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Abstract—In this paper we describe geometric structures on solutions of the 2-dimensional gas
dynamics equations. These structures are generated by characteristics of the system. We construct
a 1-order tensor differential invariant of the structures. It is shown that there exists a unique linear
connection on every solution of the gas dynamics equations such that its torsion coincides with the
obtained invariant. We use this invariant to find classes of explicit torsion-free solutions of the gas
dynamics equations for polytropic constant volume gas motion.
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1. INTRODUCTION

In this work we investigate geometric structures on solutions of 2-dimensional gas dynamics
equations, generated by characteristics. The characteristic variety of the system is given by symmetric
3-form. This form is decomposable and characteristics generate on every cotangent space to a solution
a geometric structure consisting of a plane and a cone.

We construct a 1-order tensor differential invariant of this structure. It generates a vector valued
2-forms on solutions.

We show that there exists a unique linear connection on every solution of these equations such that
its torsion tensor coincides with the tensor invariant.

Finally for the case of polytropic constant volume gas motion, we find a class of explicit torsion-free
solutions.

2. GAS DYNAMICS EQUATIONS
2. 1. Adiabatic Gas Motion

The adiabatic 2-dimensional gas motion is described by the following system of differential equations,
see for example [2],

Ut 4+ Uy + Uy + pr/p =0, v+ uvy +vvy + py/p =0, (1)
pt + ups +vpy + plug +vy) =0, pp+ upy +vpy + Ap, p)(uz +vy) = 0.
Here (u, v) is the velocity of gas flow, p is its density, p is its pressure and

—A(p,p)/p = (85/0p)/(05/9p),

where S(p, p) is the entropy, is the square of the speed of sound in the media.
Geometrically the system can be viewed as follows.

Consider the trivial bundle
1
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and denote by
e JPm— RS, T j}’,fSHp

the bundle of all k-jets of all sections of 7. Here we denoted by j;fS the k-jet of section S at a point p.

System (1) generates a submanifold € of the bundle J'7 given by equations

ut 4 ulud + el +ud/uP =0, ud utud 4 uud +ug/ud =0, (2)
ud + utud + el 4+ ud(ud +ud) =0, ul + ulug + uPug + A(ud ut) (uh +ud) =0,

where u’, u’ are canonical coordinates in J'7.

Every section S of the bundle 7 generates the section j;.S of 7, :

xS R — Jkr, JkS ijSS-

Denote by Lg) C J'7 the image of section 51 9.
Then section S is a solution of system (1) if and only if L(Sl) cé.

2.2. Symbol
For all natural numbers ¢ and r such that ¢ > r, we denote by 7, , the natural projections
Tgr: Jim— J'm, Tgrt  JpS— JpS.
Remark that in our case
m10(E) = JO7.

Let 6y € JO7 and let Fy, be the fiber of 71 g over 6y,
Fyy = (m1,0)"(00),
and let &, be the fiber of £ over 6,
590 =&n Fgo.

Take 0, € € and let 6y = 7 9(61). Then, see for example [1], the symbol of € at point 6, is the
tangent space to &g, at point 6y,

Smblglé’ = Tgl (5@0).

2.3. Characteristics
Recall the geometrical definition of characteristic covectors, see[1].

Let 0, = j;S € &. Denote by Ry, the tangent space to Lg]) at the point 6y = 71 (61),

Ro, = Ty, LY.

Let w = &1dt + &adx + &3dy be a nonzero covector on the tangent space T}, to the base of 7 at the point
p. The pair (61, w) generates the ray (4-dimensional affine subspace) I(#1,w) in the affine space Fj, by
the formula

1(01,w) = {01 € Fy,|m(Ro, NRy,) = Annw}.

Then the covector w is called characteristic at point 6y if the the tangent space Ty, (1(61,w)) to I(61,w)
at the point 61 has a nonzero intersection with the symbol of £ at this point:

Ty, (1(61,w)) N Smblg, € # {0}.

In the canonical coordinates, the last condition is given by the equation

det 8<I> fk = 0,
ouj,
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ON GEOMETRIC STRUCTURES 329

where ®!, ..., ®* are the left-hand sides of system (2).
Calculating, we get the following condition for characteristic covectors

(&1 +u& +u8s)? (& +u'é +u’ts)” — A(uj§U4) (& +&3)) =0.
This means that the characteristic variety consists of union of the plane Py,
G+u'+uPe=0 (3)
and the cone Cy,
(&1 +u'& +u’ts)? - A(uj§U4) E+e)=0 (4)

in the cotangent space T;;.
[t is easy to see that
Py, N Cy, = {0}.
Denote by
Q(01) = Py, UCy,

the characteristic variety.
This gives us a field of geometric objects, or geometric structure,

Q:0;— Q) VO &

on manifold &.
The restriction €[ ) is a naturally defined geometric structure on a solution L(Sl). We will denote it
S

by QS.

2.4. Bundle of Geometric Structures
We represent the structure Qg as a section of the natural structure bundle over R3.

Let Q be a geometric structure of the form © on R3, that is € consists of hyperplane P, and cone C,
in cotangent space T} to R3 at every point p € R? in such a way that

P,NC, = {0},Vp € R®. (5)
These fields of hyperplanes and cones can be defined by equations
Q' (p)ér + Q2 (p)é2 + 2 (p)és = 0,

and
Q9(p)&i&; =0

respectively. Then condition (5) means

V¢ € P, suchthat € #0 QY(p)&&; # 0. (6)
The structure Q can be identified with the section
Q: p— (12'(p) : Q%(p) : ()], (2" () ... QB (p) : QB (p))])
of the trivial bundle
7: RPx (RP?2xRP?) =R (p,[¢°:q':?,[r":...:r°]) —p.

Let F be the open subset of the total space of this bundle defined by the condition (6). Then the bundle
p=rlg: E— R3

is a natural bundle of geometric structures of the form €.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.30 No.4 2009
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2.5. Differential Invariants

In this section we construct a first order tensor differential invariant of structures of the form €.
To this end we use the approach [3], to construct differential invariants in natural bundles.
2.5.1. Formal symmetries. Let X be a vector field in the base of x and f; its flow. The natural lifting

ft(o) of flow f; to E defines the lifting of X to the vector field X in E.
The value Xe((?) of X at point 6y € E = Ju is defined by the 1-jet jpX of X at point p = 1u(6o).

Take a point 6; € J'u such that t1,0(01) = By and consider the following vector space of 1-jets of
vector fields:

Ag, = (52 X1X € Ry, ).

The bracket of vector fields generates the bilinear map
[]: Ag x Ay, — Tp,

where

[p X1, dp Xa) = [X1, Xolp.
Then the isotropy algebra gy, of 0y is defined by

g0, = (XX =0} c T, 0 T
[t is easy to see, that
g0, C Ao,
and the natural projection
p: Ag —Tp, p: ';XHXP

is a surjection.
A subspace H C Ay, is called horizontal if

p|H: H—>Tp7

is an isomorphism.
In the case when H C Ay, is horizontal, we have

A€1 = 96y @ H.

Any two horizontal subspaces H, H C Ay, define a linear map
fa € 900 ® T,
where
Tam: Xpr (olg)"H(Xp) = (o) 71 (Xp)-
On the other hand, if H C Ay, is a horizontal subspace and if f € gg, ® T}, then there exists a unique
horizontal subspace H C Ag, such that f = fj ;. Namely, the subspace is spanned by the 1-jets

(P‘H)_l(Xp) + f(Xp),
where X, € T},.
2.5.2. Spencer cohomologies.Consider the following Spencer §-complex

0— gl = go, T & Ty (TF NTS) — 0, 7)
where

1 * * *
9((90) = (90, ® ;) N T, ® (T © T)
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is the first prolongation of gy, and the differential
0: 8o T, — T, (T, NT})
is defined by the formula
8(f)(va Yb) = f(Xp)Yp - f(Yp)Xp-
Then every horizontal subspace H C Ay, generates the 2-form wy € T, ® (T;; AT;;) by the formula
wi (Xp, Yp) = [ X, 3 Y],

where vector fields X and Y are chosen in such a way that j;X, j;Y € H,and X, = j;X, and Y, = j;Y
under the isomorphism p|g : H — T),.
Lemma 2.1. The cohomology class
lwi| = wn + d(ge, ® T5)
is independent under the choice of a horizontal subspace H C Ay,.

Proof. Suppose H,H are horizontal subspaces of Ap,, and suppose that as above jll,X =
(pl)~1(Xp) and Y = (p|r) =" (Yp). Then
(plg) " (Xp) = 3p X + [ (X))
and
(ol i)™ (V) = Y + f(Yp),

where f = f7 ;4.
Hence,

= [, Y. f(Xp)] = [ X, F(Yp)] = F(Xp)Yy — f(Yp) X,
O
This construction gives us in the natural way a function on J*u with values in Spencer cohomologies

w: b0 — wy, = wal

By the construction, this function is a 1st order differential invariant with respect to the action of the
pseudogroup of all diffeomorphisms of the base on the bundle p.

Let T" be a section of p and let L(Fl) be the image of the section j;T" of ;.

Then the restriction of w on L(Fl) is a differential invariant of the geometric structure T'.

2.6. Differential Invariants on Solutions of Gas Dynamics Equations

Let S be a solution of gas dynamics equations (1) and let 2g be its geometric structure of the form 2
considered as a section of the bundle p. It follows from (3) and (4) that this section is defined in standard
coordinates of the total space of i by the formula

A(ud. vt Alu3. ut
Qg: pr— <p;u1,u2;u1,u2,(u1)2 _ Al éu ),uluz,(uz)2 _ Al )> ,
u

where u!, ..., u* are components of the solution S.

Let 6p = Qg(p). Then by direct calculations we get that

a 00
96, = —u2b a b aab eR
uld —b a
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Lemma 2.2. The tangent space T), is decomposed to the direct sum of subspaces invariant with
respect to the Lie algebra gg,

T, = <8z1 +ultd,e + u26x3> @ (0y2,0,3) -

Proof. Take an operator g € gg,. Then a, a +iband a — ibits eigenvalues and the vectors (1, u!, u?)7T,
(0,1,7)T, and (0,1, —i)” are their eigenvectors respectively. O

This decomposition of T}, generates the following decomposition of 7), @ (T, A T};) into direct sum of
subspaces invariant with respect to the Lie algebra gg,

T, (Ty NTy) = 0(gg, ®Ty) @ (T, ® (da® A da®)) .
Denote by wg the restriction of differential invariant w to the image of the section j;Qg.

This is a differential invariant and wg can be viewed as a vector-valued 2-form.
By strightforward calculations we get that

1 gy (010 9) = 02 =)o (8)

— (u?(ug + u3) + u' (uh — u%))@xg) ® (dz? A da?).

weg =

Theorem 2.3. Let L(Sl) be a solution of gas dynamics equations (1). Then there exists a unique
linear connection on Lg) with a torsion coinciding with differential invariant wg.

Proof. It is easy to check that gg? = {0}. Now it follows from complex (7) that there exist a unique

horizontal subspace H C Ay,, 61 = j;Qg, such that wy € T, ® (dz? A dz3) for every point p of the
domain of S. The field of these horizontal subspaces defines the connection. ]

2.7. Torsion-Free Solutions
From (8) we get that the condition wg = 0 is equivalent to the Cauchy-Riemann equations
A S —

This means that the velocity (u, v) of the gas flow is given by a complex-analytic function in 2 and y.
Consider now the polytropic constant volume gas motion, that is

A(p,p) = vp,

where v is a constant, and p is a constant in system (1).
Then the condition wg = 0 leads to the following class of explicit solutions

u=cy—+ kit+ ko1, v=—cx+ kot+ koo, p = const,
p = pc(a® + 42+ p(k + k3)t2 + p(kikor + kakoo)t — p(k1 + c(kat + koo))
— p(ke + c(kit + kor))y + ks,

where ¢, k1, ko, ko1, koo, and k3 are constants.
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