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ABSTRACT

THE GEOMETRY OF TANGENT BUNDLE AND ITS
APPLICATIONS

Süleyman Tek

M.S. in Mathematics

Supervisor: Prof. Dr. Metin Gürses

September, 2003

In this thesis, we first give a brief summary of the Riemannian Geometry

which is the extension of Euclidean Geometry. Later we introduce the Finsler

Geometry and the geometry of tangent bundle. Finally we give the applications

of the geometry of the tangent bundle to the physics. We find Schwarzschild-like

spacetime solutions and modified red shift formula.

Keywords: Riemannian geometry, Finsler geometry, the geometry of tangent bun-

dle, Schwarzschild-like spacetime.
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ÖZET

TANJANT DEMETİ GEOMETRİSİ VE
UYGULAMALARI

Süleyman Tek

Matematik, Yüksek Lisans

Tez Yöneticisi: Prof. Dr. Metin Gürses

Eylül, 2003

Bu tezde, ilk önce Öklid Geometrisinin genelleştirilmişi olan Rieman Ge-

ometrisinin kısa bir özetini vereceğiz. Sonra Finsler Geometri ve tanjant demeti

geometrisini tanımlıyacağız. Son olarak tanjant demeti geometrisinin fiziğe

uygulaması olarak Schwarzschild-gibi çözümlerini ve değiştirilmiş kızıl kayma

formülünü vereceğiz.

Anahtar sözcükler : Rieman geometrisi, Finsler geometri, tanjant demeti ge-

ometrisi, Schwarzchild-gibi uzay zaman geometrisi.
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Chapter 1

Introduction

Euclid constructed his geometry on flat spaces. Euclidean Geometry is based on

the points, lines, planes, angles, etc. in Rn and on some fundamental relation-

ships between them given by some propositions and theorems which themselves

follow from some axioms. (Pythagoras’ Theorem, formulas in trigonometry, etc.)

To understand the nature we need to construct geometry on spaces which are not

flat. Gauss introduced nonflat spaces by studying 2-surfaces in R3. He measured

the inner angles of a triangle whose vertices the peaks of three high mountains

far apart in Germany, and tried to guess which geometry reflected the nature or

the real world. Later G. F. B. Riemann, in his Habilitationsschrift, “Über die

Hypotheses, welche der Geometrie grund-liegen” in 1854, opened an era in Geom-

etry and in other areas of Mathematics and also in other branches of science. He

proposed the notion of “Mannigfaltigkeiten” (manifolds) which are locally home-

omorphic to Euclidean spaces. Then he introduced the notion of Riemannian

metric which is needed to measure the length of curves, distance between two

points, angles between vectors, etc., on a manifold. Riemannian metric is defined

by a positive definite inner product as

ds2 = gij(u)duiduj,

where ui are local coordinates of an open subset U of the manifold and gij = gji are

smooth functions on U. He introduced the notion of curvature which is a measure

1



CHAPTER 1. INTRODUCTION 2

of how much a surface is curved. A zero curvature surface in Riemannian geom-

etry can be thought as an Euclidean plane. Riemann’s idea was developed later

by T. Levi-Civita and Elwin Christoffel by introducing the notion of torsion-free

and metric-compatible connection which is called Christoffel Levi-Civita connec-

tion. This connection is one of the main tools in the classical tensor calculus.

Tensor calculus plays an important role in the general relativity theory which

was developed by Einstein in 1916 [1]-[4].

Riemann constructed his metric as a quadratic differential form. He recog-

nized that his metric is a special case and thought there must be a general case.

Paul Finsler introduced a metric on an m dimensional manifold M in the general

case. He introduced the Finsler metric in his thesis in 1918 as

ds = F (u; du), u = (u1, . . . , um), du = (du1, . . . , dum),

where F (u;X) is the Finsler function. Details about the Finsler function and

Finsler Geometry are given in Chapter 3. There is a close relation between

Finsler geometry and calculus of variations. As Riemannian geometry, Finsler

geometry also plays an important role in other areas of mathematics and has

applications to other branches of science like biology, control theory, engineering

and physics [5]-[13].

Finsler geometry is based on the projectivised tangent bundle (PTM) which

is obtained by using line bundles or sphere bundle (SM) of a Finsler manifold

M instead of TM in Riemannian geometry. Berwald, Cartan and Chern defined

connections on Finsler manifold in 1926, 1934 and 1948, respectively. Cartan

connection is metric-compatible but it has torsion. Chern connection is torsion-

free and almost metric-compatible which is the generalization of the Christoffel

Levi-Civita connection. Chern connection differs from the Berwald connection by

the term Ȧ which will be introduced in Chapter 3. In Finsler geometry we have

horizontal-horizontal and horizontal-vertical curvatures. Vertical-vertical curva-

ture vanishes identically. The Riemannian curvature is called as the horizontal-

horizontal curvature [14], [15], [16].

K. Yano and E. T. Davies [18] constructed geometries on the tangent bun-

dles of Finsler and Riemannian manifolds in 1963. By using the components of
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fundamental tensor gij they constructed a metric on the tangent bundle. For the

ease of calculations they introduced the special frames and also the anholonomic

basis. They defined the adapted Christoffel Levi-Civita connection and curvature

on the tangent bundle. Components of that adapted Christoffel Levi-Civita con-

nection and curvature tensor have extra terms different from the classical ones

which come from the anholonomic basis.

Howard E. Brandt in 1991 [19] constructed a metric of the 8-dimensional

spacetime tangent bundle by using the proper acceleration a, which is given in

Einstein’s general relativity theory. He adapted the results of K. Yano and E.

T. Davies’s work [18] and used them in the spacetime tangent bundle which is

constructed from the spacetime and the four-velocity space. In the same work he

also calculated the Riemannian scalar curvature of the spacetime tangent bundle.

Howard E. Brandt again in 1991 [20] defined an action on the bundle manifold

and considered the maximal acceleration invariant fiber bundles which are defined

on a special spacetime as Riemannian Schwarzschild-like spacetime. By using the

results of [19] and the Euler-Lagrange equations of motion from this action, he

found the Schwarzschild-like solutions. He obtained the modified red shift formula

for a static emitter and observer in Schwarzschild-like spacetime.

In Chapter 2 we give a brief summary of the Riemannian geometry. We define

a metric and a linear connection on a manifold for the calculation of curvature

tensors and geodesics. Then, we introduce the curvature which is one of the

invariants of a manifold.

In Chapter 3 we introduce the Finsler geometry and its properties. Firstly,

we state the Euler’s theorem on homogeneous functions. By using that we define

the Finsler function F . Then we consider the projectivised tangent bundle and

define the Finsler metric by using the Finsler function F . We give the definition

of the Chern connection Γ, the Cartan tensor A and obtain the components of

the connection matrix on the projectivised tangent bundle which satisfies the

torsion-free and almost metric-compatible structure equations. By writing the

Chern connection in natural coordinates we obtain formulas for Γ, first and second

curvature tensors R and P in natural coordinates. We obtain symmetry relations
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of horizontal and vertical derivatives of R and P . We define the Geodesic spray,

the Flag curvature and the Ricci curvature. We prove the Schur’s lemma which is

related to the scalar Flag curvature. Finally we give some special Finsler spaces

and compare their structure equations.

In Chapter 4 we introduce the geometry of the tangent bundle. We first

define a metric on that tangent bundle and almost complex structure, then we

introduce a special frame which makes the metric and almost complex structure

simpler. By using these special frames we define an anholonomic basis, the Levi-

Civita connection and the curvature tensor on the tangent bundle. Finally we

obtain some relations among the connection coefficients and components of the

Riemannian curvature tensor.

In Chapter 5 we construct the spacetime tangent bundle by using the space-

time and the four-velocity space. We first define metric on the spacetime tangent

bundle by using the proper acceleration a, and then we define connection and cal-

culate the connection coefficients, the curvature tensor, the Ricci and the scalar

curvatures. Then we define an action on the spacetime tangent bundle and consid-

ering the Riemannian Schwarzschild-like spacetime, we obtain the Euler-Lagrange

equations of motion coming from the action and then find the Schwarzschild-like

solutions. Finally we obtain the modified red shift formula on the Schwarzschild-

like spacetime. We observe that the contribution of the tangent bundle metric to

the red shift formula is at order of the square of the gravitational constant G.



Chapter 2

Riemannian Geometry

In this chapter we will give a brief summary of the Riemannian geometry. We

will not give the proof of theorems. One can find the proof of theorems from any

Differential Geometry book which includes Riemannian geometry [1], [2], [14].

Firstly, on manifold we define a metric. Secondly, we define a linear connection on

this manifold for the calculation of curvature tensors and geodesics. Connection

plays the role of differential calculus in Euclidean geometry. Then, we will define

the curvature which is one of the invariants for the manifolds. In this thesis we

use the Einstein’s summation convention, i.e., if we have repeated indices in the

same term, then they are summed up over the range of the indices.

2.1 Riemann Metric

Let M be an m-dimensional C∞ manifold and ui, 1 ≤ i ≤ m be a local coordinate

system on an open subset U ⊂M. Tp(M) and T ∗p (M) are respectively the tangent

and cotangent spaces of M at the point p ∈M .

T (M) and T ∗(M) are tangent and cotangent bundles on M such that

T (M) =
⋃
p∈M

Tp(M), T ∗(M) =
⋃
p∈M

T ∗p (M). (2.1)

5



CHAPTER 2. RIEMANNIAN GEOMETRY 6

T rs (p;M) is the (r, s)-type tensor space of M at point p ∈M such that

T rs (p;M) = Tp(M)⊗ · · · ⊗ Tp(M)︸ ︷︷ ︸
r

⊗T ∗p (M)⊗ · · · ⊗ T ∗p (M)︸ ︷︷ ︸
s

, (2.2)

where r and s are contravariant and covariant order respectively. T rs (M) is an

(r, s)-type tensor bundle on M such that

T rs (M) =
⋃
p∈M

T rs (p;M). (2.3)

The natural basis { ∂
∂ui
, 1 ≤ i ≤ m} and {dui, 1 ≤ i ≤ m} are local frame

field of T (M) and local coframe field of T ∗(M) on U , respectively. Tangent and

cotangent vector fields X and Z are written in local coordinates as X = X i ∂
∂ui

and Z = Zidu
i, respectively.

Suppose G is a symmetric, positive definite (0, 2)-type tensor space. Here

symmetric means,

G(X,Y ) = G(Y,X), (2.4)

and positive definite means,

G(X,X) > 0 if X 6= 0, (2.5)

for all X, Y ∈ Tp(M). G can be written in local coordinate system (U ;ui) as

G = gij(u)dui ⊗ duj, (2.6)

where gij = gji are smooth functions on U . G defines a smooth inner product on

Tp(M) at every point p ∈M as

〈X, Y 〉 = G(X, Y ), (2.7)

for all X, Y ∈ Tp(M). Then X, Y ∈ T (M) can be written in coordinate base as

X = X i ∂

∂ui
, Y = Y j ∂

∂uj
, (2.8)

and G(X, Y ) takes the form

G(X,Y ) = gijdu
i ⊗ duj(Xk ∂

∂uk
, Y l ∂

∂ul
) = gijX

kY lδikδ
j
l = gijX

iY j, (2.9)
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since dui( ∂
∂uj

) = δij. By taking Xk = Y l = 1, we have

gij = 〈 ∂
∂ui

,
∂

∂uj
〉. (2.10)

(2.6) can be written as

ds2 = G = gijdu
iduj, (2.11)

and is called Riemannian metric. Here gij are components of Riemannian

metric in matrix form. gij is components of the inverse matrix (gij)
−1. We will

lower and raise the indices by gij and gij.

For example,

gijΓ
j
kl = Γikl, gikΓjkl = Γ i

j l. (2.12)

Definition 2.1.1 Let M be an m-dimensional C∞ manifold with metric G. Then

M is called Riemannian manifold.

2.2 Riemannian Connection

Definition 2.2.1 Let M be an m-dimensional Riemannian manifold. An affine

connection on M is a map

D : Γ(T (M)) −→ Γ(T ∗(M)⊗ T (M)), (2.13)

which have the following properties

1) D( ∂
∂ui

+ ∂
∂uj

) = D ∂
∂ui

+D ∂
∂uj

,

2) D(f ∂
∂ui

) = df ⊗ ∂
∂ui

+ fD ∂
∂ui
,

for any f ∈ C∞(M). And locally it is defined as

D
∂

∂ui
= w j

i

∂

∂uj
, and Ddui = −w i

j du
j. (2.14)
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Here Γ(T (M)) denotes the infinitely differentiable vector fields. w j
i are the com-

ponents of the connection matrix of D and has the form as,

w j
i = Γjikdu

k, (2.15)

where Γjik are infinitely differentiable functions on U . For X ∈ T (M), the abso-

lute differential of X has the form

DX = (dX i +Xjw i
j )⊗ ∂

∂ui

=
(∂X i

∂uj
+XkΓikj

)
duj ⊗ ∂

∂ui
. (2.16)

From now on D denotes the affine connection. DX
∂
∂ui

and DXdu
i denote the

covariant derivative of ∂
∂ui

and dui along the vector field X ∈ Tp(M), respectively.

DX
∂
∂ui

satisfies the following properties

1) DX+Y
∂
∂ui

= DX
∂
∂ui

+DY
∂
∂ui
,

2) DfX
∂
∂ui

= fDX
∂
∂ui
,

3) DX( ∂
∂ui

+ ∂
∂uj

) = DX
∂
∂ui

+DX
∂
∂uj
,

4) DX(f ∂
∂ui

) = (Xf) ∂
∂ui

+ fDX
∂
∂ui
,

for any X, Y ∈ T (M) and f ∈ C∞(M). Taking X i = 1 and since X = X i ∂
∂ui

we

have

D ∂

∂uj

∂

∂ui
= w k

i (
∂

∂uj
)
∂

∂uk
= Γkildu

l(
∂

∂uj
)
∂

∂uk
= Γkij

∂

∂uk
, (2.17)

and

D ∂

∂uj
dui = −w i

k (
∂

∂uj
)duk = −Γikldu

l(
∂

∂uj
)duk = −Γikjdu

k, (2.18)

since dul( ∂
∂uj

) = δlj and w k
i = Γkildu

l.

Definition 2.2.2 Let T be a linear map as

T : Γ(T (M))× Γ(T (M)) −→ Γ(T (M)) (2.19)



CHAPTER 2. RIEMANNIAN GEOMETRY 9

and can be written in tensor form locally as

T = T kij
∂

∂uk
⊗ dui ⊗ duj, (2.20)

where T kij = Γkji − Γkij and Γkji are components of the connection coefficients.

Then T is called torsion tensor of the connection D. And T (X, Y ) is defined

as

T (X, Y ) = DXY −DYX − [X, Y ], (2.21)

for any tangent vector fields X, Y .

Definition 2.2.3 Let M be a Riemannian manifold with metric G and affine

connection D. If (2.21) equal to zero such that

DXY −DYX = [X, Y ] (i.e., the torsion tensor vanishes), (2.22)

then D is called torsion-free connection.

Definition 2.2.4 Let M be a Riemannian manifold with metric G and affine

connection D. If

DG = D(gijdu
i ⊗ duj) = (dgij − w k

i gkj − w k
j gik)⊗ dui ⊗ duj = 0, (2.23)

then D is called metric-compatible connection.

Theorem 2.2.1 (Fundamental Theorem of Riemannian Geometry). Let

M be an m-dimensional Riemannian manifold with metric G. There ex-

ist a unique linear connection D on manifold M which is metric-compatible

and torsion-free. This connection is called the Riemannian connection or

Christoffel Levi-Civita connection.

From now on, the connection on the Riemannian manifold will be takes as the

Christoffel Levi-Civita connection. Now, we will obtain the connection coefficient

Γi jk interms of the components of the Riemannian metric gij. D is torsion-free

i.e., T kij = Γkji − Γkij = 0, so we have

Γkji = Γkij, and also Γkji = Γkij, (2.24)
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and D is metric-compatible, so we have

dgij = w k
i gkj + w k

j gik, (2.25)

or equivalently

∂gij
∂ul

dul = Γkildu
lgkj + Γkjldu

lgik = (Γjil + Γijl)du
l. (2.26)

From (2.26) and cycling the indices, we have

∂gij
∂ul

= Γjil + Γijl, (2.27)

∂gil
∂uj

= Γlij + Γilj, (2.28)

∂gjl
∂ui

= Γlji + Γjli, (2.29)

By taking the sum of the last two equalities minus the first one and using Γjki =

Γikj we get

Γlij =
1

2

(∂gil
∂uj

+
∂gjl
∂ui
− ∂gij
∂ul

)
, (2.30)

and multiplying by glk, we obtain

Γkij =
1

2
gkl
(∂gil
∂uj

+
∂gjl
∂ui
− ∂gij
∂ul

)
. (2.31)

Here (2.30) and (2.31) are called Christoffel symbols of the first kind and

second kind, respectively.

We have made use of the natural frame field of M . We could use an arbitrary

frame field. Suppose {ei, 1 ≤ i ≤ m} is a local frame field and {θi, 1 ≤ i ≤ m}
is coframe field. The connection on frame field ei can be defined as

Dei = θ j
i ej (2.32)

where θji is components of the connection matrix of D. Torsion-free condition of

D is

dθi = θj ∧ θ i
j (2.33)

and metric-compatible condition is

dgij = θ k
i gkj + θ k

j gik, (2.34)

which can be obtained from the fact that G = gijθ
i⊗θj and DG = (dgij−θ k

i gkj−
θ k
j gik)⊗ θi ⊗ θj = 0.
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2.3 Geodesic

Let C be a differentiable curve on M with local coordinate system ui such that

C : t −→ ui = ui(t) = C(t) ∈M, t ∈ [a, b] ⊂ R. (2.35)

The length of C is defined as

L(C) =

∫ b

a

√
gij
dui

dt

duj

dt
dt. (2.36)

Definition 2.3.1 Let C be a curve on M as (2.35) and X(t) be a tangent vec-

tor field with X(t) = X i(t) ∂
∂ui

. X(t) is called parallel along the curve C if its

covariant derivative in the direction of the tangent vector to Cis zero,

0 = D du
dt
X(t) = D dui

dt
∂

∂ui
X(t) =

dui

dt
D ∂

∂ui
Xj(t)

∂

∂uj

=
dui

dt
dXj ∂

∂ui
∂

∂uj
+
dui

dt
XjΓkij

∂

∂uk
(2.37)

=
(dX i

dt
+XkΓjik

dui

dt

) ∂

∂uj
,

From there we can write the parallel condition along C for X(t) as

dX i

dt
+XkΓjik

dui

dt
= 0. (2.38)

Definition 2.3.2 A differentiable parametrized curve C(t) as in (2.35) is called

geodesic if its tangent vectors are parallel along C(t). Equivalently , C(t) is

geodesic if and only if
d2ui

dt2
+ Γjik

dui

dt

duk

dt
= 0. (2.39)

And since C(t) is on M , we call also geodesic of the Riemannian manifold M .

2.4 Curvature

Definition 2.4.1 Ω j
i = dw j

i − w h
i ∧ w j

h are called the components of the cur-

vature matrix of D.
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Definition 2.4.2 Let R be a map as

R : Γ(T (M))× Γ(T (M))× Γ(T (M)) −→ Γ(T (M)), (2.40)

and can be written in tensor form locally as

R = R j
i kl

∂

∂uj
⊗ dui ⊗ duk ⊗ dul. (2.41)

Then R is called curvature tensor of the connection D. R(X, Y ) is defined as

R(X, Y )Z = DXDYZ −DYDXZ −D[X,Y ]Z, (2.42)

for any tangent vector fields X, Y, Z.

We will obtain the coefficient of the curvature R j
i kl in terms of the Christoffel

symbols by using the curvature matrix. Consider the curvature matrix

Ω j
i = dw j

i − w h
i ∧ w j

h . (2.43)

By writing w j
i = Γjikdu

k, we get

Ω j
i = d(Γjikdu

k)− (Γhildu
l) ∧ (Γjhkdu

k)

=
∂Γjik
∂ul

dul ∧ duk − ΓhilΓ
j
hkdu

l ∧ duk

=
1

2

∂Γjik
∂ul

dul ∧ duk − 1

2

∂Γjik
∂ul

duk ∧ dul + (2.44)

− 1

2
ΓhilΓ

j
hkdu

l ∧ duk +
1

2
ΓhilΓ

j
hkdu

k ∧ dul

=
1

2

[
∂Γjik
∂ul

− ∂Γjil
∂uk

+ ΓhikΓ
j
hl − ΓhilΓ

j
hk

]
dul ∧ duk

≡ 1

2
R j
i lkdu

l ∧ duk

From there

Ω j
i =

1

2
R j
i lkdu

l ∧ duk, (2.45)

where

R j
i lk =

∂Γjik
∂ul

− ∂Γjil
∂uk

+ ΓhikΓ
j
hl − ΓhilΓ

j
hk. (2.46)

Multiplying both sides of (2.45) by gjh, we get

Ωij =
1

2
Rijlkdu

l ∧ duk, (2.47)
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where

Ωij = dwij + w l
i ∧ wjl. (2.48)

In the above equation applying the procedure in (2.44), we get

Rijlk =
∂Γjik
∂ul

− ∂Γjil
∂uk

+ ΓhilΓhjk − ΓhikΓhjl. (2.49)

The curvature tensor can be written as

R = Rijkldu
i ⊗ dui ⊗ duj ⊗ dul ⊗ dul. (2.50)

Theorem 2.4.1 The curvature tensor Rijkl have the following properties:

1) Rijkl = −Rjikl = −Rijlk,

2) Rijkl +Riklj +Riljk = 0,

3) Rijkl = Rklij.

By contracting (2.41) with (Z,W )X and (2.50) with (X,Y, Z,W ), respectively,

we get

R(Z,W )X = R j
i klX

iZkW l ∂

∂uj
, (2.51)

and

R(X,Y, Z,W ) = RijklX
iY jZkW l, (2.52)

or equivalently

R(X, Y, Z,W ) = (R(Z,W )X) · Y, (2.53)

where X, Y, Z,W are tangent vector fields and dui( ∂
∂uj

) = δij.

By (Theorem 2.4.1) and (2.52) we have the followings

1) R(X,Y,Z,W)=-R(X,Y,W,Z)=-R(Y,X,Z,W),

2) R(X,Y,Z,W)+R(X,Z,W,Y)+R(X,W,Y,Z)=0,

3) R(X,Y,Z,W)=R(Z,W,X,Y).
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For the Riemannian metric G we can define the following function

G(X, Y, Z,W ) = G(X,Z)G(Y,W )−G(X,W )G(Y, Z). (2.54)

Definition 2.4.3 For each two dimensional subspace E of Tp(M) we define the

sectional curvature on E

K(E) = −R(X,Y,X, Y )

G(X,Y,X, Y )
, (2.55)

where X, Y ∈ Tp(M) are any vectors spanning E.

The term which is in the denominator of the sectional curvature, denotes the

square of the area of parallelogram spanned by X, Y and so it nonzero, such that

G(X, Y,X, Y ) = ‖X‖2‖Y ‖2 − 〈X, Y 〉2. (2.56)

Definition 2.4.4 An m-dimensional Riemannian manifold M is called wander-

ing at point p ∈M if K(E) is constant at p.

Definition 2.4.5 An m-dimensional Riemannian manifold M is called a con-

stant curvature space if K(p) is constant and everywhere wandering.

Theorem 2.4.2 (F. Schur′s Theorem). Suppose M is a connected m-

dimensional Riemannian manifold that is everywhere wandering. If m ≥ 3, then

M is a constant curvature space.

Definition 2.4.6 The trace of the curvature tensor is called Ricci curvature.

The components of the Rici curvature are

Rij = R k
i kj. (2.57)

Definition 2.4.7 The trace of the Ricci curvature is called scalar curvature.

The scalar curvature is

R = Rijg
ij. (2.58)
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Definition 2.4.8 If Ricci curvature tensor is scalar multiple of the metric tensor,

then Riemannian metric is called Einstein metric. The components of the

Einstein metric are

Gij = Rij − 1

2
gijR. (2.59)

2.5 Summary

Riemannian metric: G = gij(u)duiduj, gij = 〈 ∂
∂ui
, ∂
∂uj
〉,

Levi-Civita Connection: D ∂

∂uj

∂
∂ui

= Γkij
∂
∂uk

, D ∂

∂uj
dui = −Γikjdu

k,

Connection coefficients:

Γlij =
1

2

(∂gil
∂uj

+
∂gjl
∂ui
− ∂gij
∂ul

)
,

Γkij =
1

2
gkl
(∂gil
∂uj

+
∂gjl
∂ui
− ∂gij
∂ul

)
,

Torsion tensor: T (X,Y ) = DXY −DYX − [X,Y ] ,

Torsion-free condition: DXY −DYX − [X, Y ] = 0,

Metric compatibility condition: dgij−w k
i gkj−w k

j gik = 0, where w j
i = Γjikdu

k,

Curvature tensor: R (X,Y ) = DXDY −DYDX −D[X,Y ],

Curvature matrix: Ω j
i = dw j

i − w h
i ∧ w j

h = 1
2
R j
i lkdu

l ∧ duk,
Components of Curvature matrix:

R j
i lk =

∂Γjik
∂ul

− ∂Γjil
∂uk

+ ΓhikΓ
j
hl − ΓhilΓ

j
hk,

with properties

1) Rijkl = −Rjikl = −Rijlk,

2) Rijkl +Riklj +Riljk = 0,

3) Rijkl = Rklij,

Sectional curvature: K(E) = −R(X,Y,X,Y )
G(X,Y,X,Y )

,

G (X, Y, Z,W ) ≡ G(X,Z)G(Y,W )−G(X,W )G(Y, Z),
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Ricci curvature: Rij = R k
i kj,

Scalar curvature: R = Rijg
ij,

Einstein tensor: Gij = Rij − 1
2
gijR,



Chapter 3

Finsler Geometry

In this chapter we will be interested in Finsler geometry and its properties [14],

[15], [16]. Firstly, we state the Euler’s theorem on homogeneous functions. By

using that we define the Finsler function F . Then we consider projectivised

tangent bundle and define Finsler metric by using Finsler function F . We define

the Chern connection Γ, the Cartan tensor A and obtain the components of the

connection matrix on projectivised tangent bundle which satisfy torsion-free and

almost metric-compatible structure equations. By writing the Chern connection

in natural coordinates we obtain formulas for Γ, first and second curvature tensors

R and P in natural coordinates. We obtain some relations about symmetries,

horizontal and vertical derivatives of R and P . We define Geodesic spray, Flag

curvature and Ricci curvature in terms of the Flag curvature. We prove the

Schur’s lemma which is related to scalar Flag curvature. At the end we give some

special Finsler spaces and compare their structure equations. Our convention is

as follows: Latin indices denote the natural bases and run from 1 to m (except

m). Greek indices denote the frame field and coframe field and run from 1 to

m. Greek indices with bar run 1 to m − 1. m is the dimension of the Finsler

manifold.

17
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3.1 Finsler Structure and Euler’s Theorem

Let M be an m-dimensional C∞ manifold and ui , 1 ≤ i ≤ m be a local co-

ordinates on open subset U ⊂ M . TM and T ∗M are tangent and cotangent

bundle with natural bases ∂
∂ui

and dui, respectively on M . They have the natural

projection as

π : TM →M , π∗ : T ∗M →M.

(ui, X i), 1 ≤ i ≤ m are local coordinates on an open subset π−1(U) ⊂ T (M).

We can write any tangent and cotangent vector as

X = X i ∂

∂ui
, Z = Zidu

i. (3.1)

Definition 3.1.1 Let F : Rm −→ R be a real-valued function. F (X i) is homo-

geneous of degree k in X i if

F (λX i) = λkF (X i), for λ ≥ 0, i = 1, . . . ,m. (3.2)

Theorem 3.1.1 (Euler). Let F : Rm −→ R be a real-vaued function. If F is

homogeneous of degree one in X then

X i∂F (X)

∂X i
= F (X), X = (X1, . . . , Xm), i = 1, . . . ,m. (3.3)

Proof : Taking k = 1 in (3.2), we get

F (λX) = λF (X). (3.4)

Differentiating (3.4) with respect to X i, we have

∂F (λX)

∂(λX i)
=
∂F (X)

∂X i
. (3.5)

Differentiating (3.4) with respect to λ, we have

∂F (λX)

∂(λX i)
X i = F (X). (3.6)
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Inserting (3.5) in (3.6), we get

X i∂F (X)

∂X i
= F (X), i = 1, . . . ,m. (3.7)

�

From now on FXi and Fui denotes the partial dervative of F with respect to X i

and ui, respectively. In that notation Euler’s theorem take the form

X iFXi = F (3.8)

Differentiating (3.8) with respect to X i and ui, we obtain followings as corollary

of Euler’s theorem.

Corollary 3.1.1 If F is homogeneous function of X = (X1, . . . , Xm) with degree

one such that X iFXi = F then we have

1) XjFXiXj = 0,

2) XkFXiXjXk = −FXiXj ,

3) X lFXiXjXkXk = −2FXiXjXk ,

4) X iFXiui = Fui .

Definition 3.1.2 Suppose F is a function on tangent bundle T (M) such that

F : TM → [0,∞) and has the following properties:

1) F is C∞ on TM \ 0,

2) Positive symmetrically homogeneous of degree one in the X’s

F (u;λX) = λF (u;X),

where λ ∈ R, u = (u1, . . . , um), X = (X1, . . . , Xm),

3) F has the strong convexity property such that the m×m matrix

(gij) =

(
1

2
F 2

)

XiXj

is positive definite at every point of TM \ 0.
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4) F (u,X) > 0 for X 6= 0,

5) F (u,X) + F (u, Y ) ≥ F (u,X + Y ) .

Then F is called Finsler function or Finsler structure of M .

Riemannian geometry is constructed on the quadratic form as

ds2 = F 2 = gij(u)duiduj. (3.9)

We construct the Finsler geometry on

ds = F (u; du), (3.10)

such that F does not satisfy the quadratic restriction (3.9). Here F is the Finsler

function.

Definition 3.1.3 Let C be a differentiable curve on M such that

C : t −→ ui = ui(t) = C(t) ∈M, t ∈ [a, b] ⊂ R. (3.11)

If the arclength of C is defined as

L(C) =

∫
ds =

∫ b

a

F (u,
du

dt
)dt, (3.12)

where u = (u1, . . . , um), du
dt

= (du
1

dt
, . . . , du

m

dt
) and F is Finsler function. Then

(M,F ) is called the Finsler manifold.

3.2 Projective Tangent Bundle, Finsler Metric

and Hilbert Form

Projectivised tangent bundle (PTM) of M is obtained from T(M), by identifying

the non-zero vectors differening from each other by a real factor i.e. the bundles

of line elements of M . (ui, X i), 1 ≤ i ≤ m are also local coordinates of PTM with
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X i’s are homogeneous coordinates of degree one. On PTM , there are quantities

which are homogeneous of degree zero in X. So F is not defined on PTM , since

it is homogeneous of degree one in X i.

Let p be a projection map such that p : PTM −→M and defined as

p(ui, X i) = (ui). (3.13)

p∗TM is the m-dimensional pulled-back tangent bundle with dual p∗T ∗M . Tu(M)

and T ∗u (M) are fibers of p∗TM and p∗T ∗M in local coordinates ui, respectively.

PTM is (2m− 1)-dimensional base manifold of p∗TM .

Definition 3.2.1 The one-form on PTM

w = FXidui (3.14)

is called the Hilbert form.

FXi is homogeneous of degree zero in X i. So w is homogeneous of degree zero

in X i and it is on PTM . By Euler’s theorem, arclength of C can be written in

terms of the Hilbert form as

L(C) =

∫
ds =

∫ b

a

F (u,
du

dt
)dt =

∫ b

a

w. (3.15)

Let ∂
∂ui

and dui be bases of T (M) and T ∗(M), respectively. By using these

bases, we write the sections of p∗TM and p∗T ∗M .

Let

eα = e i
α

∂

∂ui
, α = 1, . . . ,m. (3.16)

be section of (or an orthonormal frame field on the bundle) p∗TM , and the

differential one-form on PTM

wα = eαidu
i, α = 1, . . . ,m. (3.17)

be section of p∗T ∗M , which is coframe field of eα.

These sections have the orthonormality and duality conditions as

(eα, eβ) ≡ e k
α e

i
β (

∂

∂uk
,
∂

∂ui
) = e k

α gkie
i
β = δαβ. (3.18)



CHAPTER 3. FINSLER GEOMETRY 22

where ( ∂
∂uk

, ∂
∂ui

) = gki.

From (3.18), we can write

glk = e l
α δ

αβe k
β , l, k = 1, . . . ,m. (3.19)

and

δαβe i
α gij = eβj, β = 1, . . . ,m. j = 1, . . . ,m. (3.20)

By using e i
α e

β
i = δβα we have the following

〈eα, wβ〉 = 〈e k
α

∂

∂uk
, eβidu

i〉 = e k
α e

β
iδ
i
k

= e k
α e

β
k = δβα, (3.21)

where (eαi) and (e i
α ) are inverse to each other and 〈 ∂

∂ui
, duj〉 = δji . By using (3.16)

and (3.17) we can write the inversion formula

∂

∂ui
= eαe

α
i, dui = wαe i

α , i = 1, . . . ,m. (3.22)

Definition 3.2.2 Suppose F is Finsler function and G is a symmetric, positive

definite (0, 2) -type tensor such that

G = gijdu
i ⊗ duj ≡ ∂2(1

2
F 2)

∂X i∂Xj
dui ⊗ duj. (3.23)

Then G is called the Finsler metric (or fundamental tensor).

Here gij has the form

gij = FFXiXj + FXiFXj . (3.24)

By contracting (3.24) with X iXj and using Euler’s theorem and its corollary, we

obtain the following useful fact

gijX
iXj = FFXiXjX iXj +X iFXiXjFXj = F 2. (3.25)

Here gij is the components of the metric tensor and homogeneous of degree zero

in X i’s and it is defined on PTM . In Riemannian geometry, components of metric

gij are only functions of local coordinates ui of M . In Finsler geometry, gij are
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functions of local coordinates (ui, X i) of PTM. We now write the expressions

for the global sections on p∗TM and p∗T ∗M , respectively as

em =
X i

F

∂

∂ui
= e i

m

∂

∂ui
, (3.26)

from that

e i
m =

X i

F
, (3.27)

and

w = wm = FXidui = emidu
i, (3.28)

from that

emi = FXi . (3.29)

By using Euler’s theorem, (3.27) and (3.29) we have

gije
i
m = FFXiXj

X i

F
+
X i

F
FXiFXj = FXj = emj. (3.30)

We can write the following useful relations

eᾱiX
i = 0, ᾱ = 1, . . . ,m− 1 (3.31)

since

eᾱi
X i

F
= eᾱie

i
m = δᾱm = 0,

and

FXie i
ᾱ = e m

i e i
ᾱ = δmᾱ = 0, ᾱ = 1, . . . ,m− 1. (3.32)

To construct contact structure on PTM and torsion-free condition of Chern

connection, we will obtain the exterior derivative of wm on PTM . Taking the

exterior derivative of wm, we get

dw = dwm = FuiXkdui ∧ duk + FXiXkdXj ∧ duk

= FuiXke i
α e

k
β w

α ∧ wβ + FXiXke k
β dX

j ∧ wβ. (3.33)

Expanding the summation indices as α = (ᾱ,m) and using the corallary of

Euler’s theorem we can write dwm in a closed form as

dwm = wᾱ ∧ w m
ᾱ , (3.34)
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where one-forms w m
ᾱ has the following general form

w m
ᾱ = −e i

ᾱFXiXjdXj +
e i
ᾱ

F
(Fui −XjFXiuj)w

m

+ e i
ᾱ e

j

β̄
FuiXjwβ̄ + λᾱβ̄w

β̄, (3.35)

where λᾱβ̄ are arbitrary but it must satisfy λᾱβ̄ = λβ̄ᾱ. Later, we will obtain the

λᾱβ̄ interms of F . We now prove the condition of having a contact structure by

the following lemma.

Lemma 1 . The Hilbert form w = FXidui satisfies the following condition

w ∧ (dw)m−1 6= 0, (3.36)

on PTM .

Proof : Denote I = w ∧ (dw)m−1. Writing the expressions for dw and w m
ᾱ and

using (3.24),(3.32) and the fact that wedge product of two one forms is zero, we

obtain

I = w ∧ (dw)m−1 = w ∧ dw ∧ . . . dw
= (−1)m−2w ∧ wᾱ1 ∧ . . . ∧ wᾱm−1 ∧ (w m

ᾱ1
∧ . . . w m

ᾱm−1
)

= ∓
∧

α
wα
∧

ᾱ
w m
ᾱ

= ∓
∧

α
wα
∧

ᾱ

(
e j
ᾱ FXjXkdXk

)

= ∓
∧

α
wα
∧

ᾱ

(
e j
ᾱ gjkdX

k
)
, (3.37)

since gij positive definite and e j
ᾱ are invertibles, so e j

ᾱ gjkdX
k are linearly

independent on PTM . The one-forms wα are also linearly independent and does

not have term dXk. Thus
∧
αw

α and
∧
ᾱ

(
e j
ᾱ gjkdX

k
)

are linearly independent.

Wedge product of two linearly independent terms is non zero, so

I = ∓
∧

α
wα
∧

ᾱ

(
e j
ᾱ gjkdX

k
)
6= 0.

�

Definition 3.2.3 If there is a one-form w which satisfies (3.36), then (2m−1)-

dimensional manifold PTM have a contact structure and w is called a contact

form.
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3.3 The Chern Connection

Let the connection one-from in the bundle PTM defined as

Deα = w β
α eβ, (3.38)

where eα is the orthonormal frame field with dual coframe field wα, and wα
β

are components of connection matrix (of one-form) on PTM. The connection is

called torsion-free if

dwα = wβ ∧ w α
β , (3.39)

since

D(eα ⊗ wα) = w β
α eβ ∧ wα + eαdw

α = eα(dwα − wβ ∧ w α
β ) = 0. (3.40)

3.3.1 Determination of the Torsion-Free Connection

We have the expression for dwm in (3.34) and w m
ᾱ in (3.35). We choose

w m
m = 0. By differentiating wᾱ in (3.17) and using (3.22), eᾱkd(e k

m ) = eᾱk
dXk

F
,

we obtain

dwᾱ = deᾱk ∧ duk

= e k
β de

ᾱ
k ∧ wβ = d(e k

β e
ᾱ
k) ∧ wβ − d(e k

β )eᾱk ∧ wβ

= −eᾱkde k
β ∧ wβ = −eᾱkde k

β̄ ∧ wβ̄ − eᾱkde k
m ∧ wm

= wβ̄ ∧ (eᾱkde
k
β̄ ) + wm ∧ (

1

F
eᾱkdX

k). (3.41)

dwᾱ can be written in a closed form as

dwᾱ = wβ̄ ∧ w ᾱ
β̄ + wm ∧ w ᾱ

m , (3.42)

where w ᾱ
m and w ᾱ

β̄
have the general form

w ᾱ
β̄ = eᾱkde

k
β̄ + ξ ᾱ

β̄ w
m + µ ᾱ

β̄γ̄ w
γ̄, (3.43)

w ᾱ
m =

1

F
eᾱkdX

k + ξ ᾱ
ν w

ν . (3.44)
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Here ξ ᾱ
ν and µ ᾱ

β̄γ̄
are arbitrary but µ ᾱ

β̄γ̄
must be symmetric in the lower indices

i.e. µ ᾱ
β̄γ̄

= µ ᾱ
γ̄β̄
. Again we will obtain the coefficients ξ ᾱ

ν and µ ᾱ
β̄γ̄

interms of

the Finsler function F .

Thus we found the connection forms w β
α , with components w m

ᾱ in (3.35)

satisfying (3.34) and w ᾱ
β̄

, w ᾱ
m in (3.43), (3.44) satisfying (3.42), satisfies the

torsion-free condition. Using (3.35) and (3.44), we get

w m
ᾱ + δᾱσ̄w

σ̄
m = 0 (mod wα) . (3.45)

Substituting (3.35) and (3.44) in (3.45) and taking the terms parenthesis of dXj,

wm and wβ̄, we get

w m
ᾱ + δᾱσ̄w

σ̄
m =

(δᾱσ̄eσ̄j
F
− e i

ᾱFXiXj

)
dXj +

{
δᾱσ̄ξ

σ̄
m +

e i
ᾱ

F

(
Fui −XjFXiuj

)}
wm

+
(
δᾱσ̄ξ

σ̄
β̄ + e i

ᾱ e
j

β̄
FuiXj + λᾱβ̄

)
wβ̄ = 0. (3.46)

By using (3.18), (3.24) and (3.32), the coefficient of dXj vanishes. In (3.46),

wm and wβ̄ are linearly independent one-forms, so their coefficients equal to zero.

From (3.46) we obtain the expressions for ξ ᾱ
m and ξ ᾱ

β̄
, as

ξ ᾱ
m = −δ

ᾱσ̄e i
σ̄

F

(
Fui −XjFXiuj

)
, (3.47)

ξ ᾱ
β̄ = −δᾱσ̄

(
e i
σ̄ e

j

β̄
FXjui + λσ̄β̄

)
. (3.48)

To complete the determination of connection forms wβα, we need to write λᾱβ̄ and

µ ᾱ
β̄γ̄

in terms of the known terms. For this purpose we put the following condition

w ᾱ
ρ̄ δᾱσ̄ + w ᾱ

σ̄ δᾱρ̄ = 0 mod w β̄
m . (3.49)

This implies that, w β̄
ᾱ can be chosen at most (m− 1)(m− 2)/2 of them to be

linearly independent of each other. We will state a lemma without proof which

gives the basis for T ∗(PTM).

Lemma 2 . The (2m − 1) + (m − 1)(m − 2)/2 Pfaffian forms wα (α =

1, . . . ,m), w ᾱ
m (ᾱ = 1, . . . ,m − 1), and w β̄

ᾱ (ᾱ, β̄ = 1, . . . ,m − 1; ᾱ < β̄) are

linearly independent and form basis for the space of coframes on PTM and given

by (3.17), (3.18) and (3.28). The (2m − 1) Pfaffian forms wα (α = 1, . . . ,m),

w ᾱ
m (ᾱ = 1, . . . ,m− 1) at each point p ∈ PTM form basis for T ∗p (PTM).
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To write (3.49) in a compact form, we have to obtain the following expression.

Consider

gij = eαie
β
jδαβ = eᾱie

β̄
jδᾱβ̄ + emie

m
jδmm = eᾱie

β̄
jδᾱβ̄ + FXiXj . (3.50)

By using the above equality and (3.24), we can write

eᾱie
β̄
jδᾱβ̄ = gij − FXiFXj = FFXiXj . (3.51)

By exterior differentiating, contracting with e i
σ̄ and e j

ρ̄ and using (3.31), (3.32),

Euler’s theorem and its corollary, we get the expression which will be used in

(3.49) as

δᾱσ̄e
ᾱ
ide

i
ρ̄ + δᾱρ̄e

ᾱ
ide

i
σ̄ = −e j

σ̄ e
i
ρ̄ d
(
FFXiXj

)
. (3.52)

By using (3.52), (3.48) and (3.43), the condition (3.49) takes the form

w ᾱ
ρ̄ δᾱσ̄ + w ᾱ

σ̄ δᾱρ̄ = δᾱσ̄e
ᾱ
ide

i
ρ̄ + δᾱρ̄e

ᾱ
ide

i
σ̄ − e j

σ̄ e
i
ρ̄

{
FuiXj + FujXi

}
wm

− 2λρ̄σ̄w
m + (δᾱσ̄µ

ᾱ
ρ̄γ̄ + δᾱσ̄µ

ᾱ
σ̄γ̄ )wγ̄

= −e j
σ̄ e

i
ρ̄

{
d
(
FFXiXj

)
+
(
FuiXj + FujXi

)
wm
}

(3.53)

− 2λρ̄σ̄w
m + (δᾱσ̄µ

ᾱ
ρ̄γ̄ + δᾱσ̄µ

ᾱ
σ̄γ̄ )wγ̄ = 0 mod w β̄

m .

Since, FFXiXj is homogeneous of degree zero in X i, so it is on PTM. And its

differential forms d(FFXiXj) is an element of T ∗(PTM), according to Lemma 2

we can write that as a linear combination of basis wα and w β̄
m as the following

form

d(FFXiXj) = S ᾱ
ij w m

ᾱ +Gijβw
β. (3.54)

We now determine S ᾱ
ij , Gijβ, λρ̄σ̄ and µ ᾱ

ρ̄σ̄ . First, by contracting (3.54) with

Fe k
β̄

∂
∂Xk and using (3.35) for w m

ᾱ , 〈duβ, ∂
∂Xk 〉 = 0, (3.24), (3.32) and (3.18), we

determine S ᾱ
ij as

〈d
(
FFXiXj

)
, Fe k

β̄

∂

∂Xk
〉 = S ᾱ

ij 〈wᾱ m, Fe k
β̄

∂

∂Xk
〉+Gijγ〈wγ̄, Fe k

β̄

∂

∂Xk
〉

Fe k
β̄

∂

∂Xk

(
FFXiXj

)
= −S ᾱ

ij e s
β̄ e

k
β̄ FFXsXk

= −S ᾱ
ij e s

β̄ e
k
β̄ (gij − FXsFXr)

= −S ᾱ
ij δᾱβ̄. (3.55)



CHAPTER 3. FINSLER GEOMETRY 28

get S ᾱ
ij as

S ᾱ
ij = −Feᾱlglk

∂

∂Xk

(
FFXiXj

)
. (3.56)

We determine Gijβ in two parts as Gijm and Gijβ̄. Contracting (3.54) with em =
Xs

F
∂
∂us

and using (3.35), (3.21), we obtain Gijm as

〈d
(
FFXiXj

)
,
Xs

F

∂

∂us
〉 = S ᾱ

ij 〈w m
ᾱ , em〉+Gijβ〈wβ, em〉,

Xs

F

∂

∂us

(
FFXiXj

)
= S ᾱ

ij 〈
e s
ᾱ

F

(
Fus −XrFXsur

)
wm, em〉+Gijm

= S ᾱ
ij

e s
ᾱ

F

(
Fus −XrFXsur

)
+Gijm. (3.57)

Thus from the above expression we get Gijm as

Gijm =
−e s

ᾱ S
ᾱ

ij

F

(
Fus −XrFXsur

)
+
Xs

F

∂

∂us

(
FFXiXj

)
. (3.58)

To determine λᾱβ̄ and µ γ̄

ᾱβ̄
, we need to write Gijm in a simpler form. For that

reason consider the following quantities which will help us.

gklFXl = e k
α δ

αβe l
β = e k

me
l
mFXl =

Xk

F
, (3.59)

where we opened the summation indices and used Euler’s theorem, (3.32) and

(3.27).

Xs

F
(Fus −XrFXsur) =

Xs

F
XrFXrus − XsXr

F
FXsur = 0, (3.60)

where we used the corollary of Euler’s theorem. Now consider

δji = eαie
j
α = eᾱie

j
ᾱ + emie

j
m,

which leads to

eᾱie
j
ᾱ = δji − emie j

m. (3.61)

(
δsl −

Xs

F
FXl

)X l

F
= δsl

X l

F
− Xs

F
FXl

X l

F
=
Xs

F
− Xs

F
= 0. (3.62)
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Here we used again Euler’s theorem. By using the above quantities and (3.56)

for S ᾱ
ij , the first term of Gijm can be expressed as

e s
ᾱ e

ᾱ
lg
lk ∂

∂Xk

(
FFXiXj

)(
Fus −XrFXsur

)

=
(
δsl − emle s

m

)
gkl

∂

∂Xk

(
FXiXj

)(
Fus −XrFXsur

)

=
(
δsl − FXl

Xs

F

)
gkl
(
FXkFXiXj + FFXiXjXk

)(
Fus −XrFXsur

)

= gksFFXkXiXj

(
Fus −XrFXsur

)
. (3.63)

Thus by (3.58) and (3.63) we can write Gijm in a simpler form as

Gijm = gksFFXkXiXj

(
Fus −XrFXsur

)

+ XsFusXiXj +
Xs

F
FusFXiXj . (3.64)

Now, we obtain the expressions for the terms λᾱβ̄ and µ ᾱ
β̄γ̄
. By using (3.54),

(3.45), we can write (3.53) as

w ᾱ
ρ̄ δᾱσ̄ + w ᾱ

σ̄ δᾱρ̄ = −e j
σ̄ e

i
ρ̄

{
S ᾱ
ij w m

ᾱ +Gijγ̄w
γ̄ +Gijmw

m +
(
FuiXj + FujXi

)
wm
}

− 2λρ̄σ̄w
m + (δᾱσ̄µ

ᾱ
ρ̄γ̄ + δᾱσ̄µ

ᾱ
σ̄γ̄ )wγ̄ = 0 (mod w m

β̄
). (3.65)

Equating the coefficient of wm to zero in the above expression, we get

λρ̄σ̄ = −1

2
e i
ρ̄ e

j
σ̄

(
Gijm + FXjui + FXiuj

)
. (3.66)

We obtained expression for Gijm and also we have to find Gijβ̄. For this purpose,

we contract (3.54) with eβ̄ and obtain

Gijβ̄ = −S ᾱ
ij 〈w m

ᾱ , eβ̄〉+ e k
β̄

∂

∂uk

(
FFXiXj

)
. (3.67)

By using (3.59), (3.61), (3.62), corollary of Euler’s theorem, (3.56) for Sᾱij and

(3.66) for λᾱβ̄, we can write the first term on the right hand side of (3.67) as

−S ᾱ
ij 〈w m

ᾱ , eβ̄〉 = Feᾱlg
lk
(
FXkFXiXj + FFXiXjXk

)

×
[
e r
ᾱ e

s
β̄ FurXs − 1

2
e r
ᾱ e

s
β̄

(
Grsm + FXsur + FXrus

)]

=
F

2
eᾱle

r
ᾱ e

s
β̄ g

lk
(
FXkFXiXj + FFXiXjXk

)
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×
[
FurXs −Grsm − FXsur

]

=
F

2
glke s

β̄

(
δrl −

Xr

F
FXl

)

×
(
FurXs − FXrus −Grsm

)(
FXkFXiXj + FFXiXjXk

)

=
1

2
e s
β̄

(
FurXs − FXrus −Grsm

)

×
(
F 2grkFXiXjXk +XrFXiXj

)
. (3.68)

Thus, inserting that equation into (3.67) we obtain Gijβ̄ as

Gijβ̄ = e s
β̄

{
1

2

(
FurXs − FXrus −Grsm

)(
F 2grkFXiXjXk

+ XrFXiXj

)
+ FusFXiXj + FFusXiXj

}
. (3.69)

And equating the coefficient of wγ to zero in (3.65), we get

δᾱβ̄e i
ρ̄ e

j
σ̄ Gijβ̄ = δᾱβ̄δν̄σ̄µ

ν̄
ρ̄β̄ + δᾱβ̄δν̄σ̄µ

ν̄
σ̄β̄. (3.70)

Two similar equations can be obtained by commuting the index set (ρ, σ, β) in

cyclic order. Adding these and subtracting (3.70) and using symmetry of µ ᾱ
ρ̄σ̄

i.e. µ ᾱ
σ̄ρ̄ = µ ᾱ

ρ̄σ̄ , we get

µ ᾱ
ρ̄σ̄ =

1

2
δᾱβ̄
(
e i
β̄ e

j
ρ̄ Gijσ̄ − e i

ρ̄ e
j
σ̄ Gijβ̄ + e i

σ̄ e
j

β̄
Gijρ̄

)
. (3.71)

Thus, by w m
ᾱ in (3.35) with λᾱβ̄ in (3.66), w β̄

ᾱ in (3.43) with ξ β̄
ᾱ in (3.48) and

µ γ̄

ᾱβ̄
in (3.71), w ᾱ

m in (3.44) with ξ ᾱ
m in (3.47) and w m

m = 0, we determined

the components of connection matrix w β
α of Chern connection which satisfy the

torsion-free condition.

3.3.2 The Cartan Tensor and Determination of the Al-

most Metric-Compatible Connection

In this section, we will investigate the metric-compatibility of the Chern connec-

tion. We first define the Cartan tensor.
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Using (3.45), we can write (3.49) as

w ᾱ
ρ̄ δᾱσ̄ + w ᾱ

σ̄ δᾱρ̄ = −e i
ρ̄ e

j
σ̄ S

ᾱ
ij ≡ 2A ᾱ

ρ̄σ̄ w
m
ᾱ

= −2Aρ̄σ̄ᾱw
ᾱ
m , (3.72)

where

Aρ̄σ̄ᾱ = A β̄
ρ̄σ̄ δβ̄ᾱ. (3.73)

The indices Aρ̄σ̄ᾱ take the values 1 to m−1. We can write Aρσβ which the indices

take the values 1 to m with the condition

Aαβγ = 0 whenever any index has the value m. (3.74)

With the condition (3.74), we can write (3.72) as

wαβ + wβα = −2Aαβγw
γ
m , (3.75)

where

wαβ = w γ
α δγβ. (3.76)

The (0,3) tensor with respect to wγ

A = Aαβγw
α ⊗ wβ ⊗ wγ, (3.77)

is called the Cartan tensor. We now obtain a formula for Aαβγ interms of F .

By using (3.32) and (3.56) for Sᾱij in (3.72), we can write Aρ̄σ̄ᾱ as

Aρ̄σ̄ᾱ =
F

2
e j
σ̄ e

i
ρ̄ e

k
ᾱ

[
FXkFXiXj + FFXiXjXk

]

=
F

2
e j
σ̄ e

i
ρ̄ e

k
ᾱ

[
FXkFXiXj + FXjFXiXk + FXiFXjXk + FFXiXjXk

]

=
F

2

∂3(F
2

2
)

∂X i∂Xj∂Xk
e j
σ̄ e

i
ρ̄ e

k
ᾱ =

F

2

∂gij
∂Xk

e j
σ̄ e

i
ρ̄ e

k
ᾱ . (3.78)

By using (3.24), Euler’s theorem and its corollary we have

Xj ∂glk
∂Xj

= X l ∂glk
∂Xj

= Xk ∂glk
∂Xj

= 0. (3.79)

By using the above expressions, we can write (3.78) as an expression so that

all indices take the values from 1 to m as

Aρσα =
F

2

∂3(F
2

2
)

∂X i∂Xj∂Xk
e j
σ e

i
ρ e

k
α =

F

2
(gij),Xke

j
σ e

i
ρ e

k
α . (3.80)
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Thus we get the Cartan tensor with components (3.80) with respect to wα as

A = Aρσγw
ρ ⊗ wσ ⊗ wγ. (3.81)

By using (3.17) we can write the Cartan tensor with respect to the natural basis

dui as

A = Aρσγw
ρ ⊗ wσ ⊗ wγ

=
F

2
(grs),Xte

s
σ e

r
ρ e

t
γ e

ρ
ie
σ
je
γ
kdu

i ⊗ duj ⊗ duk

=
F

2
(gij),Xkdu

i ⊗ duj ⊗ duk

≡ Aijkdu
i ⊗ duj ⊗ duk. (3.82)

By using (3.79) and (3.82), we can write

X iAijk = XjAijk = XkAijk = 0. (3.83)

Above Aijk and Aρσγ are both symmetric in all indices. By using (3.22) and

(3.18), we can write G interms of wα as

G = gijdu
i ⊗ duj = gije

i
α e

j
β w

α ⊗ wβ = δαβw
α ⊗ wβ. (3.84)

For the metric-compatibility, consider

DG = δαβdw
α ⊗ wβ + δαβw

α ⊗ dwβ. (3.85)

Chern connection is torsion-free, so using dwα = wγ ∧w α
γ in the above equation,

we get

DG = −
[
δαβw

α
γ ∧ wγ ⊗ wβ + δαβw

β
γ ∧ wα ⊗ wγ

]

= −
[
δαβw

α
γ + δαβw

α
β

]
wγ ⊗ wβ

= −
[
wγβ + wβγ

]
wγ ⊗ wβ = 2Aγβαw

α
m w

γ ⊗ wβ. (3.86)

Thus DG is not directly zero. It is zero if Aγβα is zero. So the Chern connection

is not metric-compatible. We can say, it is almost metric-compatible and almost

metric-compatibility condition is

wγβ + wβγ = −2Aγβαw
α
m . (3.87)

We can write the following theorem for the Chern connection which summarize

all calculations about the torsion-freeness and almost metric-compatibility.
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Theorem 3.3.1 (Chern). Let M be an m-dimensional Finsler manifold. Then

there exist unique torsion-free and almost metric-compatible connection D on

p∗TM such that

D : Γ(p∗TM) −→ Γ(p∗TM ⊗ T ∗(PTM)), (3.88)

and defined as

Deα = w β
α eβ, (3.89)

where components of connection matrix w β
α satisfy the torsion-free and almost

metric-compatible structure equations, respectively as

dwα = wβ ∧ w α
β , (3.90)

and

wαβ + wβα = −2Aαβγw
γ
m . (3.91)

Here eα and wα are sections of p∗TM and p∗T ∗M , respectively. A = Aαβγw
α ⊗

wβ ⊗ wγ is Cartan tensor with components Aαβγ = F
2

(gij),Xke
j
β e

i
α e

k
γ where F is

Finsler function.

We know that Finsler metric is Riemannian if gij is independent of X i. As a

consequence of that fact we can state the following corollary.

Corollary 3.3.1 The Finsler metric is Riemannian if and only if the Cartan

tensor vanish i.e. Aαβγ = 0.

If the Finsler metric is Riemannian then almost metric-compatibility takes

the form of metric-compatibility. In that case, Chern connection reduces to

Christoffel-Levi-Civita cannection.

3.3.3 Chern Connection and Formulas for Connection Co-

efficients Γ in Natural Coordinates

In this section, we will consider the Chern connection in natural coordinates. By

Lemma (2) wα and w α
m form bases for T ∗(PTM). wα has the form in natural



CHAPTER 3. FINSLER GEOMETRY 34

coordinates, wα = e α
i du

i. But we do not have yet a formula for w α
m in natural

coordinates. For that purpose, firstly we obtain w m
ᾱ in terms of the natural bases

dui and dX i. Using (3.17), (3.28), (3.61) and (3.66)(for λρ̄σ̄), we can write w m
ᾱ

in (3.35) as

w m
ᾱ = −e i

ᾱFXiXjdXj

+ e i
ᾱ

[
Xj

2F
FXk

(
Gijm + FXjui − FXiuj

)

− 1

2

(
Gikm + FXiuk − FXkui

)]
duk. (3.92)

To write the second term of the above expression in the right hand side, we define

the following fact

G ≡ 1

2
F 2 (3.93)

Gl ≡ 1

2

(
Xs ∂2G

∂us∂X l
− ∂G
∂ul

)

=
1

2

(
XsFusFXl +XsFFXlus − FFul

)
, (3.94)

Gi ≡ gilGl. (3.95)

By using the above facts, (3.64) for Gijm, Euler’s theorem and corollary, (3.32)

and after complicated calculations, we can write the second term of (3.92) as

e i
ᾱ

[
Xj

2F
FXk

(
Gijm + FXjui − FXiuj

)

− 1

2

(
Gikm + FXiuk − FXkui

)]
duk

= −e i
ᾱ

gij
F

∂Gj
∂Xk

duk. (3.96)

Thus we can write w m
ᾱ in natural bases as

w m
ᾱ = −e m

ᾱ

[gij
F

∂Gj
∂Xk

duk + FXiXkdXk
]
. (3.97)

We can write Gijβ in terms of natural coordinates which gives the common for-

mula for (3.64) and (3.69). By contracting (3.54) with eβ = e l
β

∂
∂ul

and using

(3.97) in (3.54), (3.22) and (3.21), we get

e l
β

∂

∂ul

(
FFXiXj

)
= S ᾱ

ij

(
− e k

ᾱ gkl
∂Gl
∂X t

)
+Gijβ. (3.98)
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By using (3.56) for S ᾱ
ij , (3.61), (3.59), Euler’s theorem and corollary in the above

expression, we get

Gijβ = e l
β

[ ∂
∂ul

(
FFXiXj

)
− ∂Gr
∂X l

∂

∂Xr

(
FFXiXj

)]
. (3.99)

By using that formula we can write λρ̄σ̄ and µ ᾱ
ρ̄σ̄ in natural coordinates as

λρ̄σ̄ = −1

2

(
e l
m

[ ∂
∂ul

(FFXiXj)− ∂Gr
∂X l

∂

∂Xr
(FFXiXj)

]
+ FXjui + FXiuj

)
, (3.100)

and

µ ᾱ
ρ̄σ̄ =

1

2
δᾱβ̄
( ∂

∂ul
(FFXiXj)− ∂Gr

∂X l

∂

∂Xr
(FFXiXj)

)[
e i
β̄ e

j
ρ̄ e

l
σ̄ − e i

ρ̄ e
j
σ̄ e

l
β̄ + e i

σ̄ e
j

β̄
e l
ρ̄

]
.

(3.101)

We have wα in natural coordinates as wα = eαidu
i. By using (3.45), (3.24), (3.18),

(3.32), (3.20) and (3.97), we can write w ᾱ
m in natural coordinate as

w σ̄
m δᾱσ̄ = e i

ᾱ

gij
F

∂Gj
∂Xk

duk + e i
ᾱ (
gij
F
− FXiFXj

F
)dXj

=
eᾱj
F

∂Gj
∂Xk

duk +
eᾱj
F
dXj. (3.102)

From there we get

w ᾱ
m = eᾱjδX

j, (3.103)

where

N i
j ≡

1

F

∂Gi
∂Xj

, (3.104)

and

δXj ≡ dXj

F
+N j

k du
k. (3.105)

Thus we can write the bases wα and w ᾱ
m of T ∗(PTM) in terms of the natural

bases. The dual orthonormal vectors of wα and w ᾱ
m have the forms respectively,

as

êα = e i
α

δ

δui
, α = 1, . . . ,m, (3.106)

and

êm+ᾱ = e j
ᾱ

δ

δXj
, ᾱ = 1, . . . ,m− 1, (3.107)

where
δ

δui
≡ ∂

∂ui
− FN j

i

∂

∂Xj
, (3.108)
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and
δ

δX i
≡ F

∂

∂X i
. (3.109)

Here δ
δui

and δ
δXi are dual to dui and δX i form local bases for T (TM \ 0) and

T ∗(TM \ 0). {wα, w ᾱ
m } and {ê ᾱ, êm+ᾱ} form local bases for T ∗(PTM) and

T (PTM) and also dual to each other.

We now define the Chern connection in natural coordinates as follows

D : Γ(p∗TM)→ Γ(p∗TM ⊗ T ∗(TM \ 0)),

D
∂

∂ui
= θ j

i

∂

∂uj
, Ddui = −θ i

j du
j, (3.110)

where θ j
i are the components of the connection matrix in natural coordinates.

To find the relation between θ j
i and w β

α , considering

D
(
e i
α

∂

∂ui

)
= Deα = w β

α eβ,

we get

de l
α

∂

∂ul
+ e k

α θ
l
k

∂

∂ul
= w β

α e
l
β

∂

∂ul
. (3.111)

Comparing the coefficients of ∂
∂ul

in (3.111) and then contracting the resulting

equation with eγl, we get the relation for w β
α interms of θ j

i as

w β
α = eβi(de

i
α + e j

α θ
i
j ). (3.112)

Comparing the coefficients of ∂
∂ul

in (3.111) and then contracting the result equa-

tion with eαr, we get the relation for θ j
i in terms of w β

α as

θ j
i = e j

β (deβi + eαiw
β
α ). (3.113)

By wedge product (3.112) with dui and using (3.17), e i
α e

β
i = δβα, the torsion-free

condition (3.39) is equivalent to

dui ∧ θ j
i = dui ∧ [e j

β de
β
i + e j

β e
α
iw

β
α ]

= e j
β du

ideβi + wγe i
γ e

j
β e

α
iw

β
α

= e j
β dw

α + wγe j
β w

β
γ

= e j
β (dwα + wγ∧w β

γ ). (3.114)
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Chern connection is torsion-free so dwα + wγ ∧ w β
γ = 0. From there

dui ∧ θ j
i = 0. (3.115)

We can say the above expression is equivalent to torsion-free condition of the

Chern connection in natural coordinates. Wedge product of θ j
i and dui is zero

in (3.115), so they are linearly dependent. We can write θ j
i in terms of dui as

θ j
i = Γjildu

l. (3.116)

By (3.115) we can write the following symmetry property

Γjil = Γjli. (3.117)

By using (3.116), we can write (3.110) as

D
∂

∂ui
= Γjildu

l ⊗ ∂

∂uj
. (3.118)

We obtain Γjil in terms of gij and N i
j by using the almost metric-compatibility

of the Chern connection. Contracting (3.23) with
(

∂
∂ui
, ∂
∂uj

)
, we get

gij = G
( ∂

∂ui
,
∂

∂uj

)
. (3.119)

Applying D to the above equation we have

dgij = (DG)
( ∂

∂ui
,
∂

∂uj

)
+G

(
D

∂

∂ui
,
∂

∂uj

)
+G

( ∂

∂ui
, D

∂

∂uj

)
. (3.120)

By (3.86), (3.17), (3.80) for Aαβγ, (3.82) for Aijk and (3.103),we get

DG = −(wαβ + wβα)wα ⊗ wβ

= 2Aαβγw
γ
mw

α ⊗ wβ

= 2AijkδX
kdui ⊗ duj. (3.121)

Thus, the first term of (3.120) is

DG
( ∂

∂ui
,
∂

∂uj

)
= 2AijkδX

k. (3.122)

By using (3.23), (3.118), the second and third terms of (3.120), respectively are

G
(
D

∂

∂ui
,
∂

∂uj

)
= grsdu

r ⊗ dusΓkildul
( ∂

∂uk
,
∂

∂uj

)

= Γkilgkjdu
l = Γjildu

l, (3.123)
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G
( ∂

∂ui
, D

∂

∂uj

)
= grsdu

r ⊗ dusΓkjldul
( ∂

∂ui
,
∂

∂uk

)

= Γkjlgikdu
l = Γijldu

l. (3.124)

Inserting these terms and (3.122) into (3.120), we obtain the almost metric-

compatibility condition in natural coordinates as

dgij = gkjΓ
k
ildu

l + gikΓ
k
jkdu

l + 2AijkδX
k

= gkjθ
k
i + gikθ

k
j + 2AijkδX

k. (3.125)

By using (3.105), (3.116) and gkiΓ
k
jl = Γijl, we get the equivalent equation of

(3.125) as

∂gij
∂ul

dul +
∂gij
∂X l

dX l = Γijldu
l + Γjildu

l + 2Aijl
dX l

F
+ 2AijkN

k
l du

l (3.126)

Comparing the coefficients of dul and dXk in the above equation, we get respec-

tively

Γijk + Γjik =
∂gij
∂uk
− 2AijlN

l
k , (3.127)

Aijk =
F

2

∂gij
∂Xk

, (Cartan tensor). (3.128)

Consider the following expression

(
Γijk + Γjik

)
−
(

Γjki + Γkji

)
+
(

Γkij + Γikj

)
. (3.129)

Using (3.117) and (3.127), we find

Γijk =
1

2

(∂gij
∂uk

+
∂gki
∂uj
− ∂gjk

∂ui

)

− F

2

(∂gij
∂X l

N l
k +

∂gki
∂X l

N l
j −

∂gjk
∂X l

N l
i

)
. (3.130)

Using the fact Γl jk = gliΓijk, we can write the above equation as

Γrjk =
gri

2

(∂gij
∂uk

+
∂gki
∂uj
− ∂gjk

∂ui

)

− F

2
gri
(∂gij
∂X l

N l
k +

∂gki
∂X l

N l
j −

∂gjk
∂X l

N l
i

)
. (3.131)

As in the Riemannian case, denoting

γijk ≡ 1

2

(∂gij
∂uk

+
∂gki
∂uj
− ∂gjk

∂ui

)
, (3.132)



CHAPTER 3. FINSLER GEOMETRY 39

γljk ≡
gil

2

(∂gij
∂uk

+
∂gki
∂uj
− ∂gjk

∂ui

)
. (3.133)

which are called the Cristoffel symbols of the first and second kinds, re-

spectively. We can write Γjik and Γjik respectively as

Γijk = γijk − F

2

(∂gij
∂X l

N l
k +

∂gki
∂X l

N l
j −

∂gjk
∂X l

N l
i

)
, (3.134)

Γrjk = γrjk −
F

2
gir
(∂gij
∂X l

N l
k +

∂gki
∂X l

N l
j −

∂gjk
∂X l

N l
i

)
. (3.135)

We can write N i
j in terms of Cartan tensor and Christoffel symbols of second

kind as

N i
j = γijk

Xk

F
− Ai jkγkrs

XrXs

F 2
. (3.136)

Using (3.79)and (3.130) we can write

Γi jk
Xj

F
= N i

k , (3.137)

or

N i
k du

k = θ i
j

Xj

F
. (3.138)

3.4 Curvature

In this section we investigate the properties of the curvature tensor Ω of the

Chern connection. Ω splits into two parts R and P , where the R-part is the

generalization of the Riemann curvature tensor.

3.4.1 Expressions for R and P in Natural Coordinates

Let θi and θ j
i , be basis one-form and connection one-form, then

Ω i
j = dθ i

j − θ k
j ∧ θ i

k , (3.139)

are called the curvature two-form of the Chern connection in natural coordinates.

Since it is a two-form on the manifold TM \ 0, we can express it as

Ω i
j =

1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δX
l

F
+

1

2
Q i
j kl

δXk

F
∧ δX

l

F
(3.140)
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Here the terms R, P and Q are respectively, horizontal-horizontal (h-h),

horizontal-vertical (h-v) and vertical-vertical (v-v) curvature tensors of the Chern

connection in natural coordinates. R and Q satisfy the following property

R i
j kl = −R i

j lk, Q i
j kl = −Q i

j lk. (3.141)

By (3.115), we have

duj ∧ θ i
j = 0.

Also from above, we can write

duj ∧ θ k
j ∧ θ i

k = 0. (3.142)

Exterior differentiation of (3.115), given

duj ∧ dθ i
j = 0. (3.143)

By subtracting (3.142) from (3.143), we get

duj
(
dθ i

j − θ k
j ∧ θ i

k

)
= 0, (3.144)

or equivalently

duj ∧ Ω i
j = 0. (3.145)

Substituting (3.140) into (3.145), we obtain

1

2
R i
j kldu

j ∧ duk ∧ dul + P i
j kldu

j ∧ duk ∧ δX
l

F
+

1

2
Q i
j kldu

j ∧ δX
k

F
∧ δ

lX

F
= 0 (3.146)

The three terms of (3.146) are different types, so they vanish. From the vanishing

of the third term, Q must be symmetric. Together with (3.141) we obtain that

Q i
j kl = 0 (3.147)

Thus curvature two-form take the form

Ω i
j =

1

2
R i
j kldu

i ∧ dul + P i
j kldu

k ∧ δX
l

F
. (3.148)

From the vanishing of the second term, we have

P i
j kl = −P i

k jl, (3.149)
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and from the vanishing of the first term, we obtain the Bianchi identity

R i
j kldu

j ∧ duk ∧ dul = 0. (3.150)

By changing the indices and order of the wedge products, we have the following

R i
k ljdu

j ∧ duk ∧ dul = 0, (3.151)

R i
l jkdu

j ∧ duk ∧ dul = 0. (3.152)

Adding (3.150), (3.151) and (3.152), we get

(
R i
j kl +R i

k lj +R i
l jk

)
duj ∧ duk ∧ dul = 0. (3.153)

Thus we obtained the Bianchi identity as

R i
j kl +R i

k lj +R i
l jk = 0. (3.154)

We now obtain formulas for R and P in natural coordinates. Consider

dθ i
j − θ h

j ∧ θ i
h = Ω i

j =
1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δX
l

F
. (3.155)

By using (3.116), we can write dθ i
j as

dθ i
j = dΓi jl ∧ dul. (3.156)

Since dΓi jl is a one-form on TM \ 0, we can write it as

dΓi jl =
δΓi jl
δuk

duk + F
∂Γ i

jl

∂Xk

δXk

F
. (3.157)

Writing (3.157) into (3.156), we get

dθ i
j =

δΓi jl
δuk

duk ∧ dul + F
∂Γi jl
∂Xk

δXk

F
∧ dul

=
δΓi jl
δuk

duk ∧ dul − F ∂Γi jk
∂X l

duk ∧ δX
l

F
. (3.158)

Consider the following term which is in (3.155)

− θ h
j ∧ θ i

h = θ i
h ∧ θ h

j = ΓihkΓ
h
jldu

k ∧ dul. (3.159)
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Substituting (3.158) and (3.159) into (3.155), we get

(δΓi jl
δuk

+ ΓihkΓ
h
jl

)
duk ∧ dul − F ∂Γi jk

∂X l
duk ∧ δX

l

F
=

1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δX
l

F
, (3.160)

or equivalently

1

2

δΓi jl
δuk

duk ∧ dul − 1

2

δΓi jk
δul

duk ∧ dul +

1

2
ΓihkΓ

h
jldu

k ∧ dul − 1

2
ΓihlΓ

h
jkdu

k ∧ dul − F ∂Γi jk
∂X l

duk ∧ δX
l

F
=

1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δX
l

F
. (3.161)

Comparing the coefficients of duk∧dul and duk∧ δXl

F
in (3.161), we obtain formulas

for R i
j kl and P i

j kl in terms of natural coordinates, respectively as

R i
j kl =

δΓi jl
δXk

− δΓi jk
δX l

+ ΓihkΓ
h
jl − ΓihlΓ

h
jk, (3.162)

and

P i
j kl = −F ∂Γi jk

∂X l
. (3.163)

Let us introduce the following quantities which will simplify some calculations to

obtain the Ricci curvature.

R i
k ≡ e j

mR
i
j kle

l
m, (3.164)

Rik ≡ e j
mRjikle

l
m, (3.165)

R i
kl ≡ e j

mR
i
j kl, (3.166)

and

P i
kl ≡ e j

mP
i
j kl. (3.167)

3.4.2 Relations for Ω, R and P in Natural Coordinates

and Arbitrary Orthogonal Basis

We have made use of the natural coordinates for the curvature two-form and its

R, P parts. Let us denote the curvature two-form of the Chern connection for
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the arbitrary orthogonal basis sections as Ω α
β such that

Ω α
β = dw α

β − w γ
β ∧ w α

γ , (3.168)

where w α
β are components of the Chern connection. It is torsion-free such that

dwα = wβ ∧ w α
β . (3.169)

By taking exterior derivative of (5.2), we have

0 = wγ ∧ (dw α
γ − w β

γ ∧ w α
β ), (3.170)

or equivalently

wγ ∧ Ω α
γ = 0. (3.171)

Ω α
β are two-form on PTM , so we can express it as linear combinations of wρ∧wσ,

wρ ∧ w σ̄
m and w ρ̄

m ∧ w σ̄
m as

Ω α
β =

1

2
R α
β ρσw

ρ ∧ wσ + P α
β ρσ̄w

ρ ∧ w σ̄
m +

1

2
Q α
β ρ̄σ̄w

ρ̄
m ∧ w σ̄

m . (3.172)

By using (4.106) which is consequence of torsion-freeness of the Chern connection

and as in natural coordinates, we get

Q α
β ρ̄σ̄ = 0. (3.173)

Thus Ω α
β take the form

Ω α
β =

1

2
R α
β ρσw

ρ ∧ wσ + P α
β ρσ̄w

ρ ∧ w σ̄
m . (3.174)

We now obtain formulas for Ω α
β , R α

β ρσ and P α
β ρσ̄ in terms of the Ω i

j , R i
j kl and

P i
j kl. Consider Ω i

j as

Ω i
j =

1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δX
l

F
. (3.175)

By using dui = e i
αw

α and δXl

F
e i
ᾱw

ᾱ
m in (5.5) and contracting the result equation

with e j
β e

α
i, we get

e j
β Ω i

j e
α
i =

1

2
e j
β e

k
ρ e

l
σR

i
j kle

α
iw

ρ ∧ wσ + e j
β e

k
ρ e

l
σ̄P

i
j kle

α
iw

ρ ∧ wσ̄. (3.176)

Considering (5.4) with (5.6), we can write the following relations

Ω α
β = e j

β Ω i
j e

α
i, (3.177)

R α
β ρσ = e j

β e
k
ρ e

l
σR

i
j kle

α
i, (3.178)

P α
β ρσ̄ = e j

β e
k
ρ e

l
σ̄P

i
j kle

α
i . (3.179)
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3.4.3 Some Computations

In this section we obtain some relations which will be utilized later. Almost

metric-compatibility condition of the Chern connection in natural coordinates is

dgij − gkjθ k
i − gikθ k

j = 2Aijs
δXs

F
. (3.180)

Exterior derivative of Cartan tensor A = Aijkdu
i ⊗ duj ⊗ duk is

DA =
(
dAijl − Akjlθ k

i − Aiklθ k
j − Aijkθ k

l

)
dui ⊗ duj ⊗ dul

≡ (DA)ijldu
i ⊗ duj ⊗ dul. (3.181)

Here (DA)ijl are one-forms on TM \0 and can be expressed in terms of the bases

dus and δXs

F
as

(DA)ijl = Aijk|sdu
s + Aijk;s

δXs

F
. (3.182)

Using (3.116) and dAijl =
δAijl
δus

+ F
∂Aijl
∂Xs

δXs

F
in (3.181) and considering the dus

and δXs

F
parenthesis, we get Aijk|s and Aijk;s, respectively as

Aijk|s =
δAijk
δus

− AljkΓl is − AiklΓl js − AijlΓl ks, (3.183)

and

Aijk;s = F
∂Aijk
∂Xs

. (3.184)

Here Aijk|s and Aijk;s denote the horizontal and vertical covariant derivatives of

Aijk. We obtain some facts which will be useful in the next section. Consider

d( logF ) =
dF

F
=

1

F
(FXidX i + Fuidu

i)

=
FXi

F

(
δX i −N i

j du
j
)

+
Fui

F
dui. (3.185)

Here we used dX i = δX i − N i
j du

j. By using (3.136), (3.9), (3.31), (3.32),

emig
is = e s

m, e i
mAijk = 0, XsXkgks = F 2, we can write (3.185) as

d( logF ) =
emi
F
δX i − emi

F
γijkX

kduj − emi
F
Ai jkγ

k
rsX

rXsduj +
Fui

F
dui

=
emi
F
δX i − XsXk

2F 2

(∂gsj
∂uk
− ∂gjk
∂us

+
∂gks
∂uj

)
duj − e i

m

F
Aijkγ

k
rsX

rXsduj +
Fui

F
dui

=
emi
F
δX i − 1

F 2

∂(XsXkgks)

∂uj
duj +

Fui

F
dui

=
emi
F
δX i − Fuj

F
duj +

Fui

F
dui =

emi
F
δX i. (3.186)
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Thus we obtain

d( logF ) =
FXi

F
δX i. (3.187)

By using (3.135), XjAijk = 0, symmetry of Cartan tensor and (3.136), we have

Γl jk
Xj

F
= γljk

xj

F
− Xj

F
gli
(
Aijs

N s
k

F
− AjksN

s
i

F
+ Akis

N s
j

F

)

= γljk
xj

F
− gliX

j

F 2
AkisN

s
j

= γljk
xj

F
− gliX

j

F 2
Akis

(
γsjtX

t − 1

F
Asjtγ

t
rsX

rXs
)

= γljk
xj

F
− Al ks

F 2
γsjtX

jX t =
1

F

(
γljkX

j − Al ks
F

γsjtX
jX t
)

=
N l
k

F
. (3.188)

Thus we obtain

Γl jk
Xj

F
=
N l
k

F
. (3.189)

By using (3.183), (3.83), (3.107) and (3.189), we have

Aijk|se
k
m =

(δAijk
δus

− AljkΓl is − AilkΓl js − AijlΓl ks
)
e k
m

=
δAijk
δus

e k
m − AijlΓl kse k

m

= e k
m

∂Aijk
∂us

−N r
s

∂Aijk
Xr

e k
m − Aijl

N l
s

F

=
1

F

∂(AijkX
k)

∂us
− N r

s

F

(∂(AijkX
k)

Xr
− Aijkδkr

)
− AijlN

l
s

F

=
N r
s

F
Aijr − N l

s

F
Aijl = 0. (3.190)

Thus we get

Aijk|se
k
m = 0. (3.191)

Let us denote Aijk|se s
m as

Ȧijk ≡ Aijk|se
s
m. (3.192)

By using (3.191), we can wtite

Ȧijke
k
m = 0. (3.193)
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By using (3.184) and (3.83), we have

Aijk;se
k
m = F

∂Aijk
∂Xs

Xk

F

=
∂(AijkX

k)

∂Xs
− Aijkδks . (3.194)

Hence we get

Aijk;se
k
m = −Aijs. (3.195)

Exterior derivative of em is formed

Dem =
(
de i

m + e j
mθ

i
j

) ∂

∂ui

=
(
d(
X i

F
) +

Xj

F
θ i
j

) ∂

∂ui

≡ (Dem)i
∂

∂ui
. (3.196)

By using (3.189) and (3.105), (Dem)i can be written as

(Dem)i =
dX i

F
− X idF

F 2
+
Xj

F
θ i
j =

dX i

F
− X idF

F 2
+
Xj

F
Γi jkdu

k

=
dX i

F
− X idF

F 2
+
N i
k

F
duk

=
δX i

F
− X i

F
d( logF ). (3.197)

By (3.196) and (3.197), we can write

δX i

F
= de i

m + e j
mθ

i
j + e i

md( logF ). (3.198)

Taking exterior derivative of (3.198) and using (3.139), (3.198), we get

d
(δX i

F

)
= d(e j

m)θ i
j + e j

md(θ i
j ) + d(e i

m)d( logF )

= e j
mΩ i

j +
δXj

F

(
θ i
j − emj

δX i

F

)
. (3.199)

3.4.4 Some Relations for R and P from Almost Metric-

Compatibility in Natural Coordinates

Taking exterior derivative of (3.180) and using (3.139) for Ω j
i , gkjΩ

j
i = Ωik and

after some simplification we have

Ωij + Ωji = −2
[
dAijl − Akjlθ k

i − Aiklθ k
j

]
∧ δX

l

F
− 2Aijld

(δX l

F

)
(3.200)
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By using (3.181) in the above expression, we get

Ωij + Ωji = −2
[
(DA)ijl + Aijkθ

k
l

]
∧ δX

l

F
− 2Aijld

(δX l

F

)
(3.201)

= −2(DA)ijk ∧
δXk

F
− 2Aijk

[
d(
δXk

F
) + θ k

l ∧
δX l

F

]
.

By using (3.140), left hand side of (3.201) can be written as

Ωij + Ωji = Ω k
i δkj + Ω k

j δki

= δkj

(1

2
R k
i rsdu

r ∧ dus + P k
i rsdu

r ∧ δX
r

F

)
+

δki

(1

2
R k
j rsdu

r ∧ dus + P k
j rsdu

r ∧ δX
r

F

)
(3.202)

=
1

2

(
Rijrs +Rjirs

)
dur ∧ dus +

(
Pijrs + Pjirs

)
dur ∧ δX

s

F
.

By using(3.182), (3.199), (3.140), e r
mR

k
r st = R k

st and e r
mP

k
r st = P k

st left hand

side of (3.201) can be written as

−2(DA)ijk ∧
δXk

F
− 2Aijk

[
d(
δXk

F
) + θ k

l ∧
δX l

F

]

= −2
(
Aijk|sdu

s + Aijk;s
δXs

F

)
∧ δX

s

F
− 2Aijke

r
mΩ k

r − 2Aijk
δXr

F
∧ θ k

r +

2Aijke
m
r

δXr

F
∧ δX

k

F
− 2Aijkθ

k
l ∧

δX l

F

= −
(
AijuR

u
kl

)
duk ∧ dul − 2

(
AijuP

u
kl + Aijl|k

)
duk ∧ δX

l

F
+

2
(
Aijk;l − Aijleml

)δXk

F
∧ δX

l

F
. (3.203)

Inserting (3.202) and (3.203) into (3.201), we get

1

2

(
Rijrs +Rjirs

)
dur ∧ dus +

(
Pijrs + Pjirs

)
dur ∧ δX

s

F

= −
(
AijuR

u
kl

)
duk ∧ dul − 2

(
AijuP

u
kl + Aijl|k

)
duk ∧ δX

l

F
+

2
(
Aijk;l − Aijle m

l

)δXk

F
∧ δX

l

F
. (3.204)

Comparing the coefficients of duk ∧ dul in (3.204), we get the relation

Rijkl +Rjikl = 2
(
− AijuR u

kl

)
≡ 2Bijkl. (3.205)
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By using (3.205), we calculate the following combination

(
Bijkl −Bklij

)
+
(
Biljk +Bjkil

)
+
(
Bljki +Bkilj

)
−Rijkl +Rklij

=
Rijkl +Rjikl

2
− Rklij +Rlkij

2
+
Riljk +Rlijk

2
+
Rjkil +Rkjil

2
+

Rjkil +Rjlki

2
+
Rkilj +Riklj

2
−Rijkl +Rklij

= −1

2

(
Rijkl +Rkjli +Rljik

)
+

1

2

(
Rklij +Riljk +Rjlki

)
+

1

2

(
Rlijk +Rjikl +Rkilj

)
+

1

2

(
Riklj +Rlkji +Rjkil

)
= 0. (3.206)

Here we used the Bianchi identities of the form Rkijl +Rjikl +Rlikj = 0. Thus we

get another Bianchi identity as

Rijkl −Rklij =
(
Bijkl −Bklij

)
+
(
Biljk +Bjkil

)
+
(
Bljki +Bkilj

)
. (3.207)

Comparing the coefficients of duk ∧ δXl

F
in (3.204), we get

Pijkl + Pjikl = −2AijuP
u
kl − 2Aijl|k ≡ 2Eijkl − 2Aijl|k. (3.208)

Consider the following combination

(
Pijkl + Pjikl

)
−
(
Pjkil + Pkjil

)
+
(
Pkijl + Pikjl

)
. (3.209)

By using the symmetry of P , (3.209) takes the form

(
Pijkl + Pjikl

)
−
(
Pjkil + Pkjil

)
+
(
Pkijl + Pikjl

)
= 2Pjikl. (3.210)

By using (3.208), (3.209) takes the form

(
Pijkl + Pjikl

)
−
(
Pjkil + Pkjil

)
+
(
Pkijl + Pikjl

)

= 2Eijkl − 2Ejkil + 2Ekijl − 2Aijl|k + 2Ajkl|i − 2Akil|j. (3.211)

Considering (3.210) with (3.211), we get the following relation

Pjikl =
(
Eijkl − Ejkil + Ekijl

)
−
(
Aijl|k − Ajkl|i + Akil|j

)
. (3.212)

By using (3.163) and Euler’s theorem, we have

P i
j kle

l
m = −F ∂Γi jk

∂X l

X l

F
= −X l

∂Γi jk
∂X l

= 0, (3.213)
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where Γi jk is homogeneous of degree zero in X i. By (3.208) and (3.83), we have

Eijkle
j
m = −Aijue j

mP
u
kl = 0. (3.214)

Contracting (3.212) with e j
m and using (3.192), (3.193), (3.191), (3.195), we get

Pjikle
j
m ≡ Pikl = −Akil|je j

m = −Ȧkil. (3.215)

And from this

Pjikle
j
me

k
m = −Ȧkile k

m = 0. (3.216)

By using (3.215) and symmetry of Cartan tensor, we get

Eijkl = −AijuP u
kl = −AuijPukl = −Auij(−Ȧukl) = AuijȦukl. (3.217)

Thus, we get the second Chern curvature tensor P in terms of the Cartan tensor

and its horizontal covariant derivative Aijk|s as

Pjikl = −
(
Aijl|k + Ajkl|i + Akil|j

)
+ AuijȦukl − AujkȦuil + AukiȦujl. (3.218)

similarly we obtain

Pijkl + Pjikl = −2AijuP
u
kl − 2Aijl|k = −2AuijȦukl − 2Aijl|k, (3.219)

or equivalently

Aijl|k = AuijȦukl −
1

2

(
Pijkl + Pjikl

)
. (3.220)

From there we can say Pjikl vanishes if and only if Aijk|l vanishes. We need the

following facts to obtain R i
k in terms of N j

i and F .

e r
m

δΓi jk
δus

=
δ
(
e r
mΓi jk

)

δus
+ Γi jk

N r
s

F
, (3.221)

which comes directly from definition of δ
δui

and (3.189). By contracting (3.162)

with e j
me

l
m and using (3.164), (3.221) and (3.189) we get R i

k as

R i
k = e j

m

(
δ

δuk

(
N i
j

F

)
− δ

δuj

(
N i
k

F

))
. (3.222)

By multiplying the above expression with gil we get the Ricci curvature in terms

of N j
i as

Rlk = gile
j
m

(
δ

δuk

(
N i
j

F

)
− δ

δuj

(
N i
k

F

))
. (3.223)

We can state a theorem to summarize the symmetry properties of Chern curvature

tensors Rjikl and Pjikl.
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Theorem 3.4.1 First and second curvature tensors of Chern connection have

the following properties:

1) Rjikl = −Rjilk,

2) Rjikl +Rkilj +Rlijk = 0,

3) Rjikl +Rijkl = 2(−AijuRu
kl) ≡ 2Bijkl,

4) Rijkl −Rklij =
(
Bijkl −Bklij

)
+
(
Biljk +Bjkil

)
+
(
Bljki +Bkilj

)
,

5) Pkijl = Pjikl,

6) Pijkl + Pjikl = −2AijuP
u
kl − 2Aijl|k ≡ 2Eijkl − 2Aijl|k.

where Aijl|k =
δAijl
δuk
− ArjlΓrik − AirlΓrjk − AijrΓrlk.

3.4.5 Formulas for Horizontal and Vertical Covariant

Derivative of R and P

In this part, we will obtain some formulas for horizontal and vertical covariant

derivatives of R and P . We have the curvature two-form of the Chern connection

as

Ω i
j = dθ i

j − θ k
j ∧ θ i

k . (3.224)

By taking exterior derivative of (3.224), we have

dΩ i
j = −dθ k

j ∧ θ i
k − θ k

j ∧ dθ i
k

= θ k
j ∧ Ω i

k − θ i
k ∧ Ω k

j . (3.225)

Thus we get the second Bianchi identity as

dΩ i
j − θ k

j ∧ Ω i
k + θ i

k ∧ Ω k
j = 0. (3.226)

By using (3.140) for Ω i
j , (3.199), (3.215), we can write (3.226) as

1

2
d(R i

j kl)du
k ∧ dul + d(P i

j kl)du
k ∧ δX

l

F
− P i

j kldu
k ∧ d(

δX l

F
)
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− 1

2
θ k
j R

i
k rsdu

r ∧ dus − θ k
j P

i
k rsdu

r ∧ δX
s

F

+
1

2
θ i
k R

k
j rsdu

r ∧ dus − θ i
k P

i
j rsdu

r ∧ δX
s

F

=
1

2

(
R i
j kl|tdu

t +R i
j kl;t

δX t

F

)
duk ∧ dul +

(
P i
j kl|tdu

t + P i
j kl;s

δX t

F

)
duk ∧ δX

l

F

− P i
j kldu

k ∧
[
e t
m

(1

2
R l
t rsdu

r ∧ dus + P l
t rsdu

r ∧ δX
s

F

)
+
δX t

F

(
θ l
t − e m

t

δX l

F

)]

− 1

2
θ k
j R

i
k rsdu

r ∧ dus − θ k
j P

i
k rsdu

r ∧ δX
s

F

+
1

2
θ i
k R

k
j rsdu

r ∧ dus − θ i
k P

i
j rsdu

r ∧ δX
s

F

=
1

2

(
R i
j kl|t − P i

j kuR
u
lt

)
duk ∧ dul ∧ dut +

1

2

(
R i
j kl;t − 2P i

j kt|lȦ
u
lt

)
duk ∧ dul ∧ δX

t

F

+
(
P i
j kl;t − P i

j kle
m
t

)
duk ∧ δX

l

F
∧ δX

t

F
= 0. (3.227)

From this equation and changing order of wedge product and indices, we get the

following three equations

R i
j kl|t = P i

j kuR
u
lt, (3.228)

R i
j kl;t = P i

j kt|l − P i
j lt|k −

(
P i
j klȦ

u
lt − P i

k luȦ
u
kt

)
, (3.229)

P i
j kl;t = P i

j kle
m
t . (3.230)

Similarly by using (3.228), we get the following identity

R i
j kl|t +R i

j lt|k +R i
j tk|l = P i

j kuR
u
lt + P i

j luR
u
tk + P i

j tuR
u
kl. (3.231)

By using (3.230), we get the following identity

P i
j kl;t − P i

j kt;l = P i
j kle

m
t − P i

j kte
m
l . (3.232)

By contracting (3.231) with e j
m and using (3.215), we get

R i
j kl|t +R i

j lt|k +R i
j tk|l = −ȦikuR u

lt − Ȧi luR u
tk − Ȧi tuR u

kl, (3.233)

similarly by contracting (3.232) with e j
m and using (3.215), we have

P i
j kl − P i

l kj = Ȧikj;l − Ȧikl;j. (3.234)

By using (3.218), the above expression can be written as

Ȧikj;l − Ȧikl;j = Aikj|l − Aikl|j (3.235)

+
(
Ai juȦ

u
kl + Ȧi juA

u
kl

)
−
(
Ai luȦ

u
kj + Ȧi luA

u
kj

)
.
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Similarly by taking the vertical derivative of e j
mR

i
j kl = R i

kl with respect to X t,

we get

e j
mR

i
j kl;t = R i

kl;t −R i
t kl + emtR

i
kl. (3.236)

By contracting (3.229) with e j
m and using (3.236), (3.215), we have

R i
j kl;te

j
m = e j

mP
i
j kt|l − e j

mP
i
j lt|k −

(
e j
mP

i
j kuȦ

u
lt − e j

mP
i
k luȦ

u
kt

)
(3.237)

R i
kl;j −R i

j kl + emjR
i
kl = −

(
Ȧi lj|k − Ȧikj|l + ȦikuȦ

u
lj − Ȧi luȦukj

)

R i
j kl = R i

kl;j + emjR
i
kl −

(
Ȧi lj|k − Ȧikj|l + ȦikuȦ

u
lj − Ȧi luȦukj

)
.

By taking the vertical derivative of e u
mR

i
ku = R i

k with respect to X t, we get

e u
mR

i
ku;l = R i

k;l +R i
ke
m
l −R i

kl. (3.238)

Contracting (3.237) with e l
m and using (3.191), (3.193), we get

R i
j kle

l
m = R i

k;j + 2R i
ke
m
j +R i

j k + Ȧ i
jk|le

l
m. (3.239)

Consider the Bianchi identity of the form

R i
j kl +R i

k lj +R i
l jk = 0. (3.240)

Contracting (3.240) with e l
m, we get

R i
j kle

l
m +R i

k lje
l
m +R i

j k = 0. (3.241)

Inserting (3.239) into (3.241), we obtain

R i
kl =

1

2

(
R i

k;l −R i
l;k

)
+

2

3

(
R i

ke
m
l −R i

le
m
k

)
. (3.242)

By using (3.237), (3.242), we obtain an expression for the curvature tensor

R i
j kl =

1

3

(
R i

k;l;j −R i
l;k;j + emjR

i
k;l − emjR i

l;k

)
(3.243)

+
2

3

(
R i

k;je
m
l −R i

l;je
m
k +R i

kgjl −R i
lgjk

)
−
(
Ȧi jl|k − Ȧiuk + ȦiukȦ

u
jl − ȦiulȦujk

)
.
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3.5 Geodesic Spray

Let us introduce

Gi ≡ γijkX
jXk, (3.244)

where γijk are the Christoffel symbols. By taking the partial derivative of (3.244)

with respect to Xj and using (3.79), (3.104) and (3.9) we obtain

∂Gi

∂Xj
=

∂

∂Xj

(
γirkX

rXk
)

=
∂

∂Xj

(
γirk

)
XrXk + 2γijkX

k

=
∂(gis)

∂Xj

1

2

(∂gsr
∂uk
− ∂grk
∂us

+
∂gks
∂ur

)
+ 2γijkX

k

= − 2

F
AisjγsjkX

jXk + 2γijkX
k

= 2
(
γijkX

k − Ai sj
F

γsjkX
jXk

)
= 2N i

j . (3.245)

Thus from the first partial derivative of 1
2
Gi with respect to Xj, we obtain the

nonlinear connection as
1

2

∂Gi

∂Xj
= N i

j . (3.246)

Consider the second derivative by using (3.189), symmetry of P , (3.163) and

(3.215) as

1

2

(
Gi
)
XjXk

= (N i
j )Xk =

(
Γi jlX

l
)
Xk

=
∂Γi jl
∂Xk

X l + Γi jlδ
l
k = Γi jk − P i

j lk

X l

F

= Γi jk − P i
l jke

l
m = Γi jk + Ȧi jk ≡ bΓi jk. (3.247)

Thus, by taking the second partial derivative of 1
2
Gi with respect to Xk, we get

the Berwald connection. The differences between Chern connection and Berwald

connection is the Ȧi jk term.

By using (3.107), (3.246) and Euler’s theorem, consider the vector field

Xk δ

δuk
= Xk

( ∂

∂uk
−N i

k

∂

∂X i

)
= Xk ∂

∂uk
− 1

2
Xk ∂G

i

∂Xk

∂

∂Xk

= Xk ∂

∂uk
− 1

2
2Gi ∂

∂X i
, (3.248)

where Gi is homogeneous of degree two in X i. The above vector field is called

the geodesic spray. We will obtain the curvature tensors bR and bP for the
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Berwald connection. Consider the following expression

dθ i
j − θ h

j ∧ θ i
h =

1

2
bR i

j kldu
k ∧ dul +b P i

j kldu
k ∧ dul. (3.249)

Now, we will calculate dθ i
j and −θ h

j ∧θ i
h with respect to the Berwald connection.

By using (3.116), (3.247), we have

dθ i
j = d

(
bΓi jldu

l
)

=
(
d(Γi jl) + d(Ȧi jl)

)
∧ dul

=
δΓi jl
δuk

duk ∧ dul + F
∂Γi jl
∂Xk

δXk

F
∧ dul

+ Ȧi jl;k
δXk

F
∧ dul + Ȧi jl|kdu

k ∧ δX
l

F
, (3.250)

and by using (3.116), (3.247), we have

− θ h
j ∧ θ i

h = θ i
h ∧ θ h

j =
(

Γihk + Ȧihk

)
duk ∧

(
Γhjl + Ȧhjl

)
dul

=
(

ΓihkΓ
h
jl + ȦihkȦ

h
jl

)
duk ∧ dul. (3.251)

Writing (3.250) and (3.251) into (3.249), we have

1

2

[δΓi jl
δuk

− δΓi jk
δul

+ ΓihkΓ
h
jl − ΓihlΓ

h
jk

+ Ȧi jl|k − Ȧi jk|l + ȦihkȦ
h
jl − ȦihlȦhjk

]
duk ∧ dul −

(
F
∂Γi jk
∂X l

+ Ȧi jk;l

)
duk ∧ δX

l

F

=
1

2
bR i

j kldu
k ∧ dul +b P i

j kldu
k ∧ δX

l

F
. (3.252)

Comparing the coefficients of duk∧dul and duk∧ δXl

F
in (3.252) and using (3.162),

(3.163), we get the expressions relating the Berwald and the Chern curvatures

bR i
j kl = Ri

j kl +
[
Ȧi jl|k − Ȧi jk|l + ȦihkȦ

h
jl − ȦihlȦhjk

]
, (3.253)

and

bP i
j kl = P i

j kl − Ȧi jk;l. (3.254)

3.6 Flag Curvature and Ricci Curvature

In this section, we will define the flag curvature which is the generalization of

the sectional curvature in Riemannian geometry and obtain a formula for Ricci
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curvature in terms of Flag curvature. We can define the curvature tensor as

R(X,Y ) : Γ(p∗TM)→ Γ(p∗TM).

As in Riemannian geometry it is given by

R(Z,W )X = R i
j klX

jZkW l ∂

∂ui
, (3.255)

and

R(X,Y, Z,W ) = RjiklX
jY iZkW l, (3.256)

or equivalently

R(X, Y, Z,W ) ≡ G(R(Z,W )X,Y ), (3.257)

where X, Y, Z,W are local sections of p∗TM over TM \ 0.

By Theorem 3.4.1, R(X, Y, Z,W ) have the following properties:

1) R(X, Y, Z,W ) = −R(X,Y,W,Z),

2) R(X, Y, Z,W ) +R(Z, Y,W,X) +R(W,Y,X,Z) = 0,

3) R(X, Y, Z,W ) +R(Y,X,Z,W ) = −2A(X, Y,R(Z,W )em)≡2B(XY ZW ),

4) R(X, Y, Z,W )−R(Z,W,X, Y ) = [B(XY ZW )−B(ZWXY )]

+ [B(XWY Z) +B(Y ZXW )] + [B(WY ZX) +B(ZXWY )].

Flag curvature is one of the invariants which is the generalization of the sectional

curvature of Riemannian geometry. Flag is an object which is based at p ∈ M
with flagpole X ∈ Tu(M) and transverse edge V = V i ∂

∂ui
. Denote the flag as

K(X, V ) =
R(V,X,X, V )

G(X,X)G(V, V )−G(X, V )2 , (3.258)

or equivalently

K(X, V ) =
V i(XjRjiklX

l)V k

G(X,X)G(V, V )−G(X, V )2 , (3.259)

where (u,X) ∈ TM \ 0 and X, V are section of pulled-back bundle π∗TM .

By using corollary of Euler’s theorem, we have

G(em, em) = gijdu
iduj

(Xk

F

∂

∂uk
,
X l

F

∂

∂ul

)

= (FFXiXj + FXiFXj)
X i

F

Xj

F
= 1. (3.260)
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Taking X = em in (3.259) and using (3.260), right hand side does not change so

we have

K(em, V ) =
V i(e j

mRjikle
l
m)V k

G(em, em)G(V, V )−G(em, V )2

=
V i(e j

mRjikle
l
m)V k

G(V, V )−G(em, V )2 , (3.261)

which is called flag curvature of the flag em ∧ V. To obtain the Ricci curvature

in terms of K, let us define the following object

K(em, V,W ) =
V i
(
e j
mRjikle

l
m

)
W k

G(V,W )−G(em, V )G(em,W )

=
V iRikW

k

G(V,W )−G(em, V )G(em,W )
, (3.262)

which is algebraically a predecessor of the Flag curvature. In (3.262) by taking

V = ∂
∂ui
, W = ∂

∂uj
, we get

K

(
em,

∂

∂ui
,
∂

∂uj

)
=

Rik

G
(
∂
∂ui
, ∂
∂uj

)−G(em, ∂
∂ui

)
G
(
em,

∂
∂uj

) . (3.263)

Let us obtain the quantities G
(
∂
∂ui
, ∂
∂uj

)
, G
(
em,

∂
∂ui

)
and G

(
em,

∂
∂uj

)
to determine

Ricci curvature in a closed form.

G

(
∂

∂ui
,
∂

∂uj

)
= gkldu

kdul
(
∂

∂ui
,
∂

∂uj

)
= gij, (3.264)

G

(
em,

∂

∂ui

)
= gkldu

kdul
(
e j
m

∂

∂uj
,
∂

∂ui

)
= gije

j
m = e m

i , (3.265)

G

(
em,

∂

∂ui

)
= gkldu

kdul
(
e i
m

∂

∂ui
,
∂

∂uj

)
= gije

i
m = e m

j . (3.266)

By inserting (3.264), (3.265) and (3.266) into (3.262) we get

K

(
em,

∂

∂ui
,
∂

∂uj

)
=

Rik

gij − e m
i e m

j

. (3.267)

Thus we obtain the Ricci curvature in terms of K as

Rij =
(
gij − e m

i e m
j

)
K

(
em,

∂

∂ui
,
∂

∂uj

)
. (3.268)
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3.7 Schur’s Lemma

By rotating the transverse edge V around the flagpole X, if the flag curvature

does not change then we call it a scalar flag curvature. Denote that scalar as

λ = λ(u,X). For ease of calculation, we use the following notations

hij ≡ gij − emiemj, (3.269)

hijk ≡ gije
m
k − gikemj. (3.270)

We obtain some useful relations.

λ;se
s
m = F

∂λ

∂Xs

Xs

F
= Xs ∂λ

∂Xs
= 0, (3.271)

since λ is homogeneous of degree zero in X i.

λ;r;se
s
m = F

∂λ;r

∂Xs

Xs

F
= Xs ∂F

∂Xs

∂λ

∂Xr
+ FXs∂( ∂λ

∂Xr )

∂Xs

= F
∂λ

∂Xr
− F ∂λ

∂Xr
= 0, (3.272)

since F and ∂λ
∂Xr are homogeneous of degree 1 and −1, respectively.

hise
s
m = (gis − emiems)e s

m = emi − emi = 0, (3.273)

hijse
s
m = (gije

m
s − gisemj)e s

m = gij − emiemj = hij, (3.274)

gijhik = gij(gik − emiemk) = δjk − e j
me

m
k, (3.275)

gijhij = gij(gij − emiemj) = n− 1, (3.276)

gijhijk = gij(gije
m
k − gikemj) = nemk − δjkemj = (n− 1)emk, (3.277)

hij|k = (gij − emiemj)|k = gij|k − emi|kemj − emiemj|k = 0, (3.278)

since vertical derivative of gij and emi are zero.

hijk|l = gij|le
m
k − gijemk|l − gik|lemj − gikemj|l = 0. (3.279)

We will now state a proposition which gives some relations with first curvature

tensor R and flag curvature scalar λ.

Proposition 1 . For the Finsler manifold M , the followings are equivalent:
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1) Rik = λ(u,X)hik,

2) Rikl = λ(u,X)hikl + 1
3
(hikλ;l − hilλ;k),

3) Rijkl = λ(u,X)(gikgjl − gilgjk) −
(
Ȧijl|k − Ȧijk|l + ȦiskȦ

s
jl − ȦislȦ

s
jk

)
+

λ;jhikl + 1
3

[
λ;k(e

m
ihjl + hijl)− λ;l(e

m
ihjk + hijk)

]
+ 1

3
(hikλ;l;j − hilλ;k;j).

Proof : 1) ⇒ 2) By using (3.242) with lowering index i, vertical derivative of

(3.269) with respect to X l, (3.270) and after some cancellation, we have

Rikl =
1

3

(
Rik;l −Ril;k

)
+

2

3

(
Rike

m
l −Rile

m
k

)

=
1

3

(
λ;lhik + λhik;l − λ;khil − λhil;k

)
+

2

3

(
λhike

m
l − λhilemk

)

=
1

3

(
λ;lhik − λ;khil

)
+
λ

3

(
gike

m
l − gilemk

)
+

2λ

3

(
gike

m
l − gilemk

)

= λhikl +
1

3

(
λ;lhik − λ;khil

)
.

2)⇒ 1) Contracting 3) with e l
m and using (3.271), (3.273), (3.274), we have

Riklem
l = λhikle

l
m +

1

3

(
hikλ;le

l
m − h;le

l
mλ;k

)

Rik = λhik.

2)⇒ 3) Consider (3.243) with lowering index i as

Rjikl =
1

3

(
Rik;l;j −Ril;k;j + emjRik;l − emjRil;k

)

+
2

3

(
Rik;je

m
l −Ril;je

m
k +Rikgjl −Rilgjk

)

−
(
Ȧijl|k − Ȧiuk + ȦiukȦ

u
jl − ȦiulȦujk

)
.

By using (3.269) and 1), we can get an expression for the Rik;l. By using that

and similar terms in the above equation and after some simplification we have

Rjikl = λ(gikgjl − gilgjk) +
(
Ȧijl|k − Ȧiuk + ȦiukȦ

u
jl − ȦiulȦujk

)

+
λ;j

3
(gike

m
l − gilemk)−

λ;l

3
(gije

m
k − gikemj)−

λ;l

3
emi(gkj − emkemj)

+
λ;k

3
(gije

m
l − gilemj) +

λ;k

3
emi(glj − emlemj)

+
1

3
(hikλ;l;j − hilλ;k;j)
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= λ(gikgjl − gilgjk)−
(
Ȧijl|k − Ȧijk|l + ȦiskȦ

s
jl − ȦislȦsjk

)

+ λ;jhikl +
1

3

[
λ;k(e

m
ihjl + hijl)− λ;l(e

m
ihjk + hijk)

]
+

1

3
(hikλ;l;j − hilλ;k;j).

3) ⇒ 2) Contracting 3) with e j
m and using (3.191), (3.193), (3.273) and (3.272),

we have

Rijkl = λ(gike
j
mgjl − gile j

mgjk)− e j
m

(
Ȧijl|k − Ȧijk|l + ȦiskȦ

s
jl − ȦislȦsjk

)

+ e j
mλ;jhikl +

1

3

[
λ;k(e

m
ie

j
mhjl + hijl)− λ;l(e

m
ie

j
mhjk + hijk)

]

+
1

3
(hike

j
mλ;l;j − hile j

mλ;k;j)

= λ(gike
m
l − gilemk) +

1

3

(
hikλ;l − hilλ;k

)

= λhikl +
1

3

(
hikλ;l − hilλ;k

)
.

�

By lowering the indices i of (3.231) and contracting it with e j
m, e l

m and using

(3.213), (3.215) we have

R ikl|te
t
m +R il|k −R ik|l = −ȦsikRsl + ȦsilRsk. (3.280)

By using 1) and 2) of Proposition, (3.278), (3.279) in the above equation, we get

λ|te
t
mhikl +

1

3
(hikλ;l|te

t
m − hilλ;k|te

t
m) + λ|khil − λ|lhik

= −Ȧsikλhsl + Ȧsilλhsk. (3.281)

Contracting the above equation with gik and using (3.272), (3.275), (3.277) and

denoting λ|te t
m ≡ λ̇, we have

λ̇hiklg
ik +

1

3
(gikhikλ;l|te

t
m − gikhilλ;k|te

t
m) + λ|kg

ikhil +

− λ|lg
ikhik = −Ȧsikgikλhsl + Ȧsilg

ikλhsk

λ̇(m− 1)eml +
1

3

(
(m− 1)λ;l|te

t
m − (δkl − e k

me
m
l )λ;k|te

t
m

)
+

+ λ|k(δ
k
l − e k

me
m
l )− (m− 1)λ|l = 0

(m− 2)λ̇eml − (m− 2)λ|l +
(m− 2)

3
λ;l|te

t
m = 0. (3.282)

We will now state the Schur’s lemma when the scalar of the scalar flag curvature

depends on only u .i.e. λ(u).
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Lemma 3 (Schur’s lemma) . Suppose M is Finsler manifold with dimension

m ≥ 3 and scalar of the scalar flag curvature deponds on only u .i.e. λ = λ(u)

then λ is constant.

Proof : We have

λ;i = F
∂λ

∂X i
= 0, (3.283)

and

λ|i =
δλ

δui
=

∂λ

∂ui
−N j

i

∂λ

∂Xj
=

∂λ

∂ui
, (3.284)

since λ does not depend on X. From there (3.282) takes the form

λ|i = λ̇emi . (3.285)

By taking vertical derivative of the above equation with respect to j, we get

λ|i;j = λ̇;je
m
i + λ̇hij. (3.286)

λ is a function of only u and by (3.284) λ|i is also a function of u only, so

λ|i;j = F ∂λ|i
∂Xj = 0. (3.286) takes the form

λ̇;je
m
i + λ̇hij = 0. (3.287)

Dimension of M is greater than 1 so there is at least one nonzero arbitrary basis

section U orthogonal to emi . Contracting (3.287) with U i, we have

λ̇;je
m
i(U

i) + λ̇hij(U
i) = λ̇

(
gij − emiemj

)
(U i) = λ̇gijU

i = λ̇Uj = 0, (3.288)

where U i is orthogonal to emi . From (3.288), we have λ̇U = 0 and also λ̇ = 0.

By using (3.285) and (3.284), we have λ|i = ∂λ
∂ui

= 0. From there, we can say λ is

constant on the connected manifold M .

�
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3.8 Special Finsler Spaces

A) Riemannian Spaces

C∞ manifold M with metric G = gij(u)duiduj is called Riemannian manifold.

That G defines a Finsler function F on TM \ 0 by F (u,X) =
√
gij(u)X iXj.

From there it is clear that, every Riemannian manifold is Finslerian. Finsler

manifold is Riemannian if the components of Finsler metric gij is independent

of X. In Riemannian manifold, Cartan tensor and second curvature tensor of

Chern connection vanish in natural coordinates. Chern connection coefficients

Γi jk take the form of γijk which is the second kind Christoffel symbols in natural

coordinates. First curvature tensor of the Chern connection R i
j kl is of the form

R i
j kl =

∂γijl
∂uk

− ∂γijk
∂ul

+ γihkγ
h
jl − γihlγhjk.

B) Berwald Spaces

A Finsler manifold M is a Berwald space if the Chern connection coefficients

Γi jk in natural coordinates are independent of X. As a consequence of this

condition, we can say that the second curvature tensor of Chern connection P

vanishes. In Berwald space, first curvature tensor R i
j kl in natural coordinates

take the form

R i
j kl =

∂Γi jl
∂uk

− ∂Γi jk
∂ul

+ ΓihkΓ
h
jl − ΓihlΓ

h
jk.

C) Randers space

Suppose M is an m−dimensional manifold. A Randers metric is a Finsler

function on TM \ 0 of the form

F (u,X) ≡ α(u,X) + β(u,X), (3.289)

where α(u,X) ≡√ãij(u)X iXj and β(u,X) ≡ b̃i(u)X i.

Here ãij are components of a Riemannian metric on M with inverse ãij and also

we lower and raise the indices by ãij. b̃i are one-forms on M . m−dimensional

manifold M with Finsler function of the form (3.289) is called Randers space.
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D) Locally Minkowskian Spaces

A Finsler manifold M is locally Minkowskian if the first and second cur-

vature tensors of the Chern connection R i
j kl, P

i
j kl in natural coordinates vanish.

We will state a lemma without proof. One can find the proof in [17].

Lemma 4 . Suppose M is a finite dimensional manifold with torsion-free con-

nection D. Let p be any point in M . If the curvature of D vanishes in a neighbour-

hood of p, then there exist a local coordinate system ui such that all the connection

coefficients Γi jk are zero.

That lemma helps us to prove the lemma given below which puts the restriction

on the Finsler function F to make the manifold locally Minkovskian.

Lemma 5 . A Finsler manifold M is locally Minkowskian if and only if, for

every point p of M and local coordinates ui around p, there exist local coordinates

(ui, X i) on TM which the Finsler function F is independent of ui.

Proof : (⇐) Suppose there exist local coordinate system (ui, X i) and Fui = 0.

gij =
(
FFXiXj + FXiFXj

)
, so

∂gij
∂uk

= 0. Consequence of that γijk = gjl

s

(
∂gjl
∂uk
−

∂gkj
∂uk

+ ∂glk
∂uj

)
= 0. By (3.136) N i

j is directly depends on γijk so N i
j = 0. By using

that and
∂gij
∂uk

= 0, Γi jk in (3.135) vanishes. By using that fact R i
j kl and P i

j kl

vanish since they have the form R i
j kl =

δΓi jl
δXk − δΓi jk

δXl + ΓihkΓ
h
jl − ΓihlΓ

h
jk and

P i
j kl = −F ∂Γi jk

∂Xl . Thus R = P = 0 which is definition of locally Minkovskian.

(⇒) Suppose M is locally Minkovskian such that first and second Chern curvature

tensors vanish. From the vanishing of second curvature tensor we have

∂Γi jk
∂X l

= 0, (3.290)

By using that fact and vanishing of first curvature tensor we have

R i
j kl =

∂Γi jl
∂uk

− ∂Γi jk
∂ul

+ ΓihkΓ
h
jl − ΓihlΓ

h
jk = 0, (3.291)

By (3.290) and (3.291) we have a torsion-free connection and curvature of this

connection vanishes. By applying Lemma 4, we have a local coordinate system
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ui which all the connection coefficients Γi jk vanishes. By using that fact and

(3.137) we have N i
j = 0. By using that N i

j = 0, Γi jk = 0 and (3.127), we get
∂gij
∂uk

= 0 which means gij is independent of ui. Consider gij = (FFXiXj +FXiFXj).

Contracting that with X iXj and using Euler’s theorem we get X iXjgij = F 2.

Thus F is independent of ui since gij is independent of ui.

�

3.9 Summary

F is positively homogeneous with degree one in X i: X i ∂F
∂Xi = F,

and have identities

1) XjFXiXj = 0,

2) XkFXiXjXk = −FXiXj ,

3) X lFXiXjXkXk = −2FXiXjXk ,

4) X iFXiui = Fui .

Finsler metric: G = gij(u,X)duiduj =
(

1
2
F 2
)
XiXj du

iduj,

Components of Finsler metric: gij = FFXiXj + FXiFXj ,

with gijX
iXj = F 2

Orthonormal frames: eα = e i
α

∂
∂ui

and its dual wα = eαidu
i,

(eα, eβ) = e k
α gkie

i
β ≡ δαβ,

Global sections: em = Xi

F
∂
∂ui

= e i
m

∂
∂ui
, and w = wm = FXidui = emidu

i,

Chern connection: Deα = w β
α eβ,

Torsion-free condition: dwα = wβ ∧ w α
β ,

1) dwm = wᾱ ∧ w m
ᾱ ,

2) dwᾱ = wβ̄ ∧ w ᾱ
β̄

+ wm ∧ w ᾱ
m ,
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where

w m
ᾱ = −e i

ᾱFXiXjdXj + e i
ᾱ

F
(Fui −XjFXiuj)w

m + e i
ᾱ e

j

β̄
FuiXjwβ̄ + λᾱβ̄w

β̄,

λρ̄σ̄ = −1
2
e i
ρ̄ e

j
σ̄

(
Gijm + FXjui + FXiuj

)
,

Gijm = gksFFXkXiXj

(
Fus −XrFXsur

)
+XsFusXiXj + Xs

F
FusFXiXj ,

w ᾱ
β̄

= eᾱkde
k
β̄

+ ξ ᾱ
β̄
wm + µ ᾱ

β̄γ̄
wγ̄,

w ᾱ
m = 1

F
eᾱkdX

k + ξ ᾱ
ν w

ν ,

ξ ᾱ
m = − δᾱσ̄e i

σ̄

F

(
Fui −XjFXiuj

)
,

ξ ᾱ
β̄

= −δᾱσ̄
(
e i
σ̄ e

j

β̄
FXjui + λσ̄β̄

)
,

µ ᾱ
ρ̄σ̄ = 1

2
δᾱβ̄
(
e i
β̄
e j
ρ̄ Gijσ̄ − e i

ρ̄ e
j
σ̄ Gijβ̄ + e i

σ̄ e
j

β̄
Gijρ̄

)
,

Gijβ̄ = e s
β̄

{
1
2

(
FurXs − FXrus −Grsm

)(
F 2grkFXiXjXk +XrFXiXj

)
+ FusFXiXj +

FFusXiXj

}
,

Components of Cartan tensor in natural basis: Aijk = F
2

∂gij
∂Xk ,

with X iAijk = XjAijk = XkAijk = 0,

Components of Cartan tensor in frame wα: Aρσα = F
2

∂gij
∂Xk e

j
σ e

i
ρ e

k
α ,

Almost metric-compatibility condition: wγβ + wβγ = −2Aγβαw
α
m ,

G ≡ 1
2
F 2,

Gl ≡ 1
2

(
Xs ∂2G

∂us∂Xl − ∂G
∂ul

)
= 1

2

(
XsFusFXl +XsFFXlus − FFul

)
,

Gi ≡ gilGl,
Basis of T ∗(PTM): w ᾱ

m = eᾱjδX
j and wα = eαidu

i, where

δXj ≡ dXjF +N j
k du

k and N i
j ≡ 1

F
∂Gi
∂Xj ,

Basis of T (PTM): êα = e i
α

δ
δui

and êm+ᾱ = e j
ᾱ

δ
δXj , where

δ
δui
≡ ∂

∂ui
− FN j

i
∂

∂Xj and δ
δXi ≡ F ∂

∂Xi ,

Chern connection in natural basis: D ∂
∂ui

= θ j
i

∂
∂uj
, Ddui = −θ i

j du
j,

or D ∂
∂ui

= Γjildu
l ⊗ ∂

∂uj
, where θ j

i = Γjildu
l,

Connection coefficients:

Γijk = γijk − F
2

(
∂gij
∂XlN

l
k + ∂gki

∂XlN
l
j − ∂gjk

∂XlN
l
i

)
,

Γrjk = γrjk − F
2
gir
(
∂gij
∂XlN

l
k + ∂gki

∂XlN
l
j − ∂gjk

∂XlN
l
i

)
,

γijk ≡ 1
2

(
∂gij
∂uk

+ ∂gki
∂uj
− ∂gjk

∂ui

)
,

γljk ≡ gil

2

(
∂gij
∂uk

+ ∂gki
∂uj
− ∂gjk

∂ui

)
,

N i
j in terms of Cartan tensor and Christoffel symbols:
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N i
j = γijk

Xk

F
− Ai jkγkrs X

rXs

F 2 ,

Γi jk
Xj

F
= N i

k ,

Curvature two-form in natural basis: Ω i
j = dθ i

j − θ k
j ∧ θ i

k , and

Ω i
j = 1

2
R i
j kldu

k ∧ dul + P i
j kldu

k ∧ δXk

F
, where

R i
j kl =

δΓi jl
δXk − δΓi jk

δXl + ΓihkΓ
h
jl − ΓihlΓ

h
jk,

P i
j kl = −F ∂Γi jk

∂Xl ,

R i
k ≡ e j

mR
i
j kle

l
m,

Rik ≡ e j
mRjikle

l
m, R

i
kl ≡ e j

mR
i
j kl,

P i
kl ≡ e j

mP
i
j kl,

Curvature matrix in basis wα and w ᾱ
m :

Ω α
β = 1

2
R α
β ρσw

ρ ∧ wσ + P α
β ρσ̄w

ρ ∧ w σ̄
m ,

Relations of Ω j
i and Ω β

α :

Ω α
β = e j

β Ω i
j e

α
i,

R α
β ρσ = e j

β e
k
ρ e

l
σR

i
j kle

α
i,

P α
β ρσ̄ = e j

β e
k
ρ e

l
σ̄P

i
j kle

α
i ,

Propeties of first and second curvature tensors R, P and their horizontal and

vertical derivatives, respectively:

1) Rjikl = −Rjilk,

2) Rjikl +Rkilj +Rlijk = 0,

3) Rjikl +Rijkl = 2(−AijuRu
kl) ≡ 2Bijkl,

4) Rijkl −Rklij =
(
Bijkl −Bklij

)
+
(
Biljk +Bjkil

)
+
(
Bljki +Bkilj

)
,

5) Pkijl = Pjikl,

6) Pijkl + Pjikl = −2AijuP
u
kl − 2Aijl|k ≡ 2Eijkl − 2Aijl|k,

7) R i
j kl|t +R i

j lt|k +R i
j tk|l = −ȦikuR u

lt − Ȧi luR u
tk − Ȧi tuR u

kl,

8) P i
j kl − P i

l kj = Ȧikj;l − Ȧikl;j,

9) R i
j kl = 1

3

(
R i

k;l;j −R i
l;k;j + emjR

i
k;l − emjR i

l;k

)
+

2
3

(
R i

k;je
m
l−R i

l;je
m
k+R i

kgjl−R i
lgjk

)
−
(
Ȧi jl|k−Ȧiuk+ȦiukȦ

u
jl−ȦiulȦujk

)
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Geodesic sparay: Xk δ
δuk

= Xk ∂
∂uk
− 1

2
2Gi ∂

∂Xk ,

Flag curvature: K(em, V ) =
V i(e j

mRjikle
l
m)V k

G(V,V )−G(em,V )2 .



Chapter 4

The Geometry of Tangent Bundle

In this chapter we study the geometry of the tangent bundle [18]. We first define

a metric on that tangent bundle and an almost complex structure, then for the

ease of calculations we define special frame which makes the metric and almost

complex structure simpler. By using this special frame we define an anholonomic

basis. We calculate Levi-Civita connection and curvature tensor on tangent bun-

dle. Finally we obtain some relations among the connection coefficients and

components of Riemannian curvature tensor.

4.1 Defining Metric on T(M)

Suppose M is an m-dimensional C∞ manifold with local coordinates ui, 1 ≤
i ≤ m. T (M) is 2m-dimensional tangent bundle of M with local coordinates

Y I =
(
yi, yi

∗)
, 1 ≤ i ≤ m, m+ 1 ≤ i∗ ≤ 2m. Here yi and yi

∗
are respectively the

base manifold and fiber coordinates. It is convenient to write

Y I =
(
yi, yi

∗) ≡ (ui, X i
)

(4.1)

for the consistency of our notations. Except when otherwise stated; upper case

Latin indices and Greek indices denote the natural basis and anholonomic basis,

respectively. First eight letters of Latin alphabet and the remainings are used

67
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to expand the Greek indices and upper case Latin indices, respectively.i.e. α =

(a, a∗), 1 ≤ a ≤ m, m+1 ≤ a∗ ≤ 2m and I = (i, i∗), 1 ≤ i ≤ m, m+1 ≤ i∗ ≤ 2m.

The indices without star and the indices with star denote the components of base

manifold (except the indices of X) and the components of fiber, respectively.

F (ui, X i) is a function which is defined on T (M) and satisfies the properties of

Finsler function. By using F , the components of the metric tensor has the form

gij (u,X) =

(
1

2
F 2

)

XiXj

, (4.2)

which is homogeneous in X with degree 0. As in previous chapter let w be a

globally defined one-form or Hilbert form as

w = emidu
i. (4.3)

(Here m is not an index. It is the last values of every index) By using e j
mgij = emi

as in previous chapter, we can write (4.3) as

w = gije
j
mdu

i. (4.4)

Here we take e j
m = Xj which is different from the previous chapter. By taking

exterior derivative of (4.4) and using the fact (3.79), we have

dw = dgije
j
mdu

i + gijd
(
e j
m

)
dui

=
∂gij
∂uk

dukXjdui +
∂gij
∂Xk

dXkXjdui + gijdX
j ∧ dui

=
1

2

∂gij
∂uk

Xjduk ∧ dui − 1

2

∂gkj
∂ui

Xjduk ∧ dui +
1

2
gijdX

j ∧ dui − 1

2
gijdu

j ∧ dX i

=
1

2

[
∂gjk
∂ui
− ∂gik
∂uj

]
Xkdui ∧ duj +

1

2
gijdX

i ∧ duj − 1

2
gijdu

i ∧ dXj. (4.5)

We can write dw in a closed form as

dw =
1

2
LIJdY

I ∧ dY J , (4.6)

where Y I =
(
yi, yi

∗) ≡ (ui, X i) and Lij =
(
∂gjk
∂ui
− ∂gik

∂uj

)
Xk, Lij∗ = −gij, Li∗j =

gij and Li∗j∗ = 0 or we can write LIJ in a matrix form as

LIJ =



(
∂gjk
∂ui
− ∂gik

∂uj

)
Xk gij

−gij 0


 . (4.7)
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Here L is skew-symmetric in lower-indices and has maximum rank 2m. Let GIJ

be a positive definite metric on T (M) such that

L K
I L L

J GKL = GIJ , (4.8)

where

L K
I = LIJG

JK , (4.9)

and

L K
I L J

K = −δJI . (4.10)

From these equations we can say that L J
I denote an almost complex structure

compatible with metric G. Later we will obtain G and L in terms of F . Now, by

using (4.7) and (4.9) we obtain the components of L J
I as

L j
i = LiKG

Kj = LikG
kj + Lik∗G

k∗j

=

(
∂gkj
∂ui
− ∂gij
∂uk

)
XjGkj − gikGk∗j, (4.11)

L j
i∗ = Li∗KG

Kj = Li∗kG
kj + Li∗k∗G

k∗j

= gikG
kj, (4.12)

L j∗
i = LiKG

Kj∗ = LikG
kj∗ + Lik∗G

k∗j∗

=

(
∂gkj
∂ui
− ∂gij
∂uk

)
XjGkj∗ − gikGk∗j∗ , (4.13)

L j∗
i∗ = Li∗KG

Kj∗ = Li∗kG
kj∗ + Li∗k∗G

k∗j∗

= gikG
kj∗ . (4.14)

We can write L J
I in a matrix form as

L J
I =

(
LikG

kj − gikGk∗j gikG
kj

LikG
kj∗ − gikGk∗j∗ gikG

kj∗

)
. (4.15)

By using (4.9) and (4.10), we can write the following relation

LIKLJLG
KL = GIJ . (4.16)
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By using (4.7) and (4.16), we obtain some relations for GIJ as

Gij = LiKLjLG
KL

= LikLjlG
kl − LikgjlGkl∗ − gikLjlGk∗l + gikgjlG

k∗l∗ , (4.17)

Gi∗j = Li∗KLjLG
KL

= gikLjlG
kl − gikgjlGkl∗ , (4.18)

Gij∗ = LiKLj∗LG
KL

= gjlLikG
kl − gikgjlGk∗l, (4.19)

Gi∗j∗ = Li∗KLj∗LG
KL

= gikgjlG
kl. (4.20)

Consider the fibre of T (M) which is obtained from yi
∗

= X i and also it is n-

dimensional submanifold of T (M). The vectors which are tangent to these fiber,

are

C J
i∗ = δJi∗ =

(
0, δji

)
, (4.21)

and by using L, we get its orthogonal which has the form

B I
j = L I

KC
K
j∗ = L I

j∗ . (4.22)

By using (4.15) and (4.22), we can write the components of B I
j as

B i
j = L i

j∗ = gjkG
ki, B i∗

j = L i∗
j∗ = gjkG

ki∗ . (4.23)

C I
i∗ are tangent to fiber of T (M) so it is an element of T (T (M)) and its orthog-

onal B I
j are an element of T ∗ (T (M)).

4.2 Determination of Metric G and Almost

Complex Structure L

Let us denote

GKLB
K
j B L

i = GKLL
K
j∗ L

L
i∗ ≡ gij. (4.24)
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By (4.8), left hand side of the above equation is Gj∗i∗ . Thus, we get the one of

the components of G in terms of F as

Gj∗i∗ = gji. (4.25)

By using (4.21) and (4.25) we can write

GKLC
K
j∗ C

L
i∗ = Gj∗i∗ = gji. (4.26)

Thus we get the relations for C K
i∗ and B K

i in terms of gij. By using (4.20) and

(4.25), we have

gikgjlG
kl = gij. (4.27)

That equality holds if Gkl = gkl with gklglj = δkj . Here we get another relation

for G as

Gij = gij, (4.28)

where gij and gij help us to lower and raise the indices of objects. Let us introduce

−Gij∗ = −Gj∗i ≡ N ij. (4.29)

By using (4.20), (4.28) and (4.29), we have

Gij∗ = gjlLikG
kl − gikgjlGk∗l = Lij +Nji. (4.30)

Denoting Gij∗ ≡ Nij and using the above relation, we get

Lij = Nij −Nji. (4.31)

Let us introduce

Gk∗l∗ ≡ gkl + grsN k
r N

l
s . (4.32)

By using (4.17), (4.31), (4.32) and after some simplification, we get another rela-

tion for G as

Gij = (Nik −Nki) (Njl −Nlj) g
kl + gjl (Nik −Nki)N

kl

+ gik (Njl −Nlj)N
lk + gikgjl

(
gkl + grsN k

r N
l
s

)

= gij + gklN
l
i N

k
j . (4.33)

By using (4.19) and (4.31), we have

Gi∗j = gikLjlG
kl − gikgjlGkl∗ = Nji. (4.34)
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Thus we can write GIJ and GIJ in terms of gij and N j
i in the matrix form as

GIJ =

(
gij + glkN

l
i N

k
j Nji

Nij gij

)
, (4.35)

and

GIJ =

(
gij −N ji

−N ij gij + gklN i
k N

j
l

)
. (4.36)

By using (4.35) and (4.36), the components of L J
I can be rewritten as

L j
i = (Nik −Nki) g

kj + gikN
jk = N j

i , (4.37)

L j
i∗ = gikg

kj = δji , (4.38)

Lj
∗
i = (Nik −Nki)

(−Nkj
)− gik

(
gkj + grsN k

r N
j
s

)

= −δji −NikN
kj, (4.39)

Lj
∗
i∗ = gik

(−Nkj
)

= −N j
i . (4.40)

Thus L J
I in terms of N j

i in the matrix form is

L J
I =

(
N j
i δji

−δji −N k
i N

j
k −N j

i

)
. (4.41)

4.3 A Special Frame and Anholonomic Basis

In the previous section we obtained the metric G which has all components Gij,

Gi∗j, Gij∗ , Gi∗j∗ . To obtain G which has components no mixed parts, we define

special frame as

E I
α =

(
B I
a , C

I
a∗
)
, with inverse Eα

I =
(
Ba

I , C
a∗
I

)
. (4.42)

By using (4.21), (4.22), (4.23) and (4.41), we can write

B J
a = L J

K C
K
a∗ = L J

a∗ =
(
δja,−N j

a

)
, C J

a∗ =
(
0, δja

)
, (4.43)

and

Ba
I = (δai , 0) , Ca∗

J =
(
N a
j , δ

a
j

)
. (4.44)
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By using this special frame we can write the components of G and L as

Gαβ = GKLE
K
α E L

β , (4.45)

and

Lαβ = LKLE
K
α E L

β . (4.46)

By using (4.35), (4.41), (4.42) and after some simplification, we obtain compo-

nents of G and L in this special frame as

Gab = GKLE
K
a E L

b

= GklB
k
a B

l
b +Gk∗lB

k∗
a B l

b +Gkl∗B
k
a B

l∗
b +Gk∗l∗B

k∗
a B l∗

b

= gab, (4.47)

Ga∗b = GKLE
K
a∗ E

L
b

= GklC
k
a∗B

l
b +Gk∗lC

k∗
a∗ B

l
b +Gkl∗C

k
a∗B

l∗
b +Gk∗l∗C

k∗
a∗ B

l∗
b

= Nba −Nba = 0, (4.48)

Gab∗ = GKLE
K
a E L

b∗

= GklB
k
a C

l
b∗ +Gk∗lB

k∗
a C l

b∗ +Gkl∗B
k
a C

l∗
b∗ +Gk∗l∗B

k∗
a C l∗

b∗

= Nab −Nab = 0, (4.49)

Ga∗b∗ = GKLE
K
a∗ E

L
b∗

= GklC
k
a∗C

l
b∗ +Gk∗lC

k∗
a∗ C

l
b∗ +Gkl∗C

k
a∗C

l∗
b∗ +Gk∗l∗C

k∗
a∗ C

l∗
b∗

= gab. (4.50)

We can write Gαβ and Gβγ in matrix form as

Gαβ =

(
gab 0

0 gab

)
, Gβγ =

(
gbc 0

0 gbc

)
. (4.51)

Thus we obtained metric in a simpler form by defining special frame.

Lab = LKLE
K
a E L

b = Lij − (Nij −Nji) = 0, (4.52)

La∗b = LKLE
K
a∗ E

L
b = gklδ

k
aδ

l
b = gab, (4.53)
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Lab∗ = LKLE
K
a E L

b∗ = −gklδkaδlb = −gab, (4.54)

La∗b∗ = LKLE
K
a∗ E

L
b∗ = 0. (4.55)

We can write Lαβ and L γ
β in matrix form as

Lαβ =

(
0 gab

−gab 0

)
, L γ

β =

(
0 δcb

−δcb 0

)
, (4.56)

where we obtained components of L γ
β by multiplying the components of Lαβ with

gbk. Now we introduce the anholonomic basis vectors by using the special frame

as

Eα ≡ E K
α

∂

∂Y K
, (4.57)

and its dual as

Wα ≡ Eα
KdY

K . (4.58)

where Eα = (Ea, Ea∗), W
α =

(
W a,W a∗

)
and Eα

(
W β
)

= δβα.

By using (4.1), (4.42), (4.43), (4.44) and expanding the indices as K = (k, k∗),

we obtain

Ea =
δ

δya
=

δ

δua
= E K

a

∂

∂Y K
= E k

a

∂

∂yk
+ E k∗

a

∂

∂yk∗

=
∂

∂ua
−N k

a

∂

∂Xk
, (4.59)

Ea∗ =
δ

δya∗
=

δ

δXa
= E K

a∗
∂

∂Y K
= E k

a∗
∂

∂yk
+ E k∗

a∗
∂

∂yk∗

=
∂

∂Xa
, (4.60)

W a = δya = δua = Ea
KdY

K = Ea
kdy

k + Ea
k∗dy

k∗ = dua, (4.61)

W a∗ = δya
∗

= δXa = Ea∗
KdY

K = Ea∗
kdy

k + Ea∗
k∗dy

k∗

= dXa +N a
k du

k. (4.62)

Thus we obtained an anholonomic basis as

Eα = (Ea, Ea∗) =

(
∂

∂ua
−N k

a

∂

∂Xk
,
∂

∂Xa

)
,

Wα =
(
W a,W a∗) =

(
dua, dXa +N a

k du
k
)
. (4.63)
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So that G has no mixed components. We can write the line element of the tangent

bundle in the anholonomic basis as

dσ2 = GαβW
αW β (4.64)

where

Gαβ =

(
gab 0

0 gab

)
, W α =

(
W a,W a∗) =

(
dua, dXa +N a

k du
k
)
. (4.65)

Our special frame (4.42) is not a natural frame, so we have anholonomic objects.

We now obtain the components of the anholonomic objects by using the Lie

brackets of (4.59), (4.60), (4.61) and (4.62). By definition of Lie brackets we have

[Eα, Eβ] = C µ
αβ Eµ, (4.66)

where C µ
αβ are structure constants or components of the anholonomic objects

and skew-symmetric in lower indices. By using (4.66) for Ea and Eb, we have

[Ea, Eb] = C α
ab Eα = C c

ab Ec + C c∗
ab Ec∗ , (4.67)

By using the formula (4.59) for Ea, direct calculation of Lie bracket of Ea and Eb

is

[Ea, Eb] =

(
∂

∂ua
−N k

a

∂

∂Xk

)(
∂

∂ub
−N k

b

∂

∂Xk

)

−
(

∂

∂ub
−N k

b

∂

∂Xk

)(
∂

∂ua
−N k

a

∂

∂Xk

)

=

[
∂N k

a

∂ub
−N l

b

∂N k
a

∂X l

]
∂

∂Xk
−
[
∂N l

b

∂ua
−N k

a

∂N l
b

∂Xk

]
∂

∂X l

=

[
δN k

a

δub
− δN k

b

δua

]
∂

∂Xk
=

[
δN c∗

a

δub
− δN c∗

b

δua

]
Ec∗ . (4.68)

Comparing (4.67) and (4.68) we get

C c
ab = 0, C c∗

ab =
δN c∗

a

δub
− δN c∗

b

δua
≡ F c∗

ab. (4.69)

At the end of the chapter we will get an explicit formula for F γ
αβ on the whole

tangent bundle. By using (4.66) for Ea and Eb∗ , we have

[Ea, Eb∗ ] = C α
ab∗ Eα = C c

ab∗Ec + C c∗
ab∗ Ec∗ , (4.70)
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By using the formula (4.59) and (4.60) for Ea and Eb∗ , direct calculation of Lie

bracket of Ea and Eb∗ is

[Ea, Eb∗ ] =

(
∂

∂ua
−N k

a

∂

∂Xk

)(
∂

∂Xb

)
−
(

∂

∂Xb

)(
∂

∂ua
−N k

a

∂

∂Xk

)

=
∂N k

a

∂Xb

∂

∂Xk
=
∂N c∗

a

∂yb∗
Ec∗ . (4.71)

Comparing (4.70) and (4.71) we get

C c
ab∗ = 0, C c∗

ab∗ =
∂N c∗

a

∂yb∗
≡ φc

∗
ab∗ . (4.72)

Using similar method we get

C c
a∗b = 0, C c∗

a∗b = −∂N
c∗
b

∂ya∗
≡ −φc∗ba∗ . (4.73)

By using (4.66) for Ea∗ and Eb∗ , we have

[Ea∗ , Eb∗ ] = C α
ab∗ Eα = C c

a∗b∗Ec + C c∗
a∗b∗ Ec∗ . (4.74)

By using the formula (4.60) for Ea∗ and Eb∗ , direct calculation of Lie bracket of

Ea∗ and Eb∗ given

[Ea∗ , Eb∗ ] =

(
∂

∂Xa

)(
∂

∂Xb

)
−
(

∂

∂Xb

)(
∂

∂Xa

)
= 0. (4.75)

Comparing (4.70) and (4.71) we get

C c
a∗b∗ = 0, C c∗

a∗b∗ = 0. (4.76)

4.4 Determination of Connection Coefficients Γ

and Curvature Tensor R

Levi-Civita connection on the tangent bundle in anholonomic basis defined as

D(Eβ) = ΓλβαW
α ⊗ Eλ, (4.77)
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where Γλβα is Levi-Civita connection coefficients. Now we obtain a formula for

Γµαβ in terms of metric of tangent bundle Gαβ and components of anholonomic

objects C µ
αβ . From the definition of Lie bracket we have

[Eα, Eβ] = DEαEβ −DEβEα

=
[
Γµβα − Γµαβ

]
Eµ. (4.78)

Comparing that with (4.66), we get the relation of connection coefficients and

components of anholonomic objects as

− C µ
αβ = Γµαβ − Γµβα. (4.79)

From the covariant derivative of Gαβ we have

DµGαβ =
δGαβ

δY µ
− ΓγαµGγβ − ΓγβµGγα = 0, (4.80)

which is the consequence of metric-compatibility of the Levi-Civita connection.

From there we have
δGαβ

δY µ
= ΓγαµGγβ + ΓγβµGγα. (4.81)

By changing the indices α, β, µ and adding and subtracting ΓγαβGγµ, we have

δGµα

δY β
+
δGµβ

δY α
− δGαβ

δY µ
= 2ΓγαβGγµ +

(
Γγµα − Γγαµ

)
Gγβ +

(
Γγµβ − Γγβµ

)
Gγα

− (
Γγαβ − Γγβα

)
Gγµ. (4.82)

Using (4.79) and arranging the above equality and multiplying both sides by

Gµλ and lowering the indices with Gγβ, we get the components of Levi-Civita

connection on the bundle manifold as

Γλαβ =
1

2
Gµλ

[
δGµβ

δY α
+
δGµα

δY β
− δGαβ

δY µ
+ Cµαβ + Cµβα − Cαβµ

]
. (4.83)

Let us set

Gαβ =

(
gab 0

0 gab

)
≡
(
gab 0

0 ga∗b∗

)
, (4.84)

and

Gαβ =

(
gab 0

0 gab

)
≡
(
gab 0

0 ga
∗b∗

)
. (4.85)
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Let us introduce

¯̄γαβγ ≡
1

2
Gλα

(
δGλβ

δY γ
+
δGλγ

δY β
− δGβγ

δY λ

)
. (4.86)

Now we obtain Γ for different indices by using the formula (4.83). These com-

ponents of the connection Γ will help us to calculate Ricci curvature and scalar

curvature tensors of the tangent bundle in the next chapter. Scalar curvature will

play a central role to get the Schwarzchild solution and to compute the gravita-

tional red shift.

By using (4.59), (4.69), (4.84), (4.85) and (4.86) we have

Γabc =
1

2
Gµa

[
δGµb

δY c
+
δGµc

δY b
− δGcb

δY µ
+ Cµcb + Cµbc − Cbcµ

]

=
1

2
gda
[
δgdb
δuc

+
δgdc
δub
− δgcb
δud

]
= ¯̄γabc. (4.87)

By denoting

γabc ≡
1

2
gda
(
∂gdb
∂uc

+
∂gdc
∂ub
− ∂gcb
∂ud

)
(4.88)

and using (4.59) for δ
δua

, we can obtain

Γabc =
1gda

2

[
∂gdb
∂uc

+
∂gdk
∂ub
− ∂gkb
∂ud

]
− 1

2
gda
[
N r
c

∂gdb
∂Xr

+N r
b

∂gdc
∂Xr

−N r
d

∂gcb
∂Xr

]

= γabc −
1

2
gda
[
N r
c

∂gdb
∂Xr

+N r
b

∂gdc
∂Xr

−N r
d

∂gcb
∂Xr

]
. (4.89)

Here γabc are the Christoffel symbols of the base manifold.

By using (4.60), (4.69), (4.72), (4.73), (4.84) and (4.85) we have

Γabc∗ =
1

2
Gµa

[
δGµb

δyc∗
+
δGµc∗

δyb
− δGc∗b

δY µ
+ Cµc∗b + Cµbc∗ − Cbc∗µ

]

=
1

2
gda

∂gdb
∂Xc

− 1

2
gdaFc∗db. (4.90)

Let us denote

γ̄abc ≡
1

2
gda
(
∂gdb
∂Xc

+
∂gdc
∂Xb

− ∂gcb
∂Xd

)
, (4.91)

By using (4.91), we get

γ̄dcb + γ̄bcd =
1

2

(
∂gdc
∂Xb

+
∂gdb
∂Xc

− ∂gbc
∂Xd

+
∂gbd
∂Xc

+
∂gbc
∂Xd

− ∂gcd
∂Xb

)

=
∂gdb
∂Xc

. (4.92)
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Using the identity

γ̄dc∗b + γ̄bc∗d =
δgdb
δyc∗

, (4.93)

and Fc∗db = −Fc∗bd we can write (4.90) as

Γabc∗ =
1

2
(γ̄ac∗b + γ̄ a

bc∗ + F a
c∗b ) . (4.94)

Similarly we can obtain

Γac∗b =
1

2
(γ̄ac∗b + γ̄ a

bc∗ + F a
c∗b ) . (4.95)

By using (4.59), (4.72), (4.76), (4.84), (4.85) we have

Γab∗c∗ =
1

2
Gµa

[
δGµb∗

δyc∗
+
δGµc∗

δyb∗
− δGc∗b∗

δY µ
+ Cµc∗b∗ + Cµb∗c∗ − Cb∗c∗µ

]

=
1

2
gda

δgc∗b∗

δud
+

1

2
gdaφb∗dc∗ +

1

2
gdaφc∗db∗ . (4.96)

By using (4.84), (4.85) and (4.86) we get the following relation

¯̄γc∗db∗ + ¯̄γb∗dc∗ =
δgb∗c∗

δud
, (4.97)

which leads to

Γab∗c∗ = −1

2
[(¯̄γ a

c∗ b∗ − φ a
c∗ b∗) + (¯̄γ a

b∗ c∗ − φ a
b∗ c∗)]

= −1

2
(T a

c∗ b∗ + T a
b∗ c∗) . (4.98)

where

Tαβγ ≡ ¯̄γαβγ − φαβγ. (4.99)

By using (4.60), (4.69), (4.72), (4.84), (4.85) and the fact (4.93) we have

Γa
∗
bc =

1

2
Gµa∗

[
δGµb

δyc
+
δGµc

δyb
− δGcb

δY µ
+ Cµcb + Cµbc − Cbcµ

]

= −1

2
gd
∗a∗ ∂gcb
∂Xd

+
1

2
gd
∗a∗Fd∗bc =

1

2

[
F a∗

bc − γ̄ a∗
c b − γ̄ a∗

b c

]
. (4.100)

By using (4.59), (4.72), (4.73), (4.84), (4.85), (4.97) and (4.99) we obtain

Γa
∗
bc∗ =

1

2
Gµa∗

[
δGµb

δyc∗
+
δGµc∗

δyb
− δGc∗b

δY µ
+ Cµc∗b + Cµbc∗ − Cbc∗µ

]

= −1

2
gd
∗a∗ δgd∗c∗

δub
− 1

2
gd
∗a∗φc∗bd∗ − 1

2
gd
∗a∗φd∗bc∗

=
1

2

[
¯̄γa
∗
bc∗ − φa

∗
bc∗ + ¯̄γ a∗

c∗b − φ a∗
c∗b

]

=
1

2

[
T a
∗
bc∗ + T a∗

c∗b
]

(4.101)
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By using (4.59), (4.73), (4.84), (4.85), (4.97), (4.99), adding and subtracting ¯̄γa
∗
bc∗

we obtain

Γa
∗
c∗b =

1

2
Gµa∗

[
δGµb

δyc∗
+
δGµc∗

δyb
− δGc∗b

δY µ
+ Cµc∗b + Cµbc∗ − Cc∗bµ

]

= −1

2
gd
∗a∗ δgd∗c∗

δub
− 1

2
gd
∗a∗φc∗bd∗ +

1

2
gd
∗a∗φd∗bc∗

= ¯̄γa
∗
bc∗ +

1

2

[
¯̄γ a∗
c∗b − φ a∗

c∗b −
(
¯̄γa
∗
bc∗ − φa

∗
bc∗
)]

= ¯̄γa
∗
bc∗ +

1

2

[
T a∗
c∗b − T a∗bc∗

]
(4.102)

By using (4.60), (4.76), (4.84), (4.85) and (4.86) we obtain

Γa
∗
b∗c∗ =

1

2
Gµa∗

[
δGµb∗

δyc∗
+
δGµc∗

δyb∗
− δGb∗c∗

δY µ
+ Cµc∗b∗ + Cµb∗c∗ − Cb∗c∗µ

]

=
1

2
gd
∗a∗
(
∂gd∗b∗

∂Xc
+
∂gd∗c∗

∂Xb
− ∂gb∗c∗

∂Xd

)
= ¯̄γa

∗
b∗c∗ . (4.103)

Curvature tensor of the Levi-Civita connection D for the anholonomic basis is

defined as

R (Eα, Eβ) = DEαDEβ −DEβDEα −D[Eα,Eβ]. (4.104)

where componentwise form of R is

R = R β
α γλEβ ⊗W α ⊗W γ ⊗W λ. (4.105)

We can write the components of the curvature tensor in the anholonomic basis

as

R β
α γλ = R

(
Eα,W

β, Eγ, Eλ
)

= W β (R (Eγ, Eλ) · Eα) . (4.106)

By using (4.57), (4.58), (4.66), (4.78), (4.106) and (4.104) we get the components

of the curvature tensor as

R β
α γλ = W β

[(
DEγDEλ −DEλDEγ −D[Eγ ,Eλ]

)
Eα
]

= W β
[
Eγ
(
ΓδαλEδ

)
+ ΓδαλΓ

ρ
δγEρ − Eλ

(
Γδαγ

)
Eδ

− ΓδαγΓ
ρ
δλEρ − C δ

γλ ΓραδEρ

]

= Eγ(Γ
β
αλ)− Eλ(Γβαγ) + ΓδαλΓ

β
δγ − ΓδαγΓ

β
δλ − C δ

γλ Γβαδ

=
δΓβαλ
δY γ

− δΓβαγ
δY λ

+ ΓβδγΓ
δ
αλ − ΓβδλΓ

δ
αγ − C δ

γλ Γβαδ. (4.107)
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From the previous chapter, Equation (3.189) gives the following relation

Xb ¯̄γa
∗
bc = N a∗

c . (4.108)

By using that fact and (4.69) we obtain a formula for C c∗
ab in terms of R as

C c∗
ab =

∂
(
Xd ¯̄γc

∗
da

)

∂ub
−Xr ¯̄γdrb

∂
(
Xs ¯̄γc

∗
sa

)

∂Xd
− ∂

(
Xd ¯̄γc

∗
db

)

∂ua
+Xr ¯̄γdra

∂
(
Xs ¯̄γc

∗
sb

)

∂Xd

= −Xd

[
∂ ¯̄γc

∗
db

∂ua
−N s

a

∂ ¯̄γc
∗
db

∂Xs
−
(
∂ ¯̄γc

∗
da

∂ub
−N s

b

∂ ¯̄γc
∗
da

∂Xs

)
+ ¯̄γrdb ¯̄γ

c∗
ra − ¯̄γrda ¯̄γ

c∗
rb

]

= −Xd

[
δ ¯̄γc

∗
db

δua
− δ¯̄γc

∗
da

δub
+ ¯̄γrdb ¯̄γ

c∗
ra − ¯̄γrda ¯̄γ

c∗
rb

]
≡ −XdR̄ c∗

d ab. (4.109)

Comparing that with (4.69) we get

F c∗
ab = XdR̄ c∗

d ab, (4.110)

Here F is called the gauge curvature field and on the whole tangent bundle it has

the form

F γ
αβ ≡ Y δR̄ γ

δ αβ

≡ Y δ

[
δ¯̄γγδβ
δY α

− δ¯̄γγδα
δY β

+ ¯̄γλδβ ¯̄γγλα − ¯̄γλδα ¯̄γγλβ

]
, (4.111)

where gauge curvature field is skew-symmetric in the lower indices.i.e. F γ
αβ =

−F γ
βα.

4.5 Summary

Metric on the tangent bundle in natural basis:

GIJ =

(
gij + glkN

l
i N

k
j Nji

Nij gij

)
,

Almost complex structure in natural basis:

L J
I =

(
N j
i δji

−δji −N k
i N

l
j −N j

i

)
,

Special frame: E I
α =

(
B I
a , C

I
a∗
)
, with inverse Eα

I =
(
Ba

I , C
a∗
I

)
, where

B I
a = (δia,−N i

a ) , C I
a∗ = (0, δia) and Ba

I = (δai , 0) , Ca∗
I = (N a

i , δ
a
i ) .
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Anholonomic basis:

Eα = (Ea, Ea∗) =
(

∂
∂ua
−N k

a
∂

∂Xk ,
∂

∂Xa

)
,

and its dual

Wα =
(
W a,W a∗

)
=
(
dua, dXa +N a

k du
k
)
.

Components of the bundle metric in special frame:

Gαβ =

(
gab 0

0 ga∗b∗

)
.

Alomost comlex structure in special frame:

L β
α =

(
0 δba

−δba 0

)
.

The line element of the tangent bundle: dσ2 = GαβW
αW β.

Components of the anholonomic objects such that [Eα, Eβ] = C µ
αβ Eµ where

C c
ab = C c

ab∗ = C c
a∗b = C c

a∗b∗ = C c∗
a∗b∗ = 0,

C c∗
ab = δN c∗

a

δub
− δN c∗

b

δua
≡ F c∗

ab,

C c∗
ab∗ = ∂N c∗

a

∂yb∗ ≡ φc
∗
ab∗ ,

C c∗
a∗b = −∂N c∗

b

∂ya
∗ ≡ −φc∗ba∗ .

Levi-Civita connection on the tangent bundle:

D(Eβ) = ΓλβαW
α ⊗ Eλ,

where the components of the connection coefficients are

Γλαβ = 1
2
Gµλ

[
δGµβ
δY α

+ δGµα
δY β
− δGαβ

δY µ
+ Cµαβ + Cµβα − Cαβµ

]
.

The components of the connection coefficients for different indices which belong

to base and fiber sectors:

Γabc = ¯̄γabc,

Γabc∗ = Γa c∗b = 1
2

(γ̄ac∗b + γ̄ a
bc∗ + F a

c∗b ) ,

Γab∗c∗ = −1
2

(T a
b∗ c∗ + T a

c∗ b∗) ,

Γab∗c∗ = −1
2

(T a
b∗ c∗ + T a

c∗ b∗) ,

Γa
∗
bc = 1

2

(
F a∗

bc − γ̄ a∗
b c − γ̄ a∗

c b

)
,

Γa
∗
bc∗ = 1

2

(
T a
∗
bc∗ + T a∗

c∗b

)
,

Γa
∗
c∗b = ¯̄γa

∗
bc∗ + 1

2

(
T a∗
c∗b − T a∗bc∗

)
,

Γa
∗
b∗c∗ = ¯̄γa

∗
b∗c∗ ,

where

¯̄γαβγ = 1
2
Gλα

(
δGλβ
δY γ

+
δGλγ
δY β
− δGβγ

δY λ

)
,

γ̄abc = 1
2
gda
(
∂gdb
∂Xc + ∂gdc

∂Xb − ∂gbc
∂Xd

)
,
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γabc = 1
2
gda
(
∂gdb
∂uc

+ ∂gdc
∂ub
− ∂gbc

∂ud

)
,

φαβγ =
∂N α

β

∂Y γ
,

Tαβγ = ¯̄γαβγ − φαβγ.
Components of the curvature tensor without the components of the anholonomic

objects:

R̄ α
δ βγ = Y δ

[
δ¯̄γαδγ
δY β
− δ¯̄γαδβ

δY γ
+ ¯̄γαλβ ¯̄γλδγ − ¯̄γαλγ ¯̄γλδβ

]
.

The gauge curvature field:

Fα
βγ = Y δR̄ α

δ βγ.

Components of curvature tensor of the tangent bundle:

R β
α γλ =

δΓβαλ
δY γ
− δΓβαγ

δY λ
+ ΓβδγΓ

δ
αλ − ΓβδλΓ

δ
αγ − ΓβαδC

δ
γλ .



Chapter 5

Structure of Spacetime Tangent

Bundle

In this chapter make applications of the geometry of tangent bundle [19], [20],

[21], [22]. We construct the spacetime tangent bundle by using spacetime and

four-velocity space. We first define a metric on spacetime tangent bundle by

using the proper acceleration a, and then we define connection and obtain the

connection coefficients, curvature tensor, Ricci curvature and scalar curvature.

Then we define an action on the spacetime tangent bundle and considering the

Schwarzschild-like spacetime we obtain the Euler-Lagrange equations of motion

coming from the action and obtain a Schwarzschild-like solution. Finally we

obtain the modified red shift formula on the Schwarzschild-like spacetime.

5.1 Metric, Connection and Curvature of

Spacetime Tangent Bundle

In Riemannian geometry, we have a positive definite quadratic differential two-

form ds2 = gijdu
iduj and is called Riemannian metric. ui are local coordinates

and gij are symmetric smooth functions on Riemannian manifold. Here we obtain

84
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a positive definite quadratic differential form by using the proper acceleration a,

of an object in curved spacetime, which is given by Einstein’s theory of general

relativity as

a2 = −c4gij
DX i

ds

DXj

ds
, (5.1)

where c is velocity of light in vacuum, gij are components of spacetime metric

tensor. ui and X i = dui

ds
, (i = 0, 1, 2, 3) are spacetime coordinates of an object

and four-velocity coordinates, respectively. Covariant derivative of X i is

DX i

ds
=
dX i

ds
+XjΓi jk

duk

ds
, (5.2)

where Γi jk are affine connection coefficients of spacetime. Let a0 be the maximal

proper acceleration. We can state the following condition

a2 ≤ a0
2, (5.3)

since the proper acceleration can not reach to the maximal acceleration. By using

(5.1) and (5.3) we have

− c4gij
DX i

ds

DXj

ds
≤ a2

0

−
(
c2

a0

)2

gij
DX i

ds

DXj

ds
≤ 1

ρ0
2gij

DX i

ds

DXj

ds
≥ 1 ≥ 0, (5.4)

where ρ0 = c2

a0
. Spacetime and four-velocity spaces determine an 8−dimensional

tangent bundle with local coordinates Y I = (yi, yi
∗
) ≡ (ui, ρ0X

i) . First three

components of spacetime are spatial coordinates and the fourth component is the

time component. Let us define the positive definite quadratic differential form

dσ2 ≡ GIJDY
IDY J = gijdu

iduj + ρ0
2gijDX

iDXj. (5.5)

By using (5.2) and (5.4) we can write (5.5) as

dσ2 = gijdu
iduj + ρ0

2gij
(
dX i +XkΓikldu

l
)(
dXj +XmΓjmndu

n
)

= gijdu
iduj + ρ0

2gijdX
i ∧ dXj + ρ0

2gijX
mΓjmndX

i ∧ dun

+ ρ0
2gijX

kΓikldu
l ∧ dXj + ρ0

2gijX
kXmΓiklΓ

j
mndu

l ∧ dun

=
[
gij + ρ2

0glnX
kΓl kiX

mΓnmj
]
dui ∧ duj + ρ2

0gnjX
mΓnmidu

i ∧ dXj

+ ρ2
0ginX

mΓnmjdX
i ∧ duj + ρ2

0gijdX
i ∧ dXj ≥ 0. (5.6)



CHAPTER 5. STRUCTURE OF SPACETIME TANGENT BUNDLE 86

Let us write the above expressions as

dσ2 = GIJdY
IdY J , (5.7)

which is the line element with positive definite metric GIJ on the spacetime

tangent bundle in the natural coordinates. GIJ has the form

GIJ =

(
gij + ρ2

0glnX
kΓl kiX

mΓnmj ρ2
0gnjX

mΓnmi

ρ2
0ginX

mΓnmj ρ2
0gij

)
, (5.8)

or by using the fact

XkΓl ki = N l
i , (5.9)

and lower the indices by gij we can write GIJ as

GIJ =

(
gij + ρ2

0glnN
l
i N

n
j ρ2

0Nij

ρ2
0Nji ρ2

0gij

)
. (5.10)

Thus we get the metric on spacetime tangent bundle which is the same form of

the previous chapter. Again as in previous chapter for the ease of calculations let

us introduce the special frame as

E I
α =

(
B I
a , C

I
a∗
)

with inverse Eα
I =

(
Ba

I , C
a∗
I

)
, (5.11)

where

B I
a =

(
δia,−N i

a

)
, C I

a∗ =
(
0, δia

)
, (5.12)

and

Ba
I = (δai , 0) , Ca∗

I = (N a
i , δ

a
i ) . (5.13)

The bundle metric in the special frame has the form

Gαβ = GIJE
I
α E

J
β , (5.14)

or in matrix form as

Gαβ =

(
gab 0

0 ga∗b∗

)
. (5.15)

The anholonomic basis have the form

Eα = (Ea, Ea∗) =

(
∂

∂ua
− ρ−1

0 N k
a

∂

∂Xk
, ρ−1

0

∂

∂Xa

)
, (5.16)
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and its dual has the form

Wα =
(
W a,W a∗) =

(
dua, ρ0dX

a +N a
k du

k
)
. (5.17)

This anholonomic basis also satisfy the duality condition

Eα
(
W β
)

= δβα. (5.18)

The line element of the spacetime tangent bundle in the anholonomic basis has

the form

dσ2 = GαβW
αW β. (5.19)

We define the Levi-Civita connection on spacetime tangent bundle in the anholo-

nomic basis as

DEα = ΓλαβW
β ⊗ Eλ,

where the connection coefficients have been found in previous chapter as

Γλαβ =
1

2
Gµλ

[
δGµβ

δY α
+
δGµα

δY β
− δGαβ

δY µ
+ Cµαβ + Cµβα − Cαβµ

]
, (5.20)

where δ
δY α

=
(

δ
δua
, ρ−1

0
∂

∂Xa

)
=
(

∂
∂ua
− ρ−1

0 N b
a

∂
∂Xb , ρ

−1
0

∂
∂Xa

)
. Here C γ

αβ are compo-

nents of the anholonomic objects and defined as [Eα, Eβ] = C µ
αβ Eµ. In previous

chapter, C µ
αβ have been found for different indices as

C c
ab = C c

a∗b = C c
ab∗ = C c

a∗b∗ = C c∗
a∗b∗ = 0,

C c∗
ab =

δN c∗
a

δub
− δN c∗

b

δua
≡ F c∗

ab (5.21)

C c∗
ab∗ =

∂N c∗
a

∂yb∗
≡ φc

∗
ab∗

C c∗
a∗b =

∂N c∗
b

∂ya∗
≡ −φc∗ba∗ .

The connection coefficients Γ of the tangent bundle for different indices have the

form

Γabc = ¯̄γabc, (5.22)

Γabc∗ = Γa c∗b =
1

2
(γ̄ac∗b + γ̄ a

bc∗ + F a
c∗b ) , (5.23)

Γab∗c∗ = −1

2
(T a

b∗ c∗ + T a
c∗ b∗) , (5.24)
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Γa
∗
bc =

1

2

(
F a∗

bc − γ̄ a∗
b c − γ̄ a∗

c b

)
, (5.25)

Γa
∗
bc∗ =

1

2

(
T a
∗
bc∗ + T a∗

c∗b
)
, (5.26)

Γa
∗
c∗b = ¯̄γa

∗
bc∗ +

1

2

(
T a∗
c∗b − T a∗bc∗

)
, (5.27)

Γa
∗
b∗c∗ = ¯̄γa

∗
b∗c∗ . (5.28)

Here ¯̄γαβγ, γ̄
a
bc, γ

a
bc, φ

α
βγ, T

α
βγ have the forms as

¯̄γαβγ =
1

2
Gλα

(
δGλβ

δY γ
+
δGλγ

δY β
− δGβγ

δY λ

)
, (5.29)

γ̄abc =
1

2
gda
(
∂gdb
∂Xc

+
∂gdc
∂Xb

− ∂gbc
∂Xd

)
, (5.30)

γabc =
1

2
gda
(
∂gdb
∂uc

+
∂gdc
∂ub
− ∂gbc
∂ud

)
, (5.31)

φαβγ =
∂N α

β

∂Y γ
, (5.32)

Tαβγ = ¯̄γαβγ − φαβγ. (5.33)

The gauge curvature field F α
βγ has the form

Fα
βγ = Y δR̄ α

δ βγ, (5.34)

where

R̄ α
δ βγ = Y δ

[
δ ¯̄γαδγ
δY β

− δ¯̄γαδβ
δY γ

+ ¯̄γαλβ ¯̄γλδγ − ¯̄γαλγ ¯̄γλδβ

]
. (5.35)

Curvature tensor R of the bundle manifold in the anholonomic basis has the form

R β
α γλ =

δΓβαλ
δY γ

− δΓβαγ
δY λ

+ ΓβδγΓ
δ
αλ − ΓβδλΓ

δ
αγ − ΓβαδC

δ
γλ . (5.36)

5.2 Ricci Curvature And Scalar Curvature of

Bundle Manifold

The Ricci and scalar curvature tensor of the tangent bundle have the form

Rαλ = R β
α βλ, (5.37)
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R = RαλG
αλ = Racg

ac +Ra∗c∗g
a∗c∗ . (5.38)

We obtain the scalar curvature tensor on tangent bundle in terms of Γ’s. But

firstly we have to obtain Ricci vurvature. The Ricci curvature tensor of spacetime

is

Rac = R β
a βc = R b

a bc +R b∗
a b∗c. (5.39)

By using (5.36) we can write (5.39) as

Rac =
δΓbac
δY b

− δΓbab
δY c

+ ΓbdbΓ
d
ac + Γbd∗bΓ

d∗
ac

− ΓbdcΓ
d
ab − Γbd∗cΓ

d∗
ab − ΓbdbC

d
bc − Γbad∗C

d∗
bc

+
δΓb

∗
ac

δY b∗ −
δΓb

∗
ab∗

δY c
+ Γb

∗
db∗Γ

d
ac + Γb

∗
d∗b∗Γ

d∗
ac

− Γb
∗
dcΓ

d
ab∗ − Γb

∗
d∗cΓ

d∗
ab∗ − Γb

∗
db∗C

d
b∗c − Γb

∗
ad∗C

d∗
b∗c . (5.40)

By contracting (5.40) with gac and using (5.21), formulas (5.22)-(5.28) for Γ’s,

(5.35) for R̄ α
δ βγ and (5.33) for T αβγ we get

Racg
ac = gac

[
δ ¯̄γbac
δY b

− δ¯̄γbab
δY c

+ ¯̄γbdb ¯̄γ
d
ac − ¯̄γbdc ¯̄γ

d
ab

]

+
gac

4

(
F b
d∗b + γ̄bd∗b + γ̄ b

bd∗
) (
F d∗

ac − γ̄ d∗
a c − γ̄ d∗

c a

)

− gac

4

(
F b
d∗c + γ̄bd∗c + γ̄ b

cd∗
) (
F d∗

ab − γ̄ d∗
a b − γ̄ d∗

b a

)

− gac

2

(
F b
d∗a + γ̄bd∗a + γ̄ b

ad∗
) (
F d∗

bc

)

+
gac

2

∂

∂yb∗
(
F b∗

ac − γ̄ b∗
a c − γ̄ b∗

c a

)− gac

2

δ

δuc
(
T b
∗
ab∗ + T b∗

b∗a
)

+
gac

2

(
T b
∗
db∗ + T b∗

b∗d
)

¯̄γdac +
gac

2
¯̄γa
∗
b∗c∗
(
F d∗

ac − γ̄ d∗
a c − γ̄ d∗

c a

)

− gac

4

(
F b∗

dc − γ̄ b∗
d c − γ̄ b∗

c d

) (
F d
b∗a + γ̄db∗a + γ̄ d

ab∗
)

− gac

2

[
¯̄γb
∗
cd∗ +

1

2

(
T b∗
d∗c − T b

∗
cd∗
)] (

T d
∗
ab∗ + T d∗

b∗a
)

+
gac

2

(
T b
∗
ad∗ + T b∗

d∗a
) (
T d
∗
cb∗ − ¯̄γd

∗
cb∗
)
. (5.41)

In the above equation expanding the parenthesis, arranging the indices and terms,

using the skew-symmetry of Fα
βγ in the lower indices and after complicated sim-

plification we get

Racg
ac = gacR̄ac − 1

2
F bdcFbdc − 2γ̄bd

∗
b γ̄

c
d∗c
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+
1

2

[
γ̄cd

∗bγ̄cd∗b + γ̄bd
∗cγ̄cd∗b + γ̄cd

∗bγ̄bd∗c + γ̄bd
∗cγ̄bd∗c

]

− 1

4

[
T d
∗cb∗Td∗cb∗ + T b

∗cd∗Td∗cb∗ + T d
∗cb∗Tb∗cd∗ + T b

∗cd∗Tb∗cd∗
]

+ T b
∗
db∗ ¯̄γ

da
a − gac

δT b
∗
ab∗

δuc
− gac∂γ̄

b∗
a c

∂yb∗
. (5.42)

We obtain some useful facts to write the above expression in a more compact

form. Consider

γ̄d∗a∗c∗ + γ̄c∗a∗d∗ =
∂gd∗c∗

∂ya∗
, (5.43)

Contracting that equation with gc
∗a∗ and using gacgcd = δad we get

γ̄ a∗
d∗a∗ + γ̄a

∗
a∗d∗ = gc

∗a∗ ∂gd∗c∗

∂ya∗
=
∂δa

∗
d∗

∂ya∗
− gd∗c∗ ∂g

c∗a∗

∂ya∗

= −gd∗c∗ ∂g
c∗a∗

∂ya∗
. (5.44)

Contracting that expression with gd
∗b∗ we get

γ̄b
∗ a∗
a∗ + γ̄a

∗ b∗
a∗ = −∂g

a∗b∗

∂ya∗
. (5.45)

Consider

γ̄ b∗
a c =

gb
∗e∗

2

∂gac
∂ye∗

. (5.46)

By taking the partial derivative of the above expression with respect to yb
∗
,

contracting the resulting equation with gac, using γ̄da∗c + γ̄ca∗d = ∂gdc
∂ya
∗ and (5.44)

we get

gac
∂γ̄ b∗

a c

∂yb∗
=
gac

2

∂gb
∗e∗

∂yb∗
gac
∂ye∗

+
gacgb

∗e∗

2

∂

yb∗

(
∂gac
∂ye∗

)

= −g
ac

2

(
γ̄e
∗ b∗
b∗ + γ̄b

∗ e∗
b∗
)

(γ̄ae∗c + γ̄ce∗a) +
gacgb

∗e∗

2

∂ (γ̄ae∗c + γ̄ce∗a)

∂yb∗

= −1

2

[
gacγ̄e

∗ b∗
b∗ γ̄ae∗c + gacγ̄e

∗ b∗
b∗ γ̄ce∗a + gacγ̄b

∗ e∗
b∗ γ̄ae∗c + gacγ̄b

∗ e∗
b∗ γ̄ce∗a

]

+
gb
∗e∗

2

[
∂ (gacγ̄ae∗c)

∂yb∗
− γ̄ae∗c∂g

ac

∂yb∗
+
∂ (gacγ̄ce∗a)

∂yb∗
− γ̄ce∗a∂g

ac

∂yb∗

]
. (5.47)

By arranging the indices and terms and using the similar fact of (5.45) for ∂gac

∂yb
∗

we can write the above expression as

gac
∂γ̄ b∗

a c

∂yb∗
=

ge
∗b∗

2

∂γ̄ce∗c
∂yb∗

− γ̄e∗b∗b∗ γ̄ce∗c − γ̄b
∗e∗
b∗ γ̄

c
e∗c

+
1

2

[
γ̄ae∗cγ̄

ae∗c + γ̄ae∗cγ̄
ce∗a + γ̄ce∗aγ̄

ae∗c + γ̄ce∗aγ̄
ce∗a] . (5.48)
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Since γ̄ae∗c = 1
2
∂gac
∂ye
∗ or we can write it as

γ̄aec =
1

2

∂gac
∂Xe

. (5.49)

By using that fact we can write (5.48) as

gac
∂γ̄ b∗

a c

∂yb∗
=

ge
∗b∗

2

∂γ̄ce∗c
∂yb∗

− γ̄eb∗b∗ γ̄cec − γ̄b
∗e
b∗ γ̄

c
ec

+
1

2
[γ̄aecγ̄

aec + γ̄aecγ̄
cea + γ̄ceaγ̄

aec + γ̄ceaγ̄
cea] . (5.50)

Substituting that expression into (5.42), making simplification in the resulting

equation, arranging terms and indices and using the fact (5.49) we get

Racg
ac = sR̄− 1

2
F bdcFbdc − γ̄bebγ̄cec

− 1

4

[
T bdcTbdc + T cdbTbdc + T bdcTcdb + T cdbTcdb

]

−
[
ge
∗b∗ ∂γ̄

c
e∗c

∂yb∗
− γ̄cecγ̄be

∗
b∗

]
−
[
gac

δT bab
δuc

− ¯̄γdaaT
b
db

]
. (5.51)

Let us introduce
D̄T bab
Dub

≡ δT bab
δub

− ¯̄γcabT
b
cb, (5.52)

and
Dγ̄ce∗c
Dyb∗

≡ ∂γ̄ce∗c
∂yb∗

− γ̄de∗b∗ γ̄cdc. (5.53)

We can write the last two terms of (5.51) in terms of these new notations. Con-

sider

ge
∗b∗ ∂γ̄

c
e∗c

∂yb∗
− γ̄cecγ̄be

∗
b∗ = ge

∗b∗
[
∂γ̄ce∗c
∂yb∗

− ge∗b∗ γ̄cecγ̄be
∗
b∗

]

= ge
∗b∗
[
∂γ̄ce∗c
∂yb∗

− γ̄cecγ̄ee∗b∗
]

= ge
∗b∗Dγ̄

c
e∗c

Dyb∗
≡ Dγ̄ce∗c

Dye∗
. (5.54)

Here we used the fact

γ̄cecγ̄
b∗
eb∗ = γ̄cecγ̄f∗eb∗g

f∗b∗ = γ̄cecγ̄ef∗b∗g
f∗b∗

= γ̄cecγ̄
eb∗
b∗ , (5.55)
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and ge∗b∗ γ̄
ce
cγ̄
b∗
eb∗ = ge∗b∗ γ̄

c
ecγ̄

eb∗
b∗ = γ̄cecγ̄

e
e∗b∗ . Consider

gac
δT bab
δuc

− γ̄daaT bdb = gac
[
δT bab
δuc

− gac ¯̄γdaaT bdb
]

= gac
[
δT bab
δuc

− ¯̄γdcaT
b
db

]

= gac
D̄T bab
Duc

≡ D̄T bab
Dua

. (5.56)

Inserting (5.54) and (5.56) into (5.51) we get the first term of the scalar curvature

tensor of the tangent bundle as

Racg
ac = sR̄− 1

2
F cdbFcdb − γ̄bebγ̄cec

− 1

4

[
T cdbTcdb + T bdcTcdb + T cdbTbdc + T bdcTbdc

]

− Dγ̄cec
Dρ0Xe

− D̄T bab
Dua

, (5.57)

where sR̄ is the spacetime sector of R̄. Now we obtain the second term of the

scalar curvature of tangent bundle. Let us write Ricci curvature of the fiber as

Ra∗c∗ = R β
a∗ βc∗ = R b

a∗ bc∗ +R b∗
a∗ b∗c∗ . (5.58)

By using (5.36) we can write (5.58) as

Ra∗c∗ =
δΓba∗c∗

δY b
− δΓba∗b

δY c∗ + ΓbdbΓ
d
a∗c∗ + Γbd∗bΓ

d∗
a∗c∗

− Γbdc∗Γ
d
a∗b − Γbd∗c∗Γ

d∗
a∗b − ΓbdbC

d
bc∗ − Γba∗d∗C

d∗
bc∗

+
δΓb

∗
a∗c∗

δY b∗ −
δΓb

∗
a∗b∗

δY c∗ + Γb
∗
db∗Γ

d
a∗c∗ + Γb

∗
d∗b∗Γ

d∗
a∗c∗

− Γb
∗
dc∗Γ

d
a∗b∗ − Γb

∗
d∗c∗Γ

d∗
a∗b∗ − Γb

∗
db∗C

d
b∗c∗ − Γb

∗
a∗d∗C

d∗
b∗c∗ . (5.59)

By contracting (5.59) with ga
∗c∗ and using (5.21), formulas (5.22)-(5.28) for Γ’s,

(5.35) for R̄ α
δ βγ and (5.33) for T αβγ we get

Ra∗c∗g
a∗c∗ = ga

∗c∗
[
δ ¯̄γb

∗
a∗c∗

δY b∗ −
δ ¯̄γb

∗
a∗b∗

δY c∗ + ¯̄γb
∗
d∗b∗ ¯̄γ

d∗
a∗c∗ − ¯̄γb

∗
d∗c∗ ¯̄γ

d∗
a∗b∗

]

− ga
∗c∗

4

(
T b
∗
db∗ + T b∗

b∗d
) (
T d
a∗ c∗ + T d

c∗ a∗
)

+
ga
∗c∗

4

(
T b
∗
dc∗ + T b∗

c∗d
) (
T d
a∗ b∗ + T d

b∗ a∗
)
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− ga
∗c∗

2

δ

δub
(
T b
a∗ c∗ + T b

c∗ a∗
)

− ga
∗c∗

2

δ

δY c∗
(
F b
a∗b + γ̄ba∗b + γ̄ b

ba∗
)

− ga
∗c∗

2
¯̄γbdb

(
T d
a∗ c∗ + T d

c∗ a∗
)

+
ga
∗c∗

2

(
F b
d∗b + γ̄bd∗b + γ̄ b

bd∗
)

¯̄γd
∗
a∗c∗

− ga
∗c∗

4

(
F b
c∗d + γ̄bc∗d + γ̄ b

dc∗
) (
F d
a∗b + γ̄da∗b + γ̄ d

ba∗
)

+
ga
∗c∗

2

[
¯̄γd
∗
ba∗ +

1

2

(
T d∗
a∗b − T d

∗
ba∗
)] (

T b
d∗ c∗ + T b

c∗ d∗
)

+
ga
∗c∗

2

(
T b
a∗ d∗ + T b

d∗ a∗
) (
T d
∗
bc∗ − ¯̄γd

∗
bc∗
)
. (5.60)

In the above expression expanding the parenthesis, arranging the indices and

terms, using skew-symmetry of Fα
βγ in lower indices, ¯̄γa

∗
b∗c∗ = γ̄a

∗
b∗c∗ , (5.49),

(5.54) and (5.56) we get

Ra∗c∗g
a∗c∗ = ga

∗c∗R̄a∗c∗ +
1

4
F abdFabd

− 1

4

[
γ̄abdγ̄

abd + γ̄dbaγ̄
abd + γ̄abdγ̄

dba + γ̄dbaγ̄
dba
]

− T bdbT
a
da − ga

∗c∗
(
δγ̄ba∗b
δY c∗ − ga∗c∗ γ̄bd

∗
b γ̄

a∗
d∗ a∗

)

− gdb
(
δT a

∗
da∗

δub
− gdbγ̄bdbT a

∗
da∗

)

= vR̄ +
1

4
F abdFabd − Dγ̄bab

Dρ0Xa

− D̄T ada
Dud

− T bdbT ada

− 1

4

[
γ̄abdγ̄

abd + γ̄dbaγ̄
abd + γ̄abdγ̄

dba + γ̄dbaγ̄
dba
]
, (5.61)

where vR̄ is the four-velocity sector of R̄. Writing the expressions (5.57) and

(5.61) into (5.38) and arranging the indices we get the scalar curvature of bundle

manifold as

R = sR̄ + vR̄− 1

4
F abcFabc − T abaT cbc − 2

D̄T aba
Dub

− 1

4

[
T abcTabc + T cbaTabc + T abcTcba + T cbaTcba

]

− 1

4

[
γ̄abcγ̄abc + γ̄cbaγ̄abc + γ̄abcγ̄cba + γ̄cbaγ̄cba

]

− γ̄abaγ̄
c
bc − 2

Dγ̄aba
Dρ0Xe

. (5.62)
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5.3 Scalar Curvature of Riemannian Spacetime

Tangent Bundle

In the Riemannian case, spacetime metric gab is independent of Xc.i.e.

∂gab
∂Xc

= 0. (5.63)

Consequence of that

¯̄γabc = γabc, (5.64)

γ̄abc = 0, (5.65)

and
sR̄ = gac

(
∂γbac
∂ub

− ∂γbab
∂uc

+ γbdbγ
d
ac − γbdcγdab

)
≡ sR, (5.66)

which is the ordinary spacetime scalar curvature. By using (5.63), (5.64) and the

formula for vR, we can say vR vanishes i.e. vR = 0. By using (5.34) and the fact

R̄ b
a cd = sR b

a cd we get

F b
cd = ρ0(Xa)sR b

a cd, (5.67)

where
sR b

a cd =
∂γbad
∂uc

− ∂γbac
∂ud

+ γbecγ
e
ad − γbedγeac, (5.68)

which is the spacetime curvature. By using (5.9), (5.32), (5.63) and (5.64) we get

T abc = 0. (5.69)

In Riemannian spacetime tangent bundle, by using the above facts (5.62) takes

the form

R = sR− 1

4
F abcFabc, (5.70)

which is the Riemannian scalar curvature of the Riemannian spacetime tangent

bundle.
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5.4 Action for the Spacetime Tangent Bundle

We can define an action with Lagrangian
√
GR on maximal-acceleration invariant

spacetime tangent bundle as

L =

∫
D8Y

√
GR =

∫
d4u
√−gρ4

0d
4X
√−gR, (5.71)

where G is the determinant of the bundle metric (5.15), D8Y
√
G is the volume

measure of the spacetime tangent bundle and R is the scalar curvature of the

bundle manifold. In the case of Finslerian spacetime manifold, the components

of the spacetime metric gab (u,X) are homogeneous in the fiber coordinates Xc

with degree zero. We can write gab (u,X) in terms of the Finsler function F as

gab (u,X) =

(
1

2
F 2 (u,X)

)

XaXb

. (5.72)

If spacetime manifold is Finslerian and the spacetime connection is the Levi-Civita

connection then the connection coefficients which are given (5.22)-(5.28), are Levi-

Civita connection coefficients of the tangent bundle of the Finsler manifold. To

have the consistency of the connection coefficients with Cartan’s theory of Finsler

space, the gauge curvature field F a
bc must be vanish [18].

In fact, the maximal acceleration fibre bundle is defined on a general spacetime

manifold. A Finslerian spacetime geometry and Riemannian spacetime tangent

bundle are special spacetime manifolds. But needed general spacetime manifold

did not find yet. Here, we consider one of the special case, the Riemannian

spacetime manifold. We consider Schwarzschild-like solution for the Riemannian

spacetime metric. Spacetime manifold is Riemannian so we have

∂gab
∂Xc

= 0, (5.73)

which leads to

Γabc = γabc. (5.74)

Let us consider a body with mass m which is stationary and spatially symmetric

gravitating and an observer on the four-velocity space X defined by

Xa =

(
du0

ds
,
duk̄

ds

)
=
(
g
− 1

2
00 , 0, 0, 0

)
, k̄ = 1, 2, 3 a = 0, 1, 2, 3. (5.75)
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Here we can say, the action (5.71) is restricted to a distribution in the spacetime

tangent bundle. That distribution is determined by the singular distribution in

terms of the Dirac delta function as

1√−g δ
(
ρ0X

0 − ρ0
1√
g00

)
δ3
(
ρ0X̄

)
, X =

(
X0, X1, X2, X3

)
, X̄ =

(
X1, X2, X3

)
.

(5.76)

We can insert that distribution into the integration measure. By using that fact

and (5.70) for R we can write (5.71) as

L =

∫
ρ4

0d
4u
√−gd4X

√−g 1√−g δ
(
ρ0X

0 − ρ0
1√
g00

)
δ3
(
ρ0X̄

) [
sR− 1

4
F abcFabc

]
.

(5.77)

By taking integral on tangent space, using (5.67) and properties of Dirac delta

function we get a reduced action defined on the base manifold

L =

∫
ρ4

0d
4u
√−g 1

ρ4
0

(
sR− ρ2

0

4
(g00)

1
2
(
g00
) 1

2
(
sRa0bc

)
(sRa0bc)

)
,

L =

∫
d4u
√−g

(
sR− ρ2

0

4

(
sRa0bc

)
(sRa0bc)

)
. (5.78)

5.5 Schwarzschild-like Spacetime

Now we consider a Schwarzschild-like metric on the spacetime manifold as

ds2 = eνd(ct)2 − eλdr2 − r2dθ2 − r2sin2 θdφ2, (5.79)

where ν and λ depend on r.i.e. ν(r),λ(r). The metric on the spacetime tangent

bundle has the form

dσ2 = ds2 +D (ρ0X)2 =

(
1− a2

a2
0

)
ds2, (5.80)

where the covariant acceleration of the spacetime curve is constant and given [20]

DXa

ds
=
( a
c2

)
na, n2 = −1 and ρ0 =

c2

a0

. (5.81)

Let us denote the Lagrangian of (5.78) as

L (r;λ, ν) ≡ √−g
(
sR− ρ2

0

4

(
sRa0bc

)
(sRa0bc)

)
. (5.82)
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We can write the Euler-Lagrange equations of (5.78) as

∂L

∂λ
− ∂

∂r

(
∂L

∂λ′

)
+

∂2

∂r2

(
∂L

∂λ′′

)
= 0, (5.83)

and
∂L

∂ν
− ∂

∂r

(
∂L

∂ν ′

)
+

∂2

∂r2

(
∂L

∂ν ′′

)
= 0. (5.84)

From now on λ′, λ′′ and ν ′, ν ′′ denote first and second derivative of λ and ν

with respect to r, respectively. In Schwarzschild-like metric (5.79) let us use the

following notations

g00 = eν , g11 = −eλ, g22 = −r2, g33 = −r2sin2 θ, (5.85)

with inverses

g00 = e−ν , g11 = −e−λ, g22 = −r−2, g33 =
−1

r2sin2 θ
, (5.86)

and

u0 = t, u1 = r, u2 = θ, u3 = φ. (5.87)

We obtain the Lagrangian (5.82) by using Schwarzschild-like metric and (5.68).

By expanding the summation indices in (5.82), using (5.68) and lowering the

indices with g00.i.e. sR100
1 = (g00)

2
(sR1

001) we can write the Lagrangian (5.82)

with the nonvanishing terms as

L =
√−g

{
sR− ρ2

0

4

(
g00
)2
[(

sR1
001

)2
+
(
sR2

002

)2
+
(
sR3

003

)2
]}

. (5.88)

The nonvanishing curvature tensors and determinant of the metric for the

Schwarzschild-like metric are found as

(
sR1

001

)2
=
c2

2
eν−λ

(
λ′ν ′

2
− (ν ′)2

2
− ν ′′

)
, (5.89)

(
sR1

001

)2
= −c

2

2
eν−λν ′, (5.90)

(
sR1

001

)2
= −c

2

2
eν−λ

ν ′

r
, (5.91)

g = g00g11g22g33 and
√−g = r2e(ν+λ)/2sin θ. (5.92)
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To find scalar curvature sR we need the Ricci curvature. By using (5.68) and

Schwarzschild-like metric we obtain the components of Ricci curvature as

sR00 =
c2

2
eν−λ

(
4λ′

r
− λ′ν ′ + (ν ′)2

+ 2ν ′′
)
, (5.93)

sR11 =
λ′

r
+
λ′ν ′

r
− (ν ′)2

4
− ν ′′

2
, (5.94)

sR22 = 1− e−λ
[r

2
(ν ′ − λ′) + 1

]
(5.95)

sR33 = sin2 θ
{
e−λ

[r
2

(λ′ − ν ′)− 1
]

+ 1
}
. (5.96)

By using these components and (5.86) we obtain the scalar curvature as

sR = sR00g
00 + sR11g

11 + sR22g
22 + sR33g

33

= e−λ
(

2ν ′

r
− 2λ′

r
− ν ′λ′

2
+

(ν ′)2

2
+ ν ′′ +

2

r2

)
− 2

r2
. (5.97)

By using (5.89), (5.90) and (5.91) we get

(
sR1

001

)2
+
(
sR2

002

)2
+
(
sR3

003

)2
= c4e2(ν−λ)

(
(ν ′)2

2r2
+

(ν ′)4

16
(5.98)

+
(ν ′)2 (λ′)2

16
− (ν ′)3 λ′

8
− λ′ν ′ν ′′

4
+

(ν ′)2 ν ′′

4
+

(ν ′′)2

4

)
.

By using (5.92), (5.97) and (5.98) we get the Lagrangian as

L = r2sin θ

[
e(ν−λ)/2

(
ν ′′ − ν ′λ′

2
+

(ν ′)2

2
+

2ν ′

r
− 2λ′

r
+

2

r

)
(5.99)

− 2e(ν+λ)/2

r2

]
− ρ2

0

8
r2sin θe(ν−3λ)/2

[
(ν ′)4

4
− λ′(ν ′)3

2
+ (ν ′)2ν ′′

+
(λ′)2(ν ′)2

4
− λ′ν ′ν ′′ + (ν ′′)2 2(ν ′)2

r2

]
.

Using this Lagrangian in the Euler-Lagrangian equations (5.83) and (5.84) and in

the resulting equation arranging the terms and after complicated simplification

we get

ν ′

r
+

1

r2
− eλ

r2
= −ρ

2
0

16
e−λ
[

(ν ′)4

4
+
λ′(ν ′)3

2
− (ν ′)2

ν ′′ (5.100)

− 3(λ′)2(ν ′)2

4
+ 2λ′ν ′ν ′′ (ν ′′)2

+
6 (ν ′)2

r2
− 2 (ν ′)3

r

+
2λ′ (ν ′)2

r
− 4ν ′ν ′′

r
+ λ′′(ν ′′)2 − 2ν ′′ν ′′′

]
,
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and

λ′

r
− 1

r2
+
eλ

r2
= −ρ

2
0

8
e−λ
[
− (ν ′)4

8
+
λ′ (ν ′)3

4
− (ν ′)2 ν ′′

2
+

11 (λ′)2 (ν ′)2

8

− 9λ′ν ′ν ′′

2
+

3 (ν ′′)2

2
+

(ν ′)2

r2
− 5λ′ (ν ′)2

r
+

8ν ′ν ′′

r

+
5(λ′)2ν ′

r
− 14λ′ν ′′

r
− 3 (λ′)3 ν ′

2
+

11 (λ′)2 ν ′′

2

+
4λ′ν ′

r2
+ 2ν ′ν ′′′ +

7ν ′λ′λ′′

2
− 6λ′ν ′′′ − 4λ′′ν ′

r

+
8ν ′′′

r
− λ′′ (ν ′)2 − 4λ′′ν ′′ − λ′′′ν ′ + 2ν ′′′′

]
. (5.101)

Here we take perturbative solutions for r � ρ0 as (perturbation about the clas-

sical Schwarzschild solution)

eν = 1− 2Gm

c2r
+ ε (r) , (5.102)

and

eλ =

(
1− 2Gm

c2r

)−1

+ δ (r) , (5.103)

which are given by [20]. Here ε (r) and δ (r) are small perturbations about the

classical Schwarzschild solutions. By taking derivative of (5.102) with respect to

r, from now on denoting 2Gm
c2
≡ A and arranging the resulting equation we get

ν ′eν =
A

r2
+ ε′

ν ′ =
1

1− A/r + ε

(
A

r2
+ ε′

)

=

(
1

1− A/r
)

1

1 + ε
1−A/r

(
A

r2
+ ε′

)
. (5.104)

By using the series expansion of 1/
(

1 + ε
1−A/r

)
and taking the first two terms

(because of ε� 1) we get

ν ′ =
1

1− A/r
(

1− ε

1− A/r
)(

A

r2
+ ε′

)

=
1

1− A/r
(
A

r2
+ ε′ −

(
A

r2

)
ε

1− A/r
)

=
A

r − A +
r

r − Aε
′ − A

(r − A)2 ε, (5.105)
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where εε′ → 0 since ε � 1. By taking derivative of (5.103) with respect to r,

arranging the terms and using the similar facts which we used above we get

λ′ = δ′
(
r − A
r

)
− A

r (r − A)
+
A

r2
δ. (5.106)

Inserting (5.103), (5.105) and (5.103), (5.106) into the left hand sides of (5.100)

and (5.101), respectively we get

ν ′

r
+

1

r2
− eλ

r2
=

1

r − A
(
ε′ − A

r (r − A)
ε− (r − A)

r2
δ

)
, (5.107)

λ′

r
− 1

r2
+
eλ

r2
=

(r − A)

r2

(
δ′ +

(r + A)

r (r − A)
δ

)
. (5.108)

On right hand sides of (5.100) and (5.101) all the terms are products of powers

of the derivatives of λ and ν. So we do not consider the perturbative terms ε and

δ in (5.102) and (5.103). Therefore we have

eν = 1− A

r
, (5.109)

and

eλ =

(
1− A

r

)−1

. (5.110)

By using (5.109) and (5.110) all the needed derivatives of λ and ν with respect

to r in the right hand sides of (5.100) and (5.101) have the forms

ν ′ =
A

r2 − rA, ν
′′ = −A (2r − A)

(r2 − rA)2 , ν
′′′ = − 2A

(r2 − rA)2 +
2A (2r − A)2

(r2 − rA)3

ν ′′′′ =
4A (2r − A)

(r2 − rA)2 +
8A (2r − A)

(r2 − rA)3 −
6A (2r − A)3

(r2 − rA)4 , (5.111)

and

λ′ = − A

r2 − rA, λ
′′ =

A (2r − A)

(r2 − rA)2 ,

λ′′′ =
2A

(r2 − rA)2 −
2A (2r − A)2

(r2 − rA)3 . (5.112)

By inserting (5.111) and (5.112) into the right hand sides of (5.100) and (5.101),

respectively and after complicated calculation we get

− 3ρ2
0A

2

8r5 (r − A)
, (5.113)
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and
3ρ2

0A
2

8r5 (r − A)
. (5.114)

Considering (5.107), (5.108) and (5.113), (5.114), respectively we get the following

differential equations

ε′ − A

r (r − A)
ε− (r − A)

r
δ +

3ρ2
0A

2

8r5
= 0, (5.115)

and

δ′ +
(r + A)

r (r − A)
δ − 3ρ2

0A
2

8r5 (r − A)2 = 0. (5.116)

First let us solve (5.116). Solution of the homogeneous part of (5.116) has the

form

δ = c1
r

(r − A)2 , c1 is an arbitrary constant. (5.117)

To obtain the solution of (5.116) we parameterize the constant of the homogeneous

part solution as

δ = c1(r)
r

(r − A)2 . (5.118)

We need to determine c1(r). From the derivative of δ in (5.118) we have

δ′ =
(

1

(r − A)2 −
2r

(r − A)3

)
c1(r) +

r

(r − A)2 c
′
1. (5.119)

Substituting (5.118) and (5.119) into (5.116) we get c1(r) as

c1(r) = −ρ
2
0A

2

2r3
. (5.120)

Thus the solution of (5.116) is

δ = c1(r)
r

(r − A)2 = − ρ2
0A

2

2r2 (r − A)2 . (5.121)

By substituting that δ into (5.115) and applying the similar procedure which we

used to solve (5.116) we get the solution of (5.115) as

ε =
ρ2

0A
2

8r4
. (5.122)

By writing (5.121) and (5.122) into (5.102) and (5.103), respectively and writing

the expression for A we obtain

eν = 1− 2Gm

c2r
+
ρ2

0G
2m2

2c4r4
, (5.123)
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and

eλ =
1

1− 2Gm/c2r
− ρ2

0G
2m2

2c4r4 (1− 2Gm/c2r)2 . (5.124)

Thus we get the nontrivial components of the Schwarzschild-like metric as

g00 = eν = 1− 2Gm

c2r
+
ρ2

0G
2m2

2c4r4
, (5.125)

and

g11 = −eλ =
1

1− 2Gm/c2r
− ρ2

0G
2m2

2c4r4 (1− 2Gm/c2r)2 . (5.126)

5.6 Red Shift For Static Emitter and Observer

Let an emitter emit wave with frequency f(r) and number of wave crest n(r) in

a proper time ∆τ(r) at radius r. So the number of crests n(r) at radius r is

n(r) = f(r)∆τ(r), (5.127)

and the number of wave crests n(r) at large r is

lim
r→∞

n(r) = lim
r→∞

(F (r)∆τ(r)) =
(

lim
r→∞

f(r)
)

∆t ≡ f(∞)∆t. (5.128)

They are equal so we have

n(r) = f(r)∆τ(r) = f(∞)∆t. (5.129)

If the maximal acceleration invariance is require in the frame of the emitter then

the infinitesimal path dσ(r) which is traversed by the emitter in the bundle, must

have the same value at the infinitesimal path at a = 0 as

dσ(r) = dσ(r)|a=0, (5.130)

equivalently by using

dσ2 = ds2 + ρ2
0DX

2 =

(
1− a2

a2
o

)
ds2, (5.131)

we have

dσ(r) = d (cτ (r)) = dσ(r)|a=0 =

(
1− a2

a2
o

)1/2

g00
1/2cdt, (5.132)
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this leads to

∆τ(r) =

(
1− a2

a2
o

)1/2

g00
1/2∆t. (5.133)

Substituting (5.133) into (5.129) we get

f(r)

(
1− a2

a2
o

)1/2

g00
1/2∆t = f(∞)∆t, (5.134)

equivalently

f(∞) = f(r)

(
1− a2

a2
o

)1/2

g00
1/2. (5.135)

From the begining of the chapter we know that the proper acceleration a in a

curved spacetime is

a2 = −c2gab
DXa

ds

DXb

ds
, (5.136)

and DXa

ds
was given as

DXa

ds
=
dXa

ds
+ γabcX

bXc. (5.137)

And from the previous section we have Xa =
(
g
−1/2
00 , 0, 0, 0

)
. Using this and

expanding the summation indices in (5.137) we get

DXa

ds
=
dg
−1/2
00

ds
+ γa00g

−1/2
00 g

−1/2
00 =

1

g00

γa00. (5.138)

By using that fact we can write (5.136) as

a2 =
−c4gabγ

a
00γ

b
00

g2
00

. (5.139)

Expanding the summation indices of gabγ
a
00γ

b
00 we see that the only nonvanishing

term is g11γ
1
00γ

1
00. Let us compute γ1

00 which has form

γ1
00 =

g11

2

(
∂g01

∂u0
+
∂g10

∂u0
− g00

u1

)
. (5.140)

In the above expression, by using g10 = 0, u1 = r, g00 = 1 − A/r + ρ2
0A

2/8r4,

g11 = 1/ {ρ2
0A

2/8r4 (1− A/r)− 1/ [1− A/r]} and applying the procedure similar

to (5.105) we get

γ1
00 =

1

2


 1

1
1−A/r −

ρ2
0A

2

8r4(1−A/r)



(
A

r2
− ρ2

0A
2

2r5

)



CHAPTER 5. STRUCTURE OF SPACETIME TANGENT BUNDLE 104

=
1

2

1
1

1−A/r

(
1− ρ2

0A
2

8r4 (1− A/r)2 (1− A/r)
)(

A

r2
− ρ2

0A
2

2r5

)

=
r − A

2r

(
1 +

ρ2
0A

2

8r4 (1− A/r)
)(

A

r2
− ρ2

0A
2

2r5

)

=
r − A

2r

(
A

r2
− ρ2

0A
2

2r5
+

ρ2
0A

3

8r5 (r − A)

)
, (5.141)

which leads to

g11γ
1
00γ

1
00 = −1

4
g11g

11

(
A

r2
− ρ2

0A
2

2r5

)
(r − A)

r

(
A

r2
− ρ2

0A
2

2r5
+

ρ2
0A

3

8r5 (r − A)

)
.

By using the fact g11g
11 = 1 and r is large enough so that the terms 1

r6 , 1
r7 ,. . . are

ignored and the above equation takes the form

g11γ
1
00γ

1
00 = −1

4

(r − A)A2

r5
, (5.142)

and using the facts in (5.141) we can write g2
00 as

g2
00 =

(r − A)2

r2

(
1 +

ρ2
0A

2

4r3 (r − A)

)
. (5.143)

By substituting (5.142) and (5.143) into (5.139) we get

a2 = −c4 1
(r−A)2

r2

(
1 +

ρ2
0A

2

4r3(r−A)

)
(
−1

4

(r − A)A2

r5

)

=
c4

4

r

r − A
(

1− ρ2
0A

2

4r3 (r − A)

)(
A2

r4

)
, (5.144)

Considering the above equation with r large enough, we get

a2 =
c4

4

A2

r4
. (5.145)

By using (5.125) for g00, a0 = c2

ρ0
, (5.135) for f(∞) and (5.145) for a2 we get the

modified red shift as

δf

f
≡ f(∞)− f(r)

f(r)
=

f(∞)

f(r)
− 1 =

(
1− a2

a2
0

)1/2

g
1/2
00 − 1

=

(
1− 1

2

a2

a2
0

)(
1− A

r
+
ρ2

0A
2

8r4

)1/2

− 1

=

(
1− 1

2

c4

4

A2r

r4 (r − A)

ρ2
0

c4

)
(5.146)

=

[(
1− A

r

)1/2

− 1

]
− ρ2

0A
2

8r4 (1− A/r)1/2
.
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And writing the expression for A we get the modified red shift as

δf

f
=

[(
1− 2Gm

c2r

)1/2

− 1

]
− ρ2

0G
2m2

2c4r4 (1− 2Gm/c2r)1/2
. (5.147)

Hence we obtain the red shift formula of the Schwarzschild geometry modified

by the tangent bundle metric. Contribution of the tangent bundle metric is the

order of
ρ2

0G
2m2

c4
which is extremely smaller than the contribution of the pure

Schwarzschild metric.

5.7 Summary

Proper acceleration of an object: a,

Proper acceleration which is given by Einstein’s theory of general relativity:

a2 = −c4gij
DXi

ds
DXj

ds
,

Metric on spacetime tangent bundle in natural basis:

GIJ =

(
gij + glkN

l
i N

k
j Nji

Nij gij

)
,

Special frame: E I
α =

(
B I
a , C

I
a∗
)
, with inverse Eα

I =
(
Ba

I , C
a∗
I

)
, where

B I
a = (δia,−N i

a ) , C I
a∗ = (0, δia) and Ba

I = (δai , 0) , Ca∗
I = (N a

i , δ
a
i ) .

Anholonomic basis:

Eα = (Ea, Ea∗) =
(

∂
∂ua
− ρ−1

0 N k
a

∂
∂Xk , ρ

−1
0

∂
∂Xa

)
,

and its dual

Wα =
(
W a,W a∗

)
=
(
dua, ρ0dX

a +N a
k du

k
)
.

Components of the bundle metric in special frame:

Gαβ =

(
gab 0

0 ga∗b∗

)
.

The line element of the spacetime tangent bundle: dσ2 = GαβW
αW β.

Components of the anholonomic objects such that [Eα, Eβ] = C µ
αβ Eµ:

C c
ab = C c

ab∗ = C c
a∗b = C c

a∗b∗ = C c∗
a∗b∗ = 0,

C c∗
ab = δN c∗

a

δub
− δN c∗

b

δua
≡ F c∗

ab,

C c∗
ab∗ = ∂N c∗

a

∂yb∗ ≡ φc
∗
ab∗ ,

C c∗
a∗b = −∂N c∗

b

∂ya
∗ ≡ −φc∗ba∗ .

Levi-civita connection on the spacetime tangent bundle:
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D(Eβ) = ΓλβαW
α ⊗ Eλ,

where the components of the connection coefficients are

Γλαβ = 1
2
Gµλ

[
δGµβ
δY α

+ δGµα
δY β
− δGαβ

δY µ
+ Cµαβ + Cµβα − Cαβµ

]
.

The components of the connection coefficients for different indices which belong

to spacetime and fiber sectors:

Γabc = ¯̄γabc,

Γabc∗ = Γa c∗b = 1
2

(γ̄ac∗b + γ̄ a
bc∗ + F a

c∗b ) ,

Γab∗c∗ = −1
2

(T a
b∗ c∗ + T a

c∗ b∗) ,

Γab∗c∗ = −1
2

(T a
b∗ c∗ + T a

c∗ b∗) ,

Γa
∗
bc = 1

2

(
F a∗

bc − γ̄ a∗
b c − γ̄ a∗

c b

)
,

Γa
∗
bc∗ = 1

2

(
T a
∗
bc∗ + T a∗

c∗b

)
,

Γa
∗
c∗b = ¯̄γa

∗
bc∗ + 1

2

(
T a∗
c∗b − T a∗bc∗

)
,

Γa
∗
b∗c∗ = ¯̄γa

∗
b∗c∗ ,

where

¯̄γαβγ = 1
2
Gλα

(
δGλβ
δY γ

+
δGλγ
δY β
− δGβγ

δY λ

)
,

γ̄abc = 1
2
gda
(
∂gdb
∂Xc + ∂gdc

∂Xb − ∂gbc
∂Xd

)
,

γabc = 1
2
gda
(
∂gdb
∂uc

+ ∂gdc
∂ub
− ∂gbc

∂ud

)
,

φαβγ =
∂N α

β

∂Y γ
,

Tαβγ = ¯̄γαβγ − φαβγ,
Components of the curvature tensor without the components of the anholonomic

objects:

R̄ α
δ βγ = Y δ

[
δ¯̄γαδγ
δY β
− δ¯̄γαδβ

δY γ
+ ¯̄γαλβ ¯̄γλδγ − ¯̄γαλγ ¯̄γλδβ

]
.

The gauge curvature field:

Fα
βγ = Y δR̄ α

δ βγ.

Components of curvature tensor of the spacetime tangent bundle:

R β
α γλ =

δΓβαλ
δY γ
− δΓβαγ

δY λ
+ ΓβδγΓ

δ
αλ − ΓβδλΓ

δ
αγ − ΓβαδC

δ
γλ .

Ricci curvature of the spacetime tangent bundle: Rαλ = R β
α βλ,

Scalar curvature of the spacetime tangent bundle:

R = RαλG
αλ = Racg

ac +Ra∗c∗g
a∗c∗ =

= sR̄ + vR̄− 1
4
F abcFabc − T abaT cbc − 2

D̄Taba
Dub

− 1
4

[
T abcTabc + T cbaTabc + T abcTcba + T cbaTcba

]

− 1
4

[
γ̄abcγ̄abc + γ̄cbaγ̄abc + γ̄abcγ̄cba + γ̄cbaγ̄cba

]

− γ̄abaγ̄cbc − 2
Dγ̄aba
Dρ0Xe

.



Chapter 6

Conclusion

In this thesis we have studied the Finsler geometry and the geometry of the tan-

gent bundle. In the last chapter we have considered an application of the geometry

of the tangent bundle to physics. We defined the maximal acceleration invariant

fiber bundle on a Riemannian spacetime and an action on the bundle manifold.

Then we considered the Riemannian Schwarzschild-like spacetime. We obtained

the Euler-Lagrange equations which yields two nonlinear differential equations.

We solved these partial differential equations using a perturbative expansions

around the Schwarzschild solutions. The solutions of these equations define the

components of the Schwarzschild-like metric. By using this Schwarzschild-like

solution we obtained the modified red shift formula for a static emitter and ob-

server on a Schwarzschild-like spacetime. We have observed that the contribution

coming from the acceleration is extremely small compared with the standard red

shift expression.

In general the maximal acceleration invariant fiber bundle is defined on a

general spacetime manifold which does not need to be Riemannian, Finslerian

or Kählerian spacetime. All these are special cases. Applications of general

spacetime tangent bundles have not been done yet and remain to be explored.
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