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INVARIANTS OF DIFFERENTIAL EQUATIONS DEFINED BY
VECTOR FIELDS

J C NDOGMO

ABSTRACT. We determine the most general group of equivalence transforma-
tions for a family of differential equations defined by an arbitrary vector field
on a manifold. We also find all invariants and differential invariants for this
group up to the second order. A result on the characterization of classes of
these equations by the invariant functions is also given.

1. INTRODUCTION

In Lie theory, the invariance of functions and other objects under a transforma-
tion group G acting on an n-dimensional manifold V' is usually characterized by
the vanishing of functions under some vector fields generating the group action,
and this vanishing is represented by a system of partial differential equations of the
form

D AX) 0, F(X) =0 (1.1)

where X = (z!,...,2") is a local coordinates system on V and where F is the
unknown function. The importance of linear partial differential equations of the
form (L)) usually referred to as determining equations for the invariant objects
cannot be overstated. Indeed, they characterize invariant equations as well as their
invariant solutions, and they have a similar importance in the study of Lie algebras
and in representation theory. In physics, invariant operators of dynamical groups
characterize specific properties of physical systems and provide mass formulaes and
energy spectra [I, [2]. Invariants of physical symmetry groups also provide quantum
numbers useful in the classification of elementary particles [3]. It would therefore
be desirable to consider the group of equivalence transformations of equations of
the form (1) and to determined all functions invariant under this group. Such
functions are simply called invariants of the differential equation (L.IJ).

A method for the determination of invariants of linear and nonlinear equations
build on an idea suggested by Lie himself [4] was developed in [5]. The method is
based on the fact that the invariant functions for the infinite group of equivalence
transformations of a given system of equations are precisely the invariants of the
system of differential equations. That is, these functions are invariant under the
group of transformations that confine the system of equations to a prescribed family
of equations. The method also yields singular invariant equations, and has been
used to complete the problem of determination of the Laplace invariants in [6], and
in [7] to characterize linearizable second order ODE’s.
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In the present paper we find the most general group G of equivalence transfor-
mations leaving unchanged, except for its coefficients A;, an equation of the form

D A(X)0,:U =0 (1.2)
i=1
where (z!,...,2",U) € R" x R = M, and where we assume that none of the
coefficients A; for i = 1,...,n vanishes identically. We then find the invariants and

differential invariants up to the second order for this group and for an arbitrary
number n of independent variables in the equation. We first treat with more details
the cases n = 2,3 before giving some generalizations of the results. Next, by
investigating the regularity of the action of G on M, we show how the invariants
found can be used to characterize families of equations of the form (L2).

2. THE GROUP OF EQUIVALENCE TRANSFORMATIONS

Owing to the linearity of equation (I.Z), any invertible change of the dependent

variable U and the independent variables (z!,...,2™) = X that preserves the form
of the equation should be of the form
X =y(Y) (2.1a)
U=HY)V(Y), H(Y) #0 (2.1b)
where Y = (y!,...,y") is the new set of independent variables, V is the new

dependent variable and H is an arbitrary function.

Theorem 1. The most general group G of equivalence transformations of equation
(T2 consists of the set of all invertible changes of variables of the form

zt = pHY) = ¢i(yh), fori=1,....,n (2.2a)
U=V. (2.2b)

That is, each ¢*(Y) is a function a the single variable y*, and G does not involve a
change of the dependent variable.

Proof. Under the general change of variables (2.1al), and by setting ¢ = ¢!, equa-
tion (L2) takes the form

> Bij(Y)d,:(U) =0 (2.3a)
where J
BiV) =Y A0 IL @) = Y 4ax05% ) (28

Equation (Z3a)) together with the expression of U given by (2.11) shows that none of
the coefficients B; should vanish identically. However, the expression of B; in (2.30)
shows that if ¢’ (X) depends on more than one of the variables 2%, for i =1,...,n
it can be chosen as an invariant of an appropriate vector field, and so that B; = 0.
Hence ¢7(X) = ¢/ (2%99), for some qj € {1,...,n} and because of the invertibility
of ¢, ¢/ must be a nonconstant map and all the variables % must be distinct for
j =1,...,n. This implies in particular that 2* = 1?(**) must also be a nonconstant
function of a single variable. If we let o be the permutation that maps the ordered
set {yl, e ,y"} onto the ordered set {ykl, .. .,yk"} , then the ith component of
oo~ ! depends exactly on y° alone. On account of the arbitrariness of v, we may



INVARIANTS OF DIFFERENTIAL EQUATIONS 3

replace 9, by 1 o 01, and thus that we may always assume that z* = ¥*(y?), and
equivalently y* = ¢'(2'). This reduces the expression for B;(Y) in ([2.30) to the
form

B = 43(w(r) 255~ B (2.4

where 1/’ = 97 /0y’. Substituting (211) into ([23a) and expanding, equation
([C2) takes the form

STHBoV+V Y Bjo,H| =0. (2.5)
J J
The fact that the coefficient of V' appearing in (2) must identically vanish and
the arbitrariness of the n coefficients A; in the expression of B; in (2.4]) show that
0, HY) =0, for all j = 1,...,n. Thus H(Y) # 0 is a constant function and
without loss of generality we may assume that H = 1. This last equality transforms
equation ([28) to the form

> Bi(V)o,V(Y) =0, (2:6)
J
which is of the prescribed form. This completes the proof of the theorem. O

Remark . Tt should also be noted that under the general change of variables ([2.1),
it is always possible, by the well-known result on the rectification of vector fields,
to put (L2) in the form

(9‘7!1 (HV) =0, thatis, (8y1 H)V + H(ayl V) =0
Thus if we allow some of the coefficients A; to vanish, then the only additional
condition to be imposed on the change of variables ([2.1]) would be 0,1 H = 0, and

all equations of the form ([L2) would be equivalent. There are clearly no invariant
functions or invariant equations of any order in such case.

We now move on to determine the infinitesimal generators of the group G. As
already noted, equation (22al) implies that y* = ¢*(«*), for i = 1,...,n, and this
shows that the infinitesimal transformation of ([Z2]) has the form

y' ot el (o), VaU, (2.7)

where the functions &° are also arbitrary, due to the arbitrariness of the functions
1*. The first prolongation of this transformation has the form

8yiV ~ J,U+ 6(—§i/ami U), (2.8)

which implies that

0p:U = 0,V +¢€("0,:V,) (2.9)
where 0, is the differential operator 9 /0 x, for any variable z. A substitution of
equation (2.9]) into the original equation (.2]) yields the infinitesimal transformation
of that equation in the form

D (Ai + €4 7).V = 0. (2.10)

K2
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This shows that the infinitesimal transformation A of the coefficient A; is given
by
The infinitesimal generators of the equivalence transformation G therefore has the
form

3. ZEROTH-ORDER INVARIANTS

We would like to first recall very briefly certain elementary facts about the invari-
ant functions of a given transformation group. Suppose that the infinitesimal gen-
erators of an r-parameters group of transformations GG acting on the Q-dimensional
manifold M are of the form

Vi :ngjam, fork=1,...,r. (3.1)
J
The invariant functions and invariant equations of G are determined by
Vi (F)=0 (3.2a)
F ’ =0 3.2b
()| (3.2b)
respectively, for k =1,...,r. The number of fundamental invariants of G does not

exceed Q — 7, where 7 is the rank of the matrix ({kj)kj of coefficients of the r
operators Vi. Each of these functions naturally gives rise o an invariant equation.
Invariant equations F' = 0, where F' is not an invariant function, and obtained
by imposing the additional condition 7 < Q to the second equation of (3.2h)) are
often referred to as singular invariant equations. Using a Lie linearization test,
such equations were recently shown [7] to characterize all linearizable second order
ordinary differential equations.

When some of the independent variables z7 in the expression of the Vj can
be taken as depend variables for other objects such as a differential equation, the
generators Vj, can be extended to involve higher order derivatives of the dependent
variables. If V is a given infinitesimal generator of GG, then we shall often use the
same symbol V to represent both V and its m-th prolongation V"), Similarly, the
mth jet space of M will often be denoted simply by M.

Since the general change of variables ([2.2]) is merely a change of the independent
variables and does not involve the dependent variable U, this variable is trivially
an invariant for G. We shall therefore ignore this variable in our search for the

invariant functions of G whose general form for the zeroth-order operator (Z.11]) is
Fat, ... 2" Ay, Ay).

Theorem 2. The group of equivalence transformations G of (L2) has neither
mvariant functions nor invariant equations.

Proof. Rewriting the generic generator V in (Z.I1)) as a linear combination of the
arbitrary functions £’ and their derivatives gives
n n
V=> €(0:)+ > &'(Aida,),
K3

i
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and this proves the first part of the theorem at once, on account of the arbitrariness
of the functions ¢%. To show that G has no invariant equation, we use an elementary
technique similar to that used in [7]. Suppose that F(z',...,a" A;,..., A,) =
0 is a nontrivial invariant equation for G, and so it explicitly involves at least
one of the variables, say x!, in the set {:Cl, o AL, An} . Then solving the
equation for z! reduces it to the equivalent form z! = K(z2,...,2", Ay,..., A,).
The arbitrariness of the functions & and their derivatives implies again that we
must have in particular
=0.

1=K

But this last condition cannot hold because 0,1 (wl - K ) =1, and this completes
the proof of the theorem. (I

811 (Il - K)

4. FIRST-ORDER DIFFERENTIAL INVARIANTS

The first prolongation V() of the infinitesimal generator (ZI)) of G' has the form

(1) A.gin vy — 4.1
V V+Zfa,4 _ ji ( s)aA (4.1a)
i jFi
where we have used the notation
d04; .
A = gyl fori,je{1,...,n}. (4.1b)

In terms of the linear combination of the arbitrary functions ¢* and their derivatives,
this expression takes the form

V(l):;g 8171_’_;5 //m
+zi:§/ aA Z( YA, AﬁaAﬁ)

Equation (£2) clearly shows that any first-order differential invariant of G should
be independent of all the independent variables x?, as well as the variables A;;. This
last condition reduces V) to the form

(4.2)

V(l) = Zf“ VEi/ (43&)
where
0 0
Veir = Ai0a, + (Ai<——A<i—) . (4.3b)
¢ ; T9A; oAy

As we are considering the arbitrary functions A; in (L2)) in their most general
form, we may assume that the functions A;; = 9,; A; do not vanish identically. It
then follows from (@3] that the generators of the first prolongation of G depend on
Q = n? independent variables. If however we assume that exactly p of the functions
A;j vanish identically, then this number p is invariant under the action of G and
Q=n?—p.

Theorem 3. Consider the n operators Veir of ([A3).
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(a) The rank of the coefficients matriz M of the operator Veir is n, which is
mazimal.

(b) The Veir form an n-dimensional commutative Lie algebra.

(¢) The number fundamental first-order differential invariants of the group G
of equivalence transformations of equation ([L2)) is n(n —1).

Proof. In any coordinate system of the form {A1,..., A,,...} on the extended jet
space on which the first prolongation of G operates, equation (£3]) shows that the
first n columns of M is represented by the matrix diag { A1, ..., A, } which has rank
n, owing to the fact that none of the coefficients A; is zero, and this proves part
(a) and shows that the n vectors Vg, are linearly independent. For part (b), if for
any k € {1,...,n} we write

0 0
V&k/ = AkaAk + Z (Akquk - AqkaA >
gk 4 ok

then we readily see that the commutator [Vgi/, Ve /] is a linear combination of the
identically vanishing commutators

[AijOa,; — Ajida,, Argday, — A, [Aida,, ArOa,]

[Ai0a,, ArqOa,, — Aqrda,,] [AijOa,, — AjiOa,,, Akda, ]

jio
This fact together with part (a) proves (b). Since the number of independent
variables involved in the complete system of n operators Vgi, is n?, the number
of their functionally independent invariants is precisely n? — rank(M), which is
n(n —1). O

The most practical way to find the n2 — n first order differential invariants of G
would be to compute these invariants for low dimensions of M, i.e. for n = 2,3 and
then make use of the symmetry inherent in equation ([2]) to find the invariants in
the general case.

For n = 2 and n = 3 we write equation (L2)) in the form

aUy +bU, =0, and aU; +bUy, +cU, =0, (4.4)
respectively. In case n = 2, the operators Vi, are given by
Ve = al g + ayaay — b0, Vezr = by — ayaay + b,0p, .

Solving the system of equations Vei, (F') = 0, for i = 1,2 by the method of charac-

teristics shows that G has a fundamental system of invariants consisting of the two

functions

by a
b

a,b
T12 = L, and T21 =
a
In case n = 3, the three operators Vg:, are given by

Verr = a0 q + (ayOa, — b0y, ) + (0204, — c20c,)
V£2/ =00y + (bzabm — ayaay) + (bzabz — Cyacy)
Vesr = €0 ¢ + (€20c, — 0204,) + (cyOc, — b.05.)
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and the corresponding set of six invariants is found to be

ayb brsa a,c
Tio=-", Ty = , Tz =
a b a
Cr @ b,c cy b
T3 = , Tz = , Ty ="
c b c

The form of the invariants found for n = 2,3 together with part (c¢) of Theorem
asserting that the number of invariants in the general case is n(n — 1), which is
2(;), suggest that all invariants can be found by associating with each subset of two
elements of the set of n coefficients of the differential equation a pair of invariants

according to a very simple rule.

Theorem 4. The n(n—1) fundamental invariants T;; of the group G of equivalence
transformations of equation (L2) are given by

Aij A, 9Ai
Ai ’ 6xj ’

and where A; and Aj; run over the set coefficients of the equation.

T = fori#j, where A = (4.5)

Proof. 1t is easily verified that the identity Vei/(Tkq) = 0 holds for all i =1,...,n
and for all k # ¢g. Next, the functions A;; for i,j € {1,...,n} are functionally
independent by assumption, and each T;; depends on exactly one of them. ([

Note that if we restrict the action of G to a sub-family of equations of the form
(T2) for which exactly p of the function A;; vanish identically, then the maximal
number of functionally independent first order differential invariants is n(n—1) —p.

5. SECOND-ORDER DIFFERENTIAL INVARIANTS

The second prolongation of the generator [2.I1)) of G has the form

333

VO = Vb > (A)E " Day; + (A" + A&7 = Ajj5677) 0a
j

+ 3 A = €)0a, + 2 (A€ = Ayi€') Dy,

i#j

+2 Z (' =" =€) Ajir a0, (5.1a)

i,k #j

i<k

where as usual
0A; OA;

A = J A = ——2 te. .1b
J ozxt’ Ik T i Lk ere (5.1b)

Rewriting this expression as a linear combination of the arbitrary functions ¢ and
their derivatives shows that any invariant function should be independent from the
independent variables and from variables of the form A;; for ¢ = 1,...,n. This
reduces the expression of V() to the form

n

VA =N Ve + € Vi (5.2a)

2
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where

Veir = Ai0a, + ) <AijaAz’j = Ajida;, + AijiOay, =2 Ajz'kaAjik>
k

J#i
+2 > Aijpda,, (5.2b)
Jik #i
i<k
Vgi n=A; 8,4“, + Z (2A1J 8,4”], - Aji 6,4].“) . (52C)
J#i

It readily follows from equations (5.2 that the second order differential invariants
of G depend in general on n—|—n(";2) —2n variables, that is on n?(3+4n)/2 variables.
This is the dimension of the subspace of the extended jet space M2 of M on which

the second prologation of G acts.

Theorem 5. The set of operators {Vi“}?:l and {Vﬁ“’}?:l given in (B.2)) each
generate an n dimensional commutative Lie algebra.

Proof. Thanks to the term A;0 4, appearing in the expression of each generator Vi
as the only term involving 0 4,, the coefficients matrix of these operators admits a
submatrix of the form diag{41,...,A,}, which is clearly of rank n, showing that
the Vei, generate an n-dimensional space. Similarly, as the term A;0 4,, appears in
the same manner in the expression of each generator Vein, the set {Vgi % }?:1 also
generate an n dimensional space. For each pair {i,k}, it is easy to see as in the
proof of Theorem [3] that each of the commutators [Veir, Ver/] and [Vein, Vern] is a
linear combination of identically vanishing commutators. This completes the proof
of the theorem. O

If we denote by &) the jth derivative of &%, then Theorem [l asserts that for
J fixed, the Veii;)’s form a commutative Lie algebra for j = 1,2. However, the set
of all operator Vei(j) for i =1,...,n and j = 1,2 that determine the second order
differential invariants of G do not form a Lie algebra in general when they are
considered together, as this easily appears from the low dimensional cases.

Indeed, if for n = 2,3 we rewrite equation (L2) as in ([@4), then for n = 2, we
have

Verr = a% + ayaiay + ayya%yy - b””aibz - 2bm3(l?m - szya(zzy
Ve = b2 - aya% - 2amya%y — 2y, + bwa% + bma‘zm
Vern = aaiam + 2ay%my — bz%m

In this case we have
[V&l/,Vgl//] = V51//, and [V52/7V52//] = V52//

However, the span of {Vl/,ng,Vglu,ngn} does not contain the commutator
[Vei Gy s Ver ] for any sets {i,k} and {j,p} of distinct elements. For instance, we
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have

0
=20y —.
Y0 gy
We have a similar situation in the case of three independent variables. The opera-
tors VEi ¢ are given in this case by

[Vgl (2) VE2 (1)] -

Veir = aa +ay— 9 +a,— 9 + Qyy— 9 +2ayza— ¢ Pop—
da O0ay da, da 0ay. da,,
— bz(% — 2bm6(Z: - 2b”(9(z—w — 2b“8§j Cxﬁacm
26116 o 2cmya oy 20“(’9(27
Vezr = (;?b au({;i - 2%‘”32—174 - 2%‘”(% — 2ayza(2yz + bwaaTx
+ bzaaTz + bmai: + 2bzza§wz + bzzaij - cy(%
_ 2czy6(2—my — 26”(% — 2cyza(zyz
Vesr = c(% azaiz Qawzagj 2auza » 2azza(2zz —bzaabz
2, a(Zzz 2, 8‘Zyz — 9., 8‘; e a% N Cyaay
+c 0 + 2c¢ 0 +c 0
0 Co w0y,
Vern = aaiax + 2aya(zzy + 2a28(2m — bzaiz - Cxa(zm
Ve = —ayg +bai 20 a(gxy +2bz£w - Cya(zyy
Vesn = —az%zz - bz%zz +c 88cz + 2Czaiz + 2@%.

As in case n = 2, we have [Vgis, Vein] = Vein. That is, {Veir, Vein } spans a solvable
Lie algebra with nilradical {ng} for i = 1,2, 3. However, here again the span of
{Vei m} does not contain the commutator [Ve: i), Ver ] for any sets {7, k} and
{j,p} of dlstlnct elements. Indeed, we have for instance
0

Ocy,’
There is no guarantee in this case that the number of invariant attains its maximum
which is @ — 7, with the usual notation. More over, they are much more difficult
to find using the method of characteristic. we shall therefore attempt to determine
the invariants of the second prolongation of G using the so-called method of total
derivatives [8] [@].

Suppose that we are given a system of equations of the form ([B.2a) where the
Vi’s are arbitrary linear differential operators given as in (3] and depend on a

[Vfl (2) Vga (1)] = QCI
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total of Q variables. Denote again by 7 the rank of the coefficients matrix ({kj ) kg

and set p = Q — 7. Thus we can solve ([B.2a)) for 7 of the variables 9., F in terms of
the remaining p others, and this gives rise to the Jacobian system

OF < OF

A F=—+ Us;— =0, fort=1,...,7, 5.3
t 0wy ; st Oug T (5.3)
where we have renamed the remaining p variables .4 ; as u;, for j =1,...,p and
where the Us +’s are functions depending in general on the Q vriables z1,..., 2, and
U1,...,Up. In this case the equivalent adjoint system of total differential equations

takes the form

-
dug = Z Us idzy, fors=1,...,p. (5.4)
t=1

The equations ([B:2al) and (5.4) are equivalent in the sense that they have the same
integrals [§]. We denote by M, the coefficients matrix {Us:} that completely
determines the adjoint system (5.4)).

For n = 2, by permuting the coordinate system on M so as to have in diag {a, b, a, b}
as the submatrix corresponding to the first 4 columns of the coefficients matrix for
the system Sap = {‘/51/, Vezr, Vern, ngu} , we obtain the transposed matrix ML of
M, in the form

0 Ayy _be ay 2bys 2bay
a a a a a
2azy 2ayy by __ Ay by 0
T b b b b b
M= 2, 0 0 0 b 0
m r
0 ~% 0 0 0 2be

The corresponding system (&.4) of total differential equations can be solved using
methods described in [§]. We get stuck with a problem of finding some integrating
factors while trying to solve by the method of characteristics the equivalent system
(B2a) of linear partial differential equations for the system of operators Sao. How-
ever, we readily get the following set of six functions by solving the corresponding

adjoint system (5.4)).

b b oy @b
Tip= 22, K= +by, Jiz= G2 9a,
a ay ay
b b by ab (5:5)
z 4 zx A ry A
To = b Ko = - T Jor = Z — 2by.

Although their number corresponds to the maximal number of functionally inde-
pendent invariants in this case, not all of them are actually invariants because the
system Szz is not complete. More precisely, only T;; and Kj;, for 4,5 = 1,2 are
invariants, and not only the J;;’s are not invariants, but also the equations J; ; = 0
are not invariant equations.

Similarly for n = 3, the total number Q of variables defining the invariants is 27,
and we have 7 = 6. By permuting again the coordinate system on M, so as to have
diag {a, b, c,a,b, c} as the first six columns of the coefficients matrix for the system
of perators Szo = {‘/51/, Vear, Vesr, Vern, Vean, Vgsu} , we obtain a more convenient
representation of the 21 x 6 matrix M,,. The transpose ML of M, in which only
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its first six columns are represented has the form

Gyy 2ays azz _bs
0 0 a a . @

_ 200y _2ayy 20y be

b 0 b b 0 bm

204z _2ay: _ 2a..
ME=| O == 0 : = 0 7
2ay 2a,

= e 0 0 0 0

0 0 —a—by 0 0 0

0 0 0 0 — %= 0

(&

where the dots represent the remaining 15 matrix columns. Solving the correspond-
ing system (5.4]) yields the expected maximal number of 21 functionally independent
functions. But since here again the corresponding system of operators Sso is not
complete, only 15 of them are actually invariants of G. Reverting back to the orig-
inal notation A; = a, A2 = b and A3 = ¢, and using (5.1D)), these 15 invariants can
be written in the form
A A Aiii A A Ay
T = Zjélz- I K= ”Ajij L+ Ajj, Lije = Aijk (—jélz ) ; (5.6)
where i,j € {1,2,3}, with ¢ # j, and where {j,k} = {1,2,3} \ {i} for i = 1,2,3.

We have thus obtained the following result.

Theorem 6. Let N be the mazimal number of functionally independent invariants
of the second prolongation of the group of equivalence transformations of ([L2)) in
n independent variables.
(a) Forn =2, N =4, and the invariants are the function T;; and K;; of (5.5).
(b) Forn =3, N =15, and the invariants are the functions T;j, K;; and Lijj

given by (5.6]).

Contrary to the case of the first prolongation of GG, a determination of all in-
variants of the second prolongation for larger values of n using only invariants of a
lower order of n and a symmetry argument does not seem to be obvious. Indeed,
the equations (5.0) and (5.6) show that for n = 3, the invariants of type T;; and
K;; can be simply derived by symmetry from those for n = 2 without any further
calculations. However, the invariants of type L;;x in (B.0) cannot be obtained from
(B3 using only a symmetry argument. This makes it more difficult to find all the
invariants for the second prolongation of G when n > 4. Nevertheless, we do have
the following result which is solely based on a symmetry argument.

Theorem 7. Forn > 3, a fundamental set of invariants of the second prolongation
of G includes all the invariants of type Ti;, K;j and L, of (0.6]), whose total
number is n(n? +n — 2)/2.

Indeed, this result clearly follows from (5.6 and the symmetry inherent in (2)),
by noting that the total number of the T;;, K;; and L;j; for n > 3 is

2(2‘) + 2<Z) + 3(Z> = %n(n2 +n—2). (5.7)

Although we may not find all the invariants of the second prolongation of G for
larger values of n > 3 using only symmetry arguments, it should be possible to
predict their number. Denote by M,"’ the number of fundamental invariants of the
kth prolongation of equation (L2)) (with n independent variables) involving terms of
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the form Ay, where I is an index of the form 4145 . ..4; with distinct iy € {1,...,n}
for k=1,...,j. Note that the corresponding type of functions appears for the first
time as invariants of (L2) when the number of independent variables is j, where
2 < j < n. If we also denote by M}’ the number of invariants of the kth prolongation
for n variables, then a closer look at equation (B.6]) suggests that Ag’j =73 (?) and
M3 = M + W, where

n

Wn—A§’2+A§’3+~-+A§’"_Zj(j>.
j=2

Using the properties of binomial coefficients, it can be shown that > 5 j (?) equals
n(2"~! —1). Since by Theorem [§] we have M7 = n(n — 1), our conjecture follows.

Conjecture. For any value n of independent variables in equation (L2)), the num-
ber M3 of functionally independent invariants of the second prolongation of G is
n(2" 1 4+n—2).

This conjecture says that My = 40, and My = 95. By a result of Lie (see [6]), it
is possible to find differential invariants of G of higher order than 2 using invariant
differentiation, but we will not discuss that here.

6. PROPERTIES OF THE INVARIANTS

It follows from Theorem [l that every element of the equivalence transformations
group G of equation (2)) can be represented by an invertible map ¢ of the form

H:R" = R": X = (z,...,2") = Y = ¢(X) = (¢' (z1),..., 8" (z™)).

That is, the ith component of ¢ depends only on the single variable z¢. In a given
coordinate system X = (z!,...,2"), each equation of the form ([L2) can be rep-
resented by the n-tuple (A4;(X));, or just (A4;(X)). It follows from equation (2.4)
that under the action of ¢ € G, the differential equation (A4;(X)) is mapped to the
differential equation (B;(Y)) = ¢ - (4;(X)), where
BA(Y) = Ao~ (V)o ((v)) = 2D
P (y’)

and where ¥ = ¢~ !. If 6 is any other element of G, and Id is the identity transfor-
mation, it is easy to see that

Id-(Ai(X)) = (Ai(X)), and 0 - (¢-(Ai(X))) =000 (Ai(X)). (6.1)

Thus if we denote by E,, the variety of all differential equations of the form (T2,
then (G.I)) shows that the action of G on M induces another group action of G on
E,,. This yields a partition of E,, into orbits which can be described by the original
action of G on M. For a given element (A;(X)) in F,, we set

T = AijAj /A

Theorem 8. Suppose that the coefficients A;, for n = 1,...,n in equation (2]
are non vanishing and that exactly p of the functions A;; in the expression of the
generators Veir of the first prolongation of G in [A3) vanish identically. Then two
differential equations (A;(X)) and (B;(X)) are equivalent, i.e. they belong to the
same orbit of the first prolongation of G if and only if

T3 (X) = T;7 (X)
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for all of the n(n — 1) — p nonzero such functions Tl‘? and TZ—?.

Proof. If the coefficients A; of (LZ) are non vanishing, then diag{A44,..., A,} has
constant rank n, and by the expression of the generators in (@3], G acts semi-
regularly. More over, the expression of the corresponding invariant functions in
(@3 shows that this action is regular. Since the invariants of G are actually
the invariants of the induced group action of G on E,, the result follows from
a theorem of [10, Theorem 2.34] stating that for regular group actions, two points
lie in the same orbit if and only if they take on the same values under all invariant
functions. O

7. CONCLUDING REMARKS

It follows from Theorem [§ above that all differential equations (A;(X)) where
A; = A;(x%) depends on ' alone are equivalent. The expression of the generators
in (£3) shows that the action of G restricted to this family of equations has no
invariant of any order.
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