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The LieAlgebra of Smooth Sectionsof a T-bundle

M. Nadjafikhah and H.R. Salimi Moghaddam

Abstract: In this article, we generalize the concept of the Lie algebra of vector fields
to the set of smooth sections of a T-bundle which is by definition a canonical
generalization of the concept of a tangent bundle We define a Lie bracket
multiplication on this set so that it becomes a Lie algebra. In the particular case of
tangent bundles this Lie algebra coincides with the Lie algebra of vector fidds.
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1. Introduction

We know that if M isasmooth manifold, then (M), the
set of all smooth vector fields on M (or, the set of al
smooth sections of y(M) forms a Lie algebra. (See for
example[2]). In this paper first we define the concept of
a T-bundle, which isa generalization of tangent bundle.
Then, we define a Lie algebra structure on the set of all
smooth sections of a T-bundle such that in the particular
case of tangent bundle, it coincides with the Lie algebra
of vector field. We are able to generalize many of
definitions and theorems about vector fields to the set
of smooth sections of T-bundles.

2. T-bundle
2.1. Definition
Let E and M be smooth manifolds with dimensions n +k

and n respectively, such that k =b.n for some
b1 .N . Also suppose that p:E—M is a smooth map.
By a T-chart on (E,p,M ) we mean an ordered pair
(U .y )where U is the domain of a chart(U ,u)in
M andy isafiber respecting diffeomorphism asin
the following diagram,

y

E|U:=p'U) » U’ R

NIZ

where I, is the projection on the first component. Two
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T-chart U,y ,)and U,y ,) arecaled TM-

compatible
"xTU,,=U,CU,," vl R ”
1

@ aoy I-al)(x !V) = (X !y ab (X)V)
For some mappingy ,, :U,, ® GL(k,R) by

édab(x) 0 L 0 l;'

e u

~ 0 J,(X) L 0 ¢

e ab u 2
ey ! i @

e u

g O 0 L J,(¥q

_Tus . _
Where Jab(x)_[ﬂuj (x)]. The mappingy ,,, is
b

called the transition function between the two T-charts.

2.2. Definition
A T-alasA=U,y,)for(E,p,M)is a st of

pair-wise TM-compatible T-charts (U_,y ;) such

that (U, ),;, is an open cover of M . Two T-atlases
are called equivalent, if their union isagain a T-atlas.

2.3.Definition

A T-bundle (E,p,M ) consists of two manifolds E
(the total space) and M (the base) and a smooth
mapping P:E ® M (the projection) together with
an equivalence class of T-atlases.

2.4. Lemma
Let (E,p,M)be a T-bundle Then for any

x1T M there is a unique vector space structure on
fiber E ;= p *(x ) which isisomorphic with R* .
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Proof: Let U,y ,)and U,y ,) be two T-charts

with X T U, , then we have

Y.k E,%® {x}" R
X, & (x,h, (x,))
Yol E %®{x}" R"
X, & (X.h, (x,)).

3

Whereh, and h, are two invertible mappings (These

two mappings are exist becausey , andy , are
diffeomorphisms.). Therefore,
forx T U,,andvi R*,wehave

Yal o (x V) =(xh 5 (xv) (4)

ory ., (X)v=h(y ;'(x,V)); aso, we have

O () =Y 5 05" V) = (V) (9)
And therefore h, (y (X ,V)) =V . Therefore,

Yao b ¢ 5 (V) =h (5 V). (6)
In other words, y ,, (X).h, (X,) =h, (X,) . Weknow

aso that y ., 1 GL(k,R) and thereforeE, has a
unique vector space structure.

2.5. Corollary

Let {e,,K,e } be the standard bases for the vector
spaceR", then {y ;'(x,€),Ly ;'(x.€)} and
{y . H(x,e), Ly ;' (X,e.)} aretwo ordered bases
for E, . Let

Xy =é yiy;f(x,e)=é 2y ' (%§) (7)
that yll_fzi I R then -

ey, u ez u

Sl =Y o (0.8l g ®)
8y« H gzt

2.6. Theorem

Any T-bundle admits a vector bundle structure but the
inverseisnot correct.

Proof: The first part of theorem is trivial, for thisit is
sufficient to notice that any T-atlas is a vector bundle

atlas. Therefore, if A isamaxima T-atlason E then
there is a maxima vector bundle atlas A¢ such
tha Al AC

TheLiealgebra of smooth sectionsof a T-bundle

The following example proves the second part of
theorem. Let E =JZ(R,R) be the vector bundle of
jet's of second order from R to Rat 0, that
P:E® R,p(j2f)=f(0) is the natura
projection. Consider the following two compatible
chartsfor R :

u:U,:=R¥%® R, tat(0.1)

u,:U, = R%® (0,+¥), tae”
Then, A ={u,,u,}is an atlas for standard structure
of R . Consider the two mappings

Y, PHU) %O U, R

jo(x+yt+z%) a(xy,2) (10)
and

Y. p'U)%® U, R

jZ(x+ yt+zt%) a (x,26™y,e”y +262) (11)

(9)

It is clear that {U,y .} and{U,)y ,} are two vector
bundle charts such

thaty , 0y , (X;Y,2) = (X}y 5 (X)(Y,2)), where

gyu €2e** 0 U éyl
e e , aé_q (12)
6Z0 g€ 2e¥( 6z

ButJ,, (X ) =[2e**] . Therefore, E is avector bundle
but isnot a T-bundle.

2.7. Definition
Let (E,p,M) and (F,q,N) betwo T-bundles. By

a T-bundle homomorphism we mean apair (j ,j ) of a
smooth maps (| :E® F,j :M ® N)such that

] :E® F s fiberwise linear and the following
diagram is commutative:

J

L

E F
P q
i
M— »N

Therefore, for any X T M themapj , :E, ® F oo

islinear. In this case we say that | covers] .If ] is
invertiblethen wesay | isan isomorophism.T-bundles
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together with their
categoryTVB .

homomorphisms form a

3. TheLie Algebra of Smooth Sections of a
T-bundle
3.1. Definition
Let X beapointinM . We define

,&TQM =T'MALATM (13)

i=1
where for any | :1Kb,Tbi M is the tangent space at

X , for distinction, the index i is attributed. Also we
define

éTiM: ; ,&TM (14)

as a manifold is diffeomorphic to Whitney-sum of b
copiesof TM (see[1]). In other words,

AT ={6,Ly,)]
SETAEID)

The projection is defined naturally.

(15)
v, TM,"i

3.2.Theorem
(A°_T'M ,p,M)isaT-bundle.

Proof: Let (U ,u) beachatonM , it is sufficient to
definethemapy :p *U)® U "~ R by

gaa—() aa—() 16)
(x;a,L.a))
3.3. Definition

Let(E,p,M)be a T-bundle with T-atlas(U,y,)

all -
Assume X bein M and (U ,u, ) be a chart such that
xT U, ,and U,y ,)be the T-chart corresponding
to it. In this case we define the mapping
jEc®ALTM by

83

. o' &9, O
JX(XX):z yi —:H_AL

ia:.l 8ﬂua o,

A& Y gamet 2 AL an

i=1 ﬂ a Oy

q' e, o
LA b
ia;ly(b—l)nﬂeﬂu;l éx

k
where X, | E and X, = avy H(x,e), that we
i=1
assume{e;, K, e, } is the standard bases for R* aso

forany f 1 C¥(M , R) we define

2. o &ff o

Q—Ji+ = gﬂ—i+ : (18)
elu, g é&Tu, g

3.4. Lemma

], (X,) iswel define.

Proof: It is sufficient to show the definition is
independent of charts. Let X | U, and

Xy —a vy l(xe)= azyb(xa) (19)

i=1 i=1
Therefore, we have

J x(X) =] xga yy 21 (% a)-

d @
-4 ylgﬂ“l ALAa W,(ﬁmﬂ AL
iz el @, =1 u, (49
J &y o
LA pod- Ny
ia:.l y(b-l)n+|gﬂu; @
| oh aﬂul O( X)ig aeﬂl AL (20)

:é'é, J:

i=1

5 &
LA a a Z(b-l)nﬂ
i=1 &j=1

“’mﬁ

By using (3.6), we have
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8B O ay Al Fmal gy
ia:.12|gﬂu|ioa( iazhlzmnﬂgﬂu .

A z N .—Xx
ia:.l (b-1)n gﬂlT (X))

Therefore, J , iswell define.

3.5. Theorem

Let (E,p,M)be a T-bundle such that for any
xT M, dim(p*(x))=b then the mapping
j :E® AP_T'M withj (x,):=] (X, )is an
isomorphism of T-bundles.

Proof: Let (U,u) beachaton M and U,y )be
the correspondence T-chart on E . It isclear that | is

invertible and by using the proof of theorem (3.2) the
following diagram is commutative

J

piU) »pU)
y Y+

F
U " RX » U~ R

Wherej (Xx,a) =(X,a) that is isomorphism for any
X .

3.6. Coradllary
Any two T-bundles on the same base such that their
fibers have the same dimension are isomorphic.

3.7. Definition
Suppose (E, p,M ) beaT-bundle. By a section of the

T-bunde E we mean an smooth map
X:M ® E suchthat pox =1d,,
We denote the sat of all sections of a T-bundle

(E,p,M) byC*(E).

3.8. Definition

Let (E,p,M)be a T-bundigx,hT C¥(E)and
f 1 C¥(M,R) then wedefine

(+h) =X th, (0,=F00, (@)

3.9. Definition
Let X and h bein C¥*(E)and (U, ,u, )beachart

onM , in this case we can write in local coordinates

TheLiealgebra of smooth sectionsof a T-bundle

k
x|U,=a fy.'(.e) ad

i=1

K

hiU, =a gy.'(.) (23
i=1

where f,,g, T C¥(U,,R) . Then we define

xh:=j 7 )j (0)) (24)

and

)i U, =4 & 1o Toag
iz = W Tug

LAQ & e T gy 5
i=1 j=1 lu, Ty,
> 2 N9 9 T
LAQ & fyop, ——o2m T
i=1 j=1 (b-ne) ﬂuaf ﬂu;
Therefore, we have
_Ea s T
xh = a a a fpn+j y (! pn+|) (26)
p=0 i=1 j=1 ﬂ
3.10. Definition

Let X be asection of T-bundle(E, p,M), suppose that
xT M and U,,u,)isachartof M suchthatx] U, .
Also we assume that

f =, Kf)I C*U,,R") (27)
wheref, T C¥(U,,R),

x:C*U,,R)®C*U,,R")by
x(£)( =0 (L, £,))(X)
‘ﬂl

in this case we define

—(a 9 (X) (X) L,

=1

: (28)
égmﬂxm bu»

i=1

K
Where X |, = é. gy (-&).
i=1

Now we can define the Lie bracket of to sections of a T-
bundle.

3.11. Definition
Letx,h T C¥(E), then we define the Lie bracket of
x andh by[x,h]=xh-hx,

if we assume that

k

x|U, =afy.'(.e)andh |U,
i=l

then we have

K
=a.9y. ()
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bo'l g d ﬂgpn+i
x,h]1lU, =a a a (f . j
p=0i=1 j=1 Tu, (29)
ﬂf n+i -
" Qpn+ ﬂljaj )y al("epﬂ’fi)
3.12. Theorem

Suppose that (E,p,M ) isaT-bundlethen C ¥ (E)

with Lie bracket and the addition of functions and scaler
product is a Lie algebra. Proof: The product that we
define in definition (3.9) is associative (It is clear from

the definition)so C ¥ (E) isan associative algebra and
also we define the Lie bracket of two sections X and
h by xh - hx , thereforethe C ¥ (E) isaLiealgebra

3.13. Corallary

If (E,p,M) bea T-bundle with standard fiber R*
such that dim(M)=n then the Lie agebra
C*(E)is isomorphic to multiplication of b =k /n
copies of Lie algebrac (M ) (the Lie algebra of all
vector fieldson M ).

85

4. Conclusion
T-bundle which defined in this article is a vector bundle
such that it isanatural generalization of tangent bundle.
Also we defined a Lie algebra structure on the set of
smooth sections of a T-bundle such that in particular
case of tangent bundle it coincides with the Lie algebra
of vector fields.
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