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Abstract In this paper, the three variable-coefficient
Gardner (vc-Gardner) equations are considered. By
using the Painlevé analysis and Lie group analysis
method, the Painlevé properties and symmetries for
the equations are obtained. Then the exact solutions
generated from the symmetries and Painlevé analysis
are presented.
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1 Introduction

The nonlinear evolution equations (NLEEs) arising in
many physical fields like the condense matter physics,
fluid mechanics, plasma physics, and optics, etc.,
which exhibit a rich variety of nonlinear phenomena.
When the inhomogeneities of media and nonunifor-
mity of boundaries are taken into account in vari-
ous real physical situations, the variable-coefficient
NLEEs often can provide more powerful and realis-
tic models than their constant-coefficient counterparts
in describing a large variety of real phenomena. It
is known that to find exact solutions of the NLEEs
is always one of the central themes in mathematics
and physics. In the past few decades, there is notice-
able progress in this field, and various methods have
been developed, such as the inverse scattering trans-
formation (IST) [1], Darboux and Bäcklund transfor-
mations [2], Hirota’s bilinear method [2–4], Lie sym-
metry analysis [5–12], CK method [13, 14], and so
on.

Recently, there has been a growing interest in
studying variable-coefficient NLEEs [8, 15–17]. In the
present paper, we will consider the Gardner equation
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with time-dependent coefficients is of the form

ut + αtmuux + βtnu2ux + γ tpuxxx

+ λtqux + μtru = 0, (1.1)

where u = u(x, t) denotes the amplitude of the rele-
vant wave model, such as for the internal waves in a
stratified ocean, x is the horizontal coordinate, and t is
the time. While α, β , γ , λ, and ν are arbitrary constant
parameters, m, n, p, q, and r are given real numbers.

Equation (1.1) can be used to model such phys-
ical situations as the dust-acoustic solitary waves in
dusty plasmas, internal solitary waves in stable, strati-
fied shear flows in ocean and atmosphere, ion acoustic
waves in plasmas with a negative ion, interfacial soli-
tary waves over slowly varying topographies, and
wave motion in a nonlinear elastic structural element
with large deflection, etc. When μ = 0, (1.1) is as fol-
lows:

ut + αtmuux + βtnu2ux + γ tpuxxx + λtqux = 0.

(1.2)

In particular, if m = n = p, then (1.2) becomes the
special form

ut +αtpuux +βtpu2ux +γ tpuxxx +λtqux = 0. (1.3)

For a general variable-coefficient NLEE, it is not
completely integrable unless the variable coefficients
satisfy some specific constraint conditions. Thereby,
we will find the conditions for the equations to pass
the Painlevé test firstly, then the symmetries and exact
solutions are considered.

The rest of this paper is organized as follows. In
Sect. 2, we perform Painlevé analysis for (1.1), (1.2),
and (1.3). In Sect. 3, the symmetries for the equa-
tions are obtained by the Lie group analysis method.
In Sect. 4, we investigate the symmetry reductions and
exact explicit solutions for the vc-Gardner equations.
In Sect. 5, we conclude and make some remarks.

2 Painlevé analysis for the three equations

Firstly, we employ the Kruskal’s simplified method to
carry out the Painlevé analysis for (1.1).

Thus, we assume that

u = φ−ρ
∞∑

j=0

ujφ
j , (2.1)

where φ = x + ψ(t), uj = uj (t) are analytic func-
tions in a neighborhood of the noncharacteristic sin-
gular manifold, u0 �= 0 and ρ is a positive integer.

Through the leading order analysis, it is readily

found that ρ = 1 and u0 = a, where a = ±
√

− 6γ
β

t
p−n

2 .
Then substituting (2.1) into (1.1), we have

j = 0, u0 = a, (2.2)

j = 1, u1 = − α

2β
tm−n, (2.3)

j = 2, u2 = − 1

aβ
t−nφt + α2

4aβ2
t2(m−n)

− λ

aβ
tq−n, (2.4)

j = 3, u0t + μtru0 = 0, (2.5)

j = 4, u1t + u2φt + αtm(u0u3 + u1u2)

+ βtn
(
2u0u1u3 + u0u

2
2 + u2

1u2
)

+ λtqu2 + μtru1 = 0. (2.6)

By (2.2)–(2.4), we can get u0, u1, and u2 in a unique
manner. But from (2.5) and (2.6), we cannot get u3 and
u4, so j = 3,4 are the resonances. In fact, we have the
recursion relations are as follows:

(j + 1)(j − 3)(j − 4)γ tpuj

= −uj−3,t − (j − 3)uj−2φt

− αtm
j−1∑

k=0

(j − k − 2)ukuj−k−1

+ βtn

[
u0

j−1∑

k=1

ukuj−k

−
j−1∑

k=1

k∑

i=0

(j − k − 1)uiuk−iuj−k

]

− λtq(j − 3)uj−2 − μtruj−3. (2.7)

It is found that the resonances occur at j = −1,3,4.
The compatibility conditions at j = 3,4 are satisfied
identically for arbitrary chosen u3 and u4. Therefore,
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(1.1) possesses the Painlevé property (PP) under the
conditions (2.5) and (2.6). We now specialize (2.1) by
setting the resonance functions u3 = u4 = 0. Further-
more, by requiring u2 = 0, it is easily demonstrated
that uj = 0, for all j ≥ 2.

Then plugging into (2.6), we get

u1t + μtru1 = 0. (2.8)

Solving (2.5) and (2.8), we have

tn = k1t
pe

2μ
r+1 t r+1

, tn = k2t
me

2μ
r+1 t r+1

, (2.9)

where k1, k2 are arbitrary constants and r �= −1.
Therefore, under the condition (2.9), we can say that
(1.1) possesses the Painlevé property and becomes in-
tegrable.

Remark 2.1 In view of (2.9), if μ = 0, then we get the
condition

tn = k1t
p, tn = k2t

m, (2.10)

where k1 and k2 are arbitrary constants. That is to say,
under the condition (2.10), (1.2) becomes integrable.

In particular, if m = n = p, then condition (2.10) is
trivial. In other words, (1.3) is integrable.

Remark 2.2 For the condition of Painlevé integrable,
the Kruskal’s simplified method is the same as the gen-
eral Weiss–Tabor–Carnevale (WTC) procedure [2, 18,
19]. But we cannot get the other integrable properties
sometimes, such as the Bäcklund transformation (BT),
Lax pair (LP), etc., by using the simplified method.
The properties of complete integrability for the equa-
tions are not discussed in this paper.

3 Lie symmetry analysis for the vc-Gardner
equations

In this section, we make the Lie symmetry analysis
under the following conditions:

(C1) The parameters αβγ �= 0
(C2) μ = 0

Recall that the vector fields of the NLEEs are as fol-
lows:

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t

+ φ(x, t, u)
∂

∂u
, (3.1)

where the coefficient functions ξ(x, t, u), τ(x, t, u)

and φ(x, t, u) of the vector fields are to be determined
later.

If the vector field (3.1) generates a symmetry
of (1.1), then V must satisfy the Lie’s symmetry con-
dition pr(3)V (Δ)|Δ=0 = 0, where Δ = ut +αtmuux +
βtnu2ux + γ tpuxxx + λtqux + μtru. Here, pr(3)V

denotes the third prolongation of V and is given by
pr(3)V = pr(2)V +φxxx ∂

∂uxxx
+φxxt ∂

∂uxxt
+φxtt ∂

∂uxtt
+

φttt ∂
∂uttt

.
Applying the symmetry condition to (1.1), we find

that the coefficient functions ξ , τ, and φ must satisfy
the following condition:

φt + γ tpφxxx + λtqφx + βtnu2φx + αtmuφx

+ μtrφ + 2βtnuuxφ + αtmuxφ + mαtm−1τuux

+ nβtn−1τu2ux + pγ tp−1τuxxx

+ qλtq−1τux + rμtr−1τu = 0, (3.2)

where φt , φx, and φxxx are the coefficients of pr(3)V .
Furthermore, we have

φx = Dxφ − uxDxξ − utDxτ, (3.3a)

φt = Dtφ − uxDtξ − utDtτ, (3.3b)

φxxx = D3
x(φ − ξux − τut ) + ξuxxxx

+ τuxxxt , (3.3c)

where Dx and Dt are the total derivatives.
Suppose that (1.1) admits a symmetry of the

form (3.1). Application of the symmetry condition
(3.2) to this equation yields the following determin-
ing equations:

τx = τu = 0, τ = τ(t), (3.4a)

ξu = 0, ξ = ξ(x, t), (3.4b)

φuu = 0, φ = a(x, t)u + b(x, t), (3.4c)

pτ + tτt − 3tξx = 0, (3.4d)

ax − ξxx = 0, (3.4e)

nτ + 2ta − tξx + tτt = 0, (3.4f)

mαtm−1τ + αtma + 2βtnb

− αtmξx + αtmτt = 0, (3.4g)

qλtq−1τ + αtmb − λtqξx + λtqτt − ξt

+ 3γ tpaxx − ξxxx = 0, (3.4h)



500 H. Liu et al.

ax = 0, (3.4i)

bx = 0, (3.4j)

at = 0, (3.4k)

bt = 0. (3.4l)

Then by the Lie symmetry analysis method, we obtain
the following results:

When m = n = p, the vector field of (1.3) is

V1 = ∂

∂x
, V2 = λtq−p ∂

∂x
+ t−p ∂

∂t
,

V3 = [
2β(p + 1)(q + 1)x

+ 2βλ(3q − p + 2)tq+1 (3.5)
− α2(q + 1)tp+1] ∂

∂x
+ 6β(q + 1)t

∂

∂t

− [
2β(p + 1)(q + 1)u + α(p + 1)(q + 1)

] ∂

∂u
.

When m �= n, m �= n+p + 1, and m �= p or n �= p,
the vector field of (1.2) is

V1 = ∂

∂x
,

V2 = [
2(p + 1)(q + 1)x + 2λ(3q − p + 2)tq+1] ∂

∂x

+ 6(q + 1)t
∂

∂t

− (q + 1)(3n − p + 2)u
∂

∂u
, (3.6)

where m, n, and p satisfy 6m − 3n − p + 2 = 0.
Clearly, the vector fields (3.5) and (3.6) are closed

under the Lie bracket [Vi,Vj ], respectively. Mean-
while, we note that (1.1) has a trivial symmetry V =
∂
∂x

, also.
Summarizing the discussion in Sects. 2 and 3, we

have the following conclusion.

Proposition The result of Lie symmetry analysis co-
incide with the Painlevé-integrable condition for the
two equations. That is to say, under the Painlevé-
integrable condition, the equation possesses nontrivial
symmetry.

4 Symmetry reductions and exact solutions

In the preceding section, we obtained the symme-
tries for the two equations (1.2) and (1.3). Now, we

deal with the symmetry reductions and exact solutions
based on the Lie group analysis method.

Firstly, we deal with (1.3).
(i) For the generator V2, we have the following sim-

ilarity variables:

ξ = x − λ

q + 1
tq+1, ω = u,

and the group-invariant solution is ω = f (ξ), that is,

u = f

(
x − λ

q + 1
tq+1

)
. (4.1)

Substituting (4.1) into (1.3), we reduce the equation to
the following ordinary differential equation (ODE):

γf ′′′ + βf 2f ′ + αff ′ = 0, (4.2)

where f ′ = df
dξ

. It implies that if ω = f (ξ) is a solution
of (4.2), then (4.1) is a solution of (1.3).

From (4.2), we have

6γf ′′ + 2βf 3 + 3αf 2 + k1 = 0. (4.3)

Clearly, this equation has a generator V = ∂
∂ξ

. By
the symmetry reduction method for ODEs, let y = f ,
w = ξ , then we have fξ = 1

wy
, fξξ = −wyy

w3
y

. Plugging

into (4.3), we get

−6γwyy + (
2βy3 + 3αy2 + k1

)
w3

y = 0. (4.4)

Setting wy = z, we obtain

6γ
dz

dy
= (

2βy3 + 3αy2 + k1
)
z3. (4.5)

Thus, we reduce (4.3) to a first-order ODE. Solv-

ing (4.5), we have z = ±
√ −6γ

βy4+2αy3+k1y+k2
. That is,

w = ∫
z(y)dy + k3, where ki (i = 1,2,3) are arbitrary

constants.
Plugging y = f , w = ξ into this equation, we get

the solution of (4.2). Accordingly, the solution of (1.3)
is obtained. For the concrete parameters, we can get
the exact explicit solutions by using the Jacobian el-
liptic functions.

(ii) For the generator V1, we get the trivial solution
of (1.3) is u = c, where c is an arbitrary constant.

Secondly, (1.2) has a generator V1 also, it is eas-
ily seen that this equation has a trivial solution u = c,
where c is an arbitrary constant.

Thirdly, we consider the solution of (1.1).
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Since (1.1) has a generator V1, we have u = f (ξ),
where ξ = t . Substituting it into (1.1), we get

f ′ + μξrf = 0, (4.6)

where f ′ = df
dξ

.

Solving (4.6), we have f (ξ) = ce− μ
r+1 ξr+1

. Thus,
we obtain the solution of (1.1) is

u(x, t) = ce− μ
r+1 t r+1

, (4.7)

where c is an arbitrary constant.
On the other hand, based on the Painlevé analysis

in Sect. 2, we have

u = a

φ
− α

2β
tm−n. (4.8)

In view of (2.4), we can get

φ = x + α2

4(2m − n + 1)β
t2m−n+1

− λ

q + 1
tq+1 + c, (4.9)

where 2m − n �= −1, q �= −1, and c is an arbitrary
constant.

Substituting (4.9) into (4.8), we obtain the solution
of (1.1) under the condition (2.9). In other words, un-
der the integrable condition (2.9), (1.1) has the solu-
tion (4.8), where φ is given by (4.9).

5 Conclusion and remarks

In this paper, we made the Painlevé analysis for the
three time-dependent coefficients Gardner equations.
The symmetries of the equations are obtained by us-
ing Lie group analysis method. The reduced equations
are presented, and the exact explicit solutions are in-
vestigated simultaneously. Moreover, the relationship
between Lie symmetry analysis and Painlevé property
is considered. The Lie symmetry analysis is a very
powerful approach for dealing with exact solutions for
PDEs. In addition, the relationship between the Lie
symmetry analysis and Painlevé properties is an inter-
esting problem; both of them are worthy of studying
further.

Remark 5.1 As is well known, symmetries and first
integrals are two fundamental structures of ordinary

differential equations. In terms of the integration the-
ory based on the invariants of the group, we know that
if we get a one-parameter symmetry group of an ODE,
then we can reduce the order of the equation by one.
In Sect. 4, we reduced (4.3) to a first-order ODE by
the symmetry method and obtained its exact explicit
solution.

Generally speaking, for tackling the exact solutions
of differential equations, only the simple symmetries
are available. For example, we can reduce (1.3) to an
ODE by using V3 also, but the reduced equation is a
nonlinear and nonautonomous higher-order ODE. To
our knowledge, there is no any effective method for
dealing with such complicated equations.

Remark 5.2 From our previous discussion, we see that
the Painlevé analysis are performed under the condi-
tion r �= −1, and the symmetries are obtained under
the condition μ = 0 as well. How can we obtain the
Painlevé properties and Lie group classifications under
the condition r = −1 or μ �= 0 in general? Are there
any other forms of exact explicit solutions to the vc-
Gardner equations, etc.? We hope to investigate this in
the future.
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