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Plan

e Necessary and sufficient conditions for the linearization of a third order ODE,

e Classification results for some PDE systems.

e Main optimizations of our implementation of the Cartan’s equivalence method.



Introduction

e The Cartan’s equivalence method allows to decide if two differential equations (or
systems of differential equations) are equivalent under the action of a given group of
transformation.

e Input of the algorithm : Two differential equations and a group of transformations.

e Output of the algorithm : A complete system of fundamental invariants associated
to the equivalence problem.

e See Olver (Equivalence, Invariants and Symmetry). See Cartan, Chern (Third or-
der ODE), Gardner, Olver, Kamran, Fels.
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Equivalence of third order ODE’s

o letx := (z,y,p = v/, g = y"") € R* be a system of local coordinates of J2.
Two equations y.z» = f(x,y,p,q) and """ = f(z, vy, ¥, y"") are equivalent by a
contact transformation X = ¢(x) when there exist functions (a1, ..., ag) from J2 to
R such that
dq — f(X)dz a1(x) ax(x) az(x) O dq — f(X)dx
& dy: — ]Ed:f _ 0 as(X) 0 0 dy — pdx
dp — qdx 0 as(X) ag(x) 0 dp — qdx
dx 0 a7(X) ag(x) ag(x) \ dx )
\ w(X)
0(x)

e The computation splits into two branches depending on the value of

1 1 1
I = _gfpfq + §D:L’fp — ngfq fy + fq :qu — —fq
where Dy := 0/0x +p 0/9y + q 9/9p + f(=,y,p, q) 0/0q.



Third order ODE's : thecase I = 0

The final structure equations containing 9 fundamental invariants are

(dol = —61 A% — 63 A6°,
df? = —62N0°—26210°—63A0%,
do3 = —01 A0 —62N6°—03N0°—03N10°,
do* = —02A07 —03A0%—06% N0,
d9® = —201 A0 —63A07 — 6% A 6O,
) d9® = —01A07T — 03 A610 9% A 0%, 1)
d07 = [OYAO2+ 1501 ANO3 + 1302 A 03— 0% A010 — 95 A 07
—05 A O8 + 067 AB°,
do® = I,01 AN02 1501 NO3 + 15021603 —0% AOT —0° N 68,
d9® = 01 A6% —02 010 4 0% A0,
do10 = 17,01 N 62 + 1301 A 63 + 1902 A 63 — 02 A 610
—05 A 07 — 269 A 010,




Third order ODE's :thecase I = 0

Theorem 1 Consider the equation vz = f(x, y, p, ¢). Then the three following
conditions are equivalent :

(i) The equation is equivalent to "/ = 0 by a contact transformation.

(i) The equation admits a 10 parameters contact symmetry group.

eThe Poincaré’s identity
d(d6") = R’} 07 NO¥ N0 =0

gives the following differential relations between the invariants :

ol
I+ I, =0, I; + 2Ig = 0, 83+[9_O
01y 213
— 1 I =0, I I, =0, I3 =0,
594 6+ 11 = g 7 T1a+ 1= 894+3
—Ig — Ig =0, I = 0.
e From the above relations we deduce that Is = — fyq4/(6a3ag) is a base of the

differential algebra generated by the nine invariants.



Third order ODE’s : thecase I = 0

The final structure equations containing 16 fundamental invariants are :

dh?
do3
de*
do>

—0L ANO® 1102 A 03 + 02 A 0% 4 1503 A 6%,

1302 N O3 — 02 N 6O° — 03 A 6%,

1201 A 02 — 01 A 0% 4 1502 A 63 4 1502 A 0% — 03 A 62, 5
1701 A 02 + 1301 A 03 + 19602 A 03 + 11602 A 67, (2)
I1101 A 02 4+ 11501 A 03 + T1301 A 0% 4 1746072 A 63

411502 A 0% + 11603 N 0%



Third order ODE’s : thecase I = 0O

In this case, the differential algebra of the invariants 14, ..., I1¢ IS generated by the
four invariants : (Ig, I3, 110, I7).

Theorem 2 A third order differential equation vz = f(x,y, p, q) IS equivalent to
yrze = y under the group of contact transformations if and only if :

[ Jgq =0,

—4Jgfqd + faq(J)? — 6JpJ + 6J3DyJ = O,

DyJy — D2Jy — J; = 0,

| =32 — (N)2f2 +3(J))2Dyfq — 6JDZJ 4 9(DyJ)? = 0,

where J3 = T.




Third order ODE'’s : linearization conditions

e \We used the above invariants to find necessary and sufficient condition so that the
equation v = f(x, y, v, ¥") is equivalent to the linear equation

y"'+a(@)y" +b(z)y +c(z)y=0

by a contact transformation.

eCase ] =0

For a linear equation, we have f,qqq = O. Therefore, every linear equation for which
I = 0 is equivalent to ¥/ = 0. Then if I = 0, a differential equation is linearizable
if and only if it is equivalent to y"/ = 0, i.e fyqqq = O.



Third order ODE'’s : linearization conditions

eCasel #0

Theorem 3 Consider """ = f(x, y, v, ¥"), a third order ordinary differential equa-
tion such that I #= 0. Then the five following conditions are equivalent :

() The equation is equivalent to the linear equation

y" +a(x) y" +b(z) ¥ 4+ c(z) y = 0.
by a contact transformation.

(ii) The equation is equivalent to the canonical form v’/ 421> (x) y’—l—(l + Ié(a:)) y =
O by a contact transformation.

(iti) The invariants (11, I», ..., I1¢) defined in (2), excepted eventually I, are zero.
(iv) The invariants (I, I3, Ig, I10, I16) defined in (2) are zero.

(v) The 2-forms d6% and d6° defined in (2) are zero.



Second order PDE systems with two independant variables

e \We have computed the invariants for the classification of second order pde sys-
tems

U 1,1 = fll(az acz U, U1, U 2)
uge = fio(al, 332 U, Uy 1, U 2) (3)
uo2 = faa(zl, :1:2 U, U1, U, 2)

with one dependent variable v and two independent variables =1, 2 under the group
of point transformations R3 5 (z1,22,4) — (z1, %2, 2) € R3.

e One can show that (3) is equivalent to the flat system

u = U =ux2x2=0

rlyl rly?

If and only if all the fundamental invariants are zero.

e These very large invariants occupy 1.1 Mega-bytes of memory. Using our soft-
ware, we automatically prove that these equivalence conditions are reduced to the
vanishing of a very small invariant.



Second order PDE systems with two independant variables

Theorem 4 The three following conditions are equivalent :

(1) The system (3) can be mapped to the flat system uzrz = uzy = uyy = O by a
point transformation.

(i) The system (3) admits a 15 parameters point symmetry group

(iti) The functions f11, f1> and foo of (3) verify the following linear conditions :

[ 92f11 — 0
ou 8u2 )
ffzz — 0
ou 8u1 ’
< 21f12 82 f11 — 0
Ouos0uo  Ou ouo ’
§f12 21f22 — 0
8%£8U1 8u18u2 7
0fi1 _, 02 f12 n 02 f20 —0
\ aU16U1 3u18u2 8u28u2 .



Our Maple implementation of Cartan’s equivalence method

e All the compputations are done using non-commutative derivations. These deriva-
tions are dual of the forms w*. Such derivations naturally compress the invariants.

Example use of 9/0x" use of 9/0w"
y""=f, 1=0 | 18Kb (35sec) | 8Kb (20 sec)
y""'=f, I #0 | 57 Kb (7 sec) 7,5 Kb (3, 5 sec)
y(4) = ¢ 280 Kb (38 sec) | 36 Kb (9 sec)
PDE system (3) | Does not finish 1,1 Mb (3 h)

e The Poincaré’s identity, d(df*) = 0, is automatically performed. It generates a lot
of differential relations between the invariants.

e These relations are used to compute a base of the differential ideal or differential
algebra of the invariants. It allows a great simplification of the equivalence conditions.

e You can find this 4500 lines maple package at www.lifl.fr/ _neut.



