Adv. appl. Clifford alg. 19 (2009), 101112
(© 2008 Birkhduser Verlag Basel/Switzerland .
0188-7009/010101-12, published online August 13, 2008 Advances in

DOI 10.1007/s00006-008-0127-2 Applied Clifford Algebras

Lie Symmetries of Inviscid Burgers’ Equation
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Abstract. The present paper solves completely the problem of the Lie group
analysis of nonlinear equation u:(z,t) + g(u)us(z,t) = 0, where g(u) is a
smooth function of u. And apply these results on inviscid Burgers equation.

Keywords. Lie group analysis, Burgers equation, Symmetry group.

1. Introduction

The theory of Lie symmetry groups of differential equations was developed by
Sophus Lie [5]. Such Lie groups are invertible point transformations of both the
dependent and independent variables of the differential equations. The symmetry
group methods provide an ultimate arsenal for analysis of differential equations
and is of great importance to understand and to construct solutions of differential
equations. Several applications of Lie groups in the theory of differential equations
were discussed in the literature, the most important ones are: reduction of order
of ordinary differential equations, construction of invariant solutions, mapping
solutions to other solutions and the detection of linearizing transformations (for
many other applications of Lie symmetries see. [7], [2] and [1]).

Burgers’ equation is a fundamental partial differential equation from fluid
mechanics. It occurs in various areas of applied mathematics, such as modeling of
gas dynamics and traffic flow. It is named for Johannes Martinus Burgers (1895-
1981).

For a given velocity u and viscosity coefficient v, the general form of Burgers’
equation is:

ug(z,t) + g(w)ug (z,t) = v ug.(x,t), (1)

where g(u) is a smooth function of u. When v = 0, Burgers’ equation becomes the
inviscid Burgers’ equation:

IBE : w(x,t)+ g(uw)ug(z,t) =0 (2)
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which is a prototype for equations for which the solution can develop discontinuities
(shock waves). Specially, study the geometry of equations

ug(x,t) + u(z, t)uy(z,t) =0 (3)
and
ue(@, t) + m g (z,t) = 0. (4)

This work is a generalization of the paper [6]; i.e. the general form of Lie
point symmetries group of the nonlinear equation IBE are presented, and found
some special solutions of certain IBE’s.

This work is organized as follows. In section 2 we recall some results needed
to construct Lie point symmetries of a given system of differential equations. In
section 3, we give the general form of an infinitesimal generator admitted by IBE.
In section 4, we give the general form of a projectable infinitesimal generator ad-
mitted by the equation IBE. In section 5, we determine the group transformation
corresponding to every infinitesimal generator obtained by projectable symme-
tries. In section 6, we show how symmetries may be used to construct some exact
solutions for the (3).

2. Method of Lie Symmetries

In this section, we recall the general procedure for determining symmetries for any
system of partial differential equations (see [7] and [2]). To begin, let us consider
the general case of a nonlinear system of partial differential equations of order nth
in p independent and ¢ dependent variables is given as a system of equations:

A,,(as,u(")):(), v=1,...,1, (5)

involving z = (z1,...,27), u = (u',...,u?) and the derivatives of u with respect
to 2 up to n, where u(™ represents all the derivatives of u of all orders from 0 to
n. We consider a one-parameter Lie group of infinitesimal transformations acting
on the independent and dependent variables of the system (5):

= 2+ s(z,u) + O(s?), 1=1,...,p,

(6)

@ = ul s (z,u) + O(s?), j=1,...,q,

where s is the parameter of the transformation and &', 1’ are the infinitesimals
of the transformations for the independent and dependent variables, respectively.
The infinitesimal generator v associated with the above group of transformations
can be written as

p q
v @ u)d )P (w0, (1)
i=1 j=1

A symmetry of a differential equation is a transformation which maps solutions
of the equation to other solutions. The invariance of the system (5) under the
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infinitesimal transformations leads to the invariance conditions (Theorem 2.36 of
[7):
Pr(”)v[Ay(m‘, u("))] =0, v=1,...,1, whenever A, (z,u™) =0, (8)

where Pr(™ is called the nt" order prolongation of the infinitesimal generator given
by

q
(n)y — o n
PriWv =v+ >3 ¢5(x,u™)dug, 9)
a=1 J
where J = (j1,...,7k), 1 < jr <p, 1 <k <n and the sum is over all J’s of order
0 < #J < n.If #J = k, the coefficient ¢ of 9,5 will only depend on k-th and
lower order derivatives of u, and

P P
oo, u™) = D¢ — > Euf) + > &uf,, (10)
=1 =1

where ug := u®/dx" and u§; = du§/dx".

One of the most important properties of these infinitesimal symmetries is
that they form a Lie algebra under the usual Lie bracket.

3. Symmetries of Equation IBE

We consider the one parameter Lie group of infinitesimal transformations on (z! =

r, 22 =t ul = u),

& = x4+ sé(x,t,u)+0(s?),
t = x4+ sn(x,t,u)+0(s%), (11)
i = x+sp(x,t,u)+O0(s?),

where s is the group parameter and ¢! = ¢, €2 = nand ¢! = ¢ are the infinitesimals
of the transformations for the independent and dependent variables, respectively.
The associated vector field is of the form:

v =_~&(x,t,u)0p +n(x, t,u)0 + p(x, t, u)0y. (12)
and, its first prolongation is
PrVy = v 4+ ¢* 9, + ¢' 8., (13)
(by (9)), with
6" = Dy —u,Duf —uDyn,
¢ = Dy —ua D€ — uyDyn, (14)

where D, and D, are the total derivatives with respect to = and t respectively.
The vector field v generates a one parameter symmetry group of IBE if and
only if

PrVv[u, + g(u)uy] =0, whenever u; + g(u)u, = 0; (15)
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by (8); The condition (15) is equivalent to,
(b‘glu:r + 99" + (bt =0, wus+gus =05 (16)

and hence the condition (16) gives the set of defining equations:

up + g.u, =0, (17)
¢.9 + 9> Mo + g — 9.8 — & =0, (18)
9.0 + ¢ = 0. (19)

x —tg and u are characteristics of homogeneous linear first order PDE (19), there-
fore

¢(t7 Zz, u) - F(uv T — t'g(u))a (20)

where F : R? — R is an arbitrary smooth function.
Now, the PDE (18) reduced to

&+ gu)és =g (u).F(u,x —t.g(u)) + gu).n + gz(u).nx. (21)

x—tg and u are characteristics of homogeneous linear first order PDE & +g(u)&, =
0, and g(u).n(t,xz,u) + t.¢'(u).F(u,z — t.g(u)) is a particular solution of (21).
Therefore, the solution of (21) is

§(t,zu) = g(u)n(t,z,u) (22)
+t.g'(u).F(u,z — t.g(u)) + G(u,z — t.g(u))
where G : R? — R is an arbitrary smooth function. Therefore, we prove that

Theorem 1. Infinitesimal generator of every one parameter Lie group of point
symmetries of IBE has the form

v = (g(u).H(t, z,u) +t.g (w).Fu,z — t.gluw) + Gu, z — tg(u))) 0,
+H(t7xau) 8t +F(u,x - tg(u))au7 (23)
where F, G : R? = R and H : R?> = R are arbitrary smooth functions.
Ifvi = (g.H'+t.g' . F'+G") 0.+ H' 0,+F" 0, withi = 1,2,3 and [v},v?] = v3,
then
F? = (G'.DyF? - G*DyF) 4 (F'.D,F? — F2. D, F*),
G* = (F'.D,G? - F?.D,G") + (G'.D,G* — G*.D,G"), (24)
H? (H'.DyH? — H>.D,H") + (G'.D3H? — G*.D3H")
+(F'.DyH? — F2.DoHY),

where Dy f is derivative with respect to k* variable of function f. Therefore, the
symmetry Lie algebra of IBE is infinite dimensional.
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4. Projectable Symmetries

An one parameter Lie group of point symmetries g; is called projectable or fiber-
preserving, if the action on the independent variables does not depend on the
dependent variables: g;.(xz,u) = (X (2),U(z,u)) (see [3] and page 93 of [7]). In
this case, &'s only depend on z; and there are differential invariants in the form
y = I(z). Now, may be used to reduce the order of the given system (5) (see page
145 of [7]).

Lemma 1. Let g(u) be a smooth nonconstant function, and k be an integer. Then,
the functions 1, g(u), g?(u), ..., g"(u) are linearly independent.

Proof. Let there are constants a; for ¢ = 0,...,k such that ag + a1.9(u) + -+ +
ar.g"(u) = 0. Then, g(u) is a root of polynomial with real coefficients ag + a1.z +

-+ -+ag.z" = 0 for any u. Therefore, g(u) is constant, contradicting our assumption.
O

By repeating the algorithm of section 3, we find that

Theorem 2. Let g(u) be a smooth nonconstant function. Then, every projectable
infinitesimal generator of one parameter Lie group of symmetries of ug+g(u)u, =0
has the form

(04372 + citx + cex + cgt + 07) Or + (C4.’L‘t +cit? + sz 4 cot + 03) Oy (25)
+clx +cg + (204:1: +cg + cit — car — 2¢1t — 02).g(u) — (eqt + c5).9(u)? 5
g'(u) b

where ¢;’s are arbitrary constants.
If g(u) = C be constant, then every projectable infinitesimal generator of one
parameter Lie group of symmetries has the form

F(t,x —Ct).0, + (C.F(t,x — Ct)+ H(x — C.t)).0; + H(x — C.t).0y.  (26)

Proof. If we assume £ = F(z,t) and n = G(z,t) in (12), and apply its prolonged
on E :=u; + g(u).u; = 0, we conclude that

¢(t’ x? u) = g

By setting this ¢ in v(!) (E) = 0 modE, we find that
Ftt(.’lf, t) + (2Fxt($, t) — Gtt($, t))g(u) (28)
and, by Lemma 1, we obtain a system of PDEs:

Ftt(x,t) = 0, QFM(x,t) - Gtt(x,t) = 0,
Fop(z,t) — 2G4 (z,t) = 0, Gaz(z,t) = 0.

By solving this system of PDEs, we conclude that
F(x,t) = cy2®+ (c + crt)x + cst + c7, (30)
G(z,t) = cuat+ 1t? + esx + cot + c5.

(900 Fula, ) + Fu(w,t) = ()2 Gale.t) = Gilw,1)). (27)

(29)
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Now, we put F and G in (27), and find 7. O

Theorem 3. Let g(u) be a smooth nonconstant function. Then, every projectable
infinitesimal generator of one parameter Lie group of symmetries of IBE has the

form v = Z§:1 a;v;, where ay,...,as are arbitrary constants and
vy = 6157 Vo = aw7
1
V3 =10, + —— Ou, vy =t0; +x 0y,
9'(u)
g(u) 9%(w)
=t0; — 87“ =20 — 61“
P T ) T W) (81
—t.
Vi = 20, + tz 0, + T I 5
g'(u)
—t.
v = 120y +220, + LUE—19W) 5
g'(u)
These vector fields span a Lie algebra g with following commutator table
Vi Vo V3 vy Vs Ve v7 \£
Vi 0 0 Vo Vi Vi 0 V4 + V5 Vg
Vo 0 0 0 vy O Vi V3 2V4 — Vs
V3 —Vy 0 0 0 —v3 —vy+ 2v;s 0 vy
Vyq —Vi —Vg 0 0 0 0 \rd Vg
V5 —Vi 0 V3 0 0 —Vg \rd 0
Vg 0 —Vi vy—2vy 0  vg 0 Vg 0
V7 |—V4 — Vs —V3 0 —Vy —V7 —Vg 0 0
Vg —Vg —2vy+vy —vy —vg O 0 0 0
Theorem 4. 1) The algebra g is semisimple.
2) If A; be the matriz of adjoint transformation
ad(vy) :g— g, Ad(vi)(vj) = [vi,vj], 1=1,...,8
with respect to base {v1,...,vg}, then
A1 = FEu+ Ei5+ Esz + Ey7 + Es7 + Egg,
Ay = FEig+ Eoy+ Ezr + 2E8 — Esg,
A3 = —FEo1 — B35 — By + 2E56 + Ers,
Ay = —E1n — Eo+ Err + Egs,
As = —Eun+ B33+ Egr, (32)
Ag = —Eio+ Ey3 —2Es3,

Az —FE3y — By — E51 — E7y — Egs,
As = —2Esp0+ Esp — Eg1 — Ers — Egg;
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where, E;js are 8 x 8—elementary matrizes, for i,j = 1,...,8; that is, the
(4,7)-entry of E; ; is 1, and all other entries are zero.

5. Lie Symmetries of (3)

The (3) is u¢ + v.u, = 0; i.e., an IBE with m = 1. In this case, Theorem 2 yields
to the following vector fields:

Vi :at, Va2 :51,
vy =t 0, + Oy, vy =t0 + x 0y,

(33)
Vs =10y —u 0y, v6:m8t—u23u,

vy =120 + tx Dy + (x — tu) Oy, vg = tx 0y + 2 0y +u(x — t.u) Oy.

To obtain the group transformation which is generated by the infinitesimal
generators v; = £;0; + 1,0, + ¢;0,, for i =1,...,8, we need to solve the 8 systems
of first order ordinary differential equations,

d%s) = &(E(s), H(s)als),  #(0) ==,
dil(;) = ni(&(s), €(s), u(s)), foy=¢, i=1,..8 (34)
dlfT() = ¢i(@(s), E(s), (), @(0) = u.

Exponentiating the infinitesimal symmetries of (3), we get the one parameter
groups g (s) generated by vy for k=1,...,8:

9 (t7x7u) I (S+t7.’II,U),
g2 (t,x,u) — (t,s+x,u),
93 : (t,x,u) — (t,l’+8t,8+u),
g1 : (t,x,u) — (et ez, u,
g5 : (t,x,u) — (e’t,x, e u),
( ( ) (35)
t7 ) (t ) ) )7
g6 (t,z,u) +— —|—sxx1+su
t
: t, ) ( ) ) —t )7
97 (tz,u) — 1—st"1—st uts(z—tu)
(t ) ( t x U )
: ,T,U) ) )
98 1—sz’1—sx’1—s(x—tu)
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Consequently,
Theorem 5. If u = f(x,t) is a solution of (3), so are the functions

g1(s)fx,t) = fx75+t)7

( (
92(s) - f(z,t) = [flz+s,),
93(s) - f(z,t) = f(x+ st,t)—s,
94(5) ' f(Jf, t) = f(BSJC, 6st)7
g5(8) - f(z,t) e’ f(x,e’t), (36)
96(s) - fla: 1) = 1 —fi?(tx+tf)sx)7

gr(s) - flz,t) = 1—13t (f(l—xst’ 1—tst) 7835)’

gs(s) - f(z,t) = (1—3x)f(% t )%(1—51&]”(% ;))

sz’ 1— sz sx’1— sz

If we let u(x,t) = 1 be a constant solution of (3), we conclude that the trivial
functions g;(s)-1 =1, for i =1,2,3,4, g5(s)- 1 =e®, and ge(s)-1 =1/(1 —s) and
a nontrivial solution for (3):

sx—1
gr(9) 1= gs(s) 1= 2T (37)
Now, by applying g; and g on (37), we conclude the solution
ar+b
t) = 38
u(e,t) = 2, (38)

where a, b and c are arbitrary constants, with a® + c?> # 0. By using the other g’s
we can not find any new nontrivial solution for (3).

6. Invariant Solutions of (3)

The first advantage of symmetry group methods is to construct new solutions from
known solutions. The second is when a nonlinear system of differential equations
admits infinite symmetries, so it is possible to transform it to a linear system.
Neither the first advantage nor the second will be investigated here, but symmetry
group method will be applied to the (3) to be connected directly to some order
differential equations. To do this, a particular linear combinations of infinitesimals
are considered and their corresponding invariants are determined.

The (3) is expressed in the coordinates (x,t,u), so to reduce this equation is
to search for its form in specific coordinates. Those coordinates will be constructed
by searching for independent invariants (y,v) corresponding to the infinitesimal
generator. So using the chain rule, the expression of the equation in the new
coordinate allows us to the reduced equation.

Now, we find four nontrivial solution of (3).
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1. First, consider v3 = td, + 9,. To determine independent invariants I, we need
to solve the first partial differential equations v;(I)=0, that is
ol ol oI
o, ax)I:t— L Ry 39
(0 +a0) =15 4G 05, )
which is a homogeneous first order PDE. Thus, we solve the associated character-
istic ordinary differential equation

dt _ds _du

t z 0 (40)

Hence, we obtain two functionally independent invariants y = x/t and v = u.

If we treat v as a function of y, we can compute formulae for the derivatives
of u with respect to x and ¢ in terms of y, v and the derivatives of v with respect
to y, along with a single parametric variable, which we designate to be t, so that
x will be the corresponding principle variable. We find, using the chain rule, that
if u=v=u(y) =u(z/t), then

ou Ov OJvdy x

o o ogor @ T TV
Ou Ov  0Ovdy 1

9r Oz oyoxr 'V

U =

(41)

Uy ==

Substituting for u; and wu, their expressions in the equation (3), we obtain the
order ordinary differential equation

1
O:ut+uum:¥vy(fy+v). (42)

The solutions of this equation are y = x/t and v = u. Consequently, we obtain
that

u(z,t) = cte, wu(z,t)= %, (43)
are v, invariant solutions of equation (3); These solutions belong to set (38).

2. The invariants of v; 4+ v3 are y = t2 + 2z and v = u + ¢t. The reduced equa-
tion is 2v(y)v'(y) + 1 = 0; that implies v(y) = £,/y + a. Therefore, u(x,t) =
+vt? + 2z + a—t is another solution of the equation (3). By applying the one pa-
rameter groups g; on this solution, we conclude a set of three parameter solutions
for equation (3):

b
u(x,t)::I:\/a2t2+2az+bt+cfatf%. (44)
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3. The invariants of v4 + vs are y = /v/t and v = u/t. The reduced equation is

1
v'(y) (y — 2v(y)) + v(y) = 0; that implies v(y) = Q—t(x + V&2 — a?t). Therefore,
u(x,t) = £V12 + 2x + a — t is another solution of the equation (3). By applying
the one parameter groups g; on this solution, we conclude a set of three parameter
solutions for equation (3):

(1) = (2bt—a)x+a\/z2+t(btfa), (45)

2t(bt — a)

where a, and b are arbitrary constants.

4. The invariants of vg are y = 2/t and v = t(z — tu)/(zu). The reduced equation
is yo'(y) v(y) + v*(y) = 0; that implies v(y) = a/y. Therefore

u(xz,t) = —%LW( — te" ") (46)

is another solution of (3), where LW is the Lambert W-function; i.e. a function de-
fined by function-equation f(z).e/ () = . By applying the one parameter groups
g; on this solution, we conclude a set of three parameter solutions for (3):

1 a cx b
u(z,t) = mLW((at + d) eatbitery = (47)

where a, b, ¢, and d are arbitrary constants.

7. Lie Group Analysis of Equation (4)

By Theorem 2, every projectable infinitesimal generator of one parameter Lie
group of symmetries of (4) has the form v = Z?:l a;vi, where ai,...,ag are
arbitrary constants and

Vi :817 V2:8t,
1
V3=t81+§(1+u)28u, vy =10y + 20,
1
Vs =10 + 5(1 — u?) Oy, ve =20 + (1 — u)? Dy, (48)

1
vy =120, + wt 0, + §(u+ D(zu+tu+z—1)0y,

1
vg = xt 0y + 22 0, + i(uf D(ru+tu+x—1t0,.
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The one parameter groups gi(s) generated by vy for k =1,...,8 are:
g (x,t,u) — (z+s,tu),
92 (@, t,u) — (z,t+s,u),
s+ (s—2)u
N ,t, t ;t7_ )a
9 (@,tu) — (o4t 24+ s+ su
g4 (x,t,u) — (e’z,e’t,u),
. 1 1. 14w
g5 (x,t,u) — (x,e t,tanh(§5+§ln(l_u))), (49)
s+(2-s)u
: 7t7 ( at 77)7
6 (@,tu) — (=, t+sz 2+s—su
x t 2(u +1)
: ata ( ) ) - 1))
g (@,tu) — 1—st’'1—st’'24+s(x—t)+s(t+z)u
x 2(u—1)
: 7t7 ( ) *
g8 (@,tu) — 1—sx Jrs(sc—t)—|—5(t—&—3€).u—2

Consequently,

Theorem 6. If u = f(x,t) is a solution of (4), so are the functions

g1(s) - f(z,1) Flo+s,1),
g2(s) - f(z,t) = fla,t+s),

oo - ey

9a(s) - flz,t) = [f(e’w,e’),

s+ (2—8).f(x,t+ s2)
9o(s) - fl@: 1) = 24+ s—s.f(x,t+sx)’

20/ (s ) + 1)

gr(s) - flz,t) = —1,
2—8(33—t) ( ) (1 st? 1— st)
( Yy 1—sz/) 1)
s) - .’t,t - 1- l1—sx? 1— sz)

98( ) f( ) 8($—t> (t+$) (1159,;71 SI)+2

If we let u(x,t) = 1 be a constant solution of (4), we conclude that the trivial
functions g;(s) -1 =1, for i = 1,...,8, a nontrivial solution for (4):
2z

t)=1— —— 51
u(e,)=1- 2 G1)

where a is an arbitrary constant.

Now using the differential invariants of vs — vo for a nontrivial solution of
(4). Tts differential invariants are y = x +t2/2 and v = (2 — tu +t)/(u + 1). The



112 M. Nadjafikhah AACA

reduced equation is v'(y).(v(y) + 1) = 1. Therefore,

(2.1) t+1+vV1+2x+t2+2a
u\zx, = )
1FV1I+22+t2+2a

is a nontrivial solution of the equation (4).
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