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Abstract

The manuscript is devoted to applications of group analysis to functional differential equations. It is

given a definition of an admitted Lie group for such type of equations and some examples of applications of

this definition are studied. The way for constructing an admitted Lie group is similar to the way developed

for differential equations: first, one has to construct determining equations, then to split these equations
with respect to arbitrary elements, and then to find the general solution of these equations. Particularly, for

delay differential equations the process of splitting determining equations and solving them is similar to the

case of differential equations. The proposed approach can also be applied for finding an equivalence group,

contact and Lie–B€aacklund transformations.
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1. Introduction

In mathematical modelling for studying a real phenomena one uses differential equations.
Depending on the problem, these equations take various forms, such as ordinary differential
equations, partial differential equations, integro differential equations, functional differential
equations and many others. Functional differential equations are classified as of retarded, neutral,
or advanced type. The simplest type of retarded differential equations is a type of delay differential
equations, where some derivatives of the unknown functions at time t are expressed through their
values at earlier instants. Delay differential equations appear in problems with delaying links
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where certain information processing is needed. Concrete examples of delay differential equations
are frequent in populations dynamics and bioscience problems, in control problems, electrical
networks containing lossless transmission lines. The theory and applications of functional dif-
ferential equations can be found in many books, for example, [1–5] and many others. Note that
beginning with the late 1940�s, the theory of delay differential equations is being developed rap-
idly.

One of the methods for studying properties of differential equations is group analysis.
The modern state of group analysis is reviewed in [6]. Group analysis side by side with con-
structing exact solutions provides a regular procedure for mathematical modelling by classi-
fying differential equations with respect to arbitrary elements. The application of group analysis
implies some steps. One of the most important steps is a construction of an admitted
Lie group. After finding an admitted Lie group one can apply it for constructing exact solu-
tions.

We should note here that many of partial differential equations have been studied. The al-
gorithmic approach of group analysis, developed for partial differential equations, can not be
directly applied to equations with nonlocal terms. The main obstacle for this is their nonlocality:
the nonlocality does not allow using the manifold�s approach for defining an admitted Lie group.
However, in this case one can try to use another definition of an admitted symmetry group, also
given by Lie [7]: a Lie group is admitted if it maps any solution of equations into a solution of the
same equations. In the sense of applications of group analysis for constructing solutions this
definition of an admitted Lie group is more appropriate: it excludes the possibilities [8] where an
equation admits a Lie group, but there is no any solution of this equation. This definition was
also applied earlier for studying integro differential equations [9–11]. 1 Since some retarded
equations are of the type of integro differential equations, it gave us an idea for using similar
approach in the case of functional differential equations and particularly for delay differential
equations.

The used definition of an admitted Lie group allows constructing determining equations.
For solving the determining equations one uses the method of splitting them with respect to
arbitrary elements. In the case of differential equations the arbitrary elements are para-
metrical derivatives. In the case of analytical systems the parametrical derivatives are dictated by
the Cauchy–Kovalevskaya theorem for a Cauchy type systems and by the Cartan–Kh€aaler
theorem for involutive systems. For other types of equations an answer on the question
about arbitrary elements is obtained on the base of an theorem of existence of the Cauchy
problem.

Here we also mention an approach developed in [12] where a delay differential equation is
replaced by an underdetermined system of differential equations for which the classical group
analysis is applied. It should be noted that the reduction to underdetermined system widens a class
of equations admitted by a given Lie group. But an extension of equations narrows a set of
admitted Lie groups.

This manuscript is devoted to illustrate possibilities of direct applications of group analysis to
delay differential equations.
1 See also [6].
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2. A definition of an admitted Lie group and determining equations

As it was mentioned the main difficulty for applying group analysis to functional differential
equations arises from the nonlocal terms present in these equations. To overcome this difficulty
the following method is suggested. For the sake of simplicity the method is described for func-
tional differential equations with one independent variable
2 Se
3 Se
S � x0ðtÞ � F ðt; xtÞ ¼ 0: ð1Þ

Here the notations accepted in literature on functional differential equations are used. 2 If vðtÞ is a
function defined at least on ½t � r; t�, then one defines a new function vt : ½�r; 0� ! D by
vtðsÞ ¼ vðt þ sÞ; s 2 ½�r; 0�;

where D is an open subset in Rn, J is some interval in R, F is a functional. For delay differential
equations
F ðt; vtÞ � f ðt; vðg1ðtÞÞ; . . . ; vðgmðtÞÞÞ;

where f : ½t0; bÞ � Dm ! Rn, and gjðtÞ6 t for t0 6 t6 b for each j ¼ 1; . . . ;m. A continuous func-
tion vðtÞ, t 2 ½t0 � r; t0 þ bÞ is called a solution of delay differential equations 3 (1) if it is differ-
entiable in the interval ðt0; bÞ and satisfies Eq. (1) in the interval ðt0;bÞ. The value v0ðt0Þ is
understood as the right-hand derivative.

First, as for differential equations, let the symmetry group G of transformations Ta:
�tt ¼ T tðt; x; aÞ; �xx ¼ T xðt; x; aÞ;

depending on a real parameter a, with t � T tðt; x; 0Þ and x � T xðt; x; 0Þ, map a solution of Eq. (1)
to a solution of the same equations. Usually instead of a Lie group one considers the corre-
sponding infinitesimal generator
X ¼ sðt; xÞot þ gðt; xÞox;

where
sðt; xÞ ¼ oT t

oa
ðt; x; 0Þ; gðt; xÞ ¼ oT x

oa
ðt; x; 0Þ:
Let x ¼ vðtÞ be a solution. A parametrical representation of the transformed function vað�ttÞ is
given by the equations �tt ¼ T tðt; vðtÞ; aÞ, �xx ¼ T xðt; vðtÞ; aÞ. In order to find vað�ttÞ, one has to define
t ¼ wð�tt; aÞ; ð2Þ

from the equation �tt ¼ T tðt; vðtÞ; aÞ. For differential equations this is guaranteed by a local inverse
function theorem. For delay differential equations (1) one has to define the function w not only in
a neighborhood of the point t, but also in the interval ½t � r; t� and in a right-hand neighborhood
of t. For obtaining this it is not enough only a local inverse function theorem. Assume that the
given Lie group possesses by this property. Hence, the function vað�ttÞ is defined by vað�ttÞ ¼
T xðwð�tt; aÞ; vðwð�tt; aÞÞ; aÞ, and then
e, for example, [4].
e, for example, [5].
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d�vvð�ttÞ
d�tt

¼ ðT ;x1 þT ;x2 v
0ðwð�tt; aÞÞÞ owð

�tt; aÞ
o�tt

;

where f ;i means the partial derivative of f with respect to ith argument. Thus
F ð�tt; �vv�ttÞ ¼ f ð�tt; T x
1 ; . . . ; T

x
mÞ;
where T x
i ¼ T xðwðgið�ttÞ; aÞ; vðwðgið�ttÞ; aÞÞ; aÞ, i ¼ 1; . . . ;m.

Let Nðt; xt; x0Þ ¼ x0 � F ðt; xtÞ. Since vðtÞ and vað�ttÞ are solutions, then
Nðt; xt; x0Þ � 0; ð3Þ

for x ¼ vðtÞ and x ¼ vað�ttÞ. Differentiating the functions Nðt; xt; x0Þ, where x ¼ vað�ttÞ, with respect to
the group parameter a, and taking a ¼ 0, one obtains the equations
oNðt; xt; x0Þ
oa

����
a¼0

¼ 0: ð4Þ
The left side of these equations is expressed only through the coefficients of the infinitesimal
generator X , their derivatives, the function vðtÞ and its derivatives. This we denote by
Hðv; s; gÞ � oNðt; xt; x0Þ
oa

����
a¼0

:

Thus, Eq. (4) become
Hðv; s; gÞ ¼ 0;
where vðtÞ is an arbitrary solution of (1).
Note that Eq. (4) coincide with the equations obtained in the result of an action onto (1) by the

prolonged canonical Lie–B€aacklund operator [13] equivalent to the generator X :
~XX ¼ ðgðt; xÞ � sðt; xÞx0Þox þ � � �

The difference in applying a canonical operator for differential equations and for functional
differential equations is in the action of the derivative ox: for functional differential equations its
action has to be considered in the sense of the Frechet derivative.

Above constructions allow giving the following definition of a Lie group admitted by functional
differential equations.

Definition. A Lie group, satisfying the equations
Hðv; s; gÞj½S� ¼ ~XX ðSÞj½S� ¼ 0; ð5Þ
for any solution of (1) is called an admitted Lie group (or Eq. (1) admit this Lie group). Eq. (5) are
called determining equations.

The notation ½S� in (5) means that Eq. (5) have to be satisfied for any solution of Eq. (1). This
notation is similar to the notation used in [13] for a frame of equations.

We emphasize that one of the main features of the determining equations in the given definition
is that they must be satisfied for any solution of Eq. (1). This lets us to split the determining
equations with respect to arbitrary elements. Since arbitrary elements of delay differential equa-
tions are contained in determining equations by a similar way as for differential equations, the
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process of solving determining equations for delay differential equations is similar to obtaining
solutions of determining equations for differential equations. This will be demonstrated in ex-
amples.

Note also that the given definition:

• is free of the requirement for the admitted Lie group to have (2) globally;
• coincides with one of the classical definitions of an admitted Lie group in the case of differential

equations (in sense of Lie–B€aacklund representation);
• was also applied for integro-differential equations;
• can be applied for finding an equivalence group, contact and Lie–B€aacklund transformations for

functional differential equations.

From one point of view to use solutions for defining an admitted Lie group it seems more
difficult for applications than the geometrical definition, 4 but from another point of view this
definition allows defining an admitted Lie group for more general objects than differential
equations: delay differential equations, functional differential equations, integro-differential
equations or even more general. For example, let us consider the functional differential equation
studied by Barba [4]
4 A

equiva
yðxÞy 0ðxÞ ¼ yðyðxÞÞ: ð6Þ
According to the given definition of an admitted Lie group the determining equation for (6) is
~XX ðyðxÞy0ðxÞ � yðyðxÞÞÞ ¼ ðgðx; yðxÞÞ � y0ðxÞnðx; yðxÞÞÞy0ðxÞ þ yðxÞðgxðx; yðxÞÞ þ y0ðxÞgyðx; yðxÞÞ
� y 00ðxÞnðx; yðxÞÞ � y 0ðxÞðnxðx; yðxÞÞ þ y 0ðxÞnyðx; yðxÞÞÞÞ
� ðgðx; yðyðxÞÞÞ � y0ðyðxÞÞnðx; yðyðxÞÞÞ þ y 0ðyðxÞÞðgðx; yðxÞÞ
� y 0ðxÞnðx; yðxÞÞÞÞ;
which has to be satisfied for any solution y ¼ yðxÞ of Eq. (6). Here a generator of the admitted Lie
group is X ¼ nðx; yÞox þ gðx; yÞoy . To solve this determining equation one needs to know arbi-
trariness of the general solution of Eq. (6). Because this analysis is unknown for the authors, we
demonstrate solving determining equations for other examples.
3. Examples

3.1. One independent variable

Let us consider the retarded equation
x0ðtÞ ¼
Z 0

�r
xtðsÞds: ð7Þ
lthough for differential equations there are theorems where studied conditions when these two approaches are

lent [13].
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According to the definition of an admitted Lie group, the determining equation for (7) is
gtðt; xðtÞÞ þ x0ðtÞgxðt; xðtÞÞ � x00ðtÞsðt; xðtÞÞ � x0ðtÞðstðt; xðtÞÞ þ x0ðtÞsxðt; xðtÞÞÞ

¼
Z 0

�r
ðgðt þ s; xðt þ sÞÞ � x0ðt þ sÞsðt; xðt þ sÞÞÞds;
which is satisfied for any solution x ¼ xðtÞ of Eq. (7). Here a generator of the admitted Lie group is
X ¼ sðt; xÞot þ gðt; xÞox. To solve this determining equation one needs to deal with an integral
equation, which is more difficult for studying than a delay type equations. But one can note that
the Cauchy problem
x0ðtÞ ¼
Z 0

�r
xtðsÞds; xt0ðsÞ ¼ wðsÞ; s 2 ½t0 � r; t0�; ð8Þ
is equivalent to the Cauchy problem
x00ðtÞ ¼ xðtÞ � xðt � rÞ; ð9Þ

x0ðt0Þ ¼ x1; xt0ðsÞ ¼ wðsÞ; s 2 ½t0 � r; t0�; ð10Þ

with an arbitrary continuous function wðsÞ and arbitrary value x1. Further we study the deter-
mining equation corresponding to (9). This determining equation is a delay type. Regarding this
equation at the point ðt0 þ 0Þ (limit from the right handed side), on the solution of the Cauchy
problem (9) and (10), the determining equation becomes
Uðt0; x0; x1; x2; x3Þ � 2gtxðt0; x0Þx1 þ gttðt0; x0Þ þ gxxðt0; x0Þx21 þ gxðt0; x0Þx0 � gxðt0; x0Þx2
� 2stxðt0; x0Þx21 � sttðt0; x0Þx1 � 2stðt0; x0Þx0 þ 2stðt0; x0Þx2 � sxxðt0; x0Þx31
� 3sxðt0; x0Þx0x1 þ 3sxðt0; x0Þx2x1 � gðt0; x0Þ þ gðt0 � r; x2Þ þ ðsðt0; x0Þ
� sðt0 � r; x2ÞÞx3 ¼ 0;
where x0 ¼ wðt0Þ, x�1 ¼ x2 ¼ wðt0 � rÞ, x3 ¼ w0ðt0 � rÞ. Here also the derivatives
x00ðt0Þ ¼ xðt0Þ � xðt0 � rÞ; x000ðtoÞ ¼ x1 � x0ðto � rÞ;

found from Eq. (9) and its first derivative, are substituted. Since the function wðsÞ and the value x1
are arbitrary and because of the theorem of existence [2] of a solution of the Cauchy problem (9)
and (10), one can account that the values t0, x0, x1, x2 and x3 are arbitrary in the determining
equation: one considers the determining equation with substituted in it the solution of this Cauchy
problem. The arbitrariness of the values t0, x0, x1, x2 and x3 allows splitting the determining
equation. Because further analysis of the determining equation is similar to the classical analysis
of solving determining equations for differential equations we present only result of calculations.
The general solution of the determining equations corresponds to the generator
X ¼ ðc1xþ hðtÞÞox þ c2ot;
where c1, c2 are arbitrary constants and the function hðtÞ is an arbitrary solution of Eq. (9).

3.2. Two independent variables

Let us study the equation
ut þ uux ¼ gðu; �uuÞ; ð11Þ
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where u ¼ uðx; tÞ, �uu ¼ uðx; t � rÞ, ut ¼ utðx; tÞ, ux ¼ uxðx; tÞ. It is assumed that g�uu 6¼ 0 (otherwise it is
not a delay differential equation). The determining equation of the admitted Lie group is
�uutg�uuð�ss� sÞ þ uxð�gt � gug � gxuþ stuþ suguþ sxu2 þ fÞ þ �uuxg�uuð�gg� gÞ � guf� g�uu�ff
� stg � sug2 � sxguþ ft þ fug þ fxu ¼ 0; ð12Þ
where �uut ¼ utðx; t � rÞ, �uux ¼ uxðx; t � rÞ, �ss ¼ sðx; t � r; �uuÞ, �gg ¼ gðx; t � r; �uuÞ, �ff ¼ fðx; t � r; �uuÞ,
s ¼ sðx; t; uÞ, g ¼ gðx; t; uÞ, f ¼ fðx; t; uÞ. The Cauchy problem for equation (11) with the initial
values
uðx; sÞ ¼ wðx; sÞ; s 2 ½t0 � r; t0�;

has a solution [14] for any arbitrary value t0 and any arbitrary given function wðx; sÞ,
s 2 ½t0 � r; t0�. In the strength of the arbitrariness of the value t0 and the function wðx; sÞ one can
consider the variables �uut, �uux, ux, u, �uu, x, and t as independent and arbitrary in the determining Eq.
(12). Splitting the determining equation with respect to �uut, �uux and ux one obtains
g�uuð�ss� sÞ ¼ 0; g�uuð�gg� gÞ ¼ 0;

f� gt � gug � gxuþ stuþ suguþ sxu2 ¼ 0;

� guf� g�uu�ff� stg � sug2 � sxguþ ft þ fug þ fxu ¼ 0:

ð13Þ
Since g�uu 6¼ 0, then sðx; t � r; �uuÞ ¼ sðx; t; uÞ, gðx; t � r; �uuÞ ¼ gðx; t; uÞ. Because u and �uu are indepen-
dent in the last equalities, then the functions sðx; t; uÞ and gðx; t; uÞ do not depend on the variable u
and sðx; t � rÞ ¼ sðx; tÞ, gðx; t � rÞ ¼ gðx; tÞ. From the third equation of (13) one finds the function
fðx; t; uÞ:
f ¼ gt þ uðgx � stÞ � sxu2: ð14Þ

Substituting it and found f into the last equation of (13) one has
�ðgu þ g�uuÞgt � ðguuþ g�uu�uu� gÞðgx � stÞ þ ðguu2 þ g�uu�uu2 � 3guÞsx � gst þ gtt � sxxu3

þ ðgxx � 2stxÞu2 þ ð2gtx � sttÞu ¼ 0: ð15Þ
This gives that the kernel of admitted Lie groups consists of the transformations corresponding to
the generators
X1 ¼ ox; X2 ¼ ot:
Because the main goal of this manuscript is not to do full group classification of Eq. (11) we
consider only some particular cases of the function gðu; �uuÞ.

The first case is the case where the function gðu; �uuÞ is a linear function
g ¼ k1uþ k2�uuþ k3 ðk2 6¼ 0Þ:
In this case the only nontrivial extension of the kernel is for k3 ¼ 0:
X ¼ xox þ uou:
Another case of the function gðu; �uuÞ that we study here is the case where the functions gðx; tÞ,
sðx; tÞ are linear with respect to x and t. Because of sðx; t � rÞ ¼ sðx; tÞ, gðx; t � rÞ ¼ gðx; tÞ, then
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g ¼ c1xþ c2; s ¼ c3xþ c4; f ¼ uðc1 � c3uÞ:

Here the function f is defined by (13). Note that an extension of the kernel of admitted Lie groups
exists only for c21 þ c23 6¼ 0. Eq. (14) becomes
guuðc1 � c3uÞ þ g�uu�uuðc1 � c3�uuÞ ¼ gðc1 � 3c3uÞ: ð16Þ

Let us analyze different choices of the constants c1 and c2.

If c1 ¼ 0, then
g ¼ u3U
1

u

�
� 1

�uu

�
;

and a nontrivial admitted generator is
X ¼ xot � u2ou:
Here and later the function U is an arbitrary function of one argument.
If c1 6¼ 0 and c3 ¼ 0, then one has
g ¼ uU
�uu
u

 !
;

and an extension is given by the generator
X ¼ xox þ uou:
If c1 6¼ 0 and c3 6¼ 0, then
g ¼ uðku� 1Þ2U �uuðku� 1Þ
uðk�uu� 1Þ

 !
and an extension is given by the generator
X ¼ xox þ kxot � uðku� 1Þou;

where k ¼ c3=c1 6¼ 0.

Remark. Slight differences are in studying the delay differential equation
ut þ �uuux ¼ gðu; �uuÞ:

For example, for a linear function g ¼ k1uþ k2�uuþ k3 one obtains that an extension of the kernel
of admitted Lie groups is possible only for k3 ¼ 0. If k1 6¼ 0, then there is only one extension
X ¼ tot þ xox;
if k1 ¼ 0, there is one more admitted generator
X ¼ xot þ k2x2ox � uðu� 2k2xÞou:
4. Conclusion

The definition of an admitted Lie group for functional differential equations, proposed in the
manuscript, does not require using a global inverse function theorem as it was in [15]. The ap-
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proach is similar to the approach, developed for differential equations: first, one has to construct
determining equations, then, to split these equations with respect to arbitrary elements, which are
dictated by the theorem of existence of the Cauchy problem, and then to find the general solution
of the determining equations.

Practical construction of determining equations is performed by using the canonical Lie–
B€aacklund�s representation of an infinitesimal generator and acting by it on the original equation.
The derivatives with respect to the dependent variables should be understood in terms of the
Frechet derivatives. One should remember that determining equations have to be satisfied for any
solution of the original system of equations.

In the strength of the theory of existence of solution of the Cauchy problem for delay differ-
ential equations, the process of solving determining equations for them is similar to obtaining the
general solution of determining equations for differential equations.

The proposed approach can also be applied for finding an equivalence group, discrete, contact
and Lie–B€aacklund transformations.
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