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Preface

Topology, created by H. Poincaré in the late 19th and early 20th century
as a new branch of mathematics under the name “Analysis Situs” differed
in its style and character from other parts of mathematics: it was less
rigorous, more intuitive and visible than the other branches. It was not by
chance that topological ideas attracted physicists and chemists of the 19th
century, for instance, Maxwell, Kelvin and Betti, as well as other scientists
residing at the junction of mathematics and physics, such as Gauss, Euler
and Poincaré. Hilbert thought it necessary to make this beautiful part of
mathematics more rigorous; as it was, it seemed to Hilbert alien.

As a result of the rapid development of 1930s—1960s, it was possible to
make all achievements of previously known topology more rigorous and to
solve many new deep problems, which seemed to be inaccessible before. This
leads to the creation of new branches, which changed not only the face of
topology itself, but also of algebra, analysis, geometry — Riemannian and
algebraic, — dynamical systems, partial differential equations and even
number theory. Later on, topological methods influenced the development
of modern theoretical physics. A number of physicists have taken a great
interest in pure topology, as in 19th century.

How to learn classical topology, created in 1930s—1960s? Unfortunately,
the final transformation of topology into a rigorous and exact section of
pure mathematics had also negative consequences: the language became
more abstract, its formalization — I would say, excessive, took topology
away from classical mathematics. In the 30s and 40s of the 20th century,
some textbooks without artificial formalization were created: “Topology”
by Seifert and Threlfall, “Algebraic Topology” by Lefschetz, “The topology
of fiber bundles” by Steenrod. The monograph “Smooth manifolds and
their applications in homotopy theory” by Pontrjagin written in early 50s
and, “Morse Theory” by Milnor, written later, are also among the best
examples. One should also recommend Atiyah’s “Lectures on K-Theory”
and Hirzebruch’s “New Topological Methods in Algebraic Geometry”, and
also “Modern geometric structures and fields” by Novikov and Taimanov
and Springer Encyclopedia Math Sciences, Vol. 12, Topology-1 (Novikov)

xi



xii PREFACE

and Vol. 24, Topology-2 (Viro and Fuchs), and Algebraic Topology by A.
Hatcher (Cambridge Univ. Press).

However, no collection of existing textbooks covers the beautiful
ensemble of methods created in topology starting from approximately 1950,
that is, from Serre’s celebrated “Singular homologies of fiber spaces”. The
description of this and following ideas and results of classical topology (that
finished around 1970) in the textbook literature is reduced to impossible
abstractly and to formally stated slices, and in the rest simply is absent.
Luckily, the best achievements of this period are quite well described
in the original papers — quite clearly and with useful proofs (after the
mentioned period of time even that disappears — a number of fundamental
“Theorems” is not proved in the literature up to now).

We have decided to publish this collection of works of 1950s-1960s,
that allow one to learn the main achievements of the above-mentioned
period. Something similar was done in late 1950s in the USSR, when the
celebrated collection “Fiber spaces” was published, which allowed one to
teach topology to the whole new generation of young mathematicians. The
present collection is its ideological continuation. We should remark that
the English translations of the celebrated papers by Serre, Thom, and
Borel which are well-known for the excellent exposition and which were
included in the book of “Fiber spaces” were never published before as well
as the English translation of my paper “Homotopical properties of Thom
complexes”.

Its partition into three volumes is quite relative: it was impossible to
collect all papers in one volume. The algebraic methods created in papers
published in the third volume are widely used even in many articles of the
first volume, however, we ensured that several of the initial articles of the
first volume employ more elementary methods. We supply this collection
by the graph which demonstrates the interrelation of the papers: if one of
them has to be studied after another this relation is shown by an arrow. We
also present the list of additional references to books which will be helpful
for studying topology and its applications.

We hope that this collection would be useful.

S. P. Novikov
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The interrelation between articles listed in the Russian edition of the
Topological Library looks as follows:

Serre Pontrjagin Smale [ Milnor*
1. 1-3 L1 1.4-5 L6

Atiyah,Hirzebruch Adams Borel 12
1. 8 1.7 111. 4-5 l

/

Milnor "
1L 6 1. 1-2
l Kervaire,Milnor
,/ .3

Novikov
1.4

Novikov / l

.9 Novikov
11.5-6

Novikov
1.3

Quillen

1.7
Kirby
1.7

Mishchenko,N
1.8

Buchstaber,Novikov
L9

Milnor’s books “Lectures on the h-cobordism Theorem” and “Lectures
of Characteristic Classes” (Milnor 1.6 and Milnor I1.2) are not included into
the present edition of the series.’

'Due to the omission of the two articles, the numerical order of the present edition
has been shifted.
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On manifolds homeomorphic to the
7-sphere!

J. Milnor

The objective of this note will be to show that the 7-sphere possesses
several distinct differentiable structures.

In § 1 an invariant A is constructed for oriented, differentiable 7-manifold
M7 satisfying the hypothesis

H (M) = HY(M") = 0, (*)

(integer coefficients are to be understood). In §2 a general criterion is
given for proving that an n-manifold is homeomorphic to the sphere
S™. Some examples of 7-manifolds are studied in §3 (namely, 3-sphere
bundles over the 4-sphere). The results of the preceding two sections
are used to show that some of these manifolds are topological 7-spheres,
but not differentiable 7-spheres. Several related problems are studied
in §4.

All manifolds considered, with or without boundary, are to be
differentiable, orientable and compact. The word differentiable will mean
differentiable of class C*°. A closed manifold M™ is oriented if one generator
€ Hy(M™) is distinguished.

1J. Milnor, On Manifolds Homeomorphic to The 7-Sphere, Annals of Mathematics,
64 (1956), 399-405 (Received June 14, 1956).

1



2 J. MILNOR

§1. The invariant A(M")

For every closed, oriented 7-manifold satisfying (*), we will define a
residue class A(M7) modulo 7. According to Thom [5] every closed 7-
manifold M7 is a boundary of an 8-manifold M®. The invariant A\(M7)
will be defined as a function of the index 7 and the Pontrjagin class p;
of BS.

An orientation v € Hg(B®, M") is determined by the relation dv = p.
Define a quadratic form over the group

H*(B®, M7)/(torsion)

by the formula o — (v,a?). Let 7(B®) be the index of this form (the
number of positive terms minus the number of negative terms, when the
form is diagonalized over the real numbers).

Let p; € H*(B®) be the first Pontrjagin class of the tangent bundle of
B? (for the definition of Pontrjagin classes see [2] or [6]). The hypothesis
(*) implies that the inclusion homomorphism

i: HY (B, M") — H*(B®)
is an isomorphism. Therefore we can define a “Pontrjagin number”
a(B®) = (v, (i"'p1)?).

Theorem 1.1. The residue class of 2q(B®) — 7(B%) modulo 7 does not
depend on the choice of the manifold B3.

Define A\(M7) as this residue class.! As an immediate consequence we
have:

Corollary 1.2. If \(M7) # 0, then M7 is not the boundary of any
8-manifold having fourth Betti number zero.

PROOF OF THEOREM 1.1. Let B}, BS be two manifolds with boundary
M7, (We may assume they are disjoint: Bf(\BS = M".) Then C® =
B¥|JBS is a closed 8-manifold which possesses a differentiable structure
compatible with that of BY and BS. Choose that orientation v for C®
which is consistent with the orientation vy of B} (and therefore consistent

ISimilarly for n = 4k —1 a residue class A\(M™)mod sy u(Ly,) could be defined (see [2],
p. 14). For k = 1,2,3,4 we have spu(Ly) = 1,7, 62, 381 respectively.
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with —15). Let ¢(C®) denote the Pontrjagin number (v, p?(C®)). According
to Thom [5] or Hirzebruch [2] we have

(€)= (v 3 10a(CY) - H(CY) )
and therefore
457(C®) + q(C®) = 7(v,p2(C®)) =0 (mod 7).
This implies
A=2¢(C® —7(C®) =0 (mod 7). (1)
Lemma 1.3. Under the above conditions we have
7(C®) = 7(BY) - 7(B3), (2)
and
q(C®) = q(BY) — q(B3). (3)
Formulas (1)—(3) clearly imply that
2q(BY) — 7(BY) = 2q(B3) — 7(B3) (mod 7),

which is just the assertion of Theorem 1.1.
PrOOF OF LEMMA 1.3. Consider the diagram
H™(BS, M") & H"(B3, M") & H"(C%, M")
l i1Di2 ~ l j
H™(BY) ® H™(BS) & H"(C®).
Note that for n = 4 these homomorphisms are all isomorphisms. If
a=jh Ha; ® az) € HY(C?), then
(v,0®) = (v, jh™ (o} @ a3)) = (1 @ (~12), 0f @ a3)
= (naf) — (na3). (4)
Thus the quadratic form of C® is the “direct sum” of the quadratic form

of BY and the negative of the quadratic form of B§. This clearly implies
formula (2).



4 J. MILNOR

Define a; = i} 'p1(B}) and ag = iy 'pi(BS). Then the relation
k(p1(C®)) = p1(BY) @ p1(B3)
implies that
Fh a1 @ az) = p1(C?).
The computation (4) now shows that
(v, p1(C%)) = (naf) — (a3),

which is just formula (3). This completes the proof of Theorem 1.1.
The following property of the invariant A is clear.

Lemma 1.4. If the orientation of M" is reversed, then AN(M7) is
multiplied by —1.

As a consequence we have

Corollary 1.5. If A\(M7) # 0, then M7 possesses on orientation
reversing diffeomorphism onto itself.!

§ 2. A partial characterization of the n-sphere

Consider the following hypothesis concerning a closed manifold M™
(where R denotes real numbers).

Hypothesis (H). There exists a differentiable function f: M™ — R,
having only two critical points xg, 1. Furthermore these critical points are
non-degenerate.

(That is if ug, ..., u, are local coordinates in a neighborhood of xy (or
x1) then the matrix |92 f/Ou;0u;|| is non-singular at z¢ (or z1).)

Theorem 2.1. If M™ satisfies the hypothesis (H) then there exists a
homeomorphism of M™ onto S™ which is a diffeomorphism except possibly
at a single point.

Added in proof. This result is essentially due to Reeb [7].

The proof will be based on the orthogonal trajectories of the manifolds
f = const.

LA diffeomorphism f is a homeomorphism onto such that both f and f~! are
differentiable.
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Normalize the function f so that f(xz¢) = 0, f(z1) = 1. According
to Morse [3] (Lemma 4) there exists local coordinates vq,...,v, in a
neighborhood V of zg so that f(x) = v?+- - -+v2 for z € V. (Morse assumes
that f is of class C3, and constructs coordinates of class C''; but the same
proof works in the C° case.) The expression ds? = dv} +- - -+ dv2 defines a
Riemannian metric for M™ which coincides with this in some neighborhood
V of xg. Choose a differentiable Riemannian metric for M™ which coincides
with this in some neighborhood V' of xy.! Now the gradient of f can be
considered as a contravariant vector field.

Following Morse, we consider the differential equation

dx grad f

dt — lgrad f[|?’
In the neighborhood V' this equation has solutions
(01(t), ..., v0(t) = (a1t?,. .., ant?)

for 0 <t < ¢ (where a = (ay,...,a,) is any n-tuple with af +---+a? = 1).
These can be extended uniquely to solutions x,(t) for 0 < ¢ < 1. Note that
these solutions satisfy the identity

f(za(t)) =1t.
Map the interior of the unit sphere of R™ into M™ by the map
(art?, ... ant?) — 24().

It is easily verified that this defines a diffeomorphism of the open n-cell
onto M™\{z1}. The assertion of Theorem 2.1 now follows.

Given any diffeomorphism g : S"~! — S"~! an n-manifold can be
obtained as follows.

Construction (C). Let M™(g) be the manifold obtained from two copies
of R" by matching the subsets R™\{0} under the diffeomorphism

e ()
U—v=-—g(— |-
[l \ ]

(Such a manifold M™ is clearly homeomorphic to S™. If ¢ is the identity
map then M"(g) is diffeomorphic to S™.)

Corollary 2.2. A manifold M™ can be obtained by the construction
(C) if and only if it satisfies the hypothesis (H).

I This is possible by [4] (Secs. 6.7 and 12.2).
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If M™(g) is obtained by using the construction (C) then the function

ul® 1
fz) = = :
Ll 1402

will satisfy the hypothesis (H). The converse can be established by a slight
modification of the proof of Theorem 2.1.

§ 3. Examples of 7-manifolds

Consider 3-sphere bundles over the 4-sphere with the rotation group
SO(4) as structural group. The equivalence classes of such bundles are in
one-to-one correspondence with elements of the group m5(S0O(4)) ~ Z + Z.
A specific isomorphism between these groups is obtained as follows. For
each (h,j) € Z + Z let fn; : S® — SO(4) be defined by fn;(u) - v = uvud,
for u € S3,v € R* quaternion multiplication is understood on the right.

Let 2 be the standard generator for H*(S%). Let &nj denote the sphere
bundle corresponding to (fr;) € m3(SO(4)).

Lemma 3.1. The Pontrjagin class p1(&nj) equals £2(h — j)e.

(The proof will be given later. One can show that the characteristic class
c(&nj) (see [4]) is equal to (h+ j)z.)

For each odd integer k let M,Z be the total space of the bundle &
where h and j are determined by the equations h + j = 1,h — j = k. This
manifold M ,Z has a natural differentiable structure and orientation, which
will be described later.

Lemma 3.2. The invariant A\(M]) is the residue class modulo 7 of
K —1.

Lemma 3.3. The manifold M satisfies the hypothesis (H).
Combining these, we have:

Theorem 3.4. For k* =1 mod 7 the manifold M] is homeomorphic
to S but not diffeomorphic to S7.1

IFrom Theorem 2.2 it easily follows that every manifold satisfying the hypothesis (H)
is combinatorially equivalent to the sphere. Thus, Theorem 3.4 can be reformulated as
follows: for k> =1 mod 7 the manifold M ,Z is combinatorially equivalent to the sphere,
but not diffeomorphic to it. — Editor’s remark.



ON MANIFOLDS HOMEOMORPHIC TO THE 7-SPHERE 7

(For k = +1 the manifold M is diffeomorphic to S7; but it is not known
whether this is true for any other k.)

Clearly any differentiable structure on S can be extended through
R8\{0}. However:

Corollary 3.5. There exists a differentiable structure S™ which cannot
be extended throughout RS.

This follows immediately from the preceding assertions, together with
Corollary 1.2.

PRrROOF OF LEMMA 3.1. It is clear that the Pontrjagin class p;(p;) is a
linear function of h and j. Furthermore it is known that it is independent
of the orientation of the fiber. But if the orientation of S is reversed, then
&n; s replaced by £_; . This shows that p; () is given by an expression
of the form c¢(h — j)u. Here ¢ is a constant which will be evaluated later.

PROOF OF LEMMA 3.2. Associated with each 3-sphere bundle M7 — §*
there is a 4-cell bundle py: B,f — S4. The total space B,f of this bundle is a
differentiable manifold with boundary M ,Z . The cohomology group H*(M ,f )
is generated by the element o = pj (2). Choose orientations p and v for M}
and B} so that

(v, (i"ta)?) = +1.

Then the index 7(B§) will be +1.

The tangent bundle of Bf is the “Whitney sum” of (1) the bundle of
vectors tangent to the fiber, and (2) the bundle of vectors normal to the
fiber. The first bundle (1) is induced (under py) from the bundle &;, and
therefore has Pontrjagin class p1 = pj(c(h — j)) = cka. The second is
induced from the tangent bundle of S, and therefore has first Pontrjagin
class zero. Now by the Whitney product theorem ([2] or [6])

p1(BY) = cka +0.

For the special case k = 1 it is easily verified that B} is the quaternion
projective plane P»(K) with an 8-cell removed. But the Pontrjagin class
p1(P>(K)) is known to be twice the generator of H*(P5(K)) (see Hirzebruch
[1]). Therefore the constant ¢ must be +2, which completes the proof of
Lemma 3.1.

Now ¢(B) = (v, (i7'(£2ka))?) = 4k* and 2g — 7 =8k — 1 = k* — 1
(mod 7). This completes the proof of Lemma 3.2.

ProOF OF LEMMA 3.3. As coordinate neighborhoods in the base space

S* take the complement of the north pole, and the complement to the south
pole. These can be identified with Euclidean space R* under stereographic
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projection. Then a point which corresponds to v € R* under one projection

will correspond to u’ = HJ‘”Q under the other.

The total space M can be obtained as follows.! Take two copies of
R* x S? and identify the subsets (R*\{0} x S?) under the diffeomorphism

h

(u.0) = () = (o )

[l [l

(using quaternion multiplication). This makes the differentiable structure
of M} precise.

Replace the coordinates (u/,v') by (u”,v’), where v’ = u'(v")7L.
Consider the function f: M — R defined by

flz) = Rewv B Reu”
@ a2 (L w2

where Rewv denotes the real part of the quaternion v. It is easily verified
that f has only two critical points (namely, (u,v) = (0,£1)) and that these
are non-degenerate. This completes the proof.

§ 4. Miscellaneous results

Theorem 4.1. Either (a) there exists a closed topological 8-manifold
which does not possess any differentiable structure; or (b) the Pontrjagin
class p1 of an open 8-manifold is not a topological invariant.

(The author has no idea which alternative holds.)

PrOOF. Let X? be the topological 8-manifold obtained from Bj by
collapsing its boundary (a topological 7-sphere) to a point zg. Let a €
H*(X?) correspond to the generator « € H*(Bf). Suppose that XP,
possesses a differentiable structure, and that pi (X;\{zo}) is a topological
invariant. Then p; (X?) must equal £2ka, hence

2¢(XP) —7(XP)=8k* —1=k*—1 (mod 7).

But for k? = 1(mod 7) this is impossible.?

LSee [4], § 18.

2The manifold XZ admits a natural triangulation. One can show that a combinatorial
manifold Xs is not combinatorially equivalent to a Cl-triangulation of a smooth manifold
(see V.A. Rokhlin and A.S. Shvaré. The combinatorial invariance of Pontrjagin classes.
Dokl. Akad. Nauk SSSR, 114 (1957), 490-493). — Editor’s remark.
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Two diffeomorphisms f,g : M{* — M3 will be called differentiably
isotopic if there exists a diffecomorphism M{* x R — M3 x R of the form
(x,t) — (h(x,t),t) such that

f(x), t<0,
hw,t) = {g(x), t>1.

Lemma 4.2. If the diffeomorphisms f,g : S"~' — S" 1 are
differentiably isotopic, then the manifolds M™(f) and M™(g) obtained by
the construction (C') are diffeomorphic.

The proof is straightforward.

Theorem 4.3. There exists a diffeomorphism f : S — S of degree +1
which is not differentiably isotopic to the identity."

PrROOF. By Lemma 3.3 and Corollary 2.2 the manifold M7 is
diffeomorphic to M7(f) for some f. If f were differentiably isotopic to
the identity then Lemma 4.2 would impy that M, was diffeomorphic to S7.
But this is false by Lemma 3.2.
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Groups of homotopy spheres. I!

M. Kervaire and J. Milnor

§ 1. Introduction

All manifolds, with or without boundary, are to be compact, oriented,
and differentiable of class C'°*°. The boundary of M will be denoted by bM.
The manifold M with orientation reversed is denoted by —M.

Definition. The manifold M is a homotopy n-sphere if M is closed
(that is, bM = )) and has the homotopy type of the sphere S™.

Definition. Two closed n-manifolds M; and M, are h-cobordant?® if
the disjoint sum Mj + (—M>) is the boundary of some manifold W, where
both M; and (—M5) are deformation retracts of W. It is clear that this is
an equivalence relation.

The connected sum of two connected n-manifolds is obtained by
removing a small n-cell from each, and then pasting together the resulting
boundaries. Details will be given in §2.

LGroups of homotopy spheres. I, Annals of Math., 77 (1963), 504-537 (Received
April 19, 1962).

2The term“.J-equivalence” has previously been used for this relation. Compare [15],
[16] and [17].

11
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Theorem 1.1. The h-cobordism classes of homotopy n-sphere form an
abelian group under the connected sum operation.

This group will be denoted by ©,, and called the n-th homotopy sphere
cobordism group. It is the object of this paper (which is divided into 2 parts)
to investigate the structure of ©,,.

It is clear that ©®; = ©3 = 0. On the other hand, these groups are not
all zero. For example, it follows easily from Milnor [14] that ©7 # 0.

The main result of the present Part I will be

Theorem 1.2. For n # 3 the group ©,, is finite.

(Our methods break down for the case n = 3). However, if one assumes
the Poincaré hypothesis, then it can be shown that ©3 = 0.

More detailed information about these groups will be given in Part II.
For example, for n = 1,2,3,...,18, it will be shown that the order of the
group O, is respectively:

n‘12345678910 11 12 13 14 15 16 17 18
[@n]‘11?111282869921 3 2 16256 2 16 16.

Partial summaries of results are given in §4 and §7.

Remark. S. Smale [25] and J. Stallings [27], C. Zeeman [33] have proved
that every homotopy n-sphere, n # 3,4, is actually homeomorphic to the
standard sphere S™. Furthermore, Smale has proved [26] that two homotopy
n-spheres (n # 3,4), are h-cobordant if and only if they are diffeomorphic.
Thus for n # 3,4 (and possibly for all n) the group ©,, can be described
as the set of all diffeomorphic classes of differentiable structures on the
topological n-sphere. These facts will not be used in the present paper.

§ 2. Construction of the group 0,

First we give a precise definition of the connected sum M;# My of two
connected n-manifolds M; and My (compare Seifert [22] and Milnor [15],
[16]). The notation D™ will be used for the unit disk in Euclidean space.
Choose imbeddings

ilan—>M1, iQSDn—>M2

so that i1 preserves orientation and i reverses it. Now obtain M;# M, from
the disjoint sum

(M —i1(0)) + (M2 — i2(0))
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by identifying i1 (tu) with iz((1—t)u) for each unit vector u € S"~! and each
0 < t < 1. Choose the orientation for M;# Ms which is compatible with
that of My and Ms. (This makes sense since the correspondence i1 (tu) —
i2((1 — t)u) preserves orientation.)

It is clear that the sum of two homotopy n-spheres is a homotopy n-
sphere.

Lemma 2.1. The connected sum operation is well defined, associative,
and commutative up to orientation preserving diffeomorphism. The sphere
S™ serve as identity element.

PRrROOF. The first assertions follow easily from the lemma of Palais [20]
and Cerf [5] which asserts that any two orientation preserving imbeddings 4,
7' : D™ — M are related by the equation i’ = f -1, for some diffeomorphism
f: M — M. The proof that M#S™ is diffeomorphic to M, will be left to
the reader.

Lemma 2.2. Let My, M| and M be closed and simply connected.' If
M is h-cobordant to My then Mi#Ms is h-cobordant to M{#Ms.

PROOF. We may assume that the dimension n is >3. Let M1+ (—M{) =
bWy, where M; and —Mj are deformation retracts of Wj. Choose a
differentiable arc A from a point p € M; to a point p’ € —M; within W,
so that a tubular neighborhood of this arc is diffeomorphic to R™ x [0, 1].
Thus we obtain an imbedding

i:R"x[0,1] = W,

with i(R™ x 0) C My, i(R™ x 1) C M{ and (0 x [0,1]) = A. Now form a
manifold W from the disjoint sum

(W1 — A) + (M2 —i2(0)) x [0,1]

by identifying i(tu, s) with io((1 — t)u) x s for each 0 <t < 1, 0<s<1,
u € 8", Clearly W is a compact manifold bounded by the disjoint sum

My#My + (—(M{#My)).

We must show that both boundaries are deformation retracts of W.
First it is necessary to show that the inclusion map

Ml—pi>W1—A

is a homotopy equivalence. Since n > 3, it is clear that both of these
manifolds are simply connected. Mapping the homology exact sequence of

IThis hypothesis is imposed in order to simplify the proof. It could easily be
eliminated.
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the pair (My, My — p) into that of the pair (Wi, W7 — A), we see that
j induces isomorphisms of homology groups, and hence is a homotopy
equivalence. Now it follows easily, using a Mayer-Vietoris sequence, that
the inclusion

M #My — W

is a homotopy equivalence; hence that M;#M> is a deformation retract
of W. Similarly M{# M is a deformation retract of W, which completes the
proof of Lemma 2.2.

Lemma 2.3. A simply connected manifold M is h-cobordant to the
sphere S™ if and only if M bounds a contractible manifold.

(Here the hypothesis of simple connectivity cannot be eliminated.)

PROOF. If M + (—S™) = bW then filling in a disk D"*! we obtain a
manifold W’ with bW’ = M. If S™ is a deformation retract of W, then it
clearly follows that W' is contractible.

Conversely if M = bW’ then removing the interior of an imbedded
disk we obtain a simply connected manifold W with bW = M + (—S™).
Mapping the homology exact sequence of the pair (D"*!, S™) into that of
the pair (W', W), we see that the inclusion S™ — W induces a homology
isomorphism; hence S™ is a deformation retract of W. Now applying the
Poincaré duality isomorphism

Hy,(W, M) = H""=*(W, ™),

we see that the inclusion M — W also induces isomorphisms of homology
groups. Since M is simply connected, this completes the proof.

Lemma 2.4. If M is a homotopy sphere, then M+#(—M) bounds a
contractible manifold.

PRrROOF. Let H? C D? denote the half-disk consisting of all (¢siné,
tcosf) 0 <t <1,0<6 < m and let %D" C D" denote the disk of
radius % Given an imbedding i : D™ — M, form W from the disjoint union

(M —i (%D")) x [0,7] + 8" x H?

by identifying i(tu) x 6 with u x ((2t — 1)sin6, (2t — 1) cos) for each 3 <
t <1,0 <6 <. (Intuitively we are removing the interior of z(%D”) from
M and then “rotating” the result through 180° around the resulting bW =
M#—M.) Furthermore W contains (M — interiori(3D")) as deformation
retract, and therefore is contractible. This proves Lemma 2.4.
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PrROOF OF THEOREM 1.1. Let ©,, denote the collection of all h-
cobordism classes of homotopy n-spheres. By Lemmas 2.1 and 2.2 there
is a well-defined, associative, commutative addition operation in ©,,. The
sphere S™ serves as zero element. By Lemmas 2.3 and 2.4, each element of
O,, has an inverse. Therefore 0, is an additive group.

Clearly ©; is zero. For n < 3, Munkres [19] and Whitehead [31] had
proved that a topological n-manifold has a differentiable structure which
is unique up to diffeomorphism. It follows that ©5 = 0. If the Poincaré
hypothesis were proved, it would follow that ©3 = 0, but at present the
structure of ©3 remains unknown. For n > 3 the structure of ©,, will be
studied in the following sections.

Addendum. There is a slight modification of the connected sum
construction which is frequently useful. Let Wy and W5 be (n+1)-manifolds
with connected boundary. Then the sum bW;#bW5 is the boundary of a
manifold W constructed as follows. Let H" 1 denote the half-disk consisting
ofall x = (zg, x1,...,2y,) with |z| <1, 29 > 0 and let D™ denote the subset
9 = 0. Choose imbeddings

iq : (Hn_‘—l?Dn)_)(Wq?qu% q:1727
so that iy - i * reverses orientation. Now form W from
(W1 —11(0)) + (W2 —i2(0))

by identifying i1 (tu) with io((1 — )u) for each 0 <t < 1, u € S* N H" L
It is clear that W is a differentiable manifold with bW = bW, #bWs.
Note that W has homotopy type of W7 V Ws: the union with a single point
in common.
W will be called the connected sum along the boundary of Wj
and Ws. The notation (W, 0W) = (W1, bW1)#(Wa, bWs) will be used for
this sum.

8 3. Homotopy spheres are s-parallelizable

Let M be a manifold with tangent bundle 7 = 7(M), and let e' denote
a trivial line bundle over M.

Definition. M will be called s-parallelizable if the Whitney sum 7@ '
is a trivial bundle.! The bundle 7 @ &' will be called the stable tangent

IThe authors have previously used the term “r-manifold” for an s-parallelizable
manifold.
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bundle of M. It is a stable bundle in the sense of [10]. (The expression
s-parallelizable stands for stably parallelizable.)

Theorem 3.1. FEvery homotopy sphere is s-parallelizable.

In the proof, we will use recent results of J. F. Adams [1], [2].

PROOF. Let ¥ be a homotopy n-sphere. Then the only obstruction to
the triviality of 7 @ ¢! is a well-defined cohomology class

0n(2) € H"(Z; mn-1(SOn41)) = Tn_1(SOn11).

The coefficient group may be identified with the stable group m,_1(S0O).
But these stable groups have been computed by Bott [4], as follows, for
n>2:
The mod 8 residue class: |0 1 2 3 4 56 7
Tn_1(SO) (2 2, 2,0 Z 00 0.

(Here Z, Z5, 0 denote the cyclic groups of orders oo, 2, 1 respectively.)

Case 1. n =3,5,6 or 7 (mod 8). Then m,_1(SO) = 0, so that 0,(X) is
trivially zero.

Case 2. n =0 or 4 (mod 8). Say that n = 4k. According to [18], [10],
some non-zero multiple of the obstruction class 0,(X) can be identified
with the Pontrjagin class py (7 ®¢e'!) = py (7). But the Hirzebruch signature®
theorem implies that pi[X] is a multiple of the signature o(X), which is zero
since H2¥(¥) = 0. Therefore every homotopy 4k-sphere is s-parallelizable.

Case 3. n =1 or 2 (mod 8), so that m,,_1(SO) is cyclic of order 2. For
each homotopy sphere ¥ the residue class modulo 2

0n(X) € m—1(S0O) ~ Z,
is well defined. It follows from an argument of Rokhlin that
JIn—1(on) =0,
where J,,_1 denotes the Hopf-Whitehead homomorphism
Jn—1:Tp—1(SO) — 7rn+k_1(5k)

in the stable range k& > n (compare [18, Lemma 1]). But J,_; is a
monomorphism for n =1 or 2 (mod 8). For the case n = 2 this fact is well
known, and for n = 9, 10 it has been proved by Kervaire [11]. For n = 17, 18

1We will substitute the word “signature” for index as used in [7,14,17,18, 28], since
this is more in accord with the usage in other parts of mathematics. The signature of
the formx%-i—n-—i-xz—xz_‘_l—~-~—xz+l is defined as 0 = k —[.
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it has been verified by Kervaire and Toda in unpublished computations. A
proof that J,_; is injective for all n = 1 or 2 (mod 8), has recently been
given by J. F. Adams [1], [2]. Now the relation J,,—1(0,) = 0, together with
the information that J,_1 is a monomorphism implies that o, = 0. This
completes the proof of Theorem 3.1.

In conclusion, here are two lemmas which clarify the concept of s-
parallelizability. The first is essentially due to J. H. C. Whitehead [32].

Lemma 3.2. Let M be an n-dimensional submanifold of S"*, n < k.
Then M is s-parallelizable if and only if its normal bundle is trivial.

Lemma 3.3. A connected manifold with non-vacuous boundary is S-
parallelizable if and only if it is parallelizable.

The proofs will be based on the following lemma (compare Milnor [17,
Lemma 4]).

Let £ be a k-dimensional vector space bundle over an n-dimensional
complex k > n.

Lemma 3.4. If the Whitney sum of & with a trivial bundle " is trivial
then & itself is trivial.

PrROOF. We may assume that » = 1, and that £ is oriented. An
isomorphism £ @ &' ~ £+ gives rise to a bundle map f from ¢ to the
bundle 7* of oriented k-planes in (k + 1)-space. Since the base space of ¢
has dimension n, and since the base space of 4" is the sphere S¥, k > n, it
follows that f is null-homotopic; and hence £ is trivial.

Proor or LEMMA 3.2. Let 7, v denote the tangent and normal bundles
of M. Then 7@v is trivial hence (7 @e!) v is trivial. Applying Lemma 3.5,
the conclusion follows.

PrOOF OF LEMMA 3.3. This follows by a similar argument. The
hypothesis on the manifold guarantees that every map into a sphere of
the same dimension is null-homotopic.

8§ 4. Which homotopy spheres bound parallelizable
manifolds?
Define a subgroup bP,;1 C 6, as follows. A homotopy n-sphere M

represents an element of bP,; if and only if M is a boundary of a
parallelizable manifold. We will see that this condition depends only on the
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h-cobordism class of M, and that bP, ;1 does form a subgroup. The object
of this section will be to prove the following:

Theorem 4.1. The quotient group ©,,/bP, 1 is finite.

PROOF. Given an s-parallelizable closed manifold M of dimension n,
choose an imbedding

i M — Stk

with £ > n+ 1. Such an imbedding exists and is unique up to differentiable
isotopy. By Lemma 3.3 the normal bundle of M is trivial. Now choose a
specific field ¢ of normal k-frames. Then the Pontrjagin—Thom construction
yields a map

p(M, @) : S™HF — gF

(see Pontrjagin [21, pp. 41-57] and Thom [28]). The homotopy class of
p(M, ¢) is a well-defined element of the stable homotopy group

Hn = 7Tn+k(Sk).
Allowing the normal frame field ¢ to vary, we obtain a set of elements

p(M) = {p(M,¢)} C IL,.

Lemma 4.2. The subset p(M) C II,, contains the zero element of 11,
if and only if M bounds a parallelizable manifold.

PRrROOF. If M = bW with W parallelizable then the imbedding i: M —
Stk can be extended to an imbedding W — D" T**1 and W has a field
¥ of normal k-frames. We set ¢ = 9|p;. Now the Pontrjagin-Thom map
p(M, @) : S"F — S* extends over D"F+1 hence is null-homotopic.

Conversely if p(M, ) ~ 0, then M bounds a manifold W C D"tF+1,
where ¢ extends to a field ¥ of normal frames over W. It follows from
Lemmas 3.3 and 3.4 that W is parallelizable. This completes the proof of
Lemma 4.2.

Lemma 4.3. If My is h-cobordant to My, then p(My) = p(My).

PROOF. If Mo+ (—M;) = bW, we choose an imbedding of W in S™+* x
[0,1] so that M, — S""* x {q} for ¢ = 0,1. Then a normal frame field ¢,
on M, extends to a normal frame field 1) on W which restricts to some
normal frame field ¢;_, on M;_,. Clearly (W, ) gives rise to a homotopy
between p(Mo, o) and p(M, ¢1).

Lemma 4.4. If M and M’ are s-parallelizable, then
p(M) +p(M') C p(M#M') C 11,
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PROOF. Start with the disjoint sum
M x [0,1] + M' x [0,1]

and join the boundary components M x 1 and M’ x 1 together, as described
in the addendum at the end of §2. Thus we obtain a manifold W bounded
by the disjoint sum

(M#M') + (=M) + (=M').

Note that W has the homotopy type M V M’, the union with a single point
in common.

Choose an imbedding of W in S"** x [0,1] so that (—M) and (—M’)
go into well separated submanifolds of S”** x 0, and so that M#M’ goes
into S"*#x 1. Given fields o and ¢’ of normal k-frames on (—M) and (—M’),
it is not hard to see that there exists an extension defined throughout W.
Let v denote the restriction of this field to M#M'. Then clearly p(M, ¢) +
p(M’, ") is homotopic to p(M#M’, ). This completes the proof.

Lemma 4.5. The set p(S™) C II,, is a subgroup of the stable homotopy
group I1,,. For any homotopy sphere Y. the set p(X) is a coset of this subgroup
p(S™). Thus the correspondence X — p(X) defines a homomorphism p' from
©,, to the quotient group I1, /p(S™).

ProOOF. Combining Lemma 4.4 with the identities

(1) 575" = 57,
(2) S"H#E =3,
(3) #(=%) ~ 57,
e obtain

p(S™) +p(S") C p(S™), (1)

which shows that p(S™) is a subgroup of II,,;
p(8") +p(E) C p(%), (2)

which shows that p(¥) is a union of cosets of this subgroup; and

p(¥) +p(=%) € p(S"), (3)

which shows that p(¥) must be a single coset. This completes the proof of
Lemma 4.5.

By Lemma 4.2 the kernel of p : ©,, — II,,/p(S™) consists exactly of
all h-cobordism classes of homotopy n-spheres which bound parallelizable
manifolds. Thus these elements form a group which we will denote by
bP,+1 C ©,. It follows that ©,,/bP,;1 is isomorphic to a subgroup of
I1,,/p(S™). Since II,, is finite (Serre [24]), this completes the proof of
Theorem 4.1.
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Remark. The subgroup p(S™) C II,, can be described in more familiar
terms as the image of the Hopf~Whitehead homomorphism

Jn :mn(SOk) — 7rn+k(5’k)

(see Kervaire [9, p. 349]). Hence II,, /p(S™) is the cokernel of .J,,. The actual
structure of these groups for n < 8 is given in the following table. For
details, and for higher values of n the reader is referred to Part II of this

paper.

n ‘ 1 2 3 45 6 71 8

1, Zo 7o Zoa 0 0 Zo Zosy Zot Zo
I,/p(S") | 0 Z, 0 0 0 Z 0 Zs
©,/bPoii | 0 0 0 00 0O 0 Zs

The prime g > 3 first divides the order of 0,,/bP, 41 for n = 2¢g(¢ — 1) — 2.
Using Theorem 4.1, the proof of the main theorem (Theorem 1.2), taking
that ©,, is finite for n # 3, reduces now to proving that bP,; is finite for
n # 3.
We will prove that the group bP,y; is zero for n even (§5, 6) and is
finite cyclic for n odd, n # 3 (see §7, 8). The first few groups can be given
as follows:

no |
Order of bP,, 41 ‘

135 7 9 11 13 156 17 19
17

1 28 2 992 1 8128 2 130816

(Again see Part II for details). The cyclic group bP,+1 has order 1 or 2
for n =1 (mod 4), but the order grows more than exponentially for n = 3
(mod 4).

§ 5. Spherical modifications

This section and §6 which follows, will prove that the groups bPsgt1
are zero.! That is:

Theorem 5.1. If a homotopy sphere of dimension 2k bounds an s-
parallelizable manifold M, then it bounds a contractible manifold M.

LAn independent proof of this theorem has been given by C. T. C. Wall [29)].
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For the case k = 1, this assertion is clear since every homotopy 2-
sphere is actually diffeomorphic to S2. The proof for k > 1 will be based
on the technique of “spherical modifications” (see Wallace [30] and Milnor
15, 17]).1

Definition. Let M be a differentiable manifold of dimension n = p +
g+ 1 and let

0: 8P x DI - M

be a differentiable imbedding. Then a new differentiable manifold M’ =
X (M, ) is formed from the disjoint sum

(M — (P x 0)) + DPT! x 59

by identifying o (u, tv) with (tu,v) for each u € SP, v € §9, 0 <t < 1. We
will say that M’ is obtained from M by the spherical modification x(¢).
Note that the boundary of M’ is equal to the boundary of M.

In order to prove Theorem 5.1 we will show that the homotopy groups of
M can be completely killed by a sequence of such spherical modifications.
The effect of a single modification x(y) on the homotopy groups of M can
be described as follows.

Let A € mp, M denote the homotopy class of the map ¢|grxo from SP x 0
to M.

Lemma 5.2. The homotopy groups of M' are given by
M’ ~mM  for i < min(p,q)
and
mp M
A )
provided that p < ¢q; where A denotes a certain subgroup of m,M
containing .

TpM' ~

The proof is straightforward (compare [17, Lemma 2]).

Thus, if p < ¢ (that is, if p < n/2 — 1), the effect of the modification
X(¢p) is to kill the homotopy class A.

Now suppose that some homotopy class A € m, M is given.

Lemma 5.3. In M" is s-parallelizable and if p < n/2, then the class A
is represented by some imbedding ¢ : SP x D"7P — M.

IThe term “surgery” is used for this concept in [15, 17].
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PROOF. (Compare [17, Lemma 3]) Since n > 2p + 1 it follows from a
well-known theorem of Whitney that A can be represented by an imbedding

o : SP — M.

It follows from Lemma 3.5 that the normal bundle of ¢¢S? in M is trivial.
Hence ¢ can be extended to the required imbedding SP x D"™P — M.

Thus Lemmas 5.2 and 5.3 assert that spherical modifications can be used
to kill any required element A\ € 7, M"™ provided that p < n/2— 1. There is
one danger however. If the imbedding ¢ is chosen badly then the modified
manifold M’ = x(M, ) may no longer be s-parallelizable. However the
following was proven in [17]. Again let n > 2p + 1.

Lemma 5.4. The imbedding ¢ : SP x D"™P — M can be chosen within
its homotopy class so that the modified manifold x(M, ) will also be s-
parallelizable.

For the proof, the reader may either refer to [17, Theorem 2], or make
use of the sharper Lemma 6.2 which will be proved below.

Now combining Lemmas 5.2, 5.3 and 5.4, one obtains the following
(compare [17, p. 46]).

Theorem 5.5. Let M be a compact, connected s-parallelizable manifold
of dimension n > 2k. By a sequence of spherical modifications on M one
can obtain an s-parallelizable manifold My, which is (k — 1)-connected.

Recall that bM; = bM.

PRrROOF. Choosing a suitable imbedding ¢ : S!' x D*~! — M, one
can obtain an s-parallelizable manifold M’ = x (M, ¢) such that 71 M’ is
generated by fewer elements than 71 M. Thus after a finite number of steps,
one can obtain a manifold M" which is 1-connected. Now, after a finite
number of steps, one can obtain an s-parallelizable manifold M’ which is
2-connected, and so on until we obtain a (k — 1)-connected manifold. This
proves Theorem 5.5.

In order to prove Theorem 5.1, where dim M = 2k+1, we must carry this
argument one step further obtaining a manifold M; which is k-connected. It
will then follow from the Poincaré duality theorem that M is contractible.

The difficulty in carrying out this program is that Lemma 5.2 is no
longer available. Thus if M’ = x(M, ¢) where ¢ embeds S* x D*+!in M,
the group mx M’ may actually be larger than 7M. It is first necessary to
describe in detail what happens to m; M under such a modification. Since
we may assume that M is (k — 1)-connected with & > 1, the homotopy
group 7 M may be replaced by the homology group HyM = Hy(M; Z).
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Lemma 5.6. Let M’ = x(M, @) where ¢ embeds S* x D**1 in M, and
let

My = M — interior p(S* x D1,
Then there is a commutative diagram
Hyr M’
LN
Z
le N A
Hog M 257 = HyMy —— H.M —0
N \ l il
H M’

!
0

such that the horizontal and vertical sequences are exact. It follows that the
quotient group HyM/N(Z) is isomorphic to HM' /N (Z).

Here the following notations are to be understood. The symbol A denotes
the element of Hy M which corresponds to the homotopy class ¢|gk g, and A
also denotes the homomorphism Z — Hj M which carries 1 into A. On the
other hand, -\ : Hy4 1 M — Z denotes the homomorphism which carries
each u € Hy11 M into the intersection number - A. The symbols A" and -\
are to be interpreted similarly. The element A € Hi M’ corresponds to the
homotopy class ¢’|yx g+ Where

@' DFL xSk MY
denotes the canonical imbedding.
PrROOF OF LEMMA 5.6. As horizontal sequences take the exact sequence
Hyosr M — Hyyr (M, M) S Hy Mo > Hy M — Hi(M, Mo)
of the pair (M, My). By excision, the group H, (M, My) is isomorphic to

Hy(S% x DML gk x gk) {7 Tor g =R
0 forj<k+1.
Thus we obtain
Hyr M — Z 5 HyMy - H M — 0,

as asserted. Since a generator of Hyiq1(M, My) clearly has intersection
number +1 with the cycle ¢(S* x 0) which represents ), it follows that
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the homomorphism Hy1 M — Z can be described as the homomorphism
i — - A\ The element ¢’ = ¢/(1) € HpMy can clearly be described as
the homology class corresponding to the “meridian” ¢(zo x S*) of the
torus ¢(S* x S*) where z¢ denotes a base point in S*.

The vertical exact sequence is obtained in a similar way. Thus ¢ =
e(1) € HpM, is the homology class of the “parallel” ¢(S* x x¢) of the
torus. Clearly i(¢) € H,M is equal to the homology class A of p(S* x 0).
Similarly ' (¢") = X.

From this diagram the isomorphisms

HM _ HMy . HM’
N2 " TP N
are apparent. This completes the proof of Lemma 5.6.

As an application, suppose that one chooses an element A € H; M which
is primitive in the sense that p- A =1 for some p € Hp41 M. It follows that

i: HyMy — Hip M
is an isomorphism, and hence that

Hi M

H.M' ~
g \Z)

Thus:

Assertion. Any primitive element of Hx M can be killed by a spherical
modification.

In order to apply this assertion we assume the following:

Hypothesis. M is compact, s-parallelizable manifold of dimension
2k + 1, k > 1 and is (k — 1)-connected. The boundary bM is either vacuous
or a homology sphere.

This hypothesis will be assumed for the rest of §5 and for §6.

Lemma 5.7. Subject to this hypothesis, the homology group HiM can
be reduced to its torsion subgroup by a sequence of spherical modifications.
The modified manifold My will still satisfy the hypothesis.

PROOF. Suppose that HxM ~ Z @ ---® Z DT, where T is the torsion
subgroup. Let A generate one of the infinite cyclic summands. Using the
Poincaré duality theorem one sees that u; - A = 1 for some element u; €
Hy1 (M, bM). But the exact sequence

Hir M — Hyyy (M,bM) — Hy(bM) =0

shows that pp can be lifted back to Hy1 M. Therefore A is primitive, and
can be killed by a modification. After finitely many such modifications one
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obtains a manifold M7 with Hp M, ~ T C HyM. This completes the proof
of Lemma 5.7.

Let us specialize to the case k even. Let M be as above, and let ¢ :
Sk x D*t1 — M be any imbedding.

Lemma 5.8. Ifk is even then the modification x(p) necessarily changes
k-th Betti number of M.

The proof will be based on the following lemma (see Kervaire
[8, Formula (8.8)]).

Let F be a fixed field and let W be an orientable homology manifold of
dimension 2r. Define the semi-characteristic e*(bW; F') to be the following
residue class modulo 2:

r—1
(bW, F) = Zrank H;(bW;F) (mod 2).
i=0

Lemma 5.9. The rank of the bilinear pairing
H,(W;F) @ H,(W; F) — F,

given by the intersection number, is congruent modulo 2 to e*(bW; F) plus
the Euler characteristic e(W).

[For the convenience of the reader, here is a proof. Consider the exact
sequence

HW 2 Hy (W,bW) — Hy_y(BW) — - — Ho(W.bW) — 0,

where the coefficient group F' is to be understood. A counting argument
shows that the rank of the indicated homomorphism A is equal to the
alternating sum of the ranks of the vector spaces to the right of h in this
sequence. Reducing modulo 2 and using the identity

rank H; (W, bW) = rank Ha,_; W,

this gives
r—1 2r
rank h = Z rank H; (bW) + Z rank H; (W)
i=0 i=0

=e"(OW; F)+e(W) (mod 2).
But the rank of
h: H,W — H,(W,bW) ~ Homp (H, W, F)

is just the rank of the intersection pairing. This completes the proof.]
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PrOOF OF LEMMA 5.8. First suppose that M has no boundary. As
shown in [15] or [17], the manifolds M and M’ = x(M, ¢), suitably oriented,
together bound a manifold W = W(M, ¢) of dimension 2k + 2. For the
moment, since no differentiable structure on W is needed, we can simply
define W to be the union

(M x [0,1]) U (DF*1 x DEFL),

where it is understood that S* x D¥*! is to be pasted onto M x 1 by the
imbedding ¢. Clearly W is a topological manifold with

bW =M x0+ M x1.

Note that W has the homotopy type of M with a (k4 1)-cell attached. Since
the dimension 2k + 1 of M is odd, this means that the Euler characteristic

e(W) = e(M) + (~1)*** = (-1)F .
Since k is even, the intersection pairing
Hpr(W5Q) @ Hyr (W5Q) — Q

is skew symmetric, hence has even rank. Therefore Lemma 5.9 (with
rational coefficients) asserts that

(M4 M;5Q)+ (=11 =0 (mod 2)
and hence that
e"(M;Q) # e (M Q).
But H;M ~ H;M’' ~ 0 for 0 < i < k, so this implies that
rank Hy, (M; Q) # rank H,(M'; Q).

This proves Lemma 5.8 provided that M has no boundary.

If M is bounded by a homology sphere, then attaching a cone over
bM , one obtains a homology manifold M, without boundary. The above
argument now shows that

rank Hy(M,; Q) # rank Hy,(M]; Q).

Therefore the modification x(p) changes the rank of Hy(M; Q) in this case
also. This completes the proof of Lemma 5.8.

It is convenient at this point to insert an analogue of Lemma 5.8 which
will only be used later (see the end of §6). Let M be as above, with &k even
or odd, and let W = W (M, ¢).
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Lemma 5.10. Suppose that every mod 2 homology class
§ € Hi1(W; Z2)
has self-intersection number £-§ = 0. Then the modification x(y)
necessarily changes the rank of the mod 2 homology group Hy(M; Zs).

The proof is completely analogous to that of Lemma 5.8. The hypothesis,
£-& =0 for all ¢, guarantees that the intersection pairing

Hyin(W; Zo) @ Hy 1 (W5 Zo) — Zo

will have even rank.
We now return to the case k even.

PROOF OF THEOREM 5.1. (for k even) According to Lemma 5.6, we can
assume that HiM is a torsion group. Choose

@ :S*x DML M,

as in Lemma 5.4, so as to represent a non-trivial A\ € Hy M. According to
Lemma 5.6 we have

HyM  HyM'

Nz) — N(2)
Since the group A(Z) is finite, it follows from Lemma 5.8 that X' (Z) must
be infinite. Thus the sequence
H M’
N (Z)

0— 2% HM — —0

is exact. It follows that the torsion subgroup of HpM’' maps
monomorphically into HyM’/N(Z); and hence is definitely smaller than
Hj;; M. Now according to Lemma, 5.7, we can perform a modification on M’
so as to obtain a new manifold M” with

H;,M" ~ Torsion H,M' < H;,M.

Thus in two steps one can replace HipM by a smaller group. Iterating
this construction a finite number of times, the group HiM can be killed
completely. This completes the proof of Theorem 5.1 for k even.

§ 6. Framed spherical modifications

This section will complete the proof of Theorem 5.1. by taking care of
the case k odd. This case is somewhat more difficult than the case k even
(which was handled in §5), since it is necessary to choose the imbeddings



28 M. KERVAIRE AND J. MILNOR

¢ more carefully, taking particular care not to lose s-parallelizability in the
process. Before starting the proof, it is convenient to sharpen the concepts
of s-parallelizable manifold, and of spherical modification.

Definition. A framed manifold (M, f) will mean a differentiable
manifold M together with a fixed trivialization f of the stable tangent
bundle 7y ® ey

Now consider a spherical modification x(¢) of M. Recall that M and
M’ = x(M, ¢) together bound a manifold

W = (M x [0,1]) U (DPt! x DI+1),

where the subset S? x DIt! of DPT1 x Dt is pasted onto M x 1 by the
imbedding ¢ (compare Milnor [17]). It is easy to give W a differentiable
structure, except along the “corner” SP x S4. A neighborhood of this corner
will be “diffeomorphic” with SP x S? x @ where

Q C R?

denotes the three-quarter disk consisting of all (r cos 6, r sin 0) with 0 <r <1,
0 <0 < 3m/2. In order to “straighten” this corner, map @ onto the half-
disk H, consisting of all (rcos®,rsinf’) with 0 < r < 1,0 < ¢ < m;
by setting ¢’ = 260/3. Now carrying the differentiable structure of H back
to @, this makes @ into a differentiable manifold. Carrying out the same
transformation on the neighborhood of S? x S9, this makes W = W (M, ¢)
into the required differentiable manifold. Note that both boundaries of W
get the correct differentiable structures.

Now identify M with M x0 C W and identify the stable tangent bundle
v @ ey with the restriction Ty |p. Thus a framing f of M determines a
trivialization 7y | M.

Definition. A framed spherical modification x(p, F') of the framed
manifold (M, f) will mean a spherical modification x(¢) of M together
with a trivialization F of the tangent bundle of W, satisfying the
condition

FIM = f.

Note that the modified manifold M’ = x(M, ¢) automatically acquires
a framing

I’ = Flar.

It is only necessary to identify 7w |y with the stable tangent bundle
Ty @ epr. To do this, we identify the positive direction in e, with the
outward normal direction in 7y |pr.
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The following question evidently arises. Given a modification x(¢) of
M and a framing f of M, does f extend to a trivialization F' of 7?7 The
obstructions to such an extension lie in the cohomology groups

7(SOns1) for r=p,

H™ Y (W, M; 7, (SO, ~
( i +1)) {O for r # p.

Thus the only obstruction to extending f is a well-defined class

Y(p) € mp(SOn41).

The modification y(¢) can be framed if and only if this obstruction ()
is zero.
Now consider the following alteration of the imbedding ¢. Let

a:S? — SO
be a differentiable map, and define
Vo 2 SP x DITY M
by

Pa(u,v) = @(u,v- a(u)),

where the dot denotes the usual action of SO,4+1 on DT, Clearly ¢, is an
imbedding which represents the same homotopy class A € 7, M, as ¢.

Lemma 6.1. The obstruction y(¢a) depends only on v(p) and on the
homotopy class () of a. In fact

Y(pa) = 7(p) + sx(a),

where s, : mp(SOq11) — mp(SOp41) is induced by the inclusion s :
SOq+1 — SOn+1.

PROOF. (compare [17], proof of Theorem 2) Let W, be the manifold
constructed as W above, now using ¢,. There is a natural differentiable
imbedding

Qo : DPTY x int DY — W,

and i4|grypat1 coincides with ¢, : SP x DY — M followed by the
inclusion M — M x 1 C W,.

7(a) is the obstruction to extending f|, (srx0) to a trivialization of
7(W,) restricted to in(DPT! x 0). Let "1 = Pt x 97! be the standard
framing on DP*1 x D91, Then i/ (#"*1) is a trivialization of the tangent
bundle of W,, restricted to i, (DPT x D7) and (g4 ) is the homotopy
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class of the map g : S — SO,, 11, where g(u) is the matrix (f?+1 i/ (t"*1))
at pq(u,0).
Since i, |pr+1xg is independent of a, and i,|grx pat1 = @a, We have

P (t"h) = @' (M) x g (")

at every point (u,0) € SP x DIt
Since

Pole™™) = (™) - a(u)
at (u,0), it follows that

il (T =i (") - s(a).
Hence

<fn+17i/ (tn+1)> _ <fn+17i/(tn+1)> . S(Oé)

[e3%

and the lemma follows.
Now suppose (as usual) p < ¢g. Then the homomorphism

$x 1 Mp(SO0g41) — mp(SOni1)
is onto. Hence a can be chosen so that
V($a) = 7(p) + s:(a)
is zero. Thus we obtain:

Lemma 6.2. Given ¢ : S? x DY — M with p < q, a map « can be
chosen so that the modification x () can be framed.

In particular, it follows that the manifold x(M,y) will be
s-parallelizable. Thus we have proved Lemma 5.4 in a sharpened form.

We note however that « is not always uniquely determined. In the case
p = q = k odd, the homomorphism

Su : T(SOk+1) — m(SOp+1)

has an infinite cyclic kernel. This freedom in the choice of « will be the
basis of the proof of Theorem 5.1 for k£ odd.
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Let us study the homology of the manifold
Méz = X(Mv @a),

where ¢ is now chosen, by Lemma 6.1, so that the spherical modification
X(¢) can be framed. Clearly the deleted manifold

My = M — (interior ¢, (S* x DFF1))

does not depend on the choice of . Furthermore the meridian ¢, (2o x S*)
of the torus ¢, (S* x S*¥) € My does not depend on the choice of «; hence
the homology class

¢ e Hi. M,

does not depend on a. On the other hand, the parallel ¢, (S* x o) does
depend on «. In fact it is clear that the homology class e, € Hi My of this
parallel is given by

Ea =+ jla)é,
where the homomorphism
Ji t T(SOps1) — Z o2 i (S¥)
is induced by the canonical map
pLaop

from SOy to S*.
The spherical modification x(¢,) can still be framed provided « is an
element of the kernel of

St Wk(SOk+1) — Wk(SOn+1).

Identifying the stable group 7 (S0O,11) with the stable group m(SOg42),
there is an exact sequence

1 (S 2 1 (SOk1) 25 i (SOs2),

associated with the fibration SOy12/SOk11 = Sk Tt is well known that
the composition

M1 (ST D 1 (SOp41) L5 (5%

carries a generator of 7,41 (S*+1) onto twice a generator of 7y, (S*), provided
that k is odd. Therefore the integer j.(«) can be any multiple of 2.
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Let us study the effect of replacing € by e, = e+ j(«)e’ on the homology
of the modified manifold. Consider the exact sequence

0— Z 55 HoMy > H M — 0

of Lemma 5.6, where i carries € into an element A of order [ > 1. Evidently le
must be a multiple of &', say:

le+1Ue =0.

Since ¢’ is not a torsion element, these two elements can satisfy no other
relation. Since €, = € + j.(a)e’ it follows that

lea + (' = lj(a))e’ = 0.

Now using the sequence

eq i /
Z = HyMy = H, M, — 0,
we see that the inclusion homomorphism i/, carries ¢’ into an element
/ !
X, € Hp M.,

of order I’ — lj(a)|. Since HpyM! /)N, (Z) is isomorphic to HyM/X(Z), we
see that the group Hy M/, is smaller than Hy M, if and only if

0< ' =lj(a)] <.
But j(a) can be any even integer. Thus j(«) can be chosen so that
<l —lj(a) <.

This choice of j(a) will guarantee an improvement except in the special
case where [’ happens to be divisible by [.
Our progress so far can be summarized as follows.

Lemma 6.3. Let M be a framed (k — 1)-connected manifold of
dimension 2k+1 with odd k, k > 1, such that Hp M is finite. Let x(p, F) be
a framed modification of M which replaces the element A\ € HyM of order
1> 1 by an element N € HM' of order £1'. If 1’ # 0 mod [, then it is
possible to choose () € mp(SOk+1) so that the modification x(p) can still
be framed, and so that the group HpM! is definitely smaller than HyM.

Thus one must study the residue class of I’ modulo [. Recall
the definition of linking numbers (compare Seifert—Threlfall [23,§7]).
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Let A € H,M, n € HyM be homology classes of finite order, with dim M =
p+ g+ 1. Consider the homology sequence

o pH(M;%) PH,M S Hy(M;Q) — -
associated with the coefficient sequence
0—Z N Q— % — 0.

Since A is of finite order i, A = 0 and A = 8(v) for some v € Hp 1 (M;Q/Z).
The pairing

Q Q

2%

defined by multiplication induces a pairing
Q Q
Hp-i-l(M;E ® HyM — —,

defined by the intersection of homology classes. We denote this pairing by
a dot.

Definition. The linking number L(A,u) is the rational number
modulo 1 defined by

LA p)=v-p.

This linking number is well defined, and satisfies the symmetry relation
() + (1L 1) = 0
(compare Seifert and Threlfall [23]).

Lemma 6.4. The ration l'/l modulo 1 is, up to sign, equal to the self-
linking number L(\, \).

PROOF. Since
le+le=0

in Hj, My, we see that the cycle le +1'e’ on bMy bounds a chain ¢ on M. Let
c1 = @(zox D**1) denote the cycle in p(S* x D) ¢ M with boundary £’.
Then the chain ¢ —’¢q, has boundary le; hence (¢ —1'¢q)/l has boundary ¢,
representing the homology class A in H, M. Taking the intersection of this
chain with ¢(S* x 0), representing A, we obtain 41'/, since ¢ is disjoint
and ¢; has intersection number F1. Thus L(\, A) = £I’/lmod 1.

Now if L(A, A) # 0, then !’ # 0 (mod [), hence the class A can be replaced
by an element of smaller order under a spherical modification. Hence, unless
L(A\A) =0 for all A € H M, this group can be simplified.
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Lemma 6.5. If H,M is a torsion group with L(A\,\) = 0 for every
A € HiyM, and if k is odd, then this group HpM must be a direct sum of
cyclic groups of order 2.

PROOF. The relation

L(n,€) + (=1)"L(&n) =0

with p = ¢ =1 (mod 2) implies that

L(mf) = L(fﬂl)

Now if self-linking numbers are all zero, the identity

L(E+n,§+n) = L&) + L(n,n) + L(&,n) + L(n,§)

implies that

2L(§,m) =0

for all £ and 7. But, according to the Poincaré duality theorem for torsion
groups (see [23, p. 245]), L defines a completely orthogonal pairing

T,M & T,M — %

Hence the identity L(2£,7) = 0 for all n implies 26 = 0. This proves
Lemma 6.5.

It follows that, by a sequence of modifications, one can reduce Hy M to
a group of the form Zy & --- ® Zy = s25.

Now let us apply Lemma 5.10. Since the modification x (¢4 ) is framed,
the corresponding manifold W = W(M, p,) is parallelizable. It follows
from the formulas of Wu that the Steenrod operation

Sq*t s HMTY (W, oW Zo) — HPFP2(W,0W; Zs)

is zero (see Kervaire [8, Lemma 7.9]). Hence every & € Hjyy1(W;Z3) has
self-intersection number & - £ = 0. Thus, according to Lemma 5.10, the
modification x(¢q) changes the rank Hy(M; Z2).

But the effect of x (¢ ) on Hy(M; Z), provided that « is chosen properly,
will be to replace the element A of order | = 2 by an element X/, of order
I/, where

—2<1,<2, I/, =0 (mod 2).

[e3%
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Thus I/, must be 0 or 2. Now using the sequence

HkMa

Ly HyM!
0—> lQ—) k a—>Aa(Z)

— 0,

where the group on the right is isomorphic to (s — 1)Za, we see that Hy M/,
is given by one of the following:

Z+(s—1)Zs,

HyM!, ~ 2ot (s=1) 22,
“ Z+(s—2)Zy or

Z4 + (S — 2)22

But the first two possibilities cannot occur, since they do not change the
rank of Hy(M; Zs). In the remaining two cases, a further modification will
replace H M/ by a group which is definitely smaller than H; M. Thus in
all cases Hy M can be replaced by a smaller group by a sequence of framed
modifications.

This completes the proof of Theorem 5.1. Actually we have proved the
following result which is slightly sharper.

Theorem 6.6. Let M be a compact, framed manifold of dimension
2k + 1, k > 1, such that bM s either vacuous or a homology sphere.
By a sequence of framed modifications, M can be reduced to a k-connected
manifold M;.

If bM is vacuous then the Poincaré duality theorem implies that M; is
a homotopy sphere. If bM is a homology sphere, then M; is contractible.

The proof of Theorem 6.6 is contained in the above discussion, provided
that M is connected. But using [17, Lemma 2'] it is easily seen that a
disconnected manifold can be connected by framed modifications. This
completes the proof.

§ 7. The groups bPyy

The next two sections will prove that the groups bPsj are finite cyclic
for k # 2. In fact for k odd, the group bPs; has at most two elements. For
k = 2m # 2 we will see in Part II that bPy,, is a cyclic group of order?

4B
€m22m—2(22m—1 _ 1) - numerator mv
m

IThis expression for the order of bPy4,, relies on recent results of J. F. Adams [1].
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where B,,, denotes the m-th Bernoulli number, and ¢,, equals 1 or 2.
The proofs will be based on the following.

Lemma 7.1. Let M be a (k — 1)-connected manifold of dimension 2k,
k > 3, and suppose that HiM is free abelian group with basis {\1,..., A,
M1y 7#7“}7 where

)\i~)\j:0, )\r,uj:&-j

for alli, j (where d;; denotes a Kronecker delta). Suppose further that every
imbedded sphere in M which represents a homology class in the subgroup
generated by A1, ..., A\, has trivial normal bundle. Then HipM can be killed
by a sequence of spherical modifications.

PROOF. According to [17, Lemma 6] or Haefliger [6] any homology class
in Hy M can be represented by a differentiably imbedded sphere.

Remark. It is at this point that the hypothesis & > 3 is necessary. Our
methods break down completely for the case k = 2 since a homology class
in Hy(M*) need not be representable by a differentiably imbedded sphere
(compare Kervaire-Milnor [13]).

Choose an imbedding ¢o : S¥ — M so as to represent the homology
class A,. Since the normal bundle is trivial, ¢g can be extended to an
imbedding ¢ : S¥ x D — M. Let M’ = x(M, ) denote the modified
manifold, and let

My = M — Tnterior p(S* x D*) = M’ — Interior ¢’ (DFT! x S*=1).
The argument now proceeds just as in [17, p. 54]. There is a diagram

Z
LN A
0— HyMy — H.M 2% Z — Hy, My — 0,
!
H, M

!
0

where the notation and the proof is similar to that of Lemma 5.6. Since p,. -
A = 1 it follows that Hy_1 My = 0. From this fact one easily proves that
My and M’ are (k — 1)-connected. The group HjpM, is isomorphic
to the subgroup of HipM generated by {A\1,...,A\r,1,...,pr—1}. The
group Hj M’ is isomorphic to a quotient group of HyMj. It has basis
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{N, o ALy, 1y, .o 1} where each element A corresponds to a coset
N + N Z C HM

and each y; corresponds to a coset p1; + A Z.
The manifold M’ also satisfies the hypothesis of Lemma 7.1. In order
to verify that

note that each X or u;- can be represented by a sphere imbedded in M
and representing the homology class A; or uj; in M. Thus the intersection
numbers in M’ are the same as those in M. In order to verify that any
imbedded sphere with homology class niA] + -+ + n,_1\._; has trivial
normal bundle note that any such sphere can be pushed off ¢/ (0 x S¥~1)
and hence can be deformed into M. It will represent a homology class

(nl)\l + -+ nrfl)\rfl) + nr)\r S HkM

and thus will have trivial normal bundle.

Iterating this construction r times, the result will be a k-connected
manifold. This completes the proof of Lemma 7.1.

Now consider an s-parallelizable manifold M of dimension 2k, bounded
by a homology sphere. By Theorem 5.5, we can assume that M is (k —1)-
connected. Using the Poincaré duality theorem it follows that Hy M is free
abelian, and the intersection number pairing

H.M @ H.M — Z

has determinant +1. The argument now splits up into three cases.

Case 1. Let k = 3 or 7 (compare [17, Theorem 4']). Since k is odd the
intersection pairing is skew symmetric. Hence there exists a “symplectic”
basis for HyM; that is, a basis {\1,..., Ar, 1, ..., gp } with

AioAj =iy =0, Ai -y = i

Since m,_1(SOk) = 0 for k = 3,7, any imbedded k-sphere will have trivial
normal bundle. Thus Lemma 7.1 implies that HyM can be killed. Since an
analogous result for k = 1 is easily obtained, this proves:

Lemma 7.2. The groups bPs, bPs, and bPy4 are zero.

Case 2. k is odd, but k # 1,3, 7. Again one has a symplectic basis; but
the normal bundle of an imbedded sphere is not necessarily trivial. This
case will be studied in §8.

Case 3. k is even, say, k = 2m. Then the following is true (compare [17,
Theorem 4]).
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Lemma 7.3. Let M be a framed manifold of dimension 4m >4 bounded
by a homology sphere.® The homotopy groups of M can be killed by a
sequence of framed spherical modifications if and only if the signature o (M)
18 2ero.

Since a proof of Lemma 7.3 is essentially given in [17], we will only give
an outline here.

In one direction the lemma follows from the assertion that o(M) is
invariant under spherical modifications. (See [17, p. 41]. The fact that M
has a boundary does not matter here, since we can adjoin a cone over
the boundary, thus obtaining a closed homology manifold with the same
signature.)

Conversely suppose that o(M) = 0. We may assume that M is (k — 1)-
connected. Since the quadratic form A — X - A has determinant +1 and
signature zero, it is possible to choose a basis {A1,..., \p, f1, ..., -} for
Hy M such that A; - \j =0, A; - p1j = 035. The proof is analogous to that of
[17, Lemma 9], but somewhat simpler since we do not put any restriction
on ji; - it;. For any imbedded sphere with homology class A = ni A +--- +
n,Ar the self-intersection number - X is zero. Therefore, according to [17,
Lemma 7], the normal bundle is trivial.

Thus M satisfies the hypothesis of Lemma 7.1. It follows that H; M can
be killed by spherical modifications. Since the homomorphism

7k (SOk) — mk(SO2k41)

is onto for k even, it follows from Lemma 6.2 that we only need to use
framed spherical modifications. This completes the proof of Lemma 7.3.

Lemma 7.4. For each k = 2m there exists a parallelizable manifold
My whose boundary bMy is the ordinary (4m — 1)-sphere, such that the
signature o(My) is non-zero.

PROOF. According to Milnor and Kervaire [18, p. 457] there exists a
closed “almost parallelizable” 4m-manifold whose signature is non-zero.
Removing the interior of an imbedded 4m-disk from this manifold, we
obtain the required parallelizable manifold M.

Now consider the collection of all 4m-manifolds M, which are
s-parallelizable, and are bounded by the (4m — 1)-sphere. Clearly the
corresponding signatures o(My) € Z form a group under addition. Let
om > 0 denote the generator of this group.

IThis lemma is of course true if bM is vacuous. In this case the signature o(M) is
necessarily zero, by Hirzebruch’s signature theorem.
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Theorem 7.5. Let X1 and Yo be homotopy spheres of dimension
dm — 1, m > 1, which bound s-parallelizable manifolds My and My
respectively. Then 31 is h-cobordant to 3o if and only if

o(My) =o(My) (mod o).
Proor. First suppose that
o(My) = o(Mz) + o(Mo).
Form the connected sum along the boundary
(M, bM) = (= My, —bMy)#(Ms, bM2)#(Mo, bMo)
as in §2; with boundary
DM = =S #o# S84 n — X #3,.
Since
o(M) = —o(My) + o(Msz) + o(Mp) =0,

it follows from Lemma 7.3 that bM = —X;1#X, belongs to the trivial
h-cobordism class. Therefore Y1 is h-cobordant to Xo.

Conversely let W be an h-cobordism between —31#35 and the sphere
S4m=1_ Pasting W onto (—Mj, —bM;)#(Ms,bMs) along the common
boundary —X1#3s, we obtain a differentiable manifold M bounded by
the sphere S*#™~1. Since M is clearly s-parallelizable, we have

o(M)=0 (mod o).
But
o(M) = —o(My) + o(M2).
Therefore
o(My) =o(My) (mod oy,),
which completes the proof.

Corollary 7.6. The group bPy,,, m > 1, is isomorphic to a subgroup
of the cyclic group of order o,,. Hence bPy,, is finite cyclic.

The proof is evident.

Discussion and computation. In part IT we will see that bPy, is
cyclic of order precisely 0,,/8. In fact a given integer o is a signature o (M)
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for some s-parallelizable manifold M bounded by a homotopy sphere if and
only if

oc=0 (mod8).
The following equality is proved in [18, p. 457];

22m—1(22m—1 o l)Bm,jmam,
Om = )
m

where B,, denotes the m-th Bernoulli number, j,, denotes the order of the
cyclic group

J(7T4m71(50)) C g1

and a,, equals 1 or 2 according as m is even or odd. Thus bPy,, is cyclic
group of order

Om 2274221 — 1) B jmanm

3 = - : (1)

According to recent work of J. F. Adams [1], the integer j,, is precisely
equal to the denominator of B,,/4m, at least when m is odd. (Compare
[18, Theorem 4].) Therefore

Bm,jm,am, Bm, 4Bm
———— = a,, numerator| — | = numerator| — |,
4m 4m m

where the last equality holds since the denominator of B,, is divisible by 2,
but not 4. Thus bPy,, is cyclic of order

- B B 4B,
% = 22m=2(2m=1 _ 1) -numerator(w), (2)

when m is odd.

One can also give a formula for the order of the full group
Oum—1. In Part II we will see that ©Ogp—1/bPyy is isomorphic to
g1/ J (Tam—1(SO)) (compare §4). Together with formula (1) above this
implies that:

(order Iy, 1)22m4(22"~1 — 1)B,am
- )

order O4,,_1 =

§ 8. A cohomology operation

Let 2 < k < n — 2 be integers and let (K, L) be a CW-pair satisfying
the following
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Hypothesis. The cohomology groups H(K, L; ) vanish for k <i <n
for all coefficient groups G.

Then a cohomology operation
¢ HYK,L; Z) — H"(K, L; 7y -1(S"))
is defined as follows.! Let e® € S* denote a base point and let
s € H(S* €% 2)

denote a generator. Then v (c) will denote the first obstruction to the
existence of a map

fi(E L) — (8%,¢°),

satisfying the condition f*(s) = c.
To be more precise let K" denote the r-skeleton K. Then given any class

re HY(K,L;Z) ~ HY(K" YU L,L; Z)
it follows from standard obstruction theory that there exists a map
fo: (K" *UL,L)— (S* €
with f;s = x; and that the restriction

fzl(kn—2uL,1)

is well defined up to homotopy. The obstruction to extending f, over K™ U L
is the required class

Y(z) € HY(K, Ly mp—1(S%)).
Lemma 8.1. The function
¢ : Hk(K7L3 Z) - HH(K7L77Tn—1(Sk))

is well defined, and is natural in the following sense. If the CW-pair (K', L")
also satisfies the hypothesis above, then for any map

g:(K',L')— (K,L)
and any x € H*(K, L; Z) the identity
g () = ¢g" ()
is satisfied.

LA closely related operation (g has been studied by Kervaire [12]. The operation ¢g
would serve equally well for our purposes.
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The proof is straightforward. It follows that ¢ does not depend on the
particular cell structure of the pair (K, L).
Now let us specialize the case n = 2k.

Lemma 8.2. The operator v satisfies the identity

Y(x+y) =P(@) +Yy) + [id(z — y),

where the last term stands for the image of the class v — y € H**(K,L; Z)
under the coefficient homomorphism

7 — mop—1(5¥),
which carries 1 into the Whitehead product class [i, ).

PROOF. Let U = €U eF U {2} U{e;*""} U--- denote a complex
formed from the sphere S* by adjoining cells of dimensions >2k so as to
kill the homotopy groups in dimensions >2k — 1. Let

ue HHU, e Z)
be a standard generator. Evidently the functions
¢ HYU — H*(U; mar—1(S"))
and
Y HYU x U) — H*(U x U;myp_1(S%))

are defined. We will first evaluate (u x 1 4+ 1 x u).
The (2k + 1)-skeleton U x U consists of the union

Uk 5 O U e x UL U ek x eF.

Therefore the cohomology class (u x 141 x u) € H2*(U x U; ma_1(S*))
can be expressed uniquely in the form

ax14+1xb+y(uxu),

with a,b € H**(U; max—1(S*)) and v € mar_1(S*). Applying Lemma 8.1 to
the inclusion map

Uxe'—UxU,

we see that @ must be equal to ¥ (u). Similarly b is equal to ¥ (u). Applying
Lemma 8.1 to the inclusion

Sk x SF U xU,
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we see that (s x 1 +1 x s) = (s x s). But ¢p(s x 1 + 1 x ) is just the
obstruction to the existence of a mapping

f:8% xSk §F

satisfying f(e®,z) = f(x,e’) = x. Therefore v must be equal to the
Whitehead product class [i,i] € max_1(S*). Thus we obtain the identity

Pux1+1xu)=1u)x1+1xp(u)+ [i,i(ux u)
=tux 1)+ xu)+[4](ux1) — (1 xu)).

Now consider an arbitrary CW-pair (K, L) and two classes z, y €
HF(K, L). Choose a map

g:(K,L) — (UxU,e"x %

so that g*(u x 1) = z, ¢*(1 X u) = y. (Such a map can be constructed
inductively over the skeletons of K since the obstruction groups
HY(H, L;m;—1(U x U)) are all zero.) Then by Lemma 8.1:

Y(E+y) =g Yux1+1xu)
=g "P(ux 1)+ g (1 xu)+[i,i]g"((ux 1) + (1 x u))
= () +¢(y) + [i,i](z — y).

This completes the proof of Lemma 8.2.

Now let M be a 2k-manifold which is (k — 1)-connected. Then
¢ HE(M,bM) — H**(M,bM; ma),—1(S*)) = mor_1(S*)
is defined.

Lemma 8.3. Let k be odd' and let M be s-parallelizable. Then an
imbedded k-sphere in M has trivial normal bundle if and only if its dual
cohomology class v € H*(M,bM) satisfies the condition (v) = 0.

IThis lemma is actually true for even k also.
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PrROOF. Let N be a closed tubular neighborhood of the imbedded
sphere, and let

My = M — Interior N.

Then there is a commutative diagram

w e HHY(N,bN) —Y— H (N,bN;mop_1(S*))

- -

HY(M, M) —— H(M, My; map,—1(S¥))

l 5

v e HF(M,bM) —Y— H?(M,bM;ma,_1(S%)),

where the generator w of the infinite cyclic group H*(N,bN) corresponds
to the cohomology class v under the left-hand vertical arrows. Thus,"

$(v)[M] = P(w)[N] € map_1(S").

It is clear that the homotopy class 1 (w)[N] depends only on the normal
bundle of the imbedded sphere.

The normal bundle is determined by an element v of the group
Tp—1(SOg). Since M is s-parallelizable, ¥ must belong to the kernel of
the homomorphism

Tp—1(SO0k) — m—1(S0).

But this kernel is zero for k£ = 1,3,7, and is cyclic of order 2 for other odd
values of k. The unique nontrivial element corresponds to the tangent
bundle of S*, or equivalently to the normal bundle of the diagonal in
Sk x Sk,

Thus if v # 0 then N can be identified with a neighborhood of the
diagonal S* x S*. Then

P(w)[N] = (s x 14+1 x 5)[S* x S¥] = [i,i] #0

(assuming that k£ # 1,3, 7). On the other hand if v = 0 then ¢ (w) is clearly
zero. This completes the proof of Lemma 8.3.

IThe symbol [M] denotes the homomorphism H™(M,bM;G) — G determined by
the orientation homology class in Hy(M,bM; Z).
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Henceforth we will assume that k is odd and #1,3,7. The subgroup
of mar_1(S*) generated by [i,i] will be identified with the standard cyclic
group Zs. Thus a function

is defined by the formula
o : HM — Zs,

where x € H¥(M,bM) denotes the Poincaré dual of the homology class .
Evidently:

(1) Yo(A+ ) = vo(A) + do(p) + A+ p(mod 2), and
(2) ¥o(A) = 0if and only if an imbedded sphere representing the homology
class A has trivial normal bundle.

Now assume that bM has no homology in dimensions k, k—1, so that the
intersection pairing has determinant +1. Then one can choose a symplectic
basis for HyM: that is a basis {A1,..., Ar, 1, ..., pr} such that

AisAj =0, gy =0, Ai -y = 04

Definition. The Arf-invariant c¢(M) is defined to be the residue class!
Yo(A)to(pn) + -+ o(Ar)vo(pr) € Z2

(compare [3]). This residue class modulo 2 does not depend on the choice
of symplectic basis.

Lemma 8.4. If ¢(M) = 0 then HiyM can be killed by a sequence of
framed spherical modifications.

The proof will depend on Lemma 7.1. Let {A\1,..., A\r, p1,..., 0} be
a symplectic basis for Hp M. By permuting the \; and p; we may assume
that

Yo(Ai) = vo(ps) =1 fori<s,
Po(X;) =0 fori> s,

where s is an integer between 0 and r. The hypothesis

Z¢O ¢0 ,ul —O

implies that s = 0 (mod 2).

IThis coincides with the invariant ®(M) as defined by Kervaire [12].
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Construct a new basis {\],. .., u.} for H;M by the substitutions
Noi_1 = A2im1 + A2i, Ay = H2i—1 — [2is
M1 = H2i-1, o = A2,
for 2i < s,
Xo=Nis =
for ¢ > s. This basis is again symplectic, and satisfies the condition:

Yo(A)) = --- =1o(A;) = 0.

For any sphere imbedded in M with homology class A = ni\| + -+ +n,.\.
the invariant ¥o(A) is zero, and hence the normal bundle is trivial. Thus
the basis {A],..., .} satisfies the hypothesis of Lemma 7.1. Thus H,M
can be killed by spherical modifications.

If M is a framed manifold then it is only necessary to use framed
modifications for this construction. This follows from Lemma 6.2, since
the homomorphism 7, (SOy) — m,(SO2,4+1) is onto for k # 1,3,7. This
completes the proof of Lemma 8.4.

Theorem 8.5. For k odd, the group bPsy is either zero or cyclic of
order 2.

According to Lemma 7.2 the groups bPs, bPs and bPy4 are zero. Thus
we may assume that k # 1,3, 7.

Let M; and My be s-parallelizable and (k — 1)-connected manifolds of
dimension 2k, bounded by homotopy spheres. If

c(My) = e(Mz),

we will prove that bM; is h-cobordant to bMs. This will clearly prove
Theorem 8.5.

Form the connected sum (M,bM) = (M, bM;)#(Ms,bMs) along the
boundary. Clearly

(M) = ¢e(My) + ¢(Mz) = 0.
Therefore, according to Lemma 8.4, it follows that the boundary
bM = bMy#bMo

bounds a contractible manifold. Hence, according to Theorem 1.1 the
manifold bM; is h-cobordant to —bMs. Since a similar argument shows
that bMs is h-cobordant to —bM7, this completes the proof.
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Remark. It seems plausible that bPsy ~ Z5 for all odd k other than 1,

3, 7; but this is known to be true only for k = 5 (compare Kervaire [12])
and k = 9.
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Homotopically equivalent smooth
manifolds!?

S. P. Novikov

Here we introduce a method for the investigation of smooth simply
connected manifolds of dimension n > 5 that permits an exact classification
of them up to orientation-preserving diffeomorphisms. This method involves
a detailed investigation of the properties of the so-called Thom complexes
of normal bundles and is based on a theorem of Smale concerning the
equivalence of the concepts of “h-cobordism” and “orientation-preserving
diffeomorphism”. In the last chapter we work out some simple examples.
Appendices are given in which the results of this article are applied to
certain other problems.

Introduction

This article is devoted to the study of the following question: What are
the invariants that define the property of two smooth oriented manifolds

ITranslated by V. Poenaru, Izvestiya Akad. Nauk SSSR, ser. matem. 28 (1964),
365-474 (Received March 22, 1963).

2The main ideas were first sketched in [14]. This paper contains detailed proofs
of all results from [14] plus a number of new results. The paper [14] was named the
best mathematical paper of the U.S.S.R. of 1961 by the Academy of Sciences of the
U.S.S.R. — S. P. Novikov’s remark (2004).
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of being diffeomorphic to each other? It is clear that for manifolds to
be diffeomorphic it is necessary for them to be homotopically equivalent.
A more refined necessary condition is given by the tangent bundle of a
manifold. Speaking in modern terms, to a manifold M" there corresponds
an Atiyah—Hirzebruch—Grothendieck functor

Kp(M™) = Z + Kp(M™),

and by the tangent bundle we mean a certain distinguished element
T(M™) € Kr(M™), the “stable tangent bundle” with its degree extracted.
Though the ring K r(M™) itself is homotopically invariant, it is well known
that the element 7(M™) is not homotopically invariant, and what is more,
it can have infinitely many values. For two manifolds, M{* and M3, to
be diffeomorphic it is necessary that there exists a homotopy equivalence
f: M7 — M3, such that

[rr(My) = m(My),

where f : Kp(My) — Kgr(MJ). If this latter necessary condition holds,
then the direct products M7 x R and M5 x R are diffeomorphic (Mazur).
But this result of Mazur is of little help in determining whether or not
M7 and M3 themselves are diffeomorphic. Even for n = 3 there exist
nondiffeomorphic manifolds satisfying the necessary conditions indicated
above for manifolds to be diffeomorphic (lens spaces). To be sure, these
manifolds are not simply connected. For simply connected manifolds the
papers of Whitehead on simple homotopy type or the papers by Smale
[17, 19] yield a stronger result, namely, that the direct products by a ball
M x DN and M3 x DV are diffeomorphic. Nevertheless examples by Milnor
[10] of differentiable structures on spheres show that for simply connected
manifolds combinatorially equivalent to a sphere, multiplication by a closed
mall actually eliminates the existence of a finer distinction between smooth
structures.

In the papers by Milnor [9] and Milnor and Kervaire [6] a more or less
complete classification was finally given of homotopy spheres with exactness
up to h-homology (J-equivalence) in terms of the standard homotopy
groups of spheres.

The foundation for this classification was laid by papers of Smale
[17, 19], who demonstrated that, for simply connected manifolds of
dimension n > 5, the concepts “h-homology” and “orientation-preserving
diffecomorphism” coincide. In addition, Smale proposed a method that
permits this classification and Wall gave a good classification of manifolds
in certain simple examples (cf. [18, 27]).

Here we investigate the class of smooth manifolds {M}'} that are
homotopically equivalent among themselves and such that for any pair ¢, j
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there exists a homotopy equivalence f : M;" — M7 of degree +1, such that
frr(Mf) = 7(M),

where f*: IN(R(MJ”) — I?R(Ml") and 7(M™) is the stable tangent bundle.
Thus we consider the class of smooth manifolds having the same homotopy
type and tangent bundle. The basic problem is to give a classification of
manifolds of the class {M]'} for n > 5, assuming that w1 (M]") = 0. The
approach used in this paper is connected with a consideration of the Thom
complex Ty of the stable normal bundle for the manifold M{ belonging to
the class {M}. The complex TV = T (MJ) is obtained by a contraction
of the boundary of the e-neighborhood UN*" of the manifold M in the
space RNt into a point, i.e.

UN+n
aUNJrn ’

and it is easily shown that the complex T of dimension n + N is a
pseudomanifold with fundamental cycle [T], belonging to a form of the
Hurewicz homomorphism:

Ty =

H 71 N(TN) = Hoyn(TN)-

Consider the finite set A = H~!([Tn]). The group (M, SOx) acts on
this set, and on the set of orbits A/m(M{, SOn) there is an action of the
mapping class group 7+ (M, M) for mappings f : M — M of degree +1
such that

frr(Mg') = 7(Mg').
The main goal of Chapter I is to prove the following assertion.

(Classification). There exists a natural mapping of sets {M} —
(A/m(ME, SON)) /7t (M, M), possessing the following properties:

(a) if this mapping takes two manifolds M7{* and M} to the same element,
then there exists such a Milnor sphere S" € 67(d7) that M" =
Mg #S™;

(b) conversely, if M}* = Mzn#gn, then these manifolds are mapped to the
same element of (A/7 (Mg, SON))/x (Mg, MZ), where S™ € 0™(9r);

(¢c) if n # 4k + 2, then this mapping is epimorphic.

From this theorem one can immediately draw certain conclusions. For
example, one can easily prove the following.

The homotopy type and the rational Pontrjagin classes determine
a smooth simply connected manifold M™ to within a finite number of
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possibilities for n > 5. If the groups Hy;(M™) are finite for 0 < 4i < n,
then there exists a finite number of smooth structures on the topological
manifold M™ (a result of the finiteness of the set A).

In fact the solution of the problem obtained by the author is much more
significant in homotopy terms than in the way it is formulated in the cited
Classification Theorem. A number of geometric properties of manifolds admit
a natural interpretation in terms of the homotopy properties of the space
Tx. These properties studied at the end of Chapter I (Theorems 6.9 and
6.10) and throughout Chapter IT, which is also concerned with a development
of the methods of numerical calculation. We mention here a number of
problems that are studied at the end of Chapter I and in Chapter I1.

1. The conditions under which a mapping f : M™ — M™ of degree +1 is
homotopic to a diffeomorphism (Theorems 6.9 and 6.10).

2. A study of the action of 7+ (M{, M) on the set A/7(MJ, SON) (§7).

3. A determination of the obstructions d;(M7{", M) € H,_;(M7],
wn+i(SY)) to the manifold M7 € {M} being diffeomorphic to the
manifold M§ (§8).

4. The connected sum of a manifold with a Milnor sphere and its homotopic
meaning (§9).

5. The variation of the smooth structure of a 7m-manifold along a cycle of
minimal dimension (§9).

6. Variation in smooth structure and Morse’s surgery (§10).

In Chapter III the results of Chapters I and II are applied to the
working out of examples. The result of § 14 was independently obtained by
W. Browder [29].

In addition to the main text of the paper there are four appendices,
written quite concisely and not very rigorously. The reader can regard these
appendices (together with the results of §§ 10 and 12) as annotations of new
results, the complete proofs of which will be published in later parts of this
article. However, in these appendices and in §§ 10, 12 we have sketched out
the proofs with sufficient detail that a specialist might completely analyze
them without waiting for the publication of later parts.

In Appendix 1 the results of §14 are expressed in the language,
suitable for calculations, of the Atiyah—Grothendieck—Hirzebruch K- and
J-functors, and there is indicated an application of these results to
Pontrjagin’s theory of classes.

Appendix 2 is devoted to (i) an extension of the results of the paper to
combinatorial manifolds; and (ii) an investigation of the relation between
smooth and combinatorial manifolds.

Appendix 3 is devoted to a study of the action of the Milnor groups
6*=1(0m) on manifolds and to the problem of singling out the group
6*F=1(97) as a direct summand in the group §4+~1.
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In Appendix 4 we study the problem of determining the Euclidean
spaces in which a nontrivial Milnor sphere can be embedded in such a
way that its normal bundle there is trivial.

CHAPTER [

The fundamental construction!

8§ 1. Morse’s surgery

The material of this section is largely borrowed from other papers (for
example, from [5, 9]) and is essentially a somewhat generalized account of
them in a terminology adapted to our purposes.

Let M™ c R"™ be a smooth manifold with or without boundary,
smoothly located in a Euclidean space R" ™V of sufficiently large dimension.
Let S*x D?~" C M™ be a smooth embedding of the direct product S%x D?~
in M™, where D"~ is a ball in the space R"~* (of radius ¢) in the natural
coordinate system

h:dD™ x DMt ST x DT C M

such that h(z,y) = (x,h(y)), where hy € SO,_;. The set of maps
he,r € S% defines a smooth map d(h) : S* — SO,_;, which completely
defines the diffeomorphism h.
Set

1 . .

B (h) =M™ x I (0, 5) Up Dt x D2
R | 1)

M"™(h) = (M™\S" x D'"")u,, D"t x 9D,

The transformation operation from M™ to M™(h) is called a Morse surgery.
It is well known that:

(1) oB"TY(h) = M™ U (—M"(h)), if M™ is closed;
(2) The manifolds B"*1(h) and M™(h) can be defined as smooth orientable
manifolds.

LChapter T is a detailed account of author’s note [14].
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(3) The subspace (M™x £) U, D1 x0 € B"(h) is a deformation retract
of B"*1(h).

(4) The manifold B"*1(h) is defined up to diffeomorphism by the homotopy
class d(h) of the smooth mapping d(h): S* — SO,,_; d(h) € m;(SO,_;).

(5) The manifold B"*!(h) can be located in the direct product RV x
1(0,1) in such a way that

B (h) N RN x 1 = M™(h)
B h) N RN x 0 =M™

and B"*t1(h) approaches the boundary components R"*Y x 1 and
RN x 0 orthogonally.

Assume in the tubular neighborhood Th. (of radius 2¢) of the sphere S* C
M™", where To. = S* x DJ", there is a vector field 77, which is continuous
on T». and normal to the manifold in R"tV. We have

Lemma 1.1. Suppose the inclusion homomorphism m;(SOp—_;) —
i (SON4n—i) is an epimorphism. Then the diffeomorphism

h:OD x DI — ST x DI M™

may be chosen in such a way that the frame field ™, which is normal to Ts.
in RNT™ | can be extended to a frame field ™V on (Tae x 1(0,1)) U, D! x

D¢ that is normal B"*1(h) in the Cartesian product R"*N x I1(0,1).

Let us choose on D x 0 ¢ RN x 1(0,1) some continuous frame
field 72V "%, normal to D! x 0 in R™*tN x 1(0,1), and let us consider its
restriction to the boundary

Stx0c M™c RN x0,

which we will also denote by Tév tn=i " Since the homomorphism
7i(SOpn_;) — 7i(SON1n_i) is onto, we can choose on the sphere S* x 0 C
M™ an (n —i)-frame field 7%~%, normal to the sphere S? x 0 in the manifold
M™ and such that the combined frame field (7%, 7%~%), normal to the sphere
S x 0 € RN*" x 0, is homotopic to the field Té\”"_i, which is induced by
the (N +n — i)-framed field 7)Y 7"~ on the ball

D x 0 c RN < 1(0,1).
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Hence the field (7%, 7"~%) may be extended to the ball
D™ x 0 c RN < 1(0,1).

We shall denote this extension by (7V,77~%), where 7V is the extension of
the first N-frame and 7" * is the extension of the last (n —i)-frame. Let us
now “blow-up” the ball

D0 c RN x (0,1)

by the last n—i vectors 7%~ of the frame, more exactly, by the linear space
of dimension n — i, defined by these n — i vectors at each point of the ball.
We shall denote this blow-up by @Q. The vectors of the frame 7V will be
normal to @ and define an extension of the frame 7V to this blow-up. The
frame field 77~¢, which is normal to the sphere S* x 0 C M™, is different
from the original frame field on the sphere S® x 0 that was defined by the
original coordinate system on the Cartesian product S x D*~* C M™. This
difference is measured by the “discriminating” map S* — SO,,_;, which also

defines the element d(h) € m;(SO,,—;) needed by us and the diffeomorphism
h: 0Dt x D2F — M™,

It is easy to see from (1) that

B (h) = |:(M\T25) x I (O, %)} U KTQE x I (O, %)) U Q]

and that the NV-frame field is extended onto Q). But
Q ~ D x D

where ~ means a diffeomorphism.

The lemma is proved.

For convenience in applications of Lemma 1.1 we formulate the following
statement.

Lemma 1.2.
(a) Suppose i <n —i. Then the map
7i(SOn—i) — Ti(SON4n—i)

18 an epimorphism,
(b) Suppose i = 2k and i = n —i. Then the map

ok (SOak) — mox (SON121)

s also an epimorphism;
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(¢) Suppose i = 2k + 1,i = n — i. In this case the map is epimorphic
if and only if i # 1,3,7. If i = 1,3,7, then the quotient group
i (SON4n—i)/mi(SO;), i = n — i contains two elements.

The proof of (a) and (b) is contained in [20], and that of (¢) can be
found in [1].

§ 2. Relative r-manifolds

Let M™ be a smooth manifold, either closed or with boundary and let
W C M" be a submanifold of it. Denote by v~ (M™) the normal bundle of
the manifold M™ C RN*" and denote by v"~¢(W?, M™) the normal bundle
of the manifold W* in M™.

Definition 2.1. Let f : M} — M} be a smooth map. We shall call
MF an (f, 7)-manifold mod M3, if

N (M) = v (M).

Definition 2.2. Suppose a sphere S? C MF, is smoothly situated in
M¥, is such that the map f|gi_, my is null-homotopic. Then the bundle

vF=1(8% MF) has the following properties:

(1) for i < k — i the bundle v*~(S?, M}) is trivial;

(2) for i = k —4, i = 2s, the bundle v*~%(S%, M}) is trivial if and only if
the self-intersection number S? - S? is zero;

(3) fori =k —i,i=1,3,7, the bundle v*=*(S?, MF) is trivial;

(4) fori=Fk—i,i=2s+1,i+#1,3,7, the bundle is completely defined by
the value of the invariant ¢(S?) € Zs.

If 2 € Ker f, C m;(MF), where x is the homotopy class of the embedding
St C M¥ and the group 71 (MF) is zero, then ¢ defines a map

v Ker f, — Z
and
ez +y) = p(x) +¢(y) + [H(z) - H(y)mod 2, (2)

where H : 7;(MF) — H;(M¥) is the Hurewicz homomorphism.
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Let us consider the tubular neighborhood T of the sphere S? in Mf;
this neighborhood is the total space of an SOj_;-bundle with base S?. The
map fof : T'— M3 is null-homotopic and, by assumption,

7 N (Mg = vN(T),

where j is an embedding of S C M{. Hence vV (T) is trivial. Since the
manifold 7 is not closed, the triviality of the bundle ¥ (T) implies that T’
is parallelizable. Hence the normal bundle of a sphere S’ in a manifold is
completely determined by an element o € Ker p, where

p:SOk—; C SO
and
Pe: Mim1(SOk—i) — mi—1(S0x)

is @ homomorphism of the natural embedding p. For ¢ < k — 4 the map p is
an isomorphism, and this implies property 1.
Ifi =k—1i,i=2s, then

Kerp, = Z C mo5-1(503s),

and, as is well known, the bundles over the sphere S?* defined by the
elements o € Kerp, C ma5-1(S02s), are completely defined by the Euler
class x(«), where y(«) = 0 (mod 2). But the Euler class of a bundle is equal
to the self-intersection number S% - S?, and this implies property 2.

For ¢« = 1,3,7, ¢« = k — i, the kernel Kerp, = 0, and this implies
property 3.

Fori #1,3,7, i = 2s+1, we have Kerp, = Z5 (see [1]). Thus the normal
bundle v*~¢(S%, T is determined by the value of the invariant ¢(S%) C Zs.

Now let 71 (Mf) = 0. Hence by Whitney’s results two spheres S%, 5% C
M¥, which define one and the same element x € m;(MF), i = k — i, are
regularly homotopic (see [25]). Hence

p(S1) = ¢(S3)-
Thus the map
v Ker f, — Za,

is defined since each element x € Ker f, can be realized by an embedded
smooth sphere S* C M} (see [9]). Let us now prove (2). Let =,y € Ker f, be
two cycles. Realize them by spheres Si, S3 C M™, the number of intersection
points of which is equal to the intersection number |H (z) - H(y)| (see [25]).
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We form tubular neighborhoods 77 and T% of the spheres S} and S3 in MY,
respectively. Denote by

T(Z‘,y) = Tl U T2

a smooth neighborhood of the union S{ U Si. The manifold T'(z,y) is
obviously parallelizable, and

H(T(z,y) =2+ Z.

If the spheres do not intersect, then our statement is obvious. Let us
assume |H(x) - H(y)| = 1. Then

m(T(z,y)) =0, Hj(T(z,y)) =0, j#1,

and the boundary 0T (z,y) is a homotopy sphere (see [8]).
Kervaire proved [4] that in the manifold T'(z,y) we have

p(r+y) = @) +¢(y) + [H(z) - H(y)] mod 2,

thus, the same holds in M§ O T(z,y), since the sphere S, realizing the
element x + y, lies in T'(z,y), and ¢ is an invariant of the normal bundle.
If |H(z) - H(y)| > 1, then the group

m(T(2,y)) = m (9T (z,y))

is free and the number of its generators is equal to |H(x) - H(y)| — 1; hence
our argument does not go through. But by the Morse surgery described
in §1, it is possible to “paste” the group m1(T'(x,y)) = m1 (0T (x,y)) and
pass to a simply connected manifold T(x, y) C M} such that

(a) T(x,y) = T(z,y) Up, D® x D*"2Uy, -+ Up, D x D*2 where
t=[H(z) H(y) -1
and
hy : OD? x D*=2 — 9T (x,y);

(b) T'(x,y) is parallelizable;
(¢) Hi(T(x,y)) = 2+ 2, Hi(T(z,y)) =0, i # j; B
(d) the spheres S7,S55 C T'(z,y) generate the group H;(T'(x,y)).
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To do this, we must perform the Morse surgery in the interior of the
manifold M§, which is possible for k > 6. Then we apply Kervaire’s results
[4] to the manifold T'(z,y) to obtain (2):

oz +y) = (@) +ey) + [H(z) - H(y)| mod 2.

(Concerning Morse’s surgery operations cf. papers [2,9].) Thus the lemma
is proved. We note that our description of the behavior of the normal bundle
to the sphere in a parallelizable manifold is not original and is contained in
papers [4,9] and others.

Definition 2.3. If the map f: M* — M3 has degree +1, we say that

f
the manifold M7 is greater than or equal to M%', and write MJ* > M».!

/
Lemma 2.4. If M{* > MY, then the map [ : H*(M} K) —
H*(M7, K) is a monomorphism for any field K.

PROOF. Letz € H(M%, K),x # 0; then there exists y € H" (M}, K)
such that (zy, [MZ]) = 1. Since

(f*(2y), IMY']) = (f* 2 [Ty, [MT]) = (2y, fo[MT]) = (zy, [M3]) = 1,

it follows that f*zf*y # 0 and therefore f*x # 0.
The lemma is proved.

f g
Lemma 2.5. If m(M7) = m(M}) =0 and M > MY, My > M7,
then the maps f and g are homotopy equivalences.

ProOOF. The maps fog : M3 — M3 and ¢°f : M{* — M{" are onto
of degree +1. Hence by Lemma 2.4 they induce an isomorphism of the
cohomology groups over an arbitrary field K and hence an isomorphism
of the integral cohomology and homology groups. Whitehead’s theorem
enables us to completes the proof.

Remark 2.6. Lemma 2.5 can also be stated as follows: if m (M{") =
m1(MZ) = 0, then the homology groups of the manifolds M{* and M} are

/
isomorphic and M{* > M3, then they are homotopically equivalent.

1t is also assumed that M3 is an (f, 7)-manifold modulo M.
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8 3. The general construction

Let M™ be a smooth simply connected oriented manifold and let
vN(M™) be its stable normal bundle with fiber closed ball DV, and suppose
that this bundle is oriented, i.e. the structural group is reduced to SOy.
We contract the boundary dv™ (M™) to the point and denote by T (M™)
the obtained space, which is the Thom space of the bundle (see [7, 22]). We
have:

Z/N n
Tn(M™) = % (3)
The Thom isomorphism
¢ Hi(M") = Hyi(Tn(M™)) (4)

is well known.
As usual, we denote by [M"] the fundamental cycle of the manifold M™
for the selected orientation.

Lemma 3.1. The homology class p[M™] belongs to the image of the
Hurewicz homomorphism H : 7 yn(Tn(M™)) — Hypn(Tn(M™)).

PROOF. Let us construct an element © € myip(Tn(M™)) such that
H(z) = ¢[M™]. Let the manifold M™ be smoothly situated in the sphere
SN+7 Tts closed tubular neighborhood T C SV*" is diffeomorphic to the
total space of the bundle v (M™) in a natural way, since T is canonically
fibered by normal balls D”V. We effect the natural diffeomorphism 7' —
v~ (M™) and consider the composition

T — VN(M") — Tn(M™);

the map T' — Tn(M™) takes the boundary 0T to a point and is therefore
extended to the map SN*" — Tn(M™) that takes all of the exterior
SNANNT to the same point. This map obviously represents the desired
element © € x4, (T, (M™)). The lemma is proved.

In the sequel an important role will be played by the set
H7'o[M"] C 7y (T (M™),

which we shall always denote by A(M™). We consider an arbitrary element
a € A(M™) and the map

f~a AR Tn(M™)

representing it.
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From the paper of Thom [22] there easily follows
Lemma 3.2. There exists a homotopic smooth map
foo 2 SNF™ — T (M™)
such that

(a) the inverse image f;1(M™) is a smooth manifold M, smoothly situated
in the sphere SN+t

(b) for every point x € M" the map f. takes the e-ball DY, normal to M
in SNt to the e-ball D}\;(I), normal to M™ in Ty (M™), and the map
fo: DY — Dj,\i(g:) is a linear nondegenerate map for all x € M[;

(c) the maps fo/M? — M™ and f,/DY — DJ{\;(@ have degree +1 for all
reMy.

PROOF. Points (a) and (b) are taken from Thom’s paper [22]. For
the proof of point (c) we observe that the map fo : SNt — Tn(M™)
and hence f, have degree +1 (this makes sense because TV (M™) is a
pseudomanifold with fundamental cycle [Ty] = ¢[M"]). Hence the map
fo must have degree +1 in the tubular neighborhood of M" = f1(M™").
We reduce the structural group of the bundle vV (M) to SOy so that all
maps fo : DY — DJ{\L (z) have determinants >0. Then on the manifold M
there is a unique orientation which is induced by the orientations of the
sphere SN+ and the fiber DY . In this orientation the map f, : M? — M™
has degree +1 since the degree of the bundle map

vN(ME) — N (M) — T (M™)

is +1 and is equal to the product of the degrees of the map for the base
M and for the fiber DY x € M?; on the fiber DY, as a result of the

a x )

choice of its orientation, this degree is equal to +1, which yields the desired
statement. The lemma is proved.

fa
Lemma 3.3. The manifold M7 > M™.
PROOF. The map f, has degree +1 and is clearly such that
far™ (M) = v (M)

Lemma 3.4. If m (M) =0 and H;(M?) = H;(M"),i=0,1,2,...,n,
then the map fo : M} — M™ is a homotopy equivalence.

The proof follows from Corollary 3.3, Lemma 2.5 and Remark 2.6 on
page 59.
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We denote by A(M™) C A(M™) the subset consisting of those elements
a € A(M™) for which there exist representatives f, : SN+" — Tn(M™)
satisfying Lemma 3.2 and such that the inverse image f;'(M") = M
is a manifold homotopically equivalent to M"™. We are interested in the
set A(M™). To study this set, the three following important questions are
appropriate:

1. What is the location of the subset A(M™) in A(M™), i.e. in which classes
a € A(M™) C wnyn(Tn(M™)) are there representatives f, : SNt" —
Tn(M™), for which the manifold

M} = f (M™)

is homotopically equivalent to M™ (in which classes o € A(M™) are
there manifolds of the same homotopy type as M™)?
2. Suppose two manifolds My, and M}, belong to the same class a €

A(M™) and both are homotopically equivalent to M™. This means that
there are two homotopic maps of the sphere

foyi: SGN+n Tn(M™)
such that
foi(M™) = M}

.,

i=1,2.

What is the connection between M7 | and Mg 57

3. In which classes o; € A(M™) can one find one and the same manifold
M7 that is homotopy equivalent to M"7

The following three sections will be devoted to the solution of these
questions.

8 4. Realization of classes

The aim of this section is to study in which classes & € A(M™) one can
find manifolds homotopically equivalent to M™. First we prove a number
of easy algebraic lemmas. Consider two finite complexes X,Y and a map
f: X — Y. Assume that K is an arbitrary field

7T1(X) = 7T1(Y) =0.

Lemma 4.1. Suppose for any K the map f. : H;(X; K) — H;(Y; K)
is epimorphic for i < j+1 and isomorphic fori < j. Then f. : H{(X;Z) —
H,(Y; Z) is epimorphic for i < j+ 1 and isomorphic for i < j.
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PrROOF. We consider the cylinder C; = X x I(0,1)U;Y, which is
homotopy equivalent to Y, and the exact sequence of the pair (Cy, X):

Hy(X) L 1y (V) = Hi(Cp, X) 2 Hi(X) 5 B (Y) (5)

for i < j+ 1. From (5) it follows that H;(C¢, X;K) = 0 for ¢ < j+ 1.
Therefore

Hi(C§ X:Z)=0, i<j+1.

Returning to the exact sequence (5) (for integral homology) we obtain all
the statements of the lemma. The lemma is proved.

Lemma 4.2. Suppose the map f : X — Y is such that the map f :
H(X;Z)— H;(Y;Z) is an epimorphism for i < j+1 and an isomorphism
for i < j. Then f.: m(X) — m(Y) is an isomorphism for i < j and an
epimorphism for i < j + 1, and vice versa.

ProOOF. Consider the two exact sequences which form the commutative
diagram together with the Hurewicz homomorphism

Hi(X:Z) L H(Y;2) —— H(Cy, X, Z) —2— Hi_1(X;2)

m(X) = mY) —— m(CnX) —— ma(X)
for i < j+ 1. It is easy to see that
Hi(Cp, X;2)=0, i<j+1
Since 71 (X) = m1(Y) = 0, we have
m(C, X)=0, 1<j+1,

which yields Lemma 4.2 (the direct statement). The converse statement is
proved analogously. The lemma is proved.

For definiteness, in the sequel we shall always denote the
homomorphisms 71 (X) — m;(Y) and H;(X) — H;(Y) corresponding to
f:X =Y, by fI") and f79.

Lemma 4.3. Under the same conditions as in Lemma 4.2, the
homomorphism

H : Ker fy”“) — Ker fij“)

is an epimorphism.
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ProoOF. The following diagram is commutative and the rows are exact:

7Tj+2(Cf,X) _— Kerf,gm“) — 0

ZZlH lH (7)

H;2(Cp, X3 Z) —— Ker fH+0) 0,
From the proof of Lemma 4.2 we know that
H;(Cy, X)=m(Cy, X)=0, i<j+1
Therefore

Tj+2(Cr, X) = Hj2(Cy, X).
The standard argument completes the proof.

Now, let us consider a map f : M{* — MJZ of degree +1. We will be
interested in the case when the kernels Ker £{™ are trivial for i < [5]. We

consider separately the cases of even and odd 7. The following two lemmas
hold.

Lemma 4.4. Suppose n = 2s and the groups Ker ff”) are trivial for

1 < s. Then the group Ker f*HS) is free abelian, is a direct summand in the
group Hy(M7', Z), and the intersection matriz of basic cycles of the group

Ker fy s) 18 unimodular.

Lemma 4.4'. Suppose n = 2s + 1 and the groups Kerf,gm) are
trivial for i < s. Then the group Ker f,EHS“) is free abelian, and both
Ker fiH and Ker f(HS+1 are direct summands of the groups Hs(M7', Z)
and He 1 (M7, Z), respectively. The finite part Tor Ker f*HS) of the group
Ker f*HS) 1s closed under the Alexander duality, i.e. the linking matriz of

the generating elements of order p' is unimodular mod p* for some primary

decomposition, for fized values of p,i. The intersection matriz of Ker f(HS“)

and Ker ff 9)/Tor Ker f( =) s unimodular, too.

We shall prove both lemmas simultaneously, starting from the identity

L(ffzny) =xN fuy, (8)
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which holds for any continuous map f. In our case f.[M7'] = [M%] and the
operation N [M7'] coincides with the Poincaré duality isomorphism D. Thus
we get:

f*Df* = D7
which yields
H;(M7) = Ker £ + D H" (M) (9)

over any coefficient domain and for any values of i. Consequently, we have
proved the statement about direct summands in all cases. The absence of
torsion in Ker fﬁHS) for n = 2s and Ker fst“) for n = 2s + 1 follows from
the fact that the groups Ker fiHS‘l) are trivial in both cases, and from
the Alexander duality for torsions of H,_1(M7') and H,,_s(M]*) for both
values of n. It remains to prove the unimodularity of the correspondent
intersection/linking matrices. We show that the groups Ker fiHi) and
Df*H" (M%) are orthogonal to each other with respect to the cycle
intersection, for any value of i and over each coefficient domain. Indeed,

let x € H" (M%) and y € Ker £ Then
(M) -y =(f"2y) = (2, fry) =0 (10)
and any element of the group D f*H" (M%) is of the form
fraen[My].

Thus the groups Ker ffH'i) and D f*D~1(MJ) are orthogonal. Applying this
orthogonality, we obtain the unimodularity of the intersection matrices in
all cases. The statement concerning linking matrices follows from the fact
that the linking can be defined in terms of intersection of cycles modulo p.

Lemmas 4.4 and 4.4’ are proved.

We note a useful supplement to Lemma 4.4.

Lemma 4.5. The map H : Ker fﬁws) — Ker nyHS) is an isomorphism
for n = 2s if the groups Ker ffm) =0 fori<s.
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PROOF. As in the proof of Lemma 4.3, consider the commutative
diagram:

Hopa (MY') E)HsH(Mzn) — Hy 1 (Cy, M7') A KerfiHS) -0
I [ IIIH I (11)
Taqt (M7) = Tosr (ME) — o1 (Cp, M) 2 Ker f™) — 0.
(Hst1)

Since the maps f*H'i) for ¢ < s are isomorphisms, the map f is an
isomorphism as well. The exactness of the sequence yields the isomorphism

0:Hep1(Cp, MT") — KerfiHs).
Thus
OH =HO0 :ms41(Cy, M) — KerfiHs)
is an isomorphism, and the map
H :Ker f7™) — Ker fH)
is also an isomorphism. The lemma is proved.

Let us now investigate an arbitrary element o € A(M™). We have the
following:

Lemma 4.6. For every element o € A(M™), there exists a map fo :
SN+ T (M™) satisfying Lemma 3.2, such that the inverse image M =
ft(M™) © SN possesses the following properties:

(a) m(My) = 0;
(b) the maps fﬁHS) cHy(MY) — Hs(M™) are isomorphisms for s < [%].

Proor. We will inductively construct the maps
sfa s SN — T (M™),
satisfying Lemma 3.2, for which the groups
Hi(Mg,), M=o fTH(M")

are isomorphic to the groups H;(M™),i < s. Since the maps fo: Mj ; —
M™ have degree +1, this isomorphism is established by the map o(f)
From Lemmas 4.1-4.3 it follows that the map fo([HS) is an epimorphism,
and all of the basic cycles z1,...,2; € Kerg éHS) can be realized by

a system of smoothly embedded disjoint spheres SY,...,S57 C M}, on
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which the map s f, /S]s is null-homotopic. We assume that the maps ;f,
are already constructed for i < s; let us construct the map si1f, by
reconstructing s fq .

Step 1. We deform the map s f, to a map Sf;, such that
Sfa(T(Sf)) =go € M",

where go is a point in M™. The deformation is assumed to be smooth,
and T'(S7) C My ; denotes a smooth tubular neighborhood of the sphere

ST C M7 . In the fiber Dé\g c vN(M™), we take the frame 707, defining
the orientation of the fiber Dé\g. The inverse image SET({V is a continuous
N-frame field 7%V on T'(S$) that is normal to T'(S5) € SNV*™, since the map
o fo satisfies Lemma 3.2. The arbitrariness in the choice of the frame & is
immaterial for our purposes.

Step 2. According to Lemma 2.1 the tube T'(S5) is diffeomorphic to
ST x D2~%, where € > 0 is a small number.

We assign in T'(S7) the coordinates (z,y),z € S5,y € DI~%. As a result
of Step 1, on the tube T'(S{) we have a field 7%V. Consider the Cartesian
product SV x 1(0,1). We shall assume that

ofa t SV X0 — Ty(M™), M2, c SV x0.

Let us construct a membrane B"T1(h) € SN x I(0,1) orthogonally
approaching to the boundaries, such that the field 7%V can be extended to
a certain field 7V, that is normal to

BN“(h)\ [(Mgvs\T(Sf)) ! (O’ %ﬂ

in the Cartesian product SN¥*" x 1(0, 1), where

h:9D*T x D™* = T(SY),  h(x,y) = (z,d(h)=(y)),
d(h) : 8% — SO,—s.
Such a membrane B"*1(h) can be chosen according to Lemmas 1.1 and 1.2.

Step 3. We extend the map sfva s MJ
B"tL(h) — M™ by setting

s M™ to a smooth map F, :

sFo = ofoa/B " (R) N SN+ x 0,

(12)
SFa(Derl X D\?*S) =4go = sfa(T(Sig))
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Extend
sFo: B"TH(h) — M"
to
oFo 1 T(B"1(h)) — Tn(M™),
where T'(B"*1(h)) is the tubular neighborhood of B"*l(h) in SN*! x
1(0,1), according to the frame field 7V that is normal to the part B"*1(h) in

SN+ % 1(0,1), the latter being diffeomorphic to Dt x D¢ C B"+1(h).
On the remaining part

1
BTN WN\D*T x DI = M} x T (o, 5)
the extension of the map is trivial. In their intersection
n 1 s+1 n—s s
My x1 0,5 NnD x DI =T(S7)

these extensions are compatible with the frame field 7%. Furthermore, by
using Thom’s method, we extend the map ,F,, to the whole SV*" x (0, 1).
Now we put

_ SFa
T GN+n  1°

S
Clearly, the map fo(ll) satisfies Lemma 3.2 and
ST = M ().

Since 2s + 1 < n, we conclude that

Ker (1) _ Kersfa*
sJa (961)

Iterating the construction, we put

s+1fa = Sfél)y

which yields the statement of the lemma.
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The analysis of the case s = [§] is more difficult. We shall subdivide it
into the following cases:

1) n=4k, s=2k, k>2;

N n=dk+2, s=2k+1, k>1, k#1,3
) n=4k+2, s=2k+1, k=1,3;

) n=4k+1, s=2k k>1;

5) n=4k+3, s=2k+1, k>1.

Lemma 4.7. Let n = 4k. For every element o € A(M™) there exists
a map fo : SN — Tn(M™) satisfying Lemma 3.2 such that the inverse
image M = f1(M™) is homotopically equivalent to M™.

PROOF. Applying Lemma 4.6, we can construct a map g fo : SNT? —
Tn(M™), such that

Ker o fU1) =0, i< 2k,
where
wefat MI, = nef (M™) — M™.
According to Lemma 4.4, the group

Ker o £ = Ly, © Hop (M o)

[e3

is free Abelian; it is a direct summand of the group Haj (M} ), and the
intersection matrix for basic cycles l1,...,l,;, C Lok is unimodular. In the
group Hay (M 5;)/Tor, choose a basis l1, ..., ln, q1,...,gp such that

giolj=0, i=1,...,p, j=1,....m
this can be done because of the unimodularity of
(ljoly), jt=1,...,m.

The matrix (g; o ¢;) is equivalent to the intersection matrix for basic
cycles of the group Hayp(M™)/Tor; moreover,

(2kfa*qi) o (2kfa*qj) ={¢;©qj.
Since

anfar™ (M) = v (M 51,)

[e3

and the degree of o1 f, is +1, the Hirzebruch formula [3] yields that the
indices (signatures) of the manifolds M 5, and M"™ are equal to each other.
Thus the signature of the matrix ({; 0 l;), ¢, = 1,...,m, is equal to zero
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(the intersection matrix of M 5, thus splits into two matrices, one of which
is identical to the intersection matrix for the manifold M™ , and the other
one is (I; o l;),i,7 = 1,...,m). On the other hand, the self—intersection
indices [; ol; are even. To prove that [; ol; are even, let us realize the cycle [;
by a smooth sphere S2¥ ¢ M o according to Whitney [25] and Lemma 4.3.

Then we consider the tubular neighborhood of the sphere, T'(S?*) ¢ M" ks
which is a parallelizable manifold (cf. Proof of Lemma 2.2, point 1). The
self-intersection index of a sphere in a parallelizable manifold is always even,
which yields the desired statement. Thus the signature of the matrix (I;0(;)
is zero and

liol; =0 (mod 2).

According to [9], one can find a basis lf,. .., = 2m’ such that

(a) Lioll=0, 1<i<m
(b) I 10050 =1,1=0,1,....,m —1,

(c) I} ol = 0 otherwise,
i.e. the matrix can be reduced to the form
1o 0
(13)
10

We realize the cycles [;,¢ = 1,...,m, by smoothly embedded spheres
S2k M) o, in such a way that their geometric intersections correspond to
the algebraic intersection indices (the number of intersection points S2¥ N
S3* is equal to the index |S7¥ 0 S2¥|; this can be done for k > 1; cf. [9, 26]).
According to Lemma 2.2, the normal bundles v2*(S2k, M™,, ) are trivial.
Then, we exactly repeat Steps 1, 2, 3 of the proof of Lemma 4.6, using
Lemma 1.2. As a result of Morse surgery, the manifold M} ,, is simplified

(one Morse surgery over the sphere S?¥ kills the square (| ); cf. [9]).
Iterating the operation, we obtain the map

fa3 SNHT — Ty (M™)
such that Ker f(H ) =0,i < 2k, and m(M}) = 0. By Poincaré duality,

Kerf( ) 7> 2k,
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and the groups H;(M2) and H;(M™) are isomorphic. By Lemma 2.4 and
Remark 2.6 on page 59, the manifold M is homotopically equivalent to
the manifold M™. The lemma is proved.

Now let n =4k + 2,k £ 1,3,k > 1.

Lemma 4.8. For every element o € A(M™) there exists a map fq :
SN+ T (M™) satisfying Lemma 3.2, such that the inverse image M =
oL (M™) possesses the following properties:

(a) m(M2) = 0;
(b) H;(MT™) = H;(M"™), i#2k+1;
(c) Ker Fle) — 7 4 7 or 0,
(d) denote the base cycles of the group Ker fa* Hair1) by v,y,voy = 1 if
Ker £+ = 7 + 7. Then w(x) =p(y) = 1.
PRrROOF. By using the results of Lemma 4.6, we consider the map
okt fa : SN — Ty (M™),
satisfying Lemma 3.2 and such that
Ker 2,{Jrlfa* M) — 74 4 7

the intersection matrix for the base cycles of the group Ker o511 f( Hair1)
is skew-symmetric and unimodular. It can therefore be reduced to the

basis x1,...,x9 € Ker 2k+1fo(‘i{2k+l), for which the intersection matrix is
of the form
0 1
-1 0
(14)
0 1
-1 0

Thus we determine the invariant p(z) € Zs, * € Ker 2k+1fo(f2"’+l), such
that

p(x+y) =p(@)+¢(y) + (xoy) mod 2
by Lemmas 2.2 and 4.4. Set

l

Plort1fa) = Y p(@aim1)p(wai).

i=1
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If ©(2k+1fa) = 0, then it is possible to choose a basis 7, ..., x5, such that
o) =0, i=1,...,2l.
If ¢(2x+1fa) =1, then one can find a basis «/, ..., x};, such that

o(]) = p(ah) =1

and

(cf. [4]). Let us realize the cycles by smoothly embedded spheres SZ*11
M 5y, that intersect each other if and only if the corresponding
intersection index is nonzero, and there is at most one intersection between
any two spheres (cf. [9, 25]). If p(2k+1fa) = O then the normal bundles
yHREL(SPTE MR, ) are trivial. If @(oki1fa) = 1 then the bundles
u%*l(S'i%“7 M 5;.+1) are trivial only for i > 2. Repeating Steps 1, 2, 3 of
Lemma 4.6 and using Lemmas 1.2 and 4.7, we employ the Morse surgery

to paste the spheres ngfll, 1 > 2, every time killing the square ( 0 1).

-10
If p(25+1 fo) = 0, then we paste the sphere 5’12’”1 as well, because its normal

bundle in the manifold M7 5, is trivial. As a result we get the map
for SNE — Ty (M™),

which possesses properties (a)—(d).
Thus the lemma is proved.

We now investigate the case n =6, 14 =4k + 2, k=1, 3.

Lemma 4.8'. For every element o € A(M™) there exists a map fo :
SN+n s T (M™) such that
(1) m(My) = 0;
(2) Hi(Mg) = Hy(M"), i#2k+1;
(3) Ker Fle) — 74 7 or 0.
Though the formulations of Lemmas 4.8 and 4.8" are analogous, we shall

see from the proof that these cases are essentially distinct. As above, we
construct the map

okt1fa 1 SN — T (M™).
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We have:

Ker a1 f7) =0, i< 2k+1,
and the group Ker o541 fé{k{%“) is free abelian; in the latter group we choose
basic cycles x1, . .., x9, for which the intersection matrix is of the form (14).

Let us realize these cycles by the spheres Siz’Hl C Mg 55 11- The map op 41 fa
can be thought of such that

obt1 fa (ST = op i1 fu (ST =gp e M™, i=1,...,1,

where go is a point in M”. On the spheres Sz and S2¥+1 there are the
frame fields 75, ; and 73y, which are normal to M 5, . The maps

[ 2 m3(S03) — m3(SON+3)
and

Jx 1 m7(S07) = 77(SON+7)
are not epimorphic. In fact,

Coker f, = Zs.

We select arbitrary frame fields 725!, 72FF1 that are normal to S2¢}

and S2F! in M 5;.y (we recall that in this case the normal bundles
pRRHL (gL M 5.1 ,) and p2RHL G2k M 5,1 ,) are trivial).

If we vary the fields 725! and 727 arbitrarily, the total frame fields
(25 and (7, 72F1), which are normal to the spheres S2F 1 and
ng“ in SN+7, Tgffll and ’7'22ik+l form the elements o;_1,19; € Cokerj,.
If 4p9; 1 # 0 and 19; # 0, then the framing cannot be extended to the balls
D3#*2 D32 < SN+ x [(0,1). This yields an obstruction to transmission
of framings 72y ; and 7y under the Morse surgery (depending on the field

m2FL or 72F1) valued in the group Cokerj,, and equal to

Poi 1 = o1 (S2EHDY
and
Va; = o (ST,

It is easy to see that the invariants @ depend only on the cycle

xs€ Ker op i1 féf”““) and do not depend on the sphere Sf’““ realizing the

cycle x5 because

(H2k41) (T2r+1)
Ker o 41 fax = Ker o1 fax
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according to Lemma 4.5, and the homotopic spheres of dimension 2k + 1
in M3 ., are regularly homotopic (see [25]). Thus, we determine the
invariant

W(x) € Zy, x € Ker 2k+1f(§}*{2k+1).

We note further that analogously to the construction of ¢, one may find
a basis #,..., x5 such that ¢(z}) = 0,5 > 2 (see [15]). It is therefore
possible, following the previous proofs, to paste the cycles 2/, s > 3 by
a Morse surgery. If ¢(z}) # 0 and ¢(x}) # 0, the further pastings are
impossible (the framing transmission obstruction is nonzero). If ¢(z),) = 0,

s =1 or s =2, then the cycle 2/, can be repasted and therefore delete the
01

-1 0

lemma, is proved.

whole square ( ) As a result, we obtain the claim of the lemma. The

Remark 4.9. For a detailed analysis of the invariant v and Morse
surgery (for k = 0) see L.S. Pontrjagin [15].

It remains for us to investigate the case of odd values of n. First of all
we note that in this case there is no obstruction for the Morse surgery
to transmit the framing; however, it is not clear whether the manifold
can be simplified as a result of Morse surgery (just this question had a
trivial solution in the remaining cases). If n = 2i 4+ 1, then the Morse
surgery over a cycle (sphere) of dimension i yields a new cycle of the same
dimension 7, which would be null-homotopic in any other case. Consider an
arbitrary closed simply connected manifold @™. Assume the group H;(Q™)
has a torsion Tor H;(Q™) # 0. Choose in Tor H;(Q™) a minimal system of
generators x1,...,x; of orders qi,...,q. As it is well known, for any two
cycles x,y € Tor H;(Q") there is a “linking coefficient” Lk(z,y) € Zg(q,q),
where ¢ and ¢’ are orders of the elements x and y and d(q,q’) is their
greatest common divisor. Namely,

Lk(z,y) = 0" (qz) oy = 2 00~ (¢'y)mod d(q, ¢). (15)

We formulate the Poincaré-Alexander duality!:

Suppose x1,...,2; € Tor H;(Q™) is a minimal system of p-primary
generators of orders qi,...,q;, respectively. Then there exists a minimal
generator system yi, ...,y € Tor H;(Q™) of orders ¢, ..., q, such that

Lk(zm, y1) = 6pu mod d(gm, 1)- (16)

!Linking coefficients and duality are well defined not only for a system of
p-generators.
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Assume that the cycle z; is realized by a sphere Si C Q™ in such a way
that the bundle v*T1(Si, Q") is trivial.

The tubular neighborhood T'(S) of the sphere S} in Q™ is diffeomorphic
to St x DL e > 0 being a small number.

We decompose the Morse surgery into two steps:

Step 1: Q" — Q"\Si x Ditt = @n, _
Step 2: Q" — Q" Up D! x §1 = Q"(h), where h: 9D™+! x DI — Qn
(see §1).

Consider the cycle
b(z1) = go x dDFL C Q", go € Si.

Lemma 4.10. H; (Q") = Hy(Q") for s < i. There is an epimorphism
1. Hi(Q ) — H;(Q"), the kernel of which is generated by the cycle
b(z1). In the group Hl(@n) it is possible to choose generators y; = xl_*lyj,

j=1,...,1 such that
b(z1) = qiyr- (17)

PROOF. H,(Q") = H,(Q"), s < i, as long as n = 2i +1 > 25 + 1,
and therefore all s-dimensional cycles and (s + 1)-dimensional membranes
can be assumed to be nonintersecting with Si. For s = i we can assume
that the s-dimensional cycles do not intersect Si. Therefore an embedding
induces the epimorphism

vt Hi(Q") — Hi(Q").

But the membranes have dimension i+ 1 and intersect S, at isolated points.
Consequently, two cycles which are homologous in (", are homologous in
Q" modulo b(z1). Consequently,

Kerz1, = (b(z1)).

In the homology class y1 € H;(Q™, Z) one can find a cycle 7; and a
membrane 971 (g7,; ) such that the intersection index

ail(qyl) ox1 = 17

which yields the cycle b(z1) is homologous to ¢y;. Thus, the lemma is
proved.

It is well known that the linking coefficients Lk(z,y) are bilinear,
symmetric for odd 7 and antisymmetric for even 4. In the group
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Tor H;(Q™, Z), choose some p-primary subgroup system
H(p,sp) D H(p,sp—1)D--- D H(p,1),
where

Tor Hi(Q",Z) = > H(p,k)/H(p,k —1).!
p,k

Thus, the group H(p,sp) contains all elements of the group of
orders p’, and the group H(p,k)/H(p,k — 1) contains all p-primary
generators of orders p¥, and H(p,k)/H(p,k — 1) is a subgroup spanned
by these elements: H(p, k) C H;(Q", Z).

Lemma 4.11.

(a) The direct sum decomposition of Tor Hy(Q", Z) as H(p,k)/H (p,k —1)
can be made (for an appropriate choice of p-primary generators) such
that Lk(z,y) =0, if x € ﬁ(p,kl),y € fl(p,k:g), k1 # ko;

(b) In each group H(p, k) one can choose a system of p-primary generators
T1yee s XL YLy v o Y2m € ﬁ(p, k) such that:

Lk(zs,y) =0, 1<s<t, 1<1<2m,
Lk(xSnsz) =0, s1# 52, (18)
Lk(y,,y1,) =0, |li —l2| > 1,
Lk(yi,, y,) =0, 11+l =1(mod 4),
Lk(zs,2zs) Z0(mod p), 1<s<t, (19)
Lk(y;,y1) =0(mod p), 1<1<2m, (20)
Lk(yai—1,y21) = 1(mod p*), 1<1<m.

PROOF. It can be easily seen that for any choice of a system of
p-primary generators in the group H(p, s,,), the linking coefficient matrix for
generating elements of order p*» (considered mod p°r) has a determinant
which is relatively prime to p. We put k = s, and consider the subgroup
H(p, sp — 1) such that

Lk(x,y) =0,

where 2 € H(p, s,—1) and y is a generator of order p*». Now one can choose
a new system of p-primary generators in which all generators of orders

IThe choice is such that H(p,k) = H(p,k)/H(p,k — 1) + H(p,k — 1), H(p, k) =
H(p,k)/H(p,k = 1).
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less than p®», belong to the subgroup H(p, s, — 1). Assume by induction
hypothesis that in the group H(p,s,) there are fixed subgroups H(p, k)
together with a system of p-primary generators such that:

(a) all generators of order greater than p* belong to H(p, k);
(b) Lk(z,y) = 0,2 € H(p, k), y is a generator of order >p*.

Let us construct the group H(p,k — 1). Consider the subgroup H(p, k)
and suppose that H(p,k — 1) consists of all elements x € H(p,k — 1) such
that

Lk(z,y) =0,

where x € H(p,k — 1), y is a generator of order p¥. Since the linking
coefficient matrix for basic cycles of orders p* for H(p, k) (here coefficients
are considered mod p*) has a determinant coprime to p, then the group
H(p,k — 1), we have constructed, possesses all necessary properties. Thus,

we have decomposed the group H(p, s,) as a direct sum
~ H(p, k)

H(p k)= —————

PR = -1y

so that

Lk(H(p»kl)»H(Rkﬂ) :07 k’l #kg

Point (a) of the lemma is completely proved. For the proof of point (b) we
note that each group H (p, k) represents a linear space over the ring Z,» with
scalar product Lk(z,y), having determinant coprime with p. Consequently,
either

(1) in the original basis there is a generator z; such that Lk(Z1,71)#0
(mod p), or
(2) there is a pair of generators ¥, y2 such that

Lk(y1,y1) = 0(mod p), Lk(y2,y2) =0 (mod p),
Lk(y1,92) # 0 (mod p).

If case (1) holds, then one must select a basis (Z1,Za, ..., &1, Y1,---,Ys)
such that

Lk(xj,fl) = Lk(yﬁfl) = O7 ] 2 2.
If case (2) holds, then

Lk(y1,92), Lk(y1,72)
+Lk(71,92), Lk(72,72)

paii, @12

*ai2, pass

# 0 (mod p);
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we select a new basis {z;,Ye, i}, > 2, such that
Lk(zj,9:) = Lk(y1,9e) =0, e=1,2.

In the second case we put

~ 1 ~
Yyr =41, Y2 = m?ﬂ

Then in both cases we select the other required generators in subgroups
orthogonal to Z (in the first case) or subgroups orthogonal to §1, 7> (in the
second case) in such a way that the relations (18)—(20) hold. The lemma is
proved.

In the sequel we will always compose a minimal system of generators
of the group Tor H;(Q™, z) by taking p-primary generators constructed in
Lemma 4.11. We shall select a minimal system (with respect to the number
of generators), and the generating element z of order

g=[]r"

pel

will be canonically represented as a sum of primary generators z = 3 x(p)
of orders p*». We split the set of indices .J into two parts: for the first part
J1 we take all p for which the elements x(p) satisty (19), and for the second
part Jo we take all p, for which x(p) satisfies (20). Setting

T=Y x(p), T=> z(p),

peJi pEJ2

we see that for T there is a basic element 7, independent with Z, such that
the linking number Lk(T,7%) is relatively prime to the order of Z (the latter
being equal to 7).

Lemma 4.12. Ifn =2i+1 and i is even, then the order of the element
T is equal to 2 (if T #0).

It is evident that the proof of the lemma immediately follows from the
antisymmetry Lk(Z,T) = —Lk(Z,T) that must be relatively prime to the
order of T. The lemma is proved.

Suppose the cycle T is realized by the sphere Si C Q", and i is even.
According to Lemma 4.10, with the element T, € H;(Q™) we associate the
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element 71 € H;(Q") such that b(z1) = 271. One can assume that 7, lies
on the boundary of the tubular neighborhood

T(SY) cQ", T(S") =5 x D"
Lemma 4.13. The kernel of the homomorphism
Hy(Q") — Hi(Q"(h))
for any h: 9Dt x D"t — T(S%) such that
hz,y) = (2, he(y)),  ha € SOi41,
is generated by the element (14 2\(h))Z1, where \(h) is an integer.

ProoOF. Consider the map d(h) : Si — SO;;1, defining the Morse
surgery, and denote by y(h) the homology class of the cycle §(h) C 9T (S%),
the latter defined by the first vector of the frame field d(h), normal to Si

in Q",y(h) € Hy(Q"). There is a number A(h) such that
y(h) =Ty + A()b(T1)

or
y(h) = (1 + 2X\(h))T:.

Evidently, with respect to the inclusion homomorphism Hl(@n) —
H;(Q™(h)), the kernel is generated by the element

y(h) = (1+2\(h))T1
The lemma is proved.

Thus, we have eliminated the element Z; of order 2. Therefore the
group H;(Q™(h)) of generators not satisfying (20), will be one element
less (for even i) since all such generators are of order 2 according to
Lemma 4.12.

Let i be arbitrary (odd or even) and let T; be a generating cycle
71 € H;(Qm), satisfying (20) and realized by a sphere Si C Q" with
trivial normal bundle »**1(Si Q"). Suppose also that the cycle T €
H;(Q™) is such that Lk(T1,T2) = 1. We denote, as in Lemma 4.10, the
generators corresponding to them by Ty, 7o € H;(Q"), where bT, = ¢1 T2,

q1 is the order of generators T1,Ts € H;(Q™) and T, is the homology class
in H;(Q") of the cycle Ti(h) defined by the first vector of the framed
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i+ 1-field h : S* — SO; 11 on the boundary 9T (S%) for some fixed h. Then
we have

Lemma 4.14. The kernel of the inclusion homomorphism HZ(GTL) —

H;(Q™(h)) is generated by the element Ty, and the group H;(Q™(h)) has
one generator less than the group H;(Q™).

The proof of the lemma follows from the definition of the Morse surgery
and the relation b(71) = ¢ T2.

PROOF. The element %2 € H;(Q™(h)) has order \g1, where

A = Lk(Z1,T1) mod g1,

and the number Lk(%g,%g) is relatively prime to Aqp, if A # 0 (i.e. the
element T» satisfies (19) in the manifold (Q™(h))).
Assume i is odd. Consider the element 77 € H;(Q") realized by the

sphere Si C Q" with trivial normal bundle v**1(S%, Q™). The linking
coefficient

Lk(flvfl) =A (mOd q)7

where ¢ is the order of 71 and A is relatively prime to ¢. From Lemma 4.10
it follows that on the boundary 9T(S}) one can find a cycle T, such that
in the homology group Hl(Qn) the relation

)\b(fl) = q%l

holds.
Consider the map h : S{ — S0;41 and the kernel of the inclusion

Js 1 mi(S0;+1) — m(90),

which is isomorphic to Z for odd ¢, Ker j, = Z.

Denote by y(h) the homology class in Q" of the cycle defined on
OT(S7) = Si x Si(b(z1)) = go x S, g0 € Si, by the first vector of the
framed field h. Let p € Ker j, = Z (u is a number).

Lemma 4.15. The kernel of the inclusion homomorphism

T

Hi(Q") — Hi(Q"(h))
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is generated by the element y(h) = T+ ~vb(Z1). The kernel of the inclusion
homomorphism

3

Hz(@ )—>HZ(Qn(h+M)), uw € Kerj, =2,
is generated by the element y(h + p) = y(h) + 2ub(T1).
The proof of Lemma 4.15 immediately follows from the definition of
Morse surgery and the structure of the homomorphism Kerj. — H;(S")

generated by the mapping SO;; — S° (pr(_)jection), where the generator
of the group Ker j. is taken to the cycle 2[S*]. Therefore

y(h+ p) =y(h) + 2ub(T1).
Let us prove that
y(h) =T1 +7b(T1).
To do this, we consider the intersection index
[0 qiy(h)] - T1 = A mod g = A + vqi.
On the other hand,
[0~ '(z)] -7 = 1.
Therefore
07 @y(h) — avb(@1))] - 71 = A,

from which it follows that one can put T; = y(h) — vb(Z). The lemma is
proved.

Lemma 4.16. There exists a number p such that in the group
H;(Q™(h+ p)) we have:

(a) T1 =0, \b(Z1) = 0 (7 is even),

(b) Ty = b(T1), (A —q1)T1 = 0 (7 is odd), where in both cases the order of
the “new” element b(T1) is less than q1; the number Lk(b(T1),b(T1)) is
relatively prime to the order of b(T1).
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PROOF. Since A\b(T1) = 171 in Q" and T; = y(h) — vb(Z1), then
y(h + p) = y(h) + 2ub(T1) = T + 7b(T1) + 2ub(T1).-
Passing to Q™ (h + 1), we will get the relation y(h + ) = 0. Thus

71 = —(y +2w)b(@1)  (in Q"(h+ p)),
M\b(F1) = 1Ty (in @),

which yields a possibility to choose p (u = —3 for v and 2u — 1 = v for
odd ).

Evidently, by Lemma 4.11, the element b(Z) is not linked with other
basis elements. The assertion is proved.

Now we apply the proved lemmas to study the maps
fo: SN — T (M™),
where n = 27 + 1.
Lemma 4.17. Let o € A(M™). There exists a map
fo: SN — T (M™),

such that the inverse image fi;*(M™) = MM is homotopically equivalent
to M™.

PROOF. As above, consider the map
ifo: SV — T (M™),
constructed according to Lemma 4.6, and the inverse image
Mgz = ifojl(Mn)v
for which the groups Hy (M

a,t

) are isomorphic to Hg(M™) for s < i and

m(M};’i) = 0. The group Kerifo(fl) is a direct summand in Hi(Mg}ﬂ»), n =

21 + 1, according to Lemma 4.4’. The group Ker; o(f'i“) is free abelian

by Lemma 4.5. First, let us use the Morse surgery, and try to kill the
group Tor Ker; fafi), by using the Poincaré—Alexander duality. If 7 is odd,
then Lemmas 4.12 and 4.13 allow us to kill all elements not satisfying (20)
without increasing the number of generators. Then by Lemma 4.14, we
kill all elements satisfying (20), where each Morse surgery decreases the
number of generators by 1. If 7 is odd, then consequent Morse surgeries will
let us kill all generators satisfying (20), each time decreasing the number
of generators by 1 (according to Lemma 4.14), and then, according to
Lemmas 4.15 and 4.16, we shall start decreasing the order of some generator
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satisfying (19) without increasing the number of generators and decreasing

the order each time (we vary the surgery modKerj. C m;(50;41)),

which preserves the possibility to transmit the frame fields (cf. proofs of

Lemmas 1.1 and 1.2). Thus, as a result, we kill the group Tor Ker; éf)

Then, according to [4], we easily kill the elements of infinite order and get
the desired manifold M} and mapping

for SN Ty (M™)
analogously to Theorems 4.7-4.9. The lemma is proved.
We collect the results of the lemmas in the following:
Lemma 4.18. Ifn =4k, k > 2 or n =2k + 1, then each element
a € AM™) C wnyn(Tn(M™), AM"™) = H 'o[M"],

is represented by a map fo : SN — T (M™), which is t-regular and such
that

m(My) =0, H;(My)=Hi(M")

for i = 2,...,n — 2, where M = f;Y(M™). Thus the manifold M is
homotopically equivalent to M™ with degree +1, and vN(M?) = fx(M™).
Ifn =4k + 2,k > 1, then for any element « € A(M™) one can choose a

map fo : SN — Ty (M™) of homotopy class o such that
m(Mg) =0, Hi(Mg)=H;(M")
for i <2k, where M = f1(M™); moreover,
Ker féi’“‘“) =7+ 7,

and there are well-defined invariants p(a) € Zo forn = 4k+2, k # 1,3, and
Y(a) € Zy for n = 6,14; if these invariants are zero, then it is possible to

repaste the groups Ker féf“'“) = Z + Z by a sequence of Morse surgeries.

This theorem is a formal unification of the following lemmas.
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8 5. The manifolds in one class

Definition 5.1. For any element o € A(M"™) C A(M") the map
representing it

fo : NI T (M™)
is called admissible if it satisfies Lemma 3.2 and the inverse image
fo(M™) =M

is homotopically equivalent to M™.

Theorem 5.2. Let fo;: SNt — Tn(M™),i = 1,2, be two admissible
homotopic maps and let My ; = ;} (M™). If n is even, then manifolds My, ;
are diffeomorphic of degree +1. If n is even, then there exists a Milnor
sphere S™ € 6™(0m), which is a boundary of a w-manifold such that the
manifolds My | and MQ’Q#SV” are diffeomorphic of degree +1.

Proor. Consider the homotopy
F SNt I — Tn(MY),

where F/SN*1 x 0 = f,1 and F/SNT" x 1 = f, 5. We split the proof into
several steps.

Step 1. Let us make the homotopy F' t-regular. After this, consider the
inverse image

F=Y(M™) ¢ SN+ x 1(0,1),
which is a manifold N**! with boundary
ON™F = Mg, U (=M ),
such that
vN(NNFTY) = Fa N (M.
Thus, we have a well-defined map F/N"*1 — M" which is homotopy

equivalence of degree +1 for each boundary component. The manifold N™*!
is an (F, 7)-manifold mod M™.
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Step 2. Consider the following direct sum decompositions
Hj(N™1) = Hy(M2,) +Ker P i =12,
(N = (M2 ) + Ker F7™ i =1,2, (21)
HI(N"') = H/(M]};) 4+ Coker F*, i=1,2,

that arise from natural retractions of the membrane to the boundary
components:

(fot) " F NPy

@, (22)
where the maps f(a,)~" fa,i : M} ; — M ; are homotopic to the identity.
It is evident that

Hy(N"™ M2 ) = Ker B = 1,2,
i (N"H M2 ) = Ker P, i =1,2, (23)
HI(N™ ' M} ;) = Coker F*, i=1,2.

We have the following:

Lemma 5.3. Between the groups KerF*(Hj)/Tor and KerF*(H"“_j)/
Tor there is a non-degenerate unimodular scalar product determined by the
intersection index. Between the groups Tor Ker F*(Hj ) and Tor Ker FfH"_j ),
there is the Alexander duality: for every minimal generator system
r1,...,xr; € TorKer F,SHj) there exists a minimal generator system

Y1, ...,y € Tor Ker F*(H"_j) such that the order of y; is equal to the order
of zi,i=1,...,1 and Lk(x;,y;) = 0i;.

PROOF. Lemma 5.3 is an immediate consequence from the decompo-

sitions (21), isomorphisms (23) between relative groups mod M, and

)

groups Ker F*(Hj , and the Poincaré—Alexander duality D:

D: Hy(N"™' M) = HY I (N M), 24)
Tor H;(N" ™', M} ) ~ Tor Hy_;(N" "', M ,).

The lemma is proved.

Step 3. By means of the Morse decomposition, we consequently kill
the groups m (N"*1), Ker F®)| ... and so on, by modifying F to the
reconstructed membrane and using all of the techniques proved in §4.

Case 1. If n is even, then n+ 1 is odd and the successive reconstructions
of the groups Ker F*) up to j = 2 have no obstructions. If Ker D — ¢
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for j < %, then, by Lemma 5.3, Ker Fm+1-9) — g (and m = 0). Thus
the membrane N"*! is contractible to any of its boundary components,
which yields the J-equivalence (h-cobordism) of the boundary components.
According to the Smale Theorem [19] the manifolds M, and My, are
diffeomorphic.

Case 2. If n = 4k — 1, then n + 1 = 4k. Analogously to the preceding
case, one can obtain the result that Ker F*(Hj ) = 0 for Jj < 2k and
Ker F*(Hj ) =0 for j > 2k. The intersection matrix of the free abelian group
Ker F72) will be unimodular and will have even numbers on its diagonal
(exactly analogously to Lemma 4.7), however, the signature of this matrix,
should not be zero, unlike the situation in Lemma 4.7, since the Hirzebruch
formula [3] is acceptable only for closed manifold. Denote the intersection
matrix by B = (b;j), where b;; = ;- j,21,..., 2, is the basis of the group
Ker F\"2*)_ Denote the signature of B by 7(B). It is known (see [8]) that
7(B) =0 (mod 8), because det B = £1 and b;; = 0 (mod 2).

Let us construct, following Milnor [8], a w-manifold M "1 (B) such that:
(a) m(M"(B)) = 0;

(b) Hj(M"*'(B)) =0,j # 0,2k;
() OM™*T1(B) is a homotopy sphere
S™ = dM" T (B) € 0™(d7);

(d) the intersection matrix of the basic cycles of Haor(M"T1(B)) is such
that its signature

T(M"Y(B)) = —7(B).
Now, let us consider the manifold
Nt Uy D x 1(0,1) Uy, M™H(B) = N"t(B), (25)
where
Jo: DI x0— Mg,
fi:DIx1— dM"™(B)
(fo, /1 are diffeomorphisms of the desired degree F1). Clearly,
aNnH(B) = Mg,l U (_Ms,2#§n)-
In addition, there are the following retractions
Fy: N""Y(B) — M

a,ls

Fy : N"*Y(B) — M, #5",
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induced by the retractions (fo.1)"* - F and (fa.2)" ! - F. Since M"*1(B) is
a m-manifold, it is easy to see that

FroN(ME ;) = vV (NTU(B)), i=1,2.

By construction, the signature of the intersection matrix of basic cycles of
Ker E(*sz)7 i =1,2, is equal to the sum of signatures

7(B) + 7(M™T(B)) = 0.

Further, we repeat completely the arguments of Lemma 4.7, we
reconstruct the group Ker Fi(*HQ"), 1 = 1,2 by using the same method, and
kill this group, and apply the Smale theorem (cf. Case 1). Thus, Case 2 is
investigated.

Case 3. n =4k + 1,n = 1 = 4k 4+ 2. Analogously to Cases 1 and 2 and
proofs of Lemmas 4.8 and 4.9 we assume that the membrane N"*! is such
that:

Ker f9) =0, j < 2k + 1,

1 (Nn+1) = 0,

Ker F*(Hz’““) = 7 + Z or 0 depending on the values of the invariants
¢ (for k # 1,3) or ¢ (for k = 1,3), being obstructions for the Morse
surgery.

SIS
S—

(¢}
~

First, the invariant ¢ (for the cases k = 1, 3) defines an obstruction not
to Morse surgery, but for a transmission of frame fields (cf. Lemma 4.9),
which plays no role for us. Thus, we perform the Morse surgery (without
being concerned about the fields) and get

Ker FH2+1) — o k=13

Thus the membrane contracts onto each of its boundaries and therefore
(cf. [19]) it is diffeomorphic to My, x 1.

If k£ # 1,3 then on the basic cycles x,y € Ker F*(HQ"‘“) there exists a
well-defined invariant ¢(z), ¢(y).

If p(z) = 0 or p(y) = 0, we perform the Morse surgery recalling the
sense of ¢ (the invariant of normal bundle for an embedded sphere S2¢+1
N**+2) Let (x) # 0 and p(y) # 0. We construct, according to Kervaire [4],
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a m-manifold M***2(y) such that:

(a) the boundary OM*+2(y) is a homotopy sphere;

(b) w1 (M () = Hy(M¥2(p)) =0, j # 0,2k + 1;

(c) H2k+1(M4k+2( )) = Z + Z; and denoting the basic cycles by T, 7.
(d) (@) = ¢(y) = 1.

KAs in Case 2, we set:
N2 () = N¥F2 gy DI (0, 1)U M2 (), (27)
where
fo: DI 0 - M,
fi: D1 — MK
are diffeomorphisms of the desired degree +1. Then
ONHF(ip) = MR U (= M5 #OM ().
Using next the relation
oz +1t) =)+ e(t) + 2 tmod 2,

Fl(*H2k-+1)

we find a new basis x1, z2, r3, 24 € Ker , where

Fy: N* 2 () — Méﬁ“

)

is a natural retraction (here ¢(x;) = 0,i = 1,2,3,4), and we paste the
cycles by using Morse surgery. Then we apply Smale’s Theorem again (cf.
Case 1). The theorem is proved.

§ 6. One manifold in different classes
We shall consider only maps
foo: SNE TN (M)
which are admissible in the sense of §5.
Lemma 6.1. The homotopy class of an admissible map
foo: SNET TN (M)
is completely defined by:

(a) a manifold M that is homotopically equivalent to the manifold M"
with degree +1 and such that M2} > M™;
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(b) some (arbitrary) embedding M C SN+,

(¢c) some (arbitrary up to homotopy) smooth map f; s M — M™ of degree
+1, for which frvN(M™) = v™(M?D);

(d) some (arbitrary up to homotopy) smooth map of SON-bundles

fo 1N (M) — N (M™)
that covers the smooth map fa M — M.

Proor. If we are given a manifold M}, an embedding M]} C

SN+7a map fa : M — M"™ and a covering map of bundles fa :
vN(M?) — vN(M™), then the map f, is completely defined for the
tubular neighborhood T'(M) C S™*" because the tube T(M?) is the
total space of the normal bundle v~ (M?). By construction of the Thom
complex T (M™), the extension of the map f, to the remaining part of
the sphere SVF™ is trivial (in the neighborhood of the singular point of the
Thom complex) and in a unique way up to homotopy. Now assume that
we perform an isotopy to the embedding M"™ C SN+ and we perform a

homotopy f~a for ]?a such that all isotopies and homotopies are smooth, and

the homotopy of the map fa is a homotopy of SO y-bundles which covers the

homotopy fa. These isotopies and homotopies together define an embedding
of

M x I(0,1) ¢ SN+ x 1(0,1),
and a map F of the tubular neighborhood
T(M? x 1(0,1)) c SV x T
T(M?" x I(0,1)) is diffeomorphic vV (M) x 1(0, 1) into the space T (M™),
where F(M? x I) C M™. Furthermore, the map
F:T(M} xI)— Tn(M™)
is extended in a well-known manner to the map

F SNt I — T (M™),

where F/SN*" x 0 = f,. Consequently, the homotopy class a of the map
fa does not depend on the arbitrariness in the choice of embedding (all
embeddings are isotopic for N > n), neither does it depend on the maps

fm J? chosen in their homotopy classes.
The lemma is proved.
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Thus, for a fixed manifold M the homotopy class of an admissible
map fa,

fa: SgN+n Tn(M™),

is completely defined by the homotopy class of a map fa MY — M™ of
degree +1 such that

VN (M2) = froN (Mm),

and by the homotopy class of a map of SOpy-bundles:

fo:vN(ME) = v(M™)

that covers fa (in the sequel, it will be assumed without further comment
that the embedding M C SN*" is fixed).

Lemma 6.2. If both manifolds My, > M",i = 1,2, which are

homotopy equivalent to M™, belong to one class o € A(M™) C A(M™),
then for every class o, for which there exists an admissible map

fa1,1 : SN+n — TN(MH)

such that f; 1(M”) = M}, there also exists another admissible map

Jarz # SYET s Ty (M),
for which f_ 2(M") M3 .
ProOF. Consider the t-regular homotopy
F SNt 1(0,1) — Ty (M™),
where F/SN*" x 0 = f,1 and f/SVT" x 1= f, 2. We put
N = =Y (M™) ¢ SN < T,
where
N (N = N (A7,

Since the map F' restricted to the boundary components, represents
homotopy equivalences f,, and f,2, the membrane N"T! naturally
retracts to each of the boundary components. Denote these retractions by

Fy=(fai) - F, i=1,2.

By Lemma 6.1, the element oy can be obtained as follows: on the boundary
of My, C ON 1 we change the map fa 1 to fa1 1 and, analogously, we

change the map of bundles fa 1 to the map f Since the membrane

Otll
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N1 retracts to the boundary and
vV (N = BN (M),
we may extend the maps fa,l, fahl to the maps
F: Nt pm

and

F NN — Ty (M™).

Then we extend this map F' from the tubular neighborhood T(N"*!) c
SN+1 % I to the whole Cartesian product S™V " x I by using Thom’s method,
and denote this extension by

F: SNt I — Tn(M™).
Clearly,
F
SNJrn

X O = foq,l-
Putting
F

fa1,2 — SN+n X ].7

if the extension F' is smooth on T'(N"*1), which can always be attained.
This completes the proof of the lemma.

In addition we are now able to consider only one fixed manifold M} >
M™ M"™ > M and study the problem of determining the set of classes
a; € A(M™) C A(M™) this manifold may belong to B(M) the set of
classes a; € A(M™) for which there exist admissible maps

foui SgN+n _, Tn(M™)
such that
fa (M) = M.

We denote by 7T (M, M™) the set of homotopy classes of maps f : M —
M™ of degree 4+1 such that

Frot(Mm) = vV (M)

We denote by 7(X,Y) the set of homotopy classes of maps X — Y for
any complexes X, Y. In particular, the sets 7 (M™, M™) and 7(M™, SOy)
are groups, moreover, the group m(M™,SOy) is abelian, and the group
7t (M™, M™) acts transitively without fixed points on 7 (M2, M™).
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Lemma 6.3. The set B(MD?) C A(M™) splits into a union of disjoint
sets
B(My) = Uy By(Mg),

where f € (M, M") and By(M}}) is the subset of the set B(M) that
consists of classes o € A(M™) for which there exists an admissible map

fo: SN+ Tn(M™),

such that f;1(M™) = MD and such that the restriction of fo to M

" s of
homotopy class f € (M, M™).

PROOF. It has already been established that the set By(MY) is well
defined, i.e. to homotopic maps M — M" we associate identical sets of
homotopy classes. Let us prove that if two sets By, (M) and By, (M) are
intersecting, then they coincide. Analogously to the proof of Lemma 6.2,
let us consider the element

ag € By, (My) N By, (M)
and the two corresponding admissible maps
fagi s SN — Tn(M™), i=1,2,

such that fa,1/M2 — M"™ and fu, 2/M2 — M™ have homotopy classes
f17 f2-

Consider their t-regular homotopy
F: SNt 1(0,1) — Ty (M™)
and the membrane
N = =M™y ¢ SN < 1(0,1),

which retracts onto each of its boundaries. By analogy with Lemma 6.2, on
the lower boundary we change the bundle map

N (M) — N (M™),

keeping the map fo,,1/M7 — M™ fixed. We can extend this variation of a
bundle map to a variation of the bundle map

PN (N =N (),

keeping it fixed on N"*!, which can be achieved, starting from a retraction
of the membrane to the boundary M? C S¥*" x 0. Then, by means of a
well-known method, we extend the map varied in a tubular neighborhood
onto the whole Cartesian product SV x I(0,1). According to Lemma 6.1,
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in this way we can get from aq any other element a1 € By, (M[). Therefore
By (M7) D By, (M)
By symmetry,
Bf1 (Mg) = Bf2 (Mg)
The lemma is proved.

Lemma 6.4. The group w(M"™«,SON) acts transitively on each set
By(Mg).

PROOF. Suppose there exist two classes o € Bp(M[), i = 1,2, and
representing them, admissible maps

far : SN — Ty (M™)
such that
fa(M™) =My, i=1,2,

and the maps fo, /M — M™ are homotopic. By means of the homotopy
constructed in Lemma 6.1, we change the map f,, to an admissible map
(92) that is homotopic to it and such that
(1) _ oo
a2 Mg
Then the bundle maps fo%) and fo, : vN(M?) — vN(M™) differ in
each fiber DY over a point # € M by a discriminating orthogonal

transformation h, € SOy, which depends smoothly on the point x € M.
This yields a smooth map

h:MgHSO]\u

discriminating the maps fo(é) and f,, in a neighborhood T'(M[) c SN+n
of the manifold M. According to Lemma 6.1, if h : M — SOy is null-
homotopic, then the elements a; and as are equal to each other. Thus, the
discriminator h is defined up to homotopy, and the map f,,, “twisted” in

each fiber DY over x € M by h, € SOy, coincides with félz) On the set
of classes, Bf(M[), there is a transitive action of the group 7(M7, SOy).
The lemma is proved.

These lemmas combine into the following:
Theorem 6.5. On the set
A(M™) € AM™) = B o[M™] C 7 4(Tn(M™))
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there is an action of the group w(M!,SOpN). On the set of orbits,

A(Mm)
m(M™, SOpN)
there is an action of 7+ (M™, M™). The elements of the orbit set
s
B— w(M™,SON)
at(Mn, M™)
are in one-to-one correspondence with classes of manifolds M > M™,

M™ > M with respect to diffeomorphism of degree +1 modulo 6™ (9m) for
odd n, and with respect to diffeomorphism of degree +1 for even n.

PROOF. According to Lemmas 6.3 and 6.4, to the manifold M™ there
corresponds a set

B(Mg):Ufe7r+(Mg,M")Bf(Mg)»
and for each set By(M[) there is a transitive action of the group
w(M2,S0,). However the groups w(M2,6SO,) and =w(M", SO,) are

isomorphic, and if the homotopy class f € 7« (M2 M") is given, then
we have the corresponding isomorphism

from(M",S0N) = m(MZ,S0nN).

Thus, for each set By(M[7) we have a natural action of the group
w(M™,50,); here

h(a) = f*h(a), a€ By(M?), hem(M" SOy).

On the other hand, on the set of classes f € 77 (M, M™) we have a fixed-
point free action of = (M™, M™) (this action is transitive). Thus, on the
quotient set B(M)/m(M™, SOy ) we have a transitive action 7+ (M"™, M™),
i.e. the quotient set
{ B(M) }
T(M",50n)
mt(Mn, M™)

consists of one element. By using the actions of groups w(M"™,SOpy) and
7t (M™, M™) on each of the sets B(M") for all manifolds M where
M2 >M" M"> M},

we get an action of these groups on the set A(M"), such that the quotient
set with respect to the action of both groups is in the natural one-to-one
corresponence with the set of manifolds, which are identified if and only if
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they belong at least once (thus, always, by Lemma 6.2) to the same class
o € A(M™). Applying Theorem 5.2, we obtain the desired statement. The
theorem is proved.

For subsequent applications it will be convenient to note the following:
Lemma 6.6. To an automorphism of the SOn-bundle
h:vN(M™) — N (M),
fized on the base M™ (or equivalently, to
h:M" — SOy),
there corresponds a map
Th:Tn(M"™) — Tn(M™);

for homotopic maps h; : M™ — SOy, i = 0,1, the corresponding maps
Th; are homotopic; moreover, while performing the homotopy process
Thy, 0 <t <1, the manifold M"™ C T(M") remains fized, and the normal
ball DY, x € M™ C T (M™) is deformed by means of maps hy(x) € SOy,
0<t<1.Ifhen(M" SON) and a € mn1n(Tn(M™)), where o € A(M™)
then

h(a) = Th.(a),
where 7(M™, SOy) acts on A(M™) according to Theorem 6.5.
PROOF. The definition of the map
T:m(M",SON) — m(Tn(M"), Tn(M"))

follows easily from the definition of the Thom space for the bundle v~ (M™).
Let us prove the formula

h(a) = Th(a).

We recall how we defined the action of the group 7(M™, SOx) on the set
A(M™): suppose f, is an admissible map SV — Tn(M™), f71(M") =
M and f,/M? has homotopy class f € 7 (M, M™). There is a naturally
defined action of the group 7(M2,SOx) and an isomorphism

fim(M?,SOyN) — w(M", SO).

Let h € m(M™,SOy) and f~'h € m(M",SOy). Then for an element h
there is a corresponding “twisting” of the bundle v~ (M™) in each fiber DY
by the element h, € SOy, x € M™. To this twisting, in turn, we associate
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a twisting f7 in the fiber D;V,lm by the same element h, € SOy at each
point of f;(z). This defines the map

fo=f"tm(M",SON) — n(MZ,SOy).

One can define the action of the group m(M2,SOn) on the set By(M7)
only in such a way that it looks like f7(h), since when passing to homotopy
classes, there is no more distinction in definitions, because f,/M2 is a
homotopy equivalence, and fa = f*~1is an isomorphism.

The lemma is proved.

Lemma 6.7. With each map f : M"™ — M" of degree +1 such that
N (M™) = vN(M™), there corresponds a non-empty set of maps

(Tf): Ty(M™) — T (M™).

Two maps T1, Ty € (Tf) differ by an automorphism Th for some h :
M™ — SOy.

For homotopic maps f1, fa : M™ — M™, we have mod T'(w(M™, SOn))-
homotopic maps T f1 and T fy : Ty (M™) — Ty (M™).

With the product f1 o fo we associate the product

TfioTfo=Tfof, modImT.
Suppose f € 7 (M™, M™) and o € A(M™)/n(M™,SOnN). Then

fla) =Tf.(a),
where

Tf. : mnsn(Tn (M) = 74 (T (M™).

The proof of this lemma is analogous to the Proof of Lemma 6.6, and it
readily follows from the well-known definition of the action of 7+ (M™, M™)
on 7+ (M2, M™) and the dependence of a« € A(M"™)/x(M",SOy) from the
map M — M™ of degree +1 (an element of 7+ (M", M™)) (cf. Lemmas 6.1,
6.3, Theorem 6.5 and their proofs).

Now, let us consider the particular case when M™ is a m-manifold. In
this case the bundle vV (M™) is trivial. We define a frame field 7V that is
smoothly dependent on a point x € M™ and normal to M™ in Tn(M™).
Following [15], we call the pair (7%, M™), a “framed manifold”. Then it is
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easy to see that for any element o € A(M") and any admissible map
fo 1 SN — Ty (M™)
the manifold
My = foH(M")

obtains a natural framing f7" and becomes a framed manifold.
In this case we have the following:

Lemma 6.8. There is a one-to-one homomorphism
Ty s (M, M") — 7(Ty (M™), Ty (M™))

such that for any h € w(M™ SOy), f € w"(M",M™) the following
relations hold:

(a) Th-Tof =Tof -Tf*h, where f*m(M™,SOyN) — 7(M™, SON);
(b) Ty = TmodImT.

PROOF. Let us construct the homomorphism T; to do this, consider
the automorphism

f:M"— M",
fent(M™ M™), and cover it to get a map
v (M) — N ("),
assuming that the vector with coordinates
(A1, Av) €eDN Dz e M,

defined by a frame 72¥ in the fiber normal to a point x, is mapped to the
vector with coordinates (Aq,...,Ax) at the point f(z). Since the field 7V
is smooth, we obtain a (smooth, if f is smooth) map

v (M™) — N ("),
which gives the desired map
Tof . TN(Mn) — TN(Mn)

We have proved point (a) of the lemma.
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We consider a map h : M™ — SOx and the composition
h-Tof : v — N (M™),

covering the map f : (M™) — M™. The maps h - Tof and Tof differ at
each point x € M™ by h, € SOy and at each point f~1(x) € M" by

f*hf—l(a:) € SOpn, hy = f*hf—l(w).
Thus
h-Tof =Tof - f*h

(f* is the automorphism f* : 7(M"™, SOxn) — w(M",SOy) induced by f).
Further, we have:

Th-Tof =Tof - Tf*h.

Point (b) readily follows from the construction of T'.
The lemma is proved.

We consider the set 7+ (M2, M™) defined above. It admits a left action

of the group 7+ (M"™, M"™) and a right action of the group 7+ (M2, M),
where

In other words, for every
femt(M™, M), gent(Mg,M"), fient(My,M)
there is a well-defined composition
frg-frent (Mg, M").

Moreover, for every f € nt(M™ M™), g € w (M, M™) the following
formula holds:

f9=9-(g"f),

where g* : 7T (M"™, M™) — 7 (M2?, M) is an isomorphism defined by the
element g € 7t (M, M™).
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We introduce the following notation: by
D (M) C m (Mg, M)

we denote the subgroup consisting of all those homotopy classes of maps
for which there is a representative

h:M)— M2,
being a diffeomorphism by
Dt cwt (M, M)
we denote the analogous subgroup, where a certain representative
h:M o= MY

is a diffeomorphism everywhere except a spherical neighborhood of one
point, and the obstruction to an extension of the diffeomorphism to
that point belongs to the group 6™(9w). In view of the canonical Smale
isomorphism 6" = I'", one may assume that 0"(0r) C I'™ for n > 5.
Denote by

A™(M™) C 0™ (r)

the subgroup such that for every element v € A™(M2) of it there exists a
map

hy: ME — M2,

homotopic to the identity, and being a diffeomorphism everywhere except
a spherical neighborhood of one point, and the obstruction to an extension
of the diffeomorphism at this point is equal to ~.

Theorem 6.9. The group D+ (M) is a normal subgroup of D (M?™).
The quotient group DT(M™)/D*(M™) is isomorphically embedded into
6 (Om)/A™(M™). If n is even, then DT(M™) = D+ (M™); if n is odd then
the quotient group DT (M™)/D (M) is a finite cyclic group.

PROOF. With a representative h : M — M} of an element from Dt
we associate the obstruction for extension of the diffeomorphism to the
point. It is easy to see that the non-uniqueness of the obstruction belongs
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to the group A" (M), and the group D (M) is mapped to zero. Thus the
embedding

is constructed. The remaining statements follow from the results of [6], [8]
concerning the groups 6™(97). The theorem is proved.

Theorem 6.10. The element g*f € 7t (M2, M") belongs to the
subgroup DY (M), if and only if Tf.(a) = «, where a € A(M™)/
W(Mn,SON).

We note certain consequences of Theorems 6.9 and 6.10. If M} = M"
then ¢*f = gfg~!, thus, Theorem 6.10 yields

Lemma 6.11. The subgroup D (M?) is normal in 7+ (M™, M™); the
quotient group 7T (M™, M™)/DT(M™) is finite (it is not known whether it
is abelian or not).

Lemma 6.12. The group DT (M™) is of finite index in 7+ (M™, M™).

PrOOF OF THEOREM 6.10. By definition, the manifold M} is
constructed as follows: a map

fo : SNT s T (M™),
representing an element « from the class «; this map is admissible if
foH(M™) > M™ and M™ > f7H(M™), where f1(M™) is the inverse image
of M™ under the map satisfying Lemma 3.2. Then we set

M} = f(M™).

Suppose fo /M — M™ is of the homotopy class g € 7™ (M, M™), and
let f be an element of the group 7+ (M™, M™) such that

Tf.(@)=amodImT.
Since all our objects are defined up to a degree +1 diffeomorphism, the
fact that ¢* f is homotopic to a diffeomorphism of degree +1 implies that
the sets

By(Mg) C A(M™)
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and
Bg~g*f(Mg) = Bf-g(Mg)

are identical, which yields one of the statements of the theorem. Now, let
us show that if

A(M™)

Tfa)=a, ac€ 7(M",508)’

then the map ¢*f is homotopic to a diffeomorphism (of degree +1). We
split the proof into several steps.

Step 1. We consider homotopic admissible maps fo(:) and fé//) c GN+n
Tn(M™) such that
(a) £&)7HM") = £5 )7 (M) = My,
(b) 18 /M =g, 18 /My =g-g°F = f -9
We construct a homotopy F : SN x I(0,1) — Ty (M™), which is t-regular
and such that F//SNT" x 0 = S).

Step 2. We define the membrane N"*t! = F~1(M"™) c SN*" x [; it is
evident that
FroN (M) = N (N
and
ON™ = M U (—MD).
By using Morse surgery, we kill the groups

m(N™), Ker F?) . Ker F!, z<[g]

and simultaneously take to the “new membrane” N™*! the map F and the
“framing” (analogously to §§4 and 5). Thus, we may assume that

T (N =0

and
Ker T — 0, i< [g}

Step 3. Case 1. If n + 1 is odd, then, following §4, we reconstruct the
group Ker F*(H["/ 2]). Then (see §5, Case 1) we shall have a membrane which
is diffeomorphic to M2 x I(0,1), according to Smale [19]. The theorem is
proved.
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Case 2.If n+1iseven (n+1 = 4k+2 or n+1 = 4k), then it is necessary
to use the fact that the boundary components of the manifold N"*! are
already diffeomorphic. Then, analogously to Cases 2 and 3 from §5, we
have to construct the membranes M (B) and 3" (), in order to kill
the obstructs to Morse surgery, and then consider the unions

NN (B) = N*T Uy, D x 1(0,1) Uy, MTH(B),

N (p) = N™ Uy, D" x 1(0,1) Uy, M (),

asin §5, Cases 2 and 3 (here B is the intersection matrix for the membrane
N"*t1 and ¢ is the Kervaire invariant). The maps

F:N"™— M

define, in a natural way, the maps
and

in such a way that
F(B)*vN(M™) =vN(N"(B))

and

F(e) N (M™) =N (N (p).

It is easy to see that

ON"T(B) = [MI#5™(B)] U (- M)

and
IN"" (o) = [M2#S"(9)] U (—MZ).

We reconstruct by a Morse surgery the manifolds N (B) and N (¢);

the resulting manifolds WHH(B) and Nnﬂ(cp) will define a J-equivalence
(diffeomorphism) of degree 41 between manifolds M7 and M#S™(B), M
and M"#5™ (), where S™(B), 5"(¢) € §™(d7). Denote the maps F(B),
F(y), reconstructed to the membranes NHH(B) and Nnﬂ(go), by F(B),
F(p). Moreover, N(B) is diffeomorphic to M? x I (n = 4k — 1), N(yp) is
diffeomorphic to M2 x I (n =4k+1) and F(B) = F/M x 1 (n = 4k —1),
F(p) = F/M" x 1 (n = 4k + 1).
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The map
F(B): M"x0— M"
is homotopic to the composition

Fi(B)g(B) : M™ *2) prysn(B) Py = ak 1,

and the map
F(o): M} x0— M"
is homotopic to the composition
M2 2 NS () T M =k,

where g(B) and g(¢) are diffeomorphisms of degree +1, induced by some
direct product decomposition

N(B)=MIx1I, N(p)=M"xI.

The maps Fi (B) and Fi (¢) are homotopic to the maps F//M7x1 (n = 4k—1
and n = k + 1), respectively, which yields the desired statement.! The
theorem is proved.

CHAPTER II

Processing the results

§ 7. The Thom space of a normal bundle. Its
homotopy structure
In order to understand and apply the results of §§1-6, we shall study
the homotopy structure of the Thom complex Tn(M™), where M™ is a

simply connected manifold, n > 4.
In the manifold M", we select the n — 2-frame K™~ 2 in such a way that

Hy(K"™?) = H;(M™), i<n.

Tt remains to add that the diffeomorphism g(B) : M? — M7#S"(B) must be
thought of as a diffeomorphism modulo point: M7 — M. An analogous statement
holds for g(p).
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Then the manifold M™\xo, zg € M" is contractible to K™ 2. The
embedding K"~2 C M™ induces the bundle j*v~ (M™) on K"~2; we denote
the Thom space of this bundle by T]’{L,_Q. There is a natural embedding
T2 c TN(M™). Analogously, one can select frames of lower dimension:

K'=K'cK*c---c K"?
and construct the Thom complexes
Ty =SNcT{c - cTp 2

We may think that the complex T% is the N + i-dimensional skeleton of
the complex Tny(M™),i=0,2,...,n—2.

Lemma 7.1. The Thom complex Tn(M™) is homotopically equivalent
to the wedge SNV Th 2.

PROOF. Lemma 7.1 is an immediate consequence of Lemma 3.1 on the
sphericity of the cycle

eIM"] € Hyyn(Tn(M™)).

We consider the group m,(M™) and select the subgroup m,(M™) C
T (M™) consisting of those elements v € 7, (M™) such that H(v) = 0. In
the group 7, (M™) we select the even smaller subgroup 7% (M™), consisting
of elements y € 7, (M™) such that, for any map g, : S™ — M™, representing
the element ~, the bundle g;‘;uN (M™) over the sphere S™, is trivial.

Now let L? be an arbitrary i-dimensional complex, over which a vector
SOx-bundle vV is given. Denote the Thom complex of this bundle by
Tn (). Suppose v € m,(L%), and the bundle v*vV over the sphere S™
is trivial. We shall say that v € m,(L%,vY). For L' = M"™ and vV =
vN(M™) we have already defined such a group. Clearly, there is a well-
defined epimorphism

Wn(K"72, VN(M")) — o (M™).

There is a well-defined embedding x : S C T (vY), corresponding to the
embedding of the point zo = L° C L. We have:

Lemma 7.2. There is a well-defined natural homomorphism

Ty N (T (vY)) '

TN: nLl N
mn (L v7) — Ion
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If there exist two bundles vi¥, vy over complezes L, L}, respectively, and

amap F: vl — vl is given, then there is a well-defined map

T(F): Tn(lN) — Tn(vd)

such that the diagram

ma( L) T (L))

[ > (30)
TN (TnWY) 17, T n (Tn(Wd))

Imk Imk

18 commutative.
PRrOOF. It is easy to see that the bundle map F' corresponds to a map

F,: T (L ) — (L2, 0.

Namely, let the map F defined on the bases spaces Llf — L? be denoted

by F. Then, clearly,
Fu(ma(LY 1Y) C ma(LE,v5')

by the definition of the induced bundle. In this way the upper row of the

diagram is constructed. We shall denote the constructed natural map

WH(L??V{V) - Wn(L;27Vév)
by F,. The construction of the lower row is evident. Now, let us construct

the homomorphisms TN. For this sake, consider the element v, €
(L, vN), s = 1,2, and consider the map

s Vs
Fe: 8™ — L,
representing 7s. The bundle 7Y over S™ is trivial. Thus the maps
p SNT s T (8™, 30N,
T3« Tn (8™ Asv) — T (L, vy,

are well-defined, where T7, is a natural map between Thom complexes
corresponding to the bundle map JsvY — vV, and the map p is such that

pa[STH] = 0[S,

where ¢ : H,(S") — H,n(Tn(S™,7%,vY)) is the Thom isomorphism.
The cycle ¢[S™] is spherical by Lemma 3.1 since the sphere is a m-manifold.
By Lemma 7.1, the space Tn(S™, 7%, vY) is homotopically equivalent to
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SN+n v/ SN thus the homotopy class of y is well-defined mod 7,y 5 (S™V) =
Im k.. Then the composition
THsp s SN — Ti(Lg,vY)
determines the element to be denoted T' : T'(vs); this element is well
defined modulo mod Im k.. After we have given the definition, its naturality
(commutativity of the diagram in Lemma 7.2) is evident.
The lemma is proved.

ProoF. We call the groups 7,(L?,v"V) the homotopy groups of the
bundle vV, and we call T% the suspension homomorphism. This notation
agrees with the following lemma.

Lemma 7.3. If the bundle v over the complex L’ is trivial then:

(a) mn (LY, vN) = m, (L) for all n;

(b) the space Ty (L', vN) is homotopically equivalent to the wedge SN Vv
ENL?, where EN is the N-multiple suspension;

(c) the homomorphism TN coincides with the N-th iteration of the
suspension homomorphism

T (Tn (L 0N))
Im k.

EYN 1, (L") — me N (BN LY =
for N >n+1.

- ProoF. The Thom space of the trivial bundle for closed balls DN VN =
L*x DY is, obviously, homotopically equivalent to the suspension for N > 1:

; L' x DV
T vY) = 7 pw
. Lt x DN-1
. i N—1\ __
= ETn_1(L%,v )_E<7Li ><8DN1>'

Furthermore, for N = 1 we have:

L x I(0,1)

i1y _
DY) = a0

E(Ll U LU()),

where L U xy denotes the union of L? with (. Since the space E(Li U x)
is homotopically equivalent to S'V EL?, we see that the space T (L%, V)
is homotopically equivalent to the suspension

EN"YS'VELY) =SSN vENLL.
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The second part of the lemma follows trivially from the definition of a
suspension homomorphism and is actually a definition of it. The lemma is
proved.

Suppose M™ is a smooth simply connected oriented manifold, let
vN(M™) be its normal bundle

Tn(M™) = Ty (M™, o™ (M™)),

j: K" 2 C M" be its n — 2-skeleton

T (K2, 570N (M)

v M’n. —
T, (M") Ker /.
According to Lemma 7.1,
TN (TN (M™) = Z + mpin (T 2). (31)

The generator of the group Z = m,; n(SV*") depends on the wedge
decomposition

Ty(M™) = SNty T2,

We shall choose this decomposition in such a way that the generator of the
direct summand Z = 7, x(SVT") is a generator constructed in the proof
of Lemma 3.1. Denote this generator by

Inin € 7Tn+N(SN+n) C TN(MH)
We have the following:

Lemma 7.4. For any element v € w(M™) there exists a degree +1
map g : M"™ — M"™ such that:

(a) givN(M™) =vN(M"),

(b) g, fizes the frame K" 2,

(c) the discriminator between g, and the identical map is nonzero only on
one simplex o™ C M™, and it is equal to v € 7l (M™) on this simplez.

PrROOF. We consider the identical map and change it on a simplex
o™ C M™ by the element v € 7% (M™). We denote the resulting map by
g~ since the degree of ¥ : S — M™ representing 7 is zero by definition
of the group, w}(M™), the degree of g, : M" — M™ is +1. Consider
the bundles g*v™N(M"™) and v (M™), which we identify, as usual, with
homotopy classes of v : M™ — Bgo,, (for the bundle vV (M™)) and the map
v-gy: M™ — M™ — Bso, (for the bundle g*1™N (M™)). The discriminator
between v and v - g, is supported on the same simplex o™ C M", as the
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supporter of g, and the identical map, and it is easy to see that it is equal
to the element

vi(7) € 1 (Bsoy ), Vi Tn(M™) — m,(Bsoy)-

The bundle v*v¥ (M™) over S™ is trivial by definition of the group 7% (M");
it is defined by the composition

v-y:8"—= M" — Bsoy;
its triviality is equivalent to the condition

vi(7) = 0.

Therefore the discriminator between v : M"™ — Bgo, and v-g, : M" —
Bso, is zero, and these maps are homotopic. The lemma is proved.

Lemma 7.4 yields:

Lemma 7.5. There is a well-defined homomorphism g, : wi(M™) —
7T (M™, M™) which is a map onto the set of all elements of =+ (M™, M™)
whose representatives fix the frame K"=2 C M™.

PrROOF. The map g, has already been constructed in Lemma 7.4;
namely, with an element v € 7% (M"™) we associate the homotopy class of
the map g, : M"™ — M". The fact that it is a homeomorphism is evident.
Let us calculate the image

Img, Cmt(M"™,M").

We consider any map f : M™ — M"™ of degree +1 representing some
element of the group 7+ (M", M™) and fixed on the skeleton K"~ 2.
The discriminator between it and the identity map is the cocycle

A(f) € H*(M™,m,(M™)),

where one can assume that the cochain \(f) is nonzero only on one simplex
o™ € M"™. Then

A(f)lo"] € mn(M™).

Since the map f is of degree +1, the degree of the map of S™ — M",
representing the element

AP)le"] € mn(M™),
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is zero. Since
FroN(ar) = v (m),
the discriminator between the maps
v:M" — Bsoy
and
v-f:M" = Bsoy,
defining the bundles v™(M™) and f*v™V (M™) is equal to
v A(f)[o"] € mn(Bsoy)
and
v A(f)le"] =0,
since f*vN(M™) = vV (M™). Therefore
AN)lo"] € m (M™).
The lemma is proved.
We recall that in §6 we defined a map

T:at(M",M") — x(Tn(M™), Tn(M™)),

homeomorphic and single-valued modulo the action of the

w(M™, SOp), i.e. modulo the image of the homomorphism
T:7n(M",SON) — w(Tn(M™), Tn(M™)).

Lemma 7.6. The formula

Tg*'y(lN+n +a)=1lngn +a+ TNy (modIm T U Im k)

109

group

(32)

is valid for all v € wh(M™), where 1 x4y, is the generator chosen above and

a is an element of the group Tn4n (T 2) C Tapn(Tn(M™)).
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PRrROOF. The map g, fixes K" =2, thus Tg,7 can be chosen to be fixed
on Tw™? C Ty (M™). Therefore, the map

Tg*’y . TN(Mn) - TN(Mn)
is completely defined by the map

Tg.y
SN+n

— Tn(M™)
and
[Tg.9] - (@) = a
for all
@ € TN (T 2) C Tpn(Tn(M™)).

Let us investigate the image [Tg.7]«(1n+n). The discriminator between g,
and 1: M™ — M™ is supported on the simplex ¢” C M"™ and it is
equal to v; the complex M™\ o™ contracts onto K"~2. Therefore, the
discriminator between

Tgy: Tn(M™) — Tn(M™)
and the identical map
1:Ty(M"™) — Tn(M™)

can initially be regarded as maps from the Thom complex T (S™, V)
(N is the trivial bundle) to the Thom complex T (M®"), where on SV C
Tn(S™, vY) the maps are homotopic (equal). Therefore the discriminator
of the maps T'g,y and 1 is Ty by definition of the homomorphism 7'V.
The non-uniqueness in the formula from Lemma 7.6 arises because of non-
uniqueness in the definition of the homomorphisms 7% and T. The lemma
is proved.

Remark 7.7. For m-manifolds the definition of the homomorphism T
coincides with EV and is therefore unique; the homomorphism T in this
case is also well defined according to Lemma 6.8, and the formula from
Lemma 7.6 has the meaning of an exact equality, not a congruence.

We shall not prove the assertion made in the remark since we shall not
make use of it.



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 111

8 8. Obstructions to a diffeomorphism of manifolds
having the same homotopy type and a stable
normal bundle

Let us consider the filtration
IN(M™) DTN 2> DTk DSV,

where T is the Thom space of the i-dimensional frame K°® of the
manifold M"™ in minimal cell decomposition (the number of i-cells is
equal to max rkH*(M™, K) over all fields K). We denote the numbers

max rkH'(M™, K) by bi.. By T\ we denote
Ty

(i) _
=20

j<i.

In particular,

i
max

Ty =\ syt
k=1

Clearly,

meLX

he1 T/—/

i §
i ax factors

The homomorphism
9 Hyyi(Tr, Ty ) = Hyyim1 (Ty 1) = Hypioa (T TR )

defines a boundary operator in the complex Txn(M"™) together with its
homology and cohomology groups. We shall have in mind precisely this
interpretation of boundary homomorphism.

PrROOF OF THE OBSTRUCTION TO A DIFFEOMORPHISM. We shall
identify the manifolds M? > M", M~ > M" modulo §"(dr) with orbits
of the groups m(M¥,SOy) and 7+ (M"™, M™) in the set A(M™) according
to the results of §§ 1-6. With M we associate the orbit B(M?) C A(M™).
Suppose we are given two manifolds My and Mg, o € B(My), 3 € B(My).
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According to Lemma 7.1 the elements «, 3 are of the form:

o = 1N+n +a, «ac 7TN+n(T]7\l,72),

B = INtn + E; B € 7TN+n(T]7\lfi2)'
The exact sequences (for the pairs T, T]{,, j<i)

oo Ny (TH) = TN (T) = TN (T) 2 Tngn 1 (TY) — -+ (33)

are defined.
In particular, we have:

. A br2nax
Ny Jo.2 2 2 N+2
'_)7TN+n(S ) ’7TN+n(TN)_’7TN+n \/ Sk2 —
ko=1

i+1

max

i\ Jiitl i1y Nitl N+4it1
- = Nt (Ty) = 7TN+n(TN ) = TN+n \/ S —

kit
kit1=1
. N ey
n—3\Jn—3,n—2 n—2y\\n—2 N+n—2
'_)7TN+n(TN ) — 7TN+n(TN )—>7TN+n \/ Skn_g
kp_o=1

(34)

Consider the difference @ — 3 € 7n,(Tn ). Then we have:

bt
Ana@=P)e Y. mnpn(SETT72).
k}n72:1

Thus with each sphere S,i\i 2’72 we associate an element d, (@, 3
kn_2) € 7TN+H(S,]€\;t272) (the direct summand of the element A, _»(@ — 3)

corresponding to the number k,,_2). The spheres S,?Z:;“z are in a natural
one-to-one correspondence with cells of dimension N +n — 2 of the complex
Tn(M™), and, consequently, with cells of dimension n — 2 of the complex
M™. Therefore d, (@, 3, k,_2) (under variation of k, ) runs over the
chain d,,_»(@, 3) of the complex Tiy(M™) valued in 7y, (SN T"72). If the
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chain d,,_»(a@, B) = 0, we put:

dn—s(@, B, kn_3) = An_3 -jgi3’n72(a — B) (on the sphere Sﬁt:_g);

if d,—(;—1)(@, B) = 0, then we set:
dn—i(@, B) = An—i 'j;—li,n—(i—l) e ‘j;—13,n—2(5 )

on the sphere SN*"~% the value of the chain d,_;(@, 3) is equal to the
kn—i

corresponding direct summand of the element A,_; - ]7;1% ne(ie1) °

Jntsno(@=B)). -
Clearly, the chain d,,_1 (@, 8) is ambiguously defined up to

Anfi . Ker(jnf?),an e 'jn—i,n—(i—l)) = anzﬁ

Lemma 8.1. The chain d,—;(@,B) is well defined if d,—;(@,3) = 0,
j < i, and this chain is a cycle with coefficients in 7y, (SN,

PROOF. Let us prove that d,_;(@,3) is a cycle. According to the
definition of a boundary operator in our complex T (M™) for the selected
decomposition (cf. above) it suffices to consider some element

j;_lim_(i_l) et j;E3,n—2(a - E) € 7TN+H(T]7\37i)

and the boundary homomorphism
0 Hypni(Tny ") = Hyjia (T 70772,

Consider the homomorphisms

iy (T ) Dy (TR = mnvp (T 272

U %
n—i Bl n—i—
> TN (Sp Y S Y mava(SE .
Kn—i kn—i—1

Then we consider the chain d,,—;(@, ). Since

dnfi(a» B) = Anfi 'j;_lim_(i_l) et ]’;713’,1,2(@ - ﬁ)

it follows from the exact sequences on page 112 that Im A,,_; C Ker 5, and
hence

ad,_i(@, 3) = 0.

The lemma is proved.
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In this way,
dn—i(@, B) € Hypn—i(Tn(M"), mn 1 (SYF"77)),
or, by the Thom isomorphism ¢, we obtain the element
i (@,B) = ¢ dp_i(@, B) € Hy_s(M", 7y 1 (SVF771)),

defined with a large degree of ambiguity.

PrOOF OF THE MINIMAL DISCRIMINATOR. We commence to vary
arbitrarily the elements o € B(M}) and 8 € B(M}) within the sets B(M)
and B(M}), corresponding to the manifolds M and M} in such a way that
the difference

a@— B €mnin(Ty?)
belongs to
I jro3n-2 - Jnim(i1) (Tntn (T )
for

1= maﬂxi[a € B(M}),p e B(ME)]

and only then we define the (“minimal”) discriminator
dp—i(M7, M) = dpn—i(0, By),
where g € B(M) and fy € B(M}) are such elements that the difference
ao — 3, belongs to
Imjp_3n—2-. . Jn—in—it1
for ¢ maximal possible. It is evident that:

(1) the homology class d,,—; (M, M};) is defined with ambiguity:
(2) its ambiguity has two reasons:

(a) generally speaking, the non-triviality of the group

Ker(jn—3mn—2" - jn—in—it1)
and
(b) the ambiguity in the choice of elements ag, B in orbits B(M?) and
B(M}).

We shall explain the situation more precisely in the Appendices at the
end of the paper by analyzing examples.
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8 9. Variation of a smooth structure keeping
triangulation preserved

We start by recalling the results of Milnor, Smale, Kervaire
(see [4,6,8,9,10,17,18]). Milnor [8] defined a group of smooth structures on
a sphere of dimension n, denoted by 6™, and introduced in it the filtration

0" > ™ () S 6™ (Or).

Any element of the group 6" is a smooth oriented manifold having the
homotopy type of sphere. It was shown that:

(1) 07/0"(7) =0, n # 8k + 1, 8k + 2, k > 2,1 0"/0"(7r) = Zy or O for
r=8k+1,8k+2, k> 2
(2) there is an inclusion homomorphism

0"(x) _ men(S)
0n(0m) ~ Jrn(SON)’

is an epimorphism for n # 4k + 2 and for n = 10;

(3) for n = 4k+2 the subgroup 6™ (7r)/0"™(d7) has index 2 or 1 in the group
TN+n(SN)/ITn(SON), moreover, for n = 2,6, 14 it has index 2;

(4) the group 0"(9m) is trivial for even n and for n < 6 (n # 3), n = 13;
the group 6%%+1(07) is always cyclic; for even k it contains at most
two elements and 6°(d7) = Zs, and for odd k the order of this group
grows rapidly, and it is nontrivial for k = 2s — 1, s > 2(07(d1) = Zas,
011 (07) = Zgga,..).

As already stated before, an element of the group 6™, n > 5 is a
smooth oriented manifold of homotopy type S", the inverse element is
the same manifold with the opposite orientation, and the group operation
is the “connected sum” of oriented manifolds (see [10]), which makes
sense, generally speaking, for arbitrary manifolds (however the connected
sum of topological spheres is a topological sphere). We shall denote the
elements of 6" by gl-", thus determining their topological structure. Our
first goal is the study of the connected sum M"#gn, where M™ is an
arbitrary simply connected manifold n > 5. Evidently, the manifolds
M™ and M"#S™ are homeomorphic for n > 5, moreover, they are
then combinatorially-equivalent (cf. (17)), though possibly, they are not
diffeomorphic if the smooth structure on the sphere S is not standard (if
Sn # 0 in the group ™).

L Adams [36] showed that 0™ /0™ () = 0 for all n.
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In the sequel, we shall denote the stable group mn4+,(S™) by G(n) for
N > n+ 1. According to Milnor,
0"(r) _ mxen(S™)
om(0m) ImJ ~’

to each element S™ € 6™(r) there corresponds a set B(S™) C G(n) such
that

B(S7#S4) = B(S}') + B(SY)
and
B(S™) =1Im J,

if S e 0™ (0m). We recall that in the preceding sections, with every manifold
MP > M™, M™ > M{" we canonically associated the sets

B(M{) Cc A(M™) C A(M™) C enyn(Tn(M™)).
In addition, there is a natural embedding
kSN C Ty (M™),

where SV = T (cf. §6).
This leads to a homomorphism

Fou 2 G(n) = TN (T (M)
We have the following:
Lemma 9.1. B(MP#S™) = B(M?) + x,B(5™).
PROOF. Let us show that
B(MI#58™) > B(M}") + k., B(5™).
Suppose a € B(M}'), v € B(S™) and
Ja: STFT = Tn(M™), fry 0 ST — ST

are some maps representing the elements o and +, respectively, which are
t-regular in the sense of Pontrjagin—Thom, where

fal(M™) = M}
and

£ o) =S, wp e SN,
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We assume that the sphere SV lies in the Thom complex Ty (M™) in the
standard manner and that

Jy e SN TN (M), LSV € RSN MM = 5 ).
Then there is a well-defined “mapping connected sum” (cf. [8,10,15])
Jarty # SN Ty (M)
such that
Jair(M™) = M7 #S"

and the map fo4~, represents, by definition, the element « + k.. Let us
show that

B(M'#8™) C B(MP) + k,B(S™).
Suppose § € B(Ml”#gn) and the map
fo: SN — Ty (M™)
represents the element (3, satisfies Lemma 3.2 and is such that
F3H(M™) = MP4S™ C SN

By definition of the connected sum #, in M{" there exists a sphere S -1 c
MT{*#S™ such that

(MP#S™ NSy~ = (MPN\D) U (S"™\.Dr),

where D C M and D C S™ are balls of radius ¢, given in some local
coordinate system by a canonical equation, and € > 0 is a small number.
Since S™ is a m-manifold (S™ C 0™(n)), it follows that every frame field
7V that is normal to S* ¢ SN*" and is defined everywhere except D C

SN+ can be extended onto the ball D”. We deform smoothly the map f3
to a map

}Tg cSNE L T (M),
such that

5t (@wo) D S™N\DI € M{#S",  wo € M™ C Ty(M™)
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(the map fvg is assumed to be t-regular). We consider a frame 77 that is
normal to the manifold M" C Tn(M™) at xo. The inverse image of the
frame under a t-regular map f3 (cf. [15,22]) generates a frame field

A PR

T

that is normal to §N\D? in SN*", We now “cut” the manifold M{’#gn
along the sphere 5’6’71 into two parts and extend the frame field 7%V from
the sphere

S5 = (8"\DZ) N (MPN\D2)

to the ball D7. More rigorously, we consider the membrane
~ 1
B"Y(h) = (MP#S™) x I (o, 5) Up DI x D',

where

h:0D" x D' — 57~ x D' ¢ M]#S",
h(z,y) = (z,y).
Clearly,
OB Y (h) = (MP#S™) U (=M} U —8™).

Further, as in §1, we embed in the usual way the membrane B"*1(h)
to the direct product SN*+" x I(0,1), where

BN (h) N SNT % 0 = MI'#S™,
and extend the map f5/S™ "™ x 0 to the map
F SNt I — T (M™),
where
F=H(M™) = B""(h),

making use of the possibility to extend the field 7V from the sphere S’ 1
SN+ 5 0 to the ball D ¢ SN+ x [(0,1). This extension can be chosen
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in such a way that
FY MM NSN x1=8"uM], S"c F'(x).
Since
FYM™) N SN+ x 1= 8" UM,

it follows that the map F//SN+" x 1 is decomposed into a sum of maps fg)

and fg,), representing elements of type f; € B(MP) and §; € r,B(S™),
respectively.
Thus, it is established that

B(MP#S™) > B(M!) + k. B(5™),
B(MI'#5™) ¢ B(M}") + k.B(S™).

The lemma is proved.

We now investigate a more complicated operation for the variation of
a smooth structure. Suppose the manifold M™ is k — 1-connected, where
k <[5]. Clearly,

Hp(M™) = m (M™).

We consider an element z € Hp(M™) and a smooth sphere S* c M"
realizing it. The tubular neighborhood T'(S*¥) € M™ of the sphere represents
the SO,,_j-bundle of balls D" % over the sphere S*. Assume this bundle
is trivial. Consider a map

g:S* — diff S7FL,
taking the whole sphere S* into one point g(S*¥) € diff "~ %=1 (we
note that according to [23], [17], [8], there exists a natural isomorphism
diff S"=F=1 /5 diff D" =% ~ 0"~ n —k # 3,4). Therefore to the map g there

corresponds a smooth sphere §”*k(g) € #™~*. We shall consider only those
maps

g:SF — diffsnkL

for which S"~*(g) € 6" (r).
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Consider the automorphism®
g:0T(S*) — aT(S%),
induced by the map
g(Sk) : §rk—L _y gnh

Namely, in each fiber of the bundle of (n — k — 1)-dimensional spheres
0T (S*) over S* we define an automorphism g(S*). We set

M"(8",g) = (M"™\T(S")) Us T(S").

From the paper [17] and the fact that S"*(g) € " *(x) we get the
following:

Lemma 9.2. The manifolds M™ and M™(S*,g) are combinatorially-
equivalent. The combinatorial equivalence

f(g): M™(S*,g) — M"
can be chosen in such a way that:
(a) f(g)vN(M") =vN(M"(S*,g),
/M”(Sk,g)\T(Sk) is the identity,

(b) f(g)
(c) f(g),/S¥ is the identity,
(d) f(g )/T(Sk) C M™(S*,g) fiberwise.

PRrOOF. The diffeomorphism ¢(S*) : 9D" % — D" * extends to a
combinatorial equivalence G : D"~* — D" * which is a diffeomorphism
everywhere except the origin O € D" *. Let us define a map

flg): M™(S*, g) — M"
as follows:
flg)=1 on M"(S* g)\T(5*) = M"\T(S"),
flg)=1 onS*c M"(S*,g),

f(g) = G on the fiber D"~* at each point x € S*, where by 1 we denote
the identity map.

For such a map f(g), the properties (b)—(d) are evident. To prove (a),
it is necessary to make use of the fact that S"~*(g) € "% (x). Namely, it

'Here we assume that the tube T'(S*) is endowed with a coordinate system, i.e. a
normal field of n — k frames on S¥.
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turns out that the discriminator between the “classifying” maps v - f(g)
and v in

M7 (5%, g) Z0 M Booy,

M"™(S*, 9) 5 Bsoy

of the bundles f(g)*v™ (M™) and vV (M"(S*, g)), respectively, is valued in
the group

I¥n—k Al"(Sk g) 9n—k
) ) enik"(ﬂ') )

where
enfk

g7 () C Tn—k-1(SON) = Tn—k(Bsoy)

(cf. [8]), and if this discriminator is equal to zero then the maps v4 - f(g) and
vy are homotopic. Moreover, if S*~*(g) € 6"~F(x), then the discriminator
is zero. From the definition of f(g) it immediately follows that the
discriminator is

z(g) € H" *(M™(S*,9), Tn—r(Bsoy))

and the fact that it vanishes is sufficient for 1 - f(g) and s to be homotopic.
The element z(g) is represented by a cocycle Z(g), having the same value on
each fiber D% z € S¥ ¢ M"(S*, g). This value (on a given fiber D"~*)
is by definition (cf. [8]) an element of the group m,_;(Bso,) defining the
normal bundle of the smooth sphere S"~%(g), i.e. an element of the group
0™ /0" () that is equal to zero if S*~*(g) € 7~ F ().

Thus all assertions of the lemma are proved.

Now let M™ = Sk x S"=k_In this case we get the following:

Lemma 9.3. The manifold M™(S*, g) is of degree +1 diffeomorphic to
the manifold S* x S™=*(g).

ProoOF. Clearly,
M"™(S*, g) = (S¥ x D"*) Uz (SF x D"7F).
The diffeomorphism
g: St x st o gk e gl
constructed above is such that

g(z,y) = (x,9(5")y).
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At the same time the diffeomorphism of
Snfk(g) _ ank Ug(S’“) ank7 g(Sk) . Snfkfl _ Sn7k717

holds by definition. Thus the diffeomorphism ¢ is a fiberwise diffeomorphism
that introduces a new direct product structure on S* x §" %=1, As a result
of pasting

M™(S*,g) = S* x D" Uy §% x D"k
we obtain the direct product
S* x (D" F Uygry D"F) = 8% x S (g).
The lemma is proved.

We now define the “sum of manifolds along a cycle” operation. Suppose
M7 and M} are manifolds and SF C M, i = 1,2, are smoothly located

7 7

in k-dimensional spheres, having trivial normal bundles u”*k(Sf,Mi”),
1 = 1,2, In the tubular neighborhoods,

T(Sf)c M, =12
we introduce the direct product coordinates
T(S7) =S¢ x D",

by using geodesic e-balls D?~* which are normal to the spheres S¥ C M
in a certain Riemannian metric. Then we put

[MINT(ST)] Un [M3NT(S3)] = M™(SY, 55, h),
where
h: Sy x DIF — Sy x DI,
h(z,y) = (x,he(y)), he € SOp_p,
d(h) : S¥ — SO, ;.

Lemma 9.4. If k < [5] and 7y (M{") = 71 (M3) = 0, then the manifold
M™ (S, S5 h) depends only on the homotopy classes a; of embeddings
of Sk c M, i = 1,2, and the homotopy class d of mapping d(h) :
Sk — SO, k.
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PROOF. If two spheres SﬁhSﬁm 1 = 1,2, are smoothly situated in a
manifold M and are homotopic for & < [§] then they are diffeotopic.
From this fact and results of [16] it follows that two embeddings

fig i SEx DR MP i j=1,2,

are defined up to diffeotopy by the pair (ozl-,cz-), where «o; € 7 (M]") and
d; € 1,(SO,,_1). From the fact that M™(S¥, S5, h) is defined by diffeotopy
classes of embeddings

fig i SE;x DR MP i j=1,2,

it immediately follows that it depends only on the quadruple
(a.dy,ag,dy) o € m(MP), d; € T(SOn_1).

Clearly, the quadruples (aﬂ},am 672) and (aq,0, CYQ,JQ — 31) define the
same manifold. The lemma is proved.

Below we will denote the manifold M™(S¥, S5 h) by M™(au, vz, d),
where a; € mp(M]"), i = 1,2, and d; € 1 (SOp_4).

Remark. According to our definitions the bundles v~ (S¥, M) must
be trivial; as a result, for 2k < n we have a; € mp(M™, vN (M™)) (cf. §7).

The following lemma is a consequence of the definition of a connected
sum along a cycle and Lemma 9.3.

Lemma 9.5. Let M7 = S* x 5" *(g) and let M} be a k — 1-connected
manifold, o € m (M3, N (M), B € T (MD), d € 71 (SOp_y), where 3 is
the generator. Then the manifold M"™(«, 8,d) is diffeomorphic with degree
+1 to the manifold M (e, g) (mod ™) for any element d € mx(SO,_).

PROOF. The element d € 7% (SOp—i) defines a diffeomorphism
h(d) : S* x D"k — gk x prk

such that

h(d)(z,y) = (z, h(d)zy), h(d)s € SOn—,

whgre h(c?) : Sk S0, is a representative of d. The diffeomorphism
h(d) is extended to a diffeomorphism

h(d) : S* x S"7F(g) — SF x §"F(g)
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(everywhere except a point), since
Sk 5 87k (g) = (S* x D" F) Uy (S* x DR,
where §”*k(g) € 9"~ *. Therefore the result of the gluing

M"(a, 8, d) = (MPNS* x D"F) U, 5 (M3NS* x D" )

does not depend (up to an element from ") on the diffeomorphism %(d).
But if we put d = 0, then the equality

M™(a, 5,0) = My (e, g)
is a tautology. The lemma is proved.
We now examine the Thom complex T (S* x S"~*) and the subset
A(S* x S™7F) € iy (T (S* x S™7F)).

The manifold S¥ x 5" *(g) is a m-manifold, if S"*(g) € 6" *(x), and is
combinatorially equivalent to the manifold S¥ x ™%, There is therefore
(cf. §81-6) defined by the subset

B(S* x 8"k (g)) c A(S*F x §7F).
In addition, with the smooth sphere g"”’“(g) one associates the subset
B(S" %) cGn—k), k<n—k

Lemma 9.6. The Thom complex Tn(S* x S™"F) is homotopically
equivalent to

GN+n \, gN+n—k \, gN+k \, gN
The group
TNt (T (S* x S"7F))
s isomorphic to the direct sum

Z+ Gk) +G(n—k)+ G(n).

The set A(S* x S"~*) consists of all elements of the form
INgn+7, Ingn€Z, v€G(k)+Gn—k)+G(n),

where the element 1y, +0 € B(S* x S"7F).
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The direct decomposition
TN n (T (S* x S"7F)) = Z + G(k) + G(n — k) + G(n)
can be chosen in such a way that:

(a) G(n) =Im#k.;
(b) the subgroup G(n — k) belongs to the image of the inclusion
homomorphism f, : x40 (TR) — T 10 (T (S* x STF)),

f:Th C Tn(S* x §"F)

is the embedding constructed in § 7, and T§ = SV +*vSN: the subgroup
G(n — k) is defined uniquely mod G(n);

(¢) B(S* x 7 F(g)#0™ (7)) D In4n + j«B(S"*(g)) modIm k., where
j:TE C Tn(S*k x S™%) is the embedding.

PROOF. The decomposition of the Thom space into a wedge union of
spheres follows from

E(Sl % Sz) _ Si+1 vV Sj+1 vV Si+j+17

and Lemma 7.3. All assertions of the lemma, except the last one, are
trivial and follow immediately from the natural decomposition of the Thom
complex into a wedge union of spheres. Furthermore, from Lemma 9.1 it
follows that

B(S" x S"F(g)#8™) = B(S* x §" " (g)) + k. B(S™),

where 5" € 6" (r). Therefore, for the proof of the lemma, it is sufficient. to
show that

B(S* x §"7*(g)) D 1n1n + 7. B(S"*(g)) mod Im k..
We consider the “auxiliary Thom complex”
Tn(SF) = SNt v SN Ty (S* x §77F), Tk =Tn(S*), k<n—k.
We also consider a map
[ 8F x5k (g) — 8%,

where

flay) ==z, zeS* ye8"*y).
We extend the map f to a map

F: 8% x 8" %(g) x D" — §* x DV,
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by putting F= fx1. We extend the map Ftoa map F : SN+" — Ty (S)
in the usual way, so that
F ~
= =F,
T(S* x §"=*(g))

since the usual tubular neighborhood T(Sk X §"—’f(g)) c SN+n g
diffeomorphic to S* x S~k (g) x DV by virtue of the fact that S* x S"*(g)
is a m-manifold. The map F' factors into a composition of maps

F=10F:5"x 58" %) x DN — 8% x DN — 5% x DV,

where F~1(z0) = S"*(g), 2o € S*, and the maps are t-regular. Therefore
the induced map

F 2SNt T (S%)
factors into a composition of maps
F=F,oF : SNt o gN+k _ Ty (8%),

where F, 1(S*) = S*, F/S* =1 and F; (x0) = Sk (g), o € SF.
By definition (cf. Lemma 3.1), the map Fb represents a generating
element of the group

TNk (SN C vk (TN) = Tv k(T (S*)) = v (SYT v SY).
The map F; represents an arbitrary element of the set
B(S5"*(g)) C mnpn (SN = G(n — k).
We now consider the sum
Ly + 5 B(S™5(9)) C mvan (T (S* x S™7F)).
Let the map
g: SN T (8% x §nR)
represent the element
Inin € Tngn (SN C wnpn (T (S* x S77F))
and let the map

F oSN Tk < Tn(SF x S"7F)
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represent an element of the set j, B(S™ #(g)) (the map F is constructed
above). We consider the “sum” of maps

(g+ F): SNt — Ty (SF x S™7F),
where
(g+F)71 (8% x §"7F) = g7 1(SF x S F) U F~1(Sk x §77F)
= Sk x §n kU Sk x 57 F(g).

We consider the product S* x D?~* x I(0,1) and form the membrane
Bt c SN % 1(0,1). We have:

B = [SF x SR USE x SR (g)] x T <o7 %) Uny hy S¥ % DR % 1(0,1),

where
hy:S% x DMk x 0 — Sk x Dk < Sk x gnTR,
hy: SF x DR x 1 — S% x DPF c §F x §7F(g),
and
hi(x,y) = (2, hiz(y)),  hiz € SOp_p, i=1,2.
Clearly,

OB =[S x 5" R U S x §7 R (g) U SF x 57 F(g).
In addition, on the manifold
[SF x 87k U S* x §7F(g)] = aB™ T N SN % 0

a framed N-field is given, which is normal to this manifold at the sphere
SN+n - and it is induced by the map (g + F) from some a priori given
and fixed frame N-field, which is normal to the submanifold S* x §"—*
in T (S* x S"7k) (cf. §§1-6). We shall place the membrane B"*! in
the Cartesian product SN+" x I(0,1) smoothly and we shall assume, as
in §§1-6, that SV*" x 0 admits a map (g + F) and

B gNtn w0 = 9B " 1 nSNH x 0= (g + F)71(S* x s"7F)
B0 SN w1 = §F % 57k (g),

where the membrane B"*! orthogonally approaches the boundary
components of the Cartesian product SN+ x I(0,1). Since the difference
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between the cycles S x zg, xo € S" % and S¥ x z1, x; € §”*k(g), belongs
to the kernel
Ker(g + F)\™) ¢ Hy,(S* x (5" 7% U 5" *(g)),
it is possible to extend the map of a submanifold
Bt g+ o

to the map

A

(g+ F): B" — 8% x SN=F Ty (S* x §"H).

In addition, it is always possible to choose maps hq, ho in such a way that

the map (g + F) is extendable to a map

(g+F): T(B"") — T (S* x k),

where T(B"*1) is a tubular neighborhood of the manifold B"*! C
SN+n » I, as in §§1-6 (or, what is the same thing, an N-frame field
normal to the manifold BT N SN+ x 0, can be extended to an N-framed
field normal to the whole of membrane B"*! in SN*" x J(0,1)). Then

we extend the map (g + F) from the tube T'(B"*1) to the direct product
SN+n % 1(0,1) in the usual way. As a result, we arrive at a certain map

(g+F)

S 1= Tn(8 X 870,

that is homotopic to (g + F') and such that

(g4 F) 71 (S*F x 87 F)n SN+ 1 = §F x " F(g).

We have thus proved that in any homotopy class of the manifold 1y, +
7«B(S™"%(g)) there exists a representative

(g+ F): SNt x 1 — Ty (Sk x snF),

such that

(g+F)71(S% x §m7F) = 8% x SR (g).
Consequently,

Inin 4 7. B(S"*(g)) € B(S* x §"%(g)) modIm k..
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Comparing our results with Lemma 7.3, we obtain the desired
statement. The lemma is proved.

From Lemma 9.6 we get an immediate result:
Lemma 9.7.
B(S* x 8" F(g)#60™ (7)) D B(S* x S"*) + j.B(S" *(g)) modIm k..

PrOOF. The proof formally follows from Lemma 9.6. It is only
necessary to note that, accroding to Lemma 9.6,

B(S* x S (g)#0™ (7)) D 1n4n + B(S"*(g)) mod Im k.,

where 1n1, € Tnin(SVT?) C anin(Tn(S* x S"7F)); although the
decomposition

TN(Sk % Sn—k) _ SN+H vV SN-‘rn—k vV SN-‘rk vV SN

is chosen ambiguously. Namely, if we take another element of the set B(S* x
S"=F) as a new generator

1/N+n € 7TN+n(SN+n)
and choose, according to the choice of this new generator, a new

decomposition of the Thom complex into a union, then, by replacing 1y,
with 1y, all the arguments of Lemma 9.6 remain true and we get

B(S" x S F(g)#6™ (7)) D Uy + 4. B(S"*(g)) modTm r,

for any element 1}y, € B(S* x §77F).
The lemma is proved.

Combining the results of the preceding lemmas, we can state that
there have been introduced two elementary operations for changing the
smoothness which preserve the triangulation: the connected sum with a
Milnor sphere from 6" () and the “connected sum along a cycle” S* ¢ M™,
k < [%] (if the normal bundle v =% (S* M™) is trivial), of the manifolds M™

and S* x S"F where S"F € 6"~ (7). The homotopy meaning of these
operations for the case M™ = S* x S"~* was found in Lemmas 9.1-9.7.
Denote by B, s(M{) C B(M7") the subset consisting of those elements

@i € By s(M{") C B(M") C A(M™) C tn4n(TN(M")),
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for which there are representatives f,, : SN*" — Txn(M™) satisfying
Lemma 3.2 and possessing the following properties:

(a) the manifolds f,!'(M™) are diffeomorphic to M7, though the map
fo; /M7 need not be a diffeomorphism;
(b) faux - (0) ==, where v € mp(M"), § € m(M7").

Lemma 9.8. If there exists a diffeomorphism h : M{* — M{" of degree
+1 such that h.(61) = 02, 01,02 € mp(MT"), then the sets By s, (M7') and
B, 5,(M7") coincide.

The proof of the lemma follows immediately from the fact that
we distinguish all our objects only up to an equivalence induced by
diffeomorphisms of the manifold M7 onto itself of degree +1. The lemma
is proved.

Below we shall always denote a “connected sum along a cycle” of two
manifolds M{* and M3 in the following standard notation:

Mn(717727d) = M{L#d M;v

Y172

where v; € (M, vN (M), d € 7£(SOn,_k). In the case when M} =
Sk x Sn=k g e mp(MP, vN (MP)) and 3 € m,(S* x S"F) is a generating
element, we then, taking into account Lemma 9.5, use the notation:

M4 58% x S"F = M{#.,8% x S" 7% mod 9.
Lemma 9.9. Suppose M™ is a (k — 1)-connected manifold and ~,0 €

L (M™, vN(M™)), k < n — k. Then in the Thom complex Tn(M™) the
relation

By s(M™)+B(S"*(g)) - TN~ € B(M"#55*x 5" *(g)) mod Im ., (33)
is valid, where B(S"*(g)) C G(n — k) and

aN+k(Tn(M™))

Im k.

™ (M™, 0N (M™)) —
is the homomorphism constructed in §7.
PROOF. We realize the element v € m(M™, v (M™)) by a smoothly

embedded sphere 7 : S¥ C M™, which has a trivial normal bundle
vk (Sk M™) in the manifold M™, since the bundle F*v™(M") (by
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condition) and the bundle
_k(Sk7 Mn) @ ’i*VN(Mn) _ VN+n—k(Sk)

are trivial and k < n — k. The embedding 7 : S¥ € M™ determines in a
natural way the embedding

TN : T (S*, 7N (M™)) € Ty (M™).
By analogy with the proof of Lemmas 9.6 and 9.7 we consider the two maps:

[ SNt L T (M™),  f e By s(M™),
F oSNt T (SE, 7 0N (M™)) € T (M™),

having the following properties:

€ B(S"*(g)) o B(S*), B(S*) C mniu(Tw(S*, 70N (M™))
Tn(S*, 7N (M™)) = T (S*)

(f and F respectively denote the homotopy classes of the maps f and F)).
It is easy to see that f~1(M™") = M™ and F~1(S*) = Sk x S"=F(g).
Further, we consider the map

(f +F): SN — Ty (M™),
representing the element f—i— TNﬁﬁ € mn4n(Tn(M™)). Clearly,
(f+F)71(Mn) — M™US* x §n7k(g) c SN+n7

the element f !(vy) — F.'(7y) belongs to the kernel Ker(f + F)., § =
f-1 (7). By analogy with the proof of Lemma 6.9 we construct a membrane
Bt ¢ SN+1 % 1(0,1) such that:

(a) B*E NS X0 = (f + F)~H(M"),

(b) Bn+1 SN+n x 1= M"#(;Sk Sn—k,
Q B U By 0 1(0.5) Ui S* x DI 1(0,1)
hi:S ><D"* X0—M"x 3,

) ha: S’“xD" "“><1—>S’“><S" "“x%,

) hi(z,y,i — 1) = (x,hiz(y)), where i = 1,2, hyy € SO(n — k), z €
Sk ye DNk

(c
(d
(e
(f
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The membrane is chosen in such a way that the map

(f+F)
SN—H’L

x 0

could be extended to a map
Fy: SNt 1(0,1) — Ty (M™)
such that
FrY(M™) = BT

The choice of the membrane is made according to the choice of h;;, i =1, 2,
as in Lemma 9.6, and it is always possible for £k < n — k. On the upper

boundary, the map F;/S™V*" x 1 will define a map (¢ + F), such that

(f + F)"Y(M™) = M"#55* x §"7*(g).
Thus we have shown that the sum f+ TN 5? belongs to the set
B(M"#55" x 5"~ (g)),
whence f € B, s(M"™) and
F e B(S"*(g)) o B(S"), TVFF € B(S"*(g))-T"~.
By definition of homomorphism,

TN (T (M7))

™ o (M™, N (M™
T (M"™, v (M")) — T r.

The theorem is proved.

§ 10. Varying smooth structure and keeping
the triangulation preserved. Morse surgery!

Assume the manifold M™ is k — 2-connected and it is a w-manifold for
k<n—k—1,k—22>1.In the group

Hy ((M™) = 11 (M™) = 11 (M™, 0N (M™)),

let us choose some element v and let us realize it by a sphere S¥~1 ¢ M™,
which, by k — 1-parallelizability of the manifold M™, has trivial normal

1The main theorem of this section, Theorem 10.2, is not completely proved. The
reader may omit this section, since the results given here are not used in the sequel.
A detailed proof of Theorem 10.2 will be given in the second part of the work.
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bundle v ~*+1(Sk=1 /") and let us form the manifold
1
BN (h) = M™ x I (o, 5) Up D* x D=kt

where
h: ODF x DR (kL) = g1 x proktL
h($7y) = (x7ha:(y)), hg; E SO"*]{H»I'

We choose the diffeomorphism A in such a way that the manifold B"*(h)
is a m-manifold, which is possible (see §§1-2 or §9). Obviously,

OB (h) = M™ U (=M™ (h))
and
Hy(B""(h), M"™) = Hy1—x(B"1(h), M"(h)) = Z,
H;(B""(h),M™) = H,1_;(B""*(h), M™(h)) =0, i#k.

Let us change the smooth structure on the manifold M"(h), and preserve
the normal bundle v~ (M"(h)) and triangulation. Denote the obtained
manifold by M7j*(h). This change of smooth structure is associated, by
§8, with the set of elements (a;) € Tnyn(Tr ?), which is the set of all
differences

B(M"(h)) = B(M{'(h)), Ty~* C Tn(M"(h)).

Denote by ¢ : M{*(h) — M™(h) the standard combinatorial equivalence. In
the set B(M7*(h)) we choose a subset B9 (M*(h)) consisting of all elements
a € B (M} (h)) having t-regular representatives

f2 0 SN — T (M (h))

such that
f3 {(M"(h)) = M} (h)
and
o _
Mp(h)

Let us fix a standard element 1y4, € B(M"™(h)) constructed in the
proof of Lemma 3.1, and consider the set of differences of the type

{Ingn = BOM" (W)} € mysn(Th2) T * C Tn(M"(R)).
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We extend the smooth structure from the manifold M7'(h) to the whole
membrane B"T1(h). This leads to the obstruction

©* € H¥(B" T (h), M"(h),6"*), T ScCo*
with coefficients in Milnor’s groups (see [12, 23]). But since
H*(B"*'(h), M™(h)) =0, s#n+1—k,
we get exactly one obstruction
prImk ¢ Lok gralpy A (py gnoky = gk

Thus, with each manifold M7'(h), which is combinatorially equivalent
to M™(h) there corresponds an element ¢"+t'=%F ¢ §"=*  According to
Munkres [12], if ¢"*!=% = 0 then the change of smooth structure can
be extended to B"*!(h) from the boundary M"(h) without changing the
triangulation.

In the group

Hk_l(Mn) = Wk_l(Mn)

let us choose a minimal system of generators vy, ...,7;, and let us realize
them by smoothly embedded pairwise disjoint spheres Sf_17 .. .7Slk_1 C
M™. For each of these spheres the bundles u"””l(Sf*l, M™),i=1,...,1
are trivial. Let us construct the manifold

1
B ) = 207 (0,5 ) Uns (D D240 (D x D240

where
hi: ODF x Dr=RHL gl proktl oy i =1,
such that
hi(x,y) = (z,hiz(y)), x€SF 1 yeD 1 h, €S0, 111

According to §§1-2, we choose the diffeomorphism h; in such a way that
the manifolds

M (h) = (M™\ U; T(SF™Y) Uny,..on, [UiDF x S27H]
and Bl"H(h) are m-manifolds, which is possible for k < n — k. Evidently,

OB+ (h) = M™ U (—=M]'(h))
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and
H (B (), M) = H'5 (B (1), M7 () = 0, s # k.

Since k < n — k — 1, the manifold M]*(h) is k — 1-connected. By analogy
with the above argument, each change of smooth structure on M;*(h)
without change of the triangulation generates an element

(pn+17k c HnJrlfk(Bln—O—l(h)’Mln(h%enfk) _ 9?1316 4t 68)_]{ .

l factor

Let
Hi(M;*(h)) =0, i<k+p (p=0)

and
Hiyp(M"(h)) = miip (M (h)) # 0,

where k+p < n—k—p—1. We change the smooth structure on M;*(h) by
using the results from §9, namely, in the group w4, (M (h)) we choose a
basis d1,...,d,, and consider the sum

M (h)#s, SFTP x g?—k—p#ég s SRR x S';}l_k_p7

where ST7F7P ¢ gn=k=P (7). Let us try to “pull” the new smooth structure
along the membrane B]""!(h) to M™. This leads to an obstruction

EVTIE e gnR 4 97k (1 copies);

this obstruction defines a map

etk i&?‘k‘p =y ok (35)
=1

j=1
(with a change of smooth structure of Af*(h) by an element 6 €
S 08 FTP one associates the obstruction ¢"t17F(6) e 2221 G;L_k). If
6 € Ker ¢"+*1=* then the change of smooth structure by 6 can be “pulled”.
Now let us study the homotopy nature of the constructed map ¢"+t1=* in
terms of Thom’s complex. To do that, recall the filtration of the Thom
complex

TN(M™) D Th22---DTf >SN =1T%.
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If the manifold M™ is k — 2-connected, then
T} =Ty = =T 2=T%=5"
and
Tn2—... = T]\}—kﬂ.
Generally, we shall always choose the filtration
Ti = Tw (K, 5™ (M™)),

where K is the i-frame in the minimal cell decomposition and j : K* ¢ M™
(the number of cells o C M™ is equal to max rk H*(M™, k) over all fields
k). With each cell " C M™ one associates a cell

Tny' C Thy C Tn(M™),

in such a way that the boundary operators in complexes M™ and T (M™)
are identical:

OTw(v') = T (90").

In §7 it was proved that if M™ is a m-manifold then the space T (M™)
is homotopically equivalent to a wedge of spheres

EN(M™) v SN = EN(M™ U ),
where z( is point. In this case we may assume that
EN(K'Ux) =ENK'v 8N =T},
in such a way that
Tn(M™) = SNty ENKn=2y SN,

Now, consider the Thom complex Tn(Bjt'(h)), which is a
pseudomanifold with boundary

OTn (B (h)) = Tn(M™) V Ty (M[(h)).

As it is well known (see §1), the space B;""'(h) is contracted to its part

1
M"™ x 5 Unieoo (D¥ x0U---UDF x0).

The homotopy type of the Thom complex depends only on the homotopy
type of the base. Thus the Thom complex TN(Bl"H(h)) is homotopically
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equivalent to the Thom complex
TN(Mn) UTnhi,e T by (D{VJrk U---u Dljv+k)v
where
Tyhi: ODNTE — ENKFL o=t i=1,...,1
It is evident now that
_ k— k—

KFt=g8ftv...v gt

and
Tnhi : ODNTF — pN gk — gN+k=1

if the spheres Sf ~1 ¢ K*1 are chosen according to the (previously chosen)
system of generators 71, ..., of the group

kal(Mn) = 7T]€,1(Mn)
when defining the manifold
B (h), h=(hi,..., k).

Now let us investigate the Thom complex T (M;*(h)). If the element
7, is of infinite order then when passing from M™ to M (h), from the cycle
Vs € Hp—k41(M™) such that 7, - v, = 1, we remove a neighborhood of a
point (this neighborhood being orthogonal to the sphere S¥=! ¢ M"). If
for all generating cycles of infinite order

Yis oo osVis € Tr—1(M")

one finds the dual system of generators
;yvim cee 7?753 S Hn7k+l(Mn)
such that

”714]‘ *Viy = Ojt,
and every element %]. is defined by exactly one cell O';L_k—H C M™ then
when passing from M™ to M (h) from the interior of each cell a;“k“ we
remove a small ball neighborhood of a point, and the complement can be
contracted to K™%, If the element ~, is of finite order ¢; then there is an
element

”775 € Hn7k+1(Mn7 th)
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such that
Y- Yt =1 (mod gt);
if 74 is also defined by one cell
g R+l g gkl o

(which can always be assumed if n — k + 1 # k — 1), then when passing
from M"™ to M;(h), we remove from this cell a ball neighborhood of
the intersection point of affkﬂ and Sf717 and after this operation the
complement can be contracted to the boundary 80?71’”1 C K" %, Besides
that, the whole group 71 (M™) is mapped to zero when passing from M™
to M]*(h) (each sphere Sf‘l, 1 =1,...,0l moved to the boundary of the
tubular neighborhood AT(S¥~1) ¢ M", is spanned by a ball DF). This

leads to the following statement.

Lemma 10.1. The complex Tn (B} (h)) is homotopy equivalent to
the Thom complex

TN(Mn) _ SN+n vV ENanlvH vV SN
with a cone spanning the N + k — 1-dimensional subcomplex
ENKF-D = gLy oy gNHR=L ¢ pNRnFR=L © T (M™).

If k—1<mn—(k—1)—1, then the Thom complex Tn(M;"(h)) is a
subcomplex of the complex T (B;**(h)), and it is contracted along itself
to the subcomplex

(SN+n V. ENank Vi SN)
EN k-1

of the complex

(SN—i-n v ENKn—k—H v SN)
EN Kk-1 :

A proof of Lemma 10.1 follows from the arguments given before the
formulations, and passing to the Thom complexes.

The lemma is proved.

In §8, we have already considered the exact sequences (33) and (34) of
the form

T (B[ (h)) =

= T (TR = (TN TP)

Tzlffﬂ) o k—1
—=7Nti | = | 2 NIy ) —
Ty
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for ¢ = n,p > 0. In our case
Ty =EVK'v SV,
TR = gNFh=ly .y GNFTE=Ly gN — pN k=1 gN,
Assume now 7 = n. Consider the exact sequence

T e (EYKEY) 2y (BVKR47)
ENKk+P
= mvin i)

0 —
= 7TN+n_1(ENKk 1)

— TN 1 (BN KR p >0, (36)
corresponding to the exact sequences (33) and (34), since
% =ENK™ Vv SN,
To emphasize the dependence of the manifold, we shall write:

T =Ty (M") C Ty(M™), TR(M;*(h)) C T (M (h)),
TR(By™H(h) € T (B (h).

From Lemma 10.1, it follows that

N 1em
T8 (1) = TR 0) = (g ) v

for m <n — k and

. N EINKn—k+1
Ty kH(Bl TH(h) = (W) v S

‘We shall also write:

K™(M['(h)) € M['(h), K™ (B[ (h)) € B+ (),

denoting the frames of dimension m of the corresponding manifolds M™,
M} () or Bj"**(h) by symbols depending on the manifold. Note that

N1 (ENK* Y =G(n —k)+---+G(n—k) (I summands).
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Let us rewrite the exact sequence (36) as

l
S Giln — k4 1) = my o (BVEF (M) Dy (BY K (BP (1))
i=1

23 Giln— k) = v (BYERP(M),(37)
i=1
moreover if kK + p <n — k then
ENKMP(B T (h) = BN KM (M ().
According to the notation of §8 from Lemma 10.1, we get:
TN PPN M™) = TP (M (R)) = TP (B (h),
k—1<n—-k—2, p>0, k+p<n-—=k.

Now, let us consider the “framed” smooth spheres Sioc SN+ gp
Pontrjagin’s sense [15]. In this case the sphere S* with a normal frame
field 7V (“framing”) in SV defines an element of the group G(i). The
“connected sum along a cycle” operation defined in §9, will always be

performed for “framed” m-manifolds M7*, MY < SN+ in such a way
that the manifolds

n_yd n
M1 #’717’72M2

gets a natural framing for a suitable choice of d. Since the “framed” smooth
sphere S defines exactly one element a € (S%, 7V) C G(i), Theorem 9.9 can
be reformulated as follows:

Each element § € B, s(M{") C A(M™) is: (a) a “framed” manifold M}
plus (b) fixed (up to a homotopy) map f : MJ* — M™ of degree +1 such that

=7, yem(M" N (M), b em(M] )
on MP'#5S% x Sn=Fk there is a natural framing and a natural mapping
F: M#sS™ x S8 — M
these framing and mapping fv jointly define an element
B+a(S" 7, TN) o TNy € By s(M]'#sS* x S"7F),
where
a(S"F 7Ny e B(S"F), B e Bys(MY).

This new formulation is somewhat stronger than the former one, but this
was, in fact, proved when proving Theorem 9.9. We shall call this (stronger)



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 141

statement Theorem 9.9’. Moreover, when “pulling” the smooth structure
along the membrane B}"™!(h), we shall always try to pull the new framing
obtained by changing the boundary of M;*(h) by a framed smooth sphere
§”*k*p, p > 0 (the manifold M™ is k — 2-connected, and the manifold
M;*(h) is k + p — 1-connected). Recall that the manifold M™ is “framed”
and, according to § 2, we defined the membrane B]""! (k) in such a way that
the framing on M™ can be extended to the framing of the membrane

Bt (k) € SNt % 1(0,1), M™cC SN x0,
M (h) € SN x 1.
In this case the obstruction to “pulling” of the new framing (together with
the smooth structure) from the boundary M;*(h) to the membrane B} (h)
is a homology class
PR e HY (BT (h), MY (h); G(n — k)
=Gn—k)+---+Gn—k) (Icopies).

This obstruction to extending the smooth structure and framing from the
boundary to the membrane is split into two parts:

(1) on the boundary do™+1=F = §"=F of each simplex
O_’I'LJrl*k: c Bln—O—l(h)
one defines a new smooth structure
gn—k(o,n—i-l—k) c 9n—k

(see [12,23]);

(2) on the boundary do"* 1=k there is a frame field 7V, which is normal
to the whole membrane B'*(h) ¢ SN+ x I(0,1); the latter makes
sense since the new smooth structure is defined on the neighborhood
of the n — k-dimensional frame together with the new “framing” of the
membrane Byt (h).

(3) On o™ ~* we have a frame field normal to do" =% in B! (h) (in
the new smooth structure). We denote the latter frame field by 7%; it
will make sense in the new smooth structure.

(4) The smooth structure S~ on 9o 1% and the fields (7V, 7*) together
define an element

alo" TRy e G(n — k);

if the smoothness and the framing (77, 7%) extend from the neighborhood
of a boundary of the simplex 6"+t~ and define a “smoothness with a
framing” on a neighborhood of the n — k-dimensional framing plus the
neighborhood of simplex (see [12, 23]), then

alo" TRy = 0.
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According to the previous results, we can change the smooth structure
and the framing on a k + p-frame of the manifold M;*(h) by an element

anGl(n_k_p)7l

i=1
where m is the number of generators of the group
Hyyp (M (h)) = mpp (M (R)).

With the element o € 1" | G;(n — k — p) one associates the element

~n+1 k E ZGJ Hn+17k(Bl7L+1(h)7Mln(h);G(’rL o k‘))
j=1

On the other hand, we have constructed an exact sequence (37)

o g (EVNEFP (M) A iy (BN KNP (M7 (1))
l
i=1
such that

7TN+n(ENKk+p(Mln(h)) = Z Gi(n—k—p),
j=1

thus

8:ZGi(n—k—p) HZGi(n—k
The following theorem holds:

Theorem 10.2. The homomorphism 0O : Z;n 1Giln — k —p) —

22:1 Gi(n — k) of the evact sequence (37) coincides with the map @"+1=F

for those values where both are defined.

SKETCH OF THE PROOF. The definition of 0 is algebraic, and the
map @"T17F was defined geometrically. Consequently, to establish the
connection between them, it is necessary to translate the definition of

@"t1=* into algebraic language.

1t is important to note that framed smooth spheres do not generate the whole group
G(3) for i = 4q + 2, thus "1 ~F is not always well defined.
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Consider the manifold

l
(M”\ U T(Sfl)> = B",

where
1
oB" =[] SpF x sk
i=1
Evidently,
l
M (h) = B" Up,... .1 [U Spk x Df]
i=1
and

M"™=B"U

!
U Dp+t % Skll .

i=1

Let us change the smooth structure of the manifold M;*(h) as descibed
above (together with the framing, if the latter is defined) by the element

m

aEZGj(n—k:—p), azZaj, a; € Gj(n—k—p).

Jj=1 J

Thus, the smooth structure and the framing are changed only in the
neighborhood of the cycles SJI?JFP C M[*(h). The intersection

k+p n—k __ P
SETPLSnk = MY,

is a smooth submanifold MZ C S?_k which is framed in the sphere Sf_k
by a framed field induced by a coordinate system in a neighborhood of the
sphere S;”p ; we assume that the spheres S’f“’ and S} ~k are orthogonal to
each other in their common points. The obtained framed manifold defines
an element 3;; € m,—(S" *7P); when changing the smooth structure
of the manifold M;*(h) in the neighborhood of the cycle Sfﬂ’ by the
sphere g;-l_k_p(aj) € 0" %P(1) the smooth structure on the sphere
SP—F < M (h) is changed in the tubular neighborhood of the manifold
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M, C 57~k namely,

P n—=k
(M%) c S,

Py __ P n—k—
T(MP) = ME, x Dr=kr,

Dy D n—k—p—1
OT(ME) = MF, x Sp=h=r=1,

Consider the map

g: ML — diff SpFPl
induced by the map

g: SETP — diff gy R
which takes the sphere Sfﬂ’ to the point g(SJ’?ﬂ’ ), where

5T R ((SE)) = 5T ),
Furthermore, we set
877 ag) = [S;7N\T(ME)] Us T(ME), (38)

where

g: 0T (M};) — 0T (M),
o) =@ g(ME) ow), @ e ME, yeszort

The following lemma clarifies the sense of the elements 3;; € G(p).

Lemma 10.3. The complex lef,er(M") is homotopically equivalent to
the wedge

SN\/ 6 Df-ﬁ-P-‘-N Uﬂij \I/SZN—Fk—l ,

j=1 i=1

where Bij € Tntkip—1(S) 1) = G(p).
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ProOF. Evidently,
M™ = B" U [U; Dp~ kL 5 §hH1]
where
B" = M (W)\ (UiS7 ™" x D) ;
the manifold M}, C Sk is the intersection
SpR S c MP(h), i=1,...0, j=1,...m

We shall assume, unreservedly, that the spheres S;’_k and SJITHP intersect
orthogonally at each point of Mf; Consider the tubular neighborhood

T(M};) C S§*P of the manifold M, in S/*”. Evidently,
_ k
T(M}) = Mf, x DF,
and
_ k—1 k+
OT(MF) = M, x SE=1 ¢ skte.

Note that on MZ» there exists a framing, which is normal to Mf';- inside
SP=F on the whole manifold M, x SE=1 there is a framing normal to
M x S5=1 in the manifold

OT(S7 %) = 577* x SE,

and on MZ x S5~1 there is an N-frame field, normal to the manifold M;*(h)

in the sphere SN*". Consider the Thom complex Ty (S%™!) and note that
the sphere Sfi_i C B"™ defines a (generally, nontrivial) cycle in homology
Hi(M™), so that the group Hy(M™) is generated by cycles S’fi_l C B™,
which appear when passing from M;"(h) to B™ C M™ by removing tubular
neighborhoods T'(S7~*) © M}*(h). The pair of framings on the manifold

k—
M? x SE7tc My (h) € SN
given above, together with the natural projection

p: MZ X Sf_l — Sf_l
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defines a map of the sphere

F(Bi;) : SNHHPTL L Ty (S = SN v sV
satisfying Lemma 3.2 such that

F(By) ™ (S5 = MI x S F(By) = 70 x SE7,
ij

and the map F(8;;) on a tubular neighborhood of the manifold MZ- X 5'571
is defined by the pair of framings constructed above, these framings should
be normal to M, x St SR x SF L and to Mj*(h) € SNF. It is easy
to see that the map

F(ﬁij) . SN+n N TN(Skfl)
has homotopy class (;; o Tn~s, Where i is the generating element of the

group 7,1 (S¥71). Recall that the framing normal to M}*(h), was given on
the membrane

B (k) ¢ SNt x 1(0,1)

and, consequently, on the manifold M™ C SN*" x 0, where
M (h) c SNt x 1.
Thus the constructed mapping
> F(By) : SN Ty (viSFTY)

is null-homotopic in the complex T (M™), since the framing to

UMD x SfTtc B c M™
has already been extended to the membrane

k n

(Sj TP\ Ui (ME x D?i)) CB

by definition of this framing, and the framing normal to the whole manifold
M['(h), has been extended to the membrane B;'*!(h). Thus the element

> Bijo TNy € myphip- 1 (TNP(M™))

K3
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is equal to zero. It is easy to see that every element
B € TN hip—1(Ta ' (M™),
belonging to the kernel of the inclusion homomorphism
TN (M™) € TN (M),

is a linear combination of elements ), G;; o T,fi[ , which yields the desired
statement. The lemma is proved.

Remark. If p = 0 then the manifold Mf';- is a collection of points, and
there is a well-defined intersection index

By =St STk =10, j=1,....m.

The proof of Lemma 10.3 is trivial in this case, and in terms of

. . . . k — .
intersection indices S; 7.8 one can express the boundary operator in

the complex T]lf,ﬂj (M™) (the elements 3;; € G(0) = Z are integer numbers).

We study the behavior of smooth structure on the spheres S}' k> MZ-
when varying the smooth structure in the tubular neighborhood

Py P n—k—
T(Mj;) = Mj; x D P,
described above. Namely,

SnE = (S"TENT(ME)) Uy T(ME), !

g: MZ — diffgnkr1,

g(M;;) consists of one point (one diffeomorphism), corresponding to the
sphere S"k=P(g) € 9"~FP(r). Let us separately consider the manifold

MP x SR (g)

and define a framing 7 on it inside the sphere SV*+”~* in such a way that
the framed manifold

MP; x §rkr(g) ¢ SN
defines an element from the set

Bi; 0 B(S"™"P(g)) € G(n — k).

IThe operation of changing the smooth structure seriously depends on the choice of
the map Mipj — SOy _—_p, defining normal coordinates.
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On the sphere S"~% C SN+ we first define the zero framing 7¢'. Consider
the framed manifold

Mnfk _ (Snfk U MZI; > gnfkfp(g))
in the sphere SN*7=F% % (0 and the membrane

Ny = M F U, DYRP < 1(0,1) x ME,

where
q= (q07 CIl)»
qo : D"TRTP M5 x 0 — gn—k
g1 DR X M x 1 — ME; x §PR(g),
so that

qi(xv%i) = (qiy(x),y,i), 1=0,1, Qiy € SOn—k—p-
We shall assume that
N;’Lfk?“rl c SN+n7k % 1(071)7
and it is evident that
N;’Lf]vi’l ﬂ SN‘F’I’L*]C X 0 — Mnfk
N;’L*kk‘rl N SNJrnfk x 1= §n7k7
and the membrane NV, ;_k“ touches the boundary orthogonally.
Lemma 10.4. The mappings q; : MZ — SOp_—p, © = 0,1, can be

chosen in such a way that the framing ™ U 7V, given on the manifold
M=k < §N+n=k » 0. can be extended to the membrane Ng”””l -

SN+n=k 5% 1(0,1).

PROOF. Since, by assumption, p is smaller than n — k — p, the natural
inclusion homomorphism

(M}, SOn—g—p) — m(M},

SON)
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is an epimorphism. Thus for the fixed map

q : ij — SOn—k—p
we may find a map ¢;

q1 2 My — SOn_k—p,

such that the framing 7 U 7V extends from M" % to the membrane
NP=F+1 g = (qo, q1) because the membrane N'~#*1 is always contractible
to the subcomplex

M™% U, 0 x MP x 1(0,1),

and it suffices to extend the framing to this subcomplex, which is done
completely analogously to the proof of Lemma 2.1.

The lemma is proved.

Thus, Lemma 10.4 gives information about new smooth structures and
framings on spheres S} ~k i =1,...,1 when we deform the smooth structure
and the framing on the initial manifold M;*(h). Namely, when changing the
smooth structure (and framing) on j-th basic cycle of the group

Hiyp(M["(h)) = mqp (M (h))

by a Milnor sphere §”*k*p(aj) € " ~F=P(7) together with the framing (an
element of aj-group G(n— k —p) on the sphere S?~*) the smooth structure
and the framing define an element

Zﬂij oy € G(n—k)
J

Since the homomorphism
0 T (TP (M (R))) = Tovan 1 (TEH(M™)),

constructed above, is defined (as known in homotopy topology) in such a
way that

a— Y ajo b,
]
where o = )« for all

o€ Z Giin—k—p) = 7TN+n(T]l\€z+p(Mln(h)))v

Jj=1
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and the elements
l
Bij € Z Gi(p) C TN shrp1 (TN (M™))
i=1

possess the properties from Lemma 10.3, our theorem is proved.

Summarizing the results of Chapter II, we may say that we have
partially studied the homotopy structure of Thom’s complexes, the action
of the group 7+t (M™, M™), the connected sum operation of a manifold
with Milnor’s sphere and the variation of smooth structure along a cycle
of minimal nonzero dimension (for the case of m-manifolds). Besides, we
have kept track of how the homotopy structure of Thom’s complex varies
when performing Morse’s surgery, and, finally, we studied the connection
between changing the smooth structure in the manifold operated on by a
surgery and a homomorphism in some exact sequence closely connected
to the homotopy structure of Thom’s complex. The study of the latter
connection was performed only for elementary operations changing smooth
structure, however, in a sequel of this work, the author will give a more
systematic treatment of changing the smooth structure and their connection
to homomorphisms of type 0.

In the next chapter, we shall extract corollaries from the general theorem
established above and analyze examples.

CHAPTER III

Corollaries and applications

§11. Smooth structures on Cartesian
product of spheres

We shall apply the results of the previous sections to the following
example:

Mm =8k xSk n—k>k
From §7 it follows that

Tn(M™) = SN+ y gNHn=ky gN+ky g
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and
TN+n(TN) = Z + G(k) + G(n — k) + G(n).
The set A(M™) consists of all elements of type
INgn+a, Inn€Z, acGk)+Gn—k)+Gn),
so that 1y, +0 € B(S* x §7F).

Let us investigate the action of the group w(M™,SOpN) on the set
A(M™). Tt is easy to see that the sequence

T (SON) — T(M™, SON) 2 71— (SON) + T (SON) — 0 (39)
is exact.

Lemma 11.1. Ifb € m,(SOn) C 7(M™,SOp), then for each element
INgn +a € AM™) we have:

b(Inin + @) = Ingn +a+ J(b). (40)
ProOF. Consider the following two maps
fio SN Ty (M™), i=1,2,
representing elements 14, + « and b(1y4, + @), respectively, so that
JUHM™) = [y (M™) = M,

and

S 2
Mg Mg

But in the tubular neighborhood T' (M), the maps f; and f; differ by
be m(SON) C m(M",SOn),

and this difference is supported near one point zp € M. We may say it as
follows: the manifold M is framed in two different ways 7V, i = 1,2, and
these framings differ only in a neighborhood of z( by element b € 7, (SOxN)

In this case on the sphere S™ there exists a framing 7V corresponding to the
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element b such that for the framed manifold (¥, M), (¥, M2), (7N, S™)
we have:

(ri, ME)#(T™, ™) = (13", M).

Thus the framings 77V, i = 1,2 on the manifold M differ by a framed
sphere S™, and in the homotopy groups we have m,+n(Tn)

b(1N+n + a) = 1N+n +a+ J(b)
The lemma is proved.

Lemma 11.2. If a € 7(M",S0y) and p(a) € mp—k(SON) then for
every element 1n 1, +a € B(S* x S"~F)

a(lnyin + @) =1n4n+a+ J(pla)) (modImk, € G(n)). (41)
PROOF. Let, as above,
flSNJrn_)TN(Mn)? 7:21727

represent the elements a(1y4, + @) and 1y, + «, in such a way that the
manifold
M= f7H(M™), i=1,2,

[e3%

is diffeomorphic to the manifold S* x 5" * and framed in two different
ways. These framings 77V, i = 1,2 differ on the basic cycle S"~* C M2,
and, besides,

S
My My

Let us choose a standard framing 7§, tangent to S* at 2y € S*, and choose
the frame fields (77, 75) on the sphere

z0 x 8"k M7,
which differ by j.p(a), where
Gu: Tk (SON) 2 1 (SON11).
Separately, let us consider the manifold
SFx snh c g

and for the cycle 29 x S™F let us define a framing 7V** defined by the
element j,p(a), where the last k vectors are tangent to the factor S*, and
the first N vectors are normal to S* x S"~% (and defined for zo x S"~%).
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We extend the vector field 77, defined by the first N vectors of 7V1F, to
the whole manifold
SF o snTh g,
which is possible; let us now define a map
F 8k x 8 F 8k xyyc SF x §"F,

by setting F(x,y) = x. Consider the element [ of the group
TNtn(TH(M™)), defined by this extended framing and by F, which is
evidently represented by the map

fo: 8N - Ty
such that

) e
f71 (88 =St x " e = F,

It is easy to see that the sum 1yx4, + o + 3 is represented by
(fo+ fg): SVF" — T,
where
(ot S3)TH(S* X 577F) = (S x SP7F) U (8% x 5"7F)
= fHS* x ST U f5 (SR x SmT).
Analogously to §10, using the “connected sum
SFx SR Gk« gnk

along the cycle” v = S* for framed manifolds S* x Sn=k and S* x Sk
construct a map

A AAAAAA

(fa + fg) s SN+ TN
of homotopy class 154, + « + 3 such that
(o £5) (S5 x S™7F) = (% x ", SF x §nF)
= 5% x S"Fmod §™.

The map m, considered on S*¥ x S"~* coincides with both f; and
fo on S¥ x "% and in the tubular neighborhood differs from f; only
in a neighborhood of a point (the difference is nontrivial only for the
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dimension n since we have killed the difference p(a) on the n — k-frame).
Thus we conclude that

INtn +a+ 8 =0a(l+a)modImk, C G(n)

by Lemma 1. By virtue of Theorem 9.9 (or its modification Theorem 9.9’
given in §10)

8 =Jp(a)o Eév mod Im k.,
where v is the fundamental class of the sphere S*.
The lemma is proved.

Now let us study the action of the group 7+ (M™, M™) on the set A(M™),
according to the results of §7.
It is easy to see that

T (SF X S 7F) = 1, (8% x §"F) = 7, (S*) + 7 (S"7)
and that the sequence
0 — 7, (%) + 7, (S"F) — 7 (S* x §7FK)

is exact. Since n — k > k, the homomorphism
Ty (TN (M™))

G(n) ’
constructed in §7, is an epimorphism. Applying Lemma 7.6, we get the
following statement.

™V = EN i 7, (S"7F) = G(k) C

Lemma 11.3. The set B(M}) contains all elements of type
INtn +a+ 6 (mod G)(n),
where € G(k), a € G(k) + G(n — k) + G(n).

PROOF. Lety € m,(S" %) C 7t (M™, M™). According to § 6, the group
7t 4+ (M™, M™) acts on the set

B(lyyn + o) C A(M"),
and, according to §7 (Lemma 7.6), we have:
Y(Ingn 4+ @) = ENy 4+ 1x40n + a[mod G(n));

but the homomorphism E¥ is an epimorphism, which yields the desired
statement. The lemma is proved.

Comparing Lemmas 11.2 and 11.3 with the results of § 10, we get the
following.
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Lemma 11.4. For each smooth sphere S"™% C 0"~ *(x) the set
B(S* x §"7F)y ¢ A(M™)
contains all elements of the type
Insn + B(S"™%) + G(k)  [mod G(n)],
where with the element 1n4, + 0 one associates the manifold
M" =Sk x sk,

so that the set E(gn_k) represents the residue class modIm J in the group
G(n —k).

The proof of the lemma follows from a formal combination of previous
lemmas.

Lemma 11.5. (1) If n — k # 2 mod 4, then each element of the set
A(M™) mod G(n) belongs to one of the sets B(S*x S"=F), §"=F ¢ gn—Fk(x),
so that the following inclusion holds:

B(S* x §"7%) 5 1n40 + B(S" ) + G(k) mod G(n). (42)
_ For every pair S* € 0% (w), S"~F € 0"F(w) there exists a smooth sphere
SR ¢ 9n=F (1) such that
B(S% x §"7F) = B(S* x S"*)mod G(n). (43)
(2) If M7 is such that
B(M?) # B(S* x 5" %) mod G(n)

for any Sk e ", Sn—k ¢ 6"~ then the manifold M7 is combinatorially
equivalent to the manifold M™ = S* x S"F,

(3) If B(M7}) = B(M})mod G(n) then the manifolds M7{ and MY are
diffeomorphic mod point.!

PrROOF. If n — k # 2mod4, then 0(n — k) = G(n — k) and, by
Lemma 11.4, every element of the set A(M™) belongs to one of the sets
B(S* x 577%)ymod G(n),

which yields Statement (1).

19(n — k) C G(n — k) consists of framed Milnor’s spheres.
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If n—k = 2mod4 and G(n — k)/0(n — k) = Zy (see [6]), then it is
possible that
B(MD") # B(S* x §" %) mod G(n)

for any 5”“7 Sn=F such that S*¥ x S"~* is a r-manifold. In the latter case
assume the contrary: M{ is combinatorially equivalent to S* x S™~* and
some map

foMP— 8% x §gnk
realizes this combinatorial equivalence. By [11], there is a first obstruction
p*(f) € H" (M7, 0%) = 6",
ie. pP(f) € 6% and with the element p*(f) one associates the sphere

Sk e ok,
Consider the standard combinatorial equivalence

fo i S% x SMF L G snR §E = _pk(p),
such that
P*(fo) = —p*(f) = St € 0"
Evidently,
PP (foo ) =0"(f) +p"(fo) = 0.
Consider the second obstruction

pnfk(fo . f) c Hk(erz79n7k) _ 9n7k7

the sphere
Sph = —p"*(fo - f)
and the map
fi:8F gk Gh s gnk
Obviously,

P (frofo- f)=p""F(f) + 0" F(fo- f) =0.

According to the results of [9,11,17], the manifolds M{* and S¥ x S77* are
diffeomorphic mod point, and from §9, we get:

B(M}) = B(SF x S"7F)mod G(n).
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Thus we obtain a contradiction with our assumption, thus Statement (2)
is proved. As for Statement (3), it was essentially proved in §9 (see
Lemma 9.1). The theorem is proved.!

Remark. Since the sphere S"% C §"~*(d7) can always be smoothly
realized in R™ for k > 2, it follows from Smale [19] that S™"~* x DkF! is
diffeomorphic to S % x DF1 k> 2. Thus ™ * x S¥ is diffeomorphic to
Sn—k x Gk,

Lemma 11.6. Ifn—k #£ 2mod4 then any direct product Sk x g{“k 18
diffeomorphic mod point to the direct product S* x Sg_k for some sphere
Sy=k where

Skeoh(m), SPFeoFm), i=1,2, k>2, n—k>k

This fact immediately follows from Theorem 11.5 and Lemma 9.1.

Example 1. Let M" = S? x S¢. Then n(M",SOx) = Z, and the
sequence

0 — m8(S?) + m5(S%) — 7T(S? x 59,52 x §%) L 76(S?) + Zy — 0
is exact. Furthermore,
T (8% x §0) = SN+8 \ gGN+6 GN+2 GN
the set A(M™) = A(M™) consists of all elements of type
Inven + G(2) + G(6) + G(8)
and
B(5% x 8% D 1nyn +0.

How does the group 7+ (M™, M™) act? If a € 75(S?) and b € 75(S%), then,
according to §7, we have:

(b+a)(Ingn+ @) =lnin +a+EVa+ ENbmodG(8).  (44)

Consider the subgroup Zs € a7 (M"™ M™), generated by the
diffeomorphism

f:8%x 8% 5% xs¢
such that f(z,y) = (—x, —y).

'In part II we shall prove that if the quotient group G(n)/8(n) = Zz, then for all
M™ the set A(M™) contains half (exactly half) of the set A(M™), n =4k + 2.
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According to §6 we have:
TN f(Inin + @) = Iy1n — @ mod G(8). (45)

We know that 76(S?) = Zia; let 7 be the generator of the group
76(S?) = Z12 and 7 € ¢ 1(n). Assume also a € G(2) + G(6). Let us
show that

NINngn + @) = Ity + @ mod G(2) + G(8).
By virtue of § 6, the map
fﬁ:52x56—>52x56,
representing the element 77 € 7F(S? x S¢ 52 x §9), induces the map
EN fr EN(S? x S%) — EN (8% x S9)
and, since T (S? x S%) = SN v EN(S2 x S9), it follows from §6 that
EN f5.(In4n + @) = 1(1n1n + @) mod G(8).
Consider the following map
f7: BN (S? x S%) — EN(S?% x S9).

Note that the space E(S? x S%) is homotopically equivalent to the complex
S§3 v S7v SY and that

m9(E(S? x S%)) = 79 (S?) 4 79 (S7) + 79 (S?) + Ker EN 71,
where
m9(S%) = Zs, mo(S") = Za, mo(Sy) =
It is evident that

Efi(Ao) = Ao+ ud + pul?  (mod Ker EN71),

where
ul? € mo(S%), P e mo(ST), o € mo(E(S? x S%).
Since
BN f3(Ingn + ) = g +a+ BN (g + pug?)
and

EN i)y =0, BN 'ul?) e G(2),
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we get
ﬁ(1N+n + a) = ]-N+n + (mOdG(2) + G(S))
Thus we have proved that the set A(S? x S°) is split into the following sets:

(a) Ugscgs B(S? x S%4S5%) = 14y + G(2) + G(8).
(b) Since G(6) = Zo and G(6) # Im EN~1rg(S?), the set
2x 8%\ | B(S* x S°#5%)
S8cps

is non-empty. There is a m-manifold M} of homotopy type S? x S°,
which is not diffeomorphic to S? x S®mod #8.

(c) Since 62 = 6% = 0, we see that the manifold M7 is not combinatorially-
equivalent to S2 x S6.

Lemma 11.7. There exist simply connected and combinatorially non-
equivalent w-manifolds of homotopy type S? x S.

§ 12. Low-dimensional manifolds. Cases n = 4,5,6, 7!

Let M™ be a simply connected manifold of dimension n. Consider the
Thom complex T (M™) and the Thom isomorphism

@ H'(M™) — HYTY(Tn(M™)), i>0.

By uy € HY(T) we denote, as usual, the fundamental class of the Thom
complex. Let w; € HY(M™, Z5) be the normal Stiefel-Whitney classes. The
following lemma is well known.

Lemma 12.1. The formula
(W) = Sq'un (46)
holds.

The proof of this lemma (in the case of the tangent bundle and its Thom
complex) belongs to Thom [21] and Wu [26], and analogously for Thom’s
complexes of any bundle (in our case, the normal bundle).

1A detailed proof of theorems from this section will be given in the next part of this
work.
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If we denote by p;1 € H(M"™, Z3) the modulo 3 reduction of the
Pontrjagin class of normal bundle, then (for n > 6) we have an analogous
formula

¢(p1) = Pluy, (46")
where
P H*(x, Z3) — HY (2, Zs)

is the Steenrod cube. For n = 4 the Pontrjagin class is equal to %7‘, where
7 is the signature of M™ (see [3,16]), and for n = 5 the class p; is zero
because the manifold M?® is simply connected.

Assume n = 4. Then the following lemma holds.

Lemma 12.2. The group w(M* SOy) is trivial for any simply
connected manifold M*.

The proof follows from the fact that
m2(SON) = m4(SON) = 0.
One can also easily prove the following:
Lemma 12.3. The map
T sy (MY (M) — (T3 (M)

is an epimorphism for any simply connected manifold M?*; the group
Im k. (N4 (SN)) is zero.

PROOF. Since the group G(4) is zero, the image Im k. is trivial. Since
the suspension homomorphism

EN :7m,(S?) — G(2)
is an epimorphism, the map
TN (K2 (MY, vN) — TE(M*Y),

(which can be easily reduced to the suspension homomorphism) is also
an epimorphism (note that my(K2(M*),vV) = my(K?(M*))). Since the
natural map

ma (K2 (M), vN) — my (M, vN (M™))

is an epimorphism, the lemma is proved.
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Taking into account that
Tn(M*) = T3 (M™) v SN+,
we obtain the desired statement.

Lemma 12.4. The set B(M*) C A(M*) C nn14(TN) coincides with
the whole set A(M*). Thus

A(M*) = A(M*) = B(M*),

and any two simply connected homotopy equivalent 4-manifolds are
J-equivalent.

The proof immediately follows from Lemma 12.3 and the results
from §7.

Lemma 12.5. (1) If n = 5,6, then there is a well-defined canonical
epimorphism

H3(M™, Z) — n(M"™,SOy).
(2) If n =7 then the sequence
Z =m7(SON) — (M",SON) — H3(M",Z) — 0

18 exact.

PRrROOF. Because

m7(SON) = m3(SON) = Z

and

m2(SON) = m4(SON) = m5(SON) = 7(SON) =0, m(M") =0,

the lemma follows trivially from the obstruction theory for homotopy of
mapping.

Let us study the action of 7(M™, SOy) on the set

A(M™) € 7y (T (M),
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Note that the filtration
Ty O>TR 2> DT >SN

for n <7 contains no more than 6 levels. Taking into account that G(4) =
G(5) =0, we get the following well-defined exact sequences

l
n—3y A n—2y A
7TN+n(TN 3) I 7rN+n(TN 2) - ZG1(2)7

noay A® - S
TN+n(TH ) 5= (T ) = ) G4(3),
l:’/’k’HQ(Mn,ZQ), mzrng(M",ZM),

G(n) = w3 =0,

Gn) = myan (T3 = 32 G4(3)
for n = 7. These exact sequences are induced by exact sequences (33)—(34).
Note that

G(2) = 227 G(?)) = 224 =Im J7

G(G) = 227 G(?) = 2240 =ImJ.

One can easily prove the following:

Lemma 12.6. For n = 6 the cardinality of the set A(M™) is half the
cardinality of A(M™).
If « € A(M™) and p € G(6), B8 # 0, then o + 8 € AM™), but

a+ B¢ AM™).
PRrOOF. Consider an admissible map
fo 2 SNFE s T (M)

such that the manifold M% = f1(M?®) is homotopically equivalent to M.
Besides, let us consider a map

Fy: SN0 N
such that
Fy(w0) = §° x 8,
where zg € SV. The inverse image

Fy'(wo) = 5% x 8% € SNH0
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is a framed manifold, and for the cycles

P xaxcSxS?
and

yx83c8dxs?

there is a well-defined invariant 1) € Z5, which is an obstruction for pulling
the framing for a Morse surgery (see §§2,4). The sum of maps

(Fp + fa) : SNTE — Ty (M)
represents an element o + 8 and
(Fp + fo) 1 (M®) = 8% x S3 U M.

By a Morse surgery, one may transform (Fj + f,) in a way such that the
manifolds M® for our new map (f. + Fjs) homotopic to (Fg + fa), is a
framed connected sum

MP = MS#S3 x 83

analogously to §4 and §9. For the cycles y x S% and S x  C MY, there is
a well-defined invariant ¢» € Z5 which is an obstruction to a Morse surgery.
We have a well-defined invariant ¢ (« + §) # 0 giving an obstruction for
simplification of the inverse image of M{ by Morse surgery (because of the
obstruction ¢ to pulling frame fields). It is easy to see that the invariant v
is well-defined and the class a + 8 ¢ A(MS).

The lemma is proved.

Since G(3) = ImJ and G(7) = Im J, then from Lemma 12.5 and the
definition of J we easily obtain the following:

Lemma 12.7. For every element o € A(M™) the orbit m(M™,SOx) o o
for n <7 contains all elements of the form « + (3, where

Be AP N (T ) C angn (T ) C Tygn (T (M™))

(here A, is the inclusion homomorphism A : T3 C TR in the evact
sequence (33)).

The proof follows from the fact that the sequence

GWHmmmﬁ*Z@@

is exact for n < 7, and from Lemma 12.6 (for the case n = 6).
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Lemma 12.8. The image of the homomorphism composition
l
ATV i (M™) =) Gi(2)
i=1

coincides with the image of A.

The proof of the lemma easily follows from the form of non-stable
homotopy groups of spheres in low dimensions (<7), the structure of the
suspension homomorphism EY and the definition of the homomorphism
TN having all properties analogous to the properties of the suspension
homomorphism (see §7).

Comparing lemmas and results of §§ 1-7, we get the following:

Theorem 12.9. For n < 7, the sets A(M™) and B(M™) c A(M™)
coincide.

PRrROOF. In a sequel of this work we shall study the properties of
TV and the connection of J with the action of m(M™,SOy) in more
details.

§ 13. Connected sum of a manifold
with Milnor’s sphere

Using §9, let us study the question when manifolds M™ and M "#gn
are diffeomorphic of degree +1 (mod 6™ (0m)).

By Lemma 9.1, to perform this deed we should understand the structure
of the homomorphism x, : G(n) — Tnin(Tn(M™)), where x : SN C
Tn(M™) is the natural embedding of the fiber

DN cvN(M™), ze M,

where the boundary D2 is contracted to a point when passing to T (M™).
By Lemma 9.1 we have:

B(M"#5") = B(M") + n.B(5"),

moreover, B(S™) C G(n) is a residue class mod Im J. The following lemma
holds:

Lemma 13.1. If in the set B(S™) there is an element 3 € B(S™) C
G(n) such that k.8 = 0 then the manifolds M™ and M™#S™ are
diffeomorphic mod 0" (dx); in this case there is a sphere ST € 6™(d7) such
that the manifolds M™ and M"#(S"#8™) are diffeomorphic of degree 1.
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PROOF. Let k,3=0, where § € B(5™). Then the intersection B(M™)N
B(M™#S5™) is non-empty, hence

B(M™) = B(M"#5™).

Applying §6, we get the first claim of the lemma. The second claim follows
from the associativity of the operation #. The lemma is proved.

Now let us try to find examples of manifolds M™ for which the kernel
of k. is nontrivial.

Consider an SO-bundle v with fiber S™ and base S!, where m > 1 + 1.
The bundle v is defined by a certain element h € m_1(SOy,+1). Denote by
M™ the total space of the bundle v, n = m + [. We have the following:

Lemma 13.2. The complex TJZ\,(M”) is homotopy equivalent to the
complex DN+ Uz, SN, where Jh € G(1 —1).

PRrOOF. Consider the bundle j*v™ (M™), which is a restriction of the
normal bundle to the frame

K'(M™) = S' & Mm

of dimension [. It is easy to see that the normal bundle j*v™V (M™) is defined
by the invariant

+h € Wlfl(SON) ~ Wlfl(SOerl),

since m > [ + 1. Clearly, the complexes T (M™) and T (S!, j*vN (M™))
coincide, and, by Milnor’s definition [7] of the J-homomorphism, we get the
desired statement. The lemma is proved.

Lemma 13.3. Let, as above, h € m_1(SOpmy1), m > 1+ 1, and o €
G(m+1), so that - Jh ¢ Im J. Then there is a Milnor sphere S™, such
that o - Jh € B(S™) and the manifolds M™ and M"#S™ n = m + 1,
are diffeomorphic of degree +1 modulo 8™ (dr).!

ProOF. Evidently, the element « - Jh belongs to the kernel Ker k. If
n # 2mod 4, then the lemma follows from the previous arguments and the
results of Milnor [see [6, 8]]. If m # 1 mod 4 then the element o € G(m +1)
can be thought of as a framed smooth sphere §gl+17 and the element a-Jh is
a framed direct product S™*1 x $=1: by a single Morse surgery we may kill
the cycles of dimensions [ — 1 and m+ 1, and after that the element «- Jh is
realizable by a homotopy sphere. The lemma is proved. If m +1 = 2mod 4

LCf. also [32].
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and m + | = 2mod4, then the element o can be realized by a framed
manifold @™+ such that

. +1
M@ =1, H@) =0, i£0, "I,

and the group
Hon (Q™) = Z + 2,

moreover, for the basic cycles Z1, Z5 € Hm+1 the Kervaire invariant
2

P = p(a) € 2y

(or ¥(a) € Zy, it m+ 1 = 6,14) is defined. The element « - Jh can be
realized by a direct product Q™! x S!~1. By using Morse surgery, let us
paste the cycle

Zi®1€ Humu (QF! x 8171,

and then the cycle of dimension [ —1 < m+ 1. Since homology groups have

no torsion, this would not lead to new cycles; Morse surgery and pulling the

framings are possible because 71 < [2] and {—1 < [%]. The element o Jh

will hence be realized by a smooth framed sphere. The lemma is proved.

In [13] there is a multiplication table for homotopy groups of spheres.
In particular,

G(l)=ImJ =25, GB)=2Zo+2Z>D>ImJ = 2,
G9)=Zo+Zo+ ZyDImJ =25, G(10)=Zs+ Z3 DImJ = 0.

The products G(1) - G(8) € G(9) and G(1) - G(9) C G(10), moreover
G(1)-G8)=Zy+ Zy, G(1)-G(9) = Zs.

Analogously, G(13) = Z3 and G(3) = Zag + Im J, so that
G(13) = G(3) - G(10), G(13) D> ImJ =0.

Comparing the information above in the groups G(i) and Im J C G(%)
with the previous statements, we get the following:

Theorem 13.4. (a) There exist manifolds M"™ of dimension n =9 and
n = 10 such that (1) wa(M™) # 0; (2) There is a Milnor sphere S™ C 6™ ()

such that M™ = M"™#S™;
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(b) There is a manifold M3 such that (1) p1(M*3) # 0 (mod 3), (2) For
every Milnor’s sphere S¥3 C 013 () = Z3 the manifolds M*® and M134S5*3
are diffeomorphic of degree +1.

Remark. Theorem 13.4 holds for every manifold M® (or M'?) such
that we # 0,71 = 0; analogously for dimension 13.

PROOF. For M?(M1!9) we should take the total space of the bundle v of
spheres of dimensions 7 (or 8) over the sphere S? with ws(v)# 0. Comparing
Lemma 13.3 with the information about the groups G(i), Im J given above,
we obtain the desired statement.

For dimension 13 the proof is analogous. The theorem is proved.

To conclude, the author states the conjecture that for m-manifolds (and
all manifolds homotopically equivalent to them) the connected sum with a
Milnor sphere always change the smooth structure modulo 6(d7).

§ 14. Normal bundles of smooth manifolds!

Completely analogously to the proofs of Theorems from §4 on
realizability of cycles from A(M™) C 7nin(Tn(M™)) we may prove the
following three statements.

Theorem 14.1. Let M?*t1 be a smooth simply connected manifold. In
order for an SOpn-bundle v over M?*+1 to be a normal bundle of some
smooth manifold M***' which is homotopy equivalent to M?*+1 it is
necessary and sufficient that the Thom complex Ty (M3 +1 1) possesses
the following property: the cycle @[M?**1] is spherical.

Theorem 14.2. Let M* k > 1 be a smooth simply connected
manifold. For the SOn-bundle v to be normal bundle of some manifold
M* homotopically equivalent to M**, it is necessary and sufficient that
the Thom complex T (M**,v) possesses the following properties:

(1) the cycle o[M™] is spherical;
(2) if p™) =1+ pr(VY) + - +pr(v™) and

pwN) =pWN) P =1+p 4+ + D

then the Hirzebruch polynomial Li(Dy,...,Dy) is equal to the signature
T(M™).

IThe result of this section is independently obtained by Browder [29].
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Theorem 14.3. Letn = 4k+ 2, let M™ be a smooth manifold, 71 (M™) =
0, vV be a vector SOn-bundle, and let Ty (M™, vV be its Thom’s comple. If
the cycle [M™] is spherical, then there exists a manifold M with boundary
OM?T = S"1 € 9=1(dr) such that there is a mapping of pairs

fo(MP,OMT) — (M",z9), x9€ M",
for which
fo r (M7, OMT) — mi(M™, x0)
is an isomorphism for i < n and f*v™ = vN(MP).

The proofs of the above three theorems are analogous to the proofs of
theorems from § 4, and they use properties of degree 1 maps and properties
of Thom’s complexes.

Remark. Theorems 14.1-14.3 can be given combinatorial meaning
(in their formulation we need not require smoothness of the manifold
M™): namely, if M"™ is a combinatorial manifold in the sense of
Brower—Whitehead, then Thom’s t-regularity notion generalizes for the
combinatorial case and the inverse images f~1(M™) C SV*" of the map

[Nt T (M, o)

will be combinatorial sumanifolds of the sphere SV located in this sphere
with a transverse field in Whitehead’s sense [25]. Thus on the manifold
fH(M™) c SN+ there appears a smooth structure such that

PN (FH M) = N,

Then we may apply the argument of §§ 1-4. Thus, Theorems 14.1-14.3
can be considered as theorems of finding a smooth homotopy equivalent
analog for a combinatorial manifold.

Appendix 1. Homotopy type and Pontrjagin classes

a. There are plenty of relations for homotopy invariance of classes
considered modulo something (Thom, Wu), i.e. congruence-type relations.
Moreover, for manifolds of dimension 4k the Thom-Rokhlin—Hirzebruch
formula expresses the index in terms of Pontrjagin numbers and thus
gives one invariance relation for rational classes. A sequence of negative
examples due to Dold, Milnor, Thom shows that Pontrjagin numbers and
Pontrjagin classes are, “generally”, not invariant. Moreover, in a private
conversation, J. Milnor communicated to the author several examples of



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 169

manifold, which show that among the Pontrjagin numbers, the linear
subspace of homotopically invariant numbers has dimension presumably
less than or equal to half of the total dimension for k > 2,n = 4k.

b. One should especially consider the class p; (M?), or, more generally,
the class Ly (p1, . . ., pr)(M*+1) as rational classes. Rokhlin [35] proved the
topological invariance of these classes. However, the homotopy invariance
is neither proved nor disproved. The author can show that these classes are
not determined by any cohomology invariants. Nothing else is known.

c. In §14 we gave a condition for an SO-bundle, which is necessary
and sufficient for this bundle to be normal for some homotopy equivalent
manifold for n > 4,n # 4k+2 (n = 6 and n = 14 are admitted). Translating
this result into the language of Atiyah-Hirzebruch papers (see [37]), we
obtain a manifold M}, for which the Atiyah-Hirzebruch—Grothendieck
functors

Kr(My) = Z + Kp(M})
and
Jr(MJ) = Z + Jr(M}))

and the natural epimorphism Jp : K R — T R-

Denote by o € Kpr(M{') the normal bundle to M} itself minus its
dimension. Our theorem says: an element [ € K r(M}) corresponds to
a normal bundle of some M{¥ of homotopy type M{ for n # 4k, 4k + 2
orn = 6,n =14 if J(f) = J(a) (Atiyah proved that Thom’s complex
Tn(B) of the bundle 5+ N is reducible if and only if J(5) = J(«a), where
a+ N is the normal bundle); for n = 4k one should also add the Rokhlin-
Thom-Hirzebruch condition for the Pontrjagin classes of the element J3.
For concrete calculations it is recommended here to use Adams’ methods,
his operations <I>’j% and “generalized characteristic classes”, which in certain
cases lead to exact computation of Jg (see [28, 36]).

d. Let X be a finite complex and let

Hiy(X) =Y HY(X,2),
i>0
where

HY%(X, Z)

HY(X,Z) = .
(X, 2) 2-torsion

In the ring H 0 (X), let us consider elements of the form
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where z; € H*(X, Z). The set of such elements forms a group A(X) with
respect to multiplication. There is a well-defined group homomorphism

P: Kr(X) — AX),

which takes a stable SO-bundle (we consider the homomorphism P only
on elements with wy; = 0) to its Pontrjagin polynomial.

It is easy to show that the group Im P is of finite index in the group
A(X). Bott’s paper allow us to calculate the image Im P in the group A(X).

e. Let X = M and let a be, as above, the element in K R, corresponding
to the normal SO-bundle to M{'. The kernel Ker J consists of SO-bundles.
It is easy to see that the group Im P(Ker J) has finite index in A(X). Let
us denote this group by A'(X) = P(KerJ). From the above we get the
following:

Theorem. If n is odd or equal to n = 6,14, then the Pontrjagin
polynomials of normal bundles to manifolds of homotopy type M altogether
constitute the residue of the element P(«) € A(X) by the subgroup N'(X) of
finite index in A(X). Forn = 4k they form not the whole residue class of the
element of P(«), but only its part satisfying the Thom—Rokhlin—Hirzebruch
condition.

From this theorem by considering many examples one may conclude
that for simply connected manifolds of dimension n > 6,n # 4k + 2
be polynomial in Pontrjagin classes except Li(M**), is not a homotopy
invariant.

f. The case n = 4k + 2,n # 6,14 is more complicated. However, with
some homological restriction on the manifold Mg, e.g., if the group

H2k+1(M61k+2, Z) ® Z2

is trivial, this case can be considered. If n = 4k + 2, with each element
B € Kr(M{) such that J(5) = J(«), one associates the invariant ¢(f) €
Zs, so that ¢(8) = 0 if there exists a manifold Mfk+2 of homotopy type
Mék” with normal bundle 5+ N, and ¢(8) = 1 in the opposite case. We
set 8 = a+~, where v € Ker J. Analogously to the author’s work [33] one
shows that

pla+7 +72) = p(a) + ola+7) + pla+12),

where 71,72 € KerJ. Since p(a) = 0, we define a homomorphism
% : KerJ — Zs, where @(v) = ¢(a + 7v),7 € KerJ (we assume that
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H%H(Mélk”, Z) ® Z3 = 0). Thus we have either
Ker © = Ker J

or
_ 1
Ker o = §Ker J.

In the formulation of part e one should replace the group A’(X) with the
group P(Ker §) coinciding with A’(X) or having index 2 in the latter.

Appendix 2. Combinatorial equivalence and Milnor’s
microbundle theory

Is it possible to present, for the class of combinatorial manifolds, any
analogue of the construction given by the author in the present work for
detecting diffeomorphism of smooth manifolds (with the same dimension
restrictions and provided that the manifold is simply connected)?

a. First of all, we need the notion of stable bundle. For the
sake of smoothing combinatorial manifold, Milnor suggested to consider
“combinatorial microbundles” over complexes (see [31,34]). Roughly
speaking, a microbundle is a bundle over a complex, whose fiber is the
Fuclidean space R™ and whose structure group is the group of “micro-
automorphisms”, i.e. piecewise-linear automorphisms with a common fixed
point, which are identified if they coincide in a neighborhood of this point.
Besides, the definition includes the combinatorial structure of the bundle
space (the description of a microbundle given here is not quite exact).
Milnor proved that there is a uniquely defined stable normal microbundle,
though the normal bundle itself does not always exist.

b. Thus, it is worth considering the class of simply connected
combinatorial manifolds {M/'} for n > 5 of the same homotopy type
and with the same stable normal microbundle (as in the smooth case).
As before, we may consider the Thom complex T of the normal bundle
for one manifold M} € {M[}. Further analogy requires the notion of
t-regularity in the combinatorial case. This notion is rather local, and since
the transversality notion makes sense for combinatorial manifolds, then the
notion of ¢t-regularity naturally generalizes. The cycle

e[Mg] € Hyn(Tn)
is spherical as in the case of smooth My, thus the preimages

Fi ) € s
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for a t-regular f : SN*" — T will possess good properties. An analogous
result holds for preimages under homotopy

F:9Nt 1 — Ty,

c. We have to consider Morse surgery in the new situation, when we
want to kill the kernels of the maps

M}l — M,
where M} = f~(Mg'), or
Wit — Mg,

where F: SN*7 x [ — M. Here we meet the following difficulties:

(1) the sphere S* C M} or St C VV}’H7 generally, has no normal
microbundle in a manifold;

(2) if the sphere §* C M7, S* ¢ Wi and it has normal microbundle,
it need not be trivial;

(3) is it possible to “pull” the framings, even if the Morse surgery is
possible? Note that for solving (2) and (3) we were seriously used the fast
stabilization of the embeddings SO; C SOpy; C --- and the results of
Bott, having no combinatorial analog. To avoid these difficulties we should
introduce “local smooth structures” and framings in the neighborhood
of the cycle in question. Recall that a neighborhood of this cycle can
be considered as the preimage of one point xgp € M{. Thus in this
neighborhood we may set up the smooth structure and the framing. The
cycle we are investigating will be a smooth sphere in this smooth structure.
The last remark annihilates all difficulties caused by Morse surgery.

d. Thus all the results work. In all formulations one should replace SOy
with PL and remove the group 6" (0w) from our formulation: this group
consists of spheres which are combinatorially standard. Accordingly, one
should change the group 7 (M™, M™).

e. If MY is smooth, we may apply either combinatorial or smooth
construction to it. As a result, we will be able to study the relation between
smooth and combinatorial method of Thom’s complexes.

f. To apply the combinatorial theory it is important to know the
homotopy group m;(SO), 7;(PL) and the inclusion

m;(SO) — m;(PL).
Recently, Mazur (see [31]) showed that

m;(PL,SO) =T"



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 173

(the Milnor-Thom group)! As it is well known (see [17]), [ = @ for
i # 3,4, T? = 0 and the group I'* is unknown. Since the inclusion
m;(SO) — m;(PL) is monomorphic in all dimensions (Bott [1], Thom,
Rokhlin—Schwarz, Adams), we have:

i Wl(PL)

Let us give a table of groups m;(PL) and inclusions m; C ;(PL) for i < 142

t=0 0 1 2 3 4 56 7 8 9 10 11 12 13 14

WZ(PL) Z Z2 ZQ Z
0 Zy 0 Z '+ oo +Z4 42y +Zy Zg +2Zs 0 Zs Zs
+Qu

The inclusion homomorphism m; C m;(PL) for ¢ < 14 is trivially
obtained by using the theorem on monomorphism of the inclusion and the
structure of the groups I'* (see [6]), except i = 7,11. Here we have:

7T7(SO)=Z, 7T7(PL):Z—|—Z4,

so that usp = Tupr, + vpr, where upy, is an infinite order generator and
vpr, is a generator of order 4;

71'11(50)227 7T11(PL)=Z+Z8,

moreover, uso = 124upy, + vpr, where vpy, is a generator of order 8.

g. The Whitehead homomorphism Jpy : m(PL) — wni(S™)? is
an epimorphism for ¢ # 4k + 2 or ¢ = 10, and the quotient group
7+ (SN)/Im Jpr, contains two elements for i = 2, 6, 14 and no more than
two elements, otherwise. Note that for i =9

Ker JPL = 2299(871').
Conjecture. For i =4k — 1 the group m;(PL) looks like

TN4i(SY)

W(PLY=7Z+7
m;(PL) + Zy, + T Jso

where A\ is, possibly, a power of two.

I This result was independently obtained by Hirsch [38].

2Qu = Z4 or Zo + Zs.

3The definition of Jpy, was not given above, but it can be given analogously to the
usual J-homomorphism.



174 S. P. Novikov

It might be possible that this conjecture can be proved by an
arithmetic argument and comparison of coefficients of the L-genus for
almost parallelizable Milnor’s manifolds Mg* with index 8, Bott’s results
on divisibility of Pontrjagin’s classes of SO-bundles over the sphere and
Adams’ result on stable J-homomorphism, in particular, in representing the
image of Im Jso as a direct summand in mx;4x_1(SY). We assume that

Jpr(Z + Zy,) =Im Jso
and also

TN +ak—1(SY)

(SN =JpL(Z+Z
TN4ak—1(S™) pr(Z + Zx,) + T Jso

This would yield that the group #*~1(9r) C #*~! is a direct summand.
Besides, the group

7T4k_1(50) =7 C 7T4k_1(PL)
should be included as follows:
uso = OpUpL + VPL,

where upy, is an infinite order generator and vpy, is a generator of order \.
Then the order of #**=1(dr) is equal to dxAx. If the conjecture is true, we
may assume Bott’s theorem for the combinatorial case.
Let ap = 1 for k even, and let ap = 2 for k odd; let
173

Ly(p1y- .- oK) = . T

where ty, si are relatively prime. Since Lk(M{)”’“) = 8, we have:

pre(MEF) = 82k
123
For SO-bundles over the sphere the class py is divisible by ax(2k —1)! Let
us find the common denominator ¢ for 8% and ay(2k — 1)1, where ¢y is a
divisor of t, (and it is equal to tx, tx/2, ¢ /4 or t /8, if t), is divisible by the
corresponding powers of two). After that, let us find the greatest common
divisor dj of the numerators of the corresponding irreducible fractions.

Conjecture. The Pontrjagin class of the stable microbundle over the
sphere S** is a multiple of dy, /ty, and there is a microbundle with such class.

In particular, for k£ = 2,3 this conjecture is proved by the author:

dy 6 dy 25

ta T 1y 1247
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Thus we have proved the following:

Corollary. The Pontrjagin classes of microbundles over the spheres
S8 and S'? are multiples ofg and 2 - 51/124, respectively, and there exist
microbundles with such classes.

Remark. The results of §11 are naturally attached to part (e) of
the present appendix, which deals with the relation between smooth and
combinatorial manifolds (provided that normal bundles coincide). It is
especially important to understand the example S? x S°, showing the non-
triviality of the combinatorial theory. This follows from G(6)/Im Jpr, = Z>.

Conjecture. If simply connected manifolds M{" and M3, n > 7 having
the same homotopy type and normal bundle are such that Hyyyo (M, Zs) =
0, 2 <4k + 2 < n then they are combinatorially equivalent (possibly, it is
sufficient to require this condition only for k = 1,3).

Appendix 3. On groups 04~1(9m)

a. Starting from the Hirzebruch formula and Milnor—Kervaire results [6]
we see that the order of the group #**~1(d7) can be expressed in terms of
the image of Whiteheads homomorphism

Js0 i Tar—1(SON) — T sar—1(SY).

In recent Adams’ works the image Im Jgo is completely calculated for even
k, and up to a factor 1 or 2 for even k 4 1, and in all known cases this
factor is equal to 1. Moreover, it follows from Adams’ works that the order
of the image Im Jg¢ is completely defined by the integrality property of the
Borel-Hirzebruch A-genus [30] (up to a constant factor). From comparison
of papers by Milnor-Kervaire [5] and Adams [28] one can see that an odd
order factor of Im Jgo is completely defined by the Hirzebruch L-genus.
Combining these results, we get the following statement:

Theorem 1. The odd part of the group 0**~1(dr) C 6*~1 is a direct
summand in *F1.

To prove the statement, one should construct a homomorphism
—4k—1
h:o*t 9 (Om),

where §4k_1(87r) is the odd part of the group 6*~1(dr). The
homomorphism % _can be constructed quite easily. To do that, we should
span the sphere S*~! C #*~! by a membrane W**, fill in the boundary
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OW* = 541 1y a ball, and for the obtained manifold Witk take the value
of the combinatorial class py(W§*) mod 1. If

§4k71 c prE—1 (aﬂ)’

then the constructed homomorphism can identify only those elements which
differ by an order element of type 2s: these follow from Adams’ results.

b. The study of the even part of 63" '(dr) C 6*~1(dr) is more
complicated. To do it, let us consider the homomorphism

N
947%1& 7TN+4k—1(S )ﬂ)v4k—1

oq:
ped Im Jso

where ¢ is the Milnor homomorphism and p is the “forgetting of framing”
homomorphism of sphere homotopy groups to “spinor cobordisms”, made
out of simply connected manifolds satisfying W = 0. It is evident that

9*=1(dm) C Ker(p o q).

Applying Adams’ results, we obtain the following Statement:
Theorem 2. If k is even then the subgroup 9?5)_1(877) C Ker(pogq) is
represented as a direct summand. If k is odd then either

9;“6_1 (0r) C Ker(poq)

is a direct summand or

9§k‘1(87r) c Ker(poq)
Zo Zo

is a direct summand.

The proof is similar to that of Theorem 1, but the membrane should be
spanned for W5 = 0 and instead of the class py one should take the A-genus
for k even and the $A for k odd (modulo 1). Note that for dimensions 9
and 10 (and also 17, 18) the image of the homomorphism p o ¢ is nontrivial
[see [33]].

Conjecture. For dimensions 4k — 1, the homomorphism po q is trivial.

c. The study of action of #*~1(97) on manifolds is a difficult problem
which cannot be solved by using only our methods. Let us show some
relatively simple cases, where we are able to shed light on this question.
Let the manifold M**~1 (not necessarily simply connected) be such that
the groups H*(M* =1 Q) are trivial (I =1,2,...,Q is the field of rational
numbers).



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 177

Theorem 3.' If the order of the sphere Sik=1 ¢ 0% =1(dr) in the
group 0**=1(0r) is odd, then the manifolds M**~1 and M*~1454%=1 gre
not diffeomorphic of degree +1.

To prove this theorem, we shall use the following scheme. _
1. We construct a membrane W4F W4k =(— M4k =1y (MR- 1454k~ 1)
such that

Hy(W** M*=1 =0, i+ 2k,
for which a retraction F : W4 — M*~1 is given such that
F*VN(M4I€71) _ VN(W4k),

where v~ (M) is the normal bundle of the manifold M.
2. Given a diffeomorphism

h M4k71 _ M4k71#§4k71

of degree +1. Let us identify the boundaries of the membrane W4*~1 by
using h. Denote the obtained orientable closed manifold by V4.

3. One can show that the groups H*(V* Q) =0,1=1,...,k—1,1 # &,
but for [ = % the group

HH (VI Q) = HH W M1 Q) + B, 1(B) = 0.

4. If the sphere S*=1c@*~1(dr) is of odd order, then the class
pr(V4*) is fractional analogously to Theorem 1. The contradiction proves
the theorem.

If, in addition, H;(M*~!) = 0 and Wo(M*~1) = 0, then for
Sk=1 6**=1(d1) we may, analogously to Theorems 2 and 3, prove, by
using the Hirzebruch A-genus and Adams’ theorems that the spehre Gak=1
changes the smooth structure after addition of M**~! (one should note that
Wo(W*F) = 0 and W2 (V*) = 0, and instead of the class pi one should
take Ay[V*] if k is even, and $A,[V4*] if k is odd).

d. For n = 4k 4+ 1, as shown above, the image of

pogq: gl k=1

spin

If H4(M7,Q) # 0 and p; # 0, then Theorem 3 is inapplicable, as one example due
to the author shows.
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may be nontrivial. For example, for k = 2 the image Im p o g = Z5. Moreover
(see Appendix 2), the group mo(PL) = Zs + Zs + Q4, where Q4 = Z4 or
Zo+ Zs.

By analogous arguments we may show that the group

Kerpoq=Zy+ Zo C 6°,

and the group 0°(9m) C Ker(po q) is a direct summand. Moreover, we may
show that

ImJpy, = G(g)7
where G(i) = mn4+:(SV), so that
Jpr(Ze + Zs) = G(1)G(8) = Zas + Zs

and

G(9)
G(L)G(8)
ImJpp = Zy = 6°(dn) C mo(PL)

Jpr(Q4) = = Zo,

(namely, Jp} Jso = Za2 + Zo and 0°(0n) = Jp} Jso/m9(SO)). Since
99

- _7Z

Ker(poq)

we cannot prove that the group 6°(d7) is a direct summand.

Conjecture. 0% = Zy + Zy and mg(PL) = Zy + Za + Z4.

Appendix 4. Embedding of homotopy spheres
into Euclidean space and the suspension
stable homomorphism

It is well known that the usual sphere S™ can be in the standard
way embedded in ~R"“. Moreover, it follows from Smale’s works that a
homotopy sphere S™ for n # 3,4 is diffeomorphic to the standard sphere
S™ if and only if it can be smoothly embedded into R"“.Nlt follows from
Milnor, Kervaire and Hirsch [6, 19] that a homotopy sphere S™ is a boundary
of a m-manifold if and only if it can be embedded into the Euclidean space
R™*2. On the other hand, Haefliger showed that any homotopy sphere Sn s
embeddable into R"*7 approximately for j > 2 +1." We shall consider only

IThe order of the normal bundle a € 7,,—1(SO;) is 2" for j > 7+ 1
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embeddings of homotopy spheres Sn C R™tF for 2 < k < n—1 with trivial
normal bundle, the “r-embeddings”. It is easy to extract some necessary
conditions for the existence of a m-embeddings S™ C R"** from homotopy
groups of spheres. o

Consider the set B(S™) C 7nin(SY) which is a residue class
modulo J7,(SOn).

Lemma 1. If there is a m-embedding Sn c Rk then there ewists
an element o € B(S™) such that o € EN- k(w 1+£(SF)) where E is the
suspension.

The proof of the lemma trivially follows from the interpretation of the
suspension homomorphism in terms of framed manifolds. As for sufficiency
of the condition of Lemma 1, we have the following:

Theorem 1. If there is an element o € B(S™) such that o € Im EN
then there exists a w-embedding S™ C R"TF+L,

The proof of the theorem uses the results of §11 on differentiable
structures on the Cartesian product of spheres and follows from Lemmas 1,
2 and 3.

Lemma 2. With the assumptions of Theorem 1, the sets B(S™ x S*)
and
B(S" x §F) € A C iy (Tn(SN x S%Y)
coincide up to Im k., where k: S™ C Ty.

Lemma 3. If the sets B(M™) and B(M™) C A coincide modulo Im k..,
then the manifolds M{™ and M™ are diffeomorphic modulo 6™ (7).

The proof of Lemma 3 is given in § 9 for all cases except m = 2 (mod 4).
For a proof of Lemma 3 for m = 2 (mod 4), see [33].

Lemma 4. If a manifold M"HE s diffeomorphic to S™ x Sk mod 9k,

where M+ = 5 Sk then the homotopy sphere S™ admits a - embedding
into RMTFHL

The proof of Lemma 4 is obvious.
Consider the special case k = 3. The following lemma holds:

Lemma 5.' If the sphere S™ is m-embedded into S"+3, then it bounds
a manifold Wt c S"3 whose normal bundle is an SOsz-bundle with
Chern class ¢; € H* (W™ such that ¢ = 0.

IThe idea of the proof of Lemma 5 is borrowed from V. A. Rokhlin’s works.
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PRrROOF. For the sphere §”, construct a frame field 73, normal to the
sphere in S"*3, and let us take the small sphere to the boundary 5% x S™ of
the tubular neighborhood by using the first vector of the frame field. The
obtained manifold S™ C S? x S™ is null-homologous in the complement

S Int D3 x S™,
in such a way that the membrane spanning can be thought of as a manifold

W with boundary S™ € §2 x S = 9(S™3\Int D? x S™). By the way,
it trivially follows from Smale [19] that

S\ Int D? x S

is diffeomorphic to S? x D™ t!. The membrane W"*t! realizes the basic cycle
of the group

H,.1(S? x D" 9(S? x D"™Y)) = Z.

The normal bundle to the membrane W™+ in §"*3 is an SO,-bundle, and
it is defined by the Chern class ¢; € H?(W™*1). Let us show that ¢ = 0.
We shall assume n > 3. Then

H, 1(S?* x D" =0.
The self-intersection
wrtl gyt o Sn+3\1nt D3 x §n

defines an (n — 1)-dimensional cycle modulo boundary, and it is a
submanifold V"=! ¢ W+, Since

oWt = 5" ¢ 8% x §",
we may assume that V™! lies strictly inside W"*! and it is closed
(it is easy to see that in dimension n — 1 we have: H,,_1(S? x D"*l) =
H, 1(8? x D" 9(S? x D"*1)) =0).
Denote by

Das 2 Hj(M,0M) — H'"™7 (M)
the Poincaré duality isomorphism, and denote by ¢ the embedding

Wt ¢ 73\ Int D3 x S™.
Then

cf = i {Dariu[W"H}? = i Doy {a [W ] - i [W T}
= "Dy [V =0,

where M = S"+3\Int D3 x S™.
The lemma is proved.



HomoToPicALLY EQUIVALENT SMOOTH MANIFOLDS 181

From lemma it immediately follows that the connected submanifold
V’n—l — Wn+l . Wn+1

with V=1 C VV"+1 has a trivial normal bundle in WntL Moreover, if
for the boundary S” C 52 x S™ we define a 2-frame field 7o, which is
normal to S™ in 52 x S"7 and extend it to the interior of W"*!, then for an
appropriate choice of the field and its extension (which will also be denoted
by 72) the singularity manifold of the field 75 inside W™*! coincides with
the manifold V*~! ¢ W"*!, The tubular neighborhood D x V"1 of V71
in W™+ has boundary S' x V"1 on which the field 7 is defined and
degenerate. Let us add to 75/S* x V"1 the radius-vector directed inside
the ball D? normally to the boundary S* = 9D? at each point. Thus we
get a 3-field 73 on St x VL,
The following lemma is evident.

Lemma 6. Framed manifolds (S™,73) and (S* x V™1 73) define the
same element of the group m,+3(S®) (we should take W”*l\Int D2 xyn1
to be the membrane connecting these framed manifolds).

Conjecture. If the sphere S is wr-embedded into S™3 then there is a
normal framed field 75 on this sphere such that the framed manifold (S™, 13)

defines an element of m,43(S3) which factors as 3o a, where o € m,43(S*)
and 3 € m4(S3) =

PROOF. In the group G, the set B(S™) C G, contains o3, where o €

Gn_1, B € G1 (thus the element a8 has order not greater than two), if Sn
is m-embeddable into S™*3.

Since the image of the higher suspension of the groups m,:+3(S%)
contains elements of odd order p not belonging to the group Jm,(SOx),
then for £ = 2 and k = 3 in Theorem 1 we cannot get rid of the difference
by one in the necessary condition (Lemma 1) and the sufficient condition
(Theorem 1).
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Rational Pontrjagin classes.
Homeomorphism and homotopy
type of closed manifolds!

S. P. Novikov

In a number of special cases it is proved that the rational Pontrjagin—
Hirzebruch classes may be computed in terms of cohomology invariants of
various infinitely-sheeted coverings. This proves their homotopy invariance
for the cases in question (Theorems 1 and 2). The methods are applied to
the problem of topological invariance of the indicated classes (Theorem 3).
From the results there follow various homeomorphism and homotopy types
of closed simply connected manifolds, which yields a solution to the problem
of Hurewicz for the first time in dimension larger than three (Theorem
4). We note that in the paper [3] the author completed the proof of the
topological invariance of all the rational Pontrjagin classes by using quite
a different method.?

I Translated by J. M. Danskin (edited by V. O. Manturov), Izvestiya Akademii Nauk
SSSR, ser. matem., 1965, T. 29, ss. 1373-1388 (Received April 3, 1965).

2Many years ago, M. Gromov completely realized this plan of purely homological
proof of topological invariance for rational Pontrjagin classes in all dimensions. — S. P.
Novikov’s remark (2004).
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Introduction

As it is well known, already for three-dimensional manifolds
homeomorphism is distinct from the homotopy type in the sense that
there exist closed manifolds which are homotopically equivalent but not
homeomorphic. They are distinguished by the Reidemeister invariant called
“torsion”. It is natural to expect that in dimension n > 3 homeomorphism
will not coincide with homotopy type, either. For example, they are
distinguished by the torsion invariant in higher dimensions as well, if
one proves that torsion is topological invariant. Another widely known
invariant, not a homotopy invariant, but, conjecturally, a topological
invariant, is the Pontrjagin class, considered as rational. However, in
dimension n > 3 no invariant has been established as topological unless
it is also obviously homotopic. It is interesting that for n = 3 the torsion
invariant, as a means of distinguishing combinatorial lens spaces, has been
known since the 1930s, and its topological invariance was obtained only in
1950s in the form of a consequence of the “Hauptvermutung” (Moise). The
situation is that in three dimensions a continuous homeomorphism may be
approximated by a piecewise linear one. This can hardly be true in higher
dimensions, and even if it is true, at the present time there are no means
in sight for the proof of this fact.

In the present paper we study the rational Pontrjagin classes as
topological and homotopy invariants. It is known that for simply connected
manifolds there are no “rational relations” of homotopy invariance of classes
other than the signature theorem:

(Lk(ph cee 7pk)7 [M4k]) = T(M4k)7

where 7(M**) denotes the signature of the quadratic form (22, [M**]), x €
H?¢(M*  R) and Ly are the Hirzebruch polynomials for the Pontrjagin
classes. In what follows we shall speak about the classes Ly, = Ly(p1,...,pk)
along with the classes py for manifolds, since the former are convenient in
the investigation of invariance. This is shown by the signature theorem
presented above and the combinatorial results of Thom, Rokhlin, and
Schwarz (see [4-6]). The only “gap” in the theory of Pontrjagin classes, from
the point of view of the problems posed, was the theorem of Rokhlin, proved
in 1957, establishing that the class Ly(M**1) is a topological invariant,
but here it was not known whether the indicated class was a homotopy
invariant (see [4]). Though Rokhlin’s proof does not formally involve the
fundamental group, one should note that this theorem is empty for simply
connected manifolds since Hyy,(M**+1) = 0.

In the present paper we establish for certain cases the algebraic
connection of the classes with the fundamental group. From the resulting
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relation, it follows that the class Ly(M***+1) is in essence a homotopy
invariant. The formulas (see §3) found by the author may be (up
to some extent) considered as generalizations of Hirzebruch’s formulas.
Their connection to coverings was rather unexpected, since in the
characteristic class theory the fundamental group had hitherto played no
role at all.

It was possible to apply these formulas to the question of topological
invariance of Pontrjagin’s classes. Under certain conditions we were able to
prove that the scalar products (L, x), where x € Hyp(M™), n = 4k+2, are
topological invariants. Already for M™ = S? x §%* this fact allows one to
solve affirmatively the distinction question between homeomorphism and
homotopy type for all dimensions of the form 4k + 2,k > 1, and in the
class of simply connected manifolds, for which the “simple” homotopy type
coincides with the ordinary one.

The basic results of this paper were sketched in [1].

We take this opportunity to express my gratitude to V. A. Rokhlin for
useful discussions on this work.

§ 1. Signature of a cycle and its properties

In this section we collect a number of simple algebraic facts on quadratic
forms to be used in the sequel.

We assume that we are given a real linear space P, possibly of infinite
dimension, and that on P there is a symmetric bilinear form (z,y)-valued
in R. We shall be interested only in the case when P can be represented
as P = P; + P5, where P; is finite-dimensional and (z,y) = 0, y € P,
x € P, i.e. the entire form is concentrated on a finite-dimensional subspace
P, C P; certainly the choice of the latter is non-unique. In this case we shall
say that the form is of finite type. The quadratic form (z, ) is concentrated,
essentially, on P, and one can consider its signature, which we shall use
as the signature of (z,x) on P. The signature does not depend on the
choice of P;. Evidently, every subspace P’ C P is such that the form (z, x)
for x € P is of finite type, too, and has a signature in the same sense: one
can easily find a decomposition P’ = P + Py, where (z,y) =0, y € Pj and
P} is finite-dimensional.

The following facts on the signature easily follow from the analogous
facts for forms on finite-dimensional spaces.

a) Given two subspaces P’ C P and P"” C P such that every element of
Pis asum x4+ 23, 21 € P’, 29 € P”. If the form (x,y) vanishes identically
on P’ and on P”| then the signature of (x, x) is zero on P. If now the forms
on P" and P” are nontrivial but P’ and P” are as P’ = (P'(P")+ P|
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and P” = (P'(\P") + P/ so that (z,y) =0, fory € P{, z € P', y € P/,
x € P”, then the signature of (x,z) on P coincides with the signature of
(x,x) on P"N P".

b) Given a subspace P’ C P such that (x,y) = 0 implies that for all
x € P we have (y,y) = 0, then the signature of (z,z) on P’ coincides with
the signature of (x,x) on P.

Suppose that K
is any locally finite complex and z € Hy,(K,Z)/ Torsion. Consider the
group H?*(K, R) = P and the bilinear form (z,y) = (zy, 2), z,y € P. It is
easy to prove:

Lemma 1.1. The bilinear form (z,y) has finite type on the group P =
H?*(K,R).

PROOF. One can find a finite subcomplex K; ¢ K such that in K,
there is an element z; € Hy,(K;) and z = i,2;. The group H?*(K, R)
is finite-dimensional. The homomorphism i*: P — H?*(K, R) is defined.
Since

(("2)(@*y), 21) = (zy, 2) = (2,9),

the kernel Keri* C P consists only of those elements y € Keri* for which
(x,y) = 0. The image Im¢* is finite-dimensional, and therefore the form
(x,y) has finite type on P. Thus lemma is proved.

Therefore the signature of the form P = H?*(K, R) is determined.

By nondegenerate part of a form of finite type on a linear space P we
shall mean a subspace P; C P such that the form is nondegenerate on P;
and is trivial on the orthogonal complement to P;. It is natural to consider
P, as a factor of P. Evidently the signature is defined by the nondegenerate
part of the quadratic form, the latter being uniquely defined.

Lemma 1.2. Suppose that K1 C Ko C --- C K s an increasing
sequence of locally finite complexes and K = Uj K;. Denote the inclusion

K1 C Kj by ij and denote the inclusion K1 C K by i. Given an element
Ky € Hy,(Ky,Z)/Torsion such that ij.z1 # 0, iwz1 #0. Consider the
elements ij.z1 = zj and forms on the spaces Pj = H**(K;, R). Then the
nondegenerate part of a quadratic form on P; is one and the same for all
sufficiently large indices and it coincides with the nondegenerate part of the
quadratic form on P = H**(K,R).

PRrROOF. Consider the homomorphisms 2;‘ P; — Py and i*: P—P;. In
Py, select a finite-dimensional nondegenerate part P; C Pj; then we may
suppose that the images of all nondegenerate parts PJf C P under i} belong
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to P{ C P;.' But the image
Imi* = ﬂImin;
J

because of finite-dimensionality of P and the inclusion
Imi* D Imij

for all j, we obtain a stabilization of the images z;‘Pj’ C Pj. Now, since the
kernel Ker ¢} consists only of the purely degenerate part, it follows that the
forms coincide on P/ and on 4} P;. The lemma is proved.
In the sequel the signature of the natural form on P = H?*(K, R) for
a given element z € Hyy (K, Z)/Tor will be called the signature of z; it is
denoted by 7(2). If K = M* and z = [M*], then 7(2) = 7(M*).
Evidently 7(—2) = —7(2) and 7(A\z) = 7(2), if A > 0.

8§ 2. The basic lemma

Assume W™ is an open manifold and assume V™! is a submanifold
separating W™ into W and Ws in such a way that Wi W, = W»
and Wy Wz = V"L We assume that V and W are smooth (or PL)
manifolds and the embedding i: V"~! € W" is smooth or PL. Now, given
a continuous (not necessarily smooth or PL) mapping T: W"™ — W™ such
that the intersection TV" !\ V"~! is empty, while V"~! and TV"~!
cobound a connected piece of the manifold W". Moreover, require that
the mapping W™ — W™ /T is a covering, so that the intersection TN (| N
coincides with TV"~! and so that W™ is as

W = UTZN.
l

Under the conditions above, the following lemma holds.

Basic lemma. For any element z € Hy, (V" 1, Z)/Tor such that i,z #
0 mod Tor, Tyi.z = i,z and the membrane between z and Tz lies in N,
then
7(2) = 7(ix2)
provided that either of the following holds:
a) n =4k +1, V"1 is compact, z = [V"71];

ITo prove the stabilization, it is convenient here to select in K ;j finite subcomplexes
K; C Kj such that K; C K11 and Uj K = K, and carry out the argument for K ;.
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b) n is arbitrary, but the group Hop1 (W™, R) has no T-free elements.
(This means that for any o € Hapy1 (W™, R) there is an index ¢ = q(«)
such that

q
o = Z )\lTia.
=1

For example, this is satisfied if the group Hopi1 (W™ R) is finite-
dimensional.)

PROOF. Denote by 41 and s, the embeddings V*~! ¢ W; and V! C
W, respectively, and denote by J; € H?*(V"~1 R) the image H?*(W;, R).
On J;, the form (22,2) = (x,z) is defined. The signature of this form
coincides with the signature of the cycle i,z € Hy(W;), as shown in § 1.
We have:

Lemma 2.1. 7(ij2) = 7(ixz), | = 1,2.

The proof of Lemma 2.1 follows from Lemma 1.2. Indeed, for the proof
of the equation 7(i;.2) = 7(ixz) one should set

Ki=NUT!N,... K=K, UT"'NUT™N,..., K =W",
and analogously decompose

U =T7'K;, Wy=K',

take into account that 7 homeomorphically maps K onto K, and apply
Lemma 1.2 from §1.

From the proof of Lemma 2.1 we have:

Lemma 2.1'. Let J be the image i* H**(W™, R). Then the nondegene-
rate part of the form on J;, Il = 1,2, can be chosen with support on J =
JiNJs.

In order to finish the proof of the basic lemma, we need to establish
that the signature of the quadratic form on J coincides with the signature
of the quadratic form on the entire group P = H?*(V"~1 R).

1. Assume first n = 4k + 1 and 2z = [V"71]. Suppose that o € P and
(a,z) = 0, z € Jy. Then the element a N [V~ = B € Hayp(V""1 R),

L Certainly, the main role is played by the T-invariance of i.z, and the condition on
the film cobounding z and T'z, where z € Hy(V), Tz € Hy,(TV).
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obviously satisfies (8,2) = 0, x € J;. This means that 1,6 = 0. Since
1153 = 0, the self-intersection index (3o 8 = 0. Thus

(@, [V =Bop=0.

From the algebraic properties of the signature (see §1, b)) we conclude
that the signature of the form on .J; coincides with the signature of the
form on P, the latter signature being equal 7(z) = 7(V"71).

The theorem is proved for n = 4k + 1.

2. Now assume n > 4k + 1. It follows from Lemmas 2.1 and 2.1’ and
properties of the signature (see §1, a)) that the signature 7(i.z), which
coincides with the signature of the form on J C P, is equal to the signature
of the form on the space P’, the latter defining the linear envelope of Jy
and JQ.

Now suppose that @« € P and {o,z) = 0, x € P’. Consider the
element 3 = aNz € Hoy(V™" 1 R). Since (B,z) = 0, x € P', we
have i1, = 9, = 0. The two membranes 0; and 0, spanning the cycle
representing the element in W7 and W, respectively, define a cycle 6 =
01 — 02, to be considered as an element § € Hakr1 (W™, R). Since by
assumption

(%)
§=>_ NT,
=1

there exists a 2k + 2-chain ¢y in W", whose boundary defines this relation.
Set

q(9)
c=c"+ E NT'E 4+
l

Litetln
> N A, T ot
=1 l

1seeosbm

Though ¢ is a noncompact chain, its compact boundary in ¢, and the
intersection ¢ N V"~ ! is compact. However, the boundary of the intersec-
tion d(c N V"~1) is exactly 3. Therefore

B=anz=0 and (a?2)=0.

The basic lemma is proved.

Remark. As V. A. Rokhlin pointed to me, in the part of the basic
lemma related to n = 4k + 1, it is essentially proved that if M?* is one of
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the boundary components of any (say, open) manifold W**! then
(M) = (i1 [M**]);

the conclusion concerning the signature 7(i,z) in the union W = Wy U Wy
therefore proved by using the transformation 7: W — W. One can avoid
this to prove an analogue of the lemma for the case when W is an open
manifold and M** is a separating compact cycle, thus the transformation 7'
essentially does not play a great role here. However, for n = 4k + 2 this
argument not using 7', has not been successfully applied in the homotopy
theorem.

§ 3. Theorems on homotopy invariance. Generalized
signature theorem

Consider a closed manifold M"™ where n = 4k+m. Given an element z €
Hyp(M™, Z)/Tor whose dual D, € H™(M", Z) is a product of indivisible
elements D, =y - - -y, mod Tor,y; € HY(M™, Z). We define the covering
p: M— M "™ under which a path v+ C M"™ is closed if and only if
(vy;) =0, j = 1,...,m. Evidently, we have an action of the monodromy
group on M , this monodromy group is generated by mutually commuting
transformations T4, ..., Ty, : M — M.

Lemma 3.1. There exists an element z € H4k(1/\4\, Z) such that T;Z =
Z,j=1,...,m, and psz = z.

PROOF. Let us realize the cycles Dy; € H,_1(M", Z) by submanifolds
Mi"*1 C M™, and realize z by the intersection

4k -1 —1
M* =MPtae M

It is easy to see that all paths lying in M** are covered by closed loops.
Thus there is a well-defined covering embedding M** C M, which delivers
the required element z. The lemma is proved.

Now consider the Serre fibration

q: M Mo m

where the base space has the homotopy type of 1™, the total space is of
type M™ and the fiber is of type M. This fibration is dual to the covering. It
is defined in a homotopically invariant manner. Evidently the term Ej"**

of the homology spectral sequence is isomorphic to the subgroup H}Y C
Hy, (M, Z), consisting of elements which are invariant under the action of
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the monodromy group. We have a group ET4* C E;"Ak , consisting of
cycles of all differentials of the spectral sequence of the covering.

Lemma 3.2. The subgroup ET*F is infinite cyclic. It is precisely the
group H,(M™) = Z, and

m—1,4k+1 __ _ 1,4k+m—1 __
E™ =...=EL =0.

PROOF. The fact that E7** is a quotient of H,,(M™), is a consequence
of the definition of filtration in the homological spectral sequence. Therefore
it is a cyclic group. We note that E74* is infinite and the corresponding
element was constructed in Lemma 3.1. Therefore E7 =545 is trivial
for s > 0. The lemma is proved.

As a corollary of Lemmas 3.1 and 3.2 we get:

Lemma 3.3. There erists a unique element z € H4k(]\/4\, Z) such that
T.z =z, and in terms ET*F of the covering spectral sequence the element
2 @ [T™] belongs to the group ET* = Z ie. 2 @ [T™] is a cycle of all
the differentials; [T™] is the fundamental cycle of the torus.

Lemma 3.3 is a unification of Lemmas 3.1 and 3.2 with the additional
observation that in Lemma 3.1 an element of E™%* was explicitly
constructed. The element Z indicated in Lemma 3.3, will be called canonical.

Theorem 3.4. For m = 1 and m = 2 with the additional condition
that the group Hop11(M, R) is finite-dimensional, we have the formula for
indivisible z € Hy,(M™, Z), Dz = y1,. .., Ym:

(Li(M"), z) = 7(2),

where z is a canonical element. In particular, this scalar product is a
homotopy invariant.

Corollary 3.5. The rational class Ly(M***1) is a homotopy invariant.

We note for example that if 71 (M®°) = Z and p;(M®) # 0, then the
group 72 (M?) is infinite, although this may not be seen in homology. The
resulting formula makes it possible to define Lj(M**+1) for all homology
manifolds.

Corollary 3.6. The class Li(M**2) of a manifold of T*+2
homotopy type is trivial. The scalar product of Ly(M** x T?) with the
cycle z = [M*k] x 0 is homotopically invariant and is equal to T(M**).
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It would be interesting to deal with the question as to whether there
exist invariant relations on the stable tangent bundle other than those
which are given by the J-functor and Theorem 1 for n = 4k + 1 under the
assumption that the group 7 is commutative and H**(M™) =0, i < k.

PrROOF OF THEOREM 1. First we consider the case m =1, n =1+ 4k.
In this case the elements z and Z are indivisible. From the fundamental
lemma proved in §2, we have

7(2) = T(M),
where M*# C M and 2 = i,[M*]. On the other hand, z = p, % and
Ly (M) = p* Li(M*+1).
Therefore
(Le(M),2) = 7(M*) = 7(2) = (Lp (M), 2).

For m = 1 the theorem is proved.

Now we turn to the case m = 2. We recall first that the element z
is indivisible, where Dz = yjiy2. The indivisible elements Dy, Dyy are
realized by submanifolds M]"~* and M}~ ', and the element z is realized
by their intersection

M*™ = MP~tn Myt

Consider the covering p: M — M™ defined above. The manifold M4 c
M ! defines an indivisible element z; € H4k(M ) By the previous

lemma for m = 1 we conclude that on ¢: M7 M M covering M{"~ ! there
is one cycle z1 such that

7(Z1) = (Lp(M}1), 2).

The mapping 7T5: M — M is such that the basic lemma can
be applied to the ball Mo M" L and to the elements 21, ,2;. Thus,

T(Z1) = 7(ix21).
Accordingly
7(i21) = (Le(M{ 1), 21) = 7(M™).

But i.2] = 2z and 7(M*) = (L;(M"), z), which implies Theorem 3.4 for
the indivisible cycle z. The theorem is proved.

Now suppose that z = X2/ and Dz = wyiy2, where y1, yo are
indivisible elements of the group H'(M™, z). As before, suppose that
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M* = Mt MY~ and that on M~ and My ~' the manifold M*
realizes z1 and zo, respectively. If at least one of z; or 29 is indivisible, then
the former argument works. Moreover, if 21 = A1z} and zo = A224, then for
]\//.71"71 and ]\72"71 we have:

(Le (M), 21) = M(Li(M] ™), 21) = M (Z]) = A (inZ) = Nir(2),
since 7(uz) = 7(2) for p > 0,1 = 1,2, Ay > 0. Thus A\ = A, if 7(2) # 0.
Thus, the cycles z; and z are divisible by one and the same number p =

A= Ao

Remark. M*F separates each of M{“l and M2"71 into exactly u pieces,

ai,...,a, and by,...,b,, respectively, where
Myt =y,

J
Myt = Jb;.

J
The pieces a; and b; are cyclically ordered. Therefore the boundary of

each of those pieces is split into two parts 0} and 0] for a; and ¢ and 07
and b;, passing one after another in the cyclic order.

The preceding argument yields:

Theorem 3.7. If the element z € Hy(M", Z) is divisible by A, where
Dz = y1y2 and y1, yo are indivisible elements of the group HY(M™, Z), then
the scalar product (Lp(M™),z) is equal to ut(Z), where Z is a canonical
element and p is a divisor of \.

Corollary 3.8. If 7(2) = 0, then the scalar product (Lx(M™),z) is
homotopically invariant and is equal to zero. Since z/\ is an integral
indivisible class, then

(2. 5) = w0 .

If 7(Z) and X are coprime, then u = X. The scalar product (Li,(M™), z) may
have only finitely many values p;7(2), where p; are divisors of \.

Remark. It was shown here that if we have two indivisible cycles
M1”717M2"71 C M"™, n = 4k + 2, and their intersection is divisible by
A, and is not equal to zero, then in each of them the intersection with z is



196 S. P. Novikov

divisible by one and the same number p provided that 7(2) # 0. Moreover,
(Li(M™), 2)
7(2)

and therefore p is topologically invariant (see the next section). Is it possible
to prove that p is always equal to A7

Example 3.9. Theorem 1 states a fair question: why is the formula
(L, (M™), z) = 7(2) not true, rather than the formula (L,(M™), z) = 7(2)?
A priori it would be natural to expect just such a formula.

Concerning that, I wish to show on the simplest examples that
such a formula is “generally” false. We say that a manifold M{“l has
homology type of M if there exists a mapping f: M{* — M, inducing an
isomorphism of all the homology groups.

We consider M = S* x S* and show that there exist infinitely many
manifolds M of “homology type” of S x S** with different Pontrjagin class
pr(M]") such that 7 (M) = Z and all m(M") =0, 1 <1 < 2k. Moreover,
for k > 2, among the manifolds M there are those for which the class
pr (M) is fractional and therefore they are homotopically nonequivalent to
smooth manifolds.

Consider the functor Jpy, (M{') and take a stable microbundle npz, which
is J-equivalent to the trivial one. We form the Thom complex T . Since the
fundamental cycle for it is spherical, we may apply a customary method to
reconstruct the preimages of SN+" — T, by pasting together the kernel
of the mapping 71, all groups m; of this preimage up to [ = 2k — 1 and
the kernel of the map in dimension [ = 2k, but only in homology. We
get a preimage of M;““H with the given “normal” microbundle. Since the
functor J%,; is finite, we get the desired result: the class py can be varied.
By Poincaré duality, the homology type of M;””l is as desired.

Example 3.10. In an analogous way we now show that in the part
of Theorem 1, devoted to codimension 2, it is impossible to remove the
restriction on finite-dimensionality of the group Hakt1(M, R).

Consider the direct product of T2 x S* and its J-functor. We again
select a J-trivial bundle over 72 x S* and denote its Thom complex by
Tx. Take an element o € H~}[Tly] and a representative f, : SN *" — Ty of
«a. By Morse surgery over

Mg = [ZHT? x 8%)
we may get that

m(M)=Z+Z7
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and
(M) =0, i<2k

However if we choose a J-trivial bundle such that py # 0, we would
have:

pr(My) # 0;

and at the same time 7(2) = 0, since

o~ o~

Hgk(M) = 7T2k(M) = O,

where M is the universal cover of M. Therefore we can deduce that

—

Tons1 (M) = Hopyr (M) is of infinite type if pg (M) 0.

§ 4. The topological invariance theorem

We consider a cycle x € Hy,(M™, Z) for n = 4k+2 such that (Dz)? =0
mod Tor. Under these conditions we have:

Theorem 4.1. The scalar product (Li(M™),x) is a topological
invariant. Here we may assume that M™ is complex which is a homology
manifold over Q.

PROOF. We find an integer A such that (D(Az))? = 0. Realize Az by
a submanifold M** ¢ M™. It is known that the normal bundle to M** in
M™ is trivial. There is a well-defined embedding M** x R?> ¢ M", which
represents an open neighborhood U = M#* x R? of M**. Evidently,

(Lk(M"), 2) = £ (™),

Now we choose on M™ another smooth (or PL) structure. We denote
the class in this smooth (or PL) structure by L} (M™). Let us prove that

(Li(M™), Mz) = m(M*).

The new smooth (PL) structure induces a structure on the neighborhood
U = M* x R? and the neighborhood W = U\ (M** x 0), since U and W
are both open. W is homeomorphic to M** x S x R. Denote the coordinate
along S' by ¢, and the coordinate along R by t. The coordinate system
(m, ¢, t) is not smooth in the new smooth structure, m € M*: Evidently,
Hypr 1 (W) = Z is generated by the cycle M4 x S! x 0. Let us realize this
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cycle by a smooth submanifold V4#+1 C W in the new smooth structure.
There is a well-defined projection of degree +1:

f: V4k+1 _ M4k % 5117 j'\: ‘7 N M4k % R.

Thus on V4+1 there is a 4k-dimensional cycle z € Hy,(V4*+1) such
that z = [M2* x 0], however, it might not be unique. But the scalar
product (Lj(V#+1), 2) does not depend on the choice of such cycle 2.

Consider the covering p: | W — W, which lifts all closed loops M** x 0
to closed loops. Evidently W is homeomorphic to M*" x R x R. The full
preimage V = p~1(V4+1) covers V4**! with the same monodromy group.
There is an invariant cycle 2 € Hy,(V) such that!

fepeZ = [M* x 0], Z=Df*DM*.
From Theorem 3.4 in §3 we conclude that
7(2) = (Lp(V*), p.2) = (Lj,(M™), Az).
Since V = V* i compact, we may assume that V lies between the levels
t=0andt=1in W. P
Consider the (nonsmooth) transformation 77: W — W such that

T'(m,p,t) = (m, @,t + 1).

Denote the inclusion V ¢ W by i. Obviously, T/i.z = i,z and the group
Hopy1 (W) = Hapyq (M*F) is finite-dimensional. By the basic lemma in §2
we conclude that

7(2) = 7(i42).
However, i, 2 realizes the cycle M* x 0 x 0 on W = M*® x R. Thus
7(i.2) = T(M**).
Since 7(2) = (L}, (M™), A\x), we get that
(L}, (M™), \z) = 7(M**).

The theorem is proved.

IThe cycle z = p«Z € Hyy(V) is obtained by intersection (J\A/I‘U“ x0x R)NV and V
from the homological point of view. The same is true for zZ on V.
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Remark. Rokhlin drew my attention to the fact that for the manifold

e W, constructed in the proof of Theorem 4.1, there is a cycle
z € Hy,(V, Z) such that

T(ix2) = 7(2) = T(M4k).

This shows that 7(z) = 7(2) for the case at hand, which, generally speaking,
is not true for arbitrary 4k + 1-dimensional manifolds, as shown in § 3 for
simple examples. It is interesting, however, that anyway we have to use
coverings, since the formula from §3 for Ly(V), refers to the cycle z, and
we use it in the proof.

8§ 5. Consequences of the topological invariance
theorem

We collect in this section some consequences of Theorem 4.1. Obviously
one has the following:

Corollary 5.1. The class Ly(M*+2) is topologically invariant on the
subgroup H C Hy,(M**+2)/Tor, which admits a basis x1,...,xs € H such
that Dz% = 0 mod Tor. Here M*+2 s q smooth (or PL)-manifold. For
example, for an M* T2 which is a direct product of any collection of
spheres, this is always so.

Now suppose that M**2 is any simply connected manifold for
which the subgroup H C Hyp(M*%?)/Tor is nontrivial. Since the
functor J%, (M*+2) is always finite, we may apply the “realization
theorem” for tangent bundles and obtain an infinite collection of PL-
manifolds M; with distinct values of the class Lk(M;””z) on the subgroup
H, so that there does not exist any mapping M;*+? — M;-””z which takes
the class into the class. If we wish to obtain smooth manifolds, then we must
use the functor J% = Jg . Here, however, for k # 1,3, we are obstructed by
the Arf-invariant of Kervaire (for these results see [2], § 14, Appendices I
and II). This may be avoided if instead of M**+2 one chooses the homotopy
type M**+24 M4 +2 (in the class of PL-manifolds the Arf-invariant does
not obstruct the construction of such manifolds). Thus one obtains the
following:

Theorem 5.2. If the subgroup H C Hyp(M*+2 7Z)/Tor for a simply
connected manifold M**+2 is nontrivial, then there exists an infinite family
of PL-manifolds of homotopy type M***2 which are not homeomorphic to
each other. If n = 6,14, this is also true in the class of smooth manifolds.
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In the class of smooth manifolds there exists an infinite collection of pairwise
nonhomeomorphic manifolds of homotopy type M*¥*+24\4k+2,

If, for instance, M*+2 = §2 x §4 then for k > 2 one may indicate
among these manifolds those which will have a fractional Pontrjagin
class Py (S? x S*) and, accordingly, will be nonhomeomorphic to smooth
manifolds, although their homotopy type is S% x S**.

Remark. For S? x S** such manifolds may be obtained by using Morse
surgery over diffferent Haefliger knots S® C S°. If we choose these manifolds
for the type S? x S** and perform the Morse surgery over S2, then for equal
values of the class py we will get distinct nodes S**~1 ¢ §4k+2,

We define the notion of “topological knot with trivial microbundle”.
This is an embedding

S™ x RF ¢ g7tk

where the equivalence is a homeomorphism preserving the fiberwise
structure around S™ x 0. From our results it follows that the knots

S4k71 % RS C S4k+27 k Z 17

distinguished by the class pp of the reconstructed manifold of
topological type S? x S are not equivalent as topological knots with
microbundle.

We note finally that for certain manifolds, for example, for the
homotopy type S? x S* and their sums connected with one another,
the “Hauptvermutung” follows. Here the point is that from the results of
Appendix IT of [2] one may extract the fact that the rational Pontrjagin class
in this case is a complete combinatorial invariant. Since it is topologically
invariant, we also find by using a simple comparison of invariants that from
the existence of a continuous homeomorphism there follows the existence
of a piecewise linear homeomorphism. However, no such approximation
theorems are proved here. From the homeomorphism, we have used for the
proof of the theorem only the fact that sets which are open with respect
to both smooth structures, are smooth open manifolds with the same set
of cycles. Moreover, our method makes it possible to define the classes Ly
of the topological manifold M***2. In essence the proof is only that for
an arbitrarily introduced smooth structure in the scalar product of the
class Ly with a cycle is the same. But it is necessary to use a smooth
structure, because it makes it possible to discover a large collection of
submanifolds realizing cycles. This is hardly the case for purely topological
manifolds.
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Appendix (V. A. Rokhlin'). Diffeomorphisms
of the manifold S§2 x S§3

I want to indicate our further application of the theorem on the
topological invariance of the class L in codimension two?: there exist
diffeomorphisms of smooth manifolds, for example, diffeomorphisms of the
manifold

V =5%x 83,

which are homotopic but not topologically isotopic.
The following elementary arguments are necessary for the proof. To each
mapping f: V — V there corresponds a composite mapping

,5'3—>Vi>V—>5’2,

where the first arrow denotes the natural mapping of the sphere S* onto
some fiber ax S? of the product S? x S3, and the third arrow is the projection
of this product onto the first component. The absolute value of the Hopf
invariant of this composite mapping is defined by the homotopy class of the
mapping f and will be denoted by (f). The number of homotopy classes
of mappings f: V — V with a given value of v(f) is infinite, but it becomes
finite if we restruct ourselves to classes consisting of homotopy equivalences.
In particular, there exists only a finite number of pairwise nonhomotopic
diffeomorphisms f: V' — V with a given value of v(f).

Now consider the manifold S% x D* with boundary V and denote by M
the smooth manifold obtained from two copies of W by pasting them by a
diffeomorphism f: V' — V. The homology groups of M; do not depend on
f, i.e. they are the same as those of the product 52 x S* (which corresponds
to the identity diffeomorphism V' — V'), and the multiplicative structure of
the integer-valued homology ring is defined by the formula

uj = +y(f)u,

where uy and wy are the generators of the groups H?(My;Z) and
H*(Mjy; Z). In particular, v(f) is a homotopy invariant of the manifold M.

Denote by K the class of all manifolds diffeomorphic to the manifolds
My, and denote by Ko the class of smooth six-dimensional manifolds
topologically equivalent to the product S? x S4.

'From a letter of January 20, 1965, from V. A. Rokhlin to the author. The letter
was a reply to my note [1] sent to V. A. Rokhlin, and was published with permission
(this and the footnotes which follow are due to S. P. Novikov).

2Le. Theorem 1 of the present paper.
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Lemma. Ko C K.

PROOF. Suppose M C Kj. Then the generator of the group Ha(M)
is realized by a smooth embedding of a sphere, and the normal bundle
of this sphere, having the invariant homotopy type of the manifold M, is
trivial. Accordingly, a tubular neighborhood of this sphere is diffeomorphic
to W. If one diffeotopically carries this sphere beyond the limits of
this tubular neighborhood, the normal bundle of the sphere will remain
trivial, and, as shown by standard calculations, its embedding into the
closed complement of the tubular neighborhood will be homotopic to an
equivalence. From Smale’s theorem it therefore follows that this closed
complement is diffeomorphic to W, hence M € K.

PRrROOF OF THE THEOREM. Let Mj, My, ... be pairwise nonhomeomor-
phic manifolds lying in Ky.! From the lemma there exist diffeomorphisms
fn: V. — V, such that M, and My, are diffeomorphic. Since v(f) is a
homotopy invariant of the manifold My, we have v(f,,) = 0, and since there
are only a finite number of pairwise nonhomotopic diffeomorphisms

[V =V with y(f) =0,

it follows that there exist indices k, [ such that the diffeomorphisms f; and
fi are homotopic. They are not isotopic, and moreover the diffeomorphism
fr fl_lz V — V does not extend to a homeomorphism of the manifold W,
since otherwise the manifolds My, and M}y, would be homeomorphic.

This proof can be made more effective, replacing the rough finiteness
arguments by a precise homotopy classification of diffeomorphisms of the
manifold V.

One can also give a complete homotopy and differential classification of
manifolds of the class K. As for the topological classification, it coincides
with the differential one (as holds for manifolds of the class Kj) if the
class p1(My) is topologically invariant. The obvious generalization of the
preceding lemma shows that the class K contains all the smooth six-
dimensional manifolds homotopically equivalent to the total manifolds of
orthogonal bundles with basis S* and fiber S2.
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On manifolds with free abelian
fundamental group and their applications
(Pontrjagin classes, smooth structures,
high-dimensional knots)?

S. P. Novikov

In this paper we establish topological invariance of rational Pontrjagin
classes on smooth and piecewise-linear manifolds and give several
corollaries. These methods can be applied to other problems.

Introduction

As shown in previous papers by the author [10-13], the question of
topological invariance of rational Pontrjagin classes is closely connected
to some problems of homotopy and differential topology of non-simply
connected manifolds and their covering spaces, such that the fundamental
group of the non-simply connected manifold is free abelian. The reduction
of the invariance problem to homotopical problems in these series of papers
has one common idea. The idea is based on the fact that one can make
reasonable conclusion from the notion “continuous homeomorphism” by

Hzvestiya AN SSSR, ser. matem., 1966, vol. 30, c. 207-246 (received August 25,
1965). — Translated by V.O. Manturov.
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using special non-simply connected open subsets to be studied later by
means of purely smooth topology, using non-simply connectedness, though
the fundamental group has no relation to the initial problems. Thus, in the
initial work [10, 13], this problem was solved by analogues of the Hirzebruch
formula for covering spaces, which yielded the difference of homeomorphism
and homotopy type. The direct development of this “signature” method
led the author to the proof of the topological invariance of the Pontrjagin—
Hirzebruch class Li(M™) for n < 4k + 3. This intermediate argument is
given in the appendix; it was found before the general result [11] appeared,
and it generally lost its initial importance because the author could find
a general proof of the invariance of classes (short publication see in [11]),
with no “signature” arguments and analogues of the Hirzebruch formula.

Here, a solution to the problem of classes is given by using a generali-
zation of the technique of [3, 14] to the non-simply connected case for
studying smooth structures on manifolds of type M"™ x R, m(M™) = Z +
-+-+ Z, though the reduction of the problem to such problem of differential
topology is similar to that from author’s work [10] on topological invariance
of classes. At this moment, it was useful for us to perform this work, to
receive the manuscript of W. Browder (soon published in [4]), where the
problem of smooth structures on manifolds of the type M x R was solved
for the simply connected case 71 (M) = 0. Some ideas from [4] helped the
author to perform this work, and the author expresses his gratitude to W.
Browder.

The results are formulated in § 1. The central result is Theorem 1, which
establishes topological invariance of rational Pontrjagin classes for smooth
and piecewise-linear manifolds.

§2 is very important in our work: it contains the reduction of Theorem 1
to Theorem 3, and the connection to the other results. It is the place
where we use the fact that the manifolds M; and My from Theorem 1
are homeomorphec.

In §§ 3-8 we prove Theorem 3. §5 is of a special interest: these results
can be easily generalized for a larger class of groups.

In §9 we prove Theorem 6 concerning knot theory.

In §10 we formulate (without proof) one generalization of Theorem 5.

From Theorem 1 of the present work jointly with some previously known
results we deduce several corollaries.

Some corollaries from the invariance of classes:

1. The number of smooth structures on a simply connected topological
manifold M™, n # 4 is finite, and does not exceed the constant ¢(M™),
where

C(M") < eInt2 iy bn—ilnci+37,, day ,
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whence

qn = In|0™(0m)|, d; = In|Tor H;(M™)],
bj = maxp>o rkH;(M™, Zp), ¢; = aj|mn1;(SY)],

a; =1for j #1,2 (mod 8) and a; = 2 for j =1, 2 (mod 8). This corollary
follow from comparing Theorem 1 with Boot periodicity and author’s results
concerning the diffeomorphism problem (see [14]).

An analogous finiteness result and estimate (with other universal
constants ¢;) hold for the number of combinatorial structures on M™
with the same restrictions. Here one should use the result of Surf that
7o (diff $3) = 0. This yields the Hauptvermuting up to a finite number of
possible PL-structures for given restrictions. These results follow from [14,
see Appendix 2].

2. As already shown in [10], for dimensions 4k + 2 the invariance of
Pontrjagin classes and Browder’s results [see [3], [14], Appendix 1] yield the
difference between homeomorphism and homotopy type of closed simply
connected manifolds. From Theorem 1 it follows that for any simply
connected manifold M™, n > 6, for which at least for one k # 0, 7 the
homology group Hyi(M™) is infinite, there is an infinite number of smooth
(possibly, outside a point) pairwise non-homeomorphic manifolds M™
having the same homotopy type of M™. If the homology condition given
above fails, the number of such manifolds is presumably finite, as it follows
from [14].

3. On odd-dimensional spheres S?"*1, n > 3, there exists a finite number
of smooth (or smooth outside a point) actions of the circle S without fixed
points, which are pairwise distinct (not homotopically equivalent). This
fact follows from the result of previous paragraph, applied to the quotient
space S?"*1/S1 of homotopy type C'P" because topologically equivalent
actions generate homeomorphic quotient spaces.

4. Since Pontrjagin numbers are topologically invariant, two smooth
manifolds belonging to different classes of orientable cobordisms Qg0, are
never homeomorphic.

5. All piecewise-linear manifolds with fractional Pontrjagin classes are
not homeomorphic to smooth ones. In each dimension n > 8 many examples
of such manifolds are known and many of them (though, not all) are
homotopy equivalent to smooth ones.

6. The spaces of SO,,-fibrations with base S** and fiber R", disk D™
or S"~! for n > 4k + 1 are completely classified from the topological point
of view, by the Pontrjagin class of the bundle. This is true for many other
examples. It is known for a long time (Dold) that there are only finitely
many pairwise distinct homotopy types.
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7. If for a smooth manifold M™ we have an elliptic integrodifferential
operator A which takes the section of I} over M™ to the section of Fy
over M™, then it defines the “symbol” o(A). This symbol defines an
isomorphism of bundles Fy and F», extended to 7(M™) and then restricted
to the subspace

T(M™)\M" C 7(M"),

where 7(M™) is the tangent bundle space for M™ with fiber R"
and M"™ C 7(M™) is the zero section. Since neither the space 7(M™)
nor M™ C 7(M™) depend on the smoothness of M™, the “symbol” o is
a topologically invariant notion; however, for different smooth structures
on M™ the same symbol o defines operators A;, Ay acting in different
spaces, but such that o(A;) = 0(As) (these operators are defined with
ambiguity, but up to some quite continuous addition for each smooth
structures). The well-known Atiyah—Singer operator expresses the index
of the operator in terms of invariants of the triple (Fy, Fs, o) independent
of the smooth structure and Pontrjagin classes of the manifold M". From
Theorem 1 we see that the index of the operator is defined only by the
symbol independently from the smoothness on the manifold M™; this index
is the same for operators with the same (homotopic) symbols defined for
different smooth structures.

8. The natural mapping m;(BSO) — m;(BTop) is monomorphic, and
H*(BTop, Q) — H*(BSO, Q) is epimorphic.

9. The mapping class group of diffeomorphisms for a simply connected
manifold of dimension at least five is of finite index in the analogous
subgroup for homeomorphisms [see [14], Theorems 6.9 and 6.10].

Finally, T express my gratitude to V. A. Rokhlin for various fruitful
discussions and advices. Note that the invariance proof for rational
Pontrjagin classes found by the author is in its major part a natural sequel
of the papers by Rokhlin and Thom [15, 19] devoted to this problem. I also
express my gratitude to S. P. Demushkin, I. R. Shafarevich, Yu. I. Manin
for their help in algebraic questions which arose while performing this work,
and to A. V. Chernavsky for questions related to Theorem 6.

§ 1. Formulation of results

From the application point of view, the main theorem of this chapter is
the following:

Theorem 1. Let My and My be two smooth (or PL)- manifolds and
let h: M1 — Ms be a continuous homeomorphism. Then

h*pi(M3) = pi(My),
where p;(My), g =1, 2, are rational Pontrjagin classes of My and M.
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Theorem 2. Let M* be a closed manifold, and let W4 be q
smooth closed manifold of homotopy type M** x T™ where T™ is the
m-dimensional torus, mi (M**) = Z 4 -+ Z, h: WmH4k _ Mpak s Tm s
some homotopy equivalence. Then the following formula holds:

(Lu (W H49), 1] 1) = (M),

where Ly are the Hirzebruch polynomials, and 7 is the signature of a
manifold.

The condition m; = Z+- -+ Z in Theorem 2 can, certainly, be removed,
but we are not going to do it here.

Now let W be an open smooth manifold of dimension n + 1 having
homotopy type of a closed n-dimensional manifold, for which a discrete
action (possibly, non-smooth) T': W — W is given such that the quotient
W/T is compact. Under these assumptions, the following theorem holds:

Theorem 3. Ifn > 5 and w1 (W) is isomorphic to a free abelian group
then there exists a closed manifold V' such that W is diffeomorphic to
V x R.

This theorem is proved in §§ 3-8, and it yields Theorems 1 and 2 for the
smooth case (see §2). The case of PL-manifolds is completely analogous,
and it requires only a combinatorial analog of Theorem 3, the latter is
proved with no changes by using remarks from the author’s paper [14]
[see [14], Appendix 2, on combinatorial Morse surgery].

Among the remaining results, we indicate the following.

Theorem 4. Let M™ be a smooth manifold, such that m (M™) is
the free abelian group of rank k. Then the smoothness for a direct
product M™ x R? for q > n is defined by the tangent bundle, and it may
have only finite number of values.

Theorem 5. Let M™ be a smooth closed manifold, let i (M™) = be
the free abelian group of rank k and M™ has homotopy type of skew product
with T as base and M™ ' as fiber, where ]\/4\"‘1 is a closed topological
manifold. If | < n — 5, then the covering space M over M™ having homotopy
type M~ is diffeomorphc to the direct product M{L_l x R' where M{L_l 18
a closed smooth manifold.

Theorem 5 follows directly from Theorem 3.
An indirect argument shows that Theorem 3 (or its analog) yields:

Theorem 6. Let S™ C S"t2, n>5, be a topological locally-flat
embedding. Then this embedding s topologically equivalent to a smooth
embedding S™ C S™t2 for some smooth structure on S™. In particular, this
embedding is globally flat.
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The reduction of Theorem 6 from previous results will be given at the
end of the paper. Unlike Theorems 1, 2, 4, 5, this needs one supplementary
argument (see §9).

In §10, we indicate (without proof) one generalization of Theorem 5.

8§ 2. The proof scheme of main theorems

1. The main theorems will be proved according to the following plan.

a) First, we prove Theorem 3 (see §§3-8).

b) From Theorem 3 we will deduce: Theorem 1 for the simply connected
case, Theorems 2, 4, 5 (see §2). It is known that the general statement of
Theorem 1 follows from the simply connected case. Moreover, it suffices
to prove Lemma 2.1, (see ahead) only for spheres S4*.

¢) At the end, we shall give a separate proof of Theorem 6 based on
Theorem 3 and its generalizations (see §§9,10).

2. The main part of the work is devoted to the proof of Theorem 3.
Here we shall indicate the scheme of obtaining the statement of Theorem 1
for the simply connected case as well as the statement of Theorem 2, from
Theorem 3.

The following lemma is, in principle, contained in papers [15], [16], [19].
It was communicated to the author by V. A. Rokhlin quite long ago.

Lemma 2.1. Let W be an arbitrary smooth manifold homeomorphic to
M* x R™ where M** is a simply connected closed manifold. If the formula

(L (W), [MH*]) = r(M*),

always holds, then the rational Pontrjagin classes of simply connected
smooth manifolds are topologically invariant.

Here Lj are the Hirzebruch polynomials, and 7 is the signature of a
manifold. We shall not give a proof of this lemma, assuming this is well
known after the papers by Thom, Rokhlin, Schwarz, (see [15-17]), where it
is essentially used, however, only for piecewise-linear homeomorphisms.

Our aim is to prove the following statement.

Lemma 2.2. With the assumptions of Lemma 2.1 the following formula
holds:

(Li(W), [M*]) = 7(M*F).
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Moreover, this formula holds for piecewise-linear manifolds and
“combinatorial” Pontrjagin classes.

The argument to deduce Lemma 2.2 from Theorem 3, is, from the ideal
point of view, the crux of the paper, since here we use the fact that two
manifolds are homeomorphic. Indeed, Theorem 3 itself is unrelated to the
invariance problem of Pontrjagin classes.

Let us give this deduction below.

We use the topological structure of the manifold W in the following
way: the usual torus 7™~ ! can be smoothly realized in the Euclidean space
R™ > T™ ! x R; consider the open submanifold i: W, C W, where W; ~
M* x T™=1 x R, so that the embedding i: W; C W is defined according
to the homeomorphism W ~ M** x R™ and the embedding 7"~ ! x R C
R™. Obviously, i*Li(W) = Li(W1) and i,: Hy,(Wh) — Hy(W) is an
epimorphism. Thus, instead of Li(W) we may study the class Ly (Wh).
Since W is homeomorphic to (M* x T™~1) x R and 7, (M*) = 0, we
may apply Theorem 3 to Wi if k > 1 or k=1, but m > 1.

The following arguments are “periodic”’. Let us give the explicit
construction of the first period.

a) Based on Theorem 3, we can find a closed submanifold V3 C W such
that W is diffeomorphic to Vi x R; thus Li(W7) = Li(V1).

b) Consider the covering space over the torus T 2 x R — T™~! and,
according to this covering, let us construct a covering over Vi, where V
has homotopy type M** x T™~1,

Vl - ‘/17
p1

where ‘71 has homotopy type M 4k 5 T™m=2 x R, and the mapping class
group is Z. Evidently, Ly(V1) = piLi(V1), and the mapping

pre: Hip(Vi) — Hup(V1)

is such that Ha (V1) = Impy. + A, where Ly /A = 0 for an appropriate
choice of A.
¢) Now denote Vi by W5 and note that to the manifold W5 we may again
apply Theorem 3 if K > 1 or m — 1 > 1. Thus we obtain the following
“period”:
WiDVie—Vi=Wy D Vo e Vo =W

P P
| ! || 2 |

It is important that dim Wy = dim W7 — 1 and the class Lj actually
remains unchanged.
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Furthermore, starting from the manifold W5 we again search (as in
the first period) the manifolds Vo C Wy and W3 = \72, and so on, until we
reach a simply connected manifold W,, of dimension 4k 4+ 1 and homotopy
type M4k,

If 4k > 4 we again apply Theorem 3 to W,, =V, x R and note the
following:

(Li(Vin), Vin]) = (L (W), [M*])
by construction;
(Li(Vin), Vi) = 7(M*)

by Hirzebruch formula, because V,, is of homotopy type M* (by
construction) and is closed. This yields Lemma 2.2 for the case 4k > 4.

If 4k = 4, we may note that the manifold V,,,—; is of homotopy type
M* x S Thus from Theorem 1 of the author’s paper [13] it follows
that (Li(Vi_1), [M**]) = 7(M*F), and we again obtain Lemma 2.2
for k = 1.

Analogously, from Theorem 3 we may deduce Theorem 2.

3. Now let us show that Theorem 3 yields Theorem 4. Consider a smooth
manifold W which is homeomorphic to M"™ x R™ for a large m. Let us
embed M™ C W smoothly (see [5]). The neighborhood of M™ in W is the
SO-bundle total space for the bundle § such that

Bea(M)=aW),

where «(X) is the tangent bundle of the smooth manifold X.

Denote by V = V"t™m=1 the total space of the SO-bundle 3 with
fiber S™~1! over M™. Remove from W a closed neighborhood of the
manifold M™ in W, which is homeomorphic to M™ x D™. The remainder
is homeomorphic to

M™ x 8™ ' x R=1W,.

By Theorem 3, W is diffeomorphic to V; x R, where V; is a smooth closed
manifold of homotopy type M™ x S™~!. However, V| is h-homological
to the manifold V' — the total space of the spherical bundle (. Since
m =Z+---+ Z, we see that V; is diffeomorphic to V, and the whole
manifold W is diffeomorphic to the space § with fiber R™ over M™. The
theorem is proved.

Note that for M™ = S* the tangent bundles a(S') and (W) are always
trivial. Thus W = S x R™.

4. Note that Theorem 5 formally follows from Theorem 3 for the case
when the dimension of the torus is equal to 1: to see this, one should
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consider the manifold W, being the covering space over M" with mapping
class group Z. The general case follows by a subsequent use of Theorem 3
to this situation.

8 3. A geometrical lemma

The aim of this section is to prove a standard-type lemma from a
smooth embedding theory. Its only difference from the usual case is that
it is necessary in the non-simply connected situation, though it causes no
serious changes in the proof.

Lemma 3.1.! Let W™+, V™ be a smooth manifold Wt = W, with
one boundary component V' =V WL is, possibly, open. If the inclusion
m (V) — m (W) is an isomorphism, the group w1 (V) has no 2-torsion,
and all the groups m;(W, V) are zeros for i <s, then any map of pairs
f: (D1 SY — (W, V) is homotopic to a smooth embedding if 31 + 3 < 2n
and 2l —n+1 < s.

Moreover, under the same dimension restrictions, any finite collection
of maps fi: (D'*1, SY) — (W, V),i=1,...,q, is homotopic to a system of
pairwise non-intersecting smooth embeddings.

PROOF. Let us first consider the first part of the lemma about mappings
of one object.

Let f: (D!, SY) — (W, V) be an arbitrary mapping of pairs. Consider
the universal covering spaces (/W, V) and the covering mapping of pairs
f: (D, 81 — (W, V). Since the pair (W, V) is simply connected, then
we may assume that the mapping f is a smooth embedding (see [23]).
Moreover, the mapping f has only double intersection points (by
genericity assumptions). These intersection points form a submanifold
Mt c D", which, in general, has a boundary, here t = 21 —n + 1. The
map f/M! — W is a two-fold covering. Let us show that this covering is
trivial, i.e.

Mt = Mf UM5
and

F(M7) = f(My).

IThe author is not sure that this lemma cannot be deduced directly from the works
of Haefliger [5] or J. Levine. This lemma will be applied only for the case n =20+ 1
and n = 2l (§8), thus the reader should not pay much attention to it.
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Indeed, if there were one connected component M} C M*, where the map f
is two-fold, then the image f(M{) C W would be such that there exists an
element « € 11 (V') = w1 (W) such that

a(Mé) = M57

where a: W — W and o?/M} =1; which would yield a? =1, that
contradicts the assumption of the lemma.

Thus, M* = Mt UM} and f(M?) = f(M?).

On the manifold M{ let us construct a Morse function g which is equal to
zero on the boundary OM{ C S'. After passing the first critical point g = g,
the topology of the “large value region” changes. Let us show, analogously
to Haefliger [5], that one can accordingly change the map

fo (D 8T — (W, V)
in such a way that instead of
My={g>0}={g>w0—c}
we shall have the intersection manifold
Wﬁ:{gzwﬁ—a}, e >0,
for the new map
Fo (D, 8T — (W, V),

homotopic to f.
Consider the region G = {g < x¢ + ¢}. Denote the index of (g = w0,
grad g = 0) by k. Then

G =0M{ x I(0, 1) | J D" x D%,
h
h: OD* x D% — oM} x 1.
Let
SF=1 = n(D* x 0) c OM?,
DE = h(D* x 0) c D',

Consider the disk D**! c D!*! where dD**! = Dk U D*  such that
DFL N ML =),

DF* N Mi = D§
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(in general position) and
D"t n oD = Df

(in general position). Let 7' be the neighborhood of the disk f(D*+1) in W
and let Int T be the interior of T'. Set

W' = W\Int T.

Obviously, W’ is diffeomorphic to W: we “pushed” the interior of T
away from the boundary OW = V. Preserving the initial notation, denote
W' by W, and denote OW’ by V.

Consider the abstract disk D!*! and submanifolds M?, MY in it. Delete
from D't the set D*+! c D!*! together with its “hull” f~!f(D*+1), in
such a way that we also delete the neighborhood of the disk

FTLf(DF) N M3 =D
from D', The topological effect of this operation is as follows: from D'*!
we delete the neighborhood of the disk 5’5 such that

oD, = Do N D'

Thus the boundary of this new body is S* x S'=*, and the body itself
is DF+1 x S'=* We have:

D' = DH\ foLf(DRH1) = prHL ¢ ik
D'now’ = 8% x 87k,
The disk D*T! x 0 C D’ defines an element of the group
Tt (W, OW") =t (W, 0W) =0, k+1<s.
Consider a disk D¥*2 C W’ = W such that:
oDM? = Dt U DY
DFF2 N oW’ = Dg*?,
D2 f(D') = DI = f(DMH! % 0)

(all intersections are transverse). Let us perform surgery of the manifold D’
along D**2, under which the boundary is operated on by a Morse surgery
over the basic cycle S* x 0. After the surgery, we again obtain a map of the
disk f: D' — W = W', and the singular manifold will “lose” one critical
point of the function g: M{ — R.
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More precisely, we have a mapping f’: D’ — W' induced by f: D*! —
W, such that
0D — oW', 9D =S¥ xSk D' = Dk x Sk

and the singular manifold for f’ is diffeomorphic to the region {g > xo + ¢}
on M}. On the disk D¥*! x 0, the mapping f’ is a homeomorphism, and
there exists a disk D*+2 ¢ W’ such that

ODM2 = /(D! x 0)u DF!
and
DEtL cow’, DM /(D))= f/(DF x0).

Consider an abstract disk D¥2 x D{™* where 9D¥+2 = Dkt y DI,
and paste it to D’ as follows:

A=D U DE*2 5 DIk p: DML DIk D = DR gk,
h
where h(DF % 0) = D1 x 0 C D'; let
B = A\[D**? x Int D'~ "].

The result of pasting is homeomorphic to the disk B = D!*!. This naturally
leads to a mapping f: D1 — W/,

Dl-’rl — B = A\[Dk+2 x Int Dl_k]7 A= Dl UDk-'rQ X Dl_k,
h

constructed from f’: D’ — W’ and the embedded disk D*+2 c W".
It is easy to see that the mapping of pairs

f: (DS — (W, 0W') = (W, OW)
is homotopic to
f: (DS — (W, 0W)

and has a “one point less” intersection set (we lose one critical point of g).
Reiterating the process, we will get a map without self-intersections, which
proves the first part of the lemma.

Analogously one can remove intersections of pairs of mappings

fi, f2: (DL S8Y — (W, oW).

This proves the second part of the lemma.
The lemma is proved.
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§4. An analog of the Hurewicz theorem
Let f: X — Y be a map of complexes such that
ferm(X) = m(Y)

is an isomorphism, let the mapping f itself as well as the corresponding
covering maps f: X — Y on universal covering spaces X, Y induce
epimorphisms in all dimensions:

Hi(X) L B (V) —

)

0
H: (X) & Hi(Y) - 0.
Under these conditions we get the following:

Lemma 4.1. If f.:7m;(X)—m;(Y) is a monomorphism in all
dimensions j < k then it is an tsomorphism in dimensions j < k, it is an
epimorphism in dimension k, and for the kernels we have the following
“Hurewicz theorem”:

(a) Ker f(ﬂ = Ker f(H’“) = My,
(b) My/Zo(m)Mj, = Ker £
where 7 = m(X) = 7 (Y), Zo(w) is the kernel of the augmentation

e: Z(m) — Z of the integral group ring, and the kernel in homology for M},
is considered as a Z(m)-module.

Before proving this lemma, let us list those situations where it can be
applied.

1. Let f: M{* — M3 be a map of closed manifolds of degree 41 such
that 7 (M) = 71 (M%). Then the map f: My — M, of universal (and any
other) covering spaces has degee +1 as a proper map. Thus f induces a
map f* of open homology groups, and that of f *-compact homology groups,
for which the formula

fDf*D(x) ==, =€ Hy (M)
holds. Consequently,
H,(M,) = Ker ") + Df*DH,(My).

In this case, one can evidently apply Lemma 4.1.
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2. Let W be a smooth manifold as in Theorem 3 (see §1) and
let i: V4 C W be a smooth submanifold splitting W into two parts and
realizing the basic cycle of the group H, (W)= Z in such a way that
m1 (V1) = m(W). Denote by A and B, respectively, the “right” and “left”
sides of W with respect to V7, where

AuB=W, AnB=V.
Then the following statements (a) and (b) hold.

a) The embeddings i1: Vi C A, i2: V4 C B and i: V3 C W satisfy the
conditions of Lemma 4.1.
b) For all covering spaces we have a direct sum decomposition:

)

Keri{™ = Ker igj’“) + Ker iéfk)
and the maps
o : Kerigf’“) — Hk(é),
1w KeriQf’“) — Hk(le\)v

. . . (Hy, . Ne:
are monomorphic, and the images 75, Ker zg* *) and 714 Ker zé* *) coincide

. — ~

with the kernels of the embeddings Hy(A) — Hi(W) and Hi(B) —

Let us prove a). Since
(W) = m1(A) *x,(vy) T1(B)

and m (W) = w1 (V1), we see that m1(A) = m (V1) and m(B) = m1(V1).

Consider the basis z1,...,xs € Hp(W); let us realize it by cycles
Z1,...,2s C W. Then there is a large N such that all TNz,..., TNz, lie
in B C W. Since T is an epimorphism, these cycles form a basis of the
group Hyp(W). Let « € Hi(A), and let z C A be the cycle representing it.
Then z is homologous in W to the linear combination Y~ a; 7" z; by means
of a membrane ¢ C W. The intersection ¢ Vj is a cycle Z C Vi, realizing
the homology class T € Hy (V1) such that x = 1,Z. The arguments for B
and for the whole W are identical. o

Now, let us consider the covering spaces A, B, V1, W and the covering
embeddings 1, i1, i2. Note that the homology groups Hy(Vi), Hi(A),
H,(B), Hk(ﬁ/\) are finitely generated Z(m1)-modules, because 7 is a
Noetherian group (m = Z + - - - + Z). The following argument is analogous,
but instead of the basis of the group one should take a 7i-basis of the
module.
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The same is true for all intermediate covering spaces. Thus, we may
apply Lemma 4.1 here.
Let us prove statement b). If the intersection

Ker igf’“) N Ker igf’“)

is non-empty, then there exists a cycle z C Vi which is null-homologous in
both A and B. The membranes define a cycle ¢ in W of dimension k + 1.
This cycle ¢, according to the arguments above, is homologous in W to a
cycle ¢ C W such that €N V1 = (), by means of a membrane d C W. The
intersection d N V1 is such that

8(dﬂ‘71):c|’7171:z,

and z is null-homologous. Thus,

Ker igH) N Ker 2 A(H)

=0

for all covering spaces.

Now let us consider the kernel of the embedding Hk(ﬁ) — Hk(/W)
Let z be a cycle in A which is null-homologous in W by means of a
membrane c¢. Then z; =c¢N V1 is such that z = 71,27 and z; € Ker zéf).

The statement is proved.

PROOF OF LEMMA 4.1. Let us first consider the “simply connected”
case of the map f X — Y. Denote by C' the mapping cylinder for f , which
is contractible to Y. Let us write the exact sequences:

) —— Hy(C, X) —2— H;_(X)

(
2 N P

(X)) —— m() —— m(C, X) —2— 7 1(X).

=D

H;

) —— Hy(

T

Since f.: m,l()/(:) — Wi,l(?) are all monomorphisms for ¢ < k, the
mapping

-~

9: m(C, X) = mi_1(X)

is trivial. Since f.: H, ()A() — Hj (}7) are epimorphisms, then 9: H;(C, )/(:) —

)

H;_ 1(X ) are monomorphisms onto the kernel Ker f(H’ /. Because
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HO = 0H, we have for the first ¢ for which m;(C, )/(:) # 0:
m(C, X) = Hi(C, X),
and JH is an isomorphism:
m:(C, X) ~ Ker plHi=a),

But this is possible only for i > k + 1; otherwise H0 = 0. For i = k+ 1 we
have

Ker ffﬂ") Ker f(H"

and for i < k + 1 the mapping f, : m,l(X) — i 1(Y) is an epimorphism.
Following Serre, let us transform the map f X — Y into a fibration

f~: X1 EiN Y1, where X1, Y7 are of homotopy type X , }7, and fhas homotopy
type f. According to the exact sequence of this fibration, we see that

e (F) = Hy(F) = Ker f{™)

according to the previous results.
Let us consider the mapping f: X — Y, and transform it into a
fibration; the fiber I has the homotopy type of F, and

m(F) = Ker Fim) = Ker fH%) = 0,

moreover, m;(F) =0, i < k.

Consider the spectral sequence of this fibration. Evidently, Eg k=
My ) Zo(m)Mj, and EL" =0 for 0 < i < k.

Since fi: Hy41(X) — Hp41(Y) is an epimorphism, the differential

dyy1: B} k41,0 Eg,k’ E§+1’O — Hya(Y),

is trivial. Thus,

My,
EO,k -k
> Zo(m) My,
Obviously,
(Hy) _ My,
E = Ker _—
f ZO (TF)Mk

All statements of the lemma have been proved.
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8 5. The functor P = Hom, and its application to the
study of homology properties of degree
one maps

Let 7 be a Noetherian group, K a ring or a field, K (7) be a group ring
with coefficients in K, ¢: K(m) — K be the augmentation, Ko(m) = Ker €.
We shall assume that K is either Z or a field.

Let M be a finitely generated K (7)-module.

Definition 5.1. We define the module PM = Hom (M, K) as the
submodule PM C Hom(M, K), consisting of linear forms h: M — K such
that for any element € M the function on the group f; .(a) = (h, ax) is
finite, a € 7.

Here we note several simple properties of the functor P = Hom,:

1. For a free module F' the module PF is free;

For a projective module there is a natural isomorphism P?: M — P2M;

3. There is always a natural map P?: M — P?M, which is possibly non-
monomorphic and non-epimorphic. Denote the kernel of this map by
My, C M. Then we have

[\

0— My — M — P>M — Coker P2 — 0.

Example 1. Let p: M — M"bea regular covering with mapping class
group m: M — M. The homology groups H(M K)=N,; are K(nm)-
modules, which are finitely generated if 7 is Noetherian and M" is a
compact manifold. There is a homomorphism:

- Panzﬁ

defined by the intersection index.
Example 2. Let f: M{* — M3 be a degree +1 map, and let
T (M) = mi(My).
Denote by f: J/W\f — ]\72" the map of covering spaces M, — M7
and My — M3 with mapping class group 7. Set
M; = Ker f) ¢ H,(M)).

Analogously to Example 1, we have:

M;

(hx, y) =z o0y.

h
— PM,—i,



222 S. P. Novikov

Now, let us consider the derived functors of the functor P = Hom.. We
shall denote them by Ext., i > 0. Note that unlike the usual Hom, the
functor P = Hom, is not exact even for the field K. Thus, it is possible
that

Exti (M, K)#0, i>0.

Example 3. Let My be a module on one generator u and au = u for
alaen. If m =2+ ---4 Z is a free abelian group on n generators, then

EXt?(Mm K) = M()
and
Exti(My, K) =0, i<n.

Let us prove this fact. Consider the triangulated torus 7™ and a covering
R™ — T" with group 7 = Z + - -- + Z. Denote by F; the free Z(7)-module
of i-dimensional chains on R™. We have:

0-F 2% % . oL FR S M o,
and the sequence is exact because
H;(R")=0, >0, HyR")= M.
Let us apply the function P to the resolvent:
PF, «— PF,_ 1« ---«+— PF, «— PFy,

but PMy = 0 and the resulting complex is the complex of compact cochains
for R™. Thus

HE(R", K) = My
and
HYR", K)=0, i<n,
so that
HF(R", K) = Extf (M, K).
The following simple lemma holds.

Lemma 5.1. If M is such that Ext:(M, K)=0, i > 0, and © =
Z + -+ Z, then the module PM s stably free, i.e. there is a free module
F such that PM + F is a free module.
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PROOF. Since m = Z + .-+ Z, there is such an acyclic resolvent of
finite length

0O—-F —-F_1—---—Fyp—M-—Q0.
By the assumption of the lemma, the sequence
0« PF,«— PF,_{+ -+« PFy«+— PM

is exact. The functor P possesses the property that the modules PF;
are free. Besides, the functor P is “half-exact from the right”: it maps
an epimorphism to a monomorphism. Thus, the kernel of PFy — PF} is
exactly PM. According to the properties of a free module we can prove the
following equality in the usual way:

---PF;+ PF,+ PFy=---+ PF3 + PFy, + PM,

so that all PF; are free. The lemma is proved.
Let C be a complex of free or projective modules:

C={-->FR%F,%. ..o %R}.
Then the groups H;(C) = N; are m-modules. Consider the complex PC"

{(— PR L PR & & PR), §=Po,

and denote its homology groups by H:(C), since they are the “compact
support homology groups”.
There is a well-known fact: there exists a spectral sequence {E,., d,},

E,= Y EP EP?=Ext’(N,, K)
p=0,92>0

and the module

>

p+q=l

is adjoint to H.(C).

This fact is a “universal coefficient formula”.

As seen from the examples, the functor P is such that the modules
H;(C) = N; do not affect H;™*(C) for k large enough (see Example 3). We
shall be interested in those complexes which are, in some sense, manifolds
and admit a certain geometric realization.
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A necessary and sufficient condition for realizability of the complex
C={F L F.1% LR}

as a covering space over a finite complex with 7m as mapping class group,
are the following:

a) it is free: all F;’s are free modules;
b) Hy(C) = My (see Example 3).

A necessary “geometric” requirement for morphisms of complexes
f: Cl — 02 is that

f«: Ho(C1) — Ho(C2)

is an isomorphism.

Later we shall need manifolds with maps of degree 1. For realizabi-
lity as a homological manifold we certainly need that the complexes of
modules

c={F,2F % .
and
PC ={PF, & PF, 1 & ... & PR,

(with 6 = PQ), are in the algebraic sense “homotopy equivalent” (the
meaning of this phrase is well known). This will lead us to the Poincaré
duality laws:

D: Hy(C) =~ H' (C), i>0.

Furthermore, if we want to have the duality in the form connected
with cohomological multiplication and the section operation, we should
require that the complex C' be a coalgebra, etc. We shall not dwell
on an exact formalization of all necessary notions. Note that for all
algebraic complexes obtained from triangulations of manifolds, we get the
following: for mappings of degree Af: C! — C2? we may define an operator
Df*D: C§ — C7 such that

f«Df*D: Cy — C3
is the multiplication by A; if, A = 1, then
Cl =Ker f+ Df*DCY.

Here we get the complex Ker f made of projective modules and such that
the complex P(Ker f) is algebraically homotopic to it. Consequently, the
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following duality law holds:
D: Hi(Ker f) = H!"*(Ker f),
where
H;(Ker f) = Ker FUHD
and
H' (Ker f) = Cokerf*(Hg_i),

and the kernels and cokernels are taken for maps of the complexes
f: C} — C%. Thus to the kernels Ker f*Hi) and cokernels Coker f*(H?) we
may apply the Poincaré duality law and the “universal coefficient formula”,
which, could be certainly foreseen before.

We have the following:

Theorem 5.1. If f: M{* — M3 is a mapping of degree +1 of
closed_manifolds, n =2k, and f: My — Ms is a covering mapping such
that M; are regular covering over M with group m=Z+---+ Z, and

the kernels M, = Ker nyHS) =0, s < k, then the kernel M} = Ker J{SH'“) is
a stably free Z(m)-module.

PROOF. Since all My =0 for s < k, we have
Ext(M,, Z) =0, s<k,

thus, according to the “universal coefficient formula” given above as a
spectral sequence, we get

Cokerf*(Hj) =0, s<k.
Since
Coker f*(Hi) = KerffH”’S) =0, s<k,

we see that all M,,_, =0 for s < k, n = 2k, and all My =0, except ¢ = k.
Consequently, according to the “universal coefficient formula”,

Coker f*HE™) = Extd(M,,, K).
But
Coker f*(Hf+q) =Mp_4=0, ¢>0.

Thus Extl(My, Z) = 0 for all ¢ > 0. According to Lemma 1, the
module PMj, is stably free, PMj = Mj,. The theorem is proved.
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In the case of odd n = 2k + 1 we again have f: M{* — M3 of degree +1,
f: My — My is a map of regular coverings with a Noetherian mapping class
group 7.

Theorem 5.2. If My = KerﬁgHs) = 0, s < k, then the following
relations hold:

a) PMy = Myy1; 4
b) Ext.(PMy, Z) = Ext.™*(My, Z), i>1;
¢) The sequence
2
0 — Ext!(My, Z) — My, 2= P2M;, — Ext?(My, Z) — 0
(Moo = Extl(My, Z), Coker P? = Ext?(My, Z))

s exact.

If Exti(Mk, Z) =0, i > 3, then the module PMy 1 = P2Mj, is stably
free (m=2Z+---+ Z).

The proof of this theorem can be easily obtained from the Poincaré
duality law:
D: My = Cokerf*(H§+1),
D: My = Cokerf*(Hf’f)7

and the universal coefficient formulas as a spectral sequence.
Indeed, since M; =0, j < k, we have

Coker f*(H) = P, = M1,

which yields a).
The isomorphism from b) is established by the differential do, where

i k41 i+2,k
dy: E, — b,

|
Ext! (M1, Z) — Exti™(My, Z), i>1,

since Mgy, = 0, j > 2, and Coker f*#c™) = 0, j > 2. The statement
of ¢) is also obtained from the spectral sequence of the universal coefficient
formula because

P2My = PMjq = B30,
the map
P2M;, — Ext?(My, Z)
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is dg2, and the module

Ker dy + Ext! (M, Z)
is adjoint to

My, = Cokerf*(Hfﬂ).

The stable freeness of the module P?M;, = PM),; follows from a) to c),
and Lemma 5.1 if

Ext!(PMy, Z) = Ext't?(My, Z) =0, i>1.
Theorem 5.2 is proved.

Remark. For degree +1 maps f: M]" — MJZ of the covering spaces
f: My — M, the following formula always takes place:

Cokerf*(Hf) = Hom.(My, Z),
if M; =0, j <k, for any n and k.

Corollary 5.1. If, under the assumptions of Theorem 5.2 we have
7=2Z+-+7Z, then the module PMy.,1 = P?M), is stably free. (For the
case ™ = Z this fact is true, but it is trivial.)

ProOF. If 7 = Z + Z then Ext' (M, Z) = 0 for i >3 for any
module M. By virtue of Theorem 5.2 we get the desired statement.

§ 6. Stably freeness of kernel modules under the
assumptions of Theorem 3

Let W1 C W be a connected submanifold separating W into two
parts A, B, where

AnNnB=V,, AUuB=W.

Denote the embeddings Vi C A and Vi C B, as in §4, by i1, i2, and denote
the embedding of universal covering spaces over Vi, W, A, Bby i: Vi C W,
11: V1 CA, 1p: Vi C B. Here W is an n + 1-dimensional manifold having
homotopy type of closed manifold M™, the group m = m1 (W) is Noetherian,
and on W a discrete transformation 7" is given such that

7T1(V1) = 7T1(A) = 7T1(B) = 7T1(W)



228 S. P. Novikov

and the quotient space W/T is compact. Then we get the following;:

Lemma 6.1. If t=Z+---+ Z and the kernels M; = Ker z'gfi) are
trivial for j < k then for n = 2k the modules

M} = Keri{™, M = Ker s
are stably free. If n =2k + 1 and
M) =Keril™ =0, j<k,
M/ =Kerig?) =0, j<k+1,
then the kernels M, = Ker i{™) M, | = Ker i) are stably free. In both

cases under the assumptions of the lemma there is a natural isomorphism,
established by the intersection index of the cycles M; = PM]'_, .

PrOOF. Let n = 2k. According to Theorem 5.1 under the asumptions
of Lemma 6.1, the module M, = M + M,/ (see §4) is stably free. Thus
both modules M} and M]’ are projective ones, and since 7 = Z +--- + Z,
we see that M and M|/ are stably free. As we know, M}, is the kernel

Ker ") = Ker i{™).
Since
k
Ker i) = Coker i{"<) = PM,

(see §5) and both modules M, and M’ have nonzero intersection index
each, then M] = PM, and M;' = PMj,, which yields the lemma for even
n = 2k.

Now let n =2k + 1. Let us first prove that under the assumptions of
the lemma the kernel

Mpq = Ker igfkﬂ)
is trivial. Since
Ker i) = My = M}, | + M}, , = Coker i*#<) = PM,, = PMj],
we have
h
PMy = My + My,

because (hz,y) = x oy, where x € M;_ , + M |, y € M; = M, and
roy is the intersection index. But the intersection index Mj o M;_ , is
identically zero. Thus M, = 0.

Consider a sufficiently large integer s. Then the intersection 75V, NV;
is empty. Denote the region between Vi and T°V; by @ and denote T%V;
by V', 0Q = V1 U VY. Here we assume that T°V; C A.
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Consider the embeddings j: V1 CQ, g % CQ for the universal
covering space W. We have (for s large enough):

Ker](H‘I) = {O’ a7k,

M, q=k,
1(Hy) _ 0, qF#k+1,
Ker . {M,{;H, g=k+1,

. !~ "o
o, M~ DM, q=k,

0, q#k+1,
i1ey Ml o~ ML q=k+1,

() {07 q#k,

Cokerji(Hq) R {

From the equalities listed above we get:
Hy(Q, Vi) =0, q#kk+1,

Hk(@f/) Hk+1(Q7V1) My,
Hy(Q,V')=0, q#k+1,k+2
Hi1(Q, V')~ Hpyo(Q, Vi) = My
Thus
PO 0 q#kk+1
q ~ b b b
H@, 1)N{M,;’+1, g=kk+1,
~ o~ ()7 q;ék—l—l,k—FQ,
HIQ, V) =~ {Mk, g=k+1k+2.

By virtue of the universal coefficient formulas for H, g(@ ‘71)7
M\ = PMj, = HY(Q, V1),
do: Ext (M}, Z) — BExt:™(Mj}, Z)
is an epimorphism for ¢ = 0 and an isomorphism for ¢ > 0. Recall that
My, ~ H(Q, Vi) = Hiy1 (Q, V1)

and

EY" = Ext?(H,y, Z), dy: ER? — E5P2971
Since 7 = Z +---+ Z, for p > rkm we have Ext! = 0. Thus

Ext'(Mj, Z) =0, i>0.
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By Lemma 5.1, the module PMj, is stably free. Since M, = PM;!,_,, the
same is true for M. The lemma is proved.

Remark. When proving the acyclicity of the module M we used the
fact that Ext’ = Ext:™ and Ext? = 0 for p > rkn. Actually, the triviality
of modules Ext’.(M}, Z) for i > 0 can be proved in an alternative way for
any Noetherian group 7 under the assumptions of Lemma 6.1.

§ 7. The homology effect of a Morse surgery
Let W be the same as in Theorem 3 (§1), 14 & W, W=AUB,
AN B =1V, and the embeddings
iw: Vi CA, i: Vi CB
are such that
m (V1) =m(A) =m(B) =m (W)
and
Ker zg’“) =0, k<p, Ker zg;’“) =0, k<n-—p
Set
Ker z'lzp) =M,, Ker i;:"‘p) =M, .

Both modules M,/ and M, are Z(m)-modules. According to Lemma 4.1
we have

]\4}’j = Ker igfp), Mgip = Ker ié{k{"—p).

On the universal covering space ‘71 between le) and M,’l'fp there is a scalar
product, which is integer-valued and m-invarant; it is generated by the
intersection index of cycles.

By virtue of Lemma 4.1 we have

M/
S(Hp) P
K Pl=
er iy, Zo(m) M,
and
M//
(Hyp—p) n—p
K V=
er i, Zo(m) M,
Choose a m-basis ai,...,aq in M,. Let p satisfy the conditions

of Lemma 3.1. Let us find disks D’l’“,...,Dg’Jrl C A such that their
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boundaries DjPT! C A = V; realize the elements aq,..., a4 € M, and
let us paste the handles

B'=BUT U---UT,,
A'=A\(Int Ty U---UInt Ty),

where T; are neighborhoods of disks D;j *1in A. Then it is easy to see that
for V{ = 0B’ = 0A’ the kernels

Ker i/l(Hj) = ]\f/.\fj'

and

Ker i;(*Hj) = m’

will look like:

M/ =0, j<p, M,=M, j>p+1,
m/:07 j<n-p-1, @':MJ{’7 j>n—p.

Denote the scalar product between the modules M, and M/, by (, ).
Let 51, ..., 0t be the m-generators of the module M,’{_p. Then the following
lemma holds.

Lemma 7.1. The module M,’{_p_l can be described as follows: its
generators a,...,0q are in one-to-one correspondence with generators
of M['ﬂ and the relators are given by the generators of the module M,’l'_p
as follows:

Z (a™'Bj, am)ady, = 0.
aem
m=1,....q

PROOF. The geometrical sense of the generators a., is the following:

these are spheres S™ P! C V/, which are linked to the spheres D1 C V3

deleted from V;. Obviously, the elements &, are m-generators in M)/, ;
because M, | =0.

Let us now consider the geometrical picture for the universal
covering W. The geometrical sense of the above relations is evident because
on W D Vj the cycle 3; has intersection indices with the cycles acu,, a € m,
and after removing neighborhoods of the cycles a,, from Vi, the cycle 3;

yields the desired relation.



232 S. P. Novikov

The fact that this gives a complete relation system in our case follows
from the fact that we have a complete relation system in the module

B, C Haopr(A).

Indeed, homotopically A’ is obtained from A by a simple removal of
disks DPFLL Tt is easy to see that

Tpi1(A, Vi) = Hypp1 (A, V1),

Since the relation in 7/ M,’L’_p_l appears because of the intersection of cycles
from H, ,(A) with covering disks D' C A and since H, ,(Vi) —
Hn,p(g) is epimorphic, the system or relations in the lemma is complete.
The lemma is proved.

§ 8. Proof of Theorem 3

Let n > 5. We preserve the notation for Vi C W, A, B, iy, i, i, 11, 12,
i, M/, M/, etc.

The proof will consist of three steps.

Step 1. We make Vi C W connected such that

7T1(V) = 7T1(W).

Here we do not use any restrictions for m (W) except that it is finitely-
generated.

Step 2. By Morse surgery we paste the homotopy kernels of the
embedding V3 C W in dimensions k < [n/2], and for odd n =2t +1 we
also paste the kernels

Ker ™) = M/

by using Lemma 3.1. Here we use the fact that the fundamental group is
Noetherian.

Step 3. Pasting handles on one side V; — V3 #S? x S™~* to the manifold
Vi C W we “stabilize” the module M; — M/ + F forn =2t or n =2t +1
in such a way that the kernel of M/ becomes a free module over Z(r).
Here we use the results of Theorem 5.2. Then, applying Lemma 3.1,
and using surgery over the 7-free basis from M/, we kill M and M/,
for n=2t+1 and M| and M/ for n =2t. By using Lemma 7.1, the
kernels in other dimensions (in particular, M _, ;) remain trivial. As
a result of surgery, we get a closed submanifold V' C W which is a
deformation retract. At this point, Theorem 3 follows trivially: there is a
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number k such that 7V NV = (). The neighborhood of the manifold T*V

in W is homeomorphic to V x R. According to the above, in this

neighborhood there is a smooth V/ C W near T*V, having homotopy

type W. Between V and V' there is a smooth h-cobordism. Thus, this

domain is V x I(0, 1) and V' =V because Wh(n) =0, r=Z+ -+ Z

(see [1, 2, 9]). Considering such domains for all k£ we see that W =V x R.
The theorem is proved.

Remark. If in Step 3 we perform a surgery not over a free m-basis in
M|, but over any other one according to the projection F' — M, then after
the surgery we would get a module of relations R, 0 - R — F — M| — 0,
where R = m 41 (see §7) for the manifold after the surgery. By virtue of
Lemma 7.1 for this manifold, we would have

M, ,=PM,,, = PR

8 9. Proof of Theorem 6

Let S™ C S™*2 be a topological locally flat embedding and let n > 5.
Note that the difference G' = S"*2\S™ is a smooth open manifold with
“homotopy type at the infinity” S™ x S'. We shall construct a smooth
closed manifold V' C G of homotopy type S™ x S*, which bounds in S"*2 a
manifold D of homotopy type S™, and contains the “knot” S™ c D C S"*2.

In the case when we know that the knot S™ C S"*2 is globally flat,
i.e. it has a neighborhood U O S™ homeomorphic to S™ x R?, this problem
can be easily solved by Theorem 3: namely, we set W = U\S™. Then W
is homeomorphic to S™ x S' x R and it is smooth. By Theorem 3 there
is a smooth V' C W such that W is diffeomorphic to V' x R. Evidently, V'
bounds in U D W DV a manifold D of homotopy type S™ C D, n > 5.

If the global plane is not known, let us consider the decreasing sequence
of smooth manifolds with boundary

UboUsD---DU; D+

such that U; D S™ and N;U; = S™.
Set W; = U;\S™. Obviously, the group H,,1(W;) # 0, and for j; large
enough in comparison with jo > 1, the image

Hn+1(Wj )_’ n+1(Wjo)

is isomorphic to Z.
If jo, j1 are large enough, one can realize the basic cycle of the image
inside Wj;, by a submanifold Vi C Wj,; it is easy to see that for large
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J1> jo > 1 the map V4 C W, is “similar” to the map V; — S™ x S1.
More exactly, this means the following: for j large enough one may find
a natural map W; &, 5n xSl (which, in the case when a global plane
exists may be thought of as a projection to S™ x S'), which induces the
map g;,: W, — S™ x St for j; > j. The composition of the embedding
Vi C W and gj: W; — S™ x S!is a degree +1 map f;: V4 — S x S1.

One can easily make V4 connected and such that m (V1) = Z, as before.
Then V; separates Wj, into two parts A and B, and homotopy kernels of
embeddings i1: V3 C A and i9: V3 C B possess the same properties as the
kernels discussed in Theorem 3 (see §§4-8), though here we cannot assume
that the embeddings V) C A and Vi C B are homologously epimorphic,
unlike Theorem 3. However, note that this epimorphism takes place related
to the “interior” part A C W, such that its closure in S"™2 contains S™.
As before, denote the embeddings Vi C A and V4 C B, by i; and i,
respectively.

By locally flatness of the knot S™ C S™*2 the manifold G possesses
the following property: there exists € > 0 such that any map h: P — G of
any complex P is homotopic in G to a map h: P — G, whose image is at a
distance >¢ from S™ in S"*2. We assume all W} lie in the e-neighborhood
of the knot S™ C S"*2, i.e. j is large enough. But this means that we may
apply Lemma 4.1 to the interior part of A (with respect to V7). Obviously,
Lemma 4.1 is applicable to the map fj: V3 — S™ x S* as well.

We start by gluing handles (as in Theorem 3) to V; inside G to eliminate

the kernels Ker ng) and Ker ZéIC‘) for ¢ < [n/2], and for odd n + 1 we also
kill Ker zi:“, 2¢+1=mn+1 (here the dimension of V; is n + 1).
Furthermore, note that

Ker ig:” = Ker igfq)
and

Ker 107 = Ker 010,
and also

Ker f;f‘ﬂ = Ker igf‘Z) + Ker igf‘Z)

)

which yields that one may apply the “Hurewicz” theorem from §4 to

Ker igfq) .

Now, as in the proof of Theorem 3, we reconstruct Ker i;:‘I), by applying
Lemma 7.1 for n = 2¢ + 1. The case n = 2q is analogous to Theorem 3 also

by virtue of the Remark that the “Hurewicz theorem” (Lemma 4.1) can be

applied to the kernel Ker z'QZQ).
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Thus, we have proved the following:

Theorem 9.1. Under assumptions of Theorem 6 there exists a
submanifold 'V C ST\ S™ of homotopy type S™ x S' such that the
domain A C S™"*2 restricted by V' has homotopy type S™.

This is the analog of Theorem 3 for the case we consider.

Note that by virtue of the Browder—Levine theorem [see [20], § 5], the
manifold V is a skew product with fiber S™ € "(9x) and has S!. For
even n we have 0" (9m) = 0. However, in any case S™ s PL-homeomorphic
to S™, and V is PL-homeomorphic to S™ x S', since the group of
P L-automorphisms of the sphere S™ is connected. From now on, we shall
work in terms of PL-manifolds.

For a domain A, A = V we take its “dual domain” which is
PL-homeomorphic to D"t! x S and paste AUy D"t x S, where
h: OD"*1 x S1 — V is a PL-homeomorphism. As it is well known, in
these conditions A U, D"*! x S' is PL-homeomorphic to S™"*2. The initial
sphere S™ lies in A, and the complement A\S™ is contractible to V = 9A.
Thus the pair (AU, D"! x S/, S™) satisfies the Stallings theorem [18].
Without loss of generality, we might assume that the embedding S™ C S" 12
is linear on a small simplex. From the methods of [18], the result below easily
follows.

There exists a homeomorphism (PL-homeomorphism everywhere
except a small neighborhood of S™), which takes S™ to the standard sphere.
Consequently, on A there is a new P L-structure such that:

a) it coincides with the old structure on OA,;
b) 94 = 8" x St is h-cobordant to the boundary of the tubular
neighborhood T'(S™) C A.

Thus in the new PL-structure we see that A is PL-homeomorphic
to 8™ x D? (see [17]).

This evidently yields that the knot S™ C S"*2 is globally flat.

Let us prove the remaining part of Theorem 6.

There is a P L-homeomorphism everywhere except in a neighborhood of
S™C A

d: A— S"x D2,
d(s™) =S" x 0.

We glue to S x D? a closed complement Q = (S7+2\ A) with respect to
the identification d/0A = 0Q. Then

M=5"xD*]Q,
d
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where d: 9Q — S™ x St and d/dQ is a PL-homeomorphism. It is easy
to see that M is a homotopy sphere of dimension n + 2. Thus we have a
simultaneous transformation d’: M — S™"*2 where d' = d/A and d' = 1/Q
which takes “knot” to a PL-knot, with a direct product S™ x D? C M.
The PL-knot can be smoothed in such situation, and on S™ C M there is
a smooth structure from 0" (97) (= bP™ ! see [7]).

Theorem 6 is proved.

§10. One generalization of Theorem 5

Let K be a finite “Browder complex”. For the simply connected case
this means that there is a “fundamental cycle” of dimension n: p € H,, (K)
such that the map D: Z — Z Ny is an isomorphism H7(K) — H,_;(K).
If the complex K is not simply connected and p: K’ — K is a finite-fold
covering with m sheets, we have to require that H, (K') = Z and that there
is an element

p' € Hy(K'), pp' =mypy,

such that the map D: Z — Z N/ is an isomorphism. If the group m (K)
is finite then this gives a definition of the Browder complex. When 7 (K)
is infinite, this is not sufficient. Let K/ — K be the covering with subgroup
7' C 7 =m(K) and fiber F = 7/’ on which 7 acts by left shifts. Assume
a-f, acn feF, and the groups HY(F), Ho(F), HO(F), H\"(F), are
defined, where the group 7 acts (here HO(F) are finitely supported functions
on F valued in Z, HJ(F) are infinite linear combinations 3" a;f;, a; € Z,
fi € F). Then we have:

H*(K') = H*(K, H'(F)), H}(K')=H"(K, H)(F)),
H.(K') = H.(K, Hy(F)), H(K')=H,(K, H{" (F)),

and all homology groups are assumed to have local coefficients.
Consider the generating element

9= fie H"(F).

Then the correspondence Z — Z ® g takes H;(K) to
Hy(K, Hy" (F)) = H” (K.

If F consists of m elements, then the composition p.(Z ® g) is the
multiplication by m: Z — mZ.
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We require that the maps D:Z —ZN(u®yg), pe H,(K) are
isomorphisms:

D: H(K') — H, K'), Zec H(K),
D: H(K') - HY (K'), Ze H(K).

The element p € H,(K), is, as before, the fundamental cycle in K,
and p ® g is the fundamental cycle in K.

In this case we call K the Browder complex.

The following lemma holds.

Lemma 10.1. If W is an open smooth (n + 1)-dimensional manifold
having homotopy type of a finite complex and there is a (possibly, non-
smooth) action on W of the discrete transformation T: W — W such that
the quotient space is compact and H, (W) = Z then W is a Browder complex
with respect to the fundamental cycle of dimension n.

We leave this lemma without proof.! We note that the condition on T
(on its existence) can be replaced by a simple condition on “homotopy type
at the infinity” for W.

From Lemma 10.1, and by virtue of Theorem 3, where the condition
about the homotopy type of a closed manifold is replaced by Lemma 10.1,
we easily get:

Theorem 10.1. Let M™ be a smooth closed manifold, m (M™) = m =
Z + -+ Z, and there is a decomposition m = 7' + ©''. Then the covering
space M with fundamental group 7' C w is diffeomorphic to M™ " x R!,
where | = rkn”, and M"™! is a closed smooth manifold n —1 > 5.

For the case ©/ = Z, " = 0 this theorem was proved by Browder and
Levine (see [21]).

Appendix 1. On the signature formula

As in [10], [13], consider a manifold M™, n = m + 4k, and an indivisible
element 2 € Hyp(M™, Z) such that Dz=1vy - ym, y; € HY(M", Z),
j=1,...,m. As it is shown in [10, 13], there is one canonical element
ze H41~c(1\//.7"7 Z), where Mis a covering over M"™ with group Z +---+ Z
(m summands), such that exactly those paths v C M™ are closed for which

INote that the proof uses homology with special properties on the support,
introduced by Rokhlin in yet unpublished paper.
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We shall not recall the algebraic definition of 2 € H4k(J\/4\ ", Z) by z.
Geometrically, it is defined as follows: we realize the cycles Dy; by
submanifolds M ;“1 C M™ and realize z by their intersection

4k —1 —1
M*% = MPlnen My

In this case the manifold M?* is covered by a closed manifold in M and
defines a cycle Z.
For m = 2 the following theorem holds.

Theorem. If the intersection index for the group H2k+1(]\/4\) s
identically zero then the following formula holds:

(Li(M™), Z) = 7(2).

Note that if H2k+1(l/\4\ , R) is finite-dimensional, then the conditions
of our lemma hold. Thus, this theorem is a generalization of Theorem 2
from [10].

PRrROOF OF THE THEOREM. Consider the covering space M constructed
above, where we have the inverse images of the manifolds M{*

and M2"71 with respect to the projection p: M — M¥+2 n = 4k+2
Denote the basic transformation of the mapping class group Z + Z of M
by T, Ts: M — M. Then the inverse image of the manifold M{"™ L splits

into a connected sum U; M (1) , and the inverse image p~! (M, ") splits into

M( ) in such a way that M( 2 Where e=1, 2, —o0 < s < 400, separates
M into two parts: A and BE , where

ADUB® =M, A®NBE = ME).
Besides, the notation is chosen in such a way that

nM® =MD, TMO =M,

)

TMP =M®, M@ = M2,

and M,° @) for any s are Z-covering spaces over M~ 1. The inverse image of
the manifold M*F = M7~' 0 M5! can be represented as follows:

“L(M*) = U (M;l) n M(§2)) _ U Mk

3:a°
Jq J:q
so that all M;‘:’; are diffeomorphic to the initial M* = M~ n My~
Denote the cycle defined by M#* in M( ) , by t; € H4k(M )) Tiutj =tj,

7,4
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and denote the embedding M ](1) cM by ;. Evidently,
Ajuly = 2.
By virtue of Theorem 1 from [10] (or Theorem 2 from [13]) we get the
formula:
7(t;) = T(M*).
Let us prove the following equality
7(t;) = 7(2).

Let j =0, to € H4k(Mél)). Denote Mél) just by M, to by t, Aél) by A
and B\" by B. Then

BNA=M, BUA=DM.
Denote the manifold M{* by N, then
MNN =M% =M*".

Now recall a result from [13]. If for each o € H?*(M, R) such that the
cycle B =ant € Hop(M) is null-homologous in A and in B, the equality
(a2, t) = 0 holds, then the following formula is true:

T(t) = 7(2).

Note that the cycle f = a Nt geometrically lies in M** = M N N, and
the self-intersection index 3o 3 (on M**) is equal to (a2, t) in M. Besides,
the cycle 3 is cut out from M* by an open cycle Do € HSy, | (M).

The cycle 8 is spanned by membranes 6; C A and Jy C B such that
061 = 009 = . Furthermore, the pair M, N separates M into four parts:
Wl, W27 VV?,7 W4, where

ﬂ W, = M

ﬂWizj\Z, (W1UW2)Q(W3UW4)=M,

(W UWy) N (WaUWs3) = N.

Denote by J; € H?**Y(M, R) Nt CHoi (M, R) the subgroups consisting
of elements with zero-homologous representatives in W;, i =1, 2, 3, 4.
Analogously, let us define the subgroups J) C H?Y(M, R)Nt, for
e =1, 2 consisting of elements zero-homologous in A for e =1 or in B
for e = 2.



240 S. P. Novikov

Clearly,
JlUJQZJ(l), J3UJ4=J(2).

Denote the group H2**1(M, R) Nt by H. Let us define the operator P:
H — H by setting

Plant)=(Ty-a)Nt.

Since Tyt =t, then P is an isomorphism. Note that H is a finite
dimensional space over R.
The following relations hold:

P¥Jay C Jay PRIy C o,
P¥Joy C Js, PRI C

for k sufficiently large because of finite dimensionality of H, J;, Ji.y. Thus
(again, by virtue of finite dimensionality) we have:

Joy=Jdi=Jds, Jag=J3=Ju

Now, let us return to the element 5 = « N ¢ which is null-homologous in A
and in B, belongs to M** and is represented by a cycle 3 C M*F. Since
B € J1y N J(g), the cycle B on T=2kM** (for large k), representing P23,
becomes null-homologous in the manifolds 772, and T~2*W,, if we add
to this cycle the cycle h € T2 M** null-homologous in M. From finite
dimensionality of the group Hay(M**) it follows that k can be chosen so
large that the membrane ~'(h) can be chosen not to intersect T~ M4F.
Then the cycle § € T~2*M** is null-homologous in T~*W; and T~*Wj.
Denote the corresponding membranes by d3 and d4:

83 CT*Wy, 64 CT "Wy, 965 =064 =75.

Since o € H?*(M, R), we have Da € H2(2)+1(M7 R), and Da is represented
by an open cycle in M, whose intersection with M** is 3, and whose

intersection with T2k N4k is 3. Denote the segment of this open cycle
from B to f by d, o = 3 — 3.
Set

g1 =03 —d+ 61,
g2 =04 —d+ 62,

where g1 and gy are (2k + 1)-dimensional cycles in M. The cycle

=dNT FMm*

i
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is such that it is null-homologous in T—5Wr, T=*W,, T-FWs, T=*W, and
its self-intersection index in T-*M?** is equal to

BOB: (a27 t) :BOB
But, it is easy to see that
groga=P00op
and
g1og2=20

by the assumption of the theorem. Thus, we conclude that the condition
(@), 1) = (2), 1) = 0
yields
(a?,t) =0.

By using analogously to [10,13], we conclude the proof of the theorem.
Now let us make some conclusions from the theorem.
1. It is easy to show that if the condition N/Zy(w)N = 0 holds then

Nog+1 = Noo D Ngji1.
As a matter of fact, every element o € N satisfies some polynomial relation
Q(Tl, TQ)O' = O,

where Ty, Ty are generators of 7 and eQ =1, : Z(w) — Z. Indeed,
if 01,...,0, are generators of N over Z(w) and N/Zy(w)N = 0, then there
exists a matrix P = (P;;) with coefficients in Z(w) such that eP =F
and ). Pjjo; = 0. But then

(det P)o; =0
and
Q=detP, eQ=1.
We may assume that
Q=1+ P(T2)] +T1 P (T2) + - + T7' P (T2),

where Py depends only on positive powers of T and Py(0) = 0. Thus the
polynomial @ has an inverse in formal series on 7} and T}, where j > 0,
s> f(j) > —oo. Consequently, the element o is zero-homologous in open
homology and orthogonal to N in the sense of intersection index.
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The condition sufficient to apply the theorem (N/Zy(w)N = 0) holds,
for example, if the image

P+t Hapr (M, R) — Hop1(M™, R)
is trivial and the differential

do: E22kF EO 2k+1 _
2 = Zo(m)N’

(
E;,Qk Hmvarlant c H2k(M)7

is trivial in the Cartan spectral sequence for the covering p: M — M".

2. Let us give another proof of the invariance of Lg(M™) for
n < 4k + 3 and 71 (M™) = 0. Indeed, if M is homeomorphic to M** x R3,
where M?*F is simply connected and closed, we can, as in §2, select the
submanifold W = M* x T? x R and realize the cycle [M* x T?] by a

smooth V C W such that the inclusion homomorphism 4, : w4 (V) — e (W)
is an isomorphism ¢ < 2k, which is trivial. Then V splits W into two parts A
and B, ANB=V,andiy1: V C A, iy: V C B. Set

/ _ (Hapy1)
My = Ker iy, .

(H2k+1)

Since the intersection index on M}, 41 = Ker gy is trivial, where 2;:

VcA (universal coverings), we can, followmg Whitney, realize the
Z(m)-basis in My, , by embedded spheres and apply Morse surgery along
these spheres (the possibility of such realization is proved identically to
the proof of Whitney, for more details see [6]). The surgery can be
performed without changing the Pontrjagin classes; after a surgery we get a
manifold V7, to which the theorem from this appendix can be applied. These
surgeries, evidently, do not change the “cycle signature” for the covering
space over V and V;. Comparing the above arguments with the basic lemma
of [13], applied to the embedding V C W, with the theorem above, and the
equality of “cycle signatures” for V and Vl, we obtain the statement in the
same vein as in [10, 13].

Appendix 2. Unsolved questions concerning
characteristic class theory
Below we give several problems which are directly connected to the

results of the author [10-12] and Rokhlin; these problems are mainly
concerned with Pontrjagin classes.
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I. Topological problems

11. Does there exist a number n = n(k) depending only on k such that
for all prime p > n(k) the Pontrjagin classes p, modulo p" are topologically
invariant. This would follow from the fact that the groups m;(BTop) are
finitely-generated for all ¢+ < 4k. However, for the solution it seems to be
more convenient to use some generalization of the method of the present
work or the author’s work [13]. Such a result would have nice applications,
say, for classical lens spaces of dimensions >5. For example, p # 7 for k = 2
(see [8]).

2. Are the rational Pontrjagin classes of complexes and rational
homological manifolds topological invariants? Positive results in this
direction are obtained only for Ly (M™), n < 4k + 2 (see [10, 12]).

3. Is it possible to define rational Pontrjagin classes p; € H*(BTop, Q)
for Milnor’s topological microbundles to satisfy the following axioms:

a) for O and PL-microbundles they coincide with the usual Pontrjagin
classes;

b) the Whitney formula for the sum;

¢) the Hirzebruch formula for Ly (M**) and the formulas due to the author
for Ly (M*+1) and sometimes for Ly (M* ™) m > 1 [see [10, 13] and
Theorem 2 of the present paper].

II. Homotopy problems

1. Let x € Hy(M™) be such an element that Dz =1yi- - ym,
m =n — 4k, y; € HY(M™). Is the scalar product (Ly(M™"), Z) a homotopy
invariant? The problem is solved by the author for m = 1, and partially
for m = 2 [see [10, 12] and Appendix 1 of the present work] and sometimes
for m > 2 [see Theorem 2 of the present work]. For m = 2 the final solution
is obtained by Rokhlin.

2. In those cases when the previous problem has a positive solution,
the problem of calculation of Lj classes in terms of homotopy invariants
arises. This problem is not solved even in the situation of Rokhlin’s
theorem for codimension m = 2. Important partial cases of this problem
will be discussed in the next section devoted to differential-topological
questions.

II1. Stably-algebraic problems
Before discussing problems, let us first give an algebraic introduction.
Let 7 be a Noetherian group and let M be a finitely-generated Z(m)-module.

TAdded when reading the proofs. Problem 1 was recently published in a yet
unpublished collection of works by the author and V. A. Rokhlin.
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By a scalar product we mean a homomorphism of modules h: M —
PM, where PM = Hom.(M, Z), (x, y) = hz(y). Certainly, a symmetrical
and a skew-symmetrical case arise.

We call a scalar product unimodular if A is an isomorphism.

If 7/ C m, then on N = M(Zy(n')M) there naturally arises a bilinear
form (pz, py) = > ,c. (z, ay), which is a scalar product in the same sense,
if 7’ is a normal subgroup. Here p: M — N is the natural projection. We
call this bilinear form the induced scalar product.

We call a symmetric scalar product even if (z, z) and (z, ax) are
divisible by 2 for all a € 7, a® = 1.

For subgroups 7’ of finite index in 7 and a symmetrical case it makes
sense to speak about the signature of the scalar product (induced) on
N = M(Zy(r")M), and the signature of a form on N is defined as a
function of a subgroup 7' Cw, 7=7(n'), if the index of #' in = is
finite. Set 7(M) = 7(n), where I(n’) is the index of 7’. Then we require
that (") = 7(M)I (7).

Assume the scalar product is skew-symmetrical. By Arf-invariant we
mean the map ¢: M — Z5 such that p(ax) = ¢(z), a € 7, and

o(r +y) = p(x) + ¢(y) + (z, y) mod 2.

Let ' C wand N = M/Zy(n")M, p: M — N. By induced Arf-invariant
we mean the map ¢,/ : N — Z5 such that

on(pz) = p(T) + Z (z, ar) mod 2,

’
fuld
ac

where Z- C 7’ denotes the subset in 7/, which for every pair of elements

a, a” ! 62 7, contains exactly one. The case a = a~! is inessential because in
this case (z, ax) = (a~ 'z, ) = —(z, ax) = 0. For ¢, it is easy to check the
correctedness and the identity for Arf. If 7’ is of finite index I(7’) in 7, then
for M/Zo(n") M there is a well-defined “total” Arf-invariant ®(7’) € Zs. Set
@(M) = ®(r). Then let (7)) = &(M)I(r').

Now let 7 be a finite or abelian group. We say that a module M with
symmetric or skew-symmetric scalar product has a Poincaré duality if for
all subgroups 7’ C 7 the induced scalar products are unimodular.

Let Fy be a free module on two generators z, y € Fy, such that (z, ax) =
(y,ay) = 0 for all a € 7, (x,ay) = 0 for a # 1 and (z,y) = 1. We
assume the scalar product to be symmetric or skew-symmetric. In the
latter case we also require p(x) = ¢(y) = 0, i.e. in the module there is
an Arf-invariant of special type. We call such a module one-dimensional
free module.
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By a free module we mean a sum F' = F} + - - -+ F; with respect to the
scalar product and Arf-invariant (for the skew-symmetrical case).

We consider the isomorphisms of modules, the direct sum, etc., with
respect to all structures preserved.

Admissible classes of modules:

C1: projective modules with symmetric even scalar product
and Poincaré duality.
CY C Cy: modules with zero signature 7(M) = 0;
Cs: projective modules with skew-symmetric scalar product,
Poincaré duality and Arf-invariant;
C§ C Cy: modules with zero Arf-invariant ®(M) = 0;
CY: as in Cy, but without Arf-invariant taken into account;
C; C C;, i =1, 2: invertible modules M C C;, for which there exists a
module M’ such that M + M’ = F with respect to all
structures, where F' is as above.

Analogously, one defines the class 612 C C5 without Arf-invariant.

Denote the subclasses CZQ NC; by D;.

With each class Cp, Cy, C%, C?, CY we naturally associate the
“Grothendieck group”:

There is a well-defined homomorphism B(w) — C(w). The subclasses
Gi, Go, Gy, Dy, Dy define the subgroups of “really invertible” elements.

Algebraic problem: calculate the groups A(w), B(n), C(w), D(w), E().
It would be interesting to find these groupsform =2 +--- 4+ Z and 7 = Z,.
For m = Z, this is related with the arithmetics of the number p, because
here for “bad” p even the usual functor K°(Z (Z,)) without scalar products
can be nontrivial. _

For 7 = Z + Z, the usual K°(x) is trivial, but B(w) and C(w) are
nontrivial, as Example 2 from §3 of [13] shows. As we shall see from the
further topological problems, for m = Z +--- 4+ Z all A, B, C, D, E can be
nontrivial.

In the case m = Z + --- 4+ Z we may assume that we always deal with
scalar products on algebraically free modules, since projective modules are
stably free.
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IV. Differential-topological problems
Our question will be related to the following situations:

There is a commutative diagram of degree +1 maps and (regular)
coverings

M12n f 2n

M —L— i,

where the monodromy group of the coverings is 7 and we have an element
a € K%(M3™) such that f*a € K%(M?") is the “stable tangent bundle”.
We assume that the homology kernels of f are trivial in dimensions <n.
Then the kernel M = Ker f*HM) is a m-module, and it defines an element
from A(w) for n = 2k or B(w) for n = 2k + 1. For n = 3, 7 we need only
the image of B(w) — C(m).

There is a membrane W?2" with two boundary components Mf"fl,
MZ™ ! and retractions r;: W?" — M?"~! which are tangential maps.
We impose to r; restrictions analogous to those imposed on f in
example a) for coverings W — W?2" M; — M?"~'. Then the kernel
M = Ker fl(H") defines an element from A(w), n =2k, or from B(w),
n = 2k + 1, moreover, here it is easy to reduce these elements to D(m)
for n = 2k or to E(m) for n =2k + 1.

Problems

Realizability of elements x € A(xw), B(w), C(w), D(x), E(x) in the
situations of Examples a) and b).

It is interesting to study the case of the previous problem when in a)
the element o € K%(M3™) is the “stable tangent bundle” to M3™.
Rational Pontrjagin classes: if in a), the manifold M2" is the torus 72",
then a € Ker J, and the Pontrjagin classes

[ pi(a) = pi(My),

are defined, so that m = Z + ---+ Z. As the author has shown, the
stable tangent bundle to manifolds of homotopy type T is always
trivial (it easily follows from Theorem 2 of the present work, Bott
periodicity for BO, Adams’ result about the J ® Zs-homomorphism
and the fact that the suspension over the torus 7¢ is of homotopy
type wedge of spheres). Thus for o # 0 the classes p;(a) € H*(M3")
are nontrivial, and there is a (possibly, not uniquely defined)
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invariant z(«) € A(r) for n = 2k and z(«) € C(w) for n = 2k + 1. The
equality z(«) = 0 yields @ = 0 by the author’s theorem. The classes p;
are linear forms in exterior powers:

pi(a): A¥r — Z,
T=Z+ -+ Z, Hom(A‘“w, Z) _ A2n_4iﬂ',

Generally speaking, one should assume that p;(a) € A"~ %7 for 7 =
Z+ .-+ Z (2n copies).

The problem is to calculate p;(a) € A?" %7 as functions of
z(a) € A(w) or C(r). The above argument shows that there does exist
a connection between p;(a) and z(«).

Certainly, in this problem one can take instead of torus 72" = M3"
the direct product S* x T?"=4k then we shall get a number. This
question is closely connected to Problem 2 (“homotopy problems”).

4. The situation with non-Noetherian fundamental groups is not clear to
the author; there are many geometrical examples of “finite-dimensional
groups” here, and the corresponding theory would have a series of
applications. Certainly, the functor P = Hom,. can be defined by
using “locally-finite” classes of bases, which always exist geometrically.
However, in the applications we need that the modules of kernels are
finite-dimensional over Z(7). These questions, are however, unrelated
to characteristic classes, and they have not been studied by the
author.

5. Consider the odd-dimensional case ¢ =2k + 1. The restrictions on
the module given by Theorem 5.2 of the present paper, are quite
insufficient.

Later on, we shall denote K°(Z()) by K°(r).

In addition, we note that the usual K°(r), consisting of stable classes
of projective modules, is embeddable in D(7) and E(x) as follows:

If a € K°(7), then Pa € K9(7), and for the module a + Pa there is a
natural scalar product. We get the following inclusions:

K°() € D(n) C A(n),
K%r) C E(r) C B(n),

assuming in the FE(m) case that the Arf-invariant on @ C « + Pa
and Pa C o + Po is trivial.

By wusing other functors except P = Hom.( , Z), the universal
coefficient formula, and the Poincaré duality, it is easy to prove the
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following:

Theorem.! If in Theorem 3 §2 we replace the group 7, = Z + -+ Z
by any (Noetherian) group m = w1, then the obstruction to existence of the
manifold V" C W"HL, being a deformation retract in W™, lies in the
Grothendieck group K°(r), and the condition that this obstruction is zero
is sufficient for the deformation retract to exist V" C W+,

Remark. The uniqueness question for such V" ¢ W"*! is reduced to
the h-cobordism problem, and hence to K!(7), more exactly, the quotient
group Wh(m) (see [8]). Thus we get the following picture.

A. Problems like Theorem 3 and §2 are related only with K°(r) (or to
its image in A(7) and B(n)) and to K'(7) — Wh(r). As one can see from
the proof of Theorem 6 (see §9) and the paper of Browder—Levine—Livesay
(see [21]), these questions are analogous to the question of finding the
boundary of an open manifold.

B. The diffeomorphism problem is subdivided into the following:

1. the J-functor, Kp-functor and normal bundles of compact manifolds:
here for n =2k A(m) and B(w) play their roles (see [3, 22, 14],
Appendix 1).

2. Realization of classes in the Thom complex for n =2k (see
Problem 2). Here the torsions tor A(w) and tor B(w) are important
(see Theorem 1 of [22] for m = 0).

3. The relations between the h-cobordism and homotopy class in the Thom
complex (see Theorem 2 of [22]). Here one should consider invertible
elements from D(w), E(n) for n = 2k — 1.

4. For n =2k —1in 1. and 2. and n = 2k in 3. Ext’ come into play; their
role is not known. They generalize the torsion for m; = 0.

5. The relation between h-cobordism and diffeomorphism for n > 5 is well
known and it is connected only to Wh(r) = K!(r)/(m U —7).

Appendix 3. Algebraic remarks about the functor
P = Hom,

Here we discuss the following questions:

1. the connection between Ext’ (M, Z) and Ext’(PM, Z);
2. the notion of “reflexive” module: P?M = M:;
3. the functor @ for open homology groups.

'Added when reading proofs. This theorem was independently discovered by
Siebenmann.
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Let us first address the following question. Let M be an admissible
m-module. Consider an acyclic (projective) free resolvent
C={-—=F,— - —F>M-0}
and apply the functor P:
PC={0— PM = PFy— .- = PF, — - }.

We obtain a sequence which is exact for the term PFj.
Now consider a resolvent of PM

C'Z{---—>F,€—>---—>F6i>PM—>O}.
Let us paste the complexes C' and C”:

C'”z{---—>F,'1—>--~—>F6i»PF0—>~~~—>PFn—>~~~}

N

PM
0/ \0
in such a way that § = (Pe) o€’
Set F// = F! F” _, = PF,, n>0.Evidently, we have:

H,(C")=0, i>-1, H;(C")=Ext;""'(M, Z), i<-2.

Moreover, for the complex PC”
H!(C")= H;(PC") =Ext.(PM, Z), i>0,
2

P2M
0 _ _ —
H(C") = Hy(PC") = Coker P? = -3,

Hc—l(cl/) — H_l(PC//) — KeI‘ P2 C M,
H7U(C")= H_(PC") =0, i>+2.

All these equality follow from the fact that for projective modules P?
there exist a natural isomorphism. Thus, Ker P? and Coker P? obtain a
geometrical meaning.

Since H;(C") and H:(C") are connected by the Cartan-Eilenberg—
Grothendieck spectral sequences, the following conclusions are in order:

A. Let the homological dimension of the group m be equal to n (for
example, 7 = Z + --- + Z). Then we see that

Ext"(PM, Z) = Ext" *(PM, Z) = 0.
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B. If Ext.(Ext(M, Z), Z) =0, i > 0, then Ker P? = 0.
C. If Ext.™ (ExtL(M, Z), Z) = 0, i > 0, then Coker P? = 0.

We call modules M for which P2M = M, reflexive and those M’ for
which PM’ ~ M’, will be called self-adjoint. Every reflexive module is a
direct summand in a self-adjoint module, and vice versa, because in this
case P(M + PM) = M + PM and P is an additive functor.

Corollaries:

1. ifExti(M7 Z)=0,1>0,and m=2Z+---+ Z, then M is stably free
because PM s stably free according to Lemma 5.1 and P?>M = M,

2.if m=Z + Z, then for every module M the module PM 1is stably free
because Bxt:(PM, Z) = Ext?(PM, Z) = 0.

Note that for 7 = Z + Z + Z this is no longer true because there exists
a module M # 0 which is reflexive and such that

Ext?(M, Z) = Ext3(M, Z) =0,
Extl(Ext}(M, %), Z) = Ext?(Ext}(M, Z), Z) = 0,
Extl(M, Z) = Ext}(Ext:(M, Z), Z) # 0.
Let us construct such a module. Let My be a one-dimensional module

with generator u € M such that Zy(7) o u = 0. The resolvent of M (see § 5,
Example 1) is three-dimensional,

0-RBLRiE L RS Mo,
moreover,
Ext! (Mo, Z) =0, 0<i<2, Ext}(My, Z)= M.
Let M = F5/Imd. We have:
0= LYES Moo

Thus Ext’(M, Z) =0, i > 1, and Ext}(M, Z) = Ext?(M,, Z) = M. This
module M is the desired example of reflexive but not projective module for
T=4+7Z+Z.

Let us introduce topology for Z(w): namely, for the base system of
neighborhoods of zero we take all linear spaces over Z generated by the
elements « € 7w\ A;, where 4, is any finite set in 7.

For a finitely generated module we define the topology as follows: if
Z1,...,2x € M are m-generators and Aj,..., Ax are any finite sets in m,
we take for neighborhoods of zero in M all x € M such that Az =
Zi,j /\ijaija:j, A 7é 0, where Q5 € 7T\Aj, A, )\ij € Z. Such neighborhoods



ON MANIFOLDS WITH FREE ABELIAN FUNDAMENTAL GROUP 251

generate a system of neighborhoods of zero in M. In this topology, points,

ar

e in general, non-separable.
We have: PM are continuous characters of the continuous group M in Z

(in discrete topology), so that PM is a topological Z (m)-module. Ker P? are
points of M, which are infinitely close to zero.

Let us define the completion @: M — M , Where M is the compacti-

fication of M, and we equate Ker P? to zero in M. The derived functors of
the functor @ correspond to open homology, thus for the field K we have:

10.
11.
12.
13.
14.
15.

16.

17

@ = Hom(Hom (M, K), K),
Tor (M, K) = Hom(Ext,(M, K), K), i>0.
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Stable homeomorphisms and the
annulus conjecturel

R. Kirby

A homeomorphism h of R™ to R™ is stable if it can be written as a finite
composition of homeomorphisms, each of which coincides with the identity
in some domain, that is h = hq, ha, ..., h,, and h;|y, = identity for each ¢
where U; is open subset in R™.

Stable Homeomorphism Conjecture, SHC,,: All orientation preserving
homeomorphisms of R™ are stable.

Stable homeomorphisms are particularly interesting because (see [3])
SHC,, = AC,,, and ACy, for all kK <n = SHC,, where AC,, is the Annulus
Conjecture: Let f,g: S""! — R™ be disjoint, locally flat imbeddings with
f(S™71) inside the bounded component of R™ — g(S™~!) (complement to
g(S™™1)). Then the closed region A bounded by f(S™~!) and g(S"7!) is
homeomorphic to S"~! x [0, 1].

Numerous attempts on these conjectures have been made; for example,
it is known that an orientation preserving homeomorphism is stable if it
is differentiable at one point [10, 12], if it can be approximated by a PL
homeomorphism [6], or if it is (n—2)-stable [4]. “Stable” versions of AC,, are
known: A x [0, 1) is homeomorphic to S" 1 x I x[0,1), Ax Ris S" ! x I xR,
and A x S* = 8"1 x I x S¥ if k is odd (see [7, 13]). A counter-example to
AC,, would provide a non-triangulable n-manifold [3].

L Annals of Math., 89 (1969), 575-582 (received October 29, 1968).
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Here we reduce these conjectures to the following problem in PL theory.
Let T™ be the Cartesian product of n circles.

Hauptvermutung for tori, HT,,: Let 7™ and 7" be homeomorphic PL
n-manifolds. Then 7™ and 7" are PL homeomorphic.

Theorem 1. Ifn > 6, then HT,, = SHC,.

(Added December 1, 1968). It can now be shown that SHC,, is true for
n # 4. If n = 3, this is a classical result. Theorem 1 also holds for n = 5,
since Wall [19, p.67] has shown that an end which is homeomorphic to
S* x R is also PL homeomorphic to S* x R.

In the proof of Theorem 1, a homeomorphism f : T" — 7" is
constructed. If j C T — s any covering of f, then clearly f is stable
if and only if f is stable. Using only the fact that f is a simple homotopy
equivalence, Wall’s non-simply connected surgery techniques [15] provide an
“obstruction” in H*(T™; Z3) to finding a PL homeomorphism between 7™
and 7". It is Siebenmann’s idea to investigate the behavior of this obstruction
under lifting f: T™ — 7" to a 2"-fold cover; he suggested that the obstruction
would become zero. Wall [16] and Hsiang and Shaneson [17] have proved this
is the case; that is, if 7" is the 2"-fold cover of a homotopy torus 7", n > 5,
then 7 is PL homeomorphlc toT™ (=T™). Therefore, following the proof of
Theorem 1, f T™ — 77 is stable, so f is stable, and thus SHC,, holds for
n # 4. Hence the annulus conjecture AC,, holds for n # 4.)

(Added April 15, 1969 Siebenmann has found a beautiful and surprising
counter-example which leads to non-existence and non-uniqueness of
triangulation of manifolds. In particular HT,, is false for n > 5, so it is
necessary to take the 2"-fold covers, as above. One may then use the
fact that f " — 70 is homotopic to a PL homeomorphism to show
that f : T™ — 7™ was actually isotopic to a PL homeomorphism. Thus,
although there are homeomorphisms between 7" and another PL manifold
which are not even homotopic to PL homeomorphisms, they cannot be
constructed as in Theorem 1. Details will appear in a forthcoming paper by
Siebenmann and the author. See also R. C. Kirby and L. C. Siebenmann,
On the triangulation of manifolds and the Hauptvermutung, Bull. Amer.
Math. Soc., to appear in Bull. Amer. Math. Soc.)

Let H(M™) denote the space (with the compact-open topology) of
orientation preserving homeomorphisms of an oriented stable n-manifold
M, and let SH(M™) denote the subspace of stable homeomorphisms.

Theorem 2. SH(R™) is both open and closed in H(R™).

Since a stable homeomorphism of R™ is isotopic to the identity, we
have the:

Corollary. SH(R™) is exactly the component of the identity in H(R™).
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Corollary. A homeomorphism of R™ is stable if and only if it is isotopic
to the identity.

Theorem 3. If M™ is a stable manifold, then SH(M™) contains the
identity component of H(M™).

In general this does not imply that the identity component is arcwise
connected (as it does for M™ = R™ or S™), but arcwise connectivity does
follow from the remarkable result of Chernavskii [5] that H(M™) is locally
contractible if M™ is compact and closed or M™ = R". From the techniques
in this paper, we have an easy proof of the last case.

Theorem 4. H(R") is locally contractible.

We now give some definitions, then a few elementary propositions, the
crucial lemma, and finally the proofs of Theorems 1-4 in succession.

The following definitions may be found in Brown and Gluck [3], a
good source for material on stable homeomorphisms. A homeomorphism
h between open subsets U and V of R" is called stable if each point
x € U has a neighborhood W, C U such that h|y, extends to a stable
homeomorphism of R™. Then we may define stable manifolds and stable
homeomorphisms between stable manifolds in the same way as is usually
done in the PL and differential categories. Whenever it makes sense, we
assume that a stable structure on a manifold is inherited from the PL
or differentiable structure. Homeomorphisms will always be assumed to
preserve orientation.

Proposition 1. A homeomorphism of R™ is stable if it agrees with a
stable homeomorphism on some open set.

Proposition 2. Let h € H(R™) and suppose there exists a constant
M > 0 so that |h(z) — x| < M for all x € R™. Then h is stable.

ProoF. This is Lemma 5 of [6].
Letting rB™ be the n-ball of radius r, we may consider rD™ = i(rB™) as
a subset of T, via some fixed differentiable imbedding ¢ : rB™ — T™.

Proposition 3. There exists an immersion o : T™ — D™ — R™.

PROOF. Since T™ — D™ is open and has a trivial tangent bundle, this
follows from [8, Theorem 4.7].

Proposition 4. If A is an n X n matriz of integers with determinant
one, then there exists a diffeomorphism f : T™ — T" such that f. = A
where fio:m (T, to) — w1 (T, to).
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PROOF. A can be written as a product of elementary matrices with
integer entries, and these can be represented by diffeomorphisms.

Proposition 5. A homeomorphism of a connected stable manifold is
stable if its restriction to some open set is stable.

Proposition 6. Let f : S"7! x [-1,1] — R™ be an imbedding which
contains S~ in its interior. Then f|sn-1yxo extends canonically to an
imbedding of B"™ in R".

PRrROOF. This is shown in [9]. However, there is a simple proof; one just
re-proves the necessary part of [2] in a canonical way. This sort of canonical
construction is done carefully in the proof of Theorem 1 of [11].

The key to the paper is the following observation.

Lemma. Every homeomorphism of T™ is stable.

PrOOF. Let e: R™ — T" be the usual covering map defined by
e(zy, ..., xy) = (2™, ..., e¥™ion),

and let to = (1, ...,1) = €(0, ...,0). e fixes a differential and hence stable
structure on 1.

Let h be a homeomorphism of 7™, and assume at first that h(ty) =
to and hs @ m(T™,tg) — m(T™,1o) is the identity matrix. A lifts to a
homeomorphism h: R™ — R" so that the following diagram commutes.

R" —" Rr

™ L,
Since I"™ = [0,1] x - - x [0, 1] is compact,

M = sup{[h(x) — z| |z € I"|}

exists. The condition h, = identity implies that 1 fixes all lattice points
with integer coordinates Z™ C R™. Thus h moves any other unit n-cube
with vertices in this lattice in the “same” way it moves I"; in particular
|h(x) — x| < M for all x € R™. By Proposition 2, h is stable. e provides
the coordinate patches on T, so h is stable because €7lh€|e—1(U) (patch)

~

extends to the stable homeomorphism (h) for all patches.

Given any homeomorphism h of 7™, we may compose with a
diffeomorphism g so that gh(ty) = to. If A = (gh); !, then Proposition 4
provides a diffeomorphism f with f, = A = (gh); !, so (fgh). is the product
of stable homeomorphisms and therefore stable.
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PROOF OF THEOREM 1. Let g be a homeomorphism of R". ga (see
Proposition 3) induces a new differentiable structure on 7™ — D™, and we

—~—

call this differential manifold T — D™. We have the following commutative
diagram,

id —

T —pr —< Tn_Dn

b

R -2 R

«a and ga are differentiable and therefore stable, so g is stable if and only
if the identity is stable (use Proposition 1).

Since T™ — D™ has one end, which is homeomorphic to S™ ! x R,
and n > 6, there is no difficulty in adding a differentiable boundary [1].
Since the boundary is clearly a homotopy (n — 1)-sphere, we can take a
C'-triangulation and use the PL h-cobordism theorem to see that the
boundary is a PL (n — 1)-sphere. To be precise, there is a proper PL

—~—

imbedding 8 : S"7! x [0,1) — T™ — D", and we add the boundary by

—~—

taking the union 7" — D™ Uz S™~! x [0, 1] over the map 3.

Finally we add B™ to this union, via the identity map on the boundaries,
to obtain a closed PL manifold 7™.

We can assume that 92D" lies in S(S™! x [0,1)). Thus §2D" lies
in an m-ball in 7" and, since it is locally flat, bounds an n-ball by the
topological Schoenflies theorem [2]. Now, we may extend id|pn_opn, by
coning on 02D™, to a homeomorphism f : T" — 7.

Using HT,, we have a PL (hence stable) homeomorphism h : T™ — 7.
By the lemma, h='f : T™ — T" is stable, so f = h(h™1f) is stable,
f|zn-—2pn = identity is stable, and finally g is stable.

Note that it is only necessary that HT,, gives a stable homeomorphism A.

PrOOF OF THEOREM 2. We shall show that a neighborhood of the
identity consists of stable homeomorphisms. But then by translation in the
topological group H(R"), any stable homeomorphism has a neighborhood
of stable homeomorphisms, so SH(R™) is open. Now it is well known that
an open subgroup is also closed (for a coset of SH(R") in H(R") is open,
so the union of all cosets of SH(R™) is open and is also the complement of
SH(R™), which is therefore closed.

If C' is a compact subset of R™ and £ > 0, then it is easily verified that
N(C,e) = {|h € H(R"™)||h(x) — x| < ¢ for all z € C'} is an open set in the
CO-topology. Let C' be a compact set containing a(7™ — D™). If ¢ > 0 is
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chosen small enough, then
ha(T™ —5D") C a(T" — 4D") C ha(T™ — 3D")
C ha(T™ —2D") C a(T™ — D™)

for any h € N(C,e). There exists an imbedding h, which “lifts” h so that
the following diagram commutes.

7" —9pn — " pn_pn

R . R

To define h, first we cover C' with finitely many open sets {U:},
i =1,...,k, so that a is an imbedding on each component of a~1(U;),
i=1,...,k Let {Vi}, ¢ = 1,...,k, be a refinement of {U,}. If ¢ was
chosen small enough, then h(V;) C U;. Let W; = U; N «(T™ — D™) and
Xi = Vina(T™ —2D"). Since ha(T™ —2D") C a(T™ — D™), we have
hX;) € Wi, i =1,... k. Let Wy 3, j = 1,...,w; be the components
of a”H(Wy), let X; ; = W, ; N (T™ —2D"), a; ; = alw, , for all i, j. Now we
can define h by

Tl|Xi7j = (ai,j)_lha

Xi,j

for all 4, j. Clearly h is an imbedding.
a(T™—=4D™) C ha(T™—3D™) implies that o(4D™ — D™) D ha(03D™),
so h(93D™) C 4D", and hence h(93D"™) bounds an n-ball in 4D™. By

~

coning, we extend h|pn_3pn) to a homeomorphism H : T" — T". H

is stable by the lemma, so h is stable and h is stable. Hence N(C,¢) is a
neighborhood of the identity consisting of stable homeomorphisms, finishing
the proof of Theorem 2.

PROOF OF THEOREM 3. As in the proof of Theorem 2, it suffices to show
that a neighborhood of the identity consists of stable homeomorphisms;
then SH(M™) is both open and closed and therefore contains the identity
component.

Let j : R® — M be a coordinate patch. Let ¢ > 0 and » > 0 be
chosen so that N(rB™,e) C H(R™) consists of stable homeomorphisms.
Then there exists a § > 0 such that if h € N(j(rB™),d) C H(M"), then
hj(2rB™) C j(R"™), j~'hjlarpn € N(rB", e). We may isotope j~1hj|aqpn
to a homeomorphism H of R™ with H = j~'hj on rB™ and therefore
H € N(rB",e) C ‘H(R"™). Thus H is stable and so j~'hj|a,p~ is stable.
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By Proposition 5, h is stable, and hence N(j(rB™),d) is our required
neighborhood of the identity.

Proor orF THEOREM 4. We will observe that Theorem 2 can be proved
in a “canonical” fashion; that is, if h varies continuously in H(R"), then
H varies continuously in H(7T™). First note that H(R™) may be contracted
onto Ho(R"™), the homeomorphisms fixing the origin. The immersion « :
T™ — D™ — R™ can be chosen so that ae = id on (1/4)B™. Pick a compact
set C' and € > 0 as in the proof of Theorem 2 and let h € N(C,¢). h lifts
canonically to i : T" — 2D — T™ — D™, Since h(int5 D™ — 2D"™) contains
04D", it follows from Proposition 6 that ?L(83D") bounds a canonical n-ball
in 4D™. Then iAL|(Tn,3Dn) extends by coning to H : T™ — T™.

Clearly H(ty) = to and H, = identity so H lifts uniquely to a
homeomorphism ¢g : R" — R"™, with |g(z) — x| < constant for all z €
(see lemma). We have the commutative diagram

R 2 R"
™ .
U )

" —3p" —"— " _2p"

al la
R s R

Since e((1/4)B™) N4D™ is empty and ae = id on (1/4)B", it follows
that g = h on (1/4)B™. The construction of g being canonical means that
the map 1 : Ho(R"™) — Ho(R™), defined by ¢(h) = g, is continuous.

Let P, : R — R™, t € [0,1], be the isotopy with Py = h and P, = g
defined by

P =g {1l k0 - 0]}

ift<land P, =g. Let Q¢ : R™ — R" be the isotopy with @y = ¢g and
@1 = id defined by

Qt(x):(l—t)-g<%_t.x>
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if t <1 and Q; =id. Now let h; : R® — R", t € [0,1] be defined by

Py () ifo<t<
ht(x) = 1
Qot—1(x) if 3 <t<1.

N =

It can be verified that h; is an isotopy of h to the identity which varies
continuously with respect to h. Then H; : N(C,e) — Ho(R"), t € [0,1]
defined by H;(h) = h; is a contraction of N(C,¢) to the identity where
H,(id) = id for all ¢ € [0, 1].

The proof can be easily modified to show that if a neighborhood V' of
the identity in Ho(R™) is given, then C' and € can be chosen so that N(C,¢)
contracts to the identity and the contraction takes place in V. To see this,
pick 7 > 0 and § so that N(rB",§) C V. Then we may re-define « and e
so that ae = identity on #B™. If h € N(rB",J), then P, € N(rB",d), and
if € is chosen small enough (with respect to d), then h € N(rB", <) implies
that Q¢ € N(rB"™,0). Therefore N(rB",¢) contracts in V.
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