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Minkowski Metrics on Solutions
of the Khokhlov–Zabolotskaya Equation
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Abstract—In this paper, we show that every solution of the Khokhlov–Zabolotskaya equa-
tion possesses a Minkowski metric. This metric is responsible for transport of singularities of
KZ-solutions. We find explicit solutions for which the metrics are either locally-flat or Ricci-flat
or conformally-flat.
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1. INTRODUCTION

The geometric singularities of any nonlinear differential equation are moving along Hamiltonian
vector fields where the Hamiltonian is defined by the symbol of the linearization of the PDE on a solution,
see [3]. In this paper, we consider a 2-order nonlinear differential operator which defines the Khokhlov–
Zabolotskaya (KZ) equation. A symbol of the linearization of this operator defines a Minkowski metric
on every KZ-solution. The zero-geodesics of the metric (or “light rays”) are just trajectories of geometric
singularities of KZ-solutions. We investigate various classes of explicit solutions on which the metrics
are either locally-flat or Ricci-flat or conformally-flat. It is appeared that only solutions with Ricci-flat
metrics are Einstein manifolds and only locally-flat metrics of solutions are projectively-flat.

2. KHOKHLOV–ZABOLOTSKAYA EQUATION

2.1. Nonlinear Differential Operator

The following nonlinear PDE is the Khokhlov–Zabolotskaya equation, see [2],

utx − (uux)x − uyy − uzz = 0. (1)

The corresponding nonlinear differential operator may be defined as follows.
Let us consider the trivial bundle

π : R
4 × R −→ R

4, π : (t, x, y, z, u) �→ (t, x, y, z).

Denote by jk
pS the k-jet at a point p of a section S of the bundle π, and by Jkπ we denote the manifold

of all k-jets of all sections of π.
Let

πk : Jkπ −→ R
4, πk : jk

pS �→ p

be the k-jet bundle of sections of π.
For all natural numbers q and r such that q > r, we denote by πq,r the natural projections

πq,r : Jqπ −→ Jrπ, πq,r : jq
pS �→ jr

pS.
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Every section S of the bundle π generates the section jkS of the bundle πk by the formula

jkS : R
4 −→ Jkπ, jkS : p �→ j2

pS.

Consider now the nonlinear 2nd order differential operator Δ acting on sections of π by the formula

Δ = ϕΔ ◦ j2,

where the function ϕΔ: J2π → R is defined by the left hand side of equation (1)

ϕΔ(t, x, y, z, u, ut, . . . , uzz) = utx − uuxx − uyy − uzz − u2
x,

where t, x, y, z, u, ut, . . . , uzz are the canonical coordinates on the 2-jet bundle J2π.

Then the set of all solutions of equation (1) coincides with the set of all sections S of π so that
Δ(S) = 0.

2.2. Symbols

Let θ2 ∈ J2π, θ1 = π2,1(θ2), p = π2(θ2), and let Fθ1 be the fiber of projection π2,1 over θ1. That is,

Fθ1 = (π2,1)−1(θ1).

Consider the exact sequence

0 → R ⊗ (T ∗
p � T ∗

p ) i−→ J2
p π

π2,1−−→ J1
pπ → 0,

where T ∗
p is the cotangent space to the base of π at the point p and (T ∗

p � T ∗
p ) is the symmetric square of

the cotangent space, the map i is defined by the formula

i
(
v ⊗ (df � dg)

)
= j2

p

(
1
2
fgS

)
,

where f, g and S are smooth functions such that f(p) = g(p) = 0, and S(p) = v.

From this exact sequence, we get the natural isomorphism

Fθ1
∼= T ∗

p � T ∗
p .

Recall, see for example [1], that the symbol of Δ at point θ2 is the restriction of the differential
ϕΔ on the tangent space Tθ2(Fθ1) of the fiber Fθ1 at the point θ2:

Smblθ2Δ = (ϕΔ)∗|Tθ2
(Fθ1

).

Taking into account the natural identification of T ∗
p � T ∗

p with its tangent space, we can represent
Smblθ2Δ as an element of (T ∗

p � T ∗
p )∗.

This element is the symmetric (2, 0) - tensor

∂t∂x − u∂x∂x − ∂y∂y − ∂z∂z ∈ Tp � Tp.

This tensor is non degenerate and therefore it generates an isomorphism T ∗
p → Tp. The inverse to this

isomorphism is defined a metric of signature (+, −, −, −)

g(θ2) = 4udt2 + 4dtdx − dy2 − dz2 ∈ T ∗
p � T ∗

p .

In other words, the symbol Smblθ2Δ of the operator Δ at the point θ2 defines in a natural way the
Minkowski metric g(θ2) on the tangent space Tp, where p = π2(θ2).

As a result of this construction, we get a field of horizontal Minkowski metrics on the 2-jet bundle J2π

g : J2π −→ T ∗ � T ∗, g : θ2 �→ g(θ2).
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2.3. Metric Structures on Solutions

Let

S : (t, x, y, z) �→
(
t, x, y, z, u(t, x, y, z)

)

be a solution of equation (1).

Denote by L
(2)
S the image of the section j2S of the bundle π2.

Then, if we identify solutions S and submanifolds L
(2)
S ⊂ J2π, the restriction

gS = g|
L

(2)
S

= 4u(t, x, y, z)dt2 + 4dtdx − dy2 − dz2

gives a Minkowski metric on the manifold L
(2)
S , associated with the solution.

2.4. Explicit Solutions

In this section we use the classical differential invariants of metrics to get classes of explicit solutions
of the KZ-equation.

2.4.1. Locally-flat solutions. We will find solutions (L(2)
S , gS) of KZ-equation such that the

corresponding metrics gS are locally-flat. It is known that a metric is locally flat if and only if its curvature
tensor is zero.

In our case, nonzero components of the curvature tensor are:

R1212 = −2Sxx, R1213 = −2Sxy, R1214 = −2Sxz, (2)

R1313 = −2Syy, R1314 = −2Syz, R1414 = −2Szz.

From (2) we observe that the required solution of equation (1) should also satisfy equations

Sxx = 0, Sxy = 0, Sxz = 0, Syy = 0, Syz = 0, Szz = 0.

Solving these equations together with KZ-equation, we get the following class of explicit KZ-solutions
with locally flat metric gS :

S(t, x, y, z) = h1(t)yz − x

t + C
+ h2(t)y + h3(t)z + h4(t),

where h1, h2, h3, and h4 are arbitrary smooth functions and C is an arbitrary constant.

2.4.2. Projectively-flat solutions. We look for solutions (L(2)
S , gS) of KZ-equation such that metrics

gS are projectively-flat.
Recall that a metric space (L, g) is projectively-flat if there exist local coordinates in a neighborhood

of every point of L such that geodesic lines of g are represented as straight lines in these coordinates.
It is known, see [4], that (L, g) is projectively-flat if and only if (L, g) is a space of constant curvature.

Then the curvature tensor is expressed in terms of the metric in the following way

Rlkij = K(gligkj − gljgki), K = constant.

Comparing the curvature tensor of gS with the tensor (gS)li(gS)kj − (gS)lj(gS)ki, we get that K = 0.
Therefore the only locally-flat solutions of KZ-equation are projectively-flat.

2.4.3. Ricci-flat solutions. We find solutions (L(2)
S , gS) of KZ-equation such that the Ricci tensor of

gS is zero.
In our case, nonzero components of the Ricci tensor are:

R11 = −2SSxx − 2Syy − 2Szz, R12 = R21 = −Sxx, (3)

R13 = R31 = −Sxy, R14 = R41 = −Sxz.

From (3) we get that the required solutions of KZ-equation should also satisfy equations

Sxx = 0, Sxy = 0, Sxz = 0, Syy + Szz = 0.
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Solving these equations together with KZ-equation, we obtain the following class of explicit solutions
of the KZ- equation:

S(t, x, y, z) = − x

t + C
+ h(t, y, z),

which are Ricci-flat. Here C is an arbitrary constant and h is a function, satisfying the Laplace equation

hyy + hzz = 0.

2.4.4. Einstein manifolds. We find solutions (L(2)
S , gS) of KZ-equation which are Einstein mani-

folds.
Recall that a Minkowski manifold (M , g) is Einstein if and only if the Ricci tensor R of metric g is

proportional to g. That is, R = λg, for some constant λ.
Comparing the Ricci tensor of gS with this metric, we get that the only Ricci-flat solutions of

equation (1) are Einstein manifolds.

2.4.5. Conformally-flat solutions. We find solutions (L(2)
S , gS) of Khokhlov–Zabolotskaya equa-

tion such that its metric gS is conformally-flat.
Recall that a metric is called conformally-flat if, in neighborhood of every point, it can be transformed

to the form efg, where f is a smooth function and g is a flat metric.
It is known that a metric is conformally-flat if and only if its Weyl tensor is zero.
In our case, nonzero components of the Weyl tensor are:

W1212 = −1
2
Sxx, W1213 = −Sxy, W1214 = −Sxz, (4)

W1313 = −Syy +
1
3
Sxx + Szz, W1314 = −2Syz,

and other nonzero components are linear combinations of these ones.
From (4) we get that the required solutions should satisfy the following equations:

Sxx = 0, Sxy = 0, Sxz = 0, Syz = 0, Syy − Szz = 0.

Solving these equations together with KZ-equation, we get the following class of explicit solutions of
KZ-equation

S(t, x, y, z) =
(

d

dt
h1 − h2

1

)
(y2 + z2) + h1x + h2y + h3z + h4,

with conformally-flat metric gS . Here h1, h2, h3, and h4 are arbitrary smooth functions in t.

REFERENCES
1. I. S. Krasil’shchik, V. V. Lychagin, and A. M. Vinogradov, Geometry of Jet Spaces and Nonlinear Partial

Differential Equations (Gordon and Breach, New York, 1986).
2. A. Kushner, V. Lychagin, and V. Rubtsov, Contact Gometry and Non-linear Differential Equations

(Cambridge University Press, 2007), p. 496.
3. V. Lychagin, Singularities of multivalued solutions of nonlinear partial differential equations, and

nonlinear phenomena, Acta Appl. Math. 3 (2), 135 (1985).
4. P. K. Rashevskiy, Riemann geometry and tensor analysis (Nauka, Moskow, 1967), p. 664.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 30 No. 4 2009



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


