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i�: w>
=a
b

+
b

c
+
c

a
> a+ b+ c �+�


=��	�P x+y+z = � �& �N+N ���C� z < y Tx �+�
i�: w9
=�(x� + y� + z�)� ≤ (x� + y� + z�)� �+�
 %&�E

�� ��
 < � V/� �� ��
 %!�� ����! �� �
 �+�
 %&�E w6
����! ����C� W��.� �� T��+	� �� q���� ��B< � V/�
n! ���& �� V8 ^�� ��d =���� ��B< ��4 ��
 %!��

-�+P� V+.5� �+������

���  ��!" # ��
 �$� %��

%7C =V�L���H�� Z�� ��C ��$ �:�5� �& ��	&� W(& ^�� ��
�� 
<f5& < ��"�� 
���	!� c�� ����� �� ���d L� �
 %!� ^�� �d
^	���� T��"�� 
���	!� ���d �� 2�+���� �
 ��7C ��P��+�L ���!
��3�� ��B �:�5� �& ���� �� =�"�& ��GP�� ������� ���C� ^��

=V�L���H�� �+��

n �n �−n n!
� � �~� �

� � �~�� �

� � �~��� �

� �� �~���� ��

� �� �~����� ���

� �� �~������ 	��

	 ��� �~��	���� ����

� ��� �~���
���� �����


 ��� �~���
����� �~���� × ���

�� ���� �~���
	����� �~���� × ���

π ≈ �~����
�����
π/� ≈ �~�	�	
�����
π/� ≈ �~��	�
	����
π/� ≈ �~	���
�����
π/� ≈ �~����
�		��
√
π = Γ

(�
�

) ≈ �~		�������


e ≈ �~	���������
e/� ≈ �~��
���
���
√
e ≈ �~���	���	�	
eπ ≈ ��~����
�����
πe ≈ ��~��
��		���

�F



()*+� ����� ������� ,�� ��� �� ���

T�G�� ��+& �& =�"�&�� Q ���& >=>=� �@ +A/ �� n<��� Z���
=%!� ���+� '� ��� < U.B ,�.C� 
��.P �& C

< v = � − i Tu = � − i �S� 2� ��	
� 
�!��

�G�d Tw = �− i

uvw = u[vw] = (�− i)(�− i)(�− i)

= (�− i)
[
(�− �) + (−�− �)i

]
= (�− i)(�− �i) = (�− �) + (−�− �)i

= �− ��i = −��i.


�G�d Tv = �− �i < u = �+ �i �S� 2�  �N�

u

v
= u

�

v
= (�+ �i)

�

�− �i

= (�+ �i)
(

�


+ ��
+

�


+ ��
i

)

= (�+ �i)
(
�

��
+

�

��
i

)

=
(
��

��
− ��

��

)
+

(



��
+
��

��

)
i = i.


�G�d Tz = �+
√
�i �S� 2� �N�

z� − �z + � = (�
√
�i− �) − �(�+

√
�i) + � = �

��+�
 �D!�3� �� ��L ����N� L� '� �P ������ ��!��
�) (�− i)(�+ i), �) (�− �i)(�+ �i),

�)
�+ �i

�− �i
, �)

�− i

�+ i
(�+ �i).

w� + w + � = � �
 %!� s7	(� ���C w �+�
 i�: w6

���X �� b < a �N+N ���C� ww = −�
�

+

√
�

�
i Tfk e�x

=	+ �w + �w�

�− �w
= a+ bw �
 �+�
 ^++5�

��+�
 �D!�3� �� ��L ����N�

�)
(�+ �i)� − (�− i)�

(�+ �i)� − (�+ i)�
,

	)
�+ i tan θ
�− i tan θ

, �)
(�− i)� − �

(�+ i)� + �
.

=�+�
 %&�E �� 0=F=� �@ +A/ L� w�)x < wIx ����� wJ

&'()� ���
� ��
���� *��

���C� �& ��& ��& ^+Q<� ���& �
 ����L L� ,�! 96) �& '��_�
��O<�+S T�(���� 2���	�� c�!� �& =��]S�� �" ��"d s7	(�
��"d s7	(� ���C� �& �696 ,�! �� �
 %!� ��
 ,<� � ������

���� ,�.	 � �
 ��& �	8� ^�� L��&� T��� ����� �< �
 ���
 =�"

���"�& �+�� Ǳ�+"� ^��
� �7D��& �h�:�� �� s7	(� ���C� �& �7.C �@ D!�3� ^+Q<� T���
������ \��7.B ^�� �� �� <� ��
 �@�+	� =��� ����� �6I0 ,�! ��

�%!� �	�S �
 ��.� �4f�
����� �� ��	 
��
 ������ ���� �� ����
 ��� ��

���	���
���C� ^�� ��B< \��]H ��C �� < \��]H ^+& ����.����
T��
 Ǳ��&� �� i ��.� _	+�D�O �
 �I)0 ,�! �� < T����& ����
�	:� ��8& 2� f;4� �� �� ���&� ^�� =%"�� ����� ��< � ^��
�	 =���P�� ��C �� < s7	(� ��C ���.� 
�P��� ������
�@;&�� ����/�& �� �7�<� ��$ �S�_& ���+���� �II) ,�! ��

=��
�� �	�G" ���g�
√
−�

√
−� =

√
�

���" ,�NQ� M�	� ����.���� �� �+�
 ,�X ����� ������
^�� �& q��	�P _+� ��SL�! T
<f5& < ����� ��B< ���C� ^�� �

�� �A/��� �� < ���&� ���S ?+P 
�" ����� 2�D!�3� �� �
 ��5�
�& c<�S W����: �
 ��& VP��P ��/ ����H �� U/�< �� =�P��.�
VP��: ���C� ^�� �!��P V��� ���& �� 
�� s7	(� �@3�4 Ǳ��&�
^+& ��5�x ,�! ��$ L� �	.
 ����L 2�� �� �d L� mH =��.�
< �"�
 ��$ �����.���� %.P �& < w�16� < �1�9 ���Q�!

=%:�� �5!�� 2�" �& s7	(� ���C� �@ ��p� ��.��

2��4 �& �� OP�G� �!��! �@C�.�� ������ ��!��
C =

{
a+ bi

∣∣ a, b ∈ R
}

2��j& �� ��� < U.B ,�.C� �C�.�� ^�� �& =V+�
�� [��5�
�V+�
�� [��5� ��L

(a+ bi) + (c+ di) := (a+ c) + (b+ d)i,

(a+ bi)(c+ di) := (ac− bd) + (ad+ bc)i.

V+�
�� ������/

� := �+ �i, � := �+ �i,
−(a+ bi) := (−a) + (−b)i,
�

a+ bi
=

a

a� + b�
+

−b
a� + b�

i.

�@ +7
 ����� C s7	(� ���C� �@C�.�� ����� ��!��
Girolamo Cardano�

Rafael Bombelli�

�I



��� �� ��� ()*+� ����� ������� ,��

=|Im(z)| ≤ |z| < |Re(z)| ≤ |z| w��

z s7	(� ���C� A ⊆ C �@C�.�� 2� ��	
� ��!��
=�+�
�(�� �� |z − �| + |z + �| > � �<����� �� r��4

T%!� M75	� A �& z = a + bi �+�
 i�: ��p�� ^�� ���& =� 
^���&��&

|a− �+ bi| + |a+ �+ bi| > �,√
(a− �)� + b� +

√
(a+ �)� + b� > �,

(a− �)� + b� − �
√

(a− �)� + b� + �� > (a+ �)� + b�,

�
√

(a− �)� + b� > a− �,

�(a� − �a+ �+ b�) > a� − �a+ ��,

�a� + �b� > ��.

[Q�`0=� �8" �� �� �C�.�� ^�� =a
�

�
+
b�

�
> � ��+	� ��
=V��
��.� V+!��

> ,�e� �� �7e� w� � ,�e� �� A �@C�.�� w[Q� �0=� �8"

�	/< z�, z�, z� ∈ C s7	(� ���C� �
 �+P� ���� 2�  �N�
< β < α �N+N ���C� �
 ����� ���/ %!�� s�'� �& �	/< ���� <
=α+β+γ = � < αz�+βz�+γz� = � �
 ���" %:�� ���$ γ
z� < z� < z� ��N� �
 V+�
�� �B�� T��p�� ^�� ���& =� 
−−→z�z� ��P����& �
 ��5/�< %!�� s� '� �& �	/< ���� < �	/<
��" %:�� α ����� �N+N ���C ��5� T��"�& �L��� −−→z�z� <
�� z� − z� = t(z� − z�) �G�� ��+& �& =−−→z�z� = t−−→z�z� �

��" i�: %!� �:�
 ���
� =(t − �)z� − tz� + z� = �

2��4 �& V8 ^�� m8C �& =γ = � < β = −t Tα = t − �

=�"�&�� 2�DE� �&�/ �&���

< z� + z� + z� = � �+�
 i�: 2�  �N�

|z�| = |z�| = |z�| = �

�f�O� �<��	� �7e� '� c�h� z� < z� Tz� �
 �+P� ����
�8" �& =��	�P wC : |z| = � T��5�x � �< 
@���� �� ��3�

�+�
 i�: �9:�0� &�4+� 2�)	'& ,�	�- ��!��
=%!� �Q�.5� ����
� �@3�4 R� = {(x, y) | x, y ∈ R}
[��5� C s7	(� ���C� �@C�.�� < R� ^+& ��L 2��j& ��g���
%!� '+D8� �g��� ^�� C 
 a + bi �→ (a, b) ∈ R� �V+�
��
�� s7	(� ���C� ������ mH =w��" �B�� [Q�`�=� �8" �&x
�� C �
 %!� �+Q� ^+.P �& =��
 V��� R� �@3�4 ��N� ����5&
%!� �d �	�& T����� L� ���+�& �� =������� _+� s7	(� �@3�4
(a, b) �@;N� �& �� (�,�) Ǳ��D� �
 �����& �& �� a + bi ��C �

s7	(� ��C <� U.B T
�S��� ^�� �& =V��+G& �8� T��
�� �j	�
=w��" �B�� �`�=� �8" �&x ��& �P��� ����& <� U.B ��t.P

s7	(� ���C� U.B �+D5� w� T����
� W��.� w[Q� ��=� �8"
�����& U.B ����C �&

2��4 ^�� �� Tz = a + bi �+�
 i�: ������ !�!��
[��5�

√
a� + b� 2��j& < 
��� ���� |z| ��.� �& �� z �PQ� ��:

���� Re(z) ��.� �& < 
�+��� z �K�K� M0<: �� a =V+�
��
���� Im(z) ��.� �& < 
�+��� z ������ M0<: �� b =V+P���
z ��.� �& < 
��
 [��5� a − bi 2��j& �� z R
�S� =V+P���

=V+P��� ����

�2��j��� �� Tz, w ∈ C �+�
 i�: ����� "�!��
|z| ≥ � wM7;� ��/ ���& ������x w�

=z = � �S� ���� < �S� |z| = � w0

=|zw| = |z||w| w>

=|z + w| ≤ |z| + |w| w�e7e� �<�����x w9

=z − w = z − w < z + w = z + w w6

=( zw)
=

(
z
w

) < zw = zw wF

=Im(z) = �

�
(z − z) < Re(z) = �

�
(z + z) wI

=|z|� = zz w1

=z ∈ R �S� ���� < �S� z = z wJ

=|z| = |z| < z̄ = z w�)

�1



()*+� ����� ������� ,�� ��� �� ���

���	�P |<�_� ���B <� ^�� �D/ ^��.� �&��& �
 ��" �B��

������ ��!��

�"�& |z| = � M7;� ��/ �& z s7	(� ��C �S� �
 �+�
 %&�E w�
�
 ��"�� %:�� �� t �N+N ��C 
�G�d Tz 
= −� _+� <

=z = �+ti
�−ti

�L��	� 
�C�/x �+�
 %&�E T��P��(Q� z, w ∈ C �+�
i�: w0
=|z + w|� + |z − w|� = �(|z|� + |w|�) �w�f�O�

=�+�
 %&�E �� I=F=� �@ +A/ L� w��x < wFx Tw>x ����� w>

�
 �+P� ���� T|α| = |β| �
 α, β, γ ∈ C �+�
 i�: w9
=|α+ γ|� + |α− γ|� = |β + γ|� + |β − γ|�


�G�d T|β| ≤ � < |α| < � �S� �
 �+P� ���� w6
-��"�� ���/�& �<��� ����4 �$ �� =|β+α| ≤ |�+αβ|

��+����& �� s&�< � �� r��4 ��P z �@.P �@C�.�� T���� �P ��

�) Re(z) ≥ Im(z), 	) |z − �+ �i| < �,

�) |z − �| + |z + i| = �, 
) |z − �+ i| = |z + �− i|,

��) |z − �| ≤ |z + �|, ��) |z| + Re(z) ≤ �,

��)
(
z + �

z − i

)�

= �, ��) �|z| − Re(z) = ��,

��) |z − �| = |�− �z̄| ��) �|z − i| = Re(z) + �

�
 �+P� ���� T|α| = |β| = |γ| = � �+�
 i�:

��) |βγ + γα+ αβ| = |α+ β + γ|,

��)
(β + γ)(γ + α)(α + β)

αβγ
∈ R.

<� c�h� z < y < x _+� < c < b < a �S� �
 �+P� ���� w�I
�7e� <� ^�� ����4 �� 
�G�d T��"�& R� = C �� �7e�

�����&��	�
∣∣∣∣∣∣
� � �

a b c
x y z

∣∣∣∣∣∣ = �.

��+�
 � x ∈ R i�: �& �� ��L 2O��5� w�1

�) (x+ i)n − (x − i)n = �,

�) cosx+ i sinx = sinx+ i cosx.

=��" �B�� �`0=�
�
 ���S�� �p f� TI=F=� �@ +A/ �& �B�� �& =� 

|z� − z�|� = (z� − z�)(z� − z�)

= z�z� + z�z� − z�z� − z�z�

= �|z�|� + �|z�|� − (z� + z�)(z� + z�)

= �− |z� + z�|� = �− | − z�|� = �− |z�|� = �.

���d �@ 74�: mH T���� ��B< ���N� z� < z� < z� ^+& ��$ <
=���&��& <��&<�

�+�
�(�� �� ���P z = a+bi ∈ C �@.P �@C�.�� 2�  �N�
=|z� − �| = α �



�G�d T��
 r�4 ��" ^�� �� z = a+ bi �S� =� 

α = |z� − �| = |a� − b� + �abi− �|
=

√
(a� − b� − �)� + (�ab)�.

a� + b� + �− �a�b� + �b� − �a� + �a�b� = α�

(a� + b� + �)� = �a� + α�

b� = −a� − �±
√
α� + �a�

��5� T%!� ,�D/ ���� + mH T����N+N ��C b < a ��$ �

%De� ,�8���� ��L �	���& =b = ±

√√
α� + �a� − �− a�

^���&��& =(a�−�)� ≤ α� �� T�+a� ≤
√
α� + �a� ��5� T�"�&
%!� ^+�$ �Q�@�� ���B{

a+ bi
∣∣�− α ≤ a� ≤ �+ α ,

b = ±
√√

α� + �a� − �− a�
}
.

{���� �& ���7.B ��$ '� P (x) �S� �
 �+P� ���� 2+  �N�
��$ ^�� �@��� _+� z 
�G�d T�d L� ���� '� z < �"�& �N+N 

=%!� ���7.B
P (x) = anx

n + · · · + a�x + a� V+�
 i�: =� 

�G�d T�"�& P (x) �@��� z �S� =����N+N ���C� �P ai �


�V��+S�� |<�_� �;&�� ^�� ^+:�X L� =P (z) = �

� = � = P (z) = anzn + · · · + a�z + a�

= anzn + · · · + a�z + a�

= anzn + · · · + a�z + a� = P (z)

V+�
 i�: T�BC� &��(� �� F
� 'U�� '8 (���� D� 2#  �N�
2��j��� �� =� = b� − �ac < � < ax� + bx + c = �

^���&��& =(x− b
�a

)� = b�−�ac
�a�

�� Ta(x− b

�a
)� + c− b�

�a
= �

x =
b

�a
±

√
b� − �ac

�a�
=

b

�a
±

√
�ac− b�

�a
i.

�J



��� �� ��� ()*+� ����� ������� ,��

	) (reiθ)n = rnenθi, �) − reiθ = rei(θ+π),


) reiθ = re−θi, ��) (reiθ)−� =
�

r
e−θi,

�V���� T�+ i =
√
�eπ/� ��$ 2� ��	
� �
�!��

(�+ i)�� =
(√

�eπi/�
)�� (�)

=
(√

�

)��
e��π/�i

= �
��
√
�e(�π+πi/�) (�)

= �
��
√
�eπi/�

(�)
= �

��
√
� cos

(π
�

)
+ �

��
√
� sin

(π
�

)
= �

��(�+ i)


���	!� ���� V8 
@��." �& T�P_	���H ���� ���C� T�8��� Y+���
=����� 
��"� �0=F=� �@ +A/ L�

��− i =
√
�eπi/� < �+

√
�i = �eπi/� ��$ 2�  �N�

(
�+

√
�i

�− i

)��

=

(
�eπi/�√
�e−πi/�

)��

(�)
=

(√
�e(πi/�+πi/�)

)�� (�)
= (

√
�)��e��(�πi/��)

= �
��e(��π+πi/�) (�)

= �
��e−πi/�

(�)
= �

�� cos
(
−π

�

)
+ �

�� sin
(
−π

�

)
= −���i.


���	!� ���� V8 
@��." �& T�P_	���H ���� ���C� T�8��� Y+���
=����� 
��"� �0=F=� �@ +A/ L�

%!�& �� sin θ+sin�θ+· · ·+sinnθ 2��DC ���N� 2�  �N�
�V���� T�0=F=� �+A/ L� w�x %.�/ L� 
���	!� �& =V��<d��

sin θ + sin(�θ) + · · · + sin(nθ)

= Im(eθi) + Im(e�θi) + · · · + Im(enθi)

= Im(eθi + e�θi + · · · + enθi)
(�)
= Im(eθi + (eθi)� + · · · + (eθi)n)

= Im
(
�− (eθi)n

�− eθi
eθi

)
(�)
= Im

(
�− enθi

�− eθi
eθi

)

= Im

(
enθi/�(enθi/� − e−nθi/�)
eθi/�(eθi/� − eθi/�)

eθi

)

(�)
= Im

(
e(n+�)θi/��i sin

(
nθ
�

)
�i sin

(
θ
�

)
)

(�)
= sin

(
n+ �

�
θ

)
sin

(
nθ
�

)
sin

(
θ
�

) .

���	!� ���� V8 
@��." �& T�P_	���H ���� ���C� T�8��� Y+���

=����� 
��"� �0=F=� �@ +A/ L�

�
 �+�
 %&�E T%!� �P��(Q� �5+DX ��C α �+�
 i�: w�J(
�+ i tanα
�− i tanα

)n
=
�+ i tan(nα)
�− i tan(nα)

.

%&�E 2��4 ^�� �� T(cosα + i sinα)n = � �+�
 i�: w0)
=(cosα− i sinα)n = � �
 �+�


��4 < '� [Q�(� s7	(� ���C� b < a �+�
 i�: w0�
< a < � TO c�h� �& �7e� <� �
 �+P� ���� =��"�&��

=��	�P �&��	� ab < b TOc�h� �& _+�

�+�
 i�: �9:�0� &�4+� 2;<� ,�	�- �#�!��
�@ 74�: =%!� ��4 [Q�(� s7	(� ��C '� z = a + bi ∈ C

�� Oz s(.+� < Re ��3� ^+& %De� �@ �<�L < r �� Ǳ��D� �� z �@;N�
�V+����� θ

r := |z| =
√
a� + b�.

θ := arg(z) =

⎧⎪⎪⎨
⎪⎪⎩

arctan (b/a) a > � �S�
π/� a = � < b �S�
�π/� a = � > b �S�
arctan (b/a) + π a < � �S�


<f5& =V+����� z ����S�d �� θ < z ,�X �� r T2��4 ^�� ��
�V+�
�� [��5�

Arg(z) := {arg(z) + �kπ | k ∈ Z}
^�� �� =b = r sin θ < a = r cos θ �
 ��"�� 2�DE� �S���&

V+������ %Q� 

z = r exp(iθ) �� z = reiθ

�V���� [��5� �& �B�� �& ��	
� ���!��
z=a+bi Re(z) Im(z) |z| arg(z) z=reθ

� � � � � �e�i

−� −� � � π �eπi

i � � � π/� �eπi/�

−i � −� � �π/� �e�πi/�

�+ i � �
√
� π/�

√
�eπi/�

�− i � −�
√
� −π/�

√
�e−πi/�

−�+ i � −�
√
� �π/�

√
�e�πi/�

−�− i −� −�
√
� �π/�

√
�e�πi/�

����� s7	(� ���C� �D;/ W��.� ����� ���!��
�%!� ��L n�" �& Z���

�) reiθ = r�e
iθ� ⇔

{
r = r�,
θ = θ� + �kπ, k ∈ Z,

�) reiθ = � ⇔ r = � < θ = �kπ , k ∈ Z

�) reiθ = r cos θ + r sin θi,

�) cos θ =
eiθ + e−iθ

�
), �) sin θ =

eiθ − e−iθ

�i
,

�) (r�e
iθ�)(r�e

iθ�) = (r�r�)e
i(θ�+θ�),

0)



()*+� ����� ������� ,�� ��� �� ���

=%!� 
��(Q� k ∈ Z �
 Tnθ� = θ = �kπ < r = rn
�
V��+S��

=θ� = (θ + �kπ)/n < r� = n
√
r ^���&��&

������ 
�G�d Tv = e�πi/n < u = n
√
reθi/n V+�
 i�: �S�

%"��

n
√
re(θ+�kπ)i/n = n

√
reθi/n

(
e�πi/n

)k
= uvk.

fk .C uvn ^���&��& Tun =
(
e�πi/n

)n
= e�π = � �:�X L�

< ��4 ^+& ����N� k �
 %!� �:�
 mH =%!� uv� = u ��.P
� =��
 ��+	�� �� n− �

^�� �� n = � < z = � �+�
 i�: 2� ��	
� �!�!��
�& ���&��& '� ��C ��! �@��� �! T2��4

�
√
� =

�
√
�e�i =

�
√
� exp

{
�+ �kπ

�
i

}

V���� Tk = � ���& =k = �,�,� �d �� �

�
√
� =

�
√
��e�i = cos�+ i sin� = �

V���� Tk = � ���&

�
√
� = �e�π/� = cos

(
�π

�

)
+ i sin

(
�π

�

)
= −�

�
−

√
�

�
i

V���� Tk = � ���&

�
√
� = �e�πi/� = cos

(
�π

�

)
+ i sin

(
�π

�

)
= −�

�
+

√
�

�
i

T%!� '� V��H ��P���� L� �8� z 
= � �+�
 i�: 2�  �N�
�
 �+�
 %&�E 2��4 ^�� ��

z

�+ z�
+

z�

�+ z�
+

z�

�+ z
+

z�

�+ z�
= �

^+�t.P =z� =
�

z
��5� =zz� = � ^���&��& Tz� = � ��$ =� 

O�& �<��� ,<� v�X T^���&��& =z� =
�

z�
��5� Tz�z� = �

L� %!� 2��DC

z

�+ z�
+

z�

�+ �/z
+

z�

�+ z
+

z�

�+ �/z�
=

=
z

�+ z�
+

z�

z + �
+

z�

�+ z
+

z�

z� + �

=
�z�

�+ z
+

�z

�+ z�

=
�z� + �z� + �z� + �z

(�+ z�)(�+ z)

=
�(�+ z + z� + z�)(�− z)

(�+ z�)(�− z�)

=
�(z� − �)

(z� + �)(z� − �)
= �.

������ ���!��
T−� − i

√
� T−

√
� + i

√
� T−� ���C� L� '� �P w�

=�+����& �D;/ �8" �& ��
(
�+cosα+i sinα
�+cosα−i sinα

)��
(√

�+
√
�i√

�+i

)��
T(�− i)�� T

(
�+

√
�i

�−
√
�i

)��
����N� L� '� �P w0

=�+�
 �D!�3� ��
(
�−i
�+i

)��
<


�G�d Tθ ∈ R �S� �
 �+P� ���� w>
Tsin�θ = � sin θ cos θ w[Q�

< T sin�θ = � sin θ sin
(π
�

− θ
)

sin
(π
�

+ θ
)
w�

sin�θ = � sin θ cos θ sin
(π
�

− θ
)

sin
(π
�

+ θ
)
w|

�
 �+�
 %&�E Tn ≥ � �
 ����4 �� w9
sin

(
π
n

)
sin

(
�π
n

)
· · · sin

(
(n−�)π

n

)
= n/�n−�

�
 �+&�+& �� �� m < n �5+DX ���C� ^��	8$�
 w6
=
(
�+

√
�i

)m
= (�− i)n

V+�
�� [��5� Tz = a+ bi ∈ C �S� wF

ez := eaebi = ea cos b+ (ea sin b) i

i�: �& 2��4 ^�� ��

sin z =
�

�i

(
ezi − e−zi

) < cos z =
�

�

(
ezi + e−zi

)
�+�
 %&�E 2��4 ^�� ��

Tsin� z + cos� z = � w[Q�
< tan z =

sin(�a) + i sinh(�b)
cos(�a) + cosh(�b)

w�
=sin z = sin a cosh b+ i cosa sinh b w|

��+P� ���� Txn + iyn =
(
�+ i

√
�

)n
�
 ����4 �� wI

< xnyn+� − xn+�yn =
√
���n w[Q�

=xn+�xn + yn+�yn = ��n w�

��+�
 �D!�3� �� ��L ������DC L� '� �P ��.�� w1
< cosx+ cos(�x) + · · · + cos(nx) w[Q�

=sinx+ sin(�x) + · · · + sin((�n− �)x) w�

< z = reθi ∈ C − {�} V��+S �) =/�& �� ��� ���!��
L� �����DC z ��C �� n �@��� n 2��j��� �� =n ∈ N

n
√
z = n

√
r exp

(
θ + �kπ

n
i

)

=k = �,�,�, · · · , n− � �d �� �

=w = n

√
z < w = r�e

iθ� Tz = reiθ �+�
 i�: �2�DE�
V���� T�0=F=� �@ +A/ L� wIx %.�/ �&��& < z = wn ^���&��&
��+	� �0=F=� �@ +A/ L� w�x %.�/ L� ���
� =reiθ = rn

�
einθ�

0�
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%!�� s� �P w���G��S ���j� T��x ��.�� %"�G� L� 
���	!� �&
S �& ����<� �& %!�� ��;� =��"�� �	"�G� S �& 
���� �P <
�� C �� ��;� ��.� mH =���]S�� N L� �
 ���"�� ���j�
��.� �& �� w���G��x �@;N� ^�� ���!��� �;N� '� �& %����+&
�& �;N� ^�� =w��" �B�� �`>=� �8" �&x V+P��� ���� ∞
�g��� �� N �& �
 �� C∗ = C ∪ {∞} =%!� �g��	� N ∈ S

Z��� ^��	.�� =������� '�V�� W��<; OP�G� '86B7 T%!�
L� �����DC ∞

�) z + ∞ = ∞ �)
w

�
= ∞

�) z∞ = ∞ �)
w

∞ = �

%����+& �& T^���&��& =w ∈ C∗ = C − {�} < z ∈ C �d �� �

���� =��
 ��
 ������ s7	(� ���C� ��� ����.P∞ s7	(� ���C�
%Q� �& �
 %!� ^�� ��" �	:�S �p� �� �	���&�� �
 ���	8�
Y+34 fk ��
 2�D!�3� 2��4 ^�� �� =V+!�� ∞∞ �� < �

�
V�D�

���	�P

�@3�4 \�	�S w� ���G���S %"�G� w[Q� �>=� �8"
∞ ��<_:� �& s7	(�

������ ���!��

�8" �& ���! �@B�� ��DB �@ Q��5� �+�
 i�: w�

E : X� +AX� +BX + C = �

�� =��	�P �N+N ���C� �d {���� �
 T%!� 
�" 
���
������ X = x−A/�i�: �& �
 �+P� ���� 2��4 ^��
���D� E ′ : x� + bx + c = � ��
��! ��: �& �� E �@ Q��5�
�
 �+P� ���� < x = s + t �
 �+�
 i�: ,� =��.�
v] �& T���
� =s� + t� = −c/� < st = −b/� �	���&
s� {� �& �<� �@B�� ���Q��5� �& TO�& �@ Q��5� <� ^+& t
�� E ���&��B T
��d %!�& �@ Q��5� � �& TmK! =�+!�&

=��" �B�� XX �& =�+&�+&

��C <� N = c� + d� <M = a� + b� �S� �
 �+P� ���� w0
�5+DX ��C <� L� �C�.�� 2��4 �& �
 ��"�& �5+DX
�C�.�� 2��4 �& _+� �� MN 
�G�d T���
�" �	"��

������ �"�!��
T �

√
�+i√
�−i T �

√−�+ �i T �
√
i T �

√−� ����N� L� '� �P w�

�D!�3� �� �

√√
�
(
cos π

�
+ i sin π

�

) <
√
�+ �

√
�i

=�+�


=�+&�+& �� >0 V��H ��P���� ��.� w0

��P���� mK! < �	"�� �D;/ �8�& �� � − �
√
�i ��C w>

=�+&�+& �� �d ����$

=�+�
 �D!�3� �� (�− i)�/� [7	(� ����N� ��.� w9

'� �� n ��P���� � = w�, · · · , wn �S� �
 �+P� ���� w6
=w� + w� + · · · + wn = � 
�G�d T��"�&

��L 2��DC �
 �+P� ���� Tm ∈ N < a ∈ R �+�
 i�: wF
�%!� x�m−a�m

x�−a� �&��&(
x� − �ax cos

( π
m

)
+ a�

)
×

(
x� − �ax cos

(
�π

m

)
+ a�

)

×
(
x� − �ax cos

(
(m− �)π

m

)
+ a�

)
.


�G�d Tw = −�
�

+

√
�

�
i �S� �
 �+P� ���� wI

(x + y + z)(x+ yw + zw�)(x+ yw� + zw) =

= x� + y� + z� − �xyz

=�+�
 � �� a ∈ R �
 x�−�ax+(a�+�) = � �@ Q��5� w1

���>	� ?��$@ 9:�0� ��AB8  C	��) %��' ���!��
�& _+� �� R� 
<f5& =%:�S �8� ��"�� R� �& �� C �
 V+�����
C ��"�� ��+	� �� =%:�S �8� ������ R� �A: L� xOy �3�4
�& ��
�
 ,� =%:�S �8� xOy := {(x, y,�) | x, y ∈ R} �& ��

����+G& �p� �� �� � �< ��5" �& < (�,�,�) _
��

S : x� + y� + (z − �)� = �

�&x �"�&�� S ,�." {;/ N(�,�,�) �+�
 i�: ^+�t.P
L� x+iy = (x, y,�) �;N� �P Ǳ�L�& =w��" �B�� [Q�`>=� �8"
�3� < �	:�S �p� �� �� N < �;N� ^�� ^+& �4� < %!�� s� TC
^�� �& =V+P��� ���� f(x + iy) ��.� �& �� S 
@�
 �& �� �d �/f�
^�� =��d�� %!�& S − {N} �& C L� '��&'� �	"�G� {+���

�������� I�0�� $8�	 �� S < �"�0�� M@��" �� %"�G�

f : C −→ S − {N}
f(x+ yi) =

�

�+ x� + y�

(
x, y, x� + y�

)
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 ��
����8� � �D� �& ��" �+S�� L� 
������ < V75	� Tc��� w�

=��"�� v�5�
�+(� �� �
 ���P_+$ ������� �d '.
 �& c��� w0
�� {7;� V+��� �G��G$ < 
��� ���� ��+& ��+C �& �� ���S��

=��
 U����
L� �4� 
��d %!�& %4�: L� ������ c��� w>
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�
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w=���+G& �p� �� �� |(a+ bi)(c+ di)|�

�{7X 
L��D� �Q��� ��$ ������ �#�!��
i�: �& �� x+ y = � < x� + y� = �� 2O��5� 
�G	!� w�

=�+�
 � x, y ∈ C
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�<����� =w��	�P s7	(� ��C ���B �G�� 2��D5&x
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 2�DE�
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 i�: =w���+G& �p� ��
_+� C�C�C� �7e� �+�
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 i�: w9
2��DC ���N� s7	(� ���C� '.8& T2��4 ^��(

n

�

)
sin a+

(
n

�

)
sin(�a) + · · · +

(
n

n

)
sin(na)

=���<d %!�& ��

+,	� -� .��/(0� 1��

L� =%!� ��/ ��+�& ����+K��
 ��_:� ��� '� ��� wMaplex �K+�
��&��
 < M+N3� T\L��d �� ��
��	�S �8" �& ��_:� ��� ^��
�
 %!� ���.�+& ����_� ����� �+K� =��"�� 
���	!� �����
T�8	� T{7	� T�8+	.	� T�+p�x �&��� ��P��_:� ��� ���! L� �� �d
n�" �& ��+SR�< ^�� L� ���& =�L�!�� _��.	� w= = = < �����

�����L
=��� ����� ������ �d �� �� Y+34 ���C� �& 2�D!�3� w�
=��� ����� ������ V/� ���5� �P �& �� ���C 2�D!�3� w0
=��� ����� ������ �d '.
 �& �� ^���.� 2�D!�3� w>

��&L �& ���.�+& ���_:� ��� ��P�	�& < 
�" �	��! U&��� w9
��8& Z�j(& �C���� �� ������� ���
 �P �
 ���� ��B< �K+�

=��d
2�5:� �� < 
��
 sD� ������ �� ���D��3� ���S �P w6

=��.� 
���	!� ��5&
����+K��
 {!��� ��	��� '� ����C �& �d s+3� L� wF

=��.� 
���	!� ������
,� ^+C �� < ��/ ��+�& ����� �����& ��&L '� �K+� wI

=%!� 
��!

0>
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�+�u

���& ��L ,<�B �� �2�/��� FG�/�  (	6&	�- !�"��
�%!� 
�" �
u ���d ,��5� < 2�+���� ,�.5� ��P��.� L�

�Q�.5� ^	� �� �K+� s+3� ��

a+ b a+ b
a− b a− b
ab a ∗ b
a/b a/b
ab aˆb
sin sin
cos cos
tan tan
cot cot
sec sec
csc csc
sinh sinh
cosh cosh
tanh tanh
coth coth
sech sech
csch csch

arcsinh arcsinh
arccosh arccosh
arcsin arcsin
arccos arccos
arctan arctan
arccot arccot√

(x) sqrt{x}
ln(x) ln(x)
[x] floor(x)
|x| abs(x)

n
√

(x) root[n]{x}
max(x, y) max{x, y}
min(x, y) min{x, y}
log��(x) log��(x)
logn(x) log[n](x)
π Pi

i =
√−1 I

Re(x) Re(x)
Im(x) Im(x)
x̄ conjugate(x)
�/x �/x

sgn(x) sgn(x)
ex exp(x)

�& < 
��
 ��B� �� C ��	!� �+�
i�: �()�H@&	�- "�"��
�%"�� V+P��� 2��4 ^�� �� TV+"�& 
�+!� R �@�+	�

C
�K+�

−−−−→ R

�� ���d mK! < %!� �& ��	&� �� �+Q<� ���Q�e� �+�
 �5! w>
=�+��.� � �K+� '.
 �&

96 �	�P �P Tc�� �<� �@ 	�P L� �5& �� ��"�� �+4�� w9
�d �� < ��" �	:�S �p� �� w����� 
�G����Ldx ����C �& �N+/�
��(&��! _+� < 
���	!� �G��G$\L��d �& �K+� �& s7�� ��	!�

=�L���K& �d
� �& 
��.P �� �7���� �X�&�� c��� �
 ��"�� �+4�� w6
=��
 {7X ����S�" L� Vp�� ��X �& �K+� L� 
���	!� �& � < �	!�


@������ �� %!� �LO �K+� L� 
���	!� ���& �I	�5*�J 
�"��
����"d ^.� T�X�&�� �"L��d {	
 L� �8� �& �5B��� �& ��	3�
���� �G��G$ < '.
 L� 
���	!� ��$ �DQ�;� T�K+� s+3� �&

=��+G&�: �� �d �� {Q�;�

�K+� s+3� �� ��	!� �P �C= (��K�  )/��& ��"��
��
 ���< �&�/ ���&�
 s!�� �
 %!� �P��.� < v<� L� ���Q�D��

���	!� q �& < � ��P��.� L� ���& ��	!� �P ���	�� �� =�"�&��
�� �d �@�+	� < 
�" ��B� ��	!� T��" 
���	!� q ��.� L� �S� =��"
��	!� '� ��d �� � ��.� �� �S� �Q< T���S�� �P�g ��5& s�

��� W��.� < ��"�� ��B� �p:� �� ���� ��	!� �d T��" 
���	!�

=�" �P��(�

�� �d �L	�' %���6 (& 2� I� %&	B��� I�M ��"��
Maple7 ���	
���� �& < 
��� ���/ �� �! Z�j(� ����� ��
��� ��
��� ��X �& �." 
�G	!� =�+�
 ��B� �� Setup ���: T��<�&

=��.� �P��� {j� �� �K+� ��_:�
��& T��5�x �K+� �8" �d �& �
 ^8�d '� T{j� L� mH
��
 �& �<�" ���& =���S�� �P�g T%!� �	�& WN� w|�
 %���
'� ��
 ^�� L� mH =�+�
 '+7
 ��& <� ^8�d �d �& %!� �:�

�d �O�& < �$ %.! �@"�S �� �
 ���S�� �P�g �+�! �@3�4
%!� �:�
 2���	!� ���.� ���< ���& T���/ �_8.�$ �!�
 '�
�P ��d �� =�+�
 ���� �& �<�" < 
��
 '7+7
 ��
]� �@3�4 �&
=���S�� �fC� ��+	� < 
�" ��B� ��	!� T��L Enter �	�� �& ��	!�
�	�� �+7
 T���
���: �� Shift %�+" �+7
 �
 �Q� �� �t���$
���< ���& ���B s� '� T��" ��B� ��	!� �8��� �<�& T�+�_& ��

=��" �� L�& �7D/ 2���	!� �@ ���� ���

%!� �:�
 T�� �! �� ��B�� ���Q�e� L� 
���	!� ���&
���	
���� < 
��� ���: {+��	& �� Open < File ��P�+7

�P ���� ,� =���<�+& �� �� �! �� Examples\Volume_1

wworksheetx ��
 �3�4 �& < 
�" �p� ���� ���7j: L� '�
=�+�
 '+7
 �p� ���� ,�e� �� ��"

�+������ T����� ����� ��Q�e� ��	3� �� ����++a� �t���$
w���� ���/ �." 
�G	!� �� �
x ��G�� ���	
���� �� ��
 �@�+	�
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���C %Q� �� �9:�0� &�4+� 	G �	�+� ���"��
x + s7	(� ��C ���.� ���< ���& =%!� s7	(� �K+� s+3�
�S� =x+y*I ��" ���� T�K+� s+3� �� yi = x + y

√−�
%!� �:�
 TV+P� %Q��� �D!�3� �� x �N+N ��C V+P��(&

=V+�
 ��B� �� assume(x,real) ��	!�

<fC 2��4 ^�� �� T�"�& sQ%(� ���C� w < z V+�
 i�:

V���� T�D/ 2���	!� �&

�Q�.5� ^	� �� �K+� s+3� ��

z �N+N %.�/ Re(z)
z ���P�� %.�/ Im(z)

z |<�_� conjugate(z)
,�X �� ��� abs(z)
z = reθ ��C polar(r, theta)
z ����S�d argument(z)

z �D;/ W��.� convert(z, polar)
z �<��< 1/z

< �Q��5� �P ���&	��	-  ��&	�� 73 ���"��
TV+�
�� ���< �K+� s+3� �� V!� '� �& �� ���Q��5��� ��
�
 ���]H �� 2��4 eq_name:=equation ��	!� �& ��
 ^��
����� =�"�&�� �Q��5� �@;&�� equation < �Q��5� ��� eq_name
eq_1 ��� �& �� x� + y� = � �@ Q��5� �
 eq_1:=x^2+y^2=1

=��
�� �:�5�
2O��5� ���" 2O��5� 
�G	!� V+P��(& �t���$
��	!� L� %!� �:�
 TV+�
 � �� eq_m < === Teq_1
��" 
���	!� solve({eq_1,...,eq_m},{x_1,...,x_n})

=��	�P �Q�@�� 2O���� x_n < === Tx_1 �


�	��	��� c��d �� � �
�"��
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

m < n V+�
 i�: �N�A8 &�4+� 	G �	�+� ��"��
2��4 ^�� �� T�"�& �5+DX ���C�

�Q�.5� ^	� �� �K+� s+3� ��

m �@ ��.+H �& n n mod m
n ��C �@ �_�� factor(n)

-%!� ,<� ���C n ��d isprime(n)
}�	�� �+7C ���N� ^��	8$�
 gcd(m, n)
n < m}�	�� ��A� ^��	S�_& lcm(m, n)

����	
�: n n!(
n
m

)
��(	�� binomial(m, n)

,<� ��C ^+�� n ithprime(n)
m �� n L� e(k) ��.�� sum(′e(k)′,′ k′ = n..m)

���C� m < n V+�
 i�: �	�/@ &�4+� 	G �	�+� ��"��
V���� T�D/ 2���	!� �& 
<fC 2��4 ^�� �� T�"�& ���S

�Q�.5� ^	� �� �K+� s+3� ��

n ��C �@ �_�� ifactor(n)
n 
@�" 
��! simplify(n)
n ��
 2��4 numer(n)
n ��
 |�(� denom(n)

��� �!�� �� �2���3 &�4+� 	G �	�+� �#�"��
i�: �N+N ���C� �+P��(& �t���$ < ��" #$%&
 '(�
 #�)


=�+�
 ��B� �� with(RealDomain) ��	!� ��	&� �	���& ���"
�& 
<fC 2��4 ^�� �� T�"�& �N+N ���C� m < n V+�
 i�:

V���� T�D/ 2���	!�

�Q�.5� ^	� �� �K+� s+3� ��

m �� k �@��� root[k](m)
n �@��� sqrt(n)

n 
@�" 
��! simplify(n)
n 
@�" L�& expand(n)

V/� m �& n ����C� W��.� evalf(n,m)
n 
@�" ���S 2��4 rashnalize(n)
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� ���

����

���L T%�+� U&�� yx = y� �S� sN: < �S� x �→ √
xz �g��� 2�

=��"�� �g��	� y = −� < y = � �j�C <� �& x = �

f 3���� '8 C�!� =f : X → Y �+�
i�: ������ 
����
f(x) �d ��L� �& �
 ���P x ∈ X �@.P �@C�.�� L� %!� 2��DC

���"�� [��5�
Df := {x ∈ X | f(x) ∈ Y }

�x ∈ Df �
 %!� ���P f(x) �@.P �@C�.�� L� 2��DC f ���� ���
Rf := {f(x) |x ∈ Df}

����4 �� < Df = X �
 V+h�S &��!�� ����4 �� �� f U&��
=�).� �� f U&�� ����4 �� =Rf = Y �
 V+h�S �@�� �� 
��
�<��� Tf(x) = f(y) �<��� L� �� x, y ∈ X �P Ǳ�L� �& �
 V+h�S

=���S ��+	� x = y

,�e� %�P =R = X = Y �+�
 i�: 2� ��	
� �����
��!��! < ���& �"�H T���& '+D8� Z��� �
 ��P��� ���� ��L
�	"�� �� Z��� ^�� L� �8� ������� U&�� ��5� =��7N	�� ���&
��"�D� �8��� �� < �"�& ���� �� �G�� Z��� �8��� L� �N	�� T�"�&

f(x) Df Rf '+D8� �"�H ��!��!
x R R

√ √ √
log x (�; +∞) R

√ √
��x R (�; +∞)

√ √
√
x [�; +∞) [�; +∞ √

x� + x R R
√ √

tanx R−{kπ+ π
�
} R

√
x� R [�; +∞)

√
�/x� R − {�} (�; +∞)

f(x) =
x�

�+ x
�@;&�� �& f : R → R �+�
 i�: 2�  �N�

'+D8� f ��d �
 �+�
�(�� Tf ��& < ����� ^++5� ^.� =%!�
-%!�

< �+� ��� � �� ��� �� ���� � ^ �� � �74� ��C L� mH U &� �
< �+������� ��� L� ��
�.C %.�/ TU/�< �� =%!� ,��G	��
[��5� ������ Rn → Rm ��: �& U&��� �@ 5Q�;� V7C �� ,��G	��
�& ��	&� T�3& �� %Q�3! ����� ���& �
 %!� ^"<� T�	DQ� q��.�
�� ���7
 %Q� < =V�L���H�� m = n = � ��
��! %Q� �@ 5Q�;�

������ ����"d �j: ^�� L� v�P =V+�
�� �5Q�;� �<� �7B ��
�
 T%!� R → R �8" �& �5&��� ��5� TU&��� L� �4�� ����� �&
U&��� I �j: �� =���+S�� ���/ 
���	!� ���� ��5& 2�5Q�;� ��

=��& ��P��� U&��� ^+.P �� 
@���	!� ����

23�4 5�!�4 ���

�4��C �
 �P�G	!� �%!� 
�G	!� '� ����" �p� L� U &� �
�& Z�j(& ���+7.C ����� mH < �	:�S ���3� �� ���C�.��

�%!� ^+�$ U&�� �.!� [��5� =������ �fC� �� ��+	� T�d

=��P��(Q� �@C�.�� <� Y < X �+�
i�: ������ �����
Y < X Ǳ�AC� ^+& %!� ��g��� TY '� X >! ���� =� L� ��p��
%D�� �� Y L� �AC '� �e
�� X L� �AC �P �& �
 �����S �&
f : X → Y V+������ TV+P� ���� f �& �� �g��� ^�� �S� =�P���
s!�� x ∈ X �AC �S� =M�! Y '� X >! ����� f V+������ <
��.� �& < 
�+��� x Ǳ!>! '� f �!�K� �� y T��" �g��	� y ∈ Y �& f
���� ���� ���& x �→ f(x) ���]S��.� L� =V+P��� ���� f(x)

=��"�� 
���	!� f �@;&��

2��4 ^�� �� =R = X = Y �+�
 i�: ��	
� �����
=f(�) = � Tfk e� =w���.P U&��x %!� U&�� '� x �→ x �g��� 2�
f(�) = � Tf(�) = � Tfk e� =%!� U&�� '� x �→ x� �g��� 2�

f(−x) = f(x) ≥ � U&�� ^�� �� =f(−�) = 
 <

0F



34�5 6�#
5 ��� 34�5 � ���

��) f
(
x+

�

x

)
= x� +

�

x�
, (|x| ≥ �)

��) f
(
�

x

)
= x+

√
�+ x�, (x > �)

��"�& 
��(Q� �N+N ���C� c < b Ta �S� �
 �+P� ���� 2�%

�G�d Tf(x) = ax� + bx+ c <

f(x+ �) − �f(x+ �) + �f(x+ �) − f(x) = �

'� I ⊆ Df < f : R → R V+�
 i�: ������ !����
Ǳ�L� �& �
 %!� &���7 I �� f V+h�S�� ����4 �� =%!� 
L�&
����4 �� =f(x) ≤ f(y) V+"�& �	"�� x < y �
 �� x, y ∈ I �P
�� x, y ∈ I �P Ǳ�L� �& �
 %!� &���7 !Y��	! I �� f V+h�S��
���� �&��� 2��4 �& =f(x) < f(y) V+"�& �	"�� x < y �

!�C.� ����4 �� �� U&�� =���S�� [��5� �(
S" !Y��	! < �(
S"
!�C.� !Y��	! ����4 �� �� �d q�"�& �Q<_� �� < ���54 �
 V+h�S
�
 %!� ^"<� =�"�& �Q<_� �k�+
� �� < ���54 �k�+
� �
 V+h�S

=�P��� ��+	� �� ���& '+D8� T�����8� �k�+
�

�� 
�" 
��� U&�� �����8� �@ ���� T���� �P �� ��	
� "����
�V+�
���(��

=V��+G& �p� �� �� f(x) =
√
�− x� U&�� 2�  �N�

< Tx� < y� 2��4 ^�� �� T� ≤ x < y ≤ � V+�
 i�: =� 
^���&��& =�− x� > �− y� �]Q

f(x) =
√
�− x� >

√
�− y� = f(y)

V+�
 i�: �S� =%!� �Q<_� �k�+
� I = [�;�] 
@L�& �& f T��5�
=f(x) < f(y) �]Q < y� < x� 2��4 ^�� �� T−� ≤ x < y ≤ �

�& �B�� �& =%!� ���54 �k�+
� I = [−�;�] 
@L�& �& f U&�� ��5�
=%!� ��.� ��
 TDf = [−�;�] �8���

=V��+S�� �p� �� �� f(x) =
x+ �

x− �
U&�� 2�  �N�

�!��& �� f(x) < f(y) ��" =� < x < y �+�
 i�: =� 
T��	�P %De� x − � < y − � ��$ =x+ �

x− �
<
y + �

y − �
V+�
��

�V+�
 ��� (x− �)(y − �) �� �� v�X <� V+������

(x + �)(y − �) < (y + �)(x − �)

=y < x �� < Txy − �x + y − � < xy − �y + x − � mH
%&�E �&��� 2��j& =%!� �Q<_� �k�+
� I = (�; +∞) �& f mH
�& T���
� =%!� �Q<_� �k�+
� _+� I = (−∞;�) �& f �
 ��"��
'� �P �& f �
 V��+S�� ��+	� TDf = R − {�} �8��� �& �B��

=%!� �Q<_� \������ ��P
L�& L�

��5� T��" [��5� x�

�+x
��
 �
 x ∈ Df �	/< ���� < �	/< =� 

=Df = R − {−�} L� %!� 2��DC f �@ ���� TmH =�+ x 
= �

f(x) = y �@ Q��5� =y ∈ R V+�
�� i�: f ��& ^++5� ���&

^���&��& =x� − yx− y = � �� T x�

�+ x
�V��+S�� �p� �� ��

x =
�

�

(
y ±

√
y� + �y

)

=
�

�

(
y ±

√
(y + �)� − �

)

�� x 
�G�d T|y+�| ≥ � �S� ��5� T(y+�)�−�� ≥ � �S� mH
�
 %!� �	�S ^�� �& ,��5� ��" ^�� T��� =f(x) = y �
 %�P

T��5� =y + � ≤ −� �� y + � ≥ �

L� %!� 2��DC f ��& T^���&��& =y ∈ (−∞;−�] ∪ [�; +∞)

T%�+� '+D8� f U&�� T
<f5& =Rf = (−∞;−�] ∪ [�; +∞)

=f(�) = f
(

−�
�

)
= �

�
�
 ��"�� �p f� ���L

�<��� �� �� x �P Ǳ�L� �& f : R → R �S� 2�  �N�
=�+�
���(�� �� f �@;&�� T��
�� r�4 f

(
x

x+ �

)
= x�

xy+y = mH Ty =
x

x+ �
V+�
��i�: ��p�� ^�� ���& =� 

�& ���
� =f(y) =
(

y

�− y

)�

^���&��& =x =
y

�− y
�� Tx

��" �B�� =f(x) =
x�

(�− x)�
V��<d�� %!�& Tx �& y ���5�

%!�� '� ���� < '� [Q�(� ��P x ���& ���� �<��� ^�� �

-��$ =%!�

��L 2��j& y = f(x) �
 ����4 �� ������ �����
��+�
�(�� �� f �@ ���� T�"�& 
�" �:�5�

�) y =
√
�x− x�, �) y =

√
sin(

√
x),

�) y = (x− �)

√
x+ �

�− x
, �) y = log(x� − �),

�) y = sin
√
x, �) y =

�√|x| − x
.

��+�
�(�� �� y = f(x) ��& < ����� T���� �P ��

	) y =
√
�+ x− x�, �) y = (−�)x,


) y = ln(�− � cosx), ��) y =
x

�+ x�
.

���	�P '+D8� ��L y = f(x) U&��� L� '+���


��) y = �x− x�, ��) y = ��
x + ��

−x,

��) y = x�, ��) y = ��
x − ��

−x.

��
 �+&�+& ����4 �� �� y = f(x) U&��

0I
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f(x)g(x) = (x� + �)(�− x) = −x� − �x� − x+ �,

f(x)
g(x)

=
(x� + �)
(�− x)

= −x− �− �

x− �
,

f(g(x)) = f(�− x) = (�− x)� + � = x� − �x+ �,

g(f(x)) = g(x� + �) = �− (x� + �) = −x� + �,

f(f(x)) = f(x� + �) = (x� + �)� + �

= x� + �x� + �,

g(g(x)) = g(�− x) = �− (�− x) = x.

�p� �� �� g(x) = x� < f(x) = �/x 
@��! U&��� 2�  �N�
< Dg = R TDf = R − {�} 2��4 ^�� �� =V��+S��

(f ◦ g)(x) = f(g(x)) =
�

x�
, Df◦g = R − {�}.

(g ◦ f)(x) = g(f(x)) =
(
�

x

)�

=
�

x�
, Dg◦f = R − {�}.

(f ◦ f)(x) = f(x�) = x�, Df◦f = R.

(g ◦ g)(x) = g

(
�

x

)
=

�

�/x
= �, Dg◦g = R − {�}.

2��4 ^�� �� =f(x) = �/(�− x) �+�
 i�: 2�  �N�

f�(x) := f(f(x)) = f

(
�

�− x

)

=
�

�− �/(�− x)
=

�− x

�− x− �

=
x− �

x
= �− �

x

f�(x) := f(f�(x)) = f

(
�− �

x

)

=
�

�− (�− �/x)
=

�

�/x
= x

V+�
 [��5� < �"�& �P��(Q� �5+DX ��C n �S� T�
 �� <

�G�d T fn(x) := f(f(· · · f(x)))︸ ︷︷ ︸

��& n

f(x) = f�(x) = f�(x) = · · · = f�n+�(x) =
�

�− x

f�(x) = f�(x) = f	(x) = · · · = f�n+�(x) = �− �

x

f�(x) = f�(x) = f
(x) = · · · = f�n(x) = x

Tf(g(x)) U&��� T��L ����� L� '� �P �� ������ 
����
��+&�+& �� g(g(x)) < f(f(x)) Tg(f(x))

�) f(x) = x�, g(x) = �x+ �.

�) f(x) = �/x, g(x) = x+ �.

�(�� �� ��L U&��� �����8� ��P����� ������ �����
��+�


�) y = x� − �x+ �, �) y = x− [x],

�) y =
√
�− �x�, �) y = ��

x,

�) y = log x, �) y = sin(x+ π).

��L U&��� �����8� ��P����� d < c Tb Ta[7	(� ����N� Ǳ�L� �&
��+�
�(�� ��

∗
	) y = ax� + bx+ c, �) y =

ax+ b

cx+ d
.

∗

) y =

√
(ax− b)(cx− d)

23��4 !3  ��
� ���

T
��! U&��� _+� < ��d �P��� �d n�" �
 �Q�.C� L� 
���	!� �&
��!�� ��+�& \<� ^�� =��<d %!�& �� ��
�+t+H U&��� ������
fk e� �S� �8��� �7.B L� =%!� ���5	� ���	� ����� < %!�
%!� �:�
 TV+�
 ���&� U&��� L� ��+GN	�� ���& �"<� V+P��(&
M	�� �
 V+P� ���� < 
��.� ��+& ��
��! U&��� ���& ���� �� �d
\�
��P� �+8�� ��
��! U&��� M	�� '.
 �& �� ��
�+t+H U&���

=��<d %!�& ������ ���G$
=��	�P R �& R L� U&��� ��.� W(& ^�� ��

^�� �� Ta ∈ R < ��5&�� g < f �+�
 i�: ������ �����
�V+�
�� [��5� f ◦ g < f/g Tfg Tf + g Taf U&��� 2��4

af : x �→ af(x), f + g : x �→ f(x) + g(x),

fg : x �→ f(x)g(x),
f

g
: x �→ f(x)

g(x)
,

f ◦ g : x �→ f(g(x)).

�� fg Tg �� f �01P7�� �� f + g Tf �� a 4�?P7�� �� af
f ◦ g 
��O�& < g �� f M0<: R��Z �� f/g Tg 
 f 4�?P7��


<f5& =V+����� g �� f [�	�� ��

Daf = Df Df+g = Dfg = Df ∩Dg,

Df/g = Df ∩Dg −
{
x ∈ Dg

∣∣ g(x) = �
}
,

Df◦g =
{
x ∈ Dg

∣∣ g(x) ∈ Df

}
= g−�(Rg ∩Rf ).

< f(x) = x� + � 
@��! U&��� 2� ��	
� �����
2��4 ^�� �� =V��+S�� �p� �� �� g(x) = �− x

f(x) + �g(x) = (x� + �) + �(�− x) = x� − �x+ �,

01
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��$ �� < <� L� 
���	!� �& �(��<G	O 45D FG�/� �����
��(	�� �& ��
 ^�� =��.� [��5� ������ �� ����B U&��� TU&��

����� =���]H�� 2��4Z�j(& ��P
L�& �& U&���

f(x) =
{ √

�− x x < � �S�
x� + x � ≤ x �S�

�@;&�� �& [�;∞) 
@L�& �& <
√
�− x �@;&�� �& (−∞;�) 
@L�& �& �


��$ U&�� [��5� ���& �
 �X�" ���� =%!� 
����S [��5� x�+x

T��5� T��"�& ��SL�! �P�;&�� �
 %!� ^�� ���� ��B< ���;&��
����N� �d 
�G�d T��" [��5� ���N� <� �& x = x� Ǳ�L� �& f �S�

=��"�& �&��&

U&�� ��& < ����� ��	&� ��	
� �#����

f(x) =
{
x− � x < � �S�
x� � ≤ x �S�

=���<d %!�& ���d c�85� mK! < �	:�� ��
�� T� ≤ x < y �+�
 i�: =R L� %!� 2��DC f U&�� �@ ���� =� 
Tx < y < � �S� T
<f5& =f(x) = x� < y� = f(y) 2��4 ^��
�S� T^+�t.P =f(x) = x − � < y − � = f(y) 
�G�d
mH =f(x) = x−� < � ≤ � ≤ y� = f(y) 
�G�d Tx < � ≤ y

'+D8� ���54 �k�+
� U&�� �P < %!� ���54 �k�+
� R �
 �& f
�d c�85� ^	:�� ���& =%!� ��]K!�85� f T��+	� �� =�"�&��

�V+�
�� �.C ��L \<� �&
=x = f(x) + � ^���&��& < f(x) = x − � 
�G�d Tx < � �S�
T��+	� �� =x =

√
f(x) ^���&��& < f(x) = x� 
�G�d T� ≤ x �S�

L� %!� 2��DC f c�85�

f−�(x) =
{
x+ � x < � �S�√
x � ≤ x �S�

L� %!� 2��DC f ��& T
<f5&

Rf = Df−� = (−∞;�) ∪ [�; +∞)

�� ��L U&��� L� '� �P ��& < ����� ������ ������
��B< 2��4 �� �� ���d L� '� �P c�85� mK! < �+�
�(��

��+&�+&

�) f(x) =

⎧⎨
⎩

x x < � �S�
x� � ≤ x ≤ � �S�
�x � < x �S�

�) f(x) =

⎧⎨
⎩

x+ � x ≤ � �S�
�x+ � � < x < � �S�
(x+ �)� � ≤ x �S�

���! =��"�.� �<�3� ���� ���$ ^+.P �& U&��� [��5� \<�
=�" ��P��� �
u �k�5& < ��	�P ��+�& ��p� 2���N� ����� ��"<�
f(x) = � + x + x� + · · · 2��j& �� �5&�� %!� ^8.� Tfk e�

�V+�
 [��5�

%!�& �� fn(x) U&�� Tf(x) = x/
√
�+ x� �8+���4 �� w0


����S [��5� 0=0=0,�e� L� w>x %.�/ �� fnx =���<d
w=%!�

�(�� �� f(x) Tf(x+�) = x�−�x+� �
 ����4 �� w>
=�+�


����4 �� �� f : X → Y U&�� �P/Q�� �����
< Dg = Rf �@ ���� �& g : Y → X �5&�� �
 V+h�S ��\]��.��

�
 ���S %:�� ���$ Rg = Df ��&

�) ∀x ∈ Df : g(f(x)) = x,

�) ∀y ∈ Dg : f(g(y)) = y.

y = f−�(x) ��.� �& �� < 
�+��� f ^�.�� �� g %Q� ^�� ��
=��P��� ����

U&�� '� ���]K!�85� ^++5� �� �	�+& �	 �� ����� ���&
=���� ��B< ��L n�" �& �����! ���+A/ Ti<���

f : X → U&�� �8��� ���& �:�
 < �LO ��" ����� �����
=�"�& '+D8� �
 %!� ^�� T�"�& ��]K!�85� Y

�&��& W!�85� U&�� ��& �& U&�� �P �@ ���� ����� !����
c�85� =%!� �&��& W!�85� U&�� �@ ���� �& U&�� �P ��& =%!�
T�Q<_� U&�� �P c�85� =%!� ���54 �5&�� T���54 U&�� �P
=%!� '+D8� �5&�� T'+D8� U&�� �P c�85� =%!� �Q<_� �5&��

=%!� �&��& U&�� ��� �& TU&�� �P c�85� c�85�

�(�� �� f(x) =
�x+ �

�x+ �
U&�� c�85� ��	
� "����

=�+�

=Df = R −

{
−�
�

}
Ok <� �
 V+�
�� �B�� ��p�� ^�� ���& =� 

�� < �xf(x) + �f(x) = �x + � 
�G�d Tx 
= −�
�

�S� c#
^�� =x = (�−�f(x))

(�f(x)−�)
^���&��& =(�f(x) − �)x = � − �f(x)


<f5& =f−�(x) = �−�x
�x−� �
 �P��� ����

Rf = D−�
f = R −

{
�

�

}

2��4 �� �� ��L U&��� L� '� �P c�85� ������ �����
��+&�+& ��B<

�) y =
x− �

�x+ �
, �) y = ��

x

x + �
,

�) y = x�/� + �, �) y =
√
x� − x�.

0J
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^+�t.P < Df = [�;�] �
 ���S�� �p f� T��p�� ^�� ���&
< Rf = [�;�) ∪ (�;�]

x � �/� � �/� �

f(x) � �/� � � � 
/� �

=���S�� �4� �`�=0 �8" ^���&��&

��+�
 V!� �� ��L U&��� L� '� �P ����.� ������ ��
��
�) y =

√
x− �, �) y = [sinx],

�) y = x− [x], �) y = x� − �x�,

�) y =
√

cosx, �) y =
�

[x]
,

	) y =
�√
x� − x

, �) y = arctan(x�),


) y =
x+ �

x− �
.

��+�
 V!� �� ���;&�� ��$ U&��� L� '� �P

��) y =

⎧⎨
⎩

�x x ≤ −� �S�
�/x −� < x < � �S�
x� x ≥ � �S�

��) y =

⎧⎨
⎩

√
x+ � x < −� �S�

arcsinx −� ≤ x ≤ � �S�√
x− � x > � �S�

U&�� ����.� ���& ��75� �& �B�� �& �� ��L U&��� L� '� �P ����.�
��+�
 V!� y = f(x)

��) y = f�(x), ��) y = |f(x)|,

��) y =
√
f(x), ��) y =

�

f(x)
,

��) y = −f(x), �	) y = [f(x)].

�	"�� �� y = g(x) < y = f(x) U&��� ����.� �
 ����4 ��
��+�
 V!� �� ��L U&��� ����.� TV+"�&

��) y = f(g(x)), �
) y = f(x)g(x),

��) y = f(x) + g(x), ��) y =
f(x)
g(x)

.

< y = f(x)f(x− a) �
 ����4 �� 2��

f(x) =
{
�− |x| |x| ≤ � �S�
� |x| > � �S�

�
 �+�
 V+!�� �Q� �� �� y U&�� ����.�
=a = � w| < a = � w� Ta = � w[Q�

23�4 6����7 ���

�� f : X → Y i<��� ���� �!��0" ������ ��
��
[��5� Γf := {(x, f(x)) ∈ X × Y | x ∈ Df} 2��j&
R� �& �� X×Y ������ mH TX = Y = R {7l� ��$ =V+�
��

=��� ���� R� ����
� �@3�4 �� �� Γf ��N� < %:�S �8�

V+!�� �� \<� ^��� ��!�� �2G	��<�- ? ) ��
��
��$ \<� ^�� �� =�&���;N� \<� �& ��!�� %!� �"<� TU&��
�3�4 �� �� (x, f(x)) ��N� mK! < 
��
 ��(	�� �� Df L� �;N�
^�� =V+�
�� �4< V�& �� ��N� ^�� T
�G�d =V+�
�� �(��
�7+Q� �$ �%�+� M+/� �B< ?+P �& �Q< T%!� 
��! ��+�& \<�
�� -�"�& �j	� i<��� �@;N� <� ^+& U&�� ����.� �
 ����
���+�& < -�+� �� %!� ��!�� ����� ��d T���& �j	� 2��4
L� '� �P �& �!�H ���& < %!� n�X �&�/ �
 �G�� 2O���!
�
 ��� V+P��� T�k�5& =�"�&�� ���U+!< 2�CfX� �& L�+� T���d
���5� < %!� �d �G	!�+H ��5� �& TU&�� '� ����.� ���& �j	�

=���� �G	�& f ′′ < f ′ ��P��4 ���5� �& _+� f �����!��

�� f(x) = x�/(� + x) U&�� ����.� 2� ��	
� 
�
��
=�+�
 V!�

�
 V���� ���� 9=�=0 ,�e� L� w0x %.�/ �� =� 
�& �Q<�B =Rf = (−∞;−�] ∪ [�; +∞) < Df = R − {�}

V+�
�� �+�� ��L n�"

x −� −� −� −� � � � �

f(x) −��/� −
/� −� 
��� [��5� � �/� −�/� 
/�

�4� ��N� < 
��.� V+!�� R� �� �� ��N� ^�� %!� �:�
 ���
�
=w��" �B�� [Q�`�=0 �8" �&x �+�
 �j	� V�& ��

�

w[Q� ��=0 �8"f(x) = x�/(�+x) 0 ,�e� �� U&�� ����.� w�
U&�� ����.�

V+�
�� V!� �� ��L U&�� ����.� 2�  �N�

f(x) =

⎧⎨
⎩

x� � ≤ x < � �S�
� x = � �S�
x+ � � < x ≤ � �S�

>)
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= ln
∣∣∣∣x+ �

x− �

∣∣∣∣ = − ln
∣∣∣∣x− �

x+ �

∣∣∣∣ = −f(x)

��+�
 ^++5� �� ��L U&��� ���& ��: < |<L ������ �����
�) y = �x� − x, �) y = sinx+ cosx,

�) y = x sin� x, �) y = x� − |x|,

�) y = arcsinx. �) y = x
ex − �

ex + �
,

	) y = � sin�x, �) y = sin(sin(cosx)),


) y = x+ sinx.

-���� ��B< �"�& ��: VP < |<L VP �
 �5&�� ��d 2�_
_+� ���d ����.� -%!� ���
 �d �;&�� T%!� %De� �!�H �t���$

��+�
 V!��

�� �� Df = R �@ ���� �& y = f(x) U&�� ������ �����
�� x �P Ǳ�L� �& Ok <� �
 V+h�S T 4
�C� �& < 4
�C�� ����4
�
 �"�& %+4�� ^�� ����� T� �S� �k+��E < f(x + T ) = f(x)

�& =� < T ≤ |T�| 
�G�d Tf(x + T�) = f(x) �� x �P Ǳ�L� �&
�<��� �� �
 %!� �	De� ��C ^��	8$�
 T T�G�� ��+&

∀x : f(x+ T ) = f(x)

�"�& T �<��� �& < �<��	� �5&�� y = f(x) �S� =��
�� r�4
�� ���8� �& 
�G�d TV+"�& 
��
 V!� [�;T ] 
@L�& �� �� f ����.� <
L� ��G�� 2�5;/ TT ���A� 
@L���� �& < �P x ��3� ��	!��

=w>=0 �8"x V��<d�� %!�& �� y = f(x) U&�� ����.�
�

�<��	� U&�� '� ����.� �>=0 �8"

< T �<��� �& y = f(x) �+�
 i�: ����� !����
�� T��4 [Q�(� ���C a 
= � < %!� S �<��� �& y = g(x)

2��4 ^��

=%!� T �<��� �& �5&�� af(x) w�

23�4 6����7 6� 86��4 ���

I��K�� ����4 �� �� I ⊆ R �@C�.�� ��L ������ �����
=�"�& M75	� I �& _+� −x T�� x ∈ I �P Ǳ�L� �& �
 V+h�S

R
> ����4 �� �� %!� ���N	� \������ �
 y = f(x) U&��
�P Ǳ�L� �& �
 V+h�S

�5&�� ^+�$ ����.� =f(−x) = f(x) V+"�& �	"�� �� x ∈ D

�B�� [Q�`0=0 �8" �&x %!� ���N	� �P y ��3� �& %D��
=w��"

��V ����4 �� �� %!� ���N	� \������ �
 y = f(x) U&��
�P Ǳ�L� �& �
 V+h�S

�5&��� ^+�$ ����.� =f(−x) = −f(x) V+"�& �	"�� �� x ∈ D

=w��" �B�� �`0=0 �8" �&x %!� ���N	� Ǳ��D� �& %D��
�

��: U&�� '� ����.� w� |<L U&�� '� ����.� w[Q� � 0=0 �8"

U&�� <� �� < |<L U&�� <� ��A74� 2� ����� �����
=%!� |<L �5&�� T��:

=%!� ��: �5&�� T��: U&�� '� < |<L U&�� '� ��A74� 2�
��x |<L �5&�� Tw��: ��x |<L U&�� '� �� ���C ��A74� 2�

=%!� w��:
=%!� ��: �5&�� T��: U&�� <� {+
�� 2�

=%!� |<L �5&�� T��: < |<L �5&�� �� < < |<L U&�� <� {+
�� 2+
=%!� w��:x |<L �5&�� w��:x |<L U&�� '� �<��< < c�85� 2#

V+�
 [��5� < T�"�& 
��(Q� �5&�� y = f(x) �S� 2%

y� =
f(x) + f(−x)

�
< y� =

f(x) − f(−x)
�

f = 2��4 ^�� �� =%!� ��: �5&�� y� < |<L �5&�� y� 
�G�d
< |<L U&�� '� U.�74� 2��j& �� �5&�� �P T��5� =y� + y�

=%"�� ������ ��: U&�� '�

���L T%!� |<L f(x) = x sinx U&�� 2� ��	
� 
����
f(−x) = (−x) sin(−x) = (−x)(− sinx)

= x sinx = f(x)

���L T%!� ��: f(x) = ln
∣∣∣∣x− �

x+ �

∣∣∣∣ U&�� 2�  �N�

f(−x) = ln
∣∣∣∣ (−x) − �

(−x) + �

∣∣∣∣ = ln
∣∣∣∣−x− �

−x+ �

∣∣∣∣
>�
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@�<� �
 V��<d�� �<��	� U&�� '� L� �Q�e� '��� 2+  �N�
�+�
 i�: ������ �<���

f(x) =
{
� x ∈ Q �S�
� x /∈ Q �S�

x ∈ R �S� 2��4 ^�� �� =�"�& ���S ���C T �+�
 i�: _+� <
��+	� �� < %!� ���S _+� x+ T 
�G�d T�"�& ���S

f(x) = f(x+ T ) = �

< %!� ��S _+� x + T 
�G�d T�"�& ��S x ∈ R �S� ���
�� x ∈ R �P Ǳ�L� �& TmH =f(x) = f(x + T ) = � ^���&��&

���& 
��(Q� � < T ∈ Q �
 V���� �B�� Tf(x) = f(x+ T )

� < T < �π �
 �+P� ���� 2� ������ �����
=�"�& y = sinx U&�� ���& �<��� '� ������.�

�<��	� U&��� L� '� �P �<��� 
@�<� T��&<��	� ��L U&��� ���

����<d %!�& ��

�) y = cos�x, �) y = sin(�πx),

�) y = sin� x, �) y = tanx+ sinx,

�) y = cos
(
x− π

�

)
, 	) y = x− �

[x
�

]
,

�) y = � arctan(�x), 
) y = | cosx|,

��) y = x� + sinx.

i<��� ��C �& Y+34 ��C ^��	8��_� f(x) �+�
 i�: w��
�+�
 %&�E Tf(x) U&�� �@;&�� ^++5� ^.� =�"�& x ∈ R

mK! < %!� �<��	� f(x) − x �Q< %�+� �<��	� f(x)

=�+�
�(�� ���d �<���

�d ����.� < %!� R �@ ���� �& �5&�� y = f(x) �+�
 i�: w�0
%&�E =�"�&�� ���N	� x = b < x = a s� <� �& %D��

=%!� �<��	� U&�� ^�� �
 �+�


L� '� �P �<��� 
@�<� mK! < ��&<��	� ��L U&��� �
 �+P� ����
��+&�+& �� ���d

��) y =
√
x− [x] ��) y = sin{�π(x− [x])}

��) y = (��x − [��x])�

=%!� T|a| �<��� �& �5&�� f(ax) w0

�"�& �	De� ��C ^��	S�_& N < 
��& ���S ���C S

T
�S� w>

U&��� L� '� �P 
�G�d T��"�& �5+DX ���C� S
N

< T

N
�


��&<��	� f(x)
g(x)

< f(x)g(x) Tf(x) − g(x) Tf(x) + g(x)

�t���$x =�"�&�� ���d L� '� �P �<��� L� �&�A� N <
w=��&<��	��� ��
]� U&��� T�"�D� ���S ���C S

T

T%!� �π �<��� �& y = sinx U&�� 2� ��	
� "����
U&�� < %!� �π = � × �π �<��� ����� sin

( x
�

)
U&�� ��+	� ��

=�"�&�� �π �<��� ����� −� sinx

^�� �� =%!� �π �<��� ����� y = cosx U&�� 2�  �N�
=��	�P �π �<��� �& − sinx < � cosx T2��4

�� %!� π �<��� ����� y = tanx =
sinx
cosx

U&�� 2�  �N�
���� �� O�& �@ +A/ L� w>x %.�/ �� 
�" �:�5� N ��C �
 �Q� 
�
 ��" �B�� =%!� �π �&��& y = cosx < y = sinx U&���

=�π = �×N

�<��� ����� ((x)) = x − [x] ���
 Ǳ_B U&�� 2�  �N�
Ok <� ���L T%!� T = �

((x+ �)) = (x+ �) − [x+ �] = x+ �− ([x] + �)

= x− [x] = ((x))

T((x + T )) = ((x)) �� x �P ��L� �& < � < T �S� T���E �� <
< ((T )) = α �S� ���L T�"�& �5+DX ���C T �	���& 
�G�d
�@ D!�3� �& �B�� �& < T = n + α �	���& 
�G�d T� < α < �

��(	�� T ����C �& ������� _+� � + α �
 ��"�� 
�P��� O�&
< n = � �k.	 T�"�& ^��	8$�
 T ���& ��$ T^���&��& =��"
�8��� �& �B�� �& ���
� =� < α < � �
 T = α ��+	� ��

V���� T((x + T )) = ((x))

� = ((�+ (T − α)))

= ((�− α+ T )) = ((�− α)) = �− α

=%!� �5+DX ��C '� T mH =%!� �/��� �
 α = � ��5�
�@;&�� �� r��4 �5+DX ��C ^��	8$�
 '� �8��� �& �B�� �& ,� 

=T = � �
 V��+S�� ��+	� T%!� ((x+ n)) = x

>0



� ���

���	��� � ��

�7 �� Ok �.5� T�G�� ��+& �& =V+�
 �:�5� �� δ T
��(Q� � < ε

v�P �@5Q�;� �& �� ��
 ^�� =V+�
�� v] �� ��L V	���GQ� ����$
���� ����� ������ ��L �@;&�� ����/�& ��5� �7���

� < |x− x�| < δ ⇒ |f(x) − �| < ε

=%!� 
�" �h��� ��L ,�e� �� V	���GQ� ���S���$ � ���

Tf(x) = x� + �x �+�
 i�: 2� ��	
� 
���

^�� lim

x→�

(x� + �x) �
 V+�
�� �C�� T��5� =� = �� < x� = �

��
 %!� ��5� ���&

∀ε∃δ∀x
(
� < |x− �| < δ ⇒ |x� + �x− ��| < ε

)

�V+�
�� L�ld |x� + �x− ��| �& `δ [��a ��V�� `� '8 P���

|x� + �x− ��| = |(x+ �)(x− �)|
= |x+ �||x− �| < |x+ �|δ

mH Tδ < � V+�
 i�: `δ [��a I��	 &��� `� '8 P���
^���&��& =|x− �| < � V���� |x− �| < δ �+Q<� i�: �&��& ��$
=|x�+�x−��| < �δ ��+	� �� =� < x+� < � �� � < x < �

�<� v�X �
 %!� ^�� v�P `δ �!�K� ^�� `� '8 P���
fk D/ ��� =δ < ε

�
�� �δ < ε �	���& mH T�"�& ε O�& �<�����

^�� ���_.P ����/�& ���& T^���&��& =δ ≤ � �
 V���& 
��
 i�:
=δ = min

{
�,

ε

�

}
�
 V+�
 i�: %!� �:�
 Ti�: <�

δ ���� �� O�& c� �
 V+P��� ���� `���! b�)-! `� '8 P���
δ = min

{
�,

ε

�

}
V+�
 i�: T��p�� ^�� ���& =%!� %!��

L� =|x − �| < ε

�
< |x − �| < � mH =|x − �| < δ <

��−� < x − � < � �
 ���S�� ��+	� |x − �| < � ��"
^���&��& T� < x+ � < �

|x� + �x− ��| = |x+ �||x− �| < �× ε

�
= ε

�� �d L� 
�� � 	!� mK! < � ���� � �@ h��� �j: ^�� L� v�P
�& �� �����& ^+Q<� �3D� ^�� =�"�&�� U&�� �G	!�+H �@ 5Q�;�

=%!� w,��G	��< �+������� ��� x ��&�� �����

�� 5�!�4 ���
=� < ε < ε, x� ∈ R � + � 
 i� : �� �� � � ����

(x� − ε;x� + ε) 
@L�& x� L� � � �� < 0 �−ε ' � L� �� p � �
L�& �@C�.�� Tx� L� '�B� ����<0�−ε L���p�� =%!� R L�
(x� − ε;x�) ∪ (x�;x� + ε) = (x� − ε;x� + ε) − {x�}
�G���.P−ε'� L� %!� 2��DC �C�.�� ^�� U/�< �� =�"�&��

=V���	"���& �d L� �� x� �@;N� ��� �
 x� L�

x� < U&�� '� y = f(x) �+�
 i�: ������ ����

���/ f �@ ���� �� �d L� �	�! �8���.P−ε '� �
 %!� ���C
< ��"�� [��5� x� L� �G���.P '� �� f �G�� ��+& �& T����

=���S�.� [��5� x� �@;N� ��� �� Ok �.	 �
�+� x� �& x �	/< y = f(x) ���� �� V+h�S�� ����4 ��
'� T
��(Q� � < ε �P ��L�& �
 %!� � ∈ R ��C �&��& ��
��
�@ 	�! �G���.P−δ �� x �P ��L� �& �
 ���S %:�� ���$ � < δ

�G���.P−ε �& f(x) ��C Tx� �@;N� L� (x�−δ;x�+δ)−{x�}
�G�� 2��D5& =�"�& M75	� � L� (�− ε; �+ ε)

∀ε∃δ∀x
(
� < |x− x�| < δ ⇒ |f(x) − �| < ε

)

��.� �& < 
�+��� x� �;N� �� y = f(x) U&�� � �� �2��4 ^�� ��
=V+P��� ���� lim

x→x�
f(x)

�&��& ��
�� �+� x� �& x �	/< f � ” �
 ��C�� ^�� ��$
V8 ^�� �� < T%!� �N;�� V8 '� 2�DE� �& ,��5� ”%!� �
��L� �& �
 %!� �:�
 mH T���S���& δ ��B< �& �74� ��C��

>>



	:*1��; $ �� � ��� �� 6�#
5 ���

�%!� 
�"i�:∣∣∣∣∣
√
x+ �− �

x
− �

�

∣∣∣∣∣ =

=

∣∣∣∣∣
√
x+ �− �

x
×

√
x+ �+ �√
x+ �+ �

− �

�

∣∣∣∣∣
=

∣∣∣∣ (x+ �) − �

x(
√
x+ �+ �)

− �

�

∣∣∣∣
=

∣∣∣∣ �√
x+ �+ �

− �

�

∣∣∣∣ =

∣∣∣∣∣ �−√
x+ �

�(
√
x+ �+ �)

∣∣∣∣∣
=

∣∣∣∣∣ �−√
x+ �

�(
√
x+ �+ �)

×
√
x+ �+ �√
x+ �+ �

∣∣∣∣∣
=

∣∣∣∣ �− (x+ �)
�(

√
x+ �+ �)�

∣∣∣∣
=

|x|
�(

√
x+ �+ �)�

<
δ

�(
√
x+ �+ �)�

mH Tδ ≤ � V+�
 i�: `δ [��a I��	 &��� `� '8 P���
^���&��& =−� < x < � V���� T|x| < δ �+Q<� i�: �&��& ��$

���+	� �� =� <
√
x+ � <

√
� �� � < x+ � < �∣∣∣∣∣

√
x+ �− �

x
− �

�

∣∣∣∣∣ =
δ

�(
√
x+ �+ �)�

<
δ

�(�+ �)�
=
δ

�

�<� v�X �
 %!� ^�� v�P `δ �!�K� ^�� `� '8 P���
fk D/ ��� =δ ≤ �ε �� δ

�
≤ ε �	���& mH T�"�& ε O�& �<�����

^�� ���_.P ����/�& ���& T^���&��& =δ ≤ � �
 V���& 
��
 i�:
=δ = min{�,�ε} V+�
 i�: %!� �:�
 Ti�: <�

δ ���� �� O�& c� �
 V+P��� ���� `���! b�)-! `� '8 P���
< δ = min{�,�ε} V+�
 i�: T��p�� ^�� ���& =%!� %!��
��" L� =|x| < �ε < |x| < � Tx 
= � mH =� < |x| < δ

�� < � < x + � < � �� −� < x < � V��+S�� ��+	� |x| < �

�V���� T� �@ 7 �� �� 2�D!�3� M&�;� �]Q T� <
√
x+ � <

√
�∣∣∣∣∣

√
x+ �− �

x
− �

�

∣∣∣∣∣ =
|x|

�(
√
x+ �+ �)�

<
�ε

�(�+ �)�
= ε

=%!� ��.� ��P�& <

�& %!� �5&�� f : R → (�; +∞) �+�
 i�: 2�  �N�
= lim
x→�

f(x) = � �+�
 %&�E = lim
x→�

(
f(x) +

�

f(x)

)
= �

�:�X L� =f(x) +
�

f(x)
≥ � mH Tf(x) > � ��$ =� 

'� ε > � �P ��L� �& T^���&��& T lim
x→�

(
f(x) +

�

f(x)

)
= �


�G�d T|x| < δ �S� �
 ���� ��B< �� δ > �

� ≤ f(x) +
�

f(x)
− � < ε

=%!� ��.� ��P�& <

f(x) = T^���&��& q lim
x→�

x+ �

x− �
= −� �
 V+�
�� %&�E 2�  �N�

V+�
 %&�E V+P����� T�G�� ��+& �& =� = −� < x� = � Tx+ �

x− �

�


∀ε∃δ∀x
(
� < |x− �| < δ ⇒

∣∣∣∣x+ �

x− �
− (−�)

∣∣∣∣ < ε

)

=V+�
�� L�ld
∣∣∣∣x+ �

x− �
− (−�)

∣∣∣∣ �& `δ [��a ��V�� `� '8 P���
∣∣∣∣x+ �

x− �
+ �

∣∣∣∣ =
∣∣∣∣�x− �

x− �

∣∣∣∣ =
�

|x− �| |x− �| < �

|x− �|δ

=δ ≤ �

�
V+�
 i�: `δ [��a I��	 &��� `� '8 P���

^���&��& =|x − �| < �

�
V���� T|x − �| < δ i�: �&��& ��$

M7;� ��/ L� mH =−�
�

< x− � <
−�
�

�� −�
�
< x− � <

�

�

�� w-δ ≤ � ��� i�: ��$x =�
�
< x − � <

�

�
V���� T^	:�S

=
∣∣∣x+�x−� + �

∣∣∣ < �

�/�
δ = �δ ��+	�

�<� v�X �
 %!� ^�� v�P `δ �!�K� ^�� `� '8 P���
fk D/ ��� =δ ≤ �

�
ε �� �δ ≤ ε �	���& mH T�"�& ε O�& �<�����

^�� ���_.P ����/�& ���& T^���&��& =δ ≤ �

�
�
 V���& 
��
 i�:

=δ = min
{
�

�
,
ε

�

}
�
 V+�
 i�: %!� �:�
 Ti�: <�

ε ���� �� O�& c� �
 V+P��� ���� `���! b�)-! `� '8 P���
δ = min

{
�

�
,
ε

�

}
V+�
 i�: T��p�� ^�� ���& =%!� %!��

�
 ���S�� ��+	� |x − �| < �

�
��" L� =|x − �| < δ <

^���&��& T�
�
< |x− �| < �

�∣∣∣∣x+ �

x− �
− (−�)

∣∣∣∣ =
�

|x− �| |x− �|

<
�

�/�
δ ≤ �

�/�
× ε

�
= ε

=%!� ��.� ��P�& <

q lim
x→�

√
x+ �− �

x
=
�

�
�
 V+�
 %&�E V+P����� 2�  �N�

T�G�� ��+& �& =� =
�

�
< x� = � Tf(x) =

√
x+ �− �

x
T��5�

�
 V+�
 %&�E V+P�����

∀ε∃δ∀x
(
� < |x− �| < δ ⇒

∣∣∣∣∣
√
x+ �− �

x
− �

�

∣∣∣∣∣ < ε

)
∣∣∣∣∣
√
x+ �− �

x
− �

�

∣∣∣∣∣ �@5Q�;� �& `δ [��a ��V�� `� '8 P���

x 
= � ��5� T� < |x| i�: �& ��& �
 ����� �B�� qV+�
�� L�ld

>9
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�8" �& �� lim
x→−∞ f(x) = +∞

∀M∃N∀x
(
x < −N ⇒M < f(x)

)

�8" �& �� lim
x→+∞ f(x) = −∞

∀M∃N∀x
(
N < x⇒ f(x) < −M

)

�8" �& �� lim
x→−∞ f(x) = −∞

∀M∃N∀x
(
x < −N ⇒ f(x) < −M

)

=��	De� ���C� ε < δ TN TM ���d �� �
 TV+�
�� [��5�

q lim
x→�

x+ �

(x− �)�
= +∞ V+�
�� %&�E 2� ��	
� !���


�G�� ��+& �&

∀M∃δ∀x
(
� < |x− �| < δ ⇒ x+ �

(x − �)�
> M

)

� < (x − �)� < δ� mH T� < |x − �| < δ V+�
 i�:

mH Tδ ≤ �

�
V+�
 i�: ,� = �

δ�
<

�

(x− �)�
�]Q <

^���&��& =�
�
< x+ � <

�

�
��+	� �� < −�

�
< x− � <

�

�

x+ �

(x− �)�
>
x+ �

δ�
>
�/�

δ�
=

�

�δ�

��5� T�"�& �<��� �� < �	S�_&M L� ��d 2��DC �
 %!� �LO ���

%!� �:�
 mH =δ < �√
�M

�� �δ� ≤ �

M
��5� ^�� = �

�δ�

=δ = min
{
�,

�√
�M

}
�
 ��" i�:

�G�� ��+& �& q lim
x→+∞

(
�

�

)x
= � V+�
�� %&�E 2�  �N�

∀ε∃M∀x
(
x > M ⇒

∣∣∣∣
(
�

�

)x
− �

∣∣∣∣ < ε

)

=
∣∣∣∣
(
�

�

)x∣∣∣∣ < ε ����4 �$ �� �
 V+!�H�� �C�� ^�� 2�DE� ���&

T%!� �Q<_� �5&�� y = log�/� x ��$ =
(
�

�

)x
< ε T��5�

��" i�: %!� �:�
 �8��� ��5� =x > log�/� ε V���� mH
=M = log�/� ε

�
 ��"�� ��+	� �<����� ^�� L�

� ≤
(
f(x) − �

)
+

(
�

f(x)
− �

)
< ε w�=> x

� ≤
(
f(x) − �

)(
�

f(x)
− �

)
< ε w0=> x

�&��& <� �& �� �4� < 
���!� <� ���� �& �� w�=> x ^+:�X �S�
�
 ���S�� ��+	� TV+�
 U.B w0=> x

� ≤
(
f(x) − �

)�
+

(
�

f(x)
− �

)�
< ε� + �ε

=%!� 
�" 2�DE� V8 <
∣∣f(x) − �

∣∣ < √
ε� + �ε ^���&��&

��+�
 %&�E �� ��L ����<��� L� '� �P ������ ����

�) lim

x→�

(�x� − �x) = −� �) lim
x→�

(�x+ �) = ��

�) lim
x→�

�x+ �

�− x
= −�� �) lim

x→�

x− �√
x− �

= �

��C � < x� ���d �� �
 V��
��
 �5Q�;� �� ���P� ���
 ��
T��"�& +∞ �� < −∞ �&��& � �� < x� �8��� �& �	�& =����N+N 
�� �� ���d ����� �� =%!� [��5� �&�/ � L� �G�� ��� %�P

=V+�
�� %!��: ��L [��5�

x� < � < %!� U&�� y = f(x) �+�
 i�: ������ ����

T2��4 ^�� �� =��"�& �N+N ���C�

�8" �& �� lim
x→x�

f(x) = +∞

∀M∃δ∀x
(
� < |x− x�| < δ ⇒M < f(x)

)

�8" �& �� lim
x→x�

f(x) = −∞

∀M∃δ∀x
(
� < |x− x�| < δ ⇒ f(x) < −M

)

�8" �& �� lim
x→+∞ f(x) = �

∀ε∃N∀x
(
N < x⇒ |f(x) − �| < ε

)

�8" �& �� lim
x→−∞ f(x) = �

∀ε∃N∀x
(
x < −N ⇒ |f(x) − �| < ε

)

�8" �& �� lim
x→+∞ f(x) = +∞

∀M∃N∀x
(
N < x⇒M < f(x)

)

>6
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�) lim
x→�

sin(x)
x

= � �) lim
x→�

ln(x + �)
x

= �

�) lim
x→�

ex − �

x
= � �) lim

x→�

�− cosx
x�

=
�

�

�) lim
x→�

n
√
�+ x− �

x
=
�

n
�) lim

x→�

(�+ x)�/x = e

	) lim
x→∞ (�+ �/x)x = e

�) lim
x→�

ax =
{
� |a| < � �S�
� a = � �S�

�� �k�5& < V���]H�� �� 1 < 0 T� ���Q���: %34 fk 5: `b�)-!
���� �� =��
 V+P��� 2�DE� �� ���� ^�� y,�	+H�P 
@�C�/z %.�/

��+	� �� =u = ex − � V+�
�� i�: w>x 2�DE�
^���&��& < x = ln(u+ �))

lim
x→�

ex − �

x
= �÷ lim

u→�

ln(u + �)
u

=
�

�
= �

� − cosx = sin�
( x
�

)
�
 V+�
�� �B�� Tw9x 2�DE� ���� ��

��+	� �� < u =
x

�
V+�
�� i�: ^���&��&

lim
x→�

�− cosx
x�

= lim
u→�

� sin� u
�u�

=
�

�

(
lim
u→�

sinu
u

)�

=
�

�

V���� TX = elnX �8��� �& �B�� �& wFx 2�DE� ���� ��

lim
x→�

(�+ x)�/x= lim
x→�

exp
(

lim
x→�

ln(x+ �)
x

)
=exp(�)=e

��+	� �� Tu = �/x V+�
�� i�: wIx 2�DE� ���� ��

lim
x→∞ (�+ �/x)x = lim

u→�

(�+ u)�/u = e

� =%!� ��.� ��P�& <

< ��5&�� y = g(x) < y = f(x) �+�
 i�: ���R� ����

�2��4 ^�� �� a, x� ∈ R

�) lim
x→x�

af(x) = a lim
x→x�

f(x)

�) lim
x→x�

{f(x) ± g(x)} = lim
x→x�

f(x) ± lim
x→x�

g(x)

�) lim
x→x�

f(x)g(x) = lim
x→x�

f(x) × lim
x→x�

g(x)

�) lim
x→x�

f(x)
g(x)

= lim
x→x�

f(x) ÷ lim
x→x�

g(x)

lim
x→x�

f(g(x)) = 2��4 ^�� �� T lim
x→x�

g(x) = y� �S� 2+
= lim
x→y�

f(x)

��+& �& q lim
x→∞

x� + �

x+ �
= +∞ V+�
�� %&�E 2�  �N�

��N;��

∀M∃N∀x
(
x > N ⇒ x� + �

x+ �
> M

)

�
 V+�
�� �B�� ��	&� �C�� ^�� 2�DE� ���&

x� + �

x+ �
= x− �+

�

x+ �

��+	� x > N �+Q<� i�: L� mH TN ≥ � �
 %!� ^�� �& i�:
^���&��& T �

x+ �
> � �� x > � ��"��

x� + �

x+ �
= x− �+

�

x+ �
> x− �+ � = x− � > N − �

=N = M + � �� N − � = M %!� �:�
 mH

��+�
 %&�E ������ "���


�) lim
x→�

x− �

x�
= −∞ �) lim

x→−∞(�+ �
x) = �

�) lim
x→−∞

x�

�− �x
= +∞ �) lim

x→+∞
x

�−√
x+ �

= −∞

�� �� �0��� 9!�: ;#6 ���

��75� �8��� ,<� =%!� {+C <� ����� ε − σ ��+S� \<�
��+�& �8�d �<� < ��"�� 
�L c� ��
 L� � ���N� %�+�
\<� L� 
���	!� T�8�� <� ^�� �Q�4� � 
�� =%!� �+G	/<
�k�5& �
 \<� ^�� =�"�&�� ym85Q�& < �
 �& Ǳ_B L� %
� z
��$ ��	&� �
 %!� {+��� ^�� �& T�" �P��� 
���	!� 2�5:� �& _+�
�����/ �
 �����A/ mK! T���S�� 2�DE� y���Hz �� y�74� � z
n�;� ��P� Y+��� ��
��! U&��� {� �& �� ��
�+t+H U&��� � 
< �7 �� �P��	� ���5� �& �� ���7��� �P T��d %!� < ���"��
=���
�� � T��B�� ����A/ < 
�" �	���� �<� L� 
���	!� �&
�<� W+H �@ 7��� �
 V+���& %!� �:�
 \<� ^�� L� 
���	!� ���&
Tfk e� =%!� 
�" �	��! ��
��! ����� �<� L� ����4 �$ �& ��
,O�	!� ������ 
�G�d T%!� '� �&��& lim

x→�

sinx
x

�
 V+���& �S�
��
 ��


lim
x→�

sin�(x)
sin(x�)

= lim
x→�

sin�(x) ÷ x�

sin(x�) ÷ x�
=

(
lim
x→�

sinx
x

)�

lim
x→�

sin(x�)
x�

=
��

�
=�

������/�& ��L s&�< � �& 43 � 4K ����

>F
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�	��! O�& �8" �& �����N� U&�� ����� ��<_Q �
 ��" �B��
U&�� �d 
�G�d T��" �	��! O�& \<� �& �5&�� �S� �87& T�"�& 
�"

=%!� �����N�

�����N� f(x) =
�x+ �

�x− �
U&�� ��$ 2� ��	
� ����


���� ���/ f �@ ���� �� x� = � L� �G���.P−ε '� ��$ < %!�
^���&��& TwDf = R −

{
�

�

}
���Lx

lim
x→�

�x+ �

�x− �
= f(�) =

�

�
= �

√
�x� + �+ mH T%!� �����N� �5&�� �x�+� ��$ 2�  �N�

'� 
<f5& T%!� �����N� _+� x+ �√
�x� + �+ �x

�]Q < �x

T���Lx ���� ���/ U&�� ^�� [��5� �@ ���� �� x� = � L� �G���.P−ε
��+	� �� TwDf = R

lim
x→−�

x+ �√
�x� + �+ �x

=
(−�) + �√

�(−�)� + �+ �(−�)
= �

V���� f(x) =
tanx− sinx

x�
U&�� ���� �� 2�  �N�

lim
x→�

tanx− sinx
x�

=
(

lim
x→�

sinx
x

)(
�

cos x − �

x�

)

=
(

lim
x→�

sinx
x

)(
lim
x→�

�

cosx

)(
lim
x→�

�− cosx
x�

)

= �× �

�
× �

�
=
�

�

Ty = �x i�: �& Tf(x) =
e�x − �

sinx
U&�� ���� �� 2�  �N�

V����

lim
x→�

e�x − �

sinx
= lim

x→�

e�x − �

x
÷ sinx

x

= �

(
lim
x→�

e�x − �

�x

)
÷

(
lim
x→�

sinx
x

)

= �

(
lim
y→�

ey − �

y

)
÷ � = �(�) ÷ � = �

y =
x− e

e
i�: �& Tf(x) =

lnx− �

x− e
U&�� ���� �� 2+  �N�

V����

lim
x→e

lnx− �

x− e
= lim

y→�

ln(ey + e) − �

ey

= lim
y→�

�

ey
(ln e+ ln(�+ y) − �)

=
�

e
lim
y→�

�

y
ln(�+ y) =

�

e
lim
y→�

ln
{
(�+ y)�/y

}

lim
y→�

(� + y)�/y < %!� �����N� �5&�� ln
{

(�+ y)�/y
}
��$

=%!� �
e
�� �
e

ln e �&��& � ���N� ^���&��& T�"�&�� e �&��&

�� ����� ���! �	!�� M+N3� < 
��.� 2�DE� �� w>x ���� `b�)-!
=V���K!�� 
������ �&

��L� �& = lim
x→x�

g(x) = m < lim
x→x�

f(x) = � V+�
 i�:

< ε� =
ε

�(�+ |�|) V+�
�� i�: 
��(Q� ε > �

ε� =
ε

�(�+ max{|�− �|, |�+ �|})


�G�d |x − x�| < δ� �S� �
 ���� ��B< �� δ� 2��4 ^�� ��

�G�d |x−x�| < δ� �S� �
 ���� ��B< �� δ� < |f(x)− �| < ε�


�G�d |x−x�| < δ� �S� �
 ���� ��B< �� δ� < |g(x)−m| < ε�


�G�d Tδ = min{δ�, δ�, δ�} �S� mH =|f(x) − �| < �

|f(x)g(x) − �m| = |f(x)g(x) − f(x)m+ f(x)m− �m|
≤ |f(x)||g(x) −m| + |m||f(x) − �|
≤ max{|�− �|, |�+ �|}ε� + |m|ε�
< max{|�− �|, |�+ �|} ε

�(�+ max{|�− �|, |�+ �|})
+|m| ε

�(�+ |m|) < ε

D �@ ���� �& y = f(x) U&�� �2�	�4�� FG	� 
���

'� �� x� ∈ D �P Ǳ�L� �& �
 V+h�S �����N� ����4 �� ��
�� y = f(x) U&�� � �
 ��" %:�� D �� �d L� �G���.P−ε
EF ��.� �& �� �����N� U&��� �@.P �@C�.�� =�"�& f(x�) �&��& x�

=V+P��� W��.�

T���7.B ��$ T�<� �B�� T�;� T%&�E U&��� �+�
 i�:
����S T���� Y+34 T%De� ���� �&x ����� T�Q�Q]P T���e7e�
U&���z �� M7;� ��/ < �.	���GQ T���.� Tw���� ����S < %De�
'� ���
 ��� ,�.C� �
 �+�
 i�: ^+�t.P qV+���& yL���
��� TVP L� U&�� <� M���� TVP �& U&�� <� U.B TU&�� '� �� ��C
�D!�3� TVP �& U&�� <� {+
�� TVP �& U&�� <� V+�N� TVP �� U&�� <�
wU&�� �@ ���� ���
 �	8$�
 T��5�x U&�� '� ���3� TU&�� '� �<��<
yL��� ,�.C�z �� V+��!�& ��G�� U&�� ���� �& �� �5&�� 
��O�& <

�2��4 ^�� �� =V+���&

����%
 ��"�*+ ," ���-%�" �� �� �*��+ �� ����� ����

.�/	 �%0�� ,�1
 2�"/+ ," ����%
 ��"�*+ 3�� �� 4 ,�1
 '� 
�%0�� 5/6 7�/8� y = f(x) 2��+ �9" .��*: ;��" �+�
��

��<�= .�	�� >$*%
 f �� �
"� �� x� ," �<:�?��−ε3: 4 �	�� ��	

@��" f(x�) ��"�� 4 �/�/
 lim
x→x�

f(x)

=%!� �D/ �@ +A/ L� V+N	�� ����+	� �+A/ ^��
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<�=3� 2"6 ���

'� < �"�& �����N� y = f(x) �S� �
 V���� �D/ W(& ��
�� U&�� � 
�G�d T�"�& �	"�� ���/ �d �@ ���� �� x� L� �G���.P−ε
�	�! �G���.P−ε'� U/��� L� ���& �� =%!� f(x�) �&��& x�
��� �� y = f(x) ��5� T���� ���/ y = f(x) �@ ���� �� x� L�
U&�� ����� ����� ��B< � �Q< T��"�.� [��5� �3& ���� �@;N�

x� = −� �@;N� �� \� < %!� �����N� �
 f(x) =
�
√
x+ �

x+ �

���G��� �� ����S�.� [��5� f(−�) �
 �Q� �� T%!� �
�
�&��&

V+�
�����5� y = g(x) ��G�� U&�� �& �� y = f(x) U&�� T�����
L� �	�! �G���.P−ε'� �� y = g(x) < y = f(x) ��
 ���X
���
� =���S [��5� _+� x� �� y = g(x) 
<f5& < ��"�& �&��& x�
y = g(x) � �& �&��& x� �� y = f(x) � T��L �!�!� �+A/ �&��&
�d � < 
��& ����� x = x� �� y = f(x) T��5� =%!� x� ��

=�"�&�� g(x�) �&��&

%:�� ���$ � < ε ���C �S� �.	SG� F>) ���� ��
�

� < |x − x�| < ε �<����� �� r��4 x �P Ǳ�L� �& �
 ��"
� ��B< ��C �� < ��B< 
�G�d T�"�& ���/�& f(x) = g(x) �<���
x� �� y = g(x) � ��B< ��C �� < ��B< �& x� �� y = f(x)

= lim
x→x�

f(x) = lim
x→x�

g(x) 
<f5& T%!� �&��&

< f(x) =
x� − �

�x� − x− �
U&��� 2� ��	
� ��
�


^���&��& T���&��& x� = � �� _�& �B �.P �� g(x) =
x+ �

�x+ �

lim
x→�

x� − �

�x� − x− �
= lim

x→�

(x + �)(x− �)
(�x + �)(x− �)

?= lim
x→�

x+ �

�x+ �
=
�+ �

�+ �
=
�

�

'� �� �√
�− x+ �

<
√
�− x− �

x+ �
U&��� 2�  �N�

^���&��& T���&��& x� = −� L� �	�! �G���.P−ε

lim
x→−	

√
�− x− �

x+ �
= lim

x→−	

√
�− x− �

x+ �
×

√
�− x+ �√
�− x+ �

= lim
x→−	

(�− x) − 


(x+ �)(
√
�− x+ �)

?= lim
x→−	

�√
�− x+ �

=
�

�

�=>=> �@ +A/ L� 
���	!� ��& <� < x = y� i�: �& 2�  �N�
V����

lim
x→�

(
�

�−√
x
− �

�− �
√
x

)
= lim

y→�

(
�

�− y�
− �

�− y�

)

mH T��������N� �x− �

�x+ �
< �+ �x

�+ x
U&��� ��$ 2#  �N�


<f5& =%!� �����N� _+� f(x) =
(
�x− �

�x+ �

)(�+�x)/(�+x)

���� M75� y = f(x) �@ ���� �& x� = −� L� �G���.P−ε '�
��+	� �� TwDf = R −

{
−�
�
,−�

}
T���Lx

lim
x→−�

(
�x− �

�x+ �

)(�+�x)/(�+x)

=
(−�
−�

)−�/�
=
�

�

V���� Ty =
x

�
��(	�� �& 2%  �N�

lim
x→∞

(
�+

�

x

)x+�
= lim
y→∞

(
�+

�

y

)�y+�

=
{

lim
y→∞

(
�+

�

y

)y}�

×
{

lim
y→∞

(
�+

�

y

)}�

= e� × �
� = e�

�+�
 �D!�3� �� ��L �<� L� '� �P ���N� ������ !���


�) lim
x→−�

(√
x� + �− �

√
�x

)
�) lim

x→�

ln(cos�(ln�(x� + x+ �)))

�) lim
x→�

arctanh
(
x+ �

�x+ �

)

�) lim
x→�

√
�+

√
�+

√
�+

√
�+ x

�) lim
x→∞

(
�+

�

�x

)x/�−�
�) lim

x→�

√
x� + x+ �− �

x

	) lim
x→�

�
√
x− �+ �x

x� + �
�) lim

x→�

x� + �x− �

x� − �x+ �


) lim
x→−�

sin�(πx�) ��) lim
x→�

(�x� − �x+ �)

��) lim
x→�

tanx
x

��) lim
x→�

cosx− cos(�x)
x�

��) lim
x→�

tanx− sinx

sin� x
��) lim

x→�

sinhx
x

��) lim
x→�

coshx− �

sin� x
��) lim

x→�

(�+ �x)�/x

�	) lim
x→�

eαx − eβx

x
��) lim

x→∞

(
�x− �

�x+ �

)x

�
) lim
x→−�

�
√
x+ �

x+ �
��) lim

x→�

ln(cosx)
x�

>1



?�@4� 3�7 ��� 	:*1��; $ �� � ���

�) lim
x→−�

�
√
x+ �

�
√
x+ �

�) lim
x→�

(
�+ x

�+ x

)�

�) lim
x→�+

arccos(�− x)√
x

�) lim
x→π/�

ln(tanx)
�− cotx

	) lim
x→�

(
cosx

cos(�x)

)�/x�

�) lim
x→π/�

sin
(
x− π

�

)
�− � cosx


) lim
x→�+

x

√
cos

√
x ��) lim

x→−∞
ln(�+ �x)
ln(�+ �x)

��) lim
x→�

(x+ ex)�/x ��) lim
x→∞ arcsin

(
�− x

�+ x

)

��) lim
x→−�

x+ �√
�x� + �+ �x

��) lim
x→�

√

+ �x+ �x� − �

x

��) lim
x→�

√
x+ �−√

�x+ �√
�− x−√

	x− �

��) lim
x→+∞

{
x�

�x� − �
− x�

�x + �

}

�	) lim
x→−∞

{√
�x� − �+ �x

}
��) lim

x→+∞x
(√

x� + �− x
)

�
) lim
x→∞

(
�x� + �

�x� + �

)	x�+�

��) lim
x→�

(
�+ tanx
�+ sinx

)�/ sin x

��) lim
x→�

x�

�
√
�+ �x − (�+ x)

��) lim
x→�

m
√
�+ αx − n

√
�+ βx

x

��) lim
x→�

(
ax + bx + cx

�

)�/x

��) lim
x→∞

(
x� + �x+ �

�x� − �x+ �

)�/x

��) lim
x→�

ln(�+
√
x+ �

√
x)

ln(�+ �
√
x+ �

√
x)

��) lim
x→�

cos(xex) − cos(xe−x)
x�

�	) lim
x→�

ln(coshx)
ln(cos x)

��) lim
x→+∞

{√
x+

√
x+

√
x−√

x

}

�
) lim
x→�

(�−√
x)(�− �

√
x) · · · (�− n

√
x)

(�− x)n−�

��) lim
x→+∞{ n

√
(x+ a�)(x + a�) · · · (x+ an) − x}

��) lim
x→�

(
�+ xe−�/x

�

sin
( �
x�

))e�/x�

= lim
y→�

�+ �y� − �y�

(�− y�)(�− y�)

= lim
y→�

(�− y)(−�y� + y + �)
(�− y)(�+ y + y�)(�− y)(�+ y)

?= lim
y→�

−�y� + y + �

(�+ y + y�)(�− y)(�+ y)

= lim
y→�

(�− y)(�y + �)
(�+ y + y�)(�− y)(�+ y)

?= lim
y→�

�y + �

(�+ y + y�)(�+ y)
=

�

�× �
=
�

�

��+& ��L 2��j& ���&� U:� �@ +A/ T%����+& �� ��P� ���� ��
����S��

���C �S� �T�	S5�G )& & 43 .	SG� F>) �� ��� 
�
�

�� x ≤ M �P Ǳ�L� �& �
 ��" %:�� ���X � < M �����
� 
�G�d T�"�& ��B�� g U&�� %����+& �� � < f(x) = g(x)

=%!� �&��& �7D/ �& < ���� ��B< _+� f %����+& ��

V���� y = �/xi�: �& 2� ��	
� ��
�


lim
x→∞

(√
(x+ a)(x+ b) − x

)
=

= lim
x→∞

(√
(x+ a)(x+ b) − x

) √
(x + a)(x+ b) + x√
(x + a)(x+ b) + x

= lim
x→∞

(x+ a)(x+ b) − x�√
(x+ a)(x+ b) + x

= lim
x→∞

(a+ b)x+ ab√
(x+ a)(x + b) + x

= lim
y→�

a+ b+ aby√
(�+ ay)(�+ by) + �

= lim
y→�

a+ b+ �√
�+ �+ �

=
a+ b

�

V���� y = �/xi�: �& 2�  �N�

lim
x→∞

{√
�+ x+ x� −

√
�− x+ x�

}
=

= lim
x→∞

{√
�+ x+ x� −

√
�− x+ x�

}
×

√
�+ x+ x� +

√
�− x+ x�√

�+ x+ x� +
√
�− x+ x�

= lim
x→∞

�x√
�+ x+ x� +

√
�− x+ x�

= lim
y→�

�

y√
�+ �

y + �

y�
+

√
�− �

y + �

y�

= lim
y→�

�√
y� + y + �+

√
y� − y + �

=
�

�+ �
= �

%!�& �� ��L �<� L� '� �P ���N� ������ ��
�

����<d

�) lim
x→�

�x� + 
x+ 	

�x� + x� + �
�) lim

x→�

�
√
��− x− �

x− �

>J



	:*1��; $ �� � ��� ��#(A� �$�� ���

^�� ���& q lim
x→�−

�

�+ e�/x
= � V+�
�� %&�E 2�  �N�

��" %&�E ���& ��p��

∀ε ∃δ ∀x :
(
� < �− x < δ ⇒

∣∣∣∣ �

�+ e�/x
− �

∣∣∣∣ < ε

)

�G�� ��+& �& T�� <

∀ε ∃δ ∀x :
(
−δ < x < �⇒ �− �

�+ e�/x
< ε

)

=�/x < −�
δ

�
 ���S�� ��+	�−δ < x < � i�: L� `b�)-!
< e�/x < e−�/δ ^���&��& T%!� ���54 �5&�� y = ex ��$

�− �

�+ e�/x
=

e�/x

�+ e�/x
<

e�/x

�+ �
< e−�/δ

�� −�
δ

= ln ε ��5� Te−�/δ = ε V+�
 i�: %!� �:�
 mH

� =δ = − �

ln ε

�D!�3� �� ��L �@ :�;8� �<� L� '� �P ������ 
���

��+�


�) lim
x→�−

x� − �

|x− �| �) lim
x→�+

x� − �

|x− �|

�) lim
x→�−

√
�− cos(�x)

x
�) lim

x→�+

√
�− cos(�x)

x

�) lim
x→�−

arctan
(

�

�− x

)
�) lim

x→�+
arctan

(
�

�− x

)

	) lim
x→�+

�

�+ e�/x
�) lim

x→�−
x [�/x]


) lim
x→�−

x
√

|cos (�/x)|

��) lim
x→�+

(
� sin

√
x+

√
x sin

(�
x

))x

< �Q�.5� �<� �& �:�;8� �<� ���D� ���& ��L �@ +A/ L�
=���S�� 
���	!� �4� �Q�.5� � � mK!

Ǳ�L� �& �
 ��" %:�� ���$ ε > � �S� 2� ����� ����

f(x) = g(x) �<��� T� < x−x� < ε �<����� �� r��4 x �P
lim

x→x�+
f(x) 
�G�d T�"�& ��B�� lim

x→x�
g(x) �S� _+� < T�"�& ���/�&

=%!� �&��& �7D/ �& < ���� ��B< _+�
�� r��4 x �P Ǳ�L� �& �
 ��" %:�� ���$ ε > � �S� 2�
< T�"�& ���/�& f(x) = g(x) �<��� T� < x� − x < ε �<�����
���� ��B< _+� lim

x→x�−
f(x) 
�G�d T�"�& ��B�� lim

x→x�
g(x) �S� _+�

=%!� �&��& �7D/ �& <

��) lim
x→�

(
�+e−�/x

�

arctan
(�
x�

)
+xe−�/x

�

sin
(�
x�

))e�/x�

U&�� �� bm < an {���� �S� �
 �+P� ���� 2��

f(x) =
anx

n + · · · + a�x+ a�
bmxm + · · · + b�x+ b�

2��4 ^�� �� T�"�& ��4 [Q�(�

lim
x→∞ f(x) =

⎧⎨
⎩

∞ n > m �S�
an/bm n = m �S�
� n < m �S�

�"!&>� �#�� ���

[�;∞) �d �@ ���� < %!� �����N� �5&�� f(x) =
√
x �
 V+�����

'� ����� �
 ���;N� �P �� y = f(x) � ��+	� �� =%!�
=%!� �&��& f(x�) �& < ���� ��B< %!� [�;∞) �� �G���.P−ε
�S� ��5� �%�+� [�;∞) �� ���G���.P−ε ?+P x� = � ���
�����.� ��d -��
 ���& �$ ���� ^�� �� ����S�.� [��5� Tx < �

-��� V+.5� �� � [��5�

< %!� U&�� '� y = f(x) �+�
 i�: ������ ����

Tx� < x < x� + ε �P Ǳ�L� �& �
 ���� ��B< ���$ ε �	De� ��C
(x�;x�+ε) ⊆ �
 %�P �� ε T��5� T���S�� [��5� x �� f(x)

�&��& x = x� �� y = f(x) %!�� � V+h�S�� ����4 �� =Df

�
 lim
x→x�

f(x) = l V+������ < %!� l

∀ε ∃δ ∀x :
(
� < x− x� < δ ⇒ |f(x) − l| < ε

)

=w^��.�x ��
 [��5� �� lim
x→x�−

f(x) = l ������ �&��� 2��j&
^(! _+� lim

x→x�+
f(x) = ∞ ��$ ��<� L� ������ ^+�t.P

=w^��.�x %�S

q lim
x→�+

x [�/x] = � �
 V+�
�� %&�E 2� ��	
� ����

V+�
 %&�E ���& ��p�� ^�� ���&

∀ε ∃δ ∀x :
(
� < x− � < δ ⇒

∣∣∣∣x
[
�

x

]
− �

∣∣∣∣ < ε

)

� < x i�: �& ��+	� �� Tx − � ≤ [x] < x V+����� `b�)-!
V����

−x = x

(
�

x
− �

)
− � < x

[
�

x

]
− � ≤ x

�

x
− � = �

��" i�: %!� �:�
 ��5� =|x [�/x] − �| < |x| ^���&��&
� =δ = ε

9)



B�$�8�1 �� �CD '�� 	:*1��; $ �� � ���

_+� x = x� �� y = f(x) � 
�G�d T lim
x→x�

g(x) = lim
x→x�

h(x)

=%!� �&��& ���d }�	�� ���N� �& < ���� ��B<

Ǳ�L� �& �
 %�P �� M �+�
 i�: �� ���� ����

�S� T2��4 ^�� �� =g(x) ≤ f(x) ≤ h(x) �� x > M �P
��B< _+� +∞ �� y = f(x) � 
�G�d T lim

x→∞ g(x) = lim
x→∞h(x)

=%!� �&��& ���d }�	�� ���N� �& < ����

�P Ǳ�L� �& �
 %�P �� M �+�
 i�: �
 ���� 
���

�S� T2��4 ^�� �� =g(x) ≤ f(x) ≤ h(x) V���� x < −M
_+� −∞ �� y = f(x) � 
�G�d T lim

x→−∞ g(x) = lim
x→−∞h(x)

=%!� �&��& ���d }�	�� ���N� �& < ���� ��B<

��+& �
 ���� ��B< _+� �:�;8� �<� ���& ��&��� ����A/
=V���K!�� 
������ �& ^��.� ����C �& �� ���d 2��4

−� ≤ sinx ≤ �� x �P Ǳ�L� �& ��$ �1� �	
� ����

^���&��& < −� ≤ sin (�/x) ≤ � V���� � < x Ǳ�L� �& mH T�
y = −x < y = x U&��� � ��� =−x ≤ x sin (�/x) ≤ x

^���&��& T%!� ��4 �&��& ��
�� �+� ��4 �& %!�� L� x �	/<
�
 ���S�� %&�E �&��� 2��4 �& = lim

x→�+
x sin (�/x) = �

= lim
x→�

x sin (�/x) = � ��+	� �� = lim
x→�−

x sin (�/x) = �

����<d %!�& �� ��L � ���N� 2�  �N�

lim
x→�

x�
(
�+ �+ · · · +

[
�

|x|
])

=
�

�

< � <
�

|x| 2��4 ^�� �� T� < |x| < � V+�
 i�: A'�

^���&��& < �

|x| − � ≤
[
�

|x|
]
<

�

|x|

� = x�
(
�+ �+ · · · +

[
�

|x|
])

=
x�

�
.
[
�

|x|
]
.
([

�

|x|
]

+ �

)
<

x�

�
.
�

|x| .
(
�

|x| + �

)
=
�

�
.(|x| + �)

�&��� 2��4 �&

� ≥ x�

�
.
(
�

|x| − �

)
.
�

|x| =
�

�
.(�− |x|)

=%!� 
�" %&�E V8 < lim
x→�

�

�
.(�± |x|) =

�

�
���

=�+�
 �D!�3� �� lim
x→∞(ex − �)�/x � ���N� 2�  �N�

�� =ex ≤ �(ex − �) ^���&��& < � ≤ ex 
�G�d Tx > � �S� =� 
�� e ≤ ��/x(ex − �)�/x ��+	�

e

��/x
≤ (ex − �)�/x < (ex)�/x = e

=%!� e �&��& �p� ���� � < lim
x→∞

e

��/x
= e ���

lim
x→x�

f(x) �8��� ���& �:�
 < �LO ��" ��U��- ����

�&��& < ��B�� lim

x→x�+
f(x) < lim

x→x�
f(x) �
 %!� ^�� �"�& ��B��

=��"�&


�G�d T� < x − � < � �S� 2� ��	
� !���

^���&��& =� < x < �

lim
x→�+

[x] sin(πx) = lim
x→�

sin(πx) = sinπ = �

�+�
 i�: 2�  �N�

f(x) =
{ −�x+ � x ≤ � �S�
�x− � x > � �S�

�2��4 ^�� ��

lim
x→�+

f(x) = lim
x→�

(�x− �) = �− � = −�
lim
x→�−

f(x) = lim
x→�

(−�x+ �) = −�+ � = �

��+�
 �D!�3� �� ��L �@ :�;8� �<� ������ "���

�) lim

x→�+

| sinx|
x

�) lim
x→�−

| sinx|
x

�) lim
x→�+

(�+ |x|)�/x �) lim
x→�−

(�+ |x|)�/x

�X�N� ��.� �� �� 
�" 
��� U&��� L� '� �P %!�� < �$ � 
��+�
 �D!�3� %!� 
��.� �++a� U&�� �@;&�� �


�) f(x) =

⎧⎨
⎩

x� − �x+ � x < � �S�
(x+ �)/(�x+ �) � ≤ x ≤ � �S�
sin (π/x) � < x �S�

�) f(x) =

⎧⎨
⎩

� x ≤ � �S�
e�/x � < x < � �S�
(�+ �/x)x � ≤ x �S�

	) f(x) = [x�] �) f(x) =
√
x− [

√
x]


) f(x) = (−�)[x
�]

��) f(x) = sgn(sinx)

?�#�7�0 �� 	@A %��

�&�/ �Q�.5� ��P\<� �& �
 ��<� 2�DE� ���& �+A/ ^�� L�
�8��� �� < %!� ���7 �� <� ���d � \<� �� < ��	�+� � 
��P��&��
 �@ ���� ����!�@	� =��
 
���	!� ������ T%!� ��O�X
��L n�" �& �8" �! ����� �+A/ ^�� =%!� �<�3� ��+�& �d

��"�&��

�& �
 %�P �� ε > � �+�
 i�: �� ���� ����

�S� =g(x) ≤ f(x) ≤ h(x) V���� T|x − x�| < ε �& x �P Ǳ�L�

9�



	:*1��; $ �� � ��� �� ��=$ ?�� E��F� ,��

V+�
 i�: =V+P��� ���/ |�| �&��& �� ε q� 
= � V+�
 i�: 24
r�4 |x− x�| < δ ��" �� x��S ��C < %!� 
��(Q� δ > �

^���&��& < Dri(x) = � 2��4 ^�� �� =����

|Dri(x) − �| = |�− l| = |�| ≥ ε

=%!� ��.� ��P�& {+��� ^�� �& <

������ 
�!�


�/�: x� 
= � ��N� ��.� �� f(x) = xDri(x) �+�
 %&�E w�
=�"�&�� ��4 �&��& < ��B�� x� = � �� �d � < %!� � 

�/�: Z−{�} �@C�.�� ��N� �@.P �� ��L U&�� �
 �+�
 %&�E w0
�%!� � 

f(x) =
{

cot�(πx) x /∈ Z �S�
� x ∈ Z �S�

=%!� 
��
 
��"� ���& fk D/ 6=9=>��+	�

lim
x→x�

f(x) �8��� ���& �:�
 < �LO ��" ����� ��!�

L� _+� < %!�� L� x� �� y = f(x) � �
 %!� ^�� �"�& ��B��

=��"�& �&��& < ��B�� �$

�� f(x) = x − [x] U&�� �
 V+�
�� %&�E ��	
� ��!�

=����� � x = �

lim
x→�+

f(x) = lim
x→�+

{x− �} = �− � = �,

lim
x→�−

f(x) = lim
x→�−

{x− �} = �− � 
= lim
x→�+

f(x)

=����� ��B< x� = � �� y = f(x) � ^���&��&

������ !�!�


��N� �� f(x) = sgn(x� − �x + �) U&�� �
 �+�
 %&�E w�
=����� � x = � < x = �

=����� � π ���A� �� sgn(sin(x)) U&�� �
 �+P� ���� w0
=����� � πZ = {nπ | n ∈ Z} �@C�.�� ��N� �� T��5�

< T��.� �5Q�;� ������ �P�Q�D�� �j: L� mH �� �5& %.�/
=��
 ������� �d �@5Q�;� L� �k	/��

U&�� � �8��� ���& �:�
 < �LO ��" ����� "�!�

Ǳ�L� �& �
 %!� ^�� T�"�& � �&��& x = x� �@;N� �� y = f(x)

��G.P l �& {f(xn)}∞n=� �@ Q�D�� Tx� �& ��G.P {xn}∞n=� �@ Q�D�� �P
=�"�&

��+�
 �D!�3� �� ��L �<� L� '� �P ������ ����

�) lim

x→�

x
√

|cos (�/x)| �) lim
x→�

x [�/x]

�) lim
x→+∞(�/x) sin (�/x) �) lim

x→�+
x ln� x

�) lim
x→�+

x.
([
�

x

]
+

[
�

x

]
+ · · · +

[k
x

])
, (k ∈ N)

=%!� %De� {���� �& ���7.B ��$ '� P (x) �+�
 i�: wF
= lim
x→∞

[P (x)]
P ([x])

= � �+P� ����

�� ��:# <�
 B��C� *��

�d ���<d %!�& 
@�+" _+�< � ��B< 2�DE� ,�D�� �& ���
��
�� ��<��� U&�� �
 V+P� ���� �� ��d�� �LO ����� �� =V���&
����� �7
 \<� �! �& ��
 ^�� =����� � Z�j(& �@;N� '�

����]H��
T�:�;8� � ����� L� 
���	!� �& w0 T� [��5� L� 
���	!� �& w�
�! ^�� L� '� �P �@ ���	�H =�P�Q�D�� � ����� L� 
���	!� �& w>

=�"�&�� Z�j(& ���+A/ T\<�

�� y = f(x) U&�� �8��� ���& �LO ��" ����� ��!�

'� �� y = f(x) �� �
 %!� ^�� T�"�& �	"��� � x = x�

�� � ∈ R �P Ǳ�L� �& �8��� �� < ���� [��5� x� L� �G���.P
�� δ > � �P Ǳ�L� �& �
 ��" %:�& ���$ �� ε > � ��C '�
< � < |x − x�| < δ �
 �"�& �	"�� ��B< ���X x ∈ R '�

�G�� ��+& �& =|f(x) − �| ≥ ε

∀� ∃ε ∀δ ∃x :
(
� < |x− x�| < δ < |f(x) − �| ≥ ε

)

�78��� U&�� �
 V+�
�� %&�E ��	
� ��!�


Dri(x) =
{
� x ∈ Q �S�
� x /∈ Q �S�

=%!� � �/�: R ��N� �@ +7
 ��
%Q� <� =x� ∈ R �
 V+�
�� i�: T��p�� ^�� ���&
=�"�& ��S x� w� < �"�& ���S x� w[Q� ���d W+H %!� ^8.�
�� %Q� '� ���� �� �]Q < ��	�P VP �& �+D" ��+�& <� ^��
�� Tx� ∈ Q V+�
�� i�: ^���&��& =V+P��� ���/ �3& ����

=Dri(x�) = � ��+	�
V+�
 i�: =V��+S�� '� �&��& �� ε q� = � V+�
 i�: 23(!
r�4 |x−x�| < δ ��" �� x ����S ��C < %!� 
��(Q� δ > �

^���&��& < Dri(x) = � 2��4 ^�� �� =����

|Dri(x) − �| = |�− �| = � ≥ � = ε
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	:*1��; 2�� 	:*1��; $ �� � ���

� �
 %!� �	!�+H %!�� L� x = x� �@;N� �� y = f(x) w�
=�"�& f(x�) �&��& x� �� f %!��

�$ � �
 %!� �	!�+H �$ L� x = x� �@;N� �� y = f(x) w|
=�"�& f(x�) �&��& x� �� f

����S�� ��+	� %Q��! �& T^���&��&

y = f(x) U&�� �8��� ���& �:�
 < �LO ��" ����� ��"�

_+� < %!�� L� U&�� ^�� �
 %!� ^�� T�"�& �	!�+H x = x� �@;N� ��

=�"�& �	!�+H x = x� �� �$ L�

x = x� �� y = f(x) �+�
 i�: ������ 
�"�

���"U:� �G	!�+H�� '� �� x = x� ����4 �� =%!� �	!�+H��
�&��� 2��j& =�"�& ��B�� x� �� f � �
 V+h�S y = f(x)

�$ L� ���"U:� �G	!�+H�� _+� < %!�� L� ���"U:� �G	!�+H��
�G	!�+H�� ����� %!�� < �$ L� x� �� f �S� =%!� [��5� �&�/
���"U:� x� �� f �G	!�+H�� �
 ����� ��<_Q T�"�& ���"U:�
�&��& �Q< T��"�& ��B�� x� �� f %!�� < �$ � T��5�x =�"�&

w=��"�D�

�� y = g(x) < y = f(x) U&��� �S� ����� ��"�

< �"�& �	!�+H y� = f(x�) �� y = h(x) < ��"�& �	!�+H x = x�

Tf(x)− g(x) Tf(x)+ g(x) Taf(x) U&��� 2��4 ^�� �� Ta ∈ R

�S� =����	!�+H x = x� �� f(x)g(x) < h(f(x)) Tf(x)g(x)

=%!� �	!�+H x = x� �� f(x) ÷ g(x) 
�G�d Tg(x�) 
= �

%!� �����N� �5&�� y = f(x) �+�
 i�: ����� ��"�

�2��4 ^�� �� =x� ∈ Df < w��" ��B� >=0=> �&x


�G�d T[x�;x� + ε) ⊆ Df �
 ���S %:�� �� ε > � �S� w�
=%!� %!�� �	!�+H x = x� �� y = f(x)


�G�d T(x� − ε;x�] ⊆ Df �
 ���S %:�� �� ε > � �S� w0
=%!� �$ �	!�+H x = x� �� y = f(x)

T(x� − ε;x� + ε) ⊆ Df �
 ���S %:�� �� ε > � �S� w>
=%!� �	!�+H x = x� �� y = f(x) 
�G�d

=���+G& �p� �� �� f(x) =
√
x U&�� 2� ��	
� !�"�


[�; +∞) �& �&��& �d �@ ���� < %!� �����N� y = f(x) ��$
�	!�+H x� ∈ (�; +∞) ��N� ��.� �� y = f(x) mH T�"�&��

=�"�&�� %!�� �@ 	!�+H x� = � �@;N� �� < %!�

y = sin (�/x) U&�� �
 V+P��� ���� 2� ��	
� ��!�

< xn = �

nπ ��P�Q�D�� ��p�� ^�� ���& =����� � x� = � ��
2��4 ^�� �� =V��+S�� �p� �� �� zn = �

�nπ+π/�

lim f(xn) = lim sin(nπ) = �,

lim f(zn) = lim sin
(
�πn+

π

�

)
= �.

�	"�� � x� = � �� f(x) = sin (�/x) %�+� ^8.� T^���&��&
=� 
= � ���L T�"�&

������ � ��S ��N� �� ��L U&�� �
 V+P��� ���� 2�  �N�

f(x) =
{
n�/(n+ �) (m,n) = � < x = m/n ∈ Q �S�
� x /∈ Q �S�

���S ���C� L� ���Q�D�� {xn} V+�
 i�: =x� /∈ Q V+�
 i�:
�	"�� 
��! ��
 2��j& xn =

an
bn

< %!� ��G.P x� �& �
 �"�&
2��4 ^�� �� =�"�& 
�"

lim f(xn) = lim
n�

n+ �
= +∞

T��
 �+� ��S ��C '� �& ���S ���C� L� ���Q�D�� �S� ���L
�+� %����+& �& �Q�D�� ^�� 
@��L�! ��P��
 |�(� < 2��4 �k��_Q�

=���
��

�� f(x) = [�/x] U&�� �
 �+P� ���� 2� ������ ��!�

=����� � x� = �

�%!� � �/�: ��S ��N� ��.� �� ��L U&�� �
 �+P� ���� ∗2�

f(x) =
{

sinm(xπ) (m,n) = � < x = m/n ∈ Q �S�
� x /∈ Q �S�

�D(0�	E 1��

�d V+!�� ���& T��5� -%!� �j	� U&�� ����.� ����4 �$ ��
< V�����& ]l�
 �<� L� ��& ��$ �� V7/ �
 ����� ��B< ��<_Q
�7��� ^�� �& �!�H W(& ^�� ����� -V+P� ���/ �d �& �k����

����� ��B< �G	!�+H ��� �! =%!�
w| q�$ L� �G	!�+H w� qw��! <� L�x �G	!�+H w[Q�

=%!�� L� �G	!�+H

[��5� x� �� f < y = f(x) �+�
 i�: ������ ��"�

�U&�� V+h�S�� ����4 �� =��"��

x� �� f � �
 %!� �	!�+H x = x� �@;N� �� y = f(x) w[Q�
=�"�& f(x�) �&��&

9>



	:*1��; $ �� � ��� 	:*1��; 2��

y = f(x) ��$ =���+G& �p� �� �� f(x) = �/x U&�� 2+  �N�
y = mH T�"�&�� R − {�} �& �&��& �d �@ ���� < %!� �����N�
��$ T
<f5& =%!� �	!�+H x� ∈ R − {�} ��N� ��.� �� f(x)

�G	!�+H�� T^���&��& T lim
x→�−

f(x) = −∞ < lim
x→�+

f(x) = +∞
���"�� U:� �$ L� �$ < %!�� L� �$ x� = � �@;N� �� y = f(x)

=�"�&��

���&x ���+G& �p� �� �� f(x) = xDri(x) U&�� 2#  �N�
U&�� ^�� =w��" ��B� 0=F=> �& Dri �78��� U&�� [��5� �@p f�
=w%!�� �� < �$ ��x %!� � �/�: x� 
= � ��N� ��.� ��
U&�� ^�� � T��� =%!� �	!�+H�� x� 
= � ��N� ��.� �� T^���&��&

����L T%!� f(�) = � �&��& x� = � ��

� ≤ lim
x→�

xDri(x)

= lim
x→�

{
x x ∈ Q �S�
� x /∈ Q �S�

≤ lim
x→�

x = �

���� U&�� ^�� T��5� =%!� �	!�+H x� = � �� y = f(x) ��+	� ��
=�"�&�� �	!�+H x� = � ��

�� < �G	!�+H T��L U&��� L� '� �P ���� �� ������ "�"�

��+�
 �!��& ^8.� ��N� ��.� �� �� 
�" 
��� U&�� �G	!�+H ��C

�) y = x� �) y = �
√
x

�) y = arcsin(x�) �) y =
�

x� + x

�) y =
sinx
|x| �) y = cot

(π
x

)
	) y = x [�/x] �) y = ex+�/x


) y = tanh
(

�x

�− x�

)
��) y = sin(cos�(tan� x))

��) y = ((x)) = x− [x] ��) y = sgn(sinx)

��) y =
cos (�/x)
cos (�/x)

��) y =

√
�− cosπx
�− x�

��) y = arctan
(
�

x
+

�

x− �

)

��) y =
[
�

x�

]
sgn

(
sin

(π
x

))

�	) y =
{
x� x ∈ Q �S�
� x /∈ Q �S�

��) y =
{

cos (πx/�) |x| ≤ � �S�
|x− �| |x| > � �S�

�
) y =
{

sin(πx) x ∈ Q �S�
� x /∈ Q �S�

��$ =���+G& �p� �� �� f(x) = arcsin(�−x) U&�� 2�  �N�
�& �&��& �d �@ ���� < %!� �����N� y = f(x)

Df =
{
x
∣∣ − � ≤ �− x ≤ �

}
=

{
x
∣∣ � ≤ x ≤ �

}
= [�;�]

T%!� �	!�+H x� ∈ (�;�) ��N� ��.� �� y = f(x) mH T�"�&��
�@ 	!�+H x� = � �@;N� �� < �"�&�� �$ �@ 	!�+H x� = � �@;N� ��

=%!� %!��

U&�� ��$ =���+G& �p� �� �� f(x) =
sinx
x

U&�� 2�  �N�
T�"�&�� R − {�} �& �&��& �d �@ ���� < %!� �����N� y = f(x)

L� =%!� �	!�+H x� ∈ R − {�} ��N� ��.� �� y = f(x) mH
=%!� '� �& �&��& < ��B�� x = x� �� y = f(x) � T�:�X
=�"�&�� ���"U:� x� = � �@;N� �� y = f(x) �G	!�+H�� mH
Tf(�) = � 2��j& x� = � �� f U&�� ���� [��5� �& T��5�

=��d�� %!�& x = x� �� �	!�+H �5&��

�p� �� �� f(x) =
{
x� |x| ≤ � �S�
x+ � |x| > � �S� U&�� 2�  �N�

'� �� y = f(x) 
�G�d T|x�| < � �S� 2��4 ^�� �� =���+G&
y = x� U&�� �
 �Q� �� =%!� x� �& �&��& x� L� �G���.P−ε
�@;N� �� y = f(x) ^���&��& q�"�&�� R �d �@ ���� < %!� �����N�

=%!� �	!�+H x�
^�� �� =x� = −� �8��� �� < x� = � 
�G�d T|x�| = � �S�
����� _+� < %!� �$ �@ 	!�+H x� = � �@;N� �� y = f(x) 2��4

����L T�"�&�� %!�� L� ���"U:� �G	!�+H��

lim
x→�+

f(x) = lim
x→�

(x+ �)

= � 
= � = f(�)

lim
x→�−

f(x) = lim
x→�

(x�)

= � = f(�)

����� _+� < %!�� �@ 	!�+H x� = � �@;N� �� y = f(x) T^+�t.P
����L T�"�&�� �$ L� ���"U:� �G	!�+H��

lim
x→−�+

f(x) = lim
x→−�

(x�)

= � = f(�)

lim
x→−�−

f(x) = lim
x→−�

(x+ �)

= � 
= � = f(�)

�&��& x� L� �G���.P−ε'� �� y = f(x) 
�G�d T|x�| > � �S�
�@ ���� < %!� �����N� y = x+� U&�� �
 �Q� �� =%!� x+� �&

=%!� �	!�+H x� �@;N� �� y = f(x) ^���&��& q�"�&�� R �d
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	:*1��; 2�� 	:*1��; $ �� � ���

=���� ���� '� �/�O ��: �@B�� �& ���7.B ��$ �P 2�  �N�
� < an �
 P (x) = anx

n+ · · ·+a�x+a� ��"i�: �S� T���L
x �	/< P (x) � T2��4 ^�� �� =w%!� �&��� an < �%Q� x
�� b > � '� �/�O mH T%!� +∞ �&��& ��
�� �+� +∞ �&
�+� −∞ �& x �	/< P (x) T�:�X L� =P (b) > � �
 %�P
�
 %�P �� a < � '� �/�O mH T%!� −∞ �&��& ��
��
�5&�� P (x) T��� =P (a)P (b) < � ��+	� �� =P (a) < �

T^���&��& =%!� �	!�+H [a; b] �& �]Q < %!� R ����� �& �����N�
�d Ǳ�L� �& �
 ���� ��B< �� x� ∈ (a; b) T�)=I=> �@ +A/ M&�;�

=%!� ��4 P (x)

������ ���"�

U&�� �
 �+�
 %&�E w�

f(x) =

⎧⎨
⎩

x+ � −� ≤ x < � �S�
� x = � �S�
x− � � < x ≤ � �S�

< Tx = � �@;N� �� _�& %!� �	!�+H [−�;�] 
@L�& ��.� �&
=��.+�+� �� < ���� V.�_
�� �� [−�;�] 
@L�& �&

U&�� �
 �+�
 %&�E w0

f(x) =
{
x+ � −� ≤ x ≤ � �S�
−x � < x ≤ � �S�

�Q< T%!� �	!�+Hx = � �� _�& [−�;�] 
@L�& ��.� �&
=�"�&�� 
L�& �d �& ��.+�+� < V.�_
�� ����� ���t.P

U&�� �
 �+P� ���� w>

f(x) =
{

(x+ �)�(−�/|x|+�/x) x 
= � �S�
� x = � �S�

T��5�x %!� ���+� ���N� %+4�� ����� [−�;�] 
@L�& �&
_+� �� <� �d ����N� �@.P 
�G�d T��
 ��+	�� �� ���N� <� �S�
=%�+� �	!�+H [−�;�] �& �
 �Q� �� Tw��
 �P��� ��+	��

����N� ��.� < %!� ���8� [a; b] 
@L�& �& y = f(x) �+�
i�: w9
y = f(x) �
 �+�
 %&�E =��
�� ��+	�� �� f(b) < f(a) ^+&

=%!� �	!�+H [a; b] 
@L�& �&

|<L �@B�� L� ���7.B ��$ '� P (x) �S� �
 �+P� ���� w6
�	�fC ����� P (x�) �� x� �@;N� '� �/�O �� < �"�&
T�"�& P (x) �� ���� ^��	S�_& {��� %�fC �& [Q�(�

=���� ���� '� �/�� P (x) 
�G�d

U&�� �
 �+P� ���� wF

f(x) =
{ √−�− x x ≤ −� �S�

−√
x− � � < x �S�

��) y =
{
x− �/� |x| ≤ � �S�
�/x |x| > � �S�

���� ���� �P �� =���"�.� [��5� x� = � �� ��L U&���
�& mK! T%!� ���"U:� x� �� 
�" 
��� U&�� �G	!�+H�� �
 �+P�

��+�
 U:� �� �d �G	!�+H�� Tf(x�) {!��� [��5�

��) f(x) = (�+ x)�/x, ∗
��) f(x) = �

√
x|x|x,

��) f(x) =
�

x�
e−�/x

�

, ��) f(x) = sinx sin
(
�

x

)
.

��"�& �	!�+H R �& ��L U&�� �
 �+�
 ^++5� ���X �� B < A w06

f(x) =

⎧⎨
⎩

−� sinx x ≤ −π/� �S�
A sinx+B −π/� < x < π/� �S�
cosx π/� ≤ x �S�

< 
�(Q� �N+N ���C� xn < = = = Tx� Tx� �+�
 i�: w0F
^�� �� ���� �
 �+�_& ,�e� R �@ ���� �& �5&�� T��"�& 2<��	�

=�"�& �	!�+H ��N�

�� < 
��& ���8� �k�+
� y = f(x) U&�� �S� ����� ��"�

y� = f(x�) �@;N� �� x = f−�(y) 
�G�d T�"�& �	!�+H x� �@;N�

=%!� �	!�+H

U&�� �S� ����/�J FG	� T�V+ Ǳ	�G �� ��� ��"�


�G�d Tf(x�) 
= � < �"�& �	!�+H x = x� �@;N� �� y = f(x)


@L�& �& y = f(x) U&�� %�fC �
 ��"�� %:�� �� ε > �

=��
�.� �++a� (x� − ε;x� + ε)


@L�& �& y = f(x) U&�� �S� �2-	�� )�4�� �� ��� �#�"�


�G�d T�"�& f(b) < f(a) ^+& ���C c < 
��& �	!�+H [a; b] �@ 	�&

=f(x�) = c �
 ���� ��B< b < a ^+& �� x�

y = f(x) U&�� �S� �()	;K� ��*�) �� ��� ���"�

x� ∈ 
�G�d Tf(a)f(b) < � < 
��& �	!�+H [a; b] �@ 	�& 
@L�& �&

=f(x�) = � �
 ���� ��B< �� (a; b)

FG	� ./��5��  ./��H'	� &/K �� ��� ���"�

T�"�& �	!�+H [a; b] �@ 	�& 
@L�& �& y = f(x) U&�� �S� ����/�J
Ǳ�L� �& �
 ���"�� %:�� �����S �& x�, x� ∈ [a; b] ���C� 
�G�d

=f(x�) ≤ f(x) ≤ f(x�) V���� �� x ∈ [a; b] �P

[−π/�;π/�] 
@L�& �& y = sinx U&�� 2� ��	
� �
�"�

%!� ��]Hc�85� T^���&��& =%!� �	!�+H < ���54 �k�+
�
�@ 	�& 
@L�& �& _+� wy = arcsinx T��5�x �d c�85� <

=%!� �	!�+H sin ([−π/�;π/�]) = [−�;�]
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����!� ���� �& < V+�N� �& %D�� IF �@C�.�� T^���&��&
�@���N� ���& ���+5� TǱ�+"� ^�� �@ 5Q�;� ��p�� �& �%�+� �	�&
%!� 2��DC ��(	�� ^��	�& ���� ^�� �� =V+�
�� n�;� ���d
mK! < xa 
@��! '$�
 %����+& U&��� L� ��
������ ��(	�� L�

=
������ ^�� Ǳ�AC� �& �G�� ��P'$�
 %����+& �@���N�

%����+& g < f �
 fg �� �� V�D� %Q� �TW�&&	� !���

�

�
%Q� �& ln < exp Z��� L� 
���	!� �& �� T��	�P '$�


���.� ���D� ������

fg = exp
(

ln
(
fg

))
= exp

(
g. ln f

)
= exp

(
g
�

ln f

)

�� lim
x→�

g(x)
�/ ln(f(x))

%!� �:�
 lim
x→�

f(x)g(x) ���& mH
=V+��!�& e ��.� �& �� �4� < 
��.� �D!�3�

%����+& '� y = f(x) �+�
 i�: ������ "���

���X c ��4 [Q�(� ��C < k %De� ��C �S� =%!� '$�

U&�� V+h�S�� T2��4 ^���� = lim

x→�

f(x)
xk

= c �
 ���" %:��
�� k �@ D��� L� < ��]H ����N� '$�
 %����+& '� y = f(x)

%����+& �@.P �@C�.�� =O(f) = k V+������ ��j	�� �& < %!�
^�� L� =V+P��� W��.� IF � ��.� �& �� ��]H ����N� ��P'$�


=%����H V+P��� IF � Ǳ�AC� �@ 5Q�;� �& ���� mH

'$�
 %����+& '� y = sinx U&�� 2� ��	
� ����

'� �&��& lim

x→�

sinx
x

���L O(sin x) = � T��5� T%!� '� �@ D���
=%!� '� �&��& |�(� �� x ���� < %!�

<� �@ D��� '$�
 %����+& '� y = � − cosx U&�� 2�  �N�
lim
x→�

�− cosx
x�

=
�

�
���L O(� − cosx) = � T��5� T%!�

=%!� <� �&��& |�(� �� x ���� < �"�&�� ��4 �& [Q�(�

�+l '$�
 %����+& '� y = x sin (�/x) U&�� 2�  �N�
TV�L���K& lim

x→�

x sin (�/x)
xk

�@5Q�;� �& �S� ���L T%!� ����N� �&�/
��P� �� �
 %!� ^8.� %Q� �! 
�G�d


�G�d Tk > � �S� w[Q�

lim
x→�

x sin (�/x)
xk

= lim
x→�

sin (�/x)
xk−�

=w^��.�x ����� ��B< �k!�!� �


�G�d Tk = � �S� w�

lim
x→�

x sin (�/x)
xk

= lim
x→�

sin (�/x)

�Q< %!� ��]Hc�85� < �	!�+H [−�;�]− [−�;�] 
@L�& �&
=%�+� �	!�+H �d c�85�

�=>��F G��=$	3 H��

�<� ���&� U:� ���& U��! �k	D�� �"<� �h��� W(& ^�� L� v�P
���& �
 V��"�� �
]	� _+$ �P L� �D/ =%!� wV�D�x �

�
�8" �&

=��
 �5Q�;� �� lim
x→�

f(x+ a)
g(x+ a)

� ������ lim
x→a

f(x)
g(x)

� �@5Q�;�
��� ^�� < x = a �
 V+�
��i�: �B �.P ����� �� �+Q� ^+.P �&

=�P�
�.� �3& %+7
 L�

M��cC�� ����4 �� �� y = f(x) U&�� ������ ����

<x lim

x→�

f(x) = � �
 V+h�S�� wx = a �� T�� <x =E�	
=�"�& _+� �:�;8� ������� �p� ���� � qw lim

x→a
f(x) = � T��

��.� �& �� wx = a �� T�� <x '$�
 %����+& U&��� �@.P �@C�.��
T�" �
u O�& �� �
 �7+Q� �& ��& =V+P��� ���� wIFa T�� <x IF

=%!� a = � �
 V+�
�� i�: 
���.P mH ^�� L�

ln(� + x) < � − cosx Tsinx Tx� Tx U&��� ��	
� ����

��"�&�� IF Ǳ�AC� T��5� =��8$�
 %����+& U&��� L� ���P���.�
�� =�"�&�� ��4 �& �&��& x = � �� ���d L� '� �P � ^���&��& <

=��	�+� '$�
 %����+& �/x < cosx �
 �Q� 

�V���� 0=0=> �@ +A/ �j:f& ���	� ����C �&

%����+& y = g(x) < y = f(x) �+�
 i�: ����� 
���

^���� =%!� ������
 �5&�� y = h(x) < a ∈ R T��"�& '$�

Ty = f(x)−g(x) Ty = f(x)+g(x) Ty = af(x) U&��� T2��4
y = f(x)h(x) < y = f−�(x) Ty = f(g(x)) Ty = f(x)g(x)

=��8$�
 %����+&

���& �+A/ ^�� �� 
�" �C�� ����� �@ +7
 �TW�&&	� ����

���& ���� �
 y = f(g(x)) ���� _�& T%!� Y+34 
��(Q� a

=%!� %!�� a = �%Q� 

�� < y =
f(x)
g(x)

L� ��(! O�& �@ +A/ �� ��	
� ����

%Q� �� �
 %!� ^�� �d �+Q� �%!� 
���+� y = f(x)g(x)

,�e� ����C �& =��"�D� '$�
 %����+& U&��� ^�� %!� ^8.� �7

< sinx

x
U&��� � T��8$�
 %����+& sinx < x U&��� �
 �Q� ��

=��	�+� '$�
 %����+& �]Q < %!� '� �&��& ��4 �� (sinx)x

=��"�& �	"��� � ��4 �� U&��� ^�� �
 %!� ^8.� �	 
=%!� � �/�: x < x sin (�/x) '$�
 %����+& <� %D�� Tfk e�
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y = g(x) < y = f(x) �+�
 i�: ����� �����

^�� �� =� 
= a ∈ R < ��"�& ����N� �&�/ ����8$�
 %����+&

�2��4

�) O(af) = O(f) �) O(fg) = O(f) +O(g)

�) O(f ◦ g) = O(f) . O(g) �) O (f/g) = O(f) −O(g)

�) O(f + g) ≥ min {O(f), O(g)}

�) O(f(ax)) = O(f(x))

y = f(x)/g(x) �
 %!� ��5� �& �	/< ���� w9x �@;&�� T�	DQ�
=�"�& '$�
 %����+&

�� �0=1=> �@ +A/ L� w6x %.�/ �� ��$ ��	
� �
���

< y = f(x) �@ D��� �<� L� y = f(x) + g(x) �@ D��� �@ D!�3�
�
 %!� ^�� �!�H -%!� 
�" 
���	!� �<����� L� y = g(x)

T�3& ��" ��^"<� ���& =%�+� ���/�& �<��� �7
 %Q� ��
��+�
�� �
u �� ��L ���Q�e�

V���� TO(−x) = � < O(sin x) = � �
 �Q� �� w�
�
 %!� ^8.� T^���&��& =O(sin x− x) = �

O(f + g) = min {O(f), O(g)}

V���� TO(x) = O(sin x) = � �
 �Q� �� w0
�
 %!� ^8.� T^���&��& =O(sin x+ x) = �

O(f + g) = O(f)

V���� TO(x) = � < O(sin x − x) = � �
 �Q� �� w>
�
 %!� ^8.� T^���&��& =O(sin x− x+ x) = �

O(f) > O(f + g)

��+�
 �D!�3� �� y �@ D��� 2� ��	
� �����

y = (sin� x�) ln(�+ sin�(�− cosx))

��& %!� �&��& O(y) 2��4 ^�� �� =� 

O(sin� x�) +O(ln(�+ sin�(�− cosx))) =

= �O(sin x�) +O(ln(�+ x)) ×O(sin�(�− cosx))

= �O(sin x) ×O(x�) + �× �O(sin(�− cosx))

= �× �× �+ �O(sin x) ×O(� − cosx)

= �+ �× �× � = ��

=w^��.�x ����� ��B< _+� � ^�� �


�G�d Tk < � �S� w|

lim
x→�

x sin (�/x)
xk

= lim
x→�

x�−k sin (�/x) = �

����N� �&�/ �+l y = x sin (�/x) '$�
 %����+& T^���&��&
=wIF � ⊂ IF T^���&��&x �"�&��

U&�� <� y = g(x) < y = f(x) �+�
 i�: ����� ����

�� = lim

x→�

f(x)
g(x)

= c 
<f5& < ��"�& ����N� �&�/ '$�
 %����+&
�2��4 ^��

qO(f) > O(g) 
�G�d Tc = � �S� w[Q�
< qO(f) = O(g) 
�G�d Tc 
= �,∞ �S� w�

=O(f) < O(g) 
�G�d Tc = ∞ �S� w|
�m85Q�&

qc = � 
�G�d TO(g) < O(f) �S� w[Q�
< qc 
= �,∞ 
�G�d TO(f) = O(g) �S� w�

=��& �P��� %����+& c 
�G�d TO(f) < O(g) �S� w|

O(sin x) = � �8��� �& �B���& ��	
� �#���

V��+S�� ��+	� �P�D��� �@���N� �& TO(� − cosx) = � <

'$�
 %����+& '� ��
]� ��
 ��+	� �� = lim
x→�

�− cosx
sinx

= �

�8��� �& �B�� �& =%!�

lim
x→�

�−cos x
sin x

sinx
= lim

x→�

�− cosx

sin� x
= lim

x→�

�−cosx
x�

( sin x
x )�

=
�

�

= �,∞

=O
(
�− cosx

sinx

)
= � ^���&��&

�	5��! �� �<� �@ D��� ������ T��L �@ +A/ < ,<�B '.
 �&
=��.� �D!�3�

�	6�;��� � 4K �����

=O(xa) = a 
�G�d Ta > � �S� 2�

�) O(sin x) = � �) O(�− cosx) = �

�) O(sin x− x) = � �) O(tan x) = �

�) O(ln(�+ x)) = � 	) O(ex − �) = �

=O( n
√
�+ x− �) = � 
�G�d Tn ∈ N �S� 2*


) O(sinh x) = � ��) O(� − coshx) = �

��) O(sinh x− x) = � ��) O(tanh x) = �

=O (loga(�+ x)) = � 
�G�d T� 
= a > � �S� 2��
=O(ax − �) = � 
�G�d Ta > � �S� 2��

9I
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	) (ax − �) ∼ x ln a �) (ex − �) ∼ x


) ( n
√
�+ x− �) ∼ x

n
��) sinhx ∼ x

��) (�− coshx) ∼ −x
�

�
��) (sinh x− x) ∼ x�

�

�V���� 0=0=> �@ +A/ L� �N;�� ����+	� ����C �&


<f5& < g ∼ g� < f ∼ f� �+�
 i�: ����� �����

�2��j��� �� =� 
= a ∈ R

�) af ∼ af� �) fg ∼ f�g�

�) f(g) ∼ f�(g�) �) f/g ∼ f�/g�


�G�d T�"�& f '$�
 %����+& �@ D��� θ = O(f) �S� 2+
=f(ax) ∼ aθf(x)

�& �
 lim
x→�

f(x)/g(x) � �@ D!�3� �� ����� �����

�P �� < g �� < f ���& ������ ���S�� ��	�� �

�
V�D� %Q� 

�74� � ���N� �8�d�& T��
 
���	!� ��"L�� VP L� ���d �<�
=��
 �++a�

mH Tsinx ∼ x ��$ 2� ��	
� �#���


lim
x→�

sin�(�x)
sin(x�)

= lim
x→�

(�x)�

x�
= 


mH T(�− cosx) ∼ x�

�
��$ 2�  �N�

lim
x→�

�− cos(�x)
x�

= lim
x→�

(�x)�

�

x�
= �

�& T���L ���.� ��+	 � ���& ���L �� VP L� 
���	!� �� 2�  �N�
�	���& 
�G�d T��" 
���	!� �d L� �S� ��� Tsinx ∼ x �8���

lim
x→�

sinx− x

x�
?= lim
x→�

x− x

x�
= �

%!� �+Q� ^+.P �& =%!� �
�
�&��& � ^�� V+����� �
 �Q� ��

^(!'$�
 %����+& <� �L�� VP U.B L� �1=1=> �@ +A/ �� �

=%!� 
��� �	�S

VP \<� ��+S��8& L� mH �t���$ �TW�&&	� �����

s7l �4� |�	�	!� TV+!�& %����+& �� < ��4 �!�H �& �L��
���8$�
 %����+& L� ���P��
 �@5Q�;� �� �L�� VP L� ���L T%!�

=��"�� 
���	!� �D��� VP

lim
x→�

sin( �
√
x) ln(�+ �x)

(arctan(
√
x))�

� ���N� �
 �+P� ���� 2�  �N�
=%!� ��4

L� 2��4 �@ D��� �
 V+P� ���� %!� �:�
 ��p�� ^�� ���& =� 
=%!� �	�+& |�(� �@ D���

O(sin( �
√
x) ln(�+ �x)) = O(sin( �

√
x)) +O(ln(�+ �x))

= O(sin x) ×O( �
√
x) +O(ln(�+ x)) ×O(�x)

= �× �

�
+ �× � =

�

�
+ � =

�

�

O(arctan(
√
x)�) = �O(arctan(

√
x))

= �×O(arctanx) × �O(
√
x)

= �× �× �

�
= �

��L ���8$�
 %����+& L� '� �P �@ D��� ������ �����

��+�
 �D!�3� ��

�) y = sin�(�x�) �) y = �− cos� x

�) y = ln(cosx) �) y =
√
x� + �

√
x

�) y = �
√
�+ x� − � �) y = � sinx− x� + x�

	) y = (sinx− tanx)� �) y = � sinh
(
�

�
√
x�

)

) y = e(sinx−x) − �

��) y = ln(�+ �x− �x� + �x�)

��) y = arctan�(sin�(tan�(arcsinx)))

'$�
 %����+& <� y = g(x) < y = f(x) �S� �
 V+�����
�	/< y = f(x)/g(x) %.�/ |��� � 
�G�d T��"�& �D��� VP
�kN+/� ��� =%!� %����+& < ��4 [Q�(� T��
�� �+� ��4 �& x
���& �D��� VP �@;&�� ���& TW!�H ^�� �& �!�H ���& -%!� ��N$

=V+�
 �!��& ��M+/� ���/ �� 
�" n�;�

<� y = g(x) < y = f(x) �+�
 i�: ������ �!���

> �! 9� �� y = g(x) < y = f(x) ����4 �� =��8$�
 %����+&
=f ∼ g V+������ 2��4 ^�� �� = lim

x→�

f(x)
g(x)

= � �
 V+h�S
=%!� ���& �D��� VP T�L�� VP ���& �LO ��" �
 %!� ^"<�

������/�& ��L s&�< � �(I)� �6 � 4K �"���


�) sinx ∼ x �) (�− cosx) ∼ x�

�

�) (sinx− x) ∼ −x
�

�
�) tanx ∼ x

�) loga(�+ x) ∼ x

ln a
�) ln(�+ x) ∼ x
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�� Tf(x) =
√
�+ x �+�
 i�: 2�d ��	
� �����


2��4 ^��

f(�) =
√
�+ x

∣∣∣
x=�

= �

f ′(�) =
�

�
(�+ x)−�/�

∣∣∣∣
x=�

=
�

�

f ′′(�) =
−�
�

(�+ x)−�/�
∣∣∣∣
x=�

=
−�
�

f ′′′(�) =
�

�
(�+ x)−�/�

∣∣∣∣
x=�

=
�

�

V+����& V+������ 09=1=> �@ +A/ '.
 �& T^���&��&
(√

�+ x− �

)
∼ x

�

(√
�+ x− �− x

�

)
∼ −x

�

�(√
�+ x− �− x

�
+
x�

�

)
∼ �x�

�

�P Ǳ�L� �& 2��4 ^�� �� Tf(x) = ex �+�
 i�: 2�  �N�
Ǳ�L� �& mH =f (n)(�) = � ^���&��& < f (n)(x) = ex �� n ∈ N

�V���� �� n �P(
ex − �− x− x�

�
− · · · x

n

n!

)
∼ xn+�

(n+ �)!

���Q���: T��L U&��� L� '� �P ���� �� ������ �!���

��+����& n = � �� �� 06=1=> �@ +A/ s!�� 
�" �+Q�� �L�� VP

�) y = sinx �) y = cosx

�) y = ln(�+ x) �) y = tanx

�) y = sinhx �) y = n
√
�+ x

+,	� -� .��/(0� I��

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

U&�� �+�
 i�: �X �B� 2�G	� I� (��@ 43 ����

�@ D!�3� ���& =V��
��.� [��5� �K+� s+3� �� fk D/ �� y = f(x)

limit(f(x),x=c) ��	!� L� x = c �@;N� �� U&�� ^�� � 
=V+�
�� 
���	!�

�� y = f(x) U&�� %!�� �� < �$ � �@ D!�3� ���&
< limit(f(x),x=c,left) 2���	!� L� {+��	& Tx = c �@;N�

=V+�
�� 
���	!� limit(f(x),x=c,right)

�� ��L �<� T�L�� VP \<� '.
 �& ������ �����

��+�
 �D!�3�

�) lim
x→�

ln(�+ �x)
sin(�x)

�) lim
x→�

�− cos
(
x
�

)
�− cosx

�) lim
x→�

ln(cos x)
�
√
�+ x� − �

�) lim
x→�

ln(�+ sin(�x))
esin(�x) − �

�) lim
x→�

√
�+ x� − �

�
√
�+ x� − �

�) lim
x→�

coshx− �

x�

	) lim
x→�

esin�x − esin x

tanhx
�) lim

x→�

ln(coshx)
ln(cosx)


) lim
x→�

ln(x� + ex)
ln(x� + e�x)

��) lim
x→�

�+ sinx− cosx
�+ sin(px) − cos(px)

��) lim
x→�

ln(�+ xex)

ln(x +
√
�+ x�)

��) lim
x→�

√
�+ x+ x� − �

sin�x

��) lim
x→�

� sinx− x� + x�

tanx+ � sin� x+ x�

���Q���: �(I)� �6 (	S�/��> 4��/� ? ) �
���

����+G& �p� �� �� ��L

(ex − �) ∼ x

(ex − �− x) ∼ x�

�(
ex − �− x− x�

�

)
∼ x�

�(
ex − �− x− x�

�
− · · · − xn

n!

)
∼ xn+�

(n+ �)!

�L�� VP L� �S� fk e� T%!� �	�& �7D/ L� '� �P T��Q���: ^��

�G�d TV+�
 
���	!� �<�

lim
x→�

ex − �− x

sin� x
= lim
x→�

x�/�

x�
=
�

�

�
x �"�� ��4 ���B V���
�� 
���	!� �Q<� L� �S� �
 �Q� ��
�& < ��7+� �@ +A/ T�L�� VP ���Q���: -�+Q�� UD�� =w�%!� s7l

=�"�&�� ���Q '� �@ +A/ ��5� T�d Z�� %Q� 
R�<

i�: �(I)� �6 (	S�/��> 4��/� �� ��� �����

< ��B�� x = � �� y = f(x) U&�� L� n + � �@ D��� M	�� �+�


�2��4 ^�� �� T%!� �	!�+H
(
f(x) − f(�) − f ′(�)x − · · · f

(n)(�)
n!

xn
)

∼ f (n+�)(�)
(n+ �)!
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	:*1��; $ �� � ��� �-�� .� /��0*1� J��

2��4 ^�� �+l �� < true �!�H T���& �	!�+H 2��4 �� =��.�
=��& �P��� false ��+	�

���& readlib(discont): discont(f(x),x) ��	!� �&
=��.� 
���	!� ������ f(x) U&�� �G	!�+H�� ��N� ^	:��

��+�
 �B�� ��L n�" �& Z�� ���� ��$ �& ��	
� ����


readlib(discont) : discont(1/(xˆ2− 1), x = −2..2)

�K+�−→ −� , �
readlib(iscont) : iscont(1/(xˆ2− 1), x = −0..2)

�K+�−→ false

�	��	��� c��d �� � ����

http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�


���	!� infinity ��	!� L� � �� ∞ ���
 ���< ���&
undefined ��	!� L� T�"�& �	"��� ��B< � �t���$ =V+�
��

=V+�
�� 
���	!�

��+�
 �B�� ��L n�" �& Z�� ���� ��$ �& ��	
� ����


limit(xˆ2 − 3 ∗ x + 1, x = 2)
�K+�−→ −1

limit((x + 1)/(2 ∗ x + 1), x = infinity)
�K+�−→ 1

2

limit(exp(1/x), x = 0, left)
�K+�−→ 0

limit(exp(1/x), x = 0, right)
�K+�−→ infinity

��	!� �& �2E��/�J Y��A� 
���

readlib(iscont): iscont(f(x),x=a..b)

�N+N3� ������ [a; b] 
@L�& �& f(x) U&�� �G	!�+H M+N3� ���&

6)



� ���

����

���� � ����

BCD ��?E �� ��/F G���D H�	 I:" @�	�� �%�/�J x = x�

=%�+� �:�
 w��" '� T�P��� ���� 0=�=9 K�L
 ,"
=%!� ��]KN	�� x = x� �@;N� �� y = f(x) V+�
 i�: `b�)-!

�d ��L� �& �
 ���� ��B< �� f ′(x�) T^���&��&

∀ε∃δ∀x
(
� < |x− x�| < δ ⇒

∣∣∣∣f(x) − f(x�)
x− x�

− f ′(x�)
∣∣∣∣ < ε

)

�S� �
 ���� ��B< �� δ� T
��(Q� � < ε �P ��L� �& T^���&��&

�G�d T|x− x�| < δ�

|f(x) − f(x�) − f ′(x�)(x − x�)| < |x− x�|ε

��5�

(f ′(x�) − ε)(x− x�) < f(x) − f(x�) < (f ′(x�) + ε)(x− x�)

�8��� �� <

|f(x) − f(x�)| < max {|f ′(x�) − ε|, |f ′(x�) + ε|} δ

��" i�: %!� �:�
 T���
�

δ = min
{
δ�,

ε

|f ′(x�) − ε| + �
,

ε

|f ′(x�) + ε| + �

}

�
 ���S�� ��+	� |x − x�| < δ i�: L� 2��4 ^�� ��
x = x� �@;N� �� y = f(x) U&�� ^���&��& |f(x) − f(x�)| < ε

� =%!� �	!�+H

'� �& �
�3	� �+�
i�: �Y�*� 2Q�H�> ��;�� �����
��8� TO �� %
� L�ld �@;N� �S� =��
�� %
� V+N	�� s�
O L� y = f(t) �@ 74�: �& �
 V��+G& f(t) �& �� t �@p3Q �� }�3	�
}�3	� ���p3Q %C�! w'�_+: �� [��5� �&��&x 
�G�d T%!�

L� ���& _+� < �+������� < M	�� ����� �@ h��� �j: ^�� L� v�P
=�"�&�� %5�4 < '�_+: T2�+���� �� ���d ���	� ��P��&��


J(K� ���

'.
 �& ��
 ^�� =V+�
�� L�ld � '.
 �& M	�� [��5� �&
=%!� ��+� � �����

< % !� U &� � y = f(x) � + � 
 i� : �� �� � � �����
T� "� & � 	 "�� �� B< lim

x→x�

f(x) − f(x�)
x− x�

�  � S� =x� ∈ Df

�� � ^�� ���N� < %!� � �\ ]K �
� x� �� y = f(x) V+ h�S��
df

dx

∣∣∣
x�
�� < f ′(x�) ��.� �& < 
�+��� x = x� �� y = f(x) M	��

�V+P��� ����

f ′(x�) := lim
x→x�

f(x) − f(x�)
x− x�

< f(x) = x� − �x �+�
 i�: 2� ��	
� �����
�2��4 ^�� �� Tx� = �

lim
x→�

f(x) − f(�)
x− �

= lim
x→�

(x� − �x) − (−�)
x− �

= lim
x→�

(x− �) = �

�&��& �d M	�� < %!� ��]KN	�� x� = � �� y = f(x) ^���&��&
=f ′(�) = � T��5� q%!� ��4

�2��4 ^�� �� Tx� = � < f(x) = |x| �+�
 i�: 2�  �N�

lim
x→�

f(x) − f(�)
x− �

= lim
x→�

|x|
x

= lim
x→�

sgn(x)

x� = � �� y = f(x) mH w-��$x ����� ��B< � ^�� �

=%�+� ��]KN	��

y = f(x) 2��+ �M�:" �"�� N,O H�	 ����� 
����
�� y = f(x) 2��+ �� ��" I:" .�	�� �:P(�%Q
 x = x� ��

6�
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x� �& '��_� �:�
 
@L���� �& ��P x Ǳ�L� �& Ok <� �
 �+�_& {��N�
�V+"�& �	"��

f(x) = ax+ b w�=9 x

��;�x x − x� �& g(x) = f(x) − ax − b %D�� T���E �� <
��4 �&��& T��
�� �+� x� �& x �	/< w��<�< ��;� �& �B<��

���5� T�"�&

lim
x→x�

g(x)
x− x�

= � w0=9 x

^���&��& Tg(x�) �
 ��"�� ��+	� w0=9 x � L�

f(x�) = ax� + b

�V���� w0=9 x < w�=9 x �<��� L� T
<f5& =b = f(x�)−ax� <

� = lim
x→x�

g(x)
x− x�

= lim
x→x�

f(x) − ax− (f(x�) − ax�)
x− x�

= lim
x→x�

f(x) − f(x�)
x− x�

− a = f ′(x�) − a

�@;N� �Q�� �� y = f(x) U&�� T��5� =a = f ′(x�) T^���&��&
T%!� f(x) ≈ f(x�)+f ′(x�)(x−x�) U&�� �&��& �kD��N� x = x�

'$�
 %����+& '� ��<�< ��;� �& %D�� �4� ��;� �

=%!�

�& �
 �
�3	� %
� �@;&�� 2� ��	
� "����
2��4 �& x ���L {� �& T��
�� %
� V+N	�� �+�� '�
���p3Q %C�! =%!� 
�" ��+& f(x) = (x + �)/(�x + �)

V+�
�� �D!�3� ,<� �@p3Q �� �� �d

v(�) = lim
x→�

x+�
�x+�

− �

�

x− �
= lim

x→�

�

�(�x + �)
=

�

��

y =
√
x� + � U&�� ����.� �& c�.� s� �@ Q��5� 2�  �N�

%!� �:�
 T��p�� ^�� ���& =V+&���� �� x� =
√
� �@p3Q ��

�@;N� L� s� ^�� �
 V+����� ���L TV+�
 �D!�3� �� s� �d {+"
��� =��]S�� (

√
�,�)

m = lim
x→

√
�

√
x� + �− �

x−
√
�

= lim
x→

√
�

(√
x� + �+ �

)(√
x� + �+ �

)
(
x−

√
�

)(√
x� + �+ �

)
= lim

x→
√
�

x� − �

(x−
√
�)(

√
x� + �+ �)

= lim
x→

√
�

x+
√
�√

x� + �+ �
=

√
�

�

L� %!� 2��DC �p� ���� s� �@ Q��5� T^���&��&

y = f(x�) +m(x− x�) = �+

√
�

�

(
x−

√
�

)
=y =

√
�

�
x+

�

�
T��5�


@L�& �
 ���G�P s!�	� %C�! � �& %!� �&��& t = t� �@p3Q ��
�%!� '$�
 �:�
 
@L���� �& < 
��& x� ���" ����L

v(x�) = lim
x→x�

(
x �� x� ����L 
@L�& �� �D�� %C�!)

= lim
x→x�

����L 
@L�& ^�� �� ��8� �++a�
����L 
@L�& ^�� �� ���L �++a�

= lim
x→x�

f(x) − f(x�)
x− x�

= f ′(x�)

M	�� �& �&��& x� �@p3Q �� }�3	� ���p3Q %C�! T^���&��&
=%!� ���L �& %D�� %
� �@;&��

y = U&�� ����.� �+�
 i�: �2�456 ��;�� �����
��N� L� �
 �� �	!�� s� =x� ∈ Df < V��
��
 V!� �� f(x)

s� ^�� qV��+S�� �p� �� ��]S�� (x�, f(x�)) < (x�, f(x�))

�+� x� �& x� �
 �	/< s� ^�� �� %Q� =V+����� lx� ��
x� �@;N� �� y = f(x) U&�� ����.� �& c�.� s� �� ��
��

=�������
�

M	�� �!��P �+D5� ��=9 �8"

�:�
 ^���&��& T%!� ��75� s� ^�� L� (x�, f(x�)) �@;N� ��$
��d���& ^+�$ [��5� L� =V+�
 �D!�3� �� s� ^�� {+" �
 %!�
lx� s� {+" � �&��& x� �� y = f(x) �& lc�.� s� {+" �


���+	� �� =��
 �+� x� �& x� �
 �X�" �& T%!�

m = l c�.� s� {+"

= lim
x�→x�

(lx�s� {+") = lim
x�→x�

��54 ���N�
�<��+H ���N�

= lim
x�→x�

f(x�) − f(x�)
x� − x�

= f ′(x�)

�� y = f(x) U&�� ����.� �& c�.� s� {+" �& f ′(x�) T^���&��&
=%!� �&��& x = x� �@;N�

< %!� U&�� y = f(x) �+�
 i�: �(H��	-= ��;�� !����
���X y = ax + b �;� �5&�� �& �� y = f(x) U&�� =x� ∈ Df
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�V+�
 i�: ��	
� ������

f(x) =

⎧⎨
⎩

�− x x < � �S�
(�− x)(� − x) � ≤ x ≤ � �S�
−(�− x) � < x �S�

y = f ′(x) < y = f(x) U&��� ����.� < 
��
 �D!�3� �� �d M	��
=�+�
 V!� ��

����.� ������ �S��! �& �D/ �j: 2�CfX� L� 
���	!� �& =� 
T
<f5& =��.� V+!�� [Q�`0=9 �8" ����� �� y = f(x) U&��

�
 ���S�� �p f�

f ′(x) =

⎧⎨
⎩

−� x < � �S�
�x− � � < x < � �S�
� � < x �S�

�;&�� �++a� �
 x = � < x = ���N� �� �� y = f ′(x) ���& ���
�
�V+�
 �D!�3� T%!� �	:�S 2��4

f ′(�−) = lim
x→�−

f(x) − f(�)
x− �

= lim
x→�−

(�− x) − �

x− �
= −�

f ′(�+) = lim
x→�+

f(x) − f(�)
x− �

= lim
x→�+

(�− x)(�− x) − �

x− �
= −�

f ′(�−) = lim
x→�−

f(x) − f(�)
x− �

= lim
x→�−

(�− x)(� − x) − �

x− �
= �

f ′(�+) = lim
x→�+

f(x) − f(�)
x− �

= lim
x→�+

−(�− x) − �

x− �
= �

y = f ′(x) ����.� < 
��.� 
���	!� 2�CfX� ^�� L� ������ ���
�
=��.� V+!�� �`0=9 �8" ����� ��

�

����.� w� y = f(x) U&�� ����.� w[Q� �0=9 �8"
y = f ′(x) M	�� U&��

�=�(K� 9!�: �� �0��� ���

�
 ��3� �& %!� M	�� ��
���
 �D!�3� W(& ^�� L� v�P
'� ��p�� ^�� ���& =�"�& �	"�� � ����� �& �� �G	�& �/�� 

=V+�
�� �_�� n�X �� ��DB V���� \<�

�@;N� �Q�� �� �� f(x) = lnx U&�� V+P����� 2�  �N�
��
 V+�
�� �B�� =V+�_& {��N� �;� U&�� '� �& x� = �

f ′(�) = lim
x→�

lnx− ln�
x− �

= lim
x→�

lnx
x− �

= lim
z→�

ln(z + �)
z

= �

^���&��& wz = x− � �
x

lnx ≈ ln(�) + (�)(x − �) = x− �

TM	�� [��5� L� 
���	!� �& ���� �P �� ������ �����
��+&�+& x = x� �� �� y = f(x) U&�� M	��

�) f(x) = x�, x� = −
√
�,

�) f(x) =
√
x, x� = �,

�) f(x) = cotx, x� =
π

�
,

�) f(x) = arcsinx, x� =
�

�
,

�) f(x) =
�

x
, x� = �,

�) f(x) =
x+ �

x− �
, x� = −�,

	) f(x) = x� sin(x− �), x� = �,

�) f(x) =
√

x

x+ �
, x� = �,


) f(x) =
cosx

� sin� x
, x� =

π

�
,

��) f(x) =

√
�+ x�

�− x�
, x� = �.

�� %!�� � < �$ � �
 T� ����� ������ �����
M	�� < �$ M	�� T����
�� n�;� �d �@ 	:�� V+.5� 2��j&
���.� [��5� M	�� V+.5� ����C �& ������ ��L 2��j& �� %!��

f ′(x�+) = lim
x→x�+

f(x) − f(x�)
x− x�

,

f ′(x�−) = lim
x→x�−

f(x) − f(x�)
x− x�

.

y = f(x) �M�:" �"�� �6�� 4 N,O H�	 ����� �#����
x� ����� �� y = f(x) �� ��" I:" �	�� �:P(�%Q
 x� ����� ��
��"�� >%Q
 4� I:" �"��
 4 ��/� R� �:P(�%Q
 4 ��"� �:P(�%Q

� @�	�� f ′(x�)
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	) (tanu)′ =
u′

cos� u
�) (cos u)′ = −u′ sinu


) (cotu)′ =
−u′

sin� u
��) (arccotu)′ =

−u′
�+ u�

��) (
√
u)′ =

u′

�
√
u

��) ( n
√
u)′ =

u′

n
n
√
un−�

��) (sinhu)′ = u′ coshu ��) (tanh u)′ =
u′

cosh� u

��) (coshu)′ = u′ sinhu ��) (arcsinu)′ =
u′√
�− u�

�	) (arccosu)′ =
−u′√
�− u�

��) (arctanu)′ =
u′

�+ u�

�
)
(
�

�
ln

∣∣∣∣�+ u

�− u

∣∣∣∣
)′

=
u′

�− u�

��)
(
ln

∣∣∣u+
√
u� ± �

∣∣∣)′
=

u′√
u� ± �

��) (uv)′ =
(
v′ lnu+ v

u′

u

)
uv

���d ���! 2�DE� < 
��.� 2�DE� �� ��Q���: ^�� L� ���& ���� `b�)-!
�:�
 w0=0=9 �&��&x w0x 2�DE� ���& =V���K!�� 
������ �& ��

=(ex)′ = ex �
 ��" %&�E %!�

(ex)′ = lim
y→x

ex − ey

x− y
= ex lim

y→x

ey−x − �

y − x

= ex lim
z→�

ez − �

z
= ex × � = ex

�:�
 Tw�x 2�DE� ���& =z = y − x %!� 
�" i�: ����� �� �

,���: 2�DE� ���� �� =au = eln(au) = eu ln a �
 ��" �B�� %!�

�V���� >=0=9 L� 
���	!� �& Tw�Ix

(arccosu)′ =
u′

cos′(arccosu)
=

u′

− sin(arccosu)
=

−u′√
�− u�

^��.� ����C �& �� ����� ���! 2�DE� =sinx =
√
�− cos� x ���L

� =V���K!�� 
������ �&

T�=0=9 L� w>x %.�/ �& �B�� �& 2� ��	
� �����
V����

(x cos x)′ = (x)′ cosx+ x(cosx)′ = cosx− x sinx

x = x� �� y = g(x) 4 y = f(x) �9" ����� �����
A��<�= .a ∈ R 4 ��	�� �:P(�%Q


�) (af)′(x�) = af ′(x�)

�) (f ± g)′(x�) = f ′(x�) ± g′(x�)

�) (fg)′(x�) = f ′(x�)g(x�) + g′(x�)f(x�)

�)
(
f

g

)′
(x�) =

f ′(x�)g(x�) − g′(x�)f(x�)
g�(x�)

=%!� 
������ 
��C �& ^��.� ����C �& �+A/ ^�� 2�DE�

�� y = g(x) �9" �Y�*� (�%��U-I %�4+	� �����
��<�= .��	�� �:P(�%Q
 y� = g(x�) �� z = f(y) 4 x = x�

(f ◦ g)′(x�) = g′(x�)f
′(g(x�))

V���� [��5� L� 
���	!� �& A7��S"

(f ◦ g)′(x�) = lim
x→x�

f(g(x)) − f(g(x�))
x− x�

= lim
x→x�

f(g(x)) − f(g(x�))
g(x) − g(x�)

× lim
x→x�

g(x) − g(x�)
x− x�

= lim
y→y�

f(y) − f(y�)
y − y�

× g′(x�) = f ′(y�).g
′(x�)

� =%!� 
�" 2�DE� V8 y� = g(x�) �& �B�� �&

y = f(x) �9" �P/Q�� FG	� Y�*� %�4+	� 
����
.y� = f(x�) 4 �	�� �:P(�%Q
 x = x� �� 4 ��/� �:PJT/M*


4 ��" �:P(�%Q
 y = y� �� x = f−�(y) ��<�=

f−�′(y�) =
�

f ′ (f−�(y�)
)

L� ��+S M	�� �& Tf−�(f(x)) = x �8��� �& �B�� �& A7��S"
�& < Tx = x� = f−�(y�) �@;N� �� x {� �& �;&�� ^�� ^+:�X

V���� 0=0=9 �@ +A/ L� 
���	!�

f−�′(f(x�)).f
′(x�) = � ⇒ f−�′(y�).f

′(x�) = �

� =V+�
 � f−�′(y�) {� �& �� �Q��5� ^�� %!� �:�
 ���
�

����D� T��d �P��� ����� �� �
 �Q<�B 
��.P �& �+A/ �! ^��
=��"�&�� M	�� ����� U��! � ���&

�*�"/+ v(x) 4 u(x) ���� U�6 �Z	��*� � 4K �����
A7�/V I:"�� .��	�� �:P(�%Q


�) (au) = u′au ln a �) (eu)′ = u′eu

�) (ua)′ = au′ua−�, �) (loga u)′ =
u′

u lna

�) (lnu)′ =
u′

u
�) (sinu)′ = u′ cosu
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��) y = arctanx+
�

�
arctanx�

��) y = arcsin
(

sinα sinx
�− cosα cosx

)

��) y =
x�

�− x
�

√
�− x

(�+ x)�

��) y = x(x� − �) · · · (xn+� − n)

�
 �+�
 �D!�3� ����4 �� �� f ′(x) 2�%

f(x) =

∣∣∣∣∣∣∣∣
x− � x� � �/x

x� − � x� � x

x� − � x� � �/x

x� − � x � x

∣∣∣∣∣∣∣∣
��+&�+& �� y′ ���� �P ��

��) y = φ(x)ψ(x)
�
) y = f(ex) + ef(x)

��) y = logφ(x) ψ(x) ��) y = f(sin� x) + f(cos� x)

�& f(x) =
{
x� x ∈ Q �S�
� x /∈ Q �S� U&�� �
 �+P� ���� 2��

=%!� ��]KN	�� x = � Ǳ�L�
U&�� �
 �+P� ���� 2��

f(x) =
{
x� |cos (π/x)| x 
= � �S�
� x = � �S�

�� �
 %!� �X�N� ����� x = � �@;N� L� 
��(Q� �G���.P �P ��
=%!� ��]KN	�� x = � �� y = f(x) �Q< T����� M	�� ���d
��+�
 �D!�3� �� f ′(x−) < f ′(x+) T��L ����� L� '� �P ��

��) f(x) = |x| sin(πx) ��) f(x) =
√
�− e−x�

��) f(x) = arctan
(
�+ x

�− x

)
�	) f(x) =

√
sinx�

��) f(x) = | ln |x|| �
) f(x) =

√
x� + x�

x

2��+ ���� U�6 �25�O FG�/� Y�*� %�4+	� "����
�� .�	�� ��	 
��
 F (x, y) = c ���W 7�/V �� y = f(x)

�:P(�%Q
 y 4 x �� ��?� �� ��" ���X%
 4� �*��+ z = F (x, y)

7�/V I:" �� @�	���
 ����� ��� c 4 ��"

y′ = −Fx
Fy

��?� z = F (x, y) 2��+ >%Q
 ," ��" 7��� Fx G= �� ��
2��+ >%Q
 ," ��" 7��� Fy ��� 4 y G�/� ���S U�6 �� 4 x ��
� @x G�/� ���S U�6 �� 4 y �� ��?� z = F (x, y)

2�DE� ��	
 �<� �7B �� �h_B 2�N	�� �3D� �� �� �+A/ ^��
=��.� V+P���

V���� T�=0=9 L� w9x %.�/ �& �B�� �& 2�  �N�
(
�+ x�

x− ex

)′
=

(�+ x�)′(x − ex) − (x− ex)′(�+ x�)
(x − ex)�

=
(�x)(x − ex) − (�− ex)(�+ x�)

(x− ex)�

V���� T�=0=9 L� w0)x %.�/ �& �B�� �& 2�  �N�

⎛
⎝
√
�+

√
x+

√
x� + �

⎞
⎠′

=

(
�+

√
x+

√
x� + �

)′

�

√
�+

√
x+

√
x� + �

=
�

�

√
�+

√
x+

√
x� + �

(x +
√
x� + �)′

�

√
x+

√
x� + �

=
�

�

√
�+

√
x+

√
x� + �

�

�

√
x+

√
x� + �

×
(
�+

(x� + �)′

�

√
x� + �

)

=
�

�

√
�+

√
x+

√
x� + �

�√
x+

√
x� + �

×
(
�+

x√
x� + �

)

2��4 ^�� �� Ty =
(a
b

)x( b

x

)a (x
a

)b
V+�
 i�: 2�  �N�

ln y = x(ln a− ln b) + a(ln b − lnx) + b(lnx− ln a)

��+	� �� =y
′

y
= ln a− ln b− a

x
+
b

x
V���� ��+GN	�� L� mH <

=y′ = y

(
ln

(a
b

)
+
b− a

x

)

%D�� y = f(x) L� ��L ����� L� '� �P �� ������ !����
����+G& M	�� x �&

�) y = x+
√
x+ �

√
x �) y = �

tan(�/x)

�) y =
�+ x− x�

�− x+ x�
�) y = a

√
�+ x�

�) y = sinn x cos(nx) �) y =
x√

a� − x�

	) y = sin(sin(sinx))) �) y = �

√
�+ x�

�− x�


) y =

√
x+ �

√
x+ �

√
x ��) y = ex + ee

x

+ ee
ex

��) y = (x+ �)(x + �)�(x+ �)�

��) y = ln
(
�

x
+ ln

(
�

x
+ ln

(
�

x

)))
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= lim
t→t�

y−y�
t−t�
x−x�
t−t�

=

dy

dt

∣∣∣
t=t�

dx

dt

∣∣∣
t=t�

=
ψ′(t�)
φ′(t�)

� =%!� ��.� ��P�& <

�� Ty = � sin t < x = sin(�t) �S� 2� ��	
� ������
2��4 ^��

y′ =
(� sin t)′

(sin(�t))′
=

� cos t
� cos(�t)

=
cos t

cos(�t)


�G�d Ty =
√
�− �

√
t < x =

�

√
�−√

t �S� 2�  �N�

y′ =

(√
�− �

√
t
)′

(
�
√
�−√

t
)′ =

�

�
(�− �

√
t)′(�− �

√
t)−�/�

�

�
(�−√

t)′(�−√
t)−�/�

=
�

�
(−�

�
t−�/�)(�− �

√
t)−�/�

�

�
(−�

�
t−�/�)(�−√

t)−�/�

=
(
�−√

t

t

)�/� (
t

�− �
√
t

)�/�

T��"�& %De� ���C� b < a �
 ����4 �� ������ ������
��+�
 �D!�3� �� x �& %D�� y M	��

�) x = sin� t, y = cos� t

�) x = a cos t, y = b sin t+ t�

�) x = a(t− sin t), y = at(�− cos t)

�) x = arcsin

(
t√

�+ t�

)
, y = arccos

(
�√
�+ t�

)

L�3 �� �4!� 9�MJ(K� ���

��]KN	�� ��� y = f ′(x) U&�� �+�
 i�: ������ ��
��
���� y = f ′′(x) ��.� �& �� �d M	�� 2��4 ^�� �� T�"�&

��
 ��
 [��5� ������ �&��� 2��4 �& TV+P���

y′′ = f ′′(x) = (f ′(x))

y(�) = f (�)(x) = (f ′′(x))
===

y(n) = f (n)(x) = (f (n−�)(x))′ (y = f(x) �� n M	��)

M	�� Tx� + �y� = xy� �+�
 i�: 2� ��	
� �����
=�+�
 �D!�3� �� x �& %D�� y

��+	� �� < F (x, y) = x� + �y� − xy� ����� �� =� 

y′ = −Fx
Fy

= − �x+ �− y�

�+ �y − �xy�
=

y� − �x

�y − �xy�

�� x �& %D�� y M	�� Tsin(x + y) = xy �+�
 i�: 2�  �N�
=�+�
 �D!�3�

��+	� �� < F (x, y) = sin(x+ y) − xy ����� �� =� 

y′ = −Fx
Fy

= − cos(x+ y) − yxy−�

cos(x+ y) − xy lnx

y M	�� Tx� + xy� + yx� = x� − �y� �+�
 i�: 2�  �N�
=�+�
 �D!�3� (�,�) �@;N� �� �� x �& %D��

��+	� �� < x� + xy� + yx� = x� − �y� ����� �� =� 

y′ = −Fx
Fy

∣∣∣∣
(�,�)

= −�x+ y� + �xy − �x� + �

�+ �xy + x� − �+ �y�

∣∣∣∣∣
(�,�)

= −�+ �+ �− �− �

�+ �+ �− �+ �
= �

�& %D�� y = f(x) M	�� %!� ��7;� ������ �����
�8�d �& �<��� Tx

�) y sinx+ x sin y = � �) x� + y� = tan(x+ y)

�) xy + yx = xy �) ln(x+ �y) = �x+ y

TM �@;N� �� x �& %D�� y = f(x) M	�� %!� ��7;�
�8�d �& �<���

�) x� sin y� − y� cosx� = π, M = (
√
π,

√
π)

�) (x+ y)x−y + (x − y)(x+y) = �, M = (�,�)

y = f(x) ���� U�6 �(����)	J FG�/� Y�*� �#����

��
 y = ψ(t) 4 x = φ(t) 7�/V �� �� �	�� x ," �*��+
.x� = φ(t�) .��	�� �:P(�%Q
 t = t� �� ψ 4 φ �9" @��" ��	
����� �� x �� ��?� y = f(x) 7�/V I:" �� .y� = ψ(t�)

�4Y*� 4 ��" �:P(�%Q
 x = x�

dy

dx

∣∣∣
x=x�

=

dy

dt

∣∣∣
t=t�

dx

dt

∣∣∣
t=t�

=
ψ′(t�)
φ′(t�)

^���&��& T%!� �	!�+H T��]KN	�� U&�� �P ��$ A7��S"
^���&��& < limt→t� x(t) = x(t�) = x�

dy

dx

∣∣∣
x=x�

= lim
x→x�

f(x) − f(x�)
x− x�

= lim
t→t�

y(t) − y(t�)
x(t) − x(t�)
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���P��
 ^+�$ L� %!� �:�
 T^���&��& =���S�� ��_�� A

x+ a

2��4 ^�� �� Tga(x) :=
�

x+ a
�S� =V��+G& M	�� V+���	&

g′a(x) =
{
(x+ a)−�

}′
= −(x+ a)−�,

g′′a(x) =
{
−(x+ a)−�

}′
= �(x+ a)−�,

===
g(n+�)
a (x) =

{
(−�)n(x+ a)−(n+�)

}′

= (−�)n+�(x+ a)−(n+�)

��+	� ��

f (n)(x) =
(
�

��
g�(x) −

�

�
g�(x) +

�

�
g�(x)

−�
�
g�(x) +

�

��
g�(x)

)(n)

= (−�)nn!
(
�

��
x−(n+�) − �

�
(x+ �)−(n+�)

+
�

�
(x+ �)−(n+�)

−�
�

(x+ �)−(n+�) +
�

��
(x+ �)−(n+�)

)

=y′′ %�&�7;� Tx� + y� = �xy + � �+�
 i�: 2#  �N�
�
 V+�
�� �B�� ��p�� ^�� ���& =� 

y(n) =
dy(n−�)

dx
=

dy(n−�)

dt
dx
dt

^���&��& Ty′ = −�x
� − �y

�y� − �x
<

y′′ =
dy′

dx
=

d

dx

(
−�x

� − �y

�y� − �x

)

= − (�x− �y′)(�y′ − �x) − (�yy′ − �)(�x� − �y)
(�y� − �x)�

=V+P� ���/ −�x
� − �y

�y� − �x
���N� y′ ���& %!� �:�
 ���
�

%�&�7;� Ty = t cos t < x = t sin t �
 ����4 �� 2%  �N�
=y′′

�
 V+�
�� �B�� ��p�� ^�� ���& =� 

y′ =
dy

dx
=

cos t− t sin t
sin t+ t cos t

^���&��&

y′′ =
dy′

dx
=

dy′
dt
dx
dt

V���� T(ex)′ = ex �8��� �& �B�� �& 2� ��	
� ��
��

(ex)(n) = ex

V���� T(ax)′ = ax ln a �8��� �& �B�� �& 2�  �N�

(ax)(n) = ax(ln a)n


�G�d Ty = sinx �
 ����4 �� 2�  �N�

y′ = cosx = sin
(
x+

π

�

)
,

y′′ = − sinx = sin(x+ π) = sin
(
x+ �

π

�

)
===

y(n) =
(
y(n−�)

)′
=

(
sin

(
x+ (n− �)

π

�

))′

= cos
(
x+ (n− �)

π

�

)
= sin

(
x+ n

π

�

)

�G�d Ty = lnx �
 ����4 �� 2�  �N�

y′ =
�

x
,

y′′ =
(
�

x

)′
=

−�
x�

,

===

y(n) =
(
y(n−�)

)′
=

(
(−�)n−�(n− �)!

xn−�

)′

= (−�)n−�(n− �)!(�− n)
�

xn

= (−�)n−�(n− �)!(n− �)
�

xn

=
(−�)n−�(n− �)!

xn

U&�� �� n �@ D��� M	�� 2+  �N�

f(x) =
�

x(x + �)(x+ �)(x + �)(x + �)

=�+�
 �D!�3� ��
��_�� �� O�& �<��� %!�� %.! ��
 ��	&� ��p�� ^�� ���& =� 

V+�
�� i�: T^���&��& =w��" �B�� XX �&x V+�
��

�

x(x + �)(x+ �)(x + �)(x + �)
=

=
A

x
+

B

x+ �
+

C

x+ �
+

D

x+ �
+

E

x+ �

T
��d %!�& 2��DC ���.� 
��! < ^	:�S }�	�� |�(� L� mH
��+	� < 
��� ���/ 
��d %!�& 2��DC �� �� � < � T� T� T� ���C�
< D =

−�
�

TC =
�

�
TB =

−�
�

TA =
�

��
�
 V��+S��

���/ O�& �<��� �� �� ����N� ^�� �
 %!� �:�
 ���
� =E =
�

��

��: �& 
@��! ��
 ��H ��.�� �& y = f(x) {+��� ^�� �& < T
���
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< u = e�x i�: �& Ty = e�x cosx �
 ����4 �� 2�  �N�
V���� Tv = cosx

y(�) =
�∑

k=�

(
�

k

)
(e�x)(k)(cosx)(�−k)

=
(
�

�

)
(e�x)(�)(cosx)(�) +

(
�

�

)
(e�x)(�)(cosx)(�)

+
(
�

�

)
(e�x)(�)(cosx)(�) +

(
�

�

)
(e�x)(�)(cos x)(�)

+
(
�

�

)
(e�x)(�)(cosx)(�) +

(
�

�

)
(e�x)(�)(cos x)(�)

= (�)(e�x)(− sinx) + (�)(�e�x)(cos x)

+(��)(�e�x)(sin x) + (��)(�e�x)(− cosx)

+(�)(��e�x)(− sinx) + (�)(��e�x)(cosx)

= −��e�x sinx− ��e�x cosx

�� n �@ D��� M	�� T��L ����� L� '� �P �� ������ ��
��
����<d %!�& �� y = f(x) U&��

�) y =
√
x, n = �� �) y =

ex

x
, n = 	

�) y =
x�

�− x
, n = � �) y = x� sinx, n = ��

�) y = sin� x ln x, n = � �) y =
cos(�x)
�
√
�− �x

, n = �

�+�
 �D!�3� �� �� n �@ D��� L� M	�� T��L ����� L� '� �P ��

	) y =
ax+ b

cx+ d
�) y =

�√
�− �x


) y = x sinx ��) y = sin(ax) cos(ax)

��) y = (x� + x)e−x ��) y =
�

x(x− �)

�� y = f(x) U&�� �� n �@ D��� M	�� T��L ����� L� '� �P ��
����<d %!�&

��) xy� + x�y + x− y, n = �

��) y = xy + yx − x� + y�, n = �

��) sin(x+ y) + cos(x − y) − xy, n = �

��) x = a(t− sin t), y = a(�− cos t), n = �

�	) x = sin t, y = cos t, n = �

��) x = arcsin t, y = arccos(t�), n = �

f (n+�)(�) �Q< T���� ��B< f (n)(�) �
 �+�
 %&�E 2�,
%�+� ��B��

f(x) =
{
x�n sin (�/x) x 
= � �S�
� x = � �S�

=
�

sin t+ t cos t
d

dt

(
cos t− t sin t
sin t+ t cos t

)

=
�

sin t+ t cos t
× (−� sin t− t cos t)(sin t+ t cos t)

−(� cos t− t sin t)(cos t− t sin t)
(sin t+ t cos t)�

v(x) 4 u(x) 2�"/+ �� �+�/V �� �H��5;�[ )/��& 
�
��
��<�= .��	�� �%	"� N" n �� �+�
 >%Q


(vu)(n) =
n∑
k=�

(
n

k

)
u(k)v(n−k)

fk D/ n = � Ǳ�L� �& V8 =V+�
�� 
���	!� n �& Ǳ��N	!� L� A7��S"

�G�d TV+�
 i�: %!�� n ���& �� V8 �S� =%!� 
�" 2�DE�

(vu)(n+�) =
( n∑
k=�

(
n

k

)
u(k)v(n−k)

)′

=
n∑
k=�

(
n

k

)(
u(k+�)v(n−k) + u(k)v(n−k+�)

)

=
n∑
k=�

(
n

k

)
u(k+�)v((n+�)−(k+�)) +

n∑
k=�

(
n

k

)
u(k)v((n+�)−k)

=
n+�∑
k=�

(
n

k − �

)
u(k)v((n+�)−k) +

n∑
k=�

(
n

k

)
u(k)v((n+�)−k)

= uv(n+�) +
n+�∑
k=�

(( n

k − �

)
+

(
n

k

))
u(k)v((n+�)−k)

=
n+�∑
k=�

(
n+ �

k

)
u(k)v(n+�−k)

� =%!� ��.� ��P�& <

i�: �& Ty = x� lnx �
 ����4 �� 2� ��	
� ��
��
V���� Tv = lnx < u = x�

y(�) =
�∑

k=�

(
�

k

)
(x�)(�)(ln x)(�−k)

=
(
�

�

)
(x�)(�)(ln x)(�) +

(
�

�

)
(x�)(�)(lnx)(�)

+
(
�

�

)
(x�)(�)(lnx)(�) +

(
�

�

)
(x�)(�)(ln x)(�)

+
(
�

�

)
(x�)(�)(lnx)(�)

= (�)(x�)
(−�
x�

)
+ (�)(�x�)

(
�

x�

)

+(�)(�x)
(−�
x�

)
+ (�)(�)

(
�

x

)

+(�)(�)(ln x) =
�

x
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< %!� �LO ��" '� ���� f ′(x�) = � ��" �
 ��" �B��
��" ^�� �� ���;N� %!� ^8.� �
 ��5� ^�� �& =%�+� �:�

��
���	!� ���� =�"�D� �D�� ����	�
� �@;N� '� �Q< ��
 r�4
�� y = f(x) M	�� �S� �
 %!� ^�� ��
 ������ V8 ^�� L� �


�G�d T�"�& ��4 �&��& < �	"�� ��B< �� < �"�D� ��B�� x = x�


<f5& < T%!� y = f(x) ����	�
� �;N� '� x = x� Ok �.	 �
^+�$ =��"�& �p� ���� U&�� ����	�
� �������� �X�N� ^+�$ ����
��	N+/� ��+& �& =������� U&�� y����3&z ��N� �k f;4� �� �X�N�

'8QK" '� ����4 �� �� x� ∈ R �@;N� ������ 
����
�� �� < �"�D� ��B�� f ′(x�) �
 V+h�S y = f(x) U&�� �"!�6�

=�"�& ��4 �& �&��& ��B< 2��4

�� f(x) = x� − x� U&�� 2� ��	
� �����
��5� �& f ′(x) = � ��" T%Q� ^�� �� =���+G& �p� ��
�@ +A/ �& �B�� �& mH =%!� x(�x−�) = � �� < �x�−�x = �

����3& ��N� y = f(x) U&�� �Q�.	 � �D�� �������	�
� TO�&

2��4 ^�� �� =��	�P x� =
�

�
< x� = �

T%!� y = f(x) U&�� �D�� ��.�_
�� '� x� = � w[Q�
V���� �� x ∈ (−�;�) �P Ǳ�L� �& ���L

−� < x < � ⇒
{
x− � < �

x� < �

⇒ x�(x− �) ≤ � = f(�)

Ǳ�L� �& ���L T%!� y = f(x) U&�� �D�� ��.+�+� '� x� =
�

�
w�

V���� �� x ∈
(
�

�
− �

�
;
�

�
+
�

�

)
�P

�

��
< x <

��

��
	⇒

⎧⎪⎨
⎪⎩

x <
��

��
�

��
< x

⇒

⎧⎪⎨
⎪⎩

x− � <
−�
��

��

���
< x�

⇒ −��
�	��

< x�(x− �)

^���&��&

f(x) = x�(x − �) >
−��
�	��

>
−�
�	

=
(
�

�

)�(
�

�
− �

)
= f

(
�

�

)

=
��" T%Q� ^�� �� =���+G& �p� �� �� f(x) = x� U&�� 2�  �N�
U&�� ����3& �@;N� ���� ^���&��& T%!� x = � ��5� �& f ′(x) = �

����	�
� �@;N� '� %!� ^8.� �
 T�"�&�� x = � �p� ����

��]KN	�� �P��(Q� �@ D��� �P L� ��L U&�� �
 �+P� ���� 2�_
%!�

f(x) =

{
e−�/x

�

x 
= � �S�
� x = � �S�

��+�
 %&�E �� ��L ����� L� '� �P

��)
(
xn−�e�/x

)(n)

=
(−�)n

xn+�
e�/x, (x 
= �)

��) (xn lnx)(n) = n!

(
lnx+

n∑
k=�

�

k

)
, (x > �)

��)
(

�

x� + �

)(n)

=
(−�)nn!

(x� + �)(n+�)/�

× sin{(n+ �)arccot x}

Tf ′(x) = f(x) ���& �:�
 < �LO ��" �
 �+P� ���� 2��
=f(x) = Aex �� A%&�E ��C ��L� �& �
 %!� �d

<��!(NF� �� O��N� ���

V7C �� ,��G	�� < �+������� ��� ��P��&��
 ^��	.�� L� �8�
=%!� �L�! ��+�& �@ Q�@�� �� < ����	�
� �@ Q�@�� TL<��� ��<d^: <
��(	�� �� ����� '� L� �4�j(& %+.
 T����� ���S ^�� ��
�/�� �� < �e
�� �� �d ���N� T
�" 
��� s���" �& �	�& < 
��

T�;N� <� ^+& 
��P� ,�j�� ��P�+�� ��.� ^+& L� Tfk e� =���
��
^�� �� =�"�& �/�� �d ,�X �
 ����S�� ��+�� ,�D�� �&

�+a	� '� U&��� '.
 �& �
 �Q�@�� ^�� L� ��
��! ����� W(&

=V+�
�� �5Q�;� �� ��.� � ������

< %!� U&�� '� y = f(x) �+�
 i�: ������ �����
F�0�S	�� ����� y = f(x) U&�� V+h�S�� ����4 �� =x� ∈ Df

��" %:�� ���$ �� δ %De� ��C �
 %!� x = x� �� �)<"
f(x) ≤ V+"�& �	"�� T(x� − δ;x� + δ) �� x �P Ǳ�L� �& �

y = f(x) U&�� V+h�S�� ����4 �� T�&��� 2��4 �& =f(x�)

���$ �� δ %De� ��C �
 %!� x = x� �� �)<" F�0�C�� �����
V+"�& �	"�� T(x� − δ;x� + δ) �� x �P Ǳ�L� �& �
 ��" %:��
�� ��.�_
��z ��5� �& �� F����<	! �@.7
 =f(x�) ≤ f(x)

=V��&�� ��8& y��.+�+�

y = �S� �./���$'� &/K (��G .I[ \�W �����
x = x� �� < �"�& �D�� ����	�
� ����� x = x� �� f(x)

=f ′(x�) = � 
�G�d T�"�& ��]KN	��
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T�"�& |<L n �S� ��� < %!� f ����	�
� �+l �@;N� '� x� 
�G�d

�G�d

��.�_
�� �@;N� '� x = x� 
�G�d Tf (n)(x�) < � �S� w[Q�
=%!� y = f(x) U&��

U&�� ��.+�+� �@;N� '� x = x� 
�G�d Tf (n)(x�) > � �S� w�
=%!� y = f(x)

�� f(x) = � + x − x� �+�
 i�: 2� ��	
� �����
f ′(x) = � ��" L� T^���&��& =f ′(x) = � − �x 2��4 ^��
U&�� ^�� ����3& �@;N� ���� TmH =x� =

�

�
�
 ���S�� ��+	�

%Q� ^�� �� T��� =%!� x� = �/�

x <
�

�
⇒ f ′(x) = �− �x > �− � = �

x >
�

�
⇒ f ′(x) = �− �x < �− � = �

y = U&�� L� 

�
���N� �& ��.�_
�� �@;N� '� x� =

�

�
T^���&��&

=%!� f(x)

< %!� ��: ���C n ∈ R �+�
 i�: 2�  �N�

fn(x) = �+ x+
x�

�
+ · · · + xn−�

(n− �)!
− ex

2��4 ^�� ��

f ′
n(x) = �+ x+

x�

�
+ · · · + xn−�

(n− �)!
− ex = fn−�(x)

%Q� ^�� �� T��� =%!� �d �@��� '� x� = � �


f ′
n(x) = f ′′

n (x) = · · · = f (n−�)
n (x) = �, f (n)

n (x) = −ex

x� = � �G���.P �� y = f
(n)
n (x) %�fC �
 ��"�� �p f�

x� = � �@;N� TF=9=9 �@ +A/ M&�;� T^���&��& =%!� w����x %&�E
=%�+� y = f(x) U&�� ����	�
�

2��4 ^�� �� =f(x) = xe−x �+�
 i�: 2�  �N�
TmH =x� = � �]Q < e−x − xe−x = � ��+	� �� Tf ′(x) = �

x� = � L� %!� 2��DC y = f(x) U&�� �Q�.	 � ����	�
� ����
2��4 ^�� �� T���

f ′′(�) = {−�e−x + xe−x}x=� = −e−� < �

U&�� L� e−� ���N� �& ��.�_
�� �@;N� '� x� = � T^���&��&
=%!� y = f(x)

U&�� ����	�
� �@;N� '� �B< ?+P �& �;N� ^�� ��� =�"�& _+� �d
����L T%�+�

x < �⇒ x� < �⇒ f(x) < f(�)

x > �⇒ x� > �⇒ f(x) > f(�)

=%�+� �:�
 ��" '� f ′(x) = � ��" �
 ��
�� %&�E ^��

�S� �./���$'� &/K (��G 2>	' \�W ��� � �����
< �"�& ��]KN	�� x = x� �@;N� L� �G���.P '� �� y = f(x)

�G���.P �� y = f ′(x) %�fC �@���N� �& 
�G�d Tf ′(x�) = �

�V���� x�

�8��� ��+	� f ′(x) %�fC f ′(x) %�fC
�@;N� '� x� x > x� Ǳ�L� �& x < x� Ǳ�L� �& %Q� 
%�+� ����	�
� + + [Q�
%!� ��.�_
�� − + �
%!� ��.+�+� + − |
%�+� ����	�
� − − �

&/K (��G 2>	' \�W ��� � ����� !����
x = x� �@;N� L� �G���.P '� �� y = f(x) �S� �./���$'�

< T�"�& �� n �@ D��� M	�� �����

f ′(x�) = f ′′(x�) = · · · = f (n−�)(x�) = �

�+l �@;N� '� x� T�"�& ��: n �S� 
�G�d Tf (n)(x�) 
= � <
f (n)(x) %�fC �@���N� �& T�"�& |<L n �S� < %!� f ����	�
�

�V���� x� �G���.P ��

%�fC %�fC
�8��� ��+	� f (n)(x) f (n)(x) %Q� 
�@;N� '� x� x > x� Ǳ�L� �& x < x� Ǳ�L� �&
%�+� ����	�
� + + [Q�
%!� ��.�_
�� − + �
%!� ��.+�+� + − |
%�+� ����	�
� − − �

�./���$'� &/K (��G 2>	' \�W ��� & "����
T�"�& x = x� �� �<� �@ D��� M	�� ����� y = f(x) U&�� �S�

�2��4 ^�� �� Tf ′′(x�) 
= � < f ′(x�) = �

��.�_
�� �@;N� '� x = x� 
�G�d Tf ′′(x�) < � �S� w[Q�
=%!� y = f(x) U&��

U&�� ��.+�+� �@;N� '� x = x� 
�G�d Tf ′′(x�) > � �S� w�
=%!� y = f(x)

&/K (��G 2>	' \�W ��� & ����� �����
�� ��n �@ D��� M	�� ����� y = f(x) U&�� �S� �./���$'�
f ′(x�) = f ′′(x�) = · · · = f (n−�)(x�) = � T�"�& x = x�

T�"�& ��: ���C n �S� 2��4 ^�� �� Tf (n)(x�) 
= � 
<f5& <

F)
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y = f(x) ��.+�+� �� f(x�) < %!� I �& y = f(x) ��.+�+� �@;N�
�������	�
� �&�N� ��x �� ������	�
� ���S ^�� =������� I �&

=������� M7;� w�D��

_+� < f(x) = sinx �+�
 i�: 2� ��	
� ������
y = ��.�_
�� �@;N� '� x� =

π

�
2��4 ^�� �� I = [�;�π]

< f
(π
�

)
= � �& �&��& I �& y = f(x) ��.�_
�� =%!� I �& f(x)

=�"�&�� f
(
�π

�

)
= −� �&��& I �& y = f(x) ��.+�+�

2��4 ^�� �� I = (�;�] < f(x) =
�

x
�+�
 i�: 2�  �N�

I �& y = f(x) < %!� I �& y = f(x) ��.+�+� �@;N� '� x� = �

������ M7;� ��.�_
�� I �& y = f(x) =�"�&�� f(x�) = � �&��&

< %!� U&�� y = f(x) �+�
 i�: ����� �
����
^�� �� =%!� �	!�+H [a; b] �& y = f(x) < I = [a; b] ⊆ Df

=��"�&�� ��B�� I �& y = f(x) ��.+�+� < ��.�_
�� T2��4
'� �8��� �� < ��	�P b < a ��N� �� I �& y = f(x) ��P����	�
�

=��"�&�� (a; b) �� y = f(x) ����3& �@;N�

�& �Y:<� ./���$'� �� �	�$� 73 ���)/E�� ������
y = f(x) U&�� ����	�
� �@ 7��� � ���& XX �@ +A/ �& �B��

�V+�
�� �.C ��L \<� �& I = [a; b] ⊆ Df 
@L�& �&
=%!� �	!�+H [a; b] �& y = f(x) ��d �
 V+�
�� M+N3� w[Q�

=V+P��� ����� T��& ^+�$ �S�
�X�N� < 
��
 �!��& �� (a; b) �& y = f(x) ���]KN	�� w�
��4 �&��& < ��B�� M	�� �� < ����� ��B< M	�� ���d �� �
 ��

=V+�
���(�� �� w����3& ��N�x =%!�
�� 
��d %!�& ����3& ��N� �� �� y = f(x) U&�� ���N� w|

=V+�
�� �D!�3� w�x �@ 7 ��
����N� �& �� ���d T
��
 �D!�3� �� f(b) < f(a) ����N� w�
��.�_
�� �� ^��	S�_& T
��
 ����N� w|x �@ 7 �� �� 
��d %!�&

=V+�
�� �fC� I �& y = f(x) U&�� ��.+�+� �� ^��	8$�
 <

< f(x) = �x �+�
 i�: 2� ��	
� ������
�	!�+H [−�;�] �& y = f(x) U&�� �
 %!� ^"<� =I = [−�;�]


�" 
��� ����	�
� �@ Q�@�� mH =�"�&�� ��]KN	�� (−�;�) �& <
���<� ��� L� �d w�Q�.	 �x ����3& ��N� < %!� ���B �����
��4 
�S ?+P �
 f ′(x) = �x ln� T��� =wf ′(x) = � T��5�x
T��� =����� I �& ����3& �@;N� ?+P y = f(x) T��+	� �� =��"�.�

I �& y = f(x) ��.�_
�� T^���&��& =f(�) = �� < f(−�) =
�

�

=%!� �
�
�&��& �d ��.+�+� < �� �&��&

�+�
 i�: 2�  �N�

fn(x) =

(
�+ x+

x�

�
+ · · · + xn

n!

)
e−x

=%!� −x
n

n!
e−x = � ��5� �& f ′(x) = � ��" 2��4 ^�� ��

=�"�&�� �p� ���� U&�� ����3& �@;	� ���� x� = � ��+	� ��

<f5&

f ′
n(x) =

(
xn

n!
− xn−�

(n− �)!

)
e−x

f ′′
n (x) =

(
�

xn−�

(n− �)!
− xn−�

(n− �)!
− xn

n!

)
e−x

f (�)
n (x) =

(
xn

n!
− xn−�

(n− �)!
−� xn−�

(n− �)!
−� xn−�

(n− �)!

)
e−x

U&�� ��.�_
�� '� x� = � 
�G�d Tn = � �S� T^���&��&
f ′′(�) = −e−� < < f(�) = f ′(�) = � ���L T%!� y = f(x)

=�
U&�� ����	�
� �+l �@;N� '� x� = � 
�G�d Tn = � �S�

=%!� y = f(x)

U&�� ��.�_
�� �@;N� '� x� = � 
�G�d Tn = � �S�
f(�) = f ′(�) = f ′′(�) = f (�)(�) = � ���L T%!� y = f(x)

n ����N� ���! ���& {+��� ^+.P �& < f (�)(�) = −e−� < � <
=��.� �3& ������

�� ��L U&��� L� '� �P �������	�
� ������ �#����
��+&�+&

�) f(x) = (x− �)� �) f(x) = (x− �)�

�) f(x) = (x+ �)��e−x �) f(x) =
√
x lnx

�) f(x) =
x� − �x+ �

x� + �x+ �
�) f(x) = ex sinx

	) f(x) = |x|e−|x−�|

�) f(x) = x(x− �)�(x− �)�


) f(x) = cosx+
�

�
cos(�x)

��) f(x) = xm(�− x)n, ;n,m ∈ N

U&�� y = f(x) �+�
 i�: �Y:<� ./���$'� ������
�P Ǳ�L� �& �
 ��" %:�� ���$ x� ∈ I �S� =I ⊆ Df < %!�
�@;N� '� x� �
 ��"�� �	�S 
�G�d Tf(x) ≤ f(x�) �� x ∈ I

y = f(x) ��.�_
�� �� f(x�) < %!� I �& y = f(x) ��.�_
��
�& �
 ��" %:�� ���$ x� ∈ I �S� T�&��� 2��j& =V+����� I �&
'� x� �
 ��"�� �	�S 
�G�d Tf(x�) ≤ f(x) �� x ∈ I �P Ǳ�L�

F�
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[a; b] �@ 	�& 
@L�& �& y = f(x) U&�� �S� �� ) �� ��� �����
^�� �� =f(a) = f(b) < �"�& ��]KN	�� (a; b) 
@L�& �& T�	!�+H
=f ′(c) = � �
 ���� ��B< �� c ∈ (a; b) '� �/�� 2��4

�

,<� �@ +A/ �!��P �+D5� w[Q� �>=9 �8"
R���SO �@ +A/ �!��P �+D5� w�

�V��+S�� �p� �� %Q� �! `b�)-!
=f(x�) > f(a) �
 ���� ��B< �� x� ∈ (a; b) '� �/�O w[Q�
=f(x�) < f(a) �
 ���� ��B< �� x� ∈ (a; b) '� �/�O w�

=f(x�) = f(a) �� x� ∈ (a; b) �P Ǳ�L� �& w|
T%!� �	!�+H [a; b] �& y = f(x) ��$ T���� �! �P ��
y = f(x) ����	�
� �@ Q�@�� w��=I=>�@ +A/ �& M&�;�x T^���&��&
y = f(x) ��.�_
�� T,<� %Q� �� =%!� ���B ����� [a; b] �&
TmH =�P��� �� (a; b) L�& 
@L�& �� < %!� �	S�_& f(a) L� [a; b] �&
�& �
 ���� ��B< �� c ∈ (a; b) '� w�>=9=9 �@ +A/ M&�;�x
=�"�&�� w[Q�x %Q� �+D" w�x %Q� =f ′(c) = � �d Ǳ�L�
��N� ��.� �� �d M	�� ^���&��& < %!� %&�E U&�� w|x %Q� ��
� =%!� ��4 (a; b)

y = f(x) �S� T,<� �@ +A/ M&�;� �2�456 ��;�� �����
Tf(a) = f(b) �S� _+� < �"�& ��]KN	�� (a; b) �& < �	!�+H [a; b] �&
��3�� �& c�.� s� �
 ���� ��B< c ∈ (a; b) ���;N� 
�G�d
�& =%!� �P x ��3� �L��� (c, f(c)) �@;N� �� y = f(x) U&��

=��" �B�� [Q�`>=9 �8"

�& f(x) U&�� ���& �� ,<� �@ +A/ 2� ��	
� 
����
=�+�
 M+N3� [�;�] �& x� − x� �@;&��

�& y = f(x) mH T%!� ���7.B ��$ y = f(x) ��$ =� 
�
 %!� ^"<� 
<f5& T%!� ��]KN	�� (a; b) �& < �	!�+H [�;�]

���& T^���&��& =f(�) = f(�) = � < f ′(x) = �x� − �x

� < c < � ��5� =f ′(c) = � �
 ��" %:�� �� c ∈ (�;�)

�@ +A/ V8 �	!�� ^�� =c =
�

�
���& ��+	� �� =�c�−�c = � <

=�P��� ���� �� ,<�

=I = [−��;��] < f(x) = |x�−�x+�| �+�
i�: 2�  �N�
�@ 	!�+H U&�� <� {+
�� ���L T%!� �	!�+H y = f(x) U&��
����	�
� �@ Q�@�� TmH =�"�&�� x �→ |x| < x �→ x� − �x + �

�
 �� x �P ��L�& T��� =%!� ���B ����� I �& y = f(x)

< f ′(x) = (�x−�)sgn(x�−�x+�) V���� Tx�−�x+� 
= �

wx� = � < x� = � T��5�x x�−�x+� = � �
 �� x �P ��L�&
�x − � = � ��+	� �� Tf ′(x) = � 
<f5& =����� ��B< M	��
L� �����DC I �& y = f(x) ����3& ��N� T^���&��& =x� = �

�
�]Q <

< f(x�) = f(x�) = � ^+�t.P =x� = �

�
< x� = � Tx� = �

Tf(��) = 	� Tf(−��) = ��� �8��� �& �B�� �& =f(x�) = �

�

�
 %!� ��4 �&��& I �& y = f(x) ��.+�+� �
 V��+S�� ��+	�
r���� w��	�P ����3& ��N� �
x x� = � < x� = � ��N� ��
�@;N� �� �
 %!� ��� �&��& I �& y = f(x) ��.�_
�� < q�	:���

=�	:��� r���� w%!� �L�� �@;N� �
x a = −��
U&�� �������	�
� T����� L� '� �P �� ������ �!����

��+&�+& I 
@L�& �& �� y = f(x)

�) f(x) = x� − �x+ �, I = [−�;��]

�) f(x) = x+
�

x
, I =

[
�

����
;����

]

�) f(x) =
√
�− �x, I = [−�;�]

�) f(x) = x�(x − �)�, I = [−�;�]

����	�
� �@ D!�3�\<� ��+S��8& �& �� ��L ����<����� L� '� �P
��+�
 %&�E T{!��� ��
L�& �& {!��� �5&�� M7;�


�G�d T� ≤ x ≤ � < � < p �S� w6
�

�p−�
≤ xp + (�− x)p ≤ �


�G�d T� ≤ x ≤ � < � < m,n �S� wF
xm(a− x)n ≤ mmnn

(m+ n)m+n
am+n

=|a sinx+ b cosx| ≤
√
a� + b� �� b �P < a �P Ǳ�L� �& wI

=�
�

≤ x� + �

x� + x+ �
≤ � �� x �P Ǳ�L� �& w1

��.�_
�� �� ad 
= bc �& f(x) =
ax+ b

cx+ d
�
 �+P� ���� wJ

=��.+�+� �� < ����

�
 �+�
 ^++5� ���X �� x� + px + q �� q < p {���� w�)
=�"�& �	"�� x = � �@;N� �� 6 �&��& ���.+�+�

�@;N� �� f(x) =
{ −�/x� x > � �S�
�x� x ≤ � �S� �
 �+P� ���� w��

<� �� f ′(x) %�fC �
 �Q� �� T���� ��.+�+� x = �

=%!� �8� x = � v�X

F0
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U&�� M	�� ��P���� �+�
 %&�E wJ

f(x) = (x� − �)(x� − �x+ �)

=��	�P �N+N �G.P

�<� < ,<� �@ D��� 2�N	�� ����� �5&�� �S� �
 �+P� ���� w�)
����� W����	�
� �@;N� <� �P ^+& 
�G�d T�"�& �	!�+H

=%!� [;C �@;N� '� �/�O

�@ 	�& 
@L�& �& y = f(x) U&�� �S� �]-��@[ �� ��� �����
2��4 ^�� �� T�"�& ��]KN	�� (a; b) L�& 
@L�& �& < �	!�+H [a; b]

�
 ���� ��B< �� c ∈ (a; b) '� �/�� 

f(b) − f(b) = f ′(c)(b − a)

Tx ∈ [a; b] Ǳ�L� �& TV+�
 i�: `b�)-!

g(x) = (b− a)f(x) − x(f(b) − f(a))

��]KN	�� (a; b) �& < �	!�+H [a; b] �& y = g(x) 2��4 ^�� ��
�@ +A/ �&��& T�]Q g(a) = g(b) = bf(a) − af(b) 
<f5& =%!�

��� =g′(c) = � �
 ���� ��B< �� c ∈ (a; b) T,<�

g′(x) = (a− b)f ′(x) − (f(b) − f(a))

�d ��L� �& �
 ���� ��B< �� c ∈ (a; b) T^���&��&

f(b) − f(a) = f ′(c)(b − a)

� =%!� ��.� ��P�& <

y = �S� TR���SO �@ +A/ �&��& �2�456 ��;�� !����
c ∈ '� 
�G�d T�"�& ��]KN	�� (a; b) �& < �	!�+H [a; b] �& f(x)

�� y = f(x) ����.� �& c�.� s� {+" �
 ���� ��B< �� (a; b)
(b, f(b)) < (a, f(a)) ��N� ^+& �4�< s� �& �&��& x = c �@;N�

=��" �B�� �`>=9 �8" �& =�"�&��

< f(x) = x� + x ���& �� R���SO �@ +A/ 2� ��	
� "����
=V+�
�� M+N3� [−�;�] 
@L�&

�	!�+H [−�;�] �& mH T%!� ���7.B ��$ y = f(x) ��$
���/�& R���SO �@ +A/ s���" T��5� =%!� ��]KN	�� (−�;�) �& <
�
 �"�& �	"�� ��B< �� c ∈ (−�;�) ���& T��+	� �� =�"�&��
T��� =f ′(c) = � T��5� f(�) − f(−�) = f ′(c)(� − (−�))


@��& �� c = � ���� �
 =c = ±� ^���&��& Tf ′(c) = �c� + �

=���� ���/ (−�;�)

b = � < a = −� Ǳ�L� �& f(x) = � − �
√
x� U&�� 2�  �N�

V���� T−� ≤ x ≤ � �P Ǳ�L� �& T^�� ��B< �& �Q< ��"�� ��4
�� ,<� �@ +A/ V8 �& {7;� ^�� ��P�g �/��� =f ′(x) 
= �

-%�+$
�Q< T%!� �	!�+H [−�;�] �& y = f(x) �
 %!� ^"<� =� 
�@ +A/ s���"mH =����� ��B< x = � �� �
 f ′(x) =

−�
�
x−�/�

=%!� ��A� �� T��5� =��	�+� ���/�& ,<�

'� ���� f(x) = x� + �x − � U&�� �
 �+�
 %&�E 2�  �N�
=���� ����

< %!� wR �&x �	!�+H y = f(x) TOk <� =� 

f(�)f(�) = (−�)(�) = −� < �

���� ^�� =���� ���� '� �/�O [�;�] 
@L�& �� y = f(x) �]Q
Tf(a) = f(b) = � < a, b ∈ R �S� �
 ��$ T�"�&�� ���& �j3��
=f ′(c) = � �
 ���� ��B< �� c ∈ (a, b) T,<� �@ +A/ �&��& 
�G�d

=%�+� ^8.� �
 �c� + � = � T��5�

������ �����
=���� ���B '� ���� (�;�) 
@L�& �� xex = � �+P� ���� w�

f(x) = x� +�x�−	x−�� ���& �� ,<� �@ +A/ �	!�� w0
=�+�
 M+N3� [−�;�] 
@L�& <


@L�& < f(x) = ln(sinx) ���& �� ,<� �@ +A/ �	!�� w>
=�+�
 M+N3�

[
π

�
;
�π

�

]

�@ +A/ s���" ����� [−�;�] 
@L�& < f(x) = |x| U&�� ��d w9
-��$ -��	�P ,<�

�� �
 f(x) = �+ xm(x−�)n U&�� M	�� �@ D!�3� �<�& w6

@L�& �� �/�O U&�� ^�� M	�� �
 �+�
 %&�E Tn,m ∈ N �d

=���� ���� '� (�;�)

�;N� �P �� �P��	� M	�� ����� y = f(x) U&�� �+�
i�: wF
= lim
x→a+

f(x) = lim
x→b−

f(x) ^+�t.P < %!� (a; b) 
@L�& L�
�
 ���� ��B< �� c ∈ (a; b) 2��4 ^�� �� �
 �+�
 %&�E

=f ′(c) = �

��"!e( &!'P0U �CE ���! n ��P���� ��.� �
 �+�
 %&�E wI
���"�&�� (−�;�) 
@L�& �� ��j3� < �N+N 

Pn(x) =
�

�nn!
d

dxn
{(x� − �)n}

&!'P0U �CE ���! n ��P���� ��.� �
 �+�
 %&�E w1∗

���"�&�� �N+N 3
�)E
Hn(x) = (−�)nex

� dn

dxn

(
e−x

�
)

F>
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=| arctana− arctan b| ≤ |a− b| �� b < a �P ��L� �& w6

=b− a

b
< ln

(
b

a

)
<
b− a

a

�G�d � < b < a �S� wF


�G�d � < β ≤ α <
π

�
�S� wI

α− β

cos� β
≤ tanα− tanβ ≤ α− β

cos� α

f(x) = �
√
x U&�� ���& R���SO �@ +A/ ��$ �
 �+P� Y+��� w1

=%�+� Y+34 [−�;�] 
@L�& <

[�;�] 
@L�& < f(x) =
{
x � ≤ x < � �S�
�/x � ≤ x �S� U&�� ��d wJ

-���
�� r�4 R���SO �@ +A/ s���" ��

�& y = g(x) < y = f(x) U&��� �S� �2W/' �� ��� �����
Ǳ�L� �& T��"�& ��]KN	�� (a; b) L�& 
@L�& �& T�	!�+H [a; b] �@ 	�& 
@L�&
�� Tg(a) 
= g(b) < (f ′(x))� + (g′(x))� 
= � �� x ∈ (a; b) �P

�
 ���� ��B< �� c ∈ (a; b) '� 2��4 ^��

f ′(c)
g′(c)

=
f(b) − f(a)
g(b) − g(a)

V+�
 i�: %!� �:�
 `b�)-!

h(x) = (g(b) − g(a))f(x) − (f(b) − f(a))g(x)

(a; b) L�& 
@L�& �& < �	!�+H [a; b] �@ 	�& 
@L�& �& y = h(x) U&�� ���
�
=h(a) = h(b) = g(b)f(a) − g(a)f(b) 
<f5& T%!� ��]KN	��
��B< �� c ∈ (a; b) ^���&��& T%!� ���/�& ,<� �@ +A/ s���" mH

�
 �Q� �� =h′(c) = � �
 ����

h′(x) = (g(b) − g(a))f ′(x) − (f(b) − f(a))g′(x)

� =%!� ��.� ��P�& <

f(x) = x� U&��� ���& �� �"�
 �@ +A/ 2� ��	
� �#����
=�+�
 M+N3� [−�;�] �@ 	�& 
@L�& < g(x) = �x − � <

[−�;�] �& y = g(x) < y = f(x) U&��� �
 %!� ^"<� =� 
< g′(x) = � Tf ′(x) = �x T����]KN	�� (−�;�) �& �	!�+H
�"�& �� c ∈ (−�;�) ���& mH =g(�) − g(−�) = � 
= �

=c = �

�
�� �
�

=
�c

�
��5� f

′(c)
g′(c)

=
f(�) − f(−�)
g(�) − g(−�)

�


V���� � ≤ x ≤ π

�
�P Ǳ�L� �& �
 �+P� ���� 2�  �N�

=
√
�

π
x� ≤ sinx

Tf(x) = x� V+�
�� i�: T{Q�;� ^�� 2�DE� ���& =� 
y = g(x) Ty = f(x) ���� �� �"�
 �@ +A/ L� < g(x) = sinx

�� c�.� �
 V+&���� y = x� ��3�� �& �� ���;N� 2�  �N�
B = (�,�) < A = (−�,−�) ��N� ^+& �4�< ��< �& �;N� �d

=�"�& �L���
A �@;N� ,�X �
 ��" �B�� %!� �:�
 T��p�� ^�� ���&
�&��& mH =%!� x = � �& B �@;N� ,�X < x = −� �&

@L�& < f(x) = x� U&�� ���& R���SO �@ +A/ %!� �:�
 TF=6=9
�
 ���� ��B< �� c ∈ (−�;�) T��5� =V+�
 
���	!� [−�;�]

Tf ′(c) = � ��+	� �� =f(�) − f(−�) = f ′(c)(� − (−�))

��$ < x = ±� ^���&��& =f ′(c) = �c� V+����� �
 �Q� ��
2��DC �p� ���� �@;N� mH T���� ���/ (−�;�) 
@L�& �� c = � ����

=(�, f(�)) = (�,�) L� %!�

�� x, y ∈ R �P ��L�& �
 V+�
�� %&�E 2�  �N�

| sinx− sin y| ≤ |x− y|

��C <� a < b < f(x) = sinx V+�
 i�: T��p�� ^�� ���&
[a; b] 
@L�& < y = f(x) U&�� ���& R���SO �@ +A/ L� =��"�& 
��(Q�
�� T%!� �����N� f(x) = sinx U&�� ��$ =V+�
�� 
���	!�
��]KN	�� R �& f ′(x) = cosx ��$ < %!� �	!�+H R �& ��+	�
���/�& �p� ���� �@ ���� < U&�� ���& R���SO �@ +A/ s���" T�]Q =%!�

�
 ���� ��B< �� c ∈ (a; b) T^���&��& =%!�

sin b− sin a = (cos c)(b − a)

T�:�X L� =%:�S M7;� ��/ �;&�� ^+:�X L� ������ ,� 
�:�
 ���
� | sin b − sin a| ≤ |b − a| ��+	� �� < | cos c| ≤ �

=b = y < a = x �
 ��" i�: %!�

������ �����
M+N3� [�; e] 
@L�& < f(x) = lnx ���& �� R���SO �@ +A/ w�

=�+�


[�;�] 
@L�& < f(x) = arcsinx U&�� ���& �� R���SO �@ +A/ w0
=�+�
 M+N3�

U&�� ���& �� R���SO �@ +A/ w>

f(x) =
{

(�− x�)/� � ≤ x ≤ � �S�
�/x � < x �S�

=�+�
 M+N3� [�;�] 
@L�& <
L� 
���	!� �& �� ���<����� L� '� �P T1 �� 9 2����.� ��

��+�
 %&�E R���SO �@ +A/


�G�d T� < p < � < y < x �S� w9
pyp−�(x− y) ≤ xp − yp ≤ pxp−�(x− y)

F9
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����C �& =R = (−∞; +∞) �� < [a; +∞) T(a; +∞) T(−∞; b]

�
 %!� ���54 [a; b] �& y = f(x) �	/< ���� < �	/< �,�e�
=�"�& ���54 (a; b) ��N� ��.� �� y = f(x)

���d �& f(x) = x − x� U&�� �
 ���P�74�: ��	
� ��!��
=V+�
���(�� �� %!� �Q<_� �� < ���54

f ′(x) %�fC %!� �:�
 T%!� ��]KN	�� y = f(x) ��$(
−∞;

�

�

)
�& �
 Tf ′(x) = � − �x T��� =V+�
 �!��& ��


@L�& �& y = f(x) T^���&��& =%!� ����
(
�

�
; +∞

)
�& < %De�

��" �B�� =%!� �Q<_�
[
�

�
; +∞

)

@L�& �& < ���54

(
−∞;

�

�

]
=���54 �� < %!� �Q<_� �� x =

�

�
�@;N� �� y = f(x) �


�;N� '� �� y = f(x) U&�� M	�� %�fC �8��� ^	���� �&
�� ���� �
 �	Q� �& %D�� �� ���M+/� �8" ������ T%!� �$
���&� VP L��P ��� =��
 V+!�� TV+	"�� �fX� �d �G	!�+H ����
�� %Q� �! L� �8� 
�G�d Tf ′(x�) < � �S� ���L =���� ��B<

=�P� �� %!� ^8.� 9=9 �8"
�

< �5N� �@;N� w� T��3� �@;N� w[Q� �9=9 �8"
�;� �@;N� w|

=V+&�+& VP L� �! ^�� �+(�� ���& �"<� ���&

�� y = f(x) U&�� V+h�S�� ����4 �� ������ !�!��
���54 x = x� �@;N� �� �d M	�� �
 %!� ��K� x = x� �@;N�
�
 V+h�S 4�6� x = x� �@;N� �� �� �d ����4 �� < T�"�&
����4 �� T,��5� ��+& �& =�"�& �Q<_� x = x� �� �d M	��
��3�� ����.� �& c�.� �
 V+h�S �5N� x = x� �� �� y = f(x)

�� < ��" U/�< ��3�� ��L x = x� �@;N� �� y = f(x) U&��
s� �
 V+h�S ��3� x = x� �@;N� �� �� y = f(x) ����4
��3�� �O�& x = x� �@;N� �� y = f(x) U&�� ����.� �& c�.�
x = x� �@;N� �� y = f(x) V+h�S�� ����4 �� =���S U/�<
�&��& �	!�� s� �& �;N� �d L� �G���.P '� �� �
 %!� �QZ

=�"�& �&��& �d �& c�.� s� �& ����.� T�G�� ��+& �& =�"�&

[a; b] 
@L�& �& y = f(x) U&�� �+�
 i�: ����� "�!��
2��4 ^�� �� =�"�& ��]KN	�� (a; b) 
@L�& �& < �	!�+H

�� c ∈ (�; a) mH =a ≤ π

�
�
 TV+�
�� 
���	!� [�; a] 
@L�& <

�
 %�P
a� − �

sin a− �
=
f(a) − f(�)
g(a) − g(�)

=
f ′(c)
g′(c)

=
�c

cos c
√
�

�
< cos a < < �c < �a <

π

�
^���&��& T� < c < a �Q<

�
 ��" i�: %!� �:�
 ���
� = a
�

sina
<

π√
�
��+	� �� =cos c

=x = a

������ ������


@L�& < g(x) =
�

x
Tf(x) = x� U&��� ���& �� �"�
 �@ +A/ w�

=�+�
 M+N3� [�;�] �@ 	�&

=arctanx ≤ arcsinx
�G�d T� ≤ x ≤ � �S� �+�
 %&�E w0

< f(x) = x� U&��� ���& �"�
 �@ +A/ ��$ �
 �+P� Y+��� w>
-%�+� ��B� �&�/ [−�;�] �@ 	�& 
@L�& < g(x) = x�

23��4 S	0!4 6� J(K� -� .��/(0� *��

�� =%!� U&�� '� y + f(x) �+�
 i�: ������ ��!��
%!� ���54 x = x� �@;N� �� y = f(x) U&�� V+h�S�� ����4
x� < x < x� + ε �P Ǳ�L� 
� �
 ��" %:�� ���$ �� ε > � �

�	"�� x� − ε < x < x� �P Ǳ�L� �& < f(x�) < f(x) V+"�& �	"��
U&�� V+h�S�� ����4 �� T�&��� 2��j& =f(x) < f(x�) V+"�&
%:�� ���$ �� ε > � �
 %!� �Q<_� x = x� �@;N� �� y = f(x)

f(x�) > f(x) V+"�& �	"�� x� < x < x� + ε �P Ǳ�L� �& �
 ��"
=f(x) > f(x�) V+"�& �	"�� x� − ε < x < x� �P Ǳ�L� �& <

x = �@;N� �� y = f(x) U&�� �+�
 i�: ����� ��!��

�G�d Tf ′(x�) > � �S� T2��4 ^�� �� =%!� ��]KN	�� x�
Tf ′(x) < � �S� < %!� ���54 x = x� �@;N� �� y = f(x)

=%!� �Q<_� x = x� �@;N� �� y = f(x) 
�G�d

[a; b] 
@L�& �& y = f(x) U&�� �+�
 i�: ����� 
�!��
Ǳ�L� �& �S� T2��4 ^�� �� =%!� ��]KN	�� (a; b) 
@L�& �& < �	!�+H
[a; b] �& y = f(x) U&�� 
�G�d Tf ′(x) > � �� x ∈ (a; b) �P

�G�d Tf ′(x) < � �� x ∈ (a; b) �P Ǳ�L� �& �S� < %!� ���54

=�"�&�� �Q<_� [a; b] �& y = f(x) U&��

TO�& �@ +A/ �� (a; b) L�& 
@L�& ���& �TW�&&	� ��!��
T(−∞; b) T[a; b) T(a; b] ���� ���/ ������ �� ��G�� 
@L�& �P

F6



K��L�#47�G $ M*N� � ��� 34��5 U�1#5 7� M*N� .� /��0*1� ,��

��" ��4 x = x� L� �G���.P '� �� y = f ′′(x) �S� w�
L� �G���.P '� �� y = f(x) 
�G�d T�"�& %De� y = f ′(x) <

=%!� ���54 �;� x = x�

��" ��4 x = x� L� �G���.P '� �� y = f ′′(x) �S� w}
L� �G���.P '� �� y = f(x) 
�G�d T�"�& ���� y = f ′(x) <

=��" �B�� 6=9 �8" �& =%!� �Q<_� �;� x = x�
�

U&��� �5��� ��	:� �6=9 �8"

V!� �� f(x) = x� + x U&�� 2� ��	
� ���!��
=V+�
��

%!� 2��DC y = f(x) �@��� ���� < Df = R �
 ��" �B��
�]Q < x(x� + �) = � ��+	� �� Tx� + x = � ���L Tx = � L�
mH =%!� %De� 
���.P �
 f ′(x) = �x� + � T
<f5& =x = �

=f ′′(x) = �x T^+�t.P =%!� ���54 �B �.P �� y = f(x)

=�"�&�� ��3� (−∞;�] �& < �5N� [�; +∞) �& y = f(x) TmH
�& �� y = f(x) U&�� ����.� ������ 2�CfX� ^�� ���D5.B �&

=w��" �B�� [Q�`F=9 �8" �&x ��.� V+!�� ���+.X�
�

f(x) = x� + x U&�� ����.� w[Q� �F=9 �8"
f(x) = x�+�

x−� U&�� ����.� w�

=V+�
�� V+!�� �� f(x) =
x� + �

x− �
U&�� 2�  �N�

������ ?+P y = f(x) < Df = R − {�} �
 ��" �B��
��+	� �� =f(x) = x+ �+

�

x− �

<f5& =�����

lim
x→∞{f(x) − (x− �)} = lim

x→∞
�

x− �
= �

=�"�&�� y = f(x) U&�� ����.� {���� y = x+ � T��5�

f ′(x) =
(�x)(x − �) − (�)(x� + �)

(x − �)�
=
x� − �x− �

(x− �)�

=
(x − (�+

√
�))(x − (�−

√
�))

(x− �)�


�G�d Tf ′′(x) > � �� x ∈ (a; b) �P Ǳ�L� �& �S� w[Q�
=%!� �5N� [a; b] �& y = f(x)


�G�d Tf ′′(x) < � �� x ∈ (a; b) �P Ǳ�L� �& �S� w�
=%!� ��3� [a; b] �& y = f(x)

Ǳ�L� �& < �"�& �	!�+H [a; b] �& y = f(x) �S� ����� ��!��
T%!� %&�E [a; b] �& y = f(x) 
�G�d =f ′(x) = � Tx ∈ (a; b) �P

=f(x) = c Tx ∈ [a; b] �P Ǳ�L� �& �
 ���� ��B< �� c ��5�
Tx ∈ (a; b) �P Ǳ�L� �& < �"�& �	!�+H [a; b] �& y = f(x) �S�
< c ��5� T%!� �;� [a; b] �& y = f(x) 
�G�d =f ′′(x) = �

=f(x) = cx+ d Tx ∈ [a; b] �P Ǳ�L� �& �
 ����� ��B< �� d

���
 �� f(x) =
�

x
U&�� �
 �+�
 �(�� ��	
� ��!��
=%!� �5N� ��N� ���
 �� < ��3� ��N�

mH =f ′′(x) =
�

x�

<f5& < Df = R − {�} �
 V���� �B��

�& y = f(x) ^���&��& T%!� %De� (�; +∞) �& y = f ′′(x) ��$
���� (−∞;�) 
@L�& �& y = f ′′(x) ��$ < �"�&�� �5N� 
L�& ^��

=�"�&�� ��3� 
L�& ^�� �& y = f(x) ^���&��& T%!�

{7;� �& �B�� �& �FG�/� 2�O/� )	�>) �#�!��
�@;N� �� �<� �@ D��� M	�� ����� y = f(x) U&�� �S� T�
]Q�r�:
%!� ^8.� ��L 2O� L� �8� ���� < '� 
�G�d T�"�& x = x�

��P� ��
�� y = f(x) 
�G�d Tf ′′(x�) > � < f ′(x�) > � �S� w[Q�

=%!� �5N� < ���54 x = x�

�� y = f(x) 
�G�d Tf ′′(x�) < � < f ′(x�) > � �S� w�
=%!� ��3� < ���54 x = x�

����� y = f(x) 
�G�d Tf ′′(x�) = � < f ′(x�) > � �S� w�
=%!� x = x� �� ���54 [;C �@;N�

�� y = f(x) 
�G�d Tf ′′(x�) > � < f ′(x�) < � �S� w�
=%!� �5N� < �Q<_� x = x�

�� y = f(x) 
�G�d Tf ′′(x�) < � < f ′(x�) < � �S� wP
=%!� ��3� < �Q<_� x = x�

����� y = f(x) 
�G�d Tf ′′(x�) = � < f ′(x�) < � �S� w<
=%!� x = x� �� �Q<_� [;C �@;N�

����� y = f(x) 
�G�d Tf ′′(x�) > � < f ′(x�) = � �S� wL
=%!� x = x� �� �5��� ��.+�+�

����� y = f(x) 
�G�d Tf ′′(x�) < � < f ′(x�) = � �S� wn
=%!� x = x� �� �5��� ��.�_
��

�G	�& U&�� �7
 ��	:� �& �
 ���� ��B< _+� �G�� Z�� %Q� �!
�����

T��" ��4 x = x� L� �G���.P '� �� y = f ′(x) �S� w�
=%!� %&�E x = x� L� �G���.P '� �� y = f(x) 
�G�d

FF
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=��.� V+!�� �� I=9 �8" ������ T^���&��& <

�
f(x) = x(�− x�)�/� U&�� ����.� �I=9 �8"


���	!� �& �� ��L U&��� L� '� �P ����.� ������ ���!��
��+�
 V+!�� TO�& �� 
�" 
��� n�" \<� L�

�) f(x) = �x− x�, �) f(x) =
x− �√
x� + �

,

�) f(x) =
(
�+ x

�− x

)�

, �) f(x) =
cosx

cos(�x)
,

�) f(x) = �x− tanx, �) f(x) = e�x− x�,

	) f(x) =
ex

�+ x
, �) f(x) = sinx+

sin(�x)
�

,


) f(x) = xx, ��) f(x) =
x

(�+ x)(�− x�)
,

��) f(x) = arcsin
(

�x

�+ x�

)
.

��) f(x) =
�
√
x� − �

√
x� + �,

��) f(x) = (�+ x)�/x cos(�x),

��) f(x) =
√

(x− �)(x − �)(x − �),

# �M���4� B��C� 6� J(K� -� .��/(0� 1��
�=�#�N��7

���& =��.� 2�DE� ������ M	�� '.
 �& �� ���+�& ��P��3��
�& �5&�� M	�� �S� �
 ��"�� 
���	!� %+4�� ^�� L� ��p�� ^��

=%!� %&�E �p� ���� 
@L�& �& U&�� �d T�"�& ��4 
L�& '�

x ∈ �P ��L� �& �
 �+�
 %&�E 2� ��	
� ��"��
=arcsinx+ arccosx = π/� �� [−�;�]

�� �� f(x) = arcsinx + arccosx U&�� ��p�� ^�� ���& =� 
�� x ∈ (−�;�) �P ��L� �& 2��4 ^�� �� =V��+S�� �p�

�& y = f(x) T��+	� �� =f ′(x) =
�√
�− x�

+
−�√
�− x�

= �

^�� L� |��� �� < %De� �−
√
� < �+

√
� ^+& y = f ′(x) TmH

=�"�&�� %De� 
L�&

f ′′(x) =
(�x− �)(x − �)� − �(x− �)(x� − �x− �)

(x− �)�

=
�

(x− �)�

�� =%!� ���� (−∞;�) �& < %De� (�;∞) �& y = f ′′(x) TmH
V���� ��.��

x −∞ �−
√
� � +

√
� +∞

f ′′(x) − − + +
f ′(x) + � − − � +
f(x) x+ � �(�−

√
�) −∞\��K'

"	�$ +∞ �(�+
√
�) x+ �

=��.� V+!�� �� �`F=9 �8" ������ ^���&��& <

=V+�
�� V!� �� f(x) =
√
x(� − x�) U&�� 2�  �N�

�S� ���� < �S� x ∈ Df �
 ��" �B��

x(� − x�) ≥ � ⇔

⎡
⎢⎢⎣

{
x ≥ �

�− x� ≥ �{
x ≤ �

�− x� ≤ �

⇔

⎡
⎢⎢⎣

{
x ≥ �

|x| ≤ �{
x ≤ �

|x| ≥ �

⇔
[
� ≤ x ≤ �

x ≤ −�

y = f(x) ��$ �
 TDf = (−∞;−�] ∪ [�;�] ^���&��&
�� T�$ �@ 	!�+H x = −� < x = � �� mH T%!� �����N�

<f5& =%!� �	!�+H Df ��N� ���! �� < %!�� �@ 	!�+H x = �

�& f ′(x) = � ��" =f ′(x) = (� − �x�)/(�
√
x(�− x�))

�� x =

√
�

�
���� < %!� x = ±

√
�

�
�� � − �x� = � ��5�

^+�t.P =���� ���/ y = f(x) �@ ����

f ′′(x) =
�x� − �x� − �

�
√

(x(�− x�))�

f ′′(x) = �⇔ x� =
�+ �

√
�

�

x = −�

�

√

+ �

√
� ���� �
 x = ±�

�

√

+ �

√
� T^���&��&

{+��� �& TU&�� ^�� V+!�� ���& V�� ��N� mH =%!� ,�D/ ����
L� �����DC

−�
�

√

+ �

√
�, −�, �,

√
�

�
, �

�
 ��"�� �p f� 2�CfX� ^�� �.P ��<d U.B �&

x −∞ −
√
�+

√
�� −

√
�−

√
�� −� �

√
�/� �

f ′′(x) + � � − −
f ′(x) − − − + � −
f(x) � �

FI



K��L�#47�G $ M*N� � ��� �@�$�P��8 $ �L���5� E��F� 7� M*N� .� /��0*1� 2��

=x−x
�

�
< ln(�+x) �� x > � �P Ǳ�L� �& �
 �+�
 %&�E 2�  �N�

�p� �� �� f(x) = ln(�+x)−x+
x�

�
U&�� ��p�� ^�� ���& =� 

T2��4 ^�� �� =� < x �
 V+�
�� i�: ^+�t.P TV��+S��
�V���� Tx > � ��$

f ′(x) =
�

�+ x
− �+ x =

x�

�+ x

Tx > � �S� mH =%!� ���54 [�; +∞) �& y = f(x) T^���&��&
=%!� �p� ���� �<����� ��.P �
 Tf(�) < f(x) 
�G�d


�G�d T� < y T� < α < β �S� �
 �+�
 %&�E 2�  �N�
=(xα + yα)�/α < (xβ + yβ)�/β

��P��(Q� y < β Tα V+�
��i�: T�<����� ^�� 2�DE� ���& =� 
�<����� ��! <� ��$ T
<f5& =��"�&�� %&�E mH ^�� L� <
%!�& ,���: < V��+G& V	���GQ ^+:�X L� %!� �:�
 T��	�P %De�

,���: T��5� =V+�
 2�DE� �� 
��d
�

α
ln(xα + yα) <

�

β
ln(xβ + yβ)

�V+�
�� [��5� �� ��L U&�� T�+Q� ^+.P �&

f(x) =
�

α
ln(xα + yα) − �

β
ln(xβ + yβ), (x > �)

f ′(x) > � ^���&��& =f ′(x) = xα−�

xα+yα − xβ−�

xβ+yβ 2��4 ^�� ��
��5� =%!� xf ′(x) > � ��5� �&

xα

xα + yα
>

xβ

xβ + yβ
⇔ xα(xβ + yβ) > xβ(xα + yα)

⇔ xαyβ > xβyα

⇔
( y
x

)β−α
> �

β>α⇔ y

x
> � ⇔ y > x

Ty < x �S� < � < f ′(x) 
�G�d T� < x < y �S� T��5�
Z�� ��P%Q� �
 %!� �:�
 mH =%!� f ′(x) < � 
�G�d

V��+G& �p� �� �� lim
x→+∞ f(x) < f(x) T lim

x→�+
f(x)

lim
x→�+

f(x) =
�

α
ln(yβ) − �

β
ln(yβ) = �,

f(y) = ln�
(
�

α
− �

β

)
> �

lim
x→+∞ f(x) =

�

α
lim

x→+∞ ln(xα + yα)

−�
β

lim
x→+∞ ln(xβ + yβ)

=
�

α
lim

x→+∞ ln(xα) − �

β
lim

x→+∞ ln(xβ) = �

V���� �� x > � �P Ǳ�L� �& T^���&��&

� ≤ f(x) ≤ ln�
(
�

α
− �

β

)
=��
�� %&�E �� ��P�& ,<� �<����� �


�P ��L� �& T^���&��& < f(�) = π/� ��� =%!� %&�E (−�;�) 
@L�&

�" 
��� V8 ����/�& =%!� 
�" 2�DE� V8 �� x ∈ (−�;�)

=��.� �N+N3� ������ �k.+N	�� �� x = � �� < x = −� ��L� �&
%&�E �� cos� x + sin� x =

�

�
(� + cos(�x)) ��3�� 2�  �N�

=�+�

U&�� ��p�� ^�� ���& =� 

f(x) = cos� x+ sin� x− �

�
(�+ cos(�x))

2��4 ^�� �� =V��+S�� �p� �� R �& ��

f ′(x) = −� sinx cos� x+ � cosx sin� x+ sin(�x)

= −� sinx cos x(sin� x− cos� x) + sin(�x)

= −� sin(�x) cos(�x) + sin(�x) = �

�:�X L� =%!� %&�E R = (−∞;∞) 
@L�& �& f(x) ��+	� ��
=�" 2�DE� V8 < f(�) = �+ �− � = �

��+�
 2�DE� �� ��L ��P��3�� L� '� �P ������ ��"��
�) � sin� x+ cos(�x) = �

�) cos� x = sin� x+
�

�
(�− cos(�x))

�) arccos

(
�− x�

�+ x�

)
= � arctanx � ≤ x

�) arcsin
(

�x

�+ x�

)
=

=

⎧⎨
⎩

−π − � arctanx x ≤ −� �S�
� arctanx −� < x < � �S�
π − � arctanx � ≤ x �S�

U&��� ���& �Q<_� < ���54 �@5Q�;� �& �� ���+�& ����<�����
U&�� ��(	�� T����� ���G��� �74� �8�� =��.� 2�DE� ������

=%!� {!���

�� x > � �P Ǳ�L� �& �
 �+�
 %&�E 2� ��	
� 
�"��
=%!� ���/�& �√x > �− �

x
�<�����

f(x) = −�√x+ �− �

x
V+�
�� i�: T��p�� ^�� ���& =� 

2��4 ^�� �� =� < x <

f ′(x) =
−�√
x

+
�

x�
=

−x√x+ �

x�

=�"�&�� � < x
√
x �]Q < � <

√
x ��5� �& � < x i�: T���

�Q<_� (�; +∞) 
@L�& �& y = f(x) U&�� �]Q < f ′(x) < � ^���&��&
��5� Tf(x) < f(�) �� x > � �P Ǳ�L� �& ��+	� �� =%!�

=�− �

x
< �

√
x �� −�√x+ �− �

x
< �

F1
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Tx� Tx� ��C n �P < n ∈ N �P Ǳ�L� �& TO�& �@ +A/ M&�;� TmH
V���� I 
@L�& �� U/�< xn < . . .

ln
(
x� + x� + · · · + xn

n

)
≥

≥
(

ln(x�) + ln(x�) + · · · + ln(xn)
n

)
≥ ln

(
(x�x� · · ·xn)�/n

)

����!� e ���� �& �& T%!� ���54 x �→ ex U&�� �8��� �& �B�� �& <
=���S�� ��+	� ��
]� �<����� T^+:�X

Tx� %De� ��C n �P < n ∈ N �P Ǳ�L� �& �
 �+�
 %&�E 2�  �N�
�� xn < . . . Tx�

(x� + x� + · · · + xn)
(
�

x�
+
�

x�
+ · · · + �

xn

)
≥ n�

�� (�; +∞) 
@L�& �& �� y = −�
x U&�� T����� ^�� 2�DE� ���&

f ′′(x) = 
�G�d T� < x �S� 2��4 ^�� �� ��� =V��+S�� �p�
xn < = = = x� Tx� %De� ���C� Ǳ�L� �& ^���&��& =−�x−� < �

V����

�

−x�+x�+···+xn

n

≥ −�/x� − �/x� − · · · − �/xn
n

T^���&��&

x� + x� + · · · + xn
n

.
�/x� + �/x� + · · · + �/xn

n
≥ �

=��d�� %!�& ��
]� �<����� n� �� ^+:�X ���
 ��� �& <

������ "�"��

xn < . . . Tx� Tx� < n > � Tm,n ∈ N �S� �
 �+�
 %&�E w�
2��4 ^�� �� T��"�& �P��(Q� %De� ���C�

nm−� (xm
�

+ xm
�

+ · · · + xmn ) ≥ (x� + x� + · · · + xn)m

(xm
�

+ xm
�

+ · · · + xmn )nm−� ≥ (x� + x� + · · · + xn)m


�G�d Tx�, x�, · · · , xn ∈ R < n ∈ N �S� �
 �+�
 %&�E w0

ex� + ex� + · · · + exn ≥ n e(x�+x�+···+xn)/n

ex� + ex� + · · · + exn ≥ n exp
(x�+x�+···+xn

n

)

��
 �+�
 %&�E ������ ��"��

=ex > � 
�G�d Tx > � �S� w�

=x > ln(x+ �) 
�G�d Tx > � �S� w0

=lnx > �(x− �)
x+ �


�G�d Tx > � �S� w>

=coshx > �+
x�

�

�G�d Tx 
= � �S� w9

=|x| ≥ | sinx| �� x �P Ǳ�L� �& w6

=�+ � lnx ≤ x� 
�G�d T� < x �S� wF

=�x arctanx ≥ ln(�+ x�) �� x �P Ǳ�L� �& wI

=�+x ln
(
x+

√
�+ x�

)
≥

√
�+ x� �� x �P Ǳ�L� �& w1

=x− x�

�
< sinx < x 
�G�d T� < x <

π

�
�S� wJ

=
(
�+

�

x

)x
< e <

(
�+

�

x

)x+�

�G�d T� < x �S� w�)

=xα − � > α(x− �) 
�G�d T� < x < � < α �S� w��∗

= n
√
x− n

√
a ≤ n

√
x− a 
�G�d Tx > a > � < n ∈ Z �S� w�0

�� w�d �<� M	�� ���& ���� T��5�x U&�� ���& ��3� L�
��+�
 �B�� ��L �@ +A/ �& =��.� 
���	!� ������ ���<����� 2�DE�

< �"�& ��3� I 
@L�& �& y = f(x) �S� ����� ��"��

��(Q� ��C n �P < n �5+DX ��C �P Ǳ�L� �& 
�G�d T
��(Q� n ∈ Z

�V���� x�, x�, · · · , xn ∈ I

f(x�) + f(x�) + · · · + f(xn)
n

≤ f

(
x� + x� + · · · + xn

n

)

�E� y���S U&��z '+!f
 ��	
 L� �) �@3�4 �� {7;� ^�� 2�DE�x
w=%!� 
��d ^+��d �+��

%&�E �� ���C� f ���<� &
�<��" 2� ��	
� !�"��
Tx� %De� < �N+N ��C n �P < n ∈ N �P Ǳ�L� �& T��5� =�+�


V���� xn < . . . Tx�

n n
√
x�x� · · ·xn ≤ x� + x� + · · · + xn.

I = 
@L�& �& f(x) = lnx U&�� L� T�<����� ^�� 2�DE� ���&
M	�� ���L T%!� ��3� f(x) ��� =V+�
�� 
���	!� (�; +∞)

�%!� ���� I �& �d �<�

f ′′(x) = (f ′(x))′ =
(
�

x

)′
=

−�
x�

FJ
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V+�
�� ��3� �+;	�� x
�

a�
+
y�

b�
= � �A+& �� 2�  �N�

% ��� ^��	�+& ����� < �A+& ��P��3� �L��� �d �f�� �

=�"�&

%.! �� U/�< ���.C U7� �����& �3� �
 V+�
 i�:
�� �`1=9 �8" T^���&��& =%!� x �&��& �P x ��3� �& T%!��
^�� �� =y = ±b

√
�− x�/a� ��+	� �� =��.� V+!�� ������

A(x) = �x × �& %!� �&��& �4� �+;	�� % ��� T2��4
^�� �� T��� =� ≤ x ≤ a �
 V���� �B�� _+� < �b

√
�− x�/a�

2��4

A′(x) = � ⇔ �b

√
�− x�

a�
+ �bx

−�x
a�

�

√
�− x�

a�

= �

⇔
(
�− x�

a�

)
− x�

a�
= �

⇔ x� =
a�

�
⇒ x = a

√
�

�

�8��� �& �B�� �& =%!� ��
]� 
@L�& �& U&�� ^+8� �@;N� ���� �

V��+S�� ��+	� A(a) = � < A

(
a
√
�

�

)
= �ab TA(�) = �

x = Ǳ�L� �& %!� �ab �&��& 
L�& ^�� �� A(x) ���N� �e
�� �

=�P��� �� a

√
�/�

��5" �& �<�� ���+� '� �O�& �k.+N	�� ���& �!���: 2�  �N�
�� �d ���& �C����� �$ �� �
 V+���& V+P����� =��" ��_�<d R
���+� ^�� v��X� 
��B ���& �� ����"<� ^��	�& �� V+�
 {j�
c��+�
 �& Y;! '� ����� 2�" �8��� Y+��� -��<d VP��:
UD�� L� �74�: U&�� �& < V+N	�� {!��� ������ ���C�5" �@ �<�L

=���� c�85� {!��� T���
�� ��� UD�� �� ���+� �<� 
@��B �� U/�< �;N� '� �74�: �S�
�d �� �
 l =

√
x� +R� �]Q < l� = x� + R� 
�G�d TV+���& l

^�� �& �
 ���� ���N� �S� =%!� ���+� _
�� �� ��� UD�� �@ 74�: x
�7��� i�: �&��& 
�G�d TV+���& A(x) �� �!��� �;N�

A(x) ≈ cos θ =
R

l
=

R√
x� +R�

�� k ���C ��+	� �� TA(x) ≈ �/l� = �/(x� + R�) _+� <
�
 ��"�� %:�� ���$

A(x) = k × R√
x� +R�

× �

x� +R�

=V+�
 ����	�
� � ≤ x i�: �& �� A(x) U&�� %!� �:�
 mH
��p�� ^�� ���&

A′(x) = � ⇔ kR

(−�
�

)
(�x)(x� +R�)−�/�

⇔ x = �

# 9�!36�F +��N� 6� J(K� �!36�F H��
<�'
 !D�� 9�MT)3

=��"�� 
���	!� �	5�4 < ���&��
 ����� L� ���+�& �� M	��
����& =V+�
�� �h��� �� �d L� ��
��! < Z�� ���.� ��$ ��u ��
^�� {Q�/ =���� ��: 2�CfX� �& L�+� ����B ���Q�e� �
 %!�
���D� ����	�
� �h��� �& T���d ���& 2��4 L� mH T�h���

=���"��

>) U7� �& < U&�� �8" �& ��N� �@ 5;/ 2�d ��	
� �����
'$�
 U&�� ���$ ����& �& V+P����� =%!� ��+	�� �� �	��	��!
^�� =V+�
 �+�� �� �L�& < � ����+" �@ D5B TU&�� ^�� ��! ���$ L�

=��" �e
�� ��
]� �@ D5B V� �� V+P� ����� ���G$ �� ��

��B ���5&�� U7� ,�X V+�
�� i�: T��p�� ^�� ���&
`1=9 �8" �&x �"�& x �&��& i<��� U&�� �@"�S ���$ L� 
�"
V (x) = x × (�� − �&��& �4� �@ D5B V� =w��" �B�� [Q�
mH =� ≤ x ≤ �� �
 V���� �B�� ^+�t.P =��& �P��� �x)�
^�� ���& =V+�
 ����	�
� [�;��] 
@L�& �& �� V (x) U&�� %!� �:�


V+�
�� �D!�3� �� V (x) ��p��

V ′(x) = (��− �x)� − �x(�� − �x)

�
 %!� ��5� ^�� �& V ′(x) = � T^���&��&
�

�� 
�" ��3� �+;	�� w� ����+" �@ D5B w[Q�
�A+&

V ′(x) = � ⇔
[
��− �x = �

��− �x− �x = �

⇔
[
x = ��

x = �

=�"�&�� ��
]� 
@L�& �� U&�� ^�� ^+8� �@;N� x = � T��+	� ��
����N� �� V (��) < V (�) TV (�) ����N� %!� �:�
 ^���&��&
�&��& [�;��] 
@L�& �& V (x) ���N� �e
�� T�@�+	� �� =V+�

�4� x = � Ǳ�L� �& �
 %!� {58� �	� �	��! V (�) = ����

=��"��

I)
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�d %C�! {58� �& ��(& �	�
 '� %��! v�j� wF
�& �	��7+
 �) %C�! �� �
 V+����� =%!� {!��	�
|��(� < %!� %C�! �� ����� F) %��! %.+/ T%C�!
%C�! �� ����� 91) �& �Q�& w%C�! L� �N	��x �G��
�P �� |��(� ��.�� �	�
 L� �	C�! �$ �� =��"��
�� |��(� �
 ��.�� -��& �P��� ^��	�& ��! L� �	��7+


-��& �P��� ��N$ %C�! �P

��.�� �
 �+�
 V!� ���$ �	!�� s� P = (�,�) �@;N� L� wI
��
�� ��B 2�j	(� ��P��3� �<� �
 �� �	De� 2�5;/

=�"�& ^��	.


�d L� �H H ������ < R 
@�C�/ ��5" �& �X<�(� [+/ '� w1
��5" =�	:��� [+/ ^�� �� ^+G�! �Q�7S '� =%!� 
�"
�& T�d ^8.� V� ^��	S�_& �� �"�& ���& ��N$ �Q�7S ^��
|��� 
��D��� [+/ L� T�Q�7S ^�� 
@�" �<�X�l W(& {D!

-��"

 �(	E�M .�
�A I��

^++5� ��"�� �	 �� �& �� U&��� ��
 � �
 V���� � %.�/ ��
L� ����� ���S ^�� �� =�P�� �� ���&� %Q� �8��� �& �<��� T��

�P\<� ^�� =�" 
���	!� �D��� < �L�� VP \<� ���& ����"<�
�!�H �<�& �h��� L� �5+!< �@ 	!� < ��	�P %��<�3� ����� _+�
�"�
 �@ +A/ L� �N;�� ����+	� �
 ,�	+H�P 
�h�/ =���� �P���

=%!� �7��� ^�� �!�H T%!�
∞
∞ �: �

�
Z[�
 �!�� �� lim

x→x�

f(x)
g(x)

�9" ����� �����
�/�4 ��� �!4" �� ��<�= .�	�� �/�/
 lim

x→x�

f ′(x)
g′(x)

4 �
�1����
@�	���
 ��"�� �
4� �� 4 ��"�

V���� �

�
%Q� �� A7��S"

lim
x→x�

f(x)
g(x)

= lim
x→x�

f(x) − f(x�)
g(x) − g(x�)

= lim
x→x�

f(x)−f(x�)
x−x�

g(x)−g(x�)
x−x�

=
f ′(x�)
g′(x�)

V���� ∞
∞ %Q� ���� ��

� = lim
x→x�

f(x)
g(x)

= lim
x→x�

�

g(x)

�

f(x)

(�)
= lim

x→x�

− g′(x)
g�(x)

− f ′(x)
f�(x)

= lim
x→x�

g′(x)
f ′(x)

×
(

lim
x→x�

f(x)
g(x)

)�
= ��. lim

x→x�

g′(x)
f ′(x)

�

�
%Q� L� w�x �� �8��� Y+��� =� = lim

x→x�

f ′(x)
g′(x)

^���&��&
� =V��
��.� 
���	!�

��� ��_+� T���+& ^8.� �@;N� ^���^+h�H �& ���� UD�� �S� ��5�
=��" �B�� J=9 �8" �& =��& �P��� �e
�� �d ��(&

�
�d �<� ����"<� ���+� < c���: � J=9 �8"

�
 �� y < x %De� ��C <� ��.�� ���N� ^��	.
 2�  �N�
=V+�
�� ^++5� T%!� a%&�E �&��& ���d ��A74� 

�p� �� �� U.B �4� U&�� =y = a/x ^���&��& Txy = a ��$
f ′(x) = � ��" 2��4 ^�� �� =f(x) = x + a/x V��+S��
x = ±√

a �� x� = a ��+	� �� T%!� � − a/x� = � ��5� �&
^+8� �@;N� ���� x =

√
a mH T%!� 
�" i�: x > � ��$ �


��� =�"�&�� �7���

f ′′(
√
a) =

�a

x�

∣∣∣∣
x=

√
a

=
�√
a
> �

��5� =%!� y = f(x) �5��� ��.+�+� '� x =
√
a mH =

���N� �/�� ����� x = y =
√
a Ǳ�L� �& �p� ���� ��.��

=%!� �√a �&��& ���N� ^�� < �"�&��

������ �����

�
 �+����& ���$ ��C <� ��.�� 2��4 �& �� 1 ��C w�
=�"�& ^8.� ���N� ^��	8$�
 ���d 2�D58� ��.��

�� �8� �d TS i<��� % ��� �& ��P�+;	�� U+.B L� w0
=�+�
 ^++5� %!� s+3� ^��	.
 ����� �


�d 
@�h�/ �
 ���+G& �p� �� �� ��
�h�NQ� �7e� ����� w>
U7� ,�X =%!� V V� ����� T%!� �fAQ� �<��	�
���N� ^��	.
 �d �
 % ��� �� �"�& ���& ��N$ �d 
@�C�/

-�"�& ^8.�

��3� V� ^��	�+& �& ������	!� TR ��5" �& ��
�
 �� w9
=�+�


���& �	��	��! 0) ,�X �& ��Q�� �& �X<�(� [+/ '� w6
�� �"�& ���& ��N$ �<�(� ^�� ������ =��" �	��!

-��" �4� ^8.� V� ^��	S�_&

I�
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��) lim
x→�

ln(cos(ax))
ln(cos(bx))

, ��) lim
x→�+

xx − x

lnx− x+ �
,

�	) lim
x→�+

(
xx

x − �

)
, ��) lim

x→π/�
(tanx)tan(�x),

�
) lim
x→�

ex − x�

�
− x�

�
− x− �

cosx+ x�

�
− �

,

��) lim
x→�

(�+ x)�/x − e

x
, ��) lim

x→�+

( (�+ x)�/x

e

)�/x�
��) lim

x→∞

(
�
√

(a+ x)(b + x)(c+ x) − x
)
,

��) lim
x→∞

{
�
√
x� + x� + x+ �

− �
√
x� + x+ �× ln(ex + x)

x

}
.

6�'	4 �� 	@A �U��

�
 ��"�� n�;� ,��! ^�� T��	�P ��7	(� ����� ����� U&���
�� -��
 
���	!� ��
��! U&��� L� ��
�+t+H U&��� ���& ������ ��d
^���
��! �����7.B ��$ �8��� �& �B�� �& =�D��N� �8" �& �/�� 
U&�� ������ ��d �
 V+�
�� n�;� �� ,��! ^�� T��	�P U&��� ���
�& x = x� i<��� �@;N� �G���.P �� �� y = f(x) i<���
^��	�& T%!� ^+�$ �S� -�L {��N� n �@ D��� L� ���7.B ��$ '�

-%!� ���
 ^8.� {��N�

y = g(x) < y = f(x) �+�
 i�: ������ ���#��
< ����S�� [��5� x = x� �@;N� �G���.P �� �
 ��"�& �5&���
x = x� �� y = g(x) < y = f(x) V+h�S�� ����4 �� =n ∈ N

�� = lim
x→x�

f(x) − g(x)
(x− x�)n

= � �
 ��	�P �� n �@ D��� �����& �����

���& �� =f(x) = g(x) +O
(
(x− x�)n

)
V+������ %Q� ^��

=��"�� 
���	!� _+� f(x) ≈ g(x) ���j	�� ��.� L� U/���

3: �� y = f(x) 2��+ �9" �)/:�� �� ��� ���#��
N" (n − �) �� �+�
 �+ 7��%Q
 �"�"� x = x� ����� ," �<:�?��

A��<�= .�	�� �%	"� �/�4 ��� f (n)(x�) 4 �	��

f(x) = f(x�) + f ′(x�)(x− x�)

+
�

�
f ′′(x�)(x − x�)

� + · · ·

· · · + �

n!
f (n)(x�)(x − x�)

n +O
(
(x− x�)

n
)

@��" I:�%[� �/0 \/� �� ]:��+ I:" 4


���	!�z ��5� �& wPx ��.� T��L ������DC �� ��	
� �����
=a > � < �"�&�� y,�	+H�P \<� L�

lim
x→�

ln(�+ x)
x

P= lim
x→�

�/(�+ x)
�

= �

lim
x→a

xm − am

xn − an
P= lim
x→a

mxm−�

nxn−�
=
m

n
am−n

lim
x→∞

ax

xn
P= lim
x→∞

ax ln a
nxn−�

P= · · · P= lim
x→∞

ax(ln a)n

n!
= +∞

V�D� %Q� �
 lim
x→�

(
x

x− �
− �

lnx

)
�D!�3� ���& 2�  �N�

V+�
�� �.C ��L \<� �& T��������∞−∞

lim
x→�

(
x

x− �
− �

lnx

)
= lim

x→�

x lnx− x+ �

(x− �) ln x

P= lim
x→�

lnx+ x�/x− �

lnx+ (x− �)�/x
= lim

x→�

x lnx
x ln x+ x− �

P= lim
x→�

lnx+ x�x
lnx+ x�x + �

=
�

�

�� V�D� %Q� �& �
 lim
x→�

xsin x �D!�3� ���& 2+  �N�
�V+�
�� �.C ��L \<� �& T��������

Tlnx �G	!�+H �+Q� �& mH T� = lim
x→�

xsin x V+�
 i�:
V����

ln � = ln( lim
x→�

xsin x) = lim
x→�

ln(xsin x) = lim
x→�

sinx lnx

���
� =%!� 
�" ���D� �×∞ V�D� %Q� �& �


ln � = lim
x→�

sinx lnx = lim
x→�

lnx
�

sin x

P= lim
x→�

�

x
− cosx
sin� x

= lim
x→�

−�
cosx

×
(

lim
x→�

sinx
x

)�
× lim
x→�

x = �

=� = � �� ln � = � ^���&��&

%!�& �� ��L �<� L� '� �P ���N� ������ 
����
����<d

�) lim
x→�

ex − �

sinx
, �) lim

x→�

x− sinx
x− arctanx

,

�) lim
x→�

x− arctanx
x�

, �) lim
x→�

ax − bx

cx − dx
,

�) lim
x→�

(
arctanx

x

)�/x�

, �) lim
x→�

xne−�/x
�

,

	) lim
x→�

(
arccotx− �

x

)
, �) lim

x→�

(
�

lnx
− x

lnx

)
,


) lim
x→∞x

(
e�/x − �

)
, ��) lim

x→�

x�e�/x
�

,

��) lim
x→�+

x− ln x

(− lnx)x
, ��) lim

x→π/�−
(tanx)�x−π ,

��) lim
x→�+

x�/ ln(ex−�), ��) lim
x→�+

(
�

x

)arctan x

,

I0
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�@;N� �� �� f(x) = xex U&�� ��! �@ D��� �� ��7+� s�& w0
=���<d %!�& x = −�

�� VP� �@ D��� �� f(x) =
�
√

sinx� U&�� ���Q '� s�& w>
=���<d %!�&

V�" �@ D��� �� �� f(x) = ln
(

sinx
x

)
U&�� ���Q '� s�& w9

=���<d %!�&

��+�
 2�DE� �� ��L ����<��� L� '� �P T���Q '� s�& '.
 �&

�) ex = �+ x+
x�

�
+
x�

�!
+ · · · + xn

n!
+O

(
xn

)
�) cosx = �− x�

�!
+
x�

�!
− · · ·

· · · + (−�)n
x�n

(�n)!
+O

(
x�n+�

)
	) (�+ x)m = �+mx+

m(m− �)
�

x� + · · ·

· · · + m(m− �) · · · (m− n+ �)
n!

xn +O
(
xn

)
�)

�

�− x
= �+ x+ x� + · · · + xn +O

(
xn

)

) ln(�+ x) = x− x�

�
+
x�

�
− · · ·

· · · + (−�)n−�
xn

n
+O

(
xn

)

�� ����� L� ���& < ��
 
���	!� ������ 
��d %!�& 2�CfX� L�
=��.� � ���
��! 2��4 �&

f(x) = U&�� ���Q '� s�& 2� ��	
� ���#��
=�+�
 �D!�3� V��H �@ D��� �� �� sinx

x+ �

>=�)=9 L� w>x ,�e� < 9=�)=9�� w1x < w�x ^��.� L� =� 
�
 V��+S�� ��+	� < 
��
 
���	!�

sinx
x+ �

= (sinx)
�

�− (−x)

=

(
x− x�

�!
+
x�

�!
− · · ·

)
(�− x+ x� − · · ·)

= x− x�

�!
+
x�

�!
− · · · − x� +

x�

�!
− · · ·

· · · + x� − x�

�!
+ · · · − x� + · · ·

= x− x� +
�

�
x� − �

�
x� − ���

���
x� +O

(
x�

)

��(Q� |<L �@ D��� �� ��

√
�+ x� U&�� ���Q '� s�& 2�  �N�

=���<d %!�& �n
V���u 9=�)=9 L� I ^��.� �& �B�� �& =� 

√
�+ x� = (�+ x�)�/�

2��+ N" n �� �+�
 �/$�+ ����"� O�� K/
�6 ��"� ��� 7��� 
#?� "� 7��� I:" .x� = � �9" @Z�
���
 x = x� �� y = f(x)

@Z�
���
 G�/! 3


U&�� ����$ �@ D��� ��7+� s�& 2� ��	
� 
��#��
=�+&�+& x = � �� �� f(x) =

√
�+ x

�� y = f(x) ����$ �@ D��� �� 2�N	�� T��p�� ^�� ���& =� 
�V+�
�� �D!�3� �� x = �

f(�) = (�+ x)�/�
∣∣∣
x=�

= �

f ′(�) =
�

�
(�+ x)−�/�

∣∣∣∣
x=�

=
�

�

f ′′(�) =
−�
�

(�+ x)−�/�
∣∣∣∣
x=�

=
−�
��

f (�)(�) =
�

�
(�+ x)−�/�

∣∣∣∣
x=�

=
�

���

f (�)(�) =
−��
��

(�+ x)−�/�
∣∣∣∣
x=�

=
−��
����

���+	� ��

f(x) = �+
�

�
(x − �) +

−�
�× ��

(x− �)�

+
�

�× ���
(x − �)� +

−��
��× ����

(x− �)�

+O
(
(x − �)�

)
�� f(x) = sinx U&�� 
��(Q� �@ D��� �� ���Q '� s�& 2�  �N�

=���<d %!�&
Tf ′′(x) = − sinx Tf ′(x) = cosx �8��� �& �B�� �& =� 

�
 V��+S�� ��+	� f (�)(x) = f(x) < f (�)(x) = − cosx

f(�) = f (�)(�) = · · · = f (�n)(�) = �

f ′(�) = f (�)(�) = · · · = f (�n+�)(�) = �

f ′′(�) = f (�)(�) = · · · = f (�n+�)(�) = �

f (�)(�) = f (�)(�) = · · · = f (�n+�)(�) = −�

^���&��&

sinx = �+ x+ �− x�

�!
+ �+

x�

�!
+ �− x�

	!
+ · · ·

= x− x�

�!
+
x�

�!
− x�

	!
+ · · ·

· · · + (−�)n
x�n+�

(�n+ �)!
+O

(
x�n+�

)

�@;&�� �& U&�� ��! �@ D��� ��7+� s�& 2� ������ ���#��
=���<d %!�& x = � �� �� f(x) =

x+ �

x− �

I>
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U&��� ���Q '� s�& L� 
���	!� �& 2� ��	
� ���#��
V���� Tex < cosx

lim
x→�

cosx− e−x
�/�

x�
=

= lim
x→�

�

x�

{(
�− x�

�
+
x�

��
+O

(
x�

))

−
(
�− x�

�
+
x�

�
+ O

(
x�

))}

= lim
x→�

�

x�

(
x�

��
− x�

�
+O(x�)

)

=
�

��
− �

�
=

−�
��

V���� Tex < sinx U&��� ���Q '� s�& L� 
���	!� �& 2�  �N�

lim
x→�

ex sinx− x(�+ x)
x�

=

= lim
x→�

�

x�

{(
�+ x+

x�

�
+
x�

�
+O

(
x�

))
×

×
(
x− x�

�
+O

(
x�

))
− x(�+ x)

}

= lim
x→�

�

x�

(
x�

�
− x�

�
+O

(
x�

))
=
�

�
− �

�
=
�

�

��+�
 �D!�3� �� ��L �<� L� '� �P ������ ���#��

�) lim
x→�

(
�

x
− �

sinx

)
�) lim

x→�

�x + �−x − �

x�

�) lim
x→�

sin(sinx) − x
�
√
�− x�

x�

�) lim
x→�

�− (cosx)sin x

x�

+	N7�!/�� ����

x = x� �� y = f(x) �+�
 i�: ������ ������
�@;N� �� y = f(x) U&�� V+h�S�� 2��4 ^�� �� T%!� ��]KN	��
x = x� �@;N� �� �d �+������� < %!� ��]H �+������� x = x�

�
 TV+�
�� [��5� df |x� = f ′(x�)dx 2��4 �& ��

dx = �x = x− x�

�%!� 
�+a	� <� �5&�� df ^���&��&

df : (x, x�) �→ f ′(x�)(x− x�)

= �+
�

�
x� +

(�/�)(�/�− �)
�

(x�)�

+
(�/�)(�/�− �)(�/�− �)

�
(x�)� + · · ·

= �+
x�

�
− x�

�
+
x�

��
− · · ·

+
(
�

n!
•
�

�
•
−�
�

•
−�
�

• · · ·

· · · •
−(�n− �)

�

)
x�n +O(x�n)

= �+
x�

�
− x�

�
+
x�

��
− · · ·

· · · + (−�)n(�n− �)!
��n−� • (n− �)!

x�n +O(x�n)

������ !��#��

=�+&�+& �� f(x) =
x� + �

x� − �
VP� �@ D��� ���Q '� s�& w�

�� f(x) =
x

ex − �
U&�� VP�_+! �@ D��� ���Q '� s�& w0

=�+&�+&

�� f(x) = sin(sinx) U&�� ��! �@ D��� ���Q '� s�& w>
=�+&�+&

��+�
 2�DE� �� ��L �D��N� ������DC L� '� �P

�)
�

R�
− �

(R+ x)�
≈ �x

R�

�) �

√
�+ x

�− x
− �

√
�− x

�+ x
≈ �

�
x

�)
ln�

ln(�+ x/���)
≈ 	�

x

��� �+Q� =��
 
���	!� ������ �<� �@ D!�3� �� ��7+� s�& L�
=V���
 ��� �d L� � %.�/ �� fk D/ �
 %!� ��L �+A/

�S� �(I)� �6 (	S�/��> 4��/� ? ) "��#��
'� �� y = f(x) U&�� �� (n − �) �@ D��� �� �h_B 2�N	��
�	"�� ��B< _+� f (n)(x�) < ��"�& ��B�� x = x� L� �G���.P

�
�G�d T�"�&

f(x) −
{
f(�) + f ′(�)x +

�

�
f ′′(�)x� + · · ·

· · · + �

(n− �)!
f (n−�)(�)xn−�

}
∼ �

n!
fn(�)xn

I9
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Tx� = � < f(x) = cosx V+�
 i�: ��	
� !�����
x� �@;N� �� f �� k �@ D��� s�& �� y = gk(x) �S� 2��4 ^�� ��


�G�d T�"�&

g�(x) = �,

g�(x) = g�(x) = �− x�

�
,

g�(x) = g�(x) = �− x�

�
+
x�

��
,

V+!�� �� � ≤ k ≤ � �& gk < f U&��� �`�)=9 �8" ��
=V��
��.�

U&�� �� k �@ D��� �� ��7+� s�& ���� �P �� ������ "�����
L� �G���.P '� �� �� ���d < �	:�� �� x = x� �@;N� �� y = f(x)

��+�
 V+!�� x = x�

�) f(x) = x sinx, x� = �, k = �.

�) f(x) = x� − �x+ �, x� = �, k = �.

�) f(x) = x� − sinx, x� = �, k = �.

�) f(x) =
x− �

x+ �
, x� = �, k = �.

+,	� -� .��/(0� ����

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

i�: �X �B� FG	� ^� Y�*� �� ;�	A� ������
=V��
��.� [��5� �K+� s+3� �� fk D/ �� y = f(x) U&�� �+�


���	!� diff(f(x),x) ��	!� L� U&�� ^�� M	�� �@ D!�3� ���&

=V+�
��
��	!� L� f(x) U&�� �� n M	�� �@ D!�3� ���&

=V+�
�� 
���	!� diff(f(x),x$n)
��.� sN: TV+�
 
���	!� Diff L� diff ���& �t���$
�P��(� 2��4 ���D!�3� < �" �P��� �4� ��+GN	��

=%:��]H

��+�
 �B�� ��L n�" �&Z�� ���� ��$ �& ��	
� ������

diff(xˆ2 − 3 ∗ x + 1, x)
�K+�−→ 2x − 3

diff(sin(1 − 2 ∗ x), x$3)
�K+�−→ 8 cos(1 − 2x)

Diff(sin(1 − 2 ∗ x), x$3)
�K+�−→ ∂3

∂x3
sin(1 − 2x)

U&�� ����.� �& c�.� s� �S� �2�456 ��;�� ������
�d ���	�� �� < 
��.� V!� �� x = x� �@;N� �� y = f(x)

�V+!��� y = f(x) ���& �D��N� ���N� '� �& TV+�
 %
� 
c�.� s� �& ��54 ��_+� df |x� T��5� =f(x) ≈ f(x�)+ df |x�
=��
�� �++a� Δx 
@L���� �& x� L� �+a	� �
 ���G�P T%!� U&�� �&

=��" �B�� [Q�`�)=9 �8" �&
�

�@ D��� ���;�& w� �+������� �!��P �+D5� w[Q�
i<��� U&�� '� �O�&

��]KN	�� y = g(x) < y = f(x) �S� ����� 
�����
2��4 ^�� �� T��"�&

�) d(af) = adf, �) d(f ± g) = df ± dg,

�) d(fg) = gdf + fdg, �) d

(
f

g

)
=

�

g�
(gdf − fdg),

�) d(f(g)) = f ′(g)dg.

=��� V+.5� ������ ��L �8" �& �� �+������� �����

n �@ D��� M	�� ����� y = f(x) U&�� �S� ������ ������
�& < 
��� ���� dnf ��.� �& �� �d �� n �@ D��� �+������� T�"�& ��
L� 
���	!� �& =dnf = f (n)(x)dxn �V+�
�� [��5� ��L 2��4

�%"�� ������ ���
��! 2��4 �& �� ��7+� �@ +A/ T����� ^��

'� �� y = f(x) �S� �)/:�� �� ��� &4U� C	�G ������
f (n)(x�) < �"�& �	"�� �� n �@ D��� M	�� x = x� L� �G���.P


�G�d T�"�& ��B��

f(x) = f(x�) + df |x� +
�

�
df�

∣∣∣
x�

+ · · ·

+
�

n!
dfn|x� +O ((x− x�)

n)

�@;N� �� y = f(x) U&�� �� k �@ D�_� ��7+� s�& g(x) �t���$
y = g(x) U&�� �.� L� %!� 2��DC dkf

∣∣∣
x�

�G�d T�"�& x = x�

��" �B�� =Δg
∣∣∣
x�

= g′(x�) dx T�G�� ��+& �& =x = x� �@;N� ��
%Q� �� T%!� %!�� s� '� y = g(x) Tk = � %Q� �� �


= = = < %!� �.�! '� y = g(x) Tk = �

I6
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�& y = f(x) U&�� ��.+�+� �@ D!�3� ���& �&��� 2��4 �&

���	!� minimize(f(x),{x},{x=a..b}) ��	!� L� [a; b] 
@L�&
�& y = x� − �x U&�� ��.+�+� < ��.�_
�� T���.� ���& =V+�
��

L� �����DC {+��	& [−�;�] 
@L�&

maximize(xˆ2 − 3x, {x}, {x = −1..1}) �K+�−→ 4

minimize(xˆ2 − 3x, {x}, {x = −1..1}) �K+�−→ −2

s�& �@ D!�3� ���& �FG	� ^� )/:�� 9$G !�����
��	!� L� x = a �@;N� �� f(x) i<��� U&�� �� n �@ D��� ��7+�
s�& T���.� ���& =V+�
�� 
���	!� taylor(f(x),x=a,n+1)

L� %!� 2��DC x = � �@;N� �� �/x U&�� �<� �@ D��� ��7+�

taylor(1/x, x = 1, 3)
�K+�−→ 1 − (x − 1) + (x − 1)2 + O(x3)

��
 %!� ��5� ^�� �& �K+� �� O
(
(x − x�)n

)
��.� ��" �B��

O
(
(x− x�)

n−�
)

�	��	��� c��d �� � "�����
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

y = f(x) U&�� �S� �25�O FG	� Y�*� 
�����

�" �:�5� ��.� �8" �& F (x, y) = c �@;&�� '.
 �&
��	!� L� x {� �& y �� n �@ D��� M	�� �@ D!�3� ���& T�"�&
���& =V+�
�� 
���	!� implicitdiff(F(x,y)=c,y,x$n)
%D�� y ��! M	�� 2��4 ^�� �� Tx� + y� = � �S� T���.�

�& %!� �&��& x �&

implicitdiff(xˆ2 + yˆ2 = 1, y, x$3)
�K+�−→ −3

x(x2 + y2)
y5

y = f(x) U&�� �S� �(����)	J FG	� Y�*� ������
��	���H �8" �& y = V (t) < x = U(t) s&�<� '.
 �&
L� x{� �& y �� n �@ D��� M	�� �@ D!�3� ���& T�"�& 
�" �:�5�
implicitdiff({x=U(t),y=V(x)},{y,t},y,x$ n) ��	!�
�� Ty = t� − � < x = sin(t) �S� T���.� ���& =V+�
�� 
���	!�

�& %!� �&��& x �& %D�� y ��! M	�� 2��4 ^��

implicitdiff({x = sin(t), y = tˆ2 − 1}, {y, t}, y, x$3)

�K+�−→ �
� sin t cos t+ t cos� t+ � sin� t

cos� t

��.�_
�� �@ D!�3� ���& �FG	� ./���$'� ������
��	!� L� [a; b] 
@L�& �& y = f(x)

maximize(f(x),{x},{x=a..b})

=V+�
�� 
���	!�

IF



� ���

 �!��" #$
��"$

�� x ∈ (a; b) �P ��L� �& �
 ���� ��B< �� C �	&�E ��C
=F�(x) = F�(x) + C

�� =x ∈ (a; b) �
 Tg(x) = F�(x)−F�(x) V+�
i�: `b�)-!
(a; b) �& _+� g(x) TF�(x) < F�(x) ���]KN	�� �+Q�& 2��4 ^��
�� x ∈ (a; b) �P Ǳ�L� �& i�: M&�;� T
<f5& =%!� ��]KN	��

g′(x) = F ′
�
(x) − F ′

�
(x)

= f(x) − f(x) = �

� =%!� %&�E (a; b) �& y = f(x) mH

U&�� ���& �+Q<� U&�� '� y = f(x) �S� ��U��- �����
�@ +Q<� U&��� ��.� �@C�.�� 
�G�d T�"�& (a; b) 
@L�& �& y = f(x)

={F (x) + C |C ∈ R} L� %!� 2��DC (a; b) �& y = f(x)

U&�� ���& �+Q<� U&�� '� y = F (x) �S� �&�&)��� �����
U&��� �@.P �@C�.�� 2��4 ^�� �� T�"�& (a; b) 
@L�& �& y = f(x)

�& {F (x) + C |C ∈ R} ���& �� (a; b) 
@L�& �& y = f(x) �@ +Q<�
�V+������ ��5� =V+P��� ���� F (x) + C ��.�

∫
f(x) dx = F (x) + C (a < x < b)

O�& ��+	� �� (a; b) 
@L�& ���& �$��K8� ��" ��	
� !����
,�e� ����C �& T���L =%!� ���_Q�

F�(x) =
�

x
< F�(x) =

{
�/x+ � x > � �S�
�/x x < � �S�

(−∞;�)∪ (�;∞) �@C�.�� �& f(x) = ln |x| U&�� ��+Q<� U&���
�
 �Q� �� T��	�P

F�(x) − F�(x) =
{
� x > � �S�
� x < � �S�

�
 %!� �Q�@�� ^�� � �j: ^�� L� v�P

� 5 &� � � �d T� "� & i<� � � y = f(x) U &� � � S�z
=yF ′(x) = f(x) �
 %:�� ������ y = F (x)

�@ ��p�z ���& ���&��
 < {Q�B ��+�& �@ ��p� '� L�ld �Q�@�� ^��
�d �<�& �5& �j: �� �8��� �/� � =%!� y�+������� 2O��5�

=��� ����� �����.� �����$ ��


5�!�4 ��%

=(a; b) ⊆ Df < y = f(x) �+�
 i�: ���� � FG	� �����
(a; b) �� y = f(x) &!�� '�(
! ���� ����4 �� �� y = F (x) U&��

=F ′(x) = f(x) �� x ∈ (a; b) �P ��L� �& �
 V+h�S

�+Q<� U&�� '� F (x) =
√
�− x� 2� ��	
� �����

=%!� (−�;�) 
@L�& �& f(x) =
−x√
�− x�

U&�� ���&
f(x) = cosx U&�� ���& �+Q<� U&�� '� F (x) = − sinx 2�  �N�

=%!� R = (−∞; +∞) �&
�& f(x) = �/x U&�� ���& �+Q<� U&�� '� F (x) = lnx 2�  �N�

=%!� (�; +∞) 
@L�&
U&�� ���& �+Q<� U&�� '� F (x) =

�

�
ln

∣∣∣x� − x+ �

x� + x+ �

∣∣∣ 2�  �N�

=%!� R �& f(x) =
x� − �

x� + x� + �

�
 ��$ T����� ���+Q<� U&�� ?+P R �& f(x) = [x] U&�� 2+  �N�
�
 ��5� ^�� �& T%!� ���+� ���N� %+4�� ����� U&�� �P M	��
=%:�S �P��� _+� �� ���d ^+& ����N� �@.P T��+G& �� <� M	�� �S�
=�+� �� �/� ���N� �Q< ��+S�� �� � < � ����N� [x] �
 �Q� ��

<� y = F�(x) < y = F�(x) �S� ����� 
����

�G�d T�"�& (a; b) 
@L�& �& y = f(x) U&�� ���& �+Q<� U&��

II
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�)
∫

sinxdx = − cosx+ C,

�)
∫

cosxdx = sinx+ C,

�)
∫

secxdx = ln
∣∣∣tan

(π
�

+
x

�

)∣∣∣ + C,

(
x 
= k

π

�
, k ∈ Z

)
	)

∫
cscxdx = ln

∣∣∣tan
( x
�

)∣∣∣ + C,

(x 
= kπ, k ∈ Z)

�)
∫

sec� xdx = tanx+ C,

(
x 
= k

π

�
, k ∈ Z

)

)

∫
csc� xdx = − cotx+ C,

(
x 
= kπ , k ∈ Z

)
��)

∫
dx

x� + a�
=
�

a
arctan

(x
a

)
+ C,(

a 
= � , x 
= k
aπ

�
, k ∈ Z

)
��)

∫
dx

x� − a�
=

�

�a
ln

∣∣∣∣x− a

x+ a

∣∣∣∣ + C,

(a 
= �, x 
= ±a)

��)
∫

dx√
x� + a�

= ln
∣∣∣x+

√
x� + a�

∣∣∣ + C

��)
∫

dx√
x� − a�

= ln
∣∣∣x+

√
x� − a�

∣∣∣ + C,

(
|a| < |x|

)
��)

∫
dx√

a� − x�
= arcsin

(x
a

)
+ C,

(
a 
= � , −a < x < a

)
��)

∫ √
x� + a� dx =

x

�

√
x� + a�

+
a�

�
ln

∣∣∣x+
√
x� + a�

∣∣∣ + C,

��)
∫ √

x� − a� dx =
x

�

√
x� − a�

−a
�

�
ln

∣∣∣x+
√
x� − a�

∣∣∣ + C,
(
|a| ≤ |x|

)
�	)

∫ √
a� − x� dx =

x

�

√
a� − x�

+
a�

�
arcsin

(x
a

)
+ C,

(
a 
= � , |a| ≤ |x|

)
��)

∫
dx
n
√
x

=
n

n− �

�

n
√
x�−n

+ C,
(
� < x

)

=(a; b) ⊆ Df < y = f(x) V��+S �����	- ���E�-� "����
 !���"! �� (a; b) 
@L�& �& y = f(x) U&�� �@ +Q<� U&��� �@.P �@C�.��

��.� �& < 
�+��� (a; b) �� y = f(x) �����"∫
f(x) dx (a < x < b)

�
u L� T�"�& ^8.� �@C�.�� ^��	S�_& (a; b) �S� =V+P��� ����
=∫ f(x) dx V+������ ���� < 
��
 ������� �d

%!� ^"<� =V+�����  !���"! I�0(! �� ω = f(x) dx 2��DC

�G�d T�"�& y = f(x) ���& �+Q<� U&�� '� y = F (x) �S� �


=��"�� �&��& ω �& F (x) �+�������

��� ���� ������ %Q��! �& ��	
� �����
�)

∫
x� dx =

�

�
x� + C,

�)
∫
�

x
dx = lnx+ C, (x 
= �)

�)
∫

[x]dx = ∅,

�)
∫

�√
�− x�

dx = arcsinx+ C, (−� < x < �).

9!	DO�!D(7� �� O��N� ��%


L���� ��.P �& ����!�@	� =�" n�;� M	�� �Q�@�� �D/ W(& ��
M:���� Ok �.5� < %(! ��+GQ��G	�� T%!� M:�� ��+GN	�� �

�+������� 2O��5� ����� L� �����.� �Q�@�� ^�� ���L �%!�
L� ���+.X� 2��4 �� �	 �+Q� ^+.P �& T(y′ = f(x)) %!�
�8��� �& Tfk e� ��"�& ,�3� %!� ^8.� �d ^	:�� T���B ��B<
U&�� ?+P �Q< T%!� �+Q<� U&�� ����� y = sinx/x U&�� V+�����

=V+!��"�.� �� ��" sinx/x �&��& �d M	�� �������N�
=%!� M	�� �& %�SL�& \<� �& ��+GQ��G	�� �Q�@�� � 
,��G	�� �& UB�� ���CfX� < 
��
 
���	!� �7D/ 2�CfX� L� T��5�
���H ���Q���: L� ,<�B '� n�X �& ��
 ^�� =V��<d�� %!�&
Y+��� ��
��! U&��� {� �& �� 
�+t+H U&��� �
 �+A/ ����5� <

=���]H�� ����� T��P���

V���� T��+GN	�� �& �����	- ���E�-� � 4K �����

�)
∫
xadx =

xa+�

a+ �
+ C,

(
− � 
= a ∈ R

)
�)

∫
dx

x
= ln |x| + C,

(
x 
= �

)
�)

∫
axdx =

ax

ln a
+ C,

(
a > �

)
�
′)

∫
exdx = ex + C,

I1
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=
∫

�√
x+ �−√

x− �

√
x+ �+

√
x− �√

x+ �+
√
x− �

dx

=
∫ √

x+ �+
√
x− �

(x+ �) − (x− �)
dx

=
�

�

∫ (√
x+ �+

√
x− �

)
dx

=
�

�

√
(x+ �)� +

�

�

√
(x− �)� + C


�G�d x 
= −� �S� 2�  �N�∫
x�dx

x+ �
=

∫ (
x� − x+ �− �

x+ �

)
dx

=
∫

(x� − x+ �) dx −
∫

dx

x+ �

=
x�

�
− x�

�
+ x− ln |x+ �| + C


�G�d x 
= �kπ + π/� �S� 2+  �N�∫
tan� xdx =

∫
sin� x
cos� x

dx

=
∫
�− cos� x

sin� x
dx

=
∫

(sec� x− �) dx

=
∫

sec� xdx−
∫
dx

= tanx− x+ C

�� x �P ��L� �& 2#  �N�∫
sin� xdx =

∫
�− cos(�x)

�
dx

=
�

�
x− �

�
sin(�x) + C


�G�d kπ − π/� < x < kπ + π/� �S� 2%  �N�∫
dx

�+ sinx
=

∫
dx

�+ sinx
�− sinx
�− sinx

dx

=
∫

�− sinx

�− sin� x
dx

=
∫
�− sinx
cos� x

dx

=
∫

sec� xdx +
∫ − sinx

cos� x
dx

=
∫

− (ln | cosx|)′ dx+
∫

−
(

�

cosx

)′
dx

= − ln | cosx| − �

cosx
+ C

�� x �P ��L� �& 2*  �N�∫ √
�+ cosxdx =

∫ √
� cos�

( x
�

)
dx

=
√
�

∫
sgn

(
cos

(x
�

))
cos

( x
�

)
dx

= �
√
�sgn

(
cos

( x
�

))
sin

(x
�

)
+ C

�
)
∫

dx

x
√
x� − a�

=
�

a
sec−�

∣∣∣x
a

∣∣∣ + C,

(
|x| > |a| , a 
= �

)
��)

∫
dx

x
√
a� − x�

= −�
a

sech−�
∣∣∣x
a

∣∣∣ + C,

(
� < |x| < |a| , a 
= �

)
��)

∫
dx

x
√
x� + a�

= −�
a

csch−�
∣∣∣x
a

∣∣∣ + C,

(
x 
= � , a 
= �

)
T
∫
f(x) dx = F (x) + C �
 ����4 �� ����� �����


�G�d T�"�& ��4 [Q�(� ���C a <
∫
g(x) dx = G(x) + C

�)
∫

(f(x) + g(x)) dx = F (x) +G(x) + C

�)
∫
af(x) dx = aF (x) + C

�)
∫
f(ax+ b) dx =

�

a
F (ax+ b) + C

2��DC %!�� %.! �� �
 ��" �B�� �TW�&&	� 
����
�S� U/�< �� =%!� 
�" 
��� ���� �C�.�� '� �7
 �8" T,<�
A+B := 2��4 �& �� ���d U.�74� T��"�& �C�.�� <� B < A
'� ��A74� =V+�
�� [��5� {a + b | a ∈ A , b ∈ B}
[��5� αA := {αa | a ∈ A} 2��4 �& �C�.�� '� �� ��C
�� C �
u L� T,��G	�� ����� � �� �
 ��"�� �+4�� =���S��
^�� =���S �
u C ��d s� �� < ��"�� ������� �����H �@ 7 ��

=�L�!�� ��
��! �� �4� ����<��� ����/�& �+B�� ��


V���� T�
]Q� r�: {Q�;� �& �B�� �& ��	
� �����

�G�d x 
= � �S� 2�  �N�

∫
�x� + �x− �

x
dx = �

∫
xdx + �

∫
dx−

∫
dx

x

= �
x�

�
+ �x− ln |x| + C


�G�d x 
= � �S� 2�  �N�
∫ (

x+
�

x

)�

dx =
∫ (

x� + �x+
�

x
+
�

x�

)
dx

=
∫
x�dx+ �

∫
xdx + �

∫
dx

x
+

∫
dx

x�

=
x�

�
+ �

x�

�
+ � ln |x| − �

�x�
+ C


�G�d x > � �S� 2�  �N�∫
dx√

x+ �−√
x− �

=

IJ
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!	V(� !		V4 ;#6 �3 9!	DO�!D(7� ��%
∫
f du =

∫
f(x) du(x) L� ��p�� �&�& )��� ��
��

��]KN	�� �5&�� u(x) T����� �� =%!�
∫
f(x)u′(x) dx ,��G	��

=%!� 
��(Q� <

�5&�� u(x) <
∫
f(x) dx = F (x)+C �S� ����� ��
��

=
∫
f(u) du = F (u) + C 2��4 ^�� �� T�"�& ��]KN	��

�
 V+�
 �B�� %!� �:�
 `b�)-!

{F (u)}′ = u′(x)F ′(u) = u′(x)f(x)

� =f(u) du = u′(x)f ′(u(x)) dx _+� <

,��G	�� ����� � ���& �� _�<d%!� ^��	S�_& T�+A/ ^��
=%!� ^+5���

u = x� + �x + 	 V+�
 i�: �S� 2� ��	
� 
�
��
��+	� �� < du = (�x + �) dx 
�G�d∫

�x+ �

x� + �x+ 	
dx =

∫
du

u
= ln |u| + C

= ln |x� + �x+ 	| + C

du = tanxdx 
�G�d u = ln | secx| V+�
 i�: �S� 2�  �N�
��+	� �� <∫

tanxdx
ln | secx| =

∫
udu =

u�

�
+ C

=
�

�
ln� | secx| + C

Tdu = −�exdx 
�G�d u = �− �ex V+�
 i�: �S� 2�  �N�
^���&��& Texdx = −du/� ��∫

ex sin(�− �ex) dx =
∫

sinu
(−�
�

du

)

=
−�
�

∫
sinudu =

�

�
cosu+ C

=
�

�
cos(�− �ex) + C

< du = dx/ cos� x 
�G�d u = tanx V+�
 i�: �S� 2�  �N�
^���&��&∫

�
√

tanx
cos� x

dx =
∫

�
√
udu =

�

�
u�/� + C

=
�

�
(tanx)�/� + C


�G�d u = sin� x V+�
 i�: �S� 2+  �N�

du = � sinx cos xdx = sin(�x)

�� x �P ��L� �& 2,  �N�∫
sin(�x) cos(�x) dx =

=
∫
�

�
(sin(�x+ �x) + sin(�x − �x)) dx

=
�

�

∫
(sin(�x) − sinx) dx

= − �

��
cos(�x) +

�

�
cosx+ C


�G�d x > −� �S� 2�_  �N�∫
x
√
x+ � dx =

∫
(x+ �− �)

√
x+ � dx

=
∫ (

(x+ �)�/� − (x+ �)�/�
)
dx

=
(x+ �)�/�

�/�
− (x + �)�/�

�/�
+ C

=
�

�
(x+ �)�

√
x+ �− �

�
(x+ �)

√
x+ �+ C

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ �����

�)
∫

dx√
x+

√
x+ �

, �)
∫
x� + �x+ 	

x+ �
dx,

�)
∫

(sinx+ cosx)�dx, �)
∫

(tanx+ cotx)�dx,

�)
∫

tanh� xdx �)
∫ (√

x− �√
x

)�

dx,

	)
∫
�x

√
x+ � dx, �)

∫
(�− x)�dx,


)
∫

sinx sin(�x) dx, ��)
∫

xdx√
x+ �

.

��)
∫

dx

x� − 

, ��)

∫
dx√
x� + �

,

��)
∫
�
xexdx, ��)

∫
�x+ �

x+ �
dx,

��)
∫ √

�− �xdx, ��)
∫

dx√
�− x

,

�	)
∫
�
�−�x dx, ��)

∫
a�x − �√

ax
dx,

�
)
∫

sin� xdx, ��)
∫

sin� xdx,

��)
∫ √

�− sinxdx, ��)
∫

dx

sin� x cos� x
,

��)
∫ √

x(x� − �x + �) dx,

��)
∫

sinx
√
�− cos(�x) dx,

1)
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2��4 ^�� �� Tu =
a

b
tanx V+�
 i�: �S� 2,  �N�

^���&��& < du =
a du

b cos� x

I =
∫

dx

a� sin� x+ b� cos� x

=
�

b�

∫
dx

(a�/b�) tan� x+ �
•

dx

cos� x

=
�

ab

∫
du

u� + �
=
�

ab
arctanu+ C

=
�

ab
arctan

(a
b

tanx
)

+ C

�+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ ��
��

�)
∫

x�

�+ x�
dx, �)

∫
x+ �√
x� − �

dx,

�)
∫

dx

	x� + �
, �)

∫
arctan(x/�)
x� + �

dx,

�)
∫ √

arcsinx
�− x�

dx, �)
∫

ln(�x) dx
x ln(�x)

,

	)
∫

exdx

ex − �
, �)

∫
exdx√
�− e�x

,


)
∫
�

x
sin(ln |x|) dx, ��)

∫
tan (

√
x)√

x
dx,

��)
∫
�+ sin(�x)
cos�(�x)

dx, ��)
∫

dx

sinhx
,

��)
∫

tanhxdx, ��)
∫
x

�
√
�− x� dx,

��)
∫
xe−x

�

dx, ��)
∫

dx

cos� x+ �
,

�	)
∫

arcsinx+ x√
�− x�

dx, ��)
∫

sin� x
√

cosxdx,

�
)
∫
ax+ b

cx+ d
dx, ��)

∫
x.�x

�

dx,

��)
∫

dx

sinx+ cosx
, ��)

∫ (√
x+ �− �

)�
dx,

��)
∫
x−

√
arctan(�x)

�x� + �
dx,

��)
∫

dx

(a+ b) + (a− b)x�
, ��)

∫ √
x� − �

x
dx,

��)
∫ √

ln(x+
√
x� + �)

x� + �
dx,

�	)
∫

dx√
(�+ x�) ln(x+

√
�+ x�)

,

��)
∫

tan�(�x) sec�(�x) dx.

^���&��& <∫
esin

� x sin(�x) dx =
∫
exdu = eu + C

= esin
� x + C

Tx = (u − �)� 
�G�d u = � +
√
x V+�
 i�: �S� 2#  �N�
< dx = �(u− �) du ^���&��&∫

�+ x

�+
√
x
dx =

∫
�+ (u− �)�

u
�(u− �) du

= �

∫
(u� − �u+ �)(u − �)

u
du

= �

∫ (
u� − �u+ �− �

u

)
du

= �
u�

�
− �u� + �u− � ln |u| + C

=
�

�
(�+

√
x)� − �(�+

√
x)�

+�(�+
√
x) − � ln |�+

√
x| + C

�� ex = u − � 
�G�d u = � + ex V+�
 i�: �S� 2%  �N�
^���&��& < dx = du/(u− �) ��+	� �� =x = ln |u− �|∫

dx

�+ ex
=

∫
du

u(u− �)
=

∫
du

u� − u

=
∫

du

(u− �/�)� − (�/�)�

�� < du = dv/� 
�G�d u − �/� = v/� V+�
 i�: �S� ,� 
��+	�∫

dx

�+ ex
=

∫
dv/�

(v/�)� − (�/�)�
= �

∫
dv

v� − �

= ln
∣∣∣∣v − �

v + �

∣∣∣∣ + C = ln
∣∣∣∣�u− �

�u

∣∣∣∣ + C

= ln
∣∣∣∣ ex

ex + �

∣∣∣∣ + C

V���� 2��4 ^�� �� Tu = x + �/x V+�
 i�: �S� 2*  �N�
^���&��& < du = (�− �/x�) dx

I =
∫

(x� − �) dx
(x� + �x� + �) arcsin(x+ �/x)

=
∫

(�− �/x�) dx
(x+ �/x)� + �) arcsin(x + �/x)

=
∫

du) dx
(u� + �) arcsinu

< dv = du/(u� + �) 
�G�d Tv = arctanu V+�
 i�: ,� 
^���&��&

I =
∫
dv

v
= ln |v| + C

= ln | arctanu| + C

= ln
∣∣∣ arctan

(
x+

�

x

)∣∣∣ + C

1�
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��+	� �� Tdv = dx/x� < u = lnx �+�
 i�: 2�  �N�
^���&��& =v = −�/x < du = dx/x∫

lnx
x�

dx =
∫
udv = uv −

∫
vdu

=
−�
x

lnx−
∫ −�

x

dx

x

= − lnx
x

+
∫
x−� dx

= − lnx
x

− �

x
+ C

��+	� �� Tdv = x�dx < u = arctanx �+�
 i�: 2�  �N�
^���&��& v = x�/� < du = dx/(�+ x�)∫

x� arctanxdx =
x�

�
arctanx−

∫
x�

�

dx

x� + �

=
x�

�
arctanx− �

�

∫ (
x� − �+

�

x� + �

)
dx

=
x� − �

�
arctanx− x�

��
+
x

�
+ C

< x = sin t 2��4 ^�� �� Tt = arcsinx �+�
 i�: 2+  �N�
^���&��& =dx = cos tdt∫

x arcsinx√
�− x�

dx =
∫

t sin t√
�− sin� t

cos tdt

=
∫
t sin tdt

du = dt ��+	� �� Tdv = sin tdt < u = t V+�
 i�: �S� ���
�
^���&��& v = − cos t <∫

x arcsinx√
�− x�

dx = −t cos t−
∫

− cos tdt

= −t cos t+ sin t+ C

= −(arcsinx) cos(arcsinx) + x+ C

= −(arcsinx)
√
�− x� + x+ C

��+	� �� Tdv = e�x dx < u = sin(�x) �+�
 i�: 2#  �N�
^���&��& v =

∫
e�x dx =

�

�
e�x + C < du = � cos(�x) dx

I =
∫
e�x sin(�x) dx

= (sin(�x))
(
�

�
e�x

)
−

∫ (
�

�
e�x

)
(� cos(�x)) dx

=
�

�
e�x sin(�x) − �

�

∫
e�x cos(�x) dx

��+	� �� Tdv = e�x < u = cos(�x) �+�
 i�: T�G�� ��&
^���&��& =v =

∫
e�x dx =

�

�
e�x + C < du = −� sin(�x) dx

I =
�

�
e�x sin(�x) − �

�

{
(cos(�x))

(
�

�
e�x

)

�D!�3� ���& {!��� �+a	� �++a� ��(	�� �
 %!� ^�� %+5/�<
�� c�!� ^+.P �& q%�+� ��
��! ��
 TZ�� ,��G	�� '�
��Q��G	�� L� ���P
������ �5Q�;� �& ���S��B ��;& T��5& ����(&
�D!�3� �&�/ �4�j(& �+a	� �++a� �& '� �P �
 V�L���H��
< Ǳ_B �& Ǳ_B \<� L� ���/ �
 %!� �LO �d L� �D/ =��	�P

=V+"�& �	"�� �fX� ��
 '+8��

ǱX: �3 ǱX: ;#6 �3 9!	DO�!D(7� ��%
U&�� <� v = v(x) < u = u(x) �+�
 i�: ����� �����
=%!� ��B��

∫
udv ^+5��� ,��G	�� < ��	�P (a; b) �& ��]KN	��

< %!���B�� _+�
∫
vdu 2��4 ^�� ��

∫
u dv = uv −

∫
v du

�8��� < �Q�@�� 2��<��� �& �B�� �& `b�)-!

d(uv) = udv + vdu

^+:�X L� �
 %!� �:�
 ^���&��& < udv = d(uv) − vdu V����
� =V��+G& ,��G	�� �<��� ^��

�� Tdv = ex < u = x V+�
 i�: 2� ��	
� �����
^���&��& v =

∫
exdx = ex + C < du = dx ��+	�

∫
xexdx =

∫
udv

= uv −
∫
vdu

= xex −
∫
exdx

= xex − ex + C

= (x− �)ex + C

��+	� �� Tdv = dx < u = arctanx �+�
 i�: 2�  �N�
^���&��& v =

∫
dx = x+ C _+� < du = dx/(�+ x�)

∫
arctanxdx =

∫
udv = uv −

∫
vdu

= x arctanx−
∫
x

dx

�+ x�

< dt = �xdx V���� t = �+ x� i�: �&∫
arctanxdx = x arctanx−

∫
dt

�t

= x arctanx− �

�
ln |t| + C

= x arctanx− �

�
ln |�+ x�| + C

10
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=
−�
��

e−xRe

([
�(�+ �i)x+ (�i− �)

]

×(
cos(�x) + i sin(�x)

))

= −e
−x

��

(
(�x− �) cos(�x)

−(��x+ �) sin(�x)
)

+ C

�+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
����
�)

∫
arcsinxdx, �)

∫
x cos� xdx,

�)
∫
x sinxdx, �)

∫
x

ex
dx,

�)
∫
x cos(�x) dx, �)

∫
x�e�x dx,

	)
∫
�
−x dx, �)

∫
ln� xdx,


)
∫
x� lnxdx, ��)

∫
lnx√
x
dx,

��)
∫
e
√
x dx, ��)

∫
ln

(
x+

√
�+x�

)
dx,

��)
∫
�
x cosxdx, ��)

∫
sin(lnx) dx,

��)
∫

(x+�)arctanxdx, ��)
∫
x ln

(
�− x

�+ x

)
dx,

�	)
∫

ln(lnx)
x

dx, ��)
∫
x arctan� xdx,

�
)
∫

arcsin (
√
x)√

�− x
dx, ��)

∫
cos�(lnx) dx,

��)
∫

sin� x
ex

dx, ��)
∫ √

a� + x� dx,

��)
∫
xex sinxdx, ��)

∫
arcsin

(√
x
)
dx,

��)
∫

sinx ln(tanx) dx, ��)
∫

ln(sinx)

sin� x
dx,

�	)
∫

�

x�
cos(

�

x
) dx, ��)

∫
x� dx

(x� + �)�
dx,

�
)
∫

x� dx√
x� − �

, ��)
∫

tanx ln(cos x) dx,

��)
∫ √

�

x
− � dx, ��) e�xee

x

dx.

9!NF 23��4 -� 9!	DO�!D(7� %�%

�
 %!� P (x)
Q(x)

��: �& U&��� L� ��+GQ��G	�� W(& ^�� �����

�" �	�S �<� �j: �� fk D/ =��	�P ���7.B ��$ Q(x) < P (x)

−�
�

∫
(e�x)(−� sin(�x) dx)

}

=
�

�
e�x sin(�x) − �

�
e�x cos(�x)

−

�

∫
e�x sin(�x) dx

=
�

�
e�x(� sin(�x) − � cos(�x)) − 


�
I

�@ Q��5� �& T��+	� ��

I +



�
I =

�

�
e�x(� sin(�x) − � cos(�x)) + C

^���&��& =V+!���

I =
�

��
e�x(� sin(�x) − � cos(�x)) + C

��+	� �� Tdv = dx < u =
√
a� − x� �+�
 i�: 2%  �N�

^���&��& =v = x < du =
−xdx√
a� − x�

I =
∫ √

a� − x� dx

= x
√
a� − x� −

∫
x

−x√
a� − x�

dx

= x
√
a� − x� −

∫
a� − x� + a�√

a� − x�
dx

= x
√
a� − x� −

∫ √
a� − x� dx− a�

∫
dx√
a� − x�

= x
√
a� − x� − I − a� arcsin

(x
a

)
^���&��& < I + I = x

√
a� − x� − a� arcsin

(x
a

)
��+	� ��

I =
x

�

√
a� − x� − a�

�
arcsin

(x
a

)
+ C

������ ��Q��G	�� �@ D!�3� ���& s7	(� ���C� Z��� L� 2*  �N�∫
xe−x cos(�x) dx ,��G	�� ���� �� ,�e� ����C �& ��.� 
���	!�

�V+�
�� �.C ��L \<� �&∫
xe−x cos(�x) dx = Re

(∫
xe−xe�xi dx

)

= Re
(∫

xe(�i−�)x dx

)

= Re
(

�

�i− �

∫
xde(�i−�)x

)

= Re
(−�− �i

�

[
xe(�i−�)x −

∫
e(�i−�)x dx

])

=
−�
�

Re
(

(�+ �i)
[
xe(�i−�)x −

∫
e(�i−�)x dx

])

=
−�
�

Re
(

(�+ �i)
[
xe(�i−�)x − �

�i− �
e(�i−�)x

])

=
−�
��

e−xRe
([
�(� + �i)x+ (�+ �i)�

]
e�xi

)
1>
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,���: L� %!� �:�
 T
��d %!�& �Q�@�� � ���&

cos� u =
�+ cos(�u)

�

^�� L� 2�5:� �& �Q�@�� � ����� �� %!� ^8.� =V+�
 
���	!�
=��" 
���	!� ,���:


��(Q� {���� �& �� �(k − �) �@ D��� ���7.B ��$ 2� W
�
�
 V��+S�� �p� �� ���X �� α 
��(Q� %&�E ��C < P (x)

∫
Ax+B

(ax� + bx+ c)k
dx =

P (x)
(ax� + bx+ c)k−�

+α
∫

dx

ax� + bx+ c

��$ ���� ���/ �&��& < �<��� ^�� ^+:�X L� ��+GN	�� �& mK! <
��+H �� α ��C < P (x) {���� T�<��� v�X <� �� ������7.B
��" �D!�3� ���& �
 �Q��G	�� ���� %���� �� T^���&��& =V+�
��

=%!�
∫

dx

ax� + bx+ c
,��G	��

�� �x + �

�x� + x− �
���
 U&�� ,��G	�� 2� ��	
� 
����

=�+�
 �D!�3�
V+�N� �& �L�+� T%!� |�(� L� �	.
 2��4 �@B�� ��$ =� 
=%!� (x − �)(�x + �) �&��& �x� + x − � T
<f5& =%�+�

V+�
�� i�: mH

�x+ �

�x� + x− �
=

A

x− �
+

B

�x+ �

�� �S� ,� =�x+� = A(�x+�) +B(x−�) 2��4 ^�� ��
�& =A = � V��<d�� %!�& TV��+G& '� �� x ���N� �<��� ^��

��+	� �� =B = � V��<d�� %!�& Tx =
−�
�

���� ���/
∫

�x+ �

�x� + x− �
dx =

∫ {
�

x− �
+

�

�x+ �

}
dx

=
∫

dx

x− �
+

∫
dx

�x + �
=

∫
dt

t
+
�

�

∫
ds

s

= ln |t| + �

�
ln |s| + C

= ln |x− �| + �

�
ln |�x+ �| + C

=s = �x+ � < t = x− �%!� 
�" i�: ����� �� �

�� x�

(x − �)(x− �)(x − �)
���
 U&�� ,��G	�� 2�  �N�

=�+�
 �D!�3�
�V+�
�� V+�N� |�(� �& �� 2��4 ��	&� =� 

x�

(x− �)(x− �)(x − �)
=

x�

x� − �x� + ��x − �

= �+
�x� − ��x + �

(x − �)(x− �)(x − �)

U&�� ����5� < ���7.B ��$ '� ��.�� �& �� �5&�� ^+�$ �P �

<� L� �8� �& 
��! ���
 U&��� =��.� ��_�� ������ 
��! ���


���"�&�� ��L �7
 ��:
=a 
= � < a, b, A ∈ R �d �� �
 T A

(ax+ b)k
w[Q�

< a 
= � Ta, b, c, A,B ∈ R �d �� �
 T Ax +B

(ax� + bx+ c)k
w�

=Δ = b� − �ac < �

�� ���P��
 ^+�$ L� ��+GQ��G	�� �
 %!� �:�
 ^���&��&
=��� ����� ���	&

���� _/- %�&	� (�$' FG�/� I� (��E���E�-� �����
L� Ta 
= � �
 A

(ax+ b)k

��! ���
 U&�� L� ��+GQ��G	�� ���&

^���&��& TV+�
�� 
���	!� u = ax+ b �+a	� �++a�
∫

A

(ax + b)k
=
A

a

∫
du

uk

�L _/- %�&	� (�$' FG�/� I� (��E���E�-� �����
�
 Ax +B

(ax� + bx+ c)k

@��! ���
 U&�� L� ��+GQ��G	�� ���&

����� ��B< �7
 \<� <� TΔ = b� − �ac < � < a 
= �

V+�
�� V+�N� �ax+ b �& �� Ax +B ��	&� 2� W
�

Ax+B =
A

�a
(�ax+ b) +

(
Ab

�a
+B

)

V+������ mK!

Ax +B

(ax� + bx+ c)k
=

(
A

�a

)
�ax+ b

(ax� + bx+ c)k

+
(
Ab

�a
+B

)
�

(ax� + bx+ c)k

^���&��& Tu = ax� + bx+ c V+�
�� i�: ,<� ,��G	�� ���� ��
∫

�ax+ b

(ax� + bx+ c)k
dx =

∫
du

uk

�@;&�� �& T�<� ,��G	�� ���� ��

ax� + bx+ c =
�

�a

{
(�ax+ b)� +

(√
�ac− b�

)�}

=�ax + b =
√
�ac− b� tanu V+�
�� i�: < 
��
 �B��

^���&��&
∫

dx

(ax� + bx+ c)k
=

∫ �

�a

√
�ac− b�(�+ tan� u) du

{ �

�a
(�ac− b�)(�+ tan� u)}k

= �
�k−�ak−�(�ac− b�)�/�−k

∫
(�+ tan� u)�−k du

= �
�k−�ak−�(�ac− b�)(�−�k)/�

∫
(cos u)�(k−�) du
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�V+�
�� i�: ��p�� ^�� ���& =� 

�

(x+ �)�(x− �)�
=

A

x− �
+

B

(x− �)�
+

C

(x− �)

+
D

(x− �)�
+

E

(x− �)�

��+	� ��

� = A(x− �)(x − �)� +B(x − �)�

+C(x− �)�(x− �)� +D(x− �)�(x− �) + E(x − �)�

Tx = � < x = −� Tx = −� Tx = � Tx = � ���� ���/ �& ���
�
< � = E T� = −B V��<d�� %!�&⎧⎨

⎩
��A− �	B + ��C − ��D + �E = �

�
�A − ��B + ���C − ��D + 
E = �

�A− �B + �C − �D + E = �

⇒

⇒
⎧⎨
⎩


A+ �C − �D = −�
��A+ ��C − �D = −�
�A+ �C −D = −�

^���&��& =D = −� < C = � TA = −� ��+	� ��
�& %!� �&��&

∫
dx

(x− �)�(x − �)�
dx

=
∫ {

−�
x− �

+
−�

(x− �)�
+

�

x− �

+
−�

(x− �)�
+

�

(x− �)�

}
dx

= −�
∫

dx

x− �
−

∫
dx

(x− �)�
+ �

∫
dx

x− �

−�
∫

dx

(x − �)�
+

∫
dx

(x− �)�

= −�
∫
dt

t
−

∫
dt

t�
+ �

∫
ds

s
− �

∫
ds

s�
+

∫
ds

s�

= −� ln |t| + �

t
+ � ln |s| + �

s
+
s−�

−� + C

= −� ln |x− �| + �

x− �
+ � ln |x− �|

+
�

x− �
− �

�(x− �)�
+ C

=s = x− � < t = x− �%!� 
�" i�: ����� ��
=�+�
 �D!�3� �� x

(x− �)(x� + �)
���
 U&�� ,��G	�� 2+  �N�

V+�
�� i�: ��p�� ^�� ���& =� 
x

(x− �)(x� + �)
=

A

x− �
+
Bx+ C

x� + �

�& ���
� =x = A(x� + �) + (Bx + C)(x − �) ��+	� ��
� = �A �
 V��<d�� %!�& {+��	& Tx = �i < x = � i�:
^+�t.P < A = �/� T��+	� �� =�i = (�Bi + C)(�i − �) <

�G�� 2��DC �& �� < �i = (−C − �B) + (−�B + �C)i{ −C − �B = �

−�B + �C = �

{
C = −�B
−��B = �

{
C = �

�

B = −�
�


��! ��P��
 L� �C�.�� �& �� 
��d %!�& ���
 U&�� mK!
�V+�
�� ��_��

�x� − ��x + �

(x− �)(x − �)(x − �)
=

A

x− �
+

B

x− �
+

C

x− �

^���&��&

�x� − ��x+ � = A(x − �)(x− �)

+B(x− �)(x − �) + C(x − �)(x− �)

%!�& {+��� �& Tx = � < x = � Tx = � i�: �& ���
�
��+	� �� =�	 = �C < � = −B T� = �A �
 V��<d��

=C = �	/� < B = −� TA = �/�

∫
x�dx

(x− �)(x − �)(x− �)
=

=
∫ {

�+
�/�

x− �
+

−�
x− �

+
�	/�

x− �

}
dx

=
∫
dx+

�

�

∫
dx

x− �
− �

∫
dx

x− �
+
�	

�

∫
dx

x− �

= x+
�

�
ln |x− �| − � ln |x− �| + �	

�
ln |x− �| + C

�D!�3� �� x− �

(x+ �)�(x− �)
���
 U&�� ,��G	�� 2�  �N�

=�+�

�V+������ T|�(� �� x+ � �;� ���C ���8� �& �B�� �& =� 

x− �

(x+ �)�(x − �)
=

A

x+ �
+

B

(x+ �)�
+

C

x− �

=x−� = A(x+�)(x−�+B(x−�)+C(x+�)� ��+	� ��
T−� = −�B V���� x = � < x = � Tx = −�i�: �& ���
�
TB = �/� ��+	� �� =−� = −A − B + C < � = 
C

^���&��& =A = C −B + � = −�/
 < C = �/
∫
x− �

(x+ �)�(x− �)
dx =

=
∫ {−�/


x+ �
+

�/�

(x+ �)�
+

�/


x− �

}
dx

= −�



∫
dx

x+ �
+
�

�

∫
dx

(x+ �)�
+
�




∫
dx

x− �

= −�



∫
dt

t
+
�

�

∫
dt

t�
+
�




∫
ds

s

= −�



ln |t| + �

�

−�
t

+
�



ln |s| + C

= −�



ln |x+ �| − �

�(x + �)
+
�



ln |x− �| + C

=s = x− � < t = x+ �%!� 
�"i�: ����� �� �

�D!�3� �� �

(x − �)�(x− �)�
���
 U&�� ,��G	�� 2�  �N�

=V+�
��
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^���&��& Tx = � tanu V+�
∫
dx

(x� + �)�
=

∫
�(�+ tan� u) du
(� tan� u+ �)�

=
�

��

∫
du

(�+ tan� u)�
=

�

��

∫
(cos� u)�du

=
�

��

∫ (
�+ cos(�u)

�

)�

du

=
�

���

∫
(�+ � cos(�u) + cos�(�u)) du

=
�

���

∫
du+

�

��

∫
cos(�u) du

+
�

���

∫
cos�(�u) du

=
u

���
+

sin(�u)
���

+
�

���

∫
�+ cos(�u)

�
du

=
u

���
+

sin(�u)
���

+
u

���
+

sin(�u)
����

+ C

V���� Ttanu = x/� �8��� �& �B�� �& ���

sin(�u) =
� tanu

�+ tan� u

=
x

�+ x�/�
=

�x

�+ x�

cos�(�u) = �− sin�(�u)

= �− ��x�

(x� + �)�
=

(x� − �)�

(x� + �)�

^���&��&∫
dx

(x� + �)�
=

�

���
arctan

( x
�

)
+

�

���

x

x� + �

+
�

���

x(x� − �)
(x� + �)�

+ C

�D!�3� �� �

x(x� + �)(x� + �)�
���
 U&�� ,��G	�� 2*  �N�

=�+�

��� x �� �� ��
 |�(� < 2��4 ��	&� ��p�� ^�� ���& =� 

��+	� �� =z = x� V+�
�� i�: mK! < V+�
��∫
dx

x(x� + �)(x� + �)�
=

∫
xdx

x�(x� + �)(x� + �)�

=
∫

dx

z(z + �)(z + �)�

����C �& ��� T%!� ���
 U&�� '� ���" _+� �4� ,��G	��
�V+�
�� i�: mK! T�;�

�

z(z + �)(z + �)�
=
A

z
+

B

z + �
+

C

z + �
+

D

(z + �)�

��+	� ��

� = A(z + �)(z + �)� +Bz(z + �)�

+Cz(z + �)(z + �) +Dz(z + �)

��+	� ��

I =
∫

xdx

(x − �)(x� + �)

=
�

�

∫
dx

x� + �
− �

�

∫
x− �

x� + �
dx

^���&��& Tx− � =
�

�
(�x) − � ���

I =
�

�
ln |x− �| − �

��

∫
�x

x� + �
dx+

�

�

∫
dx

x� + �

=
�

�
ln |x− �| − �

��
ln |x� + �| + �

�
arctan

( x
�

)
+ C

=%!� 
�" 
���	!� t = x�+� �+a	� �++a� L� T�<� ,��G	�� ���� ��

�D!�3� �� x�

(x� + �)(�x� + �)
���
 U&�� ,��G	�� 2#  �N�

=�+�

�V+�
�� i�: ��p�� ^�� ���& =� 

x�

(x� + �)(�x� + �)
=
Ax +B

x� + �
+
Cx+D

�x� + �

=x� = (Ax + B)(�x� + �) + (Cx + D)(x� + �) ^���&��&

�
 V��<d�� %!�& {+��	& x =

√
�

�
i < x = i i�: �& ���
�

< (Ai+B)(−�+ �) = −�(√
�

�
Ci+D

)(−�
�

+ �

)
=

−�
�

TB = � ��+	� �� =
√
�

�
Ci+D = −� < Ai+B = � T^���&��&
^���&��& =C = � < D = −� TA = �

I =
∫

x�dx

(x� + �)(�x� + �)

=
∫

dx

x� + �
−

∫
dx

�x� + �

V���� �<� ,��G	�� ��
√
�x = tanui�: �&

I = arctanx−
∫ √

�

�
(�+ tan� u) du

tan� u+ �

= arctanx−
√
�

�

∫
du

= arctanx−
√
�

�
u+ C

= arctanx−
√
�

�
arctan(

√
�x) + C

=�+�
 �D!�3� �� �

(x� + �)�
���
 U&�� ,��G	�� 2%  �N�

i�: %!� �:�
 ^���&��& =%�+� ��
 '+8�� �& �L�+� =� 

1F
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= x� − �+
��

x� + �
− ��

(x� + �)�
+

��

(x� + �)�

− �

(x� + �)�
+

�

(x� + �)�

���& =V��+G& ,��G	�� �74� ��P��
 L� �
 %!� �LO ����� ��
�& T2��4 ^�� �� In =

∫
dx

(x� + �)n
V+�
��i�: ��p�� ^��

V���� TǱ_B �& Ǳ_B \<� L� 
���	!�

In =
∫

dx

(x� + �)n

=
�

(x� + �)n
x+

∫
�nx� dx

(x� + �)n+�

=
x

(x� + �)n
+ �n

∫
(x� + �− �) dx

(x� + �)n+�

=
x

(x� + �)n
+

∫
�n dx

(x� + �)n
−

∫
�n dx

(x� + �)n+�

=
x

(x� + �)n
+ �nIn − �nIn+�

< In+� =
�n− �

�n
In +

x

�n(x� + �)n
^���&��&

I� =
∫

dx

x� + �
= arctanx+ C

I� =
∫

dx

(x� + �)�
=
�

�
I� +

x

�(x� + �)

=
�

�
arctanx+

x

�(x� + �)
+ C

I� =
∫

dx

(x� + �)�
=
�

�
I� +

x

�(x� + �)�

=
�

�
arctanx+

�x

�(x� + �)
+

x

�(x� + �)�
+ C

I� =
∫

dx

(x� + �)�
=
�

�
I� +

x

�(x� + �)�

=
�

��
arctanx+

�x

��(x� + �)
+

�x

��(x� + �)�

+
x

�(x� + �)�
+ C

I� =
∫

dx

(x� + �)�
=
	

�
I� +

x

�(x� + �)�

=
��

���
arctanx+

��x

���(x� + �)
+

��x

�
�(x� + �)�

+
	x

��(x� + �)�
+

x

�(x� + �)�
+ C

^���&��&∫
x��

(x� + �)�
dx =

x�

�
− �x+ ��I� − ��I�

+��I� − �I� + I�

=
x�

�
− �x +

����

���
arctan(x) − 	��x

���(x� + �)

+
���x

�
�(x� + �)�
− ��x

��(x� + �)�
+

x

�(x� + �)�
+ C

%!�& z = � < z = −� Tz = −� Tz = � i�: �& ���
�
� = ��A + < � = �D T� = −B T� = �A V��<d��
< C = �/� TB = −� TA = �/� ^���&��& =
B + �C + �D

��+	� �� =D = �/�∫
dx

x(x� + �)(x� + �)�
=

=
�

�

∫
dz

z
−

∫
dz

z + �
+
�

�

∫
dz

z + �
+
�

�

∫
dz

(z + �)�

=
�

�
ln |z| − ln |z + �| + �

�
ln |z + �| + �

�

−�
z + �

+ C

=
�

�
ln |x| − ln |x� + �| + �

�
ln |x� + �| − �

�x� + �
+ C

=�+�
 �D!�3� �� x
� + �

x� + �
���
 U&�� ,��G	�� 2,  �N�

�8��� �& �B�� �& =� 

x� + � = x� + �x� + �− �x�

= (x� − �)� − (
√
�x)�

= (x� −
√
�x+ �)(x� +

√
�x+ �)

V+������

x� + �

x� + �
=

x� +
√
�x+ �−

√
�x

x� + �

=
�

x� −
√
�x+ �

−
√
�x

x� + �

V���� s = x� < x−
√
�

�
=

√
�

�
ti�: �& 2��4 ^�� ��

∫
x� + �

x� + �
dx =

∫
x� +

√
�x+ �

x� + �
dx−

√
�

∫
xdx

x� + �

=
∫

dx(
x−

√
�

�

)�
+

(√
�

�

)� −
√
�

∫
xdx

(x�)� + �

=
∫ √

�

�
dt

�

�
t� + �

�

−
√
�

∫ �

�
ds

s� + �

=
√
� arctan t−

√
�

�
arctan s+ C

=
√
� arctan

(√
�x− �

)
− �

�
arctan(x�) + C

=�+�
 �D!�3� �� x��

(x� + �)�
���
 U&�� ,��G	�� 2�_  �N�

�V+P��� s�& x� + �{� �& �� 2��4 ��	&� =� 

x��

(x� + �)�
=

((x� + �) − �)�

(x� + �)�

=
�

(x� + �)�

(
(x� + �)� − �(x� + �)�

+��(x� + �)� − ��(x� + �)�

+��(x� + �)� − �(x� + �) + �

)
1I
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V+������ T(x� − x+ �)′ = �x− � �8��� �& �B�� �& <

x� + �

(x� − x+ �)�
= �− �

x− �

(x� − x+ �)�
+

�x− �

x� − x+ �

= �− �
x− �

(x� − x+ �)�
+

�x− �

x� − x+ �

−� �

x� − x+ �

^���&��&∫
x� + �

(x� − x+ �)�
dx = x− �I� + ln |x� − x+ �| − �I�

=I� =
∫

x− �

(x� − x+ �)�
dx < I� =

∫
dx

x� − x+ �
�d �� �


�
 ���S�� 
�P��� %Q��! �&

I� = �

√
	

	
arctan

(√
	

	
(�x − �)

)
+ C

T^���&��& =V+�
 
���	!� 0=6=6 �� w0x \<� L� ���& I� ���� �� <
V+�
�� i�:∫

x− �

(x� − x+ �)�
=

P (x)
x� − x+ �

+ α

∫
dx

x� − x+ �

=�"�&�� �(� − �) = � �@ D��� ���7.B ��$ '� P (x) �

�& =P (x) = Ax� + Bx + C �
 V+�
�� i�: T^���&��&

�
 V��+S�� ��+	� T
�" i�: �@;&�� ^+:�X L� ��+GN	��

x− � = (�Ax +B)(x� − x+ �)

−(�x− �)(Ax� +Bx+ C) + α(x� − x+ �)

�<��� ��! <� �� x �&��& ������� {���� ���� ���/ �& T^���&��&
V���� TO�&

{−A−B + α = �

�A− �C − α = �

�B + C + �α = −�
⇒

⎧⎪⎨
⎪⎩
A = −�B+�

�

C = −	B+��
�

α = �B−�
�

=B = � V+�
 i�: V+������ mH T%!� 
��(Q� B ��$ �

=α = −�/	 TC = −��/	 TB = � TA = −�/	 ^���&��&

V���� I� ���� �� �+Q<� i�: �& �B�� �& T^���&��&

I� =
∫ −�

�
x� − ��

�

x� − x+ �
− �

	

∫
dx

x� − x+ �

= −�
	

∫
�x� + ��

x� − x+ �
− �

	
I�

V���� ��.�� �� <∫
x� + �

(x� − x+ �)�
=

= x+ ln
∣∣∣x� − x+ �

∣∣∣ +
�

	

�x+ 


x� − x+ �

−��
�


√
	 arctan

(√
	

	
(�x − �)

)
+ C

,��G	�� T0=6=6 L� w0x \<� '.
 �& 2��  �N�
=�+�
 �D!�3� ��

∫
dx

(x� + x+ �)�
�V+�
�� i�: ��p�� ^�� ���& =� ∫

dx

(x� + x+ �)�
=

P (x)
(x� + x+ �)�

+ α

∫
dx

x� + x+ �

=�"�&�� �(� − �) = � �@ D��� ���7.B ��$ '� P (x) �

�
 V+�
�� i�: T^���&��&

P (x) = Ax� +Bx� + Cx� +Dx+ E.

V���� T
�"i�: �@;&�� ^+:�X L� ��+GN	�� �&

� = (�Ax� + �Bx� + �Cx+D)(x� + x+ �)

−�(�x+ �)(Ax� +Bx� + Cx� +Dx+ E)

+α(x� + x+ �)�

�<��� ��! <� �� x �&��& ������� {���� ���� ���/ �& T^���&��&
V���� TO�&⎧⎪⎪⎪⎨

⎪⎪⎪⎩
�A−B + α = �

�A+B − �C + �α = �

�B − �D + �α = �

�C −D − �E + �α = �

−�E +D + α = �

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
A = −�/�+ E
B = −�/�+ �E
C = −�/�+ �E
D = �/�+ �E
α = �/�

=E = � V+�
 i�: V+������ mH T%!� 
��(Q� E ��$ �

D = �/� TC = −�/� TB = −�/� TA = −�/� ^���&��&
��+	� T����N� ^�� < �+Q<� i�: �& �B�� �& ���
� =α = �/� <

V��+S��
∫

dx

(x� + x+ �)�
=

−�

�
x� − �

�
x� − �

�
x� + �

�
x

(x� + x+ �)�

+
�

�

∫
dx

x� + x+ �

=
−�

�
x� − �

�
x� − �

�
x� + �

�
x

(x� + x+ �)�

+
�
√
�



arctan

(√
�

�
(�x + �)

)
+ C

=�+�
 �D!�3� ��
∫

x� + �

(x� − x+ �)�
dx ,��G	�� 2��  �N�

�& �� 2��4 T%�+� |�(� �@B�� L� �	.
 2��4 �@B�� ��$ =� 
�V+�
�� V+�N� �d |�(�

x� + �

(x� − x+ �)�
= �+

�x� − �x� + �x− �

(x� − x+ �)�

�x�−�x� +�x−� T
��! ��P��
 �& ��+!� �Kp�� �& TmK!
�V+�
�� V+�N� x� − x+ � �& ��

�x� − �x� + �x− � =

= (�x− �)(x� − x+ �) + �− �x.

11
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��)
∫
x� + �

x� + �
dx, ��)

∫
dx

x(x�� + �)
,

��)
∫

dx

(x� + x+ �)�
, ��)

∫
x� dx

(x�� + �x� + �)�
.

23��4 9�!3 �>0��!�#!(0� ;#6 *�%
9!NF

�
 V��+G& ,��G	�� P (x)/Q(x) ���
 U&�� L� V+P��(& �+�
i�:
V+�
 i�: =�"�&�� P (x) �@B�� L� �	S�_& Q(x) �@B�� �d ��
���� ��	Q� �& �<� �@B�� �� < '� �@B�� ����C �& Q(x) �@ �_��
=�"�& Q(x) = (R�(x))

n� (R�(x))
n� · · · (Rm(x))nm �8" �&

���
 U&�� ��+GQ��G	�� ������ ��8!���S<�	!� \<� '.
 �&
���D� �G�� ���
 U&�� '� L� ��+GQ��G	�� �& �� P (x)/Q(x)

^"<� =�"�&�� R�(x)R�(x) · · ·Rm(x) �d |�(� �
 ��.�
=�"�&�� ��
��! ��+�& ���
 U&�� ^+�$ L� ��+GQ��G	�� �
 %!�

=%!� ���	!� ��L �@ +A/ �& \<� ^�� ,�4�

�(�$' FG�/� (��G 2Q�&��@ ���� �� ��� ��!��
�& ���7.B ��$ Q(x) < P (x) �+�
 i�:

deg(P (x)) < deg(Q(x))

�@B�� ����C L� �&�A74� 2��4 �& Q(x) �@ �_�� < ��	�P
�8" �& ���� ��	Q� �& �<� �@B�� �� < '�

Q(x) = (R�(x))
n� (R�(x))

n� · · · (Rm(x))nm

������7.B ��$ T
�G�d =��	De� < Y+34 ���C� �P ni �
 T�"�&��
�
 ����� ��B< ���X Q�(x) < Q�(x) TP�(x) TP�(x)∫

P (x)
Q(x)

dx =
P�(x)
Q�(x)

+
∫

P�(x)
Q�(x)

dx


<f5& <

�) Q�(x) = (R�(x))
n�−�(R�(x))

n�−� · · · (Rm(x))nm−�

�) Q�(x) = R�(x)R�(x) · · ·Rm(x)

�) deg(P�(x)) < deg(Q�(x))

�) deg(P�(x)) < deg(Q�(x))

��+�
 �D!�3� �� ��L ,��G	�� 2� ��	
� ��!��
∫

�− 	x − x�

x� − �x� + �x� − �x+ �
dx

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ �����

�)
∫

�� dx

(x− �)(x + �)(x+ �)
,

�)
∫

�x� + ��x− 
�

(x− �)(x + �)(x− �)
dx,

�)
∫

x� − x+ 	

(x� − �x+ ��)�
dx,

�)
∫

�x� + �x+ 


(x− �)�(x+ �)�
dx,

�)
∫

��� dx

(x� − �x+ �)(x� + �x+ �)
,

�)
∫


 dx

(x+ �)(x� + x+ �)�
,

	)
∫

(x� + �)(x� + �)
(x� + �)(x� + �)

dx,

�)
∫

� dx

x� + �x� + �x� + �x+ �
,


)
∫

xdx

(x� + �)(x� + �)
,

��)
∫

x� + x�

x�� − �x� + �
dx,

��)
∫

dx

(x+ �)(x + �)�
, ��)

∫
x� − �x+ 


x� − �x+ �
dx,

��)
∫

x� − �

�x� − x
dx, ��)

∫
dx

x(x+ �)�
,

��)
∫
x� + x+ �

x(x� + �)
dx, ��)

∫
�x�

x� − �
dx,

�	)
∫

� dx

x� + �
, ��)

∫
dx

x� + �
,

�
)
∫

dx

(x� + �)�
, ��)

∫
x�dx

x� + x� − �
,

��)
∫

xdx

x� + x� + �
, ��)

∫
dx

x(x� + �)�
,

��)
∫

x� + �

x(x� − �)
dx, ��)

∫
�x� + �

x(x� − �)
dx,

��)
∫

x� − �

x� + x� + �
dx, ��)

∫
x� − �

x� + �
dx,

�	)
∫

dx

x(x� + �)�
, ��)

∫
x�dx

(x− �)��
,

�
)
∫

dx

x�(x� + �)�
, ��)

∫
dx

x	 + x�
,

��)
∫

dx

(x� − �)�
, ��)

∫
x
dx

(x� + x+ �)�
,

���� ����	
� �
�� �� �
�� ������ ��� �� ��� ��������  Strogradsky�

1J
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< D = ��/�� TC = � TB = �/� TA = �/�� ��+	� ��
��+	� �� =E = �/�∫

x� + �

(x+ �)(x� + �)�
dx =

=
x+ �

��(x� + �)
+

�

��

∫
��x+ �

(x+ �)(x� + �)
dx

'+8�� \<� '.
 �& T%!�� %.! ,��G	�� �@ D!�3� ���& ���
�
�V+������ ��


��x+ �

(x+ �)(x� + �)
= − ��

�(x+ �)
+
��x + �	

�(x� + �)

V���� ��.�� �� TmH∫
x� + �

(x+ �)(x� − x+ �)
dx =

=
x+ �

��(x� + �)
− ��

�
ln |x+ �|

+
	

�
ln(x� + �) +

�	

�
arctan(x) + C

=�+�
 �D!�3� ��
∫

x� − �x + �

x�(x� − x+ �)�
dx ,��G	�� 2�  �N�

�@ +A/ < 
�" 
��� ���
 U&�� |�(� �@ �_�� �& �B�� �& =� 
�V+�
�� i�: T�8!���S<�	!�∫

x� − �x+ �

x�(x� − x+ �)�
dx =

=
Ax� +Bx� + Cx+D

x�(x� − x+ �)

+
∫
Ex� + Fx+G

x(x� − x+ �)
dx

�<��� �& T^	:�S }�	�� |�(� < ^+:�X L� ��+GN	�� L� mH

x(x� − �x+ �) = (�Ax� + �Bx+ C)x�(x� − x+ �)

−(�x� − �x� + �x)(Ax� +Bx� + Cx+D)

+x�(x� − x+ �)(Ex� + Fx+G)

O�& �<��� ��! <� �� x �&��& ������� {���� ���
� =V+!���
�
 V��+S�� ��+	� < 
��� ���/ �&��& ��⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−�D = �

F − E −A = �

E = �

A+B − �C + F −G = �

�D − C = −�
�C − �D +G = �

−�B + E − F +G = �

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A = −�
B = −�
C = �

D = −�
E = �

F = −�
G = −�

��+	� ��∫
x� − �x+ �

x�(x� − x+ �)�
dx =

=
−x� − �x� − �

x�(x� − x+ �)
+

∫ −x− �

x(x� − x+ �)
dx

�8" �& �� 
�" 
��� ���
 U&�� |�(� �8��� �& �p� =� 

x� − �x� + �x� − �x+ � = (x� − x+ �)�

i�: T�8!���S<�	!� �@ +A/ �& �B�� �& _+� < ��.� ��_�� ������
�V+�
��

∫
�− 	x− x�

(x� − x+ �)�
dx =

Ax+B

x� − x+ �
+

∫
Cx+D

x� − x+ �
dx

�<��� �& T^	:�S }�	�� |�(� < ^+:�X L� ��+GN	�� L� mH

�− 	x− x� = A(x� − x+ �) − (Ax+B)(�x − �)

+(Cx+D)(x� − x+ �)

O�& �<��� ��! <� �� x �&��& ������� {���� ���
� =V+!���
�
 V��+S�� ��+	� < 
��� ���/ �&��& ��

⎧⎪⎨
⎪⎩
C = �

−A+D − C = −�
−�B −D + C = −	
A+B +D = �

⇒

⎧⎪⎨
⎪⎩
A = �

B = �

C = �

D = �

��+	� ��
∫

�− 	x− x�

(x� − x+ �)�
dx =

�x + �

x� − x+ �
+

∫
dx

x� − x+ �

=
�x+ �

x� − x+ �
+ �

√
�

�
arctan

(√
�

�
(�x− �)

)
+ C

=�+�
 �D!�3� ��
∫

x� + �

(x + �)(x� + �)�
dx ,��G	�� 2�  �N�

�@ +A/ < 
�" 
��� ���
 U&�� |�(� �@ �_�� �& �B�� �& =� 
�V+�
�� i�: T�8!���S<�	!�

∫
x� + �

(x+ �)(x� + �)�
dx =

=
Ax +B

x� + �
+

∫
Cx� +Dx+ E

(x+ �)(x� + �)
dx

�<��� �& T^	:�S }�	�� |�(� < ^+:�X L� ��+GN	�� L� mH

x� + � = (x+ �)(−Ax − �Bx+A)

+(x� + �)(Cx� +Dx+ E)

O�& �<��� ��! <� �� x �&��& ������� {���� ���
� =V+!���
�
 V��+S�� ��+	� < 
��� ���/ �&��& ��

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
C = �

D −A = �

E + C − �A− �B = �

D − �B +A = �

E + �A = �

J)
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=
√
�

∫ √
(x+ �)� + � dx =

√
�

∫ √
(�t)� + �� dx

= �
√
�

∫ √
�+ t� dt

= �
√
�

{
t

�

√
�+ t� +

�

�
ln

∣∣∣t+
√
�+ t�

∣∣∣} + C

=
�
√
�

�

x+ �

�

√
�+

(
x+ �

�

)�

+
�
√
�

�
ln

∣∣∣∣∣∣x+ �

�
+

√
�+

(
x+ �

�

)�

∣∣∣∣∣∣ + C

=
x+ �

�

√
�x� + �x+ ��

+�
√
� ln

∣∣∣√�(x + �) +
√
�x� + �x+ ��

∣∣∣ + C

V���� Tu+ � = tmK! < u = x� i�: �& 2�  �N�∫
x�dx√

x� + �x� + �
=

∫
du/�√

u� + �u + �

=
�

�

∫
du√

(u + �)� + �

=
�

�

∫
dt√
t� + �

=
�

�
ln

∣∣∣t+
√
t� + �

∣∣∣ + C

=
�

�
ln

∣∣∣x� + �+
√
x� + �x� + �

∣∣∣ + C

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
�"��

�)
∫ √

�x� + �x+ � dx, �)
∫

dx√
�x� + �x+ �

,

�)
∫ √

x� + �x+ �� dx, �)
∫ √

�x� + ��x+ � dx,

�)
∫
x
√
x� + �x� − � dx,�)

∫
dx√

x� + �x− �
,

	)
∫

dx√
�x− x�

, �)
∫

dx√
�− �x+ x�

.


)
∫
� sinx

√
� cos x+ sin� x− � dx,

��)
∫

cosxdx√
�+ � sin� x− cos� x

,

��)
∫

dx

x
√
� ln� x+ �� ln x+ �

,

��)
∫
ex

√
��+ �ex − e�x dx,

�8" �& ,��G	�� �@ D!�3� ���& �? ) ��"��
���7.B ��$ '� Pn(x) �d �� �


∫
Pn(x)√

ax� + bx+ c
dx

�V+�
�� i�: =%!� �� n �@B��∫
Pn(x)√

ax� + bx+ c
dx = Qn−�(x)

√
ax� + bx+ c

'+8�� \<� '.
 �& T%!�� %.! ,��G	�� �@ D!�3� ���& ���
�
�V+������ ��


−x− �

x(x� − x+ �)
= −�

x
+

�x− �

x� − x+ �

V���� ��.�� �� TmH
∫

x� − �x+ �

x�(x� − x+ �)�
dx =

= − x� + �x� + �

x�(x� − x+ �)
− � ln |x| + � ln(x� − x+ �)

−�
√
� arctan

(√
�

�
(�x− �)

)
+ C

\<� �& �� ��L ���Q��G	�� L� '� �P ������ 
�!��
��+�
 �D!�3� �8!���S<�	!�

�)
∫

dx

x�(x� + �)
, �)

∫
��xdx

(x+ �)�(x� + �)�
,

�)
∫

x� − �

x�(x� + �)�
dx. �)

∫
dx

(x+ �)�(x+ �)�
,

�)
∫

x� + x� + x+ �

x�(x� + x+ �)�
dx,

-� 96Y: +��P 23��4 -� 9!	DO�!D(7� 1�%
<#� �:6� +��
 Z�

�7
 �8" �& ���Q��G	�� �@ D!�3� ���& �? ) ��"��
��L 2��4 �&

∫ √
ax� + bx+ c dx �� <

∫
dx√

ax� + bx+ c
�V+�
�� �.C

−� �� '� �� x� {��� T,�8���� ��L �� |a| L� ��+S��	
�: �& w�
=V+�
��

=V+�
�� ���
 U&�� �� ,�8���� ��L �� �4� 2��DC w0
,�8���� ��L 2��DC T� = b� − �ac < a %�fC �& �	�& w>
�� < (x + α)� − β� T(x + α)� + β� 2��4 �! L� �8� �&
,��G	�� Tx+α = βti�: �& ���
� =�" �P��� β� − (x+ α)�

�=0=6 ,<�B �� fk D/ �
 ���S�� ���D� ��L ��: W" L� �8� �&
����
�" �:�5�∫ √

x� + � dx,

∫ √
x� − � dx,

∫ √
�− x� dx,∫

dx√
x� + �

,

∫
dx√
x� − �

dx,

∫
dx√
�− x�

.

V���� Tx+ � = �ti�: �& 2� ��	
� ��"��∫ √
�x� + �x+ �� dx =

√
�

∫ √
x� + �x+ � dx

J�
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�8��� �� <

x� + �x+ � = �A(x� + x+ �)

+(Ax+B)(�x + �) + �λ

v�X <� �� �<��� ������� {��� ���� ���/ �&��& �& ���
�
� = �A + < T� = �A + �B T� = �A V���� TO�& �<���
=λ = ��/� < B = �/� TA = �/� T��+	� �� =B + �λ

^���&��&
∫

x� + �x+ �√
x� + x+ �

dx =
(
�

�
x+

�

�

)√
x� + x+ �

+
��

�

∫
dx√

x� + x+ �

V���� x+
�

�
=

√
�

�
ti�: �&T %!�� %.! ,��G	�� ���� ��

∫
dx√

x� + x+ �
=

∫
dx√

(x+ �

�
)� + (

√
�

�
)�

=
∫ √

�

�
dx√

(
√
�

�
t)� + (

√
�

�
)�

=
∫

dx√
t� + �

= ln
∣∣∣t+

√
t� + �

∣∣∣ + C

= ln

∣∣∣∣∣∣�
√
�

�

(
x+

�

�

)
+

√
�

�

(
x+

�

�

)�

+ �

∣∣∣∣∣∣ + C

= ln
∣∣∣∣x+

�

�
+

√
x� + x+ �

∣∣∣∣ + C

V���� ��.�� �� TmH

∫
x� + �x+ �√
x� + x+ �

=
�

�
(�x+ �)

√
x� + x+ �

+
��

�
ln

∣∣∣∣x+
�

�
+

√
x� + x+ �

∣∣∣∣ + C

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ !�"��

�)
∫

x�dx√
x� − x+ �

dx �)
∫

xdx√
x� − x+ �

�)
∫

��x� dx√
x� + �

dx �)
∫

x� + �√
x� − �

�)
∫
�
x� − �x+ �√

x� + �x
dx �)

∫
�x� dx√

x� + �x� + �

	)
∫

x� − x+ �√
�− �x− x�

dx �)
∫

x� + x√
�− �x+ x�

dx

+λ
∫

dx√
ax� + bx+ c

{���� �& �� (n − �) �@B�� ���7.B ��$ '� Qn−�(x) �

^+:�X L� mK! =%!� ,���� ���C _+� λ < �"�&�� ,����
{���� T�<��� ^+:�X ���� ���/ �3	� �& < V��+S�� M	��
%.! ,��G	�� ������! =V��<d�� %!�& �� λ ��C < Qn−�(x)

=V+�
�� �D!�3� �=I=6\<� �& �� %!��

=�+�
 �D!�3� ��
∫

x�dx√
�− x�

,��G	�� 2� ��	
� ��"��
V+�
�� i�: =� ∫

x�dx√
�− x�

= (Ax�+Bx�+Cx�+Dx+E)
√
�− x�

+λ
∫

dx√
�− x�

V���� TO�& �<��� ^+:�X L� ��+S M	�� �&

x�√
�− x�

= (�Ax� + �Bx� + �Cx +D)
√
�− x�

+(Ax� +Bx� + Cx� +Dx+ E)
−x√
�− x�

+
λ√

�− x�

�8��� �� <

x� = (�Ax� + �Bx� + �Cx+D)(� − x�)

−x(Ax� +Bx� + Cx� +Dx+ E) + λ

v�X <� �� �<��� ������� {���� ���� ���/ �&��& �& ���
�
T�A − �C = � T−�B = � T−�A = � V���� TO�& �<���
��+	� �� =D + λ = � < �C − E = � T�B − �D = �

< E = −�/�� TD = � TC = −�/�� TB = � TA = −�/�
^���&��& =λ = �∫

x�dx√
�− x�

= − �

��
(�x� + �x� + �)

√
�− x� + C

=�+�
 �D!�3� ��
∫

x� + �x+ �√
x� + x+ �

,��G	�� 2�  �N�
V+�
�� i�: =� ∫

x� + �x+ �√
x� + x+ �

dx = (Ax+B)
√
x� + x+ �

+λ
∫

dx√
x� + x+ �

V���� TO�& �<��� ^+:�X L� ��+GN	�� �&

x� + �x+ �√
x� + x+ �

= A
√
x� + x+ �

+(Ax+B)
�x+ �

�

√
x� + x+ �

+
λ√

x� + x+ �

J0
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��+	� ��

(x + �)
√
�− x� = (�Ax +B)

√
�− x�

+(Ax� +Bx+ C)
−x√
�− x�

+
λ√

�− x�

< �A − C = � T−�B = −� T−�A = −� ��+	� ��
< C = −�/� TB = �/� TA = −�/� ^���&��& =B + λ = �

���+	� �� =λ = �/�∫
(x+ �)

√
�− x� dx =

= −�
�

(
x� − �x+ �

)√
�− x� +

�

�

∫
dx√
�− x�

= −�
�

(
x� − �x+ �

)
+
�

�
arcsinx+ C

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ ��"��

�)
∫

(x + �)
√
x� + � dx, �)

∫
(x+ �)

√
x� + � dx,

�)
∫

(x� − �)
√
x� + � dx, �)

∫
(�x + �)

√
x� − � dx,

�)
∫

(�x + �)�
√
x� + �x+ � dx,

�)
∫

(x� + �x+ �)
√
x� + �x− � dx.

�8" �& ,��G	�� �@ D!�3� ���& �? ) �#�"��
αx + β = �/t �+a	� �++a� L�

∫
dx

(αx+ β)n
√
ax� + bx+ c

�� 
�" n�;� ,��G	�� �+D" �Q��G	�� �4� =V+�
�� 
���	!�
=��& �P��� 9=I=6%.�/

V���� x+ � = �/ti�: �& 2� ��	
� ���"��
∫

dx

(x+ �)�
√
x� + �

=
−dt/t�

(�/t)�
√

(�/t− �)� + �

=
∫ −t dt√

�t� − �t+ �

V+�
�� i�: ���
�
∫ −tdt√

�t� − �t+ �
= A

√
�t� − �t+ �

+λ
∫

dx√
�t� − �t+ �

��+	� ��

−t√
�t� − �t+ �

=
A(�t− �)√
�t� − �t+ �

+
λ√

�t� − �t+ �

�8" �& ,��G	�� �@ D!�3� ���& �? ) "�"��
���� 2��DC |�(� < 2��4

∫
P (x)

√
ax� + bx+ c dx

�8" �& �4� TV+�
�� ���
√
ax� + bx+ c �� �� ,��G	��

=��& �P��� 9=I=6 �� n<��� ,��G	��

��
∫
x�

√
x� + � dx ,��G	�� 2� ��	
� ��"��

=�+�
 �D!�3�
V���� 2��4 ^�� �� =� 

∫
x�

√
x� + � dx =

∫
x� + �x�√
x� + �

dx

V+�
�� i�: TmH
∫
x�

√
x� + � dx = (Ax� +Bx� + Cx+D)

√
x� + �

+λ
∫

dx√
x� + �

��+	� ��

x�
√
x� + � = (�Ax� + �Bx+ C)

√
x� + �

+(Ax� +Bx� + Cx+D)
x√

x� + �
+

λ√
x� + �

= (�Ax� + �Bx+ C)(x� + �)

+x(Ax� +Bx� + Cx+D) + λ

< �B+D = � T��A+�C = � T�B = � T�A = � ��+	� ��
D = � TC = �/� TB = � TA = �/� ^���&��& =�C + λ = �

��+	� �� =λ = −� <∫
x�

√
x� + � dx =

=

(
x�

�
+
x

�

)√
x� + �− �

∫
dx√
x� + �

=
x

�
(x� + �)

√
x� + �− � ln

∣∣∣x+
√
x� + �

∣∣∣ + C

=�+�
 �D!�3� ��
∫

(x + �)
√
�− x� dx ,��G	�� 2�  �N�

V���� 2��4 ^�� �� =� 
∫

(x + �)
√
�− x� dx =

∫
(x+ �)(�− x�)√

�− x�
dx

=
∫ −x� − x� + x+ �√

�− x�
dx

V+�
�� i�: TmH
∫

(x+ �)
√
�− x� dx = (Ax� +Bx+ C)

√
�− x�

+
∫
λ

dx√
�− x�

J>
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�)
∫

dx

(�x + �)
√
�x� + �x+ �

,

�)
∫

dx

(x + �)
√
x� + �x + �

,

�)
∫

dx

(x − �)(x+ �)
√
x� + �

,

�)
∫

(�x+ �)dx

(x� − �x+ �)�
√
x� − �

.

�)
∫

�� dx

(x − �)�
√
x� − �

, �)
∫

� dx

(x+ �)�
√
x� + �x

,

	)
∫

dx

(x − �)
√
x� + x+ �

, �)
∫

dx

(x+ �)�
√
�− x�

,


)
∫

dx

(x + �)�x�
√
x� − �

, ��)
∫

(x� − �)dx

x
√
�+ �x� + x�

,

�+P� ���� =Vm :=
∫

xm√
ax� + bx+ c

dx �+�
 i�: 2��
�2��4 ^�� �� �


[Q�x V� =
�

a

√
ax� + bx+ c− b

�a
V�

�x V� =
�

�a�
(�ax− �b)

√
ax� + bx+ c

+
�

�a�
(�b� − �ac)V�

���7.B ��$ < αm %&�E ��C T�� m �P ��L� �& 2R
Vm = �
 ����� ��B< ���X Pm−�(x) �� (m − �) �@ D���

=Pm−�(x)
√
ax� + bx+ c+ αmV�

�� m �P ��L� �& 2�

xm−�
√
ax� + bx+ c =

= maVm + (m− �)bVm−� + (m− �)cVm−�

+>P �3 23��4 -� 9!	DO�!D(7� H�%

�8" �& ���Q��G	�� �D!�3� ���& �? ) �����
∫
P

(
x,

(
ax+ b

cx+ d

)p�/q�
,

(
ax+ b

cx+ d

)p�/q�
, · · ·

)
dx

�+a	� �++a� L� T��	�P Y+34 ���C� L� ��P��
 pi
qi
< ad 
= bc �


}�	�� ��A� ^���	8$�
 n �
 TV+�
�� 
���	!� ax+ b

cx+ d
= zn

=%!� = = = < q� Tq�

=−A+ λ = � < �A = −� ^���&��& =−t = A(�t − �) + λ ��
< A = λ = −�/�mH∫ −tdx√

�t� − �t+ �
=

= −�
�

√
�t� − �t+ �− �

�

∫
dx√

�t� − �t+ �

= −�
�

√
�t� − �t+ �−

√
�

�

∫
dx√

(t− �

�
)� + �

�

= −�
�

√
�t� − �t+ �

−
√
�

�
ln

∣∣∣�t− �+
√
�t� − �t+ �

∣∣∣ + C

��.�� �� mH∫
dx

(x+ �)�
√
x� + �

=

= −
√
�

�
ln

∣∣∣∣∣ �

x+ �
− �+

√
�

(x+ �)�
− �

x+ �
+ �

∣∣∣∣∣
−�
�

√
�

(x+ �)�
− �

x+ �
+ �+ C

=

√
x� + �

�(x+ �)
−

√
�

�
ln

∣∣∣∣∣�− x+
√
x� + �

x+ �

∣∣∣∣∣ + C

V���� x = �/ti�: �& 2�  �N�∫
dx

x�
√
x� − �

=
∫ −dt/t�

(�/t)�
√

(�/t)� − �

= −
∫

t�dt√
�− t�

2��4 ^�� �� Tu = �− t� V+�
��i�: ���
�∫
dx

x�
√
x� − �

= −
∫

(t�)�tdt√
�− t�

= −
∫ (�− u)�(−�

�
du)√

u

=
�

�

∫
u−�/�(u − �)�du

=
�

�

∫
u−�/�(u� − �u+ �)du

=
�

�

∫ (
u�/� − �u�/� + u−�/�

)
du

=
u�/�

�
− �u�/�

�
+ u�/� + C

=
�

�

(
�− �

x�

)�/�

− �

�

(
�− �

x�

)�/�

+
(
�− �

x�

)�/�

+ C

=
�x� + �x� + �

��x�

√
x� − �+ C

J9
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V+�
�� i�: 
�G�d T�"�& Y+34 ��C m+ �

n
�S� w|

,��G	�� T�4� =%!� p ��
 |�(� k �d �� �
 Ta+ bxn = tk

=��& �P��� ���
 U&�� '�

V+�
�� i�: 
�G�d T�"�& Y+34 ��C m+ �

n
+ p �S� w�

T�4� =%!� p ��
 |�(� k �d �� �
 Ta + bxn = xntk

=��& �P��� ���
 U&�� '� ,��G	��

��C '� p = � ��L ,��G	�� ���� �� 2� ��	
� �����
^���&��& =%!� 
��d W+H w[Q�x %Q� ��5� =%!� %De� Y+34

∫ √
x
(
�− �

�
√
x�

)�
dx =

∫
x�/�

(
�− �x�/�

)�
dx

=
∫
x�/�

(
�− ��x�/� + 
x�/�

)
dx

=
�

�
x�/� − 	�

��
x��/� +

��

�	
x��/� + C

���� Y+34 ��C '� p = −� ��L ,��G	�� ���� �� 2�  �N�
}�	�� |�(� ��$ mH =%!� 
��d W+H w�x ��5� =%!�
�
 V+�
�� i�: T%!� k = � �&��& m = −� < n = �/�

^���&��& < dx = �t� dt < x = t� − � ��+	� �� T�+ x = t�∫
dx

x(�+ �
√
x)�

=
∫
x−�

(
�+ x�/�

)−�
dx

=
∫
�

t
(t+ �)−�.�t� dt = �

∫
dt

t(t+ �)�

= �

∫ {
�

t
− �

t+ �
− �

(t+ �)�

}

= � ln |t| − � ln |t+ �| + �

t+ �
+ C

= ln |x| − � ln( �
√
x+ �) +

�

�
√
x+ �

+ C

��� T%�+� Y+34 �
 p =
�

�
��L ,��G	�� ���� �� 2�  �N�

w|x %Q� T��5� =%!� Y+34 m+ �

n
=

−�/�+ �

�/�
= �

k = � �&��& p |�(� �8��� �& �B�� �& mH =%!� 
��d W+H
< x = (t� − �)� ��+	� �� =�+ �

√
x = t� V+�
��i�: T%!�

^���&��& < dx = ��t�(t� − �)�∫
�
√
�+ �

√
x√

x
dx =

∫
x−�/�

(
�+ x�/�

)�/�
dx

=
∫

(t� − �)−�(t�)�/���t�(t� − �)� dt

= ��

∫
(t� − �)t�dt =

��

	
t� − �t� + C

=
��

	

(
�+ �

√
x
)�/� − �(� + �

√
x)�/� + C

m+ �

n
= −�

�
< p = −�

�
��L ,��G	�� ���� �� 2�  �N�

=%!� Y+34 m+ �

n
+ p = −� ��� T��	�+� Y+34 ���C�

�&��& ax+ b

cx+ d
T��L ,��G	�� ���� �� 2� ��	
� �����

i�: < n = � ^���&��& =q� = � < q� = � T%!� �x − �

��+	� �� =�x− � = z� V+�
��
∫ √

�x − � dx
�
√
�x− �

=
∫
z�

z�
�z� dz = �

∫
z�dz

=
�

	
z� + C =

�

	
(�x − �)�/� + C

=q� = � < ax+ b

cx+ d
=
�+ x

�− x
��L ,��G	�� ���� �� 2�  �N�

^���&��& =�+ x

�− x
= z� V+�
�� i�: < n = � ^���&��&

��+	� �� < dx =
�zdz

(z� + �)�
< x =

z� − �

z� + �

∫ √
�+ x

�− x

dx

�− x
=

∫
z

�zdz
(�+z�)�

�− z�−�
z�+�

= �

∫ {
�− �

z� + �

}
dz = �z − � arctan z + C

= �

√
�+ x

�− x
− � arctan

⎛
⎝
√
�+ x

�− x

⎞
⎠ + C

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
����

�)
∫ √

x+ �
√
x

�
√
x� − �

√
x�

dx, �)
∫ √

x+ �

x− �
dx,

�)
∫

dx

x

(
�+ �

√
�+ �

x

) , �)
∫

� dx

(x− �)� �

√
�−x
�+x

,

�)
∫

dx
�
√

(x− �)�(x+ �)�
, �)

∫
dx

(�− x)
√
�− x�

,

	)
∫

dx
�
√

(x+ �)�(x− �)�
, �)

∫
dx√

�x− �− �
√
�x− �

,


)
∫

x�dx√
x− �

, ��)
∫ √

x+ �+ �

(x+ �)� −√
x+ �

dx.

�'	N7�!/�� 9��'�: #� -� 9!	DO�!D(7� I�%

< ��	�P ���S ���C� p < n Tm V+�
 i�: �? ) �����
�8� �� ���� I ,��G	�� T2��4 ^�� �� =I =

∫
xm(a+bxn)pdx

�%!� �D!�3� �&�/ ��L %Q� ���$ L�
���� �& �� a+bxn 
�G�d T�"�& %De� Y+34 ��C p �S� w[Q�

=V+P��� ����� ,�.5� M&�;� < 
�+��!� p
V+�
�� i�: 
�G�d T�"�& ���� Y+34 ��C p �S� w�
T�4� =%!� n <m ��
 <� }�	�� |�(� k �d �� �
 Tx = tk

=��& �P��� ���
 U&�� '� ,��G	��

J6
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�V+�
�� �.C ��L \<� �! L� �8� �&
V+�
�� i�: 
�G�d T� < a �S� w�√

ax� + bx+ c = ±x√a± t

V+�
�� i�: 
�G�d T� < c �S� w0√
ax� + bx+ c = ±xt±√

c


�G�d T�"�& ax� + bx + c = � �@ Q��5� �@��� '� Tα �S� w>
.
√
ax� + bx+ c = (x− α)t V+�
�� i�:

�p f� ��L ,��G	�� ���� �� 2� ��	
� ���#��
V+�
��i�: mH Ta = � > � �
 ���S��√
x� + �x+ � = t− x

< �x + � = t� − �xt Tx� + �x + � = (t − x)� ��+	� ��
��+	� �� =dx =

t� + �t+ �

�(t+ �)�
dt < x =

t� − �

�(t+ �)
^���&��&

∫
dx

�+
√
x� + �x+ �

=
∫ t�+�t+�

�(t+�)�
dt

�+ t− t�−�
�(t+�)

=
∫

t� + �t+ �

(t+ �)(t + �)�
dt =

∫ {
�

t+ �
+

−�
(t+ �)�

}
dt

= ln |t+ �| + �

t+ �
+ C

= ln
∣∣∣x+ �+

√
x� + �x+ �

∣∣∣
+

�

x+ �+
√
x� + �x+ �

+ C

�p f�
∫

dx

x
√
x� + x+ �

,��G	�� ���� �� 2�  �N�
V+�
�� i�: V+������ ^���&��& c = � > � �
 ���S��
Tx� + x + � = (xt + �)� ��+	� ��

√
x� + x+ � = tx + �

�� =x(t� − �) = � − �t ^���&��& < x + � = xt� + �t ��
����� �� �
 =dx = �

t� − t+ �

(t� − �)�
dt < x =

−�t+ �

t� − �
��+	�

^���&��& =t =
�

x
(
√
x� + x+ �− �)

∫
dx

x
√
x� + x+ �

=
∫

�
t�−t+�
(t�−�)�

dt(
�−�t
t�−�

)(
t�−�t
t�−� + �

)
= �

∫
dt

�t− �
=

∫
ln |�t− �| + C

= ln
∣∣∣�√x� + x+ �− �− x

∣∣∣− ln |x| + C

�p f�
∫

dx√
(	x− ��− x�)�

,��G	�� ���� �� 2�  �N�

T%!� 	x − �� − x� �@ Q��5� �@��� '� x = � �
 ���S��
��+	� �� =

√
	x− ��− x� = (x−�)t V+�
��i�: ^���&��&

|�(� �8��� �& �B�� �& mH =%!� 
��d W+H w�x %Q� T��5�
��+	� �� =� + x� = x�t� V+�
�� i�: T%!� 0 �&��& p

^���&��& < dx = − t

�
(t� − �)−�/�dt < x = (t� − �)−�/�

∫
dx

x��
√
�+ x�

=
∫
x−��(�+ x�)−�/�

=
∫

(t� − �)��/�
(

t�

t� − �

)−�/� −t
�

(t� − �)−�/� dt

= −�
�

∫
(t� − �)� dt = − t�

��
+
t�

�
− t

�
+ C

=t =

√
�+ x�

x�
=

√
�+ x�

x�
����� �� �


��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
����

�)
∫

�
√
x(�− �

√
x)�dx, �)

∫
dx

�
√
x�(�+ �

√
x�)

,

�)
∫ √

�+ �
√
x

�
√
x�

dx, �)
∫

�
√
�+ �

√
x√

x
dx,

�)
∫
x�

√
�+ x� dx, �)

∫
dx

x�
√
�+ x�

,

	)
∫

�
√
x

	

√
�+

�
√
x� dx, �)

∫
dx

x� �

√
�+ �

x

,


)
∫

dx
�
√
�+ x�

dx, ��)
∫

x�dx√
(�+ �x�)�

,

��)
∫

dx

x�
√
�+ x�

, ��)
∫

dx

x�
√
�+ x

,

��)
∫

dx√
x� �

√
�+ �

√
x
, ��)

∫
dx

x�(�+ x�)�/�
,

��)
∫

x�dx√
�+ x�

, ��)
∫

dx
�
√
�+ x�

,

�	)
∫

x+ �√
(�+ x�)�

dx, ��)
∫ √

x� − x� dx,

�
)
∫

dx

x
√
�+ x�

, ��)
∫ √

�x− x� dx.

��)
∫ √

tanxdx

=%�+� � �&�/
∫ √

sinx dx �
 �+P� ���� 2��

!O#� 9�M!	V(� !		V4 �U�%

�8" �& ���Q��G	�� �D!�3� ���& �? ) ���#��
T%!� ���S �5&�� y = P (x) �


∫
P

(
x,

√
ax� + bx+ c

)
dx

JF



]�%�PG $ ]�%�1 ���� <�@8��5 .� <#�:Q�#:*8� ���' W�
��8 "�#:*8� ' ���

=
∫
um(�− u�)k du =

∫
sin�k+� x cosn xdx

=
∫

(sin� x)k cosn x sinxdx

=
∫

(�− cos� x)k cosn xd(cos x)

= −
∫

(�− u�)kun du

=V��+G& ,��G	�� �4� ���
 U&�� L� �
 %!� �:�
 ���
�

< n = �� ��L ,��G	�� ���� �� 2� ��	
� ������
��+	� �� < u = cosx V+�
��i�: ^���&��& =%!� m = �

∫
sin� x cos�� xdx =

∫
sin� x cos�� x sinxdx

=
∫

(�− u�)u��(−du) =
∫
u��(u� − �)du

=
u��

��
− u��

��
+ C =

�

��
cos�� x− �

��
cos�� x+ C

^���&��& =%!� m = � < n = � ��L ,��G	�� ���� �� 2�  �N�
��+	� �� < u = sinx V+�
�� i�:

∫
sin� x cos� xdx =

∫
sin� x(cos� x)� cosxdx

=
∫
u�(�− u�)�du =

∫
u�(u� − �u� + �)du

=
u




− �

u�

	
+
u�

�
+ C

=
�



sin
 x− �

	
sin� x+

�

�
sin� x+ C

=%!� m = � < n = −� ��L ,��G	�� ���� �� 2�  �N�
��+	� �� < u = sinx V+�
�� i�: ^���&��&

∫
sin� x
cos� x

dx =
∫

sin� x
cos� x

cosxdx

=
∫

sin� x
(cos� x)�

cosxdx =
∫

u�du

(�− u�)�
du

= −
∫

u�du

(u− �)�(u + �)�

= −
∫ {

�

�

�

(u − �)�
+

�

��

�

(u − �)�
+

�

��

�

u− �

−�
�

�

(u+ �)�
+

�

��

�

(u+ �)�
− �

��

�

u+ �

}
du

=
�

��

�

(u− �)�
+

�

��

�

u− �
− �

��
ln |u− �|

− �

��

�

(u+ �)�
+

�

��

�

u+ �
+

�

��
ln |u+ �| + C

=
�u� − �u

��(u� − �)�
+

�

��
ln

∣∣∣∣u+ �

u− �

∣∣∣∣ + C

^���&��& =�−x = (x−�)t� �� T(x−�)(�−x) = (x−�)�t�

��+	� �� =dx =
−�tdt

(t� + �)�
< x =

�t� + �

t� + �∫
dx√

(	x− ��− x�)�
=

∫
dx

((x− �)t)�

=
∫ −�t dx

(t�+�)�

{(�t�+�
t�+�

− �)t}�
= − �

�	

∫
�t� + �

t�
dt

= −�



(
−�
t

+ �t

)
+ C

=
��




√
x− �

�− x
− �




√
�− x

x− �
+ C

=t =

√
	x− ��− x�

x− �
=

√
�− x

x− �
�d �� �


�D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
��#��
��+�


�)
∫

dx

(x+ �)
√
�+ x− x�

,�)
∫

dx

x−
√
x� + �x+ �

,

�)
∫

dx√
(�x− x�)�

, �)
∫

dx√
�− x� − �

,

�)
∫

(x+
√
x� + �)�√
x� + �

dx, �)
∫ (√

x� + �x− �

)�
dx,

	)
∫

dx√
x+ x�

, �)
∫

�− x+ x�√
�+ x− x�

dx,


)
∫
x
√
x� − �x+ � dx, ��)

∫
dx

(�+
√
x� + x)�

,

��)
∫
x−

√
x� + �x + �

x+
√
x� + �x + �

,

��)
∫

x+
√
x� + x+ �

�+ x+
√
x� + x+ �

dx.

�	�� 9�=7��4 -� 9!	DO�!D(7� ���%
[�$	NF # [�$	0

�_�� %Q� ��$ �� ��
∫

sinm x cosn xdx L� ��+GQ��G	�� �Q�@��
=V+P��� ���/ �!��& ����

�S� �4W	G &�> 2Q� 7��[ n  m ��G I� �@� ������
V+�
 i�: T�"�& ��: m �S� < u = sinx V+�
 i�: T�"�& ��: n

��+	� �� < u = cosx∫
sinm x cos�k+� xdx =

∫
sinm x(cos� x)k cosxdx

=
∫

sinm x(�− sin� x)k d(sinx)

JI
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2B5�  ` I N�A8 &4+ ^� m + n �@� ������
=V+�
�� 
���	!� u = tanx �+a	� �++a� L� %Q� ^�� �� �4W	G

< n = −� Tm = � %Q� ^�� �� 2� ��	
� !�����
^���&��& < m+ n = −�

∫
sin� x
cos� x

dx =
∫ (

sin� x
cos� x

)
dx

cos� x
=

∫
u�du

=
u�

�
+ C =

�

�
tan� x+ C

< m+ n = −� < n = −� Tm = −�%Q� ^�� �� 2�  �N�
^���&��&

∫
dx

cos� x sin� x
=

∫
�

sin� x
cos� x

×
(

�

cos� x

)�

× dx

cos� x

=
∫

�

u�
(�+ u�)�du =

∫
u� + �u� + �

u�
du

=
∫ (

u� + �+
�

u�

)
du =

u�

�
+ �u− �

u
+ C

=
�

�
tan� x+ � tanx− cotx+ C

m+ n = −� < n = −�
�
Tm = −�

�
%Q� ^�� �� 2�  �N�

��+	� �� <
∫ √

tanx
cosx sinx

dx =
∫ √

tanx
sin x
cosx × cos� x

dx

=
∫

du√
u

= �
√
u+ C = �

√
tanx+ C

%Q� ^�� �� �45W	G N�A8  m = −n �@� "�����
���� �� =%!�

∫
cotm xdx ��

∫
tann xdx �p� ���� ,��G	��

tan� x =
�

cos� x
− � ,���: < u = tanx �+a	� �++a� L� ,<�

,���: < u = cotx �+a	� �++a� L� �<� ���� �� < V+�
�� 
���	!�

=V+�
�� 
���	!� cot� x =
�

sin� x
− �

V���� tan� x U&�� ���� �� 2� ��	
� ������
∫

tan� xdx =
∫

tan� x
(

�

cos� x
− �

)
dx

=
∫

tan� x
dx

cos� x
−

∫
tan� xdx

=
∫
u�du−

∫ (
�

cos� x
− �

)
dx

=
∫
u�du−

∫
du+

∫
dx =

u�

�
− u+ x+ C

=
�

�
tan� x− tanx+ x+ C

=%!� m = −� < n = −� ��L ,��G	�� ���� �� 2�  �N�
��+	� �� < u = cosx V+�
�� i�: ^���&��&∫

dx

sin� x cos� x
=

∫
sinxdx

sin� x cos� x

=
∫ −d(cosx)

(�− cos� x)� cos� x
= −

∫
du

u�(u� − �)�

= −
∫ {

�

u�
+
�

u�
+

�

�(u − �)�

− �

�(u− �)
+

�

�(u+ �)�
− �

�(u + �)

}

=
�

�u�
+
�

u
+

�

�(u− �)
+

�

�(u+ �)

+
�

�
ln |u− �| − �

�
|u+ �| + C

=
��u� − ��u� − �

�u�(u� − �)
+
�

�
ln

∣∣∣∣u− �

u+ �

∣∣∣∣ + C

�45W	G 2B5� 	-  ` I  & �6 n  m �@� 
�����
�D/ � ��� �& T�<_Q 2��4 �� < 
��.� 
���	!� ��L ���Q���: L�

�V+�
�� ��B�

cos� x =
�+ cos(�x)

�
, sin� x =

�− cos(�x)
�

,

sinx cos x =
sin(�x)
�

.

< m = � < n = � %Q� ^�� �� 2� ��	
� ������
^���&��&∫

cos� x sin� xdx =
∫

(cos x sinx)� sin� xdx

=
∫ (

sin(�x)
�

)�
�− cos(�x)

�
dx

=
�

�

∫ {
sin�(�x) − sin�(�x) cos(�x)

}
dx

=
�

�

∫
�− cos(�x)

�
dx− �

�

∫
sin�(�x)

�

�
d(sin(�x))

=
�

��
x− �

��

∫
cos(�x)dx − �

��

sin�(�x)
�

+ C

=
�

��
x− �

��
sin(�x) − �

��
sin�(�x) + C

^���&��& < m = � < n = �%Q� ^�� �� 2�  �N�

∫
sin� xdx =

∫
(sin� x)�dx =

∫ (
�− cos(�x)

�

)�

dx

=
�

�

∫ {
cos�(�x) − cos(�x) + �

}
dx

=
�

�

∫ {
�+ cos(�x)

�
− � cos(�x) + �

}
dx

=
�

�
x− �

�
sin(�x) +

�

��
sin(�x) + C

J1
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��)
∫

dx

sin� x cos� x
, ��)

∫
dx

�
√

tanx
,

�	)
∫

tan� xdx ��)
∫

cot� xdx,

�
)
∫

tan� xdx, ��)
∫

cot� xdx,

��)
∫

dx√
sinx cos� x

, ��)
∫

sin� x �
√

cosxdx,

��)
∫
x sin� x�dx, ��)

∫
cot�(�x)dx,

��)
∫ (

tan�
x

�
+ tan�

x

�

)
dx,

��)
∫

sin� x
�
√

cos� x
dx.

�4�\'\� 9���� 23��4 -� 9!	DO�!D(7� ���%

�8" �& ���Q��G	�� �D!�3� �� �? ) ������
T%!� ���S �5&�� P (x, y) �d �� �
 T

∫
P
(

sinx, cos x
)
dx

������]G��B �& 2��4 ^�� �� =u = tan
( x
�

)
V+�
�� i�:

�V+!��� ���
 U&�� '� L� �Q��G	�� �& ��L

sinx =
�u

u� + �
, cosx =

�− u�

u� + �
, dx =

� du

u� + �
,

V���� �=�0=6 '.
 �& 2� ��	
� ������
∫

dx

�+ sinx+ cosx
=

∫ �du
u�+�

�+ �u
u�+�

+ �−u�
u�+�

=
∫

du

u+ �
= ln |u+ �| + C

= ln
∣∣∣tan

( x
�

)
+ �

∣∣∣ + C

V���� �=�0=6 '.
 �& 2�  �N�

∫
sinx

�− sinx
dx =

∫ �u
u�+�

�− �u
u�+�

�du

u� + �

=
∫

�udu

(u+ �)�(u� + �)

=
∫ {

�

(u− �)�
+

−�
u� + �

}
du

=
−�
u− �

− � arctanu+ C

=
−�

tan(x/�) − �
− x+ C

∫
P (sinx, cosx)dx ,��G	�� �� �S� �? ) 
�����

P (− sinx, cosx) = P (sinx, cosx) n�" �& ����N� �@;&��

V���� tan� x U&�� ���� �� 2�  �N�
∫

tan� xdx =
∫

tan� x tan� xdx

=
∫

tan� x
(

�

cos� x
− �

)
dx

=
∫

tan� x
dx

cos� x
−

∫
tan� xdx

=
∫
u�du−

∫
tanx tan� xdx

=
∫
u�du−

∫
tanx

(
�

cos� x
− �

)
dx

=
∫
u�du−

∫
udu+

∫
tanxdx

=
u�

�
− u�

�
− ln | cosx| + C

=
�

�
tan� x− �

�
tan� x− ln | cosx| + C

��
 �.C ��L 2��4 �& ������ cot� x U&�� ���� �� 2�  �N�
∫

cot� xdx =
∫

cot� x
(

�

sin� x
− �

)
dx

=
∫

cot� x
dx

sin� x
−

∫
cot� xdx

=
∫
u�(−du) −

∫ (
�

sin� x
− �

)
du

= −
∫
u�du−

∫
dx

sin� x
+

∫
dx

= −
∫
u�du−

∫
udu+

∫
dx

= −u
�

�
+
u�

�
+ x+ C

= −�
�

cot� x+
�

�
cot� x+ x+ C

�D!�3� �� ��L ��P ,��G	�� L� '� �P ������ ������
��+�


�)
∫

dx

sin� x
, �)

∫
cos� xdx,

�)
∫

sin� x cos� xdx, �)
∫

sin� x cos� xdx,

�)
∫

sin� x
cos� x

dx, �)
∫

sin	 xdx,

	)
∫

cos� xdx, �)
∫

dx

sin� x cos� x
,


)
∫

sin� x cos� xdx, ��)
∫

cos� x

sin� x
dx,

��)
∫

sin� x
cos� x

dx, ��)
∫

dx√
sin� x cos� x

,

��)
∫

dx√
tanx

, ��)
∫

cos� x

sin� x
dx,

JJ
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���	!� ��L ���Q���: L� T����� ���G��� �� �? ) ���
��
��"��

sin(mx) cos(nx) =
�

�

(
sin

(
(m− n)x

)
+ sin

(
(m+ n)x

))
sin(mx) sin(nx) =

�

�

(
cos

(
(m− n)x

)− cos
(
(m+ n)x

))
cos(mx) cos(nx) =

�

�

(
cos

(
(m− n)x

)
+ cos

(
(m+ n)x

))

V���� ,���: ^+Q<� '.
 �& 2� ��	
� ���
��
∫

sin(	x) cos(�x)dx =
∫
�

�

(
sin(�x) + sin(��x)

)
dx

=
�

�

∫
sin(�x) dx +

�

�

∫
sin(��x) dx

= −�
�

cos(�x) − �

��
cos(��x) + C

V���� ,���: ^+�<� '.
 �& 2�  �N�
∫

sin(��x) sin(��x) dx =

=
∫
�

�
(sin(−�x) − cos(��x)) dx

= −�
�

∫
sin(�x) dx − �

�

∫
cos(��x) dx

=
�

��
cos(�x) − �

��
sin(��x) + C

V���� ,���: ^+��! '.
 �& 2�  �N�
∫

cosx cos�(�x) dx =
∫

cosx
�+ cos(�x)

�
dx

=
�

�

∫
cosxdx+

�

�

∫
cosx cos(�x) dx

=
�

�
sinx+

�

�

∫
�

�
(cos(�x) + cos(	x)) dx

=
�

�
sinx+

�

�

∫
cos(�x) dx +

�

�

∫
cos(	x) dx

=
�

�
sinx+

�

��
sin(�x) +

�

��
sin(	x) + C

�D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
��
��
��+�


�)
∫

sin(�x) cos(�x)dx, �)
∫

sin(
x) sin xdx,

�)
∫

sinx sin(�x) sin(�x)dx,�)
∫

cos
( x
�

)
sin

( x
�

)
dx.


���	!� �& 2��4 ^�� �� =u = tanx V+�
�� i�: T�"�& ���/�&
�V+!��� ���
 U&�� '� ,��G	�� �& ��L ������]G��B L�

sinx =
u√

u� + �
, cosx =

�√
u� + �

, dx =
du

u� + �
,

V���� >=�0=6 '.
 �& 2� ��	
� ������
∫

dx

sin� x+ �
=

∫ du
u�+�

u�

u�+�
+ �

=
∫

du

�u� + �
=

√
�

�

∫
d(
√
�u)

(
√
�u)� + �

=

√
�

�
arctan(

√
�u) + C

V���� >=�0=6 '.
 �& 2�  �N�
∫

dx

sinx� + � sinx cos x− cos� x
=

=
∫ du

u�+�

u�

u�+�
+ �

u
u�+�

− �

u�+�

=
∫

du

u� + �u− �
=

∫
du

(u+ �

�
)� − (

√
��

�
)�

=
�√
��

ln

∣∣∣∣∣u+ �

�
−

√
��

�

u+ �

�
+

√
��

�

∣∣∣∣∣ + C

=

√
��

��
ln

∣∣∣∣∣� tanx+ �−
√
��

� tanx+ �+
√
��

∣∣∣∣∣ + C

�D!�3� �� ��L ���Q��G	�� L� '� �P ������ ������
��+�


�)
∫

dx

sinx+ cosx
, �)

∫
dx

�+ � cosx
,

�)
∫

sinxdx
�− sinx

, �)
∫

cosxdx
�+ cosx

,

�)
∫

dx

cosx+ � sinx+ �
, �)

∫
�+ tanx
�− tanx

,

	)
∫

dx

� sin� x+ � cos� x
, �)

∫
dx

� cos� x+ �
,


)
∫

sin� xdx

�+ sin� x
, ��)

∫
dx

sin� x+ cos� x
,

��)
∫

dx

sin� x+ cos� x
, ��)

∫
sinx cos x

sinx+ cosx
dx,

��)
∫

dx

(sin� x+ � cos� x)�
,��)

∫
dx

(� sinx+ � cosx)�
,

��)
∫

dx

(�+ cosx) sinx
, ��)

∫
sinxdx

sin� x+ cos� x
.

�))
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=

√
�

�
cosh� t− �

��
sinh t cosh t− �

��
t+ C

=

√
�

�
(�+ sinh� t)�/� − �

��
sinh t(�+ sinh� t)�/�

− �

��
t+ C

=

√
�

�

(
�+

(�x + �)�

�

)�/�

− �

��

√
�

�
(�x + �)

(
�+

(�x + �)�

�

)�/�

− �

��
arcsinh

(
�x+ �√

�

)
+ C

�D!�3� �� ��L ���Q��G	�� L� '� �P ������ 
�����
��+�


�)
∫ √

x� + � dx, �)
∫

x�dx√
x� + 


,

�)
∫ √

x� − �x+ � dx, �)
∫ √

x� − � dx,

�)
∫ √

(x� + x+ �)� dx, �)
∫ √

x� − �x− 	dx,

	)
∫

dx√
(x� − �x+ �)�

, �)
dx

(x− �)
√
x� − �x+ �

,


)
∫

dx

(�− x�)
√
x� + �

, ��)
∫

dx

(�+ x�)
√
�− x�

.

+>P �3 23��4 9!	DO�!D(7� �%�%
P (x) sin(ax) �� P (x) cos(ax)

�8" �& ���Q��G	�� � ���& �? ) ������
'� P (x) �
 ∫

P (x) sin(ax) dx �� ∫
P (x) cos(ax) dx

V+�
�� i�: T%!� n �@ D��� L� ���7.B��$

I = Q(x) cos(ax) +R(x) sin(ax) + C

mH =��	�P �� n �@ D��� ������7.B��$ R(x) < Q(x) �d �� �

sin(ax) {���� T�d ^+:�X L� ��+GN	�� < �<��� ^�� i�: L�
���/ �&��& VP �& �� v�X <� �� cos(ax) {���� _+� < v�X <� ��

=V+P���∫
(x�+�x+�) cos(�x) dx ,��G	�� �1� �	
� ������

=�+�
 �D!�3� ��
V+�
 i�: =� ∫

(x� + �x+ �) cos(�x) dx =

= (A�x
� +A�x+A�) cos(�x)

+(B�x
� +B�x+B�) sin(�x) + C

# �4�\'\� B]���4 -� .��/(0� ���%
S�� 9�=O�!D(7� 9�!3 9�O�OYM

�8" �& ,��G	�� �@ D!�3� ���& �? ) ������
T%!� ���
 �5&�� P (x, y) �


∫
P (x,

√
ax� + bx+ c)dx

���
 U&�� L� mH ax� + bx+ c �<� �@B�� 2��DC �8��� �& �	�&
2��4 �! L� �8� �& ���


�)
∫
P

(
x,

√
a� − (cx+ d)�

)
dx,

�)
∫
P

(
x,

√
a� + (cx+ d)�

)
dx,

�)
∫
P

(
x,

√
(cx+ d)� − a�

)
dx,

��� ����� �� ��L 2��<��� ������ T���S ���D�
Tcx+ d = a tanh t �� cx+ d = a sin t w�
Tcx+ d = a sinh t �� cx+ d = a tan t w0
=cx+ d = a cosh t �� cx+ d = a sec t w>

�� < ���e7e� ���
 U&�� '� �& T�d ���]G��B L� mH <
=V+!��� ��Q�Q]P

�V���� x+ � = tan ti�: �& 2� ��	
� ������∫
dx

(x+ �)�
√
x� + �x+ �

=
∫

dx

(x+ �)�
√

(x+ �)� + �

=
∫

(�+ tan� t) dt

(tan t)�
√

(tan t)� + �
=

∫ �

cos� t
dt

sin� t
cos� t

�

cos t

=
∫

cos tdt

sin� t
=

∫
d(sin t)

sin� t
=

−�
sin t

+ C

=
−�
tan t√

tan� t+�

+ C =
−
√
x� + �x+ �

x+ �
+ C

�V���� x+
�

�
=

√
�

�
sinh ti�: �& 2�  �N�

∫
x
√
x� + x+ � dx =

∫
x

√√√√(
x+

�

�

)
+

(√
�

�

)�

=
∫ (√

�

�
sinh t− �

�

)

×

√√√√(√
�

�
sinh t

)�

+

(√
�

�

)�√
�

�
cosh tdt

=
�

�

∫ (√
� sinh t− �

)
cosh� tdt

=
�
√
�

�

∫
sinh t cosh� tdt− �

�

∫
cosh� dt

=
�
√
�

�

∫
cosh� td(sinh t) − �

�

∫
�+ cosh(�t)

�
dt

�)�
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� �� 
�" 
��� ���Q��G	�� L� '� �P ������ 
�����
��+�


�)
∫

(x− �)� cos(�x) dx �)
∫
x� cosxdx

�)
∫

(x� + �x+ �) cos xdx �)
∫
x� sinx cos(�x) dx

�)
∫

(�x� + �x� − �x+ �) sin(�x) dx

�)
∫

(x� + �x− �) sin� xdx

	)
∫

(x� + �) cos(x− �) dx

�)
∫

(x� − �) sin� x cos(�x) dx

�("�� S	��4 ǱX: �3 ǱX:  ��!" �*�%

��"�� Ǳ�B �& Ǳ_B �@ +A/ L� �H �� �H 
@���	!� �& �� ��L �@ +A/
���<��: ��P��&��
 ����� �d �@�+	� _+� < �+A/ ^�� =��.� 2�DE�

=��"�&��

��"�& U&�� <� y = v(x) < y = u(x) �S� ����� ���!��
V+�
 [��5� <

v�(x) =
∫
v(x)dx, v�(x) =

∫
v�(x)dx,

· · · · · · · · · vn(x) =
∫
vn−�(x)dx

2��4 ^�� ��
∫
u(x)v(x)dx = u(x)v�(x) − u′(x)v�(x)

+u′′(x)v�(x) − · · · + (−�)n−�u(n−�)(x)vn(x)

+(−�)n
∫
u(n)(x)vn(x) dx

�@ D��� ���7.B ��$ '� y = P (x) �S� ��U��- ���!��
�
�G�d T�"�& �� n

∫
P (x)eax dx =

= eax
{
P (x)
a

− P ′(x)
a�

+ · · · + (−�)n
P (n)(x)
an+�

}
+ C

∫
P (x) cos(ax)dx =

V���� T�<��� ^�� ^+:�X L� ��+GN	�� �&

(x� + �x+ �) cos(�x) = (�A�x+A�) cos(�x)

−�(A�x
� +A�x+A�) sin(�x)

= (�B�x+B�) sin(�x)

+�(B�x
� +B�x+B�) cos(�x)

= (�B�x
� + �(A� +B�)x+A� + �B�) cos(�x)

+(−�A�x� + �(B� −A�)x+B� − �A�) sin(�x)

��+	� ��
�B� = � �(A� +B�) = � A� + �B� = �

−�A� = � �(B� −A�) = � B� − �A� = �

TB� = �/� TA� = � ���"�� ��+	� 
�G	!� ^�� � L� �

T^���&��& =B� = 
/� < A� = �/� TB� = �/� TA� = �/�

V����∫
(x� + �x+ �) cos(�x) dx =

�

�
(�x + �) cos(�x)

+
�

�
(�x� + �x+ 
) sin(�x) + C

=�+�
 �D!�3� ��
∫
x� sinxdx ,��G	�� 2�  �N�

V+�
 i�: =� ∫
x� sinxdx = (A�x

� +A�x
� +A�x+ A�) cosx

+(B�x
� +B�x

� +B�x+B�) sinx+ C

V���� T�<��� ^�� ^+:�X L� ��+GN	�� �&

x� sinx = (�A�x
� + �A�x+A�) sinx

+(A�x
� +A�x

� +A�x+A�) cosx

+(�B�x
� + �B�x+B�) cosx

−(B�x
� +B�x

� + B�x+B�) sinx

= (−B�x
� + (�A� −B�)x

�

+(�A� −B�)x+ (A� −B�)) sinx

+(−A�x� + (A� + �B�)x
�

+(A� − �B�)x+ (A� −B�)) cosx

��+	� ��
−B� = � A� −B� = � A� + �B� = �

�A� −B� = � A� = � A� + B� = � = �

�A�−B� = � A� + �B� = �

TA� = � TA� = � ���"�� ��+	� 
�G	!� ^�� � L� �

< B� = � TB� = � TB� = −� TA� = −� TA� = �

��+	� �� =B� = �∫
x� sinxdx = �(x� − �) sinx+ x(� − x�) cosx+ C

�)0
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�)
∫
x�e

�
√
x dx, �)

∫
(x� − �x+ �) sinxdx,

�)
∫
xex sinxdx, �)

∫
eax cos�(bx)dx,

�)
∫

(�+ x�)� cos dx, �)
∫
x�ex cosxdx,

	)
∫
x�e−x

�

dx, �)
∫
xex sin� xdx.

GK�-�3 ;#6 �1�%

�8��� �& �B�� �& �
∫

tann x dx �� ;�	A� ���"��
V���� In =

∫
tann xdxi�: �& Td(tanx) = (�+tan� x)dx

In =
∫

tann−� x tan� xdx

=
∫

tann−� x(tan� x+ �) dx −
∫

tann−� xdx

=
�

n− �
tann−� x− In−�

< I� =
∫
dx = x 
<f5&

I� =
∫

tanxdx = − ln | cosx| + C

V���� �=�I=6 '.
 �& 2� ��	
� ���"��
∫

tan� xdx = I� =
�

�
tan� x− I�

=
�

�
tan� x−

(
�

�
tan� x− I�

)

=
�

�
tan� x− �

�
tan� x+ I�

=
�

��
tan� x(� tan x+ �) − ln | cosx| + C

V���� �=�I=6 '.
 �& 2�  �N�
∫

tan� xdx = I� =
�

�
tan� x− I�

=
�

�
tan� x− �

�
tan� x+ I�

=
�

�
tan� x− �

�
tan� x+ tanx− I�

=
�

��
tanx(� tan� x− � tan� x+ ��) + x+ C

=
sin(ax)
a

{
P (x) − P”(x)

a�
+
P (�)(x)
a�

− · · ·
}

+
cos(ax)

a

{
P ′(x) − P (�)(x)

a�
+
P (�)(x)
a�

− · · ·
}

+ C

∫
P (x) sin(ax)dx =

= −cos(ax)
a

{
P (x) − P ′′x)

a�
+
P (�)(x)
a�

− · · ·
}

+
sin(ax)
a

{
P ′(x) − P (�)(x)

a�
+
P (�)(x)
a�

− · · ·
}

+ C

0=�F=6 ,���: ^+Q<� '.
 �& 2� ��	
� 
��!��
V����

∫
x�e�x dx = e�x

{
x�

�
− �x�



+
�x

�	
− �

��

}
+ C

V���� 0=�F=6 ,���: ^+�<� '.
 �& 2�  �N�
∫
x� cos(�x)dx =

sin(�x)
�

{
x� − ��x�

�
+
���x

��

}

+
cos(�x)
�

{
�x� − ��x�

�
+
���

��

}
+ C

=
�

�
(�x� − ��x� + ��x) sin(�x)

+
�

�
(�x� − �x� + �) cos(�x) + C

Tu = lnxi�: �& < 0=�F=6 ,���: ^+Q<� '.
 �& 2�  �N�
V����∫

(lnx)�dx =
∫
u�eudu

= eu
{
u� − �u� + ��u� − ��u + ��

}
+ C

= x
{

ln� x− � ln� x+ �� ln� x− �� ln x+ ��

}
+ C

Tu =
√
xi�: �& < 0=�F=6 ,���: ^+��! '.
 �& 2�  �N�

V����∫
x� sin

√
xdx =

∫
u� sinu�udx

= �

∫
u� sinudu

= �

{
− cosu(u� − ��u� + ���u)

+ sinu(�u� − ��u� + ���)
}

+ C

= −�√x
{

(x� − ��x + ���) cos
(√

x
)

+��(x� − ��x+ ��) sin
(√

x
)}

+ C

�)>
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= − sinn−� x cosx+
∫

(n− �) sinn−� x cos� xdx

= − sinn−� x cosx

+(n− �)
∫

sinn−� x(�− sin� x)dx

= − sinn−� x cosx+ (n− �)In−� − (n− �)In

��+	� ��

In =
−�
n

sinn−� x cosx+
n− �

n
In−�


<f5&

I� =
∫

sinxdx =
∫
dx = x+ C

I� =
∫

sinxdx = − cosx+ C

n  m �' a
∫

sinm x cosn x dx �� ;�	A� !��"��
,��G	�� �G���.� Im,n V+�
 i�: �45�;
� N�A8 &�4+�
�8��� i�: �& 2��4 ^�� �� =�"�&

∫
sinm x cosn xdx

V���� P = sinm−� x cosn+� x

dP

dx
= (m− �) cosx sinm−� x cosn+� x

−(n+ �) sinx sinm−� x cosn x

= (m− �) sinm−� x cosn+� x− (n+ �) sinm x cosn x

= (m− �) sinm−� x cosn x(�− sin� x)

−(n+ �) sinm x cosn x

= (m− �) sinm−� x cosn x− (m+ n) sinm x cosn x

��+	� ��

sinm−� x cosn+� x = (m− �)Im−�,n − (m+ n)Im,n

^���&��& <

Im,n =
−�
m+ n

sinm−� x cosn+� x

+
m− �

m+ n
Im−�,n w�=6 x

V���� P = sinm+� x cosn−� xi�: �& �&��� 2��j&
dP

dx
= (m+ �) cosx sinm x cosn−� x

−(n− �) sinx sinm+� x cosn−� x

= (m+ �) sinm x cosn x

−(n− �) sinm+� x cosn−� x

= (m+ �) sinm x cosn x

−(n− �) sinm x(�− cos� x) cosn−� x

= (m+ n) sinm x cosn x

−(n− �) sinm x cosn−� x

a > � V+�
 i�: �
∫

dx

(x� + a�)n
�� ;�	A� 
��"��

i�: �& 2��4 ^�� �� =In =
∫

dx

(x� + a�)n
< n ∈ N <

Ǳ_B �& Ǳ_B \<� L� 
���	!� �& < dv = dx < u =
�

(x� + a�)n
V����

In =
x

(x� + a�)n
−

∫
x

−�nx
(x� + a�)n+�

dx

=
x

(x� + a�)n
+ �n

∫
(x� + a�) − a�

(x� + a�)n+�
dx

=
x

(x� + a�)n
+ �n

∫
dx

(x� + a�)n

−�na�
∫

dx

(x� + a�)n+�

=
x

(x� + a�)n
+ �nIn − �na�In+�

��+	� ��

In+� =
�

�na�
x

(x� + a�)n
+
�n− �

�n

�

a�
In

V���� n = � ��L� �& 
<f5& <

I� =
∫

dx

x� + a�
=
�

a
arctan

(x
a

)
+ C

< a =

√
�

�
i�: �& TO�& �3& �& �B�� �& ��	
� ���"��

V���� u = x+
�

�∫
dx

(x� + x+ �)�
= I� =

�

�a�
u

(u� + a�)�
+
�

�

�

a�
I�

=
u

�a�(u� + a�)�
+

�

�a�

{
�

�a�
u

u� + a�
+
�

�

�

a�
I�

}

=
u

�a�(u� + a�)�
+

�u

�a�(u� + a�)
+

�

�a�
I�

=
u

�a�(u� + a�)�
+

�u

�a�(u� + a�)

+
�

�a�
.
�

a
arctan

u

a
+ C

=
�x+ �

�(x� + x+ �)�
+

�x+ �

�(x� + x+ �)

+
�
√
�



arctan

(√
�

�
(�x+ �)

)
+ C

,��G	�� In V+�
 i�: �
∫

sinn x dx �� ;�	A� ���"��
2��4 ^�� �� =�"�&

∫
sinn xdx

In =
∫

sinn−� x sinxdx

= −
∫

sinn−� xd(cos x)

�)9
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V���� O�& ���Q���: L� 
���	!� �& ��	
� ���"��
∫

dx

sin� x cos� x
= I−�,−�

>=6= −�
�

sin−� x cos−� x+
−�
−�I−�,−�

>=6= −�
�

sin−� x cos−� x

+
�

�

{
− sin−� x cos−� x+ �I�,−�

}
=

−�
�

sin−� x cos−� x

−�
�

sin−� x cos−� x+
�

�
I�,−�

9=6= −�
�

sin−� x cos−� x− �

�
sin−� x cos−� x

+
�

�

{
sinx cos−� x+ (�)I�,�

}
=

−�
� sin� x cosx

− �

� sinx cosx
− � sinx
� cosx

+ C

�h��� �	�SL�& ,���: '� T���� �P �� ������ �#��"��
��+P�

�)
∫

cosn xdx, �)
∫

secn xdx,

�)
∫

cscn xdx, �)
∫
xneax dx,

�)
∫

xn dx√
x� + a�

�)
∫

dx

(x� − a�)n
,

	)
∫
xa(lnx)n dx, �)

∫
xneax cos(bx) dx.

+,	� -� .��/(0� �H�%

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

�@ D!�3� ��	!� �7
 2��4 ����E�-� �� ;�	A� ������
,��G	�� ���� U&�� f(x) �d �� �
 T%!� int(f(x),x) ,��G	��
T��" 
���	!� Int L� int ���& �S� =%!� ��+GQ��G	�� �+a	� x <
=�" �P��(� �D!�3� < ��"�� 
��� ���� ^���.� �8" �& ,��G	��
=V+�
�� 
���	!� value ��	!� L� %!� �:�
 �d �@ D!�3� ���&

���.� ���&

int(x ∗ sin(a ∗ x), x)
�K+�

−−−−→ sin(ax) − ax cos(ax)
a2

int(x/(x2 − 3 ∗ x + 1), x)
�K+�

−−−−→

��+	� ��

sinm+� x cosn−� x = (m+ n)Im,n − (n− �)Im,n−�

^���&��& <

Im,n =
�

m+n
sinm+� x cosn−� x

+
n− �

m+n
Im,n−� w0=6 x

�=6x ���Q���: L� � �8� 
@���	!� �& TIm,n �Q�@�� � ���& ^���&��&
%Q� ���$ L� �8� �& Tn < m L� <� ���A� ^	!�
 < w0=6 x < w

�V+!��� ��L

I�,� =
∫
dx = x+ C

I�,� =
∫

sinxdx = − cosx+ C

I�,� =
∫

cosxdx = sinx+ C

I�,� =
∫

sinx cosxdx =
�

�
sin� x+ C

O�& �� n<��� ���Q���: L� 
���	!� �& ��	
� "��"��
�V����∫

sin� x cos� xdx = I�,�
(�)
=

−�
�

sin� x cos� x+
�

�
I�,�

(�)
=

−�
�

sin� x cos� x+
�

�

{
�

�
sin� x cos x+

�

�
I�,�

}

=
−�
�

sin� x cos� x+
�

�
sin� x cos x+

�

�
I�,�

(�)
=

−�
�

sin� x cos� x+
�

�
sin� x cos x

+
�

�

{−�
�

sinx cosx+
�

�
I�,�

}

=
−�
�

sin� x cos� x+
�

�
sin� x cos x

− �

��
sinx cosx+

�

��
x+ C

n  m �' a
∫

sinm x cosn x dx �� ;�	A� ���"��
L� �T�� 2B5� 	S-= I� 2Q� 7��[  4-�N�A8 &�4+�
%:�S ��+	� ������ TF=�I=6 %.�/ �� w0x < w�x ���Q���:

�


Im,n =
sinm+� x cosn+� x

m+ �
+
m+ n+ �

m+ �
Im+�,n w>=6 x

Im,n = − sinm+� x cosn+� x

m+ �
+
m+ n+ �

m+ �
Im,n+� w9=6 x

�
 ��
 ���D� Im′,n′ �& �� Im,n ������ ��Q���: ^�� L� 
���	!� �&
=��������� n′ < m′ �d ��

�)6
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=V+!���
∫
u� du �& < 
��.�

�& Ǳ_B ��	!� �7
 2��4 �ǱHK �G ǱHK ? ) 
�����
�8" �& ,��G	�� �� Ǳ_B

�� �d '.
 �& �
 T%!� student[intpart](I(x),u(x))
Ǳ_B �& Ǳ_B 
@�C�/ L� mK! < u=u(x) ��"��i�: I(x) ,��G	��
'.
 �& ���.� ���& =��"�� 
���	!�

∫
u dv = uv −

∫
v du

��	!�

student[intpart](Int(xk ∗ In(x), x), ln(x))
�K+�

−−−−→
ln(x)x(k+1)

k + 1
− x(k+1)

x(k + 1)
dx

u = i�: �& Ǳ_B �& Ǳ_B \<� L�
∫
xk ln(x) dx ,��G	�� ��

=��"�� 
���	!� dv = xk dx < ln(x)

�	��	��� c��d �� � ������
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

1
2

ln
(
x2 − 3x + 1

)− 3
√

5
5

arctanh

(√
5

5
(2x − 3)

)

Int(u ∗ tan(u2), u)
�K+�

−−−−→
∫

u tan
(
u2

)
du

value(Int(u ∗ tan(u2), u))
�K+�

−−−−→ −1
2

cos
(
u2

)
��	!� �7
 2��4 ����E�-� )& ��b�� ���b� ������

�8" �& ,��G	�� �� �+a	� �++a�
�d �� �
 T%!� student[changevar](R(x,u),I(x),u)
�� �+a	� �++a� V+P����� �
 x �+a	� {� �& %!� �Q��G	�� I(x)
x {� �& �� u �d �� �
 %!� ���;&�� R(x,u) TV+P� ����� �d
{� �& �� ,��G	�� ���& �
 %!� ����B �+a	� u < V��
��.� ��+&

��	!� '.
 �& T���.� ���& =V+����& �d
student[changevar](u=sin(x),Int((sin(x)) ∧

3cos(x), x), u)
�K+�

−−−−→ ∫
u3 du

����� u = sinx �+a	� �++a� L�
∫

sin�(x) cos(x) dx ,��G	�� ��

�)F



	 ���

 �!� #$
��"$

�=F �8" �&x V+P��� ����
∫ b

a

f(x) dx ��.� �& < 
�+��� b �� a
V+����& V+������ ^���&��& qw��" �B��

∫ b

a

f(x) dx = lim
|P |→�

I
(
P, ξ

)
�& ��� #P 
�G�d T��
�� �+� ��4 �& |P | �	/< �
 ��" �B��

=��.� �P��� �+� %����+& �& ���

�
^+5� ,��G	�� [��5� ��=F �8"

^+h�H < O�& L� ������ ��B< 2��4 �� �� ,��G	�� '� ���N�
2��4 ξ ���+� ��N� {!��� ��(	�� �& ��
 ^�� =�L {��N�
�
 V��+G& ���X �� ξi ∈ Ii �S� �
 %!� ^"<� =���]H��
�P��� ,��G	�� �O�& {��N� I(P, ξ) 
�G�d T��" �e
� � f(ξi)

T��" �/� � f(ξi) �
 V��+G& ���X �� ξi ∈ Ii �S� < T��&
��" �	N+/� ���& =��& �P��� ,��G	�� ^+h�H {��N� I(P, ξ) 
�G�d

�V��<d�� �� ��L [��5� T�3&


@L�& L� �L��:� P = {xi}ni=� V+�
 i�: ������ 
���!
< %!� [a; b]

Mi = sup
{
f(x)

∣∣∣ xi−� ≤ x ≤ xi

}
mi = inf

{
f(x)

∣∣∣ xi−� ≤ x ≤ xi

}

9!�Y,O�!D(7� ��*

[�� 5 � [a; b] 
@L� & � & � 
 %!� � 5 &� � y = f(x) � + � 
 i� :
��3� Ty = f(x) U&�� ����.� �& �<�3� �@ + �� % ��� =���S��
=V + � 
 � D!�3� V +P����� �� x = b s� < x = a s� T�P x
��� & � N + /� [ �� 5 � fk 5 : � 
 �� "�� �"� � �� � �� L� �8� �
fk ��
 �� % ��� L� �����p�� ��	&� ���& mH =V����� y% ���z

=V+�
 �(��

T[a; b] 
@L�& ���& >!� V! '� L� �� p � � �� �� � � ����!
����� ��N� L� ���54 ���Q�D��

P : a = x� < x� < · · · < xn−� < xn = b

$>�� ��> ���& %.�/ n �& �� [a; b] 
@L�& T�L��:� ^+�$ �P =%!�

@L�& ,�X =i = �,�, · · · , n �
 Ii = [xi−�;xi] ���
�� V+�N�
T2��4 ^�� �� =V+P��� ���� Δxi = xi − xi−� ��.� �& �� �� i
MV!�g < V+P��� ���� #P ��.� �& < 
�+��� P >!�V!  �/ �� n

2��4 �& < 
��� ���� |P | ��.� �& �� P >!�V!

|P | := max
{
Δx�,Δx�, · · · ,Δxn

}

��(Q� ����C� ξ =

{
ξ�, ξ�, · · · , ξn

}
�S� =V+�
�� [��5�

V+�
�� [��5� 2��4 ^�� �� Tξi ∈ Ii �� i �P Ǳ�L� �& �
 ��"�&

�& �+p� �(!���"! h�01� �� ��C ^�� =I(P, ξ) :=
n∑
i=�

f(ξi)Δxi

=V+����� ξ �"��� i�K" < P L��:�

�& y = f(x) U&�� V+h�S�� ����4 �� ������ ����!
�P Ǳ�L�& �
 %!� I �&��& �d  !���"! < %!� ��\](!���"! [a; b] 
@L�&
L� P = {xi}ni=� L��:� �P Ǳ�L�& �
 ��" %:�� �� δ > � Tε > �

ξ = {ξi}ni=� ���+� ��N� L� ��(	�� �P Ǳ�L�& < |P | < δ �
 [a; b]

>! f  !���"! �� I %Q� ^�� �� =
∣∣∣I(P, ξ) − I

∣∣∣ < ε V+"�& �	"��

�)I
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�& ���
� =%!� � �&��& < ��B��
∫ b

a

f(x) dx V+�
 i�: w�
L��:� �P ��L� �& �
 ���� ��B< �� δ > � T
��(Q� ε > � �P ��L�
���+� ��N� L� ��(	�� �P < |P | < δ �& [a, b] L� P = {xi}ni=�
�G�� 2��DC �& =|I(P, ξ) − �| < ε V���� P ���& ξ = {ξi}ni=�

− ε

�
< I(P, ξ) − � <

ε

�
w�=F x

���$ ξ ∈ [xi−�;xi] '� Tε > � ��L�& TMi [��5� �& �B�� �&
�
 ���� ��B<

Mi − ε

�(b − a)
< f(ξi) < Mi +

ε

�(b− a)

��+	� ��
n∑
i=�

MiΔxi − ε

�(b − a)

n∑
i=�

Δxi <
n∑
i=�

f(ξi)Δxi

<

n∑
i=�

MiΔxi +
ε

�(b− a)

n∑
i=�

Δxi

V���� T����H�! %+4�� �& �B�� �& T^���&��& <

I(P ) − ε

�
< I(P, ξ) < I(P ) +

ε

�

��+	� �� <

− ε

�
< I(P, ξ) − I(P ) <

ε

�
w0=F x

=−ε < I(P ) − � < ε V���� w0=F x < w�=F x �& �B�� �& T���
�

T�&��� 2��4 �& =
∫ b

a

f(x) dx = lim
|P |→�

I(P ) = � ^���&��&

� =
∫ b

a

f(x) dx = lim
|P |→�

I(P ) = � �
 ���S�� 2�DE�

f �
 �+P� ���� =f(x) = x �+�
i�: �1� �	
� ����!
=�"�&�� �/� �&��& �d ,��G	�� ���N� < %!� ��]KQ��G	�� [�;�] �&
�L��:� P : � = x� < x� < · · · < xn = � V+�
 i�: =� 

2��4 ^�� �� =%!� [�;�] ���&

mi = inf
{
x
∣∣ xi−� < x < xi

}
= xi−�

Mi = sup
{
x
∣∣ xi−� < x < xi

}
= xi

��+	� ��

I(P ) =
n∑
i=�

MiΔxi =
n∑
i=�

xi(xi − xi−�)

=
n∑
i=�

x�i −
n∑
i=�

xi−�xi =
�

�

n∑
i=�

(xi − xi−�)
� − x�

�

=
�

�

n∑
i=�

(Δxi)� ≤ �

�

(
n∑
i=�

Δxi

)�


@L�& �& y = f(x) U&�� ���N� ��.+���� < ����H�! {+��� �&

�G�d T�"�& �	!�+H f �S� �
 ��" �B��x =��"�& Ii = [xi−�;xi]

���
� w=�"�&�� ��.+�+� ��.P ��.+���� < ��.�_
�� ��.P ����H�!
�& �� [a; b] L��:� �& %D�� f U&�� �C�J�� h�01� < ��H�� h�01�

2��4 �& T{+���

I(P ) :=
n∑
i=�

MiΔxi < I(P ) :=
n∑
i=�

miΔxi

L� 
��(Q� ��(	�� �P ��L� �& �
 %!� ^"<� =V+�
�� [��5�
V���� Tξ = {ξi}ni=� ���+� ���C�

I(P ) ≤ I
(
P, ξ

) ≤ I(P ).

{+��	& �� b �� a L� y = f(x) ��H��  !���"! < �C�J��  !���"!
∫ b

a

f(x) dx := lim
|P |→�

I(P ) <
∫ b

a

f(x) dx := lim
|P |→�

I(P )

T�"�& ��]KQ��G	�� [a; b] �& f �S� �
 %!� ^"<� =V+�
�� [��5�

�G�d∫ b

a

f(x) dx ≤
∫ b

a

f(x) dx ≤
∫ b

a

f(x) dx.

����� ��B< ,��G	�� �� ���� �! ^�� ^+& �G���G�� ��D���∫ b

a

f(x) dx �8��� ���& �:�
 < �LO ��" ����� ����!

< ��B��
∫ b

a

f(x) dx <
∫ b

a

f(x) dx �
 %!� ^�� �"�& ��B��
=��"�� �8� ,��G	�� �! �P ���N� 2��4 ^�� �� =��"�& �&��&

V+�
 i�: =∫ b
a
f(x) dx =

∫ b
a
f(x) dx V+�S i�: w[Q� A7��S"

T^���&��& =%!� � ���d }�	�� ���N�

� = lim
|P |→�

Ī(P ) = lim
|P |→�

I(P )

��L� �& �
 ���� ��B< �� δ > � T
��(Q� ε > � �P ��L� �& TmH
V���� |P | < δ �
 [a; b] L� P L��:� �P

� < I(P ) − � < ε , � < �− I(P ) < ε

L��:� ���& ξ = {ξi}ni=� ���+� ��N� L� ��(	�� �P ��L� �& ���
�
V���� T|P | < ε �
 P = {xi}ni=� i<���

I(P ) <
n∑
i=�

miΔxi ≤ I(P, ξ) =
n∑
i=�

MiΔxi = I(P )

��+	� �� <

−ε = I(P ) − � < I(P, ξ) ≤ I(P ) − � < ε

lim
|P |→�

n∑
i=�

f(ξi)Δxi ��+	� �� =|I(P, ξ) − �| < ε ^���&��& <

=%!� � �&��& < ��B��

�)1
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V���� T%!� ���54

I(P ) − I(P ) =
n∑
i=�

(Mi −mi)Δxi

=
n∑
i=�

(f(xi) − f(xi−�))Δxi

< δ

n∑
i=�

(f(xi) − f(xi−�))

= δ(f(b) − f(a))

��P�& < δ = ε/(f(b) − f(a) + �) ��" i�: %!� �:�
 mH
� =%!� ��.�

T�"�& �	!�+H [a; b] �& y = f(x) U&�� �S� ����� "���!
=%!� ��]KQ��G	�� 
�G�d

�8�8� �@ 	!�+H 
L�& ^�� �& T%!� �	!�+H [a; b] �& f ��$ A7��S"
�
 ���� ��B< δ > � '� Tε > � �P ��L� �& T��+	� �� =%!�
=|f(x) − f(y)| < ε 
�G�d T|x − y| < δ < x, y ∈ [a; b] �S�
|P | < δ �& [a; b] ���& �L��:� P = {xi}ni=� V+�
 i�: ,� 
���C� T[xi−�;x�] �& f �G	!�+H �+Q� �& T2��4 ^�� �� =%!�
< mi = f(zi) �
 �����S �& T����� ��B< �� yi, zi ∈ [xi−�, xi]

��+	� �� =Mi = f(yi)

I(P ) − I(P ) =
n∑
i=�

(Mi −mi)Δxi

=
n∑
i=�

(f(yi) − f(zi−�))Δxi

≤
n∑
i=�

ε

b− a
Δxi

=
ε

b− a

n∑
i=�

Δxi = ε

� =%!� ��.� ��P�& <

< �"�& ������
 [a; b] �& y = f(x) U&�� �S� ����� ����!
=%!� ��]KQ��G	�� 
�G�d T�"�& �	!�+H �@;N� �P��	� ����5� �� _�&

�& 6=I=> �����N� U&�� '� y = f(x) �S� ��U��- ����!

�G�d T�"�& ������
 [a; b] �& y = f(x) �S� _+� < T�"�& [a; b] 
@L�&

=%!� ��]KQ��G	��

���d �@.P mH =%!� ��	
 ^�� ���Q�e� �e
� ���" ��+	� ^��
����S�� 2�DE� ����� _+Q��d �� ��L �7
 V8 -�����]KQ��G	��

[a; b] 
@L�& �& y = f(x) U&�� �+�
 i�: ����� �#���!
��]KQ��G	�� [a; b] �& f �8��� ���& �:�
 < �LO ��" =%!� ������

�@ 	�& ��P
L�& L� 
������'� �� ε > � �P Ǳ�L�& �
 %!� ^�� �"�&

=
�

�
(�−�) =

�

�

I(P ) =
n∑
i=�

miΔxi =
n∑
i=�

xi−�(xi − xi−�)

=
n∑
i=�

xi−�xi −
n−�∑
i=�

x�i

= �−
{

n∑
i=�

x�i −
n∑
i=�

xi−�xi

}

≤ �− �

�
=
�

�

�
 ����S 2�DE� T^���&��& =I(P ) ≤ I(P ) 
���.P T�:�X L�
��]KQ��G	�� [�;�] �& f(x) = x ^���&��& < I(P ) = I(P ) = �/�

=�"�&�� �/� �&��& �d ,��G	�� < %!�

'P.��� ���� �
 �+�
 %&�E 2�  �N�

Dri(x) =
{
� x ∈ Q

� x 
∈ Q

=%�+� ��]KQ��G	�� [�,�] 
@L�& �&
���& 
��(Q� L��:� '� P V+�
 i�: T��p�� ^�� ���& =� 
�/�O < ���S ��C '� �/�O Ii = [xi−�;xi] 
@L�& �� =%!� [�,�]

�� =mi = � < Mi = � ^���&��& T���� ��B< ��S ��C '�
��+	�

∫ �

�

Dri(x) dx = lim
|P |→�

n∑
i=�

�Δxi = (�− �) = �

∫ �

�

Dri(x) dx = lim
|P |→�

n∑
i=�

�Δxi = �

=%�+� ��]KQ��G	�� [�;�] 
@L�& �& y = Dri(x) T^���&��&

^�� �� �
 %!� �d L� ��
�+t+H O�& [��5� �
 %!� ^"<�
T��5�x ���]KQ��G	�� �@ Q�@�� U/�< �� =���G& �5Q�;� L� Y;!
��$ �
u �& �+Q� ^+.P �& < %!� �8+�8� ��+�& w,��G	�� ��B<
�
x V	�P �j: �� < 
��.� U:� ���d �k	/�� T������/ '� < �+A/
=%�S V+P��� L�& �d �& �k���� w�L���H�� 
�!�� ���Q��G	�� �&
�@ Q�@�� � ���& �� ��.�<�+� ��.� V+���	& �
 ��"�� �C�& ��
 ^��

=V+�
 v�;5� w,��G	�� ^	:�� T��5�x ��+GQ��G	��

< ���8� [a; b] 
@L�& �& y = f(x) U&�� �S� ����� !���!
=%!� ��]KQ��G	�� 
�G�d T�"�& ������


=%!� ������
 < ���54 [a; b] 
@L�& �& f �+�
 i�: A7��S"
P = {xi}ni=� �+�
 i�: w=%!� �&��� T�Q<_� %Q� 2�DE�x
f ��$ T|P | < δ �S� T2��4 ^�� �� =%!� [a; b] ���& �L��:�

�)J



W�
� "�#:*8� , ��� <#�\-Q�#:*8� ��,

��L n�" �& ���P
L�& =� ≤ f(x) ≤ � 
<f5& =%!� �	!�+H��
�V+�
�� ��(	��

I� =
[
�− �

�m
;�

]
,

I� =
[
�

�
− �

�m
;
�

�
+

�

�m

]
· · ·

In =
[
�

n
− �/n− �/(n+ �)

m
;
�

n
+
�/(n− �) − �/n

m

]
,

In+� =
[
�;
�

n
− �

�/n− �/(n+ �)
m

]

=i = �, · · · , n �P ��L� �& T�/i ∈ Ii n��< �& T2��4 ^�� ��
^+�t.P =i > n �P ��L� �& �/i ∈ In+� 
<f5&

n+�∑
i=�

(Ii ,�X) =
�

�m
+

�

�m
+ · · ·

+
�

m(n� − �)
+

(
�

n
− �

mn(n+ �)

)

≤ �

�m
+
�

n
+
�

m

n∑
k=�

�

k� − �

< n ≥ �/ε Tm ≥ ε/(�
n∑
k=�

�/(k� − �)) i�: �& ���
�

�@ +A/ s���" T��5� =
n+�∑
i=�

(Ii ,�X) <
�

�
ε < ε V���� Tm ≥ �n


<f5& =%!� ��]KQ��G	�� [�;�] �& f TmH =%!� ���/�& �)=�=F
∫ �

�

f(x) dx = lim
n→∞

∫ �

�/(n+�)

f(x) dx

= lim
n→∞

n∑
i=�

∫ �/n

�/(n+�)

n

n+ �
dx

= lim
n→∞

n∑
i=�

�

(n+ �)(n + �)

= lim
n→∞

(
�

�
− �

n+ �

)
=
�

�

������ �����!

�& f(x) = �x − � U&�� �+�
 %&�E I=�=F L� 
���	!� �& w�
�& �� �d ,��G	�� ���N� mK! T%!� ��]KQ��G	�� [�;�] 
@L�&

=�+�
 �D!�3� �9=�=F L� 
���	!�

�U&�� �+�
 %&�E w0

f(x) =
{

[sin (�/x)] x 
= ��S�
� x = ��S�

=%�+� ��]KQ��G	�� [�;�] 
@L�& �&

T%!� ��]KQ��G	�� [�;�] 
@L�& �& f(x) = x� U&�� �+�
 %&�E w>
=�+�
 �D!�3� �� �d ,��G	�� ���N� mK!

ε L� �	.
 �P Ii ,�X ��.�� TIi ⊆ [a; b] �
 ���" %:�� ���$ Ii
=�"�& [a; b] �& f �G	!�+H�� ��N� ��.� ���" ⋃

Ii < ��"

�+�
 i�: �1� �	
� �����!

f(x) =
{
x� x ∈ Q�S�
� x 
∈ Q�S�

��]KQ��G	�� [�;�] �& y = f(x) �
 �+P� ���� 2��4 ^�� ��
=%�+�

x� �� y = f(x) 2��4 ^�� �� Tx� 
= � V+�
 i�: =� 
��B< {xn}∞n=� ����� ��S ���C� L� ���Q�D�� ���L T%!� �	!�+H��

�
 �Q� �� w-��$x %!� ��G.P x� �& �
 ����

lim
n→∞ f(xn) = lim

n→∞� = � 
= x�
�

= f(x�)

�
 �� x �P < �� ε > � �P ��L�& 
�G�d Tx� = � �S� ���
V���� T|x− �| < δ =

√
ε

|f(x) − f(�)| = f(x) =
{
x� x ∈ Q�S�
� x 
∈ Q�S�

≤ x� < δ� = ε

_�& �B �.P �� y = f(x) ��$ T�)=�=F �@ +A/ �&��& T��+	� ��
=%�+� ��]KQ��G	�� [�;�] �& ��+	� �� < %!� �	!�+H�� x� = �


@L�& �P �& f(x) = [x] Y+34 Ǳ_B U&�� �
 �+P� ���� 2�  �N�
=%!� ��]KQ��G	�� T�P��	� < �	�&

���+G	!�+H�� 2��4 ^�� �� TI = [a; b] V+�
 i�: =� 
��5� TI 
@L�& �� Y+34 ��N� L� �����DC I �& y = f(x)

I ∩ Z = {n�, n� + �, · · · , n�}

< �"�& 
��(Q� ε > � �S� �
 ���S�� 
�P��� 2��4 ^�� ��
�� i �P ��L�&

Ii :=
[
i− �

�(n� − n�)ε
; i+

�

�(n� − n�)ε

]

�&��& �P
L�& ^�� ,�X ��.�� < I ∩ Z ⊆ In� ∪ · · · ∪ In� 
�G�d
�@ +A/ �&��& T��+	� �� =(n� − n�) ×

�

(n� − n�)ε
= ε �& %!�

=%!� ��]KQ��G	�� I �& y = f(x) U&�� �)=�=F
f(x) = [x] ��
 ��.� � ������ _+� ��;��� �� �Q�@�� ^��

=%!� ��]KQ��G	�� [a; b] �& F=�=F �@�+	� �&��& �]Q < %!� ���8�

U&�� �+P� ���� w> ,�e�

f(x) =
{

n
n+�

�

n+�
< x ≤ �

n �S�
� x = � �S�

=∫ �
�
f(x) dx = �/� 
<f5& < %!� ��]KQ��G	�� [�;�] 
@L�& �&

Tn ∈ N �
 �/n �8" �& ��N� �� ���� f U&�� �
 %!� ^"<� =� 

��)
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=�+�
 �D!�3� �� �
V���� �9=�=F ,���: ^+Q<� '.
 �& =� 

∫ �

−�
f(x) dx =

∫ �

−�
(�x+ �) dx

= lim
n→∞

�− (−�)
n

n∑
i=�

f

(
−�+ i

�− (−�)
n

)

= � lim
n→∞

�

n

n∑
i=�

{
�

(
−�+

�i

n

)
+ �

}

= � lim
n→∞

�

n

n∑
i=�

�+ �� lim
n→∞

�

n�

n∑
i=�

i

= � lim
n→∞

�

n
n+ �� lim

n→∞
�

n�
n(n+ �)

�

= �+ 
 = ��


@L�& �& f(x) = x� U&�� ���& ��]KQ��G	�� i�: �& 2�  �N�
=�+�
 �D!�3� �� � �� � L� y = f(x) ,��G	�� T[�;�]

V���� �9=�=F ,���: ^+�<� '.
 �& =� 
∫ �

�

f(x) dx =
∫ �

�

x� dx

= lim
n→∞

�− �

n

n−�∑
i=�

f

(
�+ i

�− �

n

)

= lim
n→∞

�

n

n−�∑
i=�

(
i

n

)�

= lim
n→∞

�

n�

n−�∑
i=�

i�

= lim
n→∞

�

n�
n(n− �)(�n− �)

�
=
�

�

T%!� ��C�.�� � �@ D!�3� �� �+A/ ^�� ��&��
 ^���
�.C
Z�j� �� 2�CfX� �+.8� �& L�+� �d �:�5� ���& �	DQ� �


=w��" �B�� 6=>=F �&x ���� ,��G	��

T
�" 
��� ���Q��G	�� ��B< i�: �& ������ �!���!
��+�
 �D!�3� �9=�=F '.8& �� ���d L� '� �P ���N�

�)
∫ �

�

xdx, �)
∫ �

�

(�x− �) dx,

�)
∫ �

�

x� dx, �)
∫ �

�

(x� − �x+ �) dx.

^	��  �!D(7� ���� ��*

V+�
�� [��5� Tb < a �
 ����4 �� ������ ����!
[��5� 
�G�d Ta = b �S� T
<f5&

∫ b

a

f(x) dx := −
∫ a

b

f(x) dx

=
∫ b

a

f(x) dx = � V+�
��

< %!� ��]KQ��G	�� [�;�π] �& f(x) = sinx �+�
 %&�E w9
=%!� ��4 �&��& �d ,��G	��

��]KQ��G	�� 
��(Q� �@ 	�& 
@L�& �P �& ��L U&�� �
 �+P� ���� w6
�%!�

f(x) =
{
� x /∈ Q �S�
�/n x = m/n ∈ Q, (m,n) = � �S�

�%!� ��]KQ��G	�� [�;�] 
@L�& �& ��L U&�� �
 �+P� ���� wF

f(x) =
{
�/x− [�/x] x 
= � �S�
� x = � �S�

U&�� �+P� ���� T∑∞
i=� �/n

� = π�/� �8��� i�: �& wI

f(x) =
{
�/n �/(n+ �) < x ≤ �/n �S�
� x = � �S�

�&��&
∫ �

�

f(x) dx 
<f5& < %!� ��]KQ��G		�� [�;�] 
@L�& �&
=%!� π�/�− �

U&�� �
 �+P� ���� Tln� =
∑∞

n=� (−�)n+�/ni�: �& w1

f(x) =
{

(−�)n−� �/(n+ �) < x ≤ �/n �S�
� x = � �S�

�&��&
∫ �

�

f(x) dx 
<f5& < %!� ��]KQ��G	�� [�;�] 
@L�& �&
=%!� � ln�− �

���� =%!� '� L� �	S�_& �5+DX ��C '� a �+�
 i�: wJ
U&�� �
 �+P�

f(x) =
{
a�−n a−n < x ≤ a�−n �S�
� x = � �S�

�&��&
∫ �

�

f(x) dx 
<f5& < %!� ��]KQ��G	�� [�;�] 
@L�& �&
=%!� a/(a+ �)

i�: T��� �j: ����H �� TmH ^�� L� �&�&)��� �
���!
=����B�� 
�" n�;� ���Q��G	�� ��.� �
 %!� ^�� �&

��L �@ +A/ T�"�& 
�" ^+.A� ,��G	�� ��B< �
 ����4 ��
^�� 2�DE� =�P��� �h��� ,��G	�� �@ D!�3� ���& �� ���
��! \<�

=
������ 
@��C �& ^��.� ����C �& �+A/

[a; b] 
@L�& �& y = f(x) U&�� �S� ����� �����!

�G�d T�"�& ��]KQ��G	��∫ b

a

f(x) dx = lim
n→∞

b− a

n

n∑
i=�

f

(
a+ i

b− a

n

)

= lim
n→∞

b− a

n

n−�∑
i=�

f

(
a+ i

b− a

n

)

U&�� ���& ��]KQ��G	�� i�: �& 2� ��	
� �����!
�� −� L� y = f(x) ,��G	�� T[−�;�] 
@L�& �& f(x) = �x + �

���



W�
� "�#:*8� , ��� W�
� "�#:*8�  ��! ��,

= M
n∑
i=�

Δxi = M(b− a)

� =m(b−a) ≤
∫ b

a

f(x) dx �
 ���S�� 2�DE� �&��� 2��4 �&

< y = f(x) �S� 2� ���E-	�� )�4�� �� ��� 
���!
< ��.�_
�� {+��� �& m < M T��]KQ��G	�� [a; b] �& y = g(x)


�G�d T�P�� %�fC �++a� [a; b] �& f < ��"�& [a; b] �& g ��.+�+�
�
 ���� ��B< � ����� ���C

∫ b

a

f(x)g(x) dx = �

∫ b

a

f(x) dx, m ≤ � ≤M

�
 ���� ��B< c ����� ���C T�"�& �	!�+H g �S� 2�
∫ b

a

f(x)g(x) dx = g(c)
∫ b

a

f(x) dx, a ≤ c ≤ b

�k�+
� < %De� 
L�& �d �& g < ��]KQ��G	�� [a; b] �& g < f �S� 2�
< a ≤ c ≤ b �
 ���� ��B< �� c ��C 
�G�d T�"�& �Q<_�

∫ b

a

f(x)g(x) dx = g(a)
∫ c

a

f(x) dx

V���� T�Q<_� f %Q� ��
∫ b

a

f(x)g(x) dx = f(b)
∫ b

c

g(x) dx


L�& �d �& y = g(x) < ��]KQ��G	�� [a; b] �& y = f(x) �S� 2�
< a ≤ c ≤ b �
 ���� ��B< �� c ��C 
�G�d T�"�& ���8�

∫ b

a

f(x)g(x) dx = g(a)
∫ c

a

f(x) dx+ g(b)
∫ b

c

f(x) dx

�& f V+�
��i�: T�3& %+7
 L� ��" �	!�
 �<�& w�x A7��S"
�/� � {+��	& m < M �S� T2��4 ^�� �� =%!� ������ [a; b]
�� x �P ��L� �& 
�G�d T��"�& [a; b] �& g U&�� ���N� �e
� � <
�&��& mH =mf(x) ≤ f(x)g(x) ≤ Mf(x) �� n ≤ g(x) ≤ M

V���� >=0=F �@ +A/ L� wFx %.�/

m

∫ b

a

f(x) dx ≤
∫ b

a

f(x)g(x) dx ≤M

∫ b

a

f(x) dx

m ^+& μ :=
( ∫ b

a f(x)g(x) dx
)
÷

( ∫ b
a f(x) dx

)
��C ^���&��&

=���� ���/M <
�G	!�+H L� T�	!�+H U&��� ���& ���+� ���N� �@ +A/ �&��& w0x
�
 ���� ��B< ���$ �� c ∈ [a; b] �
 V��+S�� ��+	� [a; b] �& g

=μ = g(c)

�� < %!� |��� ��	
 ^�� �@ 74� L� V8 ^�� 2�DE� w>x
=��+S�� ���/ �3& ���� ����� _+Q��d

���C < y = g(x) < y = f(x) U&��� ��L� �& ��� ��� ����!
V���� Tα < wa < b < c �
x c Tb Ta 
��(Q�

�)
∫ b

a

αf(x) dx = α

∫ b

a

f(x) dx,

�)
∫ b

a

(f(x) ± g(x)) dx =
∫ b

a

f(x) dx ±
∫ b

a

g(x) dx,

�)
∫ c

a

f(x) dx =
∫ b

a

f(x) dx+
∫ c

b

f(x) dx,

�)

∣∣∣∣∣
∫ b

a

f(x) dx

∣∣∣∣∣ ≤
∫ b

a

|f(x)| dx.

T��"�& [a; b] �& f ��.+�+� ��.�_
�� {+��	& m < M �S� w6

�G�d

m(b− a) ≤
∫ b

a

f(x) dx ≤M(b− a)


�G�d Tf(x) ≤ g(x) �� x ∈ [a; b] �P ��L� �& �S� wF∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx

[a; b] �& _+� fg 
�G�d T��"�& ��]KQ��G	�� [a; b] �& g < f �S� wI
=%!� ��]KQ��G	��

�� ����� ���! < V+�
�� 2�DE� �� w6x < w0x ��8 � ���� A7��S"
V8 �S� �
 %!� ^"<� =V���K!�� 
������ �& ^��.� ����C �&

���	!� w�x V8 L� mK! < V+�
 2�DE� + %Q� ���& �� w0x
[a; b] �& g < f V+�
 i�: =���S�� 2�DE� _+� − %Q� TV+�

�� δ� > � ��C T^���&��& =%!� 
��(Q� ε > � < ����]KQ��G	��
|P | < δ� �& [a; b] L� P L��:� �P ��L� �& �
 ��"�� %:�� ���$
�� δ� > � T�&��� 2��4 �& =If (P ) − If (P ) < ε/� V����
|P | < δ� �& [a; b] L� P L��:� �P ��L� �& �
 ��"�� %:�� ���$
L��:� �P ��L� �& T2��4 ^�� �� =Ig(P ) − Ig(P ) < ε/� V����

V���� |P | < δ := min{δ�, δ�} �& [a; b] L� P

If+g(P ) − If+g(P ) = sup
{
f(x) + g(x)

∣∣∣ a ≤ x ≤ b
}

− inf
{
f(x) + g(x)

∣∣∣ a ≤ x ≤ b
}

≤ sup
{
f(x)

∣∣∣ a ≤ x ≤ b
}

+ sup
{
g(x)

∣∣∣ a ≤ x ≤ b
}

− inf
{
f(x)

∣∣∣ a ≤ x ≤ b
}
− inf

{
g(x)

∣∣∣ a ≤ x ≤ b
}

=
(
If (P ) − If (P )

)
+

(
Ig(P ) − Ig(P )

)
≤ ε

�
+
ε

�
= ε

=�" 2�DE� w0x {+��� ^�� �& <
���& �L��:� P �S� �
 ��" �B�� %!� �:�
 w6x 2�DE� ���&


�G�d T�"�& [a; b]∫ b

a

f(x) dx ≤ I(P ) =
n∑
i=�

MiΔxi ≤
n∑
i=�

MΔxi

��0
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�� x > � �P ��L� �& �
 �+P� ���� 2�  �N�
x

x+ �
< ln(x+ �) < x

Tf(x) = �/(x+ �) V+�
 i�: >=0=F L� w0x %.�/ �� =� 
V���� T2��4 ^�� �� =b = x < a = � Tg(x) = �

m = inf
{

�

t+ �

∣∣∣� < t ≤ x
}

=
�

x+ �

M = sup
{

�

t+ �

∣∣∣� < t ≤ x
}

= �

=
∫ x

�

dt

t+ �
= λ

∫ x

�

dt < m ≤ λ ≤ M �
 %�P �� λ �]Q <
V8 ^���&��& =�/x+ � ≤ λ ≤ � < ln(x + �) = λx ��5�

=��"�� ��+	� �p� ����

�& �� ��L ���Q��G	�� L� '� �P ���N� ������ ����!
��+�
 �D!�3� ,��G	�� 
@�" �	�S Z��� < [��5� L� 
���	!�

�)
∫ �π

�

cosxdx �)
∫ �

�

√
�− x� dx

�)
∫ �

�

[
�x� + �

]
dx �)

∫ π

�

[� sinx] dx

��+�
 �D!�3� �� ��L ���Q��G	�� L� '� �P �D��N� ���N�

�)
∫ π/�

π/�

sinx
x

dx �)
∫ �

�

x� + �

x� + �
dx

	)
∫ �

�

x� dx
�
√
�+ x	

�)
∫ �

�

ex
�

dx

�& g < f �S� �
 �+�
 %&�E w_����" ` �8��
�+�& �<�����x 2,

�G�d T��"�& ��]KQ��G	�� [a; b]

∣∣∣∣∣
∫ b

a

f(x)g(x) dx

∣∣∣∣∣ ≤
√√√√(∫ b

a

f�(x) dx

)(∫ b

a

g�(x) dx

)

< ���54 [a; b] 
@L�& �& y = f(x) U&�� �S� �
 �+�
 %&�E 2�_

�G�d T�"�& �5N�

(b − a)f(a) ≤
∫ b

a

f(x) dx ≤ (b− a)
f(a) + f(b)

�


�G�d T�"�& ��3� < ���54 f �S� _+� <

(b − a)
f(a) + f(b)

�
≤

∫ b

a

f(x) dx ≤ (b− a)f(b)

��+�
�(�� �� ��L ���Q��G	�� L� '� �P %�fC

��)
∫ π/�

�

sin�� xdx ��)
∫ π

�

e−x
�

cos� xdx

��)
∫ �

�

e−x dx ��)
∫ π

�

e−x
�

cosxdx

∫ b

a

f(x)(g(x)− g(b)) dx ,��G	�� ���� �� w>x V8 L� w9x
< a ≤ c ≤ b �
 ���� ��B< c ���C T^���&��& =V+�
�� 
���	!�
∫ b

a

f(x)(g(x) − g(b)) dx = (g(a) − g(b))
∫ c

a

f(x) dx∫ b

a

f(x)g(x) dx − g(b)
∫ b

a

f(x) dx =

= (g(a) − g(b))
∫ c

a

f(x) dx∫ b

a

f(x)g(x) dx = g(a)
∫ c

a

f(x) dx−
∫ b

c

f(x) dx

� =%!� ��.� ��P�& <

Tf(x) =
√
�+ x� V+�
 i�: 2� ��	
� ����!

2��4 ^�� �� =b = � < a = −�

M = max
{√

�+ x� | − � ≤ x ≤ �

}
=

√
�+ � = �

m = min
{√

�+ x� | − � ≤ x ≤ �

}
=

√
�+ �� =

√
�

V���� 0=0=F �@ +A/ L� wFx %.�: L� 
���	!� �& T��+	� ��

√
� ≤

∫ �

−�

√
�+ x� dx ≤ �

Tg(x) = �/(�+ x�) Tf(x) = sinx �+�
 i�: 2�  �N�
>=0=F �@ +A/ L� ,<� %.�/ M&�;� T^���&��& =b = �π < a = �

< � ≤ c ≤ π �
 %�P �� c'�∫ �π

�

sinx
�+ x�

dx =
�

�+ c�

∫ �π

�

sinxdx

=
∫ �π

�

sinx
�+ x�

= � ��+	� �� T
∫ �π

�

sinxdx = � ���

%.�/ �& �B�� �& =�+�
 �D!�3� ��
∫ �

�

[�x] dx ���N� 2�  �N�
V���� �=0=F �@ +A/ L� w>x∫ �

�

[�x] dx =
∫ �/�

�

[�x] dx +
∫ �

�/�

[�x] dx

+
∫ �/�

�

[�x] dx+
∫ �

�/�

[�x] dx

=
∫ �/�

�

� dx+
∫ �

�/�

dx

+
∫ �/�

�

� dx +
∫ �

�/�

� dx

= �

(
�

�
− �

)
+ �

(
�− �

�

)

+�
(
�

�
− �

)
+ �

(
�− �

�

)
= �

��>
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�G�d

|F (y) − F (c)| =
∣∣∣∣
∫ y

a

f(x) dx −
∫ c

a

f(x) dx
∣∣∣∣

=
∣∣∣∣
∫ y

a

f(x) dx +
∫ a

c

f(x) dx
∣∣∣∣

=
∣∣∣∣
∫ y

c

f(x) dx
∣∣∣∣

≤ M |y − c| ≤Mδ

=
Mε

M + �
< ε

=%!� �	!�+H c �� F ��+	� �� <
�& T^���&��& =�"�& �	!�+H c ∈ (a; b) �� f V+�
 i�: ,� 
y ∈ [a; b] �S� �
 ���� ��B< �� δ > �'� T
��(Q� ε > � ��L�
�S� T2��4 ^�� �� =|f(y) − f(x)| < ε 
�G�d T|y − c| < δ <


�G�d Tc < y < c+ δ∣∣∣∣F (y) − F (c)
y − c

− f(c)
∣∣∣∣ =

=
�

y − c

∣∣F (y) − F (c) − (y − c)f(c)
∣∣

=
�

y − c

∣∣∣∣∣
∫ y

c

f(x) dx − (y − c)f(c)

∣∣∣∣∣
=

�

y − c

∣∣∣∣∣
∫ y

c

f(x) dx −
∫ y

c

f(c) dx

∣∣∣∣∣
=

�

y − c

∣∣∣∣∣
∫ y

c

(
f(x) − f(c)

)
dx

∣∣∣∣∣
≤ �

y − c

∫ y

c

∣∣∣f(x) − f(c)
∣∣∣ dx

<
�

y − c

∫ y

c

ε dx

=
�

y − c
(y − c)ε = ε

��P�& < ���S�� 2�DE� c − δ < y < c %Q� �&��� 2��4 �&
� =%!� ��.�

�@ +Q<� U&�� '� F (x) �S� �H��5;�[ c ��/�- �� ��� ��
�!

�G�d T[a; b] ⊆ (α;β) < �"�& (α;β) 
@L�& �& f(x) U&��

∫ b

a

f(x) dx = F (b) − F (a)

F (x)
∣∣∣b
a
�� <

[
F (x)

]b
a
��.� �& �� O�& �<��� %!�� %.! 2��DC

=��P��� W��.�

=%!� [a; b] 
@L�& ���& �L��:� P = {xi}ni=� �+�
 i�: A7��S"
TR���SO �@ +A/ �&��& �� i = �, · · ·n �P ��L� �& T2��4 ^�� ��

< xi−� < ti < xi �
 ���� ��B< ti ����� ���C

F (xi) − F (xi−�) = F ′(ti)(xi − xi−�)

�
 �+�
 %&�E �� ��L ����<��� '� �P

��) lim
n→∞

∫ π/�

�

sinn xdx = �

��) lim
n→∞

∫ �

�

xn

�+ x
dx = �

�	) lim
�→�+

∫ �

�

dx

�x� + �
= �

��) lim
ε→�+

∫ bε

aε

f(x)
x

dx = f(�) ln
(
b

a

)

=�+�
 2�DE� �� >=0=F �@ +A/ L� w�x %.�/ w�J

=�+�
 2�DE� �� >=0=F �@ +A/ L� w>x %.�/ w0)

����.�P��x =�+�
 2�DE� �� >=0=F �@ +A/ L� w9x %.�/ w0�
��" i�: �S� �
 �+�
 
���	!� �	8� ^�� L�


�G�d Tf− := (|f | − f)/� < f+ := (|f | + f)/�

w=|f | = f+ + f− < f = f+ − f−

=�+�
 2�DE� �� >=0=F �@ +A/ L� wFx %.�/ w00

����.�P��x =�+�
 2�DE� �� >=0=F �@ +A/ L� wIx %.�/ w0>
_+� f� 
�G�d T�"�& ��]KQ��G	�� f �S� �
 �+P� ���� ��	&�

wfg =
(
(f + g)� − f� − g�

)
/�mK! < %�P

X(	$��L _ ^4�	7 �� 	@A ��*

< ^+5� ,��G	�� ����� ^+& ��D��� ����� TW(& ^�� L� v�P
=%!� ^+5��� ,��G	��

����/�J FG	� ^� Y�*� &	J &/K �� ��� ��
�!
�P ��L�& < %!� �	!�+H [a; b] 
@L�& �& y = f(x) U&�� �+�
 i�:

=F (x) =
∫ x

a

f(t) dt �� x ∈ [a; b]

T%!� (a; b) �& f(x) �@ +Q<� U&�� '� F (x) 2��4 ^�� ��
=F ′(x) = f(x) �� x ∈ (a; b) �P ��L�& ��5�

T%!� ��]KQ��G	�� f ��$ =ε > � < c ∈ [a; b] V��+S A7��S"
��B< �����S �& M ����� ���C ^���&��& < �"�&�� ������
 mH
V+�
 i�: =|f(x)| ≤ M �� x ∈ [a; b] �P ��L� �& �
 ����
Ty ∈ [a; b] < |y − c| < δ �S� T2��4 ^�� �� =δ = ε/(M + �)

��9
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x �& %D�� b(x) < a(x) Tf(x, t) U&��� �S� ����� ��
�!
2��4 ^�� �� T��"�& ��]KN	��

d

dx

(∫ b(x)

a(x)

f(x, t) dt

)
= b′(x) f(x, b(x))

−a′(x) f(x, a(x)) +
∫ b(x)

a(x)

∂

∂x
f(x, t) dt

%&�E i�: �& < x �& %D�� f(x, t) M	�� ∂

∂x
f(x, t) ����� �� �


=%!� t ���&

V���� 9=>=F '.
 �& 2� ��	
� ��
�!

d

dx

∫ x�

x

sin(xt) dt =

= �x sin(xx�) − sin(xx) +
∫ x�

x

t cos(xt) dt

= �x sin(x�) − sin(x�) +
∫ x�

x

t cos(tx) dx

V���� ,�	+H�P 
@�C�/ < 9=>=F '.
 �& 2�  �N�

d

dx

∫ √
x

�/x

ln(x+ t) dt =
�

�
√
x

ln
(
x+

√
x
)

−−�
x�

ln
(
x+

�

x

)
+

∫ √
x

�/x

dt

x+ t

=
ln (x+

√
x)

�
√
x

+
ln

(
x+ �

x

)
x�

+
[
ln(x+ t)

]√x
�/x

=
(
�+

�

�
√
x

)
ln

(
x+

√
x
)

+
(
�

x�
− �

)
ln

(
x+

�

x

)

V���� ,�	+H�P 
@�C�/ < 9=>=F '.
 �& 2�  �N�

lim
x→�

∫ x�
�

sin(
√
t) dt

x�
P= lim

x→�

�x sinx
�x�

=
�

�
lim
x→�

sinx
x

=
�

�

V���� ,�	+H�P 
@�C�/ < 9=>=F '.
 �& 2�  �N�

lim
x→�

∫ x
�

(arctan t)� dt

x�
√
x� + �

P= lim
x→�

(arctanx)�

x�√
x�+�

+ �x�
√
x� + �

= lim
x→�

(arctanx)�

�x�
=
�

�

V���� ��.�� �� TmH

F (b) − F (a) =
n∑
i=�

(
F (xi) − F (xi−�)

)

=
n∑
i=�

F ′(ti)(xi − xi−�)

=
n∑
i=�

f(ti)Δxi


�G�d Tξ = {ti}ni=� ��" i�: �S� T^���&��&

F (b) − F (a) = L(P, ξ)

��+S � �& T���
� =I(P ) ≤ F (b) − F (a) ≤ I(P ) ��+	� ��
V��+S�� ��+	� T|P | → � ���& ^+:�X L�

F (b) − F (a) = lim
|P |→�

I(P )

=
∫ b

a

f(x) dx

� =%!� ��.� ��P�& <

T
∫

cosxdx = sinx+ C �& �B�� �& 2� ��	
� 
�
�!
V����

∫ π/�

�

cosxdx =
[
sinx

]π/�
�

= sin
(π
�

)
− sin� = �

V���� T
∫
e−x dx = −e−x + C �& �B�� �& 2�  �N�

∫ �

�

e−x dx =
[
−e−x

]�
�

= −e−� + e� = �− �

e

V���� T
∫

dx√
�− x�

= arcsin(x) + C �& �B�� �& 2�  �N�

∫ �

�/�

dx√
�− x�

=
[
arcsinx

]�
�/�

= arcsin(�) − arcsin
(
�

�

)
=

π

�
− π

�
=
π

�

T
∫
x cos xdx = x sinx + cosx + C �& �B�� �& 2�  �N�

V����∫ π

�

x cosxdx =
[
x sinx+ cosx

]π
�

= (−�) − (�) = −�

��6
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· · · + ln
(
n+ n

n

)}
= lim

n→∞
�− �

n

∞∑
k=�

ln
(
�+

{
�+ k

�− �

n

})

=
∫ �

�

ln(�+ x) dx

=
[
x ln(�+ x)

]�
�

−
∫ �

�

x
�

x+ �
dx

= ln�−
∫ �

�

{
�− �

x+ �

}
dx

= ln�−
[
x− ln(�+ x)

]�
�

= � ln�− �

=� = exp(� ln�− �) = �/e ^���&��&

�D!�3� �� ��L ���Q��G	�� L� '� �P ���N� ������ !�
�!
��+�


�)
∫ �/�

−�/�

dx√
�− x�

�)
∫ 	

−�
�
√
xdx

�)
∫ sinh�

sinh�

dx√
�+ x�

�)
∫ �π/�

π/�

sinxdx

�)
∫ �

�

|�− x| dx �)
∫ √

�

√
�/�

dx

x� + �

	)
∫ �

−�

dx

x� + x+ �
�)

∫ �π

�

dx

cosx+ �


)
∫ �

�

arctanxdx ��)
∫ �

�

dx

x� + x�

��)
d

dx

∫ b

a

sinx�t dt ��)
d

dx

∫ x

a

sin t dt

��)
d

dx

∫ x�

x�
ln(x� + t�) dt ��)

d

dx

∫ �

x

xdt√
x� + t�

��)
d

dx

∫ �

�

arctan(xt)
t

dt

��+�
 �D!�3� �� ��L �<� L� '� �P ���N�

��) lim
x→�

∫ x
�

(arctan t)� dt

x
√
x� + �

�	) lim
x→�

∫ x
�

cos t� dt
x

��) lim
x→�

(∫ x
�
et

�

dt
)�

∫ x
�
e�t� dt

�
) lim
x→�

�

x

∫ x

�

sin t
t

dt

��) lim
x→�

∫ sin x

�

√
tan t dt∫ tan x

�

√
sin t dt

��) lim
n→∞

n
√
n!
n

��) lim
n→∞

{
�

n�
+
�

n�
+ · · · + n− �

n�

}

��) lim
n→∞

{
n

n� + �
+

n

n� + �
+ · · · + n

n� + n�

}

�& < [�;�] 
@L�& �& f(x) = �/(x+ �) i�: �& 2+  �N�
V���� �9=�=F L� 
���	!�

lim
n→∞

{
�

n+ �
+

�

n+ �
+ · · · + �

n+ n

}
=

= lim
n→∞

�

n

{
�

�+ �

n

+
�

�+ �

n

+ · · · + �

�+ n
n

}

= lim
n→∞

�

n

n∑
k=�

�

�+ k
n

= lim
n→∞

�− �

n

n∑
k=�

�

�+ (�+ k �−�n )

=
∫ �

�

dx

�+ x
=

[
ln |�+ x|

]�
�

= ln�

�� a = � < b = � Tf(x) = xp Tp > � i�: �& 2#  �N�
V���� �9=�=F

lim
n→∞

�p + �p + · · · + np

np+�
=

= lim
n→∞

�

n

{(
�

n

)p
+

(
�

n

)p
+ · · · +

(n
n

)p}

= lim
n→∞

�

n

n∑
k=�

(
k

n

)p

= lim
n→∞

�− �

n

n∑
k=�

(
�+ k

�− �

n

)p

=
∫ �

�

xp dx

=

[
xp+�

p+ �

]�
�

=
�

p+ �

�� lim
n→∞

�

n
n

√
(n+ �)(n+ �) · · · (n+ n) ���N� 2%  �N�

=�+�
 �D!�3�
V+�
�� i�: ��p�� ^�� ���& =� 

an :=
�

n
n

√
(n+ �)(n+ �) · · · (n+ n)

Ty = lnx �G	!�+H �+Q� �& 2��4 ^�� �� =� := lim
n→∞ an <

V����

ln � = ln
(

lim
n→∞ an

)
= lim
n→∞ ln(an)

= lim
n→∞

{
�

n
(ln(n+ �) + ln(n+ �) + · · ·

+ ln(n+ n)) − lnn
}

= lim
n→∞

�

n

{
ln(n+ �) + ln(n+ �) + · · ·

· · · + ln(n+ n) − n lnn
}

= lim
n→∞

�

n

{
ln

(
n+ �

n

)
+ ln

(
n+ �

n

)
+ · · ·

��F
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G(g(t)) < F (t) ^���&��& ={G(g(t))
}′ = f(g(t)) g′(t) ��+	� ��

���� ��B< C ����� ���C T^���&��& =���&��& M	�� ����� (a; b) �&
L� =F (t) = G(g(t)) + C 
��(Q� � t ∈ [a; b] �P ��L� �& �


V���� t = a ��L� �& �:�X

F (a) =
∫ b
a f(g(t)) g′(t) dt = �

G(g(a)) = G(α) =
∫ α
α
f(u) du

� =%!� ��.� ��P�& < C = � ^���&��&

V+�
�� �p f� Tt = lnxi�: �& 2� ��	
� ����!
^���&��& = x � �

t � ln�
< dt =

dx

x
�


∫ �

�

lnx
dx

x
=

∫ ln�

�

t dt

=

[
t�

�

]ln�

�

=
�

�
ln� �

�
 V+�
�� �p f� Tx = � sin t i�: �& 2�  �N�

^���&��& = x −
√
�

√
�

t −π/� π/�
< dx = � cos t dt

∫ √
�

−
√
�

√
�− x� dx =

∫ π/�

−π/�
(� cos t) (� cos t) dt

= �

∫ π/�

−π/�
(�+ cos(�t)) dt

= �

[
t+

�

�
sin(�t)

]π/�
−π/�

=
�π

�
+
√
�

�
 V+�
�� �p f� Tt = tan (x/�) i�: �& 2�  �N�
^���&��& x � π/�

t � �

∫ π/�

�

dx

cosx+ �
=

∫ �

�

� dt
�+t�

�−t�
�+t�

+ �
=

∫ �

�

� dt

t� + �

=

[
�

√
�

�
arctan

(√
�

�
t

)]�
�

= �

√
�

�
arctan

(√
�

�

)
=
π
√
�




�
 ��"�� �p f� Tt = arcsin(
√
x) i�: �& 2�  �N�

�� = x � �

t � π/�
< dx = � sin t cos t dt Tx = sin� t

��+	�
∫ �

�

arcsin
√
x√

x(�− x)
dx =

∫ π/�

�

t× � cos t sin t dt√
sin� t(�− sin� t)

=
∫ π/�

�

�t dt =
[
t�
]π/�
�

=
π�

�

��) lim
n→∞

�

n

{
sin

(π
n

)
+ sin

(
�π

n

)
+ · · ·

· · · + sin
(

(n− �)π
n

)}

��) lim
n→∞

�

n

{√
�+

�

n
+

√
�+

�

n
+ · · · +

√
�+

n

n

}

��]KQ��G	�� < %De� [a; a+ h] 
@L�& �& y = f(x) �+�
 i�: 2�#
�
 �+P� ���� 2��4 ^�� �� T%!�

lim
n→∞

n

√
f

(
a+

�

n

)
.f

(
a+

h

n

)
· · · f

(
a+ n

h

n

)

= exp

(
�

h

∫ a+h

a

ln
[
f(x)

]
dx

)

�&��& ��L � ���N� �
 �+P� ���� ,�e� ����C �& mK!
�%!� � exp ((π − �)/�)

lim
n→∞

n

√(
�+

�

n�

)
.

(
�+

�

n�

)
· · ·

(
�+

n�

n�

)
��+�
 2�DE� �� ��L ����<��� L� '� �P

�	) lim
n→∞

√
�+

√
�+ · · · + √

n

n
√
n

=
�

�

��) lim
n→∞

(
�

n
+

�√
n� − �

+
�√

n� − �
+ · · ·

+
�√

n� − (n− �)�

)
=
π

�

^	��  �!D(7� 6� !	V(� !		V4 ��*

%!� �	!�+H [a; b] �& y = f(x) �+�
 i�: ����� ����!
M	�� ����� < g([α;β]) = [a; b] �& %!� �5&�� y = g(x) <

2��4 ^�� �� =(α;β) �& �	!�+H
∫ b

a

f(x) dx =
∫ β

α

f
(
g(x)

)
g′(t) dt

M	�� ��
�+��L 
@�C�/ �&��& A7��S"{
f(g(x))

}
= f ′(g(x))g′(x)

=F (t) =
∫ t

a

f(g(x))g′(x) dx V+�
 [��5� < t ∈ [a; b] V��+S
=F ′(t) = f(g(t)) g′(t) �� t ∈ (a; b) �P ��L� �& T2��4 ^�� ��
=G(x) :=

∫ x

α

f(t) dt�� x ∈ [α;β] �P ��L� �& V+�
i�: ,� 
i�: ,� =G′(x) = f(x) �� [α;β] �P ��L� �& T2��4 ^�� ��

2��4 ^�� �� Tx = g(t) V+�


G(g(t)) =
∫ g(t)

α

f(u) du

��I
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=
∫ π/�

�

a� cos θdθ
(a sin θ + a cos θ)�

=
∫ π/�

�

cos θ dθ
(sin θ + cos θ)�

=
∫ �

π/�

cos(π/�− θ) d (π/�− θ)
(sin(π/�− θ) + cos(π/�− θ))�

=
∫ π/�

�

sin θ dθ
(sin θ + cos θ)�

^���&��&

�I =
∫ π/�

�

sin θ + cos θ
(sin θ + cos θ)�

dθ

=
∫ π/�

�

dθ

sin θ + cos θ

V���� Tt = tan (θ/�) i�: �& mH

I =
�

�

∫ �

�

� dt
�+t�

�t
�+t�

+ �−t�
�+t�

=
�

�

∫ �

�

� dt

−t� + �t+ �

=
∫ �

�

dt

(
√
�)� − (t− �)�

=

[√
�

�
ln

∣∣∣∣∣
√
�− (t− �)√
�+ (t− �)

∣∣∣∣∣
]�
�

=

√
�

�
ln

∣∣∣√�+ �

∣∣∣
s7	(� ���C� L� T��L ,��G	�� ���N� �@ D!�3� ���& 2,  �N�

�V+�
�� 
���	!�

∫ �π

�

eax cos bx dx =
∫ �π

�

eaxRe(ebix) dx

= Re

{∫ �π

�

e(a+bi)x dx

}

= Re

{[
�

a+ bi
e(a+bi)x

]�π
�

}

= Re
{
a− bi

a� + b�
(e(a+bi)�π − �)

}

=
�

a� + b�
Re

{
(a− bi)(e�πa cos(�πb)

−�+ e�πa sin(�πb)i)
}

=
e�aπ

a� + b�

{
a(cos(�πb) − �) + b sin(�πb)

}

�
 ��"�� �p f� Tt = π/� − x i�: �& 2+  �N�
^���&��& < x � π/�

t π/� �
Tdt = − dx

I =
∫ π/�

�

cos� x

cos� x+ sin� x
dx

=
∫ �

π/�

sin� t

sin� t+ cos� t
(− dt)

=
∫ π/�

�

sin� t

cos� t+ sin� t
dt

=
∫ π/�

�

sin� x

cos� x+ sin� x
dx

��+	� ��

�I =
∫ π/�

�

cos� x

cos� x+ sin� x
dx +

∫ π/�

�

sin� x

cos� x+ sin� x
dx

=
∫ π/�

�

cos� x+ sin� x

cos� x+ sin� x
dx

=
∫ π/�

�

dx =
[
x

]π/�
�

=
π

�

=I = π/� ^���&��& <
T dx = − dt �
 ��"�� �p f� Tt = π − x i�: �& 2#  �N�

^���&��& < x � π
t π �

I =
∫ π

�

x sinx
�+ cos� x

dx

=
∫ �

π

(π − t) sin t
�+ (− cos t)�

(− dt)

=
∫ π

�

(π − t) sin t
�+ cos� t

dt

= π

∫ π

�

sin t dt
�+ cos� t

−
∫ π

�

t sin t
�+ cos� t

dt

= −π
∫ π

�

d(cos t)
�+ cos� t

−
∫ π

�

x sin x
�+ cos� x

dx

=
[
−π arctan(cos t)

]π
�

− I

= −π × −π
�

+ π × π

�
− I =

π�

�
− I

=I = π�/� �� �I = π�/� ^���&��&
=%!� ��4

∫ π

�

sin�m x cos�n+� xdx �+�
 %&�E 2%  �N�
�8��� ���� ���� ���& T�"�& I 
�" 
��� ,��G	�� V+�
 i�: =� 

�I = −I �
 ���S 2�DE� %!� �:�
 I = �

I =
∫ �

π

sin�m(π − x) cos�n+�(π − x)d(π − x)

=
∫ π

�

(sin�m x)(− cos�n+� x) dx = −I

V���� x = a sin θ i�: �& 2*  �N�

I =
∫ a

�

a dx

(x +
√
a� − x�)�

��1
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�+P� ���� T��"�& ��4 [Q�(� ����C� b < a �+�
 i�: w0I∫ π/�

�

dx

(a� sin� x+ b� cos� x)�
=
π(a� + b�)
�a�b�

^	��  �!D(7� 6� ǱX: �3 ǱX: %�*


@L�& ���" L�& 
@L�& '� �& v(x) < u(x) �S� ����� ����!
2��4 ^�� �� T��"�& �	!�+H M	�� ����� [a; b]

∫ b

a

u(x)dv(x) =
[
u(x)v(x)

]b
a
−

∫ b

a

v(x)du(x)

����& V8 
∫
u dv = uv −

∫
v du �8��� �& �B�� �& A7��S"

� =%!�

Tdv = dx < u = lnx V+�
 i�: �1� �	
� ����!
��+	� �� < v = x < du = dx/x ^���&��&

∫ �

�

lnxdx =
[
x lnx

]�
�

−
∫ �

�

x
dx

x

= � ln�−
[
x

]�
�

= � ln�− �

^���&��& Tdv = cosxdx < u = x V+�
 i�: 2�  �N�
��+	� �� < v = sinx < du = dx

∫ π/�

�

x cosxdx =
[
x sinx

]π/�
�

−
∫ π/�

�

sinxdx

=
π

�
+

[
cosx

]π/�
�

=
π

�
− �

^���&��& Tdv = cosxdx < u = ex �+�
 i�: 2�  �N�
��+	� �� < v = sinx < du = ex dx

I =
∫ �

�

ex cosxdx

=
[
ex sinx

]�
�

−
∫ �

�

ex sinxdx

T du = ex dx V���� Tdv = sinxdx < u = ex i�: �& �k����
^���&��& < v = − cosx

I = e sin(�) −
{[

−ex cosx
]�
�

−
∫ �

�

−ex cosxdx

}

= e sin(�) + e cos(�) − �− I

�� T�I = e(sin(�) + cos(�)) − � ��+	� ��

I =
e

�
(sin(�) + cos(�)) − �

�

�D!�3� �� ��L ���Q��G	�� L� '� �P ���N� ������ 
���!
��+�


�)
∫ �

�

dx

(x + �)
√
x� + �

�)
∫ ln�

�

√
ex − � dx

�)
∫ a

�

x�
√
a� − x� dx �)

∫ 


�

x
�
√
�− x dx

�)
∫ ln�

�

sinh� xdx �)
∫ π

�

(x sinx)� dx

	)
∫ a

�

x�
√
a− x

a+ x
dx �)

∫ π/�

π/�

dx

�− sinx


)
∫ a

�

dx

x+
√
a� − x�

��)
∫ �

�

dx

x(� + x�)

��)
∫ �π

�

dx

cos� x+ sin� x
��)

∫ �

−�

x� sinx
x� + �

dx

��)
∫ �π

�

dx

(�+ cosx)(� + cosx)

��)
∫ �π/�

π

sin(�x) dx

cos� x+ sin� x
��)

∫ π

−π
cos(mx) sin(nx) dx

��+�
 2�DE� �� ��L ����<��� L� '� �P

�	)
∫ π/�

�

f(sinx, cosx) dx =
∫ π/�

�

f(cosx, sinx) dx

��)
∫ π

�

xf(sinx) dx =
π�

�

∫ π

�

f(sinx) dx

�
)
∫ b

a

f(x) dx = (b − a)
∫ �

�

f(a+ (b − a)x) dx

��)
∫ π

�

f(sinx) dx =
∫ π/�

−π/�
f(cosx) dx

��)
∫ t

�

f(x)g(t− x) dx =
∫ t

�

f(t− x)g(x) dx

�+P� ���� 2��4 ^�� �� T��	&�E ���C� q < p �+�
 i�: w00

=
∫ �

�

(�− xp)�/q dx =
∫ �

�

(�− xq)�/p dx

-%!� s7l
∫ �

−�

dx

x�
=

[−�
x

]�
−�

= −� �@ D!�3� ���
 w0>

�+P� ���� T� < b < a �+�
 i�: w09
=
∫ π

�

dx

a+ b cosx
=

π√
a� − b�

�+P� ���� T� < b < a �+�
 i�: w06
=
∫ π

�

dx

(a+ b cosx)�
=

aπ

(a� − b�)�/�

�+P� ���� T��"�& ��4 [Q�(� ����C� b < a �+�
 i�: w0F∫ π/�

�

dx

a� sin� x+ b� cos� x
=

π

�ab

��J
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= a�
�(n− �)
�n− �

a�
�n

�n+ �
In−�

===
= a�

�(n− �)
�n− �

a�
�n

�n+ �
· · ·a��

�
I�

|�	�	!� �p� ���� ,���: T���
 
��! < I� ���]S�B L� mH <
=���S��

��
∫ b

�

√
a� − x� dx ���N� =� ≤ b ≤ a �+�
 i�: 2#  �N�

=�+�
 �D!�3�
< u =

√
a� − x� V+�
�� i�: ��p�� ^�� ���& =� 

��+	� �� < v = x Tdu =
− dx√
a� − x�

^���&��& Tdv = dx

I =
∫ b

�

√
a� − x� dx

=
[
x
√
a� − x�

]b
�

−
∫ b

�

−x�√
a� − x�

dx

= b
√
a� − b� −

∫ b

�

a� + a� − x�√
a� − x�

dx

= b
√
a� − b� −

∫ b

�

√
a� − x� dx+ a�

∫ b

�

dx√
a� − x�

= b
√
a� − b� − I + a�

[
arcsin

(x
a

)]b
�

^�� � L� mH I = b
√
a� − b�−I+a� arcsin (b/a) ��+	� ��

V���� TI {� �& �Q��5�

I =
b

�

√
a� − b� +

a�

�
arcsin

(
b

a

)

�� n �5+DX ��C �P Ǳ�L�& �
 �+�
 %&�E 2%  �N�
∫ π/�

�

cos�n xdx =
(�n− �)(�n − �) · · ·�× �

(�n)(�n − �) · · ·�× �

π

�

%!� In �$ %.! ,��G	�� V+�
�� i�: ��p�� ^�� ���& =� 
�]Q T dv = cosxdx < u = cosn−� x <

In =
∫ π/�

�

cosn−� x cosxdx

=
[
cosn−� x sinx

]π/�
�

−
∫ π/�

�

−(n− �) sin� x cosn−� xdx

= (n− �)
∫ π/�

�

cosn−� x sin� xdx

= (n− �)
∫ π/�

�

cosn−� x(�− cos� x) dx

T dx = et dt ^���&��& =x = et V���� t = lnxi�: �& 2�  �N�
��+	� �� < x � e

t � �∫ e

�

ln� xdx =
∫ �

�

t�et dt

V���� ^	:�S Ǳ_B �& Ǳ_B ��& �! �& ���
�
∫ e

�

ln� xdx =
∫ �

�

t�det

=
[
t�et

]�
�

−
∫ �

�

�t�et dt

= e− �

∫ �

�

t�det

= e− �

([
t�et

]�
�

−
∫ �

�

�tet dt

)

= −�e+ �

∫ �

�

tdet

= −�e+ �

([
tet

]�
�

−
∫ �

�

et dt

)

= �e− �

[
et
]�
�

= �− �e

�� n �5+DX ��C �P Ǳ�L�& �
 V+�
 %&�E V+P����� 2+  �N�∫ a

�

(a� − x�)n dx =
�× �× �× · · · × (�n)

�× �× �× · · · × (�n+ �)
a�n+�

=�"�& In �&��& �$ %.! ,��G	�� V+�
��i�: T��p�� ^�� ���&
In Tdv = (a� − x�)n−�xdx < u = xi�: �& 2��4 ^�� ��

�& %!� �&��&∫ a

�

(a� − x�)n dx =

=
∫ a

�

a�(a� − x�)n−� dx−
∫ a

�

x�(a� − x�)n−� dx

= a�In−� −
∫ a

�

udv

= a�In−� −
[
(x)

(a� − x�)n

−�n

]a
�

+
∫ a

�

(a� − x�)n

−�n dx

= a�In−� − �

�n
In

�:�X L� =In = a�
�n

�n+ �
In−� �� n ≥ � �P ��L�& ^���&��&

I� =
∫ a

�

(a� − x�) dx

=

[
a�x− x�

�

]a
�

=
�

�
a�

��+	� ��

In = a�
�n

�n+ �
In−�

�0)
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c) ln
(
ab

)
= b ln a d) ln (a/b) = ln a− ln b.

< � < e < � �
 ���� ��B< e ���C �+P� ���� 2e

@L�& �& y = lnx U&�� �G	!�+H L� ����.�P��x =ln e = �

w=�+�
 
���	!� [�;�]

wax �&��� Z��� logb a := (ln a)/(ln b) [��5� �& 2f
=�+�
 %&�E logb x ���& �� wex ��

=logb a = (logc a)/(logc b) �
 �+P� ���� 2g

f�(x) =
∫ x

�

f(x) dx T��]KQ��G	�� �5&�� f(x) �+�
 i�: w00
V+�
�� [��5� �� n ≥ � �P ��L� �& <

fn(x) =
∫ x

�

fn−�(x) dx

�� n �P ��L� �& �
 �+P� ���� T2��4 ^�� ��
fn(x) =

�

(n− �)!

∫ x

�

(x− t)n−�f(t) dt

�� n,m ∈ N �P ��L� �& �
 �+�
 %&�E w0>
∫ �

�

(�− x)nxm dx =
m!n!

(m+ n+ �)!

w=�+�
 
���	!� f(x) = xm �& 00 ^��.� L� ����.�P��x

9!	D7��O� ;#6 *�*


@L�& �& �
 %!� �	+.
 y = f(x) �+�
 i�: � ��!�!
����� [x;x+dx] '$�
 �@5;/ ��+	� �� =%!� 
�" U�L�� [a; b]
s!�� �� [a; b] 
@L�& �S� mH =%!� df = f(x) dx �D��N� %+:�g

V+�
 V+�N� %.�/ n �& xn−� < . . . Tx� Tx�

P : a = x� < x� < · · · < xn−� < xn = b

�& %!� �&��& �kD��N� [a; b] 
@L�& �
 %+:�g T2��4 ^�� ��


@L�& �
 %+:�g T��.�� ^�� L� ��+S� L� mH =
n∑
i=�

f(xi)Δxi

�& ��& �P��� �&��& �kN+/� [a; b]

lim
|P |→�

n∑
i=�

f(xi)Δxi =
∫ b

a

f(x) dx


@���� ���<� L� �4� ��+� V� 2� ��	
� ��!�!
�D!�3� �� T� < a < b �
 �P y ��3� ,� (x− b)� + y� = a�

=�+�


@L�& �P x ��3� �& ��
]� 
@���� ���j� �
 %!� ^"<� =� 

���� L� ���5;/ ���<� L� �4� V�B V� =%!� [b−a; b+a]

=%!� [x;x+Δx] 
@L�& �&��& �P x ��3� �& �d ���j� �
 V+&���� ��

=In = n−�
n In−� �� In = (n − �)In−� − (n − �)In ^���&��&

��+	� ��

I�n =
�n− �

�n
I�(n−�)

=
�n− �

�n

�n− �

�(n− �)
I�(n−�) = · · ·

=
�n− �

�n

�n− �

�(n− �)
· · · �× �

�× �
I�

=
(�n− �)(�n− �) · · · × �× �

(�n)(�n− �) · · · × �× �

∫ π/�

�

dx

=
(�n− �)(�n− �) · · ·�× �

(�n)(�n− �) · · ·�× �

π

�

=%!� ��.� ��P�& <

������ 
���!

�)
∫ π/�

�

x cos xdx �)
∫ e

�

lnxdx

�)
∫ �

�

x�e�x dx �)
∫ π

�

ex sinxdx

�)
∫ π/�

�

cos�n+� xdx �)
∫ π

�

x sinn xdx

	)
∫ �

�

arctan
(√
x
)
dx �)

∫ π/�

π/�

xdx

sin� x


)
∫ �

�

x ln(�+ x�) dx ��)
∫ π

�

cosn x cosnxdx

��)
∫ �

�

(arccosx)n dx ��)
∫ π

�

cosn xdx

��)
∫ π

�

sinn x sin(nx) dx ��)
∫ �π

�

e−ax cos�n xdx

��)
∫ �

�

xm(�− x)n dx ��)
∫ π/�

�

cosn x sinm xdx

�	)
∫ ��

�

arctan
(√√

x− �

)
dx

��)
∫ b

a

(x− a)m(b− x)n dx

�
)
∫ �a

�

xm
√
�ax− x� dx

��)
∫ a

�

(a� + x�)(�n+�)/� dx

2��4 �& �� ln : (�; +∞) → R �5+DX V	���GQ U&�� w0�
�& �k:�4 T2��4 ^�� �� =V+�
�� [��5� lnx :=

∫ x
�
dx/x

%De� ���C� b < a �S� �
 �+P� ���� [��5� ^�� L� 
���	!�

�G�d T��"�&

a) ln� = � b) ln(ab) = ln a+ ln b

�0�
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`0=F �8" �&x =%!� v = xw �&��& �d ��N� %C�! mH T%!�
dK =

�

�
V � dm �&��& �5;/ ^�� �*��� T��+	� �� w=��" �B�� �

�&��& �d �
 �*��� T^���&��& =dK = πx�w�δ dx ��5� T%!�
�& %!�

K =
∫ r

�

dK = πw�hδ

∫ r

�

x� dx =
π

�
w�hδr�

�


�
 '� Y;! L� �	.�/ �@ D!�3� w[Q� �>=F �8"
U&�� <� ����.� ^+& �<�3� �@ + �� % ��� w�

�
 x� + y� = ay �@ ���	!� Y;! L� �	.�/ % ��� 2�  �N�
=�+�
 �D!�3� �� %!� 
�" 
���& x� + y� + z� = a� 
@�
 s!��
V+!�� <�&< � �8" �� �� �p� ���� Y;! L� ����$ '� =� 

���4 ��5" < �P y ��3� ^+& ��<�L O V+�
 i�: =V��
��

2��4 ^�� �� =�"�& �p� ���� 
@���� �� (�, a/�) �@;N� L�
�& \���j� �
 Y;! L� 
�" ��B �@5;/ ���
� =� ≤ θ ≤ π

�&x =V��+S�� �p� �� �� %!� θ + dθ �� θ c�/ xOy �@3�4
�@;N� 2�j	(� T2��4 ^�� �� w=��" �B�� [Q�`>=F �8"
���� ������ T�]Q q%!�

( a
�

sin θ,
a

�
+
a

�
cos θ

)
�&��& θ �& �+p�

�& �&��& �;N� �d �� ���	!�

z =
√
a� − x� − y� =

a√
�

√
�− cos θ = a sin

(
θ

�

)

dl = a dθ/� �&��& θ + dθ �� θ �@5;/ ,�X �:�X L� =%!�
T%!� dA = zdl �&��& �p� ���� ���� % ��� T^���&��& =%!�

��+	� �� =dA = (a�/�) sin(θ/�) dθ ��5�

A = �

∫ π

�

dθ = �a�
∫ π

�

sin
(
θ

�

)
dθ

�

=
[
−�a� cos

θ

�

]π
�

= �a�

������ 
�!�!
������ �� �� m ��B �& V�B �� %!� �LO �*��� ���N� �$ w�
%����+& �� V�B �S� -V��D& r ��5" �& ^+�L 
@�
 Y;! L� h

-%!� ��N$ ���N� T��" �<�

x�/� + y�/� = a�/� �+h<�	!d �& �<�3� �@ + �� % ��� w0
=�+&�+& ��

�&x TV+���& �y ������ < Δx 
@�C�/ �& �7+;	�� �� �5;/ ^�� �S�
�4� �@ ���	!� V� 2��4 ^�� �� w=��" �B�� [Q�`0=F �8"

�& ��& �P��� �&��& �+;	�� ^�� ���<� L�

dV = (π(x+ Δx)� − πx�) × �y

= �π(�xΔx + Δx�)�
√
a� − (x− b)�

≈ �πx

√
a� − (x − b)� dx

�& %!� �&��& �4� V�B �
 V� T^���&��&

V =
∫ b+a

b−a
dV =

∫ b+a

b−a
�πx

√
a� − (x− b)� dx

V���� x− b = a sin ti�: �& ���
�

V =
∫ π/�

−π/�
�π(b + a sin t)

√
a� − a� sin� t (a cos t) dt

= �πa�
∫ π/�

−π/�
(b+ a sin t) cos� t dt

= �πa�
[
b

�
t+

b

�
sin(�t) − a

�
cos� t

]π/�
−π/�

= �π�a�b

��5" �& ��
���� �S� T%D!�3� ^�� c�!� �& �
 %!� �B�� {Q�B
^�� �� TV+����t& �d ���	�� �� < b ��5" �& ��
���� �& ��.C �� a

���� <� �d % ��� ��A74� �&��& �4� V�B V� 2��4

=���S��
�

�@ D!�3� w� ��+� V� �@ D!�3� w[Q� �0=F �8"
��D�B �*���

r 
@�C�/ ��5" Tδ �Q�G$ �& ^G.P �@ ���	!� �+�
 i�: 2�  �N�
���<� \��3� ,� w %&�E ����<�L %C�! �& �� h ������ <

=V+�
�� �D!�3� �� ����	!� ��D�B �*��� =V+P���
�� ����	!� ��3� TV��
��
 V+!�� �� ����	!� U;N� V+�
 i�:
�
 %!� ^"<� =V��
��� ���/ �P x ��3� �& �� 
�C�/ < �P y ��3�
�	��! �p� ���� �+;	�� OrBh �@ ���	!� ���<� L� T%Q� ^�� ��

=��"��

@L�& �& ���	!� ���� ���<� L� �
 �� ������	!� ���
�

�5;/ ^�� ��B =V+�
�� �D!�3� �� %!� 
�" �4� [x;x+ dx]

x �&��& ���<� ��3� �� �d �@ 74�: < %!� dm = �πxhδdx �&��&

�00
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[Q�`9=F �8" �&x %!� x = a �� ���d �����& �3� mH
^+& �<�3� % ��� V+P����� �7��� ^�� �� mH =w��" �B��

V+�
 �D!�3� x = a �� x = � L� �� y =
x�

a
< y =

√
ax

S =
∫ a

�

(
√
ax− x�

a

)
dx

=

[
√
a
x�/�

�/�
− �

a

x�

�

]a
�

=
a�

�

y = �.�! < x + y = � s� ^+& �<�3� % ��� 2�  �N�
=�+�
 �D!�3� �� �x− x�

�V+P��� �����& �� �.�! < s� ��	&� T��p�� ^�� ���& =� 
{
x+ y = �

y = �x− x�
⇒ x� = �x ⇒ x = � �� x = �

���� �@ + �� �8" Tx = � �� �.�! c�@� �8��� �& �B�� �& mK!
�7��� mH =w��" �B�� �`9=F �8" �&x V+�
�� V+!�� �� �p�
L� y = −x < y = �x − x� ^+& % ��� �@ D!�3� L� %����DC ��

�x = � �� x = �

S =
∫ �

�

{
(�x − x�) − (−x)

}
dx

=
[
�

�
x� − �

�
x�

]�
�

=



�

�

0 ,�e� w� � ,�e� w[Q� �9=F �8"

^+& �<�3� % ��� T���� �P �� ������ 
�"�!
����<d %!�& �� 
�" 
��� ���+�3��

�) y = �− �x�/�, y = x�/�,

�) y = x�, x+ y = �,

�) y = �/(x� + �), x� = �y,

�) x� + y� = ��, x� = ��(y − �),

�) (x/�)� + (y/�)�/� = �, y = �,

�) y = x, y = x+ sin� x, � ≤ x ≤ π.

�d %+.
 �& ���L �@p3Q �P �� ������ ������ %C�! w>
�� ������ ������ �@;&�� ^++5� %�&�7;� =%!� {!��	�
< ��S m %+.
 ���N� (t = �) ���L Ǳ��D� �� �
 ����4

=��" [j� �d ���N� ,�! T = ��� %"]S L� mH

�
 �+&�+& �� x� + y� = a� �@ ���	!� L� �	.�/ �d % ��� w9
xOy �@3�4 �& < %!� 
���� \�& y = z �@3�4 s!��

=%!� �<�3�

��5" �& ��
����V+� Y;! �& ���< ���: �<�+� %�&�7;� w6
�� Vh�/ 2��j& < %!� MD;�� �d Y;! �& �d �;/ �
 r

=%!� �<�X�l �d

�@B�� t �� �d 
R�< 2��� �
 %!� 
�" ��75� �&��� �& wF
�&��& ���S�	��!

�~

��− �~���× ��−�t+ �~
��× ��−�t�

�& �d ��S '� ���
 ��S ���& �
 �+�
 �(�� =%!�
�$ �B�� �4 �& �d ���� ����!� < �B�� ��4 ����

=%!� �LO 2��� ��_+�

h ������ �& ��4 ������ L� �
 �	
�� s!�� 
�" ����� ��
 wI
=�+�
 �D!�3� �� ��"�� ����H

�& ��: '� ��	��	��! '� ����: ���& �
 ����4 �� w1
�	��	��! W" ��: ^�� < V+"�& �	"�� L�+� < �+� ��S�7+
 '�
�d ���
 ����: ���& �*��� ��_+� �$ T�"�& �	"�� ,�X

-%!� L�+�

G��N� �� �0��� 1�*

�+�
 i�: �x I� FG	�  & )�&/�- ��G T3	$� ��"�!
�& < 
<f5& ��� [a; b] 
@L�& �& �	!�+H U&�� <� y = g(x) < y = f(x)

=g(x) ≤ f(x) 
L�& ^��
U&��� ����.� �& �<�3� �@ + �� % ��� T2��4 ^�� ��

�&��& x = b < x = a ��;� < y = g(x) < y = f(x)

S =
∫ b

a

{
f(x) − g(x)

}
dx

%!� �&��& [x;x+ dx] 
@L�& �& ���	!� �+;	�� % ��� ���L =%!�
w=��" �B�� �`>=F �8" �&x =dS =

(
f(x) − g(x)

)
dx �&

< ax = y� �.�! <� ^+& % ��� 2� ��	
� ��"�!
=���<d %!�& �� � < a �
 ay = x�

����"�� �4� ��L 2O��5� T��3�� <� ^�� �����& L� =� 
{
ay = x�

ax = y�
⇒ ax =

(
x�

a

)�

⇒ x� = a� ⇒ x = a

�0>
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�V+�
 �D!�3� y = �
√
� �� y = −�

√
� L�

S =
∫ �

√
�

−�
√
�

{√
��− y� − y�

�

}
dx

=
∫ �

√
�

−�
√
�

√
��− y�dy −

[
�

�

y�

�

]�√�
−�

√
�

=
[
y

�

√
��− y� + � arcsin

(
y√
��

)]�√�
−�

√
�

− �
√
�

�

= �
√
�
√
�+ �� arcsin

(√
�

�

)
− �

�

√
�

=
�

�

√
�+ �� arcsin

(√
�

�

)

��3�� <� �& �<�3� % ��� T���� �P �� ������ !�"�!
��+�
 �D!�3� �� 
�" 
���

�) x+ y = �,
√
x+

√
y = �,

�) x = y�, x =
�

�
y� + �,

�) x = �− �y�/�, x = y�/�,

�) x� + y� = �, y� = �x,

�) x� − �y� = �, x� + �y� = �,

�) x = a ln

(
a+

√
a� − y�

y

)
−

√
a� − y�, y = �,

�D!�3� �� 
�" 
��� ���+�3�� L� '� �P �& �<�3� % ���
��+�


	) a�x� = y�(a� − y�), �) �(x� − y�) + y� = �,


) x� = (�− y�)�, ��) x� = y�(a� − y�).

��AB8 )& )�&/�-  & �G & 4A� T3	$� "�"�!
�	!�+H U&�� <� r = r�(θ) < r = r�(θ) �+�
 i�: �2;<�
�B�� F=F �8" �&x =r�(θ) ≤ r�(θ) �
 T��	�P [α;β] 
@L�& �&
Tr = r�(θ) U&�� ����.� �& �<�3� % ��� 2��4 ^�� �� w=��"
�& %!� �&��& θ = β s� < θ = α s� Tr = r�(θ) U&�� ����.�

S =
�

�

∫ β

α

{
(r�(θ))

� − (r�(θ))
�

}
dθ

i<��� U&�� <� ����.� ^+& L� 
�" ��B %.�/ % ��� ���L
�&��& T�P
���� �� ���N� �&��& Tθ + dθ < θ �+p� ��P��5" s!��

�� dS =
�

�

{
(r�(θ))� − (r�(θ))

�

}
dθ �& %!�

dS

π(r�(θ))� − π(r�(θ))�
=

dθ

�π

�D!�3� �� 
�" 
��� �@ 	�& ���+�3�� L� '� �P �& �<�3� % ���
��+�


	) x� + y� = a�, �) y� = x(x− �)�,


) x�/� + y�/� = a�/�, ��) y� = (x− �)(x − �)�,

��)
( x
�

)�/�
+
( y
�

)�/�
=�, ��) x� + y� = x� + y�.

�+�
 i�: �y I� FG	� )�&/�-  & ��G T3	$� ��"�!
=g(y) ≤ f(y) < ����	!�+H [a; b] 
@L�& �& x = g(y) < x = f(y)

s� Tg U&�� Tf U&�� ����.� ^+& �<�3� % ��� 2��4 ^�� ��
�& %!� �&��& y = b < y = a

S =
∫ b

a

{
f(y) − g(y)

}
dy

=��" �B�� [Q�`6=F �8" �&

< �P y ��3� ^+& �<�3� % ��� 2� ��	
� ��"�!
=�+�
 �D!�3� �� x = y�(�− y) ��3��

L� �
 %!� ��! �@B�� L� wy {� �&x x U&�� �
 ��" �B�� =� 
�:�
 ^���&��& =w-��$x %!� c�.� y = � �� < ��]S�� y = �

y = � �� y = � L� �� x = � < x = y�(�−y) ^+& % ��� %!�
�V��<�+& %!�&

S =
∫ �

�

{y�(�− y) − �}dy

=

[
y�

�
− y�

�

]�
�

=
�

��

�

U&�� <� ����.� ^+& % ��� w[Q� �6=F �8"
� ,�e� w�

s!�� �
 x� + y� = �� 
@���� L� �	.�/ % ��� 2�  �N�
=�+�
 �D!�3� �� ��"�� 
���& y� = �x

�V+P��� �����& �� �.�! < 
���� ��	&� ��p�� ^�� ���& =� 
{
x� + y� = ��

y� = �x
⇒ y�

��
+ y� = �� ⇒ y� = −�± ��

=��" �B�� �`6=F �8" �& =y = ±�
√
� �� y� = � mH

�� x = y�/� < x =
√
��− y� ^+& % ��� %!� �:�
 T��5�

�09



H��P� �� �1��� 2�, W�
� "�#:*8� , ���

[−π;π] 
@L�& �� �
 %!� ��5� ^�� �& r(θ) ���& %De� ��"
V����

⎡
⎢⎢⎣

{
sin(�θ) ≥ �

sin θ + cos θ ≥ �{
sin(�θ) ≤ �

sin θ + cos θ ≤ �

⇔

⎡
⎢⎢⎢⎢⎢⎢⎣

⎧⎨
⎩

�kπ ≤ �θ ≤ (�k + �)π

�lπ − π

�
≤ θ ≤ �lπ +

�π

�⎧⎨
⎩

(�k − �)π ≤ �θ ≤ �kπ

�lπ +
�π

�
≤ θ ≤ �lπ +

	π

�

⇒

⎡
⎢⎣

−π
�

≤ θ ≤ π

�
π

�
≤ θ ≤ �π

�

⇒−π
�

≤ θ ≤ �π

�

� ≥ θ ≥ �t���$ < � ≥ r(θ) 
�G�d Tπ/� ≤ θ ≤ �π/� �S�
T����4 �&��& r(�) < r(π/�) 
<f5& =r(θ) ≤ � 
�G�d T−π/�
U;/ �� ��� θ = π/� < θ = � �& �+p� ��N� �� ��3�� mH
% ��� ���& ^���&��& =w��" �B�� [Q�`I=F �8" �&x ��
��

_+� < r�(θ) = � ��3�� <� ^+&

r�(θ) =
�a sin(�θ)

(sin θ + cos θ)(� − sin(�θ))

V+�
 �D!�3� θ = π/� �� θ = � L� ��

S =
�

�

∫ π/�

�

{
�a sin(�θ)

(sin θ + cos θ)(� − sin(�θ))

}�

dθ

= 

a�

�

∫ π/�

�

cos� θ sin� θ

(cos� θ + sin� θ)�
dθ

�V���� u = tan θ i�: �&

S = 
a�
∫ �

�

z�dz

(�+ z�)�

=

[
−�a�
�+ z�

]�
�

=
�

�
a�

�

����
� ��& �& �<�3� % ��� w[Q� �I=F �8"
�	�& ��3�� '� �� �<�3� % ��� w�

������ ��"�!

�

�D;/ U&�� <� ����.� ^+& % ��� w[Q� �F=F �8"
1=I=F L� � %.�/ w�

��3�� <� ^+& �<�3� �@ + �� % ��� 2� ��	
� ��"�!
=V��<d�� %!�& �� r� = �a cos(�θ) < r� = a


<f5& =%!� a ��5" < Ǳ��D� _
�� �& ��
���� r� = a

�� �� �d %!� �:�
 �]Q T%!� �π/� �<��� �& r� = �a cos(�θ)

c��+�
 [π/�;π/�] 
@L�& �� T��� =V+�
 V+!�� [−π/�;π/�] 
@L�&
[−π/�;π/�] 
@L�& �� �� �d %!� �:�
 mH T%!� ���� �θ
�8" θ −π/� � π/�

r�(θ) � �a �
�8��� �& �B�� �& =V+�
 V!�

L� %����DC ��3�� <� �����& �3� =���S�� �4� �`F=F{
r = a
r = �a cos(�θ) ⇒ cos(�θ) =

�

�

< θ = π/
 �
 qθ = π/
+ �kπ/� �� �θ = π/�+ �kπ ��5�
^���&��& =����� ���/ [−π/�;π/�] 
@L�& �� θ = −π/


S = �S� =
�

�

∫ π/


−π/


{
(�a cos(�θ))� − (a)�

}
dθ

=
�a�

�

∫ π/


−π/


{
� cos�(�θ) − �

}
dθ

=
�a�

�

∫ π/


−π/


{
�+ � cos(�θ) − �

}
dθ

=
�a�

�

[
θ − �

�
sin(�θ)

]π/

−π/


=
a�

�

(
�π − �

√
�

)
�� x� + y� = �axy 2��
� ��& �& �<�3� % ��� 2�  �N�

=�+�
 �D!�3�
�V��&�� �D;/ �@3�4 �& �� ��3�� ��	&� =� 

r� cos� θ + r� sin� θ = �a(r cos θ)(r sin θ)

��+	� ��

r�(cos θ + sin θ)
(
cos� θ − sin θ cos θ + sin� θ

)
=

=
�

�
ar� sin(�θ)

^���&��& <

r(θ) =
�a sin(�θ)

(sin θ + cos θ)(� − sin(�θ))
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W�
� "�#:*8� , ��� H��P� �� �1��� 2�,

(y/b)�/� = sin t < (x/a)�/� = cos t �
 ��
i�: ������mH
��5� =� ≤ t ≤ �π <

C : x = a cos� t , y = a sin� t , � ≤ t ≤ �π

^+��! L� 
���	!� �& ��+	� �� =��" �B�� [Q�`1=F �8" �&
V���� �)=I=F ,���:

S =
�

�

∫ �π

�

{
(a cos� t)(�a cos t sin� t)

−(a sin� t)(−�a sin t cos� t)

}
dt

=
�

�

∫ �π

�

{
�a� cos� t sin� t

}
dt

=
�a�

�

∫ �π

�

sin�(�t) dt =
�

�
πa�

��3�� L� �8+! '� �& �<�3� % ��� 2�  �N�
�D!�3� �� �P x ��3� < y = a(� − cos t) Tx = a(t − sin t)

=�+�

Ǳ�L�& ��3�� ��5� T��"�� ��4 y ���N� t = �kπ Ǳ�L�& =� 
��3�� L� �8+! '� mH =��
�� U;/ �� �P x ��3� t = �kπ

,���: ^+Q<� L� 
���	!� �& ^���&��& =%!� � ≤ t ≤ �π ��5� �&
V���� �)=I=F

S = −
∫ �π

�

(
a(�− cos t)

)(
a(�− cos t)

)
dt

= −a�
∫ �π

�

(�− cos t)�dt

= −a�
∫ �π

�

(
�− � cos t+

�+ cos(�t)
�

)
dt

= −a�
[
�t

�
− � sin t− sin(�t)

�

]�π
�

= −�πa�

�& �+Q� �& ���� %�fC =��"�� �πa� �&��& ���B T�	DQ� �

=%!� ��3�� �& �;N� %
� %�B ���& m8C

< x = t(� − t)/� ��3�� �& �<�3� % ��� 2�  �N�
=�+�
 �D!�3� � ≤ t ≤ � �
 y = t�(�− t)/�

V���� �)=I=F ,���: ^+�<� L� 
���	!� �& =� 

S =
∫ �

�

(
t

�
(�− t)

)(
t

�
(�− t) +

t�

�

)
dt

=
�

��

∫ �

�

t(�− t)(�t− t�) dt

=
�

��

∫ �

�

t�(�� − ��t+ t�) dt

=
�

��

[
��t� − �t� +

t�

�

]�
�

=
�	

�

_+� < r = a(� − cos θ) ��3�� <� �& �<�3� % ��� w�
=�+�
 �D!�3� �� r = a cos θ

=�+�
 �D!�3� �� r = a cos� θ ��3�� �& �<�3� % ��� w0

��3�� <� �& �<�3� �@N7 �d % ��� w>
r = a cos θ < r = a(cos θ + sin θ)

=�+�
 �D!�3� T���� �& �� �� (a/�,�) �@;N� �
 ��

�� 
�" 
��� �@ 	�& ���+�3�� L� '� �P �& �<�3� �@ + �� % ���
��+�
 �D!�3�

�) x�/� + y�/� = a�/�, �) x� + y� = ax�y,

�) (x� + y�)� = �a�xy, 	) x� + y� = a�(x� + y�).

�D!�3� �� r = a cos(�θ) ��3�� L� ��& '� % ��� w1
=�+�


=�+�
 �D!�3� �� r� + θ� = � ��3�� �& �<�3� % ��� wJ

�� θ = �r − r� < θ = � ��;� �& �<�3� % ��� w�)
=�+�
 �D!�3�

�(����)	J 25A5� ^� �G & 4A� T3	$� �#�"�!
�8" �& �	�& ��	����H ��3�� '� C �+�
 i�:

C : x = x(t) , y = y(t) ; α ≤ t ≤ β

�& %!� �&��& C �& �<�3� % ��� T2��4 ^�� �� =%!�

S =
∫ β

α

x(t)y′(t) dt

= −
∫ β

α

y(t)x′(t) dt

=
�

�

∫ β

α

{
x(t)y′(t) − y(t)x′(t)

}
dt

�@ +A/ L� 
���	!� �& < �<� �7B L� 1 �j: �� ,���: ^�� 2�DE�
�B�� C ��3�� �& �;N� %
� %�B �& =���S�� n�;� ^��S
�`I=Fx �" �P��� −S ���B T�"�& m8C�& %�B �S� =��"

=w��" �B��

�+h<�	!d �& �<�3� % ��� 2� ��	
� ���"�!

C : x�/� + y�/� = a�/�

=�+�
 �D!�3� ��
��p�� ^�� ���& V+�
 
�	����H �� C ��3�� ��	&� ���& =� 

V+������
{

(x/a)�/�
}�

+
{

(y/a)�/�
}�

= �

�0F



]�D "�
 �� �1��� I�, W�
� "�#:*8� , ���

�& y = x�/� U&�� ����.� c�/ ,�X 2� ��	
� ����!
=�+�
 �D!�3� �� [�;�] 
@L�&
V���� �=1=F '.
 �& =� 

� =
∫ �

�

√
�+

(
�

�
x�/�

)�

dx

=
∫ �

�

√
�+




�
xdx

=

[
�



× �

�

(
�+




�
x

)�/�
]�
�

=
�

�	

(
��

√
��− �

)

��3� s!�� �
 y = x�/� − � ����.� L� �!�/ ,�X 2�  �N�
=�+�
 �D!�3� �� ������ \�& �P x

^���&��& =%!� x = ±
√
� �� x� = � ��5� �& y = � ��" =� 

�& %!� �&��& �p� ���� ,�X

� =
∫ √

�

−
√
�

√
�+ x� dx

=
[
x

�

√
�+ x� +

�

�
ln

∣∣∣x+
√
�+ x�

∣∣∣]
√
�

−
√
�

=
√
�+ ln

(√
�+

√
�

)

�� 
�" 
��� ���!�/ L� '� �P ,�X ������ 
���!
��+�
 �D!�3�

�) y = lnx, a =
√
�, b = �

√
�

�) y = arcsin(e−x), a = �, b = �

�) y = ln |coth (x/�)| , a = �, b = ��

�) y = c ln

(
c�

c� − x�

)
, a = �, � < b < c.

�) y =
�

�

(
x
√
x� − �− ln

∣∣∣x+
√
x� − �

∣∣∣) ,
a = �, b = a+ �

�S� �y I� FG	� ^� )�&/�- P/� �/M �� ;�	A� ����!
����.� c�/ ,�X T�"�& [a; b] 
@L�& �& ��]HM	�� �5&�� x = x(y)

�& %!� �&��& U&�� ^��

� =
∫ b

a

√
�+

(
x′(y)

)�
dy

�P �� =��	De� ���C� c < b Ta �+�
 i�: ������ ���"�!
��+�
 �D!�3� �� 
�" 
��� ���+�3�� �& �<�3� % ��� T����

�) x = t� − �, y = t� − t

�) x = a− b sin t, y = a− b cos t

�) x = �t− t�, y = �t� − t�

�) x = a cos� t, y = b sin� t

�) x = t�, y = t(�− t�)/�

�) x = a cos t, y =
a sin� t
�+ sin t

	) x = a(� cos t− cos(�t)) , y = a(� sin t− sin(�t))

�) x =
c�

a
cos� t , y = −c

�

b
sin� t , c� = a� − b�

�D!�3� �� 
�" 
��� �@ 	�& ���+�3�� L� '� �P �& �<�3� % ���
��+�



) x� + y� = ax�y ��) x�/� + y�/� = a�/�

[�A  �
 �� �0��� H�*

�S� �x I� FG	� ^� )�&/�- P/� �/M �� ;�	A� ����!
����.� c�/ ,�X T�"�& [a; b] 
@L�& �& ��]HM	�� �5&�� y = y(x)

�& %!� �&��& U&�� ^��

� =
∫ b

a

√
�+

(
y′(x)

)�
dx

(x+dx, y(x+dx)) < (x, y(x)) ��N� �& �<�3� c�/ ,�X ���L
�&��&

d � =
√

(dx)� + (dy)�

=

√
�+

(
dy

dx

)�

dx

=��" �B�� 1=F �8" �& =%!�
�

=��=I=F ,�e� L� � %.�/ w[Q� �1=F �8"
c�/ ,�X �D!�3� w�

�0I



W�
� "�#:*8� , ��� ]�D "�
 �� �1��� I�,

^���&��& < y = r sin θ < x = r cos θ ����� �� ���L

d� =

√
�+

(
dy

dx

)�

dx =
√
dx� + dy�

=

{
(r′(θ) cos θ − r(θ) sin θ)�

+(r′(θ) sin θ + r(θ) cos θ)�
}�/�

dθ

�@;&�� �& r(θ) U&�� ����.� c�/ ,�X 2� ��	
� ����!
=�+�
 �D!�3� �� θ = �π �� θ = � L� a tanh

(
θ

�

)
V���� I=1=F '.
 �& =� 

� =
∫ �π

�

√(
a tanh

(
θ

�

))�

+
(
a

�
÷ cosh�

(
θ

�

))�

dθ

=
∫ �π

�

√
a

�

(
�+ tanh�

(
θ

�

))�

dθ

=
a

�

∫ �π

�

(
�+ tanh�

(
θ

�

))
dθ

=
a

�

∫ �π

�

(
�− �

cosh� (θ/�)

)
dθ

=
a

�

[
�θ − � tanh

(
θ

�

)]�π
�

= a (�π + tanh(π))

�� θ = �/� L� r(θ) = �/θ U&�� ����.� c�/ ,�X 2�  �N�
=�+�
 �D!�3� �� θ = �

V���� z =
√
�+ (�/θ)� i�: �& =� 

� =
∫ �

�/�

√(
�

θ

)�
+

(−�
θ�

)�
dθ

=
∫ √

�/�

√
�

√
(z� − �) + (z� − �)�

−zdz
(z� − �)�/�

=
∫ √

�

√
�/�

z�

z� − �
dz

=
[
z +

�

�
ln

∣∣∣∣z − �

z + �

∣∣∣∣
]√�
√
�/�

=

√
�

�
+ ln�− ln(�−

√
�)

a L� r U&�� ����.� c�/ ,�X T���� �P �� ������ ����!
��+�
 �D!�3� �� b ��

�) r(θ) = aθ, a = �, b = �π

�) r(θ) = a(�+ cos θ), a = �, b = �π

x = (y+�)�/� U&�� ����.� c�/ ,�X 2� ��	
� ����!
=�+�
 �D!�3� �� y = � �� y = −� L�

V���� 9=1=F '.
 �& =� 

� =
∫ �

−�

√
�+

{�
�

(y + �)�/�
}�
dy

=
∫ �

−�

√
�+




�
(y + �) dy

=
�

�

∫ �

−�

√
��+ 
y dy

=
�

�

[
�



× �

�
× (�� + 
y)�/�

]�
−�

=
���

�	

U&�� ����.� c�/ ,�X T� ≤ a < π/� �+�
 i�: 2�  �N�
=�+�
 �D!�3� �� y = a �� y = � L� x = ln(cos y)

V���� 9=1=F '.
 �& =� 

� =
∫ a

�

√
�+

(− sin y
cos y

)�

dy

=
∫ a

�

dy

cos y

=
[
ln

∣∣∣∣ �

cos y
+ tan y

∣∣∣∣
]a
�

= ln
∣∣∣tan

( a
�

+
π

�

)∣∣∣

U&�� ����.� c�/ ,�X T���� �P �� ������ !���!
��+�
 �D!�3� b �� a L� �� x = x(y)

�) x = y�/�, a = �, b = �

�) x =
y√
�c− y

, a = �, b =
�c

�

�) x =
�

�

(
y

√
y� − �− ln

∣∣∣∣y +
√
y� − �

∣∣∣∣
)
,

a = �, b = c+ �

�) x =
y�

�
− �

�
ln y, a = �, b = e

�) x = b ln

∣∣∣∣∣b+
√
b� − y�

y

∣∣∣∣∣−
√
b� − y�, (� < a)

�2;<� FG	� ^� )�&/�- P/� �/M �� ;�	A� "���!

�G�d T�"�& [α;β] 
@L�& �� θ L� ��]HM	�� �5&�� r = r(θ) �S�

�& %!� �&��& r = r(θ) �D;/ U&�� ����.� c�/ ,�X

� =
∫ β

α

√(
r(θ)

)�
+

(
r′(θ)

)�

dθ

�01



7�$� ?�P=� H��P� $ U�� �� �1��� J�, W�
� "�#:*8� , ���

�) C : x = a(� cos t− cos(�t)) ,

y = a(� sin t− sin(�t)) ; � ≤ t ≤ �π,

�) C : x = t� , y =
t

�
(t� − �) ; −

√
� ≤ t ≤

√
�

�) C : x = (t� − �) sin t+ �t cos t ,

y = (�− t�) cos t+ �t sin t ; � ≤ t ≤ π

�) C : x = a(sinh t− t) ,

y = a(cosh t− �) ; � ≤ t ≤ a

�) C : x = sinh� t , y = cosh� t ; � ≤ t ≤ a

�) C : x =
c�

a
cos� t , y =

c�

b
sin� t ;

� ≤ t ≤ �π , c� = a� − b�

6�#� <�N:� G��N� # S�� �� �0��� I�*

I� 2�G	� C�) & I� 78	3 )� & �U3 �� ;�	A� ����!
�	!�+H �5&�� y = y(x) �+�
 i�: �	6 y )/A� �/3 x

^�� �� =y(x) ≥ � �� x ∈ (a; b) �P Ǳ�L�& < %!� [a; b] 
@L�& �&
����.� �& �<�3� �@ + �� ���<� L� �4� ��<� V�B V� 2��4
��3� ,� x = b s� < x = a s� T�P x ��3� Ty = y(x) U&��

�& %!� �&��& �P x

V = π

∫ b

a

y�(x) dx

% ��� �& %!� �&��& [x;x+dx] 
@L�& �& �g��	� �@ ���	!� V� ���L
�& %!� �&��& dx ������ �� ��� y(x) ��5" �& 
@����

dv = πy�(x) × dx

=��" �B�� J=F �8" �&
�

�) θ(r) =
�

�

(
r +

�

r

)
, a = �, b = �

�) r(θ) = a sec
(
θ − π

�

)
, a = �, b =

π

�

������ �& �d ����N� R ��5" �& �@ Q�Q '� �� �+�
i�: 2+
%!�& �� 
�"�� �@ + �� % ��� �& �Q�Q V� %D�� =���� ���/ h

=���<d

�(����)	J 25A5� ^� P/� �/M �� ;�	A� �#���!
< x = x(t) ��]H�+������� U&��� '.
 �& C ��3�� �t���$
,�X 2��4 ^�� �� T��" ��+& T%!� a ≤ t ≤ b �
 y = y(t)

�& %!� �&��& C c�/

� =
∫ b

a

√(
x′(t)

)�
+

(
y′(t)

)�

dt

�+h<�	!d c�/ ,�X 2� ��	
� �����!

C : x�/� + y�/� = a�/�

=V+�
�� �D!�3� ��
�� �
 ��3�� L� %.�/ �d ,�X %!� �:�
 ��p�� ^�� ���&
V���� ��=I=F ����.P ^���&��& =V+�
 �D!�3� �� %!� ,<� U&�

�w%!� C ����$ '� C′x

C′ : x = a cos� t , y = a sin� t ; � ≤ t ≤ π/�

^���&��&

� = ��′

= �

∫ π/�

�

√
(−�a sin t cos� t)� + (�a cos t sin� t)� dt

= ��a

∫ π/�

�

sin t cos tdt = �a

[
sin� t

]π/�
�

= �a

y = t− t� Tx =
√
�t� 2��4 �& �
 C ��3�� c�/ ,�X 2�

=�+�
 �D!�3� �� %!� 
�" ��	����H −� ≤ t ≤ � �&
V���� �)=1=F �& �B�� �& =� 

� =
∫ �

−�

√(
�
√
�t

)�
+ (�− �t�)� dt

=
∫ �

−�
(�+ �t�) dt

=
[
t+ t�

]�
−�

= �

�� ��L ���+�3�� L� '� �P c�/ ,�X ������ �����!
��+�
 �D!�3�

�0J



W�
� "�#:*8� , ��� 7�$� ?�P=� H��P� $ U�� �� �1��� J�,

�D��N� % ��� �& [x;x + dx] 
@L�& �& �g��	� �@ ���	!� ���L
�"�& �d �Q�� ,�X � �
 %!� �πy(x)�

� =
√
�+ (y′(x))� dx

��3�� ���<� L� �4� Y;! % ��� 2� ��	
� ����!
=�+�
 �D!�3� �� �P x ��3� ,� y� = �



x(� − x)�

U/�< �� T%!� ���N	� �P x ��3� �& %D�� ��3�� =� 

��d�� %!�& y ���� ���/ ��4 �&��& L� =y = ±�
�

√
x(� − x)�


@L�& �& �� y =
�

�

√
x(�− x)� U&�� mH =x = � �� x = �

V+����& V+������ mH � ≤ x ≤ � ��$ =V��+S�� �p� �� [�;�]

��+	� �� Ty =
�

�

√
x(�− x)

S = �π

∫ �

�

(
�

�

√
x(�− x)

)√
�+

(
�√
x
−√

x

)�

dx

= �π

∫ �

�

�

�

√
x(�− x)

√
x� − x+ �

x
dx

=
�π

�

∫ �

�

(�− x)
√
x� − x+ � dx

=
π

��

[
(��x� − 	�x+ ��)

√
x� − x+ �

+��arcsinh

(√
�

�
(�x − �)

)]�
�

=
π

��

(
��

√
	+ 
� ln(�+ �

√
	) + ��

)
�&��& R ��5" �& 
@�
 �P Y;! % ��� �
 �+P� ���� 2�  �N�

=%!� �πR�

U&�� ����.� ���<� L� Y;! ^�� �
 ��.� i�: ������ =� 
�& �B�� �& =��d�� %!�& �P x ��3� ,� y =

√
R� − x�

^���&��& T%!� [−R;R] U&�� ^�� �@ ���� �8���

S = �π

∫ R

−R

√
R� − x�

√√√√
�+

(
−x√
R� − x�

)�

dx

= �π

∫ R

−R
Rdx = �πR�

������ !���!

��+��L ��3�� ���<� L� �
 �3;! % ��� %�&�7;� w�
�� x = � �@ 74�: �� �P x ��3� ,� y = a cosh (x/a)

=��d�� %!�& x = a

��<� V� �D��B % ��� �@ D!�3� �J=F �8"

y =
√
x �.�! ���<� L� �4� V� 2� ��	
� ����!

�& %!� �&��& �P x ��3� ,� � ≤ x ≤ � �


V = π

∫ �

�

(√
x
)�

dx

= π

[
R�x− x�/�

]�
�

=
π

�

=�+�
 �D!�3� �� R ��5" �& 
@�
 V� 2�  �N�
�� =−R ≤ x ≤ R < y =

√
r� − x� V+�
 i�: =� 

_
�� < R ��5" �& 
@����.+� L� %!� 2��DC y ����.� T2��4 ^��
L� 2��DC �
 
�
 V� ^���&��& =�P x ��3� �O�& �� U/�< < Ǳ��D�
�P x ��3� ,� 
����.+� ^�� ��L % ��� ���<� L� �4� V� 

�& %!� �&��& T�"�&��

V = π

∫ R

−R

(√
R� − x�

)�
dx

= π

[
R�x− x�

�

]R
−R

=
�

�
πR�

�& �<�3� �@ + �� ���<� L� �4� V� ������ 
���!
�D!�3� ���� �P �� �� x = b < x = a s� T�P x ��3� Ty ����.�

��+�


�) y = �x− x�, a = �, b = �,

�) y = � (x/�)�/� , a = �, b = �,

�) y = sinx, a = �, b = π,

�) y = cosh (x/c) , a = −c, b = c.

��3�� <� �& �<�3� �@ + �� ���<� L� �4� V� w6
�D!�3� �� �P x ��3� ,� y� = �x/� < x� + y� = �

=�+�


��3�� <� �& �<�3� �@ + �� ���<� L� �4� V� wF
=�+�
 �D!�3� �� �P x ��3� ,� y = �/π < y = sinx

I� 78	3 )� & �U3 N<� T3	$� �� ;�	A� ����!
y = y(x) �+�
i�: �	6 x )/A� �/3 x I� 2�G	� C�) &
Ǳ�L�& < %!� (a; b) 
@L�& �& ��]HM	�� < [a; b] 
@L�& �& �	!�+H �5&��
Y;! V� % ��� 2��4 ^�� �� =� ≤ y(x) �� x ∈ (a; b) �P
�� x = a L� �
x y = y(x) U&�� ����.� ���<� L� �4� ��<� V�B

�& %!� �&��& �P x ��3� ,� w%!� 
�" V+!�� x = b

S = �π

∫ b

a

y(x)

√
�+

(
y′(x)

)�
dx

�>)



�-�� .� /��0*1� �V�, W�
� "�#:*8� , ���

=
�πab√
b� − a�

[
b�

√
�− b� + a�√
b� − a�

+
b�

b� − a�
arcsin

(√
b� − a�

)]

������ ����!

��3�� �& �<�3� �@N;�� ���<� L� �4� ��<� V�B V� w�
=�+&�+& �� �P y ��3� ,� x =

√
y < x = y�

�+h�78+! ���<� L� �4� ��<� V�B V� w0
�� y = � L� < �P y ��3� ,� x� = y�/(�a − y)

=�+�
 �D!�3� �� y = a

+,	� -� .��/(0� �U�*

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

��	!� �7
 2��4 ����� ���E�-� �� ;�	A� ���#�!
f(x) �d �� �
 T%!� int(f(x),x=a..b) ,��G	�� �@ D!�3�
int ���& �S� =%!� ��+GQ��G	�� �+a	� x < ,��G	�� ���� U&��
��"�� 
��� ���� ^���.� �8" �& ,��G	�� T��" 
���	!� Int L�
��	!� L� %!� �:�
 �d �@ D!�3� ���& =�" �P��(� �D!�3� <

���.� ���& =V+�
�� 
���	!� value

int(exp(−x)∗ cos(x), x = 0..Pi)
�K+�

−−−−→ 1
2
(
e−π + 1

)
Int(exp(−x) ∗ cos(x), x = 0..Pi)

�K+�
−−−−→∫ π

0

e−x cos x dx

value(Int(exp(−x) ∗ cos(x), x = 0..Pi))
�K+�

−−−−→
1
2
(
e−π + 1

)

�7
 2��4 ����� ���E�-� )& ��b�� ���b� ���#�!
�8" �& ,��G	�� �� �+a	� �++a� ��	!�

student[changevar](R(x,u),I(x),u)

�
 x �+a	� {� �& %!� �Q��G	�� I(x) �d �� �
 T%!�
%!� ���;&�� R(x, u) TV+P� ����� �d �� �+a	� �++a� V+P�����
%!� ����B �+a	� u < V��
��.� ��+& x {� �& �� u �d �� �

'.
 �& T���.� ���& =V+����& �d {� �& �� ,��G	�� ���& �


V+� ���<� L� �4� �8" �
<� Y;! % ��� %�&�7;� w0
=�P x ��3� ,� y = sinx �!��+! ��3�� L� |��

��3�� ���<� L� �4� Y;! % ��� %�&�7;� w>
=�P x ��3� ,� [�;π/�] �@ 74�: �� y = tanx

�+h<�	!d ���<� L� �4� Y;! % ��� %�&�7;� w9
=�P x ��3� ,� x�/� + y�/� = a�/�

��3�� ���<� L� �4� Y;! % ��� %�&�7;� w6
=x = e �� x = � L� �P x ��3� ,� y = x�/�−(ln x)/�

)�&/�- C�) & I� 78	3 T3	$�  �U3 "���!
x = x(y) U&�� ����.� �S� �	6 y )/A� �/3 y I� 2�G	�
Y;! % ��� TV+P� ���<� �P y ��3� ,� �� a ≤ y ≤ b �


�& ���&��& V �4� ��<� V�B V� < S �4� 

S = �π

∫ b

a

x(y)
√
�+ (x′(y))� dy,

V = π

∫ b

a

(x(y))� dy

�@ 7+!�& �
 y� = �ax �.�! L� �	.�/ 2� ��	
� ����!
TV+P��� ���<� �P y ��3� ,� �� %!� 
�" ��B x = a s�

�& %!� �&��& �4� V�B V� 

V = π

∫ �a

−�a

(
y�

�a

)�

dy

= π

[
y�

�× ��a�

]�a
−�a

=
�

�
πa�

�A+& ���<� L� �4� Y;! % ��� 2�  �N�
% ��� �& %!� �&��& �P y ��3� ,� x�/a� + y�/b� = �

�P y ��3� ,� [−b; b] 
@L�& �& x = a

√
�− y�/b� ��3��

S = �π

∫ b

−b
a

√
�− y�

b�

√√√√
�+

{
−ay/b√
�− y�/b�

}�

dy

= �πa

∫ b

−b

√
�− b� − a�

b�
y� dy

=
�πab√
b� − a�

∫ b

−b

√√√√(
b√

b� − a�

)�

− y� dy

=
�πab√
b� − a�

⎡
⎢⎣ y
�

√√√√(
b√

b� − a�

)�

− y�

+
b�

�(b� − a�)
arcsin

(y
b

√
b� − a�

)]b
−b

�>�



W�
� "�#:*8� , ��� �-�� .� /��0*1� �V�,

i�: �& Ǳ_B �& Ǳ_B \<� L�
∫ π

�

x�/� cosxdx ,��G	�� ��
=��"�� 
���	!� dv = cosxdx < u = x�/�

����� ���E�-� 2;���� )�4�� �� ;�	A� ���#�!
�+p� T��.� � �7+73� M��X �& ���	� �� �Q��G	�� �+�
 i�:
������ evalf ��	!� '.
 �& 2��4 ^�� �� T

∫ π

�

sinx/x dx

���.� ���& =��.� �D!�3� �D��N� ��X �& �� �d ���C ���N�

evalf(int(exp(−x∧ 3), x = 0..1))
�K+�

−−−−→
0.807511182

< 
��.� �D!�3� L�
∫ �

�

e−x
�

dx ,��G	�� �D��N� ���N�
=%!� 
��� ��+	� �� �~��	������

�	��	��� c��d �� � ���#�!
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

��	!�
student[changevar](u^2=x^2+1,Int(x^3

*(x^2+1)^(1/2),x=-1..1),u)
�K+�

−−−−→
∫ √

2

−√
2

−(u2−1)u2 du

u� = x� + � �+a	� �++a� L�
∫ �

−�
x�(x� + �)� dx ,��G	�� ��

=V+!���
∫ √

�

−
√
�

−(u� − �)u� du �@�+	� �& < 
��.� �����

2��4 ����� ���E�-� )& ǱHK �G ǱHK ? ) 
��#�!
�8" �& ,��G	�� �� Ǳ_B �& Ǳ_B ��	!� �7


student[intpart](I(x),u(x))

u = u(x) ��"�� i�: I(x) ,��G	�� �� �d '.
 �& �
 T%!�

���	!�

∫
u dv = uv −

∫
v du Ǳ_B �& Ǳ_B 
@�C�/ L� mK! <
��	!� '.
 �& ���.� ���& =��"��

student[intpart](Int(x^(3/2)*cos(x),

x = 0..Pi), x(3/2))
�K+�

−−−−→ −3
2

∫ π

0

√
x sin x dx

�>0




 ���

%
	�" #$
��"$

lim
b→−∞

∫ a

b

f(x) dx � 
<f5& < �"�& ��]KQ��G	�� [b; a] �& 0=�=F
f $���"  !���"! �� ��
]� � ���N� T2��4 ^���� =�"�& ��B��

=V+P��� ����
∫ a

−∞
f(x) dx ��.� �& < 
�+��� I ��

�7D/ [��5� _+� < [��5� ^�� �� 
�" �:�5� 
�!�� ���Q��G	��
=V+�����  
! h�" $���" &�c(!���"! T��

y = f(x) U&�� < I = [a; b) �+�
i�: �
 ����� 
���"
%!� ��]KQ��G	�� I �& f V+h�S�� ����4 �� =���S�� [��5� I �&
0=�=F ��5� �& f U&�� Ta < c < b �
 
��(Q� c �P Ǳ�L�& �


��B�� lim
c→b−

∫ c

a

f(x) dx � 
<f5& < �"�& ��]KQ��G	�� [a; c] �&
I �� f $���"  !���"! �� ��
]� � ���N� T2��4 ^�� �� =�"�&

=V+P��� ����
∫ b

a

f(x) dx ��.� �& < 
�+���

< %!� I = (a; b] �+�
 i�: �� ����� ����"
����4 �� =���S�� [��5� I �& y = f(x) 
@�" 
��� U&��
a < �
 
��(Q� c �P Ǳ�L�& �
 %!� ��]KQ��G	�� I �& f V+h�S��

<f5& < �"�& ��]KQ��G	�� [c; b] �& 0=�=F ��5� �& f U&�� Tc < b

� ���N� T2��4 ^�� �� =�"�& ��B�� lim
c→a+

∫ b

c

f(x) dx � 

����
∫ b

a

f(x) dx ��.� �& < 
�+��� I �� f $���"  !���"! �� ��
]�
=V+P���

�D/ [��5� _+� < [��5� ^�� �� 
�" �:�5� 
�!�� ���Q��G	��
=V+����� F
� h�" $���" &�c(!���"! T��

�� ∫ +∞
�

dx/(x� + �) ,��G	�� ���N� 2� ��	
� ����"
=�+�
 �D!�3� ��B< 2��4 ��

i<��� U&�� 
�G�d T� < b �S� �
 %!� ^"<� T��	&� �� =� 

<f5& =%!� ��]KQ��G	�� [�; b] �& f(x) = �/(x� + �)

lim
b→+∞

∫ b

�

dx

x� + �
= lim
b→+∞

[
�

�
arctan

( x
�

)]b
�

^+5� ,��G	�� ���� �� T�!�!� i�: <� ,�.C� �& V�" �j: ��
��+GQ��G	�� ���� �@ ���� V���
 i�: �8��� ,<� =V���
 �3&
i�: �8�d �<� < w[a; b] �8" �& �	�& 
@L�& '�x %!� ������

�j: ^�� �� =%!� ������
 [a; b] �& f ,��G	�� ���� U&�� TV���


�� !� ��� Q��G 	 �� �@ � ��� L� < V ������� & �� �p � ���� ��Pi�:
w���C �+l T��5�x 
�� !� �� ���Q��G	�� ��+�� �& w���C T��5�x
�G�� �>=�=F 
@���
 
��! ��� ���/ T�+Q� ^+.P �& =V+.���� ��S

=%�+� ,�D/ ����
�& �� 
�!�� ���Q��G	�� T�3& �� �	�+& %Q��! ����� ���&
���8+ & �@ ���� �
 ���� �d T�8� =V+ �
�� V+�N� �7
 ��� <�
�P �
 %!� ^"<� =����� ���8+& U&�� �
 �����d ��G�� < �����
��� <� ^�� L� ���P� ��. � ��.�� �& �� ��G�� 
�!� � ,��G	 ��

=��.� ��_�� ������

5�!�4 ��1

L� �P��	� ����5� L� �C�.�� 2��j& ���	& �
 �� �Q��G	�� �P
��j T��5�x $�k �l �"  !���"! T%"�� ��L �� n<��� ,��G	�� ���$

=V+����� w&���

y = f(x) < I = [a; +∞) �+�
 i�: �� ����� ����"
I �& f V+h�S�� ����4 �� =��"�� [��5� I �& �
 %!� �5&��
��5� �& f U&�� Ta < b �
 
��(Q� b �P Ǳ�L�& �
 %!� ��\](!���"!

lim
b→+∞

∫ b

a

f(x) dx � 
<f5& < �"�& ��]KQ��G	�� [a; b] �& 0=�=F
f $���"  !���"! �� ��
]� � ���N� T2��4 ^�� �� =�"�& ��B��

=V+P��� ����
∫ +∞

a

f(x) dx ��.� �& < 
�+��� I ��

y = f(x) < I = (−∞; a] �+�
 i�: �� ����� ����"
I �& f V+h�S�� ����4 �� =���S�� [��5� I �& �
 �"�& �5&��
��5� �& f U&�� Tb < a �
 
��(Q� b �P Ǳ�L�& �
 %!� ��]KQ��G	��

�>>
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= −� lim
d→+∞

∫ d

�

ue−u du

(�)
= −� lim

d→+∞
−

{[
ue−u

]d
�
−

∫ d

�

e−u du

}

= � lim
d→+∞

{
d

ed
+

[
e−u

]d
�

}

= � lim
d→+∞

d+ �

ed
− �

= � lim
d→+∞

d

ed
− �

(�)
= � lim

d→∞
�

ed
− � = −�

L� w0x �� T√x = e−u %!� 
�" i�: w�x �� T�8��� Y+���
,�	+H�P 
@�C�/ L� w>x �� < %!� 
�" 
���	!� Ǳ_B �& Ǳ_B \<�

^���&��& =%!� 
�" �	:�S 
��&
∫ �

�

lnx√
x
dx = −�

��B< 2��4 �� �� ∫∞
�

(e−�
√
x/

√
x) dx ,��G	�� ���N� 2+  �N�

=�+�
 �D!�3�
�� ��G�� < � �� �8� T���� �8�� �B <� �� ,��G	�� ^�� =� 
�V+�
�� V+�N� %.�/ <� �& �� ��
]� ,��G	�� T^���&��& =+∞
∫ +∞

�

e−�
√
x

√
x

dx =
∫ �

�

e−�
√
x

√
x

dx+
∫ ∞

�

e−�
√
x

√
x

dx

V���� T,<� ���� ,��G	�� ��
∫ �

�

e−�
√
x

√
x

dx = lim
a→�+

∫ �

a

e−�
√
x

√
x

dx

(�)
= lim

b→�+

∫ �

b

e−udu

= lim
b→�+

[−e−u]�
b

= − lim
b→�+

{
e−� − e−b

}
= �− �

e

,��G	�� ���� �� T
<f5& =u = �
√
x �
 %!� 
�" i�: w�x ��

V���� �<�
∫ ∞

�

e−�
√
x

√
x

dx = lim
b→+∞

∫ b

�

e−�
√
x

√
x

dx

(�)
= lim

b→+∞

∫ b

�

e−u du

= lim
b→+∞

[−e−u]b
�

= − lim
b→+∞

{
e−b − e−�

}
=
�

e

��+	� �� =u = �
√
x%!� 
�"i�: w�x �� _+� ����� �� �


∫ +∞

�

e−�
√
x

√
x

dx =
(
�− �

e

)
+

(
�

e

)
= �

= lim
b→+∞

{
�

�
arctan

(
b

�

)
− �

�
arctan�

}

=
�

�
lim

b→+∞
arctan

(
b

�

)
− π

�

=
π

�
× π

�
− π

�

^���&��&∫ +∞

�

dx

x� + �
=
π

�

�D!�3� ��B< 2��4 �� �� ∫ �
−∞ ex dx ,��G	�� ���N� 2�  �N�

=�+�

[a;�] �& ex U&�� 
�G�d Ta < � �S� �
 %!� ^"<� =� 


<f5& =%!� ��]KQ��G	��

lim
a→−∞

∫ �

a

ex dx = lim
a→−∞ [ex]�a

= lim
a→−∞

(
e� − ea

)
= �− lim

a→−∞ ea = �− �

^���&��&∫ �

−∞
ex dx = �

��B< 2��4 �� �� ∫ �
�
x� dx/

√
�− x ,��G	�� ���N� 2�  �N�

=�+�
 �D!�3�
i<��� U&�� 
�G�d T� < c < � �S� �
 %!� ^"<� =� 


<f5& =%!� ��]KQ��G	�� [�; c] �& f(x) = x�/
√
�− x

lim
c→�−

∫ c

�

x�√
�− x

dx
(�)
= lim

d→�−

∫ d

�

(�− u�)�

u
(−�u)du

= lim
d→�−

�

∫ �

d

(�− u�)� du

= �

∫ �

�

(�− u�)�du

= �

∫ �

�

(u� − �u� + �)du

= �

[
u�

�
− �

u�

�
+ u

]�
�

^���&��& =u =
√
�− x%!� 
�"i�: w�x ��∫ �

�

x�√
�− x

dx =
��

��

��B< 2��4 �� �� ∫ �
�

(lnx/
√
x) dx ,��G	�� ���N� 2�  �N�

=�+�
 �D!�3�
,��G	�� ���� U&�� 
�G�d T� < c < � �S� �
 %!� ^"<� =� 


<f5& =%!� ��]KQ��G	�� [c;�] �& f(x) = lnx/
√
x

lim
c→�+

∫ �

c

lnx√
x
dx

(�)
= lim

d→+∞

∫ �

d

−�u
e−u

(
−�e−�u du

)

�>9
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����N� ���
 Ǳ�L�& �
 V+���& V+P��� �� 2� ��	
� "���"
-%!� ��G.P ∫∞

�
dx/xp 
�!�� ,��G	�� � < p �N+N ��C L�
V���� T
�!�� ,��G	�� [��5� �& �B�� �& =� 

∫ ∞

�

dx

xp
= lim

b→∞

∫ b

�

x−p dx

�V��+S�� �p��� �� ��L %Q� �! Tp ���N� �& �	�&
��G.P �/(p − �) ��C �& ,��G	�� 2��4 ^�� �� 2p > � �;!

���L T%!�

∫ ∞

�

dx

xp
= lim

b→∞

[
x�−p

�− p

]b
�

= lim
b→∞

b�−p − �

�− p

=
�

p− �

���L T%!� ��S�< ,��G	�� 2��4 ^�� �� 2p = � �;!∫ ∞

�

dx

xp
= lim

b→∞
[lnx]b

�

= lim
b→∞

ln b = +∞

���L T%!� ��S�< ,��G	�� _+� 2��4 ^�� �� 2� < p < � �;!

∫ ∞

�

dx

xp
= lim

b→∞

[
x�−p

�− p

]b
�

= lim
b→∞

b�−p − �

�− p
= +∞

�+l �� < %!� ��G.P 
�" 
��� ,��G	�� 
�G�d T� < p �S� ��+	� ��
=�"�&�� ��S�< T2��4 ^��

�N+N ��C L� ����N� ���
 Ǳ�L�& �
 V+���& V+P����� 2�  �N�
-%!� ��G.P ∫∞

�
xp dx/(�+ x) 
�!�� ,��G	�� Tp

�
 V+�
�� �B�� ��p�� ^�� ���& =� 

Ip =
∫ ∞

�

xp

�+ x
dx

=
∫ �

�

xp

�+ x
dx+

∫ ∞

�

xp

�+ x
dx

(�)
=

∫ �

+∞

u−p

�+ �

u

−du
u�

+
∫ ∞

�

xp

�+ x
dx

=
∫ ∞

�

x−�−p

�+ x
dx+

∫ ∞

�

xp

�+ x
dx

= J−(�+p) + Jp

mH =Jp =
∫ ∞

�

xp dx

�+ x
< u =

�

x
%!� 
�" i�: w�x �� �


p �& %D�� Jp 
�G�d T� ≤ p �S� ��� =��" �!��& Jp %!� �:�


2��4 �� �� ∫∞
−∞(

√
ex dx)/(� + ex) ,��G	�� ���N� 2#  �N�

=�+�
 �D!�3� ��B<
mH =%!� �8�� ����� −∞ �� _+� < +∞ �� ,��G	�� ^�� =� 

V+������
∫ +∞

−∞

√
ex

�+ ex
dx =

∫ �

−∞

√
ex

�+ ex
dx+

∫ +∞

�

√
ex

�+ ex
dx

V���� u =
√
ex �+a	� �++a� �& T���� �P ��

∫ �

−∞

√
ex

�+ ex
dx = lim

a→−∞

∫ �

a

√
ex

�+ ex
dx

= lim
b→�+

∫ �

b

u

�+ u�
�du

u

= lim
b→�+

�

∫ �

b

du

u� + �

= lim
b→�+

� [arctanu]�b

= � lim
b→�+

(arctan�− arctan b)

=
π

�
− � =

π

�

∫ +∞

�

√
ex

�+ ex
dx = lim

b→+∞

∫ b

�

√
ex

�+ ex
dx

= lim
a→+∞

∫ a

�

u

�+ u�
�du

u

= lim
a→+∞�

∫ a

�

du

�+ u�

= � lim
a→+∞ [arctanu]b

�

= � lim
a→+∞ (arctan b− arctan�)

= π − π

�
=
π

�

��+	� ��∫ +∞

−∞

√
ex

�+ ex
dx =

π

�
+
π

�
= π

�� �"�& �	"�� ��B< �
 ��
�!�� ,��G	�� ������ !���"
=V+����� !�;!
 �� ��G.P �+l 
�!�� ,��G	�� =V+����� !��0�


�!�� ,��G	�� '� �
 �	8� ^�� ^	:�� ����� L� ���+�& ��
���N� fk .C =�"�&�� V�� ��+�& T��S�< �� %!� ��G.P i<���
=��
 ��� �����.� �� ��G.P 
�!�� ���Q��G	�� L� ���+�&
Ty����: ���Q��G	��z ��$ ����	:��+H ��P���p� '.
 �& �	DQ�

=��
 �D!�3� �� ���d L� ���& ������
���Q��G	�� ����S�< < ����G.P �@ 7��� �& T�5& ^� ^���&��&
=V+	�+� ���d M+/� ���N� �@ D!�3� ��& �� ���L < V�L���H�� 
�!��

�>6



/#1�8 "�#:*8� 2 ��� 	��#:�L <�@8��.a ��2

=V+P� ���/ �5Q�;� ����
�@ ���� W��_:� �& 
�G�d T�"�& %De� �5&�� y = f(x) �S�

�&
∫ b

a

f(x) dx ��5� T�&���� W��_:� ,��G	�� ���N� T��+GQ��G	��
�& �d �������
 �+Q� ^+.P �& =%!� ���54 b L� �5&�� ����C

��	N+/� ��+& �& T%!�
∫ ∞

a

f(x) dx 
�!�� ,��G	�� ��B< ��5�

�& y = f(x) U&�� �+�
 i�: �T;
� FG	� C/�I= ����"
�LO ��" T2��4 ^�� �� =%!� ��]KQ��G	�� < %De� [a;∞) 
@L�&

U&�� �
 %!� �d
∫ ∞

a

f(x) dx ����G.P ���& �:�
 <

I(b) :=
∫ b

a

f(x) dx

=�"�& ������
 O�& L�

T2��4 ^�� �� =�"�& ��B��
∫ ∞

a

f(x) dx V+�
 i�: A7��S"
< %!� %De� ��
L�& �P �& �d ,��G	�� T%!� %De� �5&�� f ��$

�� b > a �P ��L� �& T��+	���
∫ ∞

a

f(x) dx = lim
N→∞

∫ N

a

f(x) dx

= lim
N→∞

{∫ b

a

f(x) dx +
∫ N

b

f(x) dx

}

=
∫ b

a

f(x) dx + lim
N→∞

∫ N

b

f(x) dx

≥
∫ b

a

f(x) dx = I(b)

=%!� ������
M =
∫ ∞

a

f(x) dx �& O�& L� I(b) T^���&��&
�� b > a �P ��L� �& �
 �"�& �� M V+�
 i�: ,� 

V+�
 i�: =I(b) ≤M

A :=
{
N ∈ R

∣∣∀ b > a : I(b) < N
}

<
∫ ∞

a

f(x) dx ≥ � mH T%!� %De� f ��$ T2��4 ^�� ��
A ^���&��& < M ∈ A T
<f5& =%!� ������
 ^+h�H L� A ��+	� ��
=α = inf(A) �%!� ��.+���� ����� A ��+	� �� =%!� ��� �+l
mH Tε > � V+�
 i�: =

∫ ∞

a

f(x) dx = α V+�
�� %&�E
�P ��L� �& ���
� =α ≤ N < α + ε �
 %�P �� N ∈ A

��B< �� b > a T
<f5& =I(b) ≤ N < α + ε �� b > a

��L� �& �S� 2��4 ^�� �+l �� T���L =I(b) > α − β �
 ����
[��5� vf� �
 α− ε ∈ A 
�G�d TI(b) ≤ α− ε �� b > a �P
�� b > a �P ��L� �& T%!� ���54 I ��$ ��+	� �� =%!� α
��P�& T{+��� ^�� �& < |I(b)−α| < ε �� α− β ≤ I(b) ≤ α− ε

� =%!� ��.�

< Txq ≤ xp 
�G�d T� ≤ x < � ≤ q ≤ p �S� ���L T%!� ���54
^���&��&

Jq =
∫ b

�

xq

�+ x
dx

≤
∫ b

�

xp

�+ x
dx = Jp

��S�< _+� � ≤ p �
 ���P Jp �@.P 
�G�d T�"�& ��S�< J� �S� mH =
���	�P

J� =
∫ ∞

�

x�

�+ x
dx

= lim
b→∞

∫ b

�

dx

�+ x

= lim
b→∞

ln |b+ �| = +∞

�S� =%!� ��S�< Ip �]Q < %!� ��S�< Jp 
�G�d T� ≤ p �S� T^���&��&
mH =��	�P ��S�< Ip < J−p−� �]Q < −�−p ≥ � 
�G�d Tp ≤ −�
%Q� ^�� �� ���L T��" �5Q�;� −� < p < � %Q� %!� �:�

�8��� �& �B�� �& mH =��+S�� ���/ (−�;�) 
@L�& �� _+� −� − p

�� (−�;�) 
@L�&
(
−�+

�

n+ �
;−�+

�

n

)
�8" �& ��P
L�&

�� T−� +
�

n+ �
< p < −� +

�

n
V+�
�� i�: T����"�H��

2��4 ^��

Jp =
∫ ∞

�

xp

�+ x
dx

<

∫ ∞

�

x−�+ �

n+�

�+ x
dx

(�)
=

∫ ∞

�

y−n

�+ yn+�
(n+ �)yn dy

= (n+ �)
∫ ∞

�

dy

�+ yn

< (n+ �)
∫ ∞

�

dy

yn

= (n+ �) lim
b→+∞

[
y�−n

�− n

]+∞

�

=
n+ �

n− �

�S� ��$ =x = yn+� %!� 
�" i�: w�x �� �8��� Y+���

�� p ∈ (−�;�) �P Ǳ�L�& Jp ^���&��& Tn+ �

n− �
≤ � 
�G�d Tn ≤ �

Ip �]Q < �"�&�� ��G.P _+� J−(�+p) %Q� ^�� �� T%!� ��G.P
%!� ��G.P �	/< ���� < �	/< Ip �
 �" %&�E ��5� =%!� ��G.P

=−� < p < � �


���!D�M 9�=7��-` ��1

�� < ����G.P �� ��
�� '.
 �
 %!� ���+A/ ���Ld L� ��p��
V+N	�� �+l �� < V+N	�� 2��4 �& �� 
�!�� ���Q��G	�� ����S�<

�>F
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T�=0=I �&��& mH =�"�& ��G.P ∫ ∞
a
g(x) dx V+�
 i�: T��p��

�P ^+�t.P < �� b ≥ a �P ��L� �& �:�X L� =%!� ������
 O�& L�
^���&��& =f(x) ≤ g(x) �� x ∈ [a; b]

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx

^���&��& <
∫ ∞

a

f(x) dx ≤
∫ ∞

a

g(x) dx ��+	� ��

� =�"�&�� ��G.P T��+	� �� < %!� ������
 _+�
∫ ∞

a

f(x) dx


@�!�� ,��G	�� ����G.P �� 2� ��	
� ����"
=V+�
�� �3&

∫ ∞

�

dx/
√
�+ x�

^���&��& < � + x� ≤ (� + x)� 
�G�d T� ≤ x �S� =� 
< f(x) = �/(� + x) i�: �& mH =

√
�+ x� ≤ � + x

�8��� �& �B�� �& < �=0=I �� g(x) = �/
√
�+ x�

∫ ∞

�

dx

�+ x
= lim

b→∞

∫ b

�

dx

x+ �

= lim
b→∞

ln |b+ �| = +∞

��S�< _+� 
�" 
��� 
�!�� ,��G	�� �
 V��+S�� ��+	� T%!� ��S�<
=%!�

Tn ∈ N �

∫ �

�

xn dx√
�− x�

,��G	�� ����G.P �� 2�  �N�
=�+�
 �3&

V���� u = �/(�− x) �+a	� �++a� L� 
���	!� �& =� 

∫ �

�

xn dx√
�− x�

=
∫ �

+∞

(�− �

u )n√
�− (�− �

u )�

−du
u�

=
∫ +∞

�

(u− �)ndu

un
√
�u� − �u� + �u− �

^+�t.P =� ≤ u − � ≤ u ^���&��& < � ≤ u ����� �� T���
��+	� �� T−�u� ≤ −� ≤ −�u� + �u− �

f(u) =
(u− �)n

un
√
�u� − �u� + �u − �

≤ un

un
√
�u� − �u�

=
�

u�/�
= g(u)


<f5& <
∫ ∞

�

g(u) du = lim
b→∞

du

u�/�

= lim
b→∞

[−�√
u

]b
�

= �

∫ ∞
�
e−x

�

dx ,��G	�� ����G.P �� 2� ��	
� ����"
=�+�
 �3&

T%!� ��]KQ��G	�� < %De� [�;∞) �& f(x) = e−x
� U&�� ��$ =� 

I(b) =
∫ b
�
e−x

�

dx �������
 %!� �:�
 %De� U&�� ���Ld �&��&
��� =V+�
 %&�E ��

I(b) =
∫ b

�

e−x
�

dx

=
∫ �

�

e−x
�

dx+
∫ b

�

e−x
�

dx

(�)

≤ A+
∫ b

�

e−x dx

w�x �� < %!� ���C ,��G	�� '� A =
∫ �
�
e−x dx ����� �� �


Tx ≤ x� 
�G�d T� ≤ x �S� �
 %!� 
�" 
���	!� %+5/�< ^�� L�
�:�X L� =e−x� ≤ e−x �]Q < −x� ≤ −x∫ b

�

e−x dx =
[−e−x]b

�

= e−� − e−b ≤ e−�

=%!� ��G.P ∫∞
�
e−x

�

dx ^���&��& < I(b) ≤ A+ �/e ��+	� ��

=�+�
 �3&
∫ ∞

�

x− �

x� + x
dx ,��G	�� ����G.P �� 2�  �N�

T%!� ��]KQ��G	�� < %De� (�;∞) �& f(x) =
x− �

x� + x
��$ =� 

=��" �3& ���& I(b) =
∫ b

�

x− �

x� + x
dx �������
 ���� �� mH

^���&��& < x− �

x� + x
>

x− �

x� + x�
mH T� ≤ x �8�d �+Q� �&

I(b) ≥
∫ b

�

x− �

�x�
dx

=
[
�

�
lnx+

�

�x

]b
�

=
�

�

(
ln b+

�

b
− �

)
= h(b)

I(b) ��5� =%!� %De� %����+& �&��& b → ∞ �	/< h(b) � �

=%!� ��S�< ,��G	�� �]Q < %�+� ������


U&�� <� g(x) < f(x) �+�
 i�: ��$�	�� C/�I= 
���"
'� Ǳ�L�& �
 �����S �& T��"�& [a;∞) �& ��]KQ��G	�� < ������
2��4 ^�� �� =f(x) ≤ g(x) �� x ∈ [c;∞) �P < �� c ≥ a

��S�< _+�
∫ ∞

a

g(x) dx 
�G�d T�"�& ��S�<
∫ ∞

a

f(x) dx �S� w[Q�
=%!�

_+�
∫ ∞

a

f(x) dx 
�G�d T�"�& ��G.P
∫ ∞

a

g(x) dx �S� w�
=%!� ��G.P

m8C w[Q�x ���� T�=0=I �& �B�� �& �
 %!� ^"<� A7��S"
^�� ���& =V+�
 2�DE� �� w�x %!� �:�
 mH =%!� w�x�+N�

�>I
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= lim
x→∞

�√
�

x�
+ �

= �

_+� <
∫ ∞

�

g(x) dx =
∫ ∞

�

x−�/� dx

= lim
b→∞

∫ b

�

x−�/� dx

= lim
b→∞

[−�√
x

]b
�

= �

=�"�&�� ��G.P �p� ���� ,��G	�� �
 V��+S�� ��+	�

=�+�
 �3&
∫ ∞

�

dx

xex + �e−x
,��G	�� ����G.P �� 2�  �N�

�& f(x) =
�

xex + �e−x
< g(x) =

�

x
e−x i�: �& =� 

�8��� �& �p� < 6=0=I �� [�; +∞)

lim
x→∞

f(x)
g(x)

= lim
x→∞

xex

xex + �e−x

= lim
x→∞

xe�x

xe�x + �

P= lim
x→∞

(�x+ �)ex

(�x+ �)ex
= �

_+� <
∫ ∞

�

g(x) dx =
∫ ∞

�

�

x
e−x dx

≤
∫ +∞

�

e−x dx

= lim
b→∞

[−e−x]b
�

=
�

e

��G.P _+� 
�" 
��� ,��G	�� �
 V��+S�� ��+	� T�"�&�� ��G.P
=%!�

∫ ∞

�

xpeqx dx 
�!�� ,��G	�� q < p ����N� ���
 Ǳ�L�& 2�  �N�
-%!� ��G.P

�� �� q < � < q = � T� < q %Q� �! T��p�� ^�� ���& =� 
=V��+S�� �p�

g(x) = < f(x) = eqx/� V+�
�� i�: 
�G�d T� < q �S� w[Q�
=p < � �8��� �� < � ≤ p �� 2��4 ^�� �� =xpeqx

�
 %!� ^"<� T
�G�d T� ≤ p �S�

lim
x→∞

f(x)
g(x)

= lim
x→∞

�

xpeqx/�
= �

T�=0=I M&�;� T^���&��& < %!� ��G.P
∫ ∞

�

g(u)du mH

�
 ��
�� %&�E ��� ^�� =%!� ��G.P
∫ ∞

�

f(u)du

=�"�&�� ��G.P �� n ∈ N �P Ǳ�L�&
∫ �

�

xn dx√
�− x�

U&�� <� g < f V+�
 i�: �(43 ��$�	�� C/�I= ����"
2��4 ^�� �� =��"�& [a;∞) �& ��]KQ��G	�� < %De�

�� ��4 [Q�(� < ��B�� L = lim
x→∞

f(x)
g(x)

� �S� w[Q�

���� < �	/<
∫ ∞

a

f(x) dx 
�!�� ,��G	�� 
�G�d T�"�& %����+&

=�"�& ��G.P
∫ ∞

a

g(x) dx �
 %!� ��G.P �	/<


�G�d T�"�& ��G.P
∫ ∞

a

g(x) dx < L = � �S� w�

=%!� ��G.P _+�
∫ ∞

a

f(x) dx


�G�d T�"�& ��S�< <
∫ ∞

a

f(x) dx < L = ∞ �S� w|

=%!� ��S�< _+�
∫ ∞

a

g(x) dx

��L� �& T2��4 ^�� �� =L 
= �,∞ V+�
 i�: A7��S"
�� x > k �P ��L� �& �
 ���� ��B< ���$ k > a'� ε = L/�

��+	� �� =
∣∣∣f(x)/g(x) − L

∣∣∣ < ε

(L− ε)g(x) < f(x) < (L+ ε)g(x)

����G.P T��+	� �� =�
�
Lg(x) < f(x) <

�

�
Lg(x) ��

< %!� �

�
L

∫ ∞

a

f(x) dx ����G.P ��5� �&
∫ ∞

a

g(x) dx∫ ∞

a

g(x) dx �S� T
<f5& =%!� ��G.P
∫ ∞

a

f(x) dx ^���&��&

^���&��& < %!� ��S�< �

�
L

∫ ∞

a

f(x) dx 
�G�d T�"�& ��S�<

=�"�&�� ��S�< _+�
∫ ∞

a

f(x) dx

���$ �� k Tε = � ��L� �& TL = � ��" i�: �S� ,� 
� ≤ f(x)/g(x) < ε �� x ≥ k �P ��L� �& �
 ���� ��B<
�& ����

∫ ∞

a

g(x) dx ����G.P T^���&��& =f(x) ≤ g(x) ��

=��"��
∫ ∞

a

f(x) dx ����G.P
��B< ���$ �� x ≥ k TL = ∞ ��" i�: �S� ,� 
����S�< T^���&��& =f(x) ≤ g(x) �� f(x)/g(x) ≥ � �
 ����
� =��"��

∫ ∞

a

f(x) dx ����S�< �& ����
∫ ∞

a

g(x) dx∫ ∞

�

dx√
�+ x�

,��G	�� ����G.P �� 2� ��	
� !���"
=�+�
 �3&

[�; +∞) �& g(x) = x−�/� < f(x) =
�√
�+ x�

i�: �& =� 
�8��� �& �p� < 6=0=I ��

lim
x→∞

f(x)
g(x)

= lim
x→∞

x
√
x√

�+ x�

�>1
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V+�
�� i�: 6=0=I �@ +A/ L� w�x %.�/ �� ���
�

2��4 ^�� �� =g(x) =
�

x�/�
< f(x) =

sin� x
x�

� ≤ lim
x→∞

f(x)
g(x)

= lim
x→∞

sin� x/x�

�/x�/�

= lim
x→∞

sin� x
x�/�

≤ lim
x→∞

�

x�/�
= �

,��G	�� �]Q < %!� ��G.P
∫ ∞

�

g(x) dx =
∫ ∞

�

dx

x�/�

<f5&

=%!� ��G.P _+� �p� ����

=%!� ��S�<
∫ ∞

e�

dx

x ln(lnx)
,��G	�� �+P� ���� 2+  �N�
V���� t = lnxi�: �& =� 

I :=
∫ ∞

e�

dx

x ln(lnx)
=

∫ ∞

�

dt

ln t

< f(t) = �/ ln t V+�
�� i�: 6=0=I L� w|x %.�/ �� ,� ∫ ∞

�

g(t) =
∫ ∞

�

dt

ln t
n��< �& T2��4 ^�� �� =g(t) = �/

√
t


<f5& < %!� ��S�<

lim
t→∞

f(t)
g(t)

= lim
t→∞

√
t

ln t

P= lim
x→∞

�/�
√
t

�/t

= lim
t→∞

√
t = +∞

����G.P ���& �:�
 < �LO ��" �2W/' C/�I= "���"
���$ �� k ≥ a Tε > � �P ��L� �& �
 %!� �d

∫ ∞

a

f(x) dx

=
∣∣∣ ∫ βα f(x) dx

∣∣∣ < ε �� α, β ≥ k �P ��L� �& �
 ���� ��B<

��L� �& mH =%!� I �& ��G.P ∫∞
a
f(x) dx V+�
 i�: A7��S"

�� b ≥ k �P ��L� �& �
 ���� ��B< ���$ �� k ≥ a Tε > � �P
V���� α, β > k �P ��L� �& T���
� =

∣∣∣ ∫ ba f(x) dx− I
∣∣∣ < ε/�

∣∣∣∣∣
∫ β

α

f(x) dx

∣∣∣∣∣ <

∣∣∣∣∣
∫ β

a

f(x) dx −
∫ α

a

f(x) dx

∣∣∣∣∣
≤

∣∣∣∣∣
∫ β

a

f(x) dx

∣∣∣∣∣ +

∣∣∣∣∣
∫ α

a

f(x) dx

∣∣∣∣∣
<

ε

�
+
ε

�
= ε

�
 %�P �� k ≥ a Tε > � �P ��L� �& �
 V+�
 i�: ���
�
T2��4 ^�� �� =

∣∣∣ ∫ βα f(x) dx
∣∣∣ < ε �� α, β > ε �P ��L� �&

��B< �� k = [−p]+� �5+DX ��C 
�G�d Tp < � �S� T���
L� 
���	!� ��& k L� mH T^���&��& =−p − k < � �
 ����

�V+!��� � ≤ p%Q� �& �k���� T,�	+H�P 
@�C�/

lim
x→∞

f(x)
g(x)

= lim
x→∞

x−p

eqx/�

P= lim
x→∞

−px−p−�
q
�
eqx/�

P= · · ·

P= lim
x→∞

(−p)(−p− �) · · · (−p− k)x−p−k(
q
�

)k
eqx/�

= �

i�: �& T^���&��& = lim
x→∞

f(x)
g(x)

= � 2��4 �P �� T��5�
< 6=0=I �� [�;∞) �& g(x) = xpeqx < f(x) = eqx/�

�8��� �& �p�∫ ∞

�

f(x) dx =
∫ ∞

�

eqx/� dx

= lim
b→∞

[
�

q
eqx/�

]b
�

= ∞

L� w[Q�x %.�/ �&��& �
 V��+S�� ��+	� T%!� ��S�<
=�"�&�� ��S�< _+�

∫ ∞

�

xpeqx dx ,��G	�� T6=0=I

�	/< ���� < �	/< T w�x F=�=I M&�;� 
�G�d Tq = � �S� w�
=p < −� �
 �"�&�� ��G.P

∫ ∞

�

xpeqx dx

f(x) = xpeqx < g(x) =
�

x�
i�: �& 
�G�d Tq < � �S� w|

�& �+D" �QO�	!� �&x �8��� �& �p� < I=>=I �� [�;∞) �&
�w�" �
u [Q� %.�/ �� �
 �t�d

lim
x→∞

f(x)
g(x)

= lim
x→∞

xp+�

e−qx
= �

��+	� T%!� ��G.P
∫ ∞

�

g(x) dx =
∫ ∞

�

x−� dx = � <

=�"�&�� ��G.P _+�
∫ ∞

�

xpeqx dx ,��G	�� �
 V��+S��

�	/< ���� < �	/<
∫ ∞

�

xpeqx dx 
�!�� ,��G	�� T��.�� �� mH
=yq < �z �� yp < −� < q = �z �
 %!� ��G.P

=%!� ��G.P
∫ ∞

�

sin� x
x�

dx ,��G	�� �+P� ���� 2�  �N�
^	"�� �& =� ∫ ∞

�

sin� x
x�

dx =
∫ �

�

sin� x
x�

dx+
∫ ∞

�

sin� x
x�

dx

,��G	�� ^���&��& < lim
x→�

sin� x
x�

= � �8��� �& �B�� <

�
 V��+S�� ��+	� T���� ��B< �]Q < T%!� ���C
∫ �

�

sin� x
x�

dx

=V+P� ���� ��
∫ ∞

�

sin� x
x�

dx ����G.P %!� �:�


�>J
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�
)
∫ ∞

�

x

�− ex
dx ��)

∫ ∞

�

(lnx)p dx.


#!K� ���!D�M ��1

=����& %De� U&��� ���� �� TV+	"�� ��+	�� �� ���
�� �
 �������Ld
�& W(& ^�� �� =��	�+� ^+�$ U&��� L� ���+�& fk .C �
 �Q� ��

=V�L���H�� �7
 ���Ld ��$ �
u

V+h�S�� T�"�& ��G.P
∫ ∞

a

|f(x)| dx �S� ������ ��
�"
< ��G.P

∫ ∞

a

f(x) dx �S� =%!� �PQ� &!��0�
∫ ∞

a

f(x) dx

=%!� i
�
� &!��0� V+h�S�� T�"�& M7;� ���G.P �+l

�G�d T�"�& M7;� ���G.P i<��� 
�!�� ,��G	�� '� �S�

@�P��� ���& =%!� %!���� �	�S ^�� m8C ��� =�"�&�� ��G.P

=��" �B�� F=0=I ,�e� L� w�x %.�/ �& �d L� �����.�

M7;� ���G.P ∫∞
a
f(x) dx �+�
 i�: ����� ��
�"

^�� �� =�"�& [a;∞) �& ������
 < ��]KQ��G	�� �5&�� g < 
��&
=%!� M7;� ���G.P _+� ∫∞

a
f(x)g(x) dx 2��4

�& �
 ���� ��B< M ����� ���C T%!� ������
 g ��$ A7��S"∫∞
a
f(x) dx ��$ T
<f5& =|g(b)| ≤ M �� b ≥ a �P ��L�

�P ��L� �& �
 ���� ��B< N ����� ���C T%!� M7;� ���G.P

�G�d Tb ≥ a �S� T^���&��& < |f(x)g(x)| ≤M |f(x)| �� b ≥ a

∫ b

a

|f(x)g(x)| dx ≤M

∫ b

a

|f(x)| dx

� =%!� M7;� ���G.P ∫∞
a
f(x)g(x) dx ��+	� ��


��& ��G.P ∫∞
a f(x) dx V��+S �7G= C/�I= 
�
�"

2��4 ^�� �� =�"�& [a;∞) �& ���8� < ������
 �5&�� g <
=%!� ��G.P ∫∞

a f(x)g(x) dx

�P ��L� �& T9=0=F �@ +A/ L� w9x %.�/ '.
 �& A7��S"
�
 ���� ��B< ���$ ξ '� Tt�, t� > a

∫ t�

t�

f(x)g(x) dx = g(t�)
∫ ξ

t�

f(x) dx + g(t�)
∫ t�

ξ

f(x) dx

�P ��L� �& �
 ���� ��B< ���$ �� M T%!� ������
 g ��$
��L� �& T%!� ��G.P ∫∞

a
f(x) dx ��$ =|g(x)| ≤M �� x ≥ a

�� t�, t� ≥ k �P ��L� �& �
 ���� ��B< �� k ≥ a Tε > � �P
V�u�� Tk < t� < ξ < t� ��$ T���
� =

∣∣∣ ∫ t�t� f(x) dx
∣∣∣ < ε/�M

∣∣∣ ∫ t�

t�

f(x)g(x) dx
∣∣∣ =

�� α ≥ k �P ��L� �& �V���� β = k ^	"�� 
�G� %&�E �&
mH T%!� 
��(Q� α ≥ k ��$ =

∣∣∣ ∫ αk f(x) dx
∣∣∣ < ε

∣∣∣∣∣
∫ ∞

k

f(x) dx

∣∣∣∣∣ =

∣∣∣∣∣ lim
b→∞

∫ b

k

f(x) dx

∣∣∣∣∣ < ε

��+	� �� <∣∣∣∣∣
∫ ∞

a

f(x) dx−
∫ k

a

f(x) dx

∣∣∣∣∣ =

∣∣∣∣∣
∫ ∞

k

f(x) dx

∣∣∣∣∣ < ε

� =%!� ∫∞
a f(x) dx �&��& < ��B�� lim

k→∞
∫ k
a f(x) dx ��5�

�N+N ��C a �+�
 i�: ��L 2����.� �� ������ ����"
β < αT q Tp < Y+34 ��C m T%De� �5+DX ���C n T%De�

=��P��(Q� �N+N ���C�
��G.P 2��4 ��x �� ��L 
�!�� ���Q��G	�� L� '� �P ���N�

��+�
 �D!�3� w���&

�)
∫ +∞

�

x� + �

x� + �
dx �)

∫ �

�

dx

(x− �)
√
�− x

�)
∫ +∞

�

dx

x
√
�+ x� + x��

�)
∫ ∞

�

x ln x
(�+ x�)�

dx

�)
∫ +∞

�

arctanx
(�+ x�)�/�

dx �)
∫ ∞

�

e−ax cos(bx) dx

	)
∫ +∞

�

e−ax sin(bx) dx �)
∫ ∞

�

dx

x�


)
∫ �

�

lnxdx ��)
∫ �

−�

dx√
�− x�

��)
∫ +∞

�

dx

x� + x− �
��)

∫ +∞

−∞

dx

(x� + x+ �)�

��)
∫ +∞

�

dx

x� + �
��)

∫ π/�

�

ln(sinx) dx

��)
∫ π/�

�

ln(cosx) dx ��)
∫ �

�

xn√
�− x�

dx

�	)
∫ +∞

�

dx

coshn x
��)

∫ +∞

�

dx

x(x + �) · · · (x+ n)

��+�
 �3& ��L 
�!�� ���Q��G	�� ����G.P ��

�
)
∫ ∞

�

x� dx

x� − x� + �
��)

∫ ∞

�

dx

x
�
√
x� + �

��)
∫ ∞

�

dx

xp + xq
��)

∫ ∞

�

xm

�+ xn
dx

��)
∫ ∞

�

arctan(ax)
xn

dx ��)
∫ ∞

�

ln(�+ x)
xn

dx

��)
∫ ∞

�

dx

xp lnq x
��)

∫ ∞

�

xm arctanx
xn + �

dx

�	)
∫ ∞

�

xα|x− �|β dx ��)
∫ �

�

lnx
�− x�

dx

�9)
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∫ ∞

�

sinx
x

dx 
�!�� ,��G	�� ��d 2� ��	
� !�
�"
-%!� �<��� ���G.P

< f(x) = sinx ��" i�: 9=>=I �� �S� ���L T�7& =� 
�+Q�& 
�G�d Tg(x) =

�

x

F (x) =
∫ x

�

f(x) dx =
∫ x

�

sinxdx

= cosx− � ∈ [−�;�]

g′(x) =
−�
x�

< � ∀ x > �

lim
x→∞ g(x) = lim

x→∞
�

x
= �

�& �B�� �& T
<f5& =%!� ��G.P
∫ ∞

�

sinx
x

dx V��+S�� ��+	�

∫ (k+�)π

kπ

∣∣∣∣ sinxx
∣∣∣∣ dx ≥

∫ (k+�)π

kπ

| sinx|
(k + �)π

dx

=
[ ± cosx
(k + �)π

](k+�)π

kπ

=
�

(k + �)π

�V����
∫ ∞

�

∣∣∣∣ sinxx
∣∣∣∣ dx ≥

∫ ∞

π

∣∣∣∣ sinxx
∣∣∣∣ dx

= lim
n→∞

∫ (n+�)π

π

∣∣∣∣ sinxx
∣∣∣∣ dx

= lim
n→∞

n∑
k=�

∫ (k+�)π

kπ

∣∣∣∣sinxx
∣∣∣∣ dx

≥ lim
n→∞

n∑
k=�

�

(k + �)π

≥ lim
n→∞

n∑
k=�

�

π

∫ k+�

k

dx

x

=
�

π
lim
n→∞

∫ n

�

dx

x

=
�

π

∫ ∞

�

dx

x
= +∞

=%!� ��S�<
∫ ∞

�

∣∣∣∣ sinxx
∣∣∣∣ dx T^���&��&

�3&
∫ ∞

�

cos� x√
�+ x�

dx 
�!�� ,��G	�� ����G.P �� 2�  �N�
=�+�


�& < 9=>=I �� g(x) =
�√
�+ x�

< f(x) = cos� xi�: =� 
�8��� �& �B��

F (x) =
∫ x

�

cos� xdx

=
∣∣∣g(t�)∫ ξ

t�

f(x) dx + g(t�)
∫ t�

ξ

f(x) dx
∣∣∣

≤ |g(t�)|
∣∣∣ ∫ ξ

t�

f(x) dx
∣∣∣ + |g(t�)|

∣∣∣ ∫ t�

ξ

f(x) dx
∣∣∣

≤ M
∣∣∣ ∫ t�

t�

f(x) dx
∣∣∣ +M

∣∣∣ ∫ t�

t�

f(x) dx
∣∣∣

= �M
∣∣∣ ∫ t�

t�

f(x) dx
∣∣∣

< �M
ε

�M
= ε

� =%!� ��.� ��P�& T�"�
 ���Ld �&��& <

���8� [a;∞) �& g U&�� �+�
i�: ��:Q�)& C/�I= ��
�"
[a;∞) �& F (x) =

∫ x

a

f(t) dt < lim
x→∞ g(x) = � T������
 <

=%!� ��G.P
∫ ∞

a

f(x)g(x) dx 
�G�d =%!� ������


Tt�, t� ≥ a �P ��L� �& T9=0=F �@ +A/ L� w9x %.�/ �&��& A7��S"
< t� < ξ < t� �
 ���� ��B< ���$ ξ '�

∣∣∣ ∫ t�

t�

f(x) dx
∣∣∣ =

∣∣∣ ∫ ξ

a

f(x) dx −
∫ t�

a

f(x) dx
∣∣∣

≤
∣∣∣ ∫ ξ

a

f(x) dx
∣∣∣ +

∣∣∣ ∫ t�

a

f(x) dx
∣∣∣

≤ M +M = �M

T lim
x→∞ g(x) = � ��$ =

∣∣∣ ∫ t�ξ f(x) dx
∣∣∣ < �M �&��� 2��4 �&

�
 ���� ��B< ���$ �� k > a T
��(Q� ε > � �P ��L� �& ^���&��&
��+	� �� =|g(x)| < ε/�M �� x ≥ k �P ��L� �&

∣∣∣ ∫ t�

t�

f(x)g(x) dx
∣∣∣ =

=
∣∣∣g(t�)∫ ξ

t�

f(x) dx + g(t�)
∫ t�

ξ

f(x) dx
∣∣∣

≤ |g(t�)|
∣∣∣ ∫ ξ

t�

f(x) dx
∣∣∣ + |g(t�)|

∣∣∣ ∫ t�

ξ

f(x) dx
∣∣∣

=
ε

�M
× �M +

ε

�M
× �M

=
ε

�
+
ε

�
= ε

� =%!� ��.� ��P�& <

T%!� �	!�+H [a;∞) �& f U&�� �+�
 i�: ����� ��
�"
[a;∞) �& g =%!� ������
 [a;∞) �& F (x) =

∫ x

a

f(t) dt

2��4 ^�� �� = lim
x→∞ g(x) = � < g′ ≤ � T��]HM	��

=%!� ��G.P
∫ ∞

a

f(x)g(x) dx

�& ^��.� ����C �& < T�"�&�� �&d ���Ld L� ����+	� A7��S"
� =
������ 
@��C

�9�
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!(��6�E �3 �(N3�# .!0�7 9�=O�!D(7� ��1

�� cfHO \<� �+p� T
�!�� ,��G	�� ��P��&��
 L� ���+�& ��
�& 2O��5� �� ����: ���Q��G	�� �� < �Q�.5� �+������� 2O��5�

�!�� ���Q��G	�� {� �& �
 �5&��� �� %!� �LO T�h_B 2�N	��
�& UB�� V+���	& ���& Z�j(& =V+�
 �5Q�;� �� ���
�" [��5�
^�� �� =V+�
 �3& ���d ���]KQ��G	�� < ���]HM	�� T�G	!�+H

=��"�� VP��: V�� ^�� ���& �LO ��_&� W(&

< ��� �+l S ⊆ R �+�
 i�: �� ����� ����"
f(t, x) �+�
 i�: =[a;∞) × S = {(t, x) | a ≤ t, x ∈ S}
�� x ∈ S �P Ǳ�L�& < ���S�� [��5� [a;∞)×S �& �
 %!� �5&��
�� =�"�& ��G.P F (x) =

∫∞
a
f(t, x) dt ,<� ��� 
�!�� ,��G	��

!��0� F (x) '� D.
.� ��Q�
∫ ∞

a

f(t, x) dt V+h�S�� ����4
�
M�!

∀ε ∃b� ≥ a ∀b ≥ b� ∀x ∈ S :

∣∣∣∣∣F (x) −
∫ b

a

f(t, x)dt

∣∣∣∣∣ < ε

V+������ %Q� ^�� ��∫ ∞

a

f(t, x)dt
�
= F (x)

< %!� ��� �+l S ⊆ R �+�
 i�: �� ����� ����"
�5&�� f(t, x) �+�
 i�: =(a; b]× S = {(t, x) | a < t, x ∈ S}
,��G	�� �� x ∈ S �P Ǳ�L�& < ���S�� [��5� (a; b]×S �& �
 %!�
V+h�S�� ����4 �� =�"�& ��G.P F (x) =

∫ b
a
f(t, x) dt �<� ���

�
 %!� ��G.P F (x) �& �8�8� ��;&
∫ b

a

f(t, x)dt

∀ε ∃c� ∈ (a; b) ∀c ∈ (a; c�) ∀x ∈ S :∣∣∣∣∣F (x) −
∫ b

a

f(t, x)dt

∣∣∣∣∣ < ε

V+������ %Q� ^�� ��∫ b

a

f(t, x)dt
�
= F (x)

��L S �+�
 i�: �� P���W��� cM C/�I= 
���"
=%!� [a;∞) × S �& �5&�� f(t, x) < R L� ��� �+l ���C�.��
%!� ��]KQ��G	�� [a;∞) �& f(t, x) �� x ∈ S �P Ǳ�L�& �+�
 i�:

�
 ���� ��B< [a;∞) �& M(t) �5&�� <
=|f(t, x)| ≤M(t) �� (t, x) ∈ [a;∞) × S �P Ǳ�L�& w[Q�

=%!� ��G.P
∫ ∞

a

M(t) dt w�

=%!� �8�8� ���G.P S �&
∫ ∞

a

f(t, x) dt T2��4 ^�� ��

=
∫ x

�

(
�− sin� x

)
cosxdx

= sinx− sin� x
�

∈ [−�;�]

g′(x) = −x(�+ x�)−�/� < �

lim
x→∞ g(x) = lim

x→∞
�√
�+ x�

= �

=%!� ��G.P
∫ ∞

�

cos� x√
�+ x�

dx 
�!�� ,��G	�� T��+	� ��

-��$ =%�+� M7;� ���G.P T,��G	�� ^��

-%!� �<��� ���G.P
∫ ∞

�

sin(x�) dx ��d 2�  �N�
%"�� ������ Tx =

√
xi�: �& ���L T�7& =� 

∫ ∞

�

sin(x�) dx =
∫ ∞

�

sin t√
t
dt

i�: �& ���
�

f(t) = sin t , g(t) =
�√
t

=%!� ��G.P
∫ ∞

�

sin(x�) dx �
 V��+S�� ��+	� 9=>=I �@ +A/ L�
-��$ =%�+� M7;� ���G.P ,��G	�� ^��

��L� �&
∫ ∞

�

e−ax
sinx
x

dx ,��G	�� �
 �+P� ���� 2�  �N�
=%!� ��G.P a > �

�Q<_� < ������
 n��< �& �
 g(x) = e−ax V+�
 i�: =� 

�G�d Tf(x) = sinx/x �
 ��" i�: �S� T
<f5& =%!�
�@ +A/ �&��& T���
� =%!� ��G.P

∫ ∞

a

f(x) dx =
∫ ∞

�

sinx
x

dx

=%!� ��G.P _+�
∫ ∞

a

f(x)g(x) dx =
∫ ∞

�

e−ax
sinx
x

dx �&d

,��G	�� ��d �
 �+�
 �(�� ���� �P �� ������ "�
�"
�� %!� �<��� ���G.P �� < M7;� ���G.P T��G.P 
�" 
���

��+�

�)
∫ ∞

�

x cosx
�+ x�

dx, �)
∫ ∞

�

sinx
x(x� − �)

dx,

�)
∫ ∞

�

cosx√
�+ x�

dx, �)
∫ ∞

�

x sinx
�+ x�

dx,

�)
∫ ∞

�

sinx
e�x − �

dx, �)
∫ ∞

−∞

cosx
�− x�

dx,

	)
∫ ∞

�

cosx� dx, �)
∫ ∞

�

xp sinxdx,


)
∫ �

�

xp(lnx)q dx, ��)
∫ ∞

�

xp(e−x − �) dx.

�90
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�	!�+H S �& F 2��4 ^�� �� =%!� �8�8� ���G.P F (x) �&
=%!�

�& �
 %!� �5&�� f(t, x) �+�
 i�: ����� "���"
Ǳ�L�&

∫ ∞

a

f(t, x) dt ,��G	�� < ��"�� [��5� [a;∞) × [c; d]

i�: 
<f5& =%!� ���;N� ���G.P F (x) �& x ∈ [c; d] �P
%!� �	!�+H [a;∞) × [c; d] �& ∂

∂xf(t, x) �h_B M	�� �
 �+�

�8�8� 2��4 �& [c; d] �&

∫ ∞

a

∂

∂x
f(t, x) dt 
�!�� ,��G	�� <

< %!� ��]H�+������� [c; d] �& F 2��4 ^�� �� =%!� ��G.P
���Q��G	�� ���& ��&��� V8 =F ′(x) =

∫ ∞
a

∂
∂xf(t, x) dt

=%!� ���/�& �<� ��� 
�!��

�
��(Q� x < � < r Ǳ�L�& �
 �+�
i�: 2� ��	
� ����"

F (x) =
∫ ∞

�

e−rt sin(xt)
t

dt

=�+&�+& �� F (x) �@;&�� I=9=I L� 
���	!� �&
�� x 
= � �P Ǳ�L�& �
 V+�
�� �B�� ��p�� ^�� ���& =� 

lim
t→�

f(t, x) = lim
t→�

e−rt sin(xt)
t

= e�x lim
t→�

sin(xt)
xt

= x

,��G	�� '� F (x) mH Tf(t, x) = � 
�G�d Tx = � �S� _+� <
i�: �& 
<f5& =����� �78�� t = � �� < %!� ,<� ��� L� 
�!��
�
 V��+S�� ��+	� TK = max {|c|, |d|} �
 M(t) = Ke−rt

�� t ≥ � �P Ǳ�L�&

f(t, x) =
∣∣∣∣e−rt sin(xt)

t

∣∣∣∣
= |x|e−rt

∣∣∣∣sinxtxt

∣∣∣∣
≤ ke−rt = M(t)

`M ���Ld L� T%!� ��G.P k/r �&
∫ ∞

�

M(x) dt T
<f5&

�& [c; d] �&
∫ ∞

�

e−rt sinxt
t dt

�
 V��+S�� ��+	� c��	"���<
=%!� ��G.P F (x) �& �8�8� 2��4

L� < %!� �	!�+H [c; d] �& F �
 V��+S�� ��+	� F=9=I L�
%D�� e−rt sin(xt)

t
�h_B M	�� ��$ �
 V��+S�� ��+	� I=9=I

�& R �&
∫ ∞

�

e−rt cos(xt) dt < %!� e−rt cosxt �&��& x �&
V���� R �& mH Tw-��$x %!� �8�8� ���G.P r/(r� + x�)

F ′(x) =
∫ ∞

�

e−rt cos(xt) dt

=
r

r� + x�

��L S �+�
 i�: �� P���W��� cM C/�I= ����"
(a; b] × S �& �5&�� f(t, x) < %!� R L� ��� �+l ���C�.��
��]KQ��G	�� (a; b] �& f(t, x) �� x ∈ S �P Ǳ�L�& �+�
 i�: =%!�

�
 ���� ��B< (a; b] �& M(t) U&�� < %!�
=|f(t, x)| ≤M(t) �� (t, x) ∈ (a; b] × S �P Ǳ�L�& w[Q�

=%!� ��G.P
∫ b

a

M(t)dt w�

=%!� �8�8� ���G.P S �&
∫ b

a

f(t, x) dt T2��4 ^�� ��
∫ ∞

�

tx−�e−t dt ,��G	�� �
 �+P� ���� 2� ��	
� ����"
=%!� �8�8� ���G.P [c; d] ⊆ (�;∞) �@ 	�& 
@L�& �P �&

i�: �& 
�G�d T� ≤ t < � < c ≤ x ≤ d �S� =� 
�8��� �& �B�� �& < >=9=I �� M(t) = td−�e−t

f(t, x) = tx−�e−t

≤ td−�e−t = M(t)∫ ∞

�

M(t)dt =
∫ ∞

�

td−�e−t dt

S = [c; d] �& f ,��G	�� �
 V��+S�� ��+	� Tw-��$x %!� ��G.P
=%!� �8�8� ���G.P

,��G	�� 
�G�d T� < a �S� �
 �+P� ���� 2�  �N�
���G.P [a;∞) �& �� k ∈ N �P Ǳ�L�&

∫ ∞

�

(x� + t�)−k dt

=%!� �8�8�
< M(t) = (a� + t�)−k V+�
�� i�: >=9=I �� =� 
��"�� ��+	� � < a ≤ x L� ��$ T2��4 ^�� �� =S = [a;∞)

V���� S �& mH Ta� + t� ≤ x� + t�

f(t, x) = (x� + t�)−k

≤ (a� + t�)−k = M(t)

���L T%!� ��G.P
∫ ∞

�

M(t)dt =
∫ ∞

�

(a� + t�)−k dt 
<f5& <
∫ ∞

�

(a� + t�)−kdt ≤
∫ ∞

�

(a� + t�)−� dt

= lim
b→∞

[
�

a
arctan

(
t

a

)]b
�

=
π

�a

=��	�P ���/�& >=9=I s���" �]Q

L� ��� �+l ���C�.�� ��L S �+�
 i�: ����� !���"
< %!� [a;∞) × S �@C�.�� �& �	!�+H �5&�� f(t, x) < %!� R

^�� �� =%!� �8�8� ���G.P F (x) �& S �&
∫ ∞

a

f(t, x) dt

=%!� �	!�+H S �& F 2��4
f(t, x) < %!� R L� ��� �+l ���C�.�� ��L S �+�
 i�:

S �&
∫ b

a

f(t, x) dt < %!� [a; b] × S �@C�.�� �& �	!�+H �5&��

�9>
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�� a, b ∈ [�;∞) �P Ǳ�L�& �
 �+�
 %&�E 2�  �N�
∫ ∞

�

e−bx − e−ax

x
cosxdx =

�

�
ln

(
�+ a�

�+ b�

)

V+�
�� i�: ��p�� ^�� ���& =� 

F (x) =
∫ ∞

�

�− e−xt

t
cos t dt

i�: �& ���L T%!� ��G.P %!�� %.! ,��G	��

f(t) =
�

t

(
�− e−xt

)
cos t , g(t) = e−xt cos t

�8��� �& �B�� �& < %D�� �� ���Ld ��

lim
t→∞

f(x)
g(x)

= lim
t→∞

ext − �

t

P= lim
t→∞

xext

�
= ∞

��+	� �d ����G.P T
∫ ∞

�

g(t)dt =
∫ ∞

�

e−xt cos t dt <
=���S��

�h_B M	�� �8��� < I=9=I �@ +A/ '.
 �& ^���&��&
T�"�&�� e−xt cos t �& �&��& x �& %D�� �

t

(
�− e−xt

)
cos t

V����

F ′(x) =
∫ ∞

�

e−xt cos tdt

=
x

x� + �

��+	� ��

F (x) = F (x) − F (�)

=
∫ x

�

x

x� + �
dx

=
�

�
ln

(
x� + �

)
^���&��& <∫ ∞

�

e−bx − e−ax

x
cosxdx = F (b) − F (a)

=
�

�
ln

(
b� + �

a� + �

)

,��G	�� ���N� Ta > � �+�
 i�: 2�  �N�

Ia,b :=
∫ ∞

�

e−ax
sin(bx)
x

dx

��+	� mK! < 
��
 �D!�3� b < a [7	(� ����N� ��L� �& ��
�� b �P ��L� �& �
 ���+G&∫ ∞

�

sin(bx)
x

dx = sgn(b)
π

�

V���� TF (�) = � ��$ T��+	� ��

F (x) = f(x) − F (�)

=
∫ x

�

F ′(u) du

=
∫ x

�

r

r� + x�
du

�� r > ��P ��L� �& �
 �" %&�E T^���&��& <∫ ∞

�

e−rt sin(xt)
t

dt = arctan
(x
r

)
.

2��4 �& ���; ���� 2�  �N�

Γ(x) :=
∫ ∞

�

tx−�e−t dt


@��C �& ^��.�x ��"�� %&�E =x > � �
 T���S�� [��5�
���G.P [c; d] ⊆ (�;∞) �@ 	�& 
@L�& �P �& Γ(x) �
 w
������
\<� L� 
���	!� �& < 
��(Q� x > � Ǳ�L�& T
<f5& =%!� �8�8�

V���� Ǳ_B �& Ǳ_B

Γ(x+ �) = lim
b→∞

∫ b

�

txe−tdt

= lim
b→∞

{[−txe−t]b
�

+ x

∫ b

�

tx−�e−t dt

}

= lim
b→∞

bx

eb
+ x lim

b→∞

∫ b

�

tx−�e−tdt

= �+ x

∫ ∞

�

tx−�e−tdt

= x Γ(x)

V��+S�� ��+	� TΓ(�) =
∫∞
�
e−tdt = � �& �B�� �& mH

Γ(�) = �,

Γ(�) = �× Γ(�) = �,

Γ(�) = �× Γ(�) = �, · · ·

=Γ(n+ �) = n! V���� n ∈ N Ǳ�L�& T��.�� �� <
w
������ 
@��C �& ^��.� ����C �&x ��"�� 
��� ����
�& Γ(x) M	�� [c; d] ⊆ (�;∞) �@ 	�& 
@L�& �P �& �

�&��� 2��4 �& =%!� �8�8� ���G.P

∫ ∞

�

tx−�e−t ln t dt

Γ(k)(x) =
∫ ∞

�

tx−�e−t (ln t)k dt


�G�d Tu =
√
t �S� �
 ��"�� 
��� ���� �<� �7B ��

Γ
(
�

�

)
=

∫ ∞

�

t−�/�e−t dt

= �

∫ ∞

�

e−u
�

du =
√
π

�99
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��& T��+	� �� < ��	De� <� �P a − b < a + b 
�G�d Ta > b �S�
V���� �D/ ,�e� V8 �&

Ia,b =
�

�

∫ ∞

�

sin(a+ b)x
x

dx

+
�

�

∫ ∞

�

sin(a− b)x
x

dx

=
�

�

π

�
+
�

�

π

�
=
π

�


�G�d Ta = b �S� ���

Ia,a =
�

�

∫ ∞

�

sin(�a)x
x

dx

=
�

�

π

�
=
π

�

��+	� �� Ta− b < � < a+ b > � 
�G�d Ta < b �S� 
��O�& <

Ia,b =
�

�

∫ ∞

�

sin(a+ b)x
x

dx

+
�

�

∫ ∞

�

sin(a− b)x
x

dx

=
�

�

π

�
− �

�

π

�
= �

�
 ����S 2�DE� T��.�� �� mH

Ia,b =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

� � < |a| < |b| �S�

sgn(a)
π

�
� < |b| < |a| �S�

sgn(a)
π

�
� < |a| = |b| �S�

� a = � �S�
= sgn(a)

π

�

(
�+ sgn(|a| − |b|)

)

������ ����"
,��G	�� 
�G�d T� < a < � ≤ k �S� �
 �+P� ���� w�

=%!� �8�8� ���G.P [a;∞) �&
∫ ∞

�

tke−xtdt

=F (x) =
∫ ∞

�

t−�(�−e−xt)�dt �+�
i�: � ≤ x Ǳ�L�& w0
=�+&�+& �� F (x) �@;&�� T
��
 �.C 1=9=I ,�e� �&���

�8�8� ���G.P R �&
∫ ∞

�

cos(xt)
�+ t�

dt �
 �+�
 %&�E w>
=%!�

�8��� �& �B�� �& < 1=9=I �� n<��� \<� �& w9

��+�
 %&�E T
∫ ∞

�

e−x sinxt dx = t/(t� + �)∫ ∞

�

e−x(�− cosxy)
x

dx = ln
(√

�+ y�
)

�& %D�� Ia,b T%!� �	!�+H b �& %D�� e−ax sin(bx)
x

��$ =� 
��+	� �� < %!� ��]KN	��

dIa,b
dt

=
∫ ∞

�

xe−ax
cos(bx)
x

dx

=
∫ ∞

�

e−ax cos(bx) dx

(�)
=

[
e−ax

sin(bx)
b

]∞
�

+
b

a

∫ ∞

�

e−ax sin(bx) dx

(�)
= �+

{[
−e−ax cos(bx)

b

]∞
�

− b

a

∫ ∞

�

e−ax cos(bx) dx
}

=
a

b�
− a�

b�

∫ ∞

�

e−ax cos(bx) dx

=
a

b�
− a�

b�
dIa,b
dt

�� =%!� 
�" 
���	!� Ǳ_B �& Ǳ_B \<� L� w0x < w�x �� �

T��+	�

dIa,b
dt

=
a

a� + b�

^���&��& <

Ia,b = arctan
(
b

a

)
+ C

TIa,� = � V���� b = � ��L� �& ��$ =%!� %&�E ���C C �

=Ia,b = arctan(b/a) ��+	� �� < C = � ^���&��&

^���&��& < sgn(b) = � �
 %!� ����& 
�G�dT b = � �S�
��$ 
<f5& =%!� ���/�&

∫ ∞

�

sin(bx)
x

dx = sgn(b)
π

�
�<���

���& �� V8 %!� �:�
 T%!� ��: b �& %D��
∫ ∞

�

sin(bx)
x

dx

2��DC ^+:�X L� %!� �:�
 T���� ^�� �� =V+�
 %&�E b > �

�
 ^�� ��+	� =V��+G& � a = �+ �� 
��d %!�&
∫ ∞

�

sin(bx)
x

dx = I�,b = lim
a→�+

Ia,b

= lim
a→�+

arctan
(
b

a

)
=
π

�

��L� �& �� Ia,b :=
∫ ∞

�

sin(ax) cos(bx)
x

dx ���N� 2+  �N�
=�+�
 �D!�3� b < a[7	(� ����N�

�
 ��" �B�� =� 

Ia,b =
�

�

∫ ∞

�

{
sin(a+ b)x

x
+

sin(a− b)x
x

}
dx

Ia,b ��$ =a < b < a = b Ta > b �V��+S�� �p� �� %Q� �!
=a > � V+�
��i�: �k	/�� T%!� ��: a �& %D��
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��) B(p, q) =
Γ(p)Γ(q)
Γ(p+ q)

,

��)
∫ π/�

�

sinp xdx =
�

�
B
(
p+ �

�
,
�

�

)
,

��)
∫ π/�

�

cosp xdx =
�

�
B
(
p+ �

�
,
�

�

)
,

��)
∫ π/�

�

sinp x cosq xdx =
�

�
B
(
p+ �

�
,
q + �

�

)
,

��) B(p, q) = B(p+ �, q) + B(p, q + �),

�	) B(p, q) =
p+ q

p
B(p, q + �),

��) B(p, q) =
q − �

p
B(p+ �, q − �),

�
) B(p, q)B(p+ q, r) = B(q, r)B(p, q + r).

�
 �+P� ���� x =
�

�+ y
�+a	� �++a� �& w>)

B(p, q) =
∫ ∞

�

xp−� dx
(�+ x)p+q


�G�d T��"�& %De� ���C� b < a �S� �
 �+�
 %&�E w>�∫ ∞

�

arctan(ax) − arctan(bx)
x�

dx =
π

�
ln
(

(a+ b)a+b

abba

)

�� m > � �P ��L� �& �
 �+P� ���� w>0
=
∫ ∞

�

�− cos(mx)
x

e−x dx =
�

�
ln(�+m�)

=
∫ �

�

xn − �

lnx
dx = ln(n+ �) �+�
 %&�E w>>

∫ ∞

�

dx

(x� + a)n+�
= �+�
 %&�E w>9

π

�

�× �× · · · × (�n− �)
�nn!an+�/�

=
∫ ∞

�

xne−ax dx =
n!
an+�

�+�
 %&�E w>6

�+�
 %&�E w>F∫ ∞

�

cos(mx)
�+ x�

dx =
∫ ∞

�

x sin(mx)
�+ x�

dx =
π

�
e−m

�
 �	& _+� < ����S [��5� 1=9=I �� �
 ���S U&�� '.
 �&
�<�& �� ���+�& 
@�+t+H ���Q��G	�� T�" [��5� J=9=I ^��.� ��
�B�� ��L ����� �& =��.� �D!�3� ������ T���L ����$ �@ D!�3�

��+�


��
∫ ∞

�

x�(�+ x�)
(�+ x)��

dx ���N� 2� ��	
� �#���"
=�+�
 �D!�3�

V���� J=9=I L� >) ^��.� '.
 �& =� 
∫ ∞

�

x�(�+ x�)
(�+ x)��

dx =

��+�
 %&�E 1=9=I �� n<��� \<� �& w6∫ ∞

�

e−x
� sin(xy)

x
dx =

√
π

∫ y

�

e−t
�

dt

�+�
 i�:

L{f(t)} :=
∫ ∞

�

e−stf(t)dt

�S� �
 �+�
 %&�E 2��4 ^�� �� =wf(t) ^+!fHO �+���(&x

�G�d Ts > �

�) L{�} =
�

s
, (s > �)

	) L{t} =
�

s�
, (s > �)

�) L{
tk
}

=
k!
sk+�

, (k ∈ N, s > �)


) L{
ect

}
=

�

s− c
, (s > c)

��) L{
tect

}
=

�

(s− c)�
, (s > c)

��) L
{
�√
t

}
= Γ

(
�

�

)
,

��) L{sin(at)} =
a

s� + a�
,

��) L{cos(at)} =
s

s� + a�
,

��) L{sinh(at)} =
a

s� − a�
, (s > |a|)

��) L{cosh(at)} =
s

s� − a�
. (s > |a|)

�
�G�d TF (s) = L{f(t)} �S� �
 �+�
 %&�E

��) L{
e−ctf(t)

}
= F (s+ c),

�	) L{f(t− c)} = e−csF (s),

��) L{f(ct)} =
�

c
F

(s
c

)
,

�
) L{f ′(t)} = sF (s) − f(�).

�� t > � �P ��L� �& �
 �+P� ���� w0)

Γ(t) =
∫ �

�

{
ln

(
�

t

)}
dt

�� k ∈ N �P ��L� �& �
 �+P� ���� w0�
Γ(k)(x) =

∫ ∞

�

tx−�e−t (ln t)k dt

�8" �& �� q 
 p &��� T� < q < � < p ��L� �& �+�
 i�:

B(p, q) :=
∫ �

�

xp−�(�− x)q−� dx

�
 �+P� ���� 2��4 ^�� �� =V+�
 [��5�

�9F
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cos�q θ�(b − a) sin θ cos θ dθ

= �(b− a)p+q+�
∫ π/�

�

sin�p+� θ cos�q+� θ dθ

(�)
= �(b− a)p+q+�

Γ(p+ �)Γ(q + �)
�Γ(p+ q + �)

= (b− a)p+q+�B(p+ �, q + �)

=%!� 
�" 
���	!� J=9=I L� 06 ^��.� L� w�x �� �


< �"�& ��4 [Q�(� ���C n �+�
 i�: 2+  �N�

Im,n,p :=
∫ �

�

xm(�− xn)p dx

=�+&�+& �� Im,n,p ���N�
2��4 ^�� �� Txn = y V+�
 i�: =� 

Im,n,p =
∫ �

�

xm−n+�(�− xn)p(xn−� dx)

=
�

n

∫ �

�

y(m−n+�)/n(�− y)p dy

=
�

n

∫ �

�

y(m+�)/n−�(�− y)(p+�)−� dy

=
�

n
B
(
m+ �

n
, p+ �

)

��+P� ���� �� ��L ����<��� L� '� �P ������ �����"

=
∫ �

�

dx√
�− x	

=

√
�

�
√
π

Γ�
(
�

�

)
w�

=
∫ π/�

�

sin�m−� θ cos�n−� θ dθ

(a sin� θ + b cos� θ)m+n
=

Γ(n)Γ(m)
�ambnΓ(n+m)

w0

∫ ∞

�

xm−�(�−xa)n dx = an
n!

m(m+ a) · · · (m+ an)
w>

=��" 
���	!� y = xa �+a	� �++a� L� ����.�P�� =

����.�P�� =
∫ ∞

�

xme−n
�x� dx =

�

�nm+�
Γ
(
m+ �

�

)
w9

=��" 
���	!� y = n�x� �+a	� �++a� L�

=
∫ ∞

�

x�(�+ x�)
(�+ x)��

dx = � w6

+,	� -� .��/(0� %�1

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

=
∫ ∞

�

x��−�

(�+ x)��+�
dx+

∫ ∞

�

x�−�

(�+ x)�+��
dx

= B(��,�) + B(�,��)

= �B(�,��)

= �
Γ(�) Γ(��)

Γ(��)

= �
�× �× �× �

��× ��× ��× ��× ��

=
�

����

�� T��"�& %De� �N+N ���C� n < m �+�
 i�: 2�  �N�

�� Im,n :=
∫ �

�

xm−� + xn−�

(�+ x)m+n
dx ,��G	�� ���N� 2��4 ^��

=�+�
 �D!�3�
V���� y = �/xi�: �& =� 

Im,n =
∫ �

�

xm−�

(�+ x)m+n
dx+

∫ �

�

xn−�

(�+ x)m+n
dx

=
∫ �

�

xm−�

(�+ x)m+n
dx+

∫ ∞

�

ym−�

(�+ y)m+n
dy

=
∫ ∞

�

xm−�

(�+ x)m+n
dx

= B(m,n)

,��G	�� ���N� T�"�& %De� ���C n �
 ����4 �� 2�  �N�

=�+�
 �D!�3� �� In :=
∫ �

�

dx√
�− xn

V���� xn = sin� θ �+a	� �++a� �& =� 

In =
∫ �

�

dx√
�− xn

=
�

n

∫ π/�

�

sin�/n−� θ cos θ
cos θ

dθ

=
�

n

∫ π/�

�

sin�/n−� θ dθ

(�)
=

�

n

Γ
(
�

n

)
Γ
(
�

�

)
�Γ

(
�

n + �

�

)
=%!� 
�" 
���	!� J=9=I L� 06 ^��.� L� w�x �� �


����C� q < p < 
��(Q� ���C� b < a �
 ����4 �� 2�  �N�
�D!�3� ��

∫ b

a

(x − a)p(b − x)q dx ,��G	�� ���N� T��"�& %De�
=�+�


2��4 ^�� �� Tx = a cos� θ + b sin� θ V+�
 i�: =� 
∫ b

a

(x− a)p(b − x)q dx =

=
∫ π/�

�

(b− a)p sin�p θ (b− a)q

�9I
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�@ ���� ����� �K+� �)�4�� ����� 	G �;�	A� ����"
^++5� �� 
�!�� ���Q��G	�� ������� �
 %!� 2���	!� L� �5+!<
���Q��G	�� �	 �� �& int ��	!� �& ������ ^���&��& ��
 ���N�
T��
 � �� �Q��G	�� ����	� �K+� �t���$ =��.� �D!�3� �� 
�!��

���	!� evalf ��	!� L� ������ ^+�$ �� =�����S�� �& �k�+C �� �d

���.� ���& =��
 �D!�3� �� �d �D��N� ���N� �� �+�


int(cos(x ∧ 2), x = 0..infinity)
�K+�

−−−−→ 1
4

√
2
√
π

int(x ∧ 2sin(x ∧ 3), x = 1..infinity)
�K+�

−−−−→∫ +∞

1

x2 sin
(

1
x4

)
dx

evalf(%)
�K+�

−−−−→ 0.9819638240

y�D/ s� �@�+	�z ��5� �& % T�K+� s+3� �� �8��� Y+���
=%!�

�	��	��� c��d �� � 
���"
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

< limit 2���	!� '.
 �& ������ 	G �;�	A� ����"
���Q��G	�� < 
��.� 
���	!� 
�!�� ,��G	�� [��5� L� ������ int

���.� � �� ���+�&

F := b− > int(f(x), x = a..b)
�K+�

−−−−→
F (b)=

∫ b

a

f(x)dx

limit(F(x), x = infinity)
�K+�

−−−−→ lim
b→∞

F(b)

���.� ���&

F := b− > int(1/(x ∧ 3 + 1)(x), x = 0..b)
�K+�

−−−−→
F(b) =

∫ b

0

1
1 + x3

dx

F(b)
�K+�

−−−−→
�

�
ln

∣∣∣∣∣ b
� − b+ �

b� + �b+ �

∣∣∣∣∣ +
�

�

√
� arctan

(
�

�

√
�(�b − �)

)
+

π

��

√
�

limit(F(x), x = infinity)
�K+�

−−−−→ 2
9
π
√

3
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�� n ≥ � �P Ǳ�L� �& < x� = x� = � ��$���D+: �@ Q�D�� 2+  �N�
=xn = xn−� + xn−�

Tx� = � Tx� = � Tx� = � �π ��C ��/�� �@ Q�D�� 2#  �N�
= = = < x� = 
 Tx� = � Tx� = �

=%!� �Q�D�� {xn}∞n=a �+�
 i�: ������ 
����
< %!� � ��C �&��& < ��B�� �Q�D�� �� V+h�S�� ����4 ��

�
 lim
n→∞xn = � V+������

∀ε ∃N ∀n (n > N ⇒ |xn − �| < ε)

M�! !��0� � ��C �& {xn}∞n=a �@ Q�D�� ����4 �� T�G�� ��+& �&
� �� xn �@ 74�: %D/�C �� ε > � �P Ǳ�L� �& �
 w�C	�� D�� T��x
�
 ���Q�D�� =w|xn− �| < ε �5& �& �� n L� T��5�x ��" ε L� �	.


=V+����� !�;!
 T�"�D� ��G.P

{�/�n}∞n=� �@ Q�D�� �
 �+P� ���� 2� ��	
� �����
= lim
n→∞�/�n = � �%!� ��G.P ��4 �&

− log� ε < n �� �/ε < �
n ��5� �& |�/�n−�| < ε ��" =� 

^�� �� =�"�& − log� ε �&��& N �
 V+�
 i�: ���& mH =%!�
2��4

∀ε ∃N ∀n
(
n > N ⇒

∣∣∣∣ ��n − �

∣∣∣∣ < ε

)

� =
�

�
�&

{
�n+ �

�n+ �

}∞

n=−�
�@ Q�D�� �
 �+P� ���� 2�  �N�

=%!� ��G.P
�� ��

�(�n+ �)
< ε ��5� �&

∣∣∣∣�n+ �

�n+ �
− �

�

∣∣∣∣ < ε ��" =� 

�
 ��" i�: %!� �:�
 mH =%!� ��
�ε

− �

�
< n

N =
��

�ε
− �

�

%N+N =%!� ��! < �Q�D�� ����� �& ����"d �j: ^�� L� v�P
V+P��� ^�� n�X �& ,��G	�� < �+������� ��� Ok �4� �
 %��d
��.� �74� �@ �+�L �
 ��� ,�e� ����C �& =��
�� ��+H ��5�
V+.5� �& ^+�t.P =%!� ��+& �&�/ �P�Q�D�� s!�� T�"�&�� ��e3&
�� [��5� �&�/ V4� U&��� T�5&�� ��P�Q�D�� �& �Q�D�� �����

=��"�&

�O��7� Z� �� ��H
�5&�� 2&�� �d '8 (� ) "� �� �� � � �����
�@C�.�� T�����x Z �� ������
 ^+h�H L� �@C�.�� ��L '� L� %!�

=R ��	& w{a, a+ �, · · · , n, n+ �, · · ·}

@���: ��.� �& �� R �& {a, a+ �, · · ·} L� x �@ Q�D�� {7l�
���� xa, xa+�, · · · , xn, · · · 
@��	�S ��.� �& �� < {xn}∞n=a

�	�S '(�)"� F! n '8 P0U �d �& < xn = x(n) ����� �� �
 T��P���
=��"��

�@C�.�� L� %!� 2��DC {xn}∞n=a '8 (�)"� ���

{xa, xa+�, · · · , xn, · · ·}

��!� !� P M�7�Z M):�� {xn}∞n=a �@ Q�D�� V+h�S�� ����4 ��
%+4�� ����� xn �� n ≥ N �P Ǳ�L� �& �
 ��" %:�� �� N �


=�"�& P

�
 xn = n ��5+DX ���C� �@ Q�D�� 2� ��	
� �����
={n}∞n=� q� ≤ n

q� ≤ n �
 xn = �n + � ���: ���C� �@ Q�D�� 2�  �N�
={�n+ �}∞n=�

=
{
(�/�)n

}∞
n=−� q−� ≤ n �
 xn = �/�n �@ Q�D�� 2�  �N�

Tx� = � Tx� = � �yxn = ,<� ��C ^+�� nz �@ Q�D�� 2�  �N�
= = = < x� = 	 Tx� = �

�9J
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Txn = n
√
n−� V+�
i�: �S� ���L T lim

n→∞
n
√
n = � 2#  �N�

V���� T� ≤ xn ��$ 
�G�d

n = (xn + �)n

= �+ nxn +
n(n− �)

�
x�n + · · · + xnn

> �+
n(n− �)

�
x�n

TN = �/ε < n �S� mH =| n
√
n− �| = xn <

√
�/n ^���&��&

=�" %&�E V8 <
∣∣ n
√
n− �

∣∣ < ε 
�G�d

T lim
n→∞ yn = m < lim

n→∞xn = � �+�
 i�: ����� �����
2��4 ^�� ��

�) lim
n→∞ axn = a� �) lim

n→∞xn + yn = �+m

�) lim
n→∞ xn − yn = �−m �) lim

n→∞xnyn = �m

�
�G�d Tm 
= � < yn 
= � �� yn 
= � �P ��L� �& �S� w6
= lim
n→∞

xn
yn

=
�

m

=� ≤ m 
�G�d Txn ≤ yn %D/�C �� �S� wF

�& �
 %�P �� N� T
��(Q� ε� > � Ǳ�L� �& i�: �& ��& A7��S"
ε� > � �P Ǳ�L� �& _+� < |xn − �| < ε� �� n ≥ N� �P Ǳ�L�
=|yn − �| < ε� �� n ≥ N� �P Ǳ�L� �& �
 %�P �� N� T
��(Q�
a = � %Q� ���L Ta 
= � V+�
�� i�: w�x 2�DE� ���&
N = N� < ε� = ε/a i�: �& 2��4 ^�� �� =%!� ����&

�
 V+�
�� �p f�

∀ε ∃N ∀n
(
n ≥ N ⇒ |axn − a�| < ε

)

_+� < ε� = ε� = ε/� V+�
�� i�: w0x 2�DE� ���&
�� n ≥ N �P Ǳ�L� �& 2��4 ^�� �� =N = max

{
N�, N�

}
V����

|xn + yn − (�+m)| = |xn − �+ yn −m|
≤ |xn − �| + |yn −m|
<

ε

�
+
ε

�
= ε

=%!� w0x �+D" w>x 2�DE�
Ǳ�L� �& �
 %�P �� N� <M V+�
�� i�: w9x 2�DE� ���&
V+�
�� i�: ���
� w^��.�x |yn| < M �� n ≥ N� �P
N = max

{
N�, N�, N�

} �S� =ε� =
ε

�(|�| + �)
< ε� =

ε

�M


�G�d n ≥ N <

|xn yn − �m| = |xn yn − �yn + �yn − �m|
≤ |yn||xn − �| + �|yn −m|
< M

ε

�M
+ �

ε

�[|�| + �]

<
ε

�
+
ε

�
= ε

= lim
n→∞ an = � 
�G�d T|a| < � �S� �
 �+�
 %&�E 2�  �N�

T2��4 ^�� �+l �� =%!� ����& V8 
�G�d Ta = � �S� =� 
i�: %!� �:�
 ^���&��& =%!� |a|n < ε ��5� �& |an−�| < ε

=N = − log|a| ε ��"

�&��& m �S� ���L =lim an

n!
�� a ∈ R �P Ǳ�L� �& 2�  �N�

�n > �m �P Ǳ�L� �& 
�G�d T�"�& [|a|] + �

∣∣∣∣ann!
− �

∣∣∣∣ =
|a|n
n!

=
|a|�m
(�m)!

|a|
�m+ �

|a|
�m+ �

· · · |a|
n

≤ |a|�m
(�m)!

m

�m+ �

m

�m+ �
· · · m

n

≤ |a|�m
(�m)!

(
�

�

)n−�m

=
|�a|�m
(�m)!

(
�

�

)n

��" i�: �S� �


N =
−(�m)!
|�a|�m log� ε < n

=��"�� %&�E V8 <
∣∣∣∣ann!

− �

∣∣∣∣ < ε 
�G�d

= lim
n→∞

n
√
a = � �� � < a �P Ǳ�L� �& �
 �+P� ���� 2+  �N�

�V��+S�� �p� �� %Q� �! =� 
xn = n

√
a−� ��+	� �� < � < n

√
a 
�G�d T� < a �S� w[Q�

�^���&��& =%!� %De�

a = (xn + �)n

= �+ nxn +
n(n− �)

�
x�n + · · · + nxn−�n + xnn

> �+ nxn


�G�d TN =
a− �

ε
< n �S� mH =xn <

a− �

n
��

∣∣ n
√
a− �

∣∣ = |xn − �| < ε

= lim
n→∞

n
√
a = � ^���&��& <

= lim
n→∞

n
√
a = � ��+	� �� < n

√
a = � 
�G�d Ta = � �S� w�

%.�/ M&�;� ��+	� �� < � < �

a

�G�d T� < a < � �S� w|

�� T
∣∣∣∣∣ n

√
�

a
− �

∣∣∣∣∣ < ε ��+	� �� = lim
n→∞

n

√
�

a
= � V���� w[Q�x

= lim
n→∞

n
√
a = � ^���&��& =

∣∣�− n
√
a
∣∣ < ε n

√
a < ε

�6)
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2��4 |��_� �� |�(� < 2��4 ���
 ��� �& 2+  �N�
�V����

lim
n→∞

(√
n� + n+ �−

√
n� − n+ �

)
=

= lim
n→∞

�n√
n� + n+ �+

√
n� − n+ �

= lim
n→∞

�√
�+ �

n + �

n�
+

√
�− �

n + �

n�

=
�√

�+
√
�

= �

�+P� ���� T�Q�D�� � [��5� L� 
���	!� �& ������ "����

�) lim
n→∞

�n� − n+ �

n� + �n+ �
= �

�) lim
n→∞

�+ �+ · · · + n

n�
=
�

�

�) lim
n→∞

�

n
cos

(nπ
�

)
= �

�) lim
n→∞

(√
�n+ �−

√
�n− �

)
= �

��+�
 �D!�3� �� ��L ��P�Q�D�� L� '� �P � 

�)
�n� − �n+ �

�n� + �n− �
�)

�n� + �n� − �n+ 	

�n� − n� + n+ �

	)
�+ �� + · · · + n�

�n� + n+ �
�)

�n� + n+ �

�n� + �n+ 	


)
n
√
n� ��) n

√
�n+ �

��) �
√
n� − n� + n ��)

√
n� + �+

√
n

�
√
n� + n−√

n

��)
√
n√

n+ �+
√
n

��) �
√
�− n� + n

��)
cos(n�)
�n

− �n

�n+ �
��)

�
√
n� sin(n!)
n+ �

�	)
√
�

�
√
�

�
√
� · · · �

n√
� ��)

n

�n

�
)
�

n
loga n (a > �) ��)

�

n
√
n!

��)
�

�
× �

�
× · · · × �n− �

�n

��)
�

n�
+
�

n�
+ · · · + n− �

n�

��)
�− �+ �− · · · − �n√
n� + �+

√
�n� − �

��)
�+ �

�
+ �

�
+ · · · + �

�n

�+ �

�
+ �



+ · · · + �

�n

�P Ǳ�L� �& �� N� < M > � V+�
�� i�: w6x 2�DE� ���&
�
 V+�
�� i�: ���
� =w^��.�x M < |yn| �� n ≥ N�

��" i�: �S� ,� =ε� =
|m|M
�|�| < ε� =

M

�
ε


�G�d n ≥ N < N = max
{
N − �, N�, N�

}
∣∣∣∣xnyn − �

m

∣∣∣∣ =
∣∣∣∣mxn − �yn

myn

∣∣∣∣
=

|mxn +m�−m�− �yn|
|m||yn|

<
|m||xn − �| + |�||yn −m|

|m|M
=

�

M
|xn − �| + |�|

|m|M |yn −m|

<
ε

�
+
ε

�
= �ε

���& mH T�"�D� � ≤ m �S� �
 V+�
�� i�: wFx 2�DE� ���&
�� N� < N� ���C� Tε� = ε� =

�−m

�
i�: �& ,� =m < �


�G�d n ≤ N = max{N�, N�} �S� �
 %�P

|xn − �| < ε� ⇒ xn > �− ε� =
�+m

�

|yn − �| < ε� ⇒ yn < �+ ε� =
�+m

�

� =%!� ��A� �� i�: �& �
 yn < �+m
�

< xn ��+	� ��

�V���� n� �& V+�N� �& 2� ��	
� !����

lim
n→∞

�n� + �n+ �

n� + �
= lim

n→∞
�+ �/n+ �/n�

�+ �/n�

=
�+ �+ �

�+ �
= �

�V���� T�+�+ · · ·+n =
n(n+ �)

�
�8��� �& �B�� �& 2�  �N�

lim
n→∞

�+ �+ · · · + n

n�
= lim

n→∞
n(n+ �)/�

n�

= lim
n→∞

(
�

�
+

�

�n

)
=
�

�

�V���� 9=�=1 ,�e� L� w6x %.�/ �& �B�� �& 2�  �N�

lim
n→∞

n
√
�n =

(
lim
n→∞

n
√
�

)(
lim
n→∞

n
√
n
)

= �× � = �

�V���� T^	/�S }�	�� |�(� �& 2�  �N�

lim
n→∞

(
�n�

�n� + �
+
�− �n�

�n+ �

)
=

= lim
n→∞

�n� − ��n� + �

��n� + �n� + ��n+ �
=
�

�

�6�
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mH =� − � < xn < � + � �� −� < xn − � < � ��+	� ��
=O�& L� VP < %!� ������
 ^+��H L� VP xn �� n ≥ N �P Ǳ�L� �&

��" i�: �t���$

A = max{x�, · · · , xN} , B = min{x�, · · · , x)N}

�� n �P Ǳ�L� �& 
�G�d

�+A− � < xn < �+B + �

� =%!� w>x V8 �DN� m8C w9x V8 

Tx� =
√
a+

√
a Tx� =

√
a �@ Q�D�� 2� ��	
� �����

i<��� ���C � < a �
 xn =

√
a+

√
a+ · · · + √

a < ===
%!� ��G.P �Q�D�� ^�� �+�
 %&�E =���+G& �p� �� �� %!� %&�E <

=�+&�+& �� �d � mK! <
=xn+� =

√
a+ xn U/�< �� �
 ��d�� �& �Q�D�� [��5� L� =� 

�Q�D�� ^�� �
 V+P��� ���� T�Q�D�� ^�� ����G.P 2�DE� ���&
=%!� ������
 O�& L� < ���54


�G�d Txn+� < xn V+�
 i�: �S� ���L T%!� ���54 �Q�D��

a +
�

�
< ^���&��& =%!� a + xn < x�n ��

√
a+ xn < xn

�� T
(
xn − �

�

)�

�

�
+

√
a+

�

�
< xn <

�

�
−

√
a+

�

�

�
 ��$ =%!� ��8"d�/��� '� ^�� T���

� =
�

�
+

√
�

�

<
�

�
+

√
a+

�

�

<
�

�
−

√
a+

�

�

<
�

�
− �

�
= �

�� n �P ��L�& ^���&��& < T%!� s7l xn+� < xn i�: mH
=xn+� ≥ xn

�� 
�G�d Tb = max {�, a} �S� ���L T%!� ������
 O�& L� �Q�D��
< xn > a 2��4 ^�� �+l �� �� < Txn ≤ b ��+	� �� < xn ≤ a

��+	� ��

x�n = a+ xn−�

≤ a+ xn ≤ xn + xn = �xn

=xn ≤ b VP L�& �]Q < xn < � ^���&��& Txn > � n��< �& ��$ <
=xn ≤ b �� n �P ��L�& ��5�

��) �

√
(n+ �)� − �

√
(n− �)�

��)
�

�× �
+

�

�× �
+ · · · + �

n(n+ �)

=%!� �	8� ��B< 2��4 �� �Q�D�� � �+�
 %&�E 2�%

�M�O��7� ���!D�M 9�=7��-` ��H

�<�N� �Q�D�� '� � M+/� ���N� ^	:�� TU/��� L� ���+�& ��
L� ���+.X� L� mH =��.� ^+.A� ���d ��B< ������ ��� T%�+�
�&x �D��N� ���"<� �� < �7+73� ��P\<� �& ������ T� ��B<

=��.� 2���D� �d ���N� ^	:�� �& w���+K��
 '.


&���7 ����4 �� �� {xn}∞n=a �@ Q�D�� ������ �����
����4 �� �� �Q�D�� =xn+� ≥ xn �� n ≥ a �P Ǳ�L� �& �
 V+h�S
�& =xn+� > xn �� n ≥ a �P Ǳ�L� �& �
 V+h�S &���7 !Y��	!
=%!� [��5� �&�/ �Q<_� !Y��	! < �(
S" �@ Q�D�� �&��� 2��4

H�� >! ����4 �� �� {xn}∞n=a �@ Q�D�� ������ �����
n ≥ �P Ǳ�L� �& �
 ���S %:�� ���$ M ���C �
 V+h�S �!�"!�	
�
 V+h�S �!�"!�	 ��J�� >! ����4 �� �� �Q�D�� =xn ≤ M �� a
=M ≤ xn �� n ≥ a �P Ǳ�L� �& �
 ���S %:�� ���$ M ���C
=������� ������
 �@ Q�D�� T�"�& ������
 ^+h�H < O�& L� �
 ���Q�D��

T������
 O�& L� < ���54 �@ Q�D�� �P w� ����� 
����
=%!� ��G.P

=%!� ��G.P T������
 ^+h�H L� < �Q<_� �@ Q�D�� �P w0
=%!� ������
 T��G.P �@ Q�D�� �P w>
=%!� ��S�< T���
 �& �@ Q�D�� �P w9

a = sup{xn|n ∈ N} V+�
�� i�: w�x 2�DE� ���& A7��S"
M&�;� �C�.�� ^�� < �"�& �P xn �@.P ��O�& ���
 ^��	8$�

=%!� ����H�! ����� �]Q < %!� ��� �+l < ������
 O�& L� i�:
mH =�"�D� ^+�$ V+�
 i�: lim

n→α
xn = a V+P��� ����

�� n ∈ N '� �� N > � �P Ǳ�L� �& �
 %�P �� � < ε

xn−a > ε 2��4 ^�� �� ��� =|xn−a| > ε �
 ���� ��B< ���$
�P xn ��O�& ���
 ^��	8$�
 a ������.� mH =xn > a + ε ��

=%!� �/��� �
 �"�&
L� < �Q<_� w0x %Q� �� 
�G�d Tyn = −xn ��" i�: �S�
=%!� yn �������
 O�& L� < ���54 ��5� �& xn �������
 ^+��H

=%!� ��.� ��P�& w�x %.�/ �& ��& <
i�: �& ���
� =� = lim

n→α
xn V+�
 i�: w>x 2�DE� ���� ��

=|xn−�| < ��� n ≥ N �P Ǳ�L� �& �
 %�P �� N '� Tε = �

�60
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�+��� �]" ��� �� �Q�D�� ^�� � =%!� ������
 O�& L� < ���54
=V+P��� ���� e ��.� �& <

T^��+� ���7.B<� ,���: L� 
���	!� �& ��p�� ^�� ���& =� 
V+������

xn = �+ n
�

n
+
n(n− �)

�

(
�

n

)�

+ · · ·

· · · + n(n− �) · · · (n(n− �))
n!

(
�

n

)n
= �+

�

�!

(
�− �

n

)

+
�

�!

(
�− �

n

)(
�− �

n

)
+ · · ·

· · · + �

n!

(
�− �

n

)(
�− �

n

)
· · ·

(
�− n− �

n

)

≤ �+
�

�!

(
�− �

n+ �

)

+
�

�!

(
�− �

n+ �

)(
�− �

n+ �

)
+ · · ·

· · · + �

n!

(
�− �

n+ �

)(
�− �

n+ �

)
· · ·

· · ·
(
�− n− �

n+ �

)

+
�

(n+ �)!

(
�− �

n+ �

)(
�− �

n+ �

)
· · ·

· · ·
(
�− n

n+ �

)
= xn+�


<f5& =%!� ���54 {xn}∞n=� mH

xn = �+
�

�!

(
�− �

n

)

+
�

�!

(
�− �

n

)(
�− �

n

)
+ · · ·

· · · + �

n!

(
�− �

n

)(
�− �

n

)
· · ·

(
�− n− �

n

)

≤ �+
�

�!
+
�

�!
+ · · · + �

n!

≤ �+
�

�
+

�

�× �
+ · · · + �

�× �× · · · × �︸ ︷︷ ︸
���C n−�

= �+
(
�+

�

�
+
�

�
+ · · · + �

�n−�

)

= �+
�− (�/�)n

�− �/�

= �−
(
�

�

)n−�
≤ �

��G.P xn �@ Q�D�� ^���&��& =%!� ������
 �! ��C �& O�& L� xn mH
�
 V+����� =������� e ��C �� �Q�D�� ^�� � ���N� =%!�

i�: TV���� ���� �� {xn}∞n=� �@ Q�D�� ����G.P L� �
 ,� 
��+	� x�n = a + xn �
 ^�� �& �B�� �& < lim

n→∞xn = � V+�
��
V��+S��

�� = lim
n→∞x�n

= lim
n→∞(a+ xn−�) = a+ �

=� =
�

�

(
�±

√
�+ �a

)
�� �� − � − a = � ^���&��&

T�"�& ���� ���d � � �����.� mH T��	De� �P xn �@.P ��$
lim
n→∞ xn = ��5� =%!� �<��� �

�

(
�−

√
�+ �a

)
��+	� ��

=�
�

(
�+

√
�+ �a

)

< x� = b T��P��(Q� %De� ��C <� b < a �+�
 i�: 2�  �N�
���� V+P����� =xn+� =

�

�

(
xn +

a

xn

)
�� � ≤ n �P Ǳ�L� �&

��p�� ^�� ���& =%!� ��G.P √
a ��C �& �Q�D�� ^�� �
 V+P�

=V+�
�� %&�E �� xn �������
 ^+h�H L� < ���& �Q<_�
Ǳ�L� �& �
 V+����� U/�< �� T%!� ������
 ^+h�H L� %D/�C xn
��+	� �� T%!� ���/�& h+

�

h
≥ � �<����� T�� h%De� ��C �P

xn+� =
�

�

(
xn +

a

xn

)

=
√
a

�

(
xn√
a

+
√
a

xn

)

≥
√
a

�
× � =

√
a

=xn ≥ √
a �� n ≥ � �P Ǳ�L� �& T��5�

���L T%!� �Q<_� xn

xn+�

xn
=

�

�

(
�+

a

xn

)

≤ �

�

(
�+

a

(
√
a)�

)
= �


�G�d T lim
n→∞xn = � V+�
 i�: �S� =%!� ��G.P �Q�D�� T^���&��&

V���� xn [��5� L�

� = lim
n→∞xn+�

= lim
n→∞

�

�

(
xn +

a

xn

)

=
�

�

(
�+

a

l

)
mH T��	De� �P xn �@.P ��$ =� = ±√

a �� ��� = �� + a ��
= lim
n→∞xn =

√
a ^���&��& < %!� �<��� −√

a

Te =��%�%*. . . �]" ��� 2�  �N�
xn �+�
 %&�E =���+G& �p� �� �� xn = (�+ �/n)n �Q�D��

�6>



<��� <#1 $ �Q��8� I ��� �L�Q��8� 	��#:�L <�@8��.a ��I

'� �P �
 �+�
 %&�E O�& \<� �& ������ �����
�� ���d � ��8�� 2��4 �� =��	�P ��G.P ��L ��P�Q�D�� L�

��+�
 �D!�3�

�) xn =
xn−�

a+ xn−�
, x� = a > �

�) xn =
n�

n� − �
, n > �

�) xn =
�n

(n+ �)!
�) xn =

n!
nn

�) xn = �+
�

�!
+
�

�!
+ · · · + �

n!

�) xn =
��

�
× ��

�
× · · · × n+ 


�n− �

	) xn =
�

�+ �
+

�

�� + �
+ · · · + �

�n + �

�) xn =
�

�+ �
+

�

�� + �
+ · · · + �

�n + n


) xn =
(
�− �

�

)(
�− �

�

)
· · ·

(
�− �

�n

)

��) xn =
(
�+

�

�

)(
�+

�

�

)
· · ·

(
�+

�

�n

)

�+P� ���� Tex := lim
n→∞

(
�+

x

n

)n
�
 ����4 �� w��

= lim
n→∞

(
�− x

n

)−n
= ex

��L� �& �
 %!� ���$ {xn}∞n=� �@ Q�D�� �+�
 i�: w�0
�+P� ���� 2��4 ^�� �� = lim

n→∞nxn = � �d

���	!� �� ^��.� L� ����.�P�� = lim

n→∞ (�+ xn)n = e�

=�+�


�
 �+P� ���� 2��4 ^�� �� T� < b < � < a �+�
 i�: �>
= lim
n→∞n

(
n
√
ab− �

)
= ln a+ ln b

�� k ∈ N �P Ǳ�L� �& �+�
 i�: ������ !����
�@ Q�D�� ��L '� �� {xnk

}α
k=�

�@ Q�D�� 2��4 ^�� �� =nk < nk+�

=V+����� {xn} �@ Q�D�� L�

�@ Q�D�� L� �Q�D�� ��L '� T,<� ���C� �@ Q�D�� 2� ��	
� "����
=%!� �5+DX ���C�

���.�� �� mH Te ≈0�I�I1

e := lim
n→∞

(
�+

�

n

)n
V+�
 i�: 2�  �N�

xn =
�

n+ �
+

�

n+ �
+ · · · + �

n+ n

=%!� ��G.P {xn}∞n=� �@ Q�D�� �
 �+�
 %&�E
L� < ���54 �Q�D�� ^�� �
 V+P��� ���� ��p�� ^�� ���& =� 

�%!� ������
 O�&

xn+� − xn =
�

�n+ �
+

�

�n+ �
− �

n

=
�

(�n+ �)(�n+ �)
> �

xn =
�

n+ �
+

�

n+ �
+ · · · + �

n+ n

<
�

n
+
�

n
+ · · · + �

n︸ ︷︷ ︸
���C n

= �

� �
 V��
��� ���� >=>=F ^��.� L� w6x %.�/ �� T
<f5&
=%!� ln� �&��& {xn}∞n=�

�@ Q�D�� �
 �+P� ���� γ = �m+%%��+ �(
! ��� 2+  �N�

xn := �+
�

�
+
�

�
+ · · · + �

n
− lnn

� =%!� � ����� ^���&��& < T%!� ������
 ^+h�H L� < �Q<_�
=��P��� ���� γ ��.� �& < 
�+��� �(
! ��� �� �Q�D�� ^��

���L T%!� ������
 ^+h�H L� xn �@ Q�D�� =� 

xn = �+
�

�
+ · · · + �

n− �
+
�

n
− lnn

=
∫ �

�

dx+
∫ �

�

dx

�
+ · · ·

· · · +
∫ n

n−�

dx

n− �
+
�

n
−

∫ n

�

dx

x

≥
∫ �

�

dx

x
+

∫ �

�

dx

x
+ · · · +

∫ n

n−�

dx

x
+
�

n
− lnn

=
�

n
≥ �

���L T%!� �Q<_� �Q�D�� ^�� 
<f5&

xn+� − xn =
�

n+ �
− ln(n+ �) + lnn

=
∫ n+�

n

dx

n+ �
− ln(n+ �) + lnn

≤
∫ n+�

n

dx

x
− ln(n+ �) + lnn

= [ln |x|]n+�
n − ln(n+ �) + lnn = �

�69
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=|ym−a| < �/�m ��m �P Ǳ�L� �& TǱ��N	!� �& ��& mH =�"�& xn
� =%!� ��G.P a �& {xn}∞n=� L� {ym}∞n=� �@ Q�D�� ��L T^���&��&

�� {xn}∞n=a �@ Q�D�� V+h�S�� ����4 �� ������ ������
T%!� �@�	 '8 (�)"� '� ��j	�� �& �� < �C	�� n�7 �@�	 i�@
n ≥ N �P Ǳ�L� �& �
 ���S %:�� �� N '� Tε > � �P Ǳ�L� �& �


=|xn − xm| < ε �� m ≥ N �P <

=%!� �"�
 T��G.P �@ Q�D�� �P w� ����� ������
=%!� ��G.P T�"�
 �@ Q�D�� �P w0

�& ^���&��& = lim
n→α

xn = � V+�
 i�: w�x 2�DE� ���& A7��S"
�� n > N �P Ǳ�L� �& �
 %�P �� N '� �� ε > � �P Ǳ�L�
^�� �� =m ≥ N < n ≥ N V+�
�� i�: ,� =|xn − �| < ε/�

2��4

|xn − xn| = |xn − �+ �− xm|
< |xn − �| + |xm − �|
<

ε

�
+
ε

�
= ε

=%!� �"�
 {xn} �@ Q�D�� mH
=%!� �"�
 �@ Q�D�� '� {xn} V+�
 i�: w0x 2�DE� ���&
�� n ≥ N �P Ǳ�L�& �
 %�P �� N '� Tε = � Ǳ�L� �&
�@ Q�D�� ��5� =�+xN < xn < �+xN ��5� =|xN−xn| < ε = �

��L '� T������
 �@ Q�D�� �P �� �+A/ �& ��& ��� =%!� ������
 {xn}
�@ Q�D�� �
 V+�
 %&�E %!� �:�
 ���
� =���� {xnk

} ��G.P �@ Q�D��
���
� =%!� ��G.P {xnk

} �
 %!� ��G.P �� ��.P �& {xn}
%�P �� N� '� ε > � Ǳ�L� �& {xn} ���& �"�
 i�: �& ��&
'� T^+�t.P =|xn − xm| < ε/� 
�G�d n,m ≥ N� �S� �

� �
 |xnk

− �| < ε/� �� k ≥ N� �P Ǳ�L� �& �
 %�P �� N�

�� k �P Ǳ�L� �& �
 ��� ���� ������ =%!� {xnk
} �@ Q�D�� ��L � 

V���� m ≥ N < N = max{N�, N�} i�: �& mH =nk ≥ k

|xm − �| = |xm − xnm + xnm − �|
≤ |xm − xnM | + |xnm − �|
<

ε

�
+
ε

�
= ε

� =%!� ��.� ��P�& <

'� [��5� �&��& =����C� ��C 2� ��	
� �
����
�8�& %!� ����DC α ����C�

α = ±
(
x� +

x�
��

+
x�
���

+ · · · + xn
��n

+ · · ·
)

Y+34 ���C� �G.P = = = < xn < = = = Tx� Tx� �d �� �

��	�P 9:� �G.P = = = < xn < = = = Tx� Tx� < � ≤ x� T��	�P

L� �Q�D�� ��L '� {�/(�n+ �)}∞n=� �@ Q�D�� 2�  �N�
=%!� {�/n}∞n=�

T�"�& ��G.P � �& {xn} �@ Q�D�� �S� 2� ����� �����
=%!� ��G.P � �& _+� {xn} L� �Q�D�� ��L �P 
�G�d

{xn} �@ Q�D�� 
�G�d T�"�& ��S�< {xn} �@ Q�D�� L� ���Q�D�� ��L �S� 2�
=%!� ��S�< _+�

�:�
 mH =%!� w�x �+N� m8C w0x �
 %!� ^"<� A7��S"
�@ Q�D�� ��L '� {xnk

}∞k+� V+�
 i�: =��" 2�DE� w�x %!�
Ǳ�L� �& �
 %�P �� N '� 
��(Q� ε > � �P Ǳ�L� �& =�"�& {xn}
�� k �P Ǳ�L� �& Ti�: M&�;� ��$ =|xn− �| < ε �� n ≥ N �P
k ≤ nk �� k �P Ǳ�L� �& mH � ≤ n� n��< �& < nk < nk+�

< nk ≥ N �� k ≤ N �P Ǳ�L� �& ��+	� �� w��N	!� �&`^��.�x
� =%!� ��G.P � �& _+� {xnk

} �@ Q�D�� ��5� =|xnk
− �| < ε �]Q

���L =%!� ��S�< {(−�)n}∞n=� �@ Q�D�� 2T� ��	
� �����
< %!� ��G.P '� ��C �& �d L� x�n = (−�)�n = � �@ Q�D��
'� {��� ��C �& �d L� x�n+� = (−�)�n+� = −� �@ Q�D�� ��L
?+P �& xn = (−�)n mH � 
= −� �
 �Q� �� =%!� ��G.P

=%�+� ��G.P �� �

��L T���L =%!� ��G.P ��4 �& {�/n!}∞n=� �@ Q�D�� 2�  �N�
��G.P ��4 �& �
 %!� {�/n}∞n=� ���G.P �@ Q�D�� L� ���Q�D��

=�"�&��

���Q�D�� ��L ����� ������
 �@ Q�D�� �P ����� �#����
=%!� ��G.P

mH T�"�& �P��	� A �S� =A = {xn|n ∈ N} V+�
 i�: A7��S"
xn = a V���� n ∈ N %�����& Ǳ�L� �& �
 %�P a ����� ���C
��P�& < %!� 2f.B ^�� L� �4� �@ Q�D�� {yn}∞n=�

V+�
 i�:
A Ti�: M&�;� =%!� �P��	��� A V+�
 i�: mH =%!� ��.�
^��	8$�
x ��! �H�! ����� mH =%!� ������
 O�& L� < ��� �+l

=a = supA V+�
 i�: =%!� w��O�& ���

�
 %�P �� n T��! �H�! [��5� �& ��& Tε = � Ǳ�L� �&
Tε = �/� Ǳ�L� �& =�"�& xn �d y� V+�
i�: =a−� < xn < a

a − �/� < xn < a �
 %�P �� n T��! �H�! [��5� �& ��&
V+�
 i�: Ǳ��N	!� �& =�"�& xn �d y� V+�
 i�: =xn 
= y� <
'� Tε = �/�m Ǳ�L� �& 2��4 ^�� �� =�"�& 
�" ��(	�� ym−�

=a − �/�m < xn < a �� n ≥ N �P Ǳ�L� �& �
 %�P �� N
�8� �/�O �P xn ^�� ^+& L� %!� �P��	��� �P xn ���5� ��$
�d ym V+�
 i�: =��
�� r�: y�, y�, · · · , ym−� �& �
 %�P
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�@ Q�D�� �
 V+P��� ���� 2�  �N�

xn = �+
�

�
+ · · · + �

n

=%�+� �"�
 xn �
 V+P��� ���� ��p�� ^�� ���& =%!� ��S�<

�G�d Tm = �n �S� ���L

|xm − xn| =
�

n+ �
+

�

n+ �
+ · · · + �

m

>
�

m
+
�

m
+ · · · + �

m︸ ︷︷ ︸
���C m−n=n

=
n

m
=
�

�

�/��� '� �
 ��"�.� �	8$�
 �/� L� ε �"�
 ��" �� ��5�
=%!�


��� �@ Q�D�� �
 �+P� ���� ���� �P �� ������ ������
��"�&�� ��G.P ��+	� �� < %!� �"�
 
�"

�) xn =
sin�
�

+
sin�
��

+ · · · + sinn
�n

�) xn =
cos�!
�× �

+
cos�!
�× �

+ · · · + cosn!
n(n+ �)

�) xn = �+
�

��
+

�

��
+ · · · + �

n�

�) xn = �− �

�!
+
�

�!
− · · · + (−�)n

(�n)!

< x� = b Tx� = a T� < w < � �+�
 i�: w6

xn+� = wxn+� + (�− w)xn

T�"�
 {xn}∞n=� �@ Q�D�� �
 �+P� ���� =� ≤ n �P Ǳ�L� �&
=�"�&�� ��G.P ��+	� �� <

� < k �5+DX ��C �P L� �� ���& ���C� W��.� �� wF
���C� W��.� ���� �� ��&��� V8 =��
 
���	!� ������
�� �d TV8 ^�� 2��4 ��+& ^.� =���� ��B< k �@ ��H �&

=w�+�
 �5B��� �>=0=1 L� w�x %.�/ �&x �+�
 %&�E

�� n ≥ � �P Ǳ�L� �& < x� = a > � �+�
 i�: wI
L� ����N� ���
 Ǳ�L� �& �
 �+�
 M+N3� =xn+� = �+�/xn

=%!� ��G.P {xn}∞n=� �@ Q�D�� a

o)KC� ����4 �� �� {xn}∞n=a �@ Q�D�� ������ ������
�P Ǳ�L� �& < � < C < � �
 ��" %:�� ���$ C ���C �
 V+h�S

=|xn+� − xn+�| ≤ C|xn+� − xn| �� n ≥ �

�	N+/� ��+& �& =w��N75	� {�,�,�, · · · ,�,
} �@C�.�� �& T��5�x
�d �� �
 α = lim

n→∞ yn

yn = ±
(
x� +

x�
��

+
x�
���

+ · · · + xn
��n

)
, n ∈ N

��G.P {yn}∞n=� �@ Q�D�� T��5� ����� ��B< α �
 V+�
�� %&�E
�"�
 {yn}∞n=� �Q�D�� �
 V+�
�� %&�E T��p�� ^�� ���& =%!�

�%!�

|ym − yn| =
∣∣∣±( xn+�

��n+�
+ · · · + xm

��m

)∣∣∣
≤ xn+�

��n+�
+ · · · + xm

��m

≤ 


��n+�
+ · · · + 


��m

=



��n+�

�− (�/��)m−n

�− �/��

<



��n+�

�

�− �/��
=

�

��n

��+	� �� T �

��n
< ε �
 |xm − xn| < ε ����4 �� TmH

�� < %!� �"�
 {yn}∞n=a �@ Q�D�� ^���&��& =N = − log�� ε < n

=���� ��B< α ����C� ��C �8��� ��+	� =�"�&�� ��G.P ��+	�

�@ Q�D�� 2�  �N�

xn = −�+
�

�!
− · · · + (−�)n

n!

�"�
 ��
]� �@ Q�D�� �
 �+P� ���� =���+G& �p� �� �� T� ≤ n �

=�"�&�� ��G.P ��+	� �� < T%!�

�
 V+�
�� �B�� ��p�� ^�� ���& =� 

|xm − xn| =

∣∣∣∣∣∣
m∑
j=�

(−�)j

j!
−

n∑
j=�

(−�)j

j!

∣∣∣∣∣∣
=

∣∣∣∣∣∣
m∑

j=n+�

(−�)j

j!

∣∣∣∣∣∣
≤

m∑
j=n+�

�

j!

≤
m∑

j=n+�

�

�j−�

=
�

�n

�−
(
�

�

)m−n

�− �/�

<

(
�

�

)n−�

n− > �� (�/�)n−� < ε �
 |xm − xn| < ε ����4 �� mH
=N =

[
log�/� ε

]
+� ��"i�: %!� �:�
 ^���&��& ==log�/� ε
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=
(
n+ �

n+ �

)n+�

=
(
�− �

n+ �

)n+�

=
(
�− �

n+ �

)n+� (
�− �

n+ �

)−�

≤
(
�− �

n+ �

)n+� (
�− �

�+ �

)−�

=
�

�

(
�− �

n+ �

)n+�

< C

����� �� �


C = lim
n→∞�

(
�− �

n+ �

)n+�

(�)
= lim

N→∞
�

{(
�+

�

N

)N}−�

= �e−� < �

=N = −(n+ �) �
 %!� 
�" i�: w�x ��

�
 V���� F=�=1 ,�e� L� w0x %.�/ �� 2�  �N�

lim
n→∞

�+ �+ · · · + n

n�
=
�

�

��+	� T^���&��& =%�+� �DN�� ��
]� �@ Q�D�� �
 �Q� ��
�DN�� ���Q�D�� T��G.P �@ Q�D�� �P �
 ����� ��<_Qz �
 V��+S��

y=�"�&

|xn+� − xn+�|
xn+� − xn

=

=

∣∣∣∣�+ · · · + (n+ �)
(n+ �)�

− �+ · · · + (n+ �)
(n+ �)�

∣∣∣∣∣∣∣∣�+ · · · + (n+ �)
(n+ �)�

− �+ · · · + n

n�

∣∣∣∣
=

∣∣∣∣ (n+ �)
(n+ �)

− (n+ �)
(n+ �)

∣∣∣∣∣∣∣∣ (n+ �)
(n+ �)

− (n+ �)
n

∣∣∣∣
=

n(n+ �)
(n+ �)(n+ �)

=
n

n+ �

�wC = � T��5�x ��
�� �+� '� �& ��d 2��DC �

=%�+� �DN�� �p� ���� �@ Q�D�� T^���&��& = lim

n→∞
n

n+ �
= �


��� �@ Q�D�� �
 �+P� ���� ���� �P �� ������ ������
��"�&�� ��G.P ^���&��& < %!� �DN�� 
�"

^���&��& < %!� �"�
 T�DN�� �@ Q�D�� �P ����� �!����
=�"�&�� ��G.P

�� n ≥ a �P Ǳ�L� �& < � < C < � V+�
 i�: A7��S"
Tn < m �S� T2��4 ^�� �� |xn+� − xn+�| < C|xn+� − xn|


�G�d

|xm − xn| =
∣∣∣(xm − xm−�) + (xm−� − xm−�) + · · ·

· · · + (xn+� − xn)
∣∣∣

≤ |xm − xm−�| + |xm−� − xm−�| + · · ·
· · · + |xn+� − xn|

≤ C|xm−� − xm−�| + C|xm−� − xm−�|
· · · + C|xn − xn−�|

===
≤ Cm−�|x� − x�| + Cm−�|x� − x�| + · · ·

· · · + Cn−�|x� − x�|

= Cn−�
�− Cm−n

�− C
A <

Cn−�

�− C
A

�S� ��5� T C
n−�

�− C
A < ε �S� mH =A = |x� − x�| �d �� �


��+	� �� < |xm − xn| < ε 
�G�d TlogC
ε(�− C)

A
+ � < n

=%!� �"�
 �Q�D�� '� {xn}∞n=a �@ Q�D��

�@ Q�D�� 2� ��	
� �"����
xn = �+

�

�
+



�
+ · · · + n�

n!

2��4 ^�� �� =���+G& �p� �� ��

|xn+� − xn+�|
|xn+� − xn| =

(n+ �)�

(n+ �)!
(n+ �)�

(n+ �)!

=
n+ �

(n+ �)�

=
n+ �

n(n+ �) + �

≤ n+ �

n(n+ �) + �
=
�

n

�
 |xn+� − xn+�| < C|xn+� − xn| 
�G�d Tn ≥ � �S� mH
=%!� ��G.P ��+	� �� < �"�
 T�DN�� �Q�D�� ^�� ��5� =C =

�

�

=���+G& �p� �� �� xn = � +
�

�
+ · · · + n!

nn
�@ Q�D�� 2�  �N�
�2��4 ^�� ��

|xn+� − xn+�|
|xn+� − xn| =

(n+ �)!
(n+ �)n+�

(n+ �)!
(n+ �)n+�
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'� {yn}∞n=a �+�
 i�: ��/��� �� ��� �#����
���$ {xn}∞n=a �@ Q�D�� < %!� +∞ �& ��S�< < ���54 �@ Q�D��
�� =�"�&�� ��G.P α ��C �&

{
xn+� − xn
yn+� − yn

}∞

n=a

�
 %!�

�t���$ =%!� ��G.P α ��C �& _+� xn/yn �@ Q�D�� 2��4 ^��
�P��� ��S�< _+� xn/yn �@ Q�D�� T�"�& ��S�<

{
xn+� − xn
yn+� − yn

}∞

n=a=��&

yn ���& < �/xn L� xn ���& T�D/ �@ +A/ �� %!� �:�
 A7��S"
� =��" 
���	!� �/yn L�

���� T lim
n→∞xn = a V+�
 i�: 2� ��	
� ������

���& =%!� a �&��& _+� lim
n→∞

x� + x� + · · · + xn
n

�
 V+P���
=xn = x� + x� + · · · + xn < yn = n V+�
�� i�: ��p�� ^��

�8��� �& �B�� �& < 0)=0=1 �&��& 2��4 ^�� ��

lim
n→∞

zn+� − zn
yn+� − yn

= lim
n→∞ xn+� = a,

lim
n→∞ yn = lim

n→∞n = +∞

�
 V��+S�� ��+	�

lim
n→∞

x� + x� + · · · + xn
n

= lim
n→∞

zn
yn

= a


�G�d Tyn = n! < xn = �
n i�: �& 2�  �N�

lim
n→∞

�n

n!
= lim

n→∞
xn
yn

= lim
n→∞

xn+� − xn
yn+� − yn

= lim
n→∞

�n+� − �n

(n+ �)! − n!

= lim
n→∞

�n

n× n!

��+	� ��

lim
n→∞

�n

n!
=

(
lim
n→∞

�

n

)(
lim
n→∞

�n

n!

)

= �× lim
n→∞

�n

n!
= �

= lim
n→∞

�n

n!
= � �k��_Q� TmH

V���� 0)=0=1 �� yn = n < xn = lnni�: �& 2�  �N�

lim
n→∞

lnn
n

= lim
n→∞

xn
yn

= lim
n→∞

xn+� − xn
yn+� − yn

= lim
n→∞

ln(n+ �) − ln(n)
(n+ �) − n

= lim
n→∞ ln

(
n+ �

n

)
= �

�) xn =
�n

n!
�) xn =

(n!)�

(�n)!

�) xn = �− �

�
+
�

�
− · · · + (−�)n

�n

�) xn =
�

�+ �
+

�

�� + �
+ · · · + �

�n + �

�& ��G.P ���P�Q�D�� {yn} < {xn} �S� ����� ������
2��4 ^�� �� T�"�& �Q<_� ���Q�D�� {yn} < ��"�& ��4

lim
n→α

xn
yn

= lim
n→α

xn − xn+�

yn − yn−�

=�P��	��� �$ < �"�& �P��	� �$

�� =L < ∞ �
 lim
n→α

xn − xn+�

yn − yn−�
= L V+�
 i�: A7��S"

�P Ǳ�L� �& �
 %�P �� N '� ε > � �P Ǳ�L� �& 2��4 ^��
���
 ��X �& ��

∣∣∣∣xn − xn+�

yn − yn+�

− L

∣∣∣∣ < ε �� n ≥ N

L− ε <
xn − xx+�
yn − yx+�

< L+ ε w�=1 x

(L − ε)(yn − yn+�) < xn − xn+� < (L+ ε)(yn − yn+�)

= = = Tn+� Tn Ǳ�L� �& �� w�=1 x ,���: ���
� =yn > yn+� ���L
�& TV+�
�� U.B VP �& �� ���d ^+:�X < V+������ n + p − � <

%"�� V+P��� T{+��� ^��

(L − ε)(yn − yn+p) < xn − xn+p < (L+ ε)(yn − yn+p)

�& < V+P��� �+� %�����& �& �� p < �	:�S � ^+:�X L� ���
�
V��<d�� %!�

(L− ε)(y − �) < xn − � < (L+ ε)(yn − �)

�� L − ε < xn/yn < L + ε V���� � < yn ��$ T^���&��& <
=%!� L �& ��G.P _+� {xn/yn} mH =|xn/yn − L| < ε

�@ Q�D�� T��5� =%!� %����+& L = ∞ V+�
 i�: ,� 
Ǳ�L�& mH =��
 �+� %�����& �& {(xn − xn+�)/(yn − yn+�)}
�� n ≥ N �P Ǳ�L� �& �
 %�P �� N '� �� M > � �P
yn > yn+� ��$ T��+	� �� =(xn − xn+�)/(yn − yn+�) > M

xn − xn+� > M(yn − yn+�) w0=1 x

n + p− � < = = = Tn+ � Tn Ǳ�L�& �� w0=1 x ^+:�X _+� ��& ^��
^���&��& =V+�
�� U.B VP �& < �	"��

xn − xn+p > M(yn − yn+p)

�& xm > Myn ��"�� ��+	� p → ∞ �& ^+:�X L� ��+S� �&
� =%!� %�����& �& ��S�< _+� {xn/yn} ^���&��& =xn/yn > M
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�p� �� �� xn = n�/�n �@ Q�D�� 2� ��	
� ������
���L T%!� ��G.P xn 2��4 ^�� �� T���+G&

lim
n→∞

xn+�

xn
= lim

n→∞

(n+ �)�

�n+�

n�

�n

=
�

�
lim
n→∞

(
n+ �

n

)�

=
�

�
< �

=%!� ��G.P 0>=0=1 �k +A/ �&��& T��+	� �� <

^�� �� =���+G& �p� �� �� xn = nn/n! �@ Q�D�� 2�  �N�
���L %!� ��S�< �Q�D�� T2��4

lim
n→∞

xn+�

xn
= lim

n→∞

(n+ �)n+�

(n+ �)!
nn

n!

= lim
n→∞

(
n+ �

n

)n
= lim

n→∞

(
�+

�

n

)n
= e > �

=%!� ��S�< 0>=0=1 �k +A/ �&��& T��+	� �� <

�V���� 0>=0=1 �@ +A/ L� ��! %.�/ '.
 �& 2�  �N�

lim
n→∞

n
n
√
n!

= lim
n→∞

n

√
nn

n!

= lim
n→∞

(n+ �)n+�

(n+ �)!
nn

n!

= lim
n→∞

(
n+ �

n

)n
= e

lim
n→α

xx+�
xn

�Q< �"�& ��B�� lim
n→α

n
√
xn %!� ^8.� 2�  �N�

^�� �� =xn = �−n+(−�)n V+�
 i�: fk e� ���L =�"�& ��B��
2��4

lim
n→α

n
√
xn = lim

n→α

(
�
−n−�+(−�)n+�

)�/n
= lim

n→α
�
−�+

(−�)n

n =
�

�

xx+�
xn

=
�−n−�+(−�)n+�

�−n+(−�)n

=

{
� �"�& ��: n �S�
�−� �"�& |<L n �S�

������ ������

��G.P ��4 �& n
�

a�
�@ Q�D�� 
�G�d Ta > � �S� �
 �+P� ���� w�

=%!�

��+P� ���� �� ��L ����<��� L� '� �P

�) lim
n→∞

�p + �p + · · · + np

np+�
=

�

p+ �

�) lim
n→∞

{
�p + �p + · · · + np

np
− n

p+ �

}
=
�

�

�) lim
n→∞

�p + �p + · · · + (�n− �)p

np+�
=

�p

p+ �

��4 [Q�(� 2f.B �& ���Q�D�� xn �S� ����� �
����
T2��4 ^�� �� = lim

n→∞
xn+�

xn
= � < �"�&

< %!� ��4 �& ��G.P xn 
�G�d T� < � �S� w[Q�
=�"�&�� %����+& �& ��S�< xn 
�G�d T� > � �S� w�

��B�� lim
n→∞

xn+�

xn
< 
��& %De� 2f.B �& ���Q�D�� xn �S� w|

=%!� �&��& �7D/ �& < ���� ��B< _+� lim
n→∞

n
√
xn 
�G�d T�"�&

^�� �� = lim
n→∞

n
√
xn = � < �"�& %De� ���Q�D�� xn �S�

T2��4
< %!� ��4 �& ��G.P xn 
�G�d T� < � �S� w�

=�"�&�� %����+& �& ��S�< xn 
�G�d T� > � �S� wP

ε > � Ǳ�L� �& mH |�| < � < lim
n→α

xn+�

xn
= � ��$ w[Q� A7��S"

Ǳ�L� �& �
 %�P N ����� Y+34 ���C |�| + ε < � �
 
��(Q�

i�: �S� 2��4 ^�� �� =
∣∣∣∣xn + �

xn
− �

∣∣∣∣ < ε �� n ≥ N �P

^���&��& =|xx+�| < k|xn| ��
∣∣∣∣xn+�

xn

∣∣∣∣ < k 
�G�d k = ε+ |�| ��"

�G�d n ≥ N �S�

|xn| < k|xn−�| < k�|xn−�| < · · · < kn−N |xN | =
|xN |
kN

.kn

= lim
n→α

xn = � ^���&��& < lim
n→α

kn = �mH k < � ��$ ���
�� ε > � Ǳ�L�& =|�| > � < lim

n→α

xn+�

xn
= � ��$ w� 2�DE�

�� n ≥ N �P Ǳ�L� �& �
 %�P �� N '� |�| − ε > � �

mH |�| − ε <

|xn+�|
|xn| < |�| + ε ^���&��& =

∣∣∣∣an+�

an
− �

∣∣∣∣ < ε

�P Ǳ�L� �& < � < k 2��4 ^�� �� Tk = |�| − ε V+�
 i�: �S�
^���&��& =|xx+�| > k|xn| �� n ≥ N

|xn| > k|xn| > k�|xn−�| > · · · > kn−N |xN |

= lim
n→α

|xn| = α ^���&��& < lim
n→α

kn = α ��� =|xn| > |xN |
kN

kn ��

w�x ��8 � 2�DE� =%!� |��� ��	
 ^�� �@ 74� L� w|x 2�DE�
� =��"�� 
��K! 
������ �& < %!� w�x < w[Q�x �+D" wPx <

�6J



<��� <#1 $ �Q��8� I ��� �Q��8� �� �4 34�5 �� ��(4�7 ��I

����/�& ���& �:�
 < �LO ��" ����� ��
��
��G.P {xn}∞n=a �@ Q�D�� �P Ǳ�L� �& �
 %!� ^�� lim

x→x�
f(x) = �

=�"�&�� ��G.P � �& {f(xn)}∞n=a �@ Q�D�� Tx� �&

�P Ǳ�L� �& T^���&��& = lim
x→x�

f(x) = � V+�
 i�: A7��S"
|x − x�| < δ �
 x �P Ǳ�L� �& �
 %�P �� δ > � Tε > �

��G.P ���Q�D�� {xn} V+�
 i�: ,� =|f(x) − �| < ε V����
�P Ǳ�L� �& �
 %�P �� N '� δ > � Ǳ�L� �& mH =%!� x� �&
�� n ≥ N �P Ǳ�L� �& ^���D7�& =|xn − x�| < δ �� n ≥ N

=%!� ��G.P � �& {f(xn)} �]Q < |f(xn) − �| < ε

Tx� �& {xn} ���G.P �@ Q�D�� �P Ǳ�L� �& V+�
 i�: ,� 
�
 ws7l i�:x V+�
 i�: =�"�& ��G.P � �& {f(xn)} �@ Q�D��
�P Ǳ�L� �& �
 %�P �� ε > �mH =�"�& s7l lim

x→x�
f(x) = �

=|f(x) − �| < ε < |x − x�| < δ �
 %�P �� x'� �� δ > �

|xn − x�| < �
 %�P �� xn mH =δ = �

n < n ∈ N V+�
 i�:
%!� ��G.P x� �& {xn} {+��� ^�� �& =|f(x) − �| < ε < �/n
{f(xn)} mH =��"�.� ε L� �	.
 � L� f(xn) �@ 74�: �
 �Q� ��
� =%!� i�: vf� �
 %�+� ��G.P � �&

� ���N� �@ D!�3� ���& 2� ��	
� ��
��
< xn = �/n V+�
�� i�: �=>=1 �� T lim

n→∞n sin (�/n)

^���&��& =f(x) = sinx/x

lim
n→∞n sin

(
�

n

)
= lim

n→∞

sin
(
�

n

)
�

n

= lim
x→�

sinx
x

= �

� ���N� �@ D!�3� ���& 2�  �N�

lim
n→∞n

(
cos

(√
n

n

)
− �

)

=f(x) =
cosx− �

x�
< xn =

�√
n
V+�
�� i�: �=>=1 ��

^���&��&

lim
n→∞n

(
cos

(√
n

n

)
− �

)
= lim

n→∞
cos(xn) − �

(xn)�

= lim
x→�

cosx− �

x�

=
−�
�

�& ���L = lim
n→∞

n
√
�+ αn = � 
�G�d T� < α < � �S� 2�  �N�

V���� un = αn i�:

lim
n→∞

n
√
�+ αn = lim

n→∞ (�+ αn)�/n

= lim
n→∞

{
(�+ un)�/un

}un/n

=����� ��B< lim
n→α

xn+�

xn
^���&��&

� ���N� 2+  �N�

lim
n→α

{(
�

�

)�(
�

�

)� (
�

�

)�

· · ·
(
n+ �

n

)n}�/�

=�+�
 �D!�3� ��

V���� 0>=0=1 L� w|x %.�/ �& ��& TD�

lim
n→α

((
�

�

)�(
�

�

)� (
�

�

)�

· · ·
(
n+ �

n

)n)�/�

=

= lim
n→α

(
�

�

)� (
�

�

)� (
�

�

)�
· · ·

(
n+�
n+�

)n+�

(
�

�

)� (
�

�

)� (
�

�

)�
· · ·

(
n+�
n

)n
= lim

n→α

(
n+ �

n+ �

)n+�

= lim
n→α

(
�+

�

n+ �

)n+�

= e

��L ��P�Q�D�� L� '� �P ����G.P �� ������ ������
��+�
 �3&

�) xn =
n
√
�n �) xn =

(n!)�

(�n)!
�) xn =

�n

n�


�" n�;� ��C�� �+Q� �
u �& �� TI �� 9 ����� L� '� �P ��
��+P� ���� �� �d ���& s7l T,�e� '� �@ h��� �� �� < 2�DE� ��

=%!� ��S�<
∑

�/xn 
�G�d T�"�& ��G.P
∑
xn �S� w9

=%!� ��G.P _+�
∑

x�n 
�G�d T�"�& ��G.P
∑
xn �S� w6

=%!� ��G.P _+�
∑

|xn| 
�G�d T�"�& ��G.P
∑
x�n �S� wF

=%!� ��G.P _+�
∑

xn/n 
�G�d T�"�& ��G.P
∑
xn �S� wI

= lim
n→∞

n
√

(n+ �)(n+ �) · · · (�n)
n

=
�

e
�+P� ���� w1

�O��7� �� �3 23�4 �� ��&3�6 ��H

�� �Q�D�� � _+� < �N+N �+a	� �& 
�+a	� '� U&�� '� � ���
 ��
�5Q�;� �� ����� <� �d ��+� �@;&�� W(& ^�� �� =V��
��
 �5Q�;�

=V+�
��

�F)
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) lim
n→∞

(
n� − �

n� + �

)n−�

n+�

��) lim
n→∞ tann

(
π

�
+
�

n

)

��) lim
n→∞

�n − �−n

�n + �−n ��) lim
n→∞

(
n+ �

�n− �

)n�

��) lim
n→∞

(
�+

(−�)n

n

)csc

(
π
√
�+n�

)

��) lim
n→∞

{
m
√

(n+ a�) · · · (n+ am) − n
}

=����� ��B< lim
x→�

sin (�/x) �
 �+P� ���� 2�+

9!0 ��H

=��	�P �P�Q�D�� L� V�� ��+�& < Z�� ���	!� w�P�	"� ��x ����!
���� �� TV���	�S �P�Q�D�� ���� �� ���
 �� �t�d �P T^���&��&

=��"�& �� Y+34 _+� ����!

���C� L� ���Q�D�� {xn}∞n=a �+�
 i�: ������ �����
i<��� �@ Q�D�� �� k �h_B ��.�� T�� k ≥ a �P Ǳ�L� �& =%!�

[��5� Sk = xa + xa+� + · · · + xk =
k∑
j=a

xj 2��4 �& ��

��x {xn}∞n=a �(�� '8 (�)"� �� &�� �� {Sk}∞k=a �@ Q�D�� =V+�
��

�� <
∞∑
n=a

xn ��.� �& < 
�+��� wxn ���.C �@ 7.B

xa + xa+� + · · · + xn + · · ·

=V+P��� ����

�� mH T%!� �Q�D�� '� ��! �P ��$ �&�&)��� �����
��! �S� =%�S ^(! ������ �d ����S�< �� < ����G.P ����

����
∞∑
n=a

xn ��.� �& _+� �� �d � ���N� T�"�& ��G.P
∞∑
n=a

xn

��
∞∑
n=a

xn = lim
n→∞

n∑
k=a

xk ��	N+/� ��+& �& =V+P���

xa + xa+� + · · · + xn + · · · =

= lim
n→∞ {xa + xa+� + · · · + xn}

���L T%!� ��G.P � �&
∞∑
n=�

�

�n
��! 2� ��	
� 
����

∞∑
n=�

�

�n
= lim

n→∞

n∑
k=�

�

�k

= lim
n→∞

�− (�/�)n+�

�− (�/�)

= �− lim
n→∞

(
�

�

)n
= �

�=>=1 M&�;� ��+	� �� T lim
n→∞ un = � ���

lim
n→∞

n
√
�+ αn =

(
lim
u→�

(�+ u)�/u
) lim
n→∞αn/n

= exp
{

lim
n→∞

αn

n

}

� ^�� =V+�
 �D!�3� �� lim
n→∞

αn

n
� ���N� %!� �:�
 mH

���L T%!� ��4 �&��&

� ≤ lim
n→∞

αn

n
≤ lim
n→∞αn = �

=�"�&�� e� = � �&��& �p� ���� � T��+	� ��

=����� ��B< lim
x→∞ sinx �
 V+P� ���� 2�  �N�

yn = �nπ + π/� < xn = nπ ��P�Q�D�� ��p�� ^�� ���& =� 
2��4 ^�� �� =V��+S�� �p� �� ��

lim
n→∞ xn = lim

n→∞ yn = ∞

�
 �Q� ��

lim
n→∞ sin(xn) = lim

n→∞� = �,

lim
n→∞ sin(yn) = lim

n→∞� = �.

=����� ��B< lim
x→∞ sinx � �=>=1 �&��& T��+	� ��

=����� ��B< lim
x→�

tan (�/x) � �
 �+P� ���� 2+  �N�

yn =
�

�nπ + π
�

< xn =
�

nπ
��P�Q�D�� ��p�� ^�� ���& =� 

2��4 ^�� �� =V��+S�� �p� �� ��

lim
n→∞ xn = lim

n→∞ yn = �,

lim
n→∞ tan

(
�

xn

)
= �,

lim
n→∞ tan

(
�

yn

)
= �,

=�"�& ��B�� ������.� �p� ���� � T�=>=1 M&�;� ��+	� �� <

�P ���N� Tb > � < a > � �
 ����4 �� ������ 
�
��
��+�
 �D!�3� �� ��L �<� L� '�

�) lim
n→∞

n� + �n− �

�n� − n+ �
�) lim

n→∞n tan
(π
n

)

�) lim
n→∞n

(
n
√
�− �

)
�) lim

n→∞

(
a− �+ n

√
b

a

)n

�) lim
n→∞

(
n
√
a+ n

√
b

�

)n

, �) lim
n→∞

(
n+ �

n+ �

)n

	) lim
n→∞ cosn

(
�√
n

)
�) lim

n→∞n�
(

n
√
�− n+�

√
�

)

�F�
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+
(
�

�
+
�

�
+
�

�
+
�

�

)
+ · · ·

· · · +
(
�

�n
+

�

�n
+ · · · + �

�n

)
︸ ︷︷ ︸

���C �n−�

= �+
�

�
+
�

�
+
�

�
+ · · · + �

�︸ ︷︷ ︸
���C n

= �+
n

�

=��
�� �+� %����+& �& ��d 2��DC Tn→ ∞ �	/< �


���C�.�� �@ Q�D�� ���L T%!� ��S�<
∞∑
n=�

(−�)n ��! 2+  �N�

���
�.� r�4 �"�
 ��" �� �d �h_B

|Sn+� − Sn| =

∣∣∣∣∣
n+�∑
k=�

(−�)k −
n∑
k=�

(−�)k
∣∣∣∣∣

=
∣∣∣(−�)n+�

∣∣∣ = �

��+�
 �D!�3� �� ��L �����! ��.�� � ������ �����

�)
∞∑
n=�

�n− �

n�(n+ �)�

�)
∞∑
n=�

e−nα cos(nα), (α ∈ R)

�) �− �

�
+
�

�
− · · · + (−�)n

�n
+ · · ·

�)
�

�
+
�

�
+
�

�
+ · · · + �n− �

�n
+ · · ·

�)
�

�× �
+

�

�× 	
+ · · · + �

(�n− �)(�n+ �)
+ · · ·

�)
�

�× �× �
+

�

�× �× �
+ · · · + �

n(n+ �)(n+ �)

	)
∞∑
n=�

(√
n+ �− �

√
n+ �+

√
n
)

�) q sinα+ q� sin(�α) + · · · + qn sin(nα) + · · ·

-��	�P ��S�< '+���
 -�����G.P ��L �����! L� '� ���



)
∞∑
j=�

(−�)j

j + �
��)

∞∑
k=�

k�

�k

��)
∞∑
n=�

�√
n(n+ �)

��)
∞∑
n=�

�n

n!

���L T%!� ��G.P '� �&
∞∑
n=�

�

n(n+ �)
��! 2�  �N�

∞∑
n=�

�

n(n+ �)
= lim

n→∞

n∑
k=�

�

k(k + �)

= lim
n→∞

n∑
k=�

{
�

k
− �

k + �

}

= lim
n→∞

{
n∑
k=�

�

k
−

n∑
k=�

�

k + �

}

= lim
n→∞

{
�− �

n+ �

}
= �

��P�C�.�� �@ Q�D�� ���L T%!� ��G.P
∞∑
n=�

�

n!
��! 2�  �N�

�S� TU/�< �� =%!� ������
 O�& L� < ���54 �d �h_B

Sn =
n∑
k=�

�

k!
= �+

�

�
+ · · · + �

n!

���54 �Q�D�� 
�G�d

Sn+� = Sn +
�

(n+ �)!
> Sn

��"�&�� ������
 O�& L� <

Sn = �+
�

�
+
�

�
+ · · · + �

n!

≤ �+
�

�
+
�

�
+ · · · + �

�n−�

= �+
�− (�

�
)n

�− �

�

< �

�
 w
������ 
@��C �& ^��.� ����C �&x ��� ���� ������

lim
n→∞

(
�+

�

�
+
�

�!
+ · · · + �

n!

)
= lim

n→∞

(
�+

�

n

)n
= e

%.�/ �� ���L =%!� ��S�<
∞∑
n=�

�

n
'+�����P ��! 2�  �N�

�h_B ��P�C�.�� �@ Q�D�� �
 V���� ���� �>=0=1 ,�e� L� w>x
�+Q� =%!� ��S�< ^���&��& < ��
�.� r�4 �"�
 ��" �� �d

���<d ������ �d ���& _+� ��<�

S�n =
�

n∑
k=�

�

k

= �+
(
�

�

)
+

(
�

�
+
�

�

)

+
(
�

�
+
�

�
+
�

	
+
�

�

)
+ · · ·

· · · +
(

�

�n−� + �
+

�

�n−� + �
+ · · · + �

�n

)

≥ �+
(
�

�

)
+

(
�

�
+
�

�

)

�F0
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{Sn}∞n=a �
 %!� �d
∞∑
n=a

xn ��! ����G.P ���& �:�
 < �LO

=�"�& ������
 O�& L�

�@ Q�D�� ���L =%!� ��S�<
∞∑
n=�

�√
n
��! 2� ��	
� �����

Sn = �+
�√
�

+ · · · + �√
n

≥ �√
n

+
�√
n

+ · · · + �√
n︸ ︷︷ ︸

���C n

= n
�√
n

=
√
n

=�"�&�� ���
�& O�& L�

��G.P
∞∑
n=�

qn �!��P ��! 
�G�d T� < q < � �S� 2�  �N�

�@ Q�D�� ���L T%!�

Sn = �+ q + · · · + qn

=
�− qn+�

�− q

=
�

�− q
− qn+�

�− q

≤ �

�− q

=�"�&�� ������
 O�& L�

�	/< ���� < �	/<
∞∑
n=a

xn ��! �2W/' C/�I= �����
Ǳ�L� �& �
 ��" %:�� �� N '� T� < ε �P Ǳ�L� �& �
 %!� ��G.P

=
∣∣∣∣∣
m∑
k=n

xk

∣∣∣∣∣ < ε �� m > n �P < n ≥ N �P

{Sn} TO�& 2��<��� �& �
 ��" �B�� %!� �:�
 A7��S"
� =%!� ������
 O�& L� < ���54 ���Q�D��

T� < a ≤ � �

∞∑
n=�

�

na
����� ��! 2� ��	
� !����

�S� TU/�< �� =��
�.� r�4 �"�
 ��" �� ���L T%!� ��S�<

�G�d Tm = �n∣∣∣∣∣

m∑
k=n

�

ka

∣∣∣∣∣ =
�n∑
k=n

�

ka

≥
�n∑
k=n

�

k

≥
�n∑
k=n

�

�n
=
�

�

��)
∞∑
n=�

(n!)�

(�n)!
��)

∞∑
n=�

�√
(�n− �)(�n+ �)

��) �+
�

��
+

�

��
+ · · · + �

(�n− �)�
+ · · ·

��) �+
�

�
+
�

�
+ · · · + n

�n− �
+ · · ·

'� a < 
��& �� k �@B�� ���7.B ��$ '� P (x) 
�S �P 2�%

�D!�3� ��
∞∑
n=�

P (n)
n!

an ��! ���N� T�"�& 
��(Q� �N+N ��C

=�+�


�=�!0 ���!D�M 9�=7��-` %�H

V+N	�� �+l ���"<� L� _+� ����! %Q� �� T�P�Q�D�� �3& ����.P
��G.P �5Q�;� ���� ��! ��dz �
 W!�H ^�� �& �!�H ���&
=������� ���Ld �� ��"<� ^�� =��"�� 
���	!� y-�+� �� �"�&��
����5� ���� ����� �� T^���&��& q%!� ���L ��+�& �����Ld ^�� ���5�

=V+�
�� n�;� �� �����Ld ^��	.�� L�

����G.P ���& �LO ��" �2�/�+ �� :�K C/�I= �����
= lim
n→∞xn = � �
 %!� �d

∞∑
n=a

xn ��!

2��4 ^�� �� =%!� α �& ��G.P
α∑
n=a

xn V+�
 i�: A7��S"

lim
n→α

xn = lim
n→α

{
n∑
i=a

xi −
n−�∑
i=a

xi

}

= lim
n→α

n∑
i=a

xi − lim
n→α

n−�∑
i=a

xi

=
α∑
n=a

xn −
α∑
n=a

xn

= α− α = �

� =%!� ��.� ��P�& {+��� ^�� �& <

���L T%!� ��S�<
∞∑
n=�

(−�)n ��! 2� ��	
� �����

=����� ��B< fk 4� lim
n→∞(−�)n

T%!� ��S�<
∞∑
n=�

qn �!��P ��! 
�G�d T� ≤ |q| �S� 2�  �N�

= lim
n→∞ qn 
= � 2��4 ^�� �� ���L

�& ��! '�
∞∑
n=a

xn �S� �()�4-��' C/�I= 
����
��" 
�G�d TSn = xa + xa+� + · · ·xn < �"�& ������ 2f.B

�F>
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<
∞∑
n=a

xn �+�
 i�: �(43 ��$�	�� C/�I= �����

< ��B�� lim
n→∞

xn
yn

� < ��"�& %De� 2f.B �& ��! <�
∞∑
n=b

yn

����S�< < ����G.P T2��4 ^�� �� =�"�& %����+& < ��4 [Q�(�

��" ��4 lim
n→∞

xn
yn

�S� =%!� �8�
∞∑
n=b

yn <
∞∑
n=a

xn ��! <�

�S� =��& �P��� ��G.P _+�
∞∑
n=a

xn 
�G�d T�"�& ��G.P
∞∑
n=b

yn <

_+�
∞∑
n=b

yn 
�G�d T�"�& ��G.P
∞∑
n=a

xn < ��" %����+& lim
n→∞

xn
yn

=%!� ��G.P

��G.P
∞∑
n=�

n�

(�+ �/n)n
��! 2� ��	
� �#����

���L T%!�

lim
n→∞

n�/

(
�+

�

n

)n
n�/�n

= lim
n→∞

(
�+

�

�n

)−n

=

{
lim
n→∞

(
�+

�

�n

)�n
}−�/�

= e−�/�

=w-��$x %!� ��G.P
∞∑
n=�

n�

�n
��! <

���L T%!� ��S�<
∞∑
n=�

�n+ �√
n� + �n− �

��! 2�  �N�

lim
n→∞

n+�√
n�+�n−�

�√
n

= lim
n→∞

�n� + n√
n� + �n� − n

= lim
n→∞

�+ �

n√
�+ �

n�
− �

n�

= �

L� w0x %.�/ �&��&x
∞∑
n=�

�√
n

=
∞∑
n=�

�

n�/�
����� ��! <

=%!� ��S�< F=6=1

��! '�
∞∑
n=a

xn �+�
 i�: �H��5;�[ C/�I= ������
�� =��	�P ���� < %De� ��+� �� �8� �P xn ��5� T%!� ���!��

�d
∞∑
n=a

xn ��! ����G.P ���& �:�
 < �LO ��" T2��4 ^��

=�"�& ��4 �& ��G.P < �Q<_� {|xn|}∞n=a �@ Q�D�� �
 %!�

lim
n→α

xn Txn ≥ xn+� �� n �P Ǳ�L� �& V+�
 i�: A7��S"
���� V+P����� 2��4 ^���� =xn > � < %!� ��4

�� ���L T%!� ��G.P T� < a �

∞∑
n=�

�

na
����� ��! 2�  �N�

=w-��$x lim
n→∞

an

na
= � �8�d �+Q� �& ���
�� r�4 �"�
 ��"

^�� �� =an < na 
�G�d Tn ≥ N� �S� �
 %�P �� N� T^���&��&
2��4∣∣∣∣∣

m∑
k=n

�

ka

∣∣∣∣∣ =
m∑
k=n

�

ka

≤
m∑
k=n

�

ak

=
�

an

�−
(
�

a

)m−n+�

�−
(
�

a

)
<

�

(a− �)an−�

��+	� �� T� < �

a
< � ��$ <

lim
n→∞

�

(a− �)an−�
=

a

a− �
lim
n→∞

(
�

a

)n
= �.


�G�d Tn > N �S� �
 %�P �� N '� T� < ε �P Ǳ�L� �& mH
=��"�� �	8$�
 ε L� �p� ���� �����

<�
∞∑
n=b

yn <
∞∑
n=a

xn �+�
 i�: ��$�	�� C/�I= "����
V+"�& �	"�� �� n ≥ N �P Ǳ�L� �& < ��"�& %De� 2f.B �& ��!


�G�d T� ≤ xn ≤ yn

=�"�&�� ��G.P _+�
∞∑
n=a

xn 
�G�d T�"�& ��G.P
∞∑
n=b

yn �S� w[Q�

=�"�&�� ��S�< _+�
∞∑
n=a

yn 
�G�d T�"�& ��S�<
∞∑
n=b

xn �S� w�

���L T%!� ��G.P
∞∑
n=�

�n + �

�n + �
��! 2� ��	
� �����

�n + �

�n + �
<
�n + �n

�n
= �

(
�

�

)n

=w
∣∣∣∣��

∣∣∣∣ < � ���Lx %!� ��G.P
∞∑
n=�

(
�

�

)n
�!��P ��! <

���L T%!� ��S�<
∞∑
n=�

�√
n� − �

��! 2�  �N�

�

n
=

�√
n�

<
�√

n� − �

=%!� ��S�<
∞∑
n=�

�

n
'+�����P ��! <
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< g(x) ≥ � 
�G�d Tx ≥ e �S� mH = g′(x) =
�

x

�G�d TV��+G&

�:�X L� =%!� ���54 f ′(x) ^���&��&

f ′(e) = f(e)
�− �

e�
= �

f(x) T^���&��& =f ′(x) ≥ � �� x ≥ e �P ��L� �& ��+	� ��
�t���$ �
 ��
�� %&�E ^�� =%!� ���54 [e; +∞) 
@L�& �&

=xn+� = f(n+ �) > f(n) = xn 
�G�d Tn ≥ � > e

����� �� ���L =%!� ��S�< �− �

�
+
�

�
− �

�
+ · · ·��! �  �N�

�
 ���S�� �p f� =xn = (−�)n n+�
n

lim
n→α

xn = lim
n→α

(−�)n
n+ �

n

= lim
n→α

(
�+

�

n

)
lim
n→α

(−�)n

= lim
n→α

(−�)n

=����� ��B< ��d � �


�+�
 i�: �2W/' 2O	;�-� C/�I= �
����
��" T2��4 ^�� �� =%!� %De� < �Q<_� ���Q�D�� {xn}∞n=�

��! �
 %!� �d ∑∞
n=� xn ����G.P ���& �:�
 < �LO

∞∑
n=�

�
nx�n = x� + �x� + �x� + �x	 + · · ·

=�"�& ��G.P

�
 V���� �B�� A7��S"

x� ≤ x�

x� + x� ≤ x� + x� = �x�

x� + x� + x� + x� ≤ x� + x� + x� + x� = �x� = �
�x��

===
x�n + x�n+� + · · · + x�n+�−� ≤ x�n + · · · + x�n︸ ︷︷ ︸

�� �n

= �
nx��

V���� TO�& ��P�;! ���
 U.B �& T^���&��&

�
n+�−�∑
k=�

xk ≤
n∑
k=�

�
k x�k ≤

∞∑
k=�

�
k x�k

T^���&��& < %!� ������
 O�& L�
∞∑
n=�

xn %De� 2f.B �& ��! mH

� =%!� ��G.P

������ � ��C ���& �
 ��" �B�� �TW�&&	� ������
=��� ���/ �� '� L� �	S�_& Y+34 ��C �P

�@ Q�D�� ��p�� ^�� ���& =%!� �]G.P
α∑

n=�

(−�)n xn �
 V+P�

�
 ��"�� �p f� =V��+S�� �p� �� �� Sn =
n∑
i=�

(−�)i xi

S� = x� > �

S� = x� − x�

= S� − x� < S�

S� = x� − x� + x�

= S� + (x� − x�) < S�

= S� + x� > S�

S� = x� − x� + x� − x�

= S� − x� < S�

= S� + (x� − x�) > S�

�� n �P Ǳ�L� �& �
 ���S�� �p f� Ǳ��N	!� �& mH

S� > S� > · · · > S�n > S�(n+�) > · · · > � w>=1 x
S� < S� < · · · < S�n+� < S�(n+�)+� < · · · < S� w9=1 x

%!� ������
 ��4 �& ^+��H L� < �Q<_� {S�n}αn=� �@ Q�D�� mH
�@ Q�D�� T
<fC �& =%!� ��G.P � ����� ���C �& ^���&��& <
=%!� ��G.P S� = x� �& O�& L� < ���54 {S�n+�}αn=�

�� n �P Ǳ�L� �& �:�X L� =%!� ��G.P m ����� ���C �& ^���&��&
^�� ^+:�X L� ��+S � �& T^���&��& =S�n−� < S�n+� < S�n

{Sn}αn=� �@ Q�D�� mH =� = m �� m ≤ � ≤ m V���� T�P�<�����
� =�"�&�� ��.� ��P�& < %!� ��G.P
∞∑
n=�

(−�)n+�

na
���!�� ����� ��! 2� ��	
� ������

|xn| = ����� �� T���L =�"�&�� ��G.P T%!� 
��(Q� a > � �

�%!� ��4 �& ��G.P < �Q<_� �/na

|xn+�| =
�

(n+ �)a
≤ �

na
= |xn|,

V���� T(� < a) %!� ���54 f(x) = xa U&�� ��$ <

lim
n→∞ |xn| = lim

n→∞
�

na
= �

�@ Q�D�� T���L q%!� ��S�<
∞∑
n=�

(−�)n/ n
√
n ��! 2�  �N�

%�fC T��� ^�� 
@�P��� ���& =%�+� �Q<_� |xn| = �/ n
√
n

��� =V+�
�� �!��& (�;∞) 
@L�& �& �� f(x) = x−�/x U&�� M	��

g(x) = lnx − � �� �d 2��4 �S� < f ′(x) = f(x)
ln x− �

x�
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�)
∞∑
n=�

�n+ �

n� + �n+ �
, �)

∞∑
n=�

�n − �

�n − �n
,

�)
∞∑
n=�

�+ (−�)n

�n+�
, �)

∞∑
n=�

(−�)n
√
n

n+ ���
,

	)
∞∑
n=�

(−�)n√
n+ (−�)n

, �)
∞∑
n=�

(−�)n+�

�− (�/�)n
,


)
∞∑
n=�

(−�)n+�

n�
√
n

, ��)
∞∑
n=�

(−�)n
sin� n
n

,

��)
∞∑
n=�

(−�)n−�
�n sin(�/n)

n
,

�)
∞∑
n=�

(√
n+ �−

√
n− �

)
,

��)
∞∑
n=�

�

n(lnn) {ln(lnn)} ,

��)
∞∑
n=�

�

n(lnn) {ln(ln�n)}�
.

J'&� ���!D�M 9�=7��-` *�H

�� < %De� 2f.B �& �����! �& UB�� �3& �@.P �D/ W(& ��
�+/ ^�� V+P����� =��& w���!��x 
�" ,�	�
 2f.B �& �����!
����"�� V+�N� ��_& 
@������ <� �& ����! ���G��� =V�����& ��

=�<��� ���G.P �����! < M7;� ���G.P �����!

&!��0� ����4 �� ��
∞∑
n=a

xn ��! ������ ��!��

��G.P �
 ����! =�"�& ��G.P
∞∑
n=a

|xn| ��! �
 V+h�S �PQ�

=��"�� 
�+��� i
�
� &!��0� T�"�D� M7;� ���G.P ��� T�"�&

T�"�&�� ��G.P TM7;� ���G.P ��! �P �
 %!� ^"<�
=%!� s7l {7;� ^�� m8C �Q<

∞∑
n=�

�

n
'+�����P ��! V+����� 2� ��	
� ��!��

'+�����P ��! �
 �Q� �� Tw9=9=1 L� w9x %.�/x %!� ��S�<

=w�0=6=1 L� w�x %.�/x %!� ��G.P
∞∑
n=�

(−�)n+�

n
���!��

=%!� �<��� ���G.P
∞∑
n=�

(−�)n+�

n
��! ��+	� ��

����� ��! < Tp > � �+�
 i�: 2� ��	
� ������
2��4 ^�� �� =V��+S�� �p� �� ��

∞∑
n=�

�/np

� ≤ xn+� =
�

(n+ �)p
≤ �

np
= xn

��! ���& ��8& ������ ���� ^�� �� �� �>=6=1 ���Ld ^���&��& <
�!��P

∞∑
n=�

�
nx�n =

∞∑
n=�

�
n �

(�n)p

=
∞∑
n=�

(
�

�p−�

)n

�	���& ��5� T�/�p−� < � �
 %!� ��G.P �	/< ���� < �	/<

�&
∞∑
n=�

�/np ����� ��! �	/< ���� < �	/< T^���&��& =� < p−�

=� < p �
 %!� ��G.P � < p ����

=%!� ��S�<
∞∑
n=�

�

n lnn
��! 2�  �N�

�@ Q�D�� �
 V+�
�� %&�E ��	&� {7;� ^�� ���� ���� ���&
V+�
�� �B�� T��p�� ^�� ���& =%!� �Q<_� < %De� {xn}∞n=�

%!� %De� [�; +∞) 
@L�& �& f(x) = x ln x U&�� M	�� %�fC �

���54 
L�& ^�� �& f(x) ^���&��& < wf ′(x) = lnx + � ���Lx
T�"�&�� �Q<_� 
L�& ^�� �& �

f(x)
=

�

x lnx
U&�� ��+	� �� =%!�

^���&��& <

� ≤ xn+� =
�

f(n+ �)
≤ �

f(n)
= xn

�
 V+�
 �� �B�� TmK!
∞∑
n=�

�
nx�n =

∞∑
n=�

�
n �

�n ln(�n)

=
∞∑
n=�

�

n ln�

=
�

ln�

∞∑
n=�

�

n

���Ld �&��& T��+	� �� =%!� ��S�<
∞∑
n=�

�

n
'+�����P ��! <

=�"�&��
∞∑
n=�

�

n lnn
��S�< ��! T�>=6=1

L� '� �P ����S�< < ����G.P �� ������ �!����
��+�
 �3& ��L �����!

�)
∞∑
n=�

nn+�/n

(n+ �/n)n
, �)

∞∑
n=�

n�

�n + �n
,
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= lim
n→∞

(
n+ �

n

)n

= lim
n→∞

(
�+

�

n

)−n
= e−� < �

T�"�&�� ��S�< T%!� 
��(Q� a 
= � �

∞∑
n=�

n!
an

��! 2�  �N�

���L

� = lim
n→∞

∣∣∣∣∣ (n+ �)!/an+�

n!/an

∣∣∣∣∣
= lim

n→∞
n+ �

|a| = ∞ > �

��! ����G.P �� 2�  �N�

(
�

�

)�

+
(
�

�
.
�

�

)�

+
(
�

�
.
�

�
.
�

	

)�

+ · · ·

=�+�
 �3&

��+	� �� =xn =
(

�.�. · · ·n
�.�. · · · (�n+ �)

)�

�Q��� ^�� �� =� 

� = lim
n→α

∣∣∣∣xn+�

xn

∣∣∣∣
= lim

n→α

(�n+ �)�

(n+ �)�

= lim
n→α

�n� + ��n+ 


n� + �n+ �
= � > �

=�"�&�� ��S�< 
�" 
��� ��! mH

'�
∞∑
n=a

xn �+�
 i�: �2W/' ��*�) C/�I= ��!��
^�� �� =�"�&�� ��B�� � = lim

n→∞
n
√
|xn| < %!� 
��(Q� ��!

2��4
��+	� �� < M7;� ���G.P

∞∑
n=a

xn ��! 
�G�d T� < � �S� w[Q�

=%!� ��G.P

=%!� ��S�<
∞∑
n=a

xn ��! 
�G�d T� > � �S� w�

=� ≤ � < � �S� 23(! �V��+S�� �p� �� %Q� <� A7��S"
�]Q < � < r < � �
 %�P r ����� ���C 2��4 ^�� ��
ε = r − � Ǳ�L� �& ���
� = lim

n→α

n
√
|xn| < r < � < r < �

��
∣∣∣ n
√|xn| − �

∣∣∣ < ε �� n > N �P Ǳ�L� �& �
 %�P �� N '�
��+	� �� =|xn| < rn mH =� ≤ n

√|xn| < r
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�G�d T� < � �S� = � = lim

n→∞n

(
xn
xn+�

− �

)
< 
��& %De�

=%!� ��S�< ��! T� > � �S� < %!� ��G.P
∞∑
n=�

xn ��!

< �LO ��" 2��4 ^�� �� =yn = �/nk V+�
 i�: A7��S"

�:�X L� =� < k �
 %!� �d
∞∑
n=a

yn ��! ����G.P ���& �:�


xn
xn+�

>
yn
yn+�

��5�

xn
xn+�

>
(n+ �)k

nk

=
(
�+

�

n

)k
= �+

k

n
+
k(k − �)
�n�

+ · · ·

��+	� ��

n

(
xn
xn+�

− �

)
> n

(
k

n
+
k(k − �)
�n�

+ · · ·
)

= k +
k(k − �)
�n

+ · · ·

L� �	S�_& �� k ������ lim
n→∞ n

(
xn
xn+�

− �

)
> � �S� ^���&��&

�<� ���Ld �& ��& mH T%!� ��S�<
∞∑
n=�

yn ��! ��$ < %:�S'�

=%!� ��S�< _+�
∑

xn ��! T����N�
� w^��.�x =���S�� 2�DE� �&��� 2��4 �& �<� %Q� 

��G.P
∞∑
n=�

�

bn − an
��! 
�G�d T� < a < b �S� 2�  �N�

< xn =
(
�

b

)n
V+�
�� i�: T{7;� ^�� 2�DE� ���& =%!�

T� <
�

b
< � ��$ T2��4 ^�� �� =yn = �/

((a
b

)n
− �

)
��$ T
<f5& =%!� ��G.P

∞∑
n=�

xn =
∞∑
n=�

(
�

b

)n
��! mH

mH =
(a
b

)n+�

<
(a
b

)n
^���&��& < a

b
< �mH Ta < b

yn = �÷
{(a

b

)n
− �

}
< �÷

{(a
b

)n+�

− �

}
= yn+�

^+�t.P =%!� ���54 yn �@ Q�D�� T��5�

lim
n→∞ yn = lim

n→∞�/
{(a

b

)n
− �

}
= −�

=%!� ��G.P T�"�&��
∑

xnyn �&��& �
 �p� ���� ��! T^���&��&

L� '� �P ����G.P T�&d ���Ld '.
 �& ������ ��"��
��+P� ���� �� ��L �����!

�)
∞∑
n=�

n− �

n+ �
n−�/���

�)
∞∑
n=�

n+ �

n!

�)
∞∑
n=�

p(p+ �) · · · (p+ n− �)
n!

× �

np

�)
∞∑
n=�

n�

�n + �n

<
∞∑
n=a

xn �S� �1�$�	�� . & C/�I=d ���� �#�"��

�� n ≤ a �P Ǳ�L� �& _+� < ��"�& %De� 2f.B �& ��! ��
∞∑
n=a

yn

��G.P _+�
∞∑
n=a

xn 
�G�d T�"�& ��G.P
∞∑
n=a

yn <
xn+�

xn
<
yn+�

yn

=%!�

V+�
 i�: A7��S"

Sn = xa + xa+� + · · · + xn

tn = ya + ya+� + · · · + yn

2��4 ^�� ��

Sn = xa

(
�+

xa+�
xa

+
xa+�
xa

+ · · · + xn
xa

)

= xa

(
�+

xa+�
xa

+
xa+�
xa

xa+�
xa

+ · · ·

· · · + xn
xn−�

xn−�
xn−�

· · · xa+�
xa

)

�I�



<��� <#1 $ �Q��8� I ��� �-�� .� /��0*1� I�I

xn =
(
�× � · · · (�n− �)
�× � · · · (�n)

)p
2��4 ^�� �� =���+G& �p� �� ��

^���&��& <

� = lim
n→∞n

(
xn
xn+�

− �

)

= lim
n→∞n

((
�n+ �

�n+ �
− �

)p)

= lim
x→∞

�− x

x

(
(�+ x)p − �

)
=

�

�
lim
x→∞

(�+ x)p − �

x

P= �

�
lim
x→∞

p(�+ x)p−�

�
=
p

�

��! 
�G�d Tp < � �S� T��+	� �� =x =
�

�n+ �
����� �� �


=�"�&�� ��S�< ��! T� < p �S� < %!� ��G.P 
�" 
���

+,	� -� .��/(0� H�H

%3� W(& �& T�K+� ��_:� ��� L� 
���	!� 2���N� 
@�P��� ���&
=��" �5B��� '� �j: L� ��� ^+.P

�7
 2��4 �(&4+ �� �	;-& ^� 43 �� ;�	A� �����
�%!� ��L �8" �& �Q�D�� '� � �@ D!�3�

limit(x(n), n = infinity)
�K+�

−−−−→ x(n) �@ Q�D�� � 
V���� lim

n→∞ (�− �/n)�n � �@ D!�3� ���� �� ���.� ���&

limit((1− 1/n)∧(2 ∗ n), n = infinity)
�K+�

−−−−→ e−2

�k����� �� � ��� T��
 �D!�3� �� �� ����	� �K+� �t���$
�P��� �fC� infinity T��" %����+& ���B �S� =��.� �P��� �fC�

=�"

�7
 2��4 �(&4+ (�� ^� )�4�� �� ;�	A� �����
�%!� ��L �8" �& ��! '� � ���N� �@ D!�3�

sum(x(n), n = a..infinity)
�K+�

−−−−→
�5& �& n = a L� x(n) ��! ��.��

V����
∞∑
n=�

(−�)n

n�
��! �@ D!�3� ���� �� ���.� ���&

sum((−1)∧n/n∧2, n = 1..infinity)
�K+�

−−−−→ −π
2

12

�	��	��� c��d �� � 
����
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html

=%!� 
�" 
��<d ��+�L ^�� �� �	�+& U&��� < ��Q�e�

�P Ǳ�L� �& �S� �12���)	E� C/�I=d ���� ���"��
� < � �S� 
�G�d T� = lim

n→ n ln
(

xn
xn+�

)
< xn > � �� n ≤ a

=%!� ��S�<
∞∑
n=a

xn ��! � > � �S� < ��G.P
∞∑
n=a

xn ��!

2��4 ^�� �� =yn = �/nk V+�
�� i�: _+� ����� �� A7��S"

xn
xn+�

>
yn
yn+�

⇔ xn
xn+�

>

(
�+

�

n

)
k

⇔ ln
(

xn
xn+�

)
> k ln

(
�+

�

n

)

⇔ n ln
(

xn
xn+�

)
> nk

{
�

n
− �

�n�
+

�

�n�
− · · ·

}

⇔ n ln
(

xn
xn+�

)
> k − k

�n
+

k

�n�
− · · ·

�& < q��
 ��(	�� '� L� �	S�_& �� k ������ � > � �S� T^���&��&

%Q� =��������
∞∑
n=a

xn ����S�< �&
∞∑
n=a

yn ����S�< T{+��� ^��

� =���S�� 2�DE� �&��� 2��4 �& �<�

< %!� �N+N ���C a �+�
 i�: 2� ��	
� �
�"��
����" &!'P0U 
� �� �� n �@ 7.B {��� xn

(�+ a)α =
∞∑
n=�

(
α

n

)
an

T��5� q�"�&�� a = −� ��L� �&

xn :=
(
α

n

)
(−�)n

=
α(α− �) · · · (α− n+ �)

n!
(−�)n

� < α − n + � 
�G�d Tn > n� := [α] + � �S� 2��4 ^�� ��
V+������ =��	�P %�fC VP �P an �@.P �5& �& n� L� ^���&��& <

2��4 ^�� �� =��	De� ���d �@.P �
 V+�
 i�:

� = lim
n→∞n

(
xn
xn+�

− �

)

= lim
n→∞n

(
n+ �

n− α
− �

)

= lim
n→∞

n(α+ �)
n− α

= α+ �

��! α < � �	/< T^���&��&
∞∑
n=�

xn =
∞∑
n=�

α(α − �) · · · (α− n+ �)
n!

(−�)n

=%!� ��G.P

��! 2�  �N�(
�

�

)p
+

(
�× �

�× �

)p
+

(
�× �× �

�× �× �

)p
+ · · ·

�I0
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�

x = x� �� ���;N� ����G.P ��=J �8"

�� ��
{

�

�+ x�n

}∞

n=a

�5&�� �@ Q�D�� 2� ��	
� �����
=�+&�+& �� �Q�D�� ^�� ���;N� � =���+G& �p�

� ^	:�� ���& =D = R < fn(x) =
�

�+ x�n
����� �� =� 

�V+�
�� �.C ��L \<� �& �d ���;N�

f(x)
���;N�

−−−−−−→ lim
n→∞ fn(x) = lim

n→∞
�

�+ x�n

=f(x) = � ^���&��& < lim
n→∞x�n = ∞ 
�G�d T|x| > � �S�

f(x) = ^���&��& < lim
n→∞x�n = � 
�G�d T|x| = � �S�

^���&��& < lim
n→∞x�n = � 
�G�d T|x| < � �S� = �

�+ �
=

�

�

< C = R ��.�� �� mH =f(x) =
�

�+ �
= �

f(x) =

⎧⎨
⎩
� |x| > � �S�
�/� |x| = � �S�
� |x| < � �S�

�Q< ����	!�+H �P fn(x) ��.� �
 ��"�� �p f� `M@!����
�%�+� f(x)

< �+������� ��� T�d UD� �& < _+Q��d ����� ^��	.�� L� �8�
U&��� L� ��
������ F �+�
 i�: =%!� {��N� �@ 7��� T,��G	��
[��5 � S �@ C�.�� � & �
 w�� ���7.B ��$ �� ���x ��"� & 
��!
������ ��d =%!� Df ⊆ S �@ ���� �& �5&�� y = f(x) < ���"��
�
 V+�
 �C�� V+���	& �
 �����S �& %:�� �� �� fn(x) ∈ F U&���

���	 & �D��N� �8" �& �/�� �� < -D �& f(x) =
∞∑
n=�

fn(x)

���& �&��B ^	:�� �j: ^�� L� v�P -��.� n�;� �� �C�� ^��
���
 �
 %����H V+P��� ,���! ^�� �& 
<f5& =%!� �7��� ^��

-��	�P V+.5� �&�/ f(x) U&�� �& fn(x) U&��� L� Z���

��3�4 �� O��7� ��I

=V+�
�� L�ld [��5� ��$ �&

�� n ≥ a �P ��L� �& �+�
 i�: �� �� � � �����
{fn(x)}∞n=a {��� 
@������ =�"�& D �@C�.�� �& U&�� '� fn(x)
D '8 C�!� 
 fn(x) 2F! n '8 P0U ��d ���0� '8 P0U �� ����� '8 (�)"� ��

=V+�����
'� {fn(x�)}∞n=a �� x� ∈ D �P ��L� �& �
 %!� \<�
�& �5&�� ����C �& �� �5&�� �@ Q�D�� �P ��5� T%!� ���C �@ Q�D��

=��.� ��j� ������ y���Q�D��z ���N� < �N+N �+a	�
��G.P {fn(x)}∞n=a �
 ���P x ∈ D �@.P C �@C�.��
x ∈ �P ��L� �& �S� =V+����� '(�)"� ��!��0� '8 C�!� �� %!�
&!'QK" �� ���� �� f(x) U&�� T lim

n→∞ fn(x) = f(x) �� C
V+������ < 
�+��� {fn(x)}∞n=a

lim
n→∞ fn(x)

���;N�
−−−−−−→ f(x),

(
C �&

)
=��" �B�� �=J �8" �&

�I>



	
4�5 <#1 $ �Q��8� J ��� 	
4�5 �� Q��8� ��J

< ���" [��5� U �& g(x) < f(x) �S� ����� �����

�G�d Ta ∈ R

�) ‖f‖U ≥ �

�) ‖f‖U = �⇒ f ≡ �

(
U �&

)
�) ‖af‖U = |a| ‖f‖U
�) ‖f + g‖U ≤ ‖f‖U + ‖g‖U

=%!� ����& w�x V8 |f(x)| ≤ ��� x �P Ǳ�L� �& ��$ A7��S"
����& 
�G�d U �& f ≡ �S� �
 V+�
�� �B�� w0x V8 2�DE� ���&
‖f‖U = � �]Q < |f(x)| = � �� x ∈ U �P Ǳ�L� �& �
 %!�
Ǳ�L� �& mH =sup{|f(x)| |x ∈ U} 
�G�d ‖f‖U = � �S� m85Q�&

�� x ∈ U �P

� ≤ |f(x)| ≤ sup{|f(x)||x ∈ U} = �

=f(x) = � ^���&��& <
�
 V+�
�� �B�� w>x 2�DE� ���&

‖af‖U = sup{|af(x)| |x ∈ U}
= |a| sup{|f(x)| |x ∈ U}
= |a| ‖f‖U

|a+ b| ≤ |a|+ ��$ �
 ���S�� �p f� w9x ���� �� ^+�t.P
mH T|b|

‖f + g‖U = sup{|f(x) + g(x)||x ∈ U}
≤ sup{|f(x)| + |g(x)||x ∈ U}
≤ sup{|f(x)| |x ∈ U} + sup{|g(x)| |x ∈ U}
= ‖f‖U + ‖g‖U

� =%!� ��.� ��P�& <

�5&�� �@ Q�D�� �8��� ���& �:�
 < �LO ��" ����� !����
%!� �d �"�& �8�8� ���G.P y = f(x) �& U �& {fn(x)}∞n=a

�P ��L� �& �
 ���S %:�� �� Nε '� Tε > � �P ��L� �& �

�G�� ��+& �& =‖fn(x) − f(x)‖U < ε �� n > Nε

lim
n→∞ fn(x)

�8�8�
−−−−−−→ f(x) ,

(
U �&

)
⇔ lim

n→∞ ‖fn(x) − f(x)‖U = �

�& ^���&��& = lim
n→α

‖fn(x) − f(x)‖U = � V+�
 i�: A7��S"

�G�d n ≥ N �S� �
 %�P �� N '� �� ε > � �P Ǳ�L�

,��5� ��X �& �� T‖fn(x) − f(x)‖U < ε

sup{|fn(x) − f(x)| |x ∈ U} < ε

=���+G& �p� �� ��
{(
�+

x

n

)n}∞

n=�
�5&�� �@ Q�D�� 2�  �N�

��C [��5� L� T
<f5& =D = R < fn(x) =
(
�+

x

n

)n
����� ��


�G�d Tx 
= � �S� �
 ��"�� ��+	� e

f(x) = lim
n→∞ fn(x)

= lim
n→∞

(
�+

x

n

)n
= lim

n→∞

{(
�+

x

n

)n/x}x
= ex

��.�� �� T^���&��& =f(�) = fn(�) = � 
�G�d Tx = � �S� <
< C = R

lim
n→∞

(
�+

x

n

)n ���;N�
−−−−−−→ ex,

(
R �&

)

�5&�� �@ Q�D�� �+�
 i�: �7Q*Q� 43 ����� 
����
����4 �� =%!� ���;N� ���G.P f(x) �& C �& {fn(x)}∞n=a

&!��0� f(x) �& U ⊆ C �& {fn(x)}∞n=a �5&�� �@ Q�D�� V+h�S��
���S %:�� �� Nε 
��(Q� ε > � �P ��L� �& �
 %!� D.
.�
V+"�& �	"�� 
��(Q� n ≥ Nε �P < 
��(Q� x ∈ U �P ��L� �& �


V+������ %Q� ^�� �� =|fn(x) − f(x)| < ε

lim
n→∞ fn(x)

�8�8�
−−−−−−→ f(x),

(
U �&

)
=��" �B�� 0=J �8" �&

�
U �& �8�8� ����G.P �0=J �8"

[��5� S ⊆ R �& y = f(x) �+�
 i�: ������ �����
�V+�
�� [��5� ��L 2��j& �� S �& f(x) D.
.� F�" =��"

=‖f‖S := sup {|f(x)| |x ∈ S }

�e
�� ��5� �& ����H�! Supremum �@.7
 [�(� sup

���& 
�G�d T�"�& �	!�+H S �& f(x) �S� �
 %!� ��� ���/ =%!�
=���S�� 
���	!� w�"�&�� Maximum [�(� �
x max L� sup

�d ��O�& ���
 ^��	8$�
 ��5� A �@C�.�� ����H�! TM+/� ��;&
=sup[�;�] = sup[�;�) = � fk e� =�C�.��

�I9



	
4�5 �� Q��8� ��J 	
4�5 <#1 $ �Q��8� J ���

= lim
n→∞ sup {|fn(x) − f(x)| |� ≤ x ≤ �}

= lim
n→∞ sup

{∣∣∣∣ �

�+ x�n
− �

∣∣∣∣
∣∣∣∣� ≤ x < �

}

∪
{∣∣∣∣�� − �

�

∣∣∣∣
∣∣∣∣x = �

}

= lim
n→∞ sup

{
x�n

�+ x�n

∣∣∣∣∣� ≤ x < �

}

(�)
=

�

�

= �

w%:� ��8& w�x ,�e� �� �
 �t�d ����.P �"<� �&x �� w�x �<���
=�+�
 2�DE�

�5&�� �Q�D�� 
�G�d TU ⊆ [�;∞) ��" i�: �S� ,� ^�� �&
=�"�&�� �8�8� ���G.P ��4 �& U �& i<���

�& T2��4 ^�� �� =fn(x) =
sin(nx)
n

�+�
 i�: 2�  �N�
�� x ∈ R �P ��L�

|f(x)| =
∣∣∣ lim
n→∞ fn(x)

∣∣∣
= lim

n→∞

∣∣∣∣sin(nx)
n

∣∣∣∣
≤ lim

n→∞
�

n
= �

^���&��&

lim
n→∞ fn(x)

���;N�
−−−−−−→ �,

(
R �&

)
���L T%!� �8�8� ����G.P ^�� T
<f5&

lim
n→∞ ‖fn(x) − f(x)‖R =

= lim
n→∞ sup {|fn(x) − �|| x ∈ R}

= lim
n→∞ sup

{ | sin(nx)|
n

∣∣∣∣ x ∈ R

}

= lim
n→∞

�

n
sup {| sin(nx)|| x ∈ R}

= lim
n→∞

�

n
sup {| sinx||� ≤ x ≤ �π}

= lim
n→∞

�

n
= �

=U = [�;�] < fn(x) = nx(� − x)n �+�
 i�: 2�  �N�
�S� ��� =fn(x) = � 
�G�d Tx = � �� x = � �S� T2��4 ^�� ��

^���&��& < � < �− x < � 
�G�d Tx ∈ (�;�)

lim
n→∞ fn(x) = lim

n→∞nx(�− x)n

(�)
= x lim

n→∞
n

an

(�)
= x lim

y→∞
y

ay

P= x lim
y→∞

�

ay ln a
= �

V���� sup [��5� M&�;� T^���&��&

∀x ∈ U : |fn(x) − f(x)| < ε

=%!� ��G.P U �& f(x) �& �8" '� ��X �& {fn(x)} �@ Q�D�� mH
�& �8" '� ��X �& U �& {fn(x)} �@ Q�D�� V+�
 i�: ,� 
�& �
 %�P �� N 
��(Q� ε > � Ǳ�L� �& mH =�"�& ��G.P f(x)

��+	� �� =|fn(x) − f(x)| < ε �� n ∈ U �P n > N �P Ǳ�L�

{|fn(x) − f(x)| |x ∈ U} < ε

V���� Tsup [��5� �&��& mH

‖fn(x) − f(x)‖U = sup{|fn(x) − f(x)| |x ∈ U} < ε

� = lim
n→α

‖fn(x) − f(x)‖U = � ��+	� �� <

U = [�;�/�] �& {xn}∞n=� �@ Q�D�� 2� ��	
� "����
���L =%!� f(x) = � �& �8�8� ���G.P

lim
n→∞ ‖xn − �‖U = lim

n→∞ sup
{
xn

∣∣∣∣� ≤ x ≤ �

�

}

= lim
n→∞

(
�

�

)n
= �

���;N� � U&�� �& �8�8� ���G.P U = [�;�] �& �
 �Q� ��
���L q%�+� ���

f(x)
���;N�

−−−−−−→ lim
n→∞ fn(x) = lim

n→∞xn

=
{
� � ≤ x < � �S�
� x = � �S�


<f5& <

lim
n→∞ ‖xn − f(x)‖U = lim

n→∞ sup {|xn − f(x)||� ≤ x ≤ �}

��4 �P x 
= � ��L� �& y = f(x) < |�n − f(�)| = � ��$
V+����& V+������ O�& 2��DC ���& ^���&��& T%!�

= lim
n→∞ sup {xn|� ≤ x < �}

= lim
n→∞

(
lim
n→�−

xn
)

= lim
n→∞� = �

�8�8� y = f(x) �& {fn(x)}∞n=� �@ Q�D�� ����G.P T��+	� ��
=%�+�

�8�8� ���G.P [�;�] �&
{

�

�+ x�n

}∞

n=�

�@ Q�D�� 2�  �N�
���L =w0=�=J ,�e� L� w�x %.�/x %�+�

lim
n→∞ ‖fn(x) − f(x)‖U

�I6



	
4�5 <#1 $ �Q��8� J ��� 	
4�5 �� Q��8� ��J

����G.P �+Q� �& 2��4 ^�� �� =x� ∈ U V+�
 i�: B^ 7��S"
�� N� '� ε > � Ǳ�L� �& f(x�) �& x = x� �� {fn} ���;N�
=
∣∣fn(x)− fm(x�)

∣∣ < �/� �� n,m ≥ N� �P Ǳ�L� �& �
 %�P
Ǳ�L� �& ^���&��& T%!� ��G.P U �& �8" '� ��X �& {f ′

n} ��$
< �� m,n > N� �P Ǳ�L� �& �
 %�P �� N� '� ε > � �P
�S� ,� =

∣∣f ′
n(x) − f ′

m(x�)
∣∣ < ε/�(b− a) �� x ∈ [a, b] �P


�G�d x ∈ [a, b] < m,n > N < N = max{N�, N�}

∣∣fn(x�) − fm(x�)
∣∣ < ε

�
,∣∣f ′

n(x) − f ′
m(x)

∣∣ < ε

�(b − a)

�@ +A/ �& ��& 2��4 ^�� �� =[t, x] ⊆ [a, b] < ϕ = fn−fm V��+S
< t < β < x �
 %�P �� β R���SO

ϕ(x) − ϕ(t) = (x− t)ϕ′(β)

^���&��&

∣∣fn(x) − fm(x) − fn(t) + fm(t)
∣∣ =

=
∣∣(x− t)(f ′

n(β) − f ′
m(β))

∣∣
<

∣∣x− t
∣∣ ε

�(b− a)
≤ ε

�

< �� x ∈ [a, b] �P Ǳ�L� �& T���
� =n,m ≥ N < x, t ∈ [a; b] �S�
V���� �� n,m ≥ N �P

∣∣fn(x) − fm(x)
∣∣ =

∣∣fn(x) − fm(x) − fn(x�)

+fm(x�) − fn(x�) + fm(x�)
∣∣

≤ ∣∣fn(x) − fm(x) − fn(x�) + fm(x�)
∣∣

+
∣∣fn(x�) − fm(x�)

∣∣
<

ε

�
+
ε

�
= ε

=%!� �8" '� ���G.P [a, b] �& {fn} ^���&��& <
���G.P g �& {f ′

n} < ����	!�+H �.P �P f ′
n i�: M&�;� ��$

V���� �� y ∈ [a; b] �P Ǳ�L� �& =%!� �8" '�

lim
n→α

∫ y

a

f ′
n(x) dx =

∫ y

a

g(x) dx

lim
n→α

{fn(y) − fn(a)} =
∫ y

a

g(x) dx

lim
n→α

fn(y) = f(y) c< T%!� ���;N� ���G.P f �& {fn} �Q<
��+	� �� lim

n→α
fn(a) = f(a) <

∫ y

a

g(x) dx = f(y) − f(a) =⇒ f ′(y) = g(y)

L� w0x �� < a =
�

�− x
%!� 
�" i�: w�x �� �8��� Y+���

^���&��& =%!� 
�" 
���	!� �=>=1

lim
n→∞ fn(x)

���;N�
−−−−−−→ �,

(
[�;�] �&

)

�G�d Txn =

�

n+ �
�S� ���L T%�+� �8�8� ����G.P ^�� ���

lim
n→∞ fn(xn) = lim

n→∞

(
�− �

n+ �

)n+�

(�)
= lim

x→∞

(
�− �

x

)x
= e−�

^���&��& =%!� 
�" 
���	!� �=>=1 �@ +A/ L� w>x �� �

=%!� ��4 [Q�(� ��+	� �� < lim

n→∞ ||fn(xn) − �||U ≥ e−�

U �& {fn(x)}∞n=a �5&�� �@ Q�D�� �+�
 i�: ����� �����
=%!� �8�8� ���G.P y = f(x) �&

_+� f(x) 
�G�d T�"�& �	!�+H x� ∈ U �� fn(x) %D/�C �S� w[Q�

<f5& < %!� �	!�+H x� ��

lim
x→x�

f(x) = lim
n→∞

(
lim
x→x�

fn(x)
)

< 
��& ���;N� ���G.P f(x) �& [a; b] ⊆ U �& fn(x) �S� w�
�� n �P ��L� �& < �"�& �8�8� ���G.P [a; b] �& {f ′(x)}
�8�8� ���G.P [a; b] �& f 
�G�d T�"�& �	!�+H [a; b] �& f ′

n

= lim
n→∞ f ′

n = f ′ < %!�

�& {fn} < 
��& ��]KQ��G	�� [a; b] �& fn �� n _P ��L� �& �S� w|
[a; b] �& _+� f(x) 
�G�d T�"�& �8�8� �Q�G.P f �& [a; b]


<f5& < %!� ��]H,��G	��∫ b

a

f(x)dx = lim
n→∞

∫ b

a

fn(x) dx

fn(x) �� n �P Ǳ�L� �& ��$ =x� ∈ U V+�
 i�: B_!" A7��S"
�� δ > � '� �� ε > � �P Ǳ�L� �& mH T%!� �	!�+H x� ��


�G�d Tx ∈ U < |x− x�| < δ �S� �
 %�P∣∣fn(x) − fn(x�)
∣∣ < ε

�

�� N '� ε > � Ǳ�L� �& mH f(x�) = lim
n→α

fn(x�) ��$∣∣fn(x) − fn(x�)
∣∣ < ε/� �� n ≥ N� �P Ǳ�L� �& �
 %�P

ε > � Ǳ�L� �& mH T%!� f �& �8" '� ���G.P {fn} ��$
�� x ∈ U �P < �� n ≥ N� �P Ǳ�L� �& �
 %�P �� N� '�
Tn ≥ N = max{N�, N�} �S� mH =

∣∣fn(x) − fn(x�)
∣∣ < ε/�

V���� x ∈ U < |x− x�| < δ∣∣f(x) − f(x�)
∣∣ =

∣∣f(x) − fn(x) + fn(x)

−fn(x�) + fn(x�) − f(x�)
∣∣

≤ ∣∣f(x) − fn(x)| + |fn(x) − fn(x�)
∣∣

+
∣∣fn(x�) − f(x�)

∣∣ < �
ε

�
= ε

�IF



	
4�5 �� Q��8� ��J 	
4�5 <#1 $ �Q��8� J ���

V���� x� �& x���5� �& �� <

�− x� + x� − · · · + (−�)nx�n + · · ·
�8�8�

−−−−−−→ �

x� + �
,

(
[−a; a] �&

)
V���� U = [−a; a] ⊆ (−�;�) �& T��+GQ��G	�� < ��+GN	�� �&

�+ �x+ �x� + · · · + (n+ �)xn + · · ·
�8�8�

−−−−−−→ �

(�− x)�

�− �x+ �x� − · · · + (−�)n(n+ �)xn + · · ·
�8�8�

−−−−−−→ �

(�+ x)�

x− x�

�
+
x�

�
− · · · + (−�)n

xn+�

n+ �
+ · · ·

�8�8�
−−−−−−→ ln(x+ �)

x− x�

�
+
x�

�
− · · · + (−�)n

x�n+�

�n+ �
+ · · ·

�8�8�
−−−−−−→ arctanx

{fn} V+�
 i�: �1?/' C/�I=d ���� �#����
�& U �& {fn} �8��� ���& �:�
 < �LO ��" =%!� U �& ���Q�D��
ε > � �P Ǳ�L� �& �
 %!� ^�� �"�& �8" '� ���G.P f �5&��
�� x ∈ U �P < �� n,m > N �P Ǳ�L� �& �
 %�P �� N '�

=|fm(x) − fn(x)| < ε

�8" '� ���G.P f �5&�� �& U �& {fn} V+�
 i�: A7��S"
n ≥ N �P Ǳ�L� �& �
 %�P �� N '� ε > � Ǳ�L� �& mH =�"�&
�P Ǳ�L� �& ���
� =|fn(x) − f(x)| > ε/� �� x ∈ U �P <

V���� x ∈ U �P < n,m ≥ N

|fm(x) − fn(x)| = |fm(x) − f(x) − fn(x) + f(x)|
≤ |fm(x) − f(x)| + |fn(x) − f(x)|
<

ε

�
+
ε

�
= ε

Ǳ�L� �& �
 %�P �� N '� ε > � �P Ǳ�L� �& V+�
 i�: ,� 
Ǳ�L� �& =|fm(x) − fn(x)| < ε �� x ∈ U �P < m,n ≥ N �P
< ��
�� r�4 �"�
 ��" �� {fn(x)} �@ Q�D�� T%&�E x ∈ U �P
�@ Q�D�� �
 V+P��� ���� =%!� ��G.P f(x) ����� ���C �& �]Q
=%!� �8" '� ���G.P x �→ f(x) �@;&�� �& f U&�� �& fn
��" �� α �& n ���� �+� < m ≥ N ^	:�S %&�E �& ���
�

�
 V��+S�� ��+	� |fm(x) − fn(x)| < ε∣∣∣fm(x) − lim
n→∞ f(x)

∣∣∣ < ε

� =%!� ��.� ��P�& < =|fm(x) − f(x)| < ε ��

=[a, b] �& lim
n→α

f ′(x) = f ′(x) mH
�P Ǳ�L� �& �
 %�P N ����� ���C ε = � Ǳ�L� �& B` 7��S"

��+	� �� =
∣∣fn(x) − f(x)

∣∣ < � �� x ∈ [a, b] �P < n ≥ N

∣∣f(x)
∣∣ =

∣∣fn(x) + f(x) − fn(x)
∣∣

≤ ∣∣fn(x)∣∣ +
∣∣f(x) − fn(x)

∣∣
<

∣∣fn(x)∣∣ + �

��+	� �� =%!� ������
 [a, b] �& mH T%!� ��]H ,��G	�� fn ��$
%�P �� N '� 
��(Q� ε > � Ǳ�L� �& ���
� =%!� ������
 _+� f
�& =

∣∣fn(x) − f(x)
∣∣ < ε

b− a

�G�d Tx ∈ [a; b] < n > N �S� �


{+��� ^��∣∣∣∣∣
∫ b

a

fn(x) dx −
∫ b

a

f(x) dx

∣∣∣∣∣ =

∣∣∣∣∣
∫ b

a

{fn(x) − f(x)} dx
∣∣∣∣∣

≤
∫ b

a

∣∣fn(x) − f(x)
∣∣ dx

≤
∫ b

a

ε

b− a
dx = ε

� =%!� ��G.P
∫ b

a

f(x) dx �&
∫ b

a

fn(x) dx �@ Q�D�� ^���&��&

=ex := lim
n→∞

(
�+

x

n

)n
[��5� M&�;� 2� ��	
� �����

�@ Q�D�� �� [a; b] �@ 	�& 
@L�& �P �& �
 �+�
 %&�E ^��.� ����C �&
��$ T��+	� �� =%!� �8�8� ���G.P ex U&�� �&

(
�+

x

n

)n

<f5& =%!� �	!�+H _+� ex mH T����	!�+H �P fn(x) �@.P

(ex)′ = lim
n→∞n

�

n

(
�+

x

n

)n−�
= lim

n→∞

(
�+

x

n

)n (
�+

x

n

)−�
= ex

�p� �� ��
∞∑
n=�

xn =

{
n∑
k=�

xk

}∞

n=�

�5&�� �@ Q�D�� 2�  �N�

�
 ��"�� �p f� =���+G&

lim
n→∞ fn(x)

���;N�
−−−−−−→ �

�− x
,

(
(−�;�) �&

)
TU = [−a; a] ⊆ (−�;�) �S� �
 �+P� ���� ^��.� ����C �&

�"�&�� �8�8� 2��j& U �& ����G.P 
�G�d

�+ x+ x� + · · · + xn + · · ·
�8�8�

−−−−−−→ �

�− x
,

(
[−a; a] �&

)
V���� −x �& x���5� �& T^���&��&

�− x+ x� − · · · + (−�)nxn + · · ·
�8�8�

−−−−−−→ �

x+ �
,

(
[−a; a] �&

)
�II



	
4�5 <#1 $ �Q��8� J ��� 	
4�5 <#1 ��J

Sa+�(x) = fa(x) + fa+�(x), · · ·

Sn(x) =
n∑
k=a

fk(x),

�Q�� �@ Q�D�� �& �5&�� ��! �� �Q�D�� ^�� =V+�
�� [��5�

=V+P��� ����
∞∑
n=a

fn(x) ��.� �& < 
�+��� {fn(x)}∞n=a

{Q�;� �@.PmH T%!� �5&�� �@ Q�D�� '� �5&�� ��! �P ��$
L� =��
�� ��+H s&� _+� Z�j(& �@ 	!� ^�� �& �D/ W(& ��

=�8�8� ����G.P �7.B

C �&
∞∑
n=a

f(x) �5&�� ��! �+�
 i�: ����� �����
���& �:�
 < �LO ��" =%!� ���;N� ���G.P y = f(x) �&
� < ε �P ��L� �& �
 %!� �d �5&�� ��! ^�� �8�8� ����G.P

�� n > Nε �P ��L� �& �
 ���S %:�� �� Nε '�

‖
n∑
k=a

fk(x) − f(x)‖U < ε

�	/< ���� < �	/< T�G�� ��+& �&
∞∑
n=a

fn
�8�8�

−−−−−−→ f(x),
(
U�&

)

= lim
n→∞

∥∥∥∥∥
n∑
k=a

fk(x) − f(x)

∥∥∥∥∥
U

= � �


� =�"�&�� F=�=J �@ +A/ L� �j:f& ����+	� ^��

���G.P y = f(x) �& U �&
∞∑
n=a

fn(x) �S� ����� 
����

�G�d T�"�& �8�8�

_+� f(x) 
�G�d T��"�& �	!�+H x� ∈ U �� �P fn(x) �@.P �S� w[Q�
=%!� �	!�+H x� ��

_+� f(x) 
�G�d T��"�& �	!�+H x� ∈ U �� �P fn(x) �@.P �S� w�

=f ′(x�) =
∞∑
n=a

f ′
n(x�) 
<f5& < %!� ��]HM	�� x� ��


�G�d T��"�& ��]H,��G	�� [α;β] ⊆ U �& �P fn(x) �@.P �S� w|

<f5& < �"�&�� ��]KQ��G	�� [α;β] �& _+� f(x)

∫ β

α

f(x) dx =
∞∑
n=a

∫ β

α

fn(x) dx

� =�"�&�� 6=�=J �@ +A/ L� �j:f& ����+	� ^��

T%!� ���C ��! '� ���;N� �P �� �5&�� ��! �P ��$
�& ������ �� ���C �����! ����G.P ������Ld ��.� mH
�8" �& ��� =��� V+.5� �5&�� �����! ���& ���;N� 2��4

-��;$ �+S��:

����G.P < ���;N� ����G.P ���� �� ������ ������
�!��& �� 
�" 
��� ��P�C�.�� �& 
�" 
��� ��P�Q�D�� �8�8�

��+�


�) fn(x) = xn − xn+�, U = [�;�],

�) fn(x) = xn − xn+�, U =
[
�;
�

�

]
,

�) fn(x) = xn − x�n, U = [�;�],

�) fn(x) =
�

x+ n
, U = (�; +∞),

�) fn(x) =
nx

�+ n+ x
, U = [�;�],

�) fn(x) =
xn

�+ xn
, U =

[
�;
�

�

]
,

	) fn(x) =
xn

�+ xn
, U = [�;�],

�) fn(x) =
�nx

�+ n�x�
, U = [�;�],


) fn(x) =
�nx

�+ n�x�
, U = (�; +∞),

��) fn(x) =

√
x� +

�

n�
, U = R,

��) fn(x) =
sin(nx)
n

, U = R,

��) fn(x) = arctan(nx), U = (�; +∞),

��) fn(x) = n(x
�

n − �), U = [�; a],� < a,

���G.P [�;�] �&
{
−nxe−nx�

}∞

n=�
�
 �+P� ���� w�6

�5&�� ��! ���;N� � f(x) �S� T
<f5& =%�+� �8�8�

�G�d T�"�& 
�" 
���

= lim
n→∞

∫ �

�

fn(x) dx 
=
∫ �

�

f(x) dx

�
 �+P� ���� w�F

lim
n→∞

∫ �

�

n+ sinx
�n+ cos� x

dx = �

���� �5&�� �@ Q�D�� �8�8� ����G.P L� ����.�P��x
w=��" 
���	!� [�;�] �@C�.�� �& ,��G	��

��3�4 9!0 ��I

��! =V�L���H�� ���C ��! ����� V+.5� �& W(& ^����
=%!� �5&�� ��P�Q�D�� L� Z�j(& ��� '� �5&��

�5&�� �@ Q�D�� '� {fn(x)}∞n=a �+�
i�: ������ �����
�2��4 �& ����B �5&�� �@ Q�D�� =�"�& D �@ ���� �&

Sa(x) = fa(x),

�I1
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=
∞∑
n=�

xn

n!
= f(x)

ln(f(x)) = ��+	� �� < df(x)
f(x)

= dx Tdf(x)
dx

= f(x) T^���&��&
��� =f(x) = Aex T^���&��& =%!� %&�E ���C A �
 Tx + lnA

=f(x) = ex ��+	� �� =A = � �� Ae� = � mH Tf(�) = �

�
 �" %&�E ��5�

ex
�8�8�

−−−−−−→ �+ x+
x�

�
+ · · · + xn

n!
+ · · ·

(
[a; b] �&

)

�p� �� U = [�; a] �& ��
∞∑
n=�

x�e−nx �5&�� ��! 2�  �N�

2��4 ^�� �� =���+G&∣∣∣∣∣
m∑
k=n

x�e−kx
∣∣∣∣∣ =

m∑
k=n

x�e−nx

≤
m∑
k=n

a�e−ka

= a�e−na
�− (e−a)m−n+�

�− e−a

<
a�

�− e−a
(e−a)n < ε

�S� mH

N >
�

a
ln

(
a�

ε(�− e−a)

)


�G�d∥∥∥∥∥
m∑
k=n

x�e−kx
∥∥∥∥∥
U

< ε


<f5& =�"�&�� �8�8� ���G.P
∞∑
n=�

x�e−nx ��+	� �� <

f(x) :=
∞∑
n=�

x�e−nx

= x�
∞∑
n=�

(e−x)n

=
x�

�− e−x

V+�
 [��5� �+�
 i�: ������ !����

S(x) :=
∞∑
n=�

(−�)n
x�n+�

(�n+ �)!
,

C(x) :=
∞∑
n=�

(−�)n
x�n

(�n)!
.

��! �8��� ���& �:�
 < �LO ��" �2W/' C/�I= �����
%!� �d �"�& �8�8� ���G.P U = [a; b] �&

∞∑
n=a

fn(x) �5&��

�P ��L� �& �
 ���S %:�� �� Nε '� � < ε �P ��L� �& �


=
∣∣∣∣∣
m∑
k=n

fk(x)

∣∣∣∣∣ < ε V+"�& �	"�� x ∈ U < m ≥ Nε < n ≥ Nε

�& �
 ���S�� %:�� �� Nε '� � < ε �P ��L� �& T�G�� ��+& �&

=
∥∥∥∥∥
m∑
k=n

fk(x)

∥∥∥∥∥
U

< ε �� m ≥ Nε �P < n ≥ Nε �P ��L�

�5&�� ��P�Q�D�� ���& �"�
 �@ +A/ L� �j:f& ����+	� ^��
� =�"�&��

=���+G& �p� �� ��
∞∑
n=�

xn

n!
�5&�� ��! 2� ��	
� �����

TC = max {|a|, |b|} i�: �& 
�G�d TU = [a; b] ⊆ R �S�
V���� m ≥ N < n ≥ N TN = �([c] + �)∣∣∣∣∣

m∑
k=n

xk

k!

∣∣∣∣∣ ≤
m∑
k=n

|x|k
k!

≤
m∑
k=n

Ck

k!

=
Cn

n!

m∑
k=n

Ck−n

(n+ �)(n+ �) · · · k

=
Cn

n!

m∑
k=n

C

n+ �
× C

n+ �
× · · · × C

k

<
Cn

n!

m∑
k=n

(
�

�

)k−n

=
(�C)n

n!

m∑
k=n

(
�

�

)k

=
(�C)n

n!

m∑
k=n

(
�

�

)k

<
(�C)n

n!

(
�

�

)n−�
��" i�: �S� mH

log�

(
ε(�C)n

N !

)
+ � < n

���G.P U �&
∞∑
n=�

xn

n!
T^���&��& =

∥∥∥∥∥
m∑
k=n

xk

k!

∥∥∥∥∥
U

< ε 
�G�d

=f(x) =
∞∑
n=�

xn

n!
V+"�& �	"�� U �& V+�
 i�: =%!� �8�8�

2��4 ^�� ��

f ′(x) =

(
�+

∞∑
n=�

xn

n!

)′

=
∞∑
n=�

nxn−�

n!

�IJ
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���G.P R �&
∞∑
n=�

�

x� + n�
���G.P �5&�� ��! 2�  �N�

=fn(x) ≤ �

n�

�G�d Tfn(x) =

�

x� + n�
�S� ���L T%!� �8�8�

=%!� ��G.P wa = � �& ����� ��!x
∞∑
n=�

�

n�
���C ��! ���

�5&�� ��! �8�8� ����G.P c��	"���<−M ���Ld �&��& mH
=V���� �� R �& �p� ����

�	�& 
@L�& T�8�8� ����G.P �@ ���� ����� �� �
 ��" �B��
�%�+�

�& �� ��L �5&�� �����! �8�8� ����G.P ������ 
�
��
��+P� ���� c��	"���<−M ���Ld '.


�)
∞∑
n=�

(−�)n

x+ �n
, U = (−�; +∞),

�)
∞∑
n=�

nx

�+ n�x�
, U = [�; +∞),

�)
∞∑
n=�

arctan
(

�x

x� + n�

)
, U = R.

�)
∞∑
n=�

�

(x+ n)(x+ n+ �)
, U = (�; +∞),

�)
∞∑
n=�

n�√
n!
xn, U =

[
�

�
;�

]
,

�)
∞∑
n=�

sin((n+ �)x)
n(n+ �)

, U = R.

���G.P U = [�;�] �&
∞∑
n=�

(� − x)xn �+P� ���� 2%

�����.� c��	"���< ���Ld L� �� ����� ^�� �Q< T%!� �8�8�
=%:�S ��+	�

U �&
∞∑
n=a

fn(x) �5&�� ��! �S� �7G= C/�I= ��
��
�8�8� ������
 U �& {gn(x)}∞n=b �@ Q�D�� < �"�& �8�8� ���G.P
���8� {gn(x)}∞n=b ���C �@ Q�D�� �� x ∈ U �P ��L� �& < �"�&
T%!� �8�8� ���G.P

∞∑
n=c

fn(x)gn(x) �5&�� ��! 
�G�d T�"�&

=c ≥ max{a, b} �


�!�"!�	 ����4 �� �� {fn(x)}∞n=a �@ Q�D�� ������ ��
��
�& < �� M > � %De� ��C '� ��L� �& �
 V+h�S U �& D.
.�

=|fn(x)| < M �� x ∈ U �P ��L�

���G.P U �& S 
�G�d TU = [a; b] ⊆ R �S� �
 �+P� ����

<f5& =�"�&�� �8�8� ���G.P U �& _+� C < %!� �8�8�
=C′ = S < S′ = C < ����]HM	�� U&��� C < S �
 �+P� ����
-��$ -C(x) = cosx < S(x) = sinx%�S ������ ��d

+>K>� ���!D�M 9�=7��-` ��I
∞∑
n=a

xn �+�
 i�: �P���W��� −M C/�I= ��
��
�� x ∈ U �P ��L� �& < �"�& ��G.P < %De� 2f.B �& ��! '�

< M7;� ���G.P U �&
∞∑
n=a

fn(x) 2��4 ^�� �� T|fn(x)| ≤ xn

=%!� �8�8� ���G.P _+�

r�4 �"�
 ��" �� T%!� ��G.P
∞∑
n=a

xn ��! ��$ A7��S"

�P Ǳ�L� �& �
 %�P �� N '� ε > � Ǳ�L� �& mH =��
��

V���� T{+��� ^�� �& =
∣∣∣∣∣
m∑
i=n

xi

∣∣∣∣∣ < ε �� m,n ≥ N

∥∥∥∥∥
m∑
i=n

fi

∥∥∥∥∥
U

≤
m∑
i=n

‖fi‖U

=
m∑
i=n

sup{|fi(x)| |x ∈ U}

<

m∑
i=n

xi < ε

U �& ^���&��& < ��
�� r�4 U �& �"�
 ��" �� {fn} mH
� =%!� �8" '� ���G.P

�&
∞∑
n=�

(
xn

n
− xn+�

n+ �

)
�5&�� ��! 2� ��	
� ��
��

< −� ≤ x ≤ � �S� ���L T%!� �8�8� ���G.P U = [−�;�]


�G�d Tfn(x) =
xn

n
− xn+�

n+ �

f ′
n(x) = � ⇔ xn−� − xn = �

⇔ x = � , x = �

i�: �& mH =U �& fn(x) ≤ �

n
− �

n+ �
^���&��&

xn =
�

n
− �

n+ �

�8��� �& �B�� �& <
∞∑
n=�

xn = lim
N→∞

N∑
n=�

(
�

n
− �

n+ �

)

= lim
N→∞

(
�− �

N + �

)
= �

=���S�� ��+	� c��	"���<−M ���Ld L� �p� ���� V8 

�1)
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�)
∞∑
n=�

(−�)n

n+ sinx
, U = [�;�π],

�)
∞∑
n=�

cos �nπ
�√

n� + x�
, U = R,

�)
∞∑
n=�

sinx sin(nx)√
n+ x

, U = [�; +∞],

�)
∞∑
n=�

sin(nx)
n�

, U = [a; b] ⊆ R


�" 
��� ��! �8�8� ����G.P �@ ���� T���� �P ��
��+�
�(����

�)
∞∑
n=�

(
x+

�

n

)n
, 	)

∞∑
n=�

x

(�+ x�)n
,

�)
∞∑
n=�

x+ n(−�)n

x� + n�
, 
)

∞∑
n=�

|x|
n� + x�

.

�5&�� ��! �
 �+P� ���� =� < α �+�
 i�: w�)

=%!� �8�8� ���G.P R �&
∞∑
n=�

x

nα(�+ nx�)

w=�"�&�� xn =
�√
n
�� fn(x) ���N� ^��	�+& ����.�P��x

R �&
∞∑
n=�

(−�)n+�

(�+ nx�)n
�5&�� ��! �
 �+P� ���� w��

=%!� �8�8� ���G.P

�5&�� ��! �
 �+P� ���� w�0
x

�+ x
+

x

(�+ x)(� + �x)
+

x

(�+ �x)(� + �x)
+· · ·

�@ Q�D�� ����.�P��x =%�+� �8�8� ���G.P [�;�] �&
w=���+G& �p� �� ��

{
�

n

}∞

n=�

8��4 9!0 ��I

y����� �����!z ���& �5&�� �����! L� �4�j(& ���
�7.B L� =���� 2�+���� ���&��
 ����� �� ���<��: ��P��&��

Z�j(& �@ 	!� ^�� L� ����! '.
 �& �+������� 2O��5� � ��
�"�& ^�� �d �+Q� ���" =���S�� ���<��: 
@���	!� ����! L�
���d �& ��
 ^���&��& < ����� ���5	� Z��� ��
]� �����! �


=�"�&�� ��
��!
∞∑
n=�

an(x − x�)
n �8�& �5&�� ��! ������ �����

� �� < lim
n→∞

n
√
|an| � ���N� �S� =������� I!�� &�� ��

��! ����G.P ��5" �� �d m8C T�"�& ��B�� lim
n→∞

∣∣∣∣an+�

an

∣∣∣∣
=V+P��� ���� R ��.� �& < 
�+��� ����

�&
∞∑
n=a

fn(x) �5&�� ��! �S� ��:Q�)& C/�I= !�
��
�P ��L� �& {gn(x)}∞n=b ���C �@ Q�D�� T�"�& �8�8� ������
 U
���G.P U �& {gn(x)}∞n=b �5&�� �@ Q�D�� < �"�& ���8� �� x ∈ U

_+�
∞∑
n=c

fn(x)gn(x) �5&�� ��! 
�G�d T�"�& ��4 U&�� �& �8�8�

=c ≥ max{a, b} �
 T��& �P��� �8�8� ���G.P U �&

�@C�.�� �&
∞∑
n=�

sin(nx)
n

�5&�� ��! 2� ��	
� "�
��

���
 i�: �& ���L T%!� �8�8� ���G.P U =
[
π

�
;
�π

�

]
{gn(x)}∞n=� �@ Q�D�� �V���� gn(x) =

�

n
< fn(x) = sin(nx)


<f5& =%!� �Q<_� �k�+
� < %!� �8�8� ���G.P ��4 �& U �&

�
 ��$ T%!� �8�8� ������
 U �&
∞∑
n=�

fn(x) ��!

∣∣∣∣∣
N∑
n=�

sin(nx)

∣∣∣∣∣ =

∣∣∣∣∣∣
sin

(
N+�
�
x
)
× sin

(
N
�
x
)

� sin
(
x
�

)
∣∣∣∣∣∣

≤ �

| sin (
x
�

) | ≤
√
�

�5&�� ��! T�78��� ���Ld �&��& mH
∞∑
n=�

fn(x)gn(x) =
∞∑
n=�

sin(nx)
n

��L �P ���& �� {7;� ^+.P =%!� �8�8� ���G.P U �&
=��
 %&�E ������ R − πZ �@C�.�� L� [a; b] �@C�.��

[a; b] ⊆ R �&
∞∑
n=�

�
n sin

( x

�n

)
�5&�� ��! 2�  �N�

gn(x) =
sin (x/�n)
x/�n

i�: �& ���L T%!� �8�8� ���G.P
U = �& {gn(x)}∞n=� �@ Q�D�� �V���� fn(x) = x (�/�)n <
�5&�� ��! 
<f5& < �Q<_� < %!� �8�8� ������
 [a; b]

���Ld �&��&x %!� �8�8� ���G.P [a; b] �& �x �&
∞∑
n=�

fn(x)

�5&�� ��! T�&d ���Ld �&��& T^���&��& =wc��	"���<−M
∞∑
n=�

fn(x)gn(x) =
∞∑
n=�

�
n sin

( x

�n

)

=�"�&�� �8�8� ���G.P U �&

T�78��� < �&d ������Ld '.
 �& ������ ��
��
��P�C�.�� �& �� 
�" 
��� �5&�� �����! �8�8� ����G.P

��+P� ���� 
�"�(��

�)
∞∑
n=�

cos(nx)
n

, U = [a; b] ⊆ R,

�1�
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��G.P ��! 
�G�d T|x| < � �S� mH =�
R

= lim
n→∞

�

�
= � T�


T|x| = � �S� T��� =%!� ��S�< ��! 
�G�d T|x| > � �S� < %!�

=�����S�<
∞∑
n=�

(−�)n <
∞∑
n=�

�
n ��! <� �P < x = ±� 
�G�d

T
<f5& =(−�;�) L� %!� 2��DC ���� ��! ����G.P �@ ���� mH

�G�d T[a; b] ⊆ (−�;�) �S�

�+ x+ x� + · · · + xn + · · ·
�8�8�

−−−−−−→ �

�− x

(
[a; b] �&

)

��$ =���+G& �p� �� ��
∞∑
n=�

xn

n!
���� ��! 2�  �N�

�

R
= lim
n→∞

∣∣∣∣�/(n+ �)!
�/n!

∣∣∣∣ = �

R �& ��! ^�� ��5� =%!� ∞ ��! ����G.P ��5" mH =

^�� �� =f(x) =
∞∑
n=�

xn

n!
V+�
 i�: =%!� �8�8� ���G.P

< f(�) = � 2��4

f ′(x) =
∞∑
n=�

nxn−�

n!
=

∞∑
n=�

xn

n!
= f(x)


�G�d T��"�& 
��(Q� a < b �S� T��5� =f(x) = ex ��+	� ��

�+ x+
x�

�
+ · · · + xn

n!
+ · · ·

�8�8�
−−−−−−→ ex,

(
[a; b] �&

)
^+�t.P

sinhx =
ex − e−x

�

= x+
x�

�
+ · · · + x�n+�

(�n+ �)!
+ · · ·

���� ��! 2�  �N�
∞∑
n=�

�n + (−�)n

n
(x+ �)n

��$ =���+G& �p� �� ��

�

R
= lim

n→∞
(�n+� + (−�)n+�)/(n+ �)

(�n + (−�)n)/n

=
(

lim
n→∞

n

n+ �

)⎛
⎝ lim
n→∞

�− �

(
−�

�

)n
�+

(
−�

�

)n
⎞
⎠ = �

��G.P ��! 
�G�d T|x + �| < �

�
�S� ^���&��& =R =

�

�
mH

�S� T
<f5& =%!� ��S�< ��! 
�G�d T|x + �| > �

�
�S� < %!�


�G�d Tx + � =
�

�
�S� =x + � = ±�

�

�G�d T|x + �| =

�

�

���L T%!� ��S�< �
 V���� ��
∞∑
n=�

�

n
(� + (

−�
�

)n) ���C ��!

�& ���� ��! '�
∞∑
n=�

an(x − x�)
n �S� ����� �����

�G�d T�"�& R ����G.P ��5"

���G.P x ��L� �& ���� ��! 
�G�d T|x − x�| < R �S� w[Q�
=%!� M7;�

=%!� ��S�< x ��L� �& ���� ��! 
�G�d T|x− x�| > R �S� w�
U �& ���� ��! 
�G�d TU = [a; b] ⊆ (x� −R;x� + R) �S� w|

=%!� �8�8� ���G.P

<
∞∑
n=�

anx
n �S� �C�/� (�� 2�	�Q� �� ��� 
����

�
x ��"�& ��G.P y = f(x) U&�� �& (−R;R) 
@L�& �&
∞∑
n=�

bnx
n

=an = bn �� n �P ��L� �& 2��4 ^�� �� =w� < R

�+�
i�: �C�/� (	S��� 2:8� �	�+� �� ��� �����
y = f(x) �& �
 �"�& R ����G.P ��5" �& ����� ��!

∞∑
n=�

anx
n

�
 �"�& r ����G.P ��5" �& ����� ��!
∞∑
n=�

bnx
n < %!� ��G.P

^�� �� =%!� �N+N ���C a < �"�&�� ��G.P y = g(x) �&
2��4

��G.P y = af(x) �& R ����G.P ��5" �&
∞∑
n=�

aanx
n w�

=%!�

�& min{R, r} ≤ ����G.P ��5" �&
∞∑
n=�

(an + bn)xn w0

=%!� ��G.P y = f(x) + g(x)

����G.P ��5" �&
∞∑
n=�

(a�bn + a�bn−� + · · ·+ anb�)x
n w>

=%!� ��G.P y = f(x)g(x) �& min{R, r} ≤

T��" 
���	!�
∞∑
n=�

anx
n L�

∞∑
n=�

bnx
n �� x ���& �S� w9


�G�d TU =
{
x
∣∣∣ |x| < R ,

∞∑
n=�

an|x|n < r
}
< |a�| < r

=��& �P��� ��G.P U �& �4� ��!

��!
∞∑
n=�

anx
n �+�
 i�: �)/:�� 9$G �� ��� �����

< %!� ��G.P y = f(x) �& �
 �"�& R ����G.P ��5" �& �����
��! |x − a| < R �
 �� x �P ��L� �& 
�G�d =−R < a < R

=�"�&�� ��G.P y = f(x) �& _+� ∑∞
n=�

f(n)(a)
n! (x− a)n ����

�p� �� ��
∞∑
n=�

xn ���� ��! 2� ��	
� !����
��$ =%!� '� �&��& R ���� ��! ^�� ����G.P ��5" =���+G&
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��: ���C� ���& <
�

R
= lim

n→∞
�n+�

√
|a�n+�|

=
�n+�

√|a�|
�n+�

√
�× �× · · · × (�n+ �)

= �

=%!� ��G.P R �
 �& ��!mH =R = ∞ ����4 �P �� T^���&��&
L� %����DC �Q��5� ���B ��.�� �� mH

f(x) = (�− a�)
∞∑
n=�

(−�)n

�n × n!
x�n + a�

∞∑
n=�

(−�)nn!
(�n+ �)!

x�n+�

=%!� ��7+� s�& T���� �����! �+Q�� ���"<� L� �8� 2+  �N�
f(x) = sinx U&�� �� n �@ D��� ��7+� s�& �
 V+����� ,�e� ����5&

�& %!� �&��& x = � �@;N� ��

x− x�

�!
+
x�

�!
− · · · + (−�)nx�n+�

(�n+ �)!

%"�� ������ ��d �
 V+!�H�� ���
�

sinx = x− x�

�!
+
x�

�!
− · · · + (−�)nx�n+�

(�n+ �)!
+ · · ·

^�� ����G.P ��5" �
 V+�
�� �B�� �7��� ^�� �& �!�H ���&
���/�& R �
 �& O�& �<��� ��+	� �� < %!� ∞ �&��& ���� ��!

���L T�"�&��
�

R
= lim

n→∞
n
√
|an|

= lim
n→∞

�n+�

√∣∣∣∣ (−�)n

(�n+ �)!

∣∣∣∣
= lim

n→∞
�

�n+�
√

(�n+ �)!
= �

=V+�
 �D!�3� ��
∞∑
n=�

(−�)n

�n+ �
���C ��! ���N� 2#  �N�

�V+�
�� �D!�3� ��
∫ �

�

dx

x� + �
,��G	�� ��p�� ^�� ���& =� 

∞∑
n=�

(−�)n

�n+ �
= lim

x→�−

∞∑
n=�

(−�)n

�n+ �
x�n+�

= lim
x→�−

∫ x

�

{ ∞∑
n=�

(−x)�n
}
dx

(�)
= lim

x→�−

∫ x

�

dx

�+ x�

= lim
x→�−

[
�

�
ln

∣∣∣∣∣ (x+ �)�

x� − x+ �

∣∣∣∣∣
+

√
�

�
arctan

(
�x− �√

�

)
+

π

�
√
�

]

=
ln�
�

+
π
√
�




=%!� 
�" 
���	!� J=�=J L� w0x %.�/ L� w�x �� �8��� Y+���

=%!� ��S�<
∞∑
n=�

�

n
'+�����P ��! < �

n
(�+ (

−�
�

)n)/
�

n
= �

���C ��! 
�G�d Tx+ � =
−�
�

�S� ���
∞∑
n=�

(−�)n

n

(
�+

(−�
�

)n)

2f.B �& ���!�� ��! '� ���L T%!� ��S�< _+� ^�� �
 V���� ��
|x+�| <��! ����G.P �@ ���� ^���&��& =w-��$x %!� �Q<_� �+l

=�"�&��
(−�
�

;
−�
�

)
�� �
�

�� �� ε := y′′ + xy′ + y = � �+������� �@ Q��5� 2�  �N�
�"�& �d ���B '� f(x) =

∞∑
n=�

anx
n V+�
 i�: =���+G& �p�

���& mH =w��
 r�4 �Q��5� �� ��5�x
∞∑
n=�

n(n− �)anxn−� + x
∞∑
n=�

nanx
n−� +

∞∑
n=�

anx
n = �

��+	� ��
∞∑
n=�

((n+ �)(n+ �)an+� + nan + an)xn + �a� + a� = �

�� n ≥ � �P ��L� �& < �a� + a� = � ^���&��&

(n+ �)an+� + an = �

��+	� ��⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a� = −�
�
a�,

a� = −�
�
a� = −�

�
(�− a�),

a� = −�
�
a� =

�

��
a�,

===
V���� ��.�� �� mH

a�n =
(−�)n

�× �× · · · × �n
(�− a�)

=
(−�)n

�n × n!
(�− a�)

a�n+� =
(−�)n

�× �× · · · × (�n+ �)
a�

=
(−�)nn!
(�n+ �)!

a�

V���� �B��
∞∑
n=�

anx
n ���� ��! ����G.P ��5" �@ D!�3� ���&

|<L ���C� ���& �


�

R
= lim

n→∞
�n
√
|a�n|

=
�n
√
|�− a�|

�( n
√
n!)�/�

= �

�1>
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��)
∞∑
n=�

(
�+

�

n

)−n�

e−nx,

��)
∞∑
n=�

m(m− �) · · · (m− n+ �)
n!

xn,

��5" mK! T�	:�� �� ��L U&��� L� '� �P ���Q '� s�&
��+�
 �D!�3� �� �74� ���� �����! ����G.P

��) f(x) = ax, ��) f(x) = cosx,

��) f(x) = sinhx, ��) f(x) = coshx,

�	) f(x) = arctanx, ��) f(x) = arcsinx,

�
) f(x) = sin� x, ��) f(x) = e−x
�

,

��) f(x) =
x√

�− �x
, ��) f(x)=ln

⎛
⎝
√
�+ x

�− x

⎞
⎠ ,

��) f(x) =
x

�+ x− �x�
, ��) f(x)=

x

(�− x)�
,

��) f(x) = (�+ x)e−x, ��) f(x) = ex cosx.

��+�
 �D!�3� �� ��L �����! ��.�� � 

�	) �+
x�

�!
+
x�

�!
+ · · ·

��) x+
x�

�
+
x�

�
+ · · ·

�
)
x

�× �
+

x�

�× �
+

x�

�× �
+ · · ·

��) x− x�

�
+
x�

�
− · · ·

�+������� �@ Q��5� ��
∞∑
n=�

xn

(n!)�
���� ��! �
 �+P� ���� w>�

=��
�� r�4 xy′′ + y′ − y = �

�+������� �@ Q��5� ��
∞∑
n=�

x�n

(�n)!
���� ��! �
 �+P� ���� w>0

=��
�� r�4 y(�) = y

�P ����/�& �@ ���� mK! < 
��.� %&�E �� ��L ����<��� L� '� �P
����<d %!�& �� '�

��) arcsinx = x+
�

� •�
x� +

�× �

�× �× �
x�

+
�× �× �

�× �× �× 	
x� + · · ·

��) sinhx = x+
x�

�!
+ · · · + x�n+�

(�n+ �)!
+ · · ·

��) coshx = �+
x�

�!
+ · · · + x�n

(�n)!
+ · · ·

��) ln
(
�+ x

�− x

)
=�

(
x+

x�

�
+ · · · + x�n+�

�n+ �
+ · · ·

)

��
∞∑
n=�

(−�)nx�n

(n+ �)(n + �)
���� ��! ���;N� � U&�� 2%  �N�

=���<d %!�&
�
 V���� ���� J=�=J L� w0x %.�/ �� =� 

�− x+ x� − · · · + (−�)nxn + · · ·
�8�8�

−−−−−−→ �

x+ �
,

(
(−�;�) �&

)
,��G	�� [�;�] 
@L�& �& < x �& %D�� �;&�� ^�� ^+:�X L� ���
�

�V��+S��

∞∑
n=�

(−�)nxn+�

n+ �

�8�8�
−−−−−−→ x ln(x+ �),

(
(−�;�] �&

)

�&��&x x = −� ��L� �& < %!� ��G.P ln� �& x = � ��L� �& �

v�X <� ,� =�"�&�� ��S�< w^���&��& < %!� '+�����P ��!

�V��<d�� %!�& < 
��.� ��� x �� �� 
��d %!�& �<���

∞∑
n=�

(−�)nxn+�

n+ �

�8�8�
−−−−−−→ x ln(x+ �),

(
(−�;�] �&

)

Ǳ_B 
@�C�/ '.
 �&x [�;x] 
@L�& �& 
��d %!�& �<��� L� ���
�
�� x ∈ (−�;�] �P ��L� �& ��+	� �� =V��+S�� ,��G	�� wǱ_B �&

�

�
(x� − �) ln(x+ �) − x�

�
+
x

�
=

∞∑
n=�

(−�)nxn+�

(n+ �)(n+ �)
.

Tx���& mK! < V+h�.� V+�N� x� �& �� ^+:�X �
 %!� �:�
 ,� 
�� x ∈ (−�;�)∪(�;�) �P ��L� �& ��+	� �� =V+P�& ���/ �� x�

x� − �

�x�
ln(x� + �) − �

�x�
+

�

�x�
=

∞∑
n=�

(−�)nx�n

(n+ �)(n+ �)
.

'� �P ����G.P �@ ���� < ����G.P ��5" ������ "����
����<d %!�& �� ��L ���� �����! L�

�)
∞∑
n=�

xn

n�
, �)

∞∑
n=�

(
�+

�

n

)n�
xn,

�)
∞∑
n=�

n!
an
xn, (a > �), �)

∞∑
n=�

(n!)�

(�n)!
xn,

�)
∞∑
n=�

(
an

n
+
bn

n�

)
xn, �)

∞∑
n=�

�

�n+ �

(
�+ x

�− x

)n
,

	)
∞∑
n=�

xn

an + bn
, �)

∞∑
n=�

xn

a
√
n
,


)
∞∑
n=�

(�+ (−�)n)n

n
xn, ��)

∞∑
n=�

(−�)n

n!

(n
e

)n
xn,
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F=9=J L� wIx %.�/ �& �+D" �"<� L� mK! < %!�

w=�+�
 �<�" ex =
∞∑
n=�

xn

n!
���� ��! �& =�+h�.� 
���	!�

���� 2��4 ^�� �� T��3+34 ���C� q < p �+�
 i�: w>1
�
 �+P�∫ �

�

xp−�

�+ xq
dx =

�

p
− �

p+ q
+

�

p+ �q
− �

p+ �q
+ · · ·


�G�d T−� < x < � �S� �
 �+P� ���� w>J
�

�+ x
+

�x

�+ x�
+

�x�

�+ x�
+

�x�

�+ x	
+ · · · =

�

�− x

n �� � �5+DX ��C n �<� ���� ��.�� Sn �
 ����4 �� w>I
�+P� ���� T�"�&

S�
�!

+
S�
�!

+ · · · + Sn
n!

+ · · · =
�	

�
e

,��5� 
�" n�;� V8 �
 �+P� ���� ����.�P��x

∞∑
n=�

n(n+ �)(�n + �)
n!

= �	e
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(αx + β)n
√
ax� + bx+ c

�8" �& U&��� L�

�)J TP (x)
√
ax� + bx+ c �8" �& U&��� L�
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, · · ·

)
�8" �� U&��� L�
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