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1 Introduction and Applications

This section is devoted to basic concepts in partial differential equations. We start the
chapter with definitions so that we are all clear when a term like linear partial differential
equation (PDE) or second order PDE is mentioned. After that we give a list of physical
problems that can be modelled as PDEs. An example of each class (parabolic, hyperbolic and
elliptic) will be derived in some detail. Several possible boundary conditions are discussed.

1.1 Basic Concepts and Definitions

Definition 1. A partial differential equation (PDE) is an equation containing partial deriv-
atives of the dependent variable.
For example, the following are PDEs

U + cuy = 0 (1.1.1)
(T, Y)Ugy + 2Uyy + 32Uy, = 4 (1.1.3)
Ugtlyy + (uy)® =0 (1.1.4)
(ttae)® + tyy + alz, y)ug + b(z, y)u=10. (1.1.5)
Note: We use subscript to mean differentiation with respect to the variables given, e.g.
ou )
Uy = i In general we may write a PDE as
F(xa Yy ooy Uy Ugy Uy, oy Uggy Uy, *° ) =0 (116)
where x, y, - - - are the independent variables and u is the unknown function of these variables.

Of course, we are interested in solving the problem in a certain domain D. A solution is a
function u satisfying (1.1.6). From these many solutions we will select the one satisfying
certain conditions on the boundary of the domain D. For example, the functions

u(r, t) = ¢

u(z, t) = cos(z — ct)
are solutions of (1.1.1), as can be easily verified. We will see later (section 3.1) that the
general solution of (1.1.1) is any function of z — ct.

Definition 2. The order of a PDE is the order of the highest order derivative in the equation.
For example (1.1.1) is of first order and (1.1.2) - (1.1.5) are of second order.

Definition 3. A PDE is linear if it is linear in the unknown function and all its derivatives
with coefficients depending only on the independent variables.



For example (1.1.1) - (1.1.3) are linear PDEs.

Definition 4. A PDE is nonlinear if it is not linear. A special class of nonlinear PDEs will
be discussed in this book. These are called quasilinear.

Definition 5. A PDE is quasilinear if it is linear in the highest order derivatives with coeffi-
cients depending on the independent variables, the unknown function and its derivatives of
order lower than the order of the equation.
For example (1.1.4) is a quasilinear second order PDE, but (1.1.5) is not.

We shall primarily be concerned with linear second order PDEs which have the general
form

Az, y)uge+B(z, y)u+C(z, y)uy,+D(z, y)u,+E(x, y)u,+F(z, y)u=G(z, y) . (1.1.7)

Definition 6. A PDE is called homogeneous if the equation does not contain a term inde-
pendent of the unknown function and its derivatives.

For example, in (1.1.7) if G(z, y) = 0, the equation is homogenous. Otherwise, the PDE is
called inhomogeneous.

Partial differential equations are more complicated than ordinary differential ones. Recall
that in ODEs, we find a particular solution from the general one by finding the values of
arbitrary constants. For PDEs, selecting a particular solution satisfying the supplementary
conditions may be as difficult as finding the general solution. This is because the general
solution of a PDE involves an arbitrary function as can be seen in the next example. Also,
for linear homogeneous ODEs of order n, a linear combination of n linearly independent
solutions is the general solution. This is not true for PDESs, since one has an infinite number
of linearly independent solutions.

Example
Solve the linear second order PDE
ugy (€, m) =0 (1.1.8)
If we integrate this equation with respect to n, keeping ¢ fixed, we have
ug = f(§)

(Since & is kept fixed, the integration constant may depend on &.)
A second integration yields (upon keeping 7 fixed)

ulg, m) = [ 1(€)dg +Gn)
Note that the integral is a function of £, so the solution of (1.1.8) is
u(§ n) =F(E)+Gmn) . (1.1.9)

To obtain a particular solution satisfying some boundary conditions will require the deter-
mination of the two functions F' and G. In ODEs, on the other hand, one requires two
constants. We will see later that (1.1.8) is the one dimensional wave equation describing the
vibration of strings.



Problems

1. Give the order of each of the following PDEs

a. Ugy + Uyy = 0
b.  Upyy + Ugy + a(z)u, +logu = f(z, y)
C. Upgey T+ Ugyyy + @(x)uxxy + u? = f(xa y)
d. Uy +ul, +e* =0
e. Uy +cu,=d

2. Show that

u(zx, t) = cos(x — ct)

is a solution of
Uy +cuy, =0

3. Which of the following PDEs is linear? quasilinear? nonlinear? If it is linear, state
whether it is homogeneous or not.

Upg + Uy — 2u = 2°

Upy = U

UlUy + 2 Uy =0

u? +logu = 2y

Uy — 2Ugy + Uyy = COST
(sin ug)uy + u,y = €”

Uy — 4Ugy + 2uyy +3u =0
Uy + Ugply — Ugy = 0

FER e AD o

4. Find the general solution of
Ugy + Uy =0

(Hint: Let v = u,)

5. Show that y
u= F(zy)+ xG(E)

is the general solution of

2 2
T Ugy — Y Uyy = 0



1.2

Applications

In this section we list several physical applications and the PDE used to model them. See,
for example, Fletcher (1988), Haltiner and Williams (1980), and Pedlosky (1986).
For the heat equation (parabolic, see definition 7 later).

u; = kug, (in one dimension) (1.2.1)

the following applications

1.

2.

Conduction of heat in bars and solids

Diffusion of concentration of liquid or gaseous substance in physical chemistry
Diffusion of neutrons in atomic piles

Diffusion of vorticity in viscous fluid flow

Telegraphic transmission in cables of low inductance or capacitance
Equilization of charge in electromagnetic theory.

Long wavelength electromagnetic waves in a highly conducting medium

Slow motion in hydrodynamics

Evolution of probability distributions in random processes.

Laplace’s equation (elliptic)

Uzz + Uyy =0 (in two dimensions) (1.2.2)

or Poisson’s equation

Uy + Uy = S(z, ) (1.2.3)

is found in the following examples

1.
2.
3.

4.

Steady state temperature
Steady state electric field (voltage)
Inviscid fluid flow

Gravitational field.

Wave equation (hyperbolic)

Uy — gy = 0 (in one dimension) (1.2.4)

appears in the following applications



1. Linearized supersonic airflow

2. Sound waves in a tube or a pipe

3. Longitudinal vibrations of a bar

4. Torsional oscillations of a rod

5. Vibration of a flexible string

6. Transmission of electricity along an insulated low-resistance cable
7. Long water waves in a straight canal.

Remark: For the rest of this book when we discuss the parabolic PDE
uy = kVu (1.2.5)

we always refer to u as temperature and the equation as the heat equation. The hyperbolic
PDE

uy — V?u =0 (1.2.6)

will be referred to as the wave equation with u being the displacement from rest. The elliptic
PDE

Viu = Q (1.2.7)

will be referred to as Laplace’s equation (if Q = 0) and as Poisson’s equation (if Q # 0).
The variable u is the steady state temperature. Of course, the reader may want to think
of any application from the above list. In that case the unknown u should be interpreted
depending on the application chosen.

In the following sections we give details of several applications. The first example leads
to a parabolic one dimensional equation. Here we model the heat conduction in a wire (or a
rod) having a constant cross section. The boundary conditions and their physical meaning
will also be discussed. The second example is a hyperbolic one dimensional wave equation
modelling the vibrations of a string. We close with a three dimensional advection diffusion
equation describing the dissolution of a substance into a liquid or gas. A special case (steady
state diffusion) leads to Laplace’s equation.

1.3 Conduction of Heat in a Rod

Consider a rod of constant cross section A and length L (see Figure 1) oriented in the z
direction.

Let e(z, t) denote the thermal energy density or the amount of thermal energy per unit
volume. Suppose that the lateral surface of the rod is perfectly insulated. Then there is no
thermal energy loss through the lateral surface. The thermal energy may depend on z and ¢
if the bar is not uniformly heated. Consider a slice of thickness Ax between x and z + Ax.
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X+A X L

Figure 1: A rod of constant cross section

If the slice is small enough then the total energy in the slice is the product of thermal energy
density and the volume, i.e.

e(z, t)AAx . (1.3.1)
The rate of change of heat energy is given by
0
a[e(m, t)AAz] . (1.3.2)

Using the conservation law of heat energy, we have that this rate of change per unit time
is equal to the sum of the heat energy generated inside per unit time and the heat energy
flowing across the boundaries per unit time. Let ¢(x, t) be the heat flux (amount of thermal
energy per unit time flowing to the right per unit surface area). Let S(z, t) be the heat
energy per unit volume generated per unit time. Then the conservation law can be written
as follows

%[e(x, t)AAz] = p(z, t)A — o(z + Az, t)A+ S(x, t)AAzx . (1.3.3)

This equation is only an approximation but it is exact at the limit when the thickness of the
slice Az — 0. Divide by AAzx and let Ax — 0, we have

+S(z, t) . (1.3.4)

d _ : (p(.T + AJZ’, t) — Sp(xa t)
ot 1) = Ay Aa

_9¢(z, t)
B

We now rewrite the equation using the temperature u(x, t). The thermal energy density
e(z, t) is given by

e(z, t) = c(z)p(x)u(z, t) (1.3.5)
where ¢(z) is the specific heat (heat energy to be supplied to a unit mass to raise its tempera-

ture by one degree) and p(x) is the mass density. The heat flux is related to the temperature
via Fourier’s law

ou(x, t)
Ox
where K is called the thermal conductivity. Substituting (1.3.5) - (1.3.6) in (1.3.4) we obtain

oz, t) = —K (1.3.6)

c(x)p(x)g—qz = f% <K%> + 5. (1.3.7)

For the special case that ¢, p, K are constants we get

6



where

K
k= 5 (1.3.9)

and s
Q=— (1.3.10)

cp

1.4 Boundary Conditions

In solving the above model, we have to specify two boundary conditions and an initial
condition. The initial condition will be the distribution of temperature at time ¢ = 0, i.e.

u(z, 0) = f(z).
The boundary conditions could be of several types.

1. Prescribed temperature (Dirichlet b.c.)

u(0, t) = p(t)

or

u(L, t) = q(t) .

2. Insulated boundary (Neumann b.c.)

ou(0, t) 0
on
o . L . }
where n is the derivative in the direction of the outward normal. Thus at . =0
n
9 __90
on Oz
and at x = L
o_29
on Oz

(see Figure 2).

X

Figure 2: Outward normal vector at the boundary

This condition means that there is no heat flowing out of the rod at that boundary.



3. Newton’s law of cooling

When a one dimensional wire is in contact at a boundary with a moving fluid or gas,
then there is a heat exchange. This is specified by Newton’s law of cooling

ou(0, t)

ox

—K(0) = —H{u(0, 1) —v(t)}

where H is the heat transfer (convection) coefficient and v(t) is the temperature of the sur-
roundings. We may have to solve a problem with a combination of such boundary conditions.
For example, one end is insulated and the other end is in a fluid to cool it.

4. Periodic boundary conditions

We may be interested in solving the heat equation on a thin circular ring (see figure 3).

x=0 x=L
\

Figure 3: A thin circular ring

If the endpoints of the wire are tightly connected then the temperatures and heat fluxes at
both ends are equal, i.e.
u(0,t) = u(L, 1)
ur (0, 1) = wug(L,t).



Problems

1. Suppose the initial temperature of the rod was

| 2z 0<z<1/2
“<””O)_{ 201—z) 1/2<z<1

and the boundary conditions were
u(0,t) =u(l,t) =0,
what would be the behavior of the rod’s temperature for later time?

2. Suppose the rod has a constant internal heat source, so that the equation describing the
heat conduction is
Uy = kg, + Q, O<z<l1.

Suppose we fix the temperature at the boundaries
u(0,t) = 0
u(l, t) =
What is the steady state temperature of the rod? (Hint: set u; =0 .)

3. Derive the heat equation for a rod with thermal conductivity K (x).

4. Transform the equation
U = k(Ugy + Uyy)
to polar coordinates and specialize the resulting equation to the case where the function u

does NOT depend on 6. (Hint: r = /2?2 + 4?2, tan = y/x)

5. Determine the steady state temperature for a one-dimensional rod with constant thermal
properties and

a. Q=0, u(0) =1, u(L) =0
b. Q@ =0, u.(0) = 0, u(L) =1
c. Q=0 u0) =1,  w(L)=¢
Q_
d. =% u(0) =1, uz(L) =0
e. Q=0, u(0) =1, uz(L) +u(L) =0



1.5 A Vibrating String

Suppose we have a tightly stretched string of length L. We imagine that the ends are tied
down in some way (see next section). We describe the motion of the string as a result of
disturbing it from equilibrium at time ¢ = 0, see Figure 4.

)

X axis

0 X L

Figure 4: A string of length L

We assume that the slope of the string is small and thus the horizontal displacement can
be neglected. Consider a small segment of the string between = and x + Az. The forces
acting on this segment are along the string (tension) and vertical (gravity). Let T'(z, t) be
the tension at the point x at time ¢, if we assume the string is flexible then the tension is in
the direction tangent to the string, see Figure 5.

T(x+dx)

T)

u(x) u(x+dx)

X axis

[o] X x+dx L

Figure 5: The forces acting on a segment of the string

The slope of the string is given by

ulz+ Az, t) —u(z, t)  Ou
tanf = Algilo A = (1.5.1)

Thus the sum of all vertical forces is:

T(x+ Ax, t)sinf(z + Az, t) — T(z, t)sinO(x, t) + po(x)AxQ(x, t) (1.5.2)

where Q(z, t) is the vertical component of the body force per unit mass and p,(z) is the
density. Using Newton’s law

0*u
F=ma= po(x)Ax@. (1.5.3)
Thus 9
po(x)uy = 8_90[T(x’ t)sinf(x, t)] + po(x)Q(z, t) (1.5.4)
For small angles 6,
sin § ~ tan 6 (1.5.5)
Combining (1.5.1) and (1.5.5) with (1.5.4) we obtain
ool = (T(, Hhug)e + pol(2)Q(w, 1 (15.6)
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For perfectly elastic strings T'(z, t) = Ty. If the only body force is the gravity then

Qz, t)=—yg (1.5.7)

Thus the equation becomes

Uy = gy — ¢ (1.5.8)
where ¢ =Ty /po(x) .
In many situations, the force of gravity is negligible relative to the tensile force and thus we

end up with
U = Uy - (1.5.9)

1.6 Boundary Conditions

If an endpoint of the string is fixed, then the displacement is zero and this can be written as
u(0,t) =0 (1.6.1)

" w(L, t)=0. (1.6.2)

We may vary an endpoint in a prescribed way, e.g.
u(0, t) = b(t) . (1.6.3)

A more interesting condition occurs if the end is attached to a dynamical system (see e.g.
Haberman [4])

0u(0, t)
ox
This is known as an elastic boundary condition. If ug(t) = 0, i.e. the equilibrium position
of the system coincides with that of the string, then the condition is homogeneous.

As a special case, the free end boundary condition is

ou
5 =0 (1.6.5)

To

=k (u(0, ) — up(t)) . (1.6.4)

Since the problem is second order in time, we need two initial conditions. One usually has
u(z,0) = f(x)

ut(xv O) = g(l‘)

i.e. given the displacement and velocity of each segment of the string.

11



Problems
1. Derive the telegraph equation
U + auy + bu = g,

by considering the vibration of a string under a damping force proportional to the velocity
and a restoring force proportional to the displacement.

2. Use Kirchoft’s law to show that the current and potential in a wire satisfy

Z'x‘i‘C/Ut‘f‘G/U = 0

where ¢ = current, v = L = inductance potential, C' = capacitance, G = leakage conduc-
tance, R = resistance,
b. Show how to get the one dimensional wave equations for ¢ and v from the above.

12



1.7 Diffusion in Three Dimensions

Diffusion problems lead to partial differential equations that are similar to those of heat
conduction. Suppose C(z, y, z, t) denotes the concentration of a substance, i.e. the mass
per unit volume, which is dissolving into a liquid or a gas. For example, pollution in a lake.
The amount of a substance (pollutant) in the given domain V' with boundary I' is given by

/VC’(x, y, z, t)dV . (1.7.1)

The law of conservation of mass states that the time rate of change of mass in V' is equal to
the rate at which mass flows into V' minus the rate at which mass flows out of V' plus the
rate at which mass is produced due to sources in V. Let’s assume that there are no internal
sources. Let ¢ be the mass flux vector, then ¢- 7 gives the mass per unit area per unit time
crossing a surface element with outward unit normal vector 7.

%/V(Jdvz/v%—fdvz —/Fcf-ﬁds. (1.7.2)

Use Gauss divergence theorem to replace the integral on the boundary

[a-ias = [ divgav. (1.7.3)
r |4
Therefore Y

Fick’s law of diffusion relates the flux vector ¢ to the concentration C' by
¢d=—DgradC + Cv (1.7.5)

where ¢ is the velocity of the liquid or gas, and D is the diffusion coefficient which may
depend on C'. Combining (1.7.4) and (1.7.5) yields

oC

o = div (D grad C) — div(C 7). (1.7.6)
If D is constant then 50
5 = DV?*C -V - (C7). (1.7.7)
If ¥ is negligible or zero then
%—(i = DV*C (1.7.8)

which is the same as (1.3.8).
If D is relatively negligible then one has a first order PDE

%—f+U-VC+0dz’v6:0. (1.7.9)
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At steady state (t large enough) the concentration C' will no longer depend on ¢. Equation

(1.7.6) becomes
V- (DVC)—-V- (CU)=0 (1.7.10)

and if ¥ is negligible or zero then
V- (DVC)=0 (1.7.11)

which is Laplace’s equation.
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2 Classification and Characteristics

In this chapter we classify the linear second order PDEs. This will require a discussion of
transformations, characteristic curves and canonical forms. We will show that there are three
types of PDEs and establish that these three cases are in a certain sense typical of what
occurs in the general theory. The type of equation will turn out to be decisive in establishing
the kind of initial and boundary conditions that serve in a natural way to determine a
solution uniquely (see e.g. Garabedian (1964)).

2.1 Physical Classification

Partial differential equations can be classified as equilibrium problems and marching prob-
lems. The first class, equilibrium or steady state problems are also known as elliptic. For
example, Laplace’s or Poisson’s equations are of this class. The marching problems include
both the parabolic and hyperbolic problems, i.e. those whose solution depends on time.

2.2 Classification of Linear Second Order PDEs

Recall that a linear second order PDE in two variables is given by
Augy + Bugy + Cuyy + Duy + Euy + Fu=G (2.2.1)

where all the coefficients A through F' are real functions of the independent variables x, y.
Define a discriminant A(z,y) by

A(xo,y0) = 32(330, Yo) — 4A (w0, yo)C (0, Yo). (2.2.2)

(Notice the similarity to the discriminant defined for conic sections.)

Definition 7. An equation is called hyperbolic at the point (z,yo) if A(zg,y0) > 0. It is
parabolic at that point if A(xg, o) = 0 and elliptic if A(zg,yo) < 0.

The classification for equations with more than two independent variables or with higher
order derivatives are more complicated. See Courant and Hilbert [5].

Example.
Uy — Uy = 0

A=1,B=0C=—-¢

Therefore,
A=0-4-1(-c%) =42 >0
Thus the problem is hyperbolic for ¢ # 0 and parabolic for ¢ = 0.
The transformation leads to the discovery of special loci known as characteristic curves
along which the PDE provides only an incomplete expression for the second derivatives.

Before we discuss transformation to canonical forms, we will motivate the name and explain
why such transformation is useful. The name canonical form is used because this form

15



corresponds to particularly simple choices of the coefficients of the second partial derivatives.
Such transformation will justify why we only discuss the method of solution of three basic
equations (heat equation, wave equation and Laplace’s equation). Sometimes, we can obtain
the solution of a PDE once it is in a canonical form (several examples will be given later in this
chapter). Another reason is that characteristics are useful in solving first order quasilinear
and second order linear hyperbolic PDEs, which will be discussed in the next chapter. (In
fact nonlinear first order PDEs can be solved that way, see for example F. John (1982).)

To transform the equation into a canonical form, we first show how a general transfor-
mation affects equation (2.2.1). Let &, n be twice continuously differentiable functions of

r,y
£ =¢(,y), (2.2.3)

n=n(z,y). (2.2.4)
Suppose also that the Jacobian J of the transformation defined by

J — é:v Ey
Nz Ty

is non zero. This assumption is necessary to ensure that one can make the transformation
back to the original variables x,y.

(2.2.5)

Use the chain rule to obtain all the partial derivatives required in (2.2.1). It is easy to see
that
Uy = Uy + Uy (2.2.6)
Uy = Uy + UpTy. (2.2.7)

The second partial derivatives can be obtained as follows:

ny = (u:v)y = (u§£$ + unnac)y
(uebe)y + (unnx)y
(ug)y&e + ey + (Up)yNe + UMy

Now use (2.2.7)
Uay = (UgeSy + UeyTly)Sa + Uebay + (Unely + UnyTly) Mo + UnTlay-
Reorganize the terms
Uy = Ueelay + Ugy(Eanly + EyNi) + WnyNatly + Uebay + UnNay- (2.2.8)
In a similar fashion we get ugy, ty,
Ugy = uééfg + 2ugySany + unnni + Uelar + UnTao- (2.2.9)
Uyy = “5555 + 2ugnéyny + Umﬂﬁ + uelyy + unnyy- (2.2.10)
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Introducing these into (2.2.1) one finds after collecting like terms
A uge + B ugy + C gy + Dug + E*uy + Fru = G* (2.2.11)

where all the coefficients are now functions of £, 7 and

A* = AL+ B&&, + CE (2.2.12)
B* = 24, + B(&my + Eyne) +2C&n, (2.2.13)
C* = An+ Bnun, +Chj (2.2.14)
D* = A&, + B&y + C&yy + DE, + EE, (2.2.15)
E* = Ang, + Bngy + Cnyy + Dn, + En, (2.2.16)
F* = F (2.2.17)
G = G. (2.2.18)

The resulting equation (2.2.11) is in the same form as the original one. The type of the
equation (hyperbolic, parabolic or elliptic) will not change under this transformation. The
reason for this is that

A* = (B*)? — 4A*C* = J*(B* — 4AC) = J?A (2.2.19)

and since J # 0, the sign of A* is the same as that of A. Proving (2.2.19) is not complicated
but definitely messy. It is left for the reader as an exercise using a symbolic manipulator
such as MACSYMA or MATHEMATICA.

The classification depends only on the coefficients of the second derivative terms and thus
we write (2.2.1) and (2.2.11) respectively as

Atyy + Bugy + Cuyy = H(z, y, u, Uy, uy) (2.2.20)

and
Auge + Bugy + Cupy = H* (&, 1, u, ug, uy). (2.2.21)
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Problems

1. Classify each of the following as hyperbolic, parabolic or elliptic at every point (x, y) of
the domain

— 22
T Uggy + Uyy = T

T Uy — 20y Ugyy + YUy, = €7

€ Uy + €YUy = u

Uy + Uzy — TUy, = 0 in the left half plane (z < 0)
T2 Uy + 2TYUyy + y2uyy + zyu, + y2uy =0

Ugy + Uy, =0 (Tricomi equation)

hd o0 o

2. Classify each of the following constant coefficient equations

Ay + DUgy + Uyy + Uy + Uy = 2

Ugpg + Ugy + Uyy + Uy =0

3ty + 10ugy + 3uy, =0

Uy + 2Ugy + SUyy + duy + Suy +u = €”
2Upy — 4gy + 2uyy +3u =0

Ugg + gy + 4Uyy + Tu, = sinw

hD o0 o

3. Use any symbolic manipulator (e.g. MACSYMA or MATHEMATICA) to prove (2.2.19).
This means that a transformation does NOT change the type of the PDE.

18



2.3 Canonical Forms

In this section we discuss canonical forms, which correspond to particularly simple choices of
the coefficients of the second partial derivatives of the unknown. To obtain a canonical form,
we have to transform the PDE which in turn will require the knowledge of characteristic
curves. Three equivalent properties of characteristic curves, each can be used as a definition:
1. Initial data on a characteristic curve cannot be prescribed freely, but must satisfy a
compatibility condition.
2. Discontinuities (of a certain nature) of a solution cannot occur except along characteristics.
3. Characteristics are the only possible “branch lines” of solutions, i.e. lines for which the
same initial value problems may have several solutions.

We now consider specific choices for the functions &, . This will be done in such a way
that some of the coefficients A*, B*, and C* in (2.2.21) become zero.

2.3.1 Hyperbolic

Note that A*, C* are similar and can be written as
AC? + BGCy + C¢ (2.3.1.1)

in which ( stands for either £ or . Suppose we try to choose &, n such that A* = C* = 0. This
is of course possible only if the equation is hyperbolic. (Recall that A* = (B*)? —4A*C* and
for this choice A* = (B*)? > 0. Since the type does not change under the transformation,
we must have a hyperbolic PDE.) In order to annihilate A* and C* we have to find ¢ such
that

AC + BGCy + C¢ = 0. (2.3.1.2)

Dividing by C;, the above equation becomes

2
A <%> +B <g—z> +C=0. (2.3.1.3)

Along the curve

((x,y) = constant, (2.3.1.4)
we have
d¢ = Cuda + Cydy = 0. (2.3.1.5)
Therefore,
G dy
— = —— 2.3.1.6
and equation (2.3.1.3) becomes
A @2—3@+C—0 (2.3.1.7)
. . = 0. 3.1
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d
This is a quadratic equation for d_y and its roots are
x

dy B+ B —4AC
dr 2A )

(2.3.1.8)

These equations are called characteristic equations and are ordinary diffential equations
for families of curves in x,y plane along which ( = constant. The solutions are called
characteristic curves. Notice that the discriminant is under the radical in (2.3.1.8) and since
the problem is hyperbolic, B* — 4AC > 0, there are two distinct characteristic curves. We
can choose one to be (z,y) and the other n(x,y). Solving the ODEs (2.3.1.8), we get

¢1(z,y) = Ch, (2.3.1.9)
Pa(z,y) = Co. (2.3.1.10)
Thus the transformation
§=o1(z,y) (2.3.1.11)
n= ¢2(,y) (2.3.1.12)

will lead to A* = C* = 0 and the canonical form is

B*ug, = H” (2.3.1.13)
or after division by B*
H*
Ugn = - (2.3.1.14)

This is called the first canonical form of the hyperbolic equation.
Sometimes we find another canonical form for hyperbolic PDEs which is obtained by
making a transformation
a=E+n (2.3.1.15)

B=¢—n. (2.3.1.16)
Using (2.3.1.6)-(2.3.1.8) for this transformation one has

Uao — Upp = H**(&v 67 U, e, uﬁ) (23117)

This is called the second canonical form of the hyperbolic equation.

Example
YUy — T2y = 0 for =>0,y>0 (2.3.1.18)
A =y?
B=0
C=—2°



The equation is hyperbolic for all x,y of interest.

The characteristic equation

dy 0+ Ir%y? 2
W _ Y _ =Y _ 4T (2.3.1.19)
dx 292 292 y

These equations are separable ODEs and the solutions are

1 1
gV gt =a
1 1
§y2 + 51’2 = Co

The first is a family of hyperbolas and the second is a family of circles (see figure 6).

Figure 6: The families of characteristics for the hyperbolic example

We take then the following transformation

1 2 1 2
= % — = 2.3.1.2
E=5y — 3¢ (2.3.1.20)
1 2 1 2
— - - 92.3.1.21
n=gy g (2.3.1.21)

Evaluate all derivatives of £, 7 necessary for (2.2.6) - (2.2.10)
§o=—2, &=vy, &u=-1 &=0 ¢§,=1
Ne =T, My =Y, Noo=1 TNoy=0, 1y =1
Substituting all these in the expressions for B*, D*, E* (you can check that A* = C* = 0)
B* = 2y*(—x)z + 2(—2)y - y = —22%9* — 20%y? = — 4%y’
D* = y*(—1) + (=2%) - 1 = -2 — 3°.
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Er=y* 14 (=2 1=19°—2%
Now solve (2.3.1.20) - (2.3.1.21) for =,y
I2 =n- fa

y' =&+,
and substitute in B*, D*, E* we get

—An =+ nuey + (—n+E=E—nug+(E+n—n+Eu, =0

4(€% — ) ugy — 2nue + 2€u, = 0
U §

Ugy = Ug — u 2.3.1.22
&n 2(52 —_ 772) 3 2(52 —_ 772) U] ( )
This is the first canonical form of (2.3.1.18).
2.3.2 Parabolic
Since A* =0, B? — 4AC = 0 and thus
B =+2VAVC. (2.3.2.1)

Clearly we cannot arrange for both A* and C* to be zero, since the characteristic equation
(2.3.1.8) can have only one solution. That means that parabolic equations have only one
characteristic curve. Suppose we choose the solution ¢(z,y) of (2.3.1.8)

dy B
=5 (2.3.2.2)
to define
£ = dr(w). (2.3.2.3)
Therefore A* = 0.
Using (2.3.2.1) we can show that
0=A" = AL+ B&E,+CE)
= A +2VAVCEE, + O (2.3.2.4)

= (VA& +Vee,)

It is also easy to see that

(VAL + VO&) (VA +VCn,)

2
= 0
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The last step is a result of (2.3.2.4). Therefore A* = B* = 0. To obtain the canonical form

we must choose a function n(x,y). This can be taken judiciously as long as we ensure that
the Jacobian is not zero.

The canonical form is then
C Uy = H”

and after dividing by C* (which cannot be zero) we have
H*

"= (2.3.2.5)

U

If we choose 1 = ¢y(z,y) instead of (2.3.2.3), we will have C* = 0. In this case B* =0
because the last factor v/An, +v/C 1y is zero. The canonical form in this case is

H*
Uge = (2.3.2.6)
Example
T Uy — 20Y Uy + Y Uy = €7 (2.3.2.7)
A=2a?
B = —2zy
C =y?

A= (=2zy)* —4- 27 - y* = da*y® — da?y® = 0.
Thus the equation is parabolic for all z,y. The characteristic equation (2.3.2.2) is

dy —2ry y

— = =, 2.3.2.8
dz 22 T ( )
Solve
dy _ _dx
y
Iny+Inz=0C

In figure 7 we sketch the family of characteristics for (2.3.2.7). Note that since the problem
is parabolic, there is ONLY one family.
Therefore we can take £ to be this family

E=Iny+Inzx (2.3.2.9)
and 7 is arbitrary as long as J # 0. We take

N =z (2.3.2.10)
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Figure 7: The family of characteristics for the parabolic example

Computing the necessary derivatives of &, n we have

1 1

) facac - _P7 é.:vy - 07 fyy = _?

771217 77y:77m:77xy:77yy:0'

Substituting these derivatives in the expressions for C*, D* ) E* (recall that A* = B* =0)

C*r=2%-1

1 1
Dn:ﬁ«—ﬁy—Myo+f@EQ:—1—1:—2

E*=0.
The equation in the canonical form ( H* = —D*ug + G* in this case)
2ug + €
tn = 73

Now we must eliminate the old variables. Since z = 1 we have

2 1 "
u = —U + —e’.
mm 772 3 772

(2.3.2.11)

Note that a different choice for n will lead to a different right hand side in (2.3.2.11).

2.3.3 Elliptic

This is the case that A < 0 and therefore there are NO real solutions to the characteristic
equation (2.3.1.8). Suppose we solve for the complex valued functions £ and 7. We now

define
&+
o= —-
2
&=
p= 2i

24
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that is « and (8 are the real and imaginary parts of . Clearly n is the complex conjugate
of £ since the coefficients of the characteristic equation are real. If we use these functions
a(z,y) and fB(x,y) we get an equation for which

B =0, A = O (2.3.3.3)

To show that (2.3.3.3) is correct, recall that our choice of £, n led to A* = C* = 0. These
are

A* = (Aai+Baxay+Ca§)—(Aﬁz—i—Bﬂxﬁy—i—Cﬁj)jLi[QAaxﬁﬁB(axﬁy—l—ozyﬁx)—l—QC%By] =0

C* = (Aaz+Bagay+Cal)—(AB4 BB, By +C ) —il2Aaq B+ B By 40y 8, ) +2C 0y 3,] = 0
Note the similarity of the terms in each bracket to those in (2.3.1.12)-(2.3.1.14)

where the double starred coefficients are given as in (2.3.1.12)-(2.3.1.14) except that «,
replace &, n correspondingly. These last equations can be satisfied if and only if (2.3.3.3) is
satisfied.

Therefore
AU + A ugg = H™ (o, B, U, U, ug)

and the canonical form is
H**

oo + Uy = (2.3.3.4)
Example
€ Ugy + €YUy = u (2.3.3.5)
A=¢"
B=0
C=¢eY
A =0? —4e%e? <0, for all z,y

The characteristic equation

dy 0+~ —4de*ey  +2i/eTeY 4 |eY
_— = = = VA —_—
elE

dx 2e” 2e®
dy _dx
m = ilw

Therefore
€= —2e7Y/2 _ 24¢"/?

n=—2e"Y? 4 2e /2
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The real and imaginary parts are:
o= —2eY?
B =—2e""2

Evaluate all necessary partial derivatives of «, 3

(2.3.3.6)
(2.3.3.7)

1
— — — —y/2
Ope =0, azy =0, ap=—ze /

—y/2
=0, a,=ecY?

Y

—z 1 —x
ﬁac =€ /27 ﬁy = 07 ﬁ:v:v = _56 /27 ﬁ:vy = 07 ﬁyy =0

Now, instead of using both transformations, we recall that (2.3.1.12)-(2.3.1.18) are valid with
a, 3 instead of £, 1. Thus

2
A*:e‘”-0+0+ey<e’y/2) =1
B*=04+0+0=0 as can be expected

* z [, ,—x/2 2
C*=e (e ) +04+0=1 as can be expected

D*=0+4+0+¢" (—%e‘yﬂ) = —%eyﬂ

1 1
E* = ¢ <_§€_x/2> +04+0= _5633/2
F*=-1
* * * * 1 /2 1 z/2
H" = —-D*uq — EFug — F u:iey Ua+§€ ug + u.

Thus 1 1

Uae T Ugg = aeymua + 56‘”/21% + u.
Using (2.3.3.6)-(2.3.3.7) we have

2 2

5}

eyl — g

o

and therefore the canonical form is
+ L L + (2.3.3.8)
Uge +Ugg = —— Uy — —U u. .3.3.
B3 a B B
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Problems

1. Find the characteristic equation, characteristic curves and obtain a canonical form for
each

— 22
T Uggy + Uyy = T

Ugg + Ugy — TUyy =0 (x <0, ally)

T Uy + 20Y Uy + YUy + YU + yPu, =0
Uggy + TUyy =0

Ugg + y2uyy =Y

sin? 2y, + sin 22u,, + cos® Tu,, = x

hd o0 o

2. Use Maple to plot the families of characteristic curves for each of the above.
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2.4 Equations with Constant Coefficients

In this case the discriminant is constant and thus the type of the equation is the same
everywhere in the domain. The characteristic equation is easy to integrate.

2.4.1 Hyperbolic

The characteristic equation is

d B+ VA
dy _BEVA (2.4.1.1)
dx 2A
Thus JE
B+ VA
dy = ——d
(Y R
and integration yields two families of straight lines
B+ VA
=y - — 2.4.1.2
=y Y ( )
B-VA
=y—- —0u. 2.4.1.
n=y YR (2.4.1.3)
Notice that if A =0 then (2.4.1.1) is not valid. In this case we recall that (2.4.1.2) is
BGGy+CC¢ =0 (2.4.1.4)
If we divide by (] as before we get
BY 4 =0 (2.4.1.5)
Cy

which is only linear and thus we get only one characteristic family. To overcome this difficulty
we divide (2.4.1.4) by ¢2 to get

G (c)
BXyo(X)] =0 2.4.1.6
Co Co ( )
which is quadratic. Now
G __dz
Co dy
and so
d_x_ B+vB2—-4.0-C _BxB
dy 2C 20
o d dr B
T T
— =0 — = —. 2.4.1.7
The transformation is then
£ =z, (2.4.1.8)
B
=T — —v. 2.4.1.9
n=a= 7Y ( )

The canonical form is similar to (2.3.1.14).
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2.4.2 Parabolic
The only solution of (2.4.1.1) is

&y _ B

dr 24

Thus B
E=y— A% (2.4.2.1)

Again 7 is chosen judiciously but in such a way that the Jacobian of the transformation is
not zero.

Can A be zero in this case? In the parabolic case A = 0 implies B = 0 (since A = B*—4.0-C
must be zero.) Therefore the original equation is

Cuyy + Duy + Fuy + Fu=G

which is already in canonical form

D E F G

u

2.4.3 Elliptic

Now we have complex conjugate functions &, n

_ B +iv-A

E=y Y (2.4.3.1)
B —iv—A
=y - — . 2.4.3.2
n=y oA ¢ (2.4.3.2)
Therefore
_,_ B (2.4.3.3)
=y = 5o, 4.3.
VA
= . 2.4.3.4
=2 (243.4)

(Note that —A > 0 and the radical yields a real number.) The canonical form is similar to
(2.3.34).

Example
Uy — Clgy = 0 (wave equation) (2.4.3.5)
A=1
B=0
C=-¢
A=4c*>0 (hyperbolic).
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The characteristic equation is
2
dz 9

¢ =1x+ct,

and the transformation is
n=x—ct.
The canonical form can be obtained as in the previous examples
Ugy = 0.
This is exactly the example from Chapter 1 for which we had
u(&,n) = F(§) +G(n).
The solution in terms of x,¢ is then (use (2.4.3.6)-(2.4.3.7))

u(z,t) = F(x + ct) + G(z — ct).

30
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Problems

1. Find the characteristic equation, characteristic curves and obtain a canonical form for

Ay + DUgy + Uyy + Uy + Uy = 2

Ugg + Ugy + Uyy + Uy = 0

gy + 10ugy + 3uyy, = v+ 1

Uy + 2Ugy + 3tyy + duy + Suy +u = €”
2Upy — Agy + 2Uyy + 3u =0

Ugg + OUgy + 4Uyy + Tu, = sinw

hO o0 o

2. Use Maple to plot the families of characteristic curves for each of the above.
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2.5 Linear Systems

In general, linear systems can be written in the form:
— +A—+B—+r =0 (2.5.1)

where u is a vector valued function of ¢, x, y.
The system is called hyperbolic at a point (¢, x) if the eigenvalues of A are all real and
distinct. Similarly at a point (¢,y) if the eigenvalues of B are real and distinct.

Example The system of equations

Vp = Cly,
Wy = CU,
can be written in matrix form as 9 9
u u
LA =0 254
ot + ox ( )
where
u — v (2.5.5)
il 5.
and

_ < _OC N ) (2.5.6)

M- =0 (2.5.7)

or A = ¢, —c. Therefore the system is hyperbolic, which we knew in advance since the system
is the familiar wave equation.

The eigenvalues of A are given by

Example The system of equations

Uy = Uy
Uy = —Uy
can be written in matrix form 5 5
w w
— 4+ A— =0 2.5.10
ox + y ( )
where
=" (2.5.11)
w=| 5.
and

0 -1
A (1 - ) (2.5.12)

N4+1=0 (2.5.13)

or A = 1, —i. Therefore the system is elliptic. In fact, this system is the same as Laplace’s
equation.

The eigenvalues of A are given by
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2.6 General Solution

As we mentioned earlier, sometimes we can get the general solution of an equation by trans-
forming it to a canonical form. We have seen one example (namely the wave equation) in
the last section.

Example

T Uy + 20Y Uy + Yty = 0. (2.6.1)

Show that the canonical form is
Upy =0 for y #0 (2.6.2)
Upy = 0 for y = 0. (2.6.3)
To solve (2.6.2) we integrate with respect to n twice (¢ is fixed) to get

u(&,n) =nF(§) + G(E). (2.6.4)

Since the transformation to canonical form is

£= Yy n=uy (arbitrary choice for n) (2.6.5)
x

then
u(z,y) =yF (%) + G (%) . (2.6.6)

Example

Obtain the general solution for
gy + DUgy + Uyy + Uy + uy = 2. (2.6.7)

(This example is taken from Myint-U and Debnath (19 ).) There is a mistake in their solution
which we have corrected here. The transformation

5 =Yy—-x
x
— = 2.6.8
n=y= 7 (2.6.8)
leads to the canonical form . g
Let v = w,, then (2.6.9) can be written as
1 8
=0 — = 2.6.10
V=3V (2.6.10)
which is a first order linear ODE (assuming 7 is fixed.) Therefore
8
v:§+§“am. (2.6.11)
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Now integrating with respect to n yields

u(€,m) = 50+ O™ + F(e). (2:6.12)

In terms of x,y the solution is

u(z,y) = g (y - %) +G (y - %) W= L By —2). (2.6.13)

34



Problems

1. Determine the general solution of

Ugy — C%uyy =0 ¢ = constant

Ugy — SUgy + 2Uyy =0
Ugg + Uzy = 0
Ugg + 10ugy + uyy =y

/e o

2. Transform the following equations to
Ugn =cU

by introducing the new variables
U = ye~(@&+8n)

where «, (8 to be determined

A, Ugy — Uyy + 3Uy — 2uy +u =0
b. 3um + Mgy + 2Uyy + Uy +1u =0
(Hint: First obtain a canonical form. If you take the right transformation to canonical form
then you can transform the equation in (a) to
Ugn = CUv77
and this can be integrated to get the exact solution. Is it possible to do that for part b?)

3. Show that )

um:aut—l—bux—zu—l—d

is parabolic for a, b, d constants. Show that the substitution

u(z,t) = v(x,t)e%x

transforms the equation to
b
Upe = QU + de™ 27
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Summary
Equation

Augy + Bugy + Cuyy = —Duy — Buy — Fu+ G = H(x,y, u, g, uy)

Discriminant

Class

A(l"o, yo) = BQ(%a yo) - 414(950:90)0(130:90)

A >0

A=0

A <O

Transformed Equation

Atuge + Biugy + Chuyyy =

where

H**
Uaq — Ups = B

H**

Uaa T Ugg = e

hyperbolic at the point (xq, yo)

parabolic at the point (g, yo)

elliptic at the point (zg, yo)

—D*u¢ — E*u,y — F*u+ G* = H*(&,n,u, ug, uy)

A = Aéi + BE&E, + (Jf;
B* = 2A&m. + B(&any + &yne) +2CEn,
C* = An + Bnan, + Cn}
D* = A&, + B,y + C&yy + DE, + EE,
E* = Angy + Bngy + Cnyy + Dy + Eny

F*=F
G'=G

H* = —D*u¢ — E*uyy — F'u+ G*

dy _ BEVA haracteristi ti
== characteristic equation
dx 2A d
H*
Ugn = first canonical form for hyperbolic
a=¢6+n,08=E—n second canonical form for hyperbolic
H* ) .
Uge = T a canonical form for parabolic
H* ) .
Upy = o a canonical form for parabolic

a=(E+n)/2,0=(—mn)/2i  a canonical form for elliptic
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3 Method of Characteristics

In this chapter we will discuss a method to solve first order linear and quasilinear PDEs.
This method is based on finding the characteristic curve of the PDE. We will also show
how to generalize this method for a second order constant coefficients wave equation. The
method of characteristics can be used only for hyperbolic problems which possess the right
number of characteristic families. Recall that for second order parabolic problems we have
only one family of characteristics and for elliptic PDEs no real characteristic curves exist.

3.1 Advection Equation (first order wave equation)

The one dimensional wave equation

Pu  ,0%u

can be rewritten as either of the following
0 0 0 0
0 0 0 0
since the mixed derivative terms cancel. If we let
ou ou
_ =22 .14
YT on (3.14)
then (3.1.2) becomes
ov ov
— — =0. 1.
BT +C€9m 0 (3.1.5)
Similarly (3.1.3) yields
ow ow
e 1.
5 C@x 0 (3.1.6)
if 5 5
U U
= — —. 1.
w 5 + C@x (3.1.7)

The only difference between (3.1.5) and (3.1.6) is the sign of the second term. We now show
how to solve (3.1.5) which is called the first order wave equation or advection equation (in
Meteorology).

Remark: Although (3.1.4)-(3.1.5) or (3.1.6)-(3.1.7) can be used to solve the one dimensional
second order wave equation (3.1.1) , we will see in section 3.3 another way to solve (3.1.1)
based on the results of Chapter 2.
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To solve (3.1.5) we note that if we consider an observer moving on a curve x(t) then by

the chain rule we get
dv(z(t),t) Ov  Ovdx

= — . A
i ot " ow dt (3.18)
d
If the observer is moving at a rate d—f = ¢, then by comparing (3.1.8) and (3.1.5) we find
dv
— =0. 3.1.9
o (3.1.9)

Therefore (3.1.5) can be replaced by a set of two ODEs

dx
- = 3.1.10
v (3.1.10)
dv
— =0. 3.1.11
o ( )

These 2 ODEs are easy to solve. Integration of (3.1.10) yields
x(t) = x(0) + ct (3.1.12)
and the other one has a solution
v = constant along the curve given in (3.1.12).

The curve (3.1.12) is a straight line. In fact, we have a family of parallel straight lines, called
characteristics, see figure 8.

Figure 8: Characteristics ¢t = 1z — 22(0)

In order to obtain the general solution of the one dimensional equation (3.1.5) subject to
the initial value

v(2(0),0) = f(2(0)), (3.1.13)



we note that
v = constant along x(t) = x(0) + ct

but that constant is f(z(0)) from (3.1.13). Since z(0) = z(t) — ct, the general solution is
then

v(x,t) = f(z(t) — ct). (3.1.14)
Let us show that (3.1.14) is the solution. First if we take ¢t = 0, then (3.1.14) reduces to
v(x,0) = f(2(0) = ¢-0) = f((0)).

To check the PDE we require the first partial derivatives of v. Notice that f is a function of
only one variable, i.e. of x — ct. Therefore

v df(x—ct)  df dlx—ct) . df
ot dt  dlx—ct) dt  d(x—ct)
v _df(x—c)  df dlx—ct) . df
or  dr  dx—ct) dox  d(xz—ct)
Substituting these two derivatives in (3.1.5) we see that the equation is satisfied.
Example 1
ov ov
—+3—=0 3.1.15
o on (3.1.15)
r 0<z<l1
_J 2
v(z,0) = { 0 otherwise. (3.1.16)
The two ODEs are
dr_q (3.1.17)
dt 7 o
dv
— =0. 3.1.18
o (3.1.18)
The solution of (3.1.17) is
z(t) = x(0) + 3t (3.1.19)
and the solution of (3.1.18) is
v(z(t),t) = v(x(0),0) = constant. (3.1.20)

Using (3.1.16) the solution is then

v(x(t),t) = { 53:50) Oofhiigxzisz.l

Substituting z(0) from (3.1.19) we have

B (x—=3t) 0<z—-3t<l1

v(z,t) = { 0 otherwise. (3.1.21)
The interpretation of (3.1.20) is as follows. Given a point x at time ¢, find the characteristic
through this point. Move on the characteristic to find the point z(0) and then use the initial
value at that z(0) as the solution at (x,t). (Recall that v is constant along a characteristic.)

N[
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Let’s sketch the characteristics through the points z = 0,1 (see (3.1.19) and Figure 9.)

Figure 9: 2 characteristics for 2(0) = 0 and z(0) = 1

The initial solution is sketched in figure 10

Figure 10: Solution at time t =0

This shape is constant along a characteristic, and moving at the rate of 3 units. For

example, the point x = % at time ¢t = 0 will be at x = 3.5 at time £ = 1. The solution v will

be exactly the same at both points, namely v = i. The solution at several times is given in
figure 11.
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=

Figure 11: Solution at several times

Example 2
ou Ju
i 2_ — 2x
ot or ¢
u(z,0) = f(x).
The system of ODEs is
du o,
dt
dx
— = =2
dt

Solve (3.1.25) to get the characteristic curve
z(t) = x(0) — 2t.
Substituting the characteristic equation in (3.1.24) yields

d
u 2(@(0)-2¢)

dt
Thus
du = e**O) =% gy
1
— K — = 2x(0)74t'
U 46
Att=0

and therefore
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(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)
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Substitute K in (3.1.27) we have

1 1
u(z,t) = f(2(0)) + Z62x(0) _ 1623;(0)_41&.

Now substitute for z(0) from (3.1.26) we get

1 1
u(z,t) = fx 4 2t) + —2@2) _ _e2,
4 4
or 1
u(e, 1) = f(a+20) + ;€ (e —1). (3.1.29)

Note that the first term on the right is the solution of the homogeneous equation and the
second term is a result of the inhomogeneity.

3.1.1 Nwumerical Solution

Here we discuss a general linear first order hyperbolic
a(z, t)u, + bz, t)uy = c(z,t)u + d(x,t). (3.1.1)

Note that since b(x,t) may vanish, we cannot in general divide the equation by b(z,t) to get
it in the same form as we had before. Thus we parametrize  and ¢ in terms of a parameter
s, and instead of taking the curve x(t), we write it as x(s), £(s).

The characteristic equation is now a system

L~ afa(s). 1(s) 5.1

z(0) = ¢ (3.1.3)

% = b{a(s), 1(s)) (3.1.4)

t0) =0 (3.1.5)

% = c(x(s), t(s))ul(s), (s)) + d(x(s), £(s)) (3.1.6)
u(&,0) = f(¢) (3.1.7)

This system of ODEs need to be solved numerically. One possibility is the use of Runge-
Kutta method. This idea can also be used for quasilinear hyperbolic PDEs.
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Problems

1. Solve
ow ow _0

ot “ox
subject to
w(z,0) =sinz

2. Solve using the method of characteristics

ou  Ou o,

. o + Co- = subject to u(x,0) = f(x)
b. % + x% =1 subject to u(x,0) = f(x)
c. 2—1: + Bt% =u subject to u(x,0) = f(x)
d. % - 2% =e* subject to u(z,0) = cosx
e. ?9—1: — tQ% =—u subject to u(x,0) = 3e°

3. Show that the characteristics of
ou ou

— 4+ 2u— =0
at T
u(z,0) = f(z)
are straight lines.
4. Consider the problem
ou i ou 0
- Uu— =
ot ox
1

u(r,0) = f(x)=4¢ 1+F 0<z<L

2

Determine equations for the characteristics
Determine the solution u(x,t)

Sketch the characteristic curves.

Sketch the solution u(x,t) for fixed ¢.

/e o
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3.2 Quasilinear Equations

The method of characteristics is the only method applicable for quasilinear PDEs. All other
methods such as separation of variables, Green’s functions, Fourier or Laplace transforms
cannot be extended to quasilinear problems.
In this section, we describe the use of the method of characteristics for the solution of
ou

ou
i + c(u, x,t)% = S(u,x,t) (3.2.1)

u(z,0) = f(z). (3.2.2)

Such problems have applications in gas dynamics or traffic flow.
Equation (3.2.1) can be rewritten as a system of ODEs

dx

- 2.
o c(u, z,t) (3.2.3)
du
— = . 2.4
o S(u,x,t) (3.2.4)

The first equation is the characteristic equation. The solution of this system can be very
complicated since u appears nonlinearly in both. To find the characteristic curve one must
know the solution. Geometrically, the characteristic curve has a slope depending on the
solution u at that point, see figure 12.

t

Figure 12: u(x,0) = f(z0)

The slope of the characteristic curve at zq is

R (3.2.5)
c(u(xg), 0,0)  c(f(xg),x0,0) o
Now we can compute the next point on the curve, by using this slope (assuming a slow
change of rate and that the point is close to the previous one). Once we have the point, we
can then solve for v at that point.
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3.2.1 The Case S =0, ¢ = c(u)

The quasilinear equation

ug + c(u)u, =0 (3.2.1.1)
subject to the initial condition
u(z,0) = f(z) (3.2.1.2)
is equivalent to
%ZM) (3.2.1.3)
z(0) = ¢ (3.2.1.4)
du
i 0 (3.2.1.5)
u(§,0) = f(&). (3.2.1.6)
Thus
u(z,t) = u(§,0) = f(§) (3.2.1.7)
dx
o = clf(&)
x = te(f(§)) + ¢ (3.2.1.8)

Solve (3.2.1.8) for ¢ and substitute in (3.2.1.7) to get the solution.
To check our solution, we compute the first partial derivatives of u

Ou _ duds
ot dé dt
Ou _ dudg
or  dédx’

Differentiating (3.2.1.8) with respect to = and ¢t we have
1=t (f())f' ()& + &
0= c(f(£)) + 1 (F) (€& + &

correspondingly.
Thus when recalling that (ji—z = f'(¢)
_ cf(e) :
e’ (3249
1 /
= Tregere’ (32110

Substituting these expressions in (3.2.1.1) results in an identity. The initial condition
(3.2.1.2) is exactly (3.2.1.7).
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Example 3

ou ou
E + u% =0
u(z,0) = 3z.
The equivalent system of ODEs is
du
a — 0
dr
i

Solving the first one yields

u(z,t) = u(x(0),0) = 32(0).

Substituting this solution in (3.2.1.14)
dz
= = 32(0
o = 32(0)
which has a solution
x = 3z(0)t + x(0).

Solve (3.2.1.16) for z(0) and substitute in (3.2.1.15) gives

3z

gt+1

u(z,t) =

3.2.2 Graphical Solution

Graphically, one can obtain the solution as follows:

u(x,0)=f(x)
u

X rte(itg)

(3.2.1.11)
(3.2.1.12)

(3.2.1.13)

(3.2.1.14)

(3.2.1.15)

(3.2.1.16)

(3.2.1.17)

u(x,t)

X
0

Figure 13: Graphical solution

Suppose the initial solution u(z,0) is sketched as in figure 13. We know that each u(xo)
stays constant moving at its own constant speed c(u(zg)). At time ¢, it moved from zy to
xo+te(f(xo)) (horizontal arrow). This process should be carried out to enough points on the
initial curve to get the solution at time t. Note that the lengths of the arrows are different

and depend on c.
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Problems

1. Solve the following

0
a. 8—2; =0 subject to u(x,0) = g(x)
ou .
b. 5 —3zu subject to u(x,0) = g(x)
2. Solve
ou
— =
ot
subject to
u(z,t) =14 cosz along z+2t=0
3. Let
Ou + Ou 0 constant
— +tc—= ¢ = constan
ot Oz

a. Solve the equation subject to u(z,0) =sinz
b. If ¢ > 0, determine u(x,t) for z > 0 and ¢ > 0 where

u(z,0) = f(x) for x >0
u(0,t) = g(t) fort >0

4. Solve the following linear equations subject to u(z,0) = f(x)

ou  Ou  _g,
a. o + Ca_x =e
ou  Ou
b. e + t% =9
¢ % - tQ% =—-u
S ot Ox
d. Ou + x% =t
ot Ox
ou ou
e. e + x% =

5. Determine the parametric representation of the solution satisfying u(z,0) = f(z),

du  ,0u
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ou
b. — 4+
ot +t7u

6. Solve

subject to

ou
— = —u

or

@ + tQU@ =
ot or

u(z,0) = .

48
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3.2.3 Fan-like Characteristics

1
Since the slope of the characteristic, —, depends in general on the solution, one may have
c

characteristic curves intersecting or curves that fan-out. We demonstrate this by the follow-
ing example.

Example 4
U + uty, =0 (3.2.3.1)
1 for 2<0
u(z,0) = { 9 for x> 0. (3.2.3.2)
The system of ODEs is
dx
o 3.2.3.3
du
— =0. 3.2.34
= ( )
The second ODE satisfies
u(z,t) = u(x(0),0) (3.2.3.5)
and thus the characteristics are
z = u(z(0),0)t + z(0) (3.2.3.6)

or

(3.2.3.7)

Figure 14: The characteristics for Example 4

Let’s sketch those characteristics (Figure 14). If we start with a negative z(0) we obtain a
straight line with slope 1. If (0) is positive, the slope is %
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Since u(z(0), 0) is discontinuous at x(0) = 0, we find there are no characteristics through
t =0, z(0) = 0. In fact,’ we imagine that there are infinitely many characteristics with all
possible slopes from % to 1. Since the characteristics fan out from x =t to x = 2t we call
these fan-like characteristics. The solution for ¢t < x < 2t will be given by (3.2.3.6) with

z(0) =0, ie.

T = ut
or
u=< for t<z <2t (3.2.3.8)
To summarize the solution is then
1 2(0)=2—-t<0
u=4{ 2 2(0)=z-2t>0 (3.2.3.9)
n t<ax <2t

The sketch of the solution is given in figure 15.

—

Figure 15: The solution of Example 4

3.2.4 Shock Waves

If the initial solution is discontinuous, but the value to the left is larger than that to the
right, one will see intersecting characteristics.

Example 5
up + uuy =0 (3.2.4.1)
2 <1
u(z,0) = { L 2> 1 (3.2.4.2)

Ly = x/t is a general solution which only exists for ¢ # 0. This is called rarefaction because it seems like

fanning out from the point of discontinuity (inviscid Burgers’ equation).
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The solution is as in the previous example, i.e.

z(t) = u(z(0),0)t + z(0) (3.2.4.3)
2t +2(0) if 2(0) < 1
() = { t+2(0) if z(0) > 1. (3.2.4.4)

The sketch of the characteristics is given in figurel6.

t

Figure 16: Intersecting characteristics

Since there are two characteristics through a point, one cannot tell on which character-
istic to move back to t = 0 to obtain the solution. In other words, at points of intersection
the solution u is multi-valued. This situation happens whenever the speed along the char-
acteristic on the left is larger than the one along the characteristic on the right, and thus
catching up with it. We say in this case to have a shock wave. Let z1(0) < 22(0) be two
points at ¢t = 0, then

za(t) = c(f(x2(0)))t+ 22(0). o
If e¢(f(x1(0))) > c(f(x2(0))) then the characteristics emanating from x;(0), z2(0) will in-
tersect. Suppose the points are close, i.e. x5(0) = x1(0) + Az, then to find the point of
intersection we equate x(t) = x2(t). Solving this for ¢ yields
—Ax

' @) F () + A’ (3240
If we let Az tend to zero, the denominator (after dividing through by Az) tends to the
derivative of ¢, i.e.

1

t= 3.2.4.7

(0] G240
dl’l (O)
Since t must be positive at intersection (we measure time from zero), this means that

dc
— < 0. 3.2.4.8
= ( )

o1



So if the characteristic velocity c is locally decreasing then the characteristics will intersect.
This is more general than the case in the last example where we have a discontinuity in the
initial solution. One can have a continuous initial solution u(z, 0) and still get a shock wave.
Note that (3.2.4.7) implies that
1+ 1)
dx

which is exactly the denominator in the first partial derivative of u (see (3.2.1.9)-(3.2.1.10)).

Example 6
up + ut, =0 (3.2.4.9)
u(z,0) = —zx. (3.2.4.10)
The solution of the ODEs
a
(3.2.4.11)
b
a "
is
u(z,t) = u(x(0),0) = —z(0), (3.2.4.12)
z(t) = —z(0)t + 2(0) = z(0)(1 — t). (3.2.4.13)
Solving for z(0) and substituting in (3.2.4.12) yields
t
u(z, t) = —f(—_)t. (3.2.4.14)

This solution is undefined at ¢t = 1. If we use (3.2.4.7) we get exactly the same value for ¢,
since
f(zo) = —xo (from (3.2.4.10)

c(f(x)) = ul(xg) = —xg (from (3.2.4.9)

In the next figure we sketch the characteristics given by (3.2.4.13). It is clear that all
characteristics intersect at ¢ = 1. The shock wave starts at ¢ = 1. If the initial solution is
discontinuous then the shock wave is formed immediately.

How do we find the shock position z4(¢) and its speed? To this end, we rewrite the
original equation in conservation law form, i.e.

0
w + 5—q(u) = 0 (3.2.4.15)

B B
/a ude = %/a udr = —q|”.

02

or



Figure 17: Sketch of the characteristics for Example 6

This is equivalent to the quasilinear equation (3.2.4.9) if q(u) = su®.

The terms “conservative form”, “conservation-law form”, “weak form” or “divergence
form” are all equivalent. PDEs having this form have the property that the coefficients of
the derivative term are either constant or, if variable, their derivatives appear nowhere in the
equation. Normally, for PDEs to represent a physical conservation statement, this means
that the divergence of a physical quantity can be identified in the equation. For example,
the conservation form of the one-dimensional heat equation for a substance whose density,

p, specific heat, ¢, and thermal conductivity K, all vary with position is

ou 0 ou
o oa (Ka—>

whereas a nonconservative form would be
ou 0K du N K(92u
C— = —— —
P9t = ox ox ' 02
In the conservative form, the right hand side can be identified as the negative of the diver-
gence of the heat flux (see Chapter 1).
Consider a discontinuous initial condition, then the equation must be taken in the integral

form (3.2.4.15). We seek a solution v and a curve x = x4(t) across which v may have a jump.
Suppose that the left and right limits are

limg g - u(z,t) = up

hmxg,xs(t).t,_ u(x’t) = U, (32416)

[u] = u, — uy. (3.2.4.17)



Let [, §] be any interval containing z4(¢) at time t. Then

% /j u(z, t)dr = —[q(u(B, 1)) — q(u(a,1))]. (3.2.4.18)

However the left hand side is

d/%(t)_ PRSI L —/%(t)_ vt [ wde+ (3.2.4.19)
7). udx o xs(mu x = : udx o udx + uy 7 Uy T 2.4.
Recall the rule to differentiate a definite integral when one of the endpoints depends on the
variable of differentiation, i.e.

a9

d o) 3(t)
%/a u(x,t)dx:/a e, )+ (6 (1), 1)

Since u; is bounded in each of the intervals separately, the integrals on the right hand side
of (3.2.4.19) tend to zero as o — z; and § — . Thus

W% = 1)

This gives the characteristic equation for shocks

dxs  [q]
= . 3.2.4.20
dt  [u] ( )
Going back to the example (3.2.4.1)-(3.2.4.2) we find from (3.2.4.1) that
1
q= §U2
and from (3.2.4.2)
Uy = 2,
u, = 1.
Therefore Lo 1 )
de, 1-12-1.22 241 3
dt 1-2 -1 2
zs(0) =1 (where discontinuity starts).
The solution is then 5
z, =St L. (3.2.4.21)

We can now sketch this along with the other characteristics in figure 18. Any characteristic
reaching the one given by (3.2.4.21) will stop there. The solution is given in figure 19.

o4



(= (3/2)t+1

15F

0.5F

Figure 19: Solution of Example 5
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Problems

1. Consider Burgers’ equation

@ + 1 _ 2P % — V@
ot tmae or " or?

pmax

Suppose that a solution exists as a density wave moving without change of shape at a velocity
V, plz,t) = f(z = Vi).

a. What ordinary differential equation is satisfied by f

b. Show that the velocity of wave propagation, V', is the same as the shock velocity
separating p = p; from p = ps (occuring if v = 0).

2. Solve 5 5
14 20p
g - _9
ot P or
subject to
4 <0
p(l’,O)—{ 3 $>0
3. Solve 5 5
U U
— +4du— =0
o T
subject to

3 <1
M%m:{2x>1

4. Solve the above equation subject to

2 r<—1
u(a:,()):{g x> —1

5. Solve the quasilinear equation

ou ou
En + u% =0
subject to
2 <2

u(x,O):{S x> 2

6. Solve the quasilinear equation

o
ot “ax_
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subject to

0 <0
u(z,0)=¢ =z 0<z<1
1 1<x

7. Solve the inviscid Burgers’ equation
ug + uu, = 0
2 for z <0
u(z,0) =< 1 for 0 <z <1
0 for = > 1

Note that two shocks start at ¢ = 0, and eventually intersect to create a third shock.

Find the solution for all time (analytically), and graphically display your solution, labeling
all appropriate bounding curves.
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3.3 Second Order Wave Equation

In this section we show how the method of characteristics is applied to solve the second order
wave equation describing a vibrating string. The equation is

Uy — gy = 0, ¢ = constant. (3.3.1)

For the rest of this chapter the unknown wu(z, t) describes the displacement from rest of every
point z on the string at time . We have shown in section 2.3 that the general solution is

u(z,t) = F(x — ct) + G(z + ct). (3.3.2)
3.3.1 Infinite Domain
The problem is to find the solution of (3.3.1) subject to the initial conditions
u(z,0) = f(z) —00 < T <00 (3.3.1.1)

ur(z,0) = g(z) —00 <z < o0. (3.3.1.2)

These conditions will specify the arbitrary functions F,G. Combining the conditions with
(3.3.2), we have

F(z)+G(z) = f(x) (3.3.1.3)
—c% + c% = g(z). (3.3.1.4)

These are two equations for the two arbitrary functions F' and G. In order to solve the
system, we first integrate (3.3.1.4), thus

CF(2) + G(x) = % [ aterae. (3.3.1.5)
Therefore, the solution of (3.3.1.3) and (3.3.1.5) is

F(e) = 5() — o [ a()de. (3:3.1.6)

Gla) = /(@) + o INIG3 (3.3.1.7)

Combining these expressions with (3.3.2), we have

u(z, t) =

flztct) + flz—ct) L /”Ctg(f)dg. (3.3.1.8)

2 2_6 —ct

This is d’Alembert’s solution to (3.3.1) subject to (3.3.1.1)-(3.3.1.2).

Note that the solution u at a point (z¢,ty) depends on f at the points (zo + cto,0) and
(xo — cto,0), and on the values of g on the interval (zo— cty,xo+ ctg). This interval is called

o8



domain of dependence. In figure 20, we see that the domain of dependence is obtained by
drawing the two characteristics

T —ct =x9— cty
T+ ct = xg + cty

through the point (xg,to). This behavior is to be expected because the effects of the initial
data propagate at the finite speed c. Thus the only part of the initial data that can influence
the solution at x( at time ¢ty must be within cty units of xy. This is precisely the data given
in the interval (xg — ctq, xo + cto).

(X0t )

(Xo — ¢ty ,0) (Xo *+ Cty ,0)

I I I I
-4 -2 0 2 4 6 8

Figure 20: Domain of dependence

The functions f(z), g(x) describing the initial position and speed of the string are defined
for all x. The initial disturbance f(z) at a point x; will propagate at speed ¢ whereas the
effect of the initial velocity g(x) propagates at all speeds up to c¢. This infinite sector (figure
21) is called the domain of influence of ;.

The solution (3.3.2) represents a sum of two waves, one is travelling at a speed ¢ to the
right (F(z — ct)) and the other is travelling to the left at the same speed.
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X=ct=X; X+Ct=X,

(%,,0)

Figure 21: Domain of influence
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Problems

1. Suppose that
u(z,t) = F(x — ct).

Evaluate
ou
a. a(z, 0)
ou
b. %(0, t)

2. The general solution of the one dimensional wave equation
Ut — 4:1,1/3;3; =0

is given by
u(z,t) = F(x — 2t) + G(x + 2t).

Find the solution subject to the initial conditions
u(z,0) = cosx —00 < x < 00,

ut(z,0) =0 — 00 < 2 < 00.

3. In section 3.1, we suggest that the wave equation can be written as a system of two first
order PDEs. Show how to solve
Uy — gy = 0

using that idea.
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3.3.2 Semi-infinite String

The problem is to solve the one-dimensional wave equation
utt—c2um:O, 0<x<o0,
subject to the initial conditions
u(z,0) = f(x), 0 <z < oo,

u(x,0) = g(z), 0 <z < oo,

and the boundary condition

u(0,t) = h(t), 0<t.

(3.3.2.1)

(3.3.2.2)

(3.3.2.3)

(3.3.2.4)

Note that f(x) and g(x) are defined only for nonnegative x. Therefore, the solution (3.3.1.8)

holds only if the arguments of f(z) are nonnegative, i.e.

x —ct

0
T+ ct 0

Vv IV

(3.3.2.5)

As can be seen in figure 22, the first quadrant must be divided to two sectors by the charac-
teristic x —ct = 0. In the lower sector I, the solution (3.3.1.8) holds. In the other sector, one
should note that a characteristic x — ¢t = K will cross the negative x axis and the positive

t axis.

Region II x-ct=0

(Xt )

(%0t )
1 Ot = x, /c o Region |

(X, —ct; ,0) (Xo —Cty ,0) (X +cty ,0)

—1F

-2

I I I I
-4 -2 0 2 4 6

Figure 22: The characteristic z — ¢t = 0 divides the first quadrant

8

The solution at point (1, ;) must depend on the boundary condition h(t). We will show

how the dependence presents itself.
For z — ¢t < 0, we proceed as follows:
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Combine (3.3.2.4) with the general solution (3.3.2) at x = 0

h(t) = F(—ct) + G(ct) (3.3.2.6)

Since x — ¢t < 0 and since F is evaluated at this negative value, we use (3.3.2.6)

F(—ct) = h(t) — G(ct) (3.3.2.7)
Now let
z=—ct <0
then .
F(z) = h(—g) — G(—2). (3.3.2.8)

So F' for negative values is computed by (3.3.2.8) which requires G at positive values.
In particular, we can take x — ct as z, to get

x —ct

F(x —ct) = h(— ) — G(ct — x). (3.3.2.9)

C

Now combine (3.3.2.9) with the formula (3.3.1.7) for G
F(o—ct)=h(t %)~ (35t -2) + o [7 o))
TTe= & T T g, 0 g

The solution in sector 1I is then

T z+ct

ule, ) =h (6= 2) = Srter—a) = o [7 g(@pde+ Sfren o [T g

flx+ct) —5 [z —ct) N 2% /:;Ctg(f)dg z—ct>0

u(z, t) =

x flx+et)— f(ct—x) 1 jatet
n(t-2)+ _ to [ g a—ct <0
(3.3.2.10)

Note that the solution in sector II requires the knowledge of f(x) at point B (see Figure
23) which is the image of A about the ¢ axis. The line BD is a characteristic (parallel
to PC)

T +ct =K.

Therefore the solution at (x1, t;) is a combination of a wave moving on the characteristic
CP and one moving on BD and reflected by the wall at = 0 to arrive at P along a
characteristic

T —ct =x1 — cty.
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Region Il x-ct=0

P(x; .t )

1F D(0,t; — %, /c) Region |

A(x; —ct; ,0) B(ct; -x;,0)  C(x, +ct; ,0)

-1+

% =2 0 2 4 6 8
Figure 23: The solution at P
We now introduce several definitions to help us show that d’Alembert’s solution (3.3.1.8)

holds in other cases.
Definition 8. A function f(z) is called an even function if

f(=z) = f(x)
Definition 9. A function f(z) is called an odd function if
f(=x) = —f(x)
Note that some functions are neither.

Examples
1. f(x) = 2% is an even function.
2. f(x) = 2® is an odd function.
3. f(x) = x — 2% is neither odd nor even.

Definition 10. A function f(z) is called a periodic function of period p if

flx+p) = f(x) for all .

The smallest such real number p is called the fundamental period.
Remark: If the boundary condition (3.3.2.4) is

u(0,t) =0,

then the solution for the semi-infinite interval is the same as that for the infinite interval

with f(z) and g(x) being extended as odd functions for x < 0. Since if f and ¢ are odd
functions then o) i)
—z) = —f(z

’ 3.3.2.11

g(-2) = —g(2). (3:32.11)
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The solution for z — ct is now

u(z,t) = f(z+ct) _5(_($ —ct)) + % <ijg(§)df + /()x+0tg(f)d§> ' (3.3.2.12)

But if we let ( = —¢ then

[ s@e= [ g-o-ac)

t—x

= [ =0 = [ g(0)dc.

—ct r—ct

Now combine this integral with the last term in (3.3.2.12) to have

u(z,t) =

flx+ct)+ flx—ct) N 1 /Hdg(g)dg

2 2

—ct

which is exactly the same formula as for  —ct > 0. Therefore we have shown that for a semi-
infinite string with fixed ends, one can use d’Alembert’s solution (3.3.1.8) after extending
f(z) and g(z) as odd functions for = < 0.

What happens if the boundary condition is

u.(0,t) = 07

We claim that one has to extend f(x), g(x) as even functions and then use (3.3.1.8). The
details will be given in the next section.

3.3.3 Semi Infinite String with a Free End

In this section we show how to solve the wave equation

Uy — gy = 0, 0<z< o0, (3.3.3.1)
subject to
u(z,0) = f(z), (3.3.3.2)
u(z,0) = g(x), (3.3.3.3)
Uz (0,) = 0. (3.3.3.4)

Clearly, the general solution for = — ¢t > 0 is the same as before, i.e. given by (3.3.1.8). For
x — ct < 0, we proceed in a similar fashion as last section. Using the boundary condition

(3.3.3.4)
dF (z — ct) +dG(:zz: + ct)

0=u,(0,t) = o B o B

= F'(—ct) + G'(ct).

Therefore
F’(—ct) = —G”(ct). (3.3.3.5)
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Let z = —ct < 0 and integrate over [0, 2]

Replacing z by x — ¢t < 0, we have
F(zx —ct) = G(—(x — ct)),

or

F(x —ct) = %f(ct —z)+ ! /OCt_xg(é)df.

2c
To summarize, the solution is

flo+ct) + f(

U=\ flatet) + S .

2

—ct 1 x+ct
T [ e >l
C Jx—ct

Remark: If f(z) and g(z) are extended for x < 0 as even functions then

flet =) = f(=(x = ct)) = fz - ct)

and

[ o@ie= [T a@-a = [ gt

—ct

where ( = —¢.
Thus the integrals can be combined to one to give

NG

2c —ct

— 1 T+ct 1 ct—x
) [ e+ o [ s, 2 <a

(3.3.3.6)

(3.3.3.7)

(3.3.3.8)

(3.3.3.9)

Therefore with this extension of f(z) and ¢g(z) we can write the solution in the form (3.3.1.8).
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Problems

1. Solve by the method of characteristics

Pu ,0%u

@ — C @ = 0, x>0
subject to
u(z,0) =0,
ou
—(x,0) =0
ot (2,0)=0,
u(0,t) = h(t).
2. Solve 5 o
U 207U
@ — C @ = 0, <0
subject to
u(z,0) = sinz, r<0
0
a—z(I,O) —0, <0
u(0,t) = e, t>0.
3. a. Solve 52 o2
u  ,0%u
ﬁ —C @ =0, O<xr<oo
subject to
0 O<ax<?2
u(z,0)=4¢ 1 2<zx<3
0 3<zx
ou
—(z,0) =0
ot (=0 =0,
ou
—(0,t) =0
2 (0,1)
b. Suppose u is continuous at x =t = 0, sketch the solution at various times.
4. Solve o 5
u  ,0%
ﬁ—C@:O, 33'>0, t>0
subject to
u(z,0) =0,
ou
—(z,0) =0
ot (2,0) =10,
ou
—(0,t) = h(t).
L 0,1) = h(t)

5. Give the domain of influence in the case of semi-infinite string.
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3.3.4 Finite String

This problem is more complicated because of multiple reflections.

of a string of length L,

Uy — gy = 0, 0<z<L,
subject to
u(z,0) = f(z),
w(z,0) = g(x),
u(0,t) =0,
u(L,t) = 0.

Consider the vibrations

(3.3.4.1)

(3.3.4.2)
(3.3.4.3)
(3.3.4.4)
(3.3.4.5)
2

From the previous section, we can write the solution in regions 1 and 2 (see figure 24), i

6

-1 0 1 2 3 4

Figure 24: Reflected waves reaching a point in region 5

5

u(z,t) is given by (3.3.1.8) in region 1 and by (3.3.2.10) with A = 0 in region 2. The
solution in region 3 can be obtained in a similar fashion as (3.3.2.10), but now use the

boundary condition (3.3.4.5).
In region 3, the boundary condition (3.3.4.5) becomes

uw(L,t) = F(L—ct)+ G(L +ct) =0.

Since L + ct > L, we solve for G

G(L+ ct) = —F(L — ct).
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Let

z=L+ct>1L, (3.3.4.7)

then

L—ct=2L—-2<L.
Thus

G(z) = —F(2L — 2) (3.3.4.8)
or

1 1 2L—xz—ct
Glx+ct)=—FQ2L—a—ct) = —if(QL—:z:—ct)jLQ—c/ 9(&)d¢
0

and so adding F'(z — ct) given by (3.3.1.6) to the above we get the solution in region 3,

flz —ct) = f(

u(z, t) = 5

L —r— x—ct 2L —x—ct
ormdly L[ @ o [T gtegae

In other regions multiply reflected waves give the solution. (See figure 24, showing doubly
reflected waves reaching points in region 5.)

As we remarked earlier, the boundary condition (3.3.4.4) essentially say that the initial
conditions were extended as odd functions for < 0 (in this case for —L < x < 0.) The other
boundary condition means that the initial conditions are extended again as odd functions
to the interval [L, 2L], which is the same as saying that the initial conditions on the interval
[—L, L] are now extended periodically everywhere. Once the functions are extended to the
real line, one can use (3.3.1.8) as a solution. A word of caution, this is true only when the
boundary conditions are given by (3.3.4.4)-(3.3.4.5).

t

25
2L
B
D
15F

0.5

-0.5r

-1 I I I I | |
-1 0 1 2 3 4 5 6

Figure 25: Parallelogram rule
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3.3.5 Parallelogram Rule

If the four points A, B,C, and D form the vertices of a parallelogram whose sides are all
segments of characteristic curves, (see figure 25) then the sums of the values of u at opposite
vertices are equal, i.e.

u(A) +u(C) = u(B) + u(D). (3.3.5.1)

This rule is useful in solving a problem with both initial and boundary conditions.

In region R; (see figure 26) the solution is defined by d’Alembert’s formula. For A = (x,t)
in region Ry, let us form the parallelogram ABCD with B on the t-axis and C' and D on
the characterisrtic curve from (0,0). Thus

uw(A) = —u(C) +u(B) +u(D) (3.3.5.2)

Figure 26: Use of parallelogram rule to solve the finite string case

u(B) is a known boundary value and the others are known from R;. We can do this for
any point A in Ry. Similarly for R3. One can use the solutions in Ry, R3 to get the solution
in R4 and so on. The limitation is that © must be given on the boundary. If the boundary
conditions are not of Dirichlet type, this rule is not helpful.
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SUMMARY
Linear:
up + c(z, t)u, = S(u, x,t)

u(x(0),0) = f(x(0))

Solve the characteristic equation

d
d—f = c(x,t)
z(0) = xg
then solve p
d_:fb = S(u,z,t)
u(z(0),0) = f(z(0)) on the characteristic curve
Quasilinear:

u(x(0),0) = f(x(0))

Solve the characteristic equation

pri c(u, z,t)
z(0) = xg
then solve p
d—qz = S(u,z,t)

u(z(0),0) = f(z(0)) on the characteristic curve

fan-like characteristics

shock waves

Second order hyperbolic equations:
Infinite string

Uy — gy = 0 c = constant, —o0 <z <00

u(x,0) = f(x),
ui(,0) = g(x),

flx+ct)+ f(x —ct) N 1 /Hct

t) = —
u(z, t) 5 5

g(&)dg.

—ct
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Semi infinite string

U — Py = 0 ¢ = constant, 0<r <@
u(z,0) = f(z),
ut(x7 0) = g(l‘),
u(0,t) = h(t), 0<t.
t —ct) 1 qutet
2 2¢ Jr—ct
v = flotet)— flet—g) 1 fera
x r+ct)— flct—x zTe
h(t—;)Jr - to [ g, @ et <o
Semi infinite string - free end
Uy — gy = 0 ¢ = constant, 0 <z < oo,
u(z,0) = f(z),
u(z,0) = g(z),
flx+ct)+ f(x —ct) 1 [otet
— >
: NG v,
u(z,t) =
r—ct — z+ct ct—x
[ ez LEEALIIAZD L yeyae s L [ g, o< et
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4 Separation of Variables-Homogeneous Equations

In this chapter we show that the process of separation of variables solves the one dimensional
heat equation subject to various homogeneous boundary conditions and solves Laplace’s
equation. All problems in this chapter are homogeneous. We will not be able to give the
solution without the knowledge of Fourier series. Therefore these problems will not be fully
solved until Chapter 6 after we discuss Fourier series.

4.1 Parabolic equation in one dimension

In this section we show how separation of variables is applied to solve a simple problem of
heat conduction in a bar whose ends are held at zero temperature.

Uy = Ktlgy, (4.1.1)

u(0,t) =0, zero temperature on the left, (4.1.2)

u(L,t) =0, zero temperature on the right, (4.1.3)
u(z,0) = f(x), given initial distribution of temperature. (4.1.4)

Note that the equation must be linear and for the time being also homogeneous (no heat
sources or sinks). The boundary conditions must also be linear and homogeneous. In Chapter
8 we will show how inhomogeneous boundary conditions can be transferred to a source/sink
and then how to solve inhomogeneous partial differential equations. The method there
requires the knowledge of eigenfunctions which are the solutions of the spatial parts of the
homogeneous problems with homogeneous boundary conditions.

The idea of separation of variables is to assume a solution of the form

u(z,t) = X(x)T(t), (4.1.5)

that is the solution can be written as a product of a function of z and a function of ¢.
Differentiate (4.1.5) and substitute in (4.1.1) to obtain

X(2)T(t) = kX"(x)T(t), (4.1.6)

where prime denotes differentiation with respect to z and dot denotes time derivative. In
order to separate the variables, we divide the equation by kX (z)T'(t),
() _ X"(x)

6~ X (4.1.7)

The left hand side depends only on ¢ and the right hand side only on . If we fix one variable,
say t, and vary the other, then the left hand side cannot change (¢ is fixed) therefore the
right hand side cannot change. This means that each side is really a constant. We denote
that so called separation constant by —A. Now we have two ordinary differential equations

X"(z) = -2X(z), (4.1.8)
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T(t) = —kAT (). (4.1.9)

Remark: This does NOT mean that the separation constant is negative.

The homogeneous boundary conditions can be used to provide boundary conditions for
(4.1.8). These are
X(0)T'(t) =0,

X(L)T(t) = 0.
Since T'(t) cannot be zero (otherwise the solution u(z,t) = X (x)T'(t) is zero), then

X(0) =0, (4.1.10)

X(L) = 0. (4.1.11)

First we solve (4.1.8) subject to (4.1.10)-(4.1.11). This can be done by analyzing the following
3 cases. (We will see later that the separation constant A is real.)

case 1: A < 0.
The solution of (4.1.8) is
X(z) = AeVF 4 Be VI, (4.1.12)

where © = —\ > 0.
Recall that one should try e which leads to the characteristic equation r? = u. Using the
boundary conditions, we have two equations for the parameters A, B

A+ B=0, (4.1.13)

AeVil 4 Bemvil = (. (4.1.14)
Solve (4.1.13) for B and substitute in (4.1.14)

B=-A
A (e\/’_‘L - e’\/’_‘L) =0.

Note that
eVit — e=Vil = 2ginh \/uL # 0

Therefore A = 0 which implies B = 0 and thus the solution is trivial (the zero solution).
Later we will see the use of writing the solution of (4.1.12) in one of the following four

forms
X(z) = AeVF® 4 Be VHT

= Ccosh/ux + Dsinh \/ux
= Fcosh (\/ﬁx + F
= (Gsinh (\/ﬁx +H).
In figure 27 we have plotted the hyperbolic functions sinh z and cosh x, so one can see that
the hyperbolic sine vanishes only at one point and the hyperbolic cosine never vanishes.

(4.1.15)

case 2: A = 0.
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cosh(x),sinh(x)

Figure 27: sinh x and cosh x

This leads to

X"(x) =0,
X(0) =0,
X (L) =0.
The ODE has a solution
X(x) = Az + B.
Using the boundary conditions
A-0+B=0,
A-L+B=0,
we have
B =0,
A=0,
and thus
X(z) =0,

which is the trivial solution (leads to u(z,¢) = 0) and thus of no interest.

case 3: A > 0.
The solution in this case is

X (z) = Acos V Az + Bsin V.
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The first boundary condition leads to
X0)=A-1+B-0=0

which implies
A=0.

Therefore, the second boundary condition (with A = 0) becomes
Bsin VAL = 0. (4.1.19)

Clearly B # 0 (otherwise the solution is trivial again), therefore

sin VAL = 0,
and thus
VAL = n, n=12,... (since A > 0, then n > 1)
and )
A, = (%) . on=1.2 ... (4.1.20)

These are called the eigenvalues. The solution (4.1.18) becomes
Xo(z) = B, sin %x n=12,... (4.1.21)

The functions X,, are called eigenfunctions or modes. There is no need to carry the constants
B, since the eigenfunctions are unique only to a multiplicative scalar (i.e. if X, is an
eigenfunction then KX, is also an eigenfunction).

The eigenvalues A, will be substituted in (4.1.9) before it is solved, therefore

_ 2
To(t) = —k ("—LW> T,. (4.1.22)

The solution is )
T (t) = e *(E) T, n=12,... (4.1.23)

Combine (4.1.21) and (4.1.23) with (4.1.5)
Up(z,t) = e F(F)  gin n%x, n=12,... (4.1.24)

Since the PDE is linear, the linear combination of all the solutions u,(z,t) is also a solution

s nm 2
u(z,t) => bne_k(f) "sin %x (4.1.25)

n=1

This is known as the principle of superposition. As in power series solution of ODEs, we
have to prove that the infinite series converges (see section 5.5). This solution satisfies the
PDE and the boundary conditions. To find b,, we must use the initial condition and this
will be done after we learn Fourier series.
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4.2 Other Homogeneous Boundary Conditions

If one has to solve the heat equation subject to one of the following sets of boundary condi-
tions

1.
u(0,t) = 0, 421
ug(L,t) = 0. (4.2.2)

2.

u.(0,t) =0, (4.2.

w(L,t) = 0. (4.2.4)

3.
uz(0,¢) =0, 4.2.5
uy(L,t) = 0. (4.2.6)

4.
u(0,t) = u(L,t), (4.2.7)
uz(0,t) = ux (L, t). (4.2.8)

the procedure will be similar. In fact, (4.1.8) and (4.1.9) are unaffected. In the first case,
(4.2.1)-(4.2.2) will be

X(0) =0, (4.2.9)
X'(L) = 0. (4.2.10)
It is left as an exercise to show that
A, = Kn—%) %r n=1,2 .. (4.2.11)
X, = sin (n - 1) e, n=1,2,... (4.2.12)
2) L

The boundary conditions (4.2.3)-(4.2.4) lead to

X'(0) =0, (4.2.13)
X(L)=0, (4.2.14)
and the eigenpairs are
1\ 712
An = —— )= =12, ... 4.2.1
=(n-3) 7] n=12, (12.15)
X, = < 1)” =1,2 (4.2.16)
n=cos(n—g |, n=12... 2.
The third case leads to
X'(0) =0, (4.2.17)



X'(L) = 0. (4.2.18)

Here the eigenpairs are

Ao =0, (4.2.19)
Xo =1, (4.2.20)
2
Ay = (T) , n=1,2,... (4.2.21)
L
X, = cos ”%x n=1,2,... (4.2.22)

The case of periodic boundary conditions require detailed solution.

case 1: A < 0.
The solution is given by (4.1.12)

X (z) = AeVF* 4 Be VI, p=—A>0.

The boundary conditions (4.2.7)-(4.2.8) imply

A+ B = AeVFE 4 Be VI (4.2.23)
Ayt — B/ = A/ueV* — By/ue” Vi, (4.2.24)
This system can be written as
Al =) 4 B (1 - e Vi) =0, (4.2.25)
VA (1= V™) 4 /B (—1 + e VF) = 0. (4.2.26)

This homogeneous system can have a solution only if the determinant of the coefficient

matrix is zero, i.e.
‘ 1 — eVHl 1 —e VKL

(L=ev) Vi (14 e/) v

Evaluating the determinant, we get

2/ (e\/ﬁL + e Vil _ 2) =0,
which is not possible for p > 0.

case 2: A =0.
The solution is given by (4.1.17). To use the boundary conditions, we have to differentiate
X(x),
X'(z) = A. (4.2.27)

The conditions (4.2.8) and (4.2.7) correspondingly imply

A=A
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B= AL+ B, = AL =0 = A=0.

Thus for the eigenvalue

Ao =0, (4.2.28)
the eigenfunction is
Xo(z) = 1. (4.2.29)
case 3: A > 0.
The solution is given by
X(x) = AcosVAx + BsinvAx. (4.2.30)

The boundary conditions give the following equations for A, B,
A = Acos VAL + Bsin VAL,
VAB = —VAAsin VAL + VAB cos VAL,

or

A(1 = cos VAL) — Bsin VAL =0, (4.2.31)
AVXsin VAL + BVX (1= cos VAL) = 0. (4.2.32)

The determinant of the coefficient matrix

1—005\/XL —sin\/XL _0
Vsin VAL \/X(l—COS\/XL) o

or

VA (1= cos VAL)" + VXsin? VAL = 0.
Expanding and using some trigonometric identities,
2V \ (1 — oS \/XL) =0,
or
1 —cos VAL = 0. (4.2.33)

Thus (4.2.31)-(4.2.32) become
—Bsin VAL =0,

AV Asin VAL = 0,

which imply

sin VAL = 0. (4.2.34)
Thus the eigenvalues A, must satisfy (4.2.33) and (4.2.34), that is
2n 2
Ay = (T) , n=1,2,... (4.2.35)

79



Condition (4.2.34) causes the system to be true for any A,B, therefore the eigenfunctions
are

COSQ"T’TQJ n=12...
Xp(x) = (4.2.36)
siHQ"T”x n=12...

In summary, for periodic boundary conditions

Ao =0, (4.2.37)
Xo(z) =1, (4.2.38)
9 2
%:(lﬂ>, n=1,2,... (4.2.39)
L
COSQ"T’Tx n=12...
Xp(x) = (4.2.40)
sin%T”x n=12...

Remark: The ODE for X is the same even when we separate the variables for the wave
equation. For Laplace’s equation, we treat either the z or the y as the marching variable
(depending on the boundary conditions given).

Example.
Ugg + Uyy = 0 0<z,y<l1 (4.2.41)
u(z,0) = ug = constant (4.2.42)
u(z,1) =0 (4.2.43)
u(0,y) = u(l,y) =0. (4.2.44)
This leads to
X"+ 22X =0 (4.2.45)
X0)=X(1)=0 (4.2.46)
and
Y'Y =0 (4.2.47)
Y (1) =0. (4.2.48)
The eigenvalues and eigenfunctions are
X, = sinnrx, n=12,... (4.2.49)
A = (nm)?, n=1,2,... (4.2.50)
The solution for the y equation is then
Y, = sinhnn(y — 1) (4.2.51)
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and the solution of the problem is

u(z,y) = Y apsinnrrsinhnr(y — 1) (4.2.52)

n=1

and the parameters «,, can be obtained from the Fourier expansion of the nonzero boundary
condition, i.e.
~ 2up (—1)"—1

nm sinhnm

(4.2.53)

n
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Problems

1. Consider the differential equation
X"(z)+ XX (z) =0

Determine the eigenvalues A (assumed real) subject to
a. X(0)=X(m)=0
b. X'(0) = X'(L) =0
c. X(0)=X'(L) =0
d. X'(0)=X(L)=0
e. X(0)=0and X'(L)+ X(L)=0
Analyze the cases A > 0, A =0 and A < 0.
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4.3 Eigenvalues and Eigenfunctions

As we have seen in the previous sections, the solution of the X-equation on a finite interval
subject to homogeneous boundary conditions, results in a sequence of eigenvalues and corre-
sponding eigenfunctions. Eigenfunctions are said to describe natural vibrations and standing
waves. X; is the fundamental and X;, ¢« > 1 are the harmonics. The eigenvalues are the
natural frequencies of vibration. These frequencies do not depend on the initial conditions.
This means that the frequencies of the natural vibrations are independent of the method to
excite them. They characterize the properties of the vibrating system itself and are deter-
mined by the material constants of the system, geometrical factors and the conditions on
the boundary.

The eigenfunction X,, specifies the profile of the standing wave. The points at which an
eigenfunction vanishes are called “nodal points” (nodal lines in two dimensions). The nodal
lines are the curves along which the membrane at rest during eigenvibration. For a square
membrane of side 7 the eigenfunction (as can be found in Chapter 4) are sinnz sin my and
the nodal lines are lines parallel to the coordinate axes. However, in the case of multiple
eigenvalues, many other nodal lines occur.

Some boundary conditions may not be exclusive enough to result in a unique solution
(up to a multiplicative constant) for each eigenvalue. In case of a double eigenvalue, any
pair of independent solutions can be used to express the most general eigenfunction for
this eigenvalue. Usually, it is best to choose the two solutions so they are orthogonal to
each other. This is necessary for the completeness property of the eigenfunctions. This can
be done by adding certain symmetry requirement over and above the boundary conditions,
which pick either one or the other. For example, in the case of periodic boundary conditions,
each positive eigenvalue has two eigenfunctions, one is even and the other is odd. Thus the
symmetry allows us to choose. If symmetry is not imposed then both functions must be
taken.

The eigenfunctions, as we proved in Chapter 6 of Neta, form a complete set which is the
basis for the method of eigenfunction expansion described in Chapter 5 for the solution of
inhomogeneous problems (inhomogeneity in the equation or the boundary conditions).
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SUMMARY

X"+ XX =0
Boundary conditions Eigenvalues )\, FEigenfunctions X,
2
X(0)=X(L)=0 (%) sin 2 g n=12...
1 2 1
X(0)=X'(L) = {(nf)ﬂ} sin (nfLE)ﬂx n=1,2,...
X'(0)=X(L)=0 {(n%)ﬂr cos "2y n=12
L L 2,
2
X'(0)=X'(L) =0 (2 cos " g n=0,1,2
2
X(0) = X (L), X"(0) = X'(L) (%=) sin 207 g n=1,2
cos %—”x n=20,1,2
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5 Fourier Series

In this chapter we discuss Fourier series and the application to the solution of PDEs by
the method of separation of variables. In the last section, we return to the solution of
the problems in Chapter 4 and also show how to solve Laplace’s equation. We discuss the
eigenvalues and eigenfunctions of the Laplacian. The application of these eigenpairs to the
solution of the heat and wave equations in bounded domains will follow in Chapter 7 (for
higher dimensions and a variety of coordinate systems) and Chapter 8 (for nonhomogeneous
problems.)

5.1 Introduction

As we have seen in the previous chapter, the method of separation of variables requires
the ability of presenting the initial condition in a Fourier series. Later we will find that
generalized Fourier series are necessary. In this chapter we will discuss the Fourier series
expansion of f(z), i.e.

~ = + Z (an cos —Wx + by, sin n—Lﬂx> (5.1.1)

We will discuss how the coefficients are computed, the conditions for convergence of the
series, and the conditions under which the series can be differentiated or integrated term by
term.

Definition 11. A function f(x) is piecewise continuous in [a, b] if there exists a finite number
of points a = 1 < x5 < ... < x, = b, such that f is continuous in each open interval
(2, 2;41) and the one sided limits f(x;4) and f(z;41-) exist for all j <n — 1.

Examples
1. f(z) = 2* is continuous on |[a, b].

2.
T 0<z <1

f(x>:{x2—x 12x§2

The function is piecewise continuous but not continuous because of the point x = 1.

3. f(z)= i —1 <z < 1. The function is not piecewise continuous because the one
sided limit at £ = 0 does not exist.

Definition 12. A function f(z) is piecewise smooth if f(z) and f’(z) are piecewise continuous.

Definition 13. A function f(x) is periodic if f(x) is piecewise continuous and f(z+p) = f(z)
for some real positive number p and all x. The number p is called a period. The smallest
period is called the fundamental period.

Examples

1. f(z) = sinx is periodic of period 27.
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2. f(x) = cosz is periodic of period 2.

Note: If f;(x), 1=1,2,---,n are all periodic of the same period p then the linear

combination of these functions
n

Zcifi(x)

=1

is also periodic of period p.

5.2 Orthogonality

Recall that two vectors @ and b in R™ are called orthogonal vectors if
i=1

We would like to extend this definition to functions. Let f(x) and g(x) be two functions
defined on the interval [, §]. If we sample the two functions at the same points x;, i =
1,2,---,n then the vectors F' and G, having components f(x;) and g(x;) correspondingly,

are orthogonal if

> fxi)g(x;) = 0.

=1

If we let n to increase to infinity then we get an infinite sum which is proportional to

[ f@ygayia

Therefore, we define orthogonality as follows:

Definition 14. Two functions f(z) and g(z) are called orthogonal on the interval (¢, 5) with
respect to the weight function w(z) > 0 if

6
[ w@)@g@)dz =o.

o

Example 1
The functions sin x and cos x are orthogonal on [—m, 7] with respect to w(z) = 1,

N L 1 1 1
/ sin x cos xdr = 5/ sin 2xdr = —1 cos2zx|™ = - + 1 0.

—T —T

Definition 15. A set of functions {¢,(z)} is called orthogonal system with respect to w(z)
on [a, A] if

/j On () Om(x)w(x)de =0, for m # n. (5.2.1)
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Definition 16. The norm of a function f(x) with respect to w(z) on the interval [a, 5] is
defined by

= { [ vt e} (529

Definition 17. The set {¢,(z)} is called orthonormal system if it is an orthogonal system
and if

[&n]| = 1. (5.2.3)

Examples

L. {sin n%x} is an orthogonal system with respect to w(x) =1 on [—L, L].
For n #m

L nmr | mnm
sin —x sin —xdx
—-L L

L[ 1 1 _
- [ e e e
1 L g (n +m)m N 1 L g (n—m)r | |* 0
= {—= in T+ = in T =
2(n+m)r L 2(n—m)w L _L

nm
2. {cos fx} is also an orthogonal system on the same interval. It is easy to show that for

n#m

L nmw mi
CcosS —x cos —xdx
L L L

L (1 1 _
= /_L [5 cos (n +Lm)ﬁx + 3 cos (n Lmhx] dx
1 L . (n+m)m 1 L . (n—m)r |,
— — — — 0
{Q(n—l—m)wsm L x+2(n—m)7rsm L =
3. The set {1, cosz, sinx, cos2x, sin2x,---, cosnz, sinnz, - - -} is an orthogonal system on

[—7, w] with respect to the weight function w(z) = 1.
We have shown already that

/ sin nx sin madr = 0 for n #m (5.2.4)

—T

/ cos nx cos madr = 0 for n # m. (5.2.5)
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The only thing left to show is therefore

/ 1-sinnzdr =0 (5.2.6)
/ 1-cosnzdr =0 (5.2.7)
and -
/ sin nx cos mxdr = 0 for any n, m. (5.2.8)
Note that _ |
/ sin nade = — 2 T = ——(cosnm — cos(—nm)) =0
-7 n n
since

cosnm = cos(—nm) = (—1)". (5.2.9)

1
In a similar fashion we demonstrate (5.2.7). This time the antiderivative — sin nz vanishes

n
at both ends.
To show (5.2.8) we consider first the case n = m. Thus

Q 1 ym 1
/ sin nx cos nxdr = — / sin 2nxdr = —— cos2nz|"_ =0
2 4n

—T —T

For n # m, we can use the trigonometric identity
) .. )
sin ax cos bxr = 5 [sin(a + b)x + sin(a — b)z] . (5.2.10)

Integrating each of these terms gives zero as in (5.2.6). Therefore the system is orthogonal.

5.3 Computation of Coefficients

Suppose that f(x) can be expanded in Fourier series

> k k
f(z) ~ %o > | ax cos —Wx—l—bk sin—z | | (5.3.1)
2 O L L

The infinite series may or may not converge. Even if the series converges, it may not give
the value of f(z) at some points. The question of convergence will be left for later. In this
section we just give the formulae used to compute the coefficients ay, by.

1 /L
ag = —/ f(x)dx, (5.3.2)
LJ-1L
1 L
ax = —/ f(z) cos k—ﬁxdx for k=1,2,... (5.3.3)
LJ-1 L
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=7 / ) sin —xdx for k=1,2,... (5.3.4)

Notice that for k£ = 0 (5.3.3) gives the same value as o in (5.3.2). This is the case only if

a
one takes 50 as the first term in (5.3.1), otherwise the constant term is

é%[if@ﬂx (5.3.5)

k
The factor L in (5.3.3)-(5.3.4) is exactly the square of the norm of the functions sin %x and

km
COS8 -3 In general, one should write the coefficients as follows:

L km
[L f(z) cos fxdx

L k
[ 5 cos? %xdw

, for k=1,2,... (5.3.6)

ajp =

L k
/ f(z)sin T da
— —L L

k 7 km )
/ sin2 Tl'dl'

—L

for k=1,2,... (5.3.7)

These two formulae will be very helpful when we discuss generalized Fourier series.

Example 2
Find the Fourier series expansion of

flz)==x on [—L, L]

ap = L/ xcos—xdx

1L km N ( L )2 km | |&
= — |—xsin—x — ] cos—=zx
L | knm L km L L
The first term vanishes at both ends and we have
1 /L2
=7 (E) [cos km — cos(—km)] = 0.
1 rL k
b, = zlesin%xdx
1 L km N ( L )2 Ckm | |E
= — |——ZCosS—21T — ] sin —=x .
L km L km L _L
Now the second term vanishes at both ends and thus
1 2L 2L 2L
b, = - [Lcoskm — (—L)cos(—km)| = — % €08 km = _H(_l)k = H(_l)kﬂ'
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Figure 28: Graph of f(z) = z and the N** partial sums for N = 1,5, 10, 20

Therefore the Fourier series is

> 2L km
~ YT 2 (—1)M sin . 5.3.8
x kz::l lm( )¥ T sin 73 ( )

In figure 28 we graphed the function f(x) = x and the N** partial sum for N = 1,5, 10, 20.
Notice that the partial sums converge to f(z) except at the endpoints where we observe the
well known Gibbs phenomenon. (The discontinuity produces spurious oscillations in the
solution).

Example 3
Find the Fourier coefficients of the expansion of

—1 for —L<x<0
flz) = { 1 forO<az< L (5.3.9)
km
ap = L/ ) cos —xdm—l— / 1-cos fxdx
1 L . krm 1 L . krn
= _EESIDTZE‘EL—i_Zk_ Slnfl'|£ _O,
1 0 L
ag = E 7L(—1)d£17+— 0 ldx
1 1, 1 1
Lx‘fL—i_ Lx‘o L( )+ L 07
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Figure 29: Graph of f(z) given in Example 3 and the N partial sums for N = 1,5,10, 20

km
b, = L/ sm—xd:l:+ / 1- smfxdx
1 L km 1 L km
= 700 (g ) eon Falle + 7 () eos Tl
— 1= cos(—km)] — — [cos km — 1]
= Cos T - cos km
2 k
- Zli-
Therefore the Fourier series is
< 2 k
ZE{L——kﬁm%m (5.3.10)

The graphs of f(z) and the N partial sums (for various values of V) are given in figure 29.

In the last two examples, we have seen that a;, = 0. Next, we give an example where all
the coefficients are nonzero.

Example 4

lr+1 —L<x<0

ﬂ@z{é O<o<l (5.3.11)
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Figure 30: Graph of f(x) given in Example 4

apg = L/ ( x—i—l)d:zc—l—L/ rdx

1x0 0 lx
3 1+1+L_L+1
2 2 27

/( +) k—d+/ ko
L X COSLII L ZECOSLI'I'

1 L ok < L )2 km 0
_— —_— —_— C —_—
D) k X S1n A + OS xXr
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Figure 31: Graph of f(z) given by example 4 (L = 1) and the N partial sums for N =
1,5,10,20. Notice that for L = 1 all cosine terms and odd sine terms vanish, thus the first
term is the constant .5

1 /0 /1 km 1 L km
p— _— —_ 1 1 —_— —_— 1 —_
by, L/L(Lx—l— )sm Lxdx+L/O T sin L:z:dx

1 l L km <L>2 ok ] 0
= — |——xcoS—x+|-— ) sin—zx
km

L2 | km L L

—L

L

1L kr o 1 L km LN\? . kr
—i———(—cosfx)LL—i-z —Excosfx+<g> sin -

0

1 L 1 1
= EH(—L) cos km — o= + Hcoslm — Hcoslmr

= —% (1+ (-1FL),

therefore the Fourier series is

flz) = % + g:l {% { — (—1)’“} cos I%Tx — % [1 + (—1)’“[,} sin ]%Tx}

The sketches of f(x) and the N partial sums are given in figures 31-33 for various values
of L.
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0.8
0.6 05
0.2 0
0
-0.5 0 0.5 -0.5 0 0.5
1.5 1.5
1 1
0.5 0.5
0 0
-0.5 -0.5
-0.5 0 0.5 -0.5 0 0.5

Figure 32: Graph of f(z) given by example 4 (L = 1/2) and the N partial sums for
N =1,5,10,20

2 2
15 15
1
1
0.5
0.5 0
0 -0.5
-2 -1 0 1 2 -2 -1 0 1 2
25 25
2 2
15 15
1 1
0.5 0.5
0 0
-0.5 -0.5
-2 -1 0 1 2 -2 -1 0 1 2

Figure 33: Graph of f(x) given by example 4 (L = 2) and the N partial sums for N =
1,5,10,20
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Problems

1. For the following functions, sketch the Fourier series of f(x) on the interval [—L, L].
Compare f(z) to its Fourier series

a. f(z)=1
b. f(z) = z*
c. flx)=¢€"
d. .
o455
e.
0 x<%
fx) =
? x> L

2. Sketch the Fourier series of f(z) on the interval [—L, L] and evaluate the Fourier coeffi-
cients for each

a. f(z) ==
b. f(r) =sinfz
c.
1 |z] < £
fx) =
0 |z]>%

3. Show that the Fourier series operation is linear, i.e. the Fourier series of af(x) + (g(x)
is the sum of the Fourier series of f(x) and g(x) multiplied by the corresponding constant.
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5.4 Relationship to Least Squares

In this section we show that the Fourier series expansion of f(x) gives the best approximation
of f(x) in the sense of least squares. That is, if one minimizes the squares of differences
between f(x) and the n'* partial sum of the series

s k k
% +k§::1 <ak cos fﬂx—i—bk sin %x) (5.4.1)
then the coefficients ag, ax and by are exactly the Fourier coefficients given by (5.3.6)-(5.3.7).

Let I(ag, a1, -, ap, by, by, -+, b,) be defined as the “sum” of the squares of the differences,
ie.

L
[= / [f(z) — sn(2)] da (5.4.2)
-L
where s, () is the n'* partial sum
" k k
sp(x) = %o > | ax cos T+ by sin ). (5.4.3)
et L L
In order to minimize the integral I, we have to set to zero each of the first partial derivatives,
ol
— =0 5.4.4
aao ) ( )
ol
— =0 =1,2,--- 5.4.5
aa] Y j Y ) 7n ( )
ol
— =0 =1,2,---,n. 5.4.6
ab] Y j Y ) Y n ( )

Differentiating the integral we find

O = [P 20 @)~ sul@)] e [F(0) — ()] da

8—a0 —L dag
L 1
- 9 /_ [f(@) = su(@)] 5da (5.4.7)
= —/LL lf(x) — % — k; <ak cos kfﬂx + by sin k%x)] dz

k k
Using the orthogonality of the function 1 to all cos %x and sin %x we have

ol L Qo
— = — —2L. 4.
e [ ROZEE (5.4.8)

Combining (5.4.8) and (5.4.4) we have
1 /L
ag = E[Lf(x)dx
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which is (5.3.2).
If we differentiate the integral with respect to a; for some j, then

ol L 0 " k k
da; = /_LQ [f(z) — sn(2)] da; [f(x) — % - 2 <ak cos %:1: + by sin %x)] dx
= 2/ ) — su(z )]( cosj—x>dx
L
. (5.4.9)
Now we use the orthogonality of cos %x to get
8—(1] = —2/ [ — a; Ccos ‘%Tx} Ccos ‘%Txdx.
Therefore
2/ a; cos? —xdx = 2/ ) cos —xdx.
Solving for a; yields (5.3.6).
Similarly
ol
—— =0
0b;

will lead to . , . ,
. o JT T
/7L b; sin® fxdx = [L f(z)sin fxdx
which gives (5.3.7).

5.5 Convergence

If f(x) is piecewise smooth on [—L, L] then the series converges to either the periodic exten-
sion of f(x), where the periodic extension is continuous, or to the average of the two limits,
where the periodic extension has a jump discontinuity.

It is always helpful to give several examples and sketches.

Example 5

Given the function
0, <0

fla) = { 1z, (5.5.1)

The following figures show the sketch of f(z), its periodic extension of period 2 and the
sketch of the Fourier series of f(x).

Notice that the sketch of f(z) on [—1,1] is copied to [1, 3] and so on to the right and to
the left.

Notice that the only difference is at the points of discontinuity z, = 4+n, n=1,2,...
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Figure 34: Sketch of f(z) given in Example 5

o—o o—o ——o o—o
=N T
ok
-4 L
-0 -8 -6 -4 -2 0 2 4 6 8 10

Figure 35: Sketch of the periodic extension

—o —o ——o —o
x x x x x x x x
=L T
b
-4
-0 -8 -6 -4 -2 0 2 4 6 8 10

Figure 36: Sketch of the Fourier series
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L L L L L L L L L
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 37: Sketch of f(x) given in Example 6

8

0 N 3L /-2C T \\_/ZL BL\_/AL

i L L L L L L L L L
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 38: Sketch of the periodic extension

Example 6
sin %x, —-L<z <LO
flz) =% =, 0<z< 5 (5.5.2)

L
L —x, §<x<L

The Fourier series will be exactly the same since the periodic extension has no jump
discontinuity. See Figure 37 for the sketch of f(x) and Figure 38 for the sketch of the
periodic extension.

5.6 Fourier Cosine and Sine Series

In the examples in the last section we have seen Fourier series for which all ay are zero. In
such a case the Fourier series includes only sine functions. Such a series is called a Fourier
sine series. The problems discussed in the previous chapter led to Fourier sine series or
Fourier cosine series depending on the boundary conditions.
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Let us now recall the definition of odd and even functions. A function f(z) is called odd
if
f(=z) = —f(2) (5.6.1)
and even, if
fl=) = f(@). (5.6.2)
Since sin kx is an odd function, the sum is also an odd function, therefore a function f(x)

having a Fourier sine series expansion is odd. Similarly, an even function will have a Fourier
cosine series expansion.

Example 7
f(z) ==, on [—L, L]. (5.6.3)

The function is odd and thus the Fourier series expansion will have only sine terms, i.e. all
ar = 0. In fact we have found in one of the examples in the previous section that

~y — sin —ux (5.6.4)
— kﬂ' L
Example 8
f(z) =22 on [—L, L]. (5.6.5)
The function is even and thus all b; must be zero.
1 /L, 2 L 223\ 2L2
o L/_LxxLoxxL?)o 3 (56.6)
L/ 22 cos —xdx =
Use table of integrals
1 (L>2 br P, kr\* Q(L)3_k7rL
= — |2z |-— ) cos—=zx — | x* - — | sin —=x
L km L | L km L |-
The sine terms vanish at both ends and we have
1 L\? L\?
= 4L kn =4 —1)k. 6.
L (m) SR = <l<;7r> (=1) (5.6.7)
Notice that the coefficients of the Fourier sine series can be written as
L/ ) sin —xdx (5.6.8)

that is the integration is only on half the interval and the result is doubled. Similarly for
the Fourier cosine series

=7 / ) cos —xdx (5.6.9)
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3 3
2 2
1 1
0 0
-1 -1
-2 -1 0 1 2 -2 -1 0 1
4 4
3 3
2 2
1 1
0 0
-2 -1 0 1 2 -2 -1 1

Figure 39: Graph of f(z) = 2 and the N partial sums for N = 1,5, 10, 20

If we go back to the examples in the previous chapter, we notice that the partial differ-
ential equation is solved on the interval [0, L]. If we end up with Fourier sine series, this
means that the initial solution f(z) was extended as an odd function to [—L,0]. It is the

odd extension that we expand in Fourier series.

Example 9
Give a Fourier cosine series of

flz) == for 0<ax<L.

This means that f(z) is extended as an even function, i.e.

—x —L<x<0
f(x)—{ r 0<z<L

or

f(x) = |z on [—L,L].

The Fourier cosine series will have the following coefficients

2 [k 21 ,|F
== dr = = =x?
Qo L/Ol‘l‘ LQZL‘

=L,
0

2 L km 2 [L  km
ak:—/ T cos —axdr = — —xsm—x—i—<—
0

L L

(5.6.10)

(5.6.11)

(5.6.12)

(5.6.13)



15 1.5
1 1
0.5 0.5
92 -1 0 1 2 92 -1 0 1 2
2 2
15 15
1 1
0.5 0.5
92 -1 0 1 2 92 -1 0 1 2

Figure 40: Graph of f(z) = |z| and the N™ partial sums for N = 1,5, 10,20

:%[0+<$JQWMW—O—(£JT::%<5J2R—Dh—q. (5.6.14)

Therefore the series is

L & 2L & km
|| ~ ) + kzz:l ()2 [(—1) - 1} CO8 —= . (5.6.15)

In the next four figures we have sketched f(z) = |z| and the N** partial sums for various
values of N.

To sketch the Fourier cosine series of f(z), we first sketch f(z) on [0, L], then extend the
sketch to [—L, L] as an even function, then extend as a periodic function of period 2L. At
points of discontinuity, take the average.

To sketch the Fourier sine series of f(z) we follow the same steps except that we take
the odd extension.

Example 10
sinfr, —L<z<0
flz) = z, O<z<i (5.6.16)
L—x, % <z <L

The Fourier cosine series and the Fourier sine series will ignore the definition on the interval
[—L,0] and take only the definition on [0, L]. The sketches follow on figures 41-43:
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Figure 42: Sketch of the Fourier sine series and the periodic odd extension

Notes:

1. The Fourier series of a piecewise smooth function f(x) is continuous if and only if
f(z) is continuous and f(—L) = f(L).

2. The Fourier cosine series of a piecewise smooth function f(x) is continuous if and only
if f(x) is continuous. (The condition f(—L) = f(L) is automatically satisfied.)

3. The Fourier sine series of a piecewise smooth function f(z) is continuous if and only

if f(x) is continuous and f(0) = f(L).

Example 11
The previous example was for a function satisfying this condition. Suppose we have the

Figure 43: Sketch of the Fourier cosine series and the periodic even extension
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following f(x)
0 -L<z<0
r 0<z<L

o=

The sketches of f(z), its odd extension and its Fourier sine series are given in figures 44-46
correspondingly.

(5.6.17)

Figure 44: Sketch of f(z) given by example 11

Figure 45: Sketch of the odd extension of f(x)

Figure 46: Sketch of the Fourier sine series is _not continuous since f(0) # f(L)
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Problems

1. For each of the following functions

i. Sketch f(x)

ii. Sketch the Fourier series of f(z)

iii. Sketch the Fourier sine series of f(x)
iv. Sketch the Fourier cosine series of f(x)

a.f(x):{ T r <0

142z >0
b. f(x) =¢€"
c. f(x)=1+2?
lr+1 —2<2<0
_ ) 2
d.f(x)—{ T 0<az<?2

2. Sketch the Fourier sine series of

™
= COS —X.

L

Roughly sketch the sum of the first three terms of the Fourier sine series.

3. Sketch the Fourier cosine series and evaluate its coefficients for

1 <L
x R
6
3L< <L
6 "7
O §<£I§'

4. Fourier series can be defined on other intervals besides [—L, L]. Suppose ¢(y) is defined
on [a, b] and periodic with period b — a. Evaluate the coefficients of the Fourier series.

5. Expand

in a series of sin nx.

a. Evaluate the coefficients explicitly.

0 = <z<m

b. Graph the function to which the series converges to over —27 < x < 27.
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5.7 Term by Term Differentiation

In order to check that the solution obtained by the method of separation of variables satisfies
the PDE, one must be able to differentiate the infinite series.

1. A Fourier series that is continuous can be differentiated term by term if f’(z) is piecewise
smooth. The result of the differentiation is the Fourier series of f'(x).

2. A Fourier cosine series that is continuous can be differentiated term by term if f'(x) is
piecewise smooth. The result of the differentiation is the Fourier sine series of f’(z).

3. A Fourier sine series that is continuous can be differentiated term by term if f'(z) is
piecewise smooth and f(0) = f(L) = 0. The result of the differentiation is the Fourier
cosine series of f'(z).

Note that if f(z) does not vanish at z = 0 and = L then the result of differentiation is
given by the following formula:

1 2 nm

)~ LU = SO+ 3 bt L1 — FOeos T (57)

Note that if f(L) = f(0) = 0 the above equation reduces to term by term differentiation.
Example 12
Given the Fourier sine series of f(z) = «x,

> L nmw
~ 23— (=1)""gin —z. 5.7.2
x nz::ﬂm( )" sin 7 ( )

Since f(L) = L # 0, we get upon differntiation using (5.7.1)

1 X \nr L 2 nmw

L~ = [L—0]+ Y —2—(=1)""' +2(-1)"L —

L[ ]+71 7 mT( ) +L( ) cos
n= —b/_/

The term in braces is equal
2(=1)"* +2(=1)" = 0.

Therefore the infinite series vanishes and one gets
1~1,

that is, the Fourier cosine series of the constant function 1 is 1.
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Problems

1. Given the Fourier sine series

T > .onm
CcoS —T ~ Z b, sin —x

L — L
ni
0 n is odd
b, = 4n .
————— niseven
m(n?—1)
. . . . . T
Determine the Fourier cosine series of sin zx
2. Consider
x
sinhz ~ > a, sinnz.
n=1

Determine the coefficients a,, by differentiating twice.

107



5.8 Term by Term Integration

A Fourier series of a piecewise smooth function f(z) can always be integrated term by term
and the result is a convergent infinite series that always converges to [*, f(x)dz even if the
original series has jumps.

Example 13

The Fourier series of f(x) =1 is

I~= ) 5sm—g; (5.8.1)

Integrate term by term from 0 to x gives

4 1L nm |*
0 ~ —— E: - o7
v T ,S3.. nnm o8 L o 0
(5.8.2)
4 Z L nmw +4 [ L n L n L n
= —— —— COS —2I — | — N R
T 3. T L w127 32w B3xw

The last sum is the constant term (n = 0) of the Fourier cosine series of f(x) = z, which is

1 (L L
— dr = —. 8.
- /0 rda = < (5.8.3)
Therefore AL .
nm
xXr ~ 5 — ﬁ nz% ﬁ COS Tl' (584)

We have also found, as a by-product, the sum of the following infinite series

4L {1 . 1 . } L
w2 |12 32 2
or . . )
T
4= 5.8.5
12 + 32 * 8 ( )
A second integration gives the Fourier sine series of
2 L
— — —
2 2
x? L 417 1 nmw
E ~ 533' — ?n:§...?51nf$

In order to get the Fourier sine series of 2, one must substitute the sine series of z in the
above and multiply the new right hand side by 2.
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Problems

1. Consider
x
9 . onm
T~ E a, sin —x
n=1 L

a. Determine a,, by integration of the Fourier sine series of f(z) = 1, i.e. the series

i 1 sin2n_17rx
2 L

b. Derive the Fourier cosine series of 22 from this.

2. Suppose that

s nm
cosh x ~ Z b, sin —x
n=1 L
a. Determine the coefficients b, by differentiating twice.
b. Determine b, by integrating twice.
3. Evaluate
> 1

2 (2n — 1)2

n=1

by using the integration of Fourier sine series of f(x) = 1 (see problem 1 part a.)
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5.9 Full solution of Several Problems

In this section we give the Fourier coefficients for each of the solutions in the previous chapter.

Example 14
Uy = Kugy, (5.9.1)
u(0,t) =0, (5.9.2)
u(L,t) =0, (5.9.3)
u(z,0) = f(z). (5.9.4)
The solution given in the previous chapter is
Z bpe T sin n%x (5.9.5)

Upon substituting ¢ = 0 in (5.9.5) and using (5.9.4) we find that
> nm
= b, sin —ux, 5.9.6
nz::l Sin —2 ( )

that is b, are the coefficients of the expansion of f(x) into Fourier sine series. Therefore

by, =7 / ) sin —xdm (5.9.7)
Example 15
Uy = Kugy, (5.9.8)
u(0,t) = u(L,t), (5.9.9)
uz(0,t) = u. (L, t), (5.9.10)
u(z,0) = f(z). (5.9.11)

The solution found in the previous chapter is

> 2 2 nr
u(z, t) = % Z ay, COS %I + by, sin %x}e‘k(%)%, (5.9.12)

As in the previous example, we take ¢ = 0 in (5.9.12) and compare with (5.9.11) we find that

> 2
= 50 Z ay, COS Wx + by, sin %x) (5.9.13)
Therefore (notice that the period is L)
an =7 / ) cos —xdx n=0,1,2,... (5.9.14)
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2 (L 2
bn:—/ f(x)sin—ﬂxdx, n=12 ...
L Jo

L 2 L
(Note that / sin? 2% vy = 2
0 L 2

)

Example 16
Solve Laplace’s equation inside a rectangle:

Ugy + Uyy = 0, 0<z<L, 0<y<H,
subject to the boundary conditions:
U(O, y) = gl(y)u

u(L,y) = g2(y),
u(z,0) = fi(z),
U(ZL‘, H) - f2(x)

(5.9.15)

(5.9.16)

(5.9.17)

(5.9.18)
(5.9.19)
(5.9.20)

Note that this is the first problem for which the boundary conditions are inhomogeneous.
We will show that u(z,y) can be computed by summing up the solutions of the following

four problems each having 3 homogeneous boundary conditions:
Problem 1:
Uy, + uy, =0, 0<z<L, 0<y<H,

subject to the boundary conditions:

u! (07 y) = gl(y)v

u*(L,y) =0,
u'(z,0) =0,
u'(x, H) = 0.
Problem 2:
uz, +ul, =0, 0<z<L, 0<y<H,
subject to the boundary conditions:
u?(0,y) =0,
w*(L,y) = g2(y),
u?(z,0) = 0,
u?(x, H) = 0.
Problem 3:
ud +ud =0, 0<z<L, 0<y<H,
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(5.9.21)

(5.9.22)

(5.9.23)
(5.9.24)
(5.9.25)

(5.9.26)

(5.9.27)

(5.9.28)
(5.9.29)
(5.9.30)

(5.9.31)



subject to the boundary conditions:

u?(0,y) = 0, (5.9.32)
u(L,y) =0, (5.9.33)
3(x,0) = fi(z), (5.9.34)
u(z, H) = 0. (5.9.35)
Problem 4:

Upy + Uy, =0, 0<z<L  0<y<H, (5.9.36)

subject to the boundary conditions:
u*(0,7) =0, (5.9.37)
u*(L,y) =0, (5.9.38)
u'(z,0) =0, (5.9.39)
u(z, H) = fo(x). (5.9.40)

It is clear that since u', u?, u?, and u* all satisfy Laplace’s equation, then
w=u"+u?+u®+ut

also satisfies that same PDE (the equation is linear and the result follows from the principle
of superposition.) It is also as straightforward to show that u satisfies the inhomogeneous
boundary conditions (5.9.17)-(5.9.20).

We will solve only problem 3 and leave the other 3 problems as exercises.

Separation of variables method applied to (5.9.31)-(5.9.35) leads to the following two
ODEs

X"+ AX =0, (5.9.41)
X(0) =0, (5.9.42)
X(L) =0, (5.9.43)
Y —\Y =0, (5.9.44)
Y(H) = 0. (5.9.45)
The solution of the first was obtained earlier, see (4.1.20)-(4.1.21)
X, = sin .z, (5.9.46)
L
P (TY n=1,2,... (5.9.47)
L
Using these eigenvalues in (5.9.44) we have
Y/ — (”%)2 Y, =0 (5.9.48)
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which has a solution

Y, = A,, cosh n%y + B,, sinh n%y (5.9.49)

Because of the boundary condition and the fact that sinhy vanishes at zero, we prefer to
write the solution as a shifted hyperbolic sine (see (4.1.15)), i.e

Y, = A, sinh ”%(y — H). (5.9.50)

Clearly, this vanishes at y = H and thus (5.9.45) is also satisfied. Therefore, we have

u’(z,y) = Y A,sinh n%(y — H)sin n%x (5.9.51)
n=1

In the exercises, the reader will have to show that

nm

u'(z,y) = > By,sinh %T(x — L)sin T (5.9.52)
n=1
u?(x Z C,, sinh Hxsm Zry, (5.9.53)
n=1
ut(x,y Z D,, sinh fy sin n—gx (5.9.54)
n=1

To get A,, B,,C,, and D,, we will use the inhomogeneous boundary condition in each
problem:

nmw 2 (L nmw
Ansinh "X (—H) = 2 / in "~ 9.
sin 7 (—H) 7 ), fi(z) sin 7 xdx, (5.9.55)
B, hT(—L)—E/H (y)sin "2 yd (5.9.56)
sin T =7 g1(y) sin —ydy, 9.
C, smh— = E/ ) sin —ydy, (5.9.57)
2
D, sinth - Z/ ) sin —xdx (5.9.58)
Example 17
Solve Laplace’s equation inside a circle of radius a,
10 [ ou 1 0%u
2 = —— o _—— =
V= o (rar) a5 =0, (5.9.59)
subject to
u(a,0) = f(0). (5.9.60)
Let
u(r, ) = R(r)©(0), (5.9.61)
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then 1 1
O- (rR) + RO" = 0.
T T
2

Multiply by .

1o r (TR/)/ Q"
Thus the ODEs are
Q" + 10 =0, (5.9.63)
and
r(rR) — uR = 0. (5.9.64)

The solution must be periodic in 0 since we have a complete disk. Thus the boundary
conditions for © are

0(0) = O(2n), (5.9.65)
0'(0) = ©'(2n). (5.9.66)

The solution of the © equation is given by

Ho = 0, @0 = 1, (5967)
T (5.9.68)
Hn =105 "] cosnf n=1,2,... e

The only boundary condition for R is the boundedness, i.e.
|R(0)| < 0. (5.9.69)
The solution for the R equation is given by (see Euler’s equation in any ODE book)
Ry =Cylnr + Dy, (5.9.70)

R, =C,r "+ D,r". (5.9.71)

Since Inr and ™ are not finite at » = 0 (which is in the domain), we must have Cy = C,, = 0.
Therefore

1 o0
u(r,0) = 500+ > 1™ (o, cosnb + B, sinnd). (5.9.72)
n=1
Using the inhomogeneous boundary condition
1 o0
f(0) =u(a,0) = 50 + Y a"(ay, cosnd + B, sinnb), (5.9.73)
n=1
we have the coefficients (Fourier series expansion of f(6))
1 2
ap = —/ £(6)de, (5.9.74)
7 Jo
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1 2

m=—— f(8) cosnddb, (5.9.75)
27
By = —— [ 4(6) sinnas. (5.9.76)
ma™ Jo

The boundedness condition at zero is necessary only if » = 0 is part of the domain.

In the next example, we show how to overcome the Gibbs phenomenon resulting from
discontinuities in the boundary conditions.

Example 18
Solve Laplace’s equation inside a recatngular domain (0, a) X
boundary conditions on each side, i.e.

(0, b) with nonzero Dirichlet

Viu = 0 (5.9.77)
u(z,0) = g1(x), (5.9.78)
u(a,y) = g2(y), (5.9.79)
u(z,b) = gs(), (5.9.80)
w(0,y) = g4(y), (5.9.81)

assuming that ¢;(a) # ¢2(0) and so forth at other corners of the rectangle. This discontinuity
causes spurios oscillations in the soultion, i.e. we have Gibbs phenomenon.

The way to overcome the problem is to decompose u to a sum of two functions

(5.9.82)

u =v+w

where w is bilinear function and thus satisfies V*w = 0, and v is harmonic with boundary
conditions vanishing at the corners, i.e.

Vi =0 (5.9.83)
(5.9.84)

In order to get zero boundary conditions on the corners, we must have the function w be of
the form

v =g—w, on the boundary.

w(z,y) = ¢(0, 0)(“_"2# + g(a, O)W +g(a, b)% +¢(0, b)%, (5.9.85)
and

9(z,0) = gi(7) (5.9.86)

g9(a,y) = ga(y) (5.9.87)

g(z,b) = g3(x) (5.9.88)

9(0,y) = ga(y). (5.9.89)

It is easy to show that this w satisfies Laplace’s equation and that v vanishes at the
corners and therefore the discontinuities disappear.
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Problems
1. Solve the heat equation
Uy = Ky, O<z<L, t>0,
subject to the boundary conditions
u(0,t) = u(L,t) = 0.
Solve the problem subject to the initial value:

u(x,0) = 6sin .

b. w(z,0) =2cos .

2. Solve the heat equation

Uy = Ky, O<z<L, t>0,
subject to
ug(0,t) =0, t>0
uz(L,t) =0, t>0
0 =< %
a. u(z,0) =
1 z> é

b. wu(z,0) =6+ 4cos 3.

3. Solve the eigenvalue problem

¢ = Ao
subject to
¢(0) = o(27)
¢'(0) = ¢'(2m)

4. Solve Laplace’s equation inside a wedge of radius a and angle «,

o, _ 10 [ Ou) 10w _
vu_rar T@T +r2802_0

subject to
u(a,0) = f(0),
u(r,0) = ug(r, ) = 0.
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5. Solve Laplace’s equation inside a rectangle 0 <z < L, 0 < y < H subject to

a. ugy(0,y) =u,(L,y) =u(x,0) =0, wu(x,H)= f(x).
b. U(O,y) :g(y)v U(Lvy) :uy(x,()) ZU(ZL‘, H) =0.
c. u(0,y)=u(L,y)=0, wu(z,0)—uy(z,0)=0, u(z,H)= f(x).

6. Solve Laplace’s equation outside a circular disk of radius a, subject to

u(a,d) =1In2+ 4 cos36.
b. wu(a,d) = f(0).
7. Solve Laplace’s equation inside the quarter circle of radius 1, subject to
a. ug(r,0) =u(r,7/2) =0, u(1,0) = f(0).

b. uy(r,0) = ug(r,7/2) =0, ur(1,0) = g(0).
c. u(r,0)=u(r,m/2) =0, ur(1,0) = 1.

8. Solve Laplace’s equation inside a circular annulus (a < r < b), subject to

a. u(a,0) = f(0), u(b,0) = g(0).
b. Ur(a7 Q) = f(0)7 ur(bv ‘9) = 9(0)

9. Solve Laplace’s equation inside a semi-infinite strip (0 < z < oo, 0 < y < H) subject
to uy(z,0) =0,  u,(x,H)=0, u(0,y)=f(y)

10. Consider the heat equation
Up = Uz + q(z, 1), 0<x<L,
subject to the boundary conditions
u(0,t) = u(L,t) = 0.

Assume that ¢(x,t) is a piecewise smooth function of x for each positive ¢. Also assume that
u and wu, are continuous functions of x and u,, and u; are piecewise smooth. Thus

. nm

u(z,t) = b,(t)sin T
n=1

Write the ordinary differential equation satisfied by b, (%).

11. Solve the following inhomogeneous problem

0 0? 3
8_1; = kﬁ—xz +e '+ e cos %x,
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subject to
ou ou
u(z,0) = f(x).

. . . . . 2
Hint : Look for a solution as a Fourier cosine series. Assume k # %.

12. Solve the wave equation by the method of separation of variables

Ugt — CPUgy = 0, O<z<L,
u(0,t) =0,
u(L,t) =0,
U(ZL‘,O) = f(l‘),
w(x,0) = g(x)
13. Solve the heat equation
Up = 2Ugy, O0<x<L,

subject to the boundary conditions
u(0,t) = u,(L,t) =0,

and the initial condition
(x,0) = sin §zx
u(x,0) = 57

14. Solve the heat equation

Ou (10 ( 0u) 10
o "\ror\"ar ) T 2002

inside a disk of radius a subject to the boundary condition

ou
E(a,@,t) = O,

and the initial condition

u(r,0,0) = f(r,0)

where f(r,0) is a given function.
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SUMMARY

Fourier Series -
f(z) ~ % +) (an cos %x + by, sin Ta:)
n=1

L
1 L km
@k:E[Lf(x)cosfxdx for k=0,1,2,...
1 /L . km
bk:z/_Lf(x)smfxdx for k=1,2,...

Solution of Euler’s equation
r(rR') — AR =0

For Ay = 0 the solution is Ry = CiInr + Cs
For )\, = n? the solution is R,, = Dyr"™ + Dor™", n=12,...
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6 Sturm-Liouville Eigenvalue Problem

6.1 Introduction

In the previous chapters, we introduced the method of separtion of variables and gave several
examples of constant coefficient partial differential equations. The method in these cases led
to the second order ordinary differential equation

X"(x)+ XX (z)=0

subject to a variety of boundary conditions. We showed that such boundary value problems
have solutions (eigenfunctions X,,) for certain discrete values of \, (eigenvalues).

In this chapter we summarize those results in a theorem and show how to use this theorem
for linear partial differential equations NOT having constant coefficients. We start by giving
several examples of such linear partial differential equations.

Example Heat flow in a nonuniform rod.
Recall that the temperature distribution in a rod is given by (1.3.7)

c(m)p(x)% = % <K%> +5, (6.1.1)

where ¢(z) is the specific heat, p(x) is the mass density and K (z) is the thermal conduc-
tivity. The method of separation of variables was only applied to homogeneous problems
(nonhomogeneous problems will be discussed in Chapter 8). Therefore the only possibility

for the source S is
S(z,t) = a(x)u(z,t). (6.1.2)

Such problems may arise in chemical reactions that generate heat (S > 0) or remove heat
(S < 0). We now show how to separate the variables for (6.1.1) - (6.1.2). Let, as before,

u(z,t) = X(x)T(t)
be substituted in the PDE, then
c(z)p(x) X (2)T(t) = T(t) (K (2)X'(z)) + a(z) X (2)T(t). (6.1.3)

Divide by ¢(x)p(x)X (2)T'(t) then (6.1.3) becomes

T o) X@  da)p@) (6.14)

Now the variables are separated, and therefore, as we have seen in Chapter 4,

T(t) + AT(t) = 0 (6.1.5)

(K(2)X'(2)) + a(z) X (z) + Ae(z)p(x) X (x) = 0. (6.1.6)
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Note the differences between these two ODE’s and the constant coefficients case :

i. The T equation has no constant in the term containing A\, since that is no longer a
constant.

ii. The X equation contains three terms. The first one is different than the constant
coefficient case because K is a function of x. The second term is the result of the special
form of inhomogeneity of the problem. The third term contains a fuction ¢(x)p(x) multiplying
the second term of the constant coefficients case.

Remark : Note that if K, ¢, and p were constants then (6.1.6) becomes

KX"(z) + a(z)X(z) + AepX (x) = 0.

In this case one could go back to (6.1.4) and have % on the T side. The question we

will discuss in this chapter is : What can we conclude about the eigenvalues A, and the
eigenfunctions X, (x) of (6.1.6). Physically we know that if & > 0 some negative eigenvalues
are possible. (Recall that if A\ < 0, T grows exponentially since the T equation (6.1.5) has
the solution T'(t) = ce™.)

Example Circularly symmetric heat flow problem

Recall that heat flow in a disk of radius a can be written in polar coordinates as follows
(Exercise 4, Section 5.9)

d [ dR

_ —_— = .1.
= <7“ dr) + ArR(r) =0, 0<r<a (6.1.7)
|R(0)| < o0. (singularity condition)

The coefficients are not constants in this case, even though the disk is uniform.

Definition 18. The Sturm - Liouville differential equation is of the form

d dX
— | p(x) (z) + q(x) X (z) + Ao(z) X (x) = 0, a<x<b. (6.1.8)
dx dx
Examples :
i.p=1,¢q=0,0=1, see (4.1.8).
. p=k,g=a,0=cp, see (6.1.6).
iii. p(r)=r,q=0,0(r)=r, see (6.1.7).
The following boundary conditions were discussed
X(0) = X(L) =0,
X'(0) = X(L) =0,
X(0) = X'(L) = 0,
X'(0) = X'(L) =0,
X(0)=0,X(L)+ X'(L) =0, (Exercise le, Ch. 4.2)



X(0) = X(L),X"(0) = X"(L),
1X(0)] < o0

Definition 19. A Sturm-Liouville differential equation (6.1.8) along with the boundary con-
ditions

51X (a) + 42X (a)

0, (6.1.9)
B3 X (b) + B X(b) = 0.

(6.1.10)

where (31, B2, (3, and B, are real numbers is called a regular Sturm-Liouville problem, if
the coefficients p(z), ¢(z), and o(x) are real and continuous functions and if both p(x) and
o(x) are positive on [a,b]. Note that except periodic conditions and singularity, all other
boundary conditions discussed are covered by the above set.

Theorem For a regular Sturm-Liouville problem the following is true
i. All the eigenvalues \ are real
ii. There exist an infinite number of eigenvalues

A< <. ..< A\ < ...

a. there is a smallest eigenvalue denoted by A\,

b. A\, — c© as n — oo
iii. Corresponding to each A, there is an eigenfunction X, (unique up to an arbitrary
multiplicative constant). X,, has exactly n — 1 zeros in the open interval (a,b). This is called
oscillation theorem.
iv. The eigenfunctions form a complete set, i.e. any smooth function f(x) can be represented
as

f(z) ~ iaan(x). (6.1.11)
flay) + flz)
2

This infinite series, called generalized Fourier series, converges to if a,, are

properly chosen.
v. Eigenfunctions belonging to different eigenvalues are orthogonal relative to the weight o,
ie.

/bo(x)Xn(x)Xm(x)dx — 0, it A % A (6.1.12)

vi. Any eigenvalue can be related to its eigenfunction by the following, so called, Rayleigh

quotient

—p(@) X (@) X (@) |} + J3 {p(@)[X'(2)]* — q(2)X?*(x)} do
Ja o () X2(x)dx '

The boundary conditions may simplify the boundary term in the numerator. The Rayleigh

quotient can be used to approximate the eigenvalues and eigenfunctions. The proof and

some remarks about generalizations will be given in the appendix.

A:

(6.1.13)
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Example

X"+ AX =0, (6.1.14)
X(0) =0, (6.1.15)
X(L) =0. (6.1.16)
We have found that
nm 2
Ay = (—) . n=1,2,... (6.1.17)
L
Xn:sin%x, n=1,2,... (6.1.18)

2
Clearly all eigenvalues are real. The smallest one is A\; = (%) . There is no largest as can

be seen from (6.1.17). For each eigenvalue there is one eigenfunction. The eigenfunction

X; = sin %x, for example, does NOT vanish inside the interval (0, L). X, vanishes once

inside the interval (0, L), i.e. X, =0 for X = L. The generalized Fourier series in this case
is the Fourier sine series and the coefficients are

L
/ f(z)sin n%xdx
0

L _: 2nm
Jo sin” Fxdx

(note 0 =1). (6.1.19)

Ay =

The Rayleigh quotient in this case is

~X(@)X'(@)l§ + Jo [X'(@)]Pde _ Jy'[X'(@)]*dx

A= = . 6.1.20
foL X?(z)dx foL X?(z)dx ( )
This does NOT determine A, but one can see that A > 0 (Exercise).
Example nonuniform rod
c(x)p(x)ur = (K(x)uy)., (6.1.21)
w(0,8) = uy(L,t) =0, (6.1.22)
u(z,0) = f(z). (6.1.23)
The method of separation of variables yields two ODE’s
T(t) + \T(t) = 0, (6.1.24)
(K ()X (2)) + Ae(z)p(x) X (x) = 0, (6.1.25)
X(0) =0, (6.1.26)
X'(L) = 0. (6.1.27)
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We cannot obtain the eigenvalues and eigenfunctions but we know from the last theorem
that the solution is

u(z,t) = iTn(O)e)‘"tXn(x) (6.1.28)

where
_ I3 f(f)Xn(I)C@)p(x)dx'
JEX2(2)e(z)p(x)dn

n

T,(0)

(6.1.29)

(The details are left for the reader.)
What happens for t large (the system will approach a steady state) can be found by examining
(6.1.28). Since A\, — oo as n — oo, the solution will be

u(z,t) =~ Ty (0)e M X (x) (if 77(0) # 0), (6.1.30)

since other terms will be smaller because of the decaying exponential factor. Therefore the
first eigenpair A, Xj(z) is sufficient for the steady state. This eigenpair can be found by
approximation of the Rayleigh quotient.

Definition 20. A Sturm-Liouville problem is called singular if either one of the following
conditions occurs :

i. The function p(z) vanishes at one or both of the endpoints.

ii. One or more of the coefficients p(x), q(z), or o(x) becomes infinite at either of the
endpoints.

iii. One of the endpoints is infinite.

Example

The circularly symmetric heat flow problem

d ([ dR
o <r%> + ArR(r) =0, 0<r<a,

leads to a singular Sturm-Liouville problem since p(r) = r vanishes at r = 0.
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Problems

1. a. Show that the following is a regular Sturm-Liouville problem

X"(z) + XX (z) =0,

b. Find the eigenpairs \,, X, directly.
c. Show that these pairs satisfy the results of the theorem.

2. Prove (6.1.28) - (6.1.30).
3. a. Is the following a regular Sturm-Liouville problem?
X"(x) + XX (z) =0,

X(0) = X(L),
X'(0) = X'(L).

Why or why not?
b. Find the eigenpairs A, X,, directly.
c. Do they satisfy the results of the theorem? Why or why not?

4. Solve the regular Sturm-Liouville problem
X"(z) +aX(x) + XX (z) =0, a>0,

X(0) = X(L) = 0.

For what range of values of a is \ negative?
5. Solve the ODE
X"(x) 4+ 2aX (x) + AX (z) =0, a>1,

X(0)=X'(1)=0.

6. Consider the following Sturm-Liouville eigenvalue problem

d du 1
Sl Ve = 1 2
. <xdx> )\xu 0, <z <2,

with boundary conditions
u(l) = u(2) =0.



Determine the sign of all the eigenvalues of this problem (you don’t have to explicitly deter-
mine the eigenvalues). In particular, is zero an eigenvalue of this problem?

7. Consider the following model approximating the motion of a string whose density (along
the string) is proportional to (1 + z)~2,

(1+2) 2uy — Uge = 0, O<z<l, t>0
subject to the following initial conditions
u(x,()) = f(l'),

uy(z,0) =0,
and boundary conditions
u(0,t) = u(L,t) = 0.
a. Show that the ODE for X resulting from separation of variables is

A
X'+ 2 X =0
T arae

b. Obtain the boundary conditions and solve.
Hint: Try X = (1 + x)*.
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6.2 Boundary Conditions of the Third Kind

In this section we discuss the solution of a regular Sturm-Liouville problem having a more
general type of boundary conditions. We will show that even though the coefficients are
constant, we cannot give the eigenvalues in closed form.

Example
Suppose we want to find the temperature distribution in a rod of length L where the right
end is allowed to cool down, i.e.

Uy = Kllgy 0<x<lL, (6.2.1)

u(0,) =0, (6.2.2)

uz(L,t) = —hu(L,t), (6.2.3)
u(z,0) = f(z),

where h is a positive constant.
The Sturm-Liousville problem is (see exercise)

X"+ AX =0, (6.2.4)
X(0) =0, (6.2.5)
X'(L) = —hX(L). (6.2.6)

We consider these three cases for A. (If we prove that the operator is self-adjoint, then we
get that the eigenvalues must be real.)

4

3k

-2

-3t

-4 I I I I I I I I
-2 -1 0 1 2 3 4 5 6 7 8

Figure 47: Graphs of both sides of the equation in case 1

Case 1: A <0
The solution that satisfies (6.2.5) is

X = Asinh vV —\z. (6.2.7)

127



To satisfy (6.2.6) we have
AvV—Acoshv—AL = —hAsinhvV—\L,

or

1
tanh vV —A\L = —E\/—)\L. (6.2.8)

This equation for the eigenvalues can be solved either numerically or graphically. If we sketch
tanh v/—AL and —ﬁ\/——/\L as functions of v/—AL then, since h > 0, we have only one point
of intersection, i.e. v/—=AL = 0. Since L > 0 (length) and A\ < 0 (assumed in this case), this
point is not in the domain under consideration. Therefore A < 0 yields a trivial solution.
Case 2: A=0

In this case the solution satisfying (6.2.5) is

X = Bux. (6.2.9)
Using the boundary condition at L, we have
B(1+hL)=0, (6.2.10)

Since L > 0 and h > 0, the only possibility is again the trivial solution.

-10 I I I I I I I I
-2 -1 0 1 2 3 4 5 6 7 8

Figure 48: Graphs of both sides of the equation in case 3

Case 3: A >0
The solution is

X = AsinVz, (6.2.11)

and the equation for the eigenvalues A is

VA

tan VAL = — h (6.2.12)

(see exercise).
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Graphically, we see an infinite number of solutions, all eigenvalues are positive and the reader
should show that

as n — oQ.

W (.
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Problems

1. Use the method of separation of variables to obtain the ODE’s for x and for ¢ for equations
(6.2.1) - (6.2.3).

2. Give the details for the case A > 0 in solving (6.2.4) - (6.2.6).

3. Discuss
lim A,

n—~oo

for the above problem.

4. Write the Rayleigh quotient for (6.2.4) - (6.2.6) and show that the eigenvalues are all
positive. (That means we should have considered only case 3.)

5. What if A < 0 in (6.2.3)7 Is there an h for which A\ = 0 is an eigenvalue of this problem?
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6.3 Proof of Theorem and Generalizations

In this section, we prove the theorem for regular Sturm-Liouville problems and discuss some
generalizations. Before we get into the proof, we collect several auxiliary results.
Let £ be the linear differential operator

_4d
 dx

du

[m%%mm (63.1)

L
b dx

Therefore the Sturm-Liouville differential equation (6.1.8) can be written as

LX + Ao X = 0. (6.3.2)

Lemma For any two differentiable functions u(z), v(x) we have

d dv du
ulv —vLlu = e lp(x) (u% — v%ﬂ . (6.3.3)
This is called Lagrange’s identity.
Proof:
By (6.3.1)

Lu = (pu) + qu,

Lv = (pv") + qu,
therefore

ulv —vLu = u (pv') + uqu — v (pu) — vqu,

since the terms with ¢ cancel out, we have

_d / /o d / .
—Mwwumlwmmpw

d

= [p (v'u — u'v)].

Lemma For any two differentable functions u(z), v(x) we have

/ab [ulv — vLu]dx = p(x) (wv' —vu') | (6.3.4)

a*

This is called Green’s formula.

Definition 21. A differential operator £ defined by (6.3.1) is called self-adjoint if
b
/ (ulv —vLu)dr =0 (6.3.5)
for any two differentiable functions satisfying the boundary conditions (6.1.9)-(6.1.10).
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Remark: It is easy to show and is left for the reader that the boundary conditions (6.1.9)-
(6.1.10) ensure that the right hand side of (6.3.4) vanishes.

We are now ready to prove the theorem and we start with the proof that the eigenfunc-
tions are orthogonal.
Let \,, A\, be two distinct eigenvalues with corresponding eigenfunctions X,,, X,,, that
is
LX,+ \oX, =0,
LXn+ Ao X, =0.

In addition, the eigenfunctions satisfy the boundary conditions. Using Green’s formula we
have

(6.3.6)

b
/ (XX — Xp LX) dz = 0.
Now use (6.3.6) to get
b
(A — Am) / X Xpodz =0

and since A\, # \,, we must have
b
/ X, X,podz = 0

which means that (see definition 14) X,,, X,, are orthogonal with respect to the weight ¢ on
the interval (a,b).

This result will help us prove that the eigenvalues are real.
Suppose that A is a complex eigenvalue with eigenfunction X (z), i.e.

LX + XX = 0. (6.3.7)

If we take the complex conjugate of the equation (6.3.7) we have (since all the coefficients
of the differential equation are real)

LX + Ao X =0, (6.3.8)
The boundary conditions for X are
p1X(a) + o X'(a) = 0,
B3 X (b) + B, X'(b) = 0.

Taking the complex conjugate and recalling that all ; are real, we have
B X (a) + 3 X"(a) =0,

33X (b) + BX'(b) = 0.
Therefore X satisfies the same regular Sturm-Liouville problem. Now using Green’s formula

(6.3.4) with u = X and v = X, and the boundary conditions for X, X, we get

b _ _
/a (XLX ~ XLX)de =0. (6.3.9)
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But upon using the differential equations (6.3.7)-(6.3.8) in (6.3.9) we have

(/\—5\) /baX)_(dx =0.

a

Since X is an eigenfunction then X is not zero and X X = |X|* > 0. Therefore the integral
is positive (¢ > 0) and thus A = X and hence X is real. Since A is an arbitrary eigenvalue,
then all eigenvalues are real.

We now prove that each eigenvalue has a unique (up to a multiplicative constant) eigen-
function.
Suppose there are two eigenfunctions X, X5 corresponnding to the same eigenvalue A,
then
,CXl + )\O’Xl == 0, (6310)

Multiply (6.3.10) by X, and (6.3.11) by X; and subtract, then
X2£X1 - X1£X2 - 0, (6312)
since \ is the same for both equations. On the other hand, the left hand side, by Lagrange’s
identity (6.3.3) is
d
x
Combining the two equations, we get after integration that

p (X2X] — X1X3) = constant. (6.3.14)

It can be shown that the constant is zero for any two eigenfunctions of the regular Sturm-
Liouville problem (see exercise). Dividing by p, we have

XoX] — X1 X, =0. (6.3.15)
The left hand side is
d <X1>
dx X2 ’
therefore
X tant
- = n
e consta

which means that X7 is a multiple of X5 and thus they are the same eigenfunction (up to a
multiplicative constant).

The proof that the eigenfunctions form a complete set can be found, for example, in
Coddington and Levinson (1955). The convergence in the mean of the expansion is based

on Bessel’s inequality
o0

> (/ab f(:l:)Xn(x)a(x)dx>2 <[l f1? (6.3.16)

n=0
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Completeness amounts to the absence of nontrivial functions orthogonal to all of the X,,. In
other words, for a complete set {X,,}, if the inner product of f with each X, is zero and if
f is continuous then f vanishes identically.

The proof of existence of an infinite number of eigenvalues is based on comparison theo-
rems, see e.g. Cochran (1982), and will not be given here.

The Rayleigh quotient can be derived from (6.1.8) by multiplying through by X and
integrating over the interval (a, b)

b b
/ [X% (pX") + qXﬂ dx + )\/ X?0dr = 0. (6.3.17)

Since the last integral is positive (X is an eigenfunction and ¢ > 0) we get after division by
it

B —fabX(pX’)/dx — faqude
[P oX2dx '

Use integration by parts for the first integral in the numerator to get

A (6.3.18)

B ffp(X’)de —fqude—pXX’V;

A b
[, o X?%dx

I

which is Rayleigh quotient.

Remarks:

1.If ¢ < 0 and pX X'|%> < 0 then Rayleigh quotient proves that A > 0.

2. Rayleigh quotient cannot be used to find the eigenvalues but it yields an estimate of
the smallest eigenvalue. In fact, we can find other eigenvalues using optimization techniques.

We now prove that any second order differential equation whose highest order coefficient
is positive can be put into the self adjoint form and thus we can apply the theorem we proved
here concerning the eigenpairs.

Lemma: Any second order differential equation whose highest order coefficient is positive
can be put into the self adjoint form by a simple multiplication of the equation.
Proof:

Given the equation
a(z)u”"(z) + b(z)u' (x) + c(x)u(x) + Md(x)u(z) = 0, a<z<p

with
a(xz) >0,

then by multiplying the equation by

L (b))

a()
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we have

u"(x)ef; b(&)/a(e)de | Mu’(x)ef: b(&)/a(&)de | c(z) (x)ef; b(€)/a(§)ds /\@eﬁf b()/a©)de _ ()

a(x) @u a(x

The first two terms can be combined

d T 00 N [T b€ a©)de
o v (x)ela

and thus upon comparison with (6.1.8) we see that

p(z) = e L2 6(8) /al€)de

’

and

Remark: For periodic boundary conditions, the constant in (6.3.14) is not necessarily zero
and one may have more than one eigenfunction for the same eigenvalue. In fact, we have
seen in Chapter 4 that if the boundary conditions are periodic the eigenvalues are

onm\ 2
A=|—1, =0,1,2,...
(L) "

and the eigenfunctions for n > 0 are

2nm
—_— =12 ...
cosLx n .2,

Xn(x) = )
nmw
sin—ax n=12,...
L
However these two eigenfunctions are orthogonal as we have shown in Chapter 5. If in some

case, the eigenfunctions belonging to the same eigenvalue are not orthogonal, we can use
Gram-Schmidt orthogonalization process (similar to that discussed in Linear Algebra).
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Problems
1. Show that if u, v both satisfy the boundary conditions (6.1.9)-(6.1.10) then
p(uv —ovu') |2 =0.

2. Show that the right hand side of (6.3.4) is zero even if u, v satisfy periodic boundary
conditions, i.e.

and similarly for v.

3. What can be proved about eigenvalues and eigenfunctions of the circularly symmetric
heat flow problem.

Give details of the proof.

Note: This is a singular Sturm-Liouville problem.

4. Consider the heat flow with convection
U = kge + Vo Uy, O<z<L, t>0.

a. Show that the spatial ordinary differential equation obtained by separation of
variables is not in Sturm-Liouville form.

b. How can it be reduced to S-L form?

c. Solve the initial boundary value problem

u(0, t) =0, t>0,
u(L, t) =0, t>0,

u(z, 0) = f(x), 0<z<L.
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6.4 Linearized Shallow Water Equations

In this section, we give an example of an eigenproblem where the eigenvalues appear also
in the boundary conditions. We show how to find all eigenvalues in such a case. The
eigenfunctions relate to the confluent hypergeometric functions.

The shallow water equations are frequently used in simplified dynamical studies of at-
mospheric and oceanographic phenomena. When the equations are linearized, the thickness
of the fluid is often assumed to be a linear function of one of the spatial variables, see Stan-
iforth, Williams and Neta [1993]. The basic equations are derived in Pedlosky [1979]. The
thickness of the fluid layer is given by

H(z,y,t) = Ho(y) + n(z,y,t) (6.4.1)
where
In| < H.
If u, v are small velocity perturbations, the equations of motion become
ou on
oy T JUV= =94 6.4.2
ot v & ( )
ov on
ar = =0 6.4.3
gt TIv= 95, (6.4.3)
on ou 0
— + Hy— + — (vHp) =0 6.4.4
3t+ 03x+8y(v 0) ( )

where f is the Coriolis parameter and g is the acceleration of gravity. We assume periodic
boundary conditions in x and wall conditions in y where the walls are at £L/2. We also let

S
Ho= Do 1~ 1)

with Dy the value at y = 0 and s is a parameter not necessarily small as long as Hj is
positive in the domain.

It was shown by Staniforth et al [1993] that the eigenproblem is given by

d s \ do S
— | {1l==y)— kQ(l——> - A =0 6.4.5
(=) B (1= Sv)o - a0 (6.4
dp 1 L
—+ —fo= =+— 4.
L ony=—t; (6.4.6)
where B g
- s
= = — 6.4.7
Ae) aD: T2 (6.4.7)
and k is the z-wave number.
Using the transformation
L
z =2k (; — y) , (6.4.8)



the eigenvalue problem becomes

d [ d¢ z  Mco)L
i VRt RN A = _ 4.
dz(zdz) <4 25k>¢ 0, o< z<zZy (6.4.9)

do 1 f B

E_Eﬂd)_o’ zZ=zy, (6.4.10)

where oLT
2y =22 (1 T f) . (6.4.11)
s 2

Notice that the eigenvalues A(c) appear nonlinearly in the equation and in the boundary
conditions.
Another transformation is necessary to get a familiar ODE, namely

¢ =e . (6.4.12)

Thus we get Kummer’s equation (see e.g. Abramowitz and Stegun, 1965)

2"+ (1=2)0 —ale)p =0 (6.4.13)
1 1f

! ——[14+-= =0 6.4.14
V) =5 (141 ) 0 ) (6.4.14)

where | MO

c
=—— . 6.4.15
ale) =5 - ( )
The general solution is a combination of the confluent hypergeometric functions M(a, 1; 2)
and U (a, 1; 2) if a(c) is not a negative integer. For a negative integer, a(c) = —n, the solution
is L,(z), the Laguerre polynomial of degree n. We leave it as an exercise for the reader to
find the second solution in the case a(c) = —n.
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Problems

1. Find the second solution of (6.4.13) for a(c) = —n.
Hint: Use the power series solution method.

2.

a. Find a relationship between M (a,b; z) and its derivative -
2

b. Same for U.

3. Find in the literature a stable recurrence relation to compute the confluent hypergeo-
metric functions.
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6.5 Eigenvalues of Perturbed Problems

In this section, we show how to solve some problems which are slightly perturbed. The first
example is the solution of Laplace’s equation outside a near sphere, i.e. the boundary is
perturbed slightly.

Example Find the potential outside the domain

r =1+ ePy(cosb) (6.5.1)

where P, is a Legendre polynomial of degree 2 and € is a small parameter. Clearly when
€ = 0 the domain is a sphere of radius 1.
The statement of the problem is

V=0 in 7 > 1+ ePy(cosf) (6.5.2)
subject to the boundary condition
p=1 on r =1+ ePy(cosb) (6.5.3)
and the boundedness condition
¢»—0 as r — 0. (6.5.4)

Suppose we expand the potential ¢ in powers of e,

(1,0, ¢€) = do(r,0) + ep1(r,0) + Eda(r,0) + - - - (6.5.5)

then we expect ¢y to be the solution of the unperturbed problem, i.e. ¢g = % This will be
shown in this example. Substituting the approximation (6.5.5) into (6.5.2) and (6.5.4), and
then comparing the coefficients of €, we find that

V3¢, =0 (6.5.6)
¢n—0 as 1 — 00, (6.5.7)
The last condition (6.5.3) can be checked by using Taylor series

> 6P2 8”¢
1= ¢|r 14+€Ps(cos 6) Z nl (9 n r 1-

(6.5.8)

Now substituting (6.5.5) into (6.5.8) and collect terms of the same order to have

1=¢o(1,0) + €|61(1,0) + Po(cos ) 2202

+ ¢ {¢2(1: 0)) + P»(cos 9)% + 3 P3(cos 9)82%;(21’9)}
+
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Thus the boundary conditions are

do(1,0) = 1 (6.5.9)
¢1(1,6) = —Px(cos 9)%;’0) (6.5.10)
$2(1,0) = —PQ(COSQ)W — %Pg(cosé’)w (6.5.11)
The solution of (6.5.6)-(6.5.7) for n = 0 subject to the boundary condition (6.5.9) is then
¢o(r, 0) = % (6.5.12)
as mentioned earlier. Now substitute the solution (6.5.12) in (6.5.10) to get
1(1,0) = Py(cos 0)%2|r1 = Py(cos0) (6.5.13)

Now solve (6.5.6)-(6.5.7) for n = 1 subject to the boundary condition (6.5.13) to get

Ps(cosd
o1 (r,0) = 2(7) (6.5.14)
Using these ¢g, ¢1 in (6.5.11), we get the boundary condition for ¢,
, 36 4 2
$2(1,0) = 2P;(cos ) = £P4(COS ) + ?Pg(cos ) + gpo(cos 0) (6.5.15)

and one can show that the solution of (6.5.6)-(6.5.7) for n = 2 subject to the boundary
condition (6.5.15) is

36 Py(cosf) 4 Py(cost) 21

¢2(7°, 9) = 35 5 + 7 3 + g; (6516)
Thus
1 Py(cosf) =, 36P(costl) 4Py(cost) 21
qb(?“, ‘9) = ; + GT + € = 35 7“5 + 7 7’3 + 5 , (6517)

The next example is a perturbed equation but no perturbation in the boundary.

Example Consider a near uniform flow with a parabolic perturbation, i.e.
u=1+ey?  at infinity. (6.5.18)

In steady, inertially dominated inviscid flow the vorticity ( is constant along a streamline.
Thus the streamfunction ¢ (z, y, €) satisfies

V2 = —( (1, €) inr>1, (6.5.19)
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subject to the boundary conditions

¥ =0, onr=1, (6.5.20)
and 1
v —y+ gey?’ as r — 00. (6.5.21)
To find (, we note that in the far field
L
VY =y+ 3V (6.5.22)
and thus
(= -V = —2ey, (6.5.23)
or in terms of ¥
2
(= —2e) + 56%3 SR (6.5.24)

Now we suppose the streamfunction is given by the Taylor series

@Z) = 77[)0(7“, ‘9) + €¢1(T, ‘9) + - (6525)

Substitute (6.5.25) and (6.5.24) in (6.5.19)-(6.5.20) we have upon comparing terms with no
€
Vo =0 inr>1,

Yo =0 onr=1,
Yo — rsinf as r — 0o
which has a solution .
Yy = sin 6 (r - —) . (6.5.26)
r
Using (6.5.26) in the terms with ¢! we have
1
V2¢1:2sin0<r——> inr>1,
T
P =0 onr=1,
1
U —>§r38in39 as r — 0o
The solution is (see Hinch [1991])

1 1sinf 1 sin 36
¢1:grgsingé’—rlnrsiné’—zw: —|—E5123 .

(6.5.27)

The last example is of finding the eigenvalues and eigenfunctions of a perturbed second
order ODE.
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Example Find the eigenvalues and eigenfunctions of the perturbed Sturm Liouville prob-
lem
X"(z) + (N + eAz)) X(x) =0, 0<z<1 (6.5.28)

subject to the boundary conditions
X(0)=X(1)=0. (6.5.29)

Assume a perturbation for the n' eigenpair

A = A0 pead® L 2AD (6.5.30)
X, =XO 4 eXx® 4+ XD 4 ... (6.5.31)

Substituting these expansions in (6.5.28) and comparing terms with like powers of e. For
the zeroth power we have

XO" 4 A0 X0 =g
XP(0)=x0(1) =0,
which has the unperturbed solution
A = (nm)?, (6.5.32)
X = sinnmz. (6.5.33)
For the linear power of €, we have
XW" 4 (nr)2x (V) = — (A(x) + )\S)) sinnm, (6.5.34)
XW0)=x1M(1) =o0. (6.5.35)

The inhomogeneous ODE (6.5.34) can be solved by the method of eigenfunction expansion
(see Chapter 8). Let

XM = > apsinmrz, (6.5.36)
m=1
and -
- (A(x) + )\S)) sinnrr = Y A, sinmnz, (6.5.37)
m=1
where )
A, = —2/ A(z) sin nrx sin mrzdr — )\f})énm. (6.5.38)
0
Substituting (6.5.36) into (6.5.34) we get
> {—(mw)2 + (mr)2} psinmrr = Y A, sinmrz. (6.5.39)
m=1 m=1
Thus
A
QO = m # n. (6.5.40)



To find A, we multiply (6.5.39) by sinnwx and integrate on the interval (0,1). Thus the
linear order approximation to A, is given by

1
AL = —2/ A(x)sin? nradz. (6.5.41)
0

The linear order approximation to X, is given by (6.5.36) with the coefficients «,, given by
(6.5.40). What happens for n = m is left for the reader.
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Problems
1. The flow down a slightly corrugated channel is given by u(z,y, €) which satisfies
Viu = -1 in ly| < h(x,e) =1+ ecoskx

subject to
u=>0 ony = +h(z,e€)

and periodic boundary conditions in x.
Obtain the first two terms for u.

2. The functions ¢(z,y, €) and A(e) satisfy the eigenvalue problem
Pz + Dy + A =0 in 0<z<m O+ex(m—z)<y<m

subject to
=0 on the boundary.

Find the first order correction to the eigenpair
gb(lo) =sinxsiny

0
A =2
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SUMMARY
Theorem For a regular Sturm-Liouville problem

% <p(x)d)§7g(gx)> + q(#) X (2) + Ao(2) X (x) = 0, a<xz<b.

Y

51X (a) + 52X (a)

0
B3 X (b) + 81X (b) =0

the following is true
i. All the eigenvalues \ are real
ii. There exist an infinite number of eigenvalues

AM< A< ...< )\, < ...

a. there is a smallest eigenvalue denoted by A;

b. A\, — o0 as n — 00

iii. Corresponding to each A, there is an eigenfunction X, (unique up to an arbitrary
multiplicative constant). X, has exactly n — 1 zeros in the open interval (a,b).

iv. The eigenfunctions form a complete set, i.e. any smooth function f(z) can be represented
as

f(z) ~ iaan(I)'

P @)X (@)o(a)da
[ X2 (@)o (x)da

n

floy) + fle)
2

This infinite series, called generalized Fourier series, converges to if a,

are properly chosen.
v. Eigenfunctions belonging to different eigenvalues are orthogonal relative to the weight o,
ie.

/ba(x)Xn(x)Xm(x)dx =0, it Ay # A

vi. Any eigenvalue can be related to its eigenfunction by the Rayleigh quotient

—p(@) X (2) X' (2)[ + Ji {p@)[ X' (2)] — q(2) X*(2)} do

A= b
[, o(x)X?(z)dx
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7 PDEs in Higher Dimensions

7.1 Introduction

In the previous chapters we discussed homogeneous time dependent one dimensional PDEs
with homogeneous boundary conditions. Also Laplace’s equation in two variables was solved
in cartesian and polar coordinate systems. The eigenpairs of the Laplacian will be used here
to solve time dependent PDEs with two or three spatial variables. We will also discuss the
solution of Laplace’s equation in cylindrical and spherical coordinate systems, thus allowing

us to solve the heat and wave equations in those coordinate systems.

In the top part of the following table we list the various equations solved to this point.

In the bottom part we list the equations to be solved in this chapter.

Equation Type | Comments

U = klgy heat 1D constant coefficients
c(x)p(x)uy = (K(x)uy), heat | 1D

Upyp — gy = 0 wave 1D constant coeflicients
p(x)uy — To(x)tupy =0 wave | 1D

Uy + Uyy = 0 Laplace | 2D constant coefficients
U = k(Ugy + Uyy) heat 2D constant coefficients
U = k(Ugy + Uyy + Uss) heat 3D constant coefficients
Ut — (U + Uyy) =0 wave | 2D constant coefficients
Upy — 02(um + Uyy + Uy,) =0 wave 3D constant coefficients
Upg + Uyy + Uz, = 0 Laplace | 3D Cartesian

%(rur)r + r%u@g + Uy, =0 Laplace | 3D Cylindrical

Upp + %ur + T%ueg + Cogeue + = Smg —55Uge = 0 | Laplace | 3D Spherical
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7.2 Heat Flow in a Rectangular Domain

In this section we solve the heat equation in two spatial variables inside a rectangle L. by H.
The equation is

wp = k(Ugy + yy), O<z<L, 0<y<H, (7.2.1)
w(0,y,t) = 0, (7.2.2)

u(L,y,t) =0, (7.2.3)

u(z,0,t) =0, (7.2.4)

u(z, H,t) =0, (7.2.5)

u(z,y,0) = f(z,y). (7.2.6)

Notice that the term in parentheses in (7.2.1) is V2u. Note also that we took Dirichlet bound-
ary conditions (i.e. specified temperature on the boundary). We can write this condition
as

u(z,y,t) = 0. on the boundary (7.2.7)

Other possible boundary conditions are left to the reader.
The method of separation of variables will proceed as follows :
1. Let

u(z,y,t) =T(t)(z,y) (7.2.8)
2. Substitute in (7.2.1) and separate the variables

T¢ = kTV?¢
r 2
T _ve_ |
KT~ ¢
3. Write the ODEs '
T(t)+ kXT(t) =0 (7.2.9)
V26 + Ap =0 (7.2.10)

4. Use the homogeneous boundary condition (7.2.7) to get the boundary condition associ-
ated with (7.2.10)
o(z,y) = 0. on the boundary (7.2.11)

The only question left is how to get the solution of (7.2.10) - (7.2.11). This can be done in
a similar fashion to solving Laplace’s equation.
Let

Pz, y) = X(@)Y (y), (7.2.12)
then (7.2.10) - (7.2.11) yield 2 ODEs

X"+ puX =0, (7.2.13)

X(0) = X(L) =0, (7.2.14)



Y4+ (A= p)Y =0, (7.2.15)
Y(0) = Y(H) =0. (7.2.16)

The boundary conditions (7.2.14) and (7.2.16) result from (7.2.2) - (7.2.5). Equation (7.2.13)

has a solution
nm

X, = sin T n=12... (7.2.17)

2
iy = (%ﬂ) . on=1,2,... (7.2.18)

as we have seen in Chapter 2. For each n, equation (7.2.15) is solved the same way
Ymn:sin%y, m=1,2,...n=1,2... (7.2.19)
2

/\mn—un:(%) . om=12..n=12... (7.2.20)

Therefore by (7.2.12) and (7.2.17)-(7.2.20),
Gmn(x,y) = sin %x sin %y, (7.2.21)
A —<n—ﬂ)2+<m)2 (7.2.22)

mn T L H 9 =

n=12...m=12 ...
Using (7.2.8) and the principle of superposition, we can write the solution of (7.2.1) as

nm mi

u(z,y,t) Z Z A Bt gin — g gin ——, (7.2.23)
n=1m=1 L H

where A, is given by (7.2.22).
To find the coefficients A,,,, we use the initial condition (7.2.6), that is for ¢ = 0 in (7.2.23)
we get :

Z Z A sin = xsm mﬂy, (7.2.24)
n=1m=1 H

A are the generalized Fourier coefficients (double Fourier series in this case). We can
compute A,,, by

fo J f(x,y) sin "y sin "rydydz

mn 7.2.25
fo fo sin? “rr sin? =rydydr ( )
(See next section.)
Remarks :
i. Equation (7.2.10) is called Helmholtz equation.
ii. A more general form of the equation is
V- (p(z, y)Vo(z, ) + (2, y)d(z,y) + Ao(z, y)¢(x, y) = 0 (7.2.26)
iii. A more general boundary condition is
Bi(z,y)d(x,y) + Pa(x,y) Ve -1 =0 on the boundary (7.2.27)

where 77 is a unit normal vector pointing outward. The special case f = 0 yields (7.2.11).
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Problems
1. Solve the heat equation
ue(, Y, t) = K (Uaw (2, , 1) + tyy (7, 9, 1)),
on the rectangle 0 < x < L,0 < y < H subject to the initial condition
u(z,y,0) = f(z,y),

and the boundary conditions

a.
u(0,y,t) = uy(L,y,t) =0,
u(z,0,t) = u(z, H,t) = 0.
b.
um(oa Y, t) = U(L, Y, t) = 07
uy(z,0,t) = u,(z, H,t) = 0.
c.

u(0,y,t) =u(L,y,t) =0,
u(x,0,t) = u,(x, H,t) = 0.
2. Solve the heat equation on a rectangular box
O<z<LO0<y<HO<z<W,

Ut(.flf, Y, z, t) = k(uxx + Uy + uzz)a

subject to the boundary conditions

u(0,y, z,t) = u(L,y,2,t) =0,
u(z,0,2,t) =u(x, H, z,t) =0,
’U/(x’ y7 07 t) = u(x’ y’ W7 t) = 07

and the initial condition
u(x7 y7 z’ 0) - f(x7 y7 z)‘
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7.3 Vibrations of a rectangular Membrane

The method of separation of variables in this case will lead to the same Helmholtz equation.

The only difference is in the T equation. the problem to solve is as follows :

Uy = (Ugg + Uyy), 0<zr<L0<y<H,
u(0,y,t) =0,
u(L,y,t) =0,
u(z,0,t) =0,
uy(z, H,t) =0,

u(r,y,0) = f(z,y),
uy(,y,0) = g(z,y).

Clearly there are two initial conditions, (7.3.6)-(7.3.7), since the PDE is second order in time.
We have decided to use a Neumann boundary condition at the top y = H, to show how the

solution of Helmholtz equation is affected.

The steps to follow are : (the reader is advised to compare these equations to (7.2.8)-(7.2.25))

u(z,y,t) =T(t)p(z,y),

TV _
T o

T+ \*T =0,
V2p + Ao = 0,

ﬂ1¢(33', y) + B2¢y(x7 y) = O:

where either (3, or 3 is zero depending on which side of the rectangle we are on.

o(z,y) = X (@)Y (y),
X"+ puX =0,
X(0) = X(L) =0,
Y'+(A—p)Y =0,
Y(0) =Y'(H) =0,

nm

Xn: i —_ &, :1,2,...
SIIIL.T n
2
nim

L= (25 —1,2,...

a (L) "

m_l
Yy = sin 2270, —1,2,... —1,2,...

sin ——2—y m n

(7.3.8)

(7.3.9)
(7.3.10)
(7.3.11)



(m—3)m 2 w2
Ay = [ L 2)7 +(—), m=12.. n=12... (7.3.20)

Note the similarity of (7.3.1)-(7.3.20) to the corresponding equations of section 4.2.
The solution

u(z,y,t Z Z ( mn COS A/ Amnct + By sin\/)\mnct> sin %x sin @y (7.3.21)

Since the T equation is of second order, we end up with two sets of parameters A,,, and
By These can be found by using the two initial conditions (7.3.6)-(7.3.7).

o0 o0 —_ l
= nz:: z:: o SIN L7Tx sin (mTQ)Wy, (7.3.22)
Z Z A/ N By i1 % 2 si0 My (7.3.23)

n=1m=1

To get (7.3.23) we need to evaluate u; from (7.3.21) and then substitute ¢t = 0. The coeffi-

cients are then o

P 0 2 y) sin Lxszn e ydydz (7.3.24)
Jo S sin? 2Z g sin? 2 ydydx
(m
oo B — 0 ) s S sin Py (7.3.25)
JE [ gin? 27 g gin? 2 {m- Q)Wydydflf
0 Jo L
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Problems
1. Solve the wave equation
uy(,y,t) = c (Uaa (@, Y5 1) + ugy(2, 9, 1))
on the rectangle 0 < x < L,0 < y < H subject to the initial conditions
u(z,y,0) = f(z,y),

ut(xa Y, O) = g(:l:, y):

and the boundary conditions

a.
U(O, Y, t) = ux(La Y, t) = 07
u(z,0,t) = u(z, H,t) = 0.
b.
u(0,y,t) =u(L,y,t) =0,
u(z,0,t) =u(zx, H,t) =0
c.

uac(oa Y, t) = U(La Y, t) = 07
uy(z,0,t) = u,(z, H,t) = 0.
2. Solve the wave equation on a rectangular box
O<zx<LO0<y< HO<z<W,

utt(xa Y, =z, t) = C2(“:m: + Uy + U/ZZ)7

subject to the boundary conditions

u(0,y, z,t) =u(L,y,z,t) =0,
u(z,0,2,t) =u(x, H, z,t) =0,
U(I’ y’ 07 t) - u(x7 y7 W t) = 07

and the initial conditions
u(z,y,2,0) = f(z,y,2),

ut(xa Y, =z, 0) = g(l‘7 Y, Z)
3. Solve the wave equation on an isosceles right-angle triangle with side of length a
utt(xa Y, t) - CQ(UMC + uyy)a
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subject to the boundary conditions
u(z,0,t) = u(0,y,t) =0,

u(z,y,t) =0, on the line r+y=a

and the initial conditions
u(z,y,0) = f(z,y),

uy(,y,0) = g(z,y).
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7.4 Helmholtz Equation

As we have seen in this chapter, the method of separation of variables in two independent
variables leads to Helmholtz equation,

Vg +Ap=0
subject to the boundary conditions

Bro(z,y) + Bodu(x,y) + Bsdy(x,y) = 0.

Here we state a result generalizing Sturm-Liouville’s from Chapter 6 of Neta.
Theorem:
1. All the eigenvalues are real.
2. There exists an infinite number of eigenvalues. There is a smallest one but no largest.
3. Corresponding to each eigenvalue, there may be many eigenfunctions.
4. The eigenfunctions ¢;(z,y) form a complete set, i.e. any function f(x,y) can be
represented by

> aii(z,y) (7.4.1)

1

where the coefficients a; are given by,

LS i@ y)dady
FT TS $dady

5. Eigenfunctions belonging to different eigenvalues are orthogonal.
6. An eigenvalue A can be related to the eigenfunction ¢(z,y) by Rayleigh quotient:

\_ L I(V6)dedy — § 60 - iids
- I ] ¢*dxdy
where § symbolizes integration on the boundary. For example, the following Helmholtz
problem (see 4.2.10-11)

(7.4.2)

(7.4.3)

V3¢ + Ao = 0, 0<z<L0<y<H, (7.4.4)
¢ =0, on the boundary, (7.4.5)
was solved and we found
2 2
)\mn:(%> +(%) =12, m=1,2 .. (7.4.6)
¢mn(x,y):sin%xsin%y, n=12,..., m=12,... (7.4.7)

Clearly all the eigenvalues are real. The smallest one is A\;; = (%)2 + (%)2, Amn, — 00

as n and m — oo. There may be multiple eigenfunctions in some cases. For example, if
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L = 2H then \y; = Ags but the eigenfunctions ¢4, and ¢ are different. The coefficients of
expansion are

— fOL fOH f(xa y)¢mnd'xdy
foL foH rndrdy

(7.4.8)

mn

as given by (7.2.25).
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Problems

1. Solve
V2 +Ap =0 [0,1] x [0,1/4]
subject to
¢(0,y) =0
¢(x,0)=0
oy(z,1/4) = 0.

Show that the results of the theorem are true.

2. Solve Helmholtz equation on an isosceles right-angle triangle with side of length a
Ugg + Uyy + Au = 0,

subject to the boundary conditions
u(z,0) = u(0,y) =0,

u(z,y) =0, on the line r+y=a.
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7.5 Vibrating Circular Membrane

In this section, we discuss the solution of the wave equation inside a circle. As we have
seen in sections 4.2 and 4.3, there is a similarity between the solution of the heat and wave
equations. Thus we will leave the solution of the heat equation to the exercises.

The problem is:

uy(r,0,t) = *V?u, 0<r<a0<0<2mt>0 (7.5.1)

subject to the boundary condition

u(a,d,t) =0, (clamped membrane) (7.5.2)

and the initial conditions
u(r,0,0) = a(r,0), (7.5.3)
u(r,0,0) = 5(r, ). (7.5.4)

The method of separation of variables leads to the same set of differential equations

T(t) + A\°T =0, (7.5.5)
V26 + \p =0, (7.5.6)
d(a,0) =0, (7.5.7)

Note that in polar coordinates

10 ( 0¢ 1 0%
2, _+09 [ 99 il
Ve = ror <T 87“) i r2 002 (7.5.8)
Separating the variables in the Helmholtz equation (7.5.6) we have
¢(r,0) = R(r)0(0), (7.5.9)
0"+ u® =0 (7.5.10)
d [ dR i
The boundary equation (7.5.7) yields
R(a) = 0. (7.5.12)

What are the other boundary conditions? Check the solution of Laplace’s equation inside a
circle!

©(0) = 6(27), (periodicity) (7.5.13)
0'(0) = ©'(27), (7.5.14)
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|R(0)] < o0 (boundedness) (7.5.15)
The equation for ©(0) can be solved (see Chapter 2)

Um =m?>  m=0,1,2,... (7.5.16)
sin m@
Om = { cosmf m=0,1,2,... (7.5.17)

In the rest of this section, we discuss the solution of (7.5.11) subject to (7.5.12), (7.5.15).
After substituting the eigenvalues p,, from (7.5.16), we have

d% <rd$m) + </\r — m72> Ry =0 (7.5.18)
| R, (0)] < o0 (7.5.19)
R,,(a) = 0. (7.5.20)

Using Rayleigh quotient for this singular Sturm-Liouville problem, we can show that A > 0,
thus we can make the transformation

p=V\r (7.5.21)

which will yield Bessel’s equation

2d261;(2p) 4 pd};;p) n (pz B m2) R(p) =0 (7.5.22)

Consulting a textbook on the solution of Ordinary Differential Equations, we find:

P

Rin(p) = Cimdm(p) + ComYom(p) (7.5.23)

where J,,,, Y,, are Bessel functions of the first, second kind of order m respectively. Since we
are interested in a solution satisftying (7.5.15), we should note that near p =0

1 m =0
Im(p) ~ { Lm0 (7.5.24)
2lnp m =20
Thus Cy,, = 0 is necessary to achieve boundedness. Thus
R (1) = Cim i (V). (7.5.26)

In figure 49 we have plotted the Bessel functions Jy through Js. Note that all J, start at
0 except Jp and all the functions cross the axis infinitely many times. In figure 50 we have
plotted the Bessel functions (also called Neumann functions) Y through Ys. Note that the
vertical axis is through z = 3 and so it is not so clear that Y,, tend to —oo as x — 0.
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Figure 49: Bessel functions J,,n =0,...,5

To satisfy the boundary condition (7.5.20) we get an equation for the eigenvalues A

Jm(VAa) = 0. (7.5.27)

There are infinitely many solutions of (7.5.27) for any m. We denote these solutions by

o = \/ Amn@ m=20,1,2,... n=12,... (7.5.28)
Thus

a

Ry (1) = Jpn (%O . (7.5.30)

We leave it as an exercise to show that the general solution to (7.5.1) - (7.5.2) is given by

u(r,0,t) = >3 Jn <€m" ) {@mn c0s MO + by sin MO} { 1 COS cgﬂt + B, sin céﬂt}
m=0n=1 a a
(7.5.31)
We will find the coefficients by using the initial conditions (7.5.3)-(7.5.4)
=3 Jn <§mn ) Apn {@mn cosmb + by, sinmé} (7.5.32)
m=0n=1
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Figure 50: Bessel functions Y,,,n =20,...,5

=> I (gm” ) S 2 Bon { @mn cos M + by sSinmf} (7.5.33)
m=0n=1 a
27‘(’ a fmn
Joa(r, ), cos mOrdrdf
A = =5 (r0)Jn (E51) (7.5.34)
o o d2, (5%7’) cos? mfrdrdf
o f Son ) cos mbrdrdf
Sy = 220 (. 6)7n (%527) . (7.5.35)
s J%( ) cos? mOrdrdf
Replacing cos mf by sinmf we get A,,,b,, and chmn 22 Brinbmn
Remarks
1. Note the weight r in the integration. It comes from having A multiplied by r in
(7.5.18).

2. We are computing the four required combinations A,.,mn, Amnbmn, BmnGmn, and
Bipnbmn. We do not need to find A,,, or B,,, and so on.

Example:
Solve the circularly symmetric case

20
utt T, t = 78— < ) s (7536)

u(a,t) =0, (7.5.37)
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u(r,0) = a(r),
Ut(r7 0) = B(T)

The reader can easily show that the separation of variables give

T+ M\T =0,

d [ dR

dr <TE
R(a) =0,

|R(0)] < oo.

)—i—/\rR:O,

(7.5.38)
(7.5.39)

(7.5.40)
(7.5.41)

(7.5.42)
(7.5.43)

Since there is no dependence on 6 , the r equation will have no u, or which is the same

m = 0. Thus
Ro(r) = Jo(y/Anr)

where the eigenvalues A, are computed from

To(\/Ana) = 0.

The general solution is

u(r,t) = i anJO(\/)TnT) cos c\/)Tnt + ano(\/)an) sin c\/rnt.
n=1

The coefficients a,, b, are given by

W I Jo(V Anr)au(r)rdr
B Aar)rdr

_Jo Jo(vWAar)B(r)rdr
eV SR (VA rdr

by
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Problems

1. Solve the heat equation
wy(r,0,t) = kV?u, 0<r<a0<0<2m,t>0
subject to the boundary condition
u(a,d,t) =0 (zero temperature on the boundary)
and the initial condition

u(r,0,0) = a(r,6).

2. Solve the wave equation
up(r,t) = (U + %ur),
ur(a,t) =0,
u(r,0) = a(r),
ug(r,0) = 0.
Show the details.

3. Consult numerical analysis textbook to obtain the smallest eigenvalue of the above
problem.

4. Solve the wave equation

Uy (r,0,t) — *Vu = 0, 0<r<a0<6<2mr,t>0
subject to the boundary condition
ur(a,0,t) =0
and the initial conditions
u(r,0,0) =0,

w(r, 0,0) = B(r) cos 50.

5. Solve the wave equation
uy(r,0,t) — V3 = 0, 0<r<a0<6@<n/2,t>0
subject to the boundary conditions
u(a,0,t) =u(r,0,t) = u(r,m/2,t) =0 (zero displacement on the boundary)

and the initial conditions
u(r,0,0) = a(r,6),

u(r,0,0) = 0.
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7.6 Laplace’s Equation in a Circular Cylinder
Laplace’s equation in cylindrical coordinates is given by:

1 1
—(ruy)r + gy + U = 0, 0<r<a0<z<H0<0<27.
r r

The boundary conditions we discuss here are:

u(r,0,0) = a(r,0), on bottom of cylinder,
u(r,0, H) = ((r,0), on top of cylinder,

u(a,d,z) =~(0,z2), on lateral surface of cylinder.

(7.6.1)

(7.6.2)
(7.6.3)

(7.6.4)

Similar methods can be employed if the boundary conditions are not of Dirichlet type (see

exercises).

As we have done previously with Laplace’s equation, we use the principle of superposition
to get two homogenous boundary conditions. Thus we have the following three problems to

solve, each differ from the others in the boundary conditions:
Problem 1:

1 1
- r)r - zz — 07
T(ru )r + T2u99 +u
u(r,6,0) =0,
u(r, 0, H) = [(r,0),
u(a,d,z) =0,
Problem 2:
1( )r + ! - 0
—\TUy )y —SUu Uz = U,
r rz %
u(r,0,0) = a(r, ),
u(r,0,H) =0,
u(a,d,z) =0,
Problem 3:
1( )r + ! - 0
—\TUy )y —SUu Uz = U,
r r2
u(r,0,0) =0,
u(r,0,H) =0,

u(a,d,z) =~(0,2).
Since the PDE is the same in all three problems, we get the same set of ODEs
Q"+ u =0,
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Z" —\Z =0, (7.6.18)
r(rRY + (M? — )R = 0. (7.6.19)

Recalling Laplace’s equation in polar coordinates, the boundary conditions associated with
(7.6.17) are

0(0) = O(2n), (7.6.20)
0'(0) = ©'(2), (7.6.21)

and one of the boundary conditions for (7.6.19) is
|R(0)] < oo. (7.6.22)

The other boundary conditions depend on which of the three we are solving. For problem
1, we have

Z(0) =0, (7.6.23)
R(a) = 0. (7.6.24)
Clearly, the equation for © can be solved yielding
o = M2, m=0,1,2,... (7.6.25)
On={ tourt (620

Now the R equation is solvable
R(r) = Jn(\/ AmnT), (7.6.27)

where A, are found from (7.6.24) or equivalently
I (\ Amna) = 0, n=1,2.3,... (7.6.28)
Since A > 0 (related to the zeros of Bessel’s functions), then the Z equation has the solution

Z(z) = sinh \/ A 2. (7.6.29)

Combining the solutions of the ODEs, we have for problem 1:

u(r, 0, z) = Z Z sinh \/ A\n 2 (A Amn ) (Asnn cosml + By sinmb) (7.6.30)

m=0n=1
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where A,,, and B,,, can be found from the generalized Fourier series of 3(r, 0).
The second problem follows the same pattern, replacing (7.6.23) by

Z(H) =0, (7.6.31)
leading to
u(r, 0, z) Z Z sinh (F H)) Jm(mm (Cn cosm@ + Dy, sinmb) , (7.6.32)

m=0n=1

where C,,,, and D,,, can be found from the generalized Fourier series of a(r,#).

The third problem is slightly different. Since there is only one boundary condition for R, we
must solve the Z equation (7.6.18) before we solve the R equation. The boundary conditions
for the Z equation are

Z(0)=Z(H) =0, (7.6.33)
which result from (7.6.14-7.6.15). The solution of (7.6.18), (7.6.33) is
Z,, = sin "—;z n=1,2,... (7.6.34)
The eigenvalues
2
P ("—;> . on=1,2... (7.6.35)
should be substituted in the R equation to yield
2
r(rR') — K%) r? 4 mQ] R=0. (7.6.36)

This equation looks like Bessel’s equation but with the wrong sign in front of r? term. It is
called the modified Bessel’s equation and has a solution

nm nm
R(r) = 11, (H ) + Ko (H ) . (7.6.37)
The modified Bessel functions of the first (/,,, also called hyperbolic Bessel functions) and
the second (K, also called Bassett functions) kinds behave at zero and infinity similar to
Jm and Y, respectively. In figure 51 we have plotted the Bessel functions I, through I5. In
figure 52 we have plotted the Bessel functions K,,,n = 0,1,2,3. Note that the vertical axis
is through x = .9 and so it is not so clear that K, tend to co as z — 0.
Therefore the solution to the third problem is

mr

u(r, 0, 2) Z Z sin 2 H —71) (Emn cosmb + Fpp,y, sinmf) (7.6.38)

m=0n=1

where E,,, and F,,, can be found from the generalized Fourier series of (6, z). The solution
of the original problem (7.6.1-7.6.4) is the sum of the solutions given by (7.6.30), (7.6.32)
and (7.6.38).
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Figure 51: Bessel functions I,,,n =0,...,4

K_0
R K 1
———————— K_2
.................... K 3
K_4
K_5

Figure 52: Bessel functions K,,n=0,...,3
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Problems

1. Solve Laplace’s equation

1 1
—(rup ), + —uge + uz. =0, 0<r<a0<f<2r,0<z2< H
r r

subject to each of the boundary conditions

a.
u(r,0,H) = u(a,0,z) =0
b.
u(r,0,0) = u(r,0,H) =0
ur(a,0,2z) =~(0,z2)
c.
u,(r,0,0) = a(r,0)
u(r,0,H) =u(a,0,z) =0
d.

u(r,0,0) = u,(r,0, H) =0
ur(a,,z) = (z)

2. Solve Laplace’s equation

1 1
—(rur)r—l——Queg—i-uZZ:O, 0<r<al0<f<m0<z<H
r r

subject to the boundary conditions

3. Find the solution to the following steady state heat conduction problem in a box
Vu =0, 0<z<L0<y<LO0<z<W,

subject to the boundary conditions

B
5%:& v=0,2=1L,



ou
ay ) y 7y )

u(z,y, W) =0,

3 4
u(z,y,0) =4 cos fﬂx Ccos %y.

4. Find the solution to the following steady state heat conduction problem in a box

Viu =0, 0<z<L0<y<LO0O<z<W,

subject to the boundary conditions

0

(9—; - 0’ T = 073: = L:

ou

— =0 =0 L

ay ) y 7y Y

’U/Z(x7 y’ W) = 07
4
u(z,y,0) = 4cos %x cos %y.
5. Solve the heat equation inside a cylinder

ou 10 ([ Ou 1 0*u Q*u
— = |r= -+ 55 0<r<al0<fd<22rm,0<z<H
ot ror (TaT)+T2802+8227 =r= ™ -

subject to the boundary conditions

u(r,0,0,t) = u(r,0, H,t) = 0,

u(a,,z,t) =0,
and the initial condition

u(r,0,2,0) = f(r,0,z).
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7.7 Laplace’s equation in a sphere

Laplace’s equation in spherical coordinates is given in the form

. . 1 . cot d 1
u “Uy A —Ugp + —— U+ Uy =
e 2 r2 r2sin®@ ¥

@ is the longitude and g — @ is the latitude. Suppose the boundary condition is

u(a, 0, p) = f(0, ¢) .

0, 0<r<a, 0<f<m0<p<2m,

(7.7.1)

(7.7.2)

To solve by the method of separation of variables we assume a solution u(r, 6, ¢) in the form

u(r, 0, p) = R(r)0(0)2(p) -

Substitution in Laplace’s equation yields

2 1 t 6 1
<R” + —R’) 00+ -RO"d + 2 QRS + ROV =0
r r2 r2 r2sin” 0
o r? sin? 6
Multiplying by , we can separate the ¢ dependence:
RO
2 in? g R" 2R N 10" N cotf©®| "
R 'rR 726 2 el o
Now the ODE for ¢ is
"+ pud =0

and the equation for r, # can be separated by dividing through by sin?

R// R/ @// @/ M
2 o LT e = R
"RTTR T Ve T e

Keeping the first two terms on the left, we have

R// R/ @// @/ ILI/
CEA WL A A L
"RTTRT e e T e
Thus
rR'"+2rR  — AR =0
and
0" +cot00 — —H_0+ 10 =0.
sin“ 0

The equation for © can be written as follows
sin? 00" + sin cos 00" + (Asin? — p1)© =0 .
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What are the boundary conditions? Clearly, we have periodicity of &, i.e.
®(0) = ¢(27) (7.7.7)
P'(0) = d'(27) . (7.7.8)
The solution R(r) must be finite at zero, i.e.
|R(0)| < o0 (7.7.9)

as we have seen in other problems on a circular domain that include the pole, r = 0.
Thus we can solve the ODE (7.7.4) subject to the conditions (7.7.7) - (7.7.8). This yields
the eigenvalues

pm=m?>  m=0,1,2,--- (7.7.10)
and eigenfunctions
D, = { co8 mip m=12- (7.7.11)
sin my
and
by = 1. (7.7.12)

We can solve (7.7.5) which is Euler’s equation, by trying
R(r)=1r“ (7.7.13)
yielding a characteristic equation
A +a—-A=0. (7.7.14)
The solutions of the characteristic equation are

—1+v1+4+4A

Q9 = 2 (7.7.15)
Thus if we take
-1+ /144X

o = + 5 + (7.7.16)

then
Qg = —(]_ + Oél) (7717)

and
)\:Ctl(1+C(1) . (7718)

(Recall that the sum of the roots equals the negative of the coefficient of the linear term and
the product of the roots equals the constant term.) Therefore the solution is

R(r) = Cr®* 4 Dr~(a+D (7.7.19)
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Using the boundedness condition (7.7.9) we must have D = 0 and the solution of (7.7.5)
becomes

R(r) =Cr* . (7.7.20)
Substituting A and p from (7.7.18) and (7.7.10) into the third ODE (7.7.6), we have
sin? Q" + sin 6 cos 0O’ + (a1(1 + ap)sin® 6 — mQ) ©=0. (7.7.21)
Now, lets make the transformation
§ =cosf (7.7.22)
then 40 deds 0
TS L ginfh— 7.7.23
a0~ dedo Mg (7.7.23)
and
2o d (a6
a2~ ao \"M7ae
420 d¢
C e g®O O 7.7.24
costE smé’d£2 70 ( )
2
= —cos 0% + sin? 0% .

Substitute (7.7.22) - (7.7.24) in (7.7.21) we have

2
sin46% — sin® @ cos 0% — sin? 6 cos 0% + (a1(1 + ;) sin®  — m2) ©=0.

Divide through by sin? @ and use (7.7.22), we get
m2
(1 — 52)@// _ 25@’ + <Oél(1 + Oﬂ) — 1—7§2> ©=0. (7725)

This is the so-called associated Legendre equation.
For m = 0, the equation is called Legendre’s equation. Using power series method of
solution, one can show that Legendre’s equation (see e.g. Pinsky (1991))

(1-8)0" 260"+ a1(1+01)0 =0. (7.7.26)

has a solution -
O = a&. (7.7.27)

=0

where o
i(i+1)—a (14 a)

G+rn@G+2)

and ag, a; may be chosen arbitrarily.

Qigo = i=0,1,2,--. (7.7.28)

172



—1

Figure 53: Legendre polynomials P,,n =0,...,5

If o is an integer n, then the recurrence relation (7.7.28) shows that one of the solutions
is a polynomial of degree n. (If n is even, choose a; = 0, ag # 0 and if n is odd, choose
ap = 0, a; # 0.) This polynomial is denoted by P,(§). The first four Legendre polynomials
are

PO - 1

P o= ¢

P, = §2_l

2T 2% 2 (7.7.29)
5.4 3

Py = =2

5 58— 3¢

35 30 3
P = ¢t -4 2
! s "8t ty
In figure 53, we have plotted the first 6 Legendre polynomials. The orthogonality of Legendre

polynomials can be easily shown

/_ 11 Po(€)Pi(€)de = 0, for m£l (7.7.30)

or

/ " Po(cos 0) Py(cos 0) sin 0d6 = 0, for  n#£l. (7.7.31)
0
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Figure 54: Legendre functions @,,n=0,...,3

The other solution is not a polynomial and denoted by @,(§). In fact these functions can

be written in terms of inverse hyperbolic tangent.

Qo = tanh™'¢

Q1 = Etanh'é—1

362 —1 3
Qy = 52 tanhlf—é

3 1 2 4
Qs = Efzi?)gtanh_lg—%.

(7.7.32)

Now back to (7.7.25), differentiating (7.7.26) m times with respect to 6, one has (7.7.25).

Therefore, one solution is

P (cos ) = sin™ 0;2—7:113”((:05 0), for - m<n
or in terms of &
PR = (L- )" ). for  m<n
which are the associated Legendre polynomials. The other solution is
Q6 = (1- €20 (6)
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The general solution is then
Onm(0) = AP (cosf) + BQ (cosl), n=10,1,2,--- (7.7.36)

Since Q" has a logarithmic singularity at § = 0, we must have B = 0. Therefore, the
solution becomes

Onm(0) = AP} (cos ) . (7.7.37)
Combining (7.7.11), (7.7.12), (7.7.19) and (7.7.37) we can write

u(r, 0, p) = Y02 Anor" P, (cos )

+ Xnlo Xt 1B (008 0) (A cos mp + By sinmep). (7.7.38)

where P, (cosf) = P?(cosf) are Legendre polynomials. The boundary condition (7.7.2)
implies

fo, o) = i Apoa" P, (cosf)

n=0
(7.7.39)
+ DD a" P (cos0)(Anp cosmep + By sinmep) .
n=0m=1
The coefficients Ang, Apm, Bnm can be obtained from
Y T £ (0, @) Py(cos 0) sin 0dOdyp (7.7.40)
n0 2ra™l .
. 27 [T £(6, ) P™(cos 0) cos mp sin d0dp (7.7.41)
nm 7T6Ln_[m -
5 _ I IS F(0. @) Py (cos 0) sinmipsin 0y (7.7.42)
nm 7T6Ln_[m .
where g
b = [T cos0)sin g
0
(7.7.43)

2(n+m)!
2n+1)(n—m)!
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Problems

1. Solve Laplace’s equation on the sphere

1 cot 0 1

urr+;ur+ﬁu@9+7u@+muw:0, 0<r<a, 0<f<m 0<p<2m,

subject to the boundary condition

ur(a7 0, 90) = f(e)

2. Solve Laplace’s equation on the half sphere

1 cot 1
Urr+;ur+ﬁuee+7ue+muw=0, 0<r<a 0<f<m 0<p<m,

subject to the boundary conditions

u(a,0,¢) = f(0,9),

u(r,0,0) = u(r,0,m) = 0.

3. Solve Laplace’s equation on the surface of the sphere of radius a.
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SUMMARY
Heat Equation

w = k(Ugy + uyy)

U = k(Ugy + Uyy + Uss)
Lo (o 1
e = ror Tar r2 002

Uty — (U + Uyy) = 0

Wave equation
Ut — 02 (uxx + Uy + uzz) =0
o [10 [ Ou N 1 0%u
Uy = —— [ r— ——
" ror \ Or r2 062

Ugg + Uyy + Uy, =0

Laplace’s Equation

1 1
- r)r ) 22=0
T(ru) +T2U99+u

1 cot 6 1
Upp + —Up + —5Ugp + —5—Up +
T r r

r2 sin? Hud)d) =0

Bessel’s Equation (inside a circle)

2
(TR;I)'%—(/\r—m—)Rm:O, m=0,1,2,...

Ry(r) = Jp, ( )\mnr> eigenfunctions

Im (\/ )\mna> =0 equation for eigenvalues.

Bessel’s Equation (outside a circle)

r

2
(m;g%(m-ﬁ)}%m:o, m=0,1,2,...

R,—0 as r— o0

Rn(a)=0
R,(r) =Y, (\//\mnr> eigenfunctions

Y., )\mna> =0 equation for eigenvalues.
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Modified Bessel’s Equation
m2

(rR;,) — ()\27“—1——) R, =0, m=0,1,2,...
r

R (1) = Cip Lo (A1) + Cop Ky (A1)

If |R,,(0)] < oo then Cy,, = 0.
Legendre’s Equation
(1-€)0" -2¢0' +a(l+a)® =0

@(f) = Clpn(f) + C2Qn(£)

Associated Legendre Equation
m2
(1-&H0" — 260" + <a(1 +a) — —) ©=0

O(§) = C1P(§) + C2Q7'(€)

a=n
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8 Separation of Variables-Nonhomogeneous Problems

In this chapter, we show how to solve nonhomogeneous problems via the separation of
variables method. The first section will show how to deal with inhomogeneous boundary
conditions. The second section will present the method of eigenfunctions expansion for the
inhomogeneous heat equation in one space variable. The third section will give the solution
of the wave equation in two dimensions. We close the chapter with the solution of Poisson’s
equation.

8.1 Inhomogeneous Boundary Conditions

Consider the following inhomogeneous heat conduction problem:
up = kg, + S(z,t), O<z<lL (8.1.1)

subject to the inhomogeneous boundary conditions

u(0,t) = A(t), (8.1.2)

u(L,t) = B(t), (8.1.3)
and an initial condition

u(z,0) = f(z). (8.1.4)

Find a function w(z,t) satisfying the boundary conditions (8.1.2)-(8.1.3). It is easy to see
that

w(z,t) = A(t) + 7 (B(t) — A(t)) (8.1.5)
is one such function.
Let
v(x,t) = u(x,t) —w(x,t) (8.1.6)
then clearly
v(0,t) = u(0,t) —w(0,t) = A(t) — A(t) =0 (8.1.7)
v(L,t) =u(L,t) —w(L,t) = B(t)— B(t) =0 (8.1.8)

i.e. the function v(z,t) satisfies homogeneous boundary conditions. The question is, what
is the PDE satisfied by v(z,t)? To this end, we differentiate (8.1.6) twice with respect to z
and once with respect to t

vp(x,t) = uy — 17 (B(t) — A(t)) (8.1.9)
Upg = Ugy — 0 = Uyy (8.1.10)
ve(w, ) = s — % (B(t) - At)) — A(t) (8.1.11)
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and substitute in (8.1.1)

v+ A(t) + % (B(t) — A(t)) = kvea + S(z,t). (8.1.12)
Thus
v = kge + S(, 1) (8.1.13)
where
S(a,t) = S(x,t) — A(t) — % (B(t) - A)). (8.1.14)
The initial condition (8.1.4) becomes
v(@,0) = f(x) = A(0) = 7 (B(0) — A(0)) = f(x). (8.1.15)

Therefore, we have to solve an inhomogeneous PDE (8.1.13) subject to homogeneous bound-
ary conditions(8.1.7)-(8.1.8) and the initial condition (8.1.15).

If the boundary conditions were of a different type, the idea will still be the same. For
example, if

u(0,t) = A(t) (8.1.16)
uz(L,t) = B(t) (8.1.17)
then we try
w(z,t) = alt)r + [(t). (8.1.18)
At z =0,
At) = w(0,1) = A1)
and at x = L,
B(t) = w,(L,t) = a(t).
Thus

w(z,t) = B(t)x + A(t) (8.1.19)

satisfies the boundary conditions (8.1.16)-(8.1.17).
Remark: If the boundary conditions are independent of time, we can take the steady
state solution as w(z).
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Problems

1. For each of the following problems obtain the function w(x,t) that satisfies the boundary

conditions and obtain the PDE

a.
up(z,t) = kg, (x,t) + x, O<z<L
u.(0,t) =1,
u(L,t) =1
b.
up(z,t) = kg, (x,t) + 2 O<z<lL
u(0,t) =1,
ug (L, t) =
C.
up(z,t) = kg, (x,t) + x, O<z<L
ug(0,t) =t,
ug(L,t) = %
2. Same as problem 1 for the wave equation
Ut — gy = T, O<zxz<L
subject to each of the boundary conditions
a.
u(0,t) =1 u(L,t) =1
b.
uy(0,t) =t u (L, t) =t
C.
u(0,t) =0 ug (L, t) =t
d.
uz(0,¢) =0 ug(L,t) =1
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8.2 Method of Eigenfunction Expansions

In this section, we consider the solution of the inhomogeneous heat equation

up = kg, + S(z,t), O<z<lL (8.2.1)
u(0,t) =0, (8.2.2)
u(L,t) =0, (8.2.3)
u(z,0) = f(z). (8.2.4)

The solution of the homogeneous PDE leads to the eigenfunctions
n(2) = sin %ﬂx n=1,2,... (8.2.5)

and eigenvalues
2

An = (”%) . =12, (8.2.6)

Clearly the eigenfunctions depend on the boundary conditions and the PDE. Having the
eigenfunctions, we now expand the source term

S(x,t) = isn(twn(x), (8.2.7)
where LS.t ()d
o T, t)p,(T)dx
Snlt) = T o2 s (8.2.8)
Let -
u(z,t) = Z:lun(t)¢n(x), (8.2.9)
then -
f(z) =u(z,0) = Z:lun((]mn(x) (8.2.10)
Since f(z) is known, we have
_ o f(@)¢u(2)de
Un(0) = T s (8.2.11)

Substitute u(z,t) from (8.2.9) and its derivatives and S(z,t) from (8.2.7) into (8.2.1), we
have

i_'fl (1)) = ff (At ()0 () + ff () (). (8.2.12)

Recall that u,, gives a series with ¢/ (z) which is —\, ¢, since A\, are the eigenvalues corre-
sponding to ¢,. Combining all three sums in (8.2.12), one has

>~ i) + At £) = (1)} 60 (x) = 0. (8.2.13)
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Therefore
Un(t) + kXpun(t) = sn(t), n=12... (8.2.14)

This inhomogeneous ODE should be combined with the initial condition (8.2.11).
The solution of (8.2.14), (8.2.11) is obtained by the method of variation of parameters
(see e.g. Boyce and DiPrima)

t
U (1) = 1, (0)e M +/ Sn(T)e AR (8.2.15)
0

It is easy to see that u,(t) above satisfies (8.2.11) and (8.2.14). We summarize the solution
by (8.2.9),(8.2.15),(8.2.11) and (8.2.8).

Example
Up = Ugy + 1, 0<zx<1 (8.2.16)
u.(0,t) = 2, (8.2.17)
u(1,t) =0, (8.2.18)
u(z,0) = z(1 — z). (8.2.19)
The function w(zx,t) to satisfy the inhomogeneous boundary conditions is
w(z,t) =2z — 2. (8.2.20)
The function
v(x,t) = u(x,t) —w(x,t) (8.2.21)
satisfies the following PDE
Uy = Uy + 1, (8.2.22)
since w; = Wy, = 0. The initial condition is
v(z,0)=z(1—2)— 2z —-2)=z(l—2)+2(l —2) = (z+2)(1 — x) (8.2.23)
and the homogeneous boundary conditions are
v.(0,t) = 0, (8.2.24)
v(1,t) = 0. (8.2.25)
The eigenfunctions ¢,(x) and eigenvalues A, satisfy
G () + Antp = 0, (8.2.26)
¢,(0) =0, (8.2.27)
on(1) = 0. (8.2.28)
Thus 1
¢n(z) = cos(n — i)mc, n=12... (8.2.29)



An = [(n - %)71’]2.

Expanding S(z,t) = 1 and v(z,t) in these eigenfunctions we have

1= 221 Sn®n ()
where
_ Jol-cos(n — Dwzdr  4(—1)""
" fycost(n — Hmwdr  (2n— 1)’
and -
v(z,t) =Y v,(t) cos(n — %)Wx
n=1

The partial derivatives of v(x,t) required are

v (z,t) = ii)n(t) cos(n — %)mc,
Vgz (T, 1) = — i {(n — %)W:| v (t) cos(n — %)mv

n=1

Thus, upon substituting (8.2.34),(8.2.35) and (8.2.31) into (8.2.22), we get

@n(t)%—{(n-— %)W]Q@m(t):: 5.

The initial condition v, (0) is given by the eigenfunction expansion of v(z,0), i.e.

(x+2)(1—2x) = ivn(O) cos(n — %)Wx

S0
B Jo(x+2)(1 — ) cos(n — 3)radr
- — '

2

v, (0)

The solution of (8.2.36) is

Jiy cos2(n — Yrrda

t
0a(t) = (0 (8 g5, [ el g
0
Performing the integration
2

v%wzvdmehnaﬂ%+&}_e%wgﬂt
(= 7]

where v, (0), s,, are given by (8.2.38) and (8.2.32) respectively.
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Problems

1. Solve the heat equation

subject to the initial condition

and each of the boundary conditions

a.

2. Solve the heat equation

subject to the initial condition

and the boundary condition

Ut = kuacac +,

Up = Ugy T € 7,

u(z,0) = cos 2z,

u(z,0) = z(L — x)

O<x< L

u.(0,t) =1,

u(L,t) =t.

u(0,t) =1,

ug(L,t) =1

uz(0,t) =1,
uy(L,t) = t*

t O<z<m t>0,

O<zx<m,

uz(0,t) = uy(m,t) = 0.
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8.3 Forced Vibrations

In this section we solve the inhomogeneous wave equation in two dimensions describing the
forced vibrations of a membrane.

uy = *V2u+ S(z,y,t) (8.3.1)
subject to the boundary condition
u(z,y,t) =0, on the boundary, (8.3.2)
and initial conditions
u(z,y,0) = a(z,y), (8.3.3)
w(r,y,0) = B(z,y). (8.3.4)

Since the boundary condition is homogeneous, we can expand the solution u(x,y,t) and the
forcing term S(x,y,t) in terms of the eigenfunctions ¢,(z,y), i.e

u(z,y,t) Zuz (t)pi(z,y), (8.3.5)
S(x,y,t) Zsz (t)pi(z,y), (8.3.6)
=1
where
V3¢ = —N\idhs, (8.3.7)
¢; =0, on the boundary, 8.3.8
and Syt dud
JJ @i, y)dudy
Substituting (8.3.5),(8.3.6) into (8.3.1) we have
Zuz ¢zxy _CQZUZ v¢z+zsz ¢zxy>
Using (8.3.7) and combining all the sums, we get an ODE for the coefficients u;(t),
The solution can be found in any ODE book,
= ¢ COS C\/>t + ¢y sin C\/>t + / sm C\/_)(\t —7) dr. (8.3.11)
The initial conditions (8.3.3)-(8.3.4) imply
f f Oé(.i[, y)¢z(£: y)d.ﬁ[dy
u;(0) = ¢ = 8.3.12
v T [ é3(a.y)drdy (5312
; dxd
) = exe /A = [ B y)oilx, y)dudy (8.3.13)

I J i@, y)dzdy

Equations (8.3.12)-(8.3.13) can be solved for ¢; and ¢o. Thus the solution u(x,y,t) is given
by (8.3.5) with u;(t) given by (8.3.11)-(8.3.13) and s;(t) are given by (8.3.9).
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8.3.1 Periodic Forcing

If the forcing S(z,y,t) is a periodic function in time, we have an interesting case. Suppose

S(z,y,t) = o(x,y) coswt, (8.3.1.1)
then by (8.3.9) we have
si(t) = o; cos wt, (8.3.1.2)
where o
] J i@, y)dzdy
The ODE for the unknown w;(t) becomes
ii;(t) + A \ug(t) = oy cos wt. (8.3.1.4)
In this case the particular solution of the nonhomogeneous is
Py w— coswt (8.3.1.5)
and thus o
u;(t) = ¢ cos C\/)Tit + ¢y sin C\/)Tit + S W— cos wt. (8.3.1.6)

The amplitude u;(t) of the mode ¢;(x,y) is decomposed to a vibration at the natural fre-
quency cy/\; and a vibration at the forcing frequency w. What happens if w is one of the
natural frequencies, i.e.

w = c\/): for some . (8.3.1.7)

Then the denominator in (8.3.1.6) vanishes. The particular solution should not be (8.3.1.5)
but rather

;—:}tsin wt. (8.3.1.8)

The amplitude is growing linearly in t. This is called resonance.
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Problems
1. Consider a vibrating string with time dependent forcing
2 —
Uy — CUgy = S(, 1), O<z<lL

subject to the initial conditions
U(ZL‘,O) = f(l‘),
u(z,0) =0,
and the boundary conditions
u(0,t) = u(L,t) = 0.
a. Solve the initial value problem.

b.  Solve the initial value problem if S(z,t) = coswt. For what values of w does resonance
occur?

2. Consider the following damped wave equation
Ut — gy + Buy = coswt, O<z<m,

subject to the initial conditions
U(ZL‘,O) = f(l‘),
u(z,0) =0,

and the boundary conditions
u(0,t) = u(m,t) =0.

Solve the problem if 3 is small (0 < § < 2¢).

3. Solve the following

Uy — gy = S(2,t), 0O<z<lL
subject to the initial conditions
u(x,()) = f(l'),
u(z,0) =0,

and each of the following boundary conditions

; w(0,) = A(t) w(L,) = B(t)
b.

u(0,t) =0 uz(L,t) =0
- w(0,1) = A(t) w(L, ) = 0.

188



4. Solve the wave equation

Ut — CPUgy = T, O<z<L,

subject to the initial conditions
u(z,0) =sinz

uy(z,0) =0
and each of the boundary conditions
a.
u(0,t) =1,
u(L,t) =t
b.
ug(0,t) =t,
uy(L,t) = t*
C.
u(0,t) =0,
ug(L,t) =t
d.
u.(0,t) =0,
ug(L,t) =1
5. Solve the wave equation
utt_ul’l’:l) O<I<L,
subject to the initial conditions
u(z,0) = f(z)

ut(xv O) = g(l‘)

and the boundary conditions
u(0,t) =1,

uz (L, t) = B(t).
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8.4 Poisson’s Equation

In this section we solve Poisson’s equation subject to homogeneous and nonhomogeneous
boundary conditions. In the first case we can use the method of eigenfunction expansion in
one dimension and two.

8.4.1 Homogeneous Boundary Conditions

Consider Poisson’s equation
Vu =S, (8.4.1.1)

subject to homogeneous boundary condition, e.g.
u =0, on the boundary. (8.4.1.2)

The problem can be solved by the method of eigenfunction expansion. To be specific we
suppose the domain is a rectangle of length L and height H, see figure 55.
We first consider the one dimensional eigenfunction expansion, i.e.

nm

¢n(x) = sin - % (8.4.1.3)
and
> . nmw
u(z,y) = Y un(y)sin T (8.4.1.4)
n=1
Substitution in Poisson’s equation, we get
0o 2 00
nz::l [u;;(y) — (%) un(y)] sin %x = nz::l $n(y) sin %x, (8.4.1.5)
where 5 i
sn(y) = —/ S(z,y)sin " ds. (8.4.1.6)
L Jo L
The other boundary conditions lead to
Uun(0) = 0, (8.4.1.7)
un(H) = 0. (8.4.1.8)
So we end up with a boundary value problem for u,(y), i.e.
nm\ 2
ur(y) — (f) un(y) = sn(y), (8.4.1.9)

subject to (8.4.1.7)-(8.4.1.8).
It requires a lengthy algebraic manipulation to show that the solution is

sinhw y nmw sinh **¥ H nmw
tn(y) —"—L’fsmh#/o 5n(£) sinh 7-¢ St et ), ° (&) sinh 7=(H —€)d

(8.4.1.10)
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Figure 55: Rectangular domain

So the solution is given by (8.4.1.4) with u,(y) and s,(y) given by (8.4.1.10) and (8.4.1.6)
respectively.

Another approach, related to the first, is the use of two dimensional eigenfunctions. In
the example,

B = sin "—;x sin %y, (8.4.1.11)
nm\ 2 mm\ 2

We then write the solution

- z_: Z Unin P (T, Y)- (8.4.1.13)

Substituting (8.4.1.13) into the equation, we get

nm mi

nz:: z:: unm nm SN szin ?y = S(x,y). (8.4.1.14)

Therefore —umAnm are the coefficients of the double Fourier series expansion of S(z,y),
that is
S S (x, y) sin o sin Ty dyda

8.4.1.15
2 mﬂydydx ( )

nm — L rH 2 nw
—Anm Jo ' Jo  sin® “Fxsin

This double series may converge slower than the previous solution.
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8.4.2 Inhomogeneous Boundary Conditions

The problem is then
Viu =9, (8.4.2.1)

subject to inhomogeneous boundary condition, e.g.
u=q, on the boundary. (8.4.2.2)

The eigenvalues \; and the eigenfunctions ¢; satisfy
Vi = =\, (8.4.2.3)

¢; =0, on the boundary. (8.4.2.4)

Since the boundary condition (8.4.2.2) is not homogeneous, we cannot differentiate the in-
finite series term by term. But note that the coefficients wu, of the expansion are given
by:

_ S y)da(z, y)dady 1 [ [uV2e,dudy

T R wdsdy A, [ GRdedy (8429
Using Green’s formula, i.e.
/ / w2, dady — / / b0 V2udzdy + 74 (Wb — I Vu) - ids,
substituting from (8.4.2.1), (8.4.2.2) and (8.4.2.4)
— / / bnSdrdy + 7{ ave, - ftds (8.4.2.6)
Therefore the coefficients w,, become (combining (8.4.2.5)-(8.4.2.6))
w 1 [ ] Séndady + $ aVe, - ﬁds' (8.4.2.7)

A I drdxdy
If a =0 we get (8.4.1.15). The case A = 0 will not be discussed here.

We now give another way to solve the same problem (8.4.2.1)-(8.4.2.2). Since the problem
is linear, we can write
u=v+w (8.4.2.8)

where v solves Poisson’s equation with homogeneous boundary conditions (see the previous
subsection) ans w solves Laplace’s equation with the nonhomogeneous bounday conditions
(8.4.2.2).
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Problems

1. Solve

Use a Fourier sine series in y.
b.
u(0,y) =0 u(L,y) =1
u(z,0) =u(x,H) =0
Hint: Do NOT reduce to homogeneous boundary conditions.

| uz(0,y) = u,(L,y) =0
Uy (2,0) = uy(z, H) =0

In what situations are there solutions?

2. Solve the following Poisson’s equation
Viu = e*sinz, O<zx<m O<y<l,
u(0,y) = u(m,y) =0,
u(z,0) =0,

u(z, L) = f(x).
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SUMMARY
Nonhomogeneous problems

1. Find a function w that satisfies the inhomogeneous boundary conditions (except for
Poisson’s equation).

2. Let v = u — w, then v satisfies an inhomogeneous PDE with homogeneous boundary
conditions.

3. Solve the homogeneous equation with homogeneous boundary conditions to obtain
eigenvalues and eigenfunctions.

4. Expand the solution v, the right hand side (source/sink) and initial condition(s) in
eigenfunctions series.

5. Solve the resulting inhomogeneous ODE.

Un(t) + EXyun(t) = s,(t), n=1,2,...
u,(0) = given

Un(t) = wn(0)e N 4 / sn(T)e k=) g

iiy (1) + At (t) = sp(t), n=12...
u,(0) = given

un(O) = given

sm C\/7t + / sm C\/_/\(t -7 dr.

un(t) = ) cos c\/7t +

u,(0) =0,

u,(H) =0
() = sinh .”W(fz—y) /y ©)si hmrfdﬁ%— Sinh% /H ©s hmT(H ot
T sinn s Jo D “oEginh 22 J, S/ PHRTE '
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9 Fourier Transform Solutions of PDEs

In this chapter we discuss another method to solve PDEs. This method extends the separa-
tion of variables to infinite domain.

9.1 DMotivation

We start with an example to motivate the Fourier transform method.

Example
Solve the heat equation

Uy = kg, —00 < T < 00, (9.1.1)
subject to the initial condition
u(z,0) = f(z). (9.1.2)
Using the method of separation of variables we have
u(z,t) = X(x)T'(t), (9.1.3)
and the two ODEs are _
T(t) = —kXT(t), (9.1.4)
X"(z) = -2X(2). (9.1.5)

Notice that we do not have any boundary conditions, but we clearly require the solution to
be bounded as x approaches +00. Using the boundedness, we can immediately eliminate the
possibility that A < 0 (exercise). Any A > 0 will do. This is called a continuous spectrum. In
the case of finite domain, we always have a discrete spectrum. The principle of superposition
will take the form of an integral (instead of an infinite series):

u(z,t) = /OOO {C()\) cos VAz 4+ D()) sin \/Xx} e R,

Let A = w?, then

u(z,t) = /Ooo {A(w) coswz + B(w) sinwz} e duw. (9.1.6)
The initial condition leads to
f(z) = /OOO {A(w) coswz + B(w) sinwz} dw. (9.1.7)
We can rewrite these integral as follows
u(z,t) = /O:O K (w)e*e "t dy, (9.1.8)
f(z) = /O:O K(w)e™*dw, (9.1.9)

by representing the trigonometric functions as complex exponentials and combining the
resulting integrals.

In the next section, we define Fourier transform and show how to obtain the solution to
the heat conduction and wave equations.
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9.2 Fourier Transform pair

Let | oo
F(w) = —/ f(z)e ™ dx (9.2.1)
21 J -0
be the Fourier transform of f(z). The inverse Fourier transform is defined by
f(z) = /oo F(w)e™ dw . (9.2.2)

Actually the left hand side should be f(@y) _g fle) )

In order to solve the heat equation, we need the Inverse Fourier transform of a Gaussian:

Glw) =e . (9.2.3)

g(z) :/ e’o“"Qei“’xdw:/ ey (9.2.4)

— 00 —0o0

We will show that (next 2 pages)

2

15

1k
=2
0.5F
0 . . . . . .

1k
a=5
0.5F
0 . . . . . .

-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 56: Plot G(w) for a =2 and a =5

g(x) = \/geg : (9.2.5)

This function is also a Gaussian. The parameter « controls the spread of the bell. If « is

1

large G(w) is sharply peaked, but then — is small and g(x) is broadly spread, see Figures
a

56-57.

gla) = [ ety

—0o0
X
o —aW? —iZw)
:/ e a dw
—00
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-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 57: Plot g(z) fora =2 and a =5

complete the squares
2 o0

— ¢ ia e~ @150 .
Let
.
z = Vaolw-— ZQog)
dz = +adw
2 1 co—ig
=e 4 e dz

From complex variables

2 1 R
= ¢ 4a / e “dz
Va -«

The trick to compute the integral is as follows: if

I = /OO e dz

I? = / e_xde/ e_ygdy :/ / 6—($2+y2)dy dr .

Use polar coordinates

then

I2+y2 — 7’2

dx dy = rdrdf

27 e’} 9
I’ = / (/ e " rdr) deo.
0 0

The integral in r is easy (let 72 = s, 2rdr = ds), therefore

1
1225271':71'
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Thus

g(z) =e 1a—=/m (9.2.6)

which is (9.2.5)
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Problems

1. Show that the Fourier transform is a linear operator, i. e.

Flerf (@) + cag(x)) = erF (f () + 2 F (9(2)) -

2. If F(w) is the Fourier tranform of f(z), show that the inverse Fourier transform of
e"“PF(w)is f(x — (). This is known as the shift theorem.

3. Determine the Fourier transform of

0 |z|>a

f@:{l lz| < a.

4. Determine the Fourier transform of

assuming that [°°_ ¢(t)dt = 0.

5. Prove the scaling theorem

where

6. If F'(w) is the Fourier tranform of f(z), prove the translation theorem

F (ei“‘”f(x)) = F(w—a).
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9.3 Heat Equation

We have seen that the solution of the heat equation

Uy = Ky, —00 < x < 00,
u(x,()) = f(l'),
is given by
u(z,t) = / c(w)e ™R gy,
where

flx) = /OO c(w)e™ dw .

—00

Therefore ¢(w) is the Fourier transform of f(z), i. e.

c(w) ! /Oo f(z)e ™*dx .

")

(9.3.1)

(9.3.2)

(9.3.3)

(9.3.4)

(9.3.5)

Thus, the solution is given by (9.3.3) and (9.3.5). Let’s simplify this by substituting (9.3.5)

into (9.3.3)

u(z,t) = /Oo { ! /_O:O f(f)e_i“’fdf} TRt gy

2

— 00

Interchange the integration, we have

() = 2i / ~ e [ / O:O e—kw2f+w($—5>dw] dé

T J—00
Let o A
g(x,t) :/ ekt g,
then .
u(e,t) = 5 [ f(©gle — & tyde.
T J—00
The integral in (9.3.6) is found previously (a Gaussian) for oo = kt,
e
t)=,/—e A4kt
g(x7 ) kte ’

thus the solution is

1 o (z=8)?2

u(x,t) = / et dE.
The function 1 ,
G(x,;€,0) = e

VAarkt

(9.3.6)

(9.3.7)

(9.3.8)

(9.3.9)

is called the influence function. It measures the effect of the initial temperature f at point &
on the temperature u at later time ¢ and location x. The spread of influence is small when

t is small (¢ is in denominator!!). The spread of influence increases with time.
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Example
Solve the heat equation

Uy = klgy, —0 < x <00, (9.3.10)

subject to the initial condition

0 z <0
u(z,0) = f(z) = { 100 250 (9.3.11)
The solution is )
(z =&
100 0 —
u(z,t) = e 4kt d¢. (9.3.12)

Varkt Jo

Note that the lower limit of the integral is zero since f is zero for negative argument. This
integral can be written in terms of the error function defined by

erf(z \/_/ (9.3.13)

The function vanishes at x = 0 and monotonically increases to unity. The graph of the
function is given in Figure 58. Using the transformation

_ &

VAakt ( )
the integral (9.3.12) becomes
100 [ 2 100 = 100 (0 2
u(z,t) = — e ¥ dz=— e dz+ — e *dz. (9.3.15)
Vg Vo V-
Since
/ e dz = i ) (9.3.16)
0 2
we get when substituting ( = —z in the second integral
100 7w _
u(z, t) = 50 + —= /“T ¢q (9.3.17)

after changing the variables on the last integral in (9.3.15). The solution of (9.3.10)—(9.3.11)

is then given by
w(z,t) = 50 <1 terf (\/%kt)) . (9.3.18)

In order to be able to solve other PDEs, we list in the next chapter several results
concerning Fourier tranform and its inverse.
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Error Function
T T T

Figure 58: Plot of the error function er f(z)
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Problems
1. Use Fourier transform to solve the heat equation

Up = Ugy + U, —00 < & < 00, t >0,

u(z,0) = f(z).
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9.4 Fourier Transform of Derivatives

In this chapter, we show how a PDE is transformed to an ODE by the Fourier transform.
We can show that a Fourier transform of time derivatives are given as time derivatives of
the Fourier transform. Fourier transform of spatial derivatives are multiples of the Fourier
transform of the function. We use F to denote the Fourier transform operator.

ou 0
F <%) = wF(u) (9.4.2)
F O\ _ —w? F(u) (9.4.3)
ox?) o

These can be obtained by definition of Fourier transform and left as an exercise. As a result
ur(x,t) = kg (2, 1) (9.4.4)

becomes 9
EU(W’ t) = —kw?U(w,t) (9.4.5)

where U(w, t) is the Fourier transform of u(z,t). Equation (9.4.5) is a first order ODE, for
which we know that the solution is

Uw,t) = C(w)e ™ (9.4.6)
The “constant” ¢(w) can be found by transforming the initial condition

u(z,0) = f(z) (9.4.7)

U(w,0) = F(w). (9.4.8)

Therefore, combining (9.4.6) and (9.4.8) we get
c(w) =F(w). (9.4.9)
Another important result in solving PDEs using the Fourier tranform is called the convolution

theorem.

Convolution Theorem Let f(z), g(x) be functions whose Fourier transform is F'(w), G(w)
respectively. Let h(z) having Fourier transform H(w) = F(w)G(w), then

h(z) = /OO H(w)eiw‘”dw:/ F(w)G(w)e“*dw

—00 —0o0

= /OO F(w) [% /o:og(ﬁ)eiwfdﬁ] " dw

—00
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21 J -0 —00
=f(z=¢)
= 5 [ @,

We denote the answer by f * g, meaning the convolution of f(x) and g(z).
To use this for the heat equation, combining (9.4.6) and (9.4.9) we get

Uw,t) = Flw)e ™. (9.4.10)

Therefore, by the convolution theorem and the inverse transform of a Gaussian, we get

ule,t) = o= [~ f(€) [T ae, (9.4.11)

—00

exactly as before.

Example
Solve the one dimensional wave equation

Ugt — gy = 0, —o0o < T <00, (9.4.12)

subject to the initial conditions:

u(z,0) = f(z), (9.4.13)
ut(z,0) =0. (9.4.14)
The Fourier transform of the equation and the initial conditions yield
Up(w,t) 4+ w0*U(w,t) =0, (9.4.15)
U(w,0) = F(w), (9.4.16)
U(w,0)=0. (9.4.17)

The solution is (treating (9.4.15) as ODE in ¢ with w fixed)

U(w,t) = A(w) cos cwt + B(w) sin cwt . (9.4.18)

The initial conditions combined with (9.4.18) give
U(w,t) = F(w) cos cwt . (9.4.19)
If we write cos cwt in terms of complex exponentials, and find the inverse transform, we have

u(z,t) = % /o:o F(w) {ew(‘”*d) + ew(”d)} dw
(9.4.20)
= %[f(x —ct)+ f(x + ct)].
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Example
Solve Laplace’s equation in a half plane

Ugy + Uyy = 0, —o<r<oo, 0<y<oo,
subject to the boundary condition
u(z,0) = f(z).
Fourier transform in x of the equation and the boundary condition yields

Uyy(wv y) — w2U(w,y) =0,

The solution is
Ulw,y) = Aw)e*” + B(w)e ™.

To ensure boundedness of the solution, we must have

Aw) = 0 for w>0,
Bw) = 0 for w < 0.

where, by the boundary condition,

We will show next that

. —|wly wr g, —
T,y) = e e“rdw = —— .
9(z.y) [ e

0 , o0 ‘
g(x,y) :/ e“Ye' T dw +/ e e dw
[e) 0

I N R T TTS
Y+ -y +1z
1 N I y—ix+y+iz 2y
Cy+iz y—iz 2 4a? a2

Thus we have

L N A
ule) =50 [ FOG gt
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(9.4.22)

(9.4.23)

(9.4.24)

(9.4.25)

(9.4.26)

(9.4.27)

(9.4.28)



Problems
1. Solve the diffusion-convection equation
Uy = Klyy + Cly, —o0 < x <00,

u(z,0) = f(z).

2. Solve the linearized Korteweg-de Vries equation

Up = Klgpy —00 < x <00,
u(z,0) = f(z).
3. Solve Laplace’s equation
Ugy + Uyy = 0, O<z< L, —00 <Y <00,

subject to
U(O,y) = gl(y)a
u(L,y) = g2(y)-
4. Solve the wave equation
Ut = Ugy —OO<I'<OO7
u(z,0) =0,
u(z,0) = g(x).
5. Solve Laplace’s equation

Ugy + Uyy =0, —oco<r<oo,y>0
uy(x,O) :g(l‘).
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9.5 Fourier Sine and Cosine Transforms

If f(x) is an odd function, then the Fourier sine transform is defined by:

S(f(z)) = F(w) = %/OOO f(z)sinwz dz (9.5.1)
and the inverse transform is
f(z) = /OOO F?(w)sinwz dw . (9.5.2)

If f(x) is an even function, then the Fourier cosine transform is given by:

C(f(x)) = F(w) = 2 /oo f(z) coswx dx (9.5.3)
mJo
f(z) = /OOO Fé(w) coswz dw (9.5.4)
The superscripts ¢ and s will be suppressed unless it is not clear. We can show
of| 2
of| _
S l%] = —wC|[f] (9.5.6)
0? 2.df(0
¢ [a_f] = 200 _ ey (95.7)
0? 2
S la—;;] = ;wf(O) — w?S[f] (9.5.8)

d
Thus to use the cosine tranform to solve second order PDEs we must have d—(O) For sine
x

transform we require f(0).

Before we give any example, we would like to extend the convolution theorem (see section
9.4) to the Fourier sine and cosine transforms.

Convolution theorem for Fourier sine transform Let F'(w) be the Fourier sine transform
of f and G(w) be the Fourier cosine transform of g, i.e.

Fw) = S[f], G(w) = Clg]

then the inverse Fourier sine transform of H(w) = F(w)G(w) is given by

W) = — [T 1@ lotw—©) — oo+ )] de, (959)
or 1 o
W) = — [ 9@ [f(E+2) = fl§—a)]de (9.5.10)
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The proof is similar to the convolution therem in the previous section. We need to use
the trigonometric identity

. : 1 1
sinzsing = 7 cos(z —y) — 3 cos(z + y).
Convolution theorem for Fourier cosine transform Let F(w) and G(w) be the Fourier

cosine transforms of f and g, respectively, then the inverse Fourier cosine transform of
H(w) = F(w)G(w) is given by

W) = — [T o@ -6 + fla+e)de (9.5.11)

™

The proof is similar to the convolution therem for the sine transform. We need to use
the trigonometric identity

1 1
COSTCOSY = §cos(x+y) + 5005(:1: —y).

Example
Solve Laplace’s equation in a quarter plane

Ugg + Uyy = 0, 0<z,y<oo, (9.5.12)
w(0,y) = g(y), (9.5.13)
uy(z,0) = f(z), (9.5.14)

First we rewrite this as two problems. Let v(z,y) and w(zx,y) satisfy Laplace’s equation
subject to

v(0,y) = g(y), (9.5.15)
vy(z,0) =0, (9.5.16)
and
w(0,y) =0, (9.5.17)
wy(r,0) = f(z). (9.5.18)

It is to easy to see that u(z,y) = v(z,y) + w(z,y) satisfies the original problem. Now we
solve for v using Fourier cosine transform

V(0,w) = G(w) (9.5.20)
Therefore the solution is
V(z,w)=Gw)e™* (9.5.21)
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Now use the convolution transform and recalling that the inverse Fourier cosine transform

of e7“" is L, we find
ZE2 + yQ
(,y) 1/00 6) - + - de (9.5.22)
v(z,y) = — . 5.
T R A VEaIE
The problem for w requires the use of the Fourier sine transform, thus
Wy, — w*W =0 (9.5.23)
Wy (w,0) = F(w) (9.5.24)
Therefore
W(w,y) = F(w)e ¥ (9.5.25)
Again using the convolution theorem and recalling the inverse Fourier cosine transform of
e “Yis , we have
x? + y?
Lo y Y
JY) = — — d¢ . 9.5.26
we) =+ [T - e (9.5.26)

Example Solve Laplace’s equation in a semi-infinite strip

Upg + Uyy =0, O<x<L, 0<y<oo (9.5.27)
u(0,y) = g1(y), (9.5.28)
u(L,y) = g2(y), (9.5.29)
u(z,0) = f(z). (9.5.30)

Figure 59: Domain for Laplace’s equation example
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Since u(z,0) is given, we must use Fourier sine transform. The transformed equation is

Upe — w?U + gwu(x, 0)=0 (9.5.31)
or
Upe — WU = —gwf(x) (9.5.32)
subject to the boundary conditions
U(0,w) = Gi(w), (9.5.33)
U(L,w) = Ge(w). (9.5.34)

Another way is to solve the following two problems and avoid the inhomogeneity in
(9.5.32)

1.
Uy, + ty, =0,
u(0,9) = g1(y) .
u'(L,y) = g2(y)
u'(2,0) =0,
2.
iy + g, =0,

u*(0,y) =u*(L,y) =0,
u?(z,0) = f(z).
The solution of our problem will be the sum of the solutions of these two (principle of

superposition!).
For the solution of problem 1, we take Fourier sine transform in y to get

Ul (r,w) — U (z,w) =0. (9.5.35)

The solution is
U'(z,w) = A(w) sinhwx + B(w) sinhw(L — 7). (9.5.36)

The boundary conditions lead to

2 o)
B(w)sinhwlL = —/ g1(y) sinwy dy,
7 Jo

2 o)
A(w)sinhwL = —/ 92(y) sinwy dy .
7 Jo
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A(w), B(w) are given in terms of the Fourier sine transform of g»(y), ¢1(y) respectively. The
inverse transform is beyond the scope of this course and will require knowledge of complex
variables. The solution of problem 2 does NOT require Fourier transform (why?).

u’(z,y) =Y a,sin n%xe_Ty (9.5.37)

n=1
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Problems
0112

1. Derive the Fourier cosine transform of e~

2. Determine the inverse cosine transform of we™* (Hint: use differentiation with respect
to a parameter)

3. Solve by Fourier sine transform:

ut:kuacacy x>0, t>0
u(0,t) =1,
u(z,0) = f(x).

4. Solve the heat equation
ut:kuacacy x>0, t>0
u(0,t) =0,
u(z,0) = f(z).

5. Prove the convolution theorem for the Fourier sine transforms, i.e. (9.5.9) and (9.5.10).

6. Prove the convolution theorem for the Fourier cosine transforms, i.e. (9.5.11).

a. Derive the Fourier sine transform of f(z) = 1.
b. Derive the Fourier cosine transform of f(z) = / o(t)dt.
0

c. Derive the Fourier sine transform of f(z) = o(t)dt.
0

1
8. Determine the inverse sine transform of —e™“® (Hint: use integration with respect to a
w

parameter)
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9.6 Fourier Transform in 2 Dimensions

We define Fourier transform in 2 dimensions by generalizing the 1D case:

F(wi,ws) 27r / / e W1TeT2Y o dy |

(z,y) / / (wr,wo)e “"”ewwdwl dws .

If we let

then

0
F(ut) - af(u) )
Flug) = iwF(u),
Fluy) = iweF(u),
F(Vu) = idF(u),
F(VPu) = —-&F(u).
Example Solve the heat equation
uy = kV?u, —00 < x < 00, —00 <Yy <00,
u(z,y,0) = f(z,y).
Using double Fourier transform we have
0
—U = —kd’U
ot <

U(@,0) = F(@).

The solution is
U(G,t) = F(D)e

or when taking the inverse transform

l‘ y’ / / —kwt zwrd—»‘
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(9.6.2)

(9.6.5)

(9.6.6)

(9.6.7)

(9.6.8)



Using a generalization of the convolution theorem, i. e. if H (&) = F(J)G(J) then

at) = o [ [ 17~ )i,

we have

wz,y,t / / 4kt Akt di.

(9.6.9)

(9.6.10)

We see that the influence function is the product of the influence functions for two one

dimensional heat equations.
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Problems

1. Solve the wave equation

uy = V2, —00 < x <00, —00 < Yy < 00,
u(z,y,0) = f(z,y),
w(z,y,0) = 0.
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SUMMARY

Definition of Fourier Transform and its Inverse:

F(w) ! /Oo f(z)e “*dx

T )

f(z) = /OO F(w)e™ dw .

— 00

Table of Fourier Transforms

f(x) F(w)

—oa’ L & Gaussia;

e e ia ussian
Vira

of or derivative

g 5 erivatives

of ,

— F

50 iwF(w)

0*f

@ —CUQF(CL))

= [" 10 -9 F)GW) Lt

5 ) g(x w)G(w convolution

d(x — x0) ie_i“””o Dirac
2m

f(x—0) e P F(w) shift

xf(x) ZE multiplication by x
dw

2a —|w|a
2 4+ a? ‘
x 1
/ o(t)dt —I—E}-(gb(x)) assuming [ ¢(t)dt =0

fx) =

0 |z|>a 1 sin aw
1 |zl <a T ow
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Definition of Fourier Sine Transform and its Inverse:

S(f(zx)) = F¥(lw) = %/Ooo f(z)sinwz dz

f(z) = /Ooo Ff(w)sinwz dw .

Table of Fourier Sine Transforms

(@) S
d
g ~wO1]
2
=l 207 (0) - 51/]
T B
. 2 w
‘ o2 + w?
[ oty ~C(())
0 w
1 21
rw

LI f©lg(z —€) — gla + &) S[f]C]g]

Definition of Fourier Cosine Transform and its Inverse:
2 fe'e)
C(f(x)) = F(w) = —/ f(z) coswx dx
m Jo

f(z) = /OO Fé(w) coswz dw

0

Table of Fourier Cosine Transforms

(a) cl
d
g ~2 4(0) + L]
d? 2d
=l 29 (o) e
g .
e o
—ax 2 o
‘ T2 + w?
—ax? 2 _e?
€ e 4o
Ao
1

| e =
L g() [ — €) + [z +E)lde CLfIC]
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Definition of Double Fourier Transform and its Inverse:

1 o) o] . .
Floned) = oo [ [ Sy dy

f(I,y) - /OO /OO F(w17w2)€iw1xeiw2ydwl dws .

Table of Double Fourier Transforms

f(z,y) F(&)

Ja iw, (&)
Jy iwy F(&)
i —&*F (&)
% o—2/48 —,@wi
GRS TR (@)
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10 Green’s Functions

10.1 Introduction

In the previous chapters, we discussed a variety of techniques for the solution of PDEs,
namely: the method of characteristics (for hyperbolic problems only, linear as well as non-
linear), the method of separation of variables (for linear problem on certain domains) and
Fourier transform (for infinite and semi-infinite domains). The method of separation of
variables, when it works, it yields an infinite series which often converges slowly. Thus it
is difficult to obtain an insight into the over-all behavior of the solution, its behavior near
edges and so on. That’s why, the method of characteristics is preferable over the method of
separation of variables for hyperbolic problems. The Green’s function approach would allow
us to have an integral representation of the solution (as in the method of characteristics)
instead of an infinite series.

Physically, the method is obvious. To obtain the field, u, caused by a distributed source,
we calculate the effect of each elementary portion of source and add (integrate) them all. If
G(7;79) is the field at the observer’s point 7 caused by a unit source at the source point 7¢,
then the field at 7 caused by a source distribution p(7g) is the integral of p(7)G(7;7¢) over
the whole range of 7y occupied by the source. The function G is called Green’s function. We
can satisfy boundary conditions in the same way. What may be surprising is that essentially
the same function gives the answer in both cases. Physically, this means that the boundary
conditions can be thought of as being equivalent to sources. We have seen this in Chapter
8 when discussing the method of eigenfunction expansion to solve inhomogeneous problems.
The inhomogeneous boundary conditions were replaced by homogeneous ones and the source
has been changed appropriately.

10.2 One Dimensional Heat Equation

In this section, we demonstrate the idea of Green’s function by analyzing the solution of the
one dimensional heat equation,

Uy = Ugs, 0<x<l, t >0, (10.2.1)

subject to
u(z,0) = f(x), 0<z<l, (10.2.2)
u(0,t) = u(1,t) = 0. (10.2.3)

The method of separation of variables yields the solution

u(z,t) =Y a,sinnwz - et (10.2.4)

n=1

where a,, are the Fourier coefficients of the expansion of f(x) in Fourier sine series,

1
a, = 2/ f(z)sinnrzdz. (10.2.5)
0
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We substitute (10.2.5) into (10.2.4) to obtain after reversing the order of integration and

summation
o0

1 2
u(z,t) = / f(s) (Z 2sinnms - sinnax - e~ " t) ds. (10.2.6)
0

n=1
The quantity in parenthesis is called influence function for the initial condition. It expresses
the fact that the temperature at point x at time ¢ is due to the initial temperature f at
s. To obtain the temperature u(x,t), we sum (integrate) the influence of all possible initial
points, s.
What about the solution of the inhomogeneous problem,

Up = Uge + Q(, 1), 0<z<l, t >0, (10.2.7)

subject to the same initial and boundary conditions? As we have seen in Chapter 8, we
expand u and () in the eigenfunctions sin nwx,

Q(z,t) =Y g, (t) sinnrz, (10.2.8)
n=1
with X
qn(t) = 2/ Q(z,t) sin nrzde, (10.2.9)
0
and N
u(z,t) = up(t)sinnma. (10.2.10)
n=1
Thus we get the inhomogeneous ODE
U (1) + (n7)2u, (1) = ga (1), (10.2.11)
whose solution is .
Un(t) = un(0)e~ D% 1 / g (7)) g (10.2.12)
0
where .
u,(0) = a, = 2/ f(z) sinnrzde. (10.2.13)
0
Again, we substitute (10.2.13), (10.2.9) and (10.2.12) in (10.2.10) we have
1 o0
u(z,t) = / f(s) <Z 2sinnms - sinnwx - e("”)2t> ds
0 n=1
(10.2.14)
1t 0 ,
+ / / Q(s,7) <Z 2sinnms - sinnax - e~ " (t7)> drds.
0 Jo n=1
We therefore introduce Green’s function
G(z;s,t —7) =2 sinnms-sinnrz - e~ (=) (10.2.15)
n=1
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and the solution is then
1 1t
u(x,t) :/ f(s)G(x;s,t)ds—i—/ / Q(s, 7)G(x;s,t — T)d7ds. (10.2.16)
0 0 Jo

As we said in the introduction, the same Green’s function appears in both. Note that the
Green’s function depends only on the elapsed time ¢ — 7.
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Problems

1. Consider the heat equation in one dimension

ou  *u
E:@_FQ(x,t), 0<z<1, t >0,
(z),

(t),
QF

I
~

u(z,0)
u(0,t)
u(1,t)
Obtain a solution in the form (10.2.16).

i
[SURN

2. Consider the same problem subject to the homogeneous boundary conditions

uz(0,t) = u,(1,8) =0

a. Obtain a solution by any method.
b. Obtain a solution in the form (10.2.16).

3. Solve the wave equation in one dimension

2 2
%:%JFQ(I‘J), 0<z<l, t >0,
u(z,0) = f(x),

Ut(l',O) :g(l')7
U(O,t) =0,

u(1,t) = 0.

Define functions such that a solution in a similar form to (10.2.16) exists.

4. Solve the above wave equation subject to

; (0, 8) = un(1,1) = 0,
b.
u.(0,t) =0, u.(1,t) = B(t).

w(0,8) = At),  up(1,t) = 0.
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10.3 Green’s Function for Sturm-Liouville Problems

Consider the Sturm-Liouville boundary value problem

—(p(x)y () + q(z)y(z) = f(x), O<az<l1 (10.3.1)
y(0) — hoy'(0) = 0, (10.3.2)
y(1) = hiy'(1) = 0, (10.3.3)

where p(z) # 0, p'(z), ¢(z) and f(z) are continuous on [0, 1] and hg, h; are real constants.
We would like to obtain Green’s function G(x;s) so that the solution is

y(x) = /01 G(z;s)f(s)ds. (10.3.4)

The function G(z;s) is called Green’s function for (10.3.1)-(10.3.3) if it is continuous on
0 < x,s <1 and (10.3.4) uniquely solves (10.3.1)-(10.3.3) for every continuous function
f(@).

To see why (10.3.4) is reasonable, we consider the steady state temperature in a rod. In
this case f(x) represents a heat source intensity along the rod. Consider, a heat distribution
fs(x) of unit intensity localized at point x = s in the rod: That is, assume that

fs(x) =0, for |z — s| > ¢, e >0, eissmall

and

s+e€
/ fs(x)dz = 1. (10.3.5)

—€

Let y(z) = G(x;s) be the steady state temperature induced by the source fq(z). As
e — 0, it is hoped that the temperature distribution G(z; s) will converge to a limit G(z; s)
corresponding to a heat source of unit intensity applied at z = s. Now, imagine that the rod
is made of a large number (N) of tiny pieces, each of length 2e¢, and let s; be a point in the
k™ piece. The heat source f(z) delivers an amount of heat 2¢f(s;) to the & piece. Since
the problem is linear and homogeneous, the temperature at  caused by the heating near s,
is nearly G¢(z;si) f(sk)2¢, thus

y(z) = Y 26G(w; s5) f(sk), (10.3.6)

k=1

is the total contribution from all pieces. As we let ¢ — 0 and the number of pieces approach
infinity

y(x) = 11_{% z_: 2¢Ge(x;s8) f(sk) = /01 G(z;s)f(s)ds. (10.3.7)

This discussion suggests the following properties of Green’s function G(z; s).
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1. The solution G(x;s) with f = fs(x) satisfies
LG, = fs(x) =0, for |z —s|>e¢ (10.3.8)

where the operator £ as defined in Chapter 6,

Ly =—(py") +qv. (10.3.9)
We can write this also as
. ()iG(') + q(z)G(z;5) =0 for x # (10.3.10)
dr pfdx x;s qlx x;s) =0, or T #+ S. 3.

This is related to Dirac delta function to be discussed in the next section.
2. G(x; s) satisfies the boundary conditions (10.3.2)-(10.3.3) since each G(x;s) does.

3. The function G¢(z;s) has a continuous second derivative, since it is a solution to
(10.3.1). The question is how smooth the limit G(z;s) is? It can be shown that the
first derivative has a jump discontinuity, i.e.

0G(sT;s)  0G(s;s) 1 .
— = — 10.3.11
pe pe ) Jump Condition (10.3.11)
where
st = lim (s & €). (10.3.12)

We now turn to the proof of (10.3.4) under simpler boundary conditions (hg = hy = 0),
ie.

y(0) =y(1) = 0. (10.3.13)

The proof is constructive and called Lagrange’s method. It is based on Lagrange’s identity
(6.3.3).
Suppose we can find a function w # 0 so that

Lw = 0. (10.3.14)

Apply Lagrange’s identity (6.3.3) with u = w and v = y, to get
Wy — yLw = —— [pwy’ — u'y)].
dx

On the other hand,
wly —yLw =wf,

since Lw = 0 and Ly = f. Therefore we can integrate the resulting equation

d

0 [p(wy' —yw')] = wf, (10.3.15)
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and have a first order ODE for y. Thus w is called an integrating factor for Ly = f.
Suppose we can find integrating factors v and v such that

Lu =0, u(0) =0, (10.3.16)

and
Ly =0, v(l) =0, (10.3.17)

i.e. each one satisfies only one of the boundary conditions. Choose w to be either u or v
from (10.3.16)-(10.3.17), thus by integration of (10.3.15) we have

/Ox u(s)f(s)ds = —p(x)(uy’ — u'y), (10.3.18)

/; v(s)f(s)ds = +p(x)(vy —v'y). (10.3.19)

Note that the limits of integration are chosen differently in each case. Now we can eliminate
/
y" and get

v(x) /Ox u(s)f(s)ds + u(x) /: v(s)f(s)ds = —p(z)W (z)y(z), (10.3.20)
where the Wronskian W (z) is
u(z)  v(z)
W) = v o) ‘ (10.3.21)
It is easy to see that (exercise)
p(z)W(x) =c. (10.3.22)
Therefore | e -
y(e) = [ uspo@)f()ds - - [ ule)o(s)f(s)ds
o) = [ G 5) f(s)ds (10.3.23)
where (if we choose ¢ = —1)
Gl ={ uhn 0ErE] (10320

This completes the proof of (10.3.4) and we have a way to construct Green’s function by
solving (10.3.16)-(10.3.17).

Example Obtain Green’s function for the steady state temperature in a homogeneous rod of

length L and with insulated lateral surface. Assume that the left end of the bar is at zero
temperature, the right end is insulated, and the source of heat is f(x). The problem can be
formulated mathematically as

—kg, = f(x), 0<z<lL, (10.3.25)
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u(0) = 0, (10.3.26)

u' (L) = 0. (10.3.27)
To find Green’s function, we solve
—ku" =0, u(0) =0, (10.3.28)
—kv" =0, V(L) =0, (10.3.29)
and choose ¢ = —1, i.e.
EW = —1. (10.3.30)

The solution of each ODE satisfying its end condition is

u = ax, (10.3.31)
v=">. (10.3.32)
The constants a, b must be chosen so as to satisfy the Wronskian condition (10.3.30), i.e.
L1
k
b=1

and therefore (10.3.24) becomes

> »

G(x;8) = N B B (10.3.33)

2 ST S

Notice that Green’s function is symmetric as in previous cases; physically this means that
the temperature at = due to a unit source at s equals the temperature at s due to a unit
source at x. This is called Maxwell’s reciprocity.

Now consider the Sturm-Liouville problem
Ly — Ary = f(z), 0<x<l, (10.3.34)

subject to (10.3.2)-(10.3.3).

If A =0, this problem reduces to (10.3.1), while if f = 0 we have the eigenvalue problem
of Sturm-Liouville type (Chapter 6). Assume that (10.3.1) has a Green’s function G(z;s),
then any solution of (10.3.34) satisfies (moving Ary to the right)

y(@) = [ Gl 9) [£(5) + Ar(s)y(s)] ds

or

y(x) = A /01 G(z; s)r(s)y(s)ds + F(x), (10.3.35)
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where

F(z) = /01 G(z;s)f(s)ds. (10.3.36)

Equation (10.3.35) is called a Fredholm integral equation of the second kind. The function
G(z;s)r(s) is called its kernel. If f(x) =0 then (10.3.35) becomes

v =2 [ "Gl s)r(s)y(s)ds. (10.3.37)

For later reference, equations (10.3.35), (10.3.37) can be easily symmetrized if r(z) > 0. The
symmetric equation is

@)= [ ke s)2(s)ds + F(x), (10.3.38)
where
() = /r(e)y(w)
;) = Glass)yfr(a)y/r(s),
and
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Problems

1. Show that Green’s function is unique if it exists.
Hint: Show that if there are 2 Green’s functions G(z; s) and H (z;s) then

/01 [G(x;8) — H(z;8)] f(5)ds = 0.

2. Find Green’s function for each

a.
—kug, = f(x), 0<z<L,
u'(0) =0,
u(L) = 0.
b.
Uz = F(2), 0<z<L,
u'(0) =0,
u'(L) = 0.
c.

—Uyy = f(2), 0<zxz<lL,
u(0) —u'(0) = 0,

3. Find Green’s function for
—ky" 4ty =0, 0<z<1,

y(0) =y'(0) =0,
y(1) =0.

4. Find Green’s function for the initial value problem

Show that the solution is

5. Prove (10.3.22).
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10.4 Dirac Delta Function

Define a pulse of unit length starting at x; as

u(x;) = { 1 (xj, 2 + Ax)

0 otherwise

then any function f(z) on the interval (a,b) can be represented approximately by

fla) =Y flau(z), (10.4.1)

=1

see figure 60.

a X XA b

Figure 60: Representation of a continuous function by unit pulses

This is a piecewise constant approximation of f(z). As Az — 0 the number of points N
approaches oo and thus at the limit, the infinite series becomes the integral:

fla) = / " ()0 — mi)da, (10.4.2)

where 0(z — z;) is the limit of a unit pulse concentrated at x; divided by Az, see figure 61.

Il

14
12

Figure 61: Several impulses of unit area

The Dirac delta function, d(x — z;), can also be defined as a limit of any sequence of
concentrated pulses. It satisfies the following:

/ﬁau—xmm:1, (10.4.3)
Oz —x;) = 0(x; — x), (10.4.4)
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f(z) = /OO f(z)o(x — x;)dx, for any f, (10.4.5)

d
or —x;) = %H(x — ), (10.4.6)
where the Heaviside function
0 x<uw
H(z —z;) = { | > (10.4.7)
H(r —z;) = /x 5(€ — @), (10.4.8)
1
d(c(x—a;)) = ﬂé(x — ;). (10.4.9)
c
The Dirac delta function is related to Green’s function via
LG(z;8) =6(x — s), (10.4.10)

(since §(x — s) = 0 for x # s, compare (10.4.10) with (10.3.8) ) that is Green’s function is
the response at x due to a concentrated source at s. To prove this, we find the solution u of:

Lu =z —s). (10.4.11)

Using (10.3.4) with f(z) = é(x — s), we have

which by (10.4.5) becomes,
u(z) = G(x; s). (10.4.12)

Substituting (10.4.12) in (10.4.11) yields (10.4.10).
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Problems
1. Derive (10.4.3) from (10.4.2).
2. Show that (10.4.8) satisfies (10.4.7).

3. Derive (10.4.9)
Hint: use a change of variables £ = ¢(x — ).
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10.5 Nonhomogeneous Boundary Conditions

The problem to be considered in this section is
Lu = f(z), 0<z<l, (10.5.1)

subject to the nonhomogeneous boundary conditions

u(0) = A, (10.5.2)
u(1) = B. (10.5.3)
The Green’s function G(z; s) satisfies
LG =(x — s), (10.5.4)
G(0;8) = 0, (10.5.5)
G(1;s) = 0, (10.5.6)

since Green’s function always satisfies homogeneous boundary conditions. Now we utilize
Green’s formula

— G(x;8)

0

1

dG(z; s)
dz

d_u
dx

1
/ (ulLG — GLu)dx = u
0

0
The right hand side will have contribution from the first term only, since v doesn’t vanish
on the boundary. Thus

dG(x; s)
dz

—A

r=1

u(s)= [ Glass) fw)dz+ B dts)
Lu

=0

233



Problems
1. Consider
Up = Uge + Q(, 1), 0<z<l, t>0,

subject to
u(0,t) = u,(1,t) =0,

u(z,0) = f(z).

a. Solve by the method of eigenfunction expansion.
b. Determine the Green’s function.
c. If Q(z,t) = Q(x), independent of ¢, take the limit as ¢ — oo of part (b) in order to
determine the Green’s function for the steady state.
2. Consider
Uzz +u = f(x), 0<z<l,
u(0) = u(1) = 0.

Determine the Green’s function.

3. Give the solution of the following problems in terms of the Green’s function

Uz = f(2), subject to u(0) = A, uz(1) = B.
b. Uy +u= f(zx), subject to u(0) = A, u(l) = B.
C. Ug = f(2), subject to u(0) = A, uz(1) +u(l) =0.
4. Solve i
i d(z —s),
G(0;s) = 0.

Show that G(x;s) is not symmetric.

5. Solve

u(0) = u(1l) = up(0) = uy (1) = 0,

by obtaining Green’s function.
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10.6 Fredholm Alternative And Modified Green’s Functions

Theorem (Fredholm alternative)
For nonhomogeneous problems

Ly =T, (10.6.1)
subject to homogeneous boundary conditions (10.3.2)-(10.3.3) either of the following holds

1. y = 0 is the only solution to the homogeneous problem
Ly =0, (10.6.2)

that is, A = 0 is not an eigenvalue. In this case the nonhomogeneous problem has a
unique solution.

2. There are nontrivial solutions to the homogeneous problem, say ¢,(z) (i.e. A =0 is
an eigenvalue with eigenfunctions ¢,(z)), in which case the nonhomogeneous problem
has no solution or an infinite number of solutions.

Remarks:

1. This theorem is well known from Linear Algebra concerning the solution of systems of
linear algebraic equations.

2. In order to have infinite number of solutions, the forcing term f(z) must be orthogonal
to all solutions of the homogeneous.

3. This result can be generalized to higher dimensions.

Example Consider
Upy + Au = €7, (A # n? for any integer) (10.6.3)

u(0) = u(m) = 0. (10.6.4)
The homogeneous equation

Uge + Au = 0, (A # n? for any integer) (10.6.5)

with the same boundary conditions has only the trivial solution. Therefore the nonhomoge-
neous problem has a unique solution. The theorem does not tell how to find that solution.
We can use, for example, the method of eigenfunction expansion. Let

u(z) = u,sinnz (10.6.6)
n=1
then o
o 10.6.7
Un = (10.6.7)
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where «,, are the Fourier coefficients of the expansion of e” in the eigenfunctions sin nzx.
If we change the boundary conditions to

Uz (0) = uy(m) =0 (10.6.8)
and take A = 0 then the homogeneous equation (u,, = 0) has the solution
u=c. (10.6.9)

Therefore the nonhomogeneous has no solution (since the forcing term e” is not orthogonal
to u = c).
Now we discuss the solution of

Lu=f, O<z<L, (10.6.10)

subject to homogeneous boundary conditions if A = 0 is an eigenvalue.
If A = 0 is not an eigenvalue, we have shown earlier that we can find Green’s function by
solving

LG =0(x — s). (10.6.11)

Suppose then A = 0 is an eigenvalue, then there are nontrivial homogeneous solutions vy,
that is
Lvy, =0, (10.6.12)

and to have a solution for (10.6.10), we must have
L
/ f(@)vp(x)dz = 0. (10.6.13)
0
Since the right hand side of (10.6.11) is not orthogonal to vy, in fact
L
/ vp(2)0(x — s)dx = vp(s) #0 (10.6.14)
0

we cannot expect to get a solution for (10.6.11), i.e. we cannot find G. To overcome the
problem, we note that

3z — 8) + cop(2) (10.6.15)
is orthogonal to vy, (x) if we choose ¢ appropriately, that is
O (10.6.16)

OL v (x)dr

Thus, we introduce the modified Green’s function

~

G(z;s) = G(x; s) + Pop(x)vn(s) (any [3) (10.6.17)

which satisfies

LG = LG + Bou(s) Lop(z)
=0
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or using (10.6.15) and (10.6.16)

£G=0(r —s) - 701;(;3;;)(;;.

(10.6.18)
Note that the modified Green’s function is also symmetric.

To obtain the solution of (10.6.10) using the modified Green’s function, we use Green’s
theorem with v = G,

L N N
/0 [uG — GLu)dr =0 (10.6.19)

(since u, G satisfy the same homogeneous boundary conditions). Substituting (10.6.18) into
(10.6.19) and using the properties of Dirac delta function, we have

[t N S u(s)vp(s)ds
u(x) —/0 f(8)G(x;s)ds + 02 ()

vp(T). (10.6.20)

Since the last term is a multiple of the homogeneous solution (both numerator and denomi-
nator are constants), we have a particular solution for the inhomogeneous

L A
u(z) = / f(s)G(x; s)ds. (10.6.21)
0
Compare this to (10.3.35) for the case A = 0.
Example
Uze = f(2), 0<zr<l1 (10.6.22)
1w (0) = ug(1) =0, (10.6.23)

A =0 is an eigenvalue with eigenfunction 1. Therefore

/01 1. f(z)dz =0 (10.6.24)

is necessary for the existence of a solution for (10.6.22). We can take, for example,

1
flz) =2z — 5 (10.6.25)
to satisfy (10.6.24).
Now )
d*G
— = — -1 10.6.2
T dz—s)+c (10.6.26)
G (0;58) = Go(1;5) = 0. (10.6.27)

The constant ¢ can be found by requiring

/01(5(x—s)+c)dx:0
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that is

c=-1, (10.6.28)
or by using (10.6.16) with L = 1 and the eigenfunction v, = 1.
Therefore )
d*G
pro -1 for x # s (10.6.29)

which implies
dG —
—{ rorss (10.6.30)

dr | 1—2 z>s

(since the constant of integration should be chosen to satisfy the boundary condition.) In-
tegrating again, we have

.1'2
—5—|—s—|—0(5) r<s
Gz s) = (10.6.31)

33'2

-3 +z4+C(s) z>s

C'(s) is an arbitrary constant.
If we want to enforce symmetry, G(z;s) = G(s;x) for © < s then

2 22
—E—i—s—l—C(:z:) :—5—|—s+0(3)
or )
C(s) = —% + 05, (#  is an arbitrary constant.
Thus
22 + 52
— +s+0 x<s
Gla;s) = (10.6.32)
2?2 + 5
B +x+p3 r>s
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Problems
1. Use Fredholm alternative to find out if

Upe +u = [+, O<z<m,

subject to
u(0) = u(m) =0,

has a solution for all g or only for certain values of .
2. Without determining u(z), how many solutions are there of

Uy + YU = COST

a. v=1and u(0) =u(r)=0
b. v =1 and u,(0) = u,(7w) = 0.
c. v=—1and u(0)=u(m)=0.
d. vy=2and u(0) =u(r) =0

3. Are there any values of 8 for which there are solutions of

Uge +u = B+, —nrT<rT<T

4. Consider

a. Find the general solution.

b. Obtain the solution satisfying

Is your answer consistent with Fredholm alternative?

c. Obtain the solution satisfying

Is your answer consistent with Fredholm alternative?

5. Obtain the solution for



6. Determine the modified Green’s function required for
Uz +u = F(x),

u(0) = A, u(r) = B.

Assume that F satisfies the solvability condition. Obtain the solution in terms of the modified
Green’s function.
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10.7 Green’s Function For Poisson’s Equation

In this section, we discuss the solution of Poisson’s equation with either homogeneous or
nonhomogeneous boundary conditions. We also solve the problem, on an infinite two dimen-
sional domain. For more information on solution of heat conduction using Green’s functions
see Beck et al (1991). The book contains an extensive list of Green’s functions.

To solve Poisson’s equation
= f(7) (10.7.1)

subject to homogeneous boundary conditions, we generalize the idea of Green’s function to
higher dimensions. The Green’s function must be the solution of

V2G(770) = d(x — 20)0(y — yo) (10.7.2)

where

= (2,9) (10.7.3)

subject to the same homogeneous boundary conditions. The solution is then

u(r) = //f(TB)G(F; 76)dr. (10.7.4)

To obtain Green’s function, we can use one dimensional eigenfunctions (see Chapter 8).
Suppose the problem is on a rectangular domain

V3G = 6(x — 20)6(y — wo), O<z<L, 0<y<H, (10.7.5)

G =0, on all four sides of the rectangle (10.7.6)

then the eigenfunction expansion for G becomes (from (8.4.1.4))

G(T;70) Zgn sin %x (10.7.7)

where g,,(y) must satisfy (from (8.4.1.9))

d?q, nm\ 2 2 . nm
dy? (T) gn = T S0 200(y = o), (10.7.8)

We rewrite (10.7.8) in the form

L d?qg, L nm\ 2
J (—) Gn = 0(y — Yo), (10.7.10)

2sin "Fxg dy?  2sin rg \ L

to match the form of (10.4.10).
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The solution is (from (8.4.1.10))

. .nT . nTw
¢p sinh Y sinh T(yo —H) y<uyo

0ul1) = - - (10.7.11)
¢p sinh f(y — H)sinh T Yo Y > Yo

and the constant ¢, is obtained from the jump condition (10.3.11)

dg,, | 2
d—gy =—sin ”%xo (10.7.12)
Yo
o1 : : d’gy . .
which is ——, where p is the coeflicient of Sz D (10.7.10). Combining (10.7.12) and (10.7.11)
p Y
we get
2
cn% sinh n—;yo cosh n—;(yo — H) — cosh %ye sinh %(?JO —H)| = 17 sin %xo.
The difference in brackets is sinh n% [yo — (yo — H)] = sinh n%H . Thus
~ 2sin g (10.7.13)
n = nmsinh 22 H o
Therefore
o g inh Fysinh % (yo — H) y <o
2sin 2 xg nmw S L
G(7i70) = ), ——— 20— sin — 10.7.14
(757%) nz::l nm sinh 2% [ ST ( )

sinh 7 (y — H) sinh Fyo v > yo

Note the symmetry.
Note also that we could have used Fourier sine series in y, this will replace (10.7.7) with

nm

G(:75) = 3 hala)sin .

10.7.1 Nonhomogeneoud Boundary Conditions

To solve Poisson’s equation with nonhomogeneous boundary conditions
Viu = f() (10.7.15)

u = h(7), on the boundary, (10.7.16)

we take the same Green’s function as before

V3G = 6(z — 20)8(y — yo), O<z<L, 0<y<H, (10.7.17)
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with homogeneous boundary conditions
G(r;79) = 0. (10.7.18)
Using Green’s formula

// u VG —GNV?u | dedy :j{ (uVG— G Vu) - nds
—— —— —~
3(7=79) f(7) =0

[ [ 67— 7%) = $)G G 75)] dady = § h(IVG - 7ids.

Thus, when using the properties of the Dirac delta function, we get the solution
() = / / F(P) G773 ddy + 74 (7)Y G - fids, (10.7.19)

where V is the gradient with respect to (xg,yo) and it is called dipole source.

10.7.2 Two Dimensional Infinite Domain

How do we solve the problem on an infinite domain? The formulation is
Vu = f, on infinite space with no boundary. (10.7.20)
Green’s function should satisfy
V3G = 6(z — 20)8(y — yo), on infinite space with no boundary. (10.7.21)

The resulting Green’s function in two dimensions is slightly different from the one in three
dimensions. We will derive the two dimensional case and leave the other as an exercise.
Because of Symmetry G depends only on the distance r = |7 — 7|. Thus (10.7.21)

becomes p i
1
The solution is
G(r)=ciInr + ¢, (10.7.23)

To obtain the constants, we integrate (10.7.21) over a circle of radius r containing the point
(xO ) ?JO)

//V2dedy = //5(1‘ —29)0(y — yo)dxdy = 1

Using Green’s formula, the left hand side becomes

1= //VQdedy - 7§VG . fids = 7{ aa—fds _ %—f?mﬂ
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(Remember that the normal to the circle is in the direction of the radius r). Thus

oG 1

—_— = — 10.7.24
" or 27 ( )
Substituting G(r) from (10.7.23) we have
! (10.7.25)
Cl1 = — ol
1 27‘("
o is still arbitrary and for convenience we let ¢, = 0.
The Green’s function is now .
G(r) = —lnr. (10.7.26)
21

To obtain the solution of (10.7.20), we use Green’s formula again
/ / (uV?G — GV?u) dudy = 7{ (VG — GVu) - fids.

The closed line integral, 7{ , represents integration over the entire domain, and thus we can

take a circle of radius r and let r — oco. We would like to have a vanishing contribution from
the boundary. This will require that as » — oo, v will behave in such a way that

lim ¢ (uVG — GVu) - fids =0

or

lim 7“uL _ lnr@ df =
T—00 2mr 27 or
or 5
U
li —7rlnr— | =0. 10.7.27
lim (u r nrar> ( )

With this, the solution is

u(7) = / / FR)G(77)dr, (10.7.28)

10.7.3 Two Dimensional Bounded Domains

The Green’s function (10.7.26) is also useful in solving Poisson’s equation on bounded do-
mains. Here we discuss the following two examples.

Example Obtain Green’s function for a bounded two dimensional domain subject to homo-
geneous boundary conditions.

We start by taking Green’s function for infinite two dimensional domain and add to it a
function to satisfy the boundary conditions, i.e.

1
G(7i7%) = o In|7* = 75| + g (7, 7%) (10.7.29)
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where

Vig=0 (10.7.30)
subject to nonhomogeneous boundary conditions. For example, if G = 0 on the boundary,
this will mean that 1

9=—5- In |77 — 73], on the boundary. (10.7.31)
T

The function g can be found by methods to solve Laplace’s equation.

Example Solve Poisson’s equation on the upper half plane,

Viu = f, y >0, (10.7.32)
subject to
u(z,0) = h(x). (10.7.33)
Green’s function will have to satisfy
V3G = §(7 —7¢) (10.7.34)
G(z,0; z9,90) = 0. (10.7.35)

The idea here is to take the image of the source at (zg,yo) about the boundary y = 0. The
point is (zg, —yo). We now use the so called method of images. Find Green’s function for
the combination of the two sources, i.e.

V2G = 6(7 — i) — 6(F — 7

oxl

) (10.7.36)

where r§ = (o, —%0), is the image of 5.
The solution is clearly (principle of superposition) given by

1 1 -
G=—n|F—ry| — —In|F—r| (10.7.37)
2m 2T

Now this function vanishes on the boundary (exercise). This is the desired Green’s function
since 0(7 — r5) = 0 in the upper half plane and thus (10.7.36) reduces to (10.7.34).
To solve (10.7.32)-(10.7.33) we, as usual, use Green’s formula

// (UVQG — GVQU) dxdy = %(UVG — GVu) - fids = /OO (GZ—Z —u (Z—jﬂ dz,
oo =0

since the normal 77 is in the direction of —y. Therefore when using (10.7.35) and the derivative
of (10.7.37)

Y
%) T (10.7.38)
we get
Y
u(®) = [ [ F)GER)G+ [ hio) EE el (10.7.39)

245



Problems

1. Derive Green’s function for Poisson’s equation on infinite three dimensional space. What
is the condition at infinity required to ensure vanishing contribution from the boundary
integral?

2. Show that Green’s function (10.7.37) satisfies the boundary condition (10.7.35).

3. Use (10.7.39) to obtain the solution of Laplace’s equation on the upper half plane subject
to
u(z,0) = h(x)
4. Use the method of eigenfunction expansion to determine G(7 ) if
V3G = §(7 —17), 0<z<l1l O<y<l
subject to the following boundary conditions
G(0,y;70) = Go(1,y370) = Gy(,0;70) = Gy(x, 1;79) = 0
5. Solve the above problem inside a unit cube with zero Dirichlet boundary condition on
all sides.
6. Derive Green’s function for Poisson’s equation on a circle by using the method of images.

7. Use the above Green’s function to show that Laplace’s equation inside a circle of radius
p with
u(r, ) = h(6) for r =p

is given by Poisson’s formula

; 1 27rh 0 P2 —r? do
) = g MO ot =y

8. Determine Green’s function for the right half plane and use it to solve Poisson’s equation.

9. Determine Green’s function for the upper half plane subject to

oG
(9—y =0 ony =0.
Use it to solve Poisson’s equation
Viu=f
0
3_Z = h(z), ony = 0.

Ignore the contributions at infinity.

10. Use the method of images to solve
V3G = 6(7 —7¢)
in the first quadrant with G = 0 on the boundary.
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10.8 Wave Equation on Infinite Domains

Consider the wave equation

0*u 99
el T 10.8.1
5 cVau+Q(T, t) (10.8.1)
with initial conditions
u(z, 0) = f(T) (10.8.2)
u(T, 0) = g(T) (10.8.3)

where T = (z, y, z). The spatial domain here is infinite, i.e. ZeR>. The solution for semi-
infinite or finite domains can be obtained using the method of images from this most general
case.

If we consider a concentrated source at T = Ty = (o, Yo, 20) and at t = ;. The Green’s
function G(Z, t; To, to) is the solution to

2G L, o

Since the time variable increases in one direction, we require

G(T, t; Totg) =0 for ¢ <ty (causality principle) (10.8.5)

We may also translate the time variable to the origin so that

G(E, t, Zo to) = G(E, t— to, f(), 0) (1086)

We will solve for the Green’s function GG using Fourier transforms since the domain is infinite.
Hence, we need the following results about Fourier transforms:

f(]f, Y, Z) = ///F(wl, w2, w3>67i(w1,w2,w3)-(1,y,z) dwy dwsy dws (1087)

or ﬂ@:///FmMW@m

and
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7)™ dz  where dT = dxdydz (10.8.8)

For the delta function, the results are

F6(x —70)] = ﬁ ///5@ — Tp)e"™ T dT = ‘Z;j; (10.8.9)

and (formally)

zwxo
3(T — 7o) /// T 5 = /// ~iT-(@-30) g, (10.8.10)
27T

We take the Fourier transform of the Green’s function G(w, t; Ty, ty) and solve for it from
the system

2
a—f —C2V2G = 5(E—T0>(S(t—to),

ot (10.8.11)
G(E, t, To, to) = 0 if t< to.

We get the following O.D.E.:

aQ—G—i-c WG = @5(75—15 ) where w’=w- W (10.8.12)
ot T (271)3 0 B ’ o
with
G(W, t; Ty, tg) =0 for t <ty (10.8.13)
So for t > tg,
82—G+cw2G—o (10.8.14)
ot? - o

Hence, the transform of the Green’s function is

0 t <ty
G= (10.8.15)

Acoscw(t —tg) + Bsincw(t —ty) t >t
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Since @ is continuous at t =t;, A=0

To solve for B, we integrate the O.D.E.

tt 1920 o W To
/ la—G + PG = 5t — to)] dt
t t (2

o Lo m)?
gk __ _
q oG |0 R €] B
0 — = u —| = SO
ot |- (2m)3’ ot |- ’
0 0
oI T 7T
cwB cos cw(t — to) ‘tar = 2n)? = B = cw(am)?
. i-To
Using the inverse transform of G = sin cw(t — to),
cw(2m)3
we get
0 t <ty
G(I’, t7 Zo, to) = 1 oo o o 672'@'(5750) Sirl cw(t . to) B (10816)
nEL e
(27T)3 —oo0 J—o0 J—0 cw
where w = (w? +wi+w)/? = ||

1 [e'S) o0 0 W (T—T0) &j t—1
To evaluate the integral —— / / / ¢ sin cw 0) dw,
(2m)3 J o0 J =00 /o0 cw

we introduce spherical coordinates with the origin w = 0, ¢ = 0 corresponding to the ws
axis, and we integrate in the direction (T — Ty). This yields W (T — To) = |w| |T — To| cos ¢,
and letting p = |T — Tp| we obtain w - (T — Tp) = wp cos ¢. With the angle § measured from
the positive w; axis, the volume differential becomes

dw = dw, dw, dws = w?sin ¢ do df dw,

and the integration limits for infinite space become 0 < ¢ <7w, 0<60 <27m, 0<w < .
Our integrand is independent of 6 (based on our selection of coordinates) yielding

1 00 pm p—iWPCOS P o3 t—1
G(z, t; To, to):w/o /O ¢ S;zcm ) 2 sin ¢ deb duo. (10.8.17)

Integrating first with respect to ¢
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1 o] ™ .
G(Z, t; T, to) = W/O sin cw(t — to)/o e~ WP (jappsin ) de dw
_ ; <. t t —fwpcos ¢ | d
- e [ st 10 ]
- /OO sin cw(t — o) {eiw” - e”'w’)} dw
ipc(2m)? Jo . ,
=2¢sinwp
~ s [ sin(uwp) sin cu(t — to) d
= — S —
2R Jo sin(wp) sin cw 0) dw
1 oo
= W/O (cosw [p — c(t — to)] — cosw [p + c(t — ty)]) dw

1 00 . .
Since o / e "*dw = 6(z), using the real part of e”"* and the evenness of the cosine
T J—o0

function we see

1 o9
—/ coswzdz = 6(z), (10.8.18)
0

™

Hence

G(Z, t; Ty, to) = [0(p —c(t —1to)) —d(p+c(t—t))] for t>t (10.8.19)

42 pc

Each term is a spherical impulse spreading out from p = 0 at radial velocity of 4¢c. Since
the negative velocity is not physical, the second term should not be there and we get

0 t <ty
47T2p05(p — C(t — to)) t >ty
where p=|T—71
To solve the wave equation
Pu 5, _ _ _ _ _
ﬁ =c"Vou+ Q(xa t): ’LL(.T, O) = f(x>7 ut(xa 0) = g(.T), (10821)

using Green’s function, we proceed as follows.
We have a linear differential operator
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L= proie V2 (10.8.22)
where
L=1L,—cL, (10.8.23)
with
L = g—; (10.8.24)
and
Ly =V? (10.8.25)

We have the following Green’s formulae for L; and Ls:

to
; (10.8.26)

t1

¢
/ ’ [uLiv — vLyu] dt = uvy — vy

t1

[ [ [utoo —visidr = [ [@vo—vu)-nds (10.8.27)

Since Lu = Q(T, t)
and LG = 0(T — To)d(t — to),
and  uLv —vLu = uliv — vLju — ¢*(uLlyv — vLou),

/:///[uLv—vLu] det:///[uvt—vut]

It can be shown that Maxwell’s reciprocity holds spatially for our Green’s function, provided
the elasped times between the points T and T, are the same. In fact, for the infinite domain.

t

2 to
dz — 02/ //(qu —ovVu) - mdsdt

1 t
(10.8.28)

t

0 t <ty

G(Ta t; To, tO) =
—0 ([T = To| — et —to)] >t



or

0 t <ty

G(T, t; Ty, to) = 1

[T —T| — clto — t)] >t
A2l Ty — T 7o =] = c(to =) "

which is

We now let u = u(Z, t) be the solution to

Lu=Q(7, t)

subject to
wz, 0) = f(7), w7, 0)=yg(=),

and
v=G(T, ty; To, t) = G(To, to; T, t)

be the solution to
Lv = (5(T - $0)5(t - to)

subject to homogenous boundary condition
G(T, t; To, to) =0, fort <t
and the causality principle

G(T, to; To, t) =0 for to <t

If we integrate in time from ¢; = 0 to ty = t§ (a point just beyond the appearance of our
point source at (t = ty), we get

/otg /// u(T, t) 6(T — T)d(t — to) — G(T, to; To, 1) Q(T, t)| dTdt =

///[uGt — Gy

At t = t§ we have

t

o ty
dz —c /o {/ /(uVG’ GVu) - -nds| dt (10.8.30)

0

Gy(T, to; o, tJ) = 0, since to < tg
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G(T, to; To, t§) = 0, since ty < tg

Now using reciprocity, we see

W(Fo, to) = /Otg///(;(f, to: o, DQ(T, 1) d7 dt

+ [ [ [ @ 006G t0: 70, 0) = u(@, 0)Gu@, to; 7o, 0)] d

t+
- 02/0 U/(u(f, DV G(T, to; To, 1) — G(T, to; To, 1) Vu(T, 1)) -ﬁds} dt
0
(10.8.31)
Now exchange Ty with T and ty with ¢

u(T, t) = /Ot(T ///G(Eg, t; T, to)Q(To, to) dTy diy

+ /// [u(Zo, 0)G(To, t; T, 0) — u(To, 0)Gy, (To, t; T, 0)] dZo

ty
— 02/ |://(U(fo, to)VG(To, t, T, to) — G(fo, t, T, to)VU(fo, to)) . ﬁdSo] dto
0
(10.8.32)

Taking the limit as t§ — ¢ and recalling G (T, t; T, to) = G(T, t; To, to) yields

W@, 1) = /Ot///G(T, £ o, 10)Q(To, to) dTo dt
+ /// [9(T0)G(T, t; T, 0) — f(To)Gy, (T, t; To, 0)] dTg
_ & /Ot { [ [ @@, )96 . t; Fo, ) = G(E, t: Fo, 10)Vegu(o to))-ﬁdso] dto,

(10.8.33)

where V,, represents the gradient with respect to the source location 7.

The three terms represent respectivley the contributions due to the source, the initial con-
ditions, and the boudnary conditions. For our infinte domain, the last term goes away.
Hence, our complete solution for the infinite domain wave equation is given by
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u(T, t) = 47?20/ ///|x—x0\ — ¢t — t0)] Q(To, to) dTy dto

(10.8.34)
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10.9 Heat Equation on Infinite Domains

Now consider the Heat Equation

% = rkViu+Q(7, t) (10.9.1)

with initial condition
u(Z, 0) = ¢g(T) (10.9.2)

where T = (z, y, z). The spatial domain is infinite, i.e. ZeR>. If we consider a concentrated
source at T = T = (%o, Yo, 20) and at t = to, the Green’s function is the solution to

aa—f = kV2G +6(T — To)6(t — to) (10.9.3)

From the causality principle

G(E, t; To, to) =0 if t<t (1094)

We may also translate the time variable to the origin so

G(f, t, To to) = G(f, t— to; fo, 0) (1095)

We will solve for the Green’s function GG using Fourier transofrom because we lack boundary
conditions. For our infinite domain, we take the Fourier transforms of the Green’s function

G(E, t, fo, to)

We get the following O.D.E.

9= €
- = ——0(t—t 10.9.
BT + kG ok (t —to) (10.9.6)
where w? = - w,
with
G(w, t; Ty, ty) =0 for t <t (10.9.7)
So, for t > tg, -
%—Cj + kw?G =0 (10.9.8)
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Hence, the transform of the Green’s function is

0 t <ty
G = (10.9.9)
Ae v (t=to) ¢ 5 ¢

By integrating the ODE form ¢, to tJ we get

eim-fo —
o) but G(t;) =0, so

Gt~ Glty) =

—~

A =™ /(27)3, (10.9.10)
Hence, ‘
o ezm-fo 5
— . = _ —kw?(t—to)
G(w, t; Ty, ty) = —(27T)3e 0 (10.9.11)

Using the inverse Fourier transform, we get

0 t <ty

0o p—kw?(t—tg) o
/ SE— o e ET) g ¢ > 4,
—00 m

Recognizing this Fourier transofrm of the Green’s fucntion as a Gaussian, we obtain

0 t <ty
G(T, t; Ty, to) = 1 - 82 oo (10.9.13)
(2m)3 [Ii(t - to)] ezt
To solve the heat equation
ou 9 .
i kVu+ Q(T, t) (10.9.14)

using Green’s fucntion we proceed as follows. We have a linear differential operator

L= % — kV? (10.9.15)

where
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with
0

L, = — 10.9.17
Yot ( )

and
= V2. (10.9.18)

We have the following Green’s formula for Ls:

/// [uLov — vLou|dT = //(qu —oVu) - uds. (10.9.19)

However, for Ly, since it is not self-adjoint, we have no such result. Nevertheless, integrating
by parts, we obtain

to

to
/ ulivdt = uv

t1

t
—/2vL1udt (10.9.20)

11 t1

So that if we introduce the adjoint opeator L = —0/0t

We obtain
to to
/ [uliv — vliu] = —uw (10.9.21)
t1 t1
Since
defining
0
L' = —— — V2, 10.9.23
5 " ( )
to
we see / ///uL* —ovL*u] dT dt = ///uv dT+
t1
to
K,/ //(vVu —uVv) - mdsdt. (10.9.24)
t1
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To get a representation for u(Z, t) in terms of GG, we consider the source-varying Green’s

function, which using translation, is

G(f, tl, Ty, t) = G(T, —t, T, —tl)

and by causality
G(f, tl;Tl,t):O if t>t1.

Hence

So
L*[G(Z, t1; T1,t)] = 6(T — T1)0(t — t1)

where G(Z, t1; Ty, t) is called the adjoint Green’s fucntion. Furthermore,

G*(T, t, Tl,tl) = G(f, tl, Tl,t), and if ¢t > tl, G'=G=0.

We let u = u(T, t) be the solution to Lu = Q(Z, t) subject to u(z, 0) = g(T),
and v = G(T, ty; To,t) be the source-varying Green’s function satisfying

L*v = (5(f - fo)a(t - to)
subject to homogenous boundary conditions and

G(E, to; f(),t) =0 for ty>t.

Integrating from ¢; = 0 to t, = tJ, our Green’s formula becomes

/otg /// [ud(T — To)d(t — to) — G(T, to; To, )Q(T, t)] dT dt

= ///u(T, 0)G(T, to; To, 0) dT

to
+“/ // (G(T, to; To, t)Vu — uVG(T, to; To, t)] - ds dt.
0

(10.9.25)

(10.9.26)

(10.9.27)

(10.9.28)

(10.9.29)

(10.9.30)

(10.9.31)

(10.9.32)

Since G' = 0 for t > tg, solving for u(T, t), replacing the upper limit of integration t§ with

to, and using reciprocity (interchanging T and Ty, t and ) yields
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u(T, t) = /Ot///G(E, t; To, to)Q(To, to) dTo dio
+///G(T, t; To, 0)g(To) dTo

t
+/€/ // [G(f, t, To, to)VEOU(fo,to) — U(fo, to)VEOG(T, t, To,to)] . ﬁdSo dto (10933)
0

From our previous result, the solution for the infinite domain heat equation is given by

. to 1 3/2 _ m-3)? . B
w0 =) ] |a) e

+///f(fo) <47T1m)3/2 o el AT, (10.9.34)
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10.10 Green’s Function for the Wave Equation on a Cube

Solving the wave equation in R? with Cartesian coordinates, we select a rectangular domain

D={7=(x,vy, z) : ze[0, o], ye [0, 5], z€[0, 7]}

So that the wave equation is

O*u(T, t)

T — V2T, t) = Q(T, t) TeD, t>0 (10.10.1)

u(z, t) = f(z, t) TedD (10.10.2)

u(Z, 0) = ¢g(T), =D (10.10.3)
w (T, 0) = h(z) TeD (10.10.4)
Defining the wave operator
L o Ve (10.10.5)
ot?

we seek a Green’s function G(T, t, T, to) such that

Also,
G(f, t; To, to) =0 if t <t (10107)
G(f, tar, Zo, to) = 0, (10108)
and
Gi(T, t§; To, to) = 6(T — Tp) (10.10.9)

We require the translation property
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G(E, t, Zo, to) = G(E, t— to, Zo, 0) (101010)
and spatial symmetry

G(T, t— to, To, 0) = G(To, t— to; f, O) (101011)

provided the difference ¢t — ¢, is the same in each case.

We have shown that the solution to the wave equation is

(@, £) = /Ot [ [ ] 6@ 1570, t)Q(@, to) dro dty

+///D[h(T0)G(T, t; To, 0) — g(To)Gy, (T, t; To, 0)] dZo (10.10.12)

t
—02/0 {//3D f(f(), to)VgOG(f, t, f(), to) — G(E, t, f(), to)VEOf(fo, to)) . ﬁdé‘o dto

We therefore must find the Green’s function to solve our problem. We begin by finding the
Green’s function for the Helmholtz operator

Lu=YVu+cu=0 (10.10.13)

Where u is now a spatial function of T on D. The required Green’s function G.(T, 7o)
satisfies

V3G, + G, = 6(T — o) (10.10.14)

with homogeneous boundary conditions

G.(T)=0 for TedD (10.10.15)
We will use eigenfunction expansion to find the Green’s function for the Helmholtz equation.

We let the eigenpairs {¢n, Ay} be such that

Vipn + Ay =0 (10.10.16)
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Hence the eigenfunctions are

Gtmn (. y, 2) = sin (%) sin (%) sin (%) (10.10.17)

and the eigenvlaues are

é 2 2 2
W {(&) n (%) n (%) ] for €,m,n=1,23,... (10.10.18)

We know that these eigenfunctions form a complete, orthonormal set which satisfy the
homogeneous bounday conditions on 9D. Since G, also satisfies the homogeneous boundary
conditions, we expand G, in terms of the eigenfunctions ¢, where N represents the index
set {¢, m, n}, so that

Ge(T; To) = > Anodn(T) (10.10.19)
N
Substituting into the PDE (10.10.14) we see
Y AN(P = X)) on(T) = 8(T — To) (10.10.20)
N
If we multiply the above equation by ¢,, and integrate over D, using the fact that

///D Oy AT = Snu (10.10.21)

5 (z
Ay = CQN_(:’;O;V (10.10.22)

So that
Ge(T; To) =Y w (10.10.23)

There are two apparent problems with this form. The first is, it appears to not be symmetric
in T and Ty; However, if we note that the Helmholtz equation involved no complex numbers
explicitly, ¢y and ¢, are distinct eigenfunctions corresponding to the eigenvalue Ay and
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On(@o)on(@) o ¢N(fvo)¢N()

a , SO that
— /\?\, )\2

that the above expansion contains both the terms

the Green’s function is, in fact, symmetric and real.

We also see a potential problem when A% = ¢?. As a function of ¢, G, is analytic except

for simple poles at ¢ = +Ay, for which we have nontrivial solutions to the homogeneous
Helmholtz equation we must use modified Green’s functions as before when zero was an
eigenvalue.

We now use the Green’s function for the Helmholtz equation to find G(Z, t; T, to), the
Green’s function for the wave equation. We notice that G.(T; To)e”'CQt is a solution of the
wave equation for a point source located at T, since

—ic?t 2\72 —ic?t] A4 —ic?t 2| 2 = = —ic?t
pTe) [Gce } — Vs {Gce } = —c"Gee c‘ 2{ c+(T xo)} e (10.10.24)
= 25T —Tp)e !
So that
2 —ic%t 1o —ic?t = m )—ic?t
V2 |Goe ] — o (Gee™] = 6(z — Tp)e (10.10.25)
c
Using the integral representation of the § function
St —ty) = ! /OO e~tew(t=to) gy (10.10.26)
and using linearlity we obtain
1 g0 .
G(T, t; To, to) = 2—/ Go(T; Tp)e 1) d(c?) (10.10.27)
T J—o00

Although we have a form for the Green’s function, recalling the form for G., we note we
cannot integrate along the real axis due to the poles at the eigenvalues £\ . If we write the
expansion for G, we get

G(T, t; To, to) = / Zd)N ¢N xo)e*i*(t*to)d(&) (10.10.28)

Changing variables with wy = cAy, w =c¢
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2

c N 00 efiw(tfto)
G(T, t: To, to) = 2—Z¢N(T)¢N(To)/ S (10.10.29)

2 20
TN —00 WY — W

We must integrate along a contour so that G(T, t; To, tp) = 0 when t > t;, so we select
x + €i xe(—00, 00) as the contour. For ¢t > t(, we close the contour with an (infinite) semi-
circle in the lower half-plane without changing the value of the integral, and using Cauchy’s

2T
formula we obtain — sinfwy (t — tp)]. If t < ¢y, we clsoe the contour with a semi-circle in
w

N
the upper half-plane in which there are no poles, and the integral equals zero.

Hence

sinfwpy (t — to)]

G(T, t; Ty, to) = ¢ >

N WN

H(t — to) o (To) o (T) (10.10.30)

where H is the Heaviside function, and wy = cAy.
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SUMMARY

Let Ly = —(py') + qu.

e To get Green’s function for Ly = f, 0<z<l,

y(0) = hoy'(0) = y(1) — hay/(1) = 0.

Step 1: Solve
Lu =0, u(0) — hou'(0) = 0,

and
Lo =0, v(1) — hy'(1) = 0.
Step 2:
u(s)v(x) 0<s 1
Gla;s) = { u(z)v(s) 0<r<s<l1
Step 3:
1
v= [ Gless)f(s)ds.
where
LG =6(x — s).
G satisfies homogeneous boundary conditions and a jump
0G(s*;s) 0G(s7;s) 1
oz or  p(s)

e To solve Ly — Ary = f, 0<z<l,

where

e Properties of Dirac delta function

e Fredholm alternative
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e To solve Lu = f, 0<z<l, u(0) = A, u(l) = B,
and A = 0 is not an eigenvalue:

Find G such that

LG =6(x —s), G(0;5) = A, G(1;s) = B.
u(s) = /01 G(z;s)f(z)dr + BG,(1;5) — AG.(0; s)

e To solve Lu = f, 0 < x < 1 subject to homogeneous boundary conditions

and A = 0 is an eigenvalue:

Find G such that

£6 = 8z — 5) — 2lDnls)
o vp(x)de
where vy, is the solution of the homogeneous
[:Uh = 0,

The solution is

u(z) = /OL f(s)G(z; s)ds.

e Solution of Poisson’s equation
Vi = £(7)
subject to homogeneous boundary conditions.

The Green’s function must be the solution of
VZG(ﬁ 70) = 0(z — 0)d(y — Yo)
where
7= (z,y)
subject to the same homogeneous boundary conditions.

The solution is then

mm://ﬂ@Gm%m@
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e To solve Poisson’s equation with nonhomogeneous boundary conditions
Viu = f(7)

u = h(r), on the boundary,

Green’s function as before
V2G = §(z — 20)8(y — %o),
with homogeneous boundary conditions
G(r;79) = 0.
The solution is then

u(f) = / / FR)G(7 ) dry + 74 h(7)VG - fids.

e To solve
Viu = f, on infinite space with no boundary.

Green’s function should satisfy

V3G = 6(z — 20)8(y — o), on infinite space with no boundary.

For 2 dimensions

1
G(r) = gy Inr,

ou
li —7rlnr— | =0.
1m<u rnra>

rT—00 T

u(®) = [ [ £03)G ),

For 3 dimensional space

For upper half plane

N2 R
a1y (z —x0)” + (¥ — %)
dr - (x —20)? 4+ (y + 40)?

, method of images

y

u?) = [ [ H0DGERT + [ hian) o B

r—x0)% 4y
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e To solve the wave equation on infinite domains

2
% 2V 4 Q(F, 1)

u(T, 0) = f(7)
w(T, 0) = ¢(7)

0 t <ty
G(Z, t; To, to) =

47T2p05(p — C(t — to)) t >ty

uw(, t) = 47320 /Ot/// ’f_lfo‘é'“f—fo‘ — c(t = to)] Q(To, to) dTo dty

+4;2C///%5HE—TOI—c(t—to)]— J@)_ 0 51 ol — et = to)] drio

|T — To| Oty

e To solve the heat equation on infinite domains

% =rkViu+Q(7, t)
u(z, 0) = g(T)
0 t <ty

G(z, t; To, ty) =

1 G e t>t
r(t—tg >
2m) |kt —to)| © 0

B to 1 2 mmr B
v 0= | e

+///f(f°) (473@)3/2 T damy

268




e To solve the Wave Equation on a Cube

O*u(T, t)

T I VAT, t) =Q(F, t) TeD, t>0

u(z, t) = f(T,t) TedD
u(Z, 0) = ¢g(T), =D
w (T, 0) = h(T) TeD

D={T=(x,y,2): ze)0, a], ye[0, B], z[0, 7]}

sinfwy (t — to)]

G(f, t, To, to) = C2 Z

N wN

H(t —to)on (To)pn (T)

where H is the Heaviside function, wy = c\y, and Ay and ¢y are the eigenvalues and
eigenfunctions of Helmholtz equation.

u(T, t) = /Ot///DG(E, t; To, to)Q(To, to) dTo dto

+ [ [ [ @6, 7. 0) - g(m)Ga (@ £ 7o, 0)] dao

t
—02/ {// f(fo, to)VgOG(f, t, To, to) — G(T, t, To, to)Vgof(To, to)) . ﬁdSO dto
0 oD

269



11 Laplace Transform

11.1 Introduction

Laplace transform has been introduced in an ODE course, and is used especially to solve
ODEs having pulse sources. In this chapter we review the Laplace transform and its proper-
ties and show how it is used in analyzing PDEs. It should be noted that most problems that
can be analyzed by Laplace transform, can also be analyzed by one of the other techniques
in this book.

Definition 22: The Laplace transform of a function f(t¢), denoted by L[f(t)] is defined by

Clf] = /Ooo F(t)e*tdt, (11.1.1)

assuming the integral converges (real part of s > 0).

We will denote the Laplace transform of f by F(s), exactly as with Fourier transform.
The Laplace transform of some elementary functions can be obtained by definition. See
Table at the end of this Chapter.

The inverse transform is given by

f) = £ R = 5 [ Fls)etds, (11.1.2)
y—1i00

where « is chosen so that f(t)e " decays sufficiently rapidly as t — oo , i.e. we have to
compute a line integral in the complex s-plane.

From the theory of complex variables, it can be shown that the line integral is to the
right of all singularities of F'(s). To evaluate the integral we need Cauchy’s theorem from the
theory of functions of a complex variable which states that if f(s) is analytic (no singularities)
at all points inside and on a closed contour C', then the closed line integral is zero,

]{ f(s)ds = 0. (11.1.3)
c
If the function has singularities at s,, then we use the Residue theorem,
1
— 750 F(s)eds = S residue (F(s)e™). (11.1.4)

P(s) . . .
Example If F(s) = m has simple poles at s, (i.e. Q(s,) =0, s, all simple zeros), then
— s

. P(sn)
residue (F(s,)e*"t) = — "2 ¢St
242 4

Example Find £} FAesta .
— s(s2+1)
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The zeros of denominator are s = 0, +¢. The residues are

4 P +2i+4 , (—1)*—2i+4
t) = ~.0 it —it
)= e+ —r ¢

342 , 3—2 _,
e — (&
2 2

—4—

=4 —3cost+ 2sint
We can use the table and partial fractions to get the same answer.

Laplace transform of derivatives

L [ﬁl - [ ge’“dt

i) how
= FOe e s [ fe (19
— SF(s) - £(0)
2 ol oo
= s[sF(s) = F(0)] - £(0) (10
= 5°F(s) — sf(0) — f'(0)
Convolution theorem
LU F(s)G(s)] = g% f = Otg(T)f(t ). (11.1.7)
Dirac delta function
LSt —a)] = /0°° 3(t —a)eStdt = e, a >0, (11.1.8)
therefore
L5(t)] = 1. (11.1.9)
Example Use Laplace transform to solve
y" + 4y = sin 3, (11.1.10)
y(0) =y'(0) = 0. (11.1.11)



Taking Laplace transform and using the initial conditions we get

3
’y 4Y (8) = ——.
PY(s) + 4V () =
Thus 3
Y(s) = . 11.1.12
A ( )
The method of partial fractions yields
3/5 3/5 3 2 1 3
Y(s)=— T2 70 <2 2 R 2 2°
s*+4 s2+9 10s2+2 55443
Using the table, we have
(x) S 2 L 3 (11.1.13)
x) = —sin 2z — — sin 3. 1.
Y 10 5

Example Consider a mass on a spring with m = k = 1 and y(0) = y'(0) = 0. At each of
the instants t = nm, n =0,1,2,... the mass is struck a hammer blow with a unit impulse.
Determine the resulting motion.

The initial value problem is

y'+y = i(s(t—mr), (11.1.14)
y(0) =y'(0) = 0. (11.1.15)

The transformed equation is

s2Y (s) +Y(s) = i)e_””.

Thus -
efnrrs
Yi(s) = - 11.1.16
@)= oy (11.1.16)
and the inverse transform
y(t) =Y H(t — nm)sin(t — nm). (11.1.17)

n=0
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Problems

1. Use the definition to find Laplace transform of each
a. 1.

b. e,

c. sinwt.

d. coswt.

e. sinhwt.

f. coshwt.

g. H(t—a), a> 0.

2. Prove the following properties

o Ll-tf(t) = Cfl—f.
b L|e"f(t)] = F(s —a).

c. L[H({t—a)f(t—a)]=e*F(s), a>0.

3. Use the table of Laplace transforms to find

a. te 2t

b.  tsin?2t.

c. H(t-1).

d.  e*sinbt.

e. te *cost.

f. 2H(t —2).

g.
0 t<l1
t?1<t<?2
t 2<t

4. Find the inverse Laplace transform for each

1
a. .
s24+4
b. 6—35
s2—4
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s
24+ 85+ T
25 —1
s2—4s+9
s

2 —4s5—5
Use the tables to find the inverse Laplace transform
1
(s+1)%
1

49 .
M(kfm‘*).

Solve the following ODEs

dy
— =1 0) = 2.
dy de7t t < 8
dt 3y = { 2 t>8
y(0) =1
d2
d—tg +y = cost, y(0) =4'(0) = 0.
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11.2 Solution of Wave Equation

In this section, we show how to use Laplace transform to solve the one dimensional wave
equation in the semi-infinite and finite domain cases.
Consider the vibrations of a semi-infinite string caused by the boundary condition, i.e.

Uy — gy = 0, O<z<oo, t>0, (11.2.1)
u(z,0) =0, (11.2.2)
ug(x,0) =0, (11.2.3)
u(0,t) = f(t) (11.2.4)
A boundary condition at infinity would be
lim u(x,t) =0. (11.2.5)

T— 00

Using Laplace transform for the time variable, we get upon using the zero initial conditions,
s*U(x,8) — ?Uyy = 0. (11.2.6)

This is an ordinary differential equation in x (assuming s is fixed). Transforming the bound-
ary conditions,

U(0,s) = F(s), (11.2.7)
lim U(z,s) = 0. (11.2.8)

The general solution of (11.2.6) subject to the boundary conditions (11.2.7)-(11.2.8) is
U(z,s) = F(s)e <, (11.2.9)

To invert this transform, we could use the table

x x
m%wzﬂ(pujfﬁ——) (11.2.10)
c c
The solution is zero for x > ct, since the force at x = 0 causes a wave travelling at speed ¢
to the right and it could not reach a point x farther than ct.

Another possibility to invert the transform is by using the convolution theorem. This

requires the knowledge of the inverse of e <*, which is & <t — f) Thus
c
0 t<Z
t " c
u(e,t) = [ F(m)(t ==~ r)dr =
0 c x
f (t — —> t>—,
c c

which is the same as (11.2.10).
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We now turn to the vibrations of a finite string,

Ut — gy = 0, O<z<L,
u(z,0) =0,
u(z,0) =0,

The Laplace transform will lead to the ODE
s*U(x,8) — Uy = 0,
U(0,s) =0,
U(L,s) = B(s),

for which the solution is )
sinh sZ

V(z,s) = B(s)

ﬁnhs%

In order to use the convolution theorem, we need to find the inverse transform of

sinh s%

G(z,s) =

ﬂnhs%

Using (11.1.2) and (11.1.4) we have

g(:[‘,t) = 5

1 /W+i<>° sinh sZ
271

y—100 sinh S%

The zeros of denominator are given by
L
sinh —s = 0,
c

and all are imaginary,

L

ceds = residue (G(x, sn)eS"t) :

1—S, = N, n==1,£2,...
c

or

Sy = —inT—,  n=41,42,...

L

The case n = 0 does not yield a pole since the numerator is also zero.

—1 00

oo t) = Z Lsinh (—inm ) ginmst ZL

smh

nie Zcosh &(— m7TL)

= [

Using the relationship between the hyperbolic and circular functions

sinh(+iz) = tisinz, cosh(+iz) = cosx,
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cosh (—imr%)

11.2.11

11.2.12
11.2.13
11.2.14
11.2.15

o~ o~ o~ o~~~
~— ~— ~— ~—  ~—

(11.2.16)

(11.2.17)
(11.2.18)

(11.2.19)

(11.2.20)

(11.2.21)

(11.2.22)

(11.2.23)

(11.2.24)



we have after we take m = —n in the first sum

> isinZ(mmy)
g(w,t) = Z L

o0

efimﬂ%t + —isin _(nﬂ-f) eimr%t
= LeosL(mme) nz::l LcosL(nme)
Now combining both sums
x,t) = Z: 2%(—1 sin —— sin n—gct. (11.2.25)
Thus by the convolution theorem, the solution is
t [ 9
u(z,t) = /o Lz:l LC( 1)" sin n%x sin n—;c(t - 7')] b(T)dr
(11.2.26)
= nzz:l LC( 1)" sin n%x ; b(T) sin n%c(t — 7)dT
or
An( 11.2.27

Z sm L ( )

where 5 .
Ault) = T

Z(-1y" /0 b(7) sin %C(t —7)dr

. (11.2.28)
Note that this solution does NOT satisfy the boundary condition at x = L. Another way to
1

obtain the inverse transform of (11.2.19) is by expanding the quotient using Taylor series of
1—_57 with 5 = 672%8

sinh s% ees — et
sinh s%

ees (1 — 6’2%5)

(11.2.29)
_ i [e_san—Cx+L _ 6_§2nLtac+L:|
n=0

Since the inverse transform of an exponential function is Dirac delta function, we have
o

EREDS [5 (t—

2nL x—i—L) (5(15 2nL +x + L
n=0 c
The solution is now

; )] . (11.2.30)
(1) / z:: [ ( 2nL —x + L

: _ T) iy (t _ w . r>] (11.2.31)
u(z,t) = i [b (t -

2nL—x+L) b(t nL+x+ L
n=0 ¢

: 11.2.32

)] (123

This is a different form of the same solution. Now if you check the value at x = L, we have
£ si

exactly b(t) since the second term with n cancels the first term with n + 1 and we have left
with only one term, that is the first term with n =0

or
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Problems

1. Solve by Laplace transform

Ut — CPUyy = 0, —00 < T < 00,
U(ZL‘,O) = f(l‘),
ug(x,0) = 0.

2. Solve by Laplace transform

Upp — Uge = 0, —o00 < x < 00,
u(z,0) =0,
Ut(.T,O) = g( )

3. Solve by Laplace transform

Ut — gy = 0, O<z<L,
u(z,0) =0,
uy(z,0) =0,
u.(0,t) =0,
u(L,t) = b(t)

4. Solve the previous problem with the boundary conditions
u.(0,t) =0,

ug (L, t) = b(t).

5. Solve the heat equation by Laplace transform
Up = Ugy, O<z<L,

u(z,0) = f(x),
u(0,t) = u(L,t) = 0.

278



SUMMARY

Definition of Laplace transform

assuming the integral converges (real part of s > 0).

The inverse transform is given by

F) = £71F6) = o [ T p(syetds,

where 7 is chosen so that f(t)e™?" decays sufficiently rapidly as t — oo .

Properties and examples are in the following table:
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Table of Laplace Transforms

f(x)

1

" (n>-—1)
4a

eat

sin wt

cos wt

sinh at

cosh at

df
dt
d>f
dt?
daf
At

tf(t)
" f(t)

Sn+1

I'(a+1)
8a+1

s—a
52 4+ w?

52 + w?
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12 Finite Differences

12.1 Taylor Series

In this chapter we discuss finite difference approximations to partial derivatives. The ap-
proximations are based on Taylor series expansions of a function of one or more variables.
Recall that the Taylor series expansion for a function of one variable is given by

flx+h) = f(x)+ %f’(z) + Z—jf’(a:) + - (12.1.1)

The remainder is given by
n

fOO—  gelwa+h). (12.1.2)

For a function of more than one independent variable we have the derivatives replaced by
partial derivatives. We give here the case of 2 independent variables

h k h?
flx+hy+k) = flz,y)+ fo(flr,y) + ny(x, y) + Efm(x, y)
2hk k2 h3 3h2%k
3hk? k3
+foyy(xa y) + gfyyy(xa y) A+
(12.1.3)
The remainder can be written in the form
1 0 o\"
— |h=— 4+ k=— | f(z+06h,y+0k), 0<o<1. (12.1.4)
n! \ Ox dy

Here we used a subscript to denote partial differentiation. We will be interested in obtaining
approximation about the point (z;,y;) and we use a subscript to denote the function values
at the point, i.e. f;; = f(zi,y;).

The Taylor series expansion for f;1; about the point z; is given by

h? h?
fii = fi+hfl + Efi” + gf;’ 4+ (12.1.5)

The Taylor series expansion for fii1 ;41 about the point (x;,y;) is given by

h? h:
fi+1j+1 - fij + (hacfac + hyfy)ij + (?facac + h:vhyf:vy + 3yfyy)ij + - (1216)

Remark: The expansion for f;1;; about (x;,y;) proceeds as in the case of a function of one
variable.
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12.2 Finite Differences

An infinite number of difference representations can be found for the partial derivatives of
f(z,y). Let us use the following operators:

forward difference operator Apfii = fix1j— fij (12.2.1)
backward difference operator Vaofii = fij— fic1j (12.2.2)
centered difference Oufii = fir1j— fic1j (12.2.3)
Ocfij = Jfirrp2j — ficry2y (12.2.4)
averaging operator pafi; = (fix1y25 + ficiy25)/2 (12.2.5)

Note that _
By = (120 (12.2.6)

In a similar fashion we can define the corresponding operators in y.
In the following table we collected some of the common approximations for the first
derivative.

Finite Difference Order (see next chapter)
1
h_Axfz] O(hx)
1
h_vxfz] O(hx)
1 =
o Oxfis O(h2)
1 1 1., ,
th(_?’f“ +4fiv1 — fiveg) = h_x(Ax = 58)fi; O(h;)
1 1 1
2—]%(31‘%]' —Afic1j+ fimzj) = h—x(Vx + ivi)fij O(h2)
1 1
1 0.fi

2hy 14 202

Table 1: Order of approximations to f,

The compact fourth order three point scheme deserves some explanation. Let f, be v,
then the method is to be interpreted as

1 1 -
or ] ]
6(“z‘+1j + 4Uij + Ui—lj) = ﬁgxfij . (122'8)
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0
This is an implicit formula for the derivative 8_f at (x;,y;). The v;; can be computed from
x

the f;; by solving a tridiagonal system of algebraic equations.
The most common second derivative approximations are

1

fuzliy = ﬁ(fu —2fiv15 + five;) + O(hy) (12.2.9)
1

faslis = 55 (fis = 2fim1i + fimas) + O(ha) (12.2.10)
1

faalij = ﬁ(ﬁfij +O(h2) (12.2.11)
1 03fi; "

Juslij = 2T 1p2 + O(h;) (12.2.12)

Remarks:

1. The order of a scheme is given for a uniform mesh.

2. Tables for difference approximations using more than three points and approximations
of mixed derivatives are given in Anderson, Tannehill and Pletcher (1984 | p.45).

3. We will use the notation

02 == (12.2.13)

The centered difference operator can be written as a product of the forward and backward
operator, i.e.
62fi; = Valifij. (12.2.14)

This is true since on the right we have
Vo (fiv1j— fij) = fivj— fiz — (fiz — ficaj)

which agrees with the right hand side of (12.2.14). This idea is important when one wants
to approximate (p(z)y'(x))" at the point z; to a second order. In this case one takes the
forward difference inside and the backward difference outside (or vice versa)

Yi+1 — Yi
Va ( 17> 12.2.15
P ( )

and after expanding again
p‘yi-i-l Y Dy 1%‘ — Y
¢ Az T Az

12.2.16
Ax ( )

or
DiYis1 — (Di + Die1) Yi + Pic1Yio1
(Ax)® '

Note that if p(x) = 1 then we get the well known centered difference.

(12.2.17)
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A Ax Ojaax C

Figure 62: Irregular mesh near curved boundary

12.3 Irregular Mesh

Clearly it is more convenient to use a uniform mesh and it is more accurate in some cases.
However, in many cases this is not possible due to boundaries which do not coincide with the
mesh or due to the need to refine the mesh in part of the domain to maintain the accuracy.
In the latter case one is advised to use a coordinate transformation.

In the former case several possible cures are given in, e.g. Anderson et al (1984). The
most accurate of these is a development of a finite difference approximation which is valid
even when the mesh is nonuniform. It can be shown that

2 Ue — U  UO — uA)
cx| = — 12.3.1
Y o (1+a)h, ( ahy h, ( )

Similar formula for u,,. Note that for = 1 one obtains the centered difference approx-
imation.

We now develop a three point second order approximation for Iz on a nonuniform mesh.
x

0
—f at point O can be written as a linear combination of values of f at A, O, and B,

ox

| = Cp(A) + Caf(0) + o (B). (12:3.2)
X 10

Figure 63: Nonuniform mesh

We use Taylor series to expand f(A) and f(B) about the point O,

A Ly A

f(A) = £(O = Az) = f(0) = Axf'(0) + =~ f"(0) = =—f"(0) % - (12.3.3)
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o’ Ax? B Ax3

f(B) = F(O+alx) = [(0) + ol ['(0) + —5—["(0) + —=—["(0) +--- (1234)
Thus
of af Ax? 02 f
% o = (01 + 02 + Cg)f(O) + (0603 — Cl)AZE% o + (Ol + O[2C3)T@ i
(12.3.5)
Az P f
+ (06303—01)7%0
This yields the following system of equations
Ci+0C+C5=0 (12.3.6)
—C; +aCs = Ar (12.3.7)
C, +a’C3=0 (12.3.8)
The solution is
« a—1 1
@ (a+1)Ax’ Ce alAx’ Cs ala+1)Ax (12:3.9)
and thus
of  —a*f(A)+ (> =1)f(O)+ f(B) «a, ,0f
o= — Az —= e 12.3.1

Note that if the grid is uniform then o = 1 and this becomes the familiar centered difference.

12.4 Thomas Algorithm

This is an algorithm to solve a tridiagonal system of equations

dl ap C1
by dy as _ Co
by ds as u = ey (12.4.1)

The first step of Thomas algorithm is to bring the tridiagonal M by M matrix to an upper
triangular form

bi .
dz‘ — dz - d—ai_l, 1= 2, 3, Tty M (1242)
i—1
bi :
C; < C; — d—CZ‘_l, 1= 2, 3, tety M. (1243)
i—1
The second step is to backsolve
u = M (12.4.4)
dm
= G~ 4 Ut j=M—1,---,1. (12.4.5)

d.:

J
The following subroutine solves a tridiagonal system of equations:
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subroutine tridg(il,iu,rl,d,ru,r)

solve a tridiagonal system
the rhs vector is destroyed and gives the solution
the diagonal vector is destroyed

O o0 o0 o 0

integer il,iu
real r1(1),d(1),ru(1),r(1)

the equations are
rl(i)*u(i-1)+d(i)*u(i)+ru(i)*u(i+1)=r(i)
il subscript of first equation

iu subscript of last equation

Qo

ilp=il+1
do 1 i=ilp,iu
g=r1(i)/d(i-1)
d(i)=d(i)-g*ru(i-1)
r(i)=r(i)-g*xr(i-1)
1 continue

Back substitution

r(iu)=r(iu)/d(iu)
do 2 i=ilp,iu
j=iu-i+il
r(j)=((G)-ru(G)*r(j+1))/d(j)
2 continue
return
end

12.5 Methods for Approximating PDEs

In this section we discuss several methods to approximate PDEs. These are certainly not all
the possibilities.

12.5.1 Undetermined coefficients

In this case, we approximate the required partial derivative by a linear combination of
function values. The weights are chosen so that the approximation is of the appropriate
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order. For example, we can approximate u,, at z;, y; by taking the three neighboring
points,
Uggl;; = Auiprj + Buij + Cuioyj (12.5.1.1)

Now expand each of the terms on the right in Taylor series and compare coefficients (all
terms are evaluated at i j)

h? h3 ht
(12.5.1.2)
h? h3 h*
+u+C<u hu—|—2u 5 U +24u )
Upon collecting coefficients, we have
A+B+C=0 (12.5.1.3)
A-C=0 (12.5.1.4)
h2
(A+ C)E =1 (12.5.1.5)
This yields
1
A=C= 2 (12.5.1.6)
—2
B = = (12.5.1.7)
The error term, is the next nonzero term, which is
h* h?
A — = — . 12.5.1.
(A+ C) g taree = T3 Uewwe (12.5.1.8)

We call the method second order, because of the h? factor in the error term. This is the
centered difference approximation given by (12.2.11).
12.5.2 Integral Method

The strategy here is to develop an algebraic relationship among the values of the unknowns at
neighboring grid points, by integrating the PDE. We demonstrate this on the heat equation
integrated around the point (x;, ¢,). The solution at this point can be related to neighboring
values by integration, e.g.

xj+Ax/2 tn+AL tn+AL z;j+Ax/2
/ (/ Uy dt) dr = 04/ </ Upy dx) dt. (12.5.2.1)
z;—Ax/2 tn tn x;—Ax/2

Note the order of integration on both sides.

z;j+Ax/2 tn+At
/ ) (u(z, t, + At) —u(z, t,) ) doe = a/ (ug(z; + Ax/2,t) — uz(z; — Ax/2,1)) dt.
J,’]'—AJ,’ 2 tn
(12.5.2.2)

287



Now use the mean value theorem, choosing x; as the intermediate point on the left and
t,, + At as the intermediate point on the right,

(w(zj, tn + At) —u(xj, t,) ) Az = a (uy(z; + Ax/2,t, + At) — u,(x; — Azx/2,t, + At)) At.
(12.5.2.3)
Now use a centered difference approximation for the u, terms and we get the fully implicit

scheme, i.e.
n+1 n n+1 ntl ntl
L A auj+1 — 2u; +uj—1' (12.5.2.4)
At (Az)?

12.6 Eigenpairs of a Certain Tridiagonal Matrix

Let A be an M by M tridiagonal matrix whose elements on the diagonal are all a, on the
superdiagonal are all b and on the subdiagonal are all c,

a b
c a b
c a

A= b (12.6.1)

c a

Let A be an eigenvalue of A with an eigenvector v, whose components are v;. Then the

eigenvalue equation
Av = v (12.6.2)

can be written as follows

(a — N)vy + buy
cv1+(a—ANva+bvg = 0

CUj—1 + (CL — /\)Uj + ij.H = 0

cop—1 + (a— Ny = 0.
If we let v9 = 0 and vy, = 0, then all the equations can be written as
cvj_1 + (@ — N)vj + bvjp =0, j=12 ..., M. (12.6.3)
The solution of such second order difference equation is
v; = Bmi + Cmj} (12.6.4)
where m; and my are the solutions of the characteristic equation

c+ (a—N)m+bm? = 0. (12.6.5)
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It can be shown that the roots are distinct (otherwise v; = (B + C j)m? and the boundary

conditions forces B = C' = 0). Using the boundary conditions, we have

B+C=0
and
BmM+! 4 mdi+t = g,
Hence M
<@) =T s=1,2... M
mo
Therefore

o 2571/ (M+1)
me

From the characteristic equation, we have

c
mimseg = 57

my = \/?esm'/(MJrl)'
b
My = \/ge—sm'/(M—H)'

Again from the characteristic equation

eliminating my leads to

Similarly for mao,

my + me = ()\—a)/b,

giving
C . .
_ = smi/(M+1) —smi/(M+1)
A=a+ b\/; (e +e ) :

Hence the M eigenvalues are

/\S:a—i—Qb\/gcosMSij_l, s=1,2,..., M.

The jth component of the eigenvector is
. . eN\i/rz o
v; = Bmi+Cmy =B (—) (e]s”/(M“) — e*JS’”/(M“))
b Y

that is

_/ce\? . s
v; = 2B (5> smM+1.

(12.6.6)

(12.6.7)

(12.6.8)

(12.6.9)

(12.6.10)

(12.6.11)

(12.6.12)

(12.6.13)

(12.6.14)

(12.6.15)

(12.6.16)

(12.6.17)

Use centered difference to approximate the second derivative in X” + XX = 0 to estimate

the eigenvalues assuming X (0) = X (1) = 0.
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13 Finite Differences

13.1 Introduction

In previous chapters we introduced several methods to solve linear first and second order
PDEs and quasilinear first order hyperbolic equations. There are many problems we cannot
solve by those analytic methods. Such problems include quasilinear or nonlinear PDEs which
are not hyperbolic. We should remark here that the method of characteristics can be applied
to nonlinear hyperbolic PDEs. Even some linear PDEs, we cannot solve analytically. For

example, Laplace’s equation
Ugpy + Uyy = 0 (13.1.1)

inside a rectangular domain with a hole (see figure 64)

Figure 64: Rectangular domain with a hole

Figure 65: Polygonal domain

or a rectangular domain with one of the corners clipped off.

For such problems, we must use numerical methods. There are several possibilities, but
here we only discuss finite difference schemes.

One of the first steps in using finite difference methods is to replace the continuous
problem domain by a difference mesh or a grid. Let f(x) be a function of the single inde-
pendent variable z for a < x < b. The interval [a, b] is discretized by considering the nodes
a=x9 <1 <--<xy <Tny =0, and we denote f(z;) by f;. The mesh size is ;.1 — x;
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and we shall assume for simplicity that the mesh size is a constant

b—a
N +1

h= (13.1.2)

and
zi=a+ih i=0,1,---,N+1 (13.1.3)

In the two dimensional case, the function f(z,y) may be specified at nodal point (z;, y;)
by fi;. The spacing in the z direction is h, and in the y direction is h,,.

13.2 Difference Representations of PDEs

I. Truncation error

The difference approximations for the derivatives can be expanded in Taylor series. The
truncation error is the difference between the partial derivative and its finite difference rep-
resentation. For example

ferl] fm

f. -

L o fij = fx (13.2.1)

i h

. (13.2.2)

—fao
iJ 2'

We use O(h,) which means that the truncation error satisfies |T. E.| < K|h,| for h, — 0,
sufficiently small, where K is a positive real constant. Note that O(h,) does not tell us the
exact size of the truncation error. If another approximation has a truncation error of O(h2),
we might expect that this would be smaller only if the mesh is sufficiently fine.

We define the order of a method as the lowest power of the mesh size in the truncation
error. Thus Table 1 (Chapter 8) gives first through fourth order approximations of the first
derivative of f.

The truncation error for a finite difference approximation of a given PDE is defined as
the difference between the two. For example, if we approximate the advection equation

oF oOF
e =0, >0 (13.2.3)

by centered differences
Fijp1— Fij " CFz'Hj — Fi

2At 2Ax

—0 (13.2.4)

then the truncation error is

oF  OF Fij1— Fi Fi,— Fiq
7 =2 or g+ ij—1 i+1j i—1j 13.2.5
< ot “ou ) oAl ‘T oAs (13.2:5)
ZOPF G OPF
= _éAt 5 % Aa: s higher powers of At and Az.
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We will write
T.E. = O(At?, Az?) (13.2.6)

In the case of the simple explicit method

u T — ul o —2ut +ul
j j j+1 j j—1
— 13.2.7
for the heat equation
U = Ky (13.2.8)
one can show that the truncation error is
T.E. = O(At, Ax?) (13.2.9)

since the terms in the finite difference approximation (13.2.7) can be expanded in Taylor

series to get
At Az)?
Uy — kumx + utt? - kumxmx% + -
All the terms are evaluated at x;, t,,. Note that the first two terms are the PDE and all other
terms are the truncation error. Of those, the ones with the lowest order in At and Ax are

called the leading terms of the truncation error.

Remark: See lab3 (3243taylor.ms) for the use of Maple to get the truncation error.

IT. Consistency
A difference equation is said to be consistent or compatible with the partial differential
equation when it approaches the latter as the mesh sizes approaches zero. This is equivalent
to
T.E.— 0 as mesh sizes — 0.

This seems obviously true. One can mention an example of an inconsistent method (see e.g.
Smith (1985)). The DuFort-Frankel scheme for the heat equation (13.2.8) is given by

n+1 n—1 n n+1 n—1 n
Al S5 Bt Ml U B (13.2.10)
2At Ax?
The truncation error is
kot o, O%um At\? 10
— = - (=) —==—| (A)?*+--- 13.2.11
2o~ T ok, <A1:> oo, A T (13.2.11)

At
If At, Ax approach zero at the same rate such that N constant = 3, then the method is
x

inconsistent (we get the PDE
U + Py = Ktgy

instead of (13.2.8).)
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ITI. Stability

A numerical scheme is called stable if errors from any source (e.g. truncation, round-off,
errors in measurements) are not permitted to grow as the calculation proceeds. One can
show that DuFort-Frankel scheme is unconditionally stable. Richtmeyer and Morton give a
less stringent definition of stability. A scheme is stable if its solution remains a uniformly
bounded function of the initial state for all sufficiently small At.

The problem of stability is very important in numerical analysis. There are two methods
for checking the stability of linear difference equations. The first one is referred to as Fourier
or von Neumann assumes the boundary conditions are periodic. The second one is called
the matrix method and takes care of contributions to the error from the boundary.

von Neumann analysis
Suppose we solve the heat equation (13.2.8) by the simple explicit method (13.2.7). If a
term (a single term of Fourier and thus the linearity assumption)

€ = eln ettt (13.2.12)

is substituted into the difference equation, one obtains after dividing through by e%rei*mi

e =1+ 2r(cos B — 1) = 1 — 4rsin? g (13.2.13)
where A
r=k——m (13.2.14)
(Az)
2
B=knAx, k= ;—?,mzo,...,M, (13.2.15)
where M is the number of Ax units contained in L. The stability requirement is
e®) < 1 (13.2.16)
implies
1
r < 3" (13.2.17)

The term || also denoted G is called the amplification factor. The simple explicit method
is called conditionally stable, since we had to satisfy the condition (13.2.17) for stability.

One can show that the simple implicit method for the same equation is unconditionally
stable. Of course the price in this case is the need to solve a system of equations at every
time step. The following method is an example of an unconditionally unstable method:

n+l _ ,n—1

no o 4y
J Y :k,uj+1 2uj+uj_1

2At Az?

u

(13.2.18)

This method is second order in time and space but useless. The DuFort Frankel is a way to
stabilize this second order in time scheme.

IV. Convergence
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A scheme is called convergent if the solution to the finite difference equation approaches
the exact solution to the PDE with the same initial and boundary conditions as the mesh
sizes apporach zero. Lax has proved that under appropriate conditions a consistent scheme
is convergent if and only if it is stable.

Lax equivalence theorem

Given a properly posed linear initial value problem and a finite difference approximation
to it that satisfies the consistency condition, stability (a-la Richtmeyer and Morton (1967))
is the necessary and sufficient condition for convergence.

V. Modified Equation

The importance of the modified equation is in helping to analyze the numerical effects of
the discretization. The way to obtain the modified equation is by starting with the truncation
error and replacing the time derivatives by spatial differentiation using the equation obtained
from truncation error. It is easier to discuss the details on an example. For the heat equation

up — kg, = 0

we have the following explicit method

U/T-l+1 _an

u’ ul oy —2ut +ul
: It~ Il g, (13.2.19)
At (Ax)
The truncation error is (all terms are given at ¢,, z;)
At Az)?
i = Kty = =t + %kumm +.. (13.2.20)

This is the equation we have to use to eliminate the time derivatives. After several differen-
tiations and substitutions, we get

up—kty, = —lijt + k(Ax)Q (T— Fk‘3 (At)? — ik2At (Az)® + ik‘ (Az)* | u +

It is easier to organize the work in a tabular form. We will show that later when discussing
first order hyperbolic.

1
Note that for r = 6 the truncation error is O(At?, Az*). The problem is that one has

1
to do 3 times the number of steps required by the limit of stability, r = 3"

Note also there are NO odd derivative terms, that is no dispersive error (dispersion
means that phase relation between various waves are distorted, or the same as saying that
the amplification factor has no imaginary part.)

Note that the exact amplification can be obtained as the quotient

_u(t+ At ) g2

Gexac = - =€ 13.2.21
! u(t, x) ‘ ( )

See figure 66 for a plot of the amplification factor G versus (.
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Figure 66: Amplification factor for simple explicit method

13.3 Heat Equation in One Dimension

In this section we apply finite differences to obtain an approximate solution of the heat

equation in one dimension,

Uy = kg, 0<x <1, t >0,

subject to the initial and boundary conditions

u(x,()) = f(l'),
u(0,t) = u(l,t) = 0.
Using forward approximation for u; and centered differences for u,, we have

At
By -

n+l _  n __
u; uj—k

n n
1 — 2uj + “j+1)7

where u} is the approximation to u(xj,t,), the nodes z;, t, are given by

rj = jAzx, 7=0,1,....N
t, = nAt, n=20,1,...
and the mesh spacing
1
Az = —
T =

see figure 67.
The solution at the points marked by * is given by the initial condition
u?:u(xj,O):f(xj), j=0,1,...,N
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(13.3.8)



X

Figure 67: Uniform mesh for the heat equation

and the solution at the points marked by & is given by the boundary conditions
u(0,t,) = u(xy,t,) =0,
or
uy = un = 0. (13.3.9)
The solution at other grid points can be obtained from (13.3.4)

where r is given by (13.2.14). The implementation of (13.3.10) is easy. The value at any grid
point requires the knowledge of the solution at the three points below. We describe this by
the following computational molecule (figure 68).

Oj,n+1

0 0 0

i-1.n j.n j+1,n

Figure 68: Computational molecule for explicit solver

We can compute the solution at the leftmost grid point on the horizontal line representing
t; and continue to the right. Then we can advance to the next horizontal line representing
to and so on. Such a scheme is called explicit.
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The time step At must be chosen in such a way that stability is satisfied, that is
k 2
At < 5 (Az)”. (13.3.11)
We will see in the next sections how to overcome the stability restriction and how to obtain

higher order method.

13.3.1 Implicit method

One of the ways to overcome this restriction is to use an implicit method

At
n+1 n __ n+1 n+1 n+1 s _
u} —uj—k( x)Q(qu_Quj +uliiy), j=12,...,N —1, n=0,1,...
(13.3.1.1)

The computational molecule is given in figure 69. The method is unconditionally stable,
since the amplification factor is given by

1
= 13.3.1.2
¢ 1+ 2r(1 — cos ) (13:3.12)

which is < 1 for any r. The price for this is having to solve a tridiagonal system for each
time step. The method is still first order in time. See figure 70 for a plot of G for explicit
and implicit methods.

-1, n+1 j,n+l j+1,n+l

0 0 0

j,n

Figure 69: Computational molecule for implicit solver

13.3.2 DuFort Frankel method

If one tries to use centered difference in time and space, one gets an unconditionally unstable
method as we mentioned earlier. Thus to get a stable method of second order in time, DuFort
Frankel came up with:
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Figure 70: Amplification factor for several methods

n+l _ n—1 n _ ,n+tl __  n—1 n
(0 (O :kujJrl (O Uj Uy

2At Ax?

We have seen earlier that the method is explicit with a truncation error

2
TE =0 (Aﬁ, Az?, <ﬁ) )
Ax

The modified equation is

1 At?
Ut — kum = (EKAJZ'Q — kSA—.%Q) Ugrrx

1 1 At
— kATt — SIPAR 4 2= e +
* [360 T3 M v

The amplification factor is given by

o 2rcos 3+ /1 — 4r2sin® 8

a 1+2r

and thus the method is unconditionally stable.

The only drawback is the requirement of an additional starting line.

13.3.3 Crank-Nicholson method

n+1 n+1 n+1l __ n n n
—ruity + 2(1 4 r)uyT —ruily = e+ 2(1 = r)uf 4 g
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(13.3.2.2)

(13.3.2.3)

(13.3.2.4)

Another way to overcome this stability restriction, we can use Crank-Nicholson implicit
scheme

(13.3.3.1)



This is obtained by centered differencing in time about the point x;, ¢,11/2. On the right we
average the centered differences in space at time ¢, and ¢,,;. The computational molecule
is now given in the next figure (71).

-1, j+1 i -1, j+1
M N
0 0
A
\V v O
i-1,j i i+1, ]

Figure 71: Computational molecule for Crank Nicholson solver

The method is unconditionally stable, since the denominator is always larger than nu-

merator in
_ 1—7r(1-cosp)

147l —cosB)
It is second order in time (centered difference about x;, t,11/2) and space. The modified
equation is

(13.3.3.2)

kA2 1. 1
— = — — A + —EA2? 13.3.3.
Uy — kgy D Upgre + 12k e+ 360k T Uppwrws + (13.3.3.3)

The disadvantage of the implicit scheme (or the price we pay to overcome the stability
barrier) is that we require a solution of system of equations at each time step. The number
of equations is N — 1.

We include in the appendix a Fortran code for the solution of (13.3.1)-(13.3.3) using the
explicit and implicit solvers. We must say that one can construct many other explicit or
implicit solvers. We allow for the more general boundary conditions

Apu, + Bru = Cf, on the left boundary (13.3.3.4)
Aru, + Bru = Cp, on the right boundary. (13.3.3.5)

Remark: For a more general boundary conditions, see for example Smith (1985), we need to
finite difference the derivative in the boundary conditions.
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13.3.4 Theta (6) method

All the method discussed above (except DuFort Frankel) can be written as

uftt —ul _ k@(u?ﬁ —2uf ™ ) + (1= 0)(ufyy — 2ul +ul )

At Ax?

For = 0 we get the explicit method (13.3.10), for # = 1, we get the implicit method
1
(9.3.1.1) and for 0 = 5 we have Crank Nicholson (9.3.3.1).

(13.3.4.1)

The truncation error is
O (At, AxQ)

except for Crank Nicholson as we have seen earlier (see also the modified equation below.)

1 Az?
If one chooses 0 = 3 WxAt (the czeﬂjcient of Ugyey vanishes), then we get O (AtQ, Ax4),
x

and if we choose the same 6 with AL V20 (the coefficient of wyyy, vanishes), then
O (A#, Ax®).

1
The method is conditionally stable for 0 < 6 < 3 with the condition

< 1 (13.3.4.2)
U T .3.4.
. 1
and unconditionally stable for 3 < <1.
The modified equation is
Uy — kg, = (ikAxQ + (0 — 1)kQAt) u
t Tr T 12 92 TTXTT
+ [(92 o hyeae 4 Lo - ezare? + kst v +
3 6 2 360 B I 0 0 4 1 A
(13.3.4.3)
13.3.5 An example
We have used the explicit solver program to approximate the solution of
Up = Ugy, 0<z<l, t>0 (13.3.5.1)
1
2z O<z <<
u(x,0) = ) 2 (13.3.5.2)
21—2z) —<ax<l1
u(0,t) = u(l,t) =0, (13.3.5.3)
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initial solution and at time=0.025
T T

1

0.9r

0.8

0.7

0.6

0.5F

0.4r

0.3F

0.2r

0.1r

0

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 72: Numerical and analytic solution with r = .5 at ¢ = .025

X102 solution at time=0.5
T T T T

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 73: Numerical and analytic solution with r = .5 at ¢t = .5

using a variety of values of r. The results are summarized in the following figures.
The analytic solution (using separation of variables) is given by

u(z,t) => ane” "t sinnr, (13.3.5.4)
n=0
where a,, are the Fourier coefficients for the expansion of the initial condition (13.3.5.2),

8
e o %ﬂ n=1,2,... (13.3.5.5)
nm

an, =
The analytic solution (13.3.5.4) and the numerical solution (using Az = .1, r = .5) at times
t =.025 and t = .5 are given in the two figures 72, 73. It is clear that the error increases in

time but still smaller than .5 x 1074,
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On the other hand, if » = .51, we see oscillations at time ¢ = .0255 (figure 74) which
become very large at time ¢ = .255 (figure 75) and the temperature becomes negative at
t = .459 (figure 76).

initial solution and at time=0.0255
1 T T T T

0.9r

0.8r

0.7

0.61

0.5r

0.4

0.3r

0.2

0.1

0 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 74: Numerical and analytic solution with » = .51 at t = .0255

Clearly the solution does not converge when r > .5.
The implicit solver program was used to approximate the solution of (13.3.5.1) subject
to

u(z,0) =100 — 10|z — 10| (13.3.5.6)

and
uz(0,t) = .2(u(0,t) — 15), (13.3.5.7)
u(1,t) = 100. (13.3.5.8)

Notice that the boundary and initial conditions do not agree at the right boundary. Because
of the type of boundary condition at x = 0, we cannot give the eigenvalues explicitly. Notice
that the problem is also having inhomogeneous boundary conditions. To be able to compare
the implicit and explicit solvers, we have used Crank-Nicholson to solve (13.3.5.1)-(13.3.5.3).
We plot the analytic and numerical solution with » = 1 at time t = .5 to show that the
method is stable (compare the following figure 77 to the previous one with r = .51).
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solution at time=0.255
0.08 T T T

0.07 7

0.06 - J

0.05 J

0.04 - b

0.03- 7

0.02 7

0.01r 7

O 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 75: Numerical and analytic solution with » = .51 at t = .255

x 107 solution at time=0.459

Figure 76: Numerical and analytic solution with » = .51 at t = .459
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, %10 solution at time=0.5
T T T T

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 77: Numerical (implicit) and analytic solution with » = 1. at t = .5
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13.4 Two Dimensional Heat Equation

In this section, we generalize the solution of the heat equation obtained in section 9.3 to two
dimensions. The problem of heat conduction in a rectangular membrane is described by

Uy = (Ugy + Uyy), O<zx<L, O0<y<H, t>0 (13.4.1)

subject to
u(z,y,t) = g(x,y,t), on the boundary (13.4.2)
u(z,y,0) = f(x,y), 0<z<L, O0<y<H. (13.4.3)

13.4.1 Explicit

To obtain an explicit scheme, we use forward difference in time and centered differences in
space. Thus

n+1l

wig gy gy = 2w gty ugg — 2w+ gy
A7 af (A)? (Ay)? ) (13.4.1.1)
or
u%“ =rpu; g + (1—2r, —2ry) U+ Uy Ty Ty (13.4.1.2)
where w;; is the approximation to w(x;, yj, t,) and
At
At
The stability condition imposes a limit on the time step
1 1 1
For the case Ax = Ay = d, we have
1
At < 4—d2 (13.4.1.6)
Q@

which is more restrictive than in the one dimensional case. The solution at any point
(wi,yj,t,) requires the knowledge of the solution at all 5 points at the previous time step
(see next figure 78).

Since the solution is known at ¢ = 0, we can compute the solution at t = At one point
at a time.

To overcome the stability restriction, we can use Crank-Nicholson implicit scheme. The
matrix in this case will be banded of higher dimension and wider band. There are other
implicit schemes requiring solution of smaller size systems, such as alternating direction. In
the next section we will discuss Crank Nicholson and ADI (Alternating Direction Implicit).
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i,j,n+l

i,j+tl1,n

i-1,j,n ij.n +1l,j,n

i,j-1,n

Figure 78: Computational molecule for the explicit solver for 2D heat equation

13.4.2 Crank Nicholson

One way to overcome this stability restriction is to use Crank-Nicholson implicit scheme

ntl _ n 2,n | §2,n+1 201 4 §2q,01
wy Uy Opu Opuyt | 0yul + Oy (13.4.2.1)
At (2Ax)? (2Ay)?

The method is unconditionally stable. It is second order in time (centered difference
about x;, y;, tnt1/2) and space.

It is important to order the two subscript in one dimensional index in the right direction
(if the number of grid point in x and y is not identical), otherwise the bandwidth will increase.

Note that the coefficients of the banded matrix are independent of time (if a is not a
function of ¢), and thus one have to factor the matrix only once.

13.4.3 Alternating Direction Implicit

The idea here is to alternate direction and thus solve two one-dimensional problem at each
time step. The first step to keep y fixed

n+1/2 n
ij - U 20 n+l/2 | 22 n
“ Rz e (02uf™ 4 02y (13.4.3.1)
In the second step we keep x fixed
uitl g /2 . R
ij ij _ @<5§UZ+1/2 —|—(5§U%+1) (13.4'3‘2)

At/2
So we have a tridiagonal system at every step. We have to order the unknown differently
at every step.
The method is second order in time and space and it is unconditionally stable, since the
denominator is always larger than numerator in
1—7ry(1—cosfy) 1 —ry(l—-cosp,)

“= 14+ 7,(1—cosfy) 1+r,(1—-cosfy) (13.4.3.3)
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The obvious extension to three dimensions is only first order in time and conditionally
stable. Douglas & Gunn developed a general scheme called approximate factorization to
ensure second order and unconditional stability.

Let
Aug; = utt — (13.4.3.4)
Substitute this into the two dimensional Crank Nicholson
At (4 ) A .
Busj = = {82 8wy + 67 Ay + 282 + 2570y} (13.4.3.5)
Now rearrange,
(1 - %53 - %5;) Auij = (rs02 +1,02) ul} (13.4.3.6)
The left hand side operator can be factored
Te o Tyco Tz <o Ty 2 Taly oo o
- g (1 - E‘sx) (1 - 55y) - g (13.4.3.7)

The last term can be neglected because it is of higher order. Thus the method for two
dimensions becomes

Ty * n
(1 - 55};) Auf; = (rxdi + ryaj) g (13.4.3.8)
fr *
(1 - 5y§§> Au;j = Auj (13.4.3.9)
ultt = ull 4 Ay (13.4.3.10)

13.5 Laplace’s Equation

In this section, we discuss the approximation of the steady state solution inside a rectangle
Ugg + Uyy = 0, 0<zx<L, O0<y<H, (13.5.1)

subject to Dirichlet boundary conditions
u(z,y) = f(z,y), on the boundary. (13.5.2)

We impose a uniform grid on the rectangle with mesh spacing Az, Ay in the z, y
directions, respectively. The finite difference approximation is given by

Ui—1j — 2Ui5 + U1y | Uij—1 — 2U5 + Ui

(B ) o

or
9 P _ Wiy Uiy Wi Ui 13.5.4
7] v N PO o
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Ay

Figure 79: Uniform grid on a rectangle

i,jtl

i-1,j i i+l

7,1

Figure 80: Computational molecule for Laplace’s equation

For Ax = Ay we have
dugy = w15 + Uigrj + Ui—1 + Uiy (13.5.5)

The computational molecule is given in the next figure (80). This scheme is called five point
star because of the shape of the molecule.
The truncation error is

T.E. = O(A2* Ay?) (13.5.6)

and the modified equations is

1
Upg + Uy = 1 (Ax%mm + Ay2uyyyy) + .- (13.5.7)

Remark: To obtain a higher order method, one can use the nine point star, which is of
sixth order if Az = Ay = d, but otherwise it is only second order. The nine point star is
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given by

Ax? — 5Ay?
Uit j4+1 T Uim1 41 + Wit1j—1 T Ui—15-1 m(uiﬂj + Ui—1;)
5Ax% — Ay?

(/U/Z'jJrl + Uijfl) — QOU” = O

(13.5.8)
For three dimensional problem the equivalent to five point star is seven point star. It is
given by

Ax? + Ay?

Ui—1jk — 2Uijk + Uit1jk | Wij—1k — 2Wiik T Wijr1k | Wijk—1 — 2Ui5k + Ugjkt1

=0. 13.5.9
(arp vy a2 (15:5:9)
The solution is obtained by solving the linear system of equations
Au = b, (13.5.10)
where the block banded matrix A is given by
T B 0 0
B T B
A=|0 B T B (13.5.11)
0 0 B T
and the matrices B and T" are given by
=—1 (13.5.12)
4 -1 0 --- 0
-1 4 -1
T = 0 -1 4 -1 0 (13.5.13)
o -~ 0 -1 4

and the right hand side b contains boundary values. If we have Poisson’s equation then b
will also contain the values of the right hand side of the equation evaluated at the center
point of the molecule.

One can use Thomas algorithm for block tridiagonal matrices. The system could also
be solved by an iterative method such as Jacobi, Gauss-Seidel or successive over relaxation
(SOR). Such solvers can be found in many numerical analysis texts. In the next section, we
give a little information on each.

Remarks:

1. The solution is obtained in one step since there is no time dependence.

2. One can use ELLPACK (ELLiptic PACKage, a research tool for the study of numerical
methods for solving elliptic problems, see Rice and Boisvert (1984)) to solve any elliptic
PDEs.
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13.5.1 Iterative solution

The idea is to start with an initial guess for the solution and iterate using an easy system
to solve. The sequence of iterates 2 will converge to the answer under certain conditions
on the iteration matrix. Here we discuss three iterative scheme. Let’s write the coefficient

matrix A as
A=D-L-U (13.5.1.1)

then one can iterate as follows
DY) = (L+U)2W +b,  i=0,1,2,... (13.5.1.2)

This scheme is called Jacobi’s method. At each time step one has to solve a diagonal
system. The convergence of the iterative procedure depends on the spectral radius of the
iteration matrix

J=DYL+U). (13.5.1.3)

If p(J) < 1 then the iterative method converges (the speed depends on how small the spectral
radius is. (spectral radius of a matrix is defined later and it relates to the modulus of the
dominant eigenvalue.) If p(J) > 1 then the iterative method diverges.

Assuming that the new iterate is a better approximation to the answer, one comes up
with Gauss-Seidel method. Here we suggest the use of the component of the new iterate as
soon as they become available. Thus

(D — L)z = Lz 4 p, i=0,1,2,... (13.5.1.4)
and the iteration matrix G is
G=(D-L)'U (13.5.1.5)
We can write Gauss Seidel iterative procedure also in componentwise
@+ _ L _kil W) v )
x, = by, Z ApjT; Z ApjT; (13.5.1.6)
Ak j=1 j=k+1
It can be shown that if
]aii\ 2 Z ]aij], for all ¢
J#

and if for at least one i we have a strict inequality and the system is irreducible (i.e. can’t
break to subsystems to be solved independently) then Gauss Seidel method converges. In
the case of Laplace’s equation, these conditions are met.

The third method we mention here is called successive over relaxation or SOR for short.
The method is based on Gauss-Seidel, but at each iteration we add a step

(k+1)' (k) (k+1) (k)

For 0 < w < 1 the method is really under relaxation. For w = 1 we have Gauss Seidel and
for 1 < w < 2 we have over relaxation. There is no point in taking w > 2, because the
method will diverge. It can be shown that for Laplace’s equation the best choice for w is

2
wO e —]
I+ V1= o7
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where

1 T 9 T
0=——>=/|cCos— + p"cos — |,
14 32 ( p ’ q)
Ax
ﬂ = A—a
Yy
and p, ¢ are the number of Az, Ay respectively.

grid aspect ratio

13.6 Vector and Matrix Norms

Norms have the following properties

Let

Z,y € R* X #0 a e R
1) [[Z] >0
2) aZ|| = [allZ]]

Let ¥ = then the “integral” norms are:

n
|2 = Z | ;] one norm
i=1

n
|Z]]2 = ,|>_ 2? two norm (Euclidean norm)
i=1

n 1/k
|z, = lz \xﬂ“] k norm

=1

| Z |0 = max |z;| infinity norm

Example
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i=| 4
5

Iz = 12

| Z]l2 = 5v2 ~ 7.071

%5 = 59

| Z|ls = 5.569

[Z oo =5

Matrix Norms

Let A be an m X n non-zero matrix (ie. A € R™ x R"). Matrix norms have the
properties

D [[Al =0
2) oAl = lalllA]
3) 1A+ Bl < 1Al + B

Definintion

A matrix norm is consistent with vector norms || - ||, on R™ and || - ||, on R™ with

AeR™ xR if

FAZ ]y < Al Z ]

and for the special case that A is a square matrix

[AZ[ < [[A[]Z]

Definintion

Given a vector norm, a corresponding matrix norm for square matrices, called the
subordindate matrix norm is defined as

Az
l.u.b. (A) = max {M}
—— 20 | [ Z]]

least upper bound

Note that this matrix norm is consistent with the vector norm because
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|AZ| < lub.(A) |7
by definition. Said another way, the [.u.b. (A) is a measure of the greatest magnification a
vector Z can obtain, by the linear transformation A, using the vector norm || - ||.
Examples
For || - || the subordinate matrix norm is

A 7o

lu.bs(A) = max

740 || 7o
max;{| YXp_y @i x|}

= max
)
n
= m.aX{Z’@ik\}
bok=1

sign(a;). The “inf”’-norm is sometimes

where in the last equality, we’ve chosen z, =

written
n

A = max Q;j
[ Alle = max > Jay|
Jj=1
where it is readily seen to be the maximum row sum.
In a similar fashion, the “one”-norm of a matrix can be found, and is sometimes referred

to as the column norm, since for a given m X n matrix A it is

Al = gjﬁgﬂ@uf + [ag;| + -+ + am;]}

For || - [|2 we have
Az
l.u.bs(A) = max | ﬁng
Z#0 Z|2
T AT AZ
= max ZE_‘Ti_‘l' — )\max (AT A)
F#0 Ty

where A, is the magnitude of the largest eigenvalue of the symmetric matrix AT A, and
where the notation p(ATA) is referred to as the “spectral radius” of ATA. Note that if

A = AT then
Lub.o(A) = [[All2 = /p*(A4) = p(A)
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The spectral radius of a matrix is smaller than any consistent matrix norm of that matrix.
Therefore, the largest (in magnitude) eigenvalue of a matrix is the least upper bound of all
consistent matrix norms. In mathematical terms,

Lub (JJA]) = |Amae | = p(A)

where || - || is any consistent matrix norm.
To see this, let (\;, Z;) be an eigenvalue/eigenvector pair of the matrix A. Then we have

AZ; = N
Taking consistent matrix norms,
[AZ | = [1A:Zell = [l 17
Because || - || is a consistent matrix norm
[ATZ] = AT = [Nl |7]

and dividing out the magnitude of the eigenvector (which must be other than zero), we have

Al > |\ for all A,

Example Given the matrix

-12 4 3 2 1

2 10 1 5 1
A= 3 3 21 -5 —4
1 -1 2 12 -3

3 5 =3 =2 20

we can determine the various norms of the matrix A.

The 1 norm of A is given by:

|All, = m?X{!al,j\ + lag | + ... + las 4]}

The matrix A can be seen to have a 1-norm of 30 from the 3" column.

The oo norm of A is given by:
1Al = max {faz,| + |aiz] + ...+ ais[}

and therefore has the oo norm of 36 which comes from its 3" row.

To find the “two”-norm of A, we need to find the eigenvalues of AT A which are:
52.3239,157.9076, 211.3953,407.6951, and 597.6781
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Taking the square root of the largest eigenvalue gives us the 2 norm : || A, = 24.4475.

To determine the spectral radius of A, we find that A has the eigenvalues:

—12.8462,9.0428,12.9628, 23.0237, and 18.8170

Therefore the spectral radius of A, (or p(A)) is 23.0237, which is in fact less than all other
norms of A (||A]|; = 30, || 4], = 24.4475, || A|| = 36).

13.7 Matrix Method for Stability

We demonstrate the matrix method for stability on two methods for solving the one di-
mensional heat equation. Recall that the explicit method can be written in matrix form

as
u"t! = Au" +b (13.7.1)

where the tridiagonal matrix A have 1—2r on diagonal and r on the super- and sub-diagonal.
The norm of the matrix dictates how fast errors are growing (the vector b doesn’t come into
play). If we check the infinity or 1 norm we get

AL = [Alloe = [1 = 27| + |r]| + |r| (13.7.2)

For 0 < r < 1/2, all numbers inside the absolute values are non negative and we get a norm
of 1. For r > 1/2, the norms are 4r — 1 which is greater than 1. Thus we have conditional
stability with the condition 0 < r < 1/2.

The Crank Nicholson scheme can be written in matrix form as follows

(2 —rT)u"t = (2 +rT)u" +b (13.7.3)

where the tridiagonal matrix 7" has -2 on diagonal and 1 on super- and sub-diagonals. The
eigenvalues of T can be expressed analytically, based on results of section 8.6,

A(T) = —4sin2;—]7\rf, s=1,2,...,N—1 (13.7.4)

Thus the iteration matrix is
A= (21 —rT) Y21 +1T) (13.7.5)

for which we can express the eigenvalues as

_ in2 ST
M(A) = 2o Arsin oy (13.7.6)
2 + 4rsin? N

All the eigenvalues are bounded by 1 since the denominator is larger than numerator. Thus
we have unconditional stability.
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13.8 Derivative Boundary Conditions

Derivative boundary conditions appear when a boundary is insulated

ou
o 0 (13.8.1)
or when heat is transferred by radiation into the surrounding medium (whose temperature
is v)
— % = H(u— 13.8.2
k i (u—w) (13.8.2)
where H is the coefficient of surface heat transfer and k is the thermal conductivity of the
material.
Here we show how to approximate these two types of boundary conditions in connection

with the one dimensional heat equation

Uy = kg, 0<x<l1 (13.8.3)
u(0,t) = g(t) (13.8.4)
W = —h(u(L,t) —v) (13.8.5)
u(z,0) = f(z) (13.8.6)

Clearly one can use backward differences to approximate the derivative boundary condition
on the left end (z = 1), but this is of first order which will degrade the accuracy in x
everywhere (since the error will propagate to the interior in time). If we decide to use a
second order approximation, then we have

uN—l—l uN—l n
S —_ 13.8.7

where x .1 is a fictitious point outside the interval, i.e. znxy1 = 1 4+ Az. This will require
another equation to match the number of unknowns. We then apply the finite difference
equation at the boundary. For example, if we are using explicit scheme then we apply the
equation

W = (1= 20l (13.8.8)
forj=1,2,...,N. At j = N, we then have
Substitute the value of uy, from (13.8.7) into (13.8.9) and we get

utt = rul 4+ (1= 2r)uly +r [unN,l — 2hAz (uly — U)} : (13.8.10)

This idea can be implemented with any finite difference scheme.
Suggested Problem: Solve Laplace’s equation on a unit square subject to given temper-

1
ature on right, left and bottom and insulated top boundary. Assume Ax = Ay = h = 7
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13.9 Hyperbolic Equations

An important property of hyperbolic PDEs can be deduced from the solution of the wave
equation. As the reader may recall the definitions of domain of dependence and domain of
influence, the solution at any point (¢, t9) depends only upon the initial data contained in
the interval

Ty — cto < x < g + ctp.

As we will see, this will relate to the so called CFL condition for stability.

13.9.1 Stability
Consider the first order hyperbolic
ur+cuy, =0 (13.9.1.1)
u(z,0) = F(z). (13.9.1.2)
As we have seen earlier, the characteristic curves are given by

x — ct = constant (13.9.1.3)

and the general solution is
u(z,t) = F(x — ct). (13.9.1.4)

Now consider Lax method for the approximation of the PDE

U?H . Uiy _g uj_ + c% (%) = 0. (13.9.1.5)
T

To check stabilty, we can use either Fourier method or the matrix method. In the first case,
we substitute a Fourier mode and find that

G = "™ = cos 3 — ivsin 3 (13.9.1.6)

where the Courant number v is given by

== 13.9.1.
v=or (13.9.1.7)

Thus, for the method to be stable, the amplification factor G must satisfy

G| <1
ie.
\Jcos? B+ 12sin? 8 < 1 (13.9.1.8)
This holds if
| <1, (13.9.1.9)
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or

At (13.9.1.10)
N

Compare this CFL condition to the domain of dependence discussion previously. Note that
here we have a complex number for the amplification. Writing it in polar form,

G =cosf3—ivsin3 = |G|e* (13.9.1.11)

where the phase angle ¢ is given by

¢ = arctan(—v tan f3). (13.9.1.12)
A good understanding of the amplification factor comes from a polar plot of amplitude versus
relative phase= —= for various v (see figure 81).
T
+ nu=1; X nu=.75; - nu=.5; .. nu=.25
I N 23
0.9 XXXXX XXXXX
0sl XXXXXXXX . « xX

0.7r

0.6

0.5F

0.4r

0.3F

0.2r

0.1r

00 0‘.1 0‘.2 013 014 015 016 017 0.‘8 0.‘9 1
Figure 81: Amplitude versus relative phase for various values of Courant number for Lax
Method

Note that the amplitude for all these values of Courant number never exceeds 1. For
v = 1, there is no attenuation. For v < 1, the low (¢ = 0) and high (¢ = —n) frequency
components are mildly attenuated, while the mid range frequencies are severly attenuated.

Suppose now we solve the same equation using Lax method but we assume periodic boundary
conditions, i. e.

Uy = UY (13.9.1.13)
The system of equations obtained is
u"t! = Au” (13.9.1.14)
where
uy
u' =1 - (13.9.1.15)
U,



It is clear that the eigenvalues of A are

1-— 1 T
v 0 +v
2
1+v 0 1—v
2 2
0 0
0 0 1—v
2
1—v 0 1+v 0
2 i

2 2
Aj :COS—W(j—l)—l—iusin—W(j—l), j=1,,m.
m m

Since the stability of the method depends on

Ip(A)] <1,

(13.9.1.16)

(13.9.1.17)

(13.9.1.18)

one obtains the same condition in this case. The two methods yield identical results for
periodic boundary condition. It can be shown that this is not the case in general.
If we change the boundary conditions to

with

The eigenvalues are

Thus the condition for stability becomes

Uyq

n+1

Mot = i%\/(l — )3 +0).

V8- 1<v<V8—1.

(13.9.1.19)

(13.9.1.20)

(13.9.1.21)

(13.9.1.22)

(13.9.1.23)

See work by Hirt (1968), Warning and Hyett (1974) and Richtmeyer and Morton (1967).
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13.9.2 Euler Explicit Method

Euler explicit method for the first order hyperbolic is given by (for ¢ > 0)

u T — o — Ul
J J J+1 J
=0 13.9.2.1
A T A ( )
or
utt — ull , —u?
J J J+1 j=1
=0 13.9.2.2
AL T oA ( )
Both methods are explicit and first order in time, but also unconditionally unstable.
G=1- g (2isin f3) for centred difference in space, (13.9.2.3)
G=1-v (22' sin g) eh/? for forward difference in space. (13.9.2.4)

In both cases the amplification factor is always above 1. The only difference between the
two is the spatial order.

13.9.3 Upstream Differencing

Euler’s method can be made stable if one takes backward differences in space in case ¢ > 0
and forward differences in case ¢ < 0. The method is called upstream differencing or upwind
differencing. It is written as

ntl

J / = . 13.9.3.1
A7 +c AL 0, c>0 (13.9.3.1)

u

The method is of first order in both space and time, it is conditionally stable for 0 < v < 1.
The truncation error can be obtained by substituting Taylor series expansions for u}_; and
uly in (13.9.3.1).

1 1 1
E {Atut + 5At2utt + éAtSUttt + - }

C

1 1
+A—x {u — {u — Axu, + iAxQUM N P T ]}

6

where all the terms are evaluated at x;, ¢,.
Thus the truncation error is

At Az
U + cu, = _EUtt + CTU;W
(13.9.3.2)
At? Az? n
_—u —_— C—uxxx “ e .
6 ttt 6
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Uy Uy Uyt Uty Ugy

coefficients of (9.9.3.2) 1 ¢ £ 0 —c8E
—4t0(9.9.3.2) -5t —c8 0
—<At2 (9.9.3.2) A\

LARLZ(9.9.3.2)

82
—3cA? 52— (9.9.3.2)

(3c2A2 — cAtd2) 2 (9.9.3.2)

Sum of coefficients 1 ¢ O 0 cEE(v—1)

Table 2: Organizing the calculation of the coefficients of the modified equation for upstream
differencing

The modified equation is

A 2
U + cu, = 073:(1 — V) Ugy — ch(Ql/Q — 3V + 1) ugys

(13.9.3.3)
+0 [A2®, AtA2?, Az AP, At

In the next table we organized the calculations. We start with the coefficients of truncation
error, (13.9.3.2), after moving all terms to the left. These coefficients are given in the second
row of the table. The first row give the partials of u corresponding to the coefficients. Now
in order to eliminate the coefficient of uy, we have to differentiate the first row and multiply
by —At/2. This will modify the coefficients of other terms. Next we eliminate the new
coefficient of wus,, and so on. The last row shows the sum of coefficients in each column,
which are the coefficients of the modified equation.

The right hand side of (13.9.3.3) is the truncation error. The method is of first order. If
v = 1, the right hand side becomes zero and the equation is solved exactly. In this case the

upstream method becomes
n+1

U;

I )
_uj_

which is equivalent to the exact solution using the method of characteristics.

The lowest order term of the truncation error contains u,,, which makes this term similar
to the viscous term in one dimensional fluid flow. Thus when v # 1, the upstream differencing
introduces an artificial viscosity into the solution. Artificial viscosity tends to reduce all
gradients in the solution whether physically correct or numerically induced. This effect,
which is the direct result of even order derivative terms in the truncation error is called
dissipation .
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Ut Uty Uty Uz

coefficients of (9.9.3.2) %2 0 0 0%2
—At9(9.9.3.2) —A% cAzht 0

—£ALL2 (9.9.3.2) 0 A2 — P Azt

LA D (9.9.3.2) LA A8 0 0

—LeA? 2 (9.9.3.2) deA? LEAP 0

(%C2At2 - cAtfx) g—; (9.9.3.2) LAA? — B8z 1SN — 288
Sum of coefficients 0 0 0 A2 (20% — 3u 4 1)

Table 3: Organizing the calculation of the coefficients of the modified equation for upstream
differencing

A dispersion is a result of the odd order derivative terms. As a result of dispersion, phase
relations between waves are distorted. The combined effect of dissipation and dispersion is
called diffusion . Diffusion tends to spread out sharp dividing lines that may appear in the
computational region.

The amplification factor for the upstream differencing is

€aAt—]_+l/(]_—€_i’6) -0

or

G = (1—-v+vcosf)—ivsinf (13.9.3.4)
The amplitude and phase are then

G| = /(1 — v+ vcos B)2 + (—vsin 5)? (13.9.3.5)
B m(G) —vsin 3
¢ = arctan Re(G) arctan T—cE (13.9.3.6)

See figure 82 for polar plot of the amplification factor modulus as a function of § for
various values of v. For v = 1.25, we get values outside the unit circle and thus we have
instability (|G| > 1).

The amplification factor for the exact solution is

t+At) e’ikm[xfc(t+At)} b A

_ B B o
Ce = u(t)  eikmle—e] € =€ (13.9.3.7)
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Amplification factor modulus for upstream differencing

270

Figure 82: Amplification factor modulus for upstream differencing

Note that the magnitude is 1, and
e = —knmcAt = —vf. (13.9.3.8)
The total dissipation error in N steps is
(1—|G|M)Ag (13.9.3.9)
and the total dispersion error in N steps is

N(¢e — ¢). (13.9.3.10)

The relative phase shift in one step is

arctan—45n8_
g = 1‘%*”“’5‘*. (13.9.3.11)
e —v

See figure 83 for relative phase error of upstream differencing. For small § (wave number)
the relative phase error is
¢

1
5 = 1— 8(2;/2 —3v+1)3 (13.9.3.12)

If — > 1 for a given (3, the corresponding Fourier component of the numerical solution has
(&

a wave speed greater than the exact solution and this is a leading phase error, otherwise
lagging phase error.

The upstream has a leading phase error for .5 < v < 1 (outside unit circle) and lagging
phase error for v < .5 (inside unit circle).
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Figure 83: Relative phase error of upstream differencing

13.10 Inviscid Burgers’ Equation

Fluid mechanics problems are highly nonlinear. The governing PDEs form a nonlinear system
that must be solved for the unknown pressures, densities, temperatures and velocities. A
single equation that could serve as a nonlinear analog must have terms that closely duplicate
the physical properties of the fluid equations, i.e. the equation should have a convective
terms (uu,), a diffusive or dissipative term (uu,,) and a time dependent term (u;). Thus
the equation

Up + Uy = flyy (13.10.1)

is parabolic. If the viscous term is neglected, the equation becomes hyperbolic,
Uy + uu, = 0. (13.10.2)

This can be viewed as a simple analog of the FEuler equations for the flow of an inviscid fluid.
The vector form of Euler equations is

ou 0oF OF 0G
e ey e =" (13.10.3)

where the vectors U, F, F, and G are nonlinear functions of the density (p), the velocity
components (u, v, w), the pressure (p) and the total energy per unit volume (Ej).

p
pu

U=1|pv |, (13.10.4)
pw
By
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o ]
pu® +p
E = | puv : (13.10.5)
puw
(B +pu |

pU
puv
F=|p*+p , (13.10.6)
pow

(B +p)v |

pw
puw

G=| pow . (13.10.7)
pw? +p
(B + p)w

In this section, we discuss the inviscid Burgers’ equation (13.10.2). As we have seen in a
previous chapter, the characteristics may coalesce and discontinuous solution may form. We

consider the scalar equation
u + F(u), =0 (13.10.8)

and if v and F are vectors
uy + Auy, =0 (13.10.9)

oF;, . .. ) )
where A(u) is the Jacobian matrix —. Since the equation is hyperbolic, the eigenvalues
Uj
of the Matrix A are all real. We now discuss various methods for the numerical solution of
(13.10.2).

13.10.1 Lax Method

Lax method is first order, as in the previous section, we have

wit _ Ut Ui At E - B 13.10.1.1
BT T Az 2 (13.10.1.1)

In Burgers’ equation
1
F(u) = §u2. (13.10.1.2)

The amplification factor is given by
At
G = cosﬂ—iA—xAsinﬂ (13.10.1.3)
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solution at t=19 dt with dt=dx solution at t=19 dt with dt=.6 dx
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Figure 84: Solution of Burgers’ equation using Lax method

where A is the Jacobian T which is just u for Burgers’ equation. The stability requirement
u
s At
A Ymaz < 17 13.10.1.4
Az - ( )

because U4, is the maximum eigenvalue of the matrix A. See Figure 84 for the exact

At
versus numerical solution with various ratios —. The location of the moving discontinuity

x
is correctly predicted, but the dissipative nature of the method is evident in the smearing of
the discontinuity over several mesh intervals. This smearing becomes worse as the Courant
number decreases. Compare the solutions in figure 84.

13.10.2 Lax Wendroff Method

This is a second order method which one can develop using Taylor series expansion

ou 1 ,0*u
u(z, t + At) = u(x,t) + Ata + E(At) el + - (13.10.2.1)

Using Burgers’ equation and the chain rule, we have

w = —F, = —Fu, = —Au, (13.10.2.2)
uy = —Fp = —Fy = _(Ft):t-
Now
F, = FLu, = Au, = —AF, (13.10.2.3)
Therefore
Upp = —(—AFx)x = (AFI)I (13.10.2.4)
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Substituting in (13.10.2.1) we get

oF d ( OF
u(z,t + At) = u(x,t) — At%—f- (At) p (Aa—x> +--- (13.10.2.5)

Now use centered differences for the spatial derivatives

At Fj'y — F'

n+1 n
Y - T Az 2 :
(13.10.2.6)
1 /AN (. . N
9 (A_x> {AjJrl/Q (Fj+1 - Fg ) - A] 1/2 (F - F )}
where
ulr +u”
Aty = A (%) (13.10.2.7)
. 1,
For Burgers’ equation, F' = iu , thus A = u and
u? +ul
Ay = JTJ“ (13.10.2.8)
" ul +ul
fap = L (13.10.2.9)
The amplification factor is given by
At \? At
G=1-2 (A—A> (1 —cosf)— QiA—A sin 3. (13.10.2.10)
x x
Thus the condition for stability is
At
N Umas <1 (13.10.2.11)

The numerical solution is given in figure 85. The right moving discontinuity is correctly
positioned and sharply defined. The dispersive nature is evidenced in the oscillation near
the discontinuity.

The solution shows more oscillations when v = .6 than when v = 1. When v is reduced
the quality of the solution is degraded.

The flux F(u) at z; and the numerical flux f;;1/2, to be defined later, must be consistent
with each other. The numerical flux is defined, depending on the scheme, by matching the

method to A
n+1 n n n
Wt = - [Fass = £ape] - (13.10.2.12)

In order to obtain the numerical flux for Lax Wendroff method for solving Burgers’ equation,
let’s add and subtract F}' in the numerator of the first fraction on the right, and substitute
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solution at t=19 dt with dt=dx solution at t=19 dt with dt=.6 dx
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Figure 85: Solution of Burgers’ equation using Lax Wendroff method

u for A
S g ﬁ Fro+ Fp—F =
J T Az 2
(13.10.2.13)
1At [u? + UT'L_H n n uy +uj_y n n
N 55[ g (B = ) = (B B
1
Recall that F'(u) = §u2, and factor the difference of squares to get
1 1 At
fivipp = 5(Fj + Fip) = 53 (we1/2)" (= ). (13.10.2.14)
The numerical flux for Lax method is given by
1 Az
fioi = 5 |Fy+ Fioa = Sl =) (13.10.2.15)

Lax method is monotone, and Gudonov showed that one cannot get higher order than
first and keep monotonicity.

13.11 Viscous Burgers’ Equation

Adding viscosity to Burgers’ equation we get
Up + Uy = [Ugy. (13.11.1)

The equation is now parabolic. In this section we mention analytic solutions for several
cases. We assume Dirichlet boundary conditions:

w(0,t) = uy, (13.11.2)
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(13.11.3)

u(L,t) = 0.
The steady state solution (of course will not require an initial condition) is given by
(1- eﬁReL(x/Lfl)
U = Uoll | 7 R /L) (13.11.4)
where I
Re, = 0~ (13.11.5)
and « is the solution of the nonlinear equation
u—1 _iRes
= e WL, 13.11.6
i+l ( )
The linearized equation (13.10.1) is
U + ClUy = Ullgy (13.11.7)
and the steady state solution is now
1 _ eRL(af,’/L—l)
u = Uo{ = } (13.11.8)
where I
R, = &, (13.11.9)
i
The exact unsteady solution with initial condition
u(z,0) = sinkz (13.11.10)
(13.11.11)

and periodic boundary conditions is
w(z,t) = e ¥ sin k(z — ct).

The equations (13.10.1) and (13.11.7) can be combined into a generalized equation
(13.11.12)

w4 (¢ + bu)uy = pUilyy.

For b = 0 we get the linearized Burgers’ equation and for ¢ = 0, b = 1, we get the nonlinear

equation. For ¢ = 3 b = —1 the generalized equation (13.11.12) has a steady state solution
(13.11.13)

(z —$0)> .

“(1+ tanh
U= —- an
b 2

Hence if the initial u is given by (13.11.13), then the exact solution does not vary with time

For more exact solutions, see Benton and Platzman (1972).
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The generalized equation (13.11.12) can be written as

u + F, = 0 (13.11.14)
where ]
F=cu+ 5bqﬂ — g, (13.11.15)
or as
u + Fp, = gy, (13.11.16)
where 1
F = cu+ 5bu?, (13.11.17)
or
u + Au)uy = [y (13.11.18)

The various schemes described earlier for the inviscid Burgers’ equation can also be applied
here, by simply adding an approximation to ..

13.11.1 FTCS method

This is a Forward in Time Centered in Space (hence the name),

uT}Jrl _ n u, = 2u" +u?
j j j+1 j=1 _ j+1 J =1 13.11.1.1
AL T 9As a (Az)? ( )

Clearly the method is one step explicit and the truncation error
T.E. = O(At, (Az)?). (13.11.1.2)

Thus it is first order in time and second order in space. The modified equation is given by

N AL N (Ax)? (3 ) 1)
u CU, = — ——— | Ugpy C T =V — = | Ugzx
! = 3 P
(13.11.1.3)
Azr)3 2
+ c( z) z—?)T——2u—i—101/7"—31/3 Ugpgs +
12 v v
where as usual At
= 13.11.1.4
r IU/(A.T>2’ ( )
At
Vo= CA—J:' (13.11.1.5)

1
If r = — and v = 1, the first two terms on the right hand side of the modified equation vanish.

This is NOT a good choice because it eliminated the viscous term that was originally in the
PDE.
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Figure 86: Stability of FTCS method

We now discuss the stability condition. Using Fourier method, we find that the amplifi-
cation factor is
G = 1+2r(cosf —1) —ivsinf. (13.11.1.6)

1
In figure 86 we see a polar plot of GG as a function of v and § for v < 1 and r < 5 and v* > 2r

(left) and v* < 27 (right). Notice that if we allow ? to exceed 2r, the ellipse describing G

will have parts outside the unit circle and thus we have instability. This means that taking

the combination of the conditions from the hyperbolic part (v < 1) and the parabolic part
1

(r < 5) is not enough. This extra condition is required to ensure that the coefficient of u,,

is positive, 1.e.

At
(:27 < p. (13.11.1.7)
Let’s define the mesh Reynolds number
A
Rea, = — = 2 (13.11.1.8)
1 T
then the above condition becomes 5
Rea, < —. (13.11.1.9)
v
It turns out that the method is stable if
1
v? < 2r, and r < 5 (13.11.1.10)
This combination implies that v < 1. Therefore we have
2
2 < Repa, < —. (13.11.1.11)
v

For Rep, > 2 FTCS will produce undesirable oscillations. To explain the origin of these
oscillations consider the following example. Find the steady state solution of (13.10.1) subject

to the boundary conditions
u(0,t) =0, u(l,t) =1 (13.11.1.12)
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and the initial condition

u(z,0) = 0, (13.11.1.13)
using an 11 point mesh. Note that we can write FTCS in terms of mesh Reynolds number
as T T

1
urtl = 3 (2 = Reaq) ujyy + (1 —2r)uf + 3 (2 + Reaq) uj ;. (13.11.1.14)
solution at t=0 solution at t=dt solution at t=2 dt solution at t=3 dt
1 ‘ 1 ‘ 1 ‘
0.8} {osf {osf 108r
06l
0.6l 1 06t 1 06l
0.4t
5 04 104 0.4
0.2}
02} 102} {02}
ol
0 of 0 o2
o5 1% o5 1% o5 %% o5 1

X X X X

Figure 87: Solution of example using FTCS method

For the first time step

u; =0, j<10

and
Uy, = 2(2 — Rep,) < 0, ui, = 1,
and this will initiate the oscillation. During the next time step the oscillation will propagate
to the left. Note that Rea, > 2 means that u} ; will have a negative weight which is
physically wrong.
To eliminate the oscillations we can replace the centered difference for cu, term by a first
order upwind which adds more dissipation. This is too much. Leonard (1979) suggeted a

third order upstream for the convective term (for ¢ > 0)

J J

2Azx 6Ax

n _amn n _ n n — yn
Ui — Uiy ufy Sui + 3ui_y —uj_,y

13.11.2 Lax Wendroff method

This is a two step method:

n+1/2 1 n n At n n
( = 5 (Uj+1/2 + ujfl/Q) - E ( jH1/2 T ijl/Q) (13 o 1)

+ 7 [(U?fS/Q - 2”?71/2 + U?+1/2) + (U?JrS/Q - 2“?“/2 + U?fl/z)}
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The second step is

At
n+1 n n+1/2 n+1/2 n n n

The method is first order in time and second order in space. The linear stability condition
is

At
(Az)*

(A%At+2u) <1. (13.11.2.3)
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14 Numerical Solution of Nonlinear Equations

14.1 Introduction

This chapter is included to give some information on the numerical solution of nonlinear
equations. For example, in Chapter 6, we encountered the nonlinear equation

tanz = —ax (14.1.1)

1
with = VAL and o = T when trying to compute the eigenvalues of (6.2.12).

We will give several methods for obtaining an approximate solution to the problem
f(z)=0. (14.1.2)

Fortran codes will also be supplied in the Appendix.

In general the methods for the solution of nonlinear equations are divided into three
categories (see Neta (1990)): Bracketing methods, fixed point methods and hybrid schemes.
In the following sections, we describe several methods in each of the first two categories.

14.2 Bracketing Methods

In this section we discuss algorithms which bracket the zero of the given function f(x). In
all these methods, one assumes that an interval (a, b) is given on which f(z) changes its sign,
i.e., f(a)f(b) < 0. The methods yield successively smaller intervals containing the zero ¢
known to be in (a,b).

The oldest of such methods is called bisection or binary search method and is based upon
the Intermediate Value Theorem. Suppose f(z) is defined and continuous on [a, b], with f(a)
and f(b) of opposite sign. Then there exists a point £ , a < £ < b, for which f(§) = 0. In
order to find £ we successively half the interval and check which subinterval contains the zero.
Continue with that interval until the length of the resulting subinterval is "small enough.”

Bisection algorithm

Given f(x) € Cla,b], where f(a)f(b) < 0.
Set a1 =a,by =b,7=1.
, 1
Set xy, = 5 (a; + b;).
If |f (xﬁw) | is small enough or the interval is small enough go to step 8.
If f (xﬁw) f (a;) <0, go to step 6.
Set a;11 = xﬁm bir1 = b?-, go to step 7.
Set a1 = a;, biy1 = .
Add 1 to 7, go to step 2.
The procedure is complete.

P NSO W

Remark : The stopping criteria to be used are of three types.
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i. The length of the interval is smaller than a prescribed tolerance.
ii. The absolute value of f at the point 2%, is below a prescribed tolerance.
iii. The number of iterations performed has reached the maximum allowed.

The last criterion is not necessary in this case of bisection since one can show that the
number of iterations N required to bracket a root £ in the interval (a,b) to a given accuracy
T is )

—a
N = log, | |

(14.2.1)

Remark : This algorithm will work if the interval contains an odd number of zeros counting
multiplicities. A multiple zero of even multiplicity cannot be detected by any bracketing
method. In such a case one has to use fixed point type methods described in the next
section.

Regula Falst

The bisection method is easy to implement and analyze but converges slowly. In many
cases, one can improve by using the method of linear interpolation or Regula Falsi. Here
one takes the zero of the linear function passing through the points (a, f(a)) and (b, f(b))
instead of the midpoint. It is clear that the rate of convergence of the method depends on
the size of the second derivative.

Regula Falsi Algorithm

Given f(x) € Cla,b], where f(a)f(b) < 0.
Set x1 = a,zy = b, f1 f( ), fa = f(b).
Set x3 = 19 — f2f f =, fs = flas).

If | f3| is small enough or |25 — x1| is small enough, go to step 7.
If f3 f1 <0, go to step 6.
x1 = x3, f1 = f3, g0 to step 2.

T2 = x3, f2 = [3, g0 to step 2.
The procedure is complete.

No oW D=

Remark : This method may converge slowly (approaching the root one sidedly) if the cur-
vature of f(x) is large enough. To avoid such difficulty the method is modified in the next
algorithm called Modified Regula Falsi.

Modified Regula Falsi Algorithm

Given f(x) € Cla,b], where f(a)f(b) <0,

Set I = a, ZEQ—b f1 f( ) f2 f(b),S:fl
Set 23 = x5 — fzf 7 T by = flas).

If | f3| or |xo — 1] is small enough, go to step 8.
If f3 f1 <0, go to step 6.
Set xr1 = l‘g,fl = f3. If f3 S > 0 set fg = f2/2, go to step 7.

ANl
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6. Set 1y = Ig,fg = f3. If f3 S > 0, set f1 = f1/2
7. Set S = f3, go to step 2.
8. The procedure is complete.

14.3 Fixed Point Methods

The methods in this section do not have the bracketing property and do not guarantee
convergence for all continuous functions. However, when the methods converge, they are
much faster generally. Such methods are useful in case the zero is of even multiplicity. The
methods are derived via the concept of the fixed point problem. Given a function f(x) on
la, b], we construct an auxiliary function g(z) such that £ = g(§) for all zeros £ of f(x). The
problem of finding such £ is called the fixed point problem and ¢ is then called a fixed point
for g(x). The question is how to construct the function g(z). It is clear that g(x) is not
unique. The next problem is to find conditions under which g(z) should be selected.

Theorem If g(x) maps the interval [a, b] into itself and g(x) is continuous, then g(z) has at
least one fixed point in the interval.

Theorem Under the above conditions and
ld(x)| < L<1 for all z € [a, ] (14.3.1)
then there exists ezxactly one fixed point in the interval.

Fized Point Algorithm

This algorithm is often called Picard iteration and will give the fixed point of g(x) in the
interval [a, b].
Let zg € [a,b] and construct the sequence {z,} such that

Tnt1 = g(zp), for all n > 0. (14.3.2)

Note that at each step the method gives one value of x approximating the root and not an
interval containing it.

Remark : If x,, = ¢ for some n, then

Tnt1 = g(2n) = 9(§) = &, (14.3.3)

and thus the sequence stays fized at &.
Theorem Under the conditions of the last theorem, the error e, = x,, — £ satisfies

n

<
el < 777
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Note that the theorem ascertains convergence of the fixed point algorithm for any x¢ € [a, b]
and thus is called a global convergence theorem. It is generally possible to prove only a local
result.

This linearly convergent algorithm can be accelerated by using Aitken’s- A® method . Let
{z,} be any sequence converging to . Form a new sequence {2/} by

Axz,)?
T =z, — (A2x7)z (14.3.5)
where the forward differences are defined by
Az, = Tpi — Ty (14.3.6)
A’2, = Tpio — 2Tpi1 + T (14.3.7)
Then, it can be shown that {z] } converges to £ faster than {x,}, i.e.
lim fm —S . (14.3.8)

Steffensen’s algorithm

The above process is the basis for the next method due to Steffensen. Each cycle of
the method consists of two steps of the fixed point algorithm followed by a correction via
Aitken’s- A2 method. The algorithm can also be described as follows:

Let R(z) = g(g(z)) — 29(z) +
x if R(z) =0

A otherwise. (14.3.9)

Newton’s method

Another second order scheme is the well known Newton’s method. There are many ways
to introduce the method. Here, first we show how the method is related to the fixed point
algorithm. Let g(x) = x + h(z)f(z), for some function h(z), then a zero & of f(x) is also
a fixed point of g(z). To obtain a second order method one must have ¢’(¢) = 0, which is

satisfied if h(r) = ————. Thus, the fixed point algorithm for g(z) = = — J{/((x)) yields a
x
second order method which is the well known Newton’s method:
f(@n) n=01,... (14.3.10)

T )
For this method one can prove a local convergence theorem, i.e., under certain conditions on
f(z), there exists an € > 0 such that Newton’s method is quadratically convergent whenever
’33'0 — f’ < €.
Remark : For a root £ of multiplicity p one can modify Newton’s method to preserve the
f (@)
)
(1957). If i is not known, one can approximate it as described in Traub (1964, pp. 129-130).

quadratic convergence by choosing g(z) = = — . This modification is due to Schroder
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14.4 Example

In this section, give numerical results demonstarting the three programs in the Appendix to
obtain the smallest eigenvalue A of (6.2.12) with L = h = 1. That is

tanz = —x (14.4.1)
where
=V (14.4.2)
We first used the bisection method to get the smallest eigenvalue which is in the interval
1,5 5
57T ) (14.4.3)

1
We let = € (§7r + .1, 7T> . The method converges to 1.771588 in 18 iterations.

The other two programs are not based on bracketing and therefore we only need an initial
point

1

instead of an interval. The fixed point (Picard’s) method required 6 iterations and Stef-
fensen’s method required only 4 iterations. Both converged to a different eigenvalue, namely

x = 4.493409.

Newton’s method on the other hand converges to the first eigenvalue in only 6 iterations.

RESULTS FROM BISECTION METHOD

ITERATION # 1 R = 0.24062E+01 F(R) = 0.46431E+01
ITERATION # 2 R = 0.20385E+01 F(R) = 0.32002E+01
ITERATION # 3 R = 0.18546E+01 F(R) = 0.15684E+01
ITERATION # 4 R = 0.17627E+01 F(R) = -0.24196E+00
ITERATION # 5 R = 0.18087E+01 F(R) = 0.82618E+00
ITERATION # 6 R = 0.17857E+01 F(R) = 0.34592E+00
ITERATION # 7 R = 0.17742E+01 F(R) = 0.67703E-01
ITERATION # 8 R = 0.17685E+01 F(R) = -0.82850E-01
ITERATION # 9 R = 0.17713E+01 F(R) = -0.65508E-02
ITERATION # 10 R = 0.17728E+01 F(R) = 0.30827E-01
ITERATION # 11 R = 0.17721E+01 F(R) = 0.12201E-01
ITERATION # 12 R = 0.17717E+01 F(R) = 0.28286E-02
ITERATION # 13 R = 0.17715E+01 F(R) = -0.18568E-02
ITERATION # 14 R = 0.17716E+01 F(R) = 0.48733E-03
ITERATION # 156 R = 0.17716E+01 F(R) = -0.68474E-03
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ITERATION # 16

ITERATION # 17

ITERATION # 18
TOLERANCE MET

R
R
R

0.17716E+01
0.17716E+01
0.17716E+01

RESULTS FROM NEWTON’S METHOD

o Ok WN -
O O O O O

X TOLERANCE MET

RESULTS FROM STEFFENSEN’S METHOD

0.

1670796D+01

.1721660D+01
.1759540D+01
.1770898D+01
.1771586D+01
.1771588D+01

1 0.1670796D+01
2 0.4477192D+01
3 0.4493467D+01
4 0.4493409D+01

X TOLERANCE MET

O O O O O

.1759540D+01
.1770898D+01
.1771586D+01
.1771588D+01
.1771588D+01

X= 0.1771588D+01

= 0.4493409D+01

F(R)
F(R)
F(R)

RESULT FROM FIXED POINT (PICARD) METHOD

O O WN -

O O O O O O

.1670796D+01
.4173061D+01
.4477192D+01
.4492641D+01
.4493373D+01
.4493408D+01

X TOLERANCE MET

= 0.4493408D+01
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14.5 Appendix

The first program given utilizes bisection method to find the root.

C THIS PROGRAM COMPUTES THE SOLUTION OF F(X)=0 ON THE
C INTERVAL (X1,X2)
C
C ARGUMENT LIST
C X1 LEFT HAND LIMIT
C X2 RIGHT HAND LIMIT
C XTOL INCREMENT TOLERANCE OF ORDINATE
C FTOL FUNCTION TOLERANCE
C
C F1 FUNCTION EVALUATED AT X1
C F2 FUNCTION EVALUATED AT X2
C IN IS THE INDEX OF THE EIGENVALUE SOUGHT
IN=1
PI=4.%ATAN(1.)
MITER=10
FTOL=.0001
XTOL=.00001
X1=((IN-.5)*PI)+.1
X2=IN*PI
WRITE(6,6) X1,X2
6 FORMAT (1X,’X1 X2’,2X,2E14.7)

F1 = F(X1,IN)
F2 = F(X2,IN)
C FIRST, CHECK TO SEE IF A ROOT EXISTS OVER THE INTERVAL
IF(F1*F2.GT.0.0) THEN
WRITE(6,1) F1,F2

1 FORMAT (1X,’F(X1) AND F(X2) HAVE SAME SIGN’,2X,2E14.7)
RETURN
END IF
C
C SUCCESSIVELY HALVE THE INTERVAL; EVALUATING F(R) AND TOLERANCES
C
DO 110 I = 1,MITER
C R VALUE OF ROOT AFTER EACH ITERATION
R = (X1+X2)/2.
C XERR HALF THE DISTANCE BETWEEN RIGHT AND LEFT LIMITS
C FR FUNCTION EVALUATED AT R
FR = F(R,IN)

XERR = ABS(X1-X2)/2.
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WRITE(6,2) I, R, FR
2 FORMAT (1X,’AFTER ITERATION #’,1X,I12,3X,’R =’,1X,E14.7,3X,
1’F(R) =’,1X,E14.7)

C CHECK TOLERANCE OF ORDINATE

IF (XERR.LE.XTOL) THEN
WRITE (6,3)

3 FORMAT (1X, > TOLERANCE MET’)
RETURN
ENDIF

Q

CHECK TOLERANCE OF FUNCTION

IF(ABS(FR) .LE.FTOL) THEN
WRITE(6,3)

RETURN

ENDIF

IF TOLERANCES HAVE NOT BEEN MET, RESET THE RIGHT AND LEFT LIMITS
AND CONTINUE ITERATION

QaQQQ

IF(FR*F1.GT.0.0) THEN
X1 =R
F1=FR
ELSE
X2 =R
F2 = FR
END IF
110  CONTINUE
WRITE (6,4) MITER

4 FORMAT (1X,’AFTER’ ,I3,’ITERATIONS - ROOT NOT FOUND’)
RETURN
END
FUNCTION F(X,IN)

C THE FUNCTION FOR WHICH THE ROOT IS DESIRED
F=X+TAN(X) +IN*PI
RETURN
END
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Q

10

20

30

The second program uses the fixed point method.

FIXED POINT METHOD

IMPLICIT REAL*8 (A-H,0-Z)
PI=4.DO+DATAN(1.DO)

COUNT NUMBER OF ITERATIONS

N=1

XTOL= X TOLERANCE

XTOL=.0001

FTOL IS F TOLERANCE

FTOL=.00001

INITIAL POINT

IN IS THE INDEC OF THE EIGENVALUE SOUGHT
IN=1

X1=(IN-.5)*PI+.1

MAXIMUM NUMBER OF ITERATIONS
MITER=10

I=1

PRINT 1,I,X1

X2=G(X1)

FORMAT (1X,I12,D14.7)

N=N+1

RG=G(X2,IN)

PRINT 1,N,X2,RG

IF(DABS(X1-X2) .LE.XTOL) GO TO 20
IF(DABS(RG) .LE.FTOL) GO TO 30
X1=X2

IF(N.LE.MITER) GO TO 10

CONTINUE

PRINT 2,X2

FORMAT(2X,’X TOLERANCE MET X=’,D14.7)
RETURN

PRINT 3,X2

FORMAT (3X,’F TOLERANCE MET X=’,D14.7)
RETURN

END

FUNCTION G(X,IN)

IMPLICIT REAL*8 (A-H,0-Z)
G=DATAN (X) +IN*PI
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RETURN
END
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The last program uses Newton’s method.

C

C NEWTON’S METHOD

C
IMPLICIT REAL*8 (A-H,0-Z)
PI=4.DO+DATAN(1.DO)

C COUNT NUMBER OF ITERATIONS
N=1

C XTOL= X TOLERANCE
XTOL=.0001

C FTOL IS F TOLERANCE
FTOL=.00001

C INITIAL POINT

C IN IS THE INDEC OF THE EIGENVALUE SOUGHT
IN=1
X1=(IN-.5)*PI+.1

C MAXIMUM NUMBER OF ITERATIONS
MITER=10
PRINT 1,N,X1

10 X2=G(X1,IN)

1 FORMAT(1X,I2,D14.7,1X,D14.7)
N=N+1
RG=G (X2, IN)

PRINT 1,N,X2,RG
IF(DABS(X1-X2) .LE.XTOL) GO TO 20
IF(DABS(RG) .LE.FTOL) GO TO 30
X1=X2
IF(N.LE.MITER) GO TO 10
20 CONTINUE
PRINT 2,X2
2 FORMAT (2X,’X TOLERANCE MET X=’,D14.7)
RETURN
30 PRINT 3,X2
3 FORMAT (3X,’F TOLERANCE MET X=’,D14.7)
RETURN
END
FUNCTION G(X,IN)
IMPLICIT REAL*8 (A-H,0-Z)
G=X-F (X, IN)/FP(X,IN)
RETURN
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END

FUNCTION F(X,IN)

IMPLICIT REAL*8 (A-H,0-Z)
PI=4.DO+DATAN(1.DO)
F=X+DTAN (X) +IN*PI

RETURN

END

FUNCTION FP(X,IN)
IMPLICIT REAL*8 (A-H,0-Z)
PI=4.DO+DATAN(1.DO)
FP=1.D0+(1.D0/DCOS (X)) **2
RETURN

END
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Index

ADI, 302

adjoint opeator, 254

Advection, 37

advection diffusion equation, 5
advection equation, 288

Aitken’s method, 334
amplification factor, 290
approximate factorization, 304
artificial viscosity, 318

associated Legendre equation, 172
associated Legendre polynomials, 174
averaging operator, 279

backward difference operator, 279

Bassett functions, 166

Bessel functions, 159

Bessel’s equation, 159

best approximation, 96

binary search, 331

bisection, 331, 337

boundary conditions of the third kind, 127
bracketing, 335

Bracketing methods, 331

canonical form, 15, 16, 19, 20, 23, 26, 30,
33

causality principle, 245

centered difference, 279

CFL condition, 314, 315

characteristic curves, 15, 19, 20

characteristic equations, 20

characteristics, 16, 19

chemical reactions, 120

Circular Cylinder, 164

circular membrane, 158

Circularly symmetric, 121

coefficients, 88

compact fourth order, 279

compatible, 289

conditionally stable, 290

confluent hypergeometric functions, 137, 138

conservation-law form, 53

conservative form, 53

consistent, 289

Convergence, 97

convergence, 38

convergent, 291

Convolution theorem, 268

convolution theorem, 204, 210
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Convolution theorem for Fourier cosine trans-
form, 210

Convolution theorem for Fourier sine trans-
form, 210

Coriolis parameter, 137

Courant number, 314

Crank-Nicholson, 295, 299, 302, 303

curved boundary, 281

cylindrical, 147

d’Alembert’s solution, 58

delta function, 246

diffusion, 319

diffusion-convection equation, 207
Dirac delta function, 228, 229
Dirichlet, 7

Dirichlet boundary conditions, 148
dispersion, 291, 319

dissipation, 318

divergence form, 53

domain of dependence, 59
domain of influence, 59

DuFort Frankel, 294
DuFort-Frankel scheme, 289

eigenfunctions, 76, 83, 182
eigenvalues, 76, 83
elliptic, 4, 15, 17, 36
ELLPACK, 306
equilibrium problems, 15
error function, 201

Euler equations, 321
Euler explicit method, 317
Euler’s equation, 114, 171
even function, 64

explicit scheme, 292

finite difference methods, 287
finite string, 273

first order wave equation, 37
five point star, 305

fixed point, 333, 335

fixed point method, 339
fixed point methods, 331
forced vibrations, 186
forward difference operator, 279
Fourier, 290

Fourier cosine series, 99
Fourier cosine transform, 208
Fourier method, 314



Fourier series, 85, 88

Fourier sine series, 99

Fourier sine transform, 208
Fourier transform, 195, 196, 218
Fourier transform method, 195

Fourier transform of spatial derivatives, 204

Fourier transform of time derivatives, 204
Fredholm alternative, 233

Fredholm integral equation, 226
fundamental period, 64, 85

Gauss-Seidel, 306

Gauss-Seidel method, 307

Gaussian, 196, 200

generalized Fourier series, 122

Gibbs phenomenon, 90, 115

Green’s formula, 131, 254

Green’s function, 218, 222, 225, 229, 242
Green’s theorem, 234

grid, 287

grid aspect ratio, 308

heat conduction, 5

heat equation, 4

heat equation in one dimension, 292
heat equation in two dimensions, 302
heat equation on infinite domain, 252
heat equation on infinite domains, 265
heat flow, 121

Heaviside function, 229

Helmholtz equation, 149, 151, 158
Helmholtz operator, 258
homogeneous, 2

hybrid schemes, 331

hyperbolic, 4, 15-17, 19, 20, 32
hyperbolic Bessel functions, 166

implicit scheme, 296

influence function, 200
inhomogeneous, 2

inhomogeneous boundary conditions, 179
inhomogeneous wave equation, 186
integrating factor, 223
Intermediate Value Theorem, 331
inverse Fourier transform, 196
inverse transform, 267

inviscid Burgers’ equation, 321
irreducible, 307

irregular mesh, 281

iterative method, 306

Iterative solution, 307

Jacobi, 306

Jacobi’s method, 307

kernel, 226
Korteweg-de Vries equation, 207
Kummer’s equation, 138

lagging phase error, 320

Lagrange’s identity, 131, 223

Lagrange’s method, 223

Laguerre polynomial, 138

Laplace transform, 267

Laplace transform of derivatives, 268

Laplace’s Equation, 304

Laplace’s equation, 4, 14, 113, 115, 140,
147, 287

Laplace’s equation in a half plane, 206

Laplace’s equation in spherical coordinates,
170

Lax equivalence theorem, 291

Lax method, 314, 315, 322, 325

Lax Wendroff, 324, 329

leading phase error, 320

least squares, 96

Legendre polynomial, 140

Legendre polynomials, 173

Legendre’s equation, 172

linear, 1

linear interpolation, 332

marching problems, 15

matrix method, 314

Maxwell’s reciprocity, 225, 249

mesh, 287

mesh Reynolds number, 328

mesh size, 288

method of characteristics, 37, 58, 218
method of eigenfunction expansion, 190
method of eigenfunctions expansion, 179
modes, 76

modified Bessel functions, 166

modified Green’s function, 234, 260
Modified Regula Falsi Algorithm, 332

Neumann, 7

Neumann boundary condition, 151
Neumann functions, 159

Newton’s law of cooling, 8
Newton’s method, 334, 341

nine point star, 305
nonhomogeneous, 120
nonhomogeneous problems, 179
nonlinear, 2

nonlinear equations, 331



nonuniform rod, 120 SOR, 307

numerical flux, 324 source-varying Green’s function, 255
numerical methods, 287 spectral radius, 307
numerical solution, 331 spherical, 147
stability, 290
odd function, 64 stable, 290
one dimensional heat equation, 218 steady state, 15, 222
one dimensional wave equation, 272 Steffensen’s algorithm, 334
order of a PDE, 1 Steffensen’s method, 335
orthogonal, 86, 122 stopping criteria, 331
orthogonal vectors, 86 Sturm - Liouville differential equation, 121
orthogonality, 86 ‘ Sturm-Liouville, 155, 222
orthogonality of Legendre polynomials, 173 Sturm-Liouville differential equation, 122

Sturm-Liouville problem, 122
successive over relaxation, 307
successive over relaxation (SOR), 306

parabolic, 4, 15, 17, 22, 29, 36
Parallelogram Rule, 70
partial differential equation, 1

PDE, 1 Taylor series, 278

period, 64, 85 Term by Term Differentiation, 106

periodic, 85 . Term by Term Integration, 108

Periodic boundary conditions, 8 Thomas algorithm, 282

periodic forcing, 187 translation property, 257

periodic function, 64 truncation error, 288

perturbed, 140 two dimensional eigenfunctions, 191

phase angle, 315 Two Dimensional Heat Equation, 302

physical applications, 4

Picard, 335 unconditionally stable, 290

Picard iteration, 333 unconditionally unstable, 290

piecewise continuous, 85 uniform mesh, 280

piecewise smooth , 85 upstream differencing, 317

Poisson’s equation, 4, 190, 239, 263 upwind differencing, 317

principle of superposition, 243

pulse, 228 variation of parameters, 183
viscous Burgers’ equation, 321

quadratic convergence, 334 von Neumann, 290

quasilinear, 2, 44
Wave equation, 4

Rayleigh quotient, 122, 134, 155 wave equation, b

Rayleight quotient, 159 wave equation on infinite domain, 245
Regula Falsi, 332 wave equation on infinite domains, 265
regular, 122 weak form, 53

regular Sturm-Liouville, 127
Residue theorem, 267
resonance, 187
Runge-Kutta method, 42

second kind, 226

second order wave equation, 58

separation of variables, 73, 85, 120, 148,
151, 218

series summation, 108

seven point star, 306

shallow water equations, 137

singular Sturm-Liouville, 124
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