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Abstract

An observer-independent formulation of rigid body dynamics is provided in the
general setting of a Galilean spacetime. The equations governing the motion of a rigid
body undergoing a rigid motion in a Galilean spacetime are derived on the basis of
the principle of conservation of spatial momentum. The formulation of rigid body
dynamics is then studied in the presence of an observer. It is seen that an observer
defines a connection such that there exist rigid motions that are horizontal with respect
to this connection that give the same physical motion of the rigid body, and for which
the general equations of motion are exactly the usual Euler equations for a rigid body
undergoing rigid motion.
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1. Introduction

The main aim of this paper is to understand the dynamics of a rigid body in the
general framework of a Galilean spacetime. We study how the physical motion of a rigid
body is related to “rigid motions”— the set of mappings belonging to the group of Galilean
transformations from a Galilean spacetime to itself, called the Galilean group. We present
a new formulation of rigid body dynamics that is independent of an observer. Note that the
momentum associated with a particle undergoing motion in a Galilean spacetime is thought
of as observer-dependent quantity in the literature (see, for example, [Artz 1981]). In this
paper we take the view that momentum is an intrinsic property of a rigid body in motion,
and that it is possible to define it without using any external structure. An observer merely
affects the way the momentum is measured.

The problem of deriving equations of motion for a rigid body in a Newtonian setting
has a rich history. Galileo (1564-1642) carried out the first systematic study of rigid bodies
in motion. Newton (1643-1727) built on the foundations laid by Galileo, and came up with
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equations of motion for a particle in an inertial frame. Later on, Euler (1703-1783) derived
the equations of motion for a rigid body fixed at a point in R3. A modern treatment of this
subject, from a general point of view of mechanics on Lie groups, can be found in [Abraham
and Marsden 1978, Arnol’d 1989] The role of the Galilean structure of the Newtonian
spacetime has been understood in the case of the dynamics of a particle [Arnol’d 1989, Artz
1981]. A Galilean covariant formulation of the classical mechanics of a single particle has
been studied in [Horzela, Kapuscik, and Kempczyniski 1994], and, of course, the dynamics
of a rigid body in a fixed Galilean frame has been investigated quite throughly [Arnol’d
1989, Murray, Li, and Sastry 1994]. However, to our knowledge, the role played by the
Galilean structure has not been explained for rigid body mechanics. Unlike a particle or a
rigid body fixed at a point in R3, in the general setting of a Galilean spacetime, there does
not exist an exact correspondence between rigid motions and physical motions of a rigid
body. We address this issue in detail and derive the “Galilean—Euler equations” for a rigid
body.

We also show that an observer in a Galilean spacetime, apart from providing a refer-
ence frame for observing Newton’s laws, also provides an isomorphism from the “abstract”
Galilean group to the “standard” or “canonical” Galilean group which consists of rotations,
spatial translations, uniform velocity boosts, and time translations. Furthermore, an ob-
server defines a connection such that, for any given rigid motion, there exists a rigid motion
that is horizontal with respect to this connection that gives the same physical motion of the
body as the given rigid motion, and for which the generalized equations of motion reduce
to the usual Euler equations for a rigid body.

It should be noted that notions of Galilean spacetimes more general than ours have also
been studied in the literature, For example, the full machinery of affine differential geometry
has been used by Rodrigues, Jr., de Souza, and Bozhkov [1995] (see also [Chamorro and
JavierChinea 1979]) while a notion of “inertial relations” has been used in [Castrigiano 1984,
Castrigiano and Siissmann 1984a,b] to characterize more general Galilean spacetimes.

It is also worth noting that Souriau’s approach [Souriau 1997] is different from ours. In
particular, he considers a symplectic formulation and his definition of momenta are based
on the “Lagrange two-form.” Souriau also works with the canonical Galilean group, so
obscuring the role of the observer.

This paper is organized as follows. In Section 2, we present the mathematical pre-
liminaries relevant to our investigation. Several important concepts like affine spaces and
subspaces, observers, Galilean spacetimes, and the Galilean group are introduced and their
various properties are described. The notion of a rigid body, along with its attendant fea-
tures, is introduced in Section 3. In particular, the inertia tensor of a rigid body is defined
and its properties are thoroughly explained. In Section 4, the structure of the canonical,
as well as the abstract, Galilean group is investigated in detail. It is shown that an ob-
server induces an isomorphism between the Galilean group and the canonical group. Next,
“canonical velocities” are defined. These are curves in the Lie algebra of the Galilean group.
With this background, we first look at rigid motions in Section 5. Various quantities asso-
ciated with a rigid motion, such as the body and spatial linear and angular velocities, are
defined. Throughout this section, the treatment is observer-independent. The discussion
then focuses on angular and spatial momenta, and finally the generalized equations of mo-
tion (called the Galilean—Euler equations) for a rigid body are derived. In Section 6, the
formulation presented in Section 5 is studied in the presence of an observer. It is shown that,
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in such a case, we recover the familiar quantities associated with the classical treatment of
rigid body mechanics. The Galilean-Euler equations are also studied in the presence of an
observer, and the connection induced by the observer (called the Galilean connection) is
defined. It is shown that, for each constant velocity boost, we recover the classical Euler
equations for a rigid body.

2. Galilean spacetime

In this section, we present the mathematical background and introduce the notation to
be used in the following sections. In Section 2.1, we define affine spaces and subspaces;
the principle objects of interest in this paper. In Section 2.2, we introduce the notion of a
Galilean spacetime and describe the affine spaces naturally associated with it. We also in-
troduce the set of Galilean velocities. Next, we define observers in a Galilean spacetime and
discuss their properties. Finally, in Section 2.5, we define the Galilean group of a Galilean
spacetime and introduce the fundamental maps associated with a Galilean mapping.

2.1. Affine spaces. In this section, we define affine spaces and subspaces, and record
some of their properties. We refer to [Berger 1987] for more details.

2.1 DEFINITION: Let V be a R-vector space. An affine space modeled on V is a pair
(o7, ¢) where o7 is a set and ¢ : V X &/ — </ is a map with the following properties:
(i) for every z,y € &, there exists v € V such that y = ¢(v, z);
(ii) ¢(v,x) = for every x € o/ implies that v = 0;

) ¢(0,2) =z, for each z € <

) p(u+tv,z) = d(u, ¢(v, ). .

We shall now cease to use the map ¢ and instead use the more suggestive notation

¢(v,z) = v+ . By definition, if z,y € &7, there exists a unique v € V such that y = v+ z.
In this case we shall denote v = y — x. By a slight abuse of notation, we shall denote an
affine space (&7, ¢) simply by /. If o/ is an affine space modeled on V and we fix a point
z € o/, then & is isomorphic to the vector space V. We denote this vector space by 7.

(iii

(iv

2.2 DEFINITION: Let &/ and 2 be affine spaces. A map f: .o/ — £ is an affine map
if, for each x € &, the map f is a R-linear map between the vector spaces @ and By (,). ®

A subset # of an affine space modeled on V' is an affine subspace if there is a subspace
U of V with the property that Z = {u+ 2 | u € U} for some z € #. In this case, £ is
itself an affine space modeled on U.

2.2. Time and distance. We begin by giving the basic definition of a Galilean spacetime
and by providing meaning to the intuitive notions of time and distance.

2.3 DEFINITION: A Galilean spacetime is a quadruple 4 = (&,V, g, 7) where

(i
(ii

(iii

V' is a four-dimensional R—vector space,
7:V — R is a surjective linear map called the time map,

g is an inner product on ker(7), and

NAPENa AN AN

(iv) & is an affine space modeled on V. .
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Points in & are called events—thus & is a model for the spatio-temporal world of New-
tonian mechanics. With the time map, we may measure the time between two events
1,22 € & as T(x2 — x1). Events z1,x2 € & are called simultaneous if 7(x2 — 1) = 0;
that is, if 23 — 21 € ker(7).

We may define the distance between simultaneous events x1,z2 € & to be equal to
Vg(xo — x1,22 — 21). Note that this method for defining distance does not allow us to
measure distances between events that are not simultaneous. In particular, it doesn’t make
sense to talk about two non-simultaneous events as occurring in the same place.

Simultaneity is an equivalence relation on & and the quotient we denote by Iy = &/ ~,
with ~ denoting the relation of simultaneity. Iy is simply the collection of equivalence
classes of simultaneous events. We call it the set of instants. We denote by 77y : & — Iy
the canonical projection.

For s € Iy, we denote by &(s) the collection of events x € & with the property that
7y (x) = s. Thus events in &(s) are simultaneous. We next denote by Vi the vectors v € V'
for which 7(v) = 1. We call vectors in Vi Galilean velocities. The following result is
easy to prove.

2.4 PROPOSITION: The following statements hold:
(i) for each s € Iy, &(s) is a three-dimensional affine space modeled on ker(T);
(it) Iy is a one-dimensional affine space modeled on R;

(iii) Vig is an affine space modeled on ker(r).

2.3. Observers. An observer is to be thought of intuitively as someone who is present
at each instant. Such an observer should be moving at a “uniform velocity.” Note that,
in a Galilean spacetime, the notion of “stationarity” makes no sense. We now provide our
definition of an observer.

2.5 DEFINITION: An observer in a Galilean spacetime ¥ = (&,V,g,7) is a one-
dimensional affine subspace & of & with the property that 7| is surjective. .

The definition thus requires that ¢ not be comprised entirely of simultaneous events.
As a consequence of the definition, we have the following result.

2.6 PROPOSITION: If 0 is an observer in a Galilean spacetime ¢ = (&,V,g,T), then, for
each sy € Iy, there exists a unique point xo € ' N & (s).

Proof: Given sy € Iy, there exists xy € ¢ such that mg(z9) = so. Since O is a one-
dimensional affine space with the property that 7y |0 is surjective, there exists a one-
dimensional subspace W C V such that

ﬁ:{w+m[)|w€W},

where W is not contained in ker(7). By construction, zp € &(sg) N ¢. This means that,
for each sy € Iy, the intersection &(sp) N € is non-empty. Next, let yo € &(sp) N 0.
Now, yo € &(sp) implies that yo — zp € ker(7). On the other hand, yp € & implies that
yo — xp € W. This means that yo = x¢ which proves the uniqueness of xg. |

This means that an observer does exactly what it should: it resides in exactly one place
at each instant. By requiring that & be an affine subspace, we ensure that it has a “uniform
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velocity” and so is an appropriate reference for observing Newton’s laws. We shall denote
by O the unique point in the intersection & N &(s).

Since an observer € is a one-dimensional affine subspace, there is a unique one-
dimensional subspace U of V' upon which & is modeled. Therefore, there exists a unique
vector vy € U C Vi with the property that 7(vg) = 1. Conversely, given v € Vg and x € &,
there exists a unique observer & such that x € ¢ and v = vg. We call vy the Galilean ve-
locity of the observer @. It provides a reference velocity with which we can measure other
velocities. Indeed, given an observer &, we may define an associated map Py : V — ker(7)
by Pg(v) = v — (7(v))ve. In particular, if v € Vi, we note that v = vy + Py(v). Thus Pg
can be thought of as giving the velocity of v relative to the observer’s Galilean velocity vg.
Note that such velocities always live in the three-dimensional vector space ker(7) that is to
be thought of as the space of velocities that are familiar in mechanics. Such velocities are,
however, only defined relative to an observer.

2.4. World lines. Intuitively, a world line is to be thought of as being the spatio-temporal
history of something moving in the spacetime. We make the following definition.

2.7 DEFINITION: Let &4 = (&,V,g,7) be a Galilean spacetime. A world line in ¥ is a
section of 1y : & — Iy. .

A world line ¢: Iy — & is differentiable at sy € Iy if the limit

c(t + so) — c(
d(s0) = lim elt + 50) = elso)
t—0 t
exists. Since c is a section of my, we have T(c(t + so) — c(so)) = t and so /(sg) € Vi,
provided it exists. Similarly, for a differentiable world line, if the limit
d(t+ so) — (s0)
t

lim
t—0

exists, we denote it by ¢”(sg), the acceleration of the world line at the instant sg. Since

Yt + s0) — (s 1-1
T(C”(So)) _ fhn,é T((/ (t + 902 c (50)) — %ln’(l) ; =0,

we have ¢”(sg) € ker(7).

2.5. Galilean mappings. If 4, = (&;,V;,gi,7), i = 1,2, are two Galilean spacetimes, a
Galilean mapping from 4 to % is a map 1 : & — & with the following properties:

(i) ¢ is an affine map;

(ii) 7'2(1/)(.?31) — ’Lﬁ(z‘z)) = Tl(l‘l — xz) for x1,x9 € &7;

(iii) go(¥(z1)—p(z2), ¥ (x1)—(x2)) = g1(z1—x2, 1 —x2) for simultaneous events 1, z2 €

(531.

The set of Galilean mappings from a Galilean spacetime ¢ to itself is a Lie group (under
composition of Galilean mappings), and we call it the Galilean group of the Galilean
spacetime ¢. We shall denote this group by Gal(¥¢) and its Lie algebra by gal(¥). If
1 € Gal(¥), then there are induced natural mappings of V, Iy, and R as follows.
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2.8 LEMMA: Let¥ = (&,V,g,7) be a Galilean spacetime with ¢ € Gal(¢). The following
mappings are well defined:

(i) the mapping Yy : V. — V defined by ¥y (v) = (v + z0) — ¥(x0), where zp € &;
(i) the mapping V1, : Iy — Iy defined by ¥, (s) = ng(Y(x)), where x € E(s);
(iii) the mapping . : R — R defined by ¢, (t) =t + 1, (s) — s, for s € Iy.
Furthermore,
() Yy (v) =Y(x1) — P(x2), where zo — x2 = v, and
(v) there exists ty € R such that 11, (s) = s +ty and -(t) =t +ty.

Proof: (i) Let x¢, o € &. We have

P(v + x0) — P(w0) = P((v + (20 — Z0)) + Zo) — ¥((w0 — To) + To)
= P((wo — Zo) + Zo) + P (v + To) — (Zo) — ¥ ((xo — Zo) + To)
= Y(v + Zo) — ¥(Zo),

where we have used the property
P((v1 +v2) +x) = (Y1 + ) + P(vg + ) — P(z),

since 1 is an affine map. This property is readily verified using the definition of an affine
map. We will now show that ker(7) is an invariant subspace for ¢y,. We let z, & € & have
the property that  — & = u € ker(7). Then

(v (w) = T((x) — ¥ (E)) = 7(u) =0,
where we have used property (ii) of Galilean mappings.
(ii) Let z,& € &(s). There exists u € ker(7) such that & = u + z. Now we compute
7y (Y(E)) — 7y (Y(2)) = 7(P(F) —1b(2))
— 7@~ 2))
=7(¢v(u)) =0,
using the fact that ker(7) is an invariant subspace for ¢y .
(iiil) We must show that the definition is independent of the choice of s € Iy. For § € Iy,
we compute
t+vYr,(8) —5=t+¢r,(s+(8§—s)) —s+(s—3)
=t+ 11, (s+ (5= 5)) = Y1, (s) 1y (s) — s+ (s — §)
=t+ ’IZUg (5) — s
(iv) We have

V(1) —p(w2) = P((x1 — 22) + 22) — U(22)

=y (w1 — x2),

as desired.
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(v) Let 29 € & and let ty, = 7(¢(z0) — o). For s € Iy, let x € &(s). We then have

Vi (8) — 5 =, (s) — my(x)

Ty (P(x)) — 7y ()

T((z) — P(z0)) + 7(Y(x0) — x0) + T(20 — )
= 7(¥(x0) — 0) = ty,

where we have used the property (ii) of Galilean mappings. This shows that the definition
of ty is independent of z¢, and that vy, (s) = ty + s, as desired. From (iii) it also follows
that . (t) =ty + . |

2.9 REMARKS: 1. In the proof of the lemma we showed that, given ¢ € Gal(¥), ¥y
leaves ker(7) invariant. We shall see in the next section that 1y [ier(r) has a mechanical
interpretation.

2. Using the definition of a Galilean mapping, it is easy to see that Vi is also invariant
under ¥y . .

Given a Galilean spacetime ¢, we let O(ker(7)) denote the g-orthogonal linear mappings of
ker(7). The Lie algebra of O(ker(7)) we denote by o(ker(7)), recalling that it is the collection
of g-skew symmetric linear mappings of ker(7). We identify ker(7) with o(ker(7)) by the
“hat” map (see [Murray, Li, and Sastry 1994]) given by w — &. This is a generalization of
the map from R3 to o(3) defined by

w1 0 —w3 w2
wo | | ws 0 —wi |,
w3 —w? w1 0

and may be explicitly defined by choosing an orthonormal basis for ker(7) and then apply-
ing this transformation to the components in this basis. Since the vector product in R3
commutes with orthogonal transformations, this definition is independent of the choice of
orthonormal basis. In like manner, one can define u; x ug for any uj,us € ker(r) as the
generalization of the R? vector product.

3. Rigid bodies

In order to talk about momenta, we need the notion of a rigid body. In this section we
provide our definition for a rigid body and provide some implications of this definition. We
begin by proving, in our Galilean setting, some of the basic properties of the inertia tensor
of a rigid body.

3.1. Definitions. Let 4 = (&,V,g,7) be a Galilean spacetime. A rigid body is a pair
(B, ), where B C &(sp) is a compact subset of simultaneous events, and p is a mass-
distribution on &(sg) with support equal to B. Our definition thus allows such degenerate
rigid bodies as point masses, and bodies whose mass distribution is contained in a line in
&(s0). We denote

u(B) = /Bdu
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as the mass of the body.
The center of mass of the body (B, ) is the point

T = ﬁ /3(I — z0)dp + xo.

Note that the integrand is in ker(7) and so too will be the integral. The following lemma
gives some of the basic properties of this definition. If . C 7 is a subset of an affine space
o/, we let conv(.#) denote the convex hull of . and aff(.%) denote the affine hull of .#. If
X is a topological space with subsets 7' C S C X, intg(7") denotes the interior of T relative
to the induced topology on S.

3.1 LEMMA: Let (B, u) be a rigid body in a Galilean spacetime with B C &(sg). The
following statements hold:

(i) the expression

Te =

ﬁ /B(l — z0)dp + xo

is independent of the choice of o € &(s0);
(ii) x. is the unique point in &(sg) with the property that [z(z — x.)dp = 0;
(iii) xc € intg(p)(conv(B)).

Proof: (i) To check that the definition of x. is independent of zy € &(sp), we let Zg € &(s0)
and compute

1 - - 1 1 B
@/B(z—xo)du+xo = m/ﬂ(z—xo)du+ m/g(xo_m)d“
+ (%o — o) + o
= ﬁ /B(l" — x0)dp + wo.

(ii) By definition of x, and by part (i), we have

b
1(B)

Te =

[ @ = zodu+ a,
B
from which it follows that
/ (x — ze)dp = u(B)(ze — z) = 0.
JB
Now suppose that . € &(s) is an arbitrary point with the property that
/ (z — Zc)dp = 0.
JB

Then, by (i),
— T — Te)dp + T,
) Jy e

from which we conclude that Z. = x..
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(iii) If z is on the relative boundary of conv(B) or not in B at all, then there exists a
hyperplane P in &(sg) passing through z. such that there are points in B which lie on one
side of P, but there are no points in B on the opposite side. In other words, there exists
A € ker(7)* such that the set

{z € B| Mz — z;) > 0}

is non-empty, but the set
{z € B| Mz — z;) <0}

is empty. But this would imply that
/ Mz — xe)dp >0,
B
contradicting (ii). |

3.2. The inertia tensor. The properties of a rigid body are characterized by three things:
(1) its mass, (2) its center of mass, and (3) its inertia tensor. We now define the latter.
Let 29 € &(so). The inertia tensor about zg of a rigid body (B, i) to be the linear map
I, : ker(7) — ker(7) defined by

L, (u) = /QB (@ — o) X (u x (x — x0))du.

We denote the inertia tensor about the center of mass of (B, i) by I.. Next, we record some
basic properties of the inertia tensor.

3.2 PROPOSITION: The inertia tensor Iy, of a rigid body (B, ju) is symmetric with respect
to the inner product g.

Proof: Using the vector identity g(u,v X w) = g(w,u X v), we compute

oLy ), ) = [ (o = 0) x (un x (2 = 20)), ua)p
= [ g(ur x (x — x0), (u2 X (z — x0))dp

JB
= /Bg(ul,(x —x0) X (ug X (& — x0)))dp
= g(ul’ﬂlo(uﬂ)’

which is what we wished to show. |

3.3. Eigenvalues of the inertia tensor. Since I, is symmetric, its eigenvalues are
real. Furthermore, they are non-negative. The following result demonstrates this, as well
as other eigenvalue related assertions.

3.3 PROPOSITION: Let (B, i) be a rigid body with B € &(sg) and let zg € &(sp). Let Iy,
denote the inertia tensor of (B, u) about xg. The following statements hold:
(i) the eigenvalues of the inertia tensor Iy, of a rigid body are real and nonnegative;

(it) if Iy, has a zero eigenvalue, then the other two eigenvalues are equal;
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(i11) if Iy, has two zero eigenvalues, then I, = 0.

Proof: (i) Since I, is symmetric, its eigenvalues will be nonnegative if and only if the
quadratic form u — g(I;,(u),u) is positive-semidefinite. For u € ker(7), we compute

9Ly (u), u) = /,By(u, (& — m0) % (ux (z — @0)))dp
= /B!/(U X (z — o), u X (x — x0))dp.

Since the integrand is nonnegative, so too will be the integral.
(ii) Let I; be the zero eigenvalue with v; a unit eigenvector. We claim that the support
of the mass distribution p must be contained in the line

Ly, = {sv1 + 0| s € R}.

To see that this must be so, suppose that the support of x is not contained in ¢,,. Then
there exists a Borel set S C &(sg) \ £y, such that p(S) > 0. This would imply that

9(Lzy (v1),01) = /Bg(vl x (z = x0),v1 X (z — @0))dp
> /Sg(m X (@ —xg),v1 X (x — x0))dp.

Since SN ¢, =0, it follows that, for all points z € S, the vector & — z¢ is not collinear with
v1. Therefore
g(v1 x (z — x0),v1 X (x — x0)) >0

for all 2 € S, and this would imply that g(Ig,(v1),v1) > 0. But this contradicts vy being an
eigenvector with zero eigenvalue, and so the support of B must be contained in the line £,, .

To see that this implies that the remaining two eigenvectors are equal, we shall show
that any vector that is g-orthogonal to v; is an eigenvector for I,. First write

z—xo = fl(x)v1 + f2(x)v2 + 2 (x)vs

for functions f?: &(sg) — R, i = 1,2,3. Since the support of y is contained in the line £,,,
we have

/ (x —x0) X (ux (z—x0))dp = v1 X (u X vy) / (fl(r))2du
B B

for all u € ker(7). Now recall the property of the cross product that v; X (u x v;) = u,
provided that u is orthogonal to v; and that, v; has unit length. Therefore, we see that,
for any u that is orthogonal to v;, we have

Ly() = (@)% .

meaning that all such vectors u are eigenvectors with the same eigenvalue, which is what
we wished to show.

(iii) It follows from the above arguments that, if two eigenvalues I; and Iy are zero, then
the support of 1 must lie in the intersection of the lines ¢, and ¢,, (here v; is an eigenvector
for I;, i = 1,2), and this intersection is a single point, that must therefore be xg. From this
and the definition of I, it follows that I, = 0. | |
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Note that, in proving the result, we have proved the following corollary.

3.4 COROLLARY: Let (B, ) be a rigid body with inertia tensor Iy,. The following state-
ments are true:

(i) Lz, has a zero eigenvalue if and only if B is contained in a line through xg;
(1) if LIy, has two zero eigenvalues, then B = {x¢}, i.e., B is a particle located at xo;

(i11) if there is no line through xo that contains the support of p, then the inertia tensor is
an isomorphism.

In coming to an understanding of the “appearance” of a rigid body, it is most convenient
to refer to its inertia tensor I. about its center of mass. Let {I1, I2, I3} be the eigenvalues of
I that we call the principal inertias of (B, u). If {v1,v2,v3} are orthonormal eigenvectors
associated with these eigenvalues, we call these the principal azes of (B, u). Related to
these is the inertial ellipsoid which is the ellipsoid in ker(7) given by

E(B) = {xlm + 22y + 2v3 € ker(7)| Ij (21)? + L(22)? + L(2%)? = 1} ,

provided that none of the eigenvalues of I, are zero. If one of the eigenvalue does vanish,
then by Proposition 3.3, the other two eigenvalues are equal. If we suppose that I; = 0 and
that Iy = I3 = I, then in the case of a single zero eigenvalue, the inertial ellipsoid is

E(B) = {xlvl + 220y + 2Pvs € ker(7)| 22 =23 =0, 2l € {7\%, %}}
In the most degenerate case, when all eigenvalues are zero, we define E(B) = {0}. These
latter two inertial ellipsoids correspond to cases (ii) and (iii) in Corollary 3.4.

To relate these properties of the eigenvalues of I, with the inertial ellipsoid F(B), it
is helpful to introduce the notion of an axis of symmetry for a rigid body. We let I. be
the inertia tensor about the center of mass, and denote by {I3, Iz, I3} its eigenvalues and
{v1,v2,v3} its orthogonal eigenvectors. A vector v € ker(7) \ {0} is an azis of symmetry
for (B, p) if, for every R € O(ker(7)) which fixes v, we have R(E(B)) = E(B). The following
result gives the relationship between axes of symmetry and the eigenvalues of L.

3.5 PROPOSITION: Let (B, u) be a rigid body with inertia tensor 1. about its center of
mass. Let {I1, I, I3} be the eigenvalues of I. with orthonormal eigenvectors {vi,va, v3}. If
I = I, then vs is an azis of symmetry for (B, u).

Conversely, if v € ker(7) is an azis of symmetry, then v is an eigenvector of L. If I is
the eigenvalue for which v is an eigenvector, then the other two eigenvalues of 1. are equal.

Proof: Write Iy = Iy = I. We then see that any vector v € spang{vi,v2} will have the
property that I.(v) = Iv. Now, let R € O(ker(7)) fix the vector vs. Because R is orthogonal,
if we have v € spang{vi,v2}, then R(v) € spang{vi,va}. Also, if v = a'vy + a?va, then,

R(v) = (cos fal + sin fa?)vy + (— sinfal + cos fa?)vy (3.1)

for some 0 € R, since R is simply a rotation in the plane spanned by wvi,vs. Now let
u € E(B). We then write u = 2'v; + z2vs + 2303 and note that

I(z)? + I(2?)? + I3(z3)° = 1.
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It is now a straightforward calculation to verify that R(u) € E(B) using (3.1) and the fact
that R fixes v3. This shows that R(E(B)) = E(B), and so vz is an axis of symmetry for
(B, )

For the second part of the proposition, let v be an axis of symmetry for (B, 1). Denote
the set of orthogonal mappings that fix v by O(v). That is, let

O(v) = {R € O(ker(7))| R(v) = v}.

Now R € O(v) has the property that R(E(B)) = E(B), and thus maps principal axes of

(B, ) to principal axes. Since {v1,v2,v3} form an orthonormal basis for ker(7), it is clear

that, for every R € O(v), the set {R(v1), R(v2), R(v3)} is also an orthonormal basis. It

can be seen that every vector orthogonal to v is a principal axes and thus, without loss of
v

generality, we can take o] = 3 It is now clear that I, acts on v* by scalars, and thus v

is an eigenvector of I.. The result now follows. ]

4. The structure of the Galilean group

As defined previously, the Galilean group of a Galilean spacetime ¢4 = (&,V, g, 7) is the
set of affine maps from & to itself that preserve simultaneity of events and the distance
between simultaneous events. In this section, we shall examine the Galilean group and
describe its properties. In Section 4.1 we study the canonical Galilean group and show
that it consists of rotations, translations, velocity boosts, and temporal origin shifts. We
also look at its subgroups and describe the various fundamental objects associated with
it. In Section 4.2, we study the abstract Galilean group Gal(¥). We show that, in the
presence of an observer, the Galilean group is isomorphic to the canonical Galilean group.
Finally, in Section 6.1, we introduce canonical velocities and describe their images under
the isomorphism of the Lie algebras induced by the Lie group isomorphism constructed
previously.

4.1. The canonical Galilean group. In this section, we study the Galilean group
of a canonical Galilean spacetime, which is a generalization of the “standard” Galilean
spacetime R3 x R. To be precise, given a Galilean spacetime ¥ = (&,V, g,7), the canonical
spacetime of ¢ is the Galilean spacetime Gean := (&ean := ker(7) @R,V = ker(r) ® R, g, 7).
We now investigate the structure of the canonical Galilean group Gal(%an). The next
proposition shows that Gal(%can) decomposes into rotations, spatial translations, Galilean
velocity boosts, and temporal translations.

4.1 PROPOSITION: The Galilean group Gal(%.an) of the canonical spacetime Geay is iso-
morphic to (O(ker(7)) xker(7)) X (ker(7) xR), where x denotes semidirect product of groups.
The group operation on O(ker(r)) x ker(r)) x (ker(r) x R) is given by
(Ry,r1,u1,ty) - (Ra, 72, up, 1)
= (Ry 0 Ry, 71 + Ry(r2) + tour, uy + Ry(uz),t; + ta),
where (R;, ri,u;,t;) € O(ker(7)) x ker(r)) x (ker(7) x R, i =1,2.

Proof: We first find the form of a Galilean transformation ¢ : &tan — &ean - Recall that, since
¢ is an affine map, it has the form ¢(z,t) = A(x,t)+(r,0) where A : ker(7)®R — ker(7)®R
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is R-linear and where (r,0) € ker(7) ® R. Given vector spaces U and V', we denote the set
of linear maps from U to V by L(U, V). Let us write A(z,t) = (Anz + Aiat, Aoz + Asat)
where A1y € L(ker(7),ker(7)), A12 € L(R,ker(7)), Ao1 € L(ker(7),R), and Az € L(R,R).
By property (iii) of Galilean mappings, Aj; is a g-orthogonal transformation of ker(r).
Property (ii) of Galilean mappings implies that

Azg(tg — tl) +A21(:E2 — 171) =ty — tl, tl,tg S ]R,Zl,fﬂz S ker(‘r).

Thus, taking x1 = x9, we see that Age = 1. This in turn implies that As; = 0. Gathering
this information shows that a Galilean transformation has the form

AHE I HEM!

where R € O(ker(7)), o € R, and r,u € ker(r). This proves the first part of the proposition.
Now, it is easy to see that, if ¢;, i = 1,2, are Galilean transformations given by

T R, wu; T ri o
¢l|:t})_>|:0 1:||:t i 0.1':|7,L_1727
then
|z RioRy wuj+ Ry (’ug) T r + Ry (Tz) + o2uq
¢1o¢2.|:t:|H|: 0 1 t + o1+ o9
which gives us the desired group operation. ]

4.2 REMARKS: 1. It is clear from this proposition that Gal(%an) is a ten-dimensional
group. This is not altogether obvious from the definition.

2. The meaning of the appearance of two semi-direct products in the decomposition
of Gal(%can) should be understood correctly. They arise because ker(r) x R is a
normal subgroup of Gal(%.n) and the quotient group itself is a semi-direct product
of O(ker(7)) and ker(7).

3. A canonical Galilean transformation may now be written as a composition of one of
three basic classes of transformations.

(i) A spatio-temporal shift of origin:

for r € ker(7), o € R.

(ii) A “rotation” of reference frame:

for R € O(ker(r)).
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(i) A (Galilean) velocity boost:
T N idker(‘r) u T )
t 0 1 t |’

The names we have given these fundamental transformations are suggestive. A shift of
the spatio-temporal origin should be thought of as moving the origin to a new position, and
resetting the clock, but maintaining the same orientation in space. A rotation of reference
frame means the origin stays in the same place, and uses the same clock but rotates the
“point of view”. The final basic transformation, a velocity boost, means that the origin
maintains its orientation and uses the same clock, but now moves with a certain velocity
with respect to the previous origin. .

for u € ker(r).

4.2. The structure of the abstract Galilean group. In the usual presentation of
Galilean invariant mechanics (e.g., [Souriau 1997]), one considers a spacetime R? x R and
Galilean invariance is imposed by asking that the system admit the Galilean group as a
symmetry group. In this case, the Galilean group naturally breaks down into rotations,
translations, Galilean boosts (constant velocity shifts), and temporal origin shifts. In our
abstract setting, the Galilean group Gal(¥¢) does not admit such a decomposition. Note
that this is similar to what one sees in an affine Euclidean space where a decomposition of
an isometry into rotation and translation is not possible until one chooses an origin about
which to measure rotations. However, the presence of an observer in a Galilean spacetime
defines, for each instant, an isomorphism from the abstract Galilean group Gal(¥) into the
canonical group Gal(%can ).

4.3 PROPOSITION: Let Y = (&,V,g,7) be a Galilean spacetime with € an observer. The
following statements hold.

(i) The mapping from V to ker(1) ® R defined by v — (Pg(v), 7(v)) is an isomorphism.

(it) For each sy € Iy, the observer at so, Os,, induces a natural isomorphism L6y, from
Gal(94) to the group Gal(%ean). Eaplicitly, if ¢ € Gal(¥) with ty as defined in
Lemma 2.8, and if Ry € O(ker(7)) and o € ker(r) satisfy

Y(x) = (Ry(x — Ogy) +19.6) + Otyisg, T € E(50),

then
to,(b) = (Ry,1y,05up0,typ),

where uy, ¢ = Po(Yy (ve)).

Proof: (i) It suffices to show that the mapping v — (Pg(v), 7(v)) is injective. If 7(v) = 0,
then v € ker(7). Now, if we also have

Py(v) =v— (1(v))vg =0,

we must have v = 0, thus the mapping is injective as desired.
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(ii) We first assign to each (R,r,u,t) € Gal(¥%an) a Galilean mapping 1), and show that
the construction implies that (R,7,u,t) = (Ry, Ty e, Uyp0,ty), thus showing that Lo, 18
invertible. Now, given (R, 7, u,t) € Galean(¥), we define a map ¢ : & — & by

(@) =tvg + (R(x = Orya) + (g (2) — s0)u+ 1) + Ory (- (4.1)

We now show that this mapping is Galilean. First we show that it is affine. For v € V, we
compute

Y+ Os) = ¥(Os) = tve + (R(v + Osy — Or1)450) + ((7(0) + 50) — so)u +7)
+ Oroy4s — (tvg + 1+ Os,)
=R(v+ Oy — (T(v)ve + Og)) + 7(v)(u + v0)
=R(v—7(v)vg)+ 7(v)(u+ve)
= R(Pp(v)) + 7(v)(u + vp). (4.2)

Thus the map v — (v + Os,) — ¥(0s,) is linear, so 1 is affine. Similarly, we calculate
T((21) = ¥(22)) = T(o + Ory(21)) — T(t06 + Oy ()

=t+my(x1) — (t + 7wy (z2))

= 7(z1 — x2).

So property (ii) of Galilean mappings is satisfied. Next, for sg € Iy, consider y1,y2 € &(sp).-
We compute

(1) — D(y2) = tvg + R(yr — Os,) + (so — so)u+ 1+ O,
— (tvﬁ + R(yz — ﬁsu) + (S(] - S(])u +r+ ﬁSU)
= R(y1 — y2)-

Thus ¢ satisfies property (iii) of Galilean mappings. Next we show that (R,r,u,t) =
(Ry 7,0, Uy, 0, by). By restricting ¥ to &'(sg) we get

(1€ (s0))(x) = tvg + (R(z — Og,) + 1) + Oy,
= (R(LE - ﬁsl)) + T) + ﬁLJrso'

However, the definition of Ry and 7y ¢ gives
R(x — Os)) + 17 = Ry(x — Oy) + 19,0,

for each x € &(sg). Taking v = O, gives 1 = ry, g, from which it follows that R = Ry,.
Also, for z € &(sp), we have

Y1y (50) = 7y (Y(2)) =t + s0.

From Lemma 2.8, it follows that ¢ = t,. From (4.2) we also have

Py(vv(ve)) = R(Po(ve)) + T(vo)u = u,
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using the fact that Ps(vg) = 0. This shows that u = uy ¢. We have now shown that, for
every (R,r,u,t) € Gal(%an), there is a Galilean mapping 9 such that Lo, () = (R, r,u,t).
Thus we have shown that ¢4, is surjective. Next we show that it is injective. For this, let
pe Gal(%) be such that, for z € &,
1/;(’”) =tvg + (R(I - ﬁso) + (Tr‘f(T) - 30)u + 7‘) + ﬁﬂ'tg(l)'
that is, suppose that ~
to,, () = (R, 1, u,t) = 1o, ().

We shall show that ¥ = 4. Since (b)) = ¥(0y,), using (4.2) this will follow if we can
show that ¥y = ¥y. As in (i), we note that V =~ ker(r) @ R and the preimage of (u,t)
under this isomorphism is u 4 tvgs. We also write

Yy (u+tvg) = A (u) + Ara(t) + (A21(u) + Axn(t))ve,

for linear mappings Aj; : ker(r) — ker(r), A1z : R — ker(r), A2 : ker(r) — R, and
Ay : R — R. The property (ii) of Galilean mappings implies that ¢y has ker(r) as an
invariant subspace. Thus A = 0. We next calculate

Wy (tve)) = 7(Y(tve + Os)) — 7 (4
)

T ﬁso))
=T(tvg + Osy) = 7(0s,) = t.

This gives Aga(t) = t. With t = 0, property (iii) of Galilean mappings implies that A;; €
O(ker(7)). Thus we have

Yy (u+tvg) = R(u) + t(a + vg), (4.3)
for some R € O(ker(7)) and @ € ker(r). Since ¢|&(s) = 1|&(s) we have

Yy (u) =(u+ Og) — ¥(0s) = Ry(w),
giving R = R. From (4.2) we also have
Py(dy (ve) =1,
from which we get u = @. This shows that 1y, = ¥y, thus showing that, if 1y, 1y € Gal(¥)
satisty to,, (¥1) = to,, (¥2), then ¥1 = ¢3. Therefore, ¢4, is injective.

Finally we show that Loy, is a homomorphism. We let 11,792 € Gal(¢) and denote
Lg(l/)i) = (Ri,ri,ui,ti), i = 1,2. We also let Lﬁao (1/)1 o} wz) = (R12,T‘12,U12,t12). First, we
compute

(1 o42)v(v) = (1 092)(v + Os,) — (1 092)(Osy)
=1 (¥2(v + Os)) — 1 (¥2(0s,))
= wl(tvﬁ + RQ(U + ﬁsu - ﬁT(U)‘FSO) + T(’U)uz +ro+ ﬁT(v)+so)
—1(tve + 1+ Os)
= Y1((tvg + 1) + Ra(Pp(v)) + 7(v)(u2 + vp) + Os,)
—h1(tve + 12+ Oyy)
= ¢1v(R2(Po(v)) + 7(v)(uz + v0))
= Y1,y (Yo,v (v)).



RIGID BODY MECHANICS IN GALILEAN SPACETIMES 17

From this we deduce that
Riz(u) + t(u12 +ve) = R1 o Ra(u) + t(u1 + Ri(u2) +ve),
for each (u,t) € ker(7) @ R. Thus we have
Rip = Rio Ry, w2 = u1 + Ri(uz).
Next we have

1/)1 ° wQ(ﬁso) =T12+ 0f12+50' (4‘4>

Also,
"pZ(ﬁSD) =ry+ ﬁt2+50'

Therefore

Y1 0vYa(0s,) = Y1(ra + Opyts)
= Ri(r2 + Otyis9 — Otyrsy) +tour + 71+ Oy iyt
= Riro +taug + 71 4 Oty 41o-

Comparing this to (4.4) we get
r12 = Rirg +touy + 11, tip =t +to.

Thus we have shown that the group action defined on Gal(%.ay,) agrees with that on Gal(¥)
under the bijection ¢, . |

We end this section by listing some of the subgroups of Gal(¥) that we shall have
occasion to use in the sequel. The following result is easy to prove.
4.4 PROPOSITION: The following statements hold:
(i) the following are subgroups of Gal(¥):
(a) Galg(9) := {v € Gal(¥) : ¥y, =idy, };
(b) N = {’l[} € Gal(%) : 7v/JVIker(ﬂ') = idker(ﬂ')};
(c) Ny:=NnGal(9).
(ii) the set Lin(¥) := {¢v| ¥ € Gal(¥)} is a Lie group.

5. Observer-independent formulation of rigid body mechanics

In this section we formulate rigid mechanics in an observer independent manner. All
of the classical concepts in Eulerian rigid body mechanics—motions, body and spatial
velocities, body and spatial momenta, and the equations of motion—are given definitions
independent of an observer.
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5.1. Rigid motions. A rigid motion in a Galilean spacetime ¥ = (&,V,g,7) is a
smooth mapping ¥ : R — Gal(¥) with the property that (¥(t))r,(s) = s+t , for each
t € R (see Section 2.5). In other words, if we denote W, := W(t), then, a rigid motion ¥
has the property that W;(z) € &(t + ny(x)) for each x € &(s). Thus a rigid motion maps
points in &(s) to &(s) at t = 0, and for ¢ # 0, the points get shifted by the affine action of
R on Iy. Let us give some of the basic properties of rigid motions. The following result is
immediate.

5.1 LEMMA: Given a rigid motion ¥, for each x € & the map Iy > s — lIJs,,rg(x)(z) €&
is a world line.

The next result shows how we can extract the “rotational component” of a rigid motion
for each t € R.
5.2 PROPOSITION: Let ¥ be a rigid motion in a Galilean spacetime 4 = (&,V,g,7).
Then, for each t € R, we have Wy y|yer(r) € O(ker(7)).

Proof: From Lemma 2.8, it is clear that W,y maps ker(7) to itself. Next for simultaneous
events z1 and x2, we compute

IVt vker(r) (21 — 22), Ut Vker(r) (71 — 22)) = g(Vr v (21 — 22), Vp v (21 — 22))
9(Ve(21) — Uy(z2), V(1) — Vi(22))
g

= (Il — 22,21 — ‘/Z:Z)v

where we have used the properties of the rigid motion and Lemma 2.8. This shows that
Uy vlker(ry € O(ker(7)) as desired. |

This proposition shows that, given a rigid motion ¥ in a Galilean spacetime, we can
associate to this rigid motion a unique map from R — O(ker(7)). We denote this map by

Ry.

5.2. Spatial and body velocities. In this section we define the concepts of spatial and
body velocities corresponding to a rigid motion ¥. Intuitively, the configuration of a rigid
body is given by its “orientation” and “position” (with respect to an initial orientation and
position). To make this precise, let us denote @ := O(ker(7)) x &. If we choose a reference
configuration, say qo = (Ro, xo) € @, it is easy to see that a Galilean mapping ¢ € Gal(¥)
maps qo to another point in @ as follows:

Gal(9)x Q — Q
(¢, (Ro, w0)) — (RyRo, ¢(0)), ¢ € Gal(%).

This defines an action of Gal(¥¢) on @ which we represent by ®. In other words, we have
®(¢p, (Ro,z0)) = (RyRo, ¢(x0)). For each ¢ € @ and g € Gal(¥), we define the maps
D, : Gal(9) — Q and Dy : Q — Q by Dy(g) := P(g,q) =: Py(g). The action P also defines
an action of Gal(¢) on O(ker(7)) and & respectively. The latter action is denoted by ¥¢.
Given ( € gal(¥), denote the infinitesimal generator corresponding to ¢ at (Ro,zo) € Q by
¢q@(Ro, o). Tt is easy to see that (g(Ro, o) can be written as

C@(Ro, w0) = (Co(ker(r)) (R0), G (w0)),
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where (o(ker())(Ro) is the infinitesimal generator at Ry € O(ker(r)) corresponding to ¢
of the action of Gal(¢) on O(ker(7)), and (g (zo) is the infinitesimal generator at zo € &
corresponding to ¢ of the action of Gal(¥) on &.

Now, given a rigid motion ¥, define curves &y (t) and ny(t) € gal(¥) as follows:

ne(t) = U7, Eg(t) = 0,0t

Notice that &y (t) = Ady,nw(t). These curves {y(t) and ny(t) are called “spatial velocity”
and “body velocity,” respectively, in the literature (see, for example, [Murray, Li, and Sastry
1994]) and the interpretation for defining them in this way is somewhat unintuitive. In the
sequel, given a rigid motion ¥, we think of velocities at a point g9 = (Ro, zo) € @ as tangent
vectors defined by the infinitesimal generators corresponding to the curves ny (t) and £y (),
respectively, at go. The idea is that a rigid motion generates a curve in @) (starting at
qo) given by W;(qo) := (Rw(t)Ro, ¥¢(x0)), and the tangent vector to this curve at a point
corresponds to the velocity at that point. We now give our definitions for spatial and body
velocities respectively. First, given a rigid motion ¥, we define maps Q,w : R — o(ker(7))
by Qu(t) = Ry (t)Ry(t) and &y (t) := Ry(t)Ry'(t), respectively. We also represent by
Tang © TQ — T(O(ker(7))) and 7, : TQ — Té& the respective projections. Denote by
Oang : T'(O(ker(7))) — O(ker(7)) x o(ker(7)) the right-trivialisation of T'(O(ker(r))). Thus
Ouang(vg) = (9, TyRy-1v,) for vy € Ty(O(ker(7))) and g € O(ker(7)). Similarly, denote by
Ol : TE — & x V the natural trivialisation of T'&. Let’s us denote by pry the projection
onto the second components of O(ker(7)) x o(ker(7)) and & x V, respectively. With an abuse
of notation, we represent the maps pry © @y and pry 0 Ol by Oang and Oy, respectively.

5.3 DEFINITION: Let ¥ be a rigid motion in a Galilean spacetime ¥.
(i) The body velocity is the map Vqu 1 Q xR — TQ given by

V‘Ié(R z, t) = (U‘I’(t))Q(Rv I)
The maps Vq,bya“g = Oang © Tang © V\I,b and V'Ilb,lin := Oln © Tijn © V‘I,b are called body
angular velocity and body linear velocity, respectively.
(ii) The spatial velocity is the map V3§ : Q x R — T'Q defined by
Vi(R,@,t) = (§o ()R, ).
The maps Vlﬁ,ang = Oang © Tang © Vg and V\ﬁ,lin = Oy, © Tiin © Vyj, are called spatial
angular velocity and spatial linear velocity, respectively. .
Let us make a few comments about these definitions.

5.4 REMARKS: 1. We identify the T'Q-valued velocities with the corresponding @ x
(o(ker(7)) x V)-valued trivialisation. Let us provide some intuition for these defini-
tions. Notice that, for ¢ € @, we have

L (0@ = Ty, 0 () Eu)ale) = Tyow, (Vi(0,1).

Therefore, VE(q,t) = qub\rl(%(‘l/t(q))). The body velocity can therefore be thought
t
of as the velocity of the curve W;(q) at ¢t € R as seen in the “frame” fixed at g.
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2. The definition of spatial velocity is less intuitive. It will become clearer once we prove
Proposition 5.6.

3. It is not clear at this stage how our definitions are consistent with the existing ones.
We shall see, in Section 6.2, that, in the presence of an observer, the body and spatial
velocities correspond to “canonical” velocities. .

The definitions lead to the following relationship between body and spatial velocities,
which we shall have occasion to use.

5.5 LEMMA: V§(Ry(t)R, Uy(z),t) = TP, VE(R, ,1).
Proof: Given an action ® : G x Q) — @ of a Lie group G on a manifold @), we have, for ¢ € g
and g € G, (AdyC)q(g - q) = T;®,(p(q). The result follows directly from this equality. B
Next, we write down the expressions for linear and angular velocities.

5.6 PROPOSITION: Let U be a motion in a Galilean spacetime 4. Then

(Z) V\lé,ang<R7 z, t) = Q‘l‘ (t>7

(ii) Vi jin( R, t) = W, (W (2)),

(11) Vg ang(Rs ) = &u(t), and

(iv) Vi jm(Row,t) = =0y v (£ 07 (2)).

Proof: (i) The projection Tang(VqlLang(Rﬂvt)) is actually the infinitesimal generator corre-
sponding to (\I/L7V|;01(T)\Ptyv\ker(7)) = Qg (t). We compute

d N N
V\I,h’ang(R, z,t) = e exp(sQy(t))R , =Qu(t)R.
o=

Thus V. (R, 2,1) = Qu(t).

(ii) The body linear velocity V‘I/b,lin(R’ z,t) is the infinitesimal generator corresponding
to nu(t) at x € & of the action of Gal(¥) on &. We compute

V\Ilb,lin(Rv x, t) = Te@f(T‘J’tL\I/ZI\I)t) = T‘I’t (Q\I/I’IQiH)(\IIt)
d

ds

d o d
= Ty (@) Py 3, (W) = Uy (Wu(@))-

. d
= ‘bquq)f o (Wrss) = *(I)qu(\thrS(z))
t s=0 ds t

s=|

This is what we wanted to prove.

(iii) This is identical to the proof of part (i).

(iv) The spatial linear velocity Vg y;, (R, ,?) is the infinitesimal generator corresponding
to £y (t) at = € & of the action of Gal(¥) on &. Notice that, by differentiating U, ¥, ! = id¢,
we get

Ty, Ry = — w;lL%\I};l.
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We compute

Vi in(R,w,1) = T8 (T, Ry ¥y) = ~T.@ (Ty, Ly, W7 )
d -1 d —1
=- &cb%cbm(‘l’ws) o =- &‘I’\I//,(‘I’Hs(z))

5=
d, d, _
Ty P (Y Ya)) = ey (Y H(x),
as desired. "

Thus, the spatial velocity at (go,t) € @ x R is obtained by taking the tangent vector
to the curve ¥; (o), and then “pushing” this vector by the map (7T\I,/—1 (z)é\pl). In other
words, V3§ (go,t) can be thought of as the velocity of a point in @ traveling thorough ¢o at
time ¢. This is exactly the interpretation of spatial velocity given in [Murray, Li, and Sastry
1994].

5.3. Spatial and body momenta. In this section we define the spatial and body mo-
menta for a rigid body. We identify o(ker(7)) with ker(7) by the inverse of the * map defined
earlier and denote the angular velocities thought of as taking values in ker(7) by V\pb,;mg and
V§ ang- Given a rigid body (B, ), a rigid motion ¥, and a curve u : R — ker(7), we define
the instantaneous inertia tensor I.(t) : ker(7) — ker(7) by

Le(8)(u(t)) = / (Vi) = Wi(e)) x (u(t) x (We(z) = Wele))dp(t),
B(t)
where B(t) = U4(B) and u(t) € ker(r). Notice that, since the integrand is in ker(r), so too

will be the integral. The following result shows what the spatial angular momentum looks
like in terms of the inertia tensor of the body about its center of mass.

5.7 LEMMA: L (t)(wy(t)) = Ry ()1 (Ry* (t)wy (t)).

Proof: We represent by B(t) the rigid body after it has undergone the transformation ¥
and the corresponding mass distribution by dyu(t). We compute

L(t) (we (1) = /;(t)(%(l') —Wy(w)) % (wa(t) X (Wy(x) — Wy(a))) du(t)
- [ (W =) > (u(t) x (P =) )

= [ (Re(®)(z —xc)) x (we(t) x (Re(t)(z - z.))) du(t)

B(t)
— Re(®) /B(x —20) x (Rg"(Owa(t) x (z —2.)) du
= Ry(t)I(Ry" (Hwu (1)),

where we have used the fact that 2 —xz. € ker(7), and therefore ¥y v (r—x.) = Ry (t)(z—x).
]

We can now define spatial and body momenta.
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5.8 DEFINITION: Let (B, p) be a rigid body in a Galilean spacetime ¢ and let ¥ be a
rigid motion.

(i) The spatial momentum is a map py s : R — ker(r) x V given by
Pus(t) = (L(t)Vi angr £(B)Vi i) (Ru(t), i), b).
(ii) The body momentum is the map Py g : R — ker(7) x V given by

p\I/,‘B(t) = (Hc(t)v‘le,angv #(%)V\Ilj‘lin) (idker(T)vxcvt)' d

The following result can be readily proved using Lemma 5.5.

5.9 PROPOSITION: Let (B, ) be a rigid body in a Galilean spacetime & and let ¥ be a
rigid motion. Then

(i) pu,s(t) = (Le(tww (t), W(B) & Vi(xc)),
(ii) Py.s(t) = (Ro(t)L(Oww(t), (B UL L0, (.).

Given a rigid body (B, ), define an equivalence class of Galilean mappings as follows.
Two mappings ¢ and ¢ € Gal(¥) are called B-equivalent if ¢(B) = 1)(B). It is easy to
see that this is an equivalence relation. In such a case, we denote the equivalence class
containing ¢ by [¢]s. In other words, any two mappings in the equivalence class [¢] map
the rigid body B to the same set of points in &. The following result is readily verified.

5.10 PROPOSITION: ¢ € [¢]g if and only if $(z.) = ¥(x:) and Ry = Ry.

Proof: If ¢ € [1]g then, for each z € B, we have ¢(x) = ¢(x). Since B is a subset of &(sg)
(which is an affine space modeled on ker(7)), we can write z € B as = x. + w for some
w € ker(7). We thus have

bz + w) = Y(zc + W),

which implies that
B(xc +w) — d(xe) = P(Tc +w) — P(20).

We thus have ¢y (w) = ¢y (w) and thus Ryw = Ryw. Conversely, assume that 1 is such
that Ry = Rg and ¢(z.) = ¢(x.). By reversing the argument above, it is easy to show that
¢(x) = () for all z € B. |

_Given a rigid body (B, 1) and a rigid motion ¥, a rigid motion U is B-equivalent to ¥
if U, € [Uy]g for each ¢t € R. The following result is immediate.

5.11 LEMMA: Let (B, 1) be a rigid body in a Galilean spacetime and let U be a motion.
If a rigid motion V is B-equivalent to ¥, then pg 5 = pv,3

5.4. Galilean—Euler equations. In this section we derive the equations of motion for
a rigid body in our general framework. As remarked in the Introduction, the problem of
finding the equations of motion for rigid bodies has a rich history. The key observation
of Newton and Euler is that the free motion of a rigid body is completely determined
by imposing conservation of spatial linear and angular momenta. The observation that
this approach generalizes to other physical settings such as hydrodynamics, was first made
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by Arnol'd [1966] (see also, [Abraham and Marsden 1978]). Using his method, the Euler
equations for an incompressible fluid can be written as geodesic equations on a certain
infinite-dimensional Lie group. We note that the Galilean group Gal(¥) of a Galilean
spacetime ¢ does not have a natural invariant metric, and thus we cannot use Arnol’d’s
method in this setup. Intuitively speaking, Gal(¥) is “too big” to uniquely determine the
physical motion of the body. We shall have more to say on this matter in Section 6.5.
We use the principle of conservation of spatial momentum to derive differential equations
in terms of “spatial” as well as “body” quantities that describe the physical motion of
the body. We also show that, if a rigid motion ¥ satisfies these equations for the body
(B, ), then every rigid motion B-equivalent to ¥ also satisfies the equations. From the
definitions given in the previous section, it can be seen that py s = (Cy 38(t), my s(t)) =
(Ry(t) Ly p(t), o,y My 5(t)).

5.12 PROPOSITION: (Galilean-Euler equations) Let (B, i) be a rigid body in a Galilean
spacetime and let U be a rigid motion. The following statements are equivalent:

(i) the spatial momentum py s is conserved;

(i) the motion of the body satisfies the spatial Galilean—FEuler equations

le(w (1)) = le(we (1)) x we(t)
«ic(t) =0,

where i.(t) = 5 (Uy(z0));

(i) the motion of the body satisfies the body Galilean—Euler equations

Ly.3(t) = Ly 5(t) x Qu(t)
My s(t) = — (v ()v(Me,s(t)),

where (ny(t))v(Mw,s(t)) is the infinitesimal generator corresponding to ny(t) =
\I/;‘l,\i/t,v of the action of Lin(¥4) on V.
Furthermore,
(w) if U is a rigid motion B-equivalent to U, then U can be replaced with U in the above
statements.

Proof: Conservation of spatial momentum implies that pg 5(t) = 0. The equation Z.(t) = 0
immediately follows. To derive the first equation, we note that

L(t)we (t) = Ry (t)le(Ry'wy (1))

Therefore,

% Ru(OT(Ry'wu () = Ry (O1(Ry'w (1) + Ru(OL(Ry o (1))

= 0o (t) R (t)I(Ry ' ww (1)) + Ru (H)1(Ry ww ()
= Wy (t)e(ww (t) + Le(t)ww (t)
=0,
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by conservation of spatial momentum. Therefore
Ie(wy () = —0w(O)le(ww (?) = Le(we) x wy(t)).
Next, we write spatial momentum in terms of the body momentum. That is,
pw,s(t) = (Ry(t) Ly s, U,y My, 5(t)).

Conservation of spatial momentum implies that

%(R\y(t)[/q;’g(t)) =0 and %(\Pt,v]\/f\p)g(t)) =0.

The first equation gives

0= (Ru(t)Ly 5(t) + (Ru(t) Ly (1)
= Ry(t)Qu () Ly, 5(t) + Ry (t) L 5(t).

We therefore get ) A
Ly,s(t) = —Qw(t)Ly,5(t) = Ly,s(t) x Qu(t).

Next, consider the second equation. Written appropriately in terms of the action ®" of
Lin(%) on V, the equation becomes

d
EQKW(M‘LB@)) =0

We compute

d .
1520, (M 5(0) = Tary 5 0P, Mu 5 (8) + Tty 5 @y, , (v (£) v (M)) =0,

which gives us the requisite equation. The final part of the proposition follows directly from
Lemma 5.11. ]

5.13 REMARKS: 1. Proposition 5.12 shows that, if a motion W satisfies the
Galilean-Euler equations for a rigid body, so does every motion B-equivalent to W.
In other words, the Galilean—Euler equations hold for an equivalence class of motions
specified by the rigid body.

2. The Galilean-Euler equations are very general because they have been derived in the
setting of an abstract Galilean spacetime without requiring an observer. However, the
generality of the treatment makes certain things less obvious. In particular, it is not
clear how the classical Euler equations fit into this setup and, if they do, whether or
not there is a geometrical explanation for it. We shall see, in the next section, that
the presence of an observer allows us to answer these questions. .
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6. Dynamics of rigid bodies in the presence of an observer

In Section 5, we formulated rigid body dynamics in an observer independent way. In
this section, we shall explore the effect of introducing an observer in this formulation. In
Section 6.1 we introduce canonical velocities associated with a rigid motion in the presence
of an observer. In Section 6.2 we show that, in the presence of an observer, the body and
spatial velocities defined in Section 5 project to the corresponding canonical velocities. In
the next section, we show that the momenta also project to the well known quantities in
the presence of the observer. Finally, in Section 6.4, we illustrate how an observer enables
us to recover the classical Euler equations for a rigid body.

6.1. Canonical velocities. Consider a rigid motion ¥ in a Galilean spacetime ¥ =
(&,V,g,7). In Section 5.2, we introduced the curves ny(t) and &y (¢) € gal(¥) corresponding
to . The following result provides a decomposition of these curves in presence of an
observer.

6.1 PROPOSITION: Let¥ = (&,V,g,7) be a Galilean spacetime with O an observer and W
a rigid motion. For so € Iy, let 1g, (¥¢) = (Ru(t),7w,6(t), ww,0(t),t). Then, the following
statements hold:

i) the image of ny(t) € gal(9) under the isomorphism of the Lie algebras induced by
n g
[,(75_0 is
(Qu(t), Voo (t) = Ry (Duw,o (), Ry (i 5 (1), 1) € gal(Fean):
(i1) the image of {u(t) € gal(¥) under the isomorphism of Lie algebra induced by v, is
(@w(t),ve,0(t) = t(iw,o(t) +uw,o(t) xwe(t)), tw,o(t) +uw,e(t) xwe(t), 1) € gal(@ean),
where Vy ¢(t) = Ry (1)Pw,0(t), and vy 6(t) = 7y 0(t) + re,o(t) x we(t).

Proof: We start by faithfully representing Gal(%an) in a vector space. We let W = ker(7) ®
R @R and, for g = (R, r,u,t) € Gal(%an), define an isomorphism p, of W' by

(1, 0,8) — (R(p) + ou+ &r,o + &, €).

One readily verifies that the map p : Gal(%an) — GL(W) defined by p(g) = pg is a
homomorphism. To see that the representation is faithful, suppose that

(1,0,8) = (R(p) + ou+&r,0+&,8) = (1, 0,8)

for all (p,0,€) € W. Then we must have o + &t = 0, for all 0,£ € R, implying that ¢t = 0.
Similarly, R(u)+ou-+E&r = pfor all (4, 0,€) € W implies that r = 0,u = 0, and R = idyer(r)-
Thus the representation is faithful. In block matrix form, the representation of (R, r,u,t)
on W is

R
0 € GL(W).
0

o =g
_ - 3
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We then compute
-1

R u r R' —R ' R Ytu—7r)
0 1 ¢ = 0 1 —t
0 01 0 0 1
With this expression, both parts follow from direct computation. |

We call the first two components in (i) as, respectively, the canonical body angular
velocity, the canonical body linear velocity, and denote them by QF" and V§y, re-
spectively. Similarly, we call the first two components in (ii) as, respectively, the canonical
spatial angular velocity, the canonical spatial linear velocity, and represent them

by wg™ and vy, respectively.

6.2. Linear and angular velocities. Recall that, given a rigid motion ¥ in a Galilean
spacetime, the body linear velocity is the map V\ﬁ,lin :@Q xR — V given by

d
S (@(@)),
: @ x R — Vi given by

V\I/b,lin(Rv T, f) = \I’le/(

and the spatial linear velocity is the map Vg

lin

d,
V\ij,lin(Rﬂm:t) = 7\I}t,V(&(\Ijt 1(3:)))
Let’s see what these velocities look like in the presence of an observer. We look at body
linear velocity first.

6.2 PROPOSITION: Let ¥ be a rigid motion in a Galilean spacetime 4 = (&,V,g,7) and
let @ be an observer. Then Po(Vi i, (R, x,t)) = VEPa(t).

Proof: We know that, for each instant sy € Iy, there exists an isomorphism Loy, such that,
for a motion ¥, we have

Lo,y (V1) = (Ru(t),rw,0(t), uw,0(t), 1)
Also,
Uy (z) = Ry(t)(x — ﬁ,\.g(z)) + (7 (z) — so)uq,‘,(/(t) + 'r’\p‘g(t) + 6).,,(!(1)+t.
Now, for € &, we have
Ui(2) = rv.6(t) + Ory(2) 44>

so we have

il

&(‘I’t(ﬂ”)) =7rg,0(t) +vo.

Next,

Vb (Sw,@) = 0 e (1) + o)
=0, iy o(t) +vo + O) — U1 (O)
= Ry (t)(Fu.0(t) +vo + Osy — Oris,) — Ry (Hug o(t)
+ Ry () (tug o (t) — r.6(t)) + (1 — t)vg + Oy,
— Ry (1) (tuw, 0 (1) — ru,0(t)) + tog — Oy,
= Ry (t)ip.6(t) — Ry (Dug o(t) + v
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From this, the result follows. |

Let us look at the spatial linear velocity now.
6.3 PROPOSITION: Let U be a motion in a Galilean spacetime 4 = (&,V,g,7) and let O
be an observer. Then Po(Vg (R, @,t)) = v§%(1).

Proof: For x € 0, we compute,

U (@) = Ry (1) (buw,6(t) — ra.0(1) — tvg + O,
Therefore,

(07 (@) = By (O o(0) + ti, o (1) 0.0 (1)
+ (—Ry (1) Ru () Ry (1)) (buw (1) — rw.0(1))) — v
= Ry (0)(uww,o (1) + tivy o(t) — Fu,0(1))
= Ry (t)dw (t) (tuw,o(t) — ru,o(t) — vo
= Ry (uw,o(t) + Ry (1)t (w6 (1) + ue () x wu(1))]
— Ry (0)(Fa 0(t) + ruo(t) X wu(t) — vp
= Ry (Huw(t) — Ry (t)(vw,0(1)
— t(ty,6(t) + uw,o(t) x wu(t))) —ve.

Let’s call the last expression as ¥, '(x). Now, we compute

@) = () 4 0) — W(0,)

= Ry(t)(=0; (@) + Osy — Or1sy) +uw,0(t) + 10,6(t) + tvg
+ O1459 — Tw,6(t) — tvg — O,

= Ry(t)(—¥; 1 (z) — vp) +up.o(t) +ve

= Ry(t) (g (0)(va,0(t) = t(iw, o (1) + w0 () x we(t)))
—ug,g(t) +uw s(t) +ve

=vy,0(t) — t(hw,0(t) + uw,o(t) X wy(t)) +ve.

—Tv(

From this the result follows. ]

We notice that, in the presence of an observer, the spatial linear and body linear veloc-
ities project onto the canonical spatial linear and canonical body linear velocities, respec-
tively.

6.3. Spatial and body momenta. We let 4 = (&,V, g, 7) be a Galilean spacetime with
¥ a rigid motion, ¢ an observer and (B, pt) a rigid body with B € &(sp). We next see how
our definitions of spatial and body momenta look when we have an observer &. In such a
case, we have the following result.
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6.4 PROPOSITION: Let 4 = (&,V,g,7) be a Galilean spacetime with U a rigid motion,
O an observer, and (B, 1) a rigid body with B € &(so), and let my 5, Ly, 3,
My 3, and Ly 3 be as defined in Section 5.3. For sy € Iy, let

Lo,y (1) = (Ru(t),rw,0(t), uw,0(t), 1)

Then the following statements hold:

(i) Po(my,s(t)) = u(B)iv,o(t);

(ii) Po(Cys(t)) = Ru(t)(Ry' (Hww(t));
(iti) Po(My5(t)) = n(B)Vi5(t);

(iv) Po(Lus(t) = T(Ry' (Hws (1))

Proof: (i) We compute

Poma (1)) = n(B)Po( 5 (Va(z)) = p(B) Poliu.o(0) + vo)

= u(B)rw,o(t),

where we have used the computations carried out in Proposition 6.2.

Parts (ii) and (iv) are easily seen to be true since both £y 3 and Ly ¢ take their values
in ker(7) and the projection Py is the identity map on ker(r).

To obtain (iii), we compute

Po(Ma (1) = 1(B) P (U (5 (Wi(a))
(t

= U(B)Ps(V; 4 (Fu 0 (t) + vo))
= (B)Po(Ry' (t)iw,0(t) — Ry (H)uw,6(t) +vp)
= p(B)Vgis(t),
as desired. |

It is worth pointing out that the classical definition of spatial angular momentum re-
quires an observer, and is different from ours. Given an observer ¢ and a rigid motion ¥,
the classical spatial angular momentum ['\:ILB for a rigid body (B, 1) about its center
of mass z. is defined as

Bnlt) = [ PoW(e) — ) x ol (0(e) — 2

dt
One can motivate this definition of spatial angular momentum by recalling how it might be
defined for a particle of mass m (see, for example, [Arnol’d 1989]). If a particle is moving
in R? following a curve t — x(t), then we would define the spatial angular momentum at
time ¢ to be mz(t) x &(t). This is exactly the intuition behind the definition of lq, s Our
definition of body angular momentum agrees with the classical one, and therefore we do
not need to consider it separately. We shall see in the next section that the equations of
motion derived on the basis of the conservation of classical spatial angular momentum are
equivalent to the general spatial Euler equations. We have the following result.
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6.5 PROPOSITION: Let (B, u) be a rigid body in a Galilean spacetime & undergoing a
rigid motion ¥, and let O be an observer with the property that . € €. Then Zfl} 5(t) =

Rq/(t)HC(Rq/(t)71Wq;(t)) + H(%)T\yﬁ(t) X f‘\pwﬁ(t).
Proof: We let sg = mg(z.), and use the isomorphism to., between Gal(¢) and Gal(%can) to
get

‘I/t(]‘) = Rq;(f)(T - ﬁﬂ‘g(z)) + T\yﬁ(j(t) +tvg + ﬁmg(z)v z € B,
which implies that U(z) — 2. = Ry (t)(z — x¢) + rw,¢(t). The result is readily verified by
using part (ii) of Lemma 3.1 in the computation of the integral. |

6.4. Euler equations of a rigid body. In this section we look at the Galilean-Euler
equations, as derived in Section 5.4, in the presence of an observer. Since we consider the
abstract Galilean group in our analysis, derivatives of velocity boosts also appear in the
equations. We first write down the general Galilean-Euler equations in the presence of an
observer.

6.6 PROPOSITION: Let (B, ) be a rigid body, ¥ a rigid motion, and let O be an observer.
For sg € Iy, let
0., (1) = (Ru(t),rw,0(t), uw,0(t), 1)
for each t € R. The following statements hold:
(i) the spatial Galilean—Euler equations for U are equivalent to
Le(e(?) = Le(wa (1)) x we(t)
Fu,0(t) = =Ry (t)(@e = Ony(2,) — (T () — 50)itw 0 (t);
(i) the body Galilean—Euler equations for U are equivalent to
L\yTgB(t) = L\yﬁg(t) X Q\p(t)
My 5(t) = Po(My,3(1)) x Qu(t) — Ry (t)iw, (1)

Proof: (i) The first spatial Galilean-Euler equation evolves on ker(7) and thus remains the
same under the projection Pg. For the second equation, we compute

0=2.(t) = % (R\I/(t)(l’c — Ong () + (79 () — 50)iw,0(t) + 7w,0(t) + Ua‘)

= R\p(t)(ajc — ﬁﬂg (IC)) + 'i:\I/’ﬁ(t) + (ﬂg(zc) — So)ilq,,(j(t),

from which we get the required equation.

(ii) Similarly, the first body Galilean-Euler equation remains unchanged under the pro-
jection onto ker(r). To get the second equation we use the definition of My s and the
relation Wy (v) = Ry Py (v) + 7(v)(uw,6 + vo), and compute

0 %m\p,ﬁ(t) _ %\pt’v(M\pﬁ(t))
“a (R (t)Po(My,o(1))) + 7(My,o(t)) (uy,o(t) +vo))
= Bu()Po (Mo (0) + Ba(1) (o (M. (1) + i (1)

= Ry ()P (My,o(t)) + Ry (t)(My,0(t))) + dw,0(t),
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since My ¢(t) € Viy and thus ]Wq,ﬁ(t) = %Pﬁ(ﬂf\pﬁ‘(t))‘ The result now follows. [ ]

Let us now show that we get the same equations of motion if we use the classical spatial
angular momentum Z&}_B instead of £y 5. Let us write p&} 5= (Z&}_ﬁ, my,8) to denote the
classical spatial momentum. We also call the equations of motion derived on the basis of
the conservation of classical spatial momentum the classical spatial Euler equations.
We have the following result.

6.7 PROPOSITION: Let (B, i) be a rigid body undergoing a rigid motion U in a Galilean
spacetime 4. Let O be an observer with the property that x. € 0. The following statements
are equivalent:

(1) the classical spatial momentum pr}T(B is conserved;

(it) the motion of the body satisfies the classical spatial Euler equations

Ie(wy (1)) = Te(wa (t) x we(t)
f\p,g(t) =0.

Proof: As before, we let s = my(z.) and consider the isomorphism ¢4, , using which, it is
easy to see that the conservation of spatial linear momentum my g implies that iy »(t) = 0.
It is a simple computation to show that this also implies that

d

S 5(0) = S (RaOL(Re(0) o (0)) = 50w 5(0)

dt

The result now follows. |

6.5. The Galilean connection. In Proposition 6.6, we wrote down the general form of
the Galilean—Euler equations in the presence of an observer. Since we have considered the
abstract Galilean group in our analysis, we have imposed no restrictions on the velocity
boost ( the “uy,»” component) corresponding to a rigid motion. This is the reason why the
derivatives of these velocity boosts appear in the equations given in Proposition 6.6. Recall
that the classical Euler equations for a rigid body do not include these derivative terms
because the velocity boosts are assumed to be “uniform”. In this section, we explain how,
in our general setting, an observer allows us to recover the classical equations of motion
for a rigid body by defining a special geometric structure (namely a principal connection)
on Gal(¢). We refer to [Kobayashi and Nomizu 1963] for the definitions and properties of
principal connections.

Let @ = O(ker(7)) x & and (B, ) be a rigid body. For the center of mass z. € & of the
rigid body, consider the map

7 : Gal(¥9) — Q
Y= (Ry, (2c))-

An observer € defines a map m. s : Gal(¢) — O(ker(7)) X ker(r) x R given by

P = (R¢7 Pﬁ(d)(xc) - xc)v T(lb(%) - ZL))



RIGID BODY MECHANICS IN GALILEAN SPACETIMES 31

We also know that, for sy € Iy, there is an isomorphism ¢4, from Gal(¥) to O(ker(r)) x
ker(7) x ker(7) x R given by
¥ = (R, 1,0, Uy, 0 bp)-

For z. € O, we can write

(xe) = Ry(ze — xc) + (Mg — S0)up,0 + 0 + tyvo + Tc,
and thus we have

Po(i(we) — xe) = (w9 (xe) — S0) U0 + Ty,

Also, 7(¢(x.) — ) = ty, so the map m. , induces a map

g+ Gal(ean) — O(ker(7)) x ker(7) x R = Gal(%an)/ker(7)

(Rw’wﬁ,uwﬁ,tw) = (Ry, (g — 50)uyp,0 + 9.0, ty),

where the quotient Gal(%can)/ker(7) corresponds to the following action of ker(r) on
Gal(%ean)-
ker(7) X Gal(%an) — Gal(%an)
(/1'7 (R> U, S)) = <R7 r—= (W%(Ic) - 50).“'7 w+ S)'
Thus, ker(7) acts on Gal(%.an) by appropriately changing the ry s and u, ¢ components of
a given ¢ € Gal(¥) such that the resulting mapping gives the same physical motion of the
body as ¢, that is, it lies in [¢)] 5. We also write 7 := 7535014, : Gal(¥) — Gal(Yean) /ker(7).

It is clear that, given ¢ € Gal(¥), a Galilean mapping ¢ € [w];g if and only if 7(¢) = w(¢).
We have the following result.

6.8 PROPOSITION: Let (B,p) be a rigid body in a Galilean spacetime and O be an ob-
server. For fized sy € Iy, the map wean : TGal(Gean) — ker(7) given by

Wean (X R, Xy Xu, Xt) = Xy (XR, X, Xu, Xt) € TR ru,t) Gal(Zean),
is a principal connection 1-form in the bundle 7y : Gal(%ean) — Gal(Gean) /ker(7)
Proof: Given X = (Xg, Xy, Xu, X¢t) € T(gr,u,t) Gal(Zean), it is easy to see that
Tree(Xr, Xr, Xu, Xt) = (Xg, X» + (g (2c) — 50) Xus X2).

The observer & allows us to decompose X into its vertical and horizontal components as
follows. We write
X = hor(X) + ver(X), (6.1)

where
hor(X) = (Xg, X; + (7g (%) — 50) Xu, 0, X¢),
Ver(X) = (0, _(ﬂ—ff($0) — 50) X, Xu, 0)~

It can be seen that Tmig(ver(X)) = 0, and wean(hor(X)) = 0. Thus (6.1) defines an
Ehresmann connection in 7&53 : Gal(%an) — O(ker(7)) x ker(r) x R. Next, the infinitesimal
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generator {gaig) corresponding to ¢ € ker(r) for the action of ker(7) on Gal(%an) is given
by

Cal(w)(R; 1y u, 8) = % - (R, 7 — (mg(zc) — s0) exp(Ct), u + exp(Ct), s)

= (O’ —(ﬂ'g(l‘c) - SU)<7 <7O)=

and thus, by definition,

wcan(CGal 2) (R T, u, S)) = C
Next, given h € ker(7) and X = (Xg, Xy, Xu, Xt) € T(Rru) Gal(Zean), it is easy to see that
wean(T(R,ryu, ,)<I>hX) = ad(h) - wean(X), where @), : Gal(%an) — Gal(%ean) is the action of
ker(7) on Gal(%can) and ady, : gal(%ean) — gal(%ean) is defined by ady(8) = T.LpRy,-1(3),
B € gal(%ean). SO wean is indeed a connection one-form. [ |

Now, it is easy to see that ker(7) also acts on Gal(¥) as follows:
ker(7) x Gal(¥¢) — Gal(¥)
(Na 1/)) e W ° ’IZJ,

where ¢, is such that g, (Vu) = (idoger(r)), — (7@ () — o)1, 11, 0) € Gal(%ean). In other
words, ker(7) acts on Gal(¥) as a subgroup of Ny that fixes x.. It can be seen that, for any
x € &, we have ¢, (v) =+ (7y(x) — g (x))p. As a direct consequence of Proposition 6.8,
we have the following corollary.

6.9 COROLLARY: The ker(7)-valued one-form on Gal(9) defined by wo = (Lo,,) Wean 18
a connection one-form in the bundle Gal(¥) — Gal(¥)/ker(r). We call wg the Galilean
connection induced by O.

Thus, the Galilean connection wg induced by € is the pull-back of wean to Gal(¥)
by tg,,. It allows us to recover the classical Euler equations for a rigid body. It may
be recalled that these equations do not contain derivatives of velocity boosts (that is, the
“Uy,s” terms) corresponding to the given rigid motion. The next proposition shows that,
given a rigid motion, the Galilean connection allows us to choose a rigid motion that gives
the same physical motion of the rigid body as the given rigid motion, and such that the
corresponding Galilean-Euler equations do not contain the “iy ¢” terms. This is made
precise in the following proposition.

6.10 PROPOSITION: Let (B, p) be a rigid body in a Galilean spacetime, O be an observer
such that x. € O, and sy € Iy. Then, for every rigid motion U, there exists a rigid motion
D with the following properties:

(i) ® is B-equivalent to V;

(i) @, is horizontal with respect to weg;

(i) The Galilean—Euler equations for ® are equivalent to

Le(t)(wa(t)) = c( )(wa (1)) x wa(t)
Fo0(t) =
Los(t) = Los(t) x Q(t)
]Wq> 38(t) = Po(Mo,5(t)) X Qa(t).
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Moreover, given Cy € ker(7), the rigid motion ® can be uniquely chosen such that ue ¢(t) =
Co for every t € R. In particular, if x(t) = n(¥;) = (Ru(t),aw,e(t),t), then, ®; is the
horizontal lift of x(t) passing through L;:“(Rq,(to),aq,ﬁ(tg) — (ng(xc) — s0)Co, Co, to) for
some (and therefore every) ty € R.

Proof: For z(t) = m(¥;) = (Ru(t),aw,6(t),t) € O(ker(r)) x ker(7) x R, we have, for each
teR,

(m&3) " (Ru(t), awo(t),t)
={(Ru (), aw,o(t) — (mg (2c) — s0)u(t), U(t), t) € Gal(ean) | U(t) € ker(7)}.

Thus, all rigid motions ® for which ¢, (1) € (Trzfg?)’l(R\p(t),aq,,g(t),t) for each ¢t € R,
have the property that 7(¥;) = 7(®;), ¢ € R, and map the rigid body (B, x) to the same
set of points. Therefore, every such @ is B-equivalent to W. Now, given Cj € ker(7), define

a motion ® by
Dy = L;}D (Ru(t), aw,o(t) — (mg(2c) — s0)Co, Co,t)).

Clearly, ®; is horizontal with respect to wy and ®; € (rﬁ?ﬁ‘i)’l(R\p(t),a\p,(;(t),t), for
each t € R . It can be directly verified that the curve ®; passes through the point
L;,slﬂ (Ry(to), aw,e(to) — (mg(zc) — s0)Co, Co, o) at t = tg, for each ty € R, and thus corre-
sponds to the unique rigid motion ® with the property that ug ¢(t) = Co, for all t € R.
From Proposition 6.6 we can see that, for z. € &, the Galilean—Euler equations for the
rigid motion ® are equivalent to

Le(t) (e (t) = Le(t)(wa(t)) X wa(t)
Po,0(t) =0
Los(t) = Lo s(t) x Qe (t)
Mo 5(t) = Po(Mg 5(1)) x Qo).

The result now follows. |

Proposition 6.10 finally explains how the presence of an observer enables us to provide
a geometric explanation of how one can start with the general setup of a rigid body in
a Galilean spacetime and recover the classical Euler equations of motion for a rigid body.
Thus, for a rigid motion, one can restrict oneself to only the horizontal rigid motions without
losing any physical motions of the body. Note that many different motions are B-equivalent,
due to the fact that the Galilean group is “too big” to give a one-to-one correspondence
between rigid motions and motions of the body. Horizontality with respect to the Galilean
connection induced by the observer specifies a relation in Ny that ensures that, with respect
to the observer, the “velocity boost” component of ¥, is constant, and therefore does not
appear in the Galilean—Euler equations.

References

Abraham, R. and Marsden, J. E. [1978] Foundations of Mechanics, second edition, Addison
Wesley, Reading, MA, ISBN 0-8053-0102-X.

34 A. BHAND AND A. D. LEWIS

Arnol’d, V. 1. [1966] Sur la géométrie différentielle des groupes de Lie de dimension infinie et
ses applications a Uhydrodynamique des fluides parfaits, Université de Grenoble. Annales
de I'Institut Fourier, 16(1), 319-361.

— [1989] Mathematical Methods of Classical Mechanics, second edition, number 60 in Grad-
uate Texts in Mathematics, Springer-Verlag, New York-Heidelberg—Berlin, ISBN 0-387-
96890-3.

Artz, R. E. [1981] Classical mechanics in Galilean space-time, Foundations of Physics, 11(9-
10), 679-697.

Berger, M. [1987] Geometry I, Universitext, Springer-Verlag, New York-Heidelberg—Berlin,
ISBN 0-387-11658-3.

Castrigiano, D. P. L. [1984] Metrical geometry of Galilean inertial structure. III, General
Relativity and Gravitation, 16(10), 901-908.

Castrigiano, D. P. L. and Stissmann, G. [1984a] Galilean inertial structure. II, General
Relativity and Gravitation, 16(10), 893-900.

— [1984b] Inertial structure. I, General Relativity and Gravitation, 16(9), 867-875.

Chamorro, A. and JavierChinea, F. [1979] Generalized Galilei groups in classical mechanics,
Nuovo Cimento. B. Serie 11, 49(1), 68-72.

Horzela, A., Kapuscik, E., and Kempczyiiski, J. [1994] On the Galilean covariance of clas-
sical mechanics, Hadronic Journal, 17(2), 169-205.

Kobayashi, S. and Nomizu, K. [1963] Foundations of Differential Geometry, Volume I, num-
ber 15 in Interscience Tracts in Pure and Applied Mathematics, Interscience Publishers,
New York, ISBN 0-470-49647-9.

Murray, R. M., Li, Z. X., and Sastry, S. S. [1994] A Mathematical Introduction to Robotic
Manipulation, CRC Press, 2000 Corporate Blvd., N.W., Boca Raton, Florida 33431,
ISBN 0-8493-7981-4.

Rodrigues, Jr., W. A., de Souza, Q. A. G., and Bozhkov, Y. [1995] The mathematical
structure of Newtonian spacetime: Classical dynamics and gravitation, Foundations of
Physics, 25(6), 871-924.

Souriau, J.-M. [1997] Structure of Dynamical Systems. A Symplectic View of Physics, num-
ber 149 in Progress in Mathematics, Birkhéuser, Boston/Basel/Stuttgart, ISBN 0-8176-
3695-1, translation by C. H. Cushman-de Vries of 1970 French edition.



	Introduction
	Galilean spacetime
	Affine spaces.
	Time and distance.
	Observers.
	World lines.
	Galilean mappings.

	Rigid bodies
	Definitions.
	The inertia tensor.
	Eigenvalues of the inertia tensor.

	The structure of the Galilean group
	The canonical Galilean group.
	The structure of the abstract Galilean group.

	Observer-independent formulation of rigid body mechanics
	Rigid motions.
	Spatial and body velocities.
	Spatial and body momenta.
	Galilean–Euler equations.

	Dynamics of rigid bodies in the presence of an observer
	Canonical velocities.
	Linear and angular velocities.
	Spatial and body momenta.
	Euler equations of a rigid body.
	The Galilean connection.


