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Foreword

In the twenty first century much of Applied Science is concerned with prob-
lems of great subtlety and complexity, and the greater the difficulty the
more sophisticated are the mathematical and computational techniques
needed in order to make significant progress. It is therefore particularly
unfortunate that the gap between applied scientists and mathematicians is
growing, indeed one is tempted to say has grown, so large that these groups
are usually unable to understand each other and so to communicate. The
training of undergraduate applied scientists frequently fails to cover even
the basic level of the powerful mathematical tools available. On the other
hand, mathematical students often learn little about the problems which
originally motivated the very mathematics they are studying. Thus com-
munication between the various groups at research level is often exceedingly
difficult, and as a consequence joint research, essential now in many areas,
faces major obstacles. It is thus timely that the present volume, which is
aimed at bridging the gap, should appear.

The book is aimed, on the one hand, at those who study that part
of Applied Science dealing with the properties and dynamics of materials,
that is Continuum Mechanics. “Materials” in this context may cover a wide
range of substances, from fluids to steel to exotic plastics for example with
memory; such a range is of obvious importance to almost all types of engi-
neering disciplines, including aeronautics, metallurgy, and civil engineering
to mention just a few. Less obvious perhaps, but just as important, is the
central role of Continuum Mechanics in several other branches of Applied
Science, for example Earth Science, where the properties and movements of
the core and mantel of the earth are much studied in traditional contexts
such as Volcanology, but also have recently become headline issues with
their connection with the safety of storage of nuclear waste.
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On the other hand, the book will be of interest to the many mathemati-
cians who are unaware of the wide range of problems to which mathematics
may be applied in an interesting and effective manner. They may also be
unfamiliar with the extension of standard results which are needed in appli-
cations. Thus for example, although functional analysts will know a great
deal about Banach spaces and linear operators on them, they may not be fa-
miliar with how solving practical problems necessitated the introduction of
Sobolev Spaces and of generalised solutions for a whole class of differential
equations.

A brief outline of the approach of the authors is as follows. The aim is
to start with classical Newtonian Mechanics and then to proceed to show
carefully how the basic structure of the governing equations of continuum
mechanics are developed. Of course it would be impossible in a single vol-
ume to cover the ramifications of this vast subject, however, the methods
the authors put in place form the basis for extension to rather general set-
tings. In the development, some key tools of mathematics are introduced
naturally and it is shown how they are instrumental in gaining insight into
the applications. The first is the Calculus of Variations. The great power
of this theory is perhaps unfamiliar to most people without a consider-
able mathematical background, and the authors outline how effective its
methods are in deriving the basic equations as well as in devising powerful
solution techniques including numerical methods.

The second main mathematical area introduced is Functional Analysis,
the basic theory of which is developed here. Several of its wide-ranging
implications are covered in the book. In particular, the authors describe
with great elegance how the idea of a generalised solution, which may at
first sound obscure, actually much simplifies the analysis of the differential
equations associated with continuum mechanics, and in particular is im-
portant in understanding the meaning and accuracy of numerical methods,
particularly when they are applied to common engineering problems with,
for example, discontinuous loads.

The book is written jointly by an engineer and a mathematician, and is
sensitive to the background of both applied scientists and mathematicians.
The authors take great care to introduce the material in such a way that
it is readily available and interesting to each group. I believe that many
students and researchers in both categories would benefit a great deal from
a study of this excellent volume.

University of Sheffield V. Hutson
England



Preface

In the early days of mechanics, it was not uncommon for investigators to
develop mathematical methods to fit their immediate needs. Modern math-
ematicians and mechanicists, on the other hand, are often too specialized
to understand each other at all. This book is an attempt to relate contin-
uum mechanics with some methods of contemporary mathematics, and to
present the latter in a sound mechanical context.

Of course, each topic we treat (e.g., functional analysis, the calculus of
variations) has its own vast literature, and we naturally restrict ourselves
to those portions needed for our purposes. But even a mathematically
prepared reader can benefit from seeing how abstract notions arose from
applications. For example, generalized solutions to boundary value prob-
lems are closely related to solutions obtained via the extremal principles
of mechanics. S.L. Sobolev, who pioneered the use of such solutions and
introduced the functional spaces that now bear his name, understood this
link because he discovered generalized solutions while solving a hydrome-
chanics problem. But later mathematicians who developed the theory did
not maintain this relationship with mechanics. The same thing happened
throughout mathematics; ultimately the phenomenon can be attributed to
overspecialization of researchers working in the area.

Narrow specialization has led us to the point where experts in different
areas cannot communicate. Even those working in closely-related subareas
can fail to perceive common points between their disciplines. These points
exist precisely because they were inherited from older versions of scientific
theory, of course, but many specialists lack the historical perspective nec-
essary to see this. They regard the methods they employ as essentially
independent of other areas. This partially explains why we decided to start
with classical mechanics, although many readers will be familiar with much

vii
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of it already. Our plan is to examine continuum mechanics as a growing
discipline in which one model arises on the basis of pre-existing models,
and therefore inherits certain properties while disregarding others. Size
constraints prevent us from covering classical mechanics in detail, so we
merely stress those points that show how continuum mechanics developed.
We take a somewhat unified view of mechanics as a science rooted in the
simple models of a particle and rigid body, and then move to more compli-
cated models. We hope this will assist readers coming from various areas
in mechanics, engineering, and mathematics.

Plan of the Book. The book is meant to partially bridge the gap be-
tween mathematics and mechanics. It presents a set of topics that were
developed in mechanics as mathematical tools.

The purpose of Chapter 1 is to review some elementary ideas of clas-
sical mechanics. Although the objects of classical mechanics — particles
and rigid bodies — are elementary, the mathematical techniques needed
to describe them are not. Hence we also introduce some older portions
of mathematics that were developed for application in mechanics. These
include the calculus of variations, the elements of Lagrangian mechanics
(which we will not use in the sequel but which is important in its own right
in many applications), and basic functional analysis. Thus the first chapter
is preparation for the introduction and discussion of continuum mechanics.

Equipped with the necessary tools, we can begin working with the ob-
jects of continuum mechanics in Chapters 2 and 3. Some — like the spring,
string, and bar — are quite elementary. Others — like the beam, mem-
brane, and linearly elastic body — are more advanced. Each time we start
by deriving the equations that describe the object. Then we introduce
well-posed formulations for practical problems. Finally, we study these
formulations using mathematical methods. From Chapter 2 onward, the
models considered are not those of classical mechanics. We use results and
equations from classical mechanics, but apply them only after introducing
certain assumptions that may be regarded as additional axioms for the de-
formable objects. The two most important hypotheses are the continuum
assumption and the solidification principle. These permit us to apply the
tools of calculus and the equations of mechanics to deformable objects.
Next, we introduce other assumptions such as the smallness of deforma-
tions and linearity in the form of Hooke’s law. In this way we encounter a
few of the models mentioned above. While it might seem that the model
of a three-dimensional elastic body should encompass all the other models,
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this is not the case. The string and membrane models are independent of
the model of a three-dimensional body. And the bar and beam models are
based on additional hypothesis, so these can be regarded as independent of
the three-dimensional model as well.

Unlike classical mechanics where the focus is on initial value problems,
in continuum mechanics we encounter boundary value problems for statics
and initial-boundary value problems for dynamics. The statics problems
for the bar, beam, and string are described by ordinary differential equa-
tions and associated boundary conditions. Although the resulting boundary
value problems for these objects are relatively simple and can be solved us-
ing elementary tools, we take the opportunity to introduce a more powerful
approach that also applies to problems involving membranes and three-
dimensional bodies. This is the notion of generalized solution as the point
of minimum total energy for the “body-force system.” Using this mechan-
ical principle, we convert each boundary value problem for an equation or
system of equations to a problem of minimizing the total energy. In the
process, we come to adopt a very different point of view. Indeed, the me-
chanics of a problem can dictate certain conditions that are necessary for
solution but that may not be evident from a purely mathematical point of
view. Moreover, questions such as solvability or uniqueness of a generalized
solution will naturally lead us into the realm of functional analysis with its
generalized derivatives, Sobolev spaces, and many abstract results.

Despite the abstractness of these studies, they lead to very practical
outcomes. The various finite element methods, along with many other
numerical methods upon which engineers have come to rely, have these
generalized solutions as limits of the resulting numerical approximations.
So to understand how practical numerical methods work, one should study
the questions presented in this book.

For each mechanical object we cover in this book, we present a deriva-
tion of the governing equations that permit engineers to solve practical
problems. We also present mathematical tools necessary to study the re-
lated boundary value problems. Many of the objects under consideration
require only the calculus of functions in one or two variables. The linearly
elastic body, however, is presented in the context of tensor analysis. The
tensor apparatus, while not strictly required in this relatively simple case,
is needed to develop the theories for the corresponding nonlinear and in-
elastic models. Moreover, the tensorial notation is of value in its own right
because of the compact and vivid representation it provides.

In Chapter 3 we touch on some questions concerning vibration. Here the
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reader can see how the abstract theorems of functional analysis yield results
basic in engineering such as the discrete nature of the eigenfrequencies of
certain systems while also providing a firm background for topics such as
Fourier analysis and the method of separation of variables.

In this book we attempt to present only a minimal set of mathemat-
ical tools needed for the qualitative investigation of mechanics problems.
We demonstrate that a knowledge of mechanics can assist the pure math-
ematician, while at the same time a knowledge of mathematics can lead
to a deeper understanding of purely mechanical questions. We accomplish
these things in an unconventional but organized manner, progressing from
simple models to three-dimensional linear elasticity.

Clearly, a great many questions in continuum mechanics are of mutual
interest to mathematicians and engineers. A large number of these lie
outside the scope of this small book, but are important nevertheless. We ask
the reader to bear in mind that the present book is only a brief introduction
to the interaction between mechanics and pure mathematics. As such, it
cannot be complete.

Acknowledgements. We are deeply indebted to Dr. Ricardo Oscar
Crossi (Facultad de Ingenieria, Universidad Nacional de Salta, Argentina)
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Chapter 1

Models and Ideas of Classical
Mechanics

1.1 Orientation

An introductory section is usually written to convince readers that their
lives will be incomplete unless they buy the book. At some risk, the present
authors would like to state that a reader will profit most from this book if
he or she seeks a clearer view of continuum mechanics from two concurrent
viewpoints: that of the engineer, and that of the mathematician.

Continuum mechanics, which began with simple problems in hydrome-
chanics and the strength of materials, spans multiple theories including
elasticity, plasticity, and viscoelasticity. It employs models describing not
only how objects deform under load, but their thermal, electric, and mag-
netic properties. The various sub-theories within continuum mechanics can
reach high degrees of complexity. We will ultimately focus on the linearized
theory of elasticity, a departure point for many extensions of basic contin-
uum mechanics.

Any engineer will know at least some elements of continuum mechanics.
(It is worth noting that James Clerk Maxwell utilized notions from hy-
drodynamics when formulating his famous equations of electromagnetism.)
The understanding of a typical applied mathematician is, however, quite
different. To a mathematician working in the theory of shells, say, the
whole subject may commence with a statement of the form “The following
system of partial differential equations describes a shell in equilibrium. Sup-
plementing these with the boundary conditions, we arrive at the boundary
value problem considered in the next 300 pages.” Then the mathematician
can forget what was denoted by u or F: he or she can begin to play with
equations in a manner completely divorced from physical considerations.

Engineers and mathematicians are therefore unlikely to understand each
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other, even when discussing the same problem. The commonality between
their worlds is minimal. The purpose of the present book is to address
this unfortunate gap. Only a better mutual understanding can further the
collaborative efforts of these two technical communities. Mathematicians
should understand that the physical models they view as axioms are ac-
tually derived under rather crude assumptions. A mathematician can run
into trouble by oversimplifying the behavior of a real object or unwittingly
introducing highly artificial features into a model. Engineers, on the other
hand, should start to understand why mathematicians spend so much time
talking about things like the ill-posedness of a problem, or the weak con-
vergence of a sequence of approximations.

Our ideal reader will possess a wealth of curiosity and a desire to apply
it to the fascinating gulf that still exists between real physics and rigorous
mathematics. With that thought firmly in mind, let us begin.

1.2 Some Words on the Fundamentals of Qur Subject

Among the most primitive of the sciences that treat the behavior of bodies
in space, the theory of elasticity is simple in some respects and complex in
others. It describes the motion and deformation of real bodies, but does
so by dealing with idealizations. Neglecting atomic structure, the subject
treats the motion and deformation of geometrical figures; unlike geometry,
however, it attributes the properties of mass and elasticity to the parts of
such figures. We might say that the theory of elasticity deals with spatial
transformations of geometrical figures having these mechanical properties.

In this book we shall consider some principal models and mathematical
questions in the theory of elasticity. Just as pure mathematics had its
roots in the ideas of arithmetic and elementary geometry, and developed
these so far that a novice may not see connections between the former
and the more advanced parts of modern mathematics, elasticity was based
on the ideas of classical mechanics. Classical mechanics also treats real
natural objects, but using highly simplified models. The set of all the
models in continuum mechanics constitutes a hierarchy entailing increasing
complexity but still resting on the laws of motion and equilibrium of real
bodies (which continuum mechanics inherited from classical mechanics).
So before proceeding to the theory of elasticity, we should touch on a few
essential points from classical mechanics.

First, we should point out that mathematicians are not alone in hav-
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ing to deal with abstractions. The objects of mechanics may have more
elaborate properties than those of pure mathematics, but they are still ab-
stractions. Such properties were assigned only after long experience with
the behavior of real bodies. They were also influenced by the mathematical
tools available for their study. Essential portions of mathematics, in turn,
were developed to meet the needs of mechanics, and the interplay between
these subjects is still strong. Although various viewpoints are possible, it
can be argued that classical mechanics is now a branch of mathematics. It
is common for sciences to branch out into separate areas initially, only to
reunite after reaching a more mature stage. Indeed, the ultimate aim of any
natural science is the study of one thing: Nature. Some mathematicians
believe they study an ideal world, but this latter “world” is an attempt to
describe Nature in a certain way.

So what are the objects of classical mechanics? We shall not delve into
the notions of space and time here. These may seem simple and evident to
students today, but classical mechanicists up to and including Newton did
not regard them as such. Although many of the ideas in mechanics were
elaborated long before Newton, we frequently refer to him as the founder
of classical mechanics. In fact, Newton collected known results and created
a general approach to modern mechanics just as Euclid did for geometry.

The most elementary object that exists in equilibrium or moves through
the space and time of classical mechanics is the material point or mass point.
We shall refer to it loosely as a particle. As with a geometric point, a mass
point has no spatial dimension — although it does have finite mass. The
notion of mass is regarded as primitive (and undefinable) in mechanics.
In elementary books we encounter statements to the effect that mass is
“the measure of inertia” of a body. But such “definitions” are meaningless
(despite the comfort we often take in them).

Next come collections of mass points and, after that, rigid bodies (i.e.,
bodies that cannot be deformed). Newton used the term “corpuscle” in-
stead of “mass point”. He avoided the term “rigid body” as well. But
time changes everything and we are discussing the present form of classical
mechanics.

In many mechanics books, a rigid body is defined as a collection of
mass points whose relative positions are fixed. Even for a body that could
realistically be considered as a finite collection of particles, however, the
definition is not complete until we specify how the particles can interact.
But the practical necessity of considering bodies that appear as geometric
figures having continuous mass distributions basically forces us to employ
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limit passages from finite sets of mass points to continuous bodies. To jus-
tify such passages we must bring in additional assumptions which, from a
mathematical viewpoint, could be regarded as new axioms of classical me-
chanics. Overall, however, it is more convenient to take the rigid body itself
as a primary notion. We then formulate as azioms for a continuous rigid
body the properties derived for a rigid body composed of a finite number
of particles. This is implicitly done in almost any book on theoretical me-
chanics. None of these constructs — point mass, rigid body, etc. — exist
in Nature, but all can serve as good approximations to real bodies.

Classical mechanics studies the motion and equilibrium of its objects
under the action of forces. Forces likewise may not truly exist in Nature,
but the force concept gives us a way to describe the effects of bodies or
fields on the motion of a given body. Force is another primitive notion in
mechanics; it is left undefined, but certain properties are attributed to it.
In that sense it is similar to the primitive notions of pure geometry, such
as those of point, line, and plane.

With the advent of relativity, classical mechanics lost much of its status
as an exact science. This hardly affected its usefulness as an engineering
tool. We could maintain, furthermore, that classical mechanics still is an
exact science in the same sense as mathematics is. Its structure, in fact, is
similar to that of a branch of mathematics: it has a set of primitive notions
(space, time, particle, force, etc.), as well as a set of axioms. Unlike the
axioms of mathematics, however, the axioms of mechanics are sometimes
left unstated.

Before embarking on the theory of elasticity, we shall provide an
overview of the conceptual base on which it rests. This includes a collection
of topics from classical mechanics, along with certain tools of the theory of
elasticity that happened to arise in the context of classical mechanics.

1.3 Metric Spaces and Spaces of Particles

Newtonian mechanics considers the motion of mass points and rigid bodies
in an absolute space. Of course, this implies that the latter exists and has
properties like those of the space of ordinary Euclidean geometry. We call
such a space a (Newtonian) reference frame. If we consider one absolute
space in which a system of particles moves, then there exist (infinitely
many) other absolute spaces in which this system can be taken as moving.
The spaces themselves translate with respect to one another at a constant
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velocity. We call any two such frames inertial reference frames. Note that
one inertial frame cannot rotate with respect to another; rotation about
some axis implies that the velocity of various points is proportional to their
distances from the axis, and this is obviously not the same for all points.

Newton’s first law implies that there is no preferred absolute space: no
experiment can distinguish one inertial reference frame from another. In
particular, it is impossible to determine which reference frame might be
“stationary” in an absolute sense. Nonetheless, it is conventional to con-
struct a reference frame that is “stationary with respect to the distant stars”
(or even “stationary with respect to the Earth’s surface,” although any
point of that surface executes a complex motion produced by the Earth’s
rotation about its axis, its revolution about the Sun, etc.). In Newton’s
time, a good number of stars appeared to be fixed in position, so they were
used to mark out a reference frame. Today we know that all stars are in
motion, but the idea is still convenient for ordinary calculations.

When an ideal particle has a fixed position in an absolute space, it
coincides with a point of the space. The space itself is isotropic and homo-
geneous — its properties are the same in all directions at all points — so
the only meaningful relation between any two of its points is one of sepa-
ration distance. We wish to apply the notion of distance to other objects
not necessarily related to geometrical space, so for the mass points we will
generalize it as follows. Suppose that to any pair of points A and B we
assign a nonnegative finite number denoted by d(A, B). In this way we get
a function in two variables that is defined for each pair of points in the
space. It is called a distance function or, in mathematics, a metric, if it
satisfies three axioms of the usual distance employed in geometry:

M1. d(4, B) > 0, with d(A, B) =0 if and only if A and B coincide;
M2. d(B,A) = d(A, B);
M3. d(A, B) < d(A,C)+d(C, B), where C is any other point of the space.

Exercise 1.3.1. Demonstrate that M1 can be changed to “d(A, B) = 0 if
and only if the points A and B coincide.” So d(A, B) > 0 is a consequence
of the altered system of axioms.

The absolute space is physically empty, composed only of fictitious
points. Material points are always associated with material objects; the
reference frame is a mental construction for the sake of expediency. Let
us take a fixed time instant. Now we can consider only the set S of mass
points, which could be finite or infinite, and pair this set with a metric d
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that was defined in the absolute space (but is now applied only to mass
points). In mathematics, we denote such a pair by the symbol (S,d) and
call it a metric space. When there is no chance for confusion (i.e., when
only one metric d is employed in a given discussion), we loosely refer to S
itself as a “metric space”.

The notion of metric space is general and can be used with sets S that do
not consist of spatial or mass points. The elements of S can be of any nature
if an appropriate metric d can be defined. In the term “metric space”, the
word “space” is simply a synonym for “set”. Hence, by definition, even a
set consisting of just one mass point is a metric space. Indeed, labeling this
point A, we could define the metric by setting d(A, A) = 0. The reader can
verify that M1-M3 hold in this simple case.

When dealing with metric spaces we often borrow mental pictures from
elementary geometry. For example, we can define a ball having center x
and radius r > 0 as the set of points = of the metric space that fall within
distance r of zo. The ball is open if the inequality d(x,z¢) < r is used; it
is closed if the inequality d(z,zo) < r is used. Sometimes we require the
notion of a neighborhood of xy. By this we mean a subset of the space that
contains some open ball with center x¢ and nonzero radius.

We have said that a metric can take any form satisfying the necessary
axioms. Consider, for instance, a set of mass points whose motion is con-
fined to the surface of a sphere. In this case it is natural to measure distance
along the great circle that connects any two points (of the two possible arcs
along the great circle, we must take the shorter one in order to satisfy
the metric axioms). This is essentially how we measure ordinary distances
between points on the Earth’s surface.

As another example we could consider how distances should be measured
in a town where the streets form a uniform rectangular grid. A metric can
be defined as the minimal distance between any two points when measured
along the grid lines. If we introduce Cartesian coordinates in the plane and
identify points with these coordinates, e.g.,

A= (a1,a2), B = (b1, b9),
then we can represent the “taxicab metric” by the expression

d1(A, B) = |by — a1| + |ba — aa. (1.3.1)
The reader can also verify that the function

dy(A, B) = (|by — a1|P + |by — ag|P)M/? (1.3.2)
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is a valid metric for any fixed p > 1. When p = 2 we get the Euclidean
distance. The reader should guard against a tendency to accept such state-
ments without actually checking for satisfaction of the axioms. For the
p-metric above, the only nontrivial axiom to check is the “triangle inequal-
ity” M3. Satisfaction of this follows from Minkowski’s inequality

m 1/p m 1/p m 1/p
<Z Ja; + W) < (Z |ai|p) + <Z |bi|”) (1.3.3)
i=1 i=1 i=1
which holds for any p > 1 and any two sets of real numbers a, ..., a, and

bi,...,bm.

Exercise 1.3.2. Demonstrate that for 0 < p < 1, the function d,(A, B)
cannot serve as a metric for points on the plane.

To introduce Cartesian coordinates as we have done above, we must
appoint an origin. We noted previously, however, that all points in an
absolute Newtonian space stand on an equal footing. So the choice of
coordinate origin is arbitrary and has no ultimate physical significance.
When we write A = (a1,a2,a3) we in reality introduce a directed line
segment extending from the frame origin to the point A. We can denote
this segment by a1e; + ases + azes where e, ez, and ez are unit vectors
along the orthogonal frame axes. We can even draw this vector in the
geometrical space, where the mass points are, but must keep in mind that
it merely symbolizes a correspondence between a certain vector and the
position of a point as mentioned above; in particular it does not belong to
our initial set of mass points in the space. The reader has surely made use
of “position vectors” in solving mechanics problems. The concept is useful
because it allows us to impose all the machinery of vector algebra on a
space that really possesses only the metric property. In order to make the
best, possible use of this correspondence between mass points and vectors,
we should introduce it in such a way that it is one-to-one and preserves
the distance (metric) between pairs of respective elements. A one-to-one
correspondence between two metric spaces in which distance is preserved
is said to be an isometric correspondence.

We started with a simple metric space having no algebraic structure and
arrived at another metric space with algebraic structure. We shall continue
to work with the latter space, loosely regarding position vectors as points.
Again, this is permissible only because of the isometric correspondence
mentioned above. Just as there are no position vectors in the space of
mass points, there are no mass points in the space of position vectors. It
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is natural to employ a mixture of the two different kinds of objects only
because we are used to drawing points and vectors on the same plane.
But from a mathematical viewpoint, the vectors and points are objects of
different natures and are treated using very different tools.

Let us quickly summarize. The principal objects of classical mechanics
are mass points, which are described using a reference frame that has been
imposed on an idealized absolute space. In this space, a free mass point
(i.e., one that is not experiencing forces or collisions with other bodies)
maintains both its speed and its direction of motion. From a mathematical
viewpoint, however, classical mechanics deals with the images of those mass
points under a one-to-one correspondence with a space of position vectors.
The rules for working with these vectors are taken from the theory of vector
spaces, but are supplemented by the rules of mechanics itself.

1.4 Vectors and Vector Spaces

Many of us were exposed to the vector concept in high school mathematics.
Unfortunately, beginning students are prone to assign the term “vector” to
any arrow drawn on the chalkboard. A nice demonstration that such an
arrow need not represent a vector was given by A.P. Minakov. Sketching
the perpendicular intersection of two one-way streets with a shop standing
on one corner, Minakov had his students imagine traffic flows of 30 cars
per minute down one street and 40 cars per minute down the other. He
noted that nothing would prevent anyone from labeling these flows with
appropriately sized arrows. He was quick to point out, however, that if
these arrows represented vectors then a resultant flow of (302+40%)'/2 = 50
cars per minute would be entering the doors of the shop! Clearly we cannot
apply vector addition to just any quantities that happen to be represented
by directed line segments. Quantities have a vectorial nature only when
we can carry out vectorial operations with them. These include vector
addition, subtraction, and multiplication by a scalar.

The lesson here is that one cannot perform mathematical operations
on objects without first verifying that these objects share all properties
required for validity of the operations. This holds for the formation of a
metric and for the treatment of quantities as vectors. So what is a vector
— or, more precisely, a linear space of vectors? In mathematics, an element
of an n-dimensional Euclidean space is a special object denoted variously
by symbols such as x, T, z, or . But the mere use of notation does not
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automatically make something a vector. With vectors, we must be able to
carry out two principal operations: vector addition and scalar multiplica-
tion. These operations are, in turn, subject to the axioms of a vector space.
Let V # () be a set along with suitably defined operations of addition and
scalar multiplication. That is,

(a) to each pair z,y € V there corresponds a unique vector x + y, and
(b) to each x € V and each scalar X there corresponds a unique vector A\x.

This structure — consisting of the elements with two operations of addition
and multiplication by scalars (real or complex) — can be a vector space
only if the following hold:

(1) V is algebraically closed with respect to the two operations. That is,
x + y and ax both belong to V for any z,y € V and any scalar «.
(2) Addition is both commutative and associative; that is, we have

r+y=y-+ux, x4+ (y+z2)=(r+y)+z

for any z,y,z € V.

(3) There is an additive identity element in V. This unique element is
called the zero wvector and is denoted by 0; it has the property that
z+ 0=z forany z € V.

(4) Each z € V has a unique additive inverse in V. This vector is denoted
by —z and has the property that  + (—z) = 0.

(5) If z,y € V and «, 8 are any scalars, then

(1) a(z+y) =ax + ay,
(2) (a+ B)xr = ax + Bz,
(3) (aB)z = a(Bz).

Moreover, we have 1x = x.

Of course, these axioms are so simple that they obviously hold for ordinary
vectors in two or three dimensions. But such formalization allows us to
apply them to more abstract sets. Indeed, the notion of vector space applies
not only to sets of forces or position vectors, but also to finite (or infinite)
sets of trigonometric polynomials of the form

Z(ak sin kx + by, cos kx).
k

When considered on some interval a < x < b (finite or infinite), a set of
these polynomials can constitute a vector space (of dimension 2n if we sum
over k from 1 to n only). Here, however, the use of arrows to represent
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vectors would be fruitless. We urge the reader to verify the axioms of a
vector space for this example and thereby justify labeling trigonometric
polynomials as vectors (even though in many situations it would not be
advisable to do so).

We have referred to vector space dimension. This notion relates, as the
reader knows, to that of linear independence. A set of vectors {z1, ...,z }
is said to be linearly independent if from the equation

c1xry + -+ ey =0

with scalar coefficients ¢, it follows that ¢; = --- = ¢,,, = 0. The dimension
n of a vector space is the maximal number linearly independent vectors in
the space. A set of n linearly independent vectors is called a basis of the
n-dimensional space; any vector from the space can be uniquely represented
as a linear sum of the basis vectors.

If we cannot find a finite n for the dimension of the space, we call
the space infinite dimensional. Here the problem of basis is not simple,
however. Above we considered the 2n-dimensional space of trigonometric
polynomials. For some problems this space is of great interest; the trigono-
metric polynomials are used to represent solutions to differential equations
of the hyperbolic or parabolic type (and not only these, of course, but this
is where interest in such polynomials originated). But infinite polynomials

bo + Z(ak sin kx + by, cos kx),
k=1

called Fourier series, are also employed. In calculus, these series are consid-
ered apart from differential equations. Instead, they are used to represent
a 2m-periodic continuous function, and it is shown that the Fourier coef-
ficients a; and by are defined uniquely. The set of continuous 27-periodic
functions is obviously a vector space. Furthermore, it has infinite dimen-
sion since a finite set of functions 1, sinx, sin2z, ..., sinrz, cosx, cos 2z,
.., cosrz is linearly independent. Thus we have found an infinite set of
linearly independent “vectors” (i.e., continuous functions) in the space.

Exercise 1.4.1. Propose a few metrics over spaces of trigonometric poly-
nomaals.
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1.5 Normed Spaces and Inner Product Spaces

It is clear that the space of functions continuous on a segment [a,b] is
also an infinite-dimensional vector space. An extension of this idea is the
space of vector functions — functions taking values from a vector space
such as R? or R? — that depend continuously on some parameter. If the
parameter is time ¢, such a space can be regarded as the set of all continuous
trajectories of a point in space for ¢ in some segment such as [0,7]. The
space of continuous vector functions on [a,b] is important in mechanics.
We often must characterize the difference between two trajectories f = f(t)
and g = g(t), not only at a given time instant (which could be done with
the metrics we have considered for the mass points), but “in total” on
the segment. We could accomplish this with the metric space notion and
introduce, say,
d(f,g) = max [f(t) — g(t)]. (1.5.1)
te(a,b]

Here, instead of the absolute value, we could use any metric on R" to
characterize the distance between points on the trajectories at the instant
t. But the vectorial structure of the space leads us to use a particular kind
of metric, one based on the norm that appears in linear algebra.

A norm on a vector space is a function that assigns to every element x
in the space a finite nonnegative number ||z||. This function must satisfy
the following axioms:

N1. ||lz|| > 0, with ||z|| = 0 if and only if x = 0;
N2. ||Az|| = |\|||=]| for any scalar A;
N3. ||z +y| < ||z|| + ||yl for any two vectors x,y in the space.

A vector space V, when paired with a norm ||-||, is called a normed space.
From a mechanical viewpoint, the notion of norm brings in the idea of the
homogeneity of space. First, if two pairs of elements have equal differences
then the norms of these differences will be equal, regardless of the regions
of space from which we take the elements:

lz+2)=(y+2)ll=llz+z-y—zl=lz—yl.

Second, axiom N2 guarantees homogeneity with respect to multiplication
by a scalar. The triangle inequality N3 extends the usual triangle axiom of
Fuclidean space. Note that every normed space is automatically a metric
space. Indeed, the function

d(z,y) = llz -yl (1.5.2)
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is easily seen to satisfy M1-M3 on page 5.

Exercise 1.5.1. Prove that N1 can be changed to “|z| = 0 if and only if
x =07 That is, ||z|| > 0 is a consequence of the new set of axioms.

Exercise 1.5.2. Show that the inequality

[zl = llyll| < llz =yl (1.5.3)

holds for any x,y € V.

It is clear that the metric (1.5.1) is induced by the norm

Ellcap = max EE)], (1.5.4)
and therefore the space of continuous vector functions on [a, b] with this
norm is a normed space. It is usually denoted by C(a,b). We stress that
this notation indicates not only that a set of continuous vector functions is
under consideration, but that the norm (1.5.4) is assumed as well. Perhaps
it would be more reasonable to write Cla, b], but our notation is traditional
and in this book we deal exclusively with compact domains such as closed
and bounded intervals. The subscript C(a,b) is appended to the norm
symbol because we shall introduce other norms on the same set of vector
functions. For example, the norm

b 1/2
1l 2 ) = ( / |f<t>|2dt) (15.5)

characterizes the difference between two continuous vector functions in an
integral rather than a pointwise sense. Another difference between (1.5.5)
and (1.5.4) will become apparent when we consider the results of performing
limit passages for sequences of elements.

Exercise 1.5.3. On the set of all functions continuous on [0,1], introduce

1l = sup L@
zel0,1] L

Is the result a normed space?
Remark 1.5.1. When we say that some quantity like a norm is “defined

on” a space, we mean that it must be defined (hence finite) at every point
of the space. O
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There is another integral quantity whose relationship to the norm (1.5.5)
is analogous to that between the ordinary dot product in R™ and the ordi-
nary length of a vector. It is given by

b
(f,8)r2(ab) =/ f(t) - g(t) dt,

and we have

(£, ) 2(ap) = ”f”i?(mb) :

This, along with the linearity of (f,g)12(4,5) With respect to the arguments
f and g, suggests that we could use this integral form in the same way we
use a dot product in R™.

Exercise 1.5.4. Using a uniform Riemann sum approximation to the in-
tegral, confirm that the analogy between the dot product and the morm in
R™ really corresponds to the relation between (f,g)r2(ab) and || fllp2(,p) for
ordinary functions continuous on [a,b].

Let us introduce the general case covering such analogies to the dot
product. An inner product space is a vector space V together with a func-
tion (f,g) defined for any pair of elements f,g € V; this function, termed
an inner product, satisfies the following axioms:

I1. (f,f) >0 for all f € V, with (f, f) =0 if and only if f = 0;

12. (9, f) = (f,9) for all f,g € V;
13. (Af + pg,h) = A(f, h) + u(g, h) for all f,g,h € V and real scalars A, p.

In much of this book we employ real spaces. It is worth mentioning,
however, that for a complex space we need only change axiom 12 to read

12/. (g, f)=(f,g) forall f,geV

and then change the real scalars in I3 to complex scalars.
The inner product structure lets us introduce the idea of orthogonality
between elements of a vector space. We say that f and g are orthogonal if

(f,9)=0. (1.5.6)

This extends the familiar condition f - g = 0 in R3. In R3, of course, we
can go further and introduce the full notion of angle. In general this is not
possible; however, the orthogonality idea deserves special mention because
it lets us carry out orthogonal projections even in an abstract space.
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Exercise 1.5.5. Let e be a unit vector: (e,e) = 1. Prove that f — (f,e)e
is orthogonal to e. This shows that the operation (f,e)e is analogous to
orthogonal projection onto an axis in R3.

The next thing to notice is that an inner product space is automatically
a normed space under the natural norm

Il = (f, )2 (1.5.7)

where the positive square root is taken. Hence it is also a metric space
under the induced metric

a(f.9)=lf —gll=(f —g,.f— 9"~ (1.5.8)

As always, we cannot simply state that (f, f)'/? is a norm; we must
prove that the axioms hold. Verification of N1 and N2 is trivial, but this is
not the case for N3. The triangle inequality is equivalent to

2 2 2
lz 4yl < llzl” + 2{lz( lyll + [lylI”
which, in terms of the inner product, can be rewritten as
(@+y,z+y) < (z.2)+ 2|yl + (v,9)-
By I1-13 we have
(r+y,2+y) = (z,2) +2(z,y) + (v, y)-
We see that N3 is satisfied if we can establish the
Cauchy—Buniakowski—Schwarz inequality. We have
I, )l <l Iyl - (1.5.9)
Equality holds if © or y is zero, or if there is a constant ¢ such that y = cx.

Proof. Clearly (1.5.9) holds as an equality for z = 0. Now assume z # 0
and consider the vector

(y,xz)x
(EA1

= y—
x
= (y,e)e where e = —.
|
By Exercise 1.5.5, we have (z,2) = 0. By I1,
Y,z Y,z Y, )T, Y
05 a1 = (- e,y - Btle) — gy - 50

- 2T, Y- 2T 2
|l [zl |l

which is equivalent to (1.5.9) squared. Equality in (1.5.9) holds only when
|| 2]l = 0; this means that z = 0, hence y = cz with ¢ = (y,z)/ ||z]|>. O
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Exercise 1.5.6. Prove (1.5.9) for a complex space V.

Some equalities from elementary geometry extend to an inner product
space. One is the parallelogram equality: the sum of the squares of the
diagonals of a parallelogram is twice the sum of the squares of its sides.
The reader should prove this in abstract form.

Exercise 1.5.7. Show that
Iz +yll* + Iz =yl = 2()® + llyl1?). (1.5.10)
Because in a real inner product space
Az,y) = llz+yl* =z —yl®, (1.5.11)

we can represent an inner product using only its norm. Clearly the form
on the right-hand side of (1.5.11) does not satisfy the axioms of the inner
product in just any normed space, hence not every normed space is an inner
product space.

It is useful to present one special inner product space.

The space 12

This space consists of all the real infinite sequences X = (z1,x2,x3,...) for
which the series

> Jal? (1.5.12)
k=1

converges. The inner product of X with the sequence Y = (y1,y2,¥s,--.)
is given by

(X,Y) =) wryr. (1.5.13)
k=1

We emphasize that from the set of all infinite sequences we select only those
for which (1.5.12) is convergent.

The space [? is quite special. Let us explain why, using the results and
terminology that will appear later in the book. In a Hilbert space H with
an orthonormal basis (e1,ea,e3,...) (i.e., a separable Hilbert space), any
x € H can be represented in the form

T = Zxkek (1.5.14)
k=1
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with uniquely defined Fourier coefficients xy = (z, e ). Moreover
o0
2l = [l (1.5.15)
k=1

and so we obtain a one-to-one correspondence between H and [2. This
means we could present the entire theory of separable Hilbert spaces using
only 2.

In a similar fashion we can introduce normed spaces [P, p > 1, starting
with the same set of sequences X but under the condition that the series
> e |k [P must converge. The norm is given by

X1 = (Z |xk|p> (p=1). (1.5.16)
k=1

The inner product of /2 can be used with a space I? for p > 2, but such a
space is incomplete under the induced (i.e., [?) norm. We will understand
what this means after introducing Banach and Hilbert spaces.

Exercise 1.5.8. Show that for any integer k the elements 1, sinkz, and
coskx are mutually orthogonal in L*(—m, 7). Find the unit basis vectors
of this space and calculate the projections of the above elements along the
directions defined by the basis. In this way we obtain the Fourier coefficients
of a function given on (—m,m). The present general viewpoint (with the
inner product) allows us to consider other expansions of continuous and
discontinuous functions. Such expansions (in particular, involving the use
of orthogonal polynomials) are widely used in analysis.

1.6 Forces

The term “force” lacks a rigorous definition. But we think of force as the
quantity that effects the motions or deformations of bodies and character-
izes their mutual interaction. That forces have a vectorial nature is also well
known (in fact, force was the prototype for the general notion of a vector).
By this we mean that the resultant of several forces acting on the same
particle can be found by vector addition. The original force system can be
replaced by its resultant, and the motion of the particle will be unchanged.

Since forces are applied to certain points, the addition of two forces that
act on different mass points would be senseless. Therefore the sets of forces
acting on different particles constitute different vector spaces.
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In mathematics, vector quantities do not carry physical units. Hence
their norms, which can be regarded as characterizing their sizes or intensi-
ties, are dimensionless numbers. But many mechanical quantities do carry
units and this is the case with force. The SI base unit of force is the New-
ton (N). The need to perform extensive numerical calculations now requires
engineers to convert many of their equations and relations to dimensionless
form: a form in which everything is expressed in relative figures in such a
way that variable quantities typically lie near unity. This has its advantages
for calculation, but can obscure what happens with real objects. Of course,
some routine calculations can be performed entirely by a computer — even
to the plotting of final graphs. But the analysis of intermediate and final
results is often easier using quantities whose physical meanings are clear.

We will frequently use energy norms. These inherit the dimensional
units of the corresponding energy quantities. We will establish various
inequalities among the energy norms, and constants will appear in these
relations. It is important to understand that such constants often carry
dimensional units and would therefore have different values in other unit
systems. And, of course, we cannot directly compare the values of constants
that have different dimensions.

We will not stop to review the familiar processes of adding or subtract-
ing forces that act on the same particle. However, we should mention some
issues concerning rigid bodies. To say that force is a vector is really an
oversimplification. With rigid bodies, we run into various modifications of
the vector concept: we must distinguish between sliding vectors, free vec-
tors, etc. This is due to the peculiarities inherent in the effects produced
by forces acting on rigid bodies (in particular, the possibility of inducing
rotation). Before discussing this further, let us recall that when we de-
pict a force vector acting on a body, we in fact superpose pictures for two
different spaces: an absolute space, and a space of force vectors. From a
logical standpoint, this particular combination of pictures is even “worse”
than that of points and their position vectors. In applications, however,
convenience always triumphs over formal requirements, so for mathemati-
cians there is no recourse other than attempting to justify such “illegal”
actions. Engineers often make use of objects or tools that are imperfect
from a mathematical viewpoint. In the more extreme cases, entirely new
branches of mathematics have been created in response to this. A good
example was the d-function, used so intensively in physics that it gave rise
to the theory of distributions or generalized functions.

For a system of separate mass points, it is forbidden to shift a force
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from one point to another. With a rigid body, because of the constraints
connecting the points, it is possible but not completely straightforward:
clearly an arbitrary shift in the point of application of a force on a rigid
body can introduce a rotational tendency that was not present originally.
This leads us to consider another characteristic of force: the moment it
produces about a point. In elementary physics we learn that moment equals
“force times lever arm.” This definition suffices for planar structures where
clockwise or counterclockwise rotation are the only two possibilities. In
general, however, the moment of a force F about a point O is the vector
quantity

M=rxF. (1.6.1)

Here r locates the point of application of F with respect to O. The reference
point O is arbitrary but typically placed at the coordinate origin.

When forces are applied to a particle, the resultant force is the simple
vector sum of all forces acting. We cannot distinguish whether the particle
moves under the action of some number of forces, or under the action of
their resultant. What is the simplest force complex to which we can reduce
the action of some set of forces acting on a rigid body, in such a way
that the resulting motion (i.e., the acceleration of all points of the body) is
indistinguishable from that produced by the original force set? The answer,
it turns out, consists of a resultant force and a resultant “couple.”

Let us mention, first, that long experimentation brought physicists to
the idea that a force acting on a rigid body can be shifted along its own line
of action. That is, the point of force application can be moved along this line
without affecting the resulting motion.! A vector that can be “attached”
at any point of its line of action without affecting other characteristics of a
problem is called a sliding vector. A good deal more is required if we wish
to move the point of application off the original line of action. Suppose
a force F acts at a point A on a body and we want to shift this force
in a parallel fashion to some other point B (see Fig. 1.1). We begin by
introducing a pair of forces +F at B. This is certainly permissible since
the effects of these additional forces completely cancel. But now we can
regard the pair of forces consisting of F' acting at A and —F acting at B as a
couple C. So when we transfer the point of application of the original force
F from A to B, we must, in effect, compensate through the introduction
of C. Continuing to refer to Fig. 1.1, we can see that force couples possess
some very important properties. First, the resultant force associated with

1This is not true for a deformable body.
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C is zero. Second, the moment of C is given by
M= -AB xF.

We can obtain this by considering the sum of the moments of each of the
forces introduced above. Indeed, the moment of F acting at A is OA x F,
and the moment of —F acting at B is OB x (—F); hence the sum of these
moments is OA x F + OB x (—F) = —AB x F.

Original line of action of F

0

Fig. 1.1 Shifting a force off its line of action on a rigid body. When F is transferred
from point A to point B, the couple C appears.

The motion of the rigid body under the force F applied at A is exactly
the same as that under F applied at B in the presence of the couple C.
It turns out, however, that C is completely characterized by its moment
M. This means we can replace C by any other force couple (i.e., by any
other pair of forces that have equal magnitudes, opposite directions, and
non-coincident lines of action) that happens to produce the same moment
M, and the motion of the body will remain the same. Furthermore, we can
attach the moment M to any desired point of the body. Whereas force is an
example of a sliding vector, the moment of a couple is a free vector. A free
vector is one that we can attach to any point of a body without changing
the other characteristics of the problem.

Several moments M; can be added according to the usual rules of vector
addition. This means that any set of forces acting on a rigid body can be
replaced by a single resultant force Fr and a single couple having moment
Mpg. Indeed, we can transfer all the given forces to any fixed point D.
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Each time a force is moved off its line of action, a couple appears. The
force vectors can be summed at D to obtain F g, and the moments of the
couples can be summed to obtain M g. Again, the original set of forces and
the pair (Fg at D, Mg) will be equivalent in the sense that each will have
precisely the same effect on the rigid body. We should add that, whereas
the magnitude and direction of F g do not depend on the point to which it
is attached, the corresponding characteristics of M g do depend on the line
of action of Fg.

Consideration of the set (space) of forces acting on a rigid body has led
us to a “vector addition” different from that used in pure mathematics. In
particular, the notion of couple enters the picture as we transfer all force
vectors to a common point in order to facilitate their combination. So a
force F applied to a rigid body at some point A possesses characteristics
beyond those of an ordinary vector. It has magnitude, a line of action along
which it can slide without affecting the resulting motion, and a moment
M = OA x F about any arbitrary reference point O. From a mathematical
viewpoint then, the force vector is a distinctly different object from the
vector of formal linear algebra. It does obey a set of well-defined rules,
however, and it is somewhat surprising that mathematicians have not seized
the opportunity to use these rules as the basis for a new abstract formal
system. Possibly this happened because these rules appear to hold only for
forces, hence they were left for mechanicists to consider and employ.

Exercise 1.6.1. Two forces of different magnitude and opposite direction
are applied to a rigid body. Can their action be equivalent to only the
resultant force (without a couple)? If so, when?

We have said that mechanics could be based on an explicit set of axioms.
Apparently, there have been no serious attempts to select the minimal set
of axioms. However, for the equivalence of sets of forces acting on a rigid
body, an attempt at axiomatization was made by the Polish mathematician
Stephan Banach. Banach initially received an engineering diploma and only
afterwards became a mathematician. He lectured on mechanics and even
wrote a book (Mechanics) on the subject. Although much of this book was
written from a traditional mechanical viewpoint, it also contains interesting
glimpses of a purely mathematical approach. One passage, concerning the
equivalence of sets of forces acting on a rigid body, is worth quoting here:

“In order to deduce the conditions for the equilibrium of a rigid body,
we shall assume the following hypotheses:
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I. To a system of forces acting on a rigid body which is in equilib-
rium we can add (or remove from the system) without disturbing
equilibrium:

(a) two forces equal in magnitude and acting along the same line,
but oppositely directed;

(b) several forces having a common point of application and whose
sum is zero.

II. Zero forces balance one another; in other words: if no forces act on
a rigid body, then the body can remain in equilibrium.

These hypothesis can be verified experimentally. We shall deduce from
them the necessary and sufficient conditions for the equilibrium of
forces.”

1.7 Equilibrium and Motion of a Rigid Body

It is impossible to tell whether a rigid body moves under the action of some
set of forces (and couples), or only under the action of the pair discussed
above (resultant force and resultant couple). If no resultant force acts on
a body, it remains in a state of “uniform motion”. But the meaning of this
phrase is not as simple as it is in the case of a particle. If the resultant
for a mass point is zero, it moves along a straight line at constant speed
with respect to an inertial frame (or is in equilibrium when this speed is
zero: we can treat both cases in a unified manner and speak only about
equilibrium). This is Newton’s first law. But the situation is different for
a rigid body. A vanishing resultant is not enough for a rigid body to be in
equilibrium with respect to an inertial frame, since the body can rotate.

Suppose we can neglect the size of a rigid body and consider it as a
particle. In this case we neglect all couples (their moments become zero),
and apply all forces to the particle. Thus we can replace the forces with
a single resultant. The mass of the particle should be taken as the whole
mass of the rigid body. This is

M:/Vp(r)dV7 (1.7.1)

where p = p(r) is the mass density of the body as a function of position, and
V' is the volume occupied by the body. In this case we obtain the motion of
the body in an “integral sense” where rotation is neglected. In actuality the
body may rotate, of course, but there is one point whose motion coincides
precisely with that of the “equivalent” mass point under the action of the
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resultant. This is the center of mass, given by

ry = %/Vp(r)rdv. (1.7.2)

Newton’s first law is traditionally formulated for a mass point. To for-
mulate it for a rigid body, we should say that the center of mass moves
along a straight line with constant velocity if the resultant force acting on
the body is zero. (Again, however, the body may rotate about its center of
mass.) In standard textbooks on classical mechanics we find that the linear
momentum of the body now remains constant during the motion.

The center of mass is a particularly convenient point to attach the re-
sultant force. The resultant couple is then called the principal couple. In
classical mechanics it is shown that if the force resultant is zero, then the
magnitude and direction of the resultant couple do not depend on the point
to which all the forces were referred to obtain the resultant.

Our present goal is to formulate the conditions for equilibrium of a rigid
body. Suppose the body is stationary with respect to a stationary frame of
the absolute space and that no forces act on it. Since there are no forces,
the body remains in equilibrium. But we have said that it is impossible to
distinguish whether a rigid body is under the action of some set of forces
or under the action of their resultant force and couple. Thus if these latter
quantities are together zero, it is equivalent to the case of the absence of
any forces; hence a body in equilibrium will remain in equilibrium if the
resultant force and couple vanish. The condition that the resultant force
and couple both vanish is equivalent to the statement that the body remains
in equilibrium. Forces acting on a rigid body that satisfy this condition are
said to be forces in equilibrium.

We mentioned that if the resultant is zero, the resultant couple does not
depend on the point of reduction of the forces. Transferring all the forces
so that their lines of action pass through the frame origin, we find that the
moment of the corresponding couples equals the moment of the forces with
respect to the origin. So the condition for equilibrium of a rigid body can
be written as

Y Fi=0, > (rixF;)=0, (1.7.3)
K3 3

where r; locates the point of application of F'; for each . In component form

this gives six equations. Equations (1.7.3) are used for three-dimensional

objects. For two-dimensional problems we get three scalar equations: two

for the components of the resultant force, and one for the couple.
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Equilibrium problems for rigid bodies normally involve geometrical con-
straints as well as applied forces. Usually the effects of constraints are
translated into reaction forces and moments, which are then found using
the equilibrium equations (1.7.3). Thus, for a three-dimensional problem
involving a rigid body, we can find up to six unknown components of re-
action forces or moments, and for a two-dimensional problem only up to
three. If a structure consists of several joined parts, we should also intro-
duce reactions in the joints and consider each body as separate under the
actions of all forces and reactions. If the number of equations is equal to
the number of unknown components and the system of equations is lin-
early independent, it can be solved and the reactions determined. This is a
typical problem of classical mechanics; such problems are common in both
civil and mechanical engineering. However, problems where the number of
equations is less than the number of reaction components are even more
frequent in practice. For such a problem we cannot find the reaction by
solving the system of equilibrium equations; instead we must bring in the
laws of deformation of the structure and use a model of a deformable body.
Among the simplest of such models (though still not simple) is that of a
linearly elastic body.

1.8 D’Alembert’s Principle

It is clear that the derivatives of the position vectors of the same mass
point in two inertial frames differ by the velocity of their relative motion.
However, the acceleration of the mass point is the same in both frames and
appears in the mathematical formulation of Newton’s second law for the
motion of a particle having mass m:

d2
F = mﬁ; (1.8.1)

The position vector r is often called the radius vector; it can be drawn
in the absolute space as a directed segment starting at the origin of the
immovable frame and ending on the mass point. See Fig. 1.2.

The derivative of a vector function f = f(t) is defined by analogy with
that for a scalar function:

de(t) L f(t+ A — £()

. 1.8.2
dt At—0 At ( 8 )
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A 4

Fig. 1.2 Trajectory of a moving particle.

If we express the function in component form as

3
fF=>" frex (1.8.3)
k=1
and the basis vectors e; do not depend on ¢, then
di(t) O df(t)
= . 1.8.4
dt ; ar " (1.8.4)

We shall now invoke Einstein’s summation rule: when we see repeating sub-
and superscripts in a term involving components of vectors, such as a’b;, we
should perform a sum over ¢, with ¢ taking values from 1 to the dimension
of the space in which the vectors are considered. We therefore write

det)  dft(e)

Exercise 1.8.1. Write out d*f(t)/dt? in component form when the frame
basis is (a) time independent, and (b) time dependent.

Newton’s second law for a particle can be rewritten in the form

d’r
F-m— =0. 1.8.6
This simple transformation, after introduction of the notation
d’r

Fr = (1.8.7)

e
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brings us to
F+F; =0, (1.8.8)

which looks precisely like the equilibrium equation for the particle. This
transformation was proposed by d’Alembert. The expression F; is called
the inertia force. Equation (1.8.8) can be regarded as a statement of

d’Alembert’s principle. During the motion, the set of all forces (includ-
ing the inertia force) forms a system of forces in equilibrium.

Thus, the problem of finding the acceleration of a particle reduces to
the problem of equilibrium of the system of all forces acting on the particle.

Of course, there is little point in using this principle for a free mass point.
It does offer advantages, however, when constraints are present (e.g., when
points form a rigid body). Let us consider this possibility further.

1.9 The Motion of a System of Particles

Consider the motion of a more complex object: a finite system of n particles.
Of course, for each particle we could think of simply writing down Newton’s
second law. However, we wish to focus on the interaction between particles
and the properties that result from this.

The theory for a finite system should inherit some features from the
theory for a single mass point. In particular, when we consider the system
as a mass unit without extent, as is done for the distant stars, the equations
should reduce to those for a mass point. Indeed, we shall see that the center
of mass of the system moves exactly as a material point having mass equal
to the total mass of the system and acted upon by the resultant force.
There is a hierarchy in the theories of classical mechanics.

Let the ith particle have mass m; and position vector r; with respect
to the origin of an inertial frame. Consider the forces acting on this par-
ticle, including those produced by the actions of the other particles in the
system. If the distances between pairs of particles are all preserved during
the motion (because of massless constraints), we call the system a rigid
body; we shall not, however, limit ourselves to this case. To characterize
the system as a whole at a time instant ¢, let us introduce the total mass

n

M=) m (1.9.1)

i=1
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and the position r¢ of the center of mass defined by
Mre = mr;. (1.9.2)
i=1

The position of the ith particle relative to the center of mass is given by
the vector

p;, =r; —IrcC. (1.9.3)

Then, since (1.9.2) can be written as

imiri — imirc =0, (1.9.4)
i=1 i=1

we have
> mip; =0. (1.9.5)
i=1
Exercise 1.9.1. Putting p, = (&,m:,¢), expand (1.9.5) in a Cartesian
frame. Note that in this frame the center of mass is the origin.

Henceforth we shall use an overdot notation for time derivatives. Equa-
tion (1.9.2) holds at any instant. Differentiating it with respect to time ¢,
we get

n

=1

Consequently,
n
> mip; =0. (1.9.6)
i=1

A second differentiation gives

n
Mic = Z mit;

i=1

and
> mip; =0. (1.9.7)
=1

These are only kinematical characteristics of the center of mass of the sys-
tem. They do not depend on the forces acting on the particles.
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We divide the forces acting on the system into two classes. The first, the
class of internal forces, includes forces that arise between the particles of
the system because of constraints or other effects. We denote a force acting
on the ith particle from the jth particle by F;; (noting, of course, that
F;; = 0 for any 7). Secondly, we have the external forces. We account for
these by simply assuming that a resultant force F; acts on the ith particle.

By Newton’s third law, the internal forces should be balanced in the
sense that

F,; = —Fj,. (1.9.8)

As is common in classical mechanics, we assume both of these forces share
the same line of action connecting the particles. This is a restrictive assump-
tion, but it makes sense in physics where in statics we meet only central
forces between particles like gravitation or electrical attraction. Although
the equality (1.9.8) makes sense, it is only an assumption; in mathematics
we would call it an axiom with far-reaching consequences. Its validity is
not so evident, say, for dynamical processes.
By this assumption, the sum of all internal forces is zero:

> Fy=o. (1.9.9)

This is often called d’Alembert’s principle.2 Although we obtained it from
(1.9.8), it may be taken as an independent principle; in fact, it represents a
weaker assumption than that in which the forces are assumed to be central
and obey Newton’s third law. We are about to see that (1.9.9) forms
the background for the derivation of some principal conservation laws in
mechanics.

Newton’s second law for the ith particle is

J=1

We have noted that the addition of forces acting on different particles is
senseless, because the force acting on one particle cannot directly affect an-
other one. However, this operation begins to make sense when we consider
a system of particles, as it gives us some characteristics of the system as a
whole. We have introduced the mass of the system and the position vector

2Tt is unrelated to the similarly named principle in § 1.8. d’Alembert’s name appears
throughout mechanics.
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of the center of mass. Let us introduce, similarly, the following character-

istics:

(1) the total linear momentum

n n
E m;v; = E m;t; = Mrc;
i=1 i=1

(2) the total angular momentum

n n
E r;, Xm;v; = E r; X mlrz,
i=1 i=1

(3) the resultant of external forces

Fr= z": Fy;
=1

(4) the total moment of external forces (or total torque)

n
E r, X Fz
i=1

First we sum all the equations (1.9.10):

n

i=1 j=1

i=1

By (1.9.9) we have

n n
i=1 i=1

Hence

d n
- m;v; = F
dt ; R

or

d )
%(MVC) = Fg, ve =Tc.

(1.9.11)

(1.9.12)

(1.9.13)

(1.9.14)

(1.9.15)

(1.9.16)

So the motion of the center of mass of the system of particles depends only
on the resultant external force acting on the system, and coincides with the
motion of a particle of mass M under the same resultant force. From this

we obtain a crucial result.
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Conservation of linear momentum. If Fr = 0, then the linear mo-
mentum remains constant and the center of mass moves along a straight
line with constant velocity.

This follows from the fact that
d
—(M =0
7 (Mve) =0,
hence Mv¢ is a constant. Similar reasoning brings us to the conservation
of total angular momentum. We begin with the elementary transformation
E(rxmv):vxmv—i—rxm\'l:rxmf‘, vV=r. (1.9.17)
Next, cross the vector r; into both sides of (1.9.10) and sum over i:
n n n n

Z(I‘i X mzrl) = Z(I‘l X FZ) + Zri X (ZF”)

i=1 i=1 i=1 j=1
By (1.9.17), the sum on the left is the time derivative of the total angular
momentum:

d n
% Z(I‘Z X mlvz)

i=1
The first sum on the right is the total moment of the external forces. Con-
sider the second sum on the right. Together with the term r; x F;; it
contains a dual term r; x Fj;. By (1.9.8) their sum is

P¢XFij—|—I'jXFji:(I‘i—I'j)XFijZO,

since F;; is assumed to be parallel to the vector r; — r; connecting the ith
and jth particles. So the second sum on the right is zero and we have

%Z(I‘z X M;v;) = Z(I‘i x Fy), (1.9.18)

i=1 i=1
which involves only the external forces. In particular we have the following.

Conservation of total angular momentum. If the total moment of the
external forces acting on a system of n particles is zero,

n

Z(I‘i X Fl) = 0,

i=1
then the total angular momentum

n

Z (I‘i X mivi)

=1
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remains constant.

Exercise 1.9.2. Supply the proof.

Equation (1.9.18) describes the total angular momentum with respect
to the origin of the inertial frame. Let us find the total angular momentum
with respect to the center of mass of the system. We substitute

ri=rc+p; Vi=VcH+p;, Vc=rc,

into (1.9.18):

n n

D3l + ) xmilve + ) = Yllre +p) < Fil.

i=1 i=1

This, after simple transformation, brings

dt {rcmelvc—i—rcmelpz—i—Zmzplxvc—i—Z xmlpl}
=rc X ZFi +Z(Pz x F;)
i=1 i=1

Using (1.9.5) and (1.9.6) we get

n n

| Shve % Mve) o x Fa| 4 5 5 (0, x mip) = Yo % Fo)

i=1 =1

The bracketed difference on the left is zero, which follows from (1.9.16) if
we form the cross product with ro and use (1.9.17). Thus

Z p; x mip;) = > (p; x Fy). (1.9.19)

=1

QA|&

Although (1.9.18) and (1.9.19) are similar in form, the latter shows no
dependence on the motion of the center of mass. Hence the rotation of
the system about the center of mass is independent of the motion of the
center of mass. This holds for a system of particles and for a rigid body in
particular.

Finally, we mention that by introducing inertial forces for each particle
we can rewrite the equations of motion for the system in a form that coin-
cides formally with the equations of equilibrium for the system. This set of
equations constitutes, as in the case of one particle, d’Alembert’s principle.
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1.10 The Rigid Body

Let us reconsider the notion of a rigid body. In many books on theoretical
mechanics, a rigid body is defined as a set of particles connected in such a
way that their mutual distances are fixed. While this may seem acceptable,
it fails to specify how the particles can react with one another (i.e., with
something akin to (1.9.8)). The “definition” of a rigid body in mechanics
should include not only the idea of constant shape, but the mechanism of
force transmission between parts of the body.

The same textbooks often derive results for a rigid body consisting of a
finite number of particles, then pass directly to the theory of a “continuous”
body. It is supposed that this transition is done through an elementary limit
passage. They first think of approximating the body as a finite collection
of “particles”; each particle is actually an elemental volume over which
the “mass density” is essentially constant. Assuming all mutual distances
between particles are fixed during any motion, they calculate the total
linear and angular momenta of the system. These are expressed in terms
of finite summations, which are taken to become Riemann volume integrals
during the subsequent limit passage. The listener is expected to accept the
entire procedure without question, especially if he or she has a good calculus
background. It turns out, however, that there is reason for concern: when
we pass from a system containing finitely many objects to one containing
infinitely many objects, we can encounter unexpected changes in qualitative
behavior. In particular, we must question whether the properties of the
internal forces should carry over. The interior state of a deformable solid
cannot be described using only “central forces” (i.e., forces such as the
F;; that we used to describe a finite system of particles) or, indeed, using
forces alone. We must employ a stress tensor: an entity that inherits some
properties of force, but with other properties of its own.

The behavior of forces inside a rigid body cannot be derived straight-
forwardly from the corresponding picture for a finite system of particles.
Rather, it must be formulated as a kind of axiom that reflects our primary
interest in determining the integral characteristics of the motion. In par-
ticular, we can take the “simplest” case where the relations between parts
of the body are thought to mimic those that would apply to the internal
forces in a finite system. But again, this amounts essentially to formulating
an axiom. We find that to describe the motion of a rigid body (which we
consider as a system of n particles at fixed mutual separations while pre-
serving our assumption on the internal forces F;;), it is necessary to invoke
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only (1.9.16) and (1.9.18), or equivalently

d d n ) n
—(Mvc) =Fg, E;pi X P, :;pi x F;. (1.10.1)
Denoting

n n
GC:ZPixmipia MC:ZPiXFia
i=1 =1
where G is the angular (kinetic) momentum of the body with respect to
the center of mass C' and M¢ the resultant angular moment of the external
forces with respect to C, we can rewrite (1.10.1) as

%(MVC*) ZFR, %GC ZMc. (1102)
Using the kinematical analysis for a rigid body, which can be found in
any textbook on classical mechanics, we can express G¢ in terms of the
angular velocity vector w for the body, which has three components in three-
dimensional space. So in scalar form, we get six simultaneous differential
equations in the six unknown components of vo and w. These components
are uniquely defined by the equations and corresponding initial values, so
we have a description of the motion of a rigid body. While the form of these
equations seems simple, the study of rigid body motion occupies much space
in a typical textbook. Our goal is to discuss only some main ideas.

We should add that here the use of a Cartesian frame for the description
of relative motion of the body is not the best choice. And this leads us to
the idea that to describe the motion of bodies, we must introduce other
parameters such as the familiar Euler angles «, 3,7. In fact this is the
first step toward Lagrangian mechanics. The latter is a consequence of
Newtonian mechanics that makes use of generalized coordinates to describe
the motion of objects. It simplifies the solution of many problems.

We may regard (1.10.1) as consequences of the dynamic equations for
a system of particles. But normally (1.10.2) are applied to continuous
rigid bodies that occupy volumes or that are idealized as surface or linear
mass distributions. In such cases we may consider the terms of (1.10.1)
as Riemann-sum-type approximations to corresponding volume, surface, or
line integrals and obtain (1.10.2) using a limit passage. However, these
equations must be regarded as new axioms for rigid body mechanics. In-
deed, internal force terms such as F;; are absent. This results from the
assumptions on the nature of the internal forces. Inside a rigid body, how-
ever, it is strange to make any such assumptions; rather, it is preferable to
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begin with (1.10.2) as we will eventually use them to obtain relations for
deformable bodies where such simple assumptions cannot be applied at all.
So we will regard (1.10.2) as essentially axiomatic in nature.

Unique specification of the position of a rigid body requires six inde-
pendent parameters. In contrast, the position of a particle in space can be
specified by three coordinates or other parameters that define these coor-
dinates uniquely. The position of a system consisting of some number of
particles and rigid bodies can be uniquely defined through some minimal
number of parameters. In this case we speak of the configuration of the
system; the space in which these parameters take their values is known as
the configuration space. The minimal number of independent parameters
describing the system uniquely is called the degree of freedom of the system.

The degree of freedom is less than or equal to the total number of
parameters that describes each item of the system. For example, if a particle
can move only on some surface, then the description of its position requires
just two parameters: coordinates of the point on the surface. If it can
move only along some curve, a single parameter is required. The same
holds for rigid bodies: if a point of a rigid body is fixed, we need just three
parameters (e.g., the angles that define its position uniquely). Therefore
the degree of freedom of a body with a fixed point is three.

The degree of freedom of a system of bodies in mechanics plays the same
role for its configuration space as the dimension plays for a vector space: it
shows the number of quantities we must know in order to determine some
object in the space uniquely. The configuration space is not a vector space.

Exercise 1.10.1. What is the degree of freedom of a moving “rigid” seg-
ment?

1.11 Motion of a System of Particles; Comparison of Tra-
jectories; Notion of Operator

A curve describing the motion of a particle in space is called a trajectory. If
we mark, in configuration space, the points taken by a system of particles
during its motion, we have what could be called the system trajectory.
Since the ordinary differential equations of motion for particles are of second
order, to define the motion uniquely we must provide two initial conditions
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for each component of the position vector for each particle. We have
n
mit; =F;i+> Fy  (i=1,...,n), (1.11.1)
j=1
where the forces on the right can depend on time ¢ and the position vectors
of the particles (we continue to denote by F;; the force exerted on the ith
particle by the jth particle and take F;; = 0). We typically specify, for
each particle, the position and velocity vectors at some initial time:

I‘i(O) = a;, I‘l(O):bl (i: ].,...,TL), (1112)

where a;, b; are given constants describing the initial position and velocity
of the ith particle, respectively. The resulting problem is called a Cauchy
problem or initial value problem in ordinary differential equation theory.
The theory of Cauchy problems offers theorems covering existence and
uniqueness of solution and providing for the continuous dependence of solu-
tions on small changes in the initial conditions, masses, and external forces.
There are problems to which these theorems do not apply, but they usually
suffice for applications (note that the forces can depend on the r; and their
derivatives, so the equations can be complex).

In other kinds of problems, conditions are posed at various time instants.
Such problems are called boundary value problems, because the conditions
are commonly posed at two points often designated as “initial” and “final”
points (although more than two points may be involved). Boundary value
problems can have nonunique solutions, and their theory is not as clean
as that of Cauchy problems. Nonetheless, a great deal of effort has been
directed towards them and much is now known about both their theoretical
and practical treatment.

Suppose we are dealing with a particle system whose motion problem
has a unique solution under given initial or boundary conditions and under
a set of forces. If these parameters change, so does the system trajectory or
velocity. How should we measure this change on the time interval [0, 77 If
we are interested only in the difference between the particle positions, we
can measure the deviation between two trajectories r = r1(t) and r = ra(t)
using a uniform norm. For a single particle we can use

= £ =11 ()]s , 1.11.3
[r2 — 1] tgﬁﬁé]llm() r1(t)]gs ( )

where ||-||gs is a norm on R3. We require continuity of the vector functions
r1(t) and ro(t) on the finite segment [0, 7], which is guaranteed by general
theorems covering many motion problems for systems of particles having
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unique solutions. The rectilinear motion of a particle with given initial and
final times a and b brings us to the uniform norm on the space of continuous
functions on the segment [a, b]. The resulting normed space is denoted by
C(a,b). The norm of a function f = f(¢) in this space is given by
Il = masc 1£(2)] (111.4)

t€la,
Later, when we consider a deformable body occupying a volume V, it
will be convenient to introduce the uniform norm for functions f = f(x)

continuous on V. We will take V' to be compact (i.e., closed and bounded)
and use

£l = max| () (1.115)

for the norm.
Exercise 1.11.1. Verify that (1.11.5) satisfies the norm azioms.

If we must evaluate differences in velocities as well as positions, then for
continuously differentiable vector functions r = r1(¢) and r = ro(t) we can
introduce another norm involving first derivatives. For the one-dimensional
case, a norm on the space of functions continuously differentiable on [a, b],
denoted by CV)(a,b), can be introduced in various ways. These include

— !
7l = mass [F(B)] + max |1) (1.11.6)

and

1l ap = max{ max [£()], m

, max
te(a,b] te(a,b]

|f'<t>|}, (L11.7)

which are equivalent in the sense of convergence of sequences of differ-
entiable functions. (We will formalize this notion of equivalent norms in
Definition 1.12.1.) They can be extended to the space of functions having
continuous derivatives up to order m on a compact set ' C R™. We have

1l vy = max | FG9 + 3 max|D* (o), (L1L8)

la|<m
where the multi-index notation D% is understood as follows:

al

=— 4
ox{t - Oap™

Such norms are used when we must characterize a solution beyond simply

a=(a1,...,an), |laj=a14+ - +ay,.

a deviation under a change in parameters of the problem. The importance
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of smoothness follows from the fact that the smoother a solution (i.e., the
larger the number m in C'™ (V)), the better the convergence of approxi-
mation schemes used to seek the solution numerically. Note that the norms
are written out for dimensionless variables; otherwise, we would append
coeflicients to account for differences in units between the terms.

Exercise 1.11.2. Verify that (1.11.8) satisfies the norm azioms.

Let us return to the initial value problem (1.11.1)—(1.11.2) and suppose
that the F; depend only on t. Assume these vector functions can be defined
independently. Then to a set of forces {F;} given on [0, T] there corresponds
a unique set of trajectories {r;} on [0, T']. This reminds us of the definition of
a function, where to each point of some set called the domain of the function
there corresponds a unique value of the function. In this case, however, a set
of vector functions {F;} stands in correspondence with another set of vector
functions {r;}. We cannot say that to a value of {F;} at an instant ¢ there
corresponds a value {r;} at the same instant ¢, since {r;} at ¢t depends on all
the values taken by {F;} on [0,¢]. This dependence cannot be described in
terms of an ordinary function. We shall call the correspondence an operator
(or sometimes mapping, or map) if it is uniquely defined.

To really define a function, we must specify not only a rule of corre-
spondence between two sets, but the sets as well. The same holds for an
operator. An operator A has a domain D(A) and a range R(A). In this
book D(A) will be a subset of a normed space X, while R(A) will lie in a
normed space Y (which may coincide with X). The correspondence itself,
taking each point z € D(A) into a uniquely defined point y € R(A), will
be denoted

y = A(z). (1.11.9)

We say that A acts from X to Y. If Y = X, we say that A acts in X.

A mapping A acting from a normed space X to the scalars R or C
is called a functional. The branch of mathematics known as functional
analysis had its origins in the study of such mappings.

In linear algebra we treat operators represented by matrices. An n x n
matrix M applied to a vector x € R" yields another vector y € R™. The
reader must be aware that a matrix is not an operator but only a compo-
nent representative of the operator corresponding to some basis in R™. The
matrix elements play the same role as the components of a vector in a fixed
basis: when we change the basis (and we can do this independently in the
domain R™ and in the range R™), the matrix elements also change. They
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must do so in such a way that for any x given in some basis, application
of this representative matrix yields y given in another basis — but this y
must not depend on the choice of bases. Clearly, transformations of rep-
resentative matrices must obey certain rules, but not necessarily those for
transformations of vectors. The operators corresponding to such matrices
are also known as tensors of the second rank. In the theory of tensors,
vectors constitute tensors of the first rank and scalars constitute tensors of
zero rank. Although we can consider the correspondence M as a function
acting from R"™ to R", we prefer to call it a matrix operator. We know that
a matrix operator is a linear transformation whose degree of continuity —
that is, how a change in x affects the change in y — is measured by its norm
||M]|| (defined below). All such notions as continuity, linearity, and norm
can be extended to the general case. They are mostly simple restatements
of concepts from calculus or linear algebra.

So let us consider an operator A from a normed space X to a normed
space Y. First we extend the ordinary notion of continuity at a point. Re-
call that a real-valued function f of a real variable z is said to be continuous
at a point xg of its domain if to every positive number € there corresponds
a positive number ¢ (which may depend on €) such that |f(x) — f(zo)| < e
whenever |z — zg| < 4.

Definition 1.11.1. An operator A acting from X to Y is continuous at
xo € X if to every € > 0 there corresponds § = d(g) such that

|A(x) — A(zo)|| < € whenever ||z — zo| < 4.

The definition for an ordinary function was extended by using the norm
in place of the absolute value operation. To emphasize that the spaces X
and Y may have different norms, we could have written

|A(z) — A(zo0)|ly < e whenever ||z — x|y <0

instead of the above. However, we shall follow the usual practice and attach
subscripts to norm symbols only when the spaces involved may not be clear
from the context.

Definition 1.11.2. Let {x,} be a sequence in X. We say that {x,} con-
verges to xg and write
g = lim z,
n—oo

if for any € > 0 there exists N = N(g) such that

||zn, — xo|| <& whenever n > N.
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We may also write x,, — xg as n — oo.

Note that we have introduced the limit passage in a normed space us-
ing only the operations of classical analysis; indeed, only operations with
numbers — the values of the norm — are involved.

Having the notion of sequence convergence, we may introduce

Definition 1.11.3. An operator A acting from X to Y is sequentially con-
tinuous at xg € X if A(x,) — A(zg) as n — oo for any sequence {x,, } such
that x,, — x¢ as n — oo.

Lemma 1.11.1. The two types of continuity are equivalent.

Proof. First let us show that continuity implies sequential continuity.
Let A be continuous at xg and take any convergent sequence {x,} with
Ty, — xo. Let € > 0 be given. By continuity there exists § such that
|A(z,) — A(xo)|| < € whenever ||z, —xo|]] < §. But, by convergence of
{zy}, there exists N such that this last inequality holds whenever n > N.
Therefore, to any € > 0 there corresponds N such that ||A(z,) — A(zo)|| < e
whenever n > N. So A is sequentially continuous at zg.

Conversely, let us show that sequential continuity implies continuity.
Suppose A is not continuous at xg. Then there exists ¢ = ¢y with the
property that for every positive integer n there is a point x, inside the
ball ||z — zo|| < 1/n such that ||A(x,) — A(zo)|| > €0. The sequence {x,}
thus constructed is convergent to xg, but it is false that A(z,) — A(xo).
Therefore A is not sequentially continuous at xg. O

In view of the lemma, we will refer to sequential continuity as simply
“continuity” and use whichever formulation is convenient.

Definition 1.11.4. We say that A is linear if
Aoz + By) = aA(z) + BA(y) (1.11.10)
for any two scalars a and 8 and any two elements z,y € X.

For such an operator we often write Az instead of A(x). One useful
observation is

Lemma 1.11.2. If a linear operator A is continuous at x = 0, it is con-
tinuous on the entire space X.

This follows immediately from the relation

A(z) — A(zg) = Az — x0),
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since we can think of x — ¢ as a vector y that becomes arbitrarily small
when we make x arbitrarily close to xg.

Why is the notion of continuity seldom stressed for matrix operators in
linear algebra? In fact the issue is trivial: any n X n matrix A having only
finite elements, which represents an operator A in some basis, corresponds
to a continuous operator.

Now we introduce

Definition 1.11.5. An operator A from a normed space X to a normed
space Y is bounded if there is a positive constant ¢ such that

|Az|| < cllz|| for all x € X. (1.11.11)

If (1.11.11) holds, then A is continuous at = 0 by Definition 1.11.1
with § = £/c and hence is continuous on X.
For linear operators, we have

Theorem 1.11.1. A continuous linear operator A from X toY is bounded.

Proof. A is continuous at x = 0. Take ¢ = 1; by definition there exists
d > 0 such that ||Az| < 1 whenever ||z| < §. For every nonzero z € X,
the norm of z* = dx /(2 ||z||) is

"] = ll62/(2 [|=]l)

| =46/2 <6,
so ||[Az*|| < 1. By linearity of A, this gives us
2
) < 2 ol
which is (1.11.11) with ¢ = 2/5. O

Definition 1.11.6. The infimum of the set of constants ¢ for which
(1.11.11) holds is called the norm of A.

Alternatively the number || Al is a norm if, for any « € X, we have
[Az| < [|A[ ]l (1.11.12)
and, for any € > 0, we can find z. such that
[Aze[| > ([ All =€) [l - (1.11.13)

Clearly, when we use a term like operator “norm” we should prove that
it really has all norm properties and is suitably defined on some linear space.
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Here the space is the set of all continuous linear operators, with operations
of addition and scalar multiplication patterned after those for matrices:

(A+ B)x = Az + Bz, (aA)z = a(Azx).

The reader should prove that || A|| satisfies N1-N3. The set of all continuous
linear operators from a normed space X to a normed space Y is denoted
L(X,Y). If Y = X, the notation is L(X).

Exercise 1.11.3. Prove that the norm of an operator A can be defined as

Al = sup ||Az|| or |A| = sup |Az]|. (1.11.14)
lz|l=1 lzll<1
Although other norms can be placed on L(X,Y"), we will typically use
the above norm which is related to the norms on X and Y.

1.12 Matrix Operators and Matrix Equations

Many continuum mechanics problems cannot be solved analytically. Even
when analytic solution is possible, engineers often prefer approximate nu-
merical simulations that yield instructive pictures of system behavior. For
example, the motion of a particle system can be studied by applying ap-
proximate methods to the Cauchy problem for the corresponding ordinary
differential equations; the problem is thereby reduced to a discrete one, to
be integrated in finite time steps using finite difference approximations of
the derivatives. For a Cauchy problem this is done successively beginning
with the initial point, whereas for a boundary value problem we must sat-
isfy the conditions at the final point of the system trajectory. The latter
leads to a system of equations which, in the case of a general particle system
with forces of attraction, etc., are transcendental as a rule. Treatment is
seldom straightforward.

In continuum mechanics many engineering problems, like those of the
theory of elasticity, are described by linear equations. Available solution
methods include the finite element method, the boundary element method,
the finite difference method, etc. All lead to systems of simultaneous linear
equations that can be written as

Qi T5 = fz (1121)
or in matrix form as

Ax =f. (1.12.2)
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In this way, a matrix A approximates the original operator of the boundary
value problem. Formally, (1.12.2) looks like an equation for vector quanti-
ties f and x in a space R™ of higher dimension. But x and f are not real
vectors, since their various components refer to different points of the body
and we cannot work with them (for example, transforming between coor-
dinate systems) as we do with vectors if we wish to properly preserve their
physical meanings. Still, as soon as we write down the matrix equation it
begins to live a life of its own and we can treat it using customary methods.
For a time, we can virtually forget how the matrix equation originated —
until, of course, we reach the point where we must interpret the final results
in light of the original model.

Let us calculate a few matrix norms. Suppose, in analogy with (1.5.4),
we define a norm on R™ using

= i 1.12.
Il = s [ (1123)
for x = (x1,...,xy,). Note the norm is written for a fixed basis of R™ that

may be non-orthogonal. Writing A = (a;;), which represents the operator
A so that the ith component of the image y = Ax in the same basis is
> i1 @ijzj, we have

|Ax| = max
1<i<n

n
E Qi T4
j=1

IN

n
max Z |aijz;|
Jj=1

n
< L )
< ( max 2; | I) max [,
]:
hence
4] < x| (1.12.4)
where

= e Sl
<i<n
In linear algebra, p is called the “max row sum” of the matrix A. Note
that u > ||A|| by definition of ||A]|. But we can go further and show that
1 = ||A4||. To see that equality holds in (1.12.4) for some nonzero x, let k
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be the value of ¢ for which the max row sum occurs:
n
p= lakl.
j=1
Then choose the components of x according to the rule

+17 Qs 2 07
Xr; =
—1, ag; <O.

For this x, we have ||x|| = 1 and ||Ax|| = g, so equality holds.

Exercise 1.12.1. Show that the quantity ||x|| specified in (1.12.3) satisfies
norm axioms N1-N3. Repeat for

n 1/p
I, = (Z |g;¢|P> (1.12.5)
=1

where 1 < p < oco. The latter norm, of course, induces a metric given

by dp(x,y) = ||x —yll,- A special case of this metric was encountered in
(1.3.2).

For the norm (1.12.5), we get

x|, = (Z S iy

i=1!j=1

pN\ 1/p n n p11/p
) =[x () ]
i=1 N j=1

Next we apply Holder’s inequality for sums. If p > 1, ¢ > 1, and
1 1
-+ =1,
p q

then for any two sets of real numbers a1, ..., a,, and by,..., b,, we have

m m 1/p , m 1/q
> laibi < (Zm#’) <Z |bi|‘1> : (1.12.6)
i=1 i=1 i=1

Hence
/q

n P n P n
<Z|az‘jl’j|> < <Z|a¢j|q> (ZWV’)
j=1 j=1 j=1

where ¢ = p/(p — 1), so

n n p/q71/p
JAx]], < [Z (Zw) ] I,

i=1 \j=1



Models and Ideas of Classical Mechanics 43

By this and the well-known conditions for equality in Holder’s inequality,
we conclude that

n n p/aql/p
1= (Slal) |
i=1 \j=1
If p = 2, then ¢ = 2 and the formulas above reduce to
n 1/2 n o n 1/2
Il = (X ) o hal= (X hast)
i=1 =1 j=1

The norm ||x||, is induced by an inner product: viz.,

n
(X7 y) = Z ZiY;-
i=1

In contrast, each of the norms |[x||, for p # 2 cannot be induced by an
inner product.

It is worth emphasizing that the operator norm depends on the under-
lying norm imposed on R".

Exercise 1.12.2. Consider a matriz operator A acting between different
normed spaces. Both spaces consist of n-tuples as above, but have respective
norms given by

n 1/p n
I, = (Z w) C vl = (Z |yi|r)
=1 =1

Assuming y = Ax, estimate || A|.

1/r

We mentioned equivalent norms for the spaces of differentiable functions
and R". Let us introduce a strict definition.

Definition 1.12.1. Two norms |[-||; and ||-||,, imposed on the same set of
vectors X, are equivalent if there exist positive constants ¢ and C' such that
the inequality

cllzlly < ll=lly < Cl=ll; (1.12.7)
holds for all x € X.

Clearly, when a sequence {z,,} converges to o in one norm then it also
converges to xp in any equivalent norm.

Exercise 1.12.3. Show that any two norms in R™ are equivalent.



44 Introduction to Mathematical Elasticity

Using some basis of a finite dimensional space, we can introduce a one-
to-one correspondence between it and R™ or C™ that preserves algebraic
operations and the norms. From this (and the equivalence of all norms
on R™ or C") it follows that on any finite-dimensional space all norms
are equivalent. This is false for infinite-dimensional spaces. Moreover,
the equivalence of all norms on a linear space means the space is finite-
dimensional.

As we have said, numerical approaches to the linear problems of con-
tinuum mechanics effectively reduce these problems to matrix equations.
Nonlinear problems also reduce, as a rule, to the solution of linear matrix
equations that arise as intermediate problems. So an ability to solve ma-
trix equations is essential. The relevant methods fall under the heading of
numerical linear algebra and lie outside the scope of the present book. The
reader can see any textbook on numerical analysis for a full discussion.

1.13 Complete Spaces

We expect a numerical approach to yield an approximation to a true so-
lution. This approximation could be good or bad, however, and the best
one can hope for is a reliable estimate of the error. Often we are merely
assured that a method can, in principle, yield a sequence of approximations
convergent to the true solution. Even so, it is evident that the numerical
implementation of such a method may not converge to the true solution:
roundoff error alone can prevent this. It can destroy a solution to a simul-
taneous system of equations when the dimension reaches a certain size.

Practitioners commonly judge the convergence of an approximation se-
quence by comparing successive terms of the sequence. When the differ-
ence seems “small enough” for the purpose at hand, computation is halted.
So the analyst simply watches the successive differences between approx-
imations and waits until some stopping criterion has been satisfied. For
problems involving matrix equations, these differences are typically gauged
using one of the norms on R™; either absolute errors or relative errors (ob-
tained by dividing the difference by the norm of one of the solutions) can
be used. If the calculations were perfect, without roundoff or truncation
error, the analyst could continue the process indefinitely. The best he or
she could hope for, however, is to observe the pattern typical of what we
call a “Cauchy sequence” in calculus. This leads us to reframe the concept
in the more general metric space setting.
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Definition 1.13.1. Let {z,} be a sequence of points in a metric space
(S,d). We say that {,} is a Cauchy sequence if to each ¢ > 0, there
corresponds a number N = N(g) such that d(x,,, ) < € whenever m > N
and n > N.

This definition practically coincides with the usual one given in calcu-
lus. We know that in R or R™ the concepts of “Cauchy sequence” and
“convergent sequence” are essentially equivalent. Is this true in a general
metric space? Let us explicitly generalize the idea of convergence.

Definition 1.13.2. Let {x,} be a sequence of points in a metric space
(S,d). We say that {z,} is convergent if there is a point « € S having the
property that, to each £ > 0, there corresponds a number N = N(g) such
that d(x,,z) < € whenever n > N. In this case the point z is called the
limit of {x,}, and we write

lim z, =«

n—oo

or r, — x as n — 0OQ.

Observe that x,, — x if and only if d(z,,z) — 0, by definition of the
ordinary limit in R. The reader should also be aware that we sometimes
write

lim d(zp,zm) =0, or d(z,,z,)— 0asm,n— oo,

m,n— o0

if {x,,} is a Cauchy sequence.

Again, in the Euclidean space R" every Cauchy sequence is convergent
and vice versa. It is clear that even in a general metric space, every con-
vergent sequence is a Cauchy sequence; we formulate this as

Exercise 1.13.1. Suppose x,, — x© as n — oo in a general metric space
(S,d). Show that {x,} is a Cauchy sequence in (S,d).

What about the converse: are Cauchy sequences always convergent?
We consider a couple of examples. Recall that C(a, b) stands for the space
of continuous functions defined on the closed interval [a,b] with the “max
norm”

1711 = mase 72 (1.13.1)

Here a sequence of functions f, = f,(t) is a Cauchy sequence if

max |fn(t) — fm(t)] — 0 asm,n — co.
t€la,b]



46 Introduction to Mathematical Elasticity

For any t € [a,b], the sequence {f,(t)} is a numerical Cauchy sequence.
Hence it has a unique limit that we denote as f(¢). This f(¢) is a function
on [a,b]. Clearly {f,(t)} converges to f(t) in the sense that

sup |fn(t) - f(t)| — 0 asn — oo.
te(a,b]

But we do not know whether f(t) is continuous on [a,b]. We now refer to
a theorem from classical analysis:

Theorem 1.13.1 (Weierstrass). Suppose a sequence of continuous func-
tions {fn(t)}, defined on a closed and bounded interval [a,b], is uniformly
convergent to a limit function f(t). Then f(t) is also continuous on [a,b].

Because uniform convergence is precisely equivalent to convergence in
the max metric of C(a,b), every Cauchy sequence taken from C(a,b) is
convergent to an element of the space.

But now consider the linear space of functions continuous on [—1,1]
with the “L'-norm”

1£ll, = / RIOIER (113.2)

Exercise 1.13.2. Show that (1.13.2) satisfies NI-N3. The reason for the
“L1” designation and the subscript “1” on the norm symbol will become
clear in § 1.15.

In this new normed space we consider a sequence {f,(t)} given by
0, —-1<t<0,
falt)=4qnt, 0<t<1/n, n=1,2,3,...).
1, 1/n<t<1,
If m > n, then

1/m 1/n
d(fm,fn):/ |mt—nt|dt+/ |1 — nt|dt
0

1/m

1(1 1)
==-|-———]—=0 asm,n— oo,
2\n m

so {fn(t)} is a Cauchy sequence. But f,(t) — U(t), where U(t) is the
Heaviside unit step function defined by

1, t>0
Uty=< "' — 7
0, t<0.
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Indeed,
1/n 1
d(fn,U):/ nt —1|dt==— —0 asn— oo.
0 2n

However, the limit function U(¢) is not continuous on (—1,1). We have
established

Lemma 1.13.1. Let S be the space of functions continuous on [—1, 1] with
the L'-norm. There is a Cauchy sequence in S whose limit lies outside S.

To establish a theorem we must provide a full proof. On the other hand,
a proposition can be invalidated through just one counterexample. We have
shown that, in general, not all Cauchy sequences converge. What shall we
do then? It makes sense to select the class of spaces where the desired
equivalence does hold.

Definition 1.13.3. A metric space S is complete if every Cauchy sequence
taken from S converges to a limit in S. If S is not complete, it is incomplete.
A normed space that is complete in its natural metric is a Banach space.
An inner product space complete in its natural norm (i.e., complete in the
metric induced by that norm) is a Hilbert space.

We pause to note that the idea of metric space completeness was known
well before Stefan Banach (1892-1945). However, Banach was the first
to perceive the true usefulness of complete normed spaces. Banach was
educated as an engineer — he even published a book on classical mechanics.
This background helped him understand the importance of the spaces that
now bear his name. Unlike Banach, Hilbert was a pure mathematician. For
many years he was considered the best in the world. His ideas set the stage
for much of 20th century mathematics.

Whenever we encounter a new space, we should verify whether it is
complete. Our mere introduction of the “completeness” notion does not
mean such verification will be easy. We cannot, for example, immediately
generalize our conclusion regarding C(a,b) to the space C(Q) where Q is
a compact subset of R” — at least not without being aware that Weier-
strass’s theorem generalizes appropriately to the multivariable case. The
same holds for a generalization to the space of continuous functions on (2
with metric

If —glly :/Qlf(x) —g(x)|dxy - - - dap,. (1.13.3)

In this case, however, incompleteness can indeed be shown.
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We should make another point. We examined two metric spaces above,
both constructed using the same base set S (i.e., the set of functions contin-
uous on [a,b]). The metrics were different, however, and this allowed us to
find a sequence {f,(¢t)} that happens to be a Cauchy sequence in one space
but not in the other. In this sense there is a lack of equivalence between
the norms on these two spaces.

It is evident that equivalent norms provide the same convergence prop-
erties. Recalling that all norms on R” are equivalent, we could ask what
makes our present examples non-equivalent. The answer is that, in contrast
to R™, these spaces are infinite-dimensional.

Exercise 1.13.3. Prove that the norms (1.13.1) and (1.13.2) on the set
of continuous functions are not equivalent. (Hint: construct a sequence of
elements that all have unit norm under (1.13.1), but whose norms under
(1.13.2) tend to zero.)

Of course, one might suggest that we simply avoid the L' norm. But
norms of integral type are important. Is there a better way to circumvent
the difficulties associated with the incompleteness of such spaces? It turns
out that there is a powerful theorem which will permit us to “extend” an
incomplete space to a resulting complete space, the latter containing (at
least essentially — we shall clarify this below) the elements of the original
incomplete space. This construction is not unfamiliar, since we tacitly make
use of it when dealing with the real number system. We take up the full
details in the next section.

1.14 Completion Theorem

Although irrational numbers such as 7 and /2 are truly numbers, we do
not specify their values merely by giving them symbols. We can, however,
approximate them to any desired accuracy. Indeed we can find a Cauchy
sequence whose limit is irrational, but the best we can do to state the actual
limit is to assign it a name (such as “7” or “v/2”). So, from this viewpoint,
an irrational number is defined through an approximation sequence. But
the choice of sequence is obviously non-unique; many different sequences
can define the same irrational number. One way around this difficulty
is to introduce equivalent Cauchy sequences. In this approach, any two
Cauchy sequences approaching the same limit are said to be equivalent; we
can collect all these sequences into equivalence classes and identify each
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irrational number with one of the classes. Each rational number can be
identified with an equivalence class as well. This idea lies at the base of the
metric space completion theorem.

Before stating the theorem we introduce some terminology. Some of
these concepts have been mentioned above, but we pause to formalize them.

Definition 1.14.1. Two sequences {z,}, {yn} in a metric space (5,d) are
said to be equivalent if d(x,,yn) — 0 as n — co. Given any Cauchy se-
quence {z,} in S, we can gather into an equivalence class X all Cauchy
sequences in S that are equivalent to {z,}. We then refer to any Cauchy
sequence from X as a representative of X. Note that to any x € S there cor-
responds a stationary equivalence class containing the “stationary” Cauchy
sequence I, T, x, . . ..

We think in terms of metric spaces primarily in those situations (e.g.,
the study of convergence) where the distance between elements is crucial.
If a one-to-one distance preserving correspondence exists between metric
spaces, we can work with the elements of either space. This is true even
if the spaces have elements of distinctly different natures — we can work
with the elements of one space and understand that, since distances are of
main concern, all statements we make relative to that space also hold for
the corresponding elements of the other space. With this in mind we state

Definition 1.14.2. A mapping from one metric space to another is an
isometry if it preserves distances; that is, f is an isometry from a metric
space (S1,d1) to a metric space (52, dg) if

da(f (), f(y)) = di(z,y) (1.14.1)

for every pair of points z,y taken from S;. If an isometry is also a one-to-
one correspondence, it is a one-to-one isometry and the two metric spaces
involved are isometric.

We know that a given real number can be approximated to any desired
accuracy by a rational number. In short, “the rationals are dense in the
reals.” The notion of denseness can be extended to more general sets.

Definition 1.14.3. Let X and Y be two subsets of a metric space (5, d).
We say that X is dense in Y if for any point y € Y and any € > 0, we can
find a point « € X such that d(z,y) < e.

Now we can talk about metric space completion. The main result is
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Theorem 1.14.1. Let S be a metric space. There is a one-to-one isometry
between S and a set S which is dense in a complete metric space S*.

This is the completion theorem. It guarantees that any metric space can
be completed. Of course, if S is already complete then there is nothing to
prove, so the result is interesting only when S is incomplete. The proof is
rather long and we subdivide it into digestible portions.

We begin by introducing the elements of S*, using the idea of approx-
imating irrational numbers with classes of equivalent Cauchy sequences of
rational numbers. Given any particular Cauchy sequence {z,} in the origi-
nal space S, we form the equivalence class X mentioned in Definition 1.14.1.
We now view X as a single element of the space S* and construct the re-
maining elements similarly. So S* consists of equivalence classes of Cauchy
sequences taken from the original space S.

Definition 1.14.4. We call §* the completion of S.

Of course, we will have to define a suitable metric on S* and then show
that S* is complete in this metric.

Now we define S. Corresponding to any = € S, there is a stationary
Cauchy sequence z, x, z, . . .. This sequence would, by our procedure above,
generate an equivalence class to be included in the completion space S*.
The subset of S* consisting of only the stationary equivalence classes is
denoted by S. There is clearly a one-to-one correspondence between S
and S, and we will ultimately show that S is dense in S*. We begin by
introducing a suitable metric on S* (and S).

Lemma 1.14.1. Let X,Y € S*. The function D(X,Y) given by
D(X,Y) = lim d(zn,yn), (1.14.2)

n—oo

where {xn} and {yn} are arbitrary representatives of X andY , respectively,
is a metric on S*.

Proof. We first show that the proposed metric is well-defined; i.e., that
the indicated limit exists and is independent of the choice of representative
sequences. The triangle inequality for the metric d (on S) allows us to write

d(zpn,yn) < d(@n, Tm) + d(@m, Ym) + A(Ym, Yn)
so that

d(Tn,Yn) — A(@m, Ym) < (T, Tm) + A(Ym, Yn)-
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Interchanging m and n and using the symmetry of the metric, we obtain

_[d(xm yn) - d(xma ym)] < d(xn,xm) + d(yma yn)

Therefore
|d($nayn) - d(xma ym)| < d(Imxm) + d(ynvym)- (1-14~3)

Because {z,,} and {y,} are Cauchy sequences, we know that d(zy, ) — 0
and d(yn, ym) — 0 as m,n — oo. It follows from (1.14.3) that {d(xn,yn)}
is a Cauchy sequence of real numbers. So the limit in (1.14.2) exists by
completeness of R. To see that it does not depend on the choice of repre-
sentatives, we take any two other representatives {z]} and {y,} from X
and Y, respectively, and use the inequality

|d(@n, yn) — d(@y, yp)| < d(@n, 27,) + d(yn, yp,)
to get
|d(n, yn) — d(@y,yp)] — 0 asn — oo.
This shows that

lim d(z),y,) = lim d(zn,yn).

n—oo n—o0

So D(X,Y) is well-defined. Does it really satisfy the axioms of a metric?
First, the inequality D(X,Y") > 0 follows from passage to the limit as n —
oo in the corresponding inequality d(x,,y,) > 0 that is satisfied by d for
each n. If X =Y then we certainly have D(X,Y") = 0 (since we can choose
the same representative sequence from both X and Y'). Conversely, the
statement D(X,Y) = 0 implies that any two representatives {z,,} and {y,}
give limy, oo d(n, yn) = 0. By Definition 1.14.1 these representatives are
equivalent and we conclude that X = Y. So metric axiom M1 is satisfied.
Satisfaction of M2 follows from the definition of D and the symmetry of d:

D(X,Y) = nll_)rrgo d(Tn, yn) = nh_)n;@ d(yn,xn) = DY, X).
Finally, the triangle inequality
DX, Y)<D(X,Z)+D(Z,)Y)
follows from passage to the limit as n — oo in the inequality
Ad(n,yn) < d(Tn, 2n) + d(2n, Yn)-

So D is a suitable metric on S*. Since S is a subset of S*, we can also
employ D as the metric on S. g
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Lemma 1.14.2. The space (S*, D) is complete.

Proof. We will show that an arbitrary Cauchy bequence {X%} in S* is

convergent. From each X' we take a representative {x )} and, from thlb
an element x, such that k; > k;—1 and d(zy,, ; ) < 1/ifor all j > k;. To
see that {zy, } is a Cauchy sequence in S, we denote by X}, the equivalence

class containing the stationary sequence (xg,, xk,,...) and write

d(kai,xkj) = D(in,ij)
D(kaXkl) +D(XklekJ) +D(Xk]7Xk])
1

IN

—+D(Xk Xki) 4
J
— 0 ask;, k;j — oo.

Denoting by X the class determined by {zy, }, we have
D(X* X) < D(X"%, Xy,) + D(Xy,, X)
1
i

1
== —|— lim d(zg,, z;)

]—M)O

— 0 asi— oo.

So X% — X in the metric of S* and as {X'} is a Cauchy sequence then
X' — X as i — oo. O

Lemma 1.14.3. The set S is dense in the set S*, relative to the metric D.

Proof. Let X € S* be given. We select a representative {z,} from X,
and for each n denote by X, the stationary equivalence class containing
(Tn, Tn,...). Because

D(X,,X)= lim d(x,,xm) — 0 asn — oo,

m—00

we can approximate X as closely as desired by the elements X, taken from
S. O

Lemma 1.14.4. The spaces (S,d) and (S, D) are isometric.

Proof. The one-to-one correspondence between S and S is defined by
pairing with any « € S the element X € S that contains (z, z,z,...). Given
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any z,y € S, we can take their images X and Y under the correspondence
and write

D(X,Y) = lim d(z,y) = d(x,y)

n—oo

to see that it preserves distances. O

Theorem 1.14.1 follows from Lemmas 1.14.1-1.14.4. Since it is formu-
lated for a general metric space, it holds for all particular cases. If a space
has additional properties, these typically transfer to the completion space
as well.

The most important property of this kind is linearity. Suppose S is a
linear metric space with the additional operations of summation x 4+ y and
multiplication Az by a (real or complex) number. It is clear that the same
operations can be introduced in S* for the elements X,Y and, moreover,
that the above correspondence between S and S preserves these algebraic
operations. Hence the completion is also a vector space.

Particularly important are the normed spaces. Each is a vector space
and, in addition, has a natural metric d(z,y) = ||z —y|. Here we can
also apply Theorem 1.14.1. Let us consider this case. Everything stated
for metric spaces continues to hold, of course, but there are additional
observations as well. The metric (1.14.2) now takes the form

D(X,Y) = lim d(zp,yn) = lim ||z, — yn| -

This raises the question whether D(X,Y") can be considered as the norm
of the element X —Y: we denote this by || X —Y||,. The reader should
verify that || X||, satisfies N1-N3. Hence S*, resulting from application of
Theorem 1.14.1, is a Banach space.

Similar reasoning holds for an inner product space: Theorem 1.14.1
yields a Hilbert space S* whose inner product between X and Y is de-
fined by a limit passage in the inner product over representative Cauchy
sequences for these elements. The result is independent of the choice of
representatives and satisfies 11-13.

In what follows, we will complete various normed and inner product
spaces. Let us formulate appropriate versions of the theorem.

Theorem 1.14.2. Let S be a normed space. There is a one-to-one isom-
etry between S and a set S which is dense in a Banach space S*. Algebraic
operations between elements are preserved under this correspondence. The
norm in S* is given by

X[, = lim {2, (1.14.4)
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where {x,} is any representative Cauchy sequence taken from the class X .

Theorem 1.14.3. Let S be an inner product space. There is a one-to-one
isometry between S and a set S which is dense in a Hilbert space S*. Alge-
braic operations between elements are preserved under this correspondence.
The inner product in S* is given by

(X,Y). = lim (zn,yn), (1.14.5)

where {xn} and {yn} are any representative Cauchy sequences taken from
the classes X and Y, respectively.

Exercise 1.14.1. Denote by P the set of all polynomials with real coeffi-
cients on the closed segment [0,1]. Observe that P is a linear space. Supply
it with the norm of C(0,1), that is, ||p|| = max,ejo,1) [p(x)|. Clearly the re-
sulting normed space is not complete. Describe the space that results from
the completion theorem in this case.

Let us sketch a solution. Clearly, by the completion theorem, the reader
will get a complete space consisting of all the classes of equivalent Cauchy
sequences of polynomials. However, by the Weierstrass theorem, any con-
tinuous function in C'(0, 1) can be uniformly approximated by a polynomial
to within any desired accuracy. This means that P is dense in C(0, 1), which
is a complete space. The latter means that any Cauchy sequence in C(0, 1),
including sequences of elements of P, has a continuous function as a limit.
It is easy to show that this limit does not depend on the choice of a repre-
sentative sequence from a class of the completion space. So here any class
of the completion space can be identified with a continuous function from
C(0,1). We can regard the completion space obtained by the theorem as
another form of representation of the space C(0,1).

1.15 Lebesgue Integration and the LP Spaces
Suppose Q is a closed and bounded (i.e., compact), Jordan measurable

subset of R™. Let S be the collection of all functions f(x) continuous on §2
and thus absolutely integrable over {2 in the Riemann sense:

[ 1601 d2 < . (1.15.1)
Q
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Since the integral expression above is a valid norm on S, we can consider
the normed space (S, [|-||;) where

£l = /Q ()] 9. (115.2)

Lemma 1.13.1 states that (S,]-|;) is incomplete when Q is a one-
dimensional interval [a,b]. The same holds for @ C R"™ with any finite
n. We can apply Theorem 1.14.2 and extend the operation of integration
to the elements of the resulting Banach space. The integral we obtain is
called the Lebesgue integral, after H. Lebesgue who introduced it from an-
other standpoint. Let us denote the elements of the completion by F(x)
and introduce

Definition 1.15.1. L!(f) is the Banach space formed by completing the
normed space (S, ||]|,). The norm on L'(f2) is given by

171, = [ 1Pl (1.15.3)
For brevity, we often write L(Q2) instead of L*().

The sense of integration on the right side of (1.15.3) is given by Theo-
rem 1.14.2; it is therefore

/|F(x)|dQ:n1Ln;O/ | fa(x)] €2, (1.15.4)
Q Q

where {f,(x)} is a representative sequence (i.e., of continuous functions
from S) taken from the class of equivalent Cauchy sequences F'(x). We will
call the value

JRCIE

the Lebesgue integral of |F'(x)|.

We pause to observe that an element of L(€2) is not an ordinary function.
It is an equivalence class of Cauchy sequences of continuous functions. But
we do employ function notation as indicated above. This is convenient if
one maintains the correct interpretation of the symbolism. For example, the
sum F'(x) + G(x) of two elements is understood to be the equivalence class
determined by a representative Cauchy sequence {f,(x) + gn(x)}, where
{fn(x)} and {gn(x)} determine F(x) and G(x), respectively.
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We have introduced the integral for |F(x)|. Let us introduce the value

of the integral
/ F(x)d9
Q

for elements F'(x) € L(£2) themselves. The result will also be equivalent to
the Lebesgue integral of a function. Taking a representative {f,(x)} from
F(x), we use the modulus inequality

/Qf(x)dQ' g/ﬂ|f(x)|dﬂ (1.15.5)

to show that the numerical sequence { [, f(x) dQ2} is a Cauchy sequence:

fu(x)de2 J%AX)dQ‘=‘j£[ﬂJX)—-ﬂnOQ]dQ

gﬁmw—mwwﬁ
= ||fn - me1

— 0 as m,n — oo.

Definition 1.15.2. The quantity

/ F(x)dQ= lim [ fu(x)dQ (1.15.6)
Q n—oo Jo

is uniquely determined by F(x) and is called the Lebesgue integral of F(x)
over ().

Again, this is equivalent to the Lebesgue integral as presented in real func-
tion theory.

Remark 1.15.1. The classical theory of Lebesgue integration begins with
the notion of Lebesgue measurability of a set in R™. This differs from
Jordan measurability in the way that the elementary domains, used for
defining whether a domain is measurable, contain a countable set of ele-
mentary parallelepipeds (inscribed and circumscribed) unlike the Jordan
case where only finite sets of these are used. The classical theory intro-
duces the notion of Lebesgue integral, but the “functions” involved are not
simple functions (just as they are not in our approach); rather, a function
here is a collection of all those that are equal almost everywhere (i.e., ex-
cept on a set of Lebesgue measure zero). Sets of Lebesgue measure zero
can be complicated, and hence the corresponding “functions” for which
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Lebesgue integration is introduced can differ substantially from ordinary
functions. For example, the set of all rational numbers on the segment
[0,1] has Lebesgue measure zero. Thus the functions participating in the
classical theory of Lebesgue integration are also some classes of equivalent
functions and offer no advantages over those used in our approach. When
we say that the integrals are equivalent we mean that the resulting spaces
can be placed in one-to-one correspondence in such a way that the integrals
for the corresponding elements are equal. The correspondence is also iso-
metric and preserves linear operations over the elements. Moreover, in the
case of a continuous function for which the Riemann integral exists, both
approaches to the Lebesgue integral yield a value equal to this Riemann
integral. O

Note the following.

(1) If we take an element of L(f2) that contains a stationary sequence of
elements of S, this integral is equal to the ordinary Riemann integral
of the function of the stationary sequence. Thus it extends the notion
of Riemann integral.

(2) In L(©) all the functions (elements) are absolutely integrable.

L(Q) belongs to a class of Banach spaces that are denoted by LP(Q),
p > 1. In particular, L(Q) = L'(Q). For a fixed p > 1, the space LP(Q) is
the completion of S with respect to the metric induced by the norm

i1, = ([ 1reor dsz)l/p. (115.7)

The norm of an equivalence class F'(x) € LP(Q2) is given by

I, = (/ |F(x |”dQ> " (1.15.8)

Here integration is now understood in the Lebesgue sense:
/ |F(x)[?dQ = lim / | fn(x)|P dQ2, (1.15.9)
Q n—oo Q
where {f,(x)} is any representative of F'(x).

Exercise 1.15.1. Show that this integral is well-defined; i.e., that the limit
on the right exists and is unique for any given F(x) € LP(Q). Hence the
norm (1.15.8) is well-defined.
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We now state some important facts regarding the LP(f2) spaces. First,
for compact €2 these spaces are nested in the sense that

LP(Q) CL"(Q) for 1<r<p. (1.15.10)

Second, a sufficient condition for existence of the integral

/QF(X)G x) d)

F(x) € LP(Q) and G(x) € LI(Q)

is that

for p and ¢ such that

1 1
-+ —-=1landp>1.
p q

In this case Holder’s inequality for integrals

dﬂ‘ (/ |F(x |de>l/p</ G(x |qu)1/q (1.15.11)

holds, with equality if and only if F'(x) = AG(x) for some number A.

Exercise 1.15.2. Use (1.15.11) to prove (1.15.10); i.e., there exists a con-
stant Cp,» not dependent on F(x) such that

(f |F<x>|fdﬂ)w§cp,r (f |F(X)|pd9>””

when 1 < r < p.

The space L?(Q2) deserves mention since it is a Hilbert space. (The
spaces LP(Q) for p # 2 are Banach spaces but their norms cannot be in-
duced by suitable inner products.) If we begin with a base set S of complex
functions, Theorem 1.14.3 yields a complex Hilbert space with inner prod-
uct

(F,G) = lim fn( )gn—(x)dQZ/QF(x)@dQ. (1.15.12)

Complex conjugation can be omitted to obtain the correct expression for
the inner product on the real version of L2(2).
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Fredholm’s operator in LP(Q2)

Let us apply Holder’s inequality to find the norm of Fredholm’s operator.
Equations of the general form

/Kx y)U(y)dQ = G(x), (1.15.13)

where K (x,y) and G(x) are given and U(y) is the unknown sought, occur
commonly in mathematical physics (and continuum mechanics in partic-
ular). They are known as Fredholm integral equations of the second kind.
We can write (1.15.13) in the slightly more abstract form

U(x) + AU (x) = G(x) (1.15.14)

where A is the linear integral operator given by
= / K(x,y)Ul(y) dS¥. (1.15.15)
Q

This is Fredholm’s integral operator. Depending on the application, A can
be considered as acting in various spaces of functions. It may or may not
be continuous, depending on the properties of its kernel K(x,y). Let us
obtain a condition on K (x,y) sufficient to ensure that A is bounded when
it acts in the space LP(Q2) (i.e., maps elements U € LP(Q) into images
AU € LP(Q)). We have

||AU||p:(/‘/ny )2

But by Hélder’s inequality we can write

([ ([ora)

1/p
1ol -

1/p
dQ) |

/ny dQ

where ¢ = p/(p — 1), so

AU, < [ L(/ |K<x,y>|wﬂ)p/q a0

The needed condition for continuity of A is

[ L/ |K<x7y>|qdﬂ)p/q a0

In fact, it can be shown that the quantity on the left equals || A]|.

1/p
< Q.
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The idea of Lebesgue integration can be extended to the case of non-
compact domains . The above-stated fact about ||A|| holds even if Q is
not compact, since Holder’s inequality continues to hold in that case. The
reader should note the similarity in form between the corresponding norms
of the Fredholm operator and the matrix operator in § 1.12.

Vectorial versions of (1.15.13) are also important in mechanics.

1.16 Orthogonal Decomposition of Hilbert Space

The Hilbert space L?(€2) plays an important role in modern theoretical in-
vestigations of partial differential equations. In this book we will encounter
other Hilbert spaces that relate to the energy functionals of the various
objects of continuum mechanics.

A Hilbert space possesses an important functional, the inner product,
whose existence we have not used so far. However, many properties that
hold in R?® — for example, those relating to projections, component rep-
resentations of vectors, etc. — can be extended to general Hilbert spaces.
Here we consider the decomposition of a Hilbert space into a sum of mu-
tually orthogonal subspaces. In R3 a proper subspace might be a set of
vectors acting in a direction parallel to a line or a plane. Suppose U is a
subspace of vectors whose line of action is parallel to a plane through the
origin, and that V' consists of vectors whose line of action is parallel to a
line perpendicular to that plane. Then any v € V has the property that
(v,u) =0 for all u € U. Two subspaces related in this way are said to be
mutually orthogonal. In this case any x € R? can be written uniquely as a
sum

x=u+v, uel, vel. (1.16.1)

We say that R3 has been decomposed as a direct sum of the subspaces U
and V, and write

R = U+V. (1.16.2)
These ideas extend to a general Hilbert space as follows.

Definition 1.16.1. Let V be a subspace of a Hilbert space H. A vector
x € H is orthogonal to V if (z,v) = 0 for every v € V. Let U be another
subspace of H. We say that U and V are mutually orthogonal subspaces,
and write U L V, if every u € U is orthogonal to V. Finally, if U and V
have the property that any © € H can be expressed uniquely in the form
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xr =u+ v for some v € U and v € V, we say that H has an orthogonal
decomposition as the direct sum H = U+V.

The orthogonal projection of a vector x € R? onto a subspace M of R?
has a few properties by which we can define the projection uniquely. One
is that the difference between x and its projection my, i.e., x — mg, has
the least length of all vectors x — m, where m € M. It turns out that the
orthogonal projection of a vector on a subspace of a Hilbert space can be
defined in the same way. Thus we begin with the question of minimization
of the functional || — m|| over m € M, a closed subspace of H.

Exercise 1.16.1. Verify that the inequality ax? + bx + ¢ > ¢ holds for all
real x if and only if b = 0 and a > 0. (This result will be needed in the
proof of Theorem 1.16.1.)

Theorem 1.16.1. Suppose M is a closed subspace of a Hilbert space H and
x € H. There is a unique element mg € M such that ||x — m|| is minimized
when m = myg. Furthermore, mg is the unique “minimizing vector” if and
only if x — myg is orthogonal to M.

Proof. We prove this when H is a real Hilbert space. The case where
x € M is trivial (simply take mo = ), so we assume = ¢ M. Define

d= inf [Jx—m]|.
meM

Now the distance between any two elements m;,m; € M can be expressed
using
2 2

m; —mil|” = [[(m; —z) + (x —my)]|

where, by the parallelogram law, the right side satisfies
2 2
[(mj — ) + (x = ma) || + [[(m; —x) — (x —my)]|
= 2|z —m; || + 2| —ma|*.

This means that

m; +m; 2
2
< 2|z —my* + 2|z — ma||” — 402 (1.16.3)

2 2 2
Iy — mal® = 2]l — my | + 2l — ] —4'x

(Here we have used the fact that (m; + m;)/2 lies in M, since M is a
subspace.) By definition of § we can take a sequence {m;} in M such
that || —m;|| — J. Such a sequence is a Cauchy sequence by (1.16.3).
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Furthermore, because H is complete {m;} must converge and its limit mg
must belong to M since M is closed. By continuity of the norm we have
|z —mol| = 4.

Equation (1.16.3) can also be used to prove uniqueness of the minimizing
vector. If mg,mg € M are any two minimizing vectors, we can set m; = mg
and m; = mg and obtain

[0 — mo||® < 2@ — mol|® + 2 ||z — mo||* — 46% < 26% + 202 — 46% = 0,

hence mg = my.

We finish the proof by showing that mg is the unique minimizing vector
if and only if x — mg is orthogonal to M. Indeed, let m € M. If mp is a
minimizing vector then for any o we have

lz —mo||* < [l —mo — am||* = o —mo||* — 2a(z —mo, m) + o [|m|*.

This is a quadratic inequality; by Exercise 1.16.1 it can hold for all « if and
only if the coefficient of the first power of «, namely (x — mq, m), is zero.
This means that any m € M is orthogonal to z — mg, and thus x — myg is
orthogonal to M.

Conversely, let (z — mg, m) = 0 for any m € M. Denote m; = m — my.
Then

|z = ml||* = [l& = mo — ma||* = [l& = mo||* = 2(z — mo, m1) + ma]|*.
As (z —mg,m1) = 0 we get
2 2 2
[z —m|” = llz — mol|” + [lmal
and so myg is the needed minimizer. O

Definition 1.16.2. Given a subspace M of a Hilbert space H, the set of
all z € H that are orthogonal to M is called the orthogonal complement of
M and is denoted by M*.

Exercise 1.16.2. Let M be a closed subspace of H. Show that M~ is a
closed subspace of H. Hence M and M~ are orthogonal subspaces of H.

Now we can state the orthogonal decomposition theorem.
Theorem 1.16.2. If M is a closed subspace of a Hilbert space H, then
H=M{M*. (1.16.4)

Hence any x € H has a unique representation x = m + n, where m € M
and n € M*.
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Proof. Let x € H. According to Theorem 1.16.1 there is a unique mg €
M such that & —my is orthogonal to M. Writing © = mg + (x — mg) we see
that = is decomposed uniquely into a component in M and a component in
M+, U

Exercise 1.16.3. Our proof was given for a real Hilbert space. Supply the
proof for a complex Hilbert space.

1.17 Work and Energy

It was not a simple task to devise a way of measuring the action performed
by a person or machine. Eventually, the measure we now call work was
introduced. It involves the notion that a force (or set of forces) acts on an
object and thereby moves it. In the simplest case the force is constant and
acts on a particle in the direction of its motion. Then the product of the
force F' and the distance s through which the force has shifted the particle
is called its work:

W = Fs. (1.17.1)

When the force is variable and so depends on the length parameter s as
some function F' = F(s), it is reasonable to introduce work as an integral:

B
W:/A F(s)ds, (1.17.2)

where A, B are the initial and final points of the particle trajectory.
When the direction of the force does not coincide with the direction of
motion of the particle, a natural generalization is to introduce the force
vector F and represent a small piece of the trajectory as an elemental
displacement dr. Then the work can be written as a dot product:

B
W= /A F(s) - dr. (1.17.3)

In fact, nothing prevents us from introducing other measures of the action
of a force, but this particular one is intimately related to the quantity we
call energy.

The notion of energy occurs in all the physical sciences. It is applied in
many situations, but has no strict definition. We say that energy is con-
served after observing a wide variety of processes in Nature. In mechanics,
however, the law of conservation of mechanical energy follows directly from
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mathematical transformations that yield energy integrals in various situa-
tions; these integrals, in turn, are found to be related to work as introduced
in (1.17.3).

The notion of mechanical energy is extremely important. We use it
not only as a measure of something conserved during the motions and
deformations of bodies, but to characterize the differences between states
of a body. Moreover, we will introduce normed spaces that employ energy-
related expressions for norms and inner products.

Let us illustrate how the above mentioned work—energy relation arises
in simple problems. Consider the motion of a particle, having mass m,
under the action of a force F. We shall see how the simplest form of the
energy conservation law arises in mechanics. The equation of motion is

mi = F. (1.17.4)
We represent dr along the trajectory as
dr = rdt.

Dot multiplying (1.17.4) by this and integrating with respect to time over

[to, t1], we get
t1 t1
/ mi‘-i‘dt:/ F-dr.
to to

On the right we have the work of the force F acting during the time interval
[to, t1]. On the left, the simple transformation

. d mi? d mv?
I‘ . I' - - =
" a2 dt 2
yields, after integration,
2 2 t1
my - :/ F - dr. (1.17.5)
2 t=t1 2 t=to to

It follows that if F' is zero or orthogonal to the trajectory at all times, the
quantity mv?/2 stays constant. This is the kinetic energy of the particle.
The last equation states that the change in kinetic energy during some time
interval is equal to the work of the force during that same interval. This is
one formulation of the law of energy conservation.

We know that total energy (i.e., the sum of potential and kinetic energy
terms) is conserved. Let us consider a simple problem: the oscillations,
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along a straight line, of a particle attached to a spring. Hooke’s law relates
the extension x of the spring to the applied force F:

F = kx. (1.17.6)

By Newton’s third law the spring exerts a force —kx on the particle, and
the equation of motion of a particle of mass m is

mi(t) = Fo(t) — ka(t). (1.17.7)

The active force Fy(t) is assumed given. Before repeating the transforma-
tions done above, let us introduce the potential

V= %kﬁ (1.17.8)

corresponding to the elastic force —kx. The name “potential” indicates
that its derivative with respect to = gives us the force expression:
a
=
The equation of motion of the particle attached to the spring can be rewrit-
ten in the form

—(~kz). (1.17.9)

mi(t) + = Fy(t). (1.17.10)
Now we multiply through by
dx(t) = x(t) dt

and integrate along the trajectory over the time [tg,t1]. We get

mi(t)i(t) dt + / YV, / ! Fo(t) dz(t)

to €z to

t1

to

which brings us, after integration, to
mu? mu?
[— + V(a:)] - {— + V(aj)]
2 t—t, 2

where

_ (" R de()  (117.10)

t=to to

o(t) = i(t).

The expression on the right-hand side of (1.17.11) is the work of the active
force Fy(t) during [to,?1]. On the left we see the particle’s kinetic energy
K = mv?/2. We see the sum K+ V evaluated at the final and initial points
of the time period under consideration. Calling V the potential energy
and IC + V the total energy, we come to a well-known statement of energy
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conservation: the change in total energy of the “particle-spring” system
during [to,t1] is equal to the work performed by the external force during
that same period. Of course, the conservation of total energy holds when
the work is zero, e.g., when Fy = 0; in this case IC + V stays constant over
time.

We called V the potential energy. It is clearly associated with the spring
and not the particle. Of course, we are free to assign names in any desired
way, but should have some justification. We have said that the energy
relates to the work done by forces. So why is V = k2?/2 called potential
energy? Consider the work done by the external force while stretching the
spring by an amount x. At the final position, the extension of the spring
is x, and the force to maintain this extension would be F' = kz. A naive
application of the “work equals force times distance” idea would yield a
value of kx - x = kx? for the work done. But V contains an additional
factor of 1/2. Why? The answer is that we cannot apply the force kx at
once: at first we need only a small force, near zero, to produce a bit of
extension. If we apply the force kx right away we will produce motion, but
we suppose that there is no motion. So our external force should increase
from zero to kxz in such a way that at every moment we have a state of
equilibrium.® Then the total work of the external force is

xT
W = / kEdé = k_x2 (1.17.12)
0 2
This coincides with the value of V as introduced above.

The reader is aware of elementary physics problems in which a particle
moves vertically through the Earth’s gravitational field; in such cases we
also consider the total energy of the particle to be the sum of its kinetic
and potential energies, and the potential energy term is analogous to that
found above for the mass-spring system. We also introduce a gravitational
potential

V(z) = mgy, (1.17.13)

where y is height above the Earth’s surface. The total energy in this way

3Here we ran into a typical snag that is common in statics and thermodynamics: we
essentially treat a moving system as though it were in true static equilibrium at any
instant of the motion. Formally, this can be done in two ways: (1) we can consider
certain masses that are involved to be zero (as we have done with the mass of the
spring), or (2) we can assume extremely slow motion and consider all inertial forces to
be zero (although it is not altogether clear that we can do this when we observe finite
changes at the conclusion of the motion).
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is

mU2

£ =5+ V(). (1.17.14)

So the two problems exhibit the structure for total energy, which is con-
served during motion. In this sense they are analogous. Note that in both
cases the total energy is related not only to the particle but to “the sources”
of external force (i.e., the spring and gravitational field, respectively). In
many problems we can regard the forces as “external” in nature and thereby
introduce a potential-type function. Then V plays the role of the potential
energy of the system under consideration, but in fact it relates to the en-
ergy of some external objects that “emanate” those forces somehow. This
notion of the potential of external forces is extremely useful in Lagrangian
mechanics.

1.18 Virtual Work Principle

For a system of n particles in equilibrium, the resultant force acting on the
ith particle is zero:

F,=0 (i=1,...,n). (1.18.1)

If the motions of the particles are unconstrained, we can denote by dr;
the (arbitrary) permissible motion of the ith particle and write all the
equilibrium equations as the single equation

> F;-or =0. (1.18.2)
i=1

This holds for all possible dr;, and from it we can recover (1.18.1) since
we can appoint each dr; independently. Equation (1.18.2) expresses the
virtual work principle (VWP) for the equilibrium of a system of independent
particles. We see that its terms express the work of the forces F; over the
displacements given by the vectors dr;. This is called virtual work, a name
we shall soon explain.

The transformation from (1.18.1) to (1.18.2) offers no real advantages
in this case. But the situation is different when constraints on the motion
are present.

We have mentioned the constraints under which a system of particles
becomes a rigid body. In mechanics there are also constraints of other
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types: supports, conditions of impenetrability, etc. We shall touch upon
some of the problems in which friction is negligible.

Let us consider the equilibrium of a particle under the influence of a
constraint that does not involve friction. The constraint itself is defined by
an equation. For example, a particle may be constrained to move without
friction on some surface expressed in Cartesian coordinates by

F(z,y,z) =0. (1.18.3)

In vectorial form this looks like F'(r) = 0. The absence of friction means
the reaction force R of the surface on the moving particle is always directed
along the surface normal n. When the constrained particle is in equilibrium,
the resultant force acting on it is zero. Let us call the remaining forces
active, and denote their resultant by F. We have

F+R=0. (1.18.4)

The reaction R lies along n and participates in the force balance along
this direction, but has no component tangent to the surface; hence the
projection of F on the local tangent plane must be zero. The equation of
the tangent plane at a point ro = (xo, Yo, z0) on the surface is

o) 20y — o) + 2 o = z0) =

(x — xo) + P

In vector form this is VF(rg) - (r —rg) = 0. Let us denote r — r¢ by dr so
that

VF(rg) - or =0. (1.18.5)

We call a vector dr satisfying (1.18.5) a wirtual displacement of a particle
at the point ro. In general the vector ro + dr does not define a point on the
surface, hence the displacement dr of the particle does not belong to the
set of actual displacements. Usually dr is considered as an infinitesimal dis-
placement of the particle, in this case it belongs to the surface tangent but
(with the same success) it could be finite and so in general does not belong
to the surface. This explains the curious term “virtual displacement”: it
does not belong, in general, to the set of real displacements of the particle
but is “proportional” to one of the real infinitesimal displacements. The set
of all virtual displacements dr covers all directions tangent to the surface,
so the condition that the projection of the active force F onto the tangent
plane is zero can be written in the form

F.-or=0 (1.18.6)
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as R is orthogonal to dr. In equilibrium of the particle on a surface, (1.18.6)
must hold for all virtual displacements dr. It is the VWP equation in this
case. In form it coincides with the VWP equation for a free particle, but
the set of virtual displacement vectors dr is now restricted; because of this
restriction, we excluded from the equation the reaction force R, and this
offers some practical advantages.

If the particle is constrained to move only along a curve without friction,
then the reaction cannot have components parallel to the tangent at each
point. Here, the set of virtual displacements Jr is restricted to the set
of vectors parallel to the tangent line at any point. Reasoning similar to
the above brings us to the equation of equilibrium, which coincides with
(1.18.6) for the surface constraint.

In classical mechanics one also considers unilateral constraints. In the
case of a surface, for example, a particle may be able to move on the surface
or away from one side but cannot penetrate through to the other side. Here
the set of virtual displacements is obviously not restricted to vectors lying
in the tangent plane. When friction is absent, there are various arguments
(more of the nature of axioms, really) supporting the notion that the work
of the reaction force must be nonnegative:

R-6r > 0. (1.18.7)
Then (1.18.4) gives
F.ér <0, (1.18.8)

which is regarded as the most general form of the virtual work principle
for a particle whose position is restricted by a unilateral constraint. When
treating a system of independent particles, we can write out the VWP
equation (or inequality) for each particle and then add. The resulting
equation (or inequality), by the independence of the virtual displacements
for each particle, is equivalent to the complete set of equilibrium equations
for the system. It does not contain the constraint reactions, however, so
solution of the equations is simplified. Thus, for the case of a system
of particles that can move only along certain curves or surfaces without
friction (such systems are called holonomic) so that the constraints are
expressed with equalities of the type f(r1,...,ry,,t) = 0 (such constraints
are called geometric or holonomic, as opposed to the kinematic constraints
whose equations include velocities of points) the virtual work principle is
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expressed by
> F;-or =0. (1.18.9)
i=1

Of course, in problem solving there is no need to try all possible virtual dis-
placements in this equation. For each i, it is enough to take only the vectors
that constitute a basis in the corresponding space of virtual displacements.

If there are unilateral constraints without friction, the virtual work prin-
ciple is given by

> F;-or; <0. (1.18.10)
=1

It turns out that the virtual work principle can be used not only in
cases involving independent particles, but with rigid bodies or systems of
such bodies under the actions of forces. It is only necessary to observe that
the virtual motions of different points of a rigid body are not independent.
When we do this, we can obtain the equilibrium conditions for a rigid body.
The reader can consult any textbook on classical mechanics for further
details. In the same way, we can consider the virtual work principle for
dynamic problems when “inertial” forces are present. So the virtual work
principle applies in dynamics as well (cf., equation (1.19.2)).

For a mechanical system without friction, it seemingly does not mat-
ter whether we use the virtual work principle or Newton’s laws to study
particle motion. However, the virtual work principle has a broader range
of application in classical mechanics. In general, the virtual work principle
is not a direct consequence of Newton’s laws, although in many cases it is
possible to demonstrate their equivalence as was done above. Experience
shows that the virtual work principle can be taken as the base formulation
for the laws of equilibrium (and, with use of d’Alembert’s principle, for the
laws of motion) of particles and rigid bodies with constraints.

1.19 Lagrange’s Equations of the Second Kind

Recall that the degree of freedom of a system of particles is the minimal
number of independent parameters needed to uniquely specify the position
of the system. This is often less than the formal number of Cartesian com-
ponents associated with the position vectors of the particles. If a particle
moves along a surface, it is sufficient to know two coordinates of the parti-
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cle’s position on the surface. If it moves along a line, knowledge of a single
coordinate suffices. Finally, if particles make up a rigid body, then their
mutual separation distances are constant, so fewer (six) position parameters
are needed to describe the motion. A reduction in the number of needed
parameters in comparison with the number of Cartesian components with
which we may describe the system is normally due to constraints imposed
on the system.

Let a system of r particles have n degrees of freedom so that its position
is uniquely defined by the coordinate parameters ¢i,...,¢q,. Because of
possible ties between particles, we should suppose that the position vector
for each particle depends on all the ¢;, which are independent: that is,

r; =ri(q1,...,qn,t). (1.19.1)

Of course, we could use Newton’s laws to describe the motion of a
system of particles having a degree of freedom less than the total number
of position vector components. But it is more reasonable to derive the
minimal number of necessary equations while avoiding the equations of
constraint, etc. This system of equations in the variables ¢; is composed of
Lagrange’s equations of the second kind. Our derivation will proceed under
relatively simple assumptions on the constraints. More complex cases are
treated in fundamental textbooks on classical mechanics.

Note that for these equations the parameters qi,...,q, become func-
tions of time ¢, and thus we can introduce corresponding velocities
d1,---,4n. In what follows we can consider ¢; to be independent of ¢;
at any time t.

We begin by combining, for a system of r particles, the virtual work
principle with d’Alembert’s principle. Let us include inertial forces —m;¥;
in equation (1.18.2):

T
D (Fi —mi) - or; = 0. (1.19.2)
i=1
Here dr; is a virtual displacement for the ith particle. We assume the F;
depend on the positions and velocities of the particles. Thus, in terms of
the ¢;, they are

Fi:Fi(q17'~'7Qna(jla'~w(jnat)~ (1193)
We transform (1.19.2), with the virtual displacements represented as
"0
ot =3 2 5g.. (1.19.4)

il
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Note that the virtual displacements are taken at a fixed instant ¢t. They are
vectors proportional to infinitesimal vectors of admissible displacements
at a fixed ¢, so we can find them by writing out the formal expression
for the first differential while considering ¢ as a fixed parameter. After
writing everything in terms of the d¢q;, we will select multipliers d¢; in
(1.19.2). Using the mutual independence of the dg;, we will then equate
the coefficients of the dg; to zero and obtain the needed equations.
The work of the active forces from (1.19.2) can be represented as

i=1 j=1

where @); is called the component of the generalized forces relating to the
virtual “displacement” dg;. By the above assumptions, (); depends on the
qi,---5,qn, the ¢1,...,q4n, and t.

Now we transform the terms of (1.19.2) for the inertial forces. It turns
out that these can be expressed in terms of the derivatives of the kinetic
energy. We first use the relation (1.19.4):

i=1 i=1

Recall that the overdot denotes a total time derivative d/d¢, which differs
from 0/0t. Note that

4 r% —r%—kri Ori
dt ! 8(]j ! 6Qj ! dt 5(]j ’

and therefore

81'1' d . 8ri . d 8ri
r; - =— |- =— ) —1; - — . 1.19.7
Y 0g Tt (r 5%‘) i <5Qj) ( )
Next we use two formulas, proved at the end of this section:

81'3 6ri

= = , 1.19.8

25, ~ 9g; ( )

= — 1.19.
aq]‘ dt <8C]j) ’ ( 9 9)

where ¢; and ¢; are considered as independent variables. Applying these to
the right side of (1.19.7) we get

g, Omi_d (0 ONN L Ok d (10N 0 (i
! 8C]j_dt ! 8C]J ! 8C]j_dt 2(9(]] aq]‘ 2 '
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Substituting this into (1.19.6), we get
o o (1 o (1 .,
Somitoini = 3 {5 57 (3m8)] - 7 (3t
-5 () - ]
= 04, 0q;

T 1 .
£=> 5mirf. (1.19.10)
=1

where

Combining this and (1.19.5) with (1.19.2), we derive

" 9E\ | OE
2t |0 (a7,) * o] =

j=1

Finally, using the independence of the d¢q;, we obtain

d (0 OF .
a4 <a_qj> X g G=1...m). (1.19.11)

These are Lagrange’s equations of the second kind. They constitute a
system of n ordinary differential equations with respect to the unknown
functions g;(t). In general they contain terms involving g¢;(t), ¢;(t), and
g;(t), so the system is of order 2n.

Before finishing this section, we demonstrate how the assumption of po-
tentiality for the generalized forces leads us to something resembling the
Euler—Lagrange equations for the problem of minimum of a functional (con-
sidered in § 1.20). Potentiality of the set of Q; means there is a potential
function V = V(qu, .. ., gn) such that

15)%
Qj=—5—

aq]‘ '

In many cases V is called the potential energy; it is related to the energy of

the “source” of the external forces ();. Substituting into (1.19.11), we get
d < o€ ) o0& oV

)= i=1,....n).
dq; dq; 9q; U )

(1.19.12)

By assumption, V does not depend on ¢; so 9V/d¢; = 0. Introducing a
new function

L=E-V (1.19.13)
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called the kinetic potential or the Lagrangian, we transform (1.19.11) to

4 (%> _ 9k =0 (G=1,...,n). (1.19.14)
aq]‘ 8C]j

These are Lagrange’s equations of the second kind for the case of active

forces having potential.

Although we derived the Lagrange equations under simplified conditions
for the mechanical system, they can be extended to much less restrictive
conditions. Moreover, they are used not only in classical mechanics: physi-
cists use these and similar equations in a variety of areas.

Finally, let us derive (1.19.8) and (1.19.9). Writing

or; Z 81‘Z i 81‘Z
94, aq]
and noting that r; does not depend on ¢; (and hence neither do dr;/dg; or

Jr;/0t), we immediately obtain (1.19.8). Relation (1.19.9) holds because
we can interchange the order in mixed partial differentiation:

() S (2)oe 5 (2)
1 \0q;) ~ &= g \0q; ) ™ T 51 \ By,

_ 0 (§mor, | On
dg; \ &= 0. ™ " o

To present Lagrange’s equations from a variational standpoint, as a
consequence of Hamilton’s principle, we will need some basic notions from
the calculus of variations.

1.20 Problem of Minimum of a Functional

Lagrange’s equations are important in mechanics. We wish to show that
they can be derived from a variational principle that can serve as the start-
ing point for mechanics instead of Newton’s laws. We begin with some
elementary facts from the calculus of variations.

As with a function, we can consider the problem of extremum of a
functional. For definiteness let us take a functional F' = F(x) given on
a Banach space X. The definitions of such concepts as a point of local
maximum or minimum, global maximum or minimum, etc., can be extended
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from functions to functionals. For example, a point x is called a point of
local minimum of F'(x) if there is a d-neighborhood of x such that F(z) <
F(z) for all z in the §-neighborhood, i.e., whenever ||z — z|| < 4.

We will examine particular minimization problems for functionals in
detail when considering the equilibrium problems for elastic models. Now
we can find an equation that a local extreme point must satisfy (i.e., a
necessary condition for its existence) if F'(x) is sufficiently smooth (differ-
entiable). We shall not pause to define differentiability of a functional, but
will proceed rather formally instead.

Suppose x is a point of local minimum of F'(z). This means there is an
€ > 0 having the property that if we take an element ty such that ||ty|| < e,
where t is a real number, then

F(xzo) < F(xzo + ty). (1.20.1)

Now let us fix y in addition to z¢. The functional F' = F(x¢ + ty) becomes
a simple function of the real variable ¢ which, according to (1.20.1), is
minimized when ¢ = 0. If it is differentiable, the necessary condition of
minimum is simply

dF(xo + ty)

=0. 1.20.2
pn 0 (1.20.2)

t=0
This must hold for any y € X. It is, in fact, a necessary condition for z to
be a minimum or maximum point of the functional.

We should note that the expression on the left-hand side of (1.20.2) is
called the Gateauz derivative of the functional F'(x). If F(z) is a function
in n variables, i.e., if z = (x1,29,...,2,), this expression gives us the
directional derivative in the direction y = (y1,¥2,--.,yn). In particular,
when y = (1,0,...,0) it yields the partial derivative 0F/0x.

Now let us apply (1.20.2) to a simple functional that appears in any
textbook on the calculus of variations:

b
F(y) = / flx,y,y) de. (1.20.3)

We shall consider F(y) over a set of functions y = y(x) satisfying the
Dirichlet boundary conditions

y(@)=co,  yb)=ci1. (1.20.4)

Let us employ the space C®(a,b). The problem of minimum is formulated
as
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Problem 1.20.1. Minimize the functional

b
/ f(z,y,y') de

over the set of functions y(z) € C(a,b) that satisfy the boundary condi-
tions y(a) = ¢o and y(b) = c1.

Suppose y(z) is a solution. Satisfaction of (1.20.4) by the sum y + tp
for any value of the parameter ¢ requires that the function ¢ = ¢(z) vanish
at the endpoints x = a,b. According to the scheme discussed above, we set

b
i/ flay+tp,y +te')de|  =0. (1.20.5)
dt J, -

We can pass the derivative operator d/dt through the integral sign if
f(x,y,y’) is continuously differentiable in y and y’ (these being regarded
as independent variables). The result, after taking the total derivative, is
that the equation

b
/ [fy(,y,9")e + fy(2,y,9)¢] dz =0 (1.20.6)

must hold for any smooth function ¢ vanishing at = = a,b. Here partial
derivatives with respect to  and 3’ are denoted by the subscripts. The left
side of (1.20.6) is called the first variation of the functional and is denoted
by 6F(y, ), while ¢ is called the variation of y and in mechanics books is
denoted dy. From (1.20.6), which must hold for arbitrary admissible (),
we can derive a differential equation for y(z). We first integrate by parts
to obtain

b
d
/ |:fy(may7yl) - %fy’(maymyl) (pdx = 07 (1207)
where the terms fy<p|z vanish because ¢(a) = ¢(b) = 0. Now we need the
Main Lemma of the calculus of variations. We introduce

Definition 1.20.1. By D(0,[) we mean the set of functions infinitely dif-
ferentiable on (0,!) and vanishing in some neighborhood of the endpoints
0 and ! (this neighborhood can differ for different functions in the set).

Lemma 1.20.1. If G = G(z) is continuous on [0,1] and satisfies

/G ~0

for any ¢ € D(0,1), then G(x) =0 on [0,1].
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Proof. We suppose G(z*) # 0 at some z* € [0,[] and obtain a contradic-
tion. By continuity there is a neighborhood [z* —e, z* +¢] of 2* throughout
which the sign of G(x) persists (either strictly positive or strictly negative).
If we choose ¢(z) so that it, too, has a constant sign in this neighborhood
and vanishes elsewhere, then the integral

/Ol G(z)p(x)dr = /;*JFE G(x)p(x) dx

*—¢g
must be nonzero since its integrand G(z)¢(z) never changes sign. This
is the desired contradiction; the proof will be complete if we can display
a function ¢ € D(0,1) satisfying the condition stated above. The “bell-
shaped” function

52

o(z) = exp (—(x—x*)2 _82) , |z —a¥] <,
07 |$—$*|ZS,

is one example. O

Because the set of admissible functions ¢ in (1.20.7) includes D(0,1),
we can apply Lemma 1.20.1 to (1.20.7) and obtain

d
fy— o fv =0 (1.20.8)

This Euler equation is analogous to Fermat’s condition f/ = 0 for an ordi-
nary function. In general it is an ordinary differential equation of second
order. Since the functional F' will arise from a mechanical problem where
we usually seek a unique solution, we understand why we specified two
boundary conditions earlier. The derivative with respect to = in (1.20.8) is
a total derivative: i.e., we have

fy - fy/$ - fy/yyl - fy/y/yll =0. (1209)

In (1.20.8) we recognize Lagrange’s equation (1.19.14) when f = £ and
Y=

Subsequently, we will need to pose a minimum problem for (1.20.3)
without specifying a boundary condition at an endpoint. In fact, in addi-
tion to (1.20.8), from (1.20.5) there follow two boundary conditions called
natural boundary conditions. To see this we return to (1.20.6) and integrate
by parts without imposing (1.20.4). We get

b d z=b
[ [ = o] ears fotapeni@pe| <o

“(1.20.10)
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If we temporarily limit our consideration to those smooth functions ¢(x)
that do satisfy p(a) = ¢(b) = 0, then we have

b
/ [fy(x,y,y’) — %fy/(x,y,y’)] pdr =0. (1.20.11)

By Lemma 1.20.1 we once again find that (1.20.8) must hold in (a,b).
Clearly, now relation (1.20.11) holds for any continuous . Thus, returning
to (1.20.10), we find that
xr=>b

=0

r=a

(@, y(2),y' () o (@)

for any smooth function ¢(z). The particular choices ¢(z) = = — b and
o(z) = ¢ — a yield, respectively,

fyla=a =0,  fyls=p =0. (1.20.12)

These are the natural boundary conditions for (1.20.3).

So one can minimize F' in the absence of a boundary condition on y at
one of the endpoints a or b. At that endpoint the corresponding natural
condition applies automatically. Note that, although the Euler equation is
of second order, we cannot in general introduce two initial conditions for
y; we cannot prescribe y(a) and y’(a), for example, because the natural
condition at b would still apply. The result would be too many conditions
to define a solution of a second order ordinary differential equation. Hence
we always have two boundary conditions, one at each endpoint.

The Euler equation (1.20.8) appears in all the minimum problems for
the functional (1.20.3), regardless of the boundary conditions chosen, if
the problem is correctly posed. For more general functionals it changes
form. Listed below are additional functionals of interest along with their
corresponding Euler equations.

1. If y(x) is replaced by a vector function y(z) = (y1(x), y2(x), ..., yn(x)),
then a functional of the type

b
Fly) = / fla,y,y')da (1.20.13)

results. The Euler equation can be written in vector form as
d
Vyf— %vy/f =0 (1.20.14)

or, alternatively, in scalar form as the system of equations

d .
foo= 7l =0 (i=1....n) (1.20.15)
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These, in fact, follow easily from (1.20.8): if we fix all but the ith component
of the minimizing function, we obtain a functional of exactly the same form
as before (but with respect to the function y;). Natural boundary conditions
for this functional can be stated as

Tyl ey =0, fyrlyey =0 (1.20.16)
fori=1,...,n.
2. An extreme point of the functional
b

Fo(y) = / fa,y o y™) da (1.20.17)

will satisfy the Fuler—Lagrange equation
d d? dn
———fy+5zfy =+ () fym = 1.20.1

with 2n natural boundary conditions. The method of obtaining this is
similar to that for the simplest functional. Namely, supposing y to be a
minimizer of the functional, we find that F,, (y+ty), being a function of the
real parameter ¢ when ¢ is sufficiently smooth, takes its minimum at ¢ = 0.
This leads to a result analogous to (1.20.6). Subsequent integration by parts
yields a result analogous to (1.20.10) but having 2n boundary terms outside
the integrals. This equation holds, in particular, for all ¢ € D(0,1). Now
all the boundary terms vanish, and as a consequence of Lemma 1.20.1 we
get the above Euler-Lagrange equation. Next, considering all the smooth
functions ¢, we will derive the natural boundary conditions for the func-
tional.

In a similar manner we can find the necessary conditions of minimum
for a functional defined on functions in many variables.

3. In the two-dimensional case where
Fw - [ /S Pyl y) e, y), wy (o, y)) dudy,  (120.19)

the equation

Ofu, | Ofu,\ _
fu—( o T 3y ) =0 (1.20.20)

plays the role of the Euler equation. Here the subscripts u, and wu, de-
note partial differentiation with respect to these quantities as independent
variables. The operations 9/dz and 9/0y, on the other hand, are complete
partial derivatives where all the arguments of f (i.e., u, us, u,) are regarded
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as functions of z and y and the chain rule is applied. Natural boundary
conditions can be stated as

(fusnia + fu,ny) | =0, (1.20.21)
where I' is the boundary of S.

Note that at each point of the boundary there is exactly one natural
boundary condition; this was the case for the earlier simple problem for
f(y). When we use minimum energy principles to set up mechanics prob-
lems, the natural conditions represent, as a rule, force conditions on the
boundary.

Many other functionals can be found in textbooks along with sufficient
conditions for a function to be a minimum point. But we know enough
about the calculus of variations for our immediate purposes.

Exercise 1.20.1. Derive the natural boundary conditions for F(y) .

Exercise 1.20.2. Derive the component-form Euler equations for a func-
tional containing derwative terms up to y™. How many boundary condi-
tions should be given?

Example

Consider a simple equilibrium problem for a bar (a structure that will be
considered in more detail later) of length [ stretched by both a distributed
load t(z) and forces Fy and F; applied to its ends (Fig. 1.3). We first
consider the case of a “free” bar under these forces, which means the bar is
not clamped at any point. We will encounter similar equations, and even
boundary conditions, in the equilibrium problem for a string.

The linear model assumes that during deformation the external forces
do not change and are applied at the same points in space. This will be
the case for all linear models in this book.

Fig. 1.3 A bar under axial loading.



Models and Ideas of Classical Mechanics 81

When the bar is rigid and there are no geometrical constraints on its
motion, the condition for equilibrium is that the resultant force must vanish:

l
/ t(x)dx + Fy + F1 = 0. (1.20.22)
0

Let us see what happens when the bar is linearly elastic. We will frequently
use the minimum total energy principle. For the present problem, this states
that the equilibrium of the bar is reached at the point (i.e., the set of values
of the displacement function u(z)) where the functional

! !
Ep(u) = % /0 ES[W (2)]? da — /0 t(x)u(z) de — Fou(0) — Fru(l)
(1.20.23)

takes its minimum on the set of all sufficiently smooth functions u(z). In
deriving the functional we use Hooke’s law, which relates the tension ¢ in
a cross section of the bar with the strain e = w/(x). So the force F in
the cross section due to deformation is F' = ESu'(x), where E is Young’s
modulus and S is the cross-sectional area.

Note that & (u) contains the non-integrated terms Fou(0)+ Fyu(l). This
means we cannot simply use the above formulas, but must repeat the steps
that led to the necessary conditions for a minimum. We should arrive at
an equilibrium equation and a set of natural boundary conditions.

So we assume a state of equilibrium described by the displacement func-
tion u(x). First we consider how the self-balance condition (1.20.22) ap-
pears in the equilibrium problem for the bar. We fix an arbitrary u(z) and
consider & (u) over the set of functions u(x) + ¢ where ¢ is an arbitrary
constant representing the strain energy of the bar. The first term of &, (u),
the strain energy for the displacement u(z) + ¢, does not depend on ¢:

1/t 1t
1 / ES[(u(z) + )] da = = / ESu(z) da.
2 Jo 2 Jo
Because c is arbitrary, we can get any large negative value for the quantity
l
/ t(z)[u(x) + ] dx + Fo[u(0) + ¢] + Fi[u(l) + ],
0

which is the work of external forces over u(z) + ¢. So the minimization
problem makes sense only if the coefficient of ¢ vanishes:

l
/ t(x)dx + Fy + F1 = 0.
0
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Hence (1.20.22) is a necessary condition for the existence of a minimum
of & (u). This equation for the elastic bar matches that for the rigid bar,
confirming that the elastic model inherits the properties of the more ele-
mentary rigid model. We will see that not all elastic models (that of the
membrane, for example) preserve all of the equilibrium conditions for the
corresponding free rigid objects.

The requirement for external force balance can be explained in another
way, if we apply the forces exactly as in Fig. 1.3; the resultant is along
the z-axis. Clearly the body should move in the same direction. But
we neglected the mass of the bar (m = 0). Consequently the bar should
experience infinite acceleration, since its mass is zero but the resultant force
is not. We could prevent this only by assuming the resultant force is zero.
This happens for the equilibrium problems for all the free structures we
will consider.

Thus we have found the force balance condition to be necessary for
equilibrium. Assuming this, let us continue. According to the above theory,
we implement the equation

d&p(u+ Ap)

=0
dX

A=0

for all sufficiently smooth ¢(x). Appropriate calculations yield

l l
/ ESu(2) (x) da — / ) (@) dz — Fop(0) — Fiop(l) = 0.
0 0

Integrating by parts in the first integral, we obtain

l
- / (BSW (@) + t(z)] () da
+ [ESU/ (1) — F1] p(1) + [-ESu/(0) — Fo] ¢(0) = 0. (1.20.24)

Since this holds for all smooth ¢(z), it holds in particular for those that
satisfy ¢(0) = 0 = ¢(I). For these we get

l
_ / (ESu (2)) + t(z)] o(z) dz = 0.
0
By Lemma 1.20.1 then, we have the equilibrium equation
(ESY'(x)) +t(z) = 0. (1.20.25)

This is the Euler equation for the functional. Substituting it into (1.20.24)
we obtain

[ESU' (1) = Fi] (1) + [~ ESu'(0) — Fo] (0) = 0,
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where ¢ is arbitrary. By this we get two natural boundary conditions:
ESu'(l) = Fy, ESu'(0) = —Fy. (1.20.26)

These have a clear mechanical sense: the external forces at the endpoints
equal the tension forces at those same points. The negative sign in the sec-
ond condition stands in accord with the algebraic sign rule for the strength
of materials. We derived it without reference to that rule (cf., § 3.2).

Again, we have derived exactly two natural boundary conditions. What
if we fix the end at * = 0?7 We should repeat all the above, requiring
p(z) = 0 at x = 0. The derivation would yield the equilibrium (Euler)
equation for 0 < z < [ and the right-end natural condition ESu’(l) = F3.
There would still be precisely one condition for each endpoint, as expected,
since the Euler equation is of second order.

Mechanical considerations are used to explain why an equilibrium solu-
tion for a free bar exists only for special choices of the external loads. In
general, they can throw light on the physical origins of many conditions
that seem to arise artificially in pure mathematics. Newton said that it is
useful to solve problems, meaning the problems of real life.

Exercise 1.20.3. Prove that if a solution of the Fuler equation with natural
boundary conditions exists, it minimizes the functional Ey(u).

1.21 Hamilton’s Principle

The pioneers of modern mechanics were sure that the universe was created
in the most economical fashion and that all processes occur in an optimal
manner. The existence of optimum principles was part of the ideology
of Metaphysics and their manifestations were everywhere sought. While
it is not our goal to discuss all the extremal principles of mechanics, we
should touch on one closely related to the calculus of variations. This is
Hamilton’s principle of stationary action, which can be regarded as a simple
consequence of the equations derived in § 1.20. On the other hand, it can
also be regarded as the basis from which some portion of classical mechanics
can be developed. It has many restrictive assumptions and the interested
reader can pursue these in various textbooks.

This principle allows us to obtain the Lagrangian equations by seeking
the stationary point of a functional called the action. The action W is given
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by
ta
W= Ldt, (1.21.1)
t1

where £ is the Lagrangian of a system of particles; here we regard the inte-
gration variable ¢ as time and its limits as arbitrary but temporarily fixed
instants. It should be emphasized that VW is required to have a station-
ary value (not necessarily a minimum), which means that its first variation
must vanish and the Euler-Lagrange equations must hold. To exclude any
additional conditions at the endpoints of the time interval, we consider only
motions in which all particles in the system start and finish at the posi-
tions taken by the real particles in the actual motion. So the trajectories
of admissible motions in the space of parameters g;, given by the functions
q1(t), ..., qn(t) on the segment [to,t1], must start at (¢1(a),...,qn(a)) and
finish at (q1(b), ..., qn(b)). We also take them to be sufficiently smooth as
usual.

Let us compose the Euler—-Lagrange equations for the problem of mini-
mum of the functional

t1
/ ,C(ql,...7qn,ql,...7qn,t)dt
to

under the stated assumptions. By (1.20.15) we obtain

d (0L oL .
E<8_qj)_8_qj_0 (G=1,....,n),

which coincides with (1.19.14). We may now state

Hamilton’s stationary action principle. Among all trajectories that
start and finish along with the real trajectory, the actual trajectory yields a
stationary value for the action functional W.

For an ordinary function, the fact that the derivative vanishes at some
point does not mean the function takes a minimum value there. A similar
statement can be made for a variational problem. A real trajectory is not
necessarily a point of maximum or minimum of the functional. Hamilton’s
principle shows that a real trajectory of the system is one of its extremals
(i.e., satisfies (1.19.14)).

We conclude this section by mentioning the

<

‘variational principles of
mechanics.” The calculus of variations deals with the minimization and
maximization of functionals. The derivation of necessary conditions of
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minimum leads to equations similar to (1.20.10), which contain admissi-
ble perturbations of the unknown functions. These functionals are linear
with respect to the variations. The use of various versions of the Main
Lemma yields differential equations, as a consequence.

In mechanics, certain equations can be obtained as Euler—Lagrange
equations of functionals; however, the variational problems are only to find
stationary points of a functional, not necessarily minima or maxima. More-
over, in mechanics there are integro-differential equations that resemble the
equality of the first variation of a functional to zero but such that the ex-
pressions are not the first variation of any functional. Nonetheless, from
such equations we can still use the Main Lemma to derive mechanically
meaningful differential equations. They fall under the heading of the vari-
ational principles of mechanics. An example is the virtual work principle
as applied to non-elastic bodies. Such “variational principles” are widely
used in the generalized setup of boundary value problems, and in the con-
struction of numerical solution methods.

1.22 Energy Conservation Revisited

The notion of energy plays a central role in science. In “physics” books
whose contents are mainly mathematical, we find discussions of energy and
its transformations — largely offered as illustrations of how mathematical
tools can generate physically meaningful relations. In this book we take
energy as a central quantity. We omit many important portions of classical
mechanics and consider only those that relate to the contents of the book.
Not surprisingly, the idea of energy turns out to be extremely fruitful in the
mathematical analysis of mechanical problems. We therefore return to the
main principle of physics: that of energy conservation. Let us examine, in
general form, the equations that give rise to the notion of energy and to its
all-important conservation law. The reader is asked to work the following
preparatory exercise.

Exercise 1.22.1. We say that a function F' = F(z1,...,%,) is homo-

geneous of degree r if there is a constant v such that F(czq,...,cx,) =
c"F(x1,...,T,) whenever ¢ > 0. Euler’s theorem states that if F is differ-
entiable and homogeneous of degree r, then
n
oF
rp— =1F
Z k@xk



86 Introduction to Mathematical Elasticity

Show that g(x,y) = 2% + 2xy + 3y? is homogeneous of degree 2 and verify
Euler’s theorem for this function.

We would like to derive the law of energy conservation for a system
of material particles having n degrees of freedom. Let us consider the
relatively simple case of a system under stationary holonomic constraints;
this means the constraint equations do not depend explicitly on time ¢. So
we can express the position vector of a particle as a function of the variables
q1y---,4n:

r; =ri(q1,...,qn) (t=1,...,n).

We recall that the kinetic energy £ of a system of r particles having masses
m; and position vectors r; is

1
E=Y —mis.
; St
Substituting
. - 81'1' .
e
= 94

into &£, we find that £ is a quadratic form with respect to the variables ¢;
and having coefficients that depend only on the variables q;. That is,

1 n
£=5 > aijdid;

ij=1
where a;; = a;j(q1,- .., qn). The time derivative of £ is
A& (0. | OF
d [~ 08 | " (doE OE
S <i_1 8711%) - ; <%6q'i - 56]1') '

Since £ is homogeneous of degree two with respect to the ¢;, Euler’s theorem
yields

g—;qi =2¢.
Substituting this, and using the Lagrange equations (1.19.11) for the second
term
d (0 oE oV
H60)- 52
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we get

d€  d(28) =0V
dt — dt >3

If V does not depend on t explicitly, then

n

dy aV .
it = Z;_z%

and hence
d
— =0. 1.22.1
S(E+V) =0 (1.22.1)

So £ +V is time-independent, which is a statement of energy conservation.
Again, however, we proceeded under certain assumptions: (1) £ is a ho-
mogeneous quadratic form with respect to the ¢;, having coefficients that
do not depend explicitly on time ¢; (2) the forces are potential, and the
potential does not depend explicitly on ¢ either. A system satisfying these
assumptions is said to be conservative. Thus we have established that

For a conservative system of particles, €+ V the sum of kinetic energy
and the potential function is conserved over time.

The function V is often called the potential energy. This is reasonable in
view of its role in the sum above. But there is a deeper reason for this name,
which we will understand through consideration of the following problem.

In § 1.17 we mentioned energy conservation for a point mass m projected
vertically upward through the gravitational field. The result is

2

2
mu muv
5 + mgh = TO + mgho,

where v and h are the vertical velocity and height of the body, respectively,
and vg, ho are their initial values. Here V = mgy; taking the +y-direction
upwards, we see that 9V /0y = —(—mg) where —mg is the weight force
acting on the body. We recall that mgh is sometimes called the potential
energy of the particle. It is, however, related to the work of the gravi-
tational force and the expression mg(h — hg) is the corresponding change
in the kinetic energy of the Earth. Despite the fact that this results in a
negligible effect on the Earth’s motion, the problem really does involve two
bodies in principle. Here the Earth is something like an infinite source of
produced work whose state does not change because of the work done. So
the term “potential energy” is a convenient way to talk about the change in
kinetic energy of the other bodies acting on the system under consideration,
without explicitly mentioning those bodies or their states.
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Chapter 2

Simple Elastic Models

2.1 Introduction

Theoretical mechanics deals with particles and rigid bodies. Its role in
continuum mechanics is similar to that of arithmetic in calculus: certain
statements are accepted as axioms and various consequences are derived.

Unfortunately, we cannot directly transfer the laws of rigid bodies to
deformable bodies. The forces that restrict the relative displacements be-
tween points of a deformable body (and which, together with the inertial
forces in dynamics, must be in balance) are of a more complex nature. We
will see that on a macroscopic level they must be described using a stress
tensor. Despite this, we shall continue to refer to them as internal forces.

The equations describing a deformable body should reduce to those
for a rigid body when deformation is negligible. Some models of continuum
mechanics, like those of linear elasticity, satisfy this requirement completely.
In other cases we encounter technical models of objects that hold only under
additional restrictions.

We will present a few classical models of continuum mechanics, begin-
ning with the oldest and simplest: the model for a spring.

2.2 Two Main Principles of Equilibrium and Motion for
Bodies in Continuum Mechanics

When we wish to apply calculus to real bodies within the framework of
continuum mechanics, we should neglect atomic structure. This is the first
— and possibly roughest — assumption to be regarded as an axiom. It is
formulated along with the solidification principle below. Since these are not
absolute and cannot be derived logically from other simpler statements, we

89
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call them “central principles” of continuum mechanics.

Continuum principle. Continuum mechanics considers the interior
structure of a deformable object to be continuous. The distribution of any

material characteristic can be described using sufficiently smooth functions.'

Basic continuum mechanics consists of the problems of equilibrium and
motion of deformable bodies. The second principle, that of solidification,
adopts the equations of equilibrium and motion for a rigid body as the main
tool for investigating the equilibrium and motion of any part of the body
at each time instant.

We can split the set of all forces acting on any selected portion of a
body into

(1) internal forces, by means of which the constituents of the portion react
with each other, and
(2) external forces. These can be further subdivided into

(a) contact reactions acting across the boundary of the body,
(b) forces due to fields (e.g., gravitational) of other bodies, and
(c) forces due to fields of distant portions of the same body.

The last contribution is negligible in many practical problems, and as
a rule is not represented in the describing equations.

We will limit ourselves to internal forces of contact type. When we
isolate a portion of a body, the reaction forces from the remainder will act
only across the surface of contact between the two portions.

Solidification principle. Let a deformable body be in equilibrium. Any
portion of the body can be treated as a rigid body in equilibrium under the
action of the set of all external forces and internal forces applied to the
points of that portion by the remainder of the body. This means that if we
“cut away” the rest of the body, the deformed portion of interest must be in
equilibrium as a fictitious rigid body under the action of all external forces
acting on it, as well as the reaction forces produced by the “cutaway” part.

The equations of motion are derived from the equilibrium equations via
d’Alembert’s principle; i.e., by formal inclusion of the inertia forces.

I(a) The notion of “sufficiently smooth function” is rather fluid, depending on the
situation and the tools being employed. (b) In some continuum problems the material
involved is assumed at the outset to be quite irregular (e.g., porous). But in later stages,
an averaging technique is employed, and the problem becomes a typical problem of
continuum mechanics (i.e., with a continuous representation of material characteristics).
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We would like to mention two points. First, recall that the rigid body
equations rest on the assumption that all internal forces are self-balanced
and do not affect the motion of the body. In the theory of elasticity, central
forces are insufficient to describe the internal interactions of particles; we
will have to introduce a more complex object called a stress tensor. But the
introduction of this latter object is based on the same main assumption:
in the state of equilibrium of any finite portion of the body, the internal
stresses (playing the role of internal forces for a rigid body) are self-balanced
and do not participate in the equilibrium equations (although they affect the
shape of the portion of material). Of course, nothing except its subsequent
success in applications can justify this assumption; it therefore has the
character of an axiom.

Second, we must remember that in deriving the equations of equilibrium
or motion in continuum mechanics, we use the tools of calculus. These
involve working with infinitesimally small portions of bodies and limit pas-
sages which, for real bodies having atomic structure, are invalid. Hence the
models of continuum mechanics cannot be precise, regardless of whether
they are linear or nonlinear. All equations of continuum mechanics are ap-
proximate; because of this, some finite (or discrete) models may be just as
accurate as the continuous versions that mathematicians regard as precise.

2.3 Equilibrium of a Spring

We begin with a simple model of a spring under load. We show the structure
of the relations used to construct the model, and then discuss the energy
relations used to analyze the problem based on the model.

First we should introduce a measure of internal forces. In this
problem there is only Fpast, the reaction of the spring.

Next we should obtain the equation of equilibrium. For a spring
clamped at one end under an external force F' applied to the free end, we
have

Felast =F (231)

Next we present a measure of deformation of the spring. We could
use the strain e = Al/l, where Al is the change in the length [ of the spring.
At present, however, it will suffice to use Al itself and for convenience we
rename this x.

The equation that relates the force and deformation characteristics is



92 Introduction to Mathematical Elasticity

called a constitutive law. In our case it is Hooke’s law
Felast = k(E, (232)

where k is the spring constant. Combining (2.3.1) and (2.3.2), we obtain
the equilibrium equation in terms of the displacement:

kx=F. (2.3.3)

The result will seldom be so elementary. Whether simple or complex, how-
ever, the equilibrium equation is the starting point for those who seek solu-
tions of any given problem. Our present interest is not so much in explicit
solutions but in their existence and uniqueness (trivial issues in the present
case) and in certain qualitative properties of the model and problem.

Let us consider the spring from an energy standpoint. We find the
additional internal energy of the spring due to elongation, understanding
that this comes from the work needed to extend the spring by an additional
amount z. Over an infinitesimal extension ds, the extension force does work
ksds. The total work is

* 1
/ ksds = —ka®. (2.3.4)
O 2

An equal amount of strain energy is stored by the spring during defor-
mation. An extension z caused by a constant force F' produces an amount
of work Fz. The difference

1
&= §k332 — Fz (2.3.5)

is called the total energy of the spring. Since

d
F = -2 (~Fu)
we conclude by definition of potential that —F'z is the potential of a con-
stant force F. We will find that —Fz is a potential energy similar to that of
a particle in the gravitational field. The total energy will play a central role
in each of our problems. In the present case it can be found by integrating

the difference ks — F over s between 0 and x.

Remark 2.3.1. We have introduced two types of energy without worrying
too much. But the careful reader may raise a concern. First, how can we
obtain the additional extension ds, and hence the additional work ksds,
if the force F' = ks corresponds exactly to the equilibrium state? We
could answer as follows. Let us increase the applied force by a very small
quantity 0F. This will extend the spring length by ds = dF/k. The work
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for the increased force is between Fés = ksds and (F + 0F) ds. In terms
of infinitesimals, dF = kds, we get ksds for the infinitesimal increase of
work just as above. The same trick is used in other situations in continuum
mechanics when deriving expressions for the differentials of the density of
the work and strain energy.

However, there is still a question of how to change the spring length
without changing the kinetic energy. This way of loading — when dynamic
effects are absent and the deformation is produced in such way that at
any moment the body-system is in equilibrium — is common in continuum
mechanics and thermodynamics. It would certainly be worth carrying out
a more careful analysis regarding this strange assumption of the existence
of changeable motion and deformation where dynamic effects can be fully
neglected! O

Let us consider the formula for £. Evidently the point of minimum
of £ gives us (2.3.3). This represents a general principle of the theory of
elasticity, the minimum total energy principle; it allows us to derive
equilibrium equations for much more complex elastic objects.

Next we do a trivial transformation that leads to nontrivial conse-
quences. We multiply both sides of the equilibrium equation (2.3.3) by
an arbitrary variable dx:

—kzox + Fdx = 0. (2.3.6)

(We typically refer to dz as the variation of z, but it is an ordinary variable
and could just as well be denoted by z, say. It can be subject to kinematical
constraints, although that is not the case here.) If we say that (2.3.6) has
a solution z if it holds for all virtual displacements dz that we will regard
as additional spring elongations, then it becomes equivalent to (2.3.3). But
(2.3.6) is a statement of the virtual work principle because F jz is the
work of F' over dx and —kx dx can be regarded as the work of internal forces
over that same virtual displacement. Hence, the virtual work principle
could be used as a starting point for investigating the elastic model of the
spring.

It is worth noting that we can formally obtain the virtual work principle
from the principle of minimum total energy. The differential of &£, which
must be zero at the point of minimum, is

d€ = kxdx — Fdx =0.

This yields (2.3.6) up to the notation dz = Jz.
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Although the virtual work principle appears to be a consequence of the
minimum total energy principle, it is actually more general and can be
regarded as independent. For example the equation of the virtual work
principle for a spring, which is

—Folastor + Féx = 0, (2.3.7)

holds even if the spring is inelastic. In this case the internal energy cannot
be defined with formulas depending only on x; the same holds for viscoelas-
tic materials, for which Fi.st depends on the history of deformation.

We have presented the structure of the main relations that underpin
the mathematical study of equilibrium problems in elasticity. In the next
section we will show how to use the VWP equation or the minimum total
energy principle to introduce a generalized setup of an equilibrium problem
for an elastic model and to investigate existence and uniqueness of gener-
alized solutions. Since the model of a spring is differential, we need a more
complex model to demonstrate that.

Now we wish to consider the dynamical problem for a massless spring.
Suppose a point mass m is attached to the free end. Let us include dynam-
ical effects in the spring model. We apply both F' and the elastic reaction
to the mass. By d’Alembert principle we should add the inertial force
—md?x /dt? to the equilibrium equation for the mass m; hence the equation
of motion for the mass is

m—s +kx— F =0. (2.3.8)

This holds at all times during the motion.

Next, we wish to obtain the energy relations for this spring-mass model
when F' is constant. Let us multiply by dz = (dx/dt) dt and integrate over
an arbitrary time interval [to, t1]:

t1 2
dxd—xdw/ k:c—dt—/ F—dt—O
to to

to dt? dt
Using
pLrds md (AN de kd
dt2 dt — 2dt \dt) ' dt  2dt"’
and integrating, we get
d 2 1ty k 2 t1 t1
(%) | +5| -re| -0
2 \ dt to 2 |y to
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We can rewrite this as

m [(dx\°> ka2 m (de\? ka2
l?(a) Ty ok Hfl?(%) Ty ok

Because ty and t; are arbitrary, the quantity

2 2
m(d_x) LA

t=to

2\ dt 2

stays constant during the motion. The first term is the kinetic energy of m,
while the remaining terms constitute the total (i.e., strain plus potential)
energy of the spring-force system. So we have derived the law of energy
conservation for the spring-mass-force system (valid only for constant F')
and introduced the total energy that is related to the static problem. The
situation will be similar for each elastic model we examine.

In the statics problems treated in this book, the total energy will be the
sum of the strain energy and the potential energy V. In this book —V will
be the work of all the external forces over the field of displacements. The
principle of minimum total energy will play a central role.

2.4 Equilibrium of a String

Any concrete model in continuum mechanics rests on the main principles
and additional assumptions that reflect real properties of the object under
consideration. Often the assumptions contradict more exact theories —
or even each other — but the result is always an approximation having a
certain degree of accuracy under given circumstances. When the circum-
stances change, the model must often change.

The vibrating string equation has been known for centuries. Violin
designers do not use it in their work, since the sound of a violin depends
on more than just the motion of its strings. Nevertheless, the equation
provides a good model for string deflections, and we shall find it useful in
our study of continuum mechanics.

First we examine the main assumptions behind the derivation of the
string equation. We shall eventually examine the setup of a corresponding
boundary value problem and show how functional analytic tools are used.
The problems of equilibrium and oscillation of a string allow us to consider
the main principles of continuum mechanics in a relatively easy setting.

Let us derive the simplest equilibrium equation for an initially straight
string, with fixed ends, under load. Classically, the string is assumed to be
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tightly stretched in advance. The additional assumptions of the classical
theory are as follows.

(1) The string is represented as a curve in the plane (Fig. 2.1). Its change
in shape under a normally-directed load f = f(x) is described by a
function w = w(x) giving the deflection from the initially horizontal
state.

(2) The angle of inclination of the string under load, represented by the
derivative w,(x), is sufficiently small: squared and higher degrees of
wy(z) are negligible in comparison with linear terms. (Note that w,
is dimensionless, so comparison of the degrees makes sense even if we
consider variables having units.)

(3) The string is absolutely flexible: at any cross section, the reaction
force of one part of the string on another — the tension force Ty — is
tangent to the curve w = w(x) at the point = representing the string
after deformation.

(4) The tension Ty remains unchanged under any normal load distribution.

By Assumption (2), the length of a piece [a, b] of the string after deformation
is

b
l=/ V14 w,?de. (2.4.1)

Because w, is small,

b—a<l<(b—a) <1—|—1 max wa). (2.4.2)
z€[a,b]

So if we take the length of any part [a, b] to be unchanged during deforma-
tion — i.e., if we assume that | = b — a — then the error we introduce is
of the second order of smallness with respect to max |w,|. But we assumed
we can neglect such terms. A consequence of this is Assumption (4): if we
accept Hooke’s law for additional elongation of the string, the constancy
of the length of each piece implies the constancy of the tension force Tj.
So why do we refer to (4) as an assumption? The answer is that the more
exact theory of a stretched string is essentially nonlinear, and in order to
reach such conclusions we would have to study a nonlinear problem. Such
an undertaking is not our goal here. So we consider the string to be such
that the length of any of its parts is unchangeable; hence our only measure
of deformation is the inclination angle, and the theory is simplified a priori.
Regarding the string as a continuous curve, we have utilized the contin-
uum principle of § 2.2. We will use the solidification principle to obtain the
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Fig. 2.1 Deflection of a loaded string.

equilibrium equations. Consider a small portion of the string [z, z + Az],
with reactions and external forces as shown in Fig. 2.2. We denote the
density of the distributed vertical load by f(z).

\ 4

x ¢ +Ax
Fig. 2.2 Derivation of the string equation.

For the planar equilibrium problem we need three equations: two for the
force components and one for the moment. We begin by projecting forces
onto the vertical axis. Figure 2.2 shows that the tension reactions from the
right and left are, respectively, Ty sin a(z + Az) and —Tp sin a(z), where
a(z) is the angle at « between the initial z-direction of the string and its
tangent for the loaded state. We take the external load to be continuously
distributed so that f(x) is continuous. That load should be calculated as

the integral
r+Azx
[ e
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so we can use the mean value theorem and obtain f(£1)Az. Thus
Tosina(x + Az) — Tosina(z) + f(&1)Az = 0.
Dividing by Az and letting Az — 0, we get
Tocd! (z) cos a(z) + f(x) = 0.

From this and the above assumptions, it follows that the classical equation
of equilibrium for a string is

Tow" (x) + f(z) = 0. (2.4.3)

In particular, this follows from the equivalence of infinitesimally small quan-
tities when suppressing the terms of a higher order of smallness with respect
to w'(x):

sina(x) ~ a(r) ~ tana(z) = w'(x), cosa(z) ~ 1.

Equation (2.4.3) can be found in textbooks on mathematical physics
and applied mathematics.? At this point the typical textbook stops. We,
however, are interested in all aspects of the derivation, including subtleties
like validity of the hypotheses, potential contradictions, etc. So we pose a
reasonable question. There should be two other equilibrium equations for
the same portion of the string. Where are they? Are they trivial, or are
there substantial issues that require examination?

Let us project the forces onto the z-direction:

Tocosa(x + Ax) — Ty cos a(x) = 0.

Textbooks reasonably ignore this equation; because «(x) is small, it seems
to involve only quantities of second order in a.. But let us proceed further.
Dividing by Az and letting Az — 0, we have

[Ty sin a(z)] ' (z) = 0.

It follows that a(z) must be constant. What has gone wrong? The an-
swer lies in our assumptions. We have now derived an equation in which
the quantities are of a higher order of smallness, but such quantities are
suppressed by the two main assumptions for the string: that of “inexten-
sibility” and the constancy of Ty. Assuming Ty = Ty(z) depends on x, we
get another equilibrium equation:

To(x + Azx) cos a(x + Ax) — To(x) cos a(x) = 0,
2In textbooks they normally derive dynamical equations at once, which can be obtained
from this one via d’Alembert’s principle. Here we could replace f(z) by f — pw¢ and
get the wave equation.
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leading to
[To(x) cos ax)]” = 0.

From this we can find Tp(x). If we invoke Hooke’s law or a nonlinear
constitutive relation for this quantity, we will find that points of the string
can move horizontally as well as vertically, and that Ty can be expressed in
terms of the horizontal (longitudinal) displacement u(x).

We have found two equations governing w and u, but have not con-
sidered the moment equation for equilibrium. Is it trivial? Actually no;
the reader should derive it and observe that it also involves quantities of a
higher order of smallness. So the solidification principle yields a third non-
trivial equation for the same two variables w, u. What is the source of this
contradiction? It is the assumption that the string is absolutely flexible. A
real string offers some relatively small bending resistance and also has thick-
ness; consideration of this would give us a third unknown variable in our
set of three equations. It can also appear in the other equations, depending
on how it is introduced, so all three equations may have to be rewritten.
Some readers may recognize our procedure as the reverse of that used to
derive the equations for a beam in the strength of materials, which will be
considered in Chapter 3. In that theory we examine the linear problem of
beam bending. However, with our present approach it is possible to get
a nonlinear boundary value problem for the ordinary differential equations
that describe bending of a prestretched beam.

We often hear the term “elastic” applied to a string modeled this way.
For many students, this term implies the use of Hooke’s law. But we are
not using this law here. In fact, the term “elastic” is fairly difficult to define
precisely. It is somewhat naive to say that it describes solids for which (at
least for simple problems like extension of a rod) the deformation does not
depend on the history of how the object was loaded. This description also
applies to the membrane idea, which itself applies to certain liquid films
(e.g., soap films). The classification of various materials is actually a rather
delicate problem.

For a string, however, we really can derive the equations from nonlinear
elasticity. We assume some constant initial stretching. Then we linearize
the equations with respect to the additional deformation of the string due
to a normal load, which is assumed small. Clearly we should place some as-
sumptions on the order of various terms such that the dependence between
the strains and stresses disappears from the equilibrium equation. So the
ordinary theory of the string results from linearization of the more general
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equations of nonlinear elasticity. In fact, the theory of linear elasticity is
sometimes referred to as “linearized elasticity”. This is because in large
part we do not know the initial state of the body before loading; it can
be strained. We can find deformations that result only from the action of
forces. In this sense, the situation is worse than that with the string; we
know nothing (or almost nothing) about the initial state of the body and
must find the additional deformation.

An additional comment. In deriving the equilibrium equation we tacitly
assumed the reactions are contact forces only. All other models in this book
are treated similarly. This is the usual assumption in continuum mechanics,
although other approaches do exist.

Further digging into unstated hypotheses would uncover other interest-
ing issues. One is that the point to which the load f(z) was initially related
has moved. This means that the force should be changed somehow to re-
flect not only this fact, but also a change in density, since the length of the
elementary part of the string also changes. However, all these amount to a
change of the second order of smallness.

We see that even with this simple mechanical object, we could pursue
numerous extensions of the model. In reality we must stop somewhere. For
practical purposes a crude theory often works as well as a “more accurate”
one, since something important may be missing from the latter theory as
well. Because the classical string model given by (2.4.3) suffices for many
purposes, we shall continue to discuss this equation in the context of how
to formulate a good boundary value problem for equilibrium of the string.

2.5 Equilibrium Boundary Value Problems for a String

We have derived a simple linear equation governing the equilibrium of a
string:

Tow"(z) + f(x) = 0. (2.5.1)

This is a familiar second-order differential equation. It is easily integrated,
and the general solution involves two free constants which, in the textbooks,
are fixed by two initial conditions. But our task is to consider a real object
rather than an abstract equation. So let us return to the initial problem
after a few general comments.

It is worth noting that we will deal with a model of the string and not the
string itself. The model was based on observations of real strings; however,
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after a model has been formulated, it will often take on a life of its own. We
have imposed some restrictive assumptions during the derivation above —
requiring, for example, the inclination angle to be “infinitesimally small”
everywhere. What does this mean practically? After all, the angles we
obtain from a numerical solution are always finite. Should we restrict them?
If so, how? Would a restriction of 0.01 or 0.0000001 be enough? From
the infinitesimal viewpoint, both of these numbers are “large”. There are
sticky issues here, but it is common in mathematics to simply forget about
the original assumption and proceed according to the usual approaches of
one’s field. An engineer may avoid certain loads that he knows will cause
the string to leave its elastic regime or even snap. A mathematician may
choose to study the equation under conditions that violate all assumptions
made in deriving it. The results of such a study can be useful for engineers,
revealing qualitative properties and bounds of applicability of the model.
Through direct empirical activity, of course, engineers also add much to our
understanding of a model’s range of applicability.

The last general point: any model is approximate. Although designed
using ideal assumptions that are exact, its parameters can be found only
approximately; this means that even exact solutions found on the basis
of the model will be approximate. However, what is their accuracy? We
could consider the models of physics as perturbations of ideal models (such
models do not exist, of course, but there are certainly more accurate models
that we can regard as “exact”), so our question concerns the dependence of
ideal solutions on those perturbations and the difference between an ideal
solution and our approximate one. As one of the first steps in studying the
accuracy of our solution with respect to real objects, we can pose a problem
of the dependence of solutions on parameters of the object, and thus of the
model.

Many mathematics books examine the dependence of functions, or prob-
lem solutions, on parameters. They emphasize results pertaining to discon-
tinuity, irregularities like branching solutions, etc. This is because conti-
nuity is relatively simple, while discontinuities can arise in various ways.
But the number of discontinuity-related results seems disproportionate to
real life: familiar objects seldom fall apart because of tiny perturbations
in their shapes or material properties. We are fortunate that things are
this way, and that small errors during production of objects seldom lead to
catastrophe (by which we mean the irregular behavior of an object when,
for small reasons, we see large deviations in behavior). So, in large part,
engineering models display continuity of the output with respect to the
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input parameters; in other words, their solutions depend continuously on
the parameters of the object. However, irregularities in the dependence
of solutions on parameters for real objects are of great interest: some do
lead to catastrophic failures. Moreover, we sometimes exploit them in the
design of objects. So the relevant theorems are important.

Let us return to our simple problem. Our derivation assumed that the
string carries a significant tension T;. Hence we must fix the ends of the
string in the horizontal direction. Since we should also restrict them in the
vertical direction, we are led to consider a boundary value problem.

Let the string correspond to the interval (0,7). Assume one end is fixed
vertically:

w(0) = a. (2.5.2)

A similar condition w(l) = b can be placed on the other end. These define
a solution uniquely. Of course, when b # a we find that |w’| is at least
|b — a]/l at some points, hence engineers should watch carefully for the
failure of assumptions. If we take into account the change in tension due
to this clamping (which can be done by recalculating Ty through the use
of Hooke’s or other constitutive laws) then only values in w’ additional to
(b — a)/l play a role in the smallness assumptions. So the same equation
can be used when (b — a)/!l is not small.

We can also “clamp”
possible, say by a frictionless button that moves inside a channel (Fig. 2.3).
We must express this as a boundary condition for the string equation. Let
us consider the condition for equilibrium of the button. Here the only ac-
tive force is the tension Tp; this has a horizontal component balanced by
the reaction of the channel walls, and a vertical component —Tyw’ (ap-
proximately, since the sine of the angle of inclination of the string is ap-
proximately equal to w’, and in this problem we must use this as an exact
relation). So

an end in such a way that free vertical motion is

Tow' =0 atxz=I, (2.5.3)
and thus
w' =0 at z =1L (2.5.4)

Geometrically, this end of the string is perpendicular to the clamping line
AB.

We can suppose an external vertical force P acts on the button. This
yields another approximate condition of equilibrium for the vertical com-
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Fig. 2.3 Use of a button sliding in a channel to “fix” a string end without impeding its
vertical deflection.

ponents of the forces at the point x = [:
Tow' =P atxz=I. (2.5.5)

Finally, suppose the last mode of end clamping is realized at both ends.
In mathematical physics these boundary conditions would be called Neu-
mann conditions; in mechanics, we say the problem is posed “without ge-
ometrical constraints on the boundary” (or, in the theory of elasticity, as
a problem “with force conditions on the boundary”). Vertical motion is
not geometrically restricted. Since, in equilibrium, the string should satisfy
the equilibrium equations for a rigid body, the forces acting on the string
should be self-balanced; otherwise the string will move. So the following
question is significant. In this version of the problem we neglect the mass of
the string; the body (string) moves under the action of forces while having
no mass. What happens? It is clear that the acceleration will be infinite
if the external forces are not self-balanced, but we have not involved accel-
eration at all. How is this potentially bad behavior of the body reflected
in the equilibrium problem? The answer is that if the external forces are
not self-balanced, the boundary value problem cannot have a solution. This
holds for any equilibrium problem for an object that can move freely in some
direction or rotate about an axis: the corresponding external loads must be
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self-balanced with respect to all possible free motions; otherwise the statics
problem will not have a solution.

For equilibrium of a planar rigid body, classical mechanics specifies three
equations for self-balance of the external forces: two for the force compo-
nents — vertical and horizontal — and one for the moment. In this setup
the horizontal components are balanced by boundary devices, so we have
two conditions. For the vertical forces we have

l
/f(x)dx+Po+Pl=o,
0

where Py and P, are forces applied at the respective endpoints z = 0 and
x = [. The moment with respect to the left end seems to be

!
/ zf(x)de+1P =0
0

but also appears to be unnecessary: in this model, the string resists any
rotation as a rigid body.

We will consider Neumann problems for other objects. The situation
with the self-balance conditions is similar for the approximate theories de-
scribing beams, plates, and shells: depending on the theory, some self-
balance relations may be lost because the theoretical assumptions introduce
additional properties into the model (this will happen in the membrane the-
ory). In elasticity theory, however, the self-balance conditions of classical
mechanics are fulfilled “exactly”.

A final remark for this section: we could consider other boundary con-
ditions and thereby run into fairly difficult problems even for this simple
differential equation. Some would be hard to pose correctly; others would
lead to complex nonlinearities. For example, we could assume nonzero fric-
tion between the button and the clamping device; the theory of friction is
difficult, and the law depends on the concrete structure of this device. We
could introduce forces that depend on the string deflection, etc. So even
with a simple object, the variety of possible boundary value problems is
significant. It becomes truly daunting if we consider a nonlinear equation
for the string.
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2.6 Generalized Formulation of the Equilibrium Problem
for a String

We reconsider the equilibrium problem for a string with fixed ends:

Tow"(z) + f(x) =0, z € (0,1), (2.6.1)

w(0) =0, w(l)=0. (2.6.2)

Let us try to forget that we can easily solve this via double integration;
we seek general methods appropriate for more complex problems. The
simplicity of the present problem will give us a good look at these tools
without obscuring them with too much detail.

Besides differential equations and boundary conditions, a mathematical
setup for a boundary value problem must delineate a class in which we will
seek solutions. Since the existence or uniqueness of a solution can turn on
the choice of this class, it is of obvious importance.

Historically it was common to consider only those solutions to a bound-
ary value problem that possess as many continuous derivatives as appear
in the equations of the problem. We call such a setup classical.® For
the present problem, a classical solution should be a function belonging to
C®(0,1); that is, it should be continuous on [0,1] together with its first
two derivatives, in addition to satisfying (2.6.1) and (2.6.2). Of course, to
have such a solution we must require that the load density f be continuous:
f € C(0,1). But we can also assume f is discontinuous. The load can con-
tain even lumped forces. Now let us forget that we can solve the problem
using simple integration. We wish to change the setup in order to imbed
non-smooth solutions. We do this to demonstrate how we will handle more
complex problems where direct integration is impossible. How should we
alter the setup to consider such problems? The methods of the calculus of
variations prompt us to use integro-differential equations instead of pure
differential equations. This approach is based on Lemma 1.20.1. If the
equation

with respect to a function F(x) continuous on [0,!], holds for any ¢ €
D(0,1), the set of functions infinitely differentiable on (0,1) and vanishing

30f course, the theory considered solutions having singular points as well. But those
points were regarded as exceptional, and the solutions containing them as supplementary
to the smooth solutions of the truly classical problems.
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in some neighborhood of each endpoint, then F(x) = 0 on [0,!]. An ex-
amination of the proof shows that Lemma 1.20.1 still holds if F'(x) is only
piecewise continuous; then F(x) = 0 at each point of continuity of F(z).
This suggests a way in which we could reduce the requirements on the
smoothness of a solution to (2.6.1)—(2.6.2).

Supposing w is a solution to the problem (2.6.1)—(2.6.2), let us multiply
(2.6.1) by ¢ € D(0,1) and integrate over [0,!]:

l
/O [Tow” (2)e(x) + f(2)o(x)] dz = 0. (2.6.3)

When Tow”(z) + f(x) is continuous on [0,1], then (2.6.3), formulated as a
result that must hold for all ¢ € D(0,1), is equivalent to (2.6.1). This fol-
lows from Lemma 1.20.1. Thus we can consider this new integrodifferential
equation, which contains the unknown function w(z), given load f(z), and
an arbitrary function ¢(x), as the basis for formulating the boundary value
problem. It uniquely defines a smooth w(z) when f(x) is smooth, as for
smooth f(z) it is equivalent to the equation Tow” (x)+ f(z) = 0. We can go
further and consider the integral equation when f(x) is not continuous but
merely integrable. We expect w” (x) to be integrable as well, and can try
to reduce the smoothness requirements on the solution by saying that the
integrodifferential equation defines a generalized solution. This new setup
seemingly will not allow us to include lumped forces, which are common,
so we will proceed.
Integrating by parts in the first term of (2.6.3) we get

!
[ @) @)+ f@)p(@) de =0, (2.6.4)
0
since ¢(0) =0 = ¢(1). Each term in (2.6.4) has a clear meaning. First,

l
/0 f(@)p(z) de (2.6.5)

is the work of external forces over the virtual displacement . Because the
term

!
—/O Tow' (x)¢' () dz (2.6.6)

arose from the expression

I
/0 Tow" (z)e(z) dz, (2.6.7)
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it is called the work of internal forces over the same virtual displacement
. Indeed, the integral (2.6.7) shares the form of (2.6.5) with the internal
force Tow"” (x) replacing the external loading function f(z).

We can include lumped forces F; at points x = ¢; by rewriting (2.6.4)
as

!
/0 [~Tow (z)¢' (z) + f(x)p(x)] dx + ZFi@(Ci) =0. (2.6.8)

We stop at this stage of generalization. A pure mathematician might con-
tinue on to the theory of distributions: a subject that finds applications
to the theory of differential equations. However, in the class of merely in-
tegrable functions we would lose not only uniqueness of solution but the
possibility of formulating boundary conditions as w would not be contin-
uous. As we will see, this setup can be done directly if we start with the
virtual work principle for the string. This is another reason we do not try
to generalize further.

In what follows we will introduce generalized solutions to various prob-
lems of mechanics. It is, of course, desirable for a generalization to have
mechanical roots as well. Our definitions will be based on the minimum to-
tal energy principle or the virtual work principle. When introducing a new
setup, we should clearly understand the features of such a generalization.

A generalized solution represents an extension of a classical solution
in the sense that the former can be much less smooth; however, when a
classical solution of the problem exists, the generalized one must coincide
with it. We typically adhere to the following guidelines when introducing
generalized solutions.

(1) A smooth classical solution of a problem should be a generalized solu-
tion as well.

(2) The notion of generalized solution is related to mechanical principles
and truly extends the problem setup to regimes of parameters, loads,
etc., for which classical solutions do not exist.

(3) The generalized setup is well-posed; this means that a generalized solu-
tion exists for all mechanically meaningful external data, and is unique
for those problems expected to have this property.

The third item holds for linear problems and clearly fails for nonlinear ones
where nonuniqueness is expected.

So, according to our mechanical viewpoint on the problem, we should
stop (at least) at the level of generalization given by (2.6.4).
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The approach we have demonstrated is typical of pure mathematics. A
problem is transformed: when the new form appears useful, another theory
begins to develop. In the present case, however, we can arrive at the same
equation (2.6.4) or its extension (2.6.8) via mechanical considerations. So
we shall consider the principle of minimum total energy for the string.

2.7 Virtual Work Principle for a String

Let us obtain the same equilibrium equation from a mechanical viewpoint.
We begin with the total energy functional for the “string-load” system:

5(w)_/ I, dx—/ flz (2.7.1)

The first term is the strain energy possessed by the string because of its
transverse deflection. The second accounts for the work of external forces.
To see the parallels with the elementary problems we studied earlier, we
could regard this term as a kind of potential of the load, or as the poten-
tial energy of the “string—load” system. However, we will not need this
viewpoint in what follows.

Suppose the string ends are fixed:

w(0) = wo, w(l) = w;. (2.7.2)

Let us seek a point of minimum of £(w) and see how it relates to a so-
lution of the equilibrium problem for the string. Denoting* by dw(z) an
admissible variation of w, which is a twice-differentiable function vanishing
at the endpoints, we get the expression for the first variation of £(w). At
a minimum point it should vanish:

! !
I (w, dw) = / Tow, dw,, dx — / fowdx =0. (2.7.3)
0 0

Because this matches (2.6.4) for dw = ¢, we obtain implicit confirmation
that the total energy can attain a minimum value on the solution of the
equilibrium problem. We will confirm this later (as a consequence of The-
orem 2.13.2).

41t is traditional in mechanics to denote such a function by two symbols such as dw,
although it is an ordinary function. We sometimes encounter situations in which the
symbol § is interpreted as meaning that the deviation dw, being an admissible (virtual)
displacement, is small or even infinitesimal. That is why the notation is used in the
mechanical literature. But the equations depend on dw linearly, hence remain valid for
non-small Jw as well.
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‘We now state

Virtual work principle for a string. In the state of equilibrium of
the string, the sum of the work of internal and external forces over any
admissible field of displacements dw is equal to zero.

We see that the equilibrium equation (2.7.3), which we restate as

! l
- / Tow, dw, dr + / fowdx =0, (2.7.4)
0 0

expresses the virtual work principle for a string with fixed ends.

Such formulations are typical in elasticity; people gloss over “small”
details such as smoothness of the displacement field. It is taken to be
“sufficiently smooth”. But for us the issue of smoothness is crucial. We
will use the virtual work principle as a basis for defining a generalized
(energy) solution to the string problem, but the smoothness issue will be
treated carefully.

The equilibrium problems of continuum mechanics satisfy a similar vir-
tual work principle.® The reader may wonder why we have borrowed a
term from classical mechanics, even though the form of this statement dif-
fers markedly from the form of the virtual work principle used there. It
turns out that the difference is not so great. In classical mechanics, we see
only the work of forces which, in our present terms, could be called external
forces. Our “internal” forces are absent in classical mechanics because it
employs a model of a rigid body in which the work of the internal forces
that keep the particles of the body mutually stationary is always zero. In
continuum mechanics, because of deformation, work due to small distur-
bances in the mutual positions of the points of a body appears, and this
brings new terms into the expression for virtual work. In this case, the
work of internal forces is obtained by calculating the first variation of the
strain energy functional. When we come to the stress and strain tensors, we
will introduce it from another viewpoint, deriving it as the work of stresses
inside the body over the field of infinitesimally small virtual displacements.
This approach works even if one cannot derive an expression for the strain
energy functional.

We will use the above principle and similar formulations for generalized
setups of corresponding problems. For additional rigor, we will need mate-
rial from functional analysis; we must specify the classes in which we seek

5We have “derived” the virtual work principle from the minimum energy principle. The
former is more general, however, and can be applied in problems for which a total energy
functional does not exist.
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solutions and introduce tools for proving solvability and uniqueness. This
will brings us to the idea of energy spaces which, in large part, turn out to
be subspaces of Sobolev spaces. The latter are spaces in which the norm
is of integral type, involving not only the functions themselves, as in the
space LP, but also their derivatives. The main tool for proving existence—
uniqueness will be Riesz’s representation theorem for a linear continuous
functional in a Hilbert space. These topics will be presented below, but let
us further discuss the virtual work principle for a string.

We know that a solution to the boundary value problem for a string
with fixed ends satisfies the virtual work principle stated above. Let us
seek the conditions of minimum for the energy functional £(w) with no
endpoint constraints. Of course, we get the same equation (2.7.4) of the
virtual work principle from which, by the general theory of the calculus of
variations, follows the equilibrium equation (2.6.1) and the natural bound-
ary conditions

T0w$(0) = 07 Toww (l) =0.

(Later we derive these for a more general case and therefore do not pause
to treat them here.) These coincide with the equilibrium conditions for
“free” ends of the string (equation (2.5.3)). This suggests that the natural
boundary conditions for the string are related to the equilibrium condition.
We verify this as follows.

We extend the formulation of the virtual work principle for the string,
including the action of some forces at the string ends. Clearly these forces,
Py, and P; say, are external to the string, and their work values over a
virtual displacement field dw(z) are Py dw(0) and P; dw(l). We know we
must supplement the total energy functional with new terms. This leads
us to the following equation, which we can write directly using the above
word formulation of the virtual work principle: in equilibrium, the sum of
the work of internal and external forces over any virtual displacement field
of the string is equal to zero:

l l
- / Towy dw, dx + / fowdx + Py dw(0) + P, dw(l) = 0. (2.7.5)
0 0

The presence of terms outside the integrals distinguishes this from the prob-
lems we considered in the calculus of variations. However, the method of
obtaining the necessary conditions that follow from the equation is practi-
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cally the same. We integrate by parts on the left, and rearrange:

1 1
- / Towgy Ow, do — / fowdx 4+ Tow, (1) dw(l) — Tow,(0) dw(0)
0 0

= Py 6w(0) + P1 dw(l).

u
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Fig. 2.4 Sign convention for reaction forces.

First we consider only those virtual displacements for which djw(0) = 0
and dw(l) = 0. For these, the problem does not differ from that for the
string with fixed ends; hence the differential equation of equilibrium (2.6.1)
holds. This also means that the sum of the integral terms equals zero
independently of the values of Jw at the ends. Consequently,

Tow, (1) dw(l) — Tow, (0) dw(0) = Py dw(0) + Py dw(l).
Taking dw = x and dw = | — x, respectively, we get two end conditions:
U}w(l) = Pl/To, ’w$(0) = —PQ/TQ. (276)

The first coincides with the Neumann condition (2.5.5). The negative sign
is a simple consequence of Newton’s third law. When we use a surface to
“cut away” a portion of a spatial object for study, we must replace the
action of any removed portions by suitable force reactions. But a cut can
be viewed from either side, and by Newton’s third law the mutual reaction
forces should be equal and opposite. We will see a similar sign pattern for
the contact reactions in all our elastic models. So let us pause to develop
a convenient formal rule for this. We must introduce a sign convention for
the reaction forces. We temporarily imagine the string to have nonzero
thickness. Figure 2.4 shows positive directions for forces acting at cross
sections of a small portion, depending on the side of the cut. Contact
forces due the string inclination are regarded as positive when they act as
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shown in Figure 2.4. The situation is the same with the forces P; acting
at the ends of the string; i.e., the positive directions for Py and P; at the
ends are opposite. We will introduce a similar sign convention for stresses
in the theories of beam bending and elasticity.

So we have obtained the natural boundary conditions (2.7.6) for a free
string. These turned out to be the equilibrium conditions for the endpoints
of free clamping. The self-balance equation for external forces now follows
from the fact that (2.7.5) must hold, in particular, for éw = 1. So we have

l
/fdfv-‘v-Po-f—Pl:O
0

which is the self-balance equation stated earlier. We could consider more
general string problems using the virtual work principle. We could, say,
place elastic supports at points along the string. These would be considered
as part of a combined structure (“string + supports”) and a term accounting
for the work of the support reactions included in the work of “internal”
forces. For example, if a spring acts on the string at point ¢ with reaction
kw(c) (i.e., proportional to w(c)), then the virtual work principle reads

1 !
/ Towy dwy, dx + kw(c) dw(c) = / fowdx + Py dw(0) + Py dw(l).
0 0

To derive the dynamical equations we also apply d’Alembert’s principle; we
add the inertia forces to study motion in the presence of, say, air resistance
or point masses attached to the string.

However, to consider the mathematical consequences of the virtual work
principle we require additional machinery as noted above.

2.8 Riesz Representation Theorem
We first demonstrate that a continuous linear functional defined on R™ can

be represented as a scalar product in R™. We know that any vector x € R"
can be expressed as

X = inei, (2.8.1)
i=1

where the e; are the vectors of the standard basis. This allows us to see
that a given linear functional F'(x) (i.e., a linear function of the n variables
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x; with no additive constant term) can be written in the form
n
F(x) =Y ma; (2.8.2)
i=1

with scalars a; that do not depend on x. Indeed, with a; = F(e;) we have

i=1 i=1 i=1
Therefore we can write (2.8.2) as
Flx)=x-a (2.8.3)

where the vector a is uniquely determined by F(x). This is the aforemen-
tioned representation of F'(x) as an inner product. Note that the equation

X-a=ax1+- -+ axr, =0

specifies a hyperplane through the origin in R™. The orientation of this
hyperplane is described by its normal vector a with components a;.

These ideas can be extended to a general Hilbert space H. Of course,
we cannot use the technique outlined above to determine the coefficients in
an infinite-dimensional setting. However, two other facts come to our aid:
For a linear continuous functional F' in H: (1) the kernel of F', which is the
set of all z for which F'(z) = 0, is a hyperplane (subspace) of the Hilbert
space as was the case in R™ above, and (2) the orthogonal complement of
the kernel in H is one-dimensional and contains a unique vector f such that
F' is uniquely defined through the inner product: F(x) = (z, f). This was
proved by F. Riesz. The Riesz representation theorem will play a signifi-
cant role in our presentation; it will allow us to analyze linear problems of
continuum mechanics by recasting them as operator equations.

Theorem 2.8.1 (Riesz representation). Let F(x) be a continuous lin-
ear functional given on a Hilbert space H. There is a unique element [ in
H such that

F(z) = (x,f) for every xz € H. (2.8.4)

Furthermore, this element satisfies || f|| = || F||-

Proof. Denote by M the kernel of F(x): i.e., the set of all z for which
F(z) = 0. It follows from the linearity of F'(z) that M is a subspace of H.
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Furthermore, M is closed; if {my} C M is convergent in H to a limit m*,
then m* € M because
Fm*)=F < lim mk) = lim F(my) =0

k—oo k—oo
by continuity of F'. Applying Theorem 1.16.2 we obtain the unique decom-
position

H=M+M™*.
In this case the orthogonal complement M is one-dimensional. To prove

this, take any two elements nq, and ny from M 1 and examine the linear
combination

ng = F(nl)ng — F(ng)nl. (285)

We know this element belongs to M+ because M is a subspace. But it also
belongs to M because F(ns) = F(n1)F(n2) — F(n2)F(n1) = 0. Therefore
it must be the zero vector, and (2.8.5) shows that ns must be a scalar
multiple of ny. Because ny € M Lis arbitrary, M 1 is one-dimensional.

Now let ng be a normalized element of the one-dimensional subspace
M+, We can represent any = € H as

r=m-+ang

for some element m from M and some scalar .. Taking the inner product
of both sides with ny we find that o = (z,n¢), hence

F(z) = F(m) 4+ aF(no) = (x,n0)F(no) = (x, F(ng)ng).

This is the desired representation (2.8.4) with f = F(ng)ng. Uniqueness is
proved by supposing the existence of two “representers” f; and fo so that

F(z) = (z, f1) = (z, f2) holds for all z.
This yields (z, f1 — f2) = 0 for all z, and we can set x = f; — f3 to deduce
that fl = fQ.
Finally, we must establish || F|| = ||f||. We have
IFI1* = (f, /) = F() < [F[IF

where the inequality holds by definition of the norm of a functional. There-
fore || f|| < ||F||. On the other hand

IF] = s [F(2)| _ (@ Ol o [zl Il

= sup < sup
lziio N2l a0 N2l 7 a0 [l

by the Schwarz inequality. Since ||f|| < ||F|| and | f]| > ||F]||, we have

1= NE1- O
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2.9 Generalized Setup of the Dirichlet Problem for a String

Let us return to equation (2.7.4),

! 1
/ Tow, dw, doz = / fowdx, (2.9.1)
0 0
and for simplicity fix the ends of the string as follows:
w(0) =0, w(l) =0. (2.9.2)

We have seen that (2.9.1), when it holds for all admissible dw(x), is equiva-
lent to the differential equation of equilibrium (2.6.1). So we exploit (2.9.1)
for the generalized setup of the equilibrium problem.

In (2.9.1), an admissible Jw(x) can have the same smoothness as w(x)
and satisfy the same boundary conditions (2.9.2

):
dw(0) =0, dw(l) = 0. (2.9.3)

Thus we enjoy a full symmetry between the properties of dw(x) and w(z).
When posing a problem we should specify the class of functions in which
we seek a solution. If we momentarily forget the equilibrium equation
and consider only (2.9.1), then all we can expect of the solution are the
properties that make sense for all the terms of (2.9.1); hence we can require
only some integrability of w, w,, dw, and dw,. With the same thing in
mind, we require integrability of f.

To formulate the generalized setup of the problem we construct the en-
ergy space starting with the subspace Sy of functions in C'(?) (0,1) satisfying
(2.9.2). Let us exploit the symmetry of the left side of (2.9.1) with respect
to w and dw. We introduce

1
(w,dw)s = / Towg dwg dx. (2.9.4)
0

Considering the properties of this functional when w, jw € Sy, we see that
it can act as an inner product on Sp.

Exercise 2.9.1. Show this in detail.

It turns out that the resulting inner product space is incomplete. The
situation is unchanged if we impose a lesser requirement on the elements
of Sp, that they merely have continuous first derivatives on [0,1]. We shall
introduce generalized solutions that, in general, lack two continuous deriva-
tives but always have finite strain energy. The class in which we will seek
generalized solutions is introduced as follows.
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Definition 2.9.1. The completion of the set Sy of functions with respect
to the norm

lw]lg = (w,w)s'? (2.9.5)
is the energy space for the Dirichlet string problem. We denote it by Egp.

Remark 2.9.1. We will denote all energy spaces using similar notation:
the first subscript will refer to the object and the second to the type of
boundary conditions. Currently, S stands for “string” and D for “Dirichlet
boundary conditions”. A second subscript N will mean “Neumann” (or
“natural”) conditions. O

The quantity Hw||g is the double strain energy functional for the string
and is clearly defined for each element of Egp. This property is mechan-
ically meaningful. But the Fsp norm involves w, and not w. Hence we
do not know the properties of w, and cannot determine conditions on f in
order to ensure that the term fol f dw dx makes sense for all dw € Fgp.

So we would like to consider our equilibrium problem in Egp, at each
point of which the strain energy is defined. We will use the minimum energy
principle (or, equivalently, the virtual work principle). Again, we know
nothing about the properties of w. We must also know how to treat another
term in the equation: the work of external loads. Certain results, called
imbedding theorems, are useful here: they show us that the elements of one
space can be identified with those of another and specify the properties of
this identification. They permit us to formulate conditions under which the
work of external loads makes sense and, in addition, demonstrate that the
problem of minimization of the total energy functional has a unique solution
in Egp. Of primary interest is a particular case of the Sobolev theorem
regarding the equilibrium of a membrane (Theorems 2.16.2-2.16.4). Now
let us consider a simple imbedding theorem for the space Egsp.

2.10 First Theorems of Imbedding

To understand the imbedding concept we begin with a simple example.
Consider the space C(Q) of all continuous functions f = f(x) on a compact
domain Q C R™. Any f € C)(Q) belongs to C(Q). It might seem that
little is gained by regarding such a function first as an element of C")(Q)
and then as an element of C(£2). We should be careful, however, not to
think of this correspondence as the result of applying a simple “identity
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operator” — this would only be the case if the domain and range of the
operator were the same space. In fact the norms on the two spaces differ:
the norm of C(Q2) does not implicate the derivative of its argument. So
the operator that pairs a given function in C*)(€2) with the same function
but regarded as an element of C'(2) (including with respect to its norm!)
cannot be called an identity operator. Instead it is called the imbedding of
CW(Q) into C(). Let us denote it by 7' and write the correspondence as

[f=Tf. (2.10.1)

Again, both occurrences of the symbol f stand for the same function f(x).
But — and this is crucial — the function on the right is considered as an
element of C(M (), and on the left as an element of C(£2).

It is clear that T is linear. What about its other properties? According
to the definitions of the norms on the two spaces,

1£llo(q) = max]f(x)] (2.10.2)
and
1fllcow @ = = max |f(x)] + Z max 8;10 , (2.10.3)
we have
Hf”c(g) S ||f||C(1)(Q) . (2.10.4)
In terms of T this is
HTch(Q) < ||f||c<1>(g) . (2.10.5)

So T is bounded and thus continuous. It is not continuously invertible,
however, since there are continuous functions that do not have continuous
derivatives on ().

The imbedding theorems specify the properties of imbedding operators.
In the present case we can state the following theorem, the second part of
which (on compactness) is a consequence of Exercise 3.25.1. The notions
of compact set and compact operator are detailed in § 3.25.

Theorem 2.10.1. Let Q be compact. The imbedding operator from C (M) ()
to C(Q) is continuous and compact.

The situation with Sobolev and energy space imbedding results is
slightly different from the one above. We will continue to see a one-to-one
correspondence—identification between the elements of two different spaces;
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the image of an element under this correspondence, however, may not be
that same element (indeed the natures of the elements of the two spaces
may differ). We will continue to use the term “imbedding” when referring
to theorems that provide additional properties of elements of a space when
these elements can be regarded as belonging to another “wider” space.

Since many of the spaces we use are based on the completion theorem,
it is instructive to consider

Exercise 2.10.1. Suppose X is a Banach space. What we can say about
its completion? What are the relations between the elements of X and those
of its completion?

The essential properties of the energy space elements are obtained from
certain inequalities between the elements (“functions”) or their derivatives
and the energy norms. A standard trick for obtaining such inequalities is
as follows. Recall that an energy space element is really an equivalence
class of Cauchy sequences of smooth functions. We take one such smooth
function, derive the needed inequality for it, and then extend the inequality
to the actual energy space element (by exploiting properties of the norm
of the space). So the first step requires only simple calculus, while the
second requires justification of limit passages in the inequality. In § 1.15
we saw how such passages were justified: we established the existence of
the limiting inequality and showed that it was independent of the choice
of representative sequence. In the interest of brevity we omit such details
from our subsequent development.

Let us consider the space Egp. The expression for ||u|| ¢ involves only
the derivative of u, which is square integrable. To establish the properties of
the elements of Egp, we first establish some properties of the base functions,
then extend these to all elements of the space. Now we prove a simple
inequality for u(z) from the base class Sp:

1/2

max [u(z)] < l1/2</0l[u’(x)]2d;v> . (2.10.6)

z€[0,]

For this, we write out the integral representation

u(z) = /01 u'(t) dt. (2.10.7)

We now invoke the Schwarz inequality, which states that

</abf(x)9(x) dm)2 < </b () d:v) (/b 9*(z) d:c). (2.10.8)
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We have

< (/Ow 12dt>1/2</0$[u’(t)]2dt) v
< 11/2(/0l[u'(x)]2 dx) v

as required. Now take an element U(x) € Egp. Inequality (2.10.6) holds
for any function w,(z) in its representative sequence. We can rewrite this
inequality for differences u, (z) — um, (2):

1 1/2
max |uy, (z) — um(z)| < l1/2</ [un (2) — um’ (2)] d;v)
z€[0,] 0

On the right we have, up to a constant multiplier, the norm of the difference
Up () — um () in the space Egp. This tends to zero as m,n — co. On the
left, we get the norm of this difference in the space C(0,1). It follows that
{un(z)} is a Cauchy sequence in both Esp and C(0,1). By completeness
of C(0,1), there is a limiting continuous function u(x) to which {u,(z)}
converges in C(0,1). If we take another representative of U(x) and repeat
the above reasoning, we arrive at the same limit function u(z) (the reader
should verify this). So we have a correspondence between an element U €
Esp and a function u € C(0,1).

What are the properties of this correspondence? If U(x) contains a
stationary sequence {u(x)} where u € Sp, then u(x) is also the limiting
element obtained in the above correspondence. The correspondence we
have described — wherein each U € Egp is paired with a function v —
is an operator of the same nature as the operator T mentioned previously.
This new operator, G say, takes any element of Fsp into C(0,1) and, again,
is such that any element U(x) containing a stationary sequence composed
of an element u(x) of the base set Sy is mapped to that same function u(z).
We call it the operator of imbedding of Egp into C(0,1). A consequence of
(2.10.6) is that for u = GU we get

Joax [u(@)] < c[lU]ls
with ¢ = 1'/2 /Ty, so G is continuous. We will also find (Lemma 3.25.1) that
it is compact.
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Theorem 2.10.2. The imbedding operator from Esp into C(0,1) is con-
tinuous and compact.

Because of this limiting correspondence between the elements of Egp
and C(0,1), we will use the name of the limiting function u(z) for the corre-
sponding element U(z) from Egp and write equations and other relations
in terms of u(x). So the first statement of Theorem 2.10.2 (about continuity
of the operator) we shall express as

H“”c(o,l) <m|ullg (2.10.9)

with some constant m independent of u € Fgp.

There are, however, situations in which we cannot blur the distinction
between u(z) and U(z); then we must deal with the actual element U(x)
(carrying out appropriate limit passages when necessary). Similar com-
ments hold for the other energy spaces we encounter subsequently.

We should add something about the nature of the derivatives of the
elements U € FEgp. Again, these elements are paired with continuous
functions. Not all these functions have derivatives of the type to which we
become accustomed in classical calculus. However, to each such continuous
function u(z) there corresponds a class of sequences {u/ (x)}, equivalent
in L2(0,1), each being a Cauchy sequence in L2(0,1). When the sequences
have a continuous limit function, it is possible to prove that the latter is an
ordinary derivative of u(z). If such a continuous limit does not exist, we
still have a correspondence between u(z) and some element of L2(0,1) that
contains the above sequences {u/, (z)}. This element is called the generalized
derivative of u(z). In § 2.16 we will consider in more detail how to introduce
function spaces containing generalized derivatives. The space Egp is one
of the simplest examples where we must do this. Moreover, it is one of the
so-called Sobolev spaces.

2.11 Generalized Setup of the Dirichlet Problem for a
String, Continued

Having introduced the notion of imbedding, we return to our previous prob-
lem.

Definition 2.11.1. By a generalized solution of the Dirichlet problem of
equilibrium of a string is meant an element w € FEgp that satisfies the
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equation of the virtual work principle for the string:

! 1
/ Towg (z) dw, () dx = / f(z) dw(z) dx, (2.11.1)
0 0
for any dw € Egp.

Observe, on the left side of (2.11.1), the inner product between w and
dw in the space Egp. Note also the assumption that the smoothness prop-
erties of w(x) and Jw(x) are the same. This has a meaning, since virtual
displacements can include the class of real displacements and so it makes
no sense to restrict the class of virtual displacements only to very smooth
functions. Such symmetry in the properties of w and dw in the definition
allows us to use Hilbert space tools.

Now consider the right side. Clearly, it is a linear functional with respect
to dw in Fgp. Earlier we required that the load f be integrable: f € L(0,1).

Thus
l
‘/ fowdx
0

and by (2.10.9) we have
!
‘/ fowdx
0

with a constant m; depending on the norm of f in L(0,1) only. Inequality
(2.11.2) means that the integral

1
/ fowdx
0

is a linear continuous functional in Fsp with respect to dw. Hence we can
apply Theorem 2.8.1 in the Hilbert space Esp and get

l
< max [5w(z)| / £ (@)| de,
z€10,l] 0

<my [Jw||g (2.11.2)

1
/ fowdx = (w*,0w)g,
0

where w* € Fgp is uniquely defined by f. Finally, we can substitute this
representation into (2.11.1) and get an equivalent relation

(w,dw)s = (W*, dw)g
valid for all dw € Egp. Rewriting it as

(w—w*,0w)g =0
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and using the arbitrariness of Jw, we see that there exists a unique general-
ized solution w* of the equilibrium problem for the string. Let us formulate
this as

Theorem 2.11.1. Let f € L(0,1). There is a unique generalized solution
w* € Fgp of the boundary value problem of equilibrium for a string under
load f, in the sense of Definition 2.11.1.

We could extend the set of admissible loads to include point forces acting
on the string.

Exercise 2.11.1. Repeat all the above steps for such loads, supplementing
the work of external forces with the term Y ;- | F;0w(c;), where the force F;
acts at the point x = ¢; (cf., equation (2.6.8)).

A final remark concerns the minimum energy principle for this problem.
Using the above notation, we can rewrite the total energy functional in
terms of the inner product as

I ! 1
S(w):—/ Towsza:—/ fwdr = —(w,w)s — (W*,w)s.
This can be easily transformed as
1 1
E(w) = i(w —w,w—w)g — §(w*,w*)g.

It is clear that £(w) takes its minimum at w*, which is a generalized solution
of the problem under consideration. Thus we formulate

Theorem 2.11.2. Under the conditions of Theorem 2.11.1, the total en-
ergy functional takes its minimum value at w* € Esp, which is a general-
ized solution of the Dirichlet problem for the string.

Next we consider the problem of equilibrium for the string with free
ends.

2.12 Neumann Problem for the String

Now we include external concentrated forces acting at the string ends. In
this case the virtual work principle takes the form

1 1
/ Tow, dw, do = / féwdz + Py ow(0) + Py dw(l), (2.12.1)
0 0
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and there are no restrictions on the endpoint values of w(z) or dw(z). In
the equilibrium state u = w(z), with given forces f(z), Py, and Py, this
equation must hold for any admissible dw. Let us adapt our presentation
of the Dirichlet problem to this new problem.

Our base set S; will consist of all the functions that are twice contin-
uously differentiable on [0,!], with no additional restrictions. (Note that
here we use only the set of functions and not the notation C'?(0,1), which
assumes a certain norm!) As before, we wish to employ the energy inner
product

!
(w,dw)s = / Towy dwy dx. (2.12.2)
0

A difficulty lurks here, however: the set of smooth functions satisfying
(w,w)s = 0 is not empty; it consists of functions such that w, = 0 on [0, 1],
hence of the constant functions w = ¢. These represent parallel translations
of the string as a rigid body. When studying the equilibrium of the free
string, we are interested only in its deformation, and can try to remove
“rigid motions” from consideration.

The algebraic notion of factor space is useful in this regard. We can
unite all constant functions into a class Mg, and let this class play the role
of “zero” in a new factor space S;p = S1/Mpg. Each element of the latter
contains all functions whose differences are constant.

It is clear that the functional (w, dw)g is an inner product on Sy g, hence
S1ir is a suitable base space for an energy space for the Neumann problem.
Before proceeding, we should verify that our setup — defined by (2.12.1) —
makes sense. When we take dw = ¢, for a solution w(z) the VWP equation
must hold. Since the left side is zero, so is the right side. When dw = 1,
the self-balance condition

l
/ fl)dz+Py+ P =0 (2.12.3)
0

follows. Since the functional for the work of external forces is linear with
respect to dw, we see that (2.12.1) holds for any dw = ¢, and thus makes
sense in the space Sip.

At this point the reader may ask why, for a free string, we do not
encounter the self-balance condition for the moment of external forces. The
answer is that because of tension T the string resists any inclination as a
whole body. This can easily be seen by watching the reactions at the ends
of the inclined string. So the self-balanced moment of the external forces
is not a necessary condition for the problem.
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Now we can introduce the energy space for the problem.

Definition 2.12.1. The energy space Egy for the Neumann problem is
the completion of Sir in the norm ||| 4.

At this point we could continue to follow the steps taken above for the
Dirichlet problem.® Instead we will simplify the analysis by introducing
an equivalent problem. The idea is to select from each element of Sip
a representative function in such a way that the collection of those func-
tions forms a linear space. Then we reformulate the problem in terms of
representative functions and establish an existence—uniqueness theorem for
this new problem. Finally, we use the one-to-one correspondence between
problems to formulate a corresponding theorem for the original problem.
As Mp is one-dimensional, the selection of representative functions will
be done using a linear functional such that over the set of representative
functions ||| is actually a norm. Since this procedure is common to all
Neumann problems we will consider, we should explain the properties of
such a functional. Each time we will show that the energy space, which we
obtain as the completion of some set of smooth functions with respect to
an energy norm, is a subspace of a Sobolev space (a topic to be considered
later). So the functional should be taken as continuous in this space. Here,
on the set of representative functions, the energy norm will be equivalent
to the norm of W12(0,1). Hence the functional should be taken continuous
in W12(0,1). This problem for a free string is typical. In more advanced
theories like the theory of elasticity, the representative elements are selected
using linear functionals of integral form. But now, because of the imbedding
of W12(0,1) to C(0,1) we simply fix the end z = 0 of the string (note that
the value w(0) defines a linear functional acting on W12(0,1)). Everything
is clear mechanically: we preclude free movement of the string. Of course,
the result is not a Neumann problem: the two problems stand in one-to-one
correspondence, however, as do their respective energy spaces. Hence we
can obtain the needed solution of the Neumann problem by studying the
problem for the string with one fixed end.

So we consider the problem of equilibrium under the same load as for
the Neumann problem. Because the left end is fixed, we have w(0) = 0

6 A slight difficulty lurks, however. We need an inequality along the lines of (2.10.6),
but must account for the fact that elements w now are defined up to a constant. So
we cannot simply use the space C(0,1) and its norm in the inequality, but rather must
use a factor space C(0,1)/Mpg with norm ||f|| = mine max, o, |f(x) — ¢|. The reader
is encouraged to prove a corresponding imbedding theorem and existence-uniqueness
theorem.
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and Jw(0) = 0. Under this condition the virtual work principle for the
Neumann problem changes to

! !
/ Tow, dw,, dx = / fowdx + Py ow(l). (2.12.4)
0 0

Note that the end force Py has disappeared from the equilibrium equation.
In order to have (2.12.4) with w(0) = 0 = dw(0) be equivalent to the pre-
vious setup of the Neumann problem when “rigid” motions are permitted,
we should maintain the condition (2.12.3) that “restores” Fp.

Therefore, let us obtain an existence-uniqueness theorem for a string
with clamped left end and free right end. At this point we can repeat
our steps from the Dirichlet problem. This is done as follows. First we
replace Sy with the set Sy of twice continuously differentiable functions
that vanish at x = 0, and impose the energy norm on this set just as we
did for the Dirichlet problem. Then we introduce the energy space Fgpi
as the completion of Sy; in the energy norm. Definition 2.11.1 is rephrased
as

Definition 2.12.2. By a generalized solution of the new problem of equi-
librium of a string with fived end at © = 0 is meant an element w € Egp;
that satisfies the equation of the virtual work principle (2.12.4) for any
ow € Espi.

Everything else, including the imbedding theorem, follows with only
small changes in notation.

Theorem 2.12.1. Let f € L(0,1). There is a unique generalized solution
w* € Egp1 of the boundary value problem of equilibrium of a string under
load f, Py, in the sense of Definition (2.12.2).

The one-to-one correspondence between the above problems is achieved
when we suppose that the self-balance equation (2.12.3) holds. So we also
formulate

Theorem 2.12.2. Let f € L(0,1), and let the load be self-balanced as in
(2.12.3). Then there is a unique generalized solution w* € Egn for the
boundary value problem of equilibrium of a string under load f, Py, Py .

The reader can formulate corresponding theorems on the principle of
minimum total energy for these problems.
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Note, finally, that for Theorem 2.12.1 we need not impose (2.12.3). But
it turns out that in order to formulate the existence theorem for a free string,
we must impose the self-balance condition as we did in Theorem 2.12.2.

Exercise 2.12.1. Establish the existence-uniqueness theorem for the equi-
librium problem of a string with free ends that is fized at (a) one interme-
diate point ¢, (b) n intermediate points. Suppose the load includes a finite
number of external point forces. Is it necessary to add self-balance condi-
tions for the external forces? Explain using mechanical and mathematical
Teasoning.

2.13 The Generalized Solution of Linear Mechanical Prob-
lems and the Principle of Minimum Total Energy

In § 2.12 we saw that existence-uniqueness results could be established for
very different equilibrium problems in parallel fashion. This also holds for
more complex problems of linear elasticity. In this section we formulate an
abstract theorem to which we shall reduce all the linear problems of this
book.

Let us consider the structure of the equations describing the two bound-
ary value problems for the string. The goal is to recognize those properties
necessary to prove existence and uniqueness. The equation that followed
from the virtual work principle had two terms. The first of these was
quadratic, obtained by the way of varying the strain energy; it was used
to define an inner product in an energy space. The other term, the work
of external forces, was a linear functional. Since many problems share this
structure of the VWP equation, it makes sense to consider such an equation
in general form. So let H be a Hilbert space with inner product (-,-)g (in
this book always an energy space, which can have a complex structure) and
consider

(u,v)ir = F(v), (2.13.1)

where F'(v) is a linear functional in v. A solution of this equation is defined
as follows.

Definition 2.13.1. An element u € H is a solution of (2.13.1) if it satisfies
the equation for any v € H.

We formulate
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Theorem 2.13.1. Let F(u) be a linear continuous functional in H. Then
(2.13.1) has a solution in the sense of Definition 2.13.1 that is unique in
H.

Proof. By Theorem 2.8.1, we get the unique element v* € H such that
Fv) = (u*,v)g
for any v € H. Thus (2.13.1) can be rewritten as
(u,v)g = (u*,v)H,
and so (u — u*,v)y = 0. By the arbitrariness of v, we see that u = u* is
the required unique solution. O

This proof parallels our procedure for the string. Theorem 2.13.1 will
be used frequently below.

Another simple and useful theorem is equivalent to the minimum total
energy principle for many linear equilibrium problems of mechanics. Let us
introduce the “total energy” functional

B(u) = %(u, Wi — F(u). (2.13.2)

Theorem 2.13.2. Let F(u) be a linear continuous functional in H. The
functional ®(u) attains its minimum at the unique point v* € H that sat-
isfies (2.13.1) in the sense of Definition 2.13.1.

Proof. By the representation F(u) = (u*,u)n, we get

O(u) = g(u,u)H - (W u)g = §(u—u Ju—u) g — g(u LU ).
As (u*,u*) g does not depend on u and (u—u*, u—u*)y > 0, the minimum
is attained when v = u* and is unique. O

By equating the first variation of ®(u) to zero, we obtain (2.13.1). So
it is clear why this relationship exists between the minimum point of the
total energy functional and (2.13.1).

Remark 2.13.1. The hardest part of proving theorems for particular elas-
tic problems is to obtain conditions under which F' — which for all of our
problems will be the work of external forces — is a continuous linear func-
tional. Each time we will show that, in the energy space for the problem,
the energy norm of F' is equivalent to the norm of a Sobolev space W™ ((Q);
we will then use the Sobolev imbedding theorem to formulate conditions
for continuity of F'.
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We should also add that, in large part, mathematical books that treat
questions of existence-uniqueness for similar elliptic problems start with
the equation Au = f and introduce the bilinear form (Aw,v). This form
is typically the product of Au with v in the space L*(Q), and requires one
to prove coerciveness of A, which in our terms means that the following
inequality holds:

(Au,u) > [Jullye, -

This is the condition of equivalence of the energy norm to a Sobolev norm.
Then they apply the Lax—Milgram theorem, which is a consequence of the
Riesz representation theorem. So our approach differs from theirs only
in form. But the energy approach of this book has a firm mechanical
background. O

2.14 Nonlinear Model of a Membrane

Let us turn to another model, one that reduces upon linearization to the
familiar Poisson’s equation. We consider the physical background for the
membrane model. The physical object best described by the model is a
soap film. From physics, it is known that the force on a straight edge of
such a film is proportional to its length. Thus, the mechanical quantity
characterizing the film’s equilibrium is given as the force per unit length
acting on its edge. Although this “surface tension” depends on temperature
and other parameters, in the first approximation it is constant. It should
be noted that the surface tension for a soap film is twice that of the liquid
from which the film is made.” A soap film resists deformation only through
surface tension which, on any infinitesimally small line, acts tangent to the
film surface in the direction normal to the line. Since its value does not
depend on the film’s thickness or strain energy, we can model the film with
a surface having certain mechanical properties.

The next step is to find the expression for the strain energy due to
additional deformation of a soap film. Imagine a film spanning a wire frame.
In order to increase the film area, we must apply some force to one side of the
frame. This force is infinitesimally greater than that produced by surface
tension. The work done during this process is transformed into strain energy

"By assumption, the surface tension does not depend on the direction of the line and
is the same at each point of the film. This reminds us of Pascal’s law for the pressure
inside a liquid volume. Indeed, in both cases we idealize a mechanical object in such a
way that the model lacks certain features of strains possessed by solid bodies.
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of the film. Supposing the film is planar, and that the moving side of the
frame is straight and moves in the plane in a direction perpendicular to
itself, the work is equal to the surface tension multiplied by the increase in
area. The same holds for other wire/soap geometries, as long as the surface
tension is constant: the strain energy of a soap film due to deformation is
proportional to its increase in area. Now a membrane is not a soap film,
but there is nothing to stop us from transferring this same property to
membrane theory as an aziom (or, as mechanicists say, an assumption).
In fact we will do this, and turn next to the derivation of the equilibrium
equation.

When a system is in stable equilibrium, its total energy functional takes
a minimum value. If no external forces act and the total and strain energy
functionals coincide, a soap film with fixed edge contour has minimum area
among all the surfaces spanning this contour. So the film represents a
physical solution to Plateau’s famous geometric problem: find a surface of
minimum area with a given boundary contour. We are interested in solving
an extension of Plateau’s problem that includes the action of external forces.
We assume the latter do not depend on the deformation of the membrane
at each point: i.e., that the load is simply a given function f = f(z,y).
This “dead load” assumption is natural for linear problems, but becomes
questionable for some nonlinear problems.

For simplicity we suppose that the initial state of the membrane is a
compact planar domain {2 with a piecewise smooth boundary I', and that
its deformation is characterized only by a normal deflection u = u(x,y).
The corresponding surface area is

A:/ 1+ u? +uy?dedy, (2.14.1)
Q

where the subscripts indicate partial differentiation. Multiplying this by the
surface tension coefficient a, we obtain the strain energy of the membrane.
For the plane membrane when u = 0, this energy is

a/ dx dy;
Q

thus the accumulated strain energy is

£,(u) :a/Q [,/Humuuyﬂ _ 1] dz dy. (2.14.2)

By the minimum total energy principle, in the equilibrium state the
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functional

Er(u) = a/Q [,/1 + ug? + uy? — 1] dr dy — /Q fudxdy (2.14.3)

takes its minimum over the set of all admissible functions v = u(z,y). The
second term on the right is the work of distributed load f over displace-
ments u. If the edge is fixed, admissible functions must satisfy a boundary
condition of the form

ul, = p(s) (2.14.4)

with given v. Thus, when the membrane with fixed edge is in equilibrium,
the total energy functional & (u) takes its minimum over all sufficiently
smooth functions satisfying (2.14.4). This can be called the Dirichlet prob-
lem for a nonlinear membrane. Implementation of the corresponding Euler—
Lagrange condition will be left to the reader. A more important point is as
follows. Although we derive the equilibrium equations from the principle
of minimum total energy, these equations actually turn out to have wider
applicability: for nonlinear problems, they can yield solutions that do not
correspond to points of minimum energy but still describe the membrane
equilibrium.

We need not formulate boundary conditions for admissible functions if
the membrane edge is free (i.e., the edge is not fixed, but some forces can
act on the edge). But we recall that the solution will necessarily satisfy the
natural boundary conditions that arise in the variational formulation of the
problem. This is the Neumann problem. Note that when the strain energy
is zero, we have u; = 0 and u, = 0 at all points so that u = constant. If we
add a constant ¢ to some deflection field u(x,y), the strain energy does not
change. Mechanically this is clear: translation of the membrane as a rigid
whole cannot change its deflection or its strain energy. But any rotation of
the membrane as a whole about x or y changes its strain energy by (2.14.2),
and this means that in the membrane theory under consideration only the
condition that the resultant external force vanishes is necessary. Since the
addition of a constant ¢ to the deflection function u does not change the
strain energy, the total energy minimum principle is meaningful only if the
external forces are self-balanced:

C/Q fdxdy=0. (2.14.5)

We obtained a similar condition when considering the equilibrium of a free
string; it means that the resultant of the external forces is zero. It is a
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necessary condition for solvability of this nonlinear problem. Because of
the above-mentioned dependence of the energy integral on the rotation of
the membrane as a rigid body, we have no other conditions for self-balance
of the external forces.

We turn to the simplified membrane theory that is in common use.

2.15 Linear Membrane Theory: Poisson’s Equation

The deformation of a planar membrane is described by a deflection function
u = u(z,y). We assume any infinitesimal portion of the membrane rotates
only through a ‘small” angle. Since this angle is characterized by the first
derivatives u, and wu, of u, we must suppose that |u,| and |u,| are small as
well: i.e., that we can neglect terms of higher order with respect to these
quantities. The integrand of the strain energy expression (2.14.2) has the
form v/1+ z — 1 where z = u,? + u,%. Since |z| < 1, we replace the entire
integrand by z/2 = (u;? +u,?)/2 and obtain the approximate total energy
functional

E(u) = g/ [ugg2 —l—uyﬂ dxdy—/ fudzdy. (2.15.1)
Q Q

Supposing we can apply the minimum energy principle, we obtain a new
approximate linearized model of the membrane.

Note that it is common practice, when considering mechanical deriva-
tions of formulas and models, to initially suppose that certain terms are
very small or even infinitesimal but later to regard the simplified formula-
tion as independent and holding for very finite quantities — even forgetting
that these quantities must be at least “small” in some sense. Moreover,
when considering the corresponding mathematical setup for the simplified
problem, we even bring infinite values into consideration. Indeed, such a
simplified problem can come to live a life of its own.

We will start with the problem for a membrane with fixed edge:

ul, = 1p(s), (2.15.2)

where 1) is a given smooth function.

So let u be a sufficiently smooth function (in this case, twice differen-
tiable on a closed domain §2) at which £(u) attains its minimum (we suppose
implicitly, as is common in applications, that f is at least integrable). Let
v be a sufficiently smooth function vanishing on I". The function u + tv,
where ¢ is an arbitrary real parameter, satisfies (2.15.2); it is sufficiently
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smooth, hence admissible for use in comparison of functions on the basis of
the minimum energy principle.
At any t, we have

E(u) < E(u+tv). (2.15.3)

At fixed v and v, the functional £(u + tv) is a function of the real variable
t and takes its minimum at t = 0. This means that at t = 0 its derivative
with respect to t is zero:

a/ (UgVz + uyvy) dody — / fvdxdy = 0. (2.15.4)
Q Q

Note that this is also the virtual work principle for the membrane.
By the arbitrariness of v, using the ordinary tools of the variational
calculus, we arrive at Poisson’s equation

a (Upg + Uyy) + f=0. (2.15.5)

This also follows directly from the mechanical equilibrium equations. The
reader is encouraged to construct a derivation, starting with a small rect-
angular portion of the membrane and keeping in mind that the sides of this
portion rotate during deformation.

2.16 Generalized Setup of the Dirichlet Problem for a Lin-
ear Membrane

We are limited to a study of certain properties of associated boundary value
problems for Poisson’s equation. We would like to consider such problems
in a generalized setting. There are several reasons for this. First, a classical
study of Poisson’s equation is tied too closely to this particular equation;
the usual potential-based methods are not readily transferable to other me-
chanics problems. Second, our approach is comparatively simple (now that
we have some familiarity with functional analysis) and can handle the pres-
ence of nonsmooth forces. Third, the generalized setup is based on the
virtual work principle and therefore has solid mechanical underpinnings.
Finally, the powerful finite element method is based on the same gener-
alized setup. It should be added that a generalized solution may have a
higher degree of smoothness than is specified in the generalized setup (for
sufficiently smooth external parameters, of course).

Our experience indicates that we can base a generalized setup of the
Dirichlet problem for a membrane on (2.15.4), which expresses the virtual



Simple Elastic Models 133

work principle in this case. For simplicity we consider a membrane with
fixed edge:

ul, =0. (2.16.1)

We start with equation (2.15.4):

a/ (UgVz + uyvy) dzdy — / fvdxdy = 0. (2.16.2)
Q Q

We would like to apply the general theorems of § 2.13 to this problem. The
first term in (2.16.2) looks like an inner product. So we introduce the set
So of functions twice continuously differentiable on a compact set €2 and
vanishing on the boundary I'. The functional

(u,v)pr = a/ (UgpVz + uyvy) dody (2.16.3)
Q
is an inner product on Ss.
Exercise 2.16.1. Verify this.

Because the corresponding inner product space is incomplete (why?),
we introduce a norm

1/2
lullpy = (u,w)ar™’ (2.16.4)
and define an energy space for the problem.

Definition 2.16.1. The completion of S, with respect to the norm ||-|,, is
called the energy space Ep;p for the Dirichlet problem for the membrane.

Definition 2.16.2. An element u € F)j;p is a generalized solution of the
equilibrium problem with condition (2.16.1) if it satisfies equation (2.16.2)
for any v € Eup.

Because u belongs to Fyp its first derivatives are square-integrable or,
equivalently, members of L?(£2). So we seek solutions of Poisson’s equation
having finite energy. For the linear theory we imposed the more strin-
gent requirement that the first derivatives of the solution be small. But
mathematicians commonly try to vary the conditions imposed on a model.
Occasionally such investigation yields physical insight. In any case it pro-
vides a reliable basis for future use of the model, clarifying its range of
applicability and offering justification for numerical solution methods.

Next, according to § 2.13 we should require that the second term of
(2.16.2) be a linear continuous functional in the energy space. What does
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this mean in terms of the distributed load f — i.e., what is the class of
admissible forces? Examining the second integral term of (2.16.2), we see
that we must know the properties of u, a typical element of Ep;p. Hence
we should establish an imbedding theorem for Ej;p into another space of
functions.

Rather than establishing the imbedding theorem in a sharp form, we
will present an older result based on the Friedrichs inequality. This states
that for any function u € Ss,

/ u? da dy < c/ (ugg2 + qu) dx dy (2.16.5)
Q Q

with a constant ¢ that does not depend on u. To obtain it, let us assume
Q lies in the first quadrant of the xy-plane.

Exercise 2.16.2. Show that the Friedrichs inequality also holds on domains
that do not necessarily lie in the first quadrant.

Since 2 is compact, we can cover it with some square S having side
length a and sides parallel to the axes, two of which lie on the axes. We
now make the domain of u encompass all of S by setting « = 0 on 5\ Q
to obtain a new function that we continue to call u. Note that u(z,y) =0
when z = 0 or y = 0. The representation

ule,y) = / “un(tyy) di

holds everywhere in the first quadrant. Let us square both sides and inte-
grate over the domain:

2

/|uxy| da:dy— uttydt dz dy.
By the Schwarz inequality we have
2
/|u;vy|2dxdy— 1 ut(t,y)dt| dxdy

g/ / / 12dt/ lug(t, )| dt da dy
o Jo Jo 0
g/ / / 12dt/ lue(t, y)|? dt dz dy
o Jo Jo 0
:ag/ / Jue(t, )| dt dy,
o Jo
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hence

/|u|2d;vdy§a2/ / |ue (2, )] d;vdy:a2/ lup|® dzdy. (2.16.6)
Q o Jo Q

In fact we have the needed estimate, since it is clear that
/ |u|? do dy < a2/ (Jua|® + uy|?) dzdy
Q Q

with ¢ = a®. Because the constant ¢ depends only on a, it depends only on
Q (which dictated our original choice of a). Note that we have obtained an
even sharper result, inequality (2.16.6).8

Applying the Friedrichs inequality to a representative sequence {uy} of
an element of Ep;p, we find that

/Q(un — Uy dady < C/Q ((un — um)$2 + (up — um)yz) dxdy. (2.16.7)

It follows that {u,} is a Cauchy sequence in L?(£2).

We have introduced L?(2) as the completion of a set of smooth functions
on Q with respect to the norm of LP(2). Inequality (2.16.7) means that
any representative sequence of an element of Fj;p is a Cauchy sequence
in the norm of L?(Q). Similarly, equivalent Cauchy sequences in the norm
Eyp stay equivalent in the norm of L2(2). Hence any element of Ejp
belongs to L?(Q2) and, moreover, Friedrichs inequality yields the following
result.

Lemma 2.16.1. The space Eyrp imbeds into the space L*(Q). The imbed-
ding operator is continuous and its norm is less than or equal to a.

The Friedrichs inequality yields conditions on the forces sufficient to
make the work functional continuous. For when f € L?(Q2), we have

1/2 1/2
‘/ fvdzdy| < (/ f2dxdy> (/ v2dxdy>
Q Q Q
1/2
<o ([ Pacar) ol
Q

Thus, applying Theorem 2.13.1, we get

Theorem 2.16.1. Let f € L?(2). The Dirichlet problem for a membrane
has a generalized solution in the sense of Definition 2.16.2 that is unique
in the space Eyp.

8In the proof, we estimated u through the values of only one derivative u., which
indicates that the inequality is not the sharpest possible. A sharper result will be given
by Sobolev’s imbedding theorem.
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In a similar fashion, the reader can reformulate Theorem 2.13.2 for this
problem.

Exercise 2.16.3. Do this.

Before moving to other questions, let us mention that in this section
we simplified the problem by requiring v = 0 on I'. When the membrane
edge is fixed by (2.15.2) with ¢ # 0 at all points of T', the treatment is
classical. Suppose a function @ satisfies (2.15.2). Also suppose @ has finite
energy so its first derivatives belong to L2(§). If u satisfies the homogeneous
conditions (2.16.1), then v+ satisfies (2.15.2). Replacing u by u+a in the
VWP equation (2.15.4), we come to an equation with respect to u € Epp
that formally looks different from (2.16.2):

a/ (ugVz + uyvy) dedy + a/ (Upvz + Uyvy) dody — / fvdxdy = 0.
Q Q Q

But the second integral term, under the above conditions for @, is also a
linear continuous functional in Ey;p, so we have established the existence
theorem in this case as well. The uniqueness theorem for nonhomogeneous
Dirichlet boundary conditions should be established separately, since the
choice of @ is not unique. But this theorem follows from Theorem 2.16.1,
since assuming there are two solutions of the problem we find that their
difference belongs to the space Ej/p and satisfies the membrane equation
with zero external forces, hence is zero.

We have established solvability in the energy class of Dirichlet’s problem
when the load belongs to L?(2). It is possible to weaken this restriction
on the load, but we shall require Sobolev’s imbedding theorem and related
ideas.

Generalized derivatives and Sobolev spaces

We have employed partial derivatives that belong to the space L?(£2). These
are not classical in nature and cannot be considered pointwise as ordinary
derivatives. An equivalent method of introducing them was advanced by
S.L. Sobolev, who pioneered the use of generalized solutions in mechanics
and put forth a class of spaces that now bear his name. The Friedrichs
inequality represents a particular case of the properties possessed by the
elements of one Sobolev space. K.O. Friedrichs proved that in Sobolev
spaces, the derivatives obtained from the completion procedure are the
same as (more precisely, stand in one-to-one correspondence with) those
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obtained from Sobolev’s definition. Since we use generalized derivatives
throughout this book, we should explain Sobolev’s initial approach to the
concept.

Sobolev’s definition of a generalized derivative is based on two things:
the formula for integration by parts, and the Main Lemma of the calculus
of variations. The former is

/utpz dx dy = —/ Uz dx dy, (2.16.8)
Q Q

which holds for smooth functions v and ¢ when ¢ vanishes on the boundary
0 of Q. Suppose now that v and another function w are merely integrable
over 2 (in the sense of Riemann or Lebesgue). Let (2.16.8) hold in the form

/wpgg dxdy:—/w@d;vdy (2.16.9)
Q Q

for all smooth functions ¢ that vanish on 0NQ2. Then w is called the gener-
alized derivative of u in the sense of Sobolev. The generalized derivative,
if it exists, is uniquely defined up to a set of “measure zero”.? It also
coincides with the classical derivative of u if the latter exists. With this
understanding, we denote it by .

Higher derivatives can be introduced similarly. For example, the gener-
alized derivative 3 = u,, of an integrable function u is uniquely determined
by the equality

/ngowyd;vdyz/ﬂﬁgodxdy (2.16.10)

provided f is integrable and the equality holds for every smooth ¢ that
vanishes on 02 along with its first partial derivatives.

In fact, we can introduce generalized derivatives of any order on a finite-
dimensional domain. Note that, according to the mode of definition given
below, we need not know the previous (i.e., lower-order) derivatives in order
to determine a higher-order one. Indeed, we are not guaranteed that other
derivatives exist. In Sobolev spaces (of which most of our energy spaces
are particular cases) however, all previous derivatives will exist. So the
situation is similar to the classical one.

9Since we have not covered the classical definition of the Lebesgue integral, this remark
was directed only toward those who happen to be familiar with that theory. It is worth
mentioning, however, that a smooth line in two dimensions has measure zero in this
theory; in regards to uniqueness, two functions are considered the same if they are
“equal almost everywhere”.
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Sobolev was able to establish some properties of the elements of Sobolev
spaces. Roughly, the imbedding theorems state that derivatives of lower
order (and hence the function itself) are “smoother” than those of higher
order. Under certain conditions the generalized derivatives (and functions
themselves) stand in one-to-one correspondence with continuous functions
and therefore can be identified with ordinary functions. In this way we
relate the generalized theory to the classical one and obtain results on the
existence of classical solutions to particular problems.

But let us return to the introduction of generalized derivatives. Us-
ing the completion theorem, we will treat the spaces of functions having
generalized derivatives integrable with some degree over the domain. The
following multi-index notation for partial derivatives is useful:

ololf

DOf = — '
1= o

a=(a1,...,qp), |laj=a14+ - +ay,.
The multi-index « is simply an n-tuple of nonnegative integers where n is
the dimension of the space R™ under consideration. For example, if n = 3
and o = (1, 3,0), then

o
01023
Definition 2.16.3. Let 2 be a compact subset of R", and let p > 1 be a

fixed integer. Consider the normed space consisting of all I-times continu-
ously differentiable functions f(x) given on Q and having the norm

11l = (/ > IDafI”dQ) ” (2.16.11)

o<t

Df =

The completion of this space is the Sobolev space denoted by WHP(Q).

Sobolev used another definition, in which the norm is given on the set
of functions having all generalized derivatives D f up to order [ integrable
to the p-degree over 2. Using Definition 2.16.3 we get a space equivalent
to Sobolev’s space: the spaces stand in a one-to-one correspondence under
which both the algebraic operations and the norm are preserved, provided
) is compact and Jordan measurable (the latter means that we can use Rie-
mann integration over €2). We have confined our attention to such domains
so far, and will continue to do so.

We have already met such a space in solving the membrane problem:
Wh2(Q) for Q c R% It follows from the Friedrichs inequality that, for
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Dirichlet boundary conditions, the energy norm for the membrane is equiv-
alent to the norm (2.16.11) with & = 2 and p = 2.

This equivalence of an energy norm to a Sobolev norm is important. To
prove equivalence it is useful to know the forms of various equivalent norms
in WHP(Q). This question is treated in Sobolev’s book ([Sobolev (1991)],
Theorem 2, p. 64). As a consequence of Sobolev’s equivalence theorem we
have Poincaré’s inequality

/Q|<p|2dV§Ml{/{zgpdV}Q—i—/s)g(gZ)QdV

where dV = dxy - - - dx,,. It will be used to treat the Neumann problem for
the membrane.

(2.16.12)

For the string problem we used a one-dimensional energy space that
turns out to be equivalent to W2(0,1). We found that the elements are in
correspondence with continuous functions, and called this correspondence
the imbedding operator. Similarly, the elements of a Sobolev space have
some additional smoothness properties that are not seen from the definition.

In the one-dimensional case we used the integral representation of a
smooth function

vd
u(z) = u(zo) + / duls) ds. (2.16.13)
2o U8
For the n-dimensional case, Sobolev derived the analogous expression

= 3wl [ a0 0%

z O(igl*l

1 oy
+L—T7l_l Zz_lwal...an(}’,)()m dVy, (21614)

where
r=x-yl, dVy=dy - dy,. (2.16.15)

Here all the ¢ and w coefficients are smooth functions determined by the
shape of Q and [. The domain €2 is assumed to be “star-shaped”.

Definition 2.16.4. A domain is star-shaped if it contains a ball such that
any point of the domain can be connected with any point of the ball via a
segment lying in the domain.

By studying the properties of the integrals in the representation formula,
Sobolev derived a general and rather long imbedding theorem. We will
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need only special cases of this, which we formulate as separate theorems.
Sobolev extended these theorems for finite unions of star-shaped domains.
In what follows we shall assume that €2 is a finite union of compact star-
shaped domains. Later the imbedding results were extended to domains
having the “cone property”.

Definition 2.16.5. A domain 2 has the cone property if there is a fixed
cone such that for any point of 2 we can place the vertex of the cone in
such a way that all its points are inside §2.

It turns out that 2 has the cone property if and only if it is the union
of finitely-many star-shaped domains. We assume the cone property holds
in what follows.

The degrees g we will encounter below cannot be improved (increased).
The significance of this will become clear as we come to understand the role
played by the imbedding theorems in proving existence theorems.

The first imbedding theorem we will need applies to the space of func-
tions of two variables.

Theorem 2.16.2. Let v be a piecewise differentiable curve in a compact
set  C R2. For any finite ¢ > 1, there are compact (hence continuous)
imbeddings

Wh2(Q) — L9Q), W'3(Q) — Li(~). (2.16.16)
The next result enables us to discuss plates and shells.

Theorem 2.16.3 (Imbedding of W22 to C). Let Q be a compact sub-
set of R2. Then there is a continuous imbedding

W22(Q) — C(Q). (2.16.17)

For the first derivatives, the imbedding operators to LI(2) and Li(vy) are
compact for any finite g > 1.

Theorem 2.16.3 relates the elements of the Sobolev space W22 to the el-
ements of the space C' of continuous functions. Neither Sobolev’s definition
of W22 nor the one we have chosen — using equivalent Cauchy sequences
of functions — will allow us to say that u € W?%?2 is a continuous function
on 2. But these Cauchy sequences have a limit function that is continuous;
we will identify this with v and, in this sense, speak of u as a function.
Under Sobolev’s description, this “function” would be defined uniquely.

For functions of three variables we formulate
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Theorem 2.16.4 (W12 — L[4, 3d case). Let v be a piecewise smooth
surface in a compact set Q C R3. The imbeddings

w2 (Q)
wh2(Q)

Q)
P(v)

are continuous. They are compact if 1 < q <6 or 1 <p < 4, respectively.

1<q<6, (2.16.18)

— L
— L 1 <p<A4, (2.16.19)

)
3

Returning to the membrane problem

Lemma 2.16.1 means that Fj;p has a norm equivalent to that of the space
W12(Q) in the two-dimensional case. Theorem 2.16.2 implies that the ele-
ments of the energy space belong to L?(Q2) for any finite ¢ > 1. To prove the
existence of a generalized solution to the Dirichlet problem for a membrane,
we need only the fact that fQ fvdz dy is a linear continuous functional with
respect to v in the energy space. This is provided by Holder’s inequality

1/p 1/q 1 1
/fvdxdy‘g (/ |f|pdxdy> </ |v|qudy> , -4 - =
Q Q Q p q

(2.16.20)
Hence we obtain an immediate sharpening of the existence result: a gener-
alized solution exists when f € LP(Q) for some p > 1.
Note that part of Theorem 2.16.2 refers to imbedding on a curve. This
is also useful for a membrane problem if forces are given on some curve +.
In this case the functional of the work of external forces has a term

/gpv ds. (2.16.21)
.

Exercise 2.16.4. (a) Show that (2.16.21) is a linear continuous functional
in the space WH2(Q) if there exists p > 1 such that p € LP(v). (b) Using
the form of the total energy functional presented below for the Neumann
problem, prove the existence-uniqueness theorem for this case.

Free membrane (Neumann problem)

Let us consider a membrane free from geometrical constraints. Its total
energy is given by

E(u) = %/Q [us? + uy?] dxdy—/ﬂfud;vdy—/@uds, (2.16.22)
8!
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where ¢ is a distributed load over a piecewise smooth curve -y, which could
be inside €2 or include a part or the whole boundary I' of .

Equilibrium of the membrane occurs when the total energy takes its
minimum value. We have already considered the bar and string free from
geometrical constraints. Fach time we were led to self-balance conditions
for the external forces, and the outcome will be the same here. Let us
consider the quadratic part of the strain energy:

%/ﬂ [uw2—|—uy2] dx dy.

Its value does not change if we replace u by u + ¢ for any constant c.
However, the linear part of £(u) — the work of external forces — does
change, and can acquire arbitrarily large negative values as c is varied. To
prevent this from happening, we require that

/ fda:dy+/<pds =0. (2.16.23)
Q ¥

This is the self-balance condition for the external load. It tells us that
the resultant force acting on the membrane must be zero in order for the
problem of minimum to be meaningful. This is not surprising, since the
membrane is free of geometrical constraints and we neglected its inertia.
There is one interesting point, however. If we consider the membrane as
a rigid body in space, we must require the load to satisfy two other self-
balance equations: the two resultant moments of the external load with
respect to the z- and y-axes must vanish. These conditions are not needed
for the solvability of the problem though. How can we explain this? As
in the theory of a stretched string, the membrane is also initially stretched
and resists any inclination as a rigid body. So the moment self-balance
conditions disappear.

It is worth mentioning that Neumann’s problem for Laplace’s equation
appears in classical mathematical physics. In this case f = 0 and the
self-balance equation becomes

/ pds =0. (2.16.24)
v

When ~ is the boundary contour of €2, we can use the calculus of variations
to show that for a smooth solution of the problem ¢/a must be equal to the
normal derivative of the solution. Moreover, in mathematical physics they
show — and it looks like a strange artificial condition — that (2.16.24) is
necessary and sufficient for solvability of the problem. We now see that it
has a clear mechanical meaning.
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To formulate the equilibrium problem for the free membrane, we cal-
culate the first variation of £(u). This gives us the equation that we get
directly from the use of the virtual work principle:

a/ (UgVz + uyvy) da dy—/ fvdxdy — / pvds = 0. (2.16.25)
Q Q2 gl

Exercise 2.16.5. Let v = I'. Use the calculus of variations to show that
the natural boundary condition for £(u) is

87111_%0’

where n is the external unit normal to the boundary. Note that up to the
factor a, this is the boundary condition that, when taken together with Pois-
son’s equation Au = —f, constitutes the classical Neumann problem of
mathematical physics.

As for the Dirichlet problem, we can introduce a generalized solution.
The energy space should be related to the strain energy of the membrane.
We could try to repeat the approach for the Dirichlet problem and attempt
to introduce an inner product

(u,v)pr = a,/ (UpVg + uyvy) dzdy (2.16.26)
Q

over the set of smooth functions on Q. But this fails axiom I1 since (¢, ¢) pr =
0 for any constant c¢. Note that u(z) = ¢ is the only smooth function that
satisfies the equation (u,u)y = 0. We are reminded of the situation for a
free string and, as in that case, there are two ways around the difficulty.
One is to announce that the set of all constants forms the zero element of
our new space. Then an element of the space is the set of all functions that
differ from one another by a constant value. The result is a factor space.
Application of the completion theorem allows us to repeat everything that
was done for the Dirichlet problem. The self-balance equation (2.16.23) is
needed to prove that the functional of external work is linear in the energy
space. Unfortunately, we would have to reformulate the Sobolev imbedding
theorems in terms of the factor-type energy space. This we avoid by taking
another approach. Let us select, from each element of the factor space, a
unique representative. We do this in such a way that we obtain an energy
space, consisting of the representatives, which is a linear subspace of the
Sobolev space W12(€Q). We can then repeat the development for Dirichlet’s
problem practically without changes.
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The condition to select a representative function from the class of func-
tions that differ from one another by a constant follows from Poincaré’s
inequality (2.16.12):

/ uwdxdy = 0. (2.16.27)
Q

With this condition, Poincaré’s inequality takes the form of Friedrichs’s
inequality. In the subset of all the functions that have two continuous
derivatives in 2 and satisfy condition (2.16.27), (-,-)as is an inner product.
Next, starting with this base set and applying the completion theorem, we
can introduce an energy space exactly as is done for the Dirichlet prob-
lem for Poisson’s equation. Now we can literally repeat everything we did
for Dirichlet’s problem in order to establish generalized solvability of the
equilibrium problem for a free membrane.

Exercise 2.16.6. Carry out this program in detail; formulate the corre-
sponding ezistence/uniqueness theorem for the generalized solution.

It is worth noting that, in order to prove this theorem in the class
of representative functions satisfying (2.16.27), we will not need the self-
balance condition. We will need only the fact that the forces are in the
corresponding spaces LP. How is this possible after all our emphasis on the
self-balance condition? The answer is simple. The condition (2.16.27) that
we posed on u is an additional geometric constraint that was not present
in the initial formulation of the problem. So here we prove the existence
theorem for another problem, for a non-free membrane. If we wish to
return to the initial problem for the free membrane, we must reconsider
the equilibrium equation not only for representative functions u, but for
all functions of the form u + ¢, and so we arrive once again at the self-
balance condition as a necessary condition for solvability. This condition,
supplemented with the condition ¢ € LP(v), is sufficient for existence of a
generalized solution for the free membrane.

Exercise 2.16.7. Formulate the existence-uniqueness theorem for the free
membrane. Note that a generalized solution is unique up to an additive
constant c.
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2.17 Other Membrane Equilibrium Problems

We have considered two classical boundary value problems for a membrane:
Dirichlet’s and Neumann’s. We could also consider a mixed problem where
a portion of the boundary contour is fixed and a force is given over the
rest. If the fixed portion contains a piece having finite nonzero length,
then considerations involving the existence of a generalized solution are
essentially the same as for Dirichlet’s problem.

In the definition of the energy space we can consider the set of functions
that vanish only on the fixed portion of the boundary. From the results of
Sobolev’s book on equivalent norms in W12(€), it follows that on this set
of functions Friedrichs’ inequality holds. So on the set, the energy norm is
equivalent to the standard norm of W12(2). This means that in the energy
space the form of the imbedding theorem coincides with the form of the
imbedding theorem in W2(Q). Thus to prove the existence-uniqueness
theorem, we can literally repeat everything that was said for Dirichlet’s
problem.

Existence of a generalized solution does not require a self-balance condi-
tion, which is clear from the mechanics of the problem. We leave the details
to the reader and proceed to another boundary value problem sometimes
encountered for Poisson’s equation.

A membrane with Winkler’s support on the edge

Mechanically this problem is a bit strange; it involves, along the boundary
contour, a distributed support known to civil engineers as Winkler’s foun-
dation. The reader can imagine that acting at each point of the boundary
curve is an elastic support force whose distribution is given by k(s)u(s),
where k(s) > 0 is the elastic coefficient. As the support at a point does not
depend on the force at other points of the boundary, Winkler’s foundation
can be modeled using a continuum of separate springs acting on the bound-
ary. The problem is strange in the sense that it is difficult to imagine such
a support for a soap film; however, in other circumstances the idea is quite
practical.

The elastic energy of Winkler’s foundation is given by the Hooke’s law
energy formula

1 2
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We can imagine some distributed load ¢ on I'; so the equilibrium problem
for a membrane with elastically supported boundary can be presented as a
minimum problem for the total energy functional

1 1
—/ (u +u ) drdy+ = /ku2ds—/fudacdy—/g0uds.
2 Ja 2 Jr Q r

The equilibrium equation, which is the VWP equation as well, is given by
the first variation of this functional:

a/ (UpVz + uyvy) da:dy—&—/kuvds

/fvdxdy /(p?]dszo, (2.17.1)
r

where u is a solution of the problem under consideration when this equality
holds for all admissible functions v. Note that v and v need not satisfy any
geometrical constraints except to be sufficiently smooth.

It is clear that Winkler’s foundation should affect the boundary condi-
tions for the equilibrium function. To see how this happens, we must repeat
the variational derivation of the equations and the natural conditions. So
let us integrate by parts in the first term of (2.17.1):

—a/(um—kuyy)vd:vdy—k/ (a%—kku)vds
Q T on

—/fvdzdy—/gpvdSZO.
Q r

Taking the set of smooth v that vanish on I, we derive Poisson’s equation
aAu = —f. Returning to the equation for v without restrictions on the

boundary, we obtain
ou
— +k
(o )

This mixed condition, containing the sum of a function and its normal
derivative, can be used to pose the third classical problem for Poisson’s
equation.

Let us return to the VWP equation (2.17.1). We can use this to intro-
duce the generalized setup of the problem. The quadratic portion can serve
as the inner product in the energy space:

= 0. (2.17.2)
T

(u, V) yw = a/ (UgpVz + uyvy) da dy—i—/kuv ds. (2.17.3)
Q r
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If k(s) > 0 on some portion of I" having non-zero length, and k(s) is piece-
wise continuous on T', it is possible to show [Sobolev (1991)] that

/ u? de dy < C (u,u) pw (2.17.4)
Q

for some constant C' that does not depend on u € C"V(Q). So the norm
induced by this inner product is equivalent to the norm of W2(§). Hence
we need not continue to discuss the existence and uniqueness questions for
a generalized solution, but can simply refer to § 2.16 since our problem
reduces to the following equation in W12(Q):

(u, v) yw —/fudxdy—/govds =0, (2.17.5)
Q r

where (u,v)yw is an inner product of W12(€).

We could consider various mixed problems for which the condition
(2.17.2) is given only on some portion of I'. Indeed, (2.17.4) holds if we
take the contour integral only along a portion of I' where k(s) > 0.

We could also consider a load ¢ distributed along a curve inside 2. The
results stated above for the generalized solution remain valid. But this is not
so for the classical formulation. Over the internal contour where the force
is applied, we will have an additional natural “boundary”
happens because a smooth solution » will be continuous together with its
derivative in the direction tangent to the contour, while the derivative in the
direction normal to the contour will have a jump. Indeed, for solutions that

condition. This

do not depend on y the membrane equation reduces to the string equation,
and a force uniformly distributed over a straight line parallel to the y-axis
becomes a point force for the corresponding string problem. At the point
of application of such a force, we see a jump in the inclination angle of the
string. For the membrane, a jump occurs in the normal derivative on the
contour. A similar jump in the normal derivative occurs if a Winkler-type
support is distributed over a contour inside 2.

Exercise 2.17.1. Derive the additional condition that arises at the points
of a contour inside of Q to which a distributed load ¢ is applied. Repeat for
a linearly distributed Winkler support inside €.

A non-classical problem for a membrane

Let us consider a non-classical boundary value problem that is intermediate
between the Dirichlet and Neumann problems for a membrane. We suppose
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the membrane is attached to a contour I' that maintains its shape but
can execute small “rigid-body” motions in space. These motions can be
described by linear polynomials ¢; + cex + c3y with arbitrary but fixed
constants c1, cg, c3. The boundary condition for the membrane is

ulp = P(s) + (c1 + 2z + c3y) |y (2.17.6)

where 1(s) describes the shape of the rigid contour. The constants ¢y are
not known in advance.
We assume the existence of a function % € W12(Q) that satisfies

We seek a solution of the VWP equation (2.16.2) in the form
u(xv y) + fL((E, y) + 1+ +c3y
where

u|r =0,

i.e., u € Eyp is an unknown function. We also seek cq,ca,c3. This is
neither a Dirichlet problem nor a Neumann problem. Furthermore, it is
hard to solve without a consideration of mechanical meaning. With such
consideration we can reduce it to problems treated earlier.

We begin by defining the class of admissible displacements v in (2.16.2).
Since the contour can move as a rigid body and this is described by ¢1+cox+
csy, the general form of an admissible displacement is v(z, y)+d; +daz+dsy,
where v € Epp (hence v|r = 0) and dy,ds,d3 are arbitrary constants.
Substitution of this admissible displacement into (2.16.2) gives

a/Q (ugvz + uyvy) dady + a/Q (ugpds + uyds) dz dy
+ a,/Q (Upvg + Uyvy) dzdy + a/Q (Ugpdo + Uyds) dzdy
+ a/Q (covg + c3vy) dx dy + a/Q (cods + c3ds) dx dy
—/vada:dy—/ﬂf(dl + dox + dsy) dx dy = 0. (2.17.7)

Next we use the arbitrariness of dy, ds, d3. Setting all these to zero, we get
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the first necessary equation for equilibrium:
a/ (UgpVz + uyvy) dody + a/ (s + Uyvy) dady
Q Q

+ a/ (covz + c3vy) dxdy — / fvdxdy = 0. (2.17.8)
Q Q

Now we put d;y =1, dy =0, d3g = 0:

/ fdxdy =0. (2.17.9)
Q

Similarly, with d; =0, do = 1, d3 = 0 we get

a/uzda:dy—ka/ﬂzda:dy—ka/@dxdy—/fa:da:dy:O (2.17.10)
Q Q Q Q

and with d1 = 0, dg = 07 d3 = 1,
a/uydxdy+a/ﬂydxdy+a/03dxdy—/fydxdy:0. (2.17.11)
Q Q Q Q

The set of four equations (2.17.8)—(2.17.11) is equivalent to (2.17.7).

Equation (2.17.9) is the self-balance condition for the external forces f.
Since the membrane contour can move as a rigid body, in equilibrium the
external forces must be self-balanced. We cannot define ¢; uniquely, since
the membrane can freely shift in space through an arbitrary distance c;.

What can we say about c; and c¢3? When we try to rotate the membrane,
on the contour we immediately see the normal projections of the internal
tension forces that resist the rotation. So we see mechanically that co and c3
should be determined by the remaining equations. How should we construct
a procedure that defines these constants?

Let us use the linearity of (2.17.8) in u to define u as a sum of three par-
ticular solutions. Supposing for a moment that ¢y and c3 can be arbitrary,
we see that u takes the form

U = U1 + caUa + c3uz + ci, (2.17.12)

where u1, us, uz all belong to Ej;p; they must satisfy

a/ (1) 20z + (u1)yvy] dody = —a/ (Ugvy + Uyvy) dxdy +/ fudz dy,
Q Q Q
(2.17.13)

a/ [(u2) vz + (u2)yvy] dody = / v dz dy, (2.17.14)
Q Q
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and
a/ [(u3)zve + (u3)yvy] dzdy = / yvdzx dy. (2.17.15)
Q Q

Because these equations are of the form considered in § 2.16, we can imme-
diately state that each has a unique solution in Fj;p. Note that (2.17.14)
and (2.17.15) are particular cases of the Dirichlet problem for “forces” equal
to x and y, respectively.

Once u1, uz, and ug have been determined, we can substitute (2.17.12)
into (2.17.10) and (2.17.11). The resulting two equations are sufficient to
determine co and c3 uniquely.

Exercise 2.17.2. Prove this.

Note that @ can be introduced in a non-unique way, and so we should
prove uniqueness of the generalized solution separately. The reader is urged
to do this.

Boundary conditions at a corner point

We know that mechanical meaning can help us solve problems. This is not
its only advantage, however. When we derive mechanical equations, we
often impose conditions that are not reflected in the equations. Commonly
these specify that certain values must be small — even infinitesimal. When
the equations are applied to real objects, however, such assumptions are of-
ten violated. This is definitely the case when, instead of seeking a smooth
function u with small derivatives, we seek a generalized solution whose
derivatives can be large at points. Many other examples could be given.
Whenever we apply an equation to a situation in which its background as-
sumptions are violated, we should provide some justification. This typically
requires a clear mechanical understanding of the situation.

For example, let us consider the natural boundary condition for the
solution of the Neumann problem for the membrane. In deriving the natural
boundary condition an intermediate step was to consider the equation

Ju
a‘/lj%vds—/ljgpvdS—O. (2.17.16)

Applying the Main Lemma of the calculus of variations to the curvilinear
integral and using the arbitrariness of v, we get the natural condition

ou

= w(s). (2.17.17)

r
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But suppose I' has a corner point P located at s = sg. To derive the
above integral formula, we must apply Green’s theorem. At P, however,
the normal to I' is not defined. Here we must consider two one-sided unit
normals n~ and n*. If we suppose that from each side there is some “one-
sided limit” by continuity, and that ¢ is continuous, then

ou Ju
e M A

S:SO

95(80)'
st
0

Both of these apply at P, in addition to continuity of u(s) there. The result

Ou | _ 0w
on— - Ont

S:SD

(2.17.18)

—st
=5

bears a superficial resemblance to continuity of the normal derivative, but
of course it is not. We shall not pursue the issue of corner points further.
We merely observe that the resulting problem is nonstandard and requires
careful analysis of solution behavior near P. Such an analysis should be
based on the idea that, although strange things can happen at P, a valid
solution must have finite energy. This occurs not only for the membrane
model but for more general models of elastic bodies. Engineers try to avoid
corner points when designing elastic structures meant to carry significant
loads. We see the possibility of unexpected behavior in mathematical solu-
tions as well.

A great many “strange” mathematical effects are actually borne out
somehow in engineering practice — either theoretically or experimentally.
So it is not surprising that strange mechanical effects can show a math-
ematician where to expect difficulties in mathematical investigations with
the model. Mathematical studies, in turn, can provide valuable information
for the engineering community. The interest in strange effects is mutual.

2.18 Banach’s Contraction Mapping Principle

This book presents ideas and models from mechanics, together with modern
mathematical tools for their investigation. Banach’s contraction mapping
principle is used throughout mechanics, from the investigation of numerical
tools to the properties of mechanical problems. We interrupt our consider-
ation of mechanical models to consider this powerful principle.

Those who deal with numerical solutions in linear algebra are accus-
tomed to iterative approaches. Such methods can be applied to simultane-
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ous algebraic equations of the form
Cx—Dx=b, (2.18.1)

where x € R™ and the n x n matrices C and D are such that C is easily
invertible and HCilDH = ¢ < 1. In this case the system is solved by the
scheme

Xpi1 = C 'Dx, +C™'b. (2.18.2)

For any initial value xg, which is usually chosen as xg = 0, the sequence of
iterates {x, } converges to a unique solution x* of the system. Furthermore,
the convergence rate is at least as fast as that of a geometric progression
having common ratio g. Iterative methods are appropriate for solving large
systems, when applicable, since errors do not accumulate during iteration.

In mechanics we encounter the method of elastic solutions. It is used
to solve the equations of viscoelasticity and plasticity, with given boundary
values for the displacement vector u, that take the form

Cu=Du+f. (2.18.3)

Here f is an external load vector and C' is the differential operator of linear
elasticity. The operator D characterizes special properties of the body; it
can be linear or nonlinear and, in a certain sense, for “small” arguments, is
majorized by the linear elastic term. The solution scheme for such equations
coincides formally with the above iteration scheme for matrix equations,
although it is more complicated.

The convergence of these and similar schemes is covered by a general
result known as Banach’s contraction principle. An attractive feature of
this principle is its usefulness not only in justifying numerical methods, but
in deriving many qualitative results in the theory of equations — in partic-
ular, theorems on existence and uniqueness of solutions. Abstract forms of
the implicit function theorem rest on it as well. Banach’s principle is one
of the few results of nonlinear analysis that holds importance from both
theoretical and practical points of view. We should mention its central role
in establishing Picard’s theorem on existence and uniqueness of solutions to
the Cauchy problem for ordinary differential equations. In fact, Banach’s
principle originated with Picard’s theorem.

We will present the contraction mapping theorem in the context of a
Banach space B. The classical proof contains two results of practical impor-
tance. We begin with a definition that generalizes the above requirement
for a matrix to have a norm of value ¢ < 1.
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Definition 2.18.1. An operator A acting in B is called a contraction op-
erator on a subset S of B if there is a constant ¢ < 1 such that for any
xz,y € S the inequality

[A(z) — AWl < g llz =yl (2.18.4)
holds.

We see that when A is applied to any pair of points, the images of these
points are separated by a factor of ¢ times the distance between the points
themselves. The term “contraction” refers to this property of A. It is easily
seen that on an open set S the operator A is continuous.

It turns out that many equations of mechanics can be phrased as

x = A(x), (2.18.5)

where A acts in some Banach space B. Note that a solution z* to this
equation has the property that A(z*) = x*; that is, the image of the solution
under A must be the solution itself. We call such a point a fixed point of
the operator A. We are now ready to formulate the first part of Banach’s
contraction principle.

Theorem 2.18.1. Let A be a contraction operator on a subset S of a
Banach space B, with contraction constant ¢ < 1. Then A has no more
than one fized point in S.

Proof. Supposing the existence of two fixed points x1, x2, we have
21 — @2l = | A(z1) — A(z2)[| < qllz1 — 22
since A is a contraction operator. Since ¢ < 1 we have x1 = xs. O
The second result concerns the convergence of the iterative scheme
Tpy1 = Azy), n=0,1,2,.... (2.18.6)
Theorem 2.18.2. Suppose

(i) the operator A in a closed set S of a Banach space B is a contraction
with constant q < 1:

[A(x) = Ayl < qlle —yll for any z,y € S;
(ii) A(x) € S ifz € S.

Then for any initial point ¢ € S
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(i) the sequence {x,} with x, = A(Tn-1), n = 1,2,3,..., converges to a
fized point x* € S of A, and
(ii) the running approximation error is given by

[an — 2™ <

=71 q ||331 — JI()H . (2187)

Proof. Let us first demonstrate that {x,} is a Cauchy sequence. We
begin by writing
[#ns1 — 2l = [|A(zn) — A(zn-1)|

S q ||In - xn—l”
= q|A(zn-1) — A(zn—2)|

S QQ ||33n—1 - xn—QH

< " [ A1) — Alao)|
< q" ||z — 2ol -
Using this and the triangle inequality, we get
||33n+m - mn” < ||33n+m - mn+m—1H + ||33n+m—1 - xn+m—2||

+ o+ ||5'3n+1 - an
< (anrmfl _’_qn+m72 4+ ... _|_qn) Hxl _ 5COH

1—q™

=q" ¢ |z1 — ol
qn

< 1_q||361—960||-

Since g < 1, we have
lTntm — znll = 0 as m,n — oo.

This means that {x,} is a Cauchy sequence; by completeness of B it must
converge to a point x*. Because S is closed, z* € S. At the same time, the
sequence {A(x,)}, which is {z,4+1}, is also a Cauchy sequence convergent
to the same point xz*. Passing to the limit as n — oo in the equality
Tn+1 = A(zy), we get 2 = A(z*). So z* is the needed point. The
error estimate (2.18.7) follows from the above estimate for ||z, +m — 2| as
m — o0. U

Now we can assert
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Theorem 2.18.3. Let A be a contraction operator in a closed set S of a
Banach space B and A(S) C S. Then

(i) the equation x = A(x) has a unique solution * € S;
(ii) for any initial point xo € S the sequence {x,} converges to x* € S;
(iii) the approximation error at the nth iteration satisfies

[#n — 2™ < [l = @oll -

=14

A particular case of the theorem occurs when A is a contraction operator
on all of B. Then A has a unique fixed point in B.

In Chapters 1 and 2 we introduced some principles of continuum me-
chanics and some methods of pure mathematics with which its problems are
now studied. We applied the latter to relatively simple mechanical models
which, nonetheless, contain the salient features of more complex models.
In Chapter 3 we proceed to a consideration of the main ideas and models
of continuum mechanics using the methods we have developed.
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Chapter 3

Theory of Elasticity: Statics and
Dynamics

3.1 Introduction

Everyday materials exhibit a range of atomic structures. Some are simple
and regular; others are complex. So the internal forces acting on an atomic
level must differ widely. In continuum mechanics, however, we see a rela-
tively simple type of macro-representation of the internal forces in terms
of the stress tensor. How can a simple mathematical structure cover so
many possibilities? The answer lies in the way the stress tensor presents an
average picture of atomic and molecular interactions. Some authors tell us
that continuum mechanics yields results concerning certain “elementary”
or “infinitesimal” portions of a material. We are asked to accept that such
a portion will contain a typical number of atoms. But while it is inter-
esting to wonder about the difference between real microinteractions and
the simplified picture given by the continuum mechanics approach, such
considerations properly lie within the realm of the physicist.

Similar comments apply to the problem of describing material deforma-
tion. Atomic or molecular structure is complex and differs greatly between
materials. So the motion of separate atoms during deformation can be
complex. However, in the macro-level integral picture we describe the dis-
placements of points using a relatively simple strain tensor. This yields
an average picture of deformation in the body, neglecting the motions of
individual atoms.

Engineering experience shows that, to within practical accuracy, the
tensor tools of continuum mechanics give good results; we apply these in
engineering design despite the fact that they are not valid pointwise. These
tools are based on the continuum and solidification principles discussed in
Chapter 2. Why are they so good? The reason is that metals and other
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158 Introduction to Mathematical Elasticity

engineering materials are typically subjected to relative strains on the order
of a few thousandths. Clearly, on average, the same changes are seen in
the distances between adjacent atoms in the material. Note that in contin-
uum mechanics we deal only with additional quantities that arise during
deformation. The relations between changes in interatomic forces and rela-
tive changes in interatomic distances are approximated by relatively simple
(e.g., linear) functions. Hence the integral quantities we see in practice are
given by relatively simple relations as well. These relations we describe with
simple tools — stress and strain tensors — to within accuracy sufficient for
our purposes.

3.2 An Elastic Bar Under Stretching

In § 1.20 we quoted a few equations related to the model of an elastic bar.
We now examine this model in detail. Within its simple framework we will
examine certain ideas that apply to all linearly elastic bodies.

Consider the equilibrium of a prismatic bar under an axial force F', as
shown in Fig. 3.1.

A, C’ B/

g
0 F x
A C B

Fig. 3.1 Bar under an axial force.

We cut the bar along CC’ (Fig. 3.2) in the direction perpendicular to
the axis. To maintain equilibrium of the portion CC’'B’B we must apply
reaction forces produced by the remainder AA’C'C. We expect these to
be distributed over the cross section rather than concentrated at a specific
point. Although the force distribution could be quite nonuniform in real-
ity, we make the simplifying assumption that it is uniform (in addition to
our tacit assumption that it acts only through the cut). Note that this
contradicts our original picture where F' was applied along Oz. Indeed,
we can imagine moving CC’ toward BB’, eventually encountering a cross
section with a distributed load on one side and a concentrated load on the
other. Hence we should take F' as distributed instead. In accordance with
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common sense we suppose the distribution ¢ of F' is uniform with o = F/S.
The solidification principle says that the resultant force F/ = ¢'S on the
left should be directed opposite to F' and of the same value, which leads to
the equality |o’| = |o|. Each cross section has two sides and the reactions
from each side are equal but opposite in direction. By convention, we take
as positive those reactions which place the bar under tension as in Fig. 3.2.
Reactions that place the bar under compression are regarded as negative.
In the present case we have o/ = 0.

c’ B’
<+ —>
o’ o=F/S
<+ —>
C B

Fig. 3.2 A portion of the bar from Fig. 3.1. F has been changed to an axial uniformly
distributed load with density o = F'/S, where S is the cross-sectional area.

In a sense, the force density o is not unlike the pressure p in a liquid or
gas. The resultant force on a planar area in the latter case can be calculated
by multiplying o by the area S. But the analogy is limited. Pascal’s law
states that the pressure in a liquid acts normally to any small planar area
element inside the liquid and, moreover, its resultant depends only on the
element area. Let us see what happens if we cut the bar along DD’ at
angle a as shown in Fig. 3.3. It is reasonable to suppose that the force
remains uniformly distributed, but this means the load still acts along Oz
and is therefore not normal to DD’. Moreover, because the area of DD’
is S/sin«, we must take ¢” = osina in order to preserve the resultant;
this dependence on cut orientation is not seen in a liquid. We will call o
the stress. In the theory of the bar, we will not require the stress values
on cross sections that are not perpendicular to the bar axis. Hence we will
not make use of quantities such as ¢”. But we must understand that in a
solid this quantity depends not only on the location of a point but on the
orientation of the cut used to define it. This will lead to the notion of a
tensor of stress within the body.

So we have introduced the stress in the bar by the formula

o =F/8, (3.2.1)

and can determine the resultant acting over each cross section. We can also
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D/ C/

22

Fig. 3.3 In cross section DD’, the density of the uniformly distributed reaction changes
to F'sin /S; their direction is not normal to DD’.

calculate the support reaction at AA’, which has the same value F. Let
us complicate the problem by introducing external forces distributed along
the axis. We suppose that such forces would be uniformly distributed over
the cross section of application; hence we assume a uniform distribution of
stress over any cross section. To get the value of o at a cross section we
will sum up all external forces, lumped and distributed, acting on the right
end and divide by the cross-sectional area.

At this point it is not clear why we have introduced the stress instead
of using simple reaction forces at a cross section. Indeed, the latter ap-
proach is taken in the strength of materials. It might seem that we have
overcomplicated things. Since our goal is to discuss the theory of elasticity,
however, we are preparing all concepts that will be needed later (in §§ 3.6,
3.8, 3.11, and 3.13).

The above problem seems simple; it suffices to apply an equation of
statics. Although we suspect at least some deformation in any bar under
load, we have neglected this and treated an undeformed bar. The systems
considered by the strength of materials, in which all forces inside the body
as well as all support reactions are uniquely determined by the tools of
statics only, are called statically determinate.

Fig. 3.4 Bar with both ends clamped, under an axial force F.

A system that cannot be treated this way is shown in Fig. 3.4. Indeed,
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the only equation we have from statics is that the force F' and the reactions
Ry and R, are balanced:

F—Ry— Ry =0. (3.2.2)

From this we cannot obtain definite values for Ry and R;. A system for
which we cannot find all reactions uniquely by the tools of statics alone
is said to be statically indeterminate. To find the reactions and hence the
stresses in the bar, we must make use of additional information. We shall
exploit the simplest of all constitutive equations (i.e., the equations that
relate stresses to strains): Hooke’s law.

For a spring, Hooke’s law is formulated as

F= k# (3.2.3)
Here k is the spring constant and Al is the increase in the length [ of
the spring under an applied force F. The same idea can be applied to
a cable or bar under tension. We characterize the deformation by the
relative extension Al/l, which is called strain. This characteristic can be
introduced for a bar if we suppose that, during deformation, any normal
cross section shifts uniformly and as a whole along the x-direction as was
done above. In this way we can characterize the location of the cross section
after deformation by the displacement function u(x) of the points of Ox. For
our purposes, we need the local value of the strain when the deformation
is not uniform along Oxz. We take a small portion of the bar between
[z, x + Az], so that | = Az, and consider its change under deformation. If
the displacements of the segment ends are u(z) and u(z + Az) (Fig. 3.5)
then the change in length of the portion is u(z + Axz) — u(x) and the strain
is

u(z + Az) — u(z)

Az '
Letting Az — 0 we obtain
du(x)

dr
Note that ¢ is dimensionless. For ordinary structural steel it should not
exceed about 0.001, hence it is “very small” from an engineering standpoint.
This allows us to ignore the fact that the point x at which we find e does
in fact move during deformation.
We can now generalize Hooke’s law as

o= Ek. (3.2.5)

£= (3.2.4)



162 Introduction to Mathematical Elasticity

u(z) u(z+Ax)
—> —>
0
T
T +Az

Fig. 3.5 Deformation of a small portion of the bar.

The coefficient E, known as Young’s modulus, carries units of pressure; its
value for ordinary steels is around 2 x 10° MPa. In terms of the reaction
N in a bar, Hooke’s law takes the form

N = ESe (3.2.6)

where S is the cross-sectional area. Although we have previously considered
homogeneous prismatic bars, we can extend the theory by assuming that E
and S can depend on x. For this, we assume all the previous assumptions
on the uniform distribution of the external load over a cross section must
be fulfilled.

With the additional variable e involved, to define everything uniquely
we need the expression relating strain with displacement (3.2.4), the con-
stitutive law (3.2.6), the equilibrium equation which we will derive, and
supplementary boundary conditions.

N(z) t(2) N(z+Aux)
> > >

A\ 4

T +Azx

Fig. 3.6 A portion of the bar between x and x + Az under load.

As above, we will isolate a portion of the bar between x and x + Azx. It
is subject to the reactions and the distributed load ¢(x) shown in Fig. 3.6.
The arrow for N shows its positive direction on the cross section. When
we construct the equilibrium equation in scalar form, we should use the
projections onto the axis. Supposing the linear density of the distributed
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load to be t(x), we get the equilibrium equation:
x+Ax
N(x—i—Ax)—N(m)—i—/ t(s)ds = 0.

Dividing this by Az and letting Az — 0, we obtain

dN (z)
— +t(x) =0. 3.2.7
~ L 4 t(a) (3.2.7)
This is a static equation that is valid for any constitutive law. Substitution
from (3.2.4) and (3.2.6) gives the equilibrium equation for an elastic bar in

terms of displacements:

d du

- (ES@) +t(z) = 0. (3.2.8)

This second-order differential equation for w(z) should be supplemented
with two boundary conditions, one at each end. Forces or displacements
could be specified in any combination.

In the strength of materials, the system of external forces is simple.
Normally the load consists of a few lumped forces or a linearly distributed
load. Solution can proceed with elementary tools, using linearity of the
problem and describing the deformation of finite portions a of the bar by
the formula

A
N = ESTC‘. (3.2.9)

The differential equation (3.2.8) is normally used when S depends on z.
Lumped forces can be included by incorporating delta-functions into ¢(z);
a term Fj 0(x — xy) can be used to describe a force Fy, applied at z.

Let us apply this technique to the simple problem shown in Fig. 3.4.
Assume the bar has length [ and the force F' is applied at = a. We
seek the support reactions. We begin by making a cut at the right end
and applying a fictitious reaction Ry, which we regard as given. The other
reaction is

Roy=F—Ry. (3.2.10)

Supposing R; to be given, we transformed the system to a statically deter-
minate one. But this does not change the fact that we still have only one
equation for two variables Ry and R;. To establish another relationship
we will use Hooke’s law. Since the portion of the bar that lies to the left
of x = a is stretched by a force Ry, its elongation is Aa = aRy/ES. The
remainder, having length b = [ — a, is compressed with a force Ry, hence
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its length decreases by Ab=0bR;/FES. The total displacement of the right
end with respect to the left end is Aa — Ab. Since both ends are fixed,
however, we must have Aa — Ab = 0. In the strength of materials this is
called a compatibility condition. In terms of the reactions, it reads

aRy bR _
ES ES
or
a
RIZROE'

The equilibrium equation gives

In this case we need not know F and S; it suffices to know that they are
constants. To find the displacements we would need numerical values for
E and S.

Note that we did not solve the equilibrium equation explicitly. Rather,
we used the fact that the tension N is constant in that portion of the
bar where no external forces are applied. This is equivalent to solving the
equilibrium equation. Because the equation is of second order, we need two
boundary conditions: these were that the bar ends are fixed.

This idea — that a statically indeterminate system can be transformed
into a determinate one by sectioning, introducing fictitious reaction forces,
and supplementing the equilibrium equations with additional equations de-
scribing the deformations of the system — is called the deformation method.
It can be applied to complex problems.

Boundary value problems

We could state results for the bar simply by adapting those for the string,
since the equations describing these two objects have the same form. But
perhaps we should carry out a few steps independently for the bar, as F
and S can vary. We suppose E(x)S(x) is continuously differentiable on
[0,1], at least. We start by deriving the virtual work principle for the bar.

We have consistently said that we expect u(x) to be sufficiently smooth.
Let us explain what this means in the present case. Suppose t(z) is con-
tinuous on [0,1], but that a set of lumped forces Fj, also act at points xy,
which can include the endpoints. At points other than the zj, the equi-
librium equation (3.2.7) shows that dN/dx is continuous. If E(z)S(z) is
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continuously differentiable and nonzero, then w(z) is twice continuously
differentiable there.

Although lumped forces were not considered when we derived the equi-
librium equation, they are common in engineering practice. It is useful to
know what happens near the point x; of application of a lumped force F}.
We continue to suppose t(z) is continuous. Consider a small portion of the
bar corresponding to the segment [z — A,z + A], A > 0. The equilibrium
of this portion is determined by the equation

—N(xk—A)+Fk+/ t(s)ds + N(zp +A) =0.

Ik—A

As A — 40, the value of the integral tends to zero by continuity of t(z).
We get,

N(!Ek + 0) — N(l‘k — 0) = —Fy%, (3.2.11)

where N(z1 —0) and N(zy +0) are the one-sided limits of N(z) as x tends
to z from the left and right, respectively.

Exercise 3.2.1. Comment on the smoothness of u(x) at a point where
E(z)S(z) has a jump. For simplicity assume there is no lumped force at
this point.

According to (3.2.11), N(z) has a jump at z, and therefore so does
u'(z). This means the equilibrium equation holds only on the intervals
(zk, Tr+1) which exclude the points of application of the lumped forces. So
it must be considered as the set of equations

d du
. (ES%> +t(x) =0, z € (vg,xp+1) (E=0,1,...,n), (3.2.12)

along with the jump conditions (3.2.11). We should supplement these with
the continuity conditions for u(x) at the xy, which state that the bar cannot
be broken:

u(zy —0) = u(xr +0) (k=1,...,n—1). (3.2.13)

Finally, we require two conditions at the endpoints x¢ and x,41.

We have obtained a multipoint boundary value problem: equation
(3.2.12) is supplied with boundary conditions at the ends of the bar, but
also with conditions at the intermediate points xj. In engineering practice
the functions t(z), E(x), and S(x) are likely to be simple and it should
be easy to integrate the equation explicitly over (zy,xg+1). This allows
engineers to solve the problem graphically, using simple rules.
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Now we derive the VWP equation and the expression for the total en-
ergy. Suppose the virtual displacement function du(z) is continuous to-
gether with its first and second derivatives on [0,!]. It must also vanish at
points where the bar is fixed. We multiply (3.2.8) by du(x) and integrate
over the length to obtain

L 8 (o) e

Integrating by parts in the first term, we have

du d(du) !
/Ede . —/Ot( dm—ZES—&u

Taking into account that N = ESu’, that (5u(ac) is continuous at z, and
the jump equation (3.2.11), we finally get

du d (5’[}, ! n
/ BS— = /0 t(x) du(z) dm—kgopk Su(zr) =0.  (3.2.14)

w::pk_*_lfO

=0.

r=x+0

Each term is the work of some force over the virtual displacement du.
Equation (3.2.14) expresses the virtual work principle for the bar. A word
statement for the equilibrium problem under consideration is as follows.

Among all functions u(z) that satisfy the geometrical constraints of
the clamped ends, the one that satisfies (3.2.14) for all sufficiently
smooth wvirtual displacements that also satisfy the geometrical con-
straints (0u = 0 at the clamped ends) is the solution of the equilibrium
problem.

In § 2.7 we derived the equilibrium equation for a string under load,
which looks like the bar equation. In view of the form taken by the total
energy functional for the string, we can try the expression

E(u) = ;/0 ES (ZD dx—/olt(x)u(;v)da:—kzn:Fku(xk) (3.2.15)
=0

as the total energy for the bar. It should be a functional for which the
left-hand side of (3.2.14) is the first variation. Direct calculation confirms
this choice: €(u) is the total energy of the bar-load system, where the first
term is the strain energy of the bar.

Thus we can regard the equilibrium problem for the bar as the prob-
lem of minimum of the total energy functional. The lumped forces at the
ends impose natural boundary conditions on wu(z); the remaining condi-
tions (3.2.11) are similar to the natural conditions at the ends, but they
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arise at intermediate points xp where the values of v/ jump. We can use
the integro-differential equation (3.2.14) to introduce generalized setups for
the Dirichlet, Neumann, and mixed equilibrium problems for the bar. The
steps are strictly analogous to those for the string, and we leave them to
the reader.

Exercise 3.2.2. Derive the natural boundary conditions and the conditions
at i that follow from the problem of minimum of the total energy func-
tional.

Exercise 3.2.3. An initially unstretched spring lies along the axis of the
bar treated in Fxercise 3.2.2. One end of the spring is attached to the bar at
a point x = ¢ # xy, while the other end is clamped to an external support.
The spring constant is K, hence the constitutive law is F = Kv where v
is the displacement of the spring end along the bar. The strain energy of
the spring s %Kvg, Using the variational procedure, find the equilibrium
equations and the natural conditions.

Exercise 3.2.4. Formulate the VWP equation for the bar under load (t(x)
and Fy for k = 0,...,n) when there are also springs attached to the
bar. The springs, having elastic coefficients cy, are attached at points zy
(k=1,...,m) and their other ends are clamped. Consider the cases when,
for the unloaded bar, the springs are (1) unstressed, and (2) prestressed.
Define a generalized solution, introduce the energy space, and formulate the
ezistence-uniqueness theorem for a generalized solution.

We finish this section with a few remark on the problem of longitudinal
dynamics of the bar. This can be treated simply via d’Alembert’s principle.
We assume a dependence of the displacement function u on time 7 and
incorporate inertial forces into the distributed external forces t = t(x, 7):

0%u(x,7)

t(x) — t(z, 1) — P2

where p is the density along the bar. The VWP equation becomes
1 2
Ou Odu 0%u(z,T)
ES—— ————d6u| d
/0 ( Ox Ox te or? u) v

1 n
—/ t(x,T)éudm—ZFkéu(xk)zo.
0

k=0
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Using techniques from the calculus of variations, we can obtain the equation
in differential form (which we can obtain from (3.2.8) as well):
2 2
ES’a u(z, T) O*u(x, T)

a2 "7 or2 — Hz7).

3.3 Bending of a beam

The bending of a beam is one of the most important problems in engineer-
ing mechanics. As with the problem of stretching a bar, the mathematical
tools needed for its solution are quite elementary. Engineers have even
found elementary graphical methods for treating large structures consist-
ing of many beams. Nonetheless, we shall consider the beam problem in
order to demonstrate the application of the methods and theorems we have
developed.

We consider a straight beam of length [ on which act a distributed
transverse load ¢(z) and lumped forces Py that are perpendicular to the
beam. We assume a planar deformation of the beam, hence the forces are
parallel to this plane.

q(@)

NN\ \
<

S

NN NN\ N\

vy
)
Fig. 3.7 A beam under load. Inset: a cantilever end.

The beam deformation is described with a single function w(zx), the
deflection of the midline of the beam. In Fig. 3.7 we show a beam along
with two ways in which its end can be “fixed”. The left end is clamped,
which corresponds to the conditions w = 0 and w’ = 0 at z = 0. The
right end is prevented from moving in the y-direction but is free to rotate;
this end is said to be freely supported. The inset shows another type of
boundary condition that corresponds to a cantilever beam with a given
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force and moment.

Fig. 3.8 The normals to the midline of a beam before and after deformation.

We will consider the classical theory of beam bending, which starts with
hypotheses laid down by D. Bernoulli (1700-1782). We suppose that, dur-
ing deformation, any straight line segment normal to the midline does not
change its length and, moreover, remains normal to the midline after de-
formation (Fig. 3.8). The midline is defined by the centroids of the beam
cross sections; hence, for a rectangular beam it is the set of intersections
of the cross-sectional diagonals. Although Bernoulli’s hypotheses are only
approximate, they provide a good approximation for many civil engineering
problems. They allow us to express the strain of the beam at any point in
terms of a single function w(x). As a physical model of beam deformation,
we can consider the deformation of an elastic midline that resists bending
according to certain rules. The resistance of the beam to external forces is
described by two quantities: the bending moment M and the shear force
@. When we cut the beam along the cross section, we replace the action
of the remainder of the beam by the reactions M and Q). As for the bar,
we can regard a cross section — the boundary between the left and right
portions of the beam — as “attached” to one portion. The values of M and
Q@ for the two portions must be equal in absolute value but, by Newton’s
third law, opposite in direction since the cross section itself is in equilib-
rium. In Fig. 3.9 we show positive directions for M and @ for a segment of
beam between cross sections separated by Axz. We recall the solidification
principle, which states that in equilibrium under the action of all external
forces and the reaction forces from the remainder of the body, any portion
of the body must obey the equilibrium law for a rigid body. When we take
a section of bar between two cross sections as shown in Fig. 3.9 and sup-
pose the lumped external forces and moments are absent on the segment,
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we have two equilibrium equations: one for the vertical forces, which is

x+Ax
(Q+AQ) —Q+/ g(s)ds = 0,

and one for the moment with respect to the center point of the left cross
section,

z+Ax
(M+AM)—M—(Q+AQ)Ax—/ sq(s)ds = 0.

x
Dividing by Az and letting Az — 0 we get two equilibrium equations

dM dQ
Q. =), (3.3.1)

| P q(@)

M QI lQJrAQ M+AM

Ax

Fig. 3.9 A portion of the beam between x and = + Axz under load. The arrows are
shown for positive directions of M, Q,q, P.

At point z; an external lumped force P and a lumped moment M are
given. Supposing that () and M are continuous from each side at xj, we
obtain

M(ij—l—O)—M(JUk—O)—FMk =0,
Qzr +0) — Q(zr, —0) + P, = 0. (3.3.2)

Hence M (z) and Q(x) have jumps at the point x.

For a cantilever beam (i.e., a beam having one end clamped and a
force and moment assigned at the other end), equations (3.3.1)-(3.3.2) are
sufficient to determine the force characteristics in any cross section; this
is an example of a statically determinate problem. But if both ends are
clamped, it is impossible to determine the strain state and we must utilize
the properties of the beam material. Bernoulli’s hypotheses, along with the
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assumption that the material obeys Hooke law, relate M with w through
the formula

d*w
prl
See, for example, [Gere and Timoshenko (1997)] or [Lebedev and Cloud
(2004)]. Here E is Hooke’s modulus and [ is the cross-sectional moment of
inertia. Substituting this into (3.3.1), we get the equilibrium equation in
terms of the normal deflection w(x):

d? d*w

This holds at all points excepts those where lumped external forces and
moments are applied.

Let us first consider an equilibrium problem for a beam, with constant
values of E and I, under the action of a piecewise continuous distributed
load ¢(z). Normally, by the term “classical solution” we mean a solution
continuous together with all its derivatives up to the order of the differen-
tial equation. We will continue to use this term, however, when a solution
has a finite set of singular points at which its behavior can be determined.
The problem under consideration is so simple that we can solve it analyt-
ically and find conditions for uniqueness. First let us discuss the question
of boundary conditions. The general solution to (3.3.4) depends on four
independent constants and takes the form

M= —EI (3.3.3)

w(z) = co + c10 + cox? + cza + wp (), (3.3.5)

where wy(z) is its particular solution. To determine four constants uniquely,
we must formulate four additional conditions. These can be two conditions
at £ = 0 — say w(0) = 0 and w’(0) = 0 — and two others at x = [. Say,
for the case of Fig. 3.7, we put w(l) = 0 and w”(l) = 0. The reader may
wonder whether we could place all four conditions at = = 0, on w, w’, w”,
and w’ say. In fact this would give us a Cauchy or initial value problem
of the type considered in textbooks on ordinary differential equations. But
an engineer must deal with conditions at the other end of the beam. So
here we must consider a boundary value problem. It is easy to verify that
the four above conditions, two at each end, define the constants uniquely
if we know wy.

What happens to the solution when lumped forces and moments come
into play? We previously suggested that the reader investigate the equilib-
rium equations at such singular points. It is easily seen that if an external
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couple is applied at some point, then M has a jump at this point. Some
books explain that @ = dM/dx has a corresponding d-function term. The
d-function, which is not a classical function, is a relatively new object in
mathematics. Engineers proceeded to use it well before its formalization,
however; they would divide a beam into sections by the points of applica-
tion of lumped forces and couples, while placing some additional conditions
at the points (consisting of the two continuity conditions for w and w’, and
the conditions for the jumps in M and Q). In doing so, they were far ahead
of their time; it was only later that so-called generalized solutions would be
considered by mathematicians working in the theory of differential equa-
tions. These engineers were aided by the use of graphical tools applicable
to simplified linear force distributions of the form ¢(z) = a + bx.
Nonetheless, we will consider the beam equilibrium problem in order to
explain some peculiarities that arise in more general problems of elasticity
where analytic solutions are not available. So we temporarily ignore the
solution methods used by engineers and proceed to consider the problem
in a complex way — a way that will suffice for more complex problems.
We begin by deriving the VWP equation from the equilibrium equation
(3.3.4). We restrict ourselves to the case of a beam with clamped ends:

w(0) =0=w'(0), w(l)=0=w(l). (3.3.6)

Suppose the beam carries a piecewise continuous load ¢(x), along with
lumped forces P, and moments My, at the points zx (k =1,2,...,n —1).
Elementary calculations show that the solution w(z) of the equilibrium
problem is continuous together with its first derivative w’(z) on [0,1]. The
functions w” (z) and w'”’(z) are discontinuous only at the points x, while
w® () is discontinuous at the xj, and at the jump points of g(x). Let us
take a virtual displacement dw(x) that belongs to C ) (0,1) and obeys the
geometrical constraints at the ends:

dw(0) =0 = 6w’ (0), dw(l) =0=dw'(l). (3.3.7)

We recall that the J-notation is traditional in mechanics; we could just as
well write h(z) or p(z) instead of dw(x).

We remember that (3.3.4) holds on any interval that does not contain
one of the points z. We suppose

O=axp <1 <T2< - <2y = 1.

Let us multiply (3.3.4) by dw(z), integrate the result over each segment
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(g, xr+1), and then add the equalities for all k. We get
n—1 Lz 42 d Th41
Z/ [@< d2>}5w dI—Z/ (z)dx = 0.
k=0"7%k

Clearly

Z / o (z)dz = /0 lq(x) dw(z) da

is the work of dlstrlbuted load ¢(z) over virtual displacement dw(zx).

Now let us transform the first sum. We wish to make the integrand
symmetric in w and dw, which will lead us to the expression for the strain
energy. So we apply integration by parts to each of the integrals twice.
Because we are not assuming that w” (x) or the higher-order derivatives are
continuous, we use the one-sided notation x; + 0 and z; — 0. We obtain
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As dw and dw’ are continuous at xj and vanish at z = 0 and = = [, we
have
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In terms of w(x), equations (3.3.2) are written as
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Hence the sum of the non-integrated terms takes the form

n—1

_ZQ’C&U :vk ZMk(Sw xk)

k=1

Combining the above formulas, we obtain

d*w d2
/ El d;v2 Z Qk 5’LU a:k
!
+ Z My, 6w’ (zg) — / q(z) dw(z)dx = 0. (3.3.9)
k=1 0
The terms
n—1 l
Z Qr dw(zxy) Z My, dw' (z) + / q(x) dw(z) dx
k=1 0

represent the work of the external load over the virtual displacement dw(z).
If in (3.3.9) we call the first integral term (with a negative sign) the work of
the internal forces over virtual displacements dw(x), then (3.3.9) expresses
the virtual work principle for the beam: the work of all internal and external
forces over any virtual displacement of the beam is zero. The reader should
consider why the M}, terms differ in sign from the other terms in A(0w).

It is easy to verify that the functional for which the left side of (3.3.9)
is the first variation is

n—1
/ Elw ”2 x)dr — Z Qrw(xk)

n—1 1
+ Z Myw' (zy) — / q(x)w(x) dz. (3.3.10)
k=1 0
By analogy with the theory of the elastic bar, we call this the total energy
of the beam under load and regard % fol Tw"?(z) dz as the strain energy
of the beam. This analogy is not merely formal: if we calculate the work
required to deform the beam from the undeflected state to the one defined
by the function w(z), we get this expression for the energy accumulated
due to the work. We should note that the expressions for the total energy
and other work quantities remain valid when the ends of the bar are not
clamped; in that case we simply include the work of the given forces on
virtual displacements of the ends in the expression for the complete work

A(dw).



Theory of Elasticity: Statics and Dynamics 175

We will use these relations to introduce and analyze a generalized setup
of the equilibrium problem for a beam.

3.4 Generalized Solutions to the Equilibrium Problem for
a Beam

For a beam with clamped ends, we have established that the virtual work
principle is represented by the equation

d2 d2
/ El d;;) ZQk 5’LU Jik
l
+ Z M, 6w’ () — / () dw(z) dz = 0. (3.4.1)
k=1 0

We assumed the existence of a solution w(z), having certain smoothness
properties, of the equilibrium problem for a beam with clamped ends. With
this w(z), equation (3.4.1) holds for any dw(x) from the class described
in the previous section. It is easy to see that we can reverse the trans-
formations of that section and demonstrate that, assuming (3.4.1) holds
for all admissible virtual displacements on the intervals outside x;, where
w(z) € CW, the function w(z) is a solution of the equilibrium equation
(3.3.4); moreover, the zj are singular points of w(z) where the jump re-
lations (3.3.8) hold. It is instructive to derive a condition at those points
where ¢(z) jumps. So in some sense, (3.4.1) is equivalent to the complete
formulation of the equilibrium problem for a beam under load.

Now we will tackle this problem without using the common engineering
approach of partitioning the beam, etc. Instead we will require that the
equilibrium equation hold, in the VWP sense, on the whole segment [0, ].
A more classical approach to the problem, with its fourth-order equation,
would generate a solution ¢(z) involving the d-function and its derivatives at
the zj. Solutions of this type are not normally considered in textbooks on
ordinary differential equations. But here we will deal with the generalized
approach based on (3.4.1). One advantage is that we will not assume —
but rather will prove — the existence of a solution. Clearly there are other
advantages and disadvantages, but the principal advantage is that we can
extend the approach to equilibrium problems in three-dimensional elasticity
and obtain similar results on existence and uniqueness. This will be done
in situations where the simple reasoning used in the strength of materials
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does not apply.

There are two ways in which we can consider this question of how to for-
mulate a generalized setup of the equilibrium problem for a clamped beam.
We can start with the virtual work principle as expressed in (3.4.1). We
can also start with the problem of minimum of the total energy functional
(3.3.10), for which (3.4.1) expresses the equality to zero of its first varia-
tion. These approaches are equivalent. In both cases we should delineate
the space of the elements in which we will seek a minimizer of (3.3.10) or a
solution to (3.4.1). The space is the same in each case. It will be an energy
space: that is, a Hilbert space.

First we introduce the set Céz) of all functions w(z) that are twice
continuously differentiable on [0,I] and satisfy the boundary conditions
w(0) = 0 = w(l) and w'(0) = 0 = w'(I). On C’SQ) we define an inner
product using the quadratic part of the expression in (3.4.1):

l 2 2
(w1, wa)p = /0 Eldd;? dd;”f dz. (3.4.2)
Of course, the reader should verify satisfaction of the inner product axioms.
As is typical of the spaces introduced in the energy approach, our inner

product space is incomplete.

Definition 3.4.1. The energy space Ep for the problem of equilibrium of
a beam with clamped ends is the completion of Céz) with respect to the
norm induced by the inner product (-,-)p.

This definition says that the second derivatives of an element of Ep
belong to L2(0,1). In a certain sense then, this element can have a jump
in its second derivative as required by (3.3.8). Let us examine some other
properties of such an element. For the first derivatives of an element of E g,
the situation is exactly as for an element of the energy space for a string or
a bar: the base functions upon which we constructed Eg are continuously
differentiable and vanish at the ends. Hence any representative Cauchy
sequence {w,(z)} of an element w € Eg is such that the sequence {w], ()}
converges uniformly to a continuous function ¢(x). The same thing clearly
holds for the sequence {w, (z)}, so it converges uniformly to some function
¥(z) on [0,1]. This means that we see the convergence of the sequence
{wn(z)} in the space C(1)(0,1). By completeness, we have ¢'(z) = ¢(z).
We will redenote this function ¢ (z) as w(z), the same notation as for the
base functions w with which we started constructing Ep. We recall that
this continuously differentiable function w(z) does not depend on the choice
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of representative sequence. Moreover, the imbedding operator from Ep to
CM(0,1), as it follows from the imbedding result in Eg, is continuous; this
is expressed through the inequality

lw@)cw oy < cllw@)ll (3.4.3)
where ¢ is a constant that does not depend on w(z) € Ep. We know that
despite the appearance of the same notation, the elements on the left- and
right-hand sides are really different: on the left w(x) is truly a function;
on the right it is a class of equivalent Cauchy sequences that all converge
to the function w(z). In the sequel we shall use the notation w(x) in both
senses and the reader should bear this in mind.

So now we can introduce two definitions for a generalized solution of
the problem under consideration. The first is based on the principle of
minimizing the total energy functional.

Definition 3.4.2. A generalized solution for the problem of equilibrium of
a beam with clamped ends is an element w(z) € Ep that minimizes the
functional (3.3.10).

The other definition is based on the VWP equation. It can be shown
that the two definitions both specify the same element.

Definition 3.4.3. A generalized solution for the problem of equilibrium of
a beam with clamped ends is an element w(z) € Ep that satisfies equation
(3.4.1) for all dw(z) € Ep.

Let us consider (3.4.1) in light of Definition 3.4.3. The meaning of this
equation is as follows. When we substitute the elements w(z) and dw(z) of
Ep, we then take a representative sequence from each and pass to the limit
in each term of (3.4.1). Then we substitute the results into the equation,
which must hold in the limiting sense, after the limit passage in each term.
Because of (3.4.3), the results of the limit passages in all the non-integrated
terms of (3.4.1) are the same as if we had simply substituted the values for
the limit functions on the left side of (3.4.3). So we can consider these
terms as ordinary functions defined by the imbedding theorems.

Next, for both definitions of a generalized solution, we should establish
the properties of the functional describing the work of the external load. It
is easy to see that the work of the external load A(w) is a linear functional.
If we suppose that g(x) € L(0,1), then by imbedding inequality (3.4.3) we
have

[A(w)] < co [lw(z)]l 5 (3.4.4)
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with a constant ¢ that does not depend on w € Fg. Thus A(w) is a linear
continuous functional in E'p and so, by the Riesz representation theorem,
it can be represented as

A(w) = (w,wo)B (3.4.5)

with some uniquely determined element wo(z) € Ep. It is easy to see
that wo(x) is a solution of the problem under consideration in the sense of
both Definitions 3.4.2 and 3.4.3. We leave it to the reader to formulate a
corresponding uniqueness-existence theorem.

Finally, we should mention the problem of a beam free of geometric
constraints. Because the beam can move as a rigid body, the solidification
principle requires self-balanced external forces as a necessary condition for
equilibrium. In an approximate model, however, the self-balance condition
can be modified. In this case there are two conditions: the resultant force
in the direction normal to the beam must be zero, and the moment of all
external forces and moments with respect to some point must be zero.

For the generalized setup of the free beam, we use the VWP and total
energy expressions for the clamped beam; we must, however, add the work
of the external load at the beam ends. An arbitrary small displacement
of the beam as a rigid body is given as w = a + bx where a and b are
constants. If w(x) is a solution of the equilibrium problem for a free beam,
then (3.4.1) must hold for dwy(x) = a + bz with any constants a and b.
For this dwo(z), the quadratic term in the VWP is zero. Taking a = 1,
b =0, and then a = 0, b = 1, we get two equations for the external load;
these are the self-balance conditions for the external load as required by
the solidification principle.

What follows is merely a sketch of the subsequent procedure. To in-
troduce a generalized solution, we wish to use the same form of the inner
product — defined by the internal energy of the beam — as for the beam
with clamped ends. However, we find that ||a + bz|| 5 = 0. So we cannot
use this inner product directly. Fortunately, the rigid displacement a + bx
is the only smooth function for which ||w(z)|/z; = 0. So we can announce
that the class of all elements of the form a+ bz constitutes the zero element
of the new space, and so consider a factor space. This is a mathematically
clear way to pose and solve the equilibrium problem. But we can reduce
the problem to a simpler one. A solution of the problem under considera-
tion is defined up to the rigid displacement a + bx. This suggests that we
select from each class a unique function w(z) + a + bz. We should select
this unique function so that the set of representative functions is a linear
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space and the energy norm on the new set has all the norm properties. We
will do this in such a way that afterwards, in the new energy space, the
form of the imbedding theorem for the clamped beam will not change. The
conditions for selecting the unique function from the class may be

they may also be integral conditions such as

/Olw(;v) dx =0, /Ol w'(x) dz = 0.

After that, on the set of functions twice continuously differentiable on
[0,] and that satisfy one pair of the conditions above, we consider the inner
product (-,-)p and introduce the energy space using the completion theo-
rem. The remaining steps replicate those for the beam with clamped ends.
It is interesting that in this beam problem with additional restrictive con-
ditions, formulation of the existence-uniqueness theorem does not require
self-balanced external loads. Indeed, we have imposed additional geometric
constraints on the beam that were absent in the original problem. When
we formulate the existence theorem for the original beam, the self-balance
conditions arise necessarily. Uniqueness of the generalized solution for a
free beam is guaranteed up to a rigid motion a + bzx.

3.5 Generalized Setup: Rough Qualitative Discussion

The type of solution we are considering, in addition to being known as a
generalized or energy solution, is frequently termed a weak solution. When
the novice sees integrands containing only derivatives of order less than
the order of the corresponding differential equation, he may think that
generalized solutions are non-smooth almost everywhere. Consequently he
may believe that such solutions should be introduced when non-smooth
loading parameters appear in the problem. This is only somewhat correct.
Of course, non-smooth loading parameters do yield non-smooth solutions.
But in many cases we should solve problems that do not have classical
solutions at all. Consider, for example, the following simple problem for a
beam under a lumped force P at the center point as shown in Fig. 3.10.
The analytic representation of the solution on each of the intervals (0,1)
and (1,2) is given by a third-order polynomial, so the solution depends on
eight constants. To find these, we need eight equations. The boundary
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Fig. 3.10 A clamped beam of length 2, loaded with a lumped force P at x = 1.

conditions
w(0) =0=w'(0), w(2)=0=uw'(2),
provide four of them. We also have continuity conditions at z = 1:
w(l—0)=w(l+0), w(1-0)=w'(l+0).
Finally, we have the conditions for the lumped load (3.3.2):
EIw"(zr +0) = EIw" (2, — 0),
— EIw" (z +0) + EIw" (2, — 0) + P = 0.

The last equation says that w”/(x) has a jump at = x;. When we consider
the equilibrium problem based on the equation

(BIuw"(x))" = q(x),

the jump condition is external: it does not follow from the equilibrium
equation on the entire beam, but is derived separately via mechanical con-
siderations. Moreover, with a jump in the third derivative of the solution,
we cannot consider a classical solution that has fourth derivatives every-
where. So we arrive at the area of generalized solutions. The fact that
engineers found a simple way to circumvent this difficulty for beam equilib-
rium problems does not change the fact that there are many problems for
which this is not possible. We should really introduce generalized solutions
when a classical setup does not make sense.

The good news is that a generalized solution is not as generalized as
it might seem at first glance. If a linear mechanical problem based on an
elliptic equation or system has a classical solution that possesses all needed
derivatives, and if the corresponding energy of the state is finite, then the
solution is the generalized solution as well. Indeed, despite the fact that the
corresponding generalized solution belongs to an energy space (produced
by the completion theorem), it will contain a stationary sequence — each
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element of which is the classical solution. In this sense the classical solution
is also a generalized one.

But there is even better news. Despite the fact that we define the
elements of Sobolev and energy spaces as whole entities over some domain
S in R™, they possess certain local properties of additional smoothness in
the domain that we can use. For example, from the general theory that lies
outside the scope of this book, a generalized solution to the equation Au =
fin S, an open bounded domain of R2, belongs to W2P?(B) for a closed
set B in S if f € LP(S), where p > 1. So the generalized solution has not
only the first but the second generalized derivatives on B and these are also
in LP(B). By Sobolev’s theorem, this means that the imbedding operator
presents a continuous function on B that corresponds to the solution. In
all subsequent calculations we can use this function on B instead of the
element of the energy space. This situation resembles that for the beam
under lumped loads: outside of certain singular portions of S, we can use
ordinary continuous functions to describe the solution. On the singular
sets and their neighborhoods, we must use the form that is defined as an
element of the energy space. For the above problem, the singular set is not
the whole boundary of S; rather, it consists only of the points where the
boundary is not smooth, such as corner points.

We should add that the equations of the most popular numerical method
for the solution of mechanical equilibrium problems — the finite element
method — are based on the VWP equation. Hence convergence of the
method is always shown as convergence of approximations to the energy
solution. The same holds for any variational numerical method applicable
to these problems.

We now turn to the description of equilibrium problems for more general
deformations. The groundwork was laid by Cauchy, who developed the
notion of stress tensor for a solid; this served to generalize the notion of
pressure for a liquid or gas.

3.6 Pressure and Stresses

When dealing with material points or rigid bodies, it suffices to consider
lumped forces having certain directions and lines of action. For deformable
bodies we must consider volume-distributed forces; one cannot shift the
point of application of such a force, as this will alter the deformation of
the body. As earlier for the bar, we suppose we can describe the action of
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one portion the body on another by introducing a cut along with suitable
reaction forces over this surface. One such reaction is the pressure, defined
in elementary physics as force per unit area:

p="F/S. (3.6.1)

This “definition” assumes that F' acts normally to the planar area S and
is distributed uniformly over that area. Pascal’s law for the pressure in
a liquid or gas also fits this definition. We can consider a nonuniform
distribution of pressure over a surface, introducing a value of p at some
point r via the limit expression

_ AF
T ASS0 AS’
where AF' is the normal force acting on small area AS. Here we should
use a limit process in which AS tends to zero along with the maximum dis-
tance from r to all other points of AS (i.e., AS cannot tend to a segment).
Pressure thus defined plays the role of force density over the surface. Know-
ing this density, we can reconstruct the integral characteristics — resultant
force and moment — of the distributed force acting on any finite part of
the surface.

Again, because of Pascal’s law, pressure is a suitable tool for describing
the force distribution inside a gas or liquid. The pressure at any point in

D (3.6.2)

a liquid, acting on a small (we could say infinitesimal) planar area, does
not depend on the orientation of that area. But consider a point on the
surface of a bar stretched by two equal forces Fy applied at the ends. In
an infinitesimal surface tangent to the bar, the normal force, and thus the
“pressure”; is zero. In the normal cross section it is nonzero and seems
close to the average Fy/Sp, where Sy is the area of the bar cross section.
Hence the pressure alone cannot define the strain state in a solid material.
We need another tool.

The first idea is to include forces acting on a surface in an arbitrary
direction, not just normally. To this end we employ a vectorial version of
the above limit construction. Let AF be the resultant of forces distributed
over a small area AS of the surface S. Then the “density” of the force
distribution at a point is

= lim g

AS—0 AS
The new symbol o stands for “stress”, an extension of the notion of pres-
sure. The above example of a stretched bar shows that o can depend on the

o

(3.6.3)
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spatial orientation of the infinitesimal surface used to define it. This leads
to the notion of stress tensor. Cauchy demonstrated that the stress val-
ues acting on any three mutually orthogonal infinitesimal areas that pass
through a point of interest uniquely define the “state of stress” at that
point.

We have not discussed how the force distribution on a surface can be
seen physically. It is clear that no continuous “material” surface can exist
inside a body composed of atoms. In fact we have implicitly used the first
principle of continuum mechanics: we have employed an ideal model of a
continuum without any atoms, where we can draw surfaces and employ
any description of the distribution of some characteristic that is given by
a smooth function depending on the coordinates. In § 3.10 we will discuss
the “coordinates” of the points of a body; this problem is not simple, and
for now we shall continue in the footsteps of Cauchy. We will do everything
in terms of the Cartesian coordinates (x1,x2,x3) in the volume occupied
by the deformed body that is in equilibrium. First, we must define the
dependence of o on the orientation of the infinitesimal area, which we take
to be planar. Let us produce a crosscut inside the body. In doing so, we
have “deleted” some internal constraints inside the body. The crosscut is
a two-sided surface. Experience in classical mechanics tells us that if we
wish to have this cut be an ideal surface and insure that nothing changes
in the remainder of the deformed body, we should add appropriate reaction
forces distributed over the cut. Here we encounter two questions: (1) Why
shouldn’t we add the distributed moments that act over the cut? (2) Why
shouldn’t we consider reactions other than those acting on the sides of
the cross section? In both cases the answer is the same: there is no logical
reason to ignore these possibilities. Moreover, there are different versions of
continuum mechanics in which reactions of these types are included (e.g.,
Cosserat mechanics). Thus, in making this assumption on the reaction,
Cauchy effectively introduced an axiom for continuum mechanics. Cauchy’s
version of the theory is typically used in engineering practice when dealing
with samples of metal, wood, etc, because it agrees with experimental data.
So we return to our development. Suppose n is the “exterior” unit normal
to one of the flat cross sections as shown in Fig. 3.11.

We denote the stress on this side of the cut as o,. The exterior unit
normal on the other side is —n, so we can define the corresponding stress on
it as o_p. These quantities o, and o_, act on an ideal elementary square
that offers no other type of resistance; its equilibrium is assured only if we
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Fig. 3.11 Stresses on the cross section.

suppose that
On=—0_n. (3.6.4)

In some books this equality is called Cauchy’s lemma.

Note that for a cut perpendicular to the z-axis, for which the positive
direction gives the direction of the exterior normal, we will use the notation
o for the stress.

Following Cauchy, we cut out a small upright pyramid in the deformed
body, three faces of which are parallel to the Cartesian coordinate planes;
the fourth is a plane with exterior unit normal n as shown in Fig. 3.12.

We will show that at point (z1, 22, x3), the vertex opposite side Sy, the
relation between the stresses is

On = 01N + 0Ny + o3ng3, (3.6.5)

where n = (n1,n2,n3). Note that this represents a linear dependence n —
on. This transformation can be represented by a matrix composed of the
components of . The vectors n and o, are defined uniquely; they must
not depend on the coordinate systems used in the spaces of vectors n and
0. So this transformation, termed the stress tensor, must also be frame
independent. Also note that, unlike the objects of linear algebra, the matrix
components of the transformation have units.

We first apply the solidification principle to the pyramid. Under all the
forces applied, the pyramid is in equilibrium. On the face perpendicular to
the x,-axis the resultant reaction force is

[—ok(z1,22,23) — B;]) mes(Sk),
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Fig. 3.12 Equilibrium of a pyramid in a deformed body. —o is the vector-stress on
the upright sides perpendicular to the zp-axis, and on is the vector-stress on the side
having normal n. F is the density of external forces acting on the pyramid.

where mes(Sy) is the area of face Sy and the vector 8;, (which depends on
Sk) tends to zero when mes(Sy) — 0. The negative sign is a consequence of
(3.6.4) and the fact that the unit normal of the face is opposite the direction
of the zp-axis. Similarly, the resultant stress on Sy, is

[Un(x/b 33/2, Z‘é) + /61'1] mes(Sn),

where (7}, x4, z3) is a point of Sy, and 3,, — 0 when mes(S,) — 0. The
resultant of all other applied forces is proportional to the volume V of the
pyramid. These could include gravitational or electrostatic forces, as well
as inertia forces. So we believe that all these are given as

F =~V, (3.6.6)

where - is bounded for all small V. The resultant of all the above forces,
by the solidification principle, must vanish:

[—o1(21, 72, 23) — B1] mes(S1) +
[—oa(21, 22, 23) — By) mes(Sa) +
[—o3(z1,x2,23) — B3] mes(S3) +
[

Un(xg_7 x/27 xé) + /611] meS(Sn) + ’YV = 0.
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Dividing by mes(Sn) and taking into account that

mes(Sk)

mes(Sn) -

we get

[o'n(xllvxgvxé) + ﬁn] = [o'l(xlvx%xii) + ﬁl]nl
+ [o2(w1, 22, 73) + Ba]n
1%

+ [o3(21, 22, 73) + Bs]ns — 7m'

Now we produce the limit passage when all sides of the pyramid tend to
zero proportionally so the direction of n does not change. We suppose, by
the continuum principle, continuity of all functions describing the stresses.
During the limit passage, (¢}, %, 25) — (21, 22, z3) for all points of V and
V/mes(Sn) — 0. By the properties of the vector-functions 3, we come to
the relation (3.6.5).

So the stress vectors on three mutually orthogonal, infinitesimal, plane
areas at a point define the value of the stress on an infinitesimal plane of any
orientation at the same point. Each of the stress vectors o can be repre-
sented in the Cartesian frame using three components oy, = (0k1, Ok2, Ok3).
Hence the set of nine components o;; uniquely defines the stress at a point
on an arbitrarily directed infinitesimal area. Note that we could have begun
with a pyramid in a non-Cartesian frame. The result would be the same:
some nine quantities — components — uniquely define the distribution of
stresses at the point. Evidently we have encountered an object whose prop-
erties differ from those of a force vector. It is called Cauchy’s stress tensor.
Now it is time to ask the following question.

Is continuum mechanics an exact mathematical science?

Yes and no. It is an exact science for the models it employs. But it is an
approximate science relative to the behavior of real bodies.

In constructing Cauchy’s stress tensor, we used a limiting process to
obtain the relation (3.6.5) between the stresses acting on infinitesimal areas
at a point. At this stage, many books on continuum mechanics contain
a discussion regarding the size of the elementary volume V at which we
should terminate the limit passage to obtain a reliable result; any body
has an atomic structure, and clearly we cannot say anything about the
results of the limit passage when V becomes less than the volume of a



Theory of Elasticity: Statics and Dynamics 187

single atom. But such a procedure contradicts the very definition of limit:
while producing the limit as some quantity tends to zero, we cannot stop at
some nonzero finite stage and announce that we have completed the limit
passage. To use the tools of calculus, we must let V' tend to zero without
restriction. We have done this above. We will encounter the same situation
in deriving the equations of equilibrium, the expressions for strains, etc. So
what do the equations we derive in continuum mechanics really mean?

Before answering this question we recall a few points from thermody-
namics. This science treats various aspects of heat transfer and the behavior
of bodies under heating, while trying to maintain the viewpoint that gases
and other objects consist of atoms and molecules in motion. Hence thermo-
dynamics is sometimes regarded as a simplified consequence of statistical
mechanics. In fact, however, this is not quite the case because statisti-
cal mechanics deals with models of gases which do not cover many of the
objects of thermodynamics.

But if thermodynamics is so regarded — i.e., as a very imperfect sci-
ence whose results should be proved by statistical mechanics — then why
is this not the case for continuum mechanics as well? Its objects of interest
also consist of moving atoms. The answer is simple: we have no analogue
of present-day statistical mechanics available to describe solids. Thus we
see textbooks present continuous mechanics as though it were an absolute
science like geometry or arithmetic. And this is correct in the same sense
that geometry provides a description of real objects. The main objects of
geometry — points, lines, and surfaces — do not exist in reality. The main
objects used in continuum mechanics are also “absolute,” but are approxi-
mate as representations of real bodies: we cannot talk about the stress on an
infinitesimal area that happens to be smaller than an atomic cross section.
So in continuum mechanics we deal with idealized objects. But continuum
bodies and their relations give us an approximation to phenomena on the
macro-level, when the atomic structure of materials can be neglected.

The stress tensor is an idealization: it is the result of some averaging
process for the “real” relations between atoms in a body. The same can be
said of all the tools and equations we encounter in continuum mechanics.

So the continuum mechanics we find in textbooks is a mathematical
science. In some ways it is no less abstract than geometry or arithmetic. It
is regarded as part of engineering only because engineers use it in practice.
It belongs to the portion of mathematics that considers idealized objects
subject to idealized relations.

One additional aspect is rarely mentioned. If continuum mechanics pro-
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vides only an approximation for real bodies, then is it not inexact? The
answer is “yes and no”. Continuum mechanics is exact in the way it treats
its own models, but these models are only approximate representations of
real objects. It is possible to construct finite models of deformable bodies in
which limit passages are not used, but which give us some approximations
to actual processes. In a certain sense such finite models can be considered
as independent models of mechanics even when they are constructed as
approximations to other models of continuum mechanics. This is the case,
for example, with various versions of the Finite Element Method. Such
finite approximations, being constructed with proper understanding, nor-
mally obey the main principles of continuum mechanics. The equations of
FEM, being a finite model of the deformation of a body, are not “worse”
and, in some situations, less exact than the boundary value problem based
on the “ideal” differential equations of continuum mechanics.

One consequence of this is the following. When mathematicians study a
numerical method for some application, they attempt to prove convergence
of the resulting approximations to the exact solution of the problem. If con-
vergence cannot be justified, the reason may be weakness in our technique
or simply bad properties of the approximate method. The logical equality
of infinitesimal and finite models for mechanical bodies means that each
model can be treated independently. If convergence can be justified, on the
other hand, then the method has nice properties. However, the question as
to which type of model is better — the infinitesimal or the finite — can be
answered only through engineering practice.

Before discussing the mechanical aspects of the stress tensor, we would
like to introduce tensors in general. We will encounter several of these in
our subject, and it will be helpful to understand the properties they share.

3.7 Vectors and Tensors

We have already discussed vectors in this book. It bears repeating that,
although the vectors we know from linear algebra reflect the properties
of forces, the sets of vectors from classical mechanics sometimes possess
additional properties. We must work carefully with such objects. For us, it
is essential to regard a vector as an “entity” that can be defined uniquely
through specification of its components in any particular coordinate frame.
Once its components are known in one frame, they can be calculated in any
other frame by certain well-defined rules.
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The same holds for tensors, which we will present in a more restrictive
way than is done in algebra. A main theme in our introduction of tensors
is that these entities are objective like vectors: that is, they do not depend
on the choice of basis. For example, second-rank tensors will represent
objective linear transformations between spaces of objective vectors, as was
the case for the stress tensor above. But we begin with a formal introduction
of the second-rank tensors and only later relate them to the set of linear
transformations between vectors. Our formal theory of tensors is based on
the three-dimensional Euclidean space of vectors (the discussion will hold
for two-dimensions as a special case). We then see how the object we have
called the “stress tensor” fits into this theory.

We start with the tensor product of two vectors a and b. Although
this is often denoted by a @b, we will write it simply as ab and call it
a dyad. Dyads are the simplest tensors of the second rank, and are such
that ab # ba if a # b. Now in the Euclidean space of vectors, there are
operations of addition and multiplication by a scalar a. We relate these to
the tensor product by requiring the following to hold:

(a+b)c =ac+ bc, (3.7.1)
a(b + c) = ab + ac, (3.7.2)
aab = (aa)b = a(ab). (3.7.3)

The reader can verify that if we consider each dyad as a vector (of another
space, not the initial three-dimensional Euclidean space) and introduce all
the possible algebraic sums of dyads

E araiby,
&

we arrive at a new linear space of vectors based on the initial three-
dimensional space. This is the space of second-rank tensors. It is easy
to see that it is nine-dimensional. Moreover, if (e, ez, e3) is a basis for the
three-dimensional space, the set of nine dyads

{8191, ejez, eje3, exeq, exez, €2€3,e3€e1, €3ey, 9393}

is a basis for the space of second-rank tensors. To represent a dyad ab with
respect to this basis, we can write

a= E akeka b= § ﬂmemv
k m
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and use the above properties:

3 3

ab = Z Z " B"eren. (3.7.4)

k=1m=1

So the component of the dyad ab corresponding to the dyad epe,, is o 3™.
In the same manner, we can obtain the representation of any tensor A of
the new linear space by using the above basis of nine dyads:

3 3
A= Z Z a*mepe,,. (3.7.5)
m=1

k=1

The a*™ are called the components of A in the above basis. We can tabulate
these in a 3 x 3 matrix analogous to the component representation of a
vector. Tensors play a role in continuum mechanics similar to that played by
vectors in classical mechanics. They represent certain objective quantities
that do not depend on the choice of coordinate frame.

But if the new space is an ordinary vector space, why must we intro-
duce a new idea? The answer is that we wish to preserve the relationship
between the elements of the tensor space and the initial Euclidean space un-
der linear transformations of the coordinate frame of the Euclidean space.
The transformation (3.7.4) of a dyad shows that a linear transformation of
the coordinate frame leads to a nonlinear dependence on the coefficients of
the transformation in the components of a tensor. So the rules of transfor-
mation for tensors differ from the rules in ordinary nine-dimensional linear
space.

A second-rank tensor can be put in correspondence with a linear trans-
formation from one set of vectors to another. When both kinds of vectors
are objective — that is, do not depend on the bases of the spaces — so is the
transformation itself. As for the vectors, this allows us to find the relations
between the components of a tensor given in different bases. Objectivity is
a requirement for tensors of any rank.

It is worth noting that the matrix representation of a tensor allows us
to introduce other useful operations with tensors which correspond to the
product of matrices and to the product of a matrix by a vector. We will
identify a second-rank tensor with a linear transformation acting in three-
dimensional vector space. Moreover, the transformation rules for the tensor
components allow us to construct the operations in such a way that they
are preserved under transformations of the basis of the initial Euclidean
space.
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Thus our main question is as follows. Suppose a tensor is an objective
entity. Given its components with respect to one basis, and given the law
describing transformation of bases from one frame to the next, what are its
components with respect to a new basis?

Suppose two bases e1, €2, e3 and €, €}, €5 are linearly related through
the formulas

3
er= > Ale,. (3.7.6)
m=1

In the first basis a tensor has the representation

3
A= E at®ee,.

t,s=1

By (3.7.6) we obtain

3 3 3 3 3
A_ ts Am / An / tsAmAn / /
- « t € sCn = « t s |€m®€n-
t,s=1 m=1

n
n=1 m,n=1 “t,s=1

mn/

So the components a™"’ of A in the new basis {e], e/, } are

3
amn/ _ Z atSA;nA;L
t,s=1
and
3 3
A= Z aees = Z am™el el .
t,s=1 m,n=1

The dependence between the components of A in the two bases is
quadratic with respect to the transformation coefficients A{ . This differs
from the formal linear transformations of the nine-dimensional tensor space,
which are considered in the theory of vector spaces.

The components of a tensor with respect to a given basis can be repre-
sented as a 3 X 3 matrix. In linear algebra, a matrix represents some linear
transformation (operator) of the vector space in a fixed basis. A change of
basis of the space is given by a transformation of the type (3.7.6), which
can also be represented by a 3 x 3 matrix. The components of the operator
transform by the same formulas as the components of the tensor above. So
between the set of linear operators over three-dimensional Euclidean space
and the set of tensors as introduced above there is a one-to-one correspon-
dence, and the components of a second-rank tensor in some basis constitute
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the matrix representation of a linear operator in the same basis. It follows
that we can use matrix and tensor techniques interchangeably if we intro-
duce the latter while preserving the correspondence in such operations as
matrix multiplication. We saw this for the stress tensor. Although (3.6.5)
was derived using a Cartesian basis, we will use it with an arbitrary basis
in R? that makes sense in continuum mechanics.

Before introducing the tensor apparatus, let us note a few peculiarities
in the notation. First, the reader has noted our use of both superscripts
and subscripts. In a three-dimensional space we normally introduce a dual
basis along with any given basis. Its basis vectors, denoted by e™, satisfy
two properties:

(1) e™ is orthogonal to the two vectors e; and e; (for i # j and 4, j # m);
(2) the length of €™ is such that €™ - e, = 1.

Exercise 3.7.1. Prove that such a basis exists.

Any vector

3
X = E a'e;
i=1

can be represented using the dual basis: i.e., as

3
X = E ;e
i=1

The same holds for a tensor A, which can be represented as

3 3 3 3
A= Z ozijeiej = Z ozijeiej = Z ofjeiej = Z oz;jeiej.
i,j=1 i,j=1 i,j=1 i,j=1
So for each basis e, es, e3 we will use four kinds of dyads.

The use of both superscripts and subscripts provides a convenient for-
malism and a way to avoid calculation errors. All the indices (in both
vectorial and tensorial formulas) come in pairs; note how they occur above:
when we have to carry out a summation, they necessarily are one-up and
one-down. The superscripted components o, o’/ are called contravariant,
while the subscripted components are called covariant. The components
a;j and a?j are said to be mized. Note that for the mixed components we
insert a dot to avoid ambiguity in the order of indices.
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Another formalism is Einstein’s rule for summation over repeated in-
dices: when an index is repeated, once as a subscript and once as a su-
perscript, summation over that index is understood and the summation
symbol is omitted. Using this, the examples above can be written as

J

3
o, — ot oo — a. eted = ol .e.el — la.
a'e; = E ae’, avee; =q;e'el =alee =a;e'e;.
i=1

Exercise 3.7.2. Prove that the dual to the dual basis is the initial basis,
so the duality is mutual.

We can introduce the dual basis algebraically and then verify its prop-
erties. For this we introduce the metric coefficients of the space:

gij = €; - €j. (3.7.7)

As eq,e3,e3 are linearly independent, we have det(g;;) # 0; hence the
matrix (¢;;) has an inverse whose components we denote by g*/. The vectors
of the dual basis are given by the relation

e’ =ge;. (3.7.8)
Exercise 3.7.3. Verify this.
Exercise 3.7.4. Prove that

g7 =e' €. (3.7.9)

The dual basis can help us assign a meaning to the dot product of a
tensor with a vector. This provides a way to relate the tensor with a linear
operator. We begin by defining the dot product of a dyad with a vector:

(ab)-c=a(b-c). (3.7.10)

The result is a vector a multiplied by a numerical factor b - c. Similarly,
we define

a-(bc)=(a-b)c. (3.7.11)

So the dot product is defined in such a way that one must dot multiply the
two vectors nearest the dot symbol. When we apply the dot product to two
dyads, we must retain the order of the vectors left outside the dot product:

(ab) - (cd) = (b - c¢)ad.

The result is a dyad ad with numerical coefficient b - c.
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We have extended the notion of dot product so that familiar properties
are preserved. We have, for example, the distributive property

a(b+c)-d=a(b-d)+a(c-d). (3.7.12)

This lets us introduce the dot product between a vector and an arbitrary
tensor, or between two arbitrary tensors. The dot product is introduced so
that it mimics matrix multiplication. We formulate this as an exercise.

Exercise 3.7.5. Let i1,12,i3 be an orthonormal basis. (a) Show that the
basis is self-dual. (b) Show that the dot product between a tensor A = a'i;i;
and a vector b = ¥y, is given by Z?Zl o 37i;. (c) Show that the product
of the matriz (o) and a column vector (8%, 3%, 3%)T yields a vector with the
same components as in part (b). (d) What is the correspondence between
a vector-matriz product and the dot product of a vector by a tensor from
the left? (e) A tensor is the dot product of two tensors. Show that its
components in this basis can be obtained by the corresponding product of
two matrices that represent each of the tensors in this basis.

This clear correspondence between tensor and matrix operations can
fail if the basis is not orthonormal. In this case, if we wish to preserve
matrix-vector manipulations with the components, we should express one
factor in terms of the given basis and the other in terms of the dual basis.
This is based on the relation e’ - e; = 5;, which defines the dual basis.

Exercise 3.7.6. Repeat the previous exercise for an arbitrary basis. Note
that when we use only covariant components or contravariant components
for the tensors, the formulas for their dot products differ from those obtained
by multiplication of the corresponding matrices: they contain g;; or g*.
Only for mized bases do we get complete correspondence with the formulas
of matrix multiplication.

We could also ask which tensors correspond to the zero and unit oper-
ators in a linear space. The zero tensor is simply the tensor whose com-
ponents in any basis are zero. The situation with the unit tensor is not as
obvious. The tensor

AO = eje; + eseq + €eses,

which corresponds to the unit matrix, does not correspond to the unit oper-
ator; indeed, the reader can verify that only in a Cartesian basis (e1, e2, €3)
do we have B- Ay = B for any tensor B. In what basis does the unit tensor
correspond to the unit matrix? It turns out to be the mized basis, where
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the unit tensor can be represented as E = e‘e;. The reader should verify
that

E =e'e; = e;e’ = gle;e; = g;je'e’. (3.7.13)
The metric tensor E plays the role of the unit tensor in the space of tensors:
A-E=E-A=A. (3.7.14)

Exercise 3.7.7. Verify this fact as well.

Let us show how to find vector or tensor components using the duality
of the bases. For a vector we have

a-e' =a'e; - e = aldF = ot (3.7.15)

Similarly,
a-ep = ag. (3.7.16)

We will also have occasion to employ double-dot products. For a tensor
A and a dyad e;e;, we define

A - €;€; = Q. (3717)

To carry out a double-dot product between higher-order tensors, we (1) dot
multiply the two vectors nearest the dot, and then (2) repeat for the two
remaining vectors. The result is a product of two scalars. For example, if
we double-dot multiply two dyads ab and cd, we obtain

ab--cd = (b-c)(a-d).

Since any tensor can be expand into dyads, this example will suffice for our
purposes.

The metric tensor is symmetric: its components do not change when the
indices are swapped. In matrix theory this operation is called transposition.
It looks like

ET = (gijeiej)T = gﬂeiej.
But in general, tensors are not symmetric: AT # A.

We have covered only a small portion of tensor analysis. The reader
should consult more specialized sources (e.g., [Lebedev and Cloud (2003)])
for additional information. We could add, however, that higher-order ten-
sors can be introduced in the same manner. We will use the tensor of elastic
moduli {¢¥*}, which is a fourth-rank tensor. Construction of such tensors
starts with tensor products of four vectors abcd, and parallels our devel-
opment for second-rank tensors. Results for the dot product operation are
similar as well.
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3.8 The Cauchy Stress Tensor, Continued

Now we can introduce Cauchy’s stress tensor. It is a second-rank tensor
given in terms of the Cartesian unit basis (i1, i2,i3) by

g = i10'1 —|—i20’2 —|—130'3
= Ullilil + 0'12i1i2 + 0'13i1i3
+ 0'211211 + 0'221212 + O'Qgigig
+ o3iziy + 0®3izip + 0¥izis. (3.8.1)

Here we can use superscripts and subscripts interchangeably because the
Cartesian basis is self-dual. When changing frames, however, we must
carefully use the index conventions.

Note that (3.6.5) can be written as

On=n-0. (3.8.2)
An important point of tensor theory, often used but seldom stated clearly,
is this:

A formula derived in one coordinate frame but then presented in non-
component form remains valid in any frame.

Equation (3.8.2) was derived in a Cartesian frame, but holds in any frame.

Let us return to the problem of equilibrium. By the solidification prin-
ciple, we have used only the equation for the resultant force. The equation
for the resultant moment remains. The reader should pause to solve

Exercise 3.8.1. Isolate a small cube in the deformed body. Consider the
equilibrium equation for the moments of the external forces and the reac-
tions of the cut part as was done for the pyramid. Write out the projections
of the resultant moment, taken with respect to the center point of the cube,
onto the axes. Produce the limit passage as the side of the cube tends to zero
and the cube contracts down to its center. Show that each limit equation
yields one equation of the following set: 012 = 021, 013 = 031, 023 = 032.

The result of the exercise can be rewritten as
ol =o. (3.8.3)

Again, we have derived the symmetry property (3.8.3) in a Cartesian frame.
But it holds for any frame, and also takes the same form in any frame:

ol = gt oij = Tji. (3.8.4)
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Exercise 3.8.2. Write out the symmetry equations for the mized compo-
nents of o.

So o is a symmetric tensor. It follows that only six of its components
are independent.

Let us return to the problem of stress distribution at a point. Pascal’s
law for a liquid in equilibrium states that the pressure at a point does
not depend on the orientation. Implicit in this formulation is the fact
that the pressure in a liquid or gas corresponds to a force that is always
perpendicular to the infinitesimal plane area. This is not the case with a
moving, nonideal liquid having viscosity. It is clear that we cannot expect
such a distribution of stresses at a point in a solid body. What then is the
simplest way to represent this distribution in a solid? The answer is this:
at any point, there are three mutually orthogonal directions that define three
mutually orthogonal plane infinitesimal areas at which the stress vector is
normal to the area element. For a liquid in equilibrium there are infinitely
many such directions.

The proof is simple. The fact that the stress vector is orthogonal to
the infinitesimal area with unit normal n is expressed as o, = pn, where
p gives the value of the stress vector. Using the representation formula for
O, which by the symmetry of o can be rewritten as

on=0-n, (3.8.5)
we have
o-n=pn. (3.8.6)

But there is a one-to-one correspondence between the set of all tensors over
R3 and the set of linear operators on it. Any fact for operators can be
restated for tensors and vice versa. What does (3.8.6) mean in terms of
an operator corresponding to o? It means that n is an eigenvector of the
operator and p is the corresponding eigenvalue. Now we use a fact about
symmetrical operators from linear algebra. It states exactly what we for-
mulated above for the stress tensor: there are three mutually orthonormal
vectors, ny for k = 1,2,3, the eigenvectors of the operator. These are
the needed normals to the infinitesimal areas on which the stress vector is
proportional to the normal. Linear algebra states a bit more: the corre-
sponding eigenvalues py are all real; furthermore, when they are distinct
there are only three such directions. If the p; include repeated values, then
there are infinitely many such mutually orthonormal directions.
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Exercise 3.8.3. Show that in the frame composed of its eigenvectors, o is
represented as o = pining + psngny + psnsng.

In continuum mechanics eigenvalues and eigenvectors are called, respec-
tively, the principal stresses and principal axes for the stress tensor at a
point. This is explained by the fact that the eigenvalues of a symmetric
tensor have extremal properties. One of these may be stated in terms of
stresses as

lon| < max{|p1],|pz2|, [ps|}

for any direction n.

We shall not elaborate on this or similar statements. We should note,
however, the mechanical meaning of the property discussed above. The de-
formed state at any point of a solid body can be achieved by three simple
stretching or compressing actions along three mutually orthogonal direc-
tions. Because these directions change from point to point, the viewpoint
has practical importance only if the body under consideration (or some por-
tion of it) is homogeneously deformed. Nonetheless, the principal stresses
play an important role in many theories of the strength of materials and
structures.

Knowledge of stress distribution at a point is important but insufficient
to uniquely determine the stress field in a body under load. First, we
should derive the equations of equilibrium. Since we have already used
the equilibrium equations for an infinitesimal volume on the basis of the
solidification principle, it might be surprising that we can still obtain three
more equations from it. When we showed how to derive the relation for o,
we — roughly speaking — approximated the equilibrium equations for an
elementary volume to zero order. To obtain differential equations governing
the stress tensor, we must approximate the equilibrium equations to higher
order. Cauchy considered the equilibrium of a rectangular parallelepiped
with faces parallel to the Cartesian coordinate planes. The parallelepiped
is cut from the deformed body; for this reason, in addition to the external
forces acting on the parallelepiped, we must include the reactions of the
rest of the body that act on the faces. Cauchy’s approximation of these
reactions essentially involved two terms of Taylor’s formula, which in one
dimension looks like

o(z +dx) ~ o(z) + o' (v) dx.

Cauchy obtained three differential equations in this way, but we wish
to derive them in a slightly different manner. We will use the formula for
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integration by parts in three dimensions:

/// BT dry dro dxs = /S fni dS. (3.8.7)

Here S is the surface bounding a volume V' in space, n is the outward unit
normal at a point of S, i is the unit vector along the zx-axis, and nx = n-ig
is the cosine of the angle between n and the x-axis.

Let us isolate a small volume V', having surface S, within the deformed
body. By the solidification principle, the volume should be in equilibrium
as a rigid body under the action of all external forces. These include the
reaction forces which, at each point of the surface, are given by (3.8.5).
Recall that o, = o - n. Equating the resultant force to zero, we obtain

//U-HdS—!—/// Fdridrodrs =0 (3.8.8)
s 1%

where F is the density of external forces at a point of V. Using

3
n= E ngig,
k=1

and (3.8.7), we write the first integral as

3
//a-ndS://a-anide
o S k=1
3
:Z//onde-ik

= Z// —d(El d$2d$3 lk

Hence (3.8.8) takes the form

/// < i+ F) dxy dzy dxs = 0. (3.8.9)

We assume the integrand is continuous. Since (3.8.9) holds for any V', the
integrand is zero:

3
Z 8—" i, +F=0. (3.8.10)
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We differentiated o while assuming it is written in a fixed Cartesian frame
so that only its components can depend on the coordinates xy. Using

Z do . i (0i;i;) i 3. 9ok 30““,'

we can rewrite (3.8.10) in component form:

6011 N 50’12 N 6013
(9331 8332 (9333
80.21 N 8022 N 80.23
6x1 8x2 65C3
30’31 8032 30.33

F3=0. 3.8.11
6x1 + 8x2 + 65C3 + ( )

This system could be obtained by applying the equilibrium equation for
forces to an elementary (infinitesimal) parallelepiped. Surprisingly, the
equation for the resultant moment yields only the symmetry of o.

We can write the same equilibrium equations in non-component form.
The reader is aware of the formal vector-operator

. 0 . 90 . 0
V_lla—aj‘1+l2a—$2+l3a—$3. (3812)

The formal dot product V - o is

+F? =0,

V o= ii—i—ii—i—ii .Uiji,i._aiiji._aLjii.
T\ M0y POz, o YOm0y

by the symmetry of o. So the equilibrium equation can be written as
V.-o+F=0. (3.8.13)

Later we will discuss how to define V to preserve (3.8.13) in curvilinear
coordinates.

Hence we have obtained two forms of the equilibrium equations for a de-
formed body: (3.8.11) and (3.8.13). They represent three linear equations
in the six independent components ¢/, and our experience with linear alge-
bra suggests they cannot determine these unknowns uniquely. Additional
equations, known as constitutive relations, will characterize the material
properties by relating the stress tensor to the deformational characteristics
(normally described by the strain tensor). In this book we shall use an
extension of Hooke’s law to three dimensions.

Before proceeding there is something we should consider. We have ob-
tained the equations of equilibrium. But these equations, and the stress
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tensor itself, are written in the deformed state of the body. In solving a
problem, we normally begin with the undeformed body; we cannot know
the deformations (i.e., the final state of the body) in advance. So given the
initial state of the body, we must recalculate everything with regard for the
deformation (which would be found from the solution). This leads us to
nonlinear equilibrium equations. But nonlinear equations are notoriously
hard to solve, and we cannot envision Cauchy’s contemporaries having much
success with this approach. In fact, they understood that the deformations
of solids in normal working ranges are quite small. So their approach was
to assume that the equilibrium equations and stress tensor are written as
if the body were not deformed. We might regard this as a “linearization”
process. The result is an approximation to the exact relations of continuum
mechanics. Experience shows that it works well for engineering purposes.
Of course, a mathematician would prefer to write down the exact relations
and then estimate the difference between the “exact” and approximate so-
lutions. But this was never done. Nonlinear problems are difficult, and for
real engineering problems the most we can expect is to find some numer-
ical solutions, which are approximate themselves. It is doubtful that, in
the near future at least, we will see an analytical comparison between the
solutions of nonlinear and linearized versions of the equations for the more
difficult problems of mechanics.

It follows that without some discussion we cannot directly apply
d’Alembert’s principle and write down the dynamical equations for the
body. Indeed, if the deformation develops over time, we cannot use the
same fixed volume — consisting of the same points — at different time
instants. Some points would have left the volume and others would have
entered. We cannot add the inertial forces to the external forces, because
different instants of time enter the definition of the temporal derivative.
This situation can be remedied, but it does lead us to consider how we can
and should describe the spatiotemporal state of a body. The two main ap-
proaches are named for Lagrange and Euler, respectively. We will discuss
them later.

Now we wish to discuss some additional technical points. We have
written down the derivatives of the stress tensor. When considered in a
Cartesian frame, this amounts to merely differentiating the components of
the tensor. In mechanics, however, curvilinear coordinates are often used.
In order to properly apply the formulas of calculus in curvilinear systems,
we must cover some facts from differential geometry.
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3.9 Basic Tensor Calculus in Curvilinear Coordinates

Differentiating a vector-function f¥ej with respect to z; and assuming the
basis vectors e are constants, we obtain
ofk
8331'
If the ey also depend on z;, we must apply an analogue of the product rule:
d(fre afk de
(f k) _ f e + fk k .

We need expressions for the derivatives of the basis vectors. These are
clearly needed to differentiate tensors as well. Before addressing this issue,
however, we would like to show how a basis may be introduced in curvilinear

€.

(3.9.1)

coordinates. Books on continuum mechanics normally relegate such mate-
rial to an appendix. Although the reader may be familiar with differential
geometry, our presentation will suppose only a knowledge of calculus.

We begin by choosing an origin 0 in a three-dimensional space. The
position of any other point is determined by a radius vector r from 0 to this
point. When a Cartesian frame is given, we can represent r = (1, T2, Z3)
using the Cartesian coordinates of the point. However, we can assume
the coordinates of the point are determined through three other quantities
q', 4%, ¢>. Then the xj become functions of the ¢*:

o =ax(d', % ¢%)  (k=1,2,3). (3.9.2)
These functions must be invertible in some region so that
¢ = ¢ (x1, 12, 23) (1=1,2,3). (3.9.3)

We call ¢', ¢%, ¢ curvilinear coordinates in space. Cylindrical and spherical
coordinates are familiar examples. In each of these there are points (like a
“pole”) where the one-to-one correspondence between coordinates fails. At
such points, differential operators typically have singularities. They seldom
cause trouble with basic manipulations, however.

So we assume the radius vector of a point is defined by the curvilinear
coordinates (¢',¢?,¢®). Using these, we can introduce three vectors that
serve as a local basis at the point. We denote the components of this basis
by rg:

or

e (3.9.4)

rey =
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Here the index k in ¢* should be regarded as a subscript for purposes of
the summation convention. We can easily assign a geometric meaning to
r. For example, to derive r1 at a point (¢g, g3, ¢3), we must fix the two
other coordinates ¢> = ¢2 and ¢®> = ¢3. The end of the radius vector
r =r(q8, g2, q3) describes a curve in space as ¢! changes. The difference

r(go + 64", 45, 93) — (40, 45 45)
is the vector-chord connecting the points (q¢3,q3,q3) and (¢} + dq*, ¢3, ¢3)-
A similar structure is used to define the tangent to a curve in calculus.
Indeed, the derivative
o orlg +0q",68,98) —rlg5, 45, 48)
ry = lim
6gt—0 5(]1

is a vector tangent to the ¢'-line at the point (¢}, q3,¢3). Similarly, ry is
tangent to the ¢*-line.

When the Jacobian of the transformation (3.9.3) is not zero, we obtain
a basis ri,rs,rg which, in general, will change from point to point. We
introduce the dual basis r!, r?,r3 by the relations

ri-r =4 (3.9.5)
In general the r’ also depend on the coordinates ¢'.
Now any vector or tensor field in space can be represented in terms of
the two bases. One such tensor field is the metric tensor
girir; = gir'r) = 5{rirj, (3.9.6)
where ¢ =r" v/ and ¢;; = r; - 1;.

Exercise 3.9.1. Prove that the matrices (g”) and (gi;) are mutually in-
verse.

We can represent a given vector-function in terms of the above bases:
f=flr, = f;r'. (3.9.7)

Here each component and each basis vector can depend on the ¢*. Consider
the derivative

of  O(f'r; oft - Or;
oq’ o¢? o¢? oq’

The last term contains the derivative of the basis vectors. The derivative of

a vector is a vector as well. Since ry,rs, r3 constitute a basis at each point

(3.9.8)
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in space, any vector can be written in terms of this basis. We write
81‘1‘
oq’
where the 1"’C are Christoffel’s symbols of the second kind. They have certain
symmetries Wlth respect to the indices (Ffj = I‘fi) and can be expressed in
terms of the components of the metric tensor. A similar development may
be carried out for expansion in terms of the dual basis.

=TI} (3.9.9)

Exercise 3.9.2. For the cylindrical and spherical coordinate systems, de-
rive expressions for the components of the metric tensor and Christoffel’s
symbols.

Returning to the derivative of f, we have
of  oft ik aft & oft &
@—a—qui—f—frijrk %I‘i—Ff k]’L_ 3J+f r;.
The expression in parentheses is called the covariant (or absolute) derivative
of the contravariant component of f, and we write

. of i
Vit =55+ I, f*. (3.9.10)
Similarly, the covariant derivative of the covariant component of f is
af;
Vifi=5- I fr- (3.9.11)
We have
of i i

(cf., [Lebedev and Cloud (2003), § 4.6]). In the same manner we can obtain
the derivatives of a tensor-function with respect to ¢*:

9 ij da” sg Jj s

8_qkA = Vka r;ry, Vka = 8 K + F + sta . (3913)
In § 3.8 we introduced the V-operator in a Cartesian frame. To express

it in curvilinear coordinates, we begin with the first differential of a scalar

function F depending on ¢', ¢%, ¢*:

oF .
dF = — dq*.
0q* 1
Let us represent it using the differential of the radius vector r, which is
o .
dr = 22 dq’.

oq’
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We shall use the formula
dF =VF .dr,
which becomes evident when written in a Cartesian frame:

dF = VF - = VF ridq".

(9 0
Because we can obtain this formally by putting

OF
k
VF=r W’

the V-operator is defined as
V =r"—-. (3.9.14)

It is also known as the gradient. It is a formal vector that can be applied
to a vector,

of
Vf = ka - (3.9.15)
and to a second-rank tensor:
0A
VA = rka_qk' (3.9.16)

Clearly Vf is a second-rank tensor, while VA is a third-rank tensor.
The V-operator plays an essential role in what follows. For example,
we derive an important formula

g=Vr=rk = rfry. (3.9.17)

x Or
g
Comparing this with the representation of the metric tensor in terms of the
basis {e}, we see that g is the metric tensor for the basis {ry}. So we can
represent it in any of the forms

g =rfr, =r,r* = gijrirj = gijrirj, (3.9.18)

where ¢ =r’ -1/ and g;; = r; - r;. Recall that the metric tensor plays the
role of the unit element in the space of second-rank tensors: that is, for any
tensor A we have

A=A -g=g- A. (3.9.19)

We can also introduce a formal dot product of the V-operator with a
vector a or tensor A. Known as divergence operations, these are given by

A
V-a:rk-g—;, V-A:rk-g—qk. (3.9.20)
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The differential of a vector-function f, given by
df = dr - VE = (V)" - dr, (3.9.21)

plays an important role in the theory of deformation.
We shall use the following version of Green’s formula, which we have
derived in a Cartesian frame:

/n-de:/ V.-fdv, (3.9.22)
S Vv

where f is a vector-function and S is the boundary of the volume V.
We leave the derivation of several analogues of the product rule for
differentiation as

Exercise 3.9.3. Let a and b be vectors and A a second-rank tensor. Prove
the following formulas:

V - (ab) =b(V -a)+a-(Vb),

V(a-b)=(Va) -b+(Vb)-a,
V- (A-a)=a-(V-A)+A-(Va)T
(V-A)-a+ AT .. (Va).

For a second-rank tensor A = a%/e;e; we will need something analogous
to the squared magnitude of a vector. It is

A-AT = aijeiej afme, e = aijakmgjmgik = aijaij. (3.9.23)

The following characteristic of a transformation f = f(r) at a point will
be useful:

N = (vE. v (3.9.24)
In Cartesian coordinates this looks like
. o ) 1/2
N = ! . 3.9.25
2 <3’Ij) ( )

i,j=1

It can be viewed as a norm of the Jacobian matrix for the transformation

f.
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3.10 Euler and Lagrange Descriptions of Continua

The stress tensor and equilibrium equations cannot completely specify the
state of a medium; we must also describe any motion that takes place.
In mechanics, the two principal descriptions of motion are the FEulerian
description and the Lagrangian description (although both were known to
Euler). These are intimately related, of course, and full knowledge of one
should enable us to obtain the other. But each has advantages depending
on the situation.

In the Lagrangian description, the medium points themselves serve as
“coordinates”; that is, each individual material point (volume element)
receives a label which it retains throughout its motion. Normally the as-
signment of such labels is done in terms of some initial state of the medium.
We might, for example, label a given material point with the Cartesian co-
ordinates (z1,x2,x3) of the spatial point that it happens to occupy in the
initial, undeformed state of the medium. This material point carries the
“coordinate” label (x1,x9,x3) for all subsequent times as well. If the mo-
tion involves deformation, then such coordinates will cease to be Cartesian:
initially straight coordinate lines will become curvilinear, and at each point
and fixed time instant we will obtain a local, natural basis related to the
coordinates in precisely the manner discussed near the beginning of § 3.9.
The basis changes with time, and its “origin” moves through absolute space
since it is attached to a moving material point. In this description the mass
of any fixed “volume” in the coordinates (x1, z2,x3) remains the same; the
density of the material, however, can change. Since the main volume forces
applied to the material — such as the gravitational or inertial forces — are
proportional to the density p of the material at a point, they are normally
written out as F = pK. Because the reference “coordinates” of the mass
points of the medium could be chosen in any way, possibly not even con-
nected with some real spatial coordinates, the coordinate space may possess
rather strange properties.

The Lagrangian description is often convenient for theoretical develop-
ments. It can be used to derive general statements of the conservation
laws, for example. This is so because with any fixed “volume” of mate-
rial in terms of Lagrange’s coordinates, we watch the same points over
time. From the equilibrium equations in Lagrangian coordinates, we can
write down the dynamical equations immediately using d’Alembert’s prin-
ciple. The Lagrangian approach ideally fits the tools we derived earlier: the
Cauchy stress tensor and the equilibrium equations.
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The Lagrangian approach is also taken in the linearized theories of
solids, where deformations are assumed small. In fact the strains are also
assumed small (we could say “infinitesimal”, but subsequently the equa-
tions are applied to problems with finite strains). As a result we identify
the material points with their initial positions. But, unlike the nonlinear
theory, we imagine the deformation occurring in such a manner that the
material points do not change their positions; the displacements and defor-
mations constitute a sort of “cartoon ghost” picture distributed over the
media. In this case we observe displacements under loading, but do not
suppose them to affect the positions and the values of external forces (as
does happen in nonlinear theories).

The Eulerian description is used for media where displacements may be
large and material points may travel over long distances. This is the case for
the motion of water in a river. For problems involving gases and liquids, our
interest centers on what happens at a certain point in space. It is clear that
such a fixed spatial point may be occupied by a different material point at
each successive time instant. Hence the techniques required to implement
the Eulerian and Lagrangian approaches differ. But they are equivalent,
and we can always choose the best one for the situation at hand.

In summary then, the two approaches differ in the coordinates we use
to describe the medium. In the Lagrangian approach, we use coordinates
“rigidly” attached to material points — the coordinates of a certain par-
ticle do not change during deformation. In the Eulerian approach, the
coordinates are attached to spatial points.

3.11 Strain Tensors

We have considered the one-dimensional version of a bar under tension.
Placing the bar along the z-axis and denoting by u = u(x) the displacement
of a point = on its centerline, we have seen that the strain is given by the
derivative du/dx. We would like to extend this to three dimensions. We
begin by introducing three-dimensional strains for small deformations, as
occurred historically in elasticity theory. In three dimensions, an analogue
of the first derivative is the gradient of the displacement vector. Let us
introduce this quantity next.

As the reference frame for a continuum medium, we choose Cartesian
coordinates erected in the undeformed state of the medium. Hence we
introduce an orthonormal basis i1, i3, i3. This basis and its dual may be used
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interchangeably since i* = i;. We describe deformation using Lagrange’s

approach.
After deformation, a point characterized by the position vector r = i
moves to the spatial point whose position vector is R. The displacement

k

vector
u=R-r (3.11.1)

describes how the point shifts during deformation. Since we accept
(21,22, 23) as the coordinates of the point after deformation, the compo-
nents of u = u;i’ must depend on the coordinates of the point. That is, the
ul are functions of the coordinates:

(7 :ui(x1,$27x3). (3].].2)
We take these to be sufficiently smooth and, in particular, continuously

differentiable at each point of the medium. Then the gradient of the dis-
placement field is, by definition,

Vu = ij%juiii = g;‘j i, (3.11.3)
The components of the gradient contain all first partial derivatives of the
u;. So the tensor Vu is nonzero unless u is constant. However, we need
a characteristic of the deformation itself. This means we expect this char-
acteristic to be zero when the medium moves as a rigid body. But in this
case for the gradient we get nonzero values. Therefore we must introduce
another characteristic. In linear algebra, any operator can be represented
as a sum of symmetric and skew-symmetric operators. This is done by a
simple transformation, which we apply to Vu:

1 1
Vu= §(Vu+VuT)+§(Vu—VuT). (3.11.4)
The first addend, which we define as
1 T
€= 5(Vu+Vu ) (3.11.5)

and call the strain tensor of small deformation, is symmetric. The tensor
described by the second addend is skew-symmetric.
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Let us consider some properties of €. Its components are

L 1w ow 1 (on us
U ot 1279 (8x2+8x1>’ 1879 (8x3+8x1)’
621:1<%+%> 8222% 823:1(%4—%)
2\ 9zt  0x22)° 0x?’ 2\ 0x3  9z22)’
631:1<%+%> 832:1(%4'%) 833:%
2\ 9zt 023 )’ 2\ 9z2  0x23 )’ Ox3’

Only six of these are independent because €12 = €21, €13 = €31, and €93 =
€32. At times we may wish to explicitly show the displacement field v for
which € is written out. Then we will write

e =¢e(v) = e(v(z', 22, 2%)) = e (V)i'{.
We begin to study the properties of € with

Exercise 3.11.1. Prove that for ug = a+ b X r with constant vectors a
and b, we have g(uy) = 0.

By this exercise, the general form of the solution of the equation € = 0
is
up=a-+bxr.

We call ug an infinitesimal (or small) rigid motion of the body. We will
use the terms “infinitesimal” and “small” interchangeably. “Infinitesimal”
refers to the way in which uy can be derived from the formula for the
displacements of the body if it moves as a rigid whole in space: we should
suppose that the rigid displacement is infinitesimal and take into account
only terms of the first order of smallness.

From classical mechanics we know that the infinitesimal displacement
vector for a rigid body takes the general form of ug. So e, which is linear
in the components of the displacement vector, does not change if we add
any ug to a displacement field u:

e(u+ug) = e(u).

Hence the linear strain tensor of small deformation does not depend on
infinitesimal rigid-body motions of the medium.

Now let us examine the components of € under certain special defor-
mations. First we stretch the medium uniformly along the z’-direction.
The corresponding displacement vector u; has only one nonzero compo-
nent: that having subscript ¢, which is cx; where c is a constant. The only
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nonzero component of € is €;; = du;/dx; = ¢. This value of strain exactly
matches that in a stretched bar; in this case the displacement is cx;.

Next we consider a skew-type displacement. A pure shear deformation is
characterized by a displacement vector having just one nonzero component
given by u; = vz, where v is a constant and j # 4. It is clear that the
only nonzero components of € are €;; = €j; = %*y. For small values, v is
approximately equal to the inclination angle of the z;-axis (Fig. 3.13).

T

U=

2]

Fig. 3.13 Pure shear in the medium in the (z;,z;) plane: w; = ~z;, while the two
remaining components of u are zero. For small v, the inclination angle of the lines
parallel to the x;-axis is approximately . Here g;; = /2.

For these particular types of deformation, we can use the linearity of &
to see the mechanical sense of each of its components. A component with
repeated subscripts shows stretching along the corresponding axis, while a
component €;; with ¢ # j characterizes a local pure shear at a point. Any
small deformation at a point can be approximated by a superposition of
these two elementary deformation types, and we can use € to characterize
small deformations of the medium.

We have introduced the tensor € using Cartesian coordinates in the
initial (reference) undeformed state of the medium. With the same success
we can use any coordinates of the undeformed state and so, as a consequence
of the tensor nature of Vu, we see that € is a symmetric, second-rank tensor.

Let us discuss some properties of € that follow from the general theory.
As a symmetric second-rank tensor, € has — at each point — three real
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eigenvalues F; and three corresponding orthonormal eigenvectors n; defined
by

eg-n;, = Eil’li.

The n; are uniquely defined if the E; are distinct. The deformation at
a point can be approximated by special deformations: the elongation or
shortening (with no shearing), along the directions n; with strains E;, of a
small cube centered at the point and having sides parallel to the n;. The
directions n; are called the principal directions of the tensor € and the F;
are called the principal strains.

Other properties of € that follow from its tensor nature are discussed
in textbooks on linear elasticity. Here we are interested in the accuracy to
which e approximates the deformation from the viewpoint of the nonlinear
theory. We can only touch on this problem of accuracy, as the latter the-
ory is not simple, and the interested reader should consult more advanced
books. We suppose that a point of the undeformed medium is defined by
the curvilinear coordinates (¢!, ¢?, ¢%) and employ the notation of § 3.9.

One nonlinear strain tensor, known as the Cauchy—Green strain tensor
for finite deformation, is introduced as follows. Two infinitesimally sepa-
rated points of the medium define a vector dr whose length squared is

ds® = dr - dr.

After deformation, the endpoints of dr move and define a new vector dR
whose length squared is

dS? = dR - dR.

Since we deal with infinitesimal quantities, dR and dr are related by the
formula

dR =dr- VR =VR" - dr.

Here
d
_ .k
V =T 8—(]k
So
dS? =dR-dR =dr-VR-VR"” .dr = dr- G* - dr,
where

G* =VR- VR’ (3.11.6)
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is called the Cauchy deformation measure. Let u = R —r. Then
VR = Vr+ Vu.

Next, we denote g = Vr, the metric tensor in the initial state of the body,
which plays the role of the unit operator. We get

G* = (Vr+Vu)  (Vr+Vu)! = (g+ Vu) - (g+ Vu’)
=g-g+Vu-g+g-Vul +Vu-vu’
=g+ Vu+Vul +Vu.vul.

The Cauchy—Green tensor £ is introduced by the formula

GX =g+2E (3.11.7)
so that
1 T 1 T
&= §(Vu+Vu )+§Vu-Vu
1
=e+ §Vu- vu?,
where

1
€= 5(VquVuT) (3.11.8)

is the tensor of small deformation. This tensor plays the main role in what
follows.

Certain other quantities can be taken as measures of deformation. From
knowledge of such a quantity, however, we must be able to recover the
displacement field of a body up to rigid motions. The tensor of small
deformation has this property. The displacement field is recovered from
Cesaro’s formula

M
u(s) =up+wo x (r—rg) + y {e(s) + [r(s) — r] x [V x &(9)]} - dr(s),

where rg is the position vector of the initial point My, r is the position
vector of the point M, ug and wy are the displacement and rotation vectors
for My, and s defines the position vector r(s) of an intermediate point of
integration between My and M (see textbooks on linear elasticity). If the
tensor field € is expressed through the position vector r, then the condition

Vx(Vxe)=0

holds. This compatibility condition for € permits Cesaro’s representation
to hold.
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When does the tensor of small deformations € approximate the Cauchy—
Green tensor of finite deformation €7 The difference between the tensors
is

5—€=%VU-VUT.
So € ~ € when
[Vu- vu'|| < || .

As a rule of thumb engineers may require that || Vu - Vu”|| lie within 1-2%
o el

In practical terms, the use of the linear strain tensor requires that the
norm ||Vu- VuTH be small in comparison with |le]|. In particular, at
any point the portion of the displacement vector that corresponds to the
rotation of the medium as a rigid whole must be small as well. Some
mechanical structures, such as thin beams or plates, are quite flexible in
certain directions. In such cases the angle of rigid rotation can be finite and
significant, whereas the deformation remains small. If we wish to preserve
the accuracy of the description of deformation, we must supplement the
expression for strains with quadratic terms corresponding to the rotation
angles. In the most widely used theory of plates and shells, this is done on
the basis of an intuitive picture of the deformation, without bringing in the
strain tensor of finite deformation.

3.12 The Virtual Work Principle

The Cauchy stress tensor o characterizes the distribution of internal stresses
in the deformed state of a medium, whereas the strain tensor € of small
deformation is given using the initial undeformed state of the medium. If
we wish to derive expressions for the components of o and the equilibrium
equation in terms of the initial state, we should present these quantities in
the same description. In this book we restrict ourselves to the linearized
theory of solids, part of which is known as the theory of linear elasticity.
Here we consider small deformations of the medium. In engineering practice
they are small but finite, and we cannot talk about infinitely small strains,
etc. We shall do this, however, in order to obtain the linearized theory: we
suppose the strains to be infinitely small, and in this case do not distinguish
between the points and frames of the initial undeformed state and the
deformed state. We use the terms “infinitely small” or “infinitesimal” only
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to justify the use of calculus in deriving relations. And, as always, after
arriving at a model we shall ignore these issues and apply the model in
situations where all quantities are finite. So, in this case, we will consider
both the Cauchy stress tensor and the equilibrium equation as if they were
introduced in the initial state of the medium. We shall proceed exactly as
in numerical analysis when we seek the increment A f(z) of some function
f(x) at a point z; we settle for the first differential:

Af(2) ~ f'(x)Ax.

For sufficiently small Az it is a good approximation. Analogously, the
results we obtain in our subject will suffice for much of engineering practice.

Hence, from now on, Cauchy’s stress tensor is assumed given in the
initial nondeformed state of the medium. Since we will introduce no further
stress tensors (and, moreover, since the result is not exactly Cauchy’s stress
tensor!) we shall refer to it merely as “the stress tensor”. As we have said,
for this tensor the equilibrium equation should hold:

V.-o+F=0. (3.12.1)

This was derived in a Cartesian frame; being written in non-component
form, however, it holds in any coordinate frame.

We would like to derive the virtual work principle for continuum media
using the above stress and strain tensors. In classical mechanics, the prin-
ciple reads that for a system in equilibrium, the work of all forces on any
virtual displacement equals zero. In continuum mechanics we will consider
the displacements du to be virtual if they are smooth enough and agree
with the geometric constraints on the boundary. The symbol § reflects the
idea of smallness of du as a perturbation of a real displacement field, but
in the linearized theory this smallness is not important.

Consider a portion V of the medium, bounded by surface S. Assume
it is in equilibrium and recall the solidification principle. A distributed
volume force F is assumed to act on V. If the boundary S is interior to the
medium, we must also consider a distributed reaction f = o,. As we saw,
this is related to o by the formula

f=n-o, (3.12.2)

where n is the exterior unit normal to S. Equation (3.12.2) must hold at
points on the boundary surface of the medium for any given distribution
of surface forces f. This type of boundary condition for the body corre-
sponds to the Neumann condition for a membrane. When such a condition
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holds over the entire boundary of the body, we have what is typically called
the first or second problem of elasticity (depending on the author’s prefer-
ence). A problem with prescribed displacements over the entire boundary
corresponds to the Dirichlet problem for a membrane. We will discuss this
problem later.

The work of all external forces over a virtual displacement du in the
volume V is given by

6We:/ F-audv+/f-5uds. (3.12.3)
14 S

Let us transform the second integral using (3.12.2), Green’s formula
(3.9.22), and the formula from Exercise 3.9.3. We get

/f-&udS:/n-a-éudS
s s
:/ V(o 5u)dV
1%
:/ (V-0)-0u+o- (Vou)] dv.
1%
By symmetry of o we have
o--(Véu)=0o--(Véu)?, (3.12.4)
hence by definition of the strain tensor of small deformation,
5e — e(Su) = %(V(Su + VéuT),
we have
o (Véu) =0 - de.
Therefore
/f-dudS:/ (V.-o) - du+o--de] dV.
s 1%
Substituting this into the expression (3.12.3) for W,., we get
oW, :/ (F+V-0o) du+o-de dV:/ o dedV,
% 1%

where the last equality holds by the equilibrium equation (3.12.1). Equating
this with expression (3.12.3), we finally get

/F-éudV+/f~6udS—/ o dedV = 0. (3.12.5)
14 S 14
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This is the analytic form of the virtual work principle. It holds for all
sufficiently smooth du. The term

SW; = —/ o-dedV (3.12.6)
14

is called the work of internal forces. So (3.12.5) expresses the virtual work
principle for an arbitrary volume V of the medium. It preserves the word
statement of the virtual work principle of classical mechanics: the work of
all internal and external forces over any virtual displacement field is zero.
This equation holds even for a continuum body with portions of the
boundary clamped. On the clamped portion S; we have ju = 0 and on the
remainder of S the load is given: f = n - o. However, supposing that on
S1 there is some reaction f, we can repeat the derivation as above but we
must take into account that ju = 0 holds on Sy so that (3.12.5) becomes

—/ F-dudV — f-&udS+/ o--6edV =0. (3.12.7)
\% S\S1 14

Note that during the derivation we did not use the material properties.
Hence

The VWP formulas (3.12.5) or (3.12.7) hold for all types of material,
whether elastic or not.

Exercise 3.12.1. Verify (3.12.4).

Exercise 3.12.2. Show that o --0e = 0%de;;. Write out all the possible
representations in components of the tensors of this complete product.

Exercise 3.12.3. Show that the virtual work principle implies the equilib-
rium equation (3.12.1) along with the force boundary condition n-o|s = f.
This is the natural boundary condition for the VWP equation.

Later we will see that, for small deformations of a linearly elastic body
under load, the left side of (3.12.7) is the first variation of the total energy
functional. A consequence is that when a solution u of the equilibrium
problem for a linearly elastic body is sufficiently smooth, the fulfillment of
the virtual work principle for all smooth du implies the equilibrium equa-
tions and the natural boundary condition n - o|s = f, and conversely.
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3.13 Hooke’s Law in Three Dimensions

The connection between the stress and strain tensors is called a constitutive
relation for a material. In elementary physics, such relations are presented
in the form of Hooke’s law for the wire or spring, or some relation connect-
ing the pressure, volume, and temperature of a gas. In fact, deformation
in solids is also accompanied by some temperature change. Practically,
however, the influence of temperature is often negligible and need not ap-
pear in the constitutive relation. In a more general theory that includes
thermodynamics, such problems are called isothermal.

We would like to extend Hooke’s law to three dimensions. It seems
reasonable to seek a linear relation with constant coefficients. So we would
like to consider a linear model of an elastic body. We should say at the
outset that some materials that can be regarded as solids cannot be de-
scribed using this law even for small deformations. For example, polymers
normally exhibit time-dependent strains when under constant load. The
behavior of plastic materials like copper and lead cannot be represented
by a linearly elastic constitutive law in principle. But many common solid
materials (wood, the steels, various other metals, etc.) are well-described
by Hooke’s law.

As we said, the linear law is only an approximation. Any textbook
on the strength of materials will display a stress-strain diagram for the
stretching of a steel bar. This will show a nonlinear elastic portion as
well as a portion attributed to plasticity (a regime when an additional
stretching force causes strains that remain unrestored when the force is
reduced). The diagrams for different materials differ somewhat (even for
steels). Fortunately, the portion of a stress-strain diagram near zero, which
is nearly linear and corresponds to an elastic material, is fairly large. So
the linear elastic model serves well in much of engineering design.

The one-dimensional version of Hooke’s law is

o = Ek. (3.13.1)

Its most general linear extension, preserving the tensorial nature of the
stress and strain, is

o=c-e. (3.13.2)

Here o and e are the familiar stress and strain tensors. The quantity c is
a tensor of elastic moduli; this is a fourth-rank tensor having components
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denoted by ¢*!. In component form, (3.13.2) is

ol = ngkl

Eki- (3.13.3)

Although a fourth-rank tensor has 3* = 81 components, the symmetry of
o and € implies that we must relate only six components of the former to
six components of the latter: in other words, there can be no more than 36
independent elastic constants. Thermodynamic considerations lead to an
additional symmetry property,

ikl — (ki (3.13.4)

which further restricts the number of independent elastic constants to 21.

But 21 is still a huge number of independent elastic constants for the
purposes of manual calculation. The success people had prior to the advent
of the computer indicates that many elastic materials can be described
with fewer constants. Indeed, practical materials in large part have special
symmetry properties that reduce the number of constants significantly. The
properties of metals and alloys, for instance, do not depend on direction
in the material. Such materials are said to be isotropic (or to exhibit
isotropy). If there is some dependence on the direction, the material is
anisotropic. An example is wood, which exhibits a definite grain structure.
Materials can be divided into symmetry classes according to these sorts of
properties. The reader can refer to books on engineering elasticity for more
information. Our main interest will be in isotropic materials.

For an isotropic material, the components of ¢ are expressed in terms of
only two elastic constants that are independent. Engineers commonly use
Young’s modulus £ and Poisson’s ratio v. The first of these is well known
from elementary physics. Let us take a moment to discuss Poisson’s ratio.
When we stretch an elastic film along some direction so that its strain is
€, the film shortens in the perpendicular direction. In this direction the
strain is proportional to e, that is —ve. Of course, for large deformations
the coefficient v depends on ¢, but for small strains experiment shows that
it is practically constant. This constant coefficient is called Poisson’s ratio.
For steels its values are close to 0.28.

With Poisson’s ratio we can pose a relation between the components of
the stress and strain tensors. We will do this in a Cartesian frame. First,
when only one stress o'! is present, it should be related to £!! via Hooke’s
= ¢l /E. Applying 0?2, which acts perpendicularly, we see an
additional contribution —vo?2/E to ¢'l. Applying 033, we see a similar
contribution —vo33/E. By the assumed linearity of the situation we can

law ¢
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use the superposition principle; when all three stresses are present we get

811 — % (0_11 _ VO'22 _ VO'33) .

Assuming an isotropic material, symmetry leads to the two additional re-
lations

£22 _ % (022 _ ol ua33) :

£33 _ % (033 _ ol ngz) .

We could ask whether these formulas for €% change under the action of
some o™ k # m. The answer is no: the strains ¢ do not depend on the
shear stresses o*™. This can be “proved” experimentally. Here the initial
assumption is that for an isotropic material the stress and strain tensors
are coaxial: that is, the principal directions of the tensors should coincide.
Of course, this is only an assumption which, as a consequence, gives us the
above relations in which ¢*™ does not appear.

Next we would like to relate the o*™ to the £¥. In the presence of o'2,
it is clear that we have the proportionality relationship 2 = o'2/u with
coefficient 1/u. Again, experiments shows that no other stresses affect ¢12.
If this statement is unconvincing, we may suppose that the stress and strain
tensors are coaxial and obtain the above fact as a direct consequence. So

12 13 23
c12 g 13_0 23 _ O

ju I I
Another consequence is the set of relations between the constants E, v, and
IR
3N+2 A E-2
E:u, ve=—" /\:w. (3.13.5)
A+ p 200+ p) 3u—E

In technical books p may be denoted by G and called the shear modulus.
Thermodynamic considerations show that ¢ > 0 and 0 < v < 0.5.

In this book we need the inverse relations between € and o where Lame’s
constants A and p appear. In a Cartesian frame they are

o = N6V 4 2ue, 9 =elt 4B 4 3 (3.13.6)
where 6% is the Kronecker delta given by

5”‘: 17 i:ja
0, i#j.
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In non-component form (3.13.6) can be written as
o = Mg + ue, (3.13.7)
where g is the metric tensor. In curvilinear coordinates we must take
9 = g;je, (3.13.8)

which is the trace of the tensor e (its first invariant). This tensor form of
Hooke’s law is a consequence of the fact that the stress and strain tensors
are coaxial.

3.14 The Equilibrium Equations of Linear Elasticity in Dis-
placements

We are ready to write out the equilibrium equations of linear elasticity
in displacements. Substituting Hooke’s law (3.13.2) into the equilibrium
equation (3.12.1), we obtain

V. (ce)+F=0. (3.14.1)

The streamlined tensor notation makes this look simple. But a component
representation will be needed for any detailed work. In general curvilin-
ear coordinates, (3.14.1) is cumbersome because the fourth-rank tensor ¢
depends on the frame vectors; even when it is constant as a tensor, its
components become variable along with the basis vectors. Hence, large
expressions arise from application of the V-operator to c--e. In Cartesian
coordinates, however, both the basis vectors and the components of ¢ are
constants and the resulting equations are much simpler. For an isotropic
elastic body they are called the Navier or Navier—Cauchy equations. It is
easier to derive these directly by substituting (3.13.6) into (3.8.11) given in
Cartesian coordinates (where it suffices to use subscripts only). The Navier
equations are

1 09
M( —+AU1>+F1=O,

1—21/(9331

1 oY
————+A F, =
N(l—QV@xg—’— u2>—|— 2=0,

1 09
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where
8’LL1 8UQ 8U3
=== 14.
v 8%1 6952 5%3 (3 3)
and
0? 0? 0?

A=V -V = + + . 3.14.4
8%12 8%22 8%32 ( )

Suppose an elastic body occupies volume V. The three equations
(3.14.2) are coupled. We expect that three equations will be sufficient
to determine three unknown functions — that they should determine the
deformation of the body uniquely given suitable conditions on the bound-
ary S. This is confirmed below. It makes sense to consider the equilibrium
problem where the displacement vector is given at each point:

ujg=a. (3.14.5)

When Navier’s system (3.14.2) is supplied with boundary conditions
(3.14.5), we have the first problem of elasticity. This problem is analo-
gous to Dirichlet’s problem for the membrane. When the displacement
vector on the boundary is given, we cannot arbitrarily prescribe values for
f; similarly, if we are given f on the boundary we cannot arbitrarily assign
u there. This brings us to the second problem of elasticity, in which the
surface force f is given on S:

n-o|,="f. (3.14.6)

This is analogous to Neumann’s problem for the membrane. One can also
consider mixed problems for the Navier system. For example, the displace-
ment may be given over part of S and a surface force over the rest. Alterna-
tively, just the normal component of u may be given along with tangential
surface forces. There are no special names for problems in which various
elastic supports, etc, may act. In general, the boundary conditions should
be such that at each point of the boundary we have three independent
scalar conditions.

Anyone familiar with partial differential equations is aware of the role
played by Poisson’s equation in the theory of second-order elliptic equa-
tions: much of the theory attempts to extend the properties of boundary
value problems for Poisson’s equation to general elliptic equations. It seems
that the central role in the theory of second-order elliptic systems in two
and three dimensions belongs to the equations of linear elasticity in dis-
placements.
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Other boundary value problems are considered in the theory of linear
elasticity. For example, we could study a system consisting only of the
equilibrium equations in components of the stress tensor along with Hooke’s
law and the relations for the components of the strain tensor. In this
case the system contains many more differential equations and unknown
variables. Because it is equivalent, by the way of derivation, to Navier’s
system, we must supplement it with only three boundary conditions at each
boundary point.

Also considered in linear elasticity are the equations in the components
of the stress tensor. Here we have three equations of equilibrium in the
stresses. However, we know this is not enough to determine the strain
state of a body uniquely. The remaining equations come from eliminat-
ing u from the components of the strain tensor. This yields six nontrivial
relations between the components of €. Using Hooke’s law, we produce
six additional equations for the components of the stress tensor: these are
called Saint Venant’s equations. Together with the equilibrium equations
they constitute a system of nine equations with respect to six unknown
independent components of o. Since this system is a consequence of the
complete system of equations of linear elasticity, for unique solvability we
should supplement it with three boundary conditions. These boundary
value problems normally arise when a load is given on the boundary. We
should note that the equilibrium problem for Saint Venant’s equations is
somewhat strange from the viewpoint of general differential equation the-
ory, despite the fact that it is equivalent to the equilibrium problem in
displacements. The system of equations is formulated for six independent
components of the stress tensor. It contains three scalar equilibrium equa-
tions, each of the first order, and six Saint Venant equations of the second
order. Moreover, there are only three boundary conditions at each point of
the boundary.

Although common sense is valuable in formulating problems, it should
be supported by thorough investigation. We should prove that we have
actually formulated uniquely solvable problems — intuition can mislead us
otherwise. Our proof for the equilibrium problem in displacements will be
based on the fact that the conditions ¢ > 0 and 0 < v < 0.5 are sufficient
to guarantee that the strain energy of the elastic body vanishes only when
deformation is absent. The next steps in the investigation of solvability
of the problem for an elastic body are similar to those in the equilibrium
problem for a membrane.

Before treating the boundary value problems of linear elasticity in more
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detail, we should mention the following. Pure mathematicians normally
begin with the setup of a mechanical problem in final form; they try to avoid
interpretation of mechanical meaning whenever possible. This approach
is not the best, as mechanical problems — from the simplest problems
involving bars to the more complex problems involving three-dimensional
bodies — exhibit similar general properties. Knowledge of these can provide
an investigator with important cues on how to proceed. For example, the
virtual work principle and the principle of minimum total energy dictate the
form of the generalized setup of boundary value problems. The generalized
solution constitutes a relatively recent tool in pure mathematics, but the
principles have been known in mechanics for a long time.

Theoretical investigation of boundary value problems of elasticity cen-
ters on Navier’s system. We will consider some problems for this system
below.

3.15 Virtual Work Principle in Linear Elasticity

In § 3.12, for the state of a body as described by the continuously dif-
ferentiable stress tensor, we established that the virtual work principle is
equivalent to the equilibrium equation and the natural (force) boundary
conditions. This holds independently of the constitutive law for the mate-
rial. So the VWP equation

—/F-&udV— f-(5udS’—|—/a'--§€dV:O (3.15.1)
\% S\S, v

can be used to pose the mixed problem in which the displacement field is
given on a portion S; of the boundary,

ulg =a, (3.15.2)

while a surface load f acts on the remainder. The virtual displacement field
should be sufficiently smooth and satisfy

ov|g =0. (3.15.3)

Let us apply the VWP equation in the framework of linear elasticity.
It turns out to define the setup of the equilibrium problem completely.
Certain of its other consequences are physically important as well. Let us

invoke Hooke’s law. Changing du to v and substituting 0% = ¢*l¢;; into
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the VWP equation, we get
/ ke (w)ey; (v)dV — / F.-vdV - f-vdS=0. (3.15.4)
v v S\S1

Now we can establish some principal results of linear elasticity. First, the
left side of the VWP equation (3.15.4) is the first variation of the functional

1 -
Et(u):§Acljkl6kl(u)8¢j(u)dv—K/F'udV—L\S f-udSs. (3155)

This follows immediately from symmetry of the quadratic form

Cijklskl (U)E” (V) in uand v.

Exercise 3.15.1. Verify this.
The term
1 -
angfamammmme (3.15.6)
v

is called the strain energy. Any deformation of the body should be associ-
ated with stored energy, which should be positive for an elastic deformation.
So we suppose that the functional £(u) has the following property.

Positiveness assumption. There is a positive constant co such that for
any tensor €,

€--CE>cpE-E. (3.15.7)

This inequality implies positive definiteness of the density of strain energy
of the elastic body.

In component form (3.15.7) can be written as
Cijklf‘:klgij > o™ emn. (3.15.8)

Elasticity textbooks normally express this condition in Cartesian coordi-
nates. When written for an isotropic body, it reduces to two ordinary
inequalities for the elastic moduli:

2
Abgu>0,  p>0. (3.15.9)

The parameter A\ + % w is called the bulk modulus, and p the shear modulus.

Again, we suppose (3.15.7) holds. The functional £(u) represents the
total energy of the load-elastic body system. So we expect that its minimum
is achieved at a solution u of the mixed equilibrium problem. The fact that
the first variation of £(u) is the left side of the VWP equation (3.15.4)
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supports this opinion. From the VWP equation we can derive the setup of
the equilibrium problem in the form of Navier’s differential equations and
the natural condition

n-a\s\sl =f. (3.15.10)

For a complete setup, these should be supplemented with the condition
(3.15.2). However, to be convinced that the setup is well-posed we should
demonstrate the existence of a unique solution to the problem in the VWP
formulation. We start with the next fundamental fact of linear elasticity:
the uniqueness theorem due to Kirchhoff.

Theorem 3.15.1. Let S1 be a nonempty portion of S. The mized problem
of linear elasticity can have no more than one smooth solution u.

Proof. Assume the existence of two solutions u,us of (3.15.4). Sub-
tracting the two equations

/cijklgkl(ul)éij(V)dV—/ F'Vdv_ deS:Ov
14 14 S\S1

/ cijklgkl(uQ)sij(v)dV—/ F-vdV — f-vdS =0,
14 14 S\S1

and introducing ug = uy — uy, we get
/V Ty (wg)eis (v) AV = 0,
But ug = 0 on 51, so we can take v = ug and obtain
/V cijklskl(uo)aij(uo) dV = 0.
By the positiveness assumption (3.15.7) we have
gi(ug) =0 for all 4, j.

So € is zero, and consequently ug can only take the form of the infinitesimal
rigid displacement ug = a + b x r. Because ug = 0 on S7, however, we
have ug = 0 throughout V. 0

We will return to the uniqueness theorem later (Theorems 3.17.1 and
3.18.1). Note that we assumed smoothness in the solution; this could mean
the Cartesian components of the displacement vector all belong to C'?) (V),
for example.

One simple but important consequence of the VWP equation, used for
numerical solution of elasticity problems, is Betti’s duality theorem. We
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consider the same body with a portion of the boundary fixed: u =0 on S,
say. Let (F1,f1) and (Fg,fs) be two systems of loads, where the first and
second elements of a pair denote the systems of body and surface forces,
respectively. If u; and us are the solutions of the two problems, then

/ cijklskl(ui)sij(v) dVv —/ Fi -vdV —/ f1 -vdS =0 (7, = 1,2).
v \% S\S1

Setting v = ugy in the first equation and v = u; in the second, we obtain two
equalities. But the first integral is the same in each case by the symmetry
of the elastic moduli tensor. It follows that

/Fg-uldV+/ fg-uldS:/Fl-UQdV-i-/ f; - uy dS.
v S\S1 v S\S4

This equality is a statement of

Theorem 3.15.2 (Betti’s duality theorem). The work of one load sys-
tem over the displacement field caused by a second load system, on the same
body, is equal to the work of the second system over the displacement field
caused by the first system.

Betti’s theorem was first established for beam problems.

3.16 Generalized Setup of Elasticity Problems

We will not attempt to treat the classical setup of the boundary value
problems of linear elasticity. This may seem strange, but such studies are
more complex technically than a study of the generalized approach. So we
start to consider the latter, and will try to mimic our earlier treatment of
mechanical models.

The VWP equation (3.15.4) has the same quadratic structure as the cor-
responding equations for all other objects we have considered (bar, beam,
string, and membrane). It has a bilinear portion that corresponds to the
work of internal forces over admissible displacements, and a linear portion
that equals the work of external forces over the same admissible displace-
ments. We are thereby prompted to use (3.15.4) to define a generalized
setup. We can then use Theorem 2.13.1 to establish an existence-uniqueness
result. Moreover, the theorem will show that our equilibrium formulation
for the elastic body is fully satisfactory.

We start by introducing the space in which the problem will be posed.
Let Cy be the set of all vector-functions defined on the closed and bounded
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set V C R3. These functions, describing admissible displacements of points
of the body, must be of class C® (V) and satisfy homogeneous boundary
conditions on Si:

ulg =0. (3.16.1)

The statement u € C(® (V) means that u itself has two continuous deriva-
tives on V' (in a coordinate-free sense) or that each Cartesian component
of u has all continuous derivatives up to the order two on V.

On (5 we introduce the bilinear functional

(0,v)p :/Vc”klskl(uo)sij(v) dv. (3.16.2)

This is related to the strain energy of the elastic body that occupies V. By
analogy with the membrane and other models we have considered, it should
serve as an inner product on Cyg. It is clearly linear in both u and v. The
symmetry in the indices of the elastic moduli ¢*/*! gives us the property
(u,v)g = (v,u)g. By (3.15.7) we get

(u,u)g > 0.
From (u,u)g =0 and (3.15.7) it follows that, as we said above,
u=a+bxr

and so by (3.16.1) we have u = 0. Hence (3.16.2) defines an inner product
on Cyy. The resulting inner product space is not complete, however; this is
similar to the incompleteness of the space of continuous functions with the
norm of LP(V).

Definition 3.16.1. The energy space Egg for an elastic body occupying
volume V', and having a portion Sy of the boundary surface clamped as in
(3.16.1), is the completion of Cag in the norm ||-||; induced by the inner
product (3.16.2).

Now we can define a generalized solution of the problem under consid-
eration. We will use the VWP equation (3.15.4) rewritten via (3.16.2).

Definition 3.16.2. We say that u € Egq is a generalized solution to the
equilibrium problem for an elastic body occupying volume V' and having
fixed boundary surface portion Sy if it satisfies the VWP equation
(u,v)E—/F-VdV— f-vdS=0 (3.16.3)
\% S\S,
for any v € Egy.
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Thus, roughly speaking, this solution satisfies the virtual work principle
for the elastic body.

Note that the structure of (3.16.3) is appropriate for the application
of Theorem 2.13.1. Of course, we will have to impose conditions on the
forces F and f so that the integral terms in (3.16.3) are linear continuous
functionals in v € Egg. First we should study the properties of the elements
of Epg. We wish to show that Egq is a subspace of a Sobolev space. This
is a consequence of Korn’s inequality, treated next.

Korn’s inequality
For vector-functions in Egg, Korn’s equality is

/ (jul?+ Vu--vu’) av < c/ ke (w)es(u) dV, (3.16.4)
% %

where ¢ is a constant that does not depend on u € Egg (see (3.9.24)). In
Cartesian coordinates this can be rewritten as

L/ [E:u *;§:1<§§§) }dv”<cjc e (u)e;(w)dv.  (3.16.5)

In three-dimensional elasticity, this inequality is commonly presented in

Ou; ~ Ouy 2
{ (axj axi)] v
(3.16.6)

A general proof of Korn’s inequality is beyond the scope of this book. But
we can treat the important case for which

Cartesian coordinates in the equivalent form

/[Zu +Z<3uz) }dv<c/z

7,j=1 1,j=1

u|, = 0. (3.16.7)

The proof depends only on integration by parts. First we prove (3.16.6)
for a smooth vector-function u having second continuous derivatives in V.
Denoting the right-hand side of (3.16.6) by A, we get

A> / (8?1 + 832 + 6§3 + 6%2 + 8%3 + 8%3) dV = Ay, say.
1%
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Let us expand the integrand of Aj:
o 6U1 2 3u2 2 6U3 2
Al‘k{(aﬁ) “(5) - (3
Ll (fu)* | (du\* | (0w (0us)®
4 0xo Oxs 0x1 Oz
6U3 2 6U3 2
() + (5)

1 <8u1 Ous  Ouy Ous  Oue au;),) } iV

t3 8332 83;1 t o, 8333 8331 t o, 8x3 8332

We integrate by parts twice in each of the last three terms of the integrand:
Ou; Ouj B Ou; Ou;

v 0z 0x; v 0z Ox;j

Applying the elementary inequality |ab| < a?/2 + b?/2, we estimate

dv.

6u15uj du; ou; 2
v Ox; Ox; dV‘ / l(@;m) +<8xj> v
and so
6U1 2 3u2 2 6U3 2
> k.t hhatt il
Al/y{(@&h) +(8x2> + Oxs
1 é)ul 2 é)ul 2 é)ug 2 6u2 2
() ()]
T Oxo
1 (0ur\? duz\” duz \”
7((571) +(5) +(a) j v
Thus

ST

Because all components of u Vamsh on the boundary, Friedrichs inequality

(2.16.5) yields
ou
2 0
/|u| dV<cl/ Z (83,3)
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with a constant ¢; that does not depend on u. A consequence of this chain
of inequalities is the proof of (3.16.6) for smooth u.

When u = 0 on only a portion of .S, the proof is much more technical
(see, for example, [Ciarlet (1994)]).

Now we should show that Korn’s inequality holds for elements of Egy.
This is done in a routine way. An element of E g is the union of equivalent
Cauchy sequences of vector-functions {u,} € Cy in the norm |u|, =
(u, u)}g/z. Putting u = u,, — u,, in (3.16.3), we see that {u,} is such that
each of its components is a Cauchy sequence in the norm of W2(V). By
definition of W12(V), if u € Egg then u € Wh2(V) x WH2(V) x W12(V)
as well, which means that (3.16.3) holds for all u € Fgy. Moreover, on Egq
the norms of Egg and Wh2(V) x Wh2(V) x WL2(V) are equivalent.

Consequently we can use the Sobolev imbedding Theorem 2.16.4. We
see that each Cartesian component of u € Ego belongs to L5(V) and thus
the magnitude, the Cartesian norm of u, is such that |u| € L5(V). More-
over, on any piecewise smooth surface Z lying in V, the Cartesian com-
ponents of u and the absolute value of u all belong to L*(Z). It suffices
for Z to consist of a finite number of pieces, each representable in its own
Cartesian frame (z1,z2,23) as x3 = fr(x1,x2), where fi(z1,2z2) is con-
tinuously differentiable in the domain of parameters x;,xs that describe
the corresponding piece. Thus the imbedding Theorem 2.16.4 yields the

inequalities
1/6
(/ |u|6dV> < es|lull, (3.16.8)
;

and

1/4
</ |u|4dV) < eslluly . (3.16.9)
5\5:

with constants ¢ that do not depend on u.

3.17 Existence Theorem for an Elastic Body

Now we can return to the equilibrium problem for an elastic body. An
application of Theorem 2.13.2 allows us to formulate

Theorem 3.17.1. Let the Cartesian components of F and f belong to
LS/5(V') and L*3(S\ S1), respectively. Then there ewists a unique gen-
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eralized solution of the equilibrium problem for an elastic body occupying
volume V', in the sense of Definition 3.16.2.

Proof. To apply Theorem 2.13.2, we should verify that the integrals that
yield the work of external forces over v in (3.16.3) define linear continuous
functionals in v € Egg. Linearity with respect to v is obvious. Continuity
follows from Holder’s inequality, when we take into account (3.16.8) and
(3.16.9), by Theorem 2.16.4. Indeed

/F-vdV‘</ |F||v|dV
1% \%4

5/6 1/6
(e (o)
1% \%

<clvlg
and
/ £.vads| < / 1£]v| S
S\Sl S\Sl
3/4 1/4
< (/ |£|4/3 dS) / |v|*dS
S\Sl S\Sl

<cl|vig-

It follows that the corresponding functionals are continuous. O

Theorem 3.17.1 assumes the homogeneous boundary condition (3.16.1).
The case of a nonhomogeneous condition

ulg =a (3.17.1)

can be considered exactly as for the nonhomogeneous condition for Poisson
equation (see p. 136).

Exercise 3.17.1. Carry out the steps.

3.18 Equilibrium of a Free Elastic Body

Let us consider the problem of an elastic body under the action of external
forces and without geometrical restrictions. Mechanical experience tells us
that equilibrium can occur only if the forces are self-balanced. We came to
the same conclusion for the other mechanical objects we studied. Let us
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investigate further. We start with the equilibrium equation in the form of
the virtual work principle, (3.16.3), where S is absent:

(u,v)E—/ F-VdV—/f-VdS:O. (3.18.1)
14 S

We know that for up = a+ b x r, which is the general form of small rigid
motions of the elastic body, we have
(u, uo)E = 0

for any admissible u, including a solution. Setting v = ug in (3.18.1) we

get
/F-uodV+/f-uodS:0
v S

or, using the properties of the scalar triple product,

a-</ FdV+/de>+b-(/erdV+/r><de):0.
v 5 v 5

Because the constant vectors a and b are arbitrary, two conditions are
implied:

/FdV+/de:0, (3.18.2)
14 S

/erdV+/rxde:0. (3.18.3)
1% s

The first of these says that the resultant external force is zero. The second
means that the moment of all external forces is zero. The external forces
are self-balanced as expected.

It is clear that if a solution u exists for the equilibrium problem of
a body free of geometrical constraints, then u + ug with any small rigid
motion ug = a + b X r is also a solution. From this set of solutions, let us
choose a unique solution that satisfies the conditions

/ (u+ug)dV =0, / rx (u+up)dV =0. (3.18.4)
% %

We will use the fact that these equations define the vector constants a and
b uniquely for any integrable vector function u. Uniqueness of the choice
of a,b can be established by the reader in

Exercise 3.18.1. Prove that the equations

/uoalV:O7 /rxuodV:O,
1% \%

imply a=0 and b =0.
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Indeed, in component form the equations of Exercise 3.18.1 constitute
a system of six linear equations in the components of a and b. Since this
system has the unique solution zero, its determinant is nonzero. Hence the
system of six scalar equations (3.18.4) with respect to the components of a
and b, which has the same determinant, has a unique solution. In this way
we reduce the equilibrium problem for the free body to that for the body
restricted by the additional conditions (3.18.4). Note that by requiring that
displacements of a rigid body to satisfy (3.18.4), we fix a position of this
body completely.

Let us sketch out the equilibrium problem for a free elastic body. We
start by introducing the energy space. Suppose V is a compact domain in
R? for which the Sobolev imbedding theorems hold. Let CJ(,Z)(V) be the
set of vector-functions u(r) having values in R? such that their Cartesian
components belong to C? (V) and satisfy (3.18.4). Clearly, CJ(,Q)(V) is a
linear space.

Exercise 3.18.2. Verify that (-,-)g is an inner product on C'J(?)(V).
Let us introduce the completion of this space.

Definition 3.18.1. The completion of CJ(CQ)(V) with respect to the norm
induced by the inner product (-,-)g is called the energy space Egy.

By analogy with Definition 3.16.2 we define a generalized solution.

Definition 3.18.2. We say that u + ug with u € Egy is a generalized
solution of the equilibrium problem for a free (of geometrical constraints)
elastic body occupying V' if u satisfies

(w,v+vo)g —/ F-(v+v0)dV—/f- (v+vp)dS=0
% s
for any v € Egy and vo = a; + by x r with arbitrary constant vectors a;

and b;. Here uy = a+ b x r where a and b are arbitrary constant vectors.

From this definition it follows that the external forces must satisfy the
self-balance conditions (3.18.2). When they do, the equation for u takes
the form

(u,V)E—/F-VdV—/f-vdS:0 (3.18.5)
1% s

with u,v € Egy.
The form of (3.18.5) is similar to that of the equation in Defini-
tion 3.16.2. Moreover, Korn’s inequality (3.16.4) holds for u € Egy (see
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[Ciarlet (1994)]). By analogy with the considerations of § 3.17, we have the
following existence theorem.

Theorem 3.18.1. Suppose the Cartesian components of F belong to
LS/5(V) and those of £ belong to L*/3(S). Suppose the self-balance con-
ditions (3.18.2) hold. Then there exists a generalized solution u+a+b xr,
where u € Egy, of the equilibrium problem for a free elastic body occupying
volume V , in the sense of Definition 3.18.2. Here u is unique and a,b are
arbitrary constant vectors.

3.19 Variational Methods for Equilibrium Problems

Earlier we studied mechanical models based on differential equations. De-
spite the widespread belief that all the imprecision of such models comes
from imprecise geometrical assumptions, they are fundamentally imprecise.
This is because all materials have atomic structure, so the limit passages
involved in deriving the differential equations are fundamentally imprecise.
No model in continuum mechanics can be truly precise as it is constructed
using limit passages. The equations that we have entail some rather vague
averaging process. Because of this, the finite models used in numerical
calculations are — fundamentally speaking — no less precise than the dif-
ferential ones if they obey the fundamental laws of mechanics in some sense.
Indeed, they can and deserve to be studied independently from the differ-
ential equation models. As a rule, the starting point for an approximate
(finite-dimensional) numerical model is a corresponding differential equa-
tion model. Normally the latter satisfies the fundamental laws of mechanics
that we just mentioned. The constructed approximate model may or may
not, depending on how we derive it. But there are approximate models that
obey the fundamental mechanical laws automatically, as a consequence of
the fact that they were derived from a differential equation model. This is
the case, in particular, for models obtained by variational methods for the
approximate solution of equilibrium problems.

We saw that all the linear problems we considered fit the same elemen-
tary abstract equation defined by the problem of minimum of a quadratic
functional in a Hilbert space H:

B(u) = %(u, Wi — F(u), (3.19.1)

where F'(x) is a linear continuous functional. We formulate this problem as
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Problem 3.19.1. (Minimum problem) Find the element u* € H that min-
imizes ®(u) in the space H.

Existence and uniqueness of solution to this problem was given by The-
orem 2.13.2. We shall consider an approximate solution using variational
methods. The results for this abstract problem can be simply reformulated
for any particular equilibrium problem considered in this book. Let us start
by formulating the approximation equations.

A variational method of approximation for practical purposes was pro-
posed by Walter Ritz (1878-1909). Given some set of elements ey, ..., e, €
H, we can approximate u* using a linear combination

> crex. (3.19.2)
k=1

How should we choose the coefficients ¢ for a good approximation? Ritz
supposed they can be given as a solution to the following minimization
problem:

Problem 3.19.2. Find real coefficients cy such that ® ( Sy ckek> takes

a minimum value.

A solution of this problem is called an nth-order Ritz approximation.
We will denote it by u,. In Ritz’s time, when all calculations were done by
hand, n was normally no greater than three and engineers had to choose
the ey, carefully to obtain reasonable results. Ritz’s method became popular
among civil engineers and others (see, e.g., [Timoshenko (1959)]). Modern
computers permit much larger values of n and have revitalized this old
method. The popular finite element method is a modification and extension
of Ritz’s method. When Ritz’s method was restricted to just 3—5 elements,
engineers had to base their selection of the e; on engineering intuition.
When the solution behavior is unknown in advance and n is large, however,
it is important to know whether the ey, are linearly independent and whether
the method converges.

Gram determinant and linear independence

First we wish to state a practical criterion for the linear independence of a
system of vectors in a Hilbert space. The definition of linear independence
is familiar from linear algebra.
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Definition 3.19.1. A system e, ..., e, is linearly independent if the equa-
tion

cieq + -+ Cn€n = 0 (3193)
with respect to the coefficients ¢i has only ¢; = --- = ¢, = 0 as a solution.

Theorem 3.19.1. In a Hilbert space H, the system eq,...,e, is linearly
independent if and only if its Gram determinant

(61,61)]{ (eg,el)H (en,el)H
(61,62)]{ (62,62)}[ (en,eg)H

(3.19.4)
(e1,en)m (€2,en)m - .. (en,en)H

18 not zero.

Proof. By (3.19.3) we can construct a system of simultaneous equations,
obtaining the kth equation by multiplying (3.19.3) by ey:

ci(er,e1)n +calez,e1)m + -+ cnlen,e1)m =0,

ci(er,ea)n + calez, ea)m + -+ cplen, e2)m =0,

ci(er,en)m + calea,en)g + -+ cnlen, en)a = 0. (3.19.5)

Its determinant is the Gram determinant. If it is not zero, then ¢; = ¢; =
.-+ = ¢, = 0 and so the ey are linearly independent.

Conversely, suppose the e, are linearly independent so that (3.19.3) has
only the trivial solution. Multiply the first equation of the system (3.19.5)
by c1, the second by ¢, etc, and add all the equations. We get

(c1e1 + coea + -+ cpen, c1e1 + coea + -+ cpen)y =0,
which implies that
cie1 + coes + - -+ cpe, = 0.

Because the e are linearly independent, it follows that ¢; = ¢o = -+ =
¢n, = 0. Thus the system (3.19.5) has only the trivial solution. By the
general theory of linear systems this means that its determinant, the Gram
determinant, is not zero. O
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Our proof was for a real space H, but a small modification would ac-
commodate a complex space H. The present version will suffice for our
purposes.

So let us return to the problem of minimizing ®(u) over the set of linear
combinations (3.19.2), which is the central point of Ritz’s method. We seek
the working formulas of the method.

Formulas of Ritz’s method

Let us put
Uy, = chek (3.19.6)
k=1

into the expression for ®(u):

(b(un) = % (i Ckek , zn: Cmem> - F(zn: ckek).
k=1 m=1 H k=1

Now ®(uy) depends only on the coefficients ¢ and, moreover, quadrati-
cally. Its minimum in Ritz’s sense, if it exists (we will see that it does),
approximates the solution of Problem 3.19.1. The point of minimum is
specified by the set of equations

0

Writing these out in detail, we obtain

ci(er,er)m + calea,er)m + -+ cnlen,e1)u — Fler)

0,
ci(er,e2)m +ca(ez,e2)m + -+ cplen,e2)m — Flea) =0

)

ci(er,en)m +calez,en)g + -+ cnlen,en)m — Fen) =0, (3.19.7)

This is called Ritz system of equations of the nth approximation. Since its
determinant is the Gram determinant for ey, es, ..., e,, we have

Theorem 3.19.2. Let e, e, ..., e, be linearly independent in H and F(u)
a linear continuous functional. The Ritz system of equations for the nth
approximation u, has a unique solution.

Thus, when solving Problem 3.19.2 we always get a unique result.
Whether this will approximate the solution is another matter. Convergence
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now becomes an issue: clearly, if the linear combinations (3.19.6) cannot
approximate an element ug that happens to be the needed solution, we
cannot expect convergence. Thus we should add a special property for the
sequence €1, €, ..., €n,.... Under this property, known as completeness of
a system of elements, finite linear combinations of the e; can approximate
any element of H to within any predetermined accuracy.

Definition 3.19.2. A sequence of vectors eq,es,...,en,... i complete in
a Hilbert space H if for any € > 0 and any fixed u € H there is a linear
combination Y _, cxey such that

n
u — E CLEL
k=1

with coefficients that depend on € and .

<e€

H

This is close to the notion of basis, but the e need not actually con-
stitute a basis. In C([0,1]), for example, the system of monomials z* is
complete: it is not a basis, but can still approximate any continuous func-
tion with a polynomial of finite degree to within any preassigned accuracy.

Now we can formulate

Theorem 3.19.3. Let eq1,e9,...,€n,... be a complete system in H, and
assume that any finite subset eq, e, ..., e, is linearly independent. Then
the sequence of Ritz approzimations {u,} converges to a solution u* of
Problem 3.19.1.

Proof. Recall that F'(u) was represented as F(u) = (u,u*)p, where u*
turned out to be the solution of the minimum problem (see the proof of
Theorem 2.13.2). So we can convert Problem 3.19.1 to that of minimizing
the functional

D(u) = =(u,u)g — (u,u”).

N =

Since the additive constant %(u*,u*) m can be ignored when seeking the
minimum, we can minimize
1 * * 1 * (12
W) = D)+ 5 (" w ) = 5 lu—
instead. So we reduce the problem of finding Ritz approximations to
the problem of minimizing the functional ¥(u) over linear combinations
ZZ:l cier, whereas the main Problem 3.19.1 reduces to the trivial problem
of minimizing ¥(w). Obviously this latter minimum is zero and is attained
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at u = u*. It is also clear that by extending the basis set ey, es, ..., e, we
get a better approximation to the minimum. This means that

V() > lug) > - > Uuy) > -
or, in terms of norms,
s =l > lluz =g > - > fun =y > -

Convergence of u,, to u* will be shown if we can find a subsequence of {uy,}
convergent to u*. Given a sequence € — 0, € > 0, by completeness of
€1,€2,...,€n,... there is a sequence {iy}, where

N
ik =Y érer,
r=1
such that
Hu — akHH < €k.-

Remembering that the minimum Ritz problem yields the best approxima-
tion for the same basis set of eq,...,e,, we see that for the nith order of
approximation

lu = vnllg < llu—dklly < ek

where u,, is the Ritz approximation of ng-th order. We have found the
required subsequence. O

Although we have established convergence of the method with no re-
strictions, the reader should be aware that in practice difficulties can occur
with numerical roundoff error in higher approximations.

Bubnov—-Galerkin method
Recall equation (2.13.1) for finding the minimum point of Problem 3.19.1:
(u,v)g — F(v) =0, (3.19.8)

where v is an arbitrary element of H. Long ago in Russia there was an
engineering journal that published the paper of an author but also a review
by the person who submitted the paper to the journal. One such paper was
written by S. Timoshenko and submitted by shipbuilding engineer I.G. Bub-
nov (1872-1919). Timoshenko, at that time a young engineer, considered
an equilibrium problem using Ritz’s method. In his review, Bubnov men-
tioned that Ritz’s equations could alternatively be obtained from (3.19.8).
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In modern terminology, if one substitutes the linear combination (3.19.6)
for u in (3.19.8), and then successively puts eg, es, ..., e, in place of v, the
result will be (3.19.7). This small remark had the effect of extending Ritz’s
method beyond its original realm of application, and the extension was
named after Bubnov. A later modification was called the Bubnov-Galerkin
method: in this case the substitution for v is made in terms of another “ba-
sis” set e}, eh,...,e,. For this second basis, it is important that the set of
equations obtained consists of n equations with respect to the n variables
ci. The second set must be such that the system has a unique solution. By
selecting this set appropriately, we may obtain an algebraic system that is
easier to solve than the original Ritz system. In the non-Russian technical
literature, Bubnov’s name has largely disappeared from this modification,
although B.G. Galerkin (1871-1945) was a student of Bubnov and accepted
the latter’s role in originating the method.

Finally, we note a particular case of this method. If the e are orthonor-
mal so that (ex,en)n = Ok, Where 0y, is the Kronecker symbol, then the
system (3.19.7) is easy to solve:

C = F(ek).

In this way, as an approximation, we obtain a portion of a Fourier series.
Such series will be considered in abstract form in § 3.22.

Ritz’s method is used when the number of “basis” elements n (and
hence the number of equations) is large. If the resulting matrix is not
sparse, a typical numerical method will require something on the order of n?
operations to solve the system. The finite element method uses a special set
of basis elements for which the matrix entries are given by simple formulas.
More importantly, the nonzero entries are clustered in a band near the main
diagonal. In this case something on the order of n operations are required
for a solution, which means we can attack much larger problems. The
reader can refer to specialized books for thorough coverage of the method,
but we provide a brief sketch for the simplest case of a one-dimensional
problem for an elastic bar with clamped ends and distributed load ¢(z).

For the VWP equation (3.2.14) (simpler case), Ritz’s equations are

1 !
/OESuv dx:/O t(z)v(z) dx. (3.19.9)

The nth-order Ritz approximation is

up () = Z crpr(x).
k=1
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As a basis element ej, we take a function ¢ (x) constructed as follows. We
partition the segment [0, 1] and number its nodes starting with 1. Let o (z)
be a piecewise linear “tent function” that is nonzero only between nodes
k—1and k+ 1 and equal to 1 at node k as shown in Fig. 3.14.

Ay

v

Fig. 3.14 Graph of the kth tent function.

The entry (eg, em)m in (3.19.7) takes the form

1
/0 ESily(2)¢l, (z) dz,

whereas the expression F'(ey) takes the form

1
/ t(z)pr(x) d.
0

Because (eg, e ) g # 0 only when |k—m/| < 1, the system matrix is tridiago-
nal. Simple formulas yield the entries for any given partition. Furthermore
the partition need not be uniform.

For the two-dimensional case of a membrane, we can partition the do-
main into triangles and use piecewise-linear functions as the basis set. In
this case it is more challenging to number the nodes in such a way that
nonzero members of the Gram matrix lie near the main diagonal. Fortu-
nately, algorithms have been developed to handle this numbering automat-
ically.

We will not discuss the difficulties that arise in the application of FEM
to various problems. We should note, however, that despite the faith placed
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by many engineers in “universal” FEM packages, there are many practical
problems that such packages cannot solve.

3.20 A Brief but Important Remark

We have studied equilibrium problems for linear elasticity, as well as prob-
lems for membranes and other elastic bodies, in Cartesian coordinates. It
is important to understand, however, that the results we have obtained are
valid in any coordinate system if we can transform between the two systems
and the energy integrals make sense. The form of the imbedding theorems
will change because, for example, the Jacobian of the transformation will
appear in the integrals for the LP-norm. But that is all. We urge the
reader to investigate the form of the existence theorems (the conditions on
the external forces) for linear elasticity in polar and cylindrical coordinates.

3.21 Countable Sets and Separable Spaces

We have made use of complete systems of elements in a space, putting aside
the question whether such a system — indexed with integers — can exist
in principle. Before discussing this further, we must take a brief detour
toward the foundations of set theory. Namely, we must ask how the sizes
of two given sets can be compared. Which one has “more elements”?

For sets containing just a few elements, we can simply count the elements
of each set and compare the numbers. This procedure will not work for
infinite sets, however. We can compare two infinite sets as follows. We
say that two sets are of equal power if a one-to-one correspondence exists
between their elements. Of the various infinite sets, we can think of the
natural numbers N = {1,2,3,...} as having the least power; only a finite
set can have a smaller power. Any set that has the same power as N is
said to be countable. Because a countable set S can be put into one-to-
one correspondence with N, its elements can be indexed using the positive
integers: we are permitted to write, say,

S = {51,82,83,...}.

Countable sets possess some interesting properties. We can delete any
finite number of elements from a countable set, and the new set will still
be countable. We can even delete all the odd integers from the set of all
integers and still have a countable set. A particularly useful property is the
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following.
Theorem 3.21.1. A countable union of countable sets is countable.

Proof. We will show how to renumber the elements of the resulting union
of sets. Let us denote the elements of the first set by ai1, a2, a13, . ...
This can be done because the set is countable. We denote the elements
of the second set by as1, aso, ass, .... The elements of the third set are
denoted similarly, and so on. The union of all these sets is the set whose
general element can be written in the form a;; for 4,5 = 1,2,3,.... But
these elements can be renumbered in many different ways. For example,
we could take the first element of the union as a1, but the second and third
elements as a2 and az; — i.e., as those elements having indices that sum
to 3. The fourth, fifth, and sixth elements could be taken as ay3, a2, and
az1 — i.e., as those elements having indices that sum to 4. Continuing in
this way (i.e., taking the elements whose indices sum to 5, 6, 7, and so on)
we succeed in renumbering the elements of the union in such a way that
they stand in one-to-one correspondence with N. O

This theorem has some important consequences. First, the set of ra-
tional numbers is countable. Indeed its elements can be labeled using the
scheme a;; = i/j, where ¢ runs through all integer values and j through all
nonzero integer values.

Second, we can apply the theorem in a successive manner any finite
number of times. One application shows that the set of polynomials having
degree n and rational coefficients is countable. A second application shows
that the set of all polynomials having rational coefficients is countable.

Are there sets whose powers exceed that of a countable set? The answer
is yes: the set of all real numbers in the segment [0, 1] is infinite but not
countable. A long proof can be found in any textbook on real analysis. A
set having power equal to that of this segment is said to have the power of
the continuum. The set of points that constitute R3 is an example.

Using rational numbers, we can approximate any real number to within
any desired accuracy. When the accuracy is fixed, we can use a finite set of
numbers to approximate a bounded set of numbers. We rely on this fact in
ordinary machine computation. It turns out that not all functional spaces
have elements that can be approximated in this way, however. Our work
will therefore focus on the spaces covered by the following definition.

Definition 3.21.1. A metric space is said to be separable if it has a count-
able dense subset.
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So [0, 1] is separable as a metric space with the usual metric d(z,y) =
|z — y|. A much less trivial example is the space C(a,b), in which the set
of all polynomials with rational coefficients happens to be countable and
dense. This is guaranteed by Weierstrass’ theorem, which states that any
function continuous on [a, b] can be approximated uniformly to within any
fixed accuracy by a polynomial. Clearly, we can select this polynomial with
rational coeflicients.

Weierstrass’ theorem can be extended to the spaces C*)(V') where V is
a compact subset of R™. It is easy to see that the property of denseness is
transitive in a metric space: if A is dense in B, and B is dense in C, then
A is dense in C'. A consequence of this is that all our energy spaces are
separable, because they are constructed on certain base subsets of C®) (V)
using the completion procedure in a countable number of actions.

When we wish to extend the idea of a basis in R™ to infinite-dimensional
spaces in an elementary way, we should do this using separable spaces.

3.22 Fourier Series

We have mentioned orthonormal systems of elements. Any university cal-
culus sequence will contain a treatment of Fourier series. Fourier’s initial
development in terms of sines and cosines can be extended to a powerful ab-
stract form involving only the property of orthogonality between elements
of a Hilbert space. We wish to present this for a complex Hilbert space H,
so we take C as the scalar field over which H is defined. In this case, the
Fourier series representation of an element v € H takes the form

u = Zakek, (3.22.1)
k=1

where the oy, are the Fourier coefficients of 4 and the e are elements of an
orthonormal basis. Let us explain this situation in more detail.

Orthonormal system of elements

Definition 3.22.1. The vectors ey, e, . . ., e, form an orthonormal system
if (e, em)H = Ogm, where dk,, is Kronecker’s symbol.
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An orthonormal sequence eq, e, . .., e, is linearly independent. Indeed,
taking the inner product between e,, and both sides of the equation

n
E CLer = 0,
k=1

we obtain ¢, = 0 for all m.

Given a linearly independent system of vectors g1, 92, ..., g, that is a
basis in the n-dimensional linear space of all linear combinations Y, _; ckgx,
we can derive another basis of the same space using the Gram-Schmidt
formulas

elzi ) ek:;g—k (k:27"'7n)7
911l 2 19511 2

where

gk = gk — (gr,e1)mer — -+ — (gk, €x—1)HER—1 (k=2,...,n).
Because g1, 92, ...,9y is a linearly independent system, g cannot be zero

for any k. It can be verified directly that ej,es, ..., e, is an orthonormal
system containing n vectors. It is therefore a basis of the same space.

Fourier coefficients

We have seen that if we know a solution u*, then Ritz’s method applied to
a minimization problem reduces to the problem of finding the coefficients

ci of the functional
2

H
that minimize this as a function of the c¢;. Now suppose u* is given. Let
us rename it 4 and minimize the functional

n 2
u — E CLCL
k=1

Since H is now complex, our prior technique of differentiation is not ap-

(3.22.2)

H
propriate. When eq,es,..., e, is an orthonormal set, however, we can find
the needed coefficients directly.

Theorem 3.22.1. Let ey, e9,...,e, be an orthonormal set. The best ap-
prozimation of u by a linear combination Y ,_, cxey is achieved when

ck = (u,ex)ny (k=1,2,...,n).
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We call a = (u,er)n the kth Fourier coeflicient of w.

Proof. Let us represent (3.22.2) as

:<U_chek,u_zcmem)

m=1

Expansion yields

n n
A= (u,u)g — <u, g cmem) - ( g ckek,u)
m=1 H k=1 H
n n
+ < § CkeL , E Cmem)
k=1 m=1 H

or

A= (u,u)g — T (U, em)H — Z ck(er,u) i
k=1

+ Ck

1 7

NE
M- 107

m(ek7 em)H~
1

E
Il

3
Il

Orm and writing ay = (u, ex) g, we get

mQm, — E Ckak‘f'g CkCk-

Adding and subtracting Zk:l apay, we get

Remembering that (eg, em)n

A= (u,u)H—

HMS

A= (wu)g =Y oxdr + > _(er — ax)(cx — o). (3.22.3)
= k=1

Since

n

> (er — aw)(ex — ax) ZICk—akl

k=1
is nonnegative and takes zero as its minimum value when c¢; = ay, and the
rest of A does not depend on ¢, the result is proved. O

Fourier series

We started with A > 0. Putting ¢, = a4, in (3.22.3), we obtain

2
> Jawl? < Jully - (3.22.4)
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This is Bessel’s inequality. It has several important consequences.

(1) The series Y p; |ag|?* converges.

Indeed, the terms are nonnegative and for any n the partial sum Y, _, ||
is bounded from above by HuHiI

(2) The series 21;“;1 ager converges in H.

Let up, = Y p_; ager. Then {u,} is a Cauchy sequence in H. Indeed, if
m < n then

and, by direct calculation,
n
2 2
lun — um||7 = E lag]* — 0 asm — oo
k=m+1
because > -, |k |? converges. Thus u,, converges as n — co. Consequently
we get

3)

2 0

2
=D lawl < Jul -

H k=1

[eS)
E ALeL
k=1

This is all we can say about the Fourier series 21211 agey, while assuming
only orthonormality of the system e, ea,.... Unless this system has basis-
like properties, there may exist elements that cannot be approximated by
particular Fourier sums u,,.

Theorem 3.22.2. Suppose the system ey, eq, ... is complete in H. Then

u = Z aLek (3.22.5)
k=1
and Parseval’s equality
> lawl? = fluly (3.22.6)
k=1

holds.
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The proof of the first equality, which is the Fourier series representation
of u, was given when we considered the convergence of Ritz approximations.
Parseval equality is a consequence.

It is difficult to prove directly that e, eq, ... is complete in H. In § 3.28
we will examine a class of operators related to eigenvalue problems for
elastic structures, and will see that the eigenfunctions of these operators
have the necessary property. Now we turn to the problem of vibration.

3.23 Problem of Vibration for Elastic Structures

So far we have considered mostly equilibrium problems. We now turn to
vibration problems. These are related to the problem of resonance and have
great value in engineering.

Vibration equations can be formulated in the same fashion for all the
objects we have considered. First, starting with the equilibrium equation
in VWP form and using d’Alembert’s principle, we present the dynamical
equations. Then, supposing a certain time dependence of the external forces
and solutions, we get the equations for forced vibrations.

Let us show how this plan is carried out for a three-dimensional elastic
body. We start with the VWP equation (3.15.4):

/ ikl e (n)e; (v) dV — / F.-vdV — f-vdS=0. (3.23.1)
14 14 S\S1
D’Alembert’s principle says that at each point of V' we must replace the
external body force F by
0%u

~rom
where p is the density of the material at the point and ¢ is time. In this
way we get the equation of motion

y 0%u
/ e (n)ei; (v) dV—/ <F—p—2) cvdV — f-vdS=0.
v v ot S\S1
(3.23.2)
To study forced vibrations, we suppose the forces and displacements
share the same time dependence: namely, as e™? where w is the angular
frequency. This can be done by the formal replacement (we retain the
same notation for the spatially-dependent part of a quantity as for the
entire quantity)

F — ¢“'F(r), fr e™f(r), u— e“u(r).



250 Introduction to Mathematical Elasticity

If we permit w to take complex values, then u and v will have complex
components. We shall take v in conjugate form as v. Substituting into
(3.23.2) and canceling the common factor e
forced vibrations:

/ ey (w)ei; (7) dV—/ (F 4+ w?pu)-vdV — fvdS =0. (3.23.3)
\% \% S\S1

Wt e obtain the equation for

Now we recast (3.23.3) in operator form in the space Ego. Introducing
conjugate values, etc., we come to complex linear spaces. We will continue
using our earlier notation for the energy spaces, however. It is clear that
the properties we have established for their elements are preserved as well.
So the first term of (3.23.3) is

/Vcijklskl(u)gij (¥)dV = (u,v)g. (3.23.4)

Assuming F and f satisfy the conditions of Theorem 3.17.1, and applying
the Riesz representation theorem, we get

/ F-VdV+/ f-vdS=(u",v)g =0 (3.23.5)
v 5\S:

with an element u* € Ego that is uniquely defined by F and f. Finally,
consider the conjugate term

/pu-VdV:/pﬁ-vdV.
v v

For fixed u € Epy, this is a linear functional in v. Moreover, because L?(V)
is imbedded to Ego continuously, we get

/pu-VdV
v

with a constant that does not depend on u,v € Egg. So this functional is
continuous in F gy and we can represent it as an inner product in Egq:

/ pu-vdV = (v,u™)g,
1%

<cllullglIvig (3.23.6)

which is the same as
/ pu-vdV = (u**,v)g. (3.23.7)
1%

Here u** depends on the single variable u in such a way that to u € Egg
there corresponds a unique u** € Egg. This is the same as saying that we
have defined an operator A:
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Hence
/ pu-vdV = (Au,v)g. (3.23.8)
v
Exercise 3.23.1. Show that A is linear.

This operator is also continuous. Indeed, by (3.23.6) we have

(Au, v)s| = }/Vpu-wv\ < cullp vl -
Putting v = Au we get
2
[Aul|g < cllull [|Au] g,

hence ||A|| < e.
Substituting (3.23.4), (3.23.5), and (3.23.7) into (3.23.3), and denoting

= w? (3.23.9)
we get
(u,v)g — u(Au,v)g — (u*,v)g =0.
Since v € Epgy is arbitrary, we get the necessary operator equation
u— pAu=u". (3.23.10)

A similar equation holds for the forced vibrations of all the mechanical
objects we considered earlier.

The eigenvalue problem in finite- and infinite-dimensional
space

When u* = 0 in (3.23.10), the result looks like the eigenvalue problem in
linear algebra that is considered in a finite-dimensional space:

Mx = Ax, (3.23.11)

with M an n X n matrix and A = 1/u. There is a difference, however,
because Egg is infinite dimensional. Before proceeding, let us recall what
is known for the eigenvalue problem in linear algebra. We seek nonzero
solutions x to (3.23.11), known as eigenvectors. An eigenvector exists if
and only if

det(M — AI) = 0. (3.23.12)
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The number of eigenvalues does not exceed n. When det(M — AI) # 0, the
inverse (M — AI)~! exists and the equation

Mx —Ax =b (3.23.13)

has a solution x for any b. Linear algebra textbooks rarely mention the
class of vectors b for which a solution exists if A is an eigenvalue. This
question is important in applications. We will discuss it for the general
case of equation (3.23.10).

When there is a nontrivial solution z* of the equation

x—puBr =0 (3.23.14)

with a linear operator B in an infinite-dimensional abstract Hilbert space
H (that is, z* is an eigensolution of B), then the equation

x—puBxr =10 (3.23.15)

cannot have a solution for any b € H. The same holds for (3.23.10).

Let B be continuous. When (3.23.14) lacks a nontrivial solution, unlike
the finite-dimensional case, this does not mean we can solve (3.23.15) for
any b. In functional analysis, when it happens that it is possible to find the
inverse (I —uB)~! but its domain is not the whole space or the inverse is not
continuous, we say that p belongs to the spectrum of B. This situation does
not arise in finite-dimensional linear algebra. Fortunately, for a bounded
elastic object such points do not arise if the body has a “regular” shape
(i.e., a shape required by the corresponding imbedding theorems).

First we will establish some properties of the operator A from the elas-
ticity problem of § 3.22. Then we will discuss the spectral properties of a
general class of operators to which A belongs.

3.24 Self-Adjointness of A and Its Consequences
We begin with

Definition 3.24.1. A continuous linear operator B acting in a Hilbert
space H is self-adjoint if the equality

(Bz,y) = (=, By) (3.24.1)

holds for all z,y € H.
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We noted that all the qualitative properties we can establish for A in
the framework of linear elasticity will also apply to the rest of the linear
problems of this book. The first is

Theorem 3.24.1. A is a self-adjoint continuous operator.

Proof. Continuity was proved earlier. Remember that A is introduced
by the equality

(Au,v)g :/ pu-vdV.
1%

Interchanging u and v, we get

/ pv-udV = (Av,u)g = (u, AV)E.
%

Writing
/ pu-vdV as / pv-udV
1% \%
we find that
(Au,v)g = (u,Av)g
for all u,v € Egg. Hence A is self-adjoint. O

Theorem 3.24.2. A is strictly positive, which means that (Au,u)g > 0
whenever u # 0.

Proof. By definition of A we have
(Au,u)g = / pu-udV
1%

and so (Au,u)g > 0. From

/pu-ﬁdeO
1%

it follows that u = 0. O
We will refer to a value p for which the equation
u = pAu (3.24.2)

has a nonzero solution as an eigenvalue of A, and to the solution itself
as an eigensolution or oscillation mode. Since eigenvalues are related to
eigenfrequencies, they are important in the theory of elasticity.
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We now prove some consequences of Theorem 3.24.1. Despite their
simplicity, the following theorems are valuable in mechanics.

Theorem 3.24.3. The disk

1

| <
| A]

contains no eigenvalues of A.
Proof. From (3.24.2) it follows that
[ullg = llpAul g < |l [[A[l [[ullg -
In the disk |u|||A|| = ¢ < 1 and so
[ul g (1—q) <0.
This implies u = 0, hence no p in the disk can be an eigenvalue. (Il
By (3.23.9), the eigenfrequencies w are bounded from below by the value

VI/1IA]l-

Remark 3.24.1. For a body free of geometrical constraints, the operator
A is not strictly positive. It is merely positive, as the rigid infinitesimal
displacement a + b x r is its eigensolution corresponding to ¢ = 0, an
eigenvalue of A. This is an exceptional value for the problem, however, and
the remaining eigenvalues that do not correspond to rigid motions of the
body do obey the theorem.

Theorem 3.24.4. The eigenvalues p are real and can be selected to be
positive.

Proof. An eigenvalue satisfies
p=(u, u)E/(Auv u)g
and hence is positive by Theorem 3.24.2. O

So the eigenfrequencies wy of a bounded elastic body are positive and
bounded away from zero.

Theorem 3.24.5. If uy # ps are two eigenvalues of A, then their corre-
sponding eigensolutions uy and uy are orthogonal:

(ul, u2)E =0. (3243)
Moreover, the eigenvectors satisfy the generalized orthogonality property

(Aul, UQ)E =0. (3244)
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Proof. We have two equalities:
u; = p1Aug, Uz = poAus.
We multiply the first by us from the left and the second by u; from the
right to get
(w2, w)p = p(uz, Am)p,
(uz,u1)E = p2(Auz, m1)E.

Subtracting, we obtain

,ul(u2, Aul)E — ‘LLQ(AUQ, ul)E = 0

Because A is self-adjoint, we have (ug, Auy)p = (Aug, uy)g. Thus

(1 — p2)(uz, Aur)g = 0.

Since p1 # pa2, it follows that (ug, Au;)g = 0. This establishes
(3.24.4). Orthogonality of u; and us follows from the equality (us,u1)g =
,ul(uz,Aul)E. O

Later (in Theorem 3.28.2) we will use Theorem 3.24.5 to prove that we
can select the set of eigensolutions of A that constitute an orthogonal basis
of Egg. This permits application of the separation of variables method to
dynamics problems. We will also need the main result of the next section.

3.25 Compactness of A

Before we discuss compactness of an operator, we should introduce the no-
tion of compactness for a set. In elementary calculus we are accustomed to
the fact that a closed and bounded subset of R™ has the following property:
from any sequence contained in the set we can select a Cauchy subsequence.
In an infinite-dimensional Hilbert space H this property does not hold. For
instance, we can take an orthonormal sequence {ej} that definitely exists
in H and lies in the unit ball ||z||;, < 1; since the distance between any two
distinct elements of {ey} is given by

”ek - 6m||i1 = (ek — €m, €k — em)H = ||€k||§{ + ||em||§1 =2,
this sequence cannot contain a Cauchy subsequence.

Theorem 3.25.1. Any bounded sequence in a Hilbert space H contains a
Cauchy subsequence if and only if H is finite dimensional.
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This theorem holds in a normed space as well. In the following defini-
tion, X is a Banach space.

Definition 3.25.1. A set S C X is precompact if from any of its sequences
we can select a Cauchy subsequence. If a precompact set S is closed, it is
compact.

Note that a sequence {z}} such that |z, — 0o as k — oo does not
contain a Cauchy subsequence. So a precompact subset of a Banach space
is bounded.

To formulate a criterion for compactness, we will need

Definition 3.25.2. A finite set of elements ey, es,..., e, is a finite e-net
of aset S C X if for any « € S there exists ey such that ||z —ex|  <e.

In other words, e, es,...,e, is a finite e-net of set S if the union of all
balls of radius € and having centers at these points covers S.
Now let us formulate

Theorem 3.25.2. (Hausdorff criterion) S C X is precompact if and only
if for any € > 0 there exists a finite e-net of S.

Proof. We will prove the “if” part; the converse can be found in any text-
book on functional analysis (e.g., [Lebedev and Vorovich (2002)]). Assume
that for any € > 0 there exists a finite e-net of S. Let us take an arbitrary
sequence {z;} from S and show that it contains a Cauchy subsequence.

(1) Let us construct a finite 3-net of S. S is covered by the union of a
finite number of balls of radius % with centers at the %—net. One of
these balls, say Bj, contains infinitely many elements of {z;}. We
denote this subsequence by {xj, }. Let us select its first element and
call that y;.

(2) In the same way, a finite union of balls of radius 55 that corresponds
to a %—net of S covers S, so some ball By contains infinitely many
members of {zx, }. We denote this subsequence by {z, }. Let us select
an element whose position in the initial sequence lies beyond that of 41
and call it y». Because y; and y» belong to By, we have |ly1 — y2|| x <
2.2 =1

(3) Similarly, construct a finite %—net of S and a select corresponding ball
Bs that contains a subsequence {xy, } of the sequence {z, }. Select an

element whose position in the initial sequence lies beyond that of ys
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and call it y3. Because y, and y3 belong to Ba, we have [[y2 — 3]y <
11
We can continue this process indefinitely. On the kth step we construct
a finite %—net, then the ball cover, then select a ball By that contains an
infinite subsequence of the sequence obtained in the previous step. Selecting
a corresponding element and denoting it by yx, we see that both y; and
Yk—1 lie in Bk—l so that
1 1
lye—1 —yrllx <2- oh—1 — k-2

We now show that {yx} is the needed Cauchy sequence. For any integer
m, we have

Hyner - yn”X < ||(yn+m - yner*lH + ”ynerfl - yn+m72”X
+ o+ ||3/n+1 _ynHX

1 1
S 2n+m—2 + 277,+m—3 + e + 2n—1
<2n_2—>0 as n — oo.
This completes the proof. O

A classical result on compactness in infinite-dimensional spaces is

Theorem 3.25.3. (Arzela) Let [a,b] be a finite interval. A family of func-
tions fo(x) is precompact in C(a,b) if and only if it is bounded in C(a,b)
and equicontinuous.

Proof. Let us first explain what is meant by “equicontinuity” of a family
of functions. We know that a function f(z) continuous on [a, b] is uniformly
continuous: for any € > 0 there is a 6 > 0 such that for any =,y € [a, b
we have |f(z) — f(y)| < e. This is called Weierstrass’ theorem on uniform
continuity of a continuous function on a compact set. If for any ¢ > 0
we can find 6 > 0 having the property that for any z,y € [a, b] such that
|z —y| < 0 we get |fo(x) — fa(y)| < € for all functions of the family, then
the family is said to be equicontinuous.

We will present a geometrical proof of the “if” part of the theorem.
Assuming the family is bounded and equicontinuous, we construct an e-net
of the family. Let us start with €/3. By the equicontinuity of the family,
we can find 6 > 0 such that for any z,y € [a,b], |z — y| < §, we have
|fa(z) = fa(y)| < e/3. Now let us introduce the necessary e-net.
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Since the family is bounded, there exists ¢ such that |f,(z)] < ¢. Let us
depict on the domain [a,b] x [—c, ¢] a grid of lines parallel to the axes Ox
and Oy (Fig. 3.15). The lines parallel to Oy are separated by a distance ¢,
and those parallel to Oz by /3.

K
/ — function
approximation
v
e/3

B
»

0] a z

s

Fig. 3.15 Construction of an e-net.

Connect all the nodes of this picture (except those in vertical lines)
with straight segments. In this way we get a finite number of graphs that
represent some piecewise linear continuous functions on [a, b]. This is the
required e-net of the family. Indeed, from the picture it is easily seen that
any function of the family, because of equicontinuity, can be approximated
with one of the piecewise linear functions g (x) in such a way that

|fa(@) — or(z)| <e.
We leave the details to the reader. (Hint: On a segment [z, zx + d] of the
domain, the graph of any function in this family can lie within no more
than two vertically-adjacent cells.) O

A version of Arzeld’s theorem also holds in C'(V'), where V is a compact
subset of R". We advise the reader to adapt the above geometrical proof
to this case.

Exercise 3.25.1. Let [a,b] be a finite interval. Show that a set of functions
that is bounded in the space CY(a,b) is precompact in C(a,Db).

In § 2.10 we established that each element of the energy space Egp
stands in unique correspondence with an element of C'(0,1). We called
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this correspondence an imbedding operator, and found that it is linear and
continuous from Egp to C(0,1). Now we wish to prove

Lemma 3.25.1. The image of the unit ball in Esp under the imbedding
operator from Egsp to C(0,1) is a precompact set in C(0,1).

Proof. In order to establish continuity of the imbedding, we started with
inequality (2.10.6) for a continuously differentiable function and then, by
the limit passage over a representative sequence of an element of Egp,
obtained the needed property. We will do the same thing here. For a
continuously differentiable function u(x) on [0,] we have

y
u(y) — u(z) = / u'(s) ds.
Holder’s inequality gives

y

/' (s) ds

/|u |2ds
/2
| [ wecore as]

_ m
<Vi=( | l |u’<s>|2ds)1/

Let U(x) be an element of Esp and {u,(x)} a representative sequence.
The inequality

[un(y) — un(@)] < Vg —al ( / ()P ds)m

holds for any u,(z). Let u(x) be the limit of the sequence {u,(z)}, the
existence and continuity of which were established in § 2.10. As n — oo we
obtain

u(y) — (@) =

1/2 /2

< 12 ds

2

) (o) < Vo] i ([ lancotas)

But by definition

lim |u |2d8—/ |U'(s)|* ds

n—oo
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and so
1/2

olo) (o)l < Viy—al( | l votas)

Hence the set of all u(x) that constitute the image of the unit ball of Egp
is an equicontinuous and bounded set of functions belonging to C'(0,1). An
application of Arzeld’s theorem completes the proof. O

From the elementary inequality

/|u (9) ds < 1 max [u(o)],

z€(0,l]

which holds for any function continuous on [0, ], we obtain

Lemma 3.25.2. If {u,(z)} is a Cauchy sequence in C(0,1), then it is a
Cauchy sequence in the norm of L?(0,1).

Definition 3.25.3. A linear operator C' from a normed space X to a
normed space Y is compact if the image of the unit ball ||z|, < 1 is
precompact in Y.

The reader is asked to work

Exercise 3.25.2. Show that a linear operator C is compact if and only if
any bounded sequence {xr} C X contains a subsequence {xy,} such that
{Czk, } is a Cauchy sequence in'Y.

In the exercise, it is sufficient to require {zx} to lie within the ball
]y < 1.

A linear compact operator C is continuous. Indeed, the image C(B) of
the unit ball B = {z: ||z||y < 1} is precompact and therefore bounded; we
can define the norm of the operator C' as

ICl = sup IICﬂclly
zlx <
Theorem 3.25.4. The set of linearly independent eigenvectors that corre-

spond to an eigenvalue u of a compact operator C' acting in a Hilbert space
H is finite.

Proof. Let us extend the set of eigenvectors of C' that correspond to p by
zero and denote it by N. Then N is a closed subspace of H and therefore
a Hilbert space. Let us introduce an operator C7 = pC' that is evidently
linear and compact as well. But C7 maps the unit ball of N into itself. By
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Definition 3.25.3 this ball is precompact. Thus, by Theorem 3.25.1, N is
finite dimensional. |

We now return to our operators for the elastic objects. First we consider
the operator Ag for the string. It is given by the representation

!
(Asgw,v)s = p/o w(z)v(z) d, (3.25.1)

where (cf., § 2.9)

l
(w,v)s = / Tow'(z)v' (x) dw (3.25.2)
0
defined in the complex space Esp. Like the operator A for linear elasticity,
Ag is a linear continuous self-adjoint operator and satisfies the inequality
|(Asw, v)s| < cllwll 204 101l 20, - (3.25.3)
Now we prove
Theorem 3.25.5. Ag is a compact operator.
Proof. From (3.25.3) and the imbedding theorem for Egp we have
[(Asw,v)s| < 1 [wll 2o V]s (3.25.4)

with a constant c¢; that does not depend on w,v € Egp. Let us take an
arbitrary bounded sequence {wy} in Esp. By Lemma 3.25.2; it contains
a subsequence {wy, } that is a Cauchy sequence in L?(0,1). Let us rename
it {wg}. To prove the theorem, it suffices to show that the subsequence
{Aswy} is a Cauchy sequence in Egp. Indeed, in (3.25.4) we can substitute
w = Wi — Wy, and v = Agwy — Asw,, to obtain
|(Aswy — Aswm , Aswiy — Agwm)s|
< a1 flwk — winll g2y [Aswr — Aswnlls -
Canceling ||Aswi — Aswm|| g, we get

| Aswy — As’meS <o flwg — meL?(OJ) — 0 asn,m — oo. 0

Theorem 3.25.6. The operator A given by (3.23.8) is compact.

The proof is based on Rellich’s result on the compactness of the imbed-
ding operator in the space W12(V). We formulate this as

Theorem 3.25.7. The elements of the unit ball in the space W12(V') con-
stitute a precompact set in L*(V).
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This is a special case of the Sobolev—Kondrashev theorem on compact-
ness of the imbedding operator to LP(V). The proof requires techniques
that lie outside of the scope of this book.

Having established that operators of the same type as A (equation
(3.23.8)) are compact, we shall study the effect of this property on the
spectrum of A. The outcome is a collection of results known as the Fred-
holm alternative.

3.26 Riesz—Fredholm Theory for a Linear, Self-Adjoint,
Compact Operator in a Hilbert Space

In this section we consider the spectrum of an abstract, linear, self-adjoint,
compact operator A in a Hilbert space H. The results will immediately
apply to (3.23.8).

We know that the set of eigenvectors of A corresponding to the same
eigenvalue, augmented with the zero vector, constitutes a finite-dimensional
subspace. Moreover, eigenvectors corresponding to distinct eigenvalues are
mutually orthogonal. Now we discuss the distribution of eigenvalues. As we
recall, these are all real and bounded away from the origin in the complex
plane.

Theorem 3.26.1. The cigenvalues of A have no finite accumulation point.

Proof. Suppose to the contrary that pg is an accumulation point of eigen-
values such that |ug| < co. There is a sequence of eigenvalues py, of A such
that pr — po as k — oo. For each py let us select a unit eigenvector
ok, ||zkll g = 1. Thus (@k,Zm) = Okm. The sequence {upxi} is bounded
in H. By Exercise 3.25.2 the sequence {A(urri)} must contain a Cauchy
subsequence. But this is impossible as pup Az = x) and therefore

1A (n) = Alpmm) g = low = 2mllzy = sl + lemlf =2
when k # m. 0
Now we wish to study the solvability of the equation
x — pAx =b. (3.26.1)
We denote by N the set of all solutions of the homogeneous equation

xr— pAxr =0. (3.26.2)
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When p is an eigenvalue of A, according to Theorem 3.25.4, N is a finite-
dimensional subspace of H. By Theorem 1.16.2 there exists an orthogonal
complement M of N in H. That is, M is a closed subspace of H, it has only
zero in common with N, any element of M is orthogonal to all elements
of N, and each element z € H has the unique representation r = m + n
where n € N and m € M. First we prove

Lemma 3.26.1. For any x € M the inequality
o — Al > co llall (3.26.3)

holds with a constant cg > 0 that does not depend on x.

Proof. Suppose there is no such ¢g. Then there is a sequence {zy} such
that ||zx||; = 1 for all k£ but ||zy — pAzkly; — 0 as k — oco. Since
A is compact, we can select a Cauchy subsequence {Axzy, } from {Azy}.
Renaming {zy, } as {zx}, we find that {Axz;} is a Cauchy sequence and
x — pAxy = eg, where |[ex||; — 0 as k — co. We rewrite the last relation
as

Tk = pAxg + €. (3.26.4)

Because |ex||; — 0 as k — oo, the sequence {pAxy + €5} has the same
limit as {pAzy}; we denote it by zg. By (3.26.4), limy—o0 zx = x9. As M
is closed, xg belongs to M as well. What we can say about z¢y? On one
hand, o € M and

loll = Jim flalyy =1
On the other hand, letting &k — oo in (3.26.4) we get
xo = pAxg.

Therefore x¢g € N, which contradicts the assertion that x( lies in M and is
nonzero. O

By Lemma 3.26.1 we can use ||z — pAz||; as a norm on M. Moreover,
because A is continuous, the reverse inequality

o — pdally < erllelly (3.26.5)

holds with a constant ¢; that does not depend on = € M. Taken together
with (3.26.3), this means that the expression ||z — pAx|| constitutes an-
other norm on M that is equivalent to the old norm ||z|,, and that M is
complete in this new norm. The new norm induces an inner product

(2,y) = (v — pAz,y — pAy) (3.26.6)
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that we can use on M instead of the initial inner product (z,y)y. With
this new inner product M is a Hilbert space as well.

Exercise 3.26.1. Let B be a continuous linear operator in a normed space
X, and suppose the inequality |Bx||y > c||z||y holds for all x € X with
some constant ¢ > 0 that does not depend on x. Show that the functional
|Bz||  constitutes a norm on X equivalent to the initial norm.

Exercise 3.26.2. Let B be a continuous linear operator B in a Hilbert
space H, and suppose the inequality ||Bz| v > c||z|| holds for all x € H
with a constant ¢ > 0 that does not depend on x. Show that the func-
tional (x,y) = (Bx, By)x is an inner product on H, and that H remains a
Hilbert space under the induced norm (x,z)/?
is equivalent to the initial norm on H.

. Also show that this norm

Now we can formulate
Theorem 3.26.2. Equation (3.26.1) has a solution if and only if b € M.

Proof.  “Only if” part. Let us first prove that for solvability of (3.26.1),
b must be orthogonal to N. Indeed, suppose (3.26.1) has a solution xg. Let
us take the inner product of both sides of (3.26.1) with an arbitrary n € N:

(xo — pAzxo,n)g = (b,n)y.
Recall that A is self-adjoint and p is real. Then
(xo — pAzg,n)g = (xo,m — pAn)g =0

and so (b,n)y = 0 for any n € N.

“If” part. Assume b € M. We must prove existence of a solution
to equation (3.26.1). Let us start with the functional (z,b)p, which is
evidently linear and continuous not only on H but on M as well. As we
said above, we can use (z,y) instead of (x,y)y as an inner product on M.
So, using the Riesz Representation Theorem 2.8.1, we get a unique element
by € M such that

(33, b)H = <$, b0>
for any z € M. Equivalently,
(2,0)g = (x — pAx, by — ptAbo) 1. (3.26.7)

Let us show that this holds for any € H. Indeed, we can uniquely
represent any x as £ = n+m, where n € N and m € M. Equality (3.26.7)
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holds if we put = m. Putting x = n + m, we see that
(33, b)H = (n +m, b)H = (m7 b)H

because (n,b) g = 0 (note that b € M by the condition). On the other hand
(x — pAz, by — pAbo) g = ((n — pAn) + (m — pAm), bo — pnAbo) 4

= (m — pAm, by — p1Abo)m,

because n — pAn = 0 (n is one of the eigenvectors of A corresponding to

). So (3.26.7) holds for any = € H as it is valid for = m. Let us denote

bo — wAby = zo. Then (3.26.7) takes the form

(z,b)g = (x — pAz,z0)pH.
Since A is self-adjoint and p is real, we get
(x — pAz,20)n = (z,20 — pAT0) 1.
Hence the identity
(z,b)g = (x, 20 — pAxo)H
holds for all x € H. But this means that
b= Zo — ,quOv

and thus x¢ is the needed solution to (3.26.1). O

Remarks:

(1) The condition for solvability of the equation, b € M, is sufficient for a
compact, self-adjoint, linear operator. If the operator is only symmetric
and linear, it is necessary for solvability.

(2) We use an abstract form of the theorem of solvability of the equation.
For the elastic problems we considered earlier, the abstract condition of
solvability can be formulated in a more mechanical form. Here the term
(b, x) g corresponds to the work of external forces and so the solvability

condition must be written in terms of work. For example, in linear
elasticity it is

/F-deV+/ f-vidS=0
1% S\S1

where vy, is an eigenvector corresponding to p. In fact, the conjugation
of v, is not necessary as the eigenfunctions for these problems are real-
valued. Mechanicists say that solvability of the problem for a free body
requires the external forces to be “orthogonal” to the oscillation modes.
This is stated by the above equality.
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The reader should understand that we merely proved an existence the-
orem; the proof does not yield a method of solving (3.26.1). However, the
condition that b must be orthogonal to all eigenvectors of A corresponding
to an eigenvalue u is quite practical. Uniqueness of solution of (3.26.1) is
related to N; namely, a solution is unique if and only if N = {0}. Indeed,
if N # {0} and = satisfies (3.26.1), then so does x¢ +n for any n € N. On
the other hand, if there are two solutions x1, z2 to (3.26.1), then z1 — x5 is
a solution of the homogeneous equation (3.26.1) and thus belongs to N. A
direct consequence of this is

Theorem 3.26.3. Equation (3.26.1) has a unique solution for any b € H if
and only if u is not an eigenvalue of A. Moreover, if i is not an eigenvalue
of A then there exists a continuous inverse (I — uA)~1 whose domain is H.

Proof. Suppose u is not an eigenvalue of A. Then N = {0}, and thus
M = H. By Theorem 3.26.2, equation (3.26.1) has a solution for any b € H
and by the above it is unique. Moreover, (3.26.3) shows that (I — pA)~!
defined on the whole space H is continuous.

Conversely, M = H means that (3.26.1) has a solution for any b € H.
But then N, which is the orthogonal complement of M in H, consists only
of the zero element. This means that N does not contain eigenvectors and
therefore p is not an eigenvalue. (]

It makes sense to collect the properties we have obtained for the spec-
trum of the operator A.

Theorem 3.26.4. Let A be a linear, self-adjoint, compact operator in a
Hilbert space H. The spectrum of A has the following properties.

(1) The spectrum of A can contain only eigenvalues of A.

(2) The eigenvalues py of A, if they exist, are real.

(8) The set of eigenvalues has no finite accumulation point.

(4) To an eigenvalue of A there corresponds no more than a finite set of
linearly independent eigenvectors.

(5) Figenvectors x1,x2 of A that correspond to distinct eigenvalues are
orthogonal: (x1,z2)g = 0. They also possess the generalized orthogo-
nality property (Azx1,x2)g = 0.

(6) Equation (3.26.1) has a solution if and only if b is orthogonal to all
eigenvectors of A that correspond to the eigenvalue .

(7) Equation (3.26.1) has a unique solution for any b € M that depends
continuously on b if and only if u is not an eigenvalue of A.
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Additional information about the spectrum can be found from the ex-
tremum nature of the eigenvalues. First we need the idea of weak conver-
gence in a Hilbert space.

3.27 Weak Convergence in Hilbert Space

For a sequence of vectors in R™, norm convergence and componentwise
convergence are equivalent. In infinite-dimensional space such as 12, they
are not. We wish to consider an analogue of componentwise convergence in
a separable Hilbert space H. The component that defines the orthogonal
projection of x € H onto the axis defined by a unit vector e € H is the
product (x,e)ry. We use this fact as follows.

Definition 3.27.1. A sequence {x} is weakly convergent to x¢ if for any
h € H we have

lim ({Ek,h)H = (io,h)H. (3271)

k—o0

We write x, — zg as k — oo.

Definition 3.27.2. We say that {x} is a weak Cauchy sequence if for any
h € H we have

(xx — Tm,h)g — 0 as k,m — oo. (3.27.2)

The usual definition of weak convergence in a normed space is based
on continuous linear functionals. We based our statements on the Riesz
representation theorem to obtain a more geometrical picture of the idea.

From now on, ordinary convergence in norm will be called strong con-
vergence. We consider some properties of weak convergence.

Theorem 3.27.1. A limit of a weakly convergent sequence is unique.
Proof. Let {z1} have two weak limits 2’ and z”. That is,
klim (xk,h)g = (2',h)y  and klim (xr, R g = (2", h)g.

It follows that (2’, h)g = (¢”,h)g or (¢'—2”,h)g = 0. Putting h = 2’ —2",
we get (¢ — 2", 2" — 2")g = 0 and thus 2/ = 2”. O

An orthonormal sequence {er} cannot converge. Nor can it contain a
Cauchy subsequence, because |e; — em||; = V2 for k # m. However, for
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any x € H we get
lim (a:,ek)H =0

because the sequence of Fourier coefficients of x with respect to ey tends
to zero by Bessel’s inequality. Hence {ej} has zero as a weak limit in H, so
strong convergence and weak convergence are different. Clearly, a strongly
convergent sequence converges weakly to the same element. Failure of the
converse raises the question whether each weak Cauchy sequence has a weak
limit in H. The answer is given by

Theorem 3.27.2. Any weak Cauchy sequence {x} has a weak limit in H.

Proof. In Lemma 3.27.1 we will show that there is a constant ¢ such
that [|zx||; < c. For any x € H, because {(xy, )y} is a numerical Cauchy
sequence we have

klim (g, x)g = klim (x,z) g = F(x).

The reader can verify that F'(z) is a linear functional. Next,

@) < supljzlly oy < cllzlly

and so by the Riesz representation theorem
F(z) = (z,2 )
where 2’ € H is uniquely defined by F(z). For 2’ it follows that

lim (zg,2)g = (@', 2)g forallz € H

k—o0

and so 2’ is a weak limit of {z}}. O

We still need to prove

Lemma 3.27.1. Let {xx} be a weak Cauchy sequence in a Hilbert space
H. Then it is bounded: there is a constant ¢ such that ||xi| 5 < ¢ for all k.

Proof. Suppose to the contrary that {z)} is unbounded. Without loss of
generality, suppose ||z| ; — 00 as k — co. We will show that this implies
the existence of 2* € H and a subsequence {z, } such that (z,,,2*)g — 00
as ny — o0; this contradicts the definition of weak convergence for {z}}.
We start with
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(1) Let z be an arbitrary element of H and p > 0 an arbitrarily small
number. The elements

4t
2l = 2 e
’ P enll

lie in the closed ball of radius p with center z. Note that ||z — 2|/, = p/2.
The sequence {zx} has the property

Tk
(en o)t = (e, 2 + 2 <xk —) — (s ) + L lally — oo
2\ Tl ) 2

as k — oo, since (xg, 2) g is bounded at least.

(2) We construct the above-mentioned {z,,} and z*. The element z* will
be the limit of the centers of a sequence of nested closed balls { By} with
radii tending to zero.

(2-1) Fix some p; > 0 and take x; as the center of the first ball By. By (1),
we get k1 and zx, € By such that (zg,,2k, ) > 1. As the inner product
is continuous with respect to both arguments and zj, is an interior point
of By, there is a closed ball By C By with center z, and radius ps < p1/2
such that for all z € By we have (vg,, 2)g > 1.

(2-2) Consider the tail of the sequence {x} consisting of those terms having
indices greater than k1. The norms of this subsequence tend to infinity. So
considering for this tail the set of values (zk,z)y when z € B, we find
ourselves in the situation of point (1) of the proof, and so there are kg > k;
and 2y, € B such that (xg,, 2k, )g > 2. By continuity of (zk,,2)n in z,
we find a closed ball Bs with center zj, and radius ps < pi1/3 such that
B3 C By and for all z € Bs we have (zk,,2)g > 3. We can continue this
indefinitely.

(2-n) On the nth step, similarly, we consider the tail of the sequence {xy}
consisting of those term whose indices exceed k,_1; we get a closed ball
B,,+1 enclosed in B,, and an element zy, , the center of B, whose radius
Pn 1s no more than p; /n such that for all z € B,,41 we have (z, ,2)g > n.

The sequence {z, } of centers of the nested closed balls B,, is a Cauchy
sequence and therefore has a limit z*. Because z* belongs to each B,,

(g, ,2")g >n — 00 asn— 0.

This contradicts the condition that {x} is a weak Cauchy sequence in the
Hilbert space H. O
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The following is a simple but useful sufficient condition for a weakly

convergent sequence to converge strongly to the weak limit.
Theorem 3.27.3. Suppose {x} converges weakly to x* in H and

lim [zl = o™l as k — oo.

k—oo
Then z* is a strong limit of {xy}.
Proof. Let us start with

a = ||lzk — ;v*||§1 =(xg — 2",z — 2 )y
= (xk,l‘k)H - (x*,l‘k)H - (xkvx*)H + (x*,l‘*)H

As k — oo, each of the first three addends tends to (z*,2*)y. In-
deed, (xg,zk)y — (2*,2*)g by the condition of the theorem. We have
(xg, z*)g — (x*,2*)g by the definition of weak convergence of {z\} to z*,
and similarly for (z*,x;)y. This means that a; — 0, which was to be
proved. O

We formulate some properties of weak convergence as exercises.

Exercise 3.27.1. Let x;, — z*, and let {xx} be a strong Cauchy sequence.
Show that x* is a strong limit of {xx} as well.

Exercise 3.27.2. Show that if a sequence {xy} converges weakly to x* in
H, then ||z < supy, |2k 4

Exercise 3.27.3. Let B be a continuous linear operator in H and x; — x*.
Show that Bxy — Bx*; that is, a continuous linear operator B is weakly
continuous.

Exercise 3.27.4. Suppose B is a compact linear operator in H. Show that
B maps a sequence {x} that converges weakly to z* into a sequence { Bxy}
that converges strongly to Bx*.

Exercise 3.27.5. Let B be a compact linear operator in a Hilbert space H,
and let xp, — x*. Show that

klim (Brg,xp)g = (Bx™, 2" g. (3.27.3)
Definition 3.27.1 is somewhat inconvenient to check. Let us establish a

more convenient condition for weak convergence.

Theorem 3.27.4. Let ey, es,e3,... be a complete system of elements in
H. Then {x} is a weak Cauchy sequence if it is bounded (i.e., if there
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is a constant co such that ||x||; < co for all k), and for any fized k the
numerical sequence (x,,er)ng is a Cauchy sequence.

Proof. We must show that for any h € H and any € > 0 we can find a
number N such that

|(zy, — Tm, h)| < e whenever m,n > N.

So we take € > 0 and fix h € H. As ey, eg,e3,... is a complete system in
H, we can find a finite linear combination

R
hr = E Crek
k=1

such that
€
3co
Since R is finite and for each e, we have (2, — T, ex)g — 0 as n,m — oo,
there exists N such that for n,m > N we get

b= hrlg <

€
3
Now we are prepared to demonstrate the needed inequality for n,m > N:

|(xrn — Zm, hr)H| <

|($n — Tm, h)H| = |(xn — Tm, h — hR + hR)H|
<|(@n,h = hr)u| + |(Zm, h = hr)u| + (20 — Tm, hr)H|
< (lznll g + lzmllg) 1h = hellg + (20 = 2m, he)#|
€ €
< 20—+ - =¢.
=03 '3 O
We saw that if {z;} is a weak Cauchy sequence, the conditions of the
theorem hold. This means the conditions of the theorem are equivalent to
the definition of a weak Cauchy sequence. Note that in this new definition
in a separable Hilbert space H, we can use an orthonormal basis of H as a
complete set e, es, .. ..
We know that a ball in an infinite-dimensional Hilbert space is not
precompact. Let us introduce

Definition 3.27.3. A set S is weakly precompact in a Hilbert space if any
sequence from S contains a weakly Cauchy subsequence.

The following property is used to justify numerical methods.

Theorem 3.27.5. A ball in a separable Hilbert space H is weakly precom-
pact.
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Proof. Let eg,eq,e3,... be acomplete system of elements in H. Any se-
quence {zy} from the ball is bounded; hence, by Theorem 3.27.4, it suffices
to find a subsequence {z,, } such that for any & the sequence {(z,,,,er)m}
is a numerical Cauchy sequence. Using the diagonal process, we will con-
struct this subsequence as follows.

(1) Consider the numerical sequence {(z,e1)m}. By hypothesis it is
bounded as

[(zr,e1)m| < collerll g

and so it contains a numerical Cauchy subsequence {(zx,,e1)m}. Let us
take an element of {zy, } as the first element of the needed subsequence.
Denote this element by z1,.

(2) Consider the numerical sequence {(z,, e2)m }. It is bounded and there-
fore contains a Cauchy subsequence {(zk,,e2)n} defined by some in-
dices ky. From {xj,} take an element whose position in the initial
sequence is further than that of x;,. Denote this element by s, .

(3) Similarly, consider {(xf,,es)n}. Again, it is a bounded numerical se-
quence containing a Cauchy subsequence {(x,,e3)p}. Select an el-
ement z3, from {zy,} such that its position in the initial sequence
exceeds that of the previous element.

We can continue this process indefinitely. The result is a subsequence {x,, }
that is a subsequence (starting with some number) of any {xy, }. Therefore
{(n,,ex)n} is a numerical Cauchy sequence for any fixed k. g

3.28 Completeness of the System of Eigenvectors of a Self-
Adjoint, Compact, Strictly Positive Linear Operator

The principal goal of this section is to demonstrate that a self-adjoint, com-
pact, strictly positive linear operator A in an infinite-dimensional separable
Hilbert space H has a set of eigenvectors that constitutes an orthonormal
basis of H. This permits us to apply the Fourier method to dynamics
problems in mechanics. We also obtain an extremal method for finding the
eigenvalues of the operator. We start with a simple

Lemma 3.28.1. Let A be a self-adjoint, compact, strictly positive linear
operator in H. On the unit ball B = {x € H: |z||,; < 1}, the form
(Az,z)g attains its mazimum. That is, there exists xo with ||zoll; = 1
such that (Azo, xo)g > (Ax,x)g for any x having |||, < 1.
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Proof. The element zq, if it exists, must lie on the unit sphere. If it is
such that ||zo|; < 1, then for yo = xo/ |20l ;; We get

(Ayo,yo) i = (Azo, x0)u/ ||x0||§{ > (Azg,x0)H-

Next we prove existence of the maximum point. The set of numbers
(Az,z)g for all x € B is bounded from above, so there is a sequence
{z1} such that

lim (Axg, zx)g = sup(Az, x)g.

k—o0 zEB
As {1} is bounded, by Theorem 3.27.5 it contains a subsequence {z, }
having a weak limit xy which, by Exercise 3.27.2, lies within B. But then,
by Exercise 3.27.5, we have

klim (Azy,, ok, )u = (Azo, 20) 1 -
1—00

This completes the proof. O

We will show that by using this extremum approach we have obtained
an eigenvector of A.

Theorem 3.28.1. Let A be a self-adjoint, compact, strictly positive linear
operator in H, and let xo be an element at which (Ax,x)y attains its maz-
imum on the unit sphere S, ||x||; =1, of H. Then o is an eigenvector of
A and po = 1/(Axo, o) g is the smallest eigenvalue of A.

Proof. Let p1 be an eigenvalue of A and z; a corresponding eigenvector.
Then x1 = pu1 Azy and (z1,21)g = p1(Ax1,21)g. Division by ||ac1||?q gives
1 T

M=, U1 = .
(Ayi,y1)u HleH

So 1 > po, since pg is the infimum of 1/(Az, z) g on the unit sphere of H.
Now we show that x( is an eigenvector and po an eigenvalue of A. It

is evident that the problem of maximum of (Az,z)y on the unit sphere is

equivalent to the problem of finding the supremum of the functional

F(z) = (Aﬁ’ ﬁ) H

for x € H, and so F(x) attains its maximum at the same point xg as
(Az,z)g does on the unit sphere. Thus

F(zo) > Flxo + th)
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for any real t and any h € H. Let h be fixed. As a function of ¢, F(xq+th)
takes its maximum at ¢ = 0 and thus
dF (zo + th)

7 =0.

t=0

A quick calculation gives

Lo Lo

RQ(A.TQ, h)H — <A > Re($07 h)H =0.
H

ol " llzoll 2

Because ||zg||;; = 1, this takes the form
1
Re(Al‘o, h)H - — Re(l‘o, h)H =0.
Ho
This holds for any h. It therefore holds when we change h to ih, getting
1
Im(Aa:O, h)H - Im(xo, h)H =0.

Ho
Thus

1
(Aﬁo, h)H - —(ﬁo, h)H =0.
Ho
As h is arbitrary, it follows that

1
A$Q — — Xy = 0.
Ho

This completes the proof. O

Theorem 3.28.2. Let A be a self-adjoint, compact, strictly positive linear
operator in H. Then A has a countable set of eigenvalues

po < pp <o <

having no finite accumulation point (uy — oo as k — oo). To each py, there
corresponds mo more than a finite number of mutually orthogonal eigenvec-
tors which together constitute an orthonormal basis of H.

Proof. Constructing eigenvectors. We have constructed the first eigen-
value pop and its corresponding eigenvector xy. By Theorem 3.26.4, two
eigenvectors corresponding to different eigenvalues are orthogonal. Clearly,
from the set of eigenvectors that correspond to the same eigenvalue, we
can select mutually orthogonal ones. This prompts us to seek the next
eigenvector orthogonal to xg; in general, each eigenvector sought should
be orthogonal to all those previously found. We do this as follows. The
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set of vectors of the form axy with a scalar « is a subspace X; of H. By
Theorem 1.16.2 we decompose H into the direct orthogonal sum

H=X,+H

where any element of H; is orthogonal to xg. The subspace H; is a Hilbert
space itself, so we can apply Theorem 3.28.1 and find max(Az, z)g = 1/
on the unit sphere Sy of Hy and a vector x; € Sy at which (Az, z)y attains
this maximum. As in the proof of Theorem 3.28.1, this element satisfies

1
(Az1, b))l — I(l‘l, hi)u =0 (3.28.1)

where h; is an arbitrary element of H;. But this equality holds when
we change h; to xg. Indeed, both terms on the left-hand side are zero:
(z1,20)m = 0 as 1 € H;y and so is orthogonal to zg, and (Ax1,20)g =
(z1,Azo)g = (1/po)(x1,20)m = 0. Thus (3.28.1) holds for any h; € H and
we see that

/Llel =X1.

Hence 1 is an eigenvalue of A and x; is a corresponding eigenvector. By
construction, the maximum of the form (Az, z) g is taken on the unit sphere
S1. Meanwhile, Sy is a part of S, which is the unit sphere of H. Thus, in
terms of eigenvalues, we have p1 > pyo.

Let us describe a step-by-step procedure for finding the eigenpairs. Sup-
pose we have found the first k£ eigenvectors, which are mutually orthogonal,
and the corresponding eigenvalues pg < p3 < -+ < pg—1. We introduce the
subspace X} spanned by the eigenvectors xo,...,zr—1 and its orthogonal
complement Hy in H. On the unit sphere Si of the subspace Hy, we seek
the maximum of (Az,z)y. This is the same as to find the supremum of

F(z) = (Aﬁ’ ﬁ) H

inx € Hg, x # 0. This maximum is attained at a vector x; € Sk. Denoting
this maximum of maxg, (Az,x)g by 1/pk, we get

1
(Azg, hi)m — E(xk, hi)g =0, (3.28.2)

which holds for any hy € Hg. It still holds when we change hy to any
T, 7 < k, since both terms on the left-hand side equal zero as above. So
(3.28.2) holds for any hy € H, and thus

/LkA:Ek = Xk.
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We have constructed the next eigenpair pg, xx of A. This procedure gives
us an orthonormal system x1, x3, x3,.... The process cannot be disrupted.
A disruption could occur only if maxg, (Az,z)y = 0; however, this could
happen only if Hy, = {0}, i.e., if H were finite-dimensional, a possibility we
have excluded.

Let us show that x1,22,x3, ... is a basis of H. The above procedure re-
sults in an infinite orthonormal system x1,z2,x3,.... By Theorem 3.26.4,
to an eigenvalue there corresponds no more than a finite number of eigen-
vectors from z1, 29,3, ..., and so the number of eigenvalues 1, po, ps, . . .
is infinite as well. By the same theorem the set p1, uo, i3, ... has no finite
accumulation point, so

pr — oo as k — oo. (3.28.3)

To demonstrate that x1, 22,23, ... is an orthonormal basis of H, we must
show that for any = € H the Fourier representation

o0

T = Z(x, k) HTk

k=0
holds. Take any = € H. On page 248 we saw that the sequence

n

Sp = Z(x,xk)ka
k=0
converges strongly. Our task is to demonstrate that the limit is z. Consider
Zp = & — Sp. Its limit exists and is z. It suffices to show that z = 0. So
suppose to the contrary that z # 0. Next, z, is an element of H,11
as (zn,zr)m = (z,2p)g — (z,2.)g = 0 for r < n. By the maximum
construction of the eigenvalues we have

(Azn, 2n)H < 1

lzallz  ~ Mot

— 0 asn — oo.

Because {z,} converges strongly to z # 0, we get

(Az,2)g

2

215
This implies (Az, z)y = 0 and so, by strict positiveness of A, z = 0. This
contradiction completes the proof. O

We recall that Theorem 3.28.2 can be applied to the problem of oscilla-
tions of all the elastic objects we have considered.
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Further notes on applications of spectral properties

Certain spectral properties of a self-adjoint, compact, strictly positive linear
operator A in a Hilbert space are presented in Theorems 3.27.5 and 3.28.2.
Here we mention additional facts and a few literature references.

(1) For any « € H there is a representation
o~ (@ 21)
Ay — Z ’7”%'
k=0 %

The series is strongly convergent and defines a sequence of finite-
dimensional operators A, given by

—~ (2, 21)
Az = Z Akl 22 S
k=0 Mk
This sequence {4, } converges in the operator norm to A [Lebedev and

Vorovich (2002)].

(2) Courant’s minimaz method. R. Courant proposed a method for finding
eigenvalues of A without having to find the previous eigenvalues. Courant’s
formula is

1 .
Hn+1 - glf ﬂcselg;(A% T

where (Q,, is an arbitrary n-dimensional subspace of H and S,, is the unit
sphere in the orthogonal complement of (),, with respect to H. The infi-
mum is taken over all subspaces @,. The proof can be found in [Lebedev
and Vorovich (2002)]. A consequence of Courant’s principle is that the
eigenfrequencies of all the types of elastic bodies we have considered can
only increase if we impose additional geometric constraints such as equality
to zero on some set or additional elastic supports [Lebedev and Vorovich
(2002)].

(3) In [Lebedev and Cloud (2003)] there is a discussion of the separation
of variables method for dynamical problems involving elastic bodies. It is
based on the spectral properties of A discussed above.

3.29 Other Standard Models of Elasticity

An important part of the theory of elasticity is devoted to approximate
theories of objects whose shapes are closely related to those of planes and



278 Introduction to Mathematical Elasticity

surfaces. Such objects are called plates and shells. The theory of these ob-
jects reduces to the theory of deformation of surfaces having special elastic
properties. As the initial theory is three-dimensional, such approximations
cannot be precise (except in special cases) and are not unique. But linear
shell theories provide engineers with good descriptions of real elastic ob-
jects. They can be studied using more or less the approach taken in this
book. To characterize their energy spaces is more challenging, however. A
nice introduction to the mathematical theory of plates, with an extensive
discussion of the finite element method, is contained in [Destuynder and
Salaun (1996)]. The presentation in [Ciarlet (1998), (2000), (2005)] is more
serious. Finally, there are numerous open problems in the various nonlinear
theories of elasticity and elastic shells. One of the few classes of nonlinear
problems that have been studied is treated in [Vorovich (1999)].

We will merely sketch some facts in the theory of plates. A plate is a
structure that looks like a tabletop. In the theory of plate bending based
on the Kirchhoff hypotheses, which are similar to those of beam theory,
the deformation of the plate is described in terms of the displacement of
its midplane. The midplane occupies domain S with Cartesian coordinates
x1,x3. The plate has a relatively small thickness 2h and occupies the
volume S x [—h, h]. Kirchhoff’s assumptions specify that after deformation
the normal to the midplane remains straight and normal to its deformed
state; moreover, €13 and o3 are small and taken to be zero. A further
assumption that o3 = 0 permits one to exclude £33 from all the relations of
three-dimensional linear elasticity. Kirchhoff’s plate theory is not unique
in applications.

Kirchhoff’s assumptions facilitate a theory of bending described by just
one function: the deflection w of the midplane. The stress characteristics
of the plate there are given in terms of couples

h
Mij = / {E30'ij d(E3 (l,] = ].72)
—h

whereas strains are defined by

o 0%w
Pig = dx;0xj’
These are related to M;; by an analogue of Hooke’s law:
M;j = Dijripri

(summation convention in force). The rigidity tensor {D;jr;} must define
a positive strain energy due to deformation, and we assume it satisfies the
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inequality
Dijklpijpkl Z CoPmnPmn

with a constant c¢o > 0 that does not depend on the choice of p;;.
The strain energy of the plate is given by

1
_/Dijklpklpij dzq dxs.
2 /s

The VWP equation takes the form

/ Dijripri 6pij dx1 dxo — / Fowdxy daxoy — fowds =0,
s s as

where dw is a virtual displacement, F' is the distributed force over S, and
f is given on the boundary 95 of S.

For an isotropic plate, a variational procedure applied to the VWP
equation produces the biharmonic equation

DV*w+ F =0, (x1,22) €S

and two natural boundary conditions.

For a clamped boundary, we obtain an analogue to Dirichlet’s problem
with the conditions
ow
B
So here we can get two boundary value problems: equilibrium of the plate
with clamped edge, and equilibrium of a free plate.

An energy inner product for these problems has the form

=0.

w|BS = 07 -
as

1
(w1, w2)p = 5/ Dijkzpkz(wﬂmj (we) dxy dxs.
S

One may then introduce the energy space and show that the energy norm
is equivalent to the norm on W22(S). Hence it is possible to use Sobolev’s
imbedding result to see that the energy space in imbedded into C(S). Fi-
nally, one may formulate a generalized setup for the problem and establish
conditions on the external forces that guarantee existence and uniqueness
of the generalized solution.

Additional investigation is needed regarding the self-balance conditions
for the equilibrium of a free plate.

Similarly, one can consider equilibrium problems in the linear theory of
shells (see, e.g., [Ciarlet, 1998 & 2000]).
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Appendix A

Hints for Selected Exercises

1.3.1. 0 = d(A, A) < d(A, B) + d(B, A) = d(A, B) + d(A, B) = 2d(A, B).

1.3.2. For p > 1 the function d,(A, B) satisfies the triangle inequality,
which takes the specific form

(|br—a1[P+[b2—az )P < (ler—ar|P+|ea—asl?) P+ ([br—c1 [P+ [ba—ca[P) /7.

This is a special case of Minkowski’s inequality (1.3.3), which also holds
for this range of p. Minkowski’s inequality follows from Holder’s inequality
(1.12.6). This latter result, one of the central inequalities of analysis, is a
consequence of the elementary inequality

L 1 1
abga——k— <——|——:1>
p q

which, in turn, can be proved by establishing that

tl/P§E+1_1 (*)
p p

holds for all £ > 0 — again, where p > 1 — and then putting ¢t = aPb™9.
Equality holds in (*) if and only if ¢t = 1.

Use differentiation to show that the inequality sign in (*) reverses for
0 < p < 1. This ultimately leads to a sign reversal in Minkowski’s inequality
for this same range of p, and shows that the triangle inequality fails to hold
for d,,(A, B) whenever 0 < p < 1.

1.4.1. Consider the set of coefficients of a trigonometric polynomial as
the components of an abstract vector (a1, ..., an,bo,b1,...,b,). Any of the
metrics we have introduced for ordinary vectors would be appropriate.

1.5.1. 0= [lz — 2| < [lz]| + [|=2] = 2|z

281
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1.5.2. The two inequalities

zll = [[(z —y) +yll < ll= —yll + [yl
Iyl = Iy — =) + z|| < [lz—yll + ||z,

show that both ||z|| — ||y|| and ||y|| — ||z|| are less than or equal to ||z — y||.

1.5.3. We cannot impose this “norm” on the set of all functions continuous
on [0, 1]. Indeed, it does not always take a finite value — consider f(z) =1
for example. We could introduce a normed space by restricting ourselves
to “the set of continuous functions for which the above norm is finite,”
however.

1.5.4. Partition [a,b] uniformly with segment width A. The expressions
can be approximated by Riemann sums

1/2
> flar)g(ar)A  and (Zf?(:nkm) :
k k

where z, = a + kA. Regarding the set (f(a), f(a + A), f(a 4+ 2A),...) as
the components of a fictitious vector, we see that the expressions (up to a
factor) are the dot product and the Euclidean norm. So it remains only to
produce the limit passage for the partition.

1.5.5.
(f_(f7€)e 6) (fre)_((fae)eve)
= (f7€) - (fve)(eve)
= (f?e) - (f,@)
=0.
1.5.7.

lz+yl* +lz -y’ =@ +yz2+y) + (@ —y,z—y)

=@ z+y)+W.z+y +(z,z-y) —(y,z—y)
(@, %) + (z,y) + (y,2) + (v, y)
+ (2, 2) — (2, 9) — (v, 2) + (v,9)

(z,2) +2(y,9)
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1.8.1. (a)
i) P fR)
a2 de e
(b)
d?f(t) d’er(t)  _df¥(t) dep(t) —d*f*(t)
gz = O g gk,

1.9.1. The vector equation

er Y mi&i+exy mimi+esy miG =0
i=1 i=1 i=1

implies the three scalar equations

n n n
D mi€i=0, ) map=0, > mi=0,
i=1 i=1 i=1
by linear independence.

1.9.2. Equation (1.9.18) yields

d n
d_ Z(I‘Z‘ X mivi) = 07
¢ i=1
hence

as required.
1.10.1. 5.

1.11.1. We verify the norm axioms.

(1) Obviously | fllcy = 0, and from the equality [|f[/c ) = 0 it follows
that f=0on V.

(2) We have
Haf”c(v) = I)?ea&daf(xﬂ = |of Ifea§|f(x)| = |a] ||ch(v) ‘
(3) We have

F6x) + 9G9I < 1F(0)| + 9GOl < mae |£(0) + max g (o)l

SO

max | f(x) + g(x)| < max|f(x)| + max|g(x)].
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1.11.2. Similar to Exercise 1.11.1.

1.11.3. From the definition of ||A|| it follows that
HAa:II

1Al =
The chain of equalities and inequalities

A(—)H — sup Az
|| A )
A A
< sup Aol < sup 1AZD o g 14Ty,
o]l <1 o<lzli<t 1zl o<yjzy Il

demonstrates that any of several expressions can be used to represent || A||.

1.12.1. The first two norm axioms hold trivially. That the triangle in-
equality holds for (1.12.3) can be seen as follows. For each i =1,...,n we
have

] < | | < ; i|.
lz: +yil <lzil + |yl < Jmax || + Jmax |yl
Therefore,

jmax |z + yi] < max |m1| + max -

Use Minkowski’s inequality to verify the triangle inequaiity for (1.12.5).
1.12.2. By the triangle inequality we have

i=11j=1 j=1

Use of Holder’s inequality in the form given on page 42 then gives us

| x], < (Z i(le) <¥ |xj|p>y/p>1/r

(IS Y

So

= (22 |aij|q)r/q)1/r

i=1 \j=1
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where ¢ = p/(p —1).
1.13.1. d(zpm, zn) < d(zm,x) + d(xp, x).

1.13.2. Let ¢ € [-1,1]. If f is continuous and f(c) # 0, then |f(x)| is
nonnegative and |f(c)| > 0. So |f(z)| is positive in some neighborhood of
point ¢ and we have fil |f(x)|dz > 0. This shows that ||f||; = 0 implies
f = 0. The remaining axioms follow from the properties of the definite
integral.

1.13.3. Take f,(z) equal to zero everywhere except on [—1/n, 1/n], where
it should equal 1 — n|z|. Then the norm in C(—1,1) is 1 for each n, and
the L' norm tends to 0.

1.15.1. Take a representative { f,, } from F and consider the sequence {K,,}
given by

This is a numerical Cauchy sequence:

| Ko — Kn| = | Hfm”p - ||anp}

<|fm = full, =0 asm,n — oc.

Hence by completeness of R there exists a number

n—oo

1/p
K= lim K, = lim </ | frn(x)|P dQ) .
n—oo Q

K is independent of the choice of representative sequence. If { fn} is another
representative of F, i.e., if

an - fn”p — 0 asn— oo,
then we can set

K = lim K, = lim | f.],

n—oo n—oo

but subsequently find that

K - K|

| i || full, = Tima | Fall,
nll_{lgo } ||anp - ||fn||P|

< nILH;o | fr — anp =0.
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This shows that & = K. The uniquely determined number

K? = lim |fn( )P dQ

n—oo

is the right-hand side of (1.15.9).

1.15.2. The statement LP(Q) C L"(Q) is trivial when r = p, so assume
1 <r < p. Then p/r > 1, and we can take ¢ such that
1 1 1 r
S ——=4-=1
p/r q p

Holder’s inequality gives

/ﬂl | |F(X)|Td9‘ = (/ 1"d9>1/q ( / |F<x>|pd9)” ’
w5 ([ coran)” st f 1

1
=

_1
P'

This yields the desired inequality with C, , = (mes )

1.16.1. The “if” part is obvious. We address the “only if” part. For
sufficiently large = the term az? dominates bz, showing that we must have
a > 0. If a = 0, then bz will take both positive and negative values unless
b = 0. For the case a > 0, we write

b\* b
— 42 — -
f(z) =ax +bx—a<x+2a> 1

The minimum is taken at * = —b/2a and is —b?/4a. This implies that b
must be zero.

1.16.2. We first show that M~ is a subspace. Take any two elements
T,y € ML and any scalars a; and «s. For all m € M we have

(0113) + a2y, m) = Oél(ﬂf, m) + ozg(y,m) =0,

S0 a1z4agy € M+ as required. We proceed to show that M= is closed. Let
{x,} be any convergent sequence in M=, with z,, — x. Take an arbitrary
v € M. Then (x,,v) = 0 for each n. By continuity of the inner product we
have

(z,v) = lim (z,,v) =0,

n—oo

hence z € M+.
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1.22.1. We have

S~ 20 00 00
k@xk Ox yay

= z(2z + 2y) + y(2z + 6y)
= 2(2? 4 2zy + 3y?)
= 2g.

2.9.1. The symmetry of the functional in w and dw is evident, as is its
linearity in each of variables. Next,

!
(w,w)5:/ Tow? dx >0
0

and in the case when
l
(w,w)g = / Tow? dzx =0
0

we get wy = 0. So w = ¢ = constant and, by (2.9.2), w = 0.

2.10.1. As it is complete we cannot find any “new” element. Here the
set that is dense and each element of which contains a stationary sequence
constitutes the whole space. So the completion gives us nothing new ex-
cept another viewpoint on the same initial space. This new space is quite
inconvenient to use, but it is in one-to-one correspondence with the initial
space. The correspondence preserves the norm and algebraic operations, so
so it does not matter which space we work with.

2.16.2. A translation of the coordinate origin does not change the form of
the inequality.

2.16.4. Use Theorem 2.16.2.

2.16.5. We apply integration by parts to the first term in (2.16.25). The
formulas are

/ghgcdxdy:—/gwhdxdy—i—?{ghnwds,
Q Q r

/ghydxdy:—/gyhdxdy—i—?{ghnyds,
Q Q r
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where s parameterizes I', and n, and n, are the direction cosines of the
outward normal to Q. Equation (2.16.25) becomes

—/ (@ (Ugz + Uyy) —|—f]vdscdy+j{ [a (ugng + uyny) — lvds = 0.
Q r

Now the usual methods of the calculus of variations yield the Euler equation
@ (Uze + Uyy) +f =0
and the natural boundary condition

a (Ugng + uyny) — @ = 0.

3.2.1. Because there is no lumped force at the point z, equation (3.2.11)
shows that N is continuous there. So we get ESu”|;—o = ESu”|g40. If
ES has a jump at x, then so must u” in order to preserve continuity of
N = ESu”. Continuity of N is also preserved in the special case when
u”(x) = 0; in this case there is no jump.

3.2.2. Setting the first variation of £(u) equal to zero, we get

du d(du) ! -
/ Ede i d /0 t(z) ou(x) dx — kZ:OFk ou(zy) = 0.

Integrating by parts, we obtain

_ Z/ [ ( du) +t(;v)] dudx
— du r=x_1—0
- kZ:OES%M

First we should select a subset of du that differ from zero only on (zx_1, xk).
This yields the Euler equation

d‘i <ES ) Hz) = 0

on each of the intervals (zg_1, 1), k =1,...,n — 1. Next, considering the
integral equation on the segment [0, ] we see that for any du, the integral
term is zero because of the above equalities. Considering successively the
non-integrated terms we get the following. Taking du nonzero at node
zo = 0 and zero at other nodes xy,

ES@ = —Fp.
dx|,_,

- Z Fy, 5u(a:k) =0.

r=zf_1+0 k=0
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Then taking du nonzero only at node z,, = [ we get
du
dx
These are natural boundary conditions at the extremes. Taking du such
that it is nonzero only at node xj, we get jump conditions at xy:

du du
== _ ESZZ
dx s dx

ES = F,.

=l

ES = —Fy.

wkfo

x40
We should call these natural conditions as well, since the equilibrium equa-
tion is not valid at the points x;. These points now constitute the boundary
for the domain where it is valid. Finally, the self-balance condition

/lt(x)dx-l-i:Fk =0
0

k=0

is obtained when we substitute to the equation for first variation du = 1.

3.2.3. For the attached spring, we have v = u(c). Add $Ku?(c) to the
energy expression of Exercise 3.2.2. When deriving the Euler equation,
include the node ¢ in the partition and obtain n + 1 nodes between which
the equilibrium equation of Exercise 3.2.2 holds. The conditions at the

points z (k =0,...,n) remain the same. At point ¢ we get the condition
d d
BSSY —ESSY = Kul(e),
dx c+0 dx c—0

which can be formally obtained from the equation at node xj by putting
F, = —Ku(c). The self-balance condition disappears, as the spring plays a
role similar to that of a geometric constraint.
3.7.1. Given an initial basis (e1,es,e3), we can construct the reciprocal
basis (e!,e?, e®). We construct e! by writing

e! = aley x e3)
and then determining the constant o so that e; - e! = 1:

a[e1 . (82 X eg)] =1.

Denoting the scalar quantity e - (ex x e3) by V (this is the volume of the
parallelepiped spanned by the initial basis), we get « = 1/V and

el = —(ey x e3).

v

The vectors e? and e® are constructed similarly.
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3.7.2. The proof follows from the definition of a dual basis and the equal-
ities that define the dual basis: e - e,, = JF,.

3.7.3. In order to show that the vectors e’ = gijej constitute the dual
basis, we dot-multiply the equality by ey. Since the matrices (g%/) and
(gjr) are mutually inverse, we obtain

eZ e = g”ej e = gljgjk = 51]@

By definition, e!,e?, e® constitute the dual basis.

3.7.4. Take the identity of Exercise 3.7.3 and dot multiply with e*:

et .ek _ g”ej _ek _ gmdf _ ng-

3.12.3. The formulation of this exercise is typical for books on mechanics;
all conditions needed to make the statement precise were omitted. Let us
state them explicitly here. (1) The tensor o must be continuously differen-
tiable; moreover, the coordinates in space should be such that all its com-
ponents are continuously differentiable. (2) The external force F must be
a continuous vector function. (3) The boundary should have some smooth-
ness, and the boundary force condition holds only at points of smoothness
of the boundary and continuity of f. To prove the statement, we start with
(3.12.5) and change o -- e to o -- (Vdu):

/F-5udV+/f-6udS—/ o (Vou)dV = 0.
14 S 1%

Using the third formula of Exercise 3.9.3 and the symmetry of the tensor
o, we integrate by parts in the last integral:

/F-éudV+/f-6udS+/V-a-éudV—/n-a-éudSzO.
1% s 1% s
Hence

/ (V~o-+F)-5udV+/ (—n-o +f)-6udS =0.
% s
Next we write down this formula only for virtual displacements du that

vanish on the boundary
/ (V- +F) dudV =0.
\%

By the main lemma of the calculus of variations we find, because of the
arbitrariness of du, that V-o +F = 0 in V. Finally, we derive the natural
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boundary condition. So, returning to the last equation but for all virtual
displacements du and taking into account that the equilibrium equation
holds, we get

/(—n-a+f)-(5udS=O.
s

Applying the main lemma to the surface integral, we obtain

—n-a|s—|—f:0.

3.18.1. User xb xr =0.
3.25.1. Verify the conditions of Arzela’s theorem.

3.27.1. Suppose limg_, r = T*. By definition of weak convergence, for
any h € H we have

leI&(xk,h)H = (", h)m.
On the other hand, from continuity of the inner product we obtain
klin;o(xk,h)H = (Z*,h)m.
Thus (z*,h)g = (&*,h)g. Since h is arbitrary, we have Z* = z*.
3.27.2. By definition of weak convergence we have
(2% 2% = B (zx, %) < sup g [|27]] -
Canceling ||z*||;; we get the result.
3.27.3.
lim (Bzxy, h)g = klir{)lo(xk, B*h)g = (¢*, B*h)g = (Bz*, h)g.

k—o0

3.27.4. By the previous exercise, { Bz} converges weakly to Bx*. The
sequence {z} is bounded and so {Bzy} contains a Cauchy subsequence
{1, } which, by Exercise 3.27.1, converges to Bz*. The assumption that
there is a subsequence {z,} for which {Bzy,} has no strong limit Bz*
leads to a contradiction.

3.27.5. As B is compact and z; — z*, by Exercise 3.27.4 we have

lim Bz, = Bx*.
k—oco
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Write
(Bxy,xi)g — (Bx*,2*)g = (Bry — Ba™,xp) g + (Bx™, 2 — ).
The right-hand side tends to zero as k — oo. Indeed, ||zx||; < ¢ and so
|((Bxy, — Ba™, x)u| < [|Bay — Bx™ || g okl g — 0.

Moreover, (Bz*, ) — z*)g — 0 because x — z*.
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active force, 68 Cauchy problem, 34
almost everywhere, 56, 137 Cauchy sequence, 45
angular frequency, 249 weak, 267
angular momentum, 28 Cauchy stress tensor, 196
conservation of, 29 Cauchy’s lemma, 184
anisotropic material, 219 Cauchy—Green strain tensor, 212
Arzeld’s theorem, 257 Cauchy—Schwarz inequality, 14
center of mass, 22
ball, 6 Christoffel symbols, 204
closed, 6 classical mechanics, 2, 4
open, 6 classical setup, 105
Banach space, 47 closed ball, 6
Banach. S.. 20. 47 compact operator, 260
bar, 15é T compact set, 35, 256

compatibility condition, 164
complete metric space, 47
complete system, 239
completeness, 239
completion, 50, 118
completion theorem, 50
inner product space, 54
normed space, 53
cone property, 140

equilibrium equation, 163
total energy functional, 166
virtual work principle, 166
basis, 10
beam, 168
bending of, 168
energy norm, 176
energy space, 176

equilibrium equation, 171 configuration space, 33
existence-uniqueness theorem, 178 conservation of energy, 87
generalized solution, 177 conservative system, 87
total energy functional, 174 constitutive relation, 200, 218
Bessel’s inequality, 248 continuity, 37
Betti’s duality theorem, 226 sequential, 38
Bubnov—Galerkin method, 240 continuum mechanics
bulk modulus, 225 central principles, 90
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contraction operator, 153
contraction principle, 153
contravariant components, 192
convergence, 37, 45

strong, 267

weak, 267
coordinate origin, 7
corner point, 151
Cosserat mechanics, 183
countability, 243
couple, 18

principal, 22
Courant’s method, 277
covariant components, 192
covariant derivative, 204
curvilinear coordinates, 202

d’Alembert’s principle, 25, 27, 30
decomposition theorem, 62
deformable body, 89
deformation method, 164
degree of freedom, 33
denseness, 49

diagonal process, 272
dimension, 10
dimensionless form, 17
direct sum, 60

Dirichlet conditions, 75
displacement vector, 209
distributions, 17
double-dot product, 195
dual basis, 192

dyad, 189

eigenfrequency, 253
eigensolution, 253
eigenvalue, 253
eigenvector, 251
elastic body
energy norm, 228
energy space, 228, 234
equilibrium equation, 221
existence-uniqueness theorem, 232,
235
generalized solution, 228, 234
virtual work principle, 216

elastic force, 91
elasticity, 2
energy, 63

conservation of, 87

kinetic, 64

potential, 87

strain, 92, 129, 225

total, 92
equicontinuity, 257
equilibrium

conditions for, 22
equivalence class, 55

stationary, 49
equivalent norms, 43
Euler equation, 77
Fuler-Lagrange equation, 79
Eulerian description, 207
external forces, 27

factor space, 123
finite e-net, 256
first problem of elasticity, 222
first variation, 76
fixed point, 153
force(s), 4, 16
active, 68
elastic, 91
external, 27
in equilibrium, 22
inertia, 25
internal, 27
line of action of, 18
moment of, 18
resultant of, 16
self-balanced, 103
tension, 96
forced vibrations, 250
Fourier coefficient, 247
Fourier series, 10
Fredholm alternative, 262
Fredholm integral equation, 59
free vector, 19
Friedrichs inequality, 134
function(s)
generalized, 17
sufficiently smooth, 90



unit step, 46
functional, 36

Gateaux derivative, 75
generalized derivative, 120, 137
generalized functions, 17
generalized orthogonality, 254
generalized solution, 107, 120
gradient operator, 205

Gram determinant, 237
Gram—Schmidt formulas, 246
Green’s formula, 206

Holder’s inequality

for integrals, 58

for sums, 42
Hamilton’s principle, 84
Hausdorff criterion, 256
Hilbert space, 47
holonomic constraints, 86
holonomic system, 69
homogeneity of space, 5, 11
Hooke’s law, 65, 81, 92, 96, 99, 161,

218

imbedding, 135
imbedding operator, 117
imbedding theorem, 116, 117, 140,
141
incomplete metric space, 47
inequality
Cauchy—Schwarz, 14
Friedrichs, 134
Holder, 42, 58
Korn, 229
Minkowski, 7
modulus, 56
Poincaré, 139
Schwarz, 118, 134
triangle, 5, 11
inertial force, 25
inertial frame, 5
initial value problem, 34
inner product, 13
inner product space, 11, 13
completion of, 54
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internal forces, 27, 89
isometric correspondence, 7
isometry, 49

isothermal problem, 218
isotropic material, 219
isotropic space, 5

isotropy, 219

kernel, 59, 113

kinetic energy, 64

kinetic potential, 74

Kirchhoff uniqueness theorem, 226
Korn’s inequality, 229

Kronecker delta, 220

Lagrange’s equations, 71, 73

Lagrangian, 74

Lagrangian description, 207

Lax-Milgram theorem, 128

Lebesgue integral, 55, 56

Lebesgue norm, 55

limit, 45

limit passage, 187

line of action, 18

linear independence, 10, 237

linear momentum, 28
conservation of, 29

linearity, 38

main lemma, 76
mass, 3
center of, 22
mass point, 3
equation of motion, 64
total energy principle, 64
virtual work principle, 67
material point, 3
equation of motion, 64
total energy principle, 64
virtual work principle, 67
mechanics
classical, 2, 4
theoretical, 89
membrane, 128
energy norm, 133
energy space, 133
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equilibrium equation, 132 finite dimensional, 277
existence-uniqueness theorem, 135 gradient, 205
total energy functional, 130 linear, 38
virtual work principle, 143 matrix, 36
method of elastic solutions, 152 norm of, 39
metric, 5 range of, 36
axioms of, 5 self-adjoint, 252
taxicab, 6 strictly positive, 253
metric coefficients, 193 orthogonal complement, 62
metric space(s), 4, 6 orthogonal decomposition, 61
complete, 47 orthogonality, 13, 60
completion of, 50 orthonormal system, 245
incomplete, 47 oscillation mode, 253
isometric, 49
metric tensor, 195 parallelogram equality, 15
minimizing vector, 61 Parseval’s equality, 248
minimum energy principle, 81 particle, 3
Minkowski’s inequality, 7, 281 equation of motion, 64
mixed basis, 194 total energy principle, 64
mixed components, 192 virtual work principle, 67
modulus inequality, 56 plasticity, 218
moment, 18 plate, 278
momentum Plateau’s problem, 129
angular, 28 Poincaré’s inequality, 139
linear, 28 Poisson’s ratio, 219
multi-index notation, 138 position vector, 7
positiveness, 225
natural boundary condition, 77 potential energy, 87
natural norm, 14 power of continuum, 244
Navier—Cauchy equations, 221 precompact set, 256
neighborhood, 6 pressure, 182
Neumann condition, 103 principal axes, 198
norm(s), 11 principal couple, 22
axioms of, 11 principal direction, 212
equivalent, 43 principal strains, 212
Lebesgue, 55 principal stresses, 198
natural, 14 principle
normed space, 11 d’Alembert, 25, 27, 30
completion of, 53 Hamilton’s variational, 84
minimum total energy, 81, 93, 122
open ball, 6 solidification, 90
operator(s), 36 virtual work, 67
compact, 260 pure shear deformation, 211
continuous, 37
contraction, 153 radius vector, 23

domain of, 36 rational numbers, 244
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reference frame, 4 statically indeterminate, 161
representative Cauchy sequence, 49 stationary equivalence class, 49
resonance, 249 stationary value, 84
resultant, 16 strain, 91, 161
Riesz representation theorem, 113 strain energy, 225
rigid body, 3, 31 strain tensor, 208
rigid motion, 210 of small deformation, 209
Ritz approximation, 236 Cauchy—Green, 212
Ritz method, 238 stress, 159
Ritz, W., 236 strictly positive operator, 253
string, 95, 100, 122
Saint Venant’s equations, 223 energy space, 116, 124
Schwarz inequality, 118, 134 existence-uniqueness theorem, 122,
second problem of elasticity, 222 125
self-adjoint operator, 252 generalized solution, 120, 125
separability, 244 virtual work principle, 109
sequence(s) strong convergence, 267
Cauchy, 45 sufficiently smooth function, 90
convergent, 37, 45 summation convention, 24
equivalent Cauchy, 48
limit of, 45 taxicab metric, 6
representative Cauchy, 49 tension, 96
sequential continuity, 38 tensor(s), 189
set(s) Cauchy stress, 196
compact, 35, 256 coaxial, 220
dense, 49 first invariant, 221
precompact, 256 metric, 195
shear modulus, 220, 225 of elastic moduli, 195
shell, 278 strain, 208
sliding vector, 18 zero, 194
Sobolev space, 138 theorem
Sobolev, S.L., 136 Arzela, 257
solidification principle, 90 Banach’s contraction, 153
space Betti, 226
Banach, 47 completion, 50
Hilbert, 47 decomposition, 62
metric, 4 imbedding, 117
normed, 11 Riesz representation, 113
Sobolev, 138 uniqueness, 226
vector, 8 Weierstrass, 46
spectrum, 252 theoretical mechanics, 89
spring, 91 theory of distributions, 107
total energy, 92 theory of elasticity, 2
virtual work principle, 93 trajectory, 33
star-shaped domain, 139 triangle inequality, 5, 11

statically determinate, 160 trigonometric polynomial, 9
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uniqueness theorem, 226
unit step function, 46

variation, 93
variational methods, 235
variational principle, 84
vector space, 8
axioms of, 9
basis of, 10
dimension of, 10
infinite dimensional, 10
norm on, 11
vector(s)
displacement, 209
free, 19
minimizing, 61
position, 7
radius, 23
sliding, 18
zero, 9
vibration, 249
virtual displacement, 68
virtual work, 67
virtual work principle, 67, 214, 224

weak Cauchy sequence, 267
weak convergence, 267
criterion for, 270
weak solution, 179
Weierstrass theorem, 46
Winkler’s foundation, 145
work, 63
of internal forces, 107, 217
virtual, 67

Young’s modulus, 81, 162

zero vector, 9
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