Affine Differential Invariants for Planar Curves
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Abstract

In this paper we solve the affine equivalence problem for the graph of func-
tions with real values by finding a complete system of differential invariants for
the affine group action.
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1 Introduction

The differential invariants associated with a transformation group on a manifold are
the fundamental building blocks for understanding the geometry, equivalence, sym-
metry and other properties of submanifolds. The basic theory of differential invariants
dates back to the work of Lie, [5] and Tresse, [7]. However, a complete classification of
differential invariants for many of the fundamental transformation groups of physical
and geometrical importance remains undeveloped.

Cartan, [1] and [2], proved how his moving frame method could produce the dif-
ferential invariants for several interesting examples. A new, practical approach to the
method of moving frames was recently developed by Fels and Olver, [3] and [4]. The
method enables one to algorithmically implement both the practical and theoretical
construction of moving frames.

In this paper we solve the following problem, by implementing the Fels and Olver’s
moving coframe method:

Problem. Given two differentiable ordinary functions y = f(z) and y = g(z) and
a number zg € Dy N Dy, does there exist an affine transformation 7' € A(2) and a
positive number € such that

T -f(x)=¢g(T-z) forall z€ (zg—e,z9+¢)

According to the Theorem 7.7 of Fels and Olver, [3], we only need to find a complete
set of differential invariants. And, by implementing the Fels and Olver moving coframe
method, we prove that
Theorem. There exists two differential invariants
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of order 4. Furthermore, for any k > 0, a complete system of functionally independent

differential invariants of order k + 4 is provided by I, J, DJ, D?J, ... , and D*J,
where D = (DI)’le s the associated differential operator and D, = g + y'a2 +
xr Y

0
Yy’ = +--- is the total derivative operator.

ay'

2 Formulation the problem

If A(2) = GL(2) « R? is the affine transformations group in the plane, then we can
identify A(2) C GL(3) as a subgroup of GL(3) by identifying (R,a) € A(2) with the
3 x 3 matrix

a b xp
(1) (15 ‘11): c d oy | . ad—be#£0

0 0 1

then, the six independent Maurer-Cartan forms are the components of the matrix

2) u:=<§ ‘ll)l_d<1§ ?):(R‘SdR a_;da>

That is,
_dda—bdc _ddb—bdd
o= ad — be 2= ad — bc
3) ugzddxo—bdyo Iu4:adc—cda
ad — be ad — be
_add—cdb _adyy—cdzxg
He = ad — be He = ad — be

We define the action of A(2) on R? by

T T
_ R a
1 1
ax + by + 20 x .
= cx+dy+y0 |, V| vy E( )6R2
1 1 4

as usual. This action is effective and transitive.
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3 Finding the most general compatible lift

Let the origin of R?, z := (0,0) be the base of problem. In order to compute the
most general compatible lift p : R? — A(2) with the base 2, we solve the system of
2 equations p(z) - zg = z for 2 of group parameters in terms of the coordinates z on
R? and 4 remaining group parameters,

(5) o= , Yo=Y

The most general compatible lift thus has the form

b
(6) pO(zvyaaa b7 ¢, d) = d
0

oo
—_e 8

where a, b, ¢, and d are arbitrary functions of x and y, subject only to the condition
ad — be # 0, so that the determinant of (6) does not vanish, and hence py does take
its values in the group A(2).

By substituting the formulae (5) characterizing our compatible lift (6) into the
Maurer- Cartan forms (3), we obtain the moving coframe of order zero

(0) _ dda—bdc (0) _ ddb—bdd
L7 ad—be 2 7 ad=be
ddx —bdy _
™) u = ) = e
0 _ add—cdb (0) _ ady—cds
5 ad — be 6 ad—be

which forms a basis for the space of one-forms on By = M x H, where H = A(3),, ~
GL(2) is the isotropy group of the base point zg.

4 First normalization

Let us now consider a curve N C M. For simplicity, we shall assume that the curve
concedes with the graph of a function y = y(x). We restrict the moving coframe
forms to the curve, which amounts to replacing the differential dy its ”horizontal”
component y’ dx. Therefore, the restricted (or horizontal) moving coframe forms are
explicitly given by

0y _  (0) (0) (0)

Hip = H1 Hop = Ho
0 —by 0 0
(8) i = S dr p) =l
0) _ (0 0) _ ay'—c
Mg p, = Hs He,n = ad—pcdr

which now depend on first order derivatives, and thus are defined on the first jet space
J'R? ~ R

The next step in the procedure is to look for invariant combinations of coordi-
nates and group parameters. Among the restricted one-forms (8), there is one linear
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dependency, namely p3 = J pg, where J = ¢+ d — (a + b)Yy’ is a lifted invariant. We
can normalize this lifted invariant by setting it equal to one. By solving the equation
J =1 for ¢, we have

(9) c=—d+ (a+d)y

Substituting (9) into (3) , we find the first order moving coframe

W _  da N by’ db
M= s T S by (bt a)
B b dd 40 dy’
(=d+by)(b+a) —d+by
o d db . b dd
For = T av )b +a) | (—d+by)(b+a)
(1) d dx b dy
].O - fr— —_ +
(10) H3 (—d+by)b+a)  (—d+by)b+a)
o _  da ay’ db
P = 0 T Cdr by (bt a)
a dd b dy’
(=d+by)(b+a) —d+by
o _ (d+by' +ay)db a dd
s = "Catoy)b+a)  (—d+by)(b+a)
W _ (=d+by +ay)dx B a dy
oo = “Cavb)b+a)  (—d+by)(b+a)

which completely characterizes the group transformations on Bj.

5 Second normalization

As before, we determine new lifted invariants by restricting the first order moving
coframe one-forms to the curve y = y(z). This amounts to restricting dy and dy’
by their horizontal components 'dx and y”dz respectively, leading to the restricted
forms

W da n by’ db
Fin = 0 T (d+oy)(b+a)
B b dd n by" dx
(—d+by)b+a) —d+by
0 d db b dd

Hah = T Cayo)b+a) T (Cdr )b+ a)
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1 1 dx
(11) W) = meh= g
#(1) _ da ay’ db
4h a+b (—d+by)(b+a)
N a dd _ay’ dz
(=d+0by)(b+a) —d+by
O (=d+by +ay')db a dd
5:h (—d+by)b+a) (—d+by)(b+a)

Then we have two linear dependencies, namely
(1) 1) 1) (1) 1) (1) (1)

P =M1+ Hop + Ky —Hyps Heh = Hahs

'(a+ by
d— by’

invariant by setting it equal to one. By solving the equation K =1 for d, we have
(12) d=(a+0b)*y" +by
Note that we can not normalize K = 0 since this would require a = —b, but then all
the one-forms in (10) would have zero denominator. Substituting (12) into (10), we
find the second order moving coframe

where K = is a new lifted invariant. Again, we can normalize this lifted

@ (3b+a) da 2b db _
e P S AL P A
ab dy’ b dy"”

y"(a+0)*  y'(a+D)

2 _  —2bda n (a—0b)db
et = (a+b)? (a +b)?
 Vdy by
y"(a+b)*  y"(a+Db)
(13) M(2) _ (y""(a+b)* +by') dx _ bdy
3 y//(a + b)S y//(a + b)3
(@ _ _la-bda  2ad
! (a+b)?  (a+0)?
a? dy’ a dy”
y"(a+b)*  y"(a+Db)
@ _ 2a da n (3b+a)db
o (a+b)?  (a+b)?
_ ab dy’ a dy”
y//(a+b)3 y//(a+ b)
L@ = Watb)?—ay)de  ady
6 = _

y//(a+ b)S y//(a+ b)S
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6 Third normalization

As before, we determine new lifted invariants by restricting the second order moving
coframe one-forms to the curve y = y(z). This amounts to restricting dy , dy’and
dy” by their horizontal components y'dx, y"”dx and y"'dx respectively, leading to the

restricted forms

(2)
K1 h

(3b + (L) da 2b db b(y’”(a + b)2 _ ay//) dx

(a+b)2 (a+ b)2 Y (a + b)3
—2bda  (a—b)db b(y"(a+b)*+by") du
a+ a+ "(q +
(a+07? " (at0? Va+ b
@ _ dx

al b+a
_la=bda_ 2adb _aly"(a+b) -~ ay") do
(a+b)?*  (a+b)? y'(a+b)3

2ada_ | (3b+a)db a(y”(a+b) +bay") du

(@+ 07 " (@+bp VIPEE

There exist three linear dependencies, namely

where

Pap = —2p5,+ Ly K3 p,

_ ) (2)
Popn = 3Hop Tt Ly H3n > Hen = H3h

(a _|_ b)2y/// _|_ Sby//

(2) (2)

(2) (2) (2

(a _|_ b)Qy/// _|_ (2b _ a)yl/

L=

(a+0)y”

are new lifted invariants. Again, we can normalize these lifted invariants by setting

Lo=—
C (a+b)y”

L1 = 1. By solving the equation L; = 1 for a, we have

(15)

and then Ly = 0. Substituting (15) into (13), we find the third order moving coframe

3
i

a=-b+ Y

db \/gy///(by/// o \/g —by”y”’) du’
%" 9"~y
\/gy///(4by///+ \/g —by”y”’) dy’
6y” _by//y/// o

\/gy”’(Qby’”+ \/g\/W) dy//

77, 77
Y

\/gy///(y/y/// _ 3y//2) db
WY
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\/gy///( 101 3y//2) dx \/>y///2 dy
- 9y//2 —by’ "7 9 112 by’ 777

(3) v/3ab
& 18y "y

+(3y//2_2y/y///)\/§ _by/,y,,/) db+

(16) ' =

(( by///( /.1 3y//2))+

+( /// f _by//y///) dy' N dy// dy///

3by”2 2y” Qy///

G \/gy/// (3by//2 / /// +y \f _by//y///)
T 9 W

3) \/gy/// (3by//2 / /// +y \/‘ _by//y///)

He ™ = = 9//2W

7 Fourth normalization

As before, we determine new lifted invariants by restricting the third order moving
coframe one-forms to the curve y = y(x). This amounts to restricting dy , dy’, dy”

and dy””’ by their horizontal components y'dz, y”dz, v dz and y*dz respectively,
leading to the restricted forms
@ _ db . V3(5y" 3y(4)y”)(2by”’ +V3VEhY) d
Hip = 275 + 18y "' /— by y"
® _ o e _ @ _ Yy d
Hon = Ha's Hzp =Hen = 07

(3) _ (2) (2) (3)
Pap = —2Hop Tl Hyp =34

There are four linear dependencies, namely

(3) (3) (3) (3)

3
Wi = Lupsh,  uih = —ul) + Loug)
3 3 3 3 3
uen = L, pl) =20l + 3l
", 11
L = Y Y
b(3y"y™ — 5y"?)
1Oby///2 _ 6by”y( ) 4 3y// "
Ly, =

b(3y//y(4) _ 5y///2)

where all of the coefficients are lifted invariants. Again, we can normalize the L,
setting it equal to one. By solving this equation for b, we have

y/I/ 3y//

(17) b= y(4) - S
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and therefore Ly = —1.
Substituting (5), (9), (12), (15) and ( 17) in (6) we find the forth order moving
frame

b
(18) ps : XB— d
0

o o
[ S

_b + ’73by”y’” y/// 37!//

y'! y(4) - 5@/// ZT

—d+(a+b)y  (a+b)?y +by vy
0 0 1

on the fourth jet space J* = J*R? ~ RS of curves in R? with coordinates X®*) :=

(9,9, 9" "y ™).
Substituting (17) into (16), we find the fourth order moving coframe

y”’(SRy”y(4) _ y//y///2 _ 5Ry///2)

(4) ’
Ha 3Ry (3y//y(4) — 5y'"2) dy’ +
_10Ry///2 + 4y//y///2 + 3Ry//y(4) s
2Ry//(3y//y(4) _ 5y///2) Yy
. y"(=5R+y") "
R(3y”y(4) _ 5y///2)
@ y///3 . y///Q g
H2 - 3Ry//(3y//y(4) _ 5y///2> dy 2R(3y//y(4) _ 5y///2) dy +
N y//y/// e
R(gy//y(zL) _ 5y///2) Yy
@ y///(3y1/2 _ y/y///) y///2
H3 - 9Ry”2 dz + 9Ry”2 dy

@ _ 3Ry//y(4) _ y//y///2 _ 5Ry///2 d
Ha - 3Ry’ (3y//y(4) — 5y/""2) Yy

B —20Ry’”2 _ 4y//y///2 + 9Ry”y(4) 9
2Ry//(3y//y(4) _ 5y///2)

y" (bR +y") m
R(3y//y(4) _ 5y///2)

@ y///(gRy//y(4) — y"y""? — 5Ry"?)
=~ 3Ry"2(3y"y™® — 5y/"72)

dy’ +

_15Ry///2 _ Qy//y//IQ 4 6Ry”y(4) N
Ry//(3y//y(4) _ 5y///2) dy” +
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y/”(5R + y//) "
R(3y“y(4) _ 5y///2)
@ 3y//3y/// _ y/y//y///Q _ 5Ry/y///2 + 3Ry/y//y(4) p
He = 9Ry'"? r =

7y//y///2 _ 5Ry///2 + 3Ry//y(4)
9Ry//3 d

"2, 112

vy

where R = —3y(4)y” W

8 The final step

Now, we determine new lifted invariants by restricting the fourth order moving
coframe one-forms to the curve y = y(x). This amounts to restricting dy , dy’, dy”,
dy"" and dy™ by their horizontal components v'dz, y"dz, y" dz, y*dr and y® dx
respectively, leading to the restricted forms

(3) (3)

Pin = —2p0p tHyp

@ _ @ @ _Yy
Hopn = Hzp = Hgpn = 3R dx

@ 9y//2y(5) _ 45y//y///y(4) + 40y///3
Hap = dx

s _Gy//(3y//y(4) _ 5y///2)

0 = )

There is one non-constant linear dependency, namely uf}{ =1L ugl,)w where

78gn(y//y///)(9y//2y(5) _ 45y//y///y(4) + 40y///3)

L= 3
2 ( 3y//y(4) _ 5y///2)

L
is the fundamental differential invariant of the transformation group. Let J = —3
The remaining one-form
7 R 4) _ B2
(19) WY H de, H = sgn(y"™) V'3y"y y
’ 3ly"|
is the fundamental invariant one form. Let I = 3H. All higher order differen-

tial invariants can be found by differentiating I with respect ds; for instance, the

fundamental fifth order differential invariant is D(J), where D = (D,)"'D, and
0 , 0 , 0 . .
D,=—+y — +y — + - is the total derivative operator.
or dy Yy’
Now, the Theorem is a conclusion of Theorem 5.16 of Olver, in [6]. Therefore, as
Conclusion. Every differential invariant for the group action A(2) on R? is a

function of the J and its derivatives with respect to I.
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