge transformations:

x x
X—->X:|ly |+~ .
u = e9(@)y,

@ The natural ©-bundle F for the Laplace operators

S S R
Il

L=0,0,+a0,+b0,+c
has coordinates (z,y, u; a,b, c).

@ Each gauge transformation lifts to F via L — e~ 9Le9:

a = a-+gy
b = B+g$
c = E—i—gmy—l—dgm—l—f)gy.



Laplace Example |

@ Pseudogroup © of gauge transformations:

x x
X—->X:|ly |+~ .
u = e9(@)y,

@ The natural ©-bundle F for the Laplace operators

S S R
Il

L=08,0y+a0,+bdy+c

has coordinates (z,y, u; a,b, c).
@ Each gauge transformation lifts to F via L — e~ 9Le9:

a = a-+gy
b = B+g$
c = E+g$y+dgz+l~)gy.

@ A section a(z,y), b(z,y), c(z,y) specifies an LPDO.



Prolongation and Projection

@ Choosing v = v(z) and ¢ = %(%), the ©-action on F

v = ®y(Z, %)

can be seen as a PDE system for Z(x) of order g.
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Prolongation and Projection

@ Choosing v = v(z) and ¢ = %(%), the ©-action on F

v = ®y(Z, %)

can be seen as a PDE system for Z(x) of order g.
@ Prolongation F ~» Ji(F):
Uy = D:):d)(f;,z";i.)(i'v i‘q+1)'
@ Projection Fyy = J1(F)/Kg41:

w = ‘U(ﬁ,w)(% qu)

by eliminating derivatives of order ¢ + 1.



Prolongation and Projection

@ Choosing v = v(z) and ¢ = %(%), the ©-action on F

v = ®y(Z, %)

can be seen as a PDE system for Z(x) of order g.
@ Prolongation F ~» Ji(F):

Ve = Dy ®5.5,)(T, Tq11)-
@ Projection Fyy = J1(F)/Kg41:
w =V .a)(Z, Tq)

by eliminating derivatives of order ¢ + 1.
@ Vessiot structure equations: Integrability conditions.



Laplace Example Il

@ The ©-action on F is (with ¢ = 2):

a = a-+gy
= B+gx

@ First prolongation to J1(F):

Ay :axJngya Qy :ay+gyy7
b:c :B$+gxx7 by :5y+gxy7

Cx = Co + Gaay + -+ -, Cy="Cy~+ Goyy +....



Laplace Example Il

@ The ©-action on F is (with ¢ = 2):

a = a-+gy
= 5+gz

@ First prolongation to J1(F):

Ay :ax+gxya Qy :ay—’_gyy?
bz :5z+gxza by :5y+gzya
Cm:Ez+g:r:Ey+"-7 Cy:Ey+g:Eyy+----

@ Projection: F(;) has the new coordinates



Laplace Example Il

@ The ©-action on F is (with ¢ = 2):

a = a-+gy
= 5+gz

@ First prolongation to J1(F):

Ay :ax+gxya Qy :ay—’_gyy?
bz :5z+gmza by :by+gzya
Cm:Ez+g:E:Ey+"-7 Cy:Ey+g:Eyy+----

@ Projection: F(y) has the improved coordinates:
h=a,—c+ab, ,ay, by, k=20b,—c+ab.

@ Invariants: Projection to order zero.



Embedding Theorem

Theorem
If the symbol of ®3(Z, Z,) = v is 2-acyclic for generic ¥(Z), then

v JoF)/Kqy2 — J1(Fy)

is an embedding.

@ Visualisation: (\ s N




Embedding Theorem

Theorem
If the symbol of ®3(Z, Z,) = v is 2-acyclic for generic ¥(Z), then

v Jo(F) /K2 — J1(Fy)

is an embedding.

@ Visualisation: (\ s N

@ Computing im(¢) involves only linear algebra.
@ The invariants on .J>(F) and on im(¢) coincide.




Embedding Theorem

Theorem
If the symbol of ®3(Z, Z,) = v is 2-acyclic for generic ¥(Z), then

v Jo(F) /K2 — J1(Fy)

is an embedding.

@ Visualisation: (\ s N

@ Computing im(¢) involves only linear algebra.
@ The invariants on .J>(F) and on im(¢) coincide.
@ More general situation:

PN




Laplace Example I

@ The bundle F(;) has the coordinates (x,y, u; a,b, c) and

h=a,—c+ab, ,d=ay, e=b,, k=b,—c+ab.



Laplace Example I
@ The bundle F(;) has the coordinates (x,y, u; a,b, c) and
h=a,—c+ab, ,d=ay, e=b,, k=b,—c+ab.

@ Prolongation to J1(F(y)):

Ay Qy by by
Cy Cy
dy dy € €y



Laplace Example I
@ The bundle F(;) has the coordinates (x,y, u; a,b, c) and
h=a,—c+ab, ,d=ay, e=b,, k=b,—c+ab.
@ Prolongation to J1(F(1)) and the embedding im(:):

az=h+c—ab ay=d by=e by=k+c—ab
Cy Cy

dp=hy + ... dy €x ey=kz + ...
he hy K ky



Laplace Example I
@ The bundle F(;) has the coordinates (x,y, u; a,b, c) and
h=a;—-c+ab, ,d=ay, e=0b,, k=b,—c+ab
@ Prolongation to J1(F(1)) and the embedding im(:):

a=h+c—ab ay=d by=e by=k+c—ab

Cx Cy
d;r: }l!/ 4+ ... dy (& 67]/: k:l,’ + ...
hx hy kx ky

@ Projection to F(y):
h$7 hy, kq;, ky.

@ All new coordinates on F, are invariants
= {h,k} is a generating set of invariants.
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Summary

@ Pseudogroup ©, natural bundle F.
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Summary

@ Pseudogroup ©, natural bundle F.
@ Prolongation and projection yields natural bundles

F, Fay F)»

using the Embedding Theorem.
@ Invariants on J;(F) = invariants on F;).

@ All new coordinates of F(;) are invariants
= generating set of invariants on F;.
@ Computation of invariants:

e Moving frames on F; or
e Linear PDEs on F(;.

@ Sucessfully treated fourth order LPODs.

@ Even a fifth order example (X3Y?) was computable. . .



The end.

Done!
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