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Abstract. Assuming that a dynamical system (DS) has a periodic solution with p&rimdthe neighborhood

of an equilibrium, a new DS can be obtained which governs approximately the motion of trajectories in the
neighborhood of the periodic orbit. Approximate symmetries and first integrals have been discussed for this DS.
The results have been demonstrated on the Helmholtz oscillator.

Keywords: Dynamical systems, approximate symmetries, Noether’s theorem.

1. Introduction

Tools of classical group analysis usually do not allow one to study the physically relevant
damped, driven oscillators. This difficulty can be circumvented by resorting to the approx-
imate group analysis which has been developed by Baikov et al. [1]. Here we adopt the
geometrical approach to study the approximate symmetries of the approximate DS obtained
in the neighborhood of the periodic solution.

Here we consider the DS in the form

yi=LVy + Fity,t) (i=1,...n), 2)

where( ") stands for derivative with respecttgl is a constant coefficient matrix. We assume
that the DS (1) has a periodic solutigtr) with period T in the neighborhood of the equilib-
rium pointug. We now would like to obtain a new DS in the neighborhood @j. To achieve
this we consider

y=9+ex, ekl Ye+T)=90). @)

Substituting (2) into (1), recalling thdi(r) is a solution of (1) and expandirgy, ¢) aty we
obtain

i 2ri
X =LV + 2Fj x/ %738/5 - x/ 1k
Y ly= POV
2 3 i
& 0°F .
—— kx4, 3)
3! dy/aykay! -
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where we assume the summation convention on the repeated indices. Sometimes it is not
possible to find the exact periodic solution of (1) analytically. Therefore we must consider the
approximate periodic solution:

q
y=Uu+e¢ (Z ssus+1(t)> : (4)

s=0

Notice that where = 0, u® is the equilibrium point (constant solution to (1)). Expanding
related quantities in (3) according to (4) and rearranging as to increasing ordesedire led
to:

i = 00 +efi ) + 25 1) 4 -+ P fL (%), (5)
where
, . QF! ,
f(l)(x) = (Ll] +_ )x],
ay’
Uo
i) a [oF w it 1 9%F" ik
1) = — 4 uix! + —— ,
! ay* | ay/ | ! 2! 9yJayk
y Uo 1)
; 3 [oF o 32 dF! o« o]
fZ(X’ l) = 85\)“ W A UpXj =+ W W UUgX
y Uo U
2 i 3 i
—i—i i 84F u%xjxk+ia—F xd xFxl
219y« \ dyioyk o) 1 3l dyiaykay! .
0 0

For the sake of brevity we have omitted the coefficients of the higher order of

Summation convention has been suspended for the indices in the parenthesis in (5).

In Section 2 we discuss the approximate symmetries of gder the DS (5). Assuming
that theL/ + (dF'/dy’)|,0 is semisimple we give a general formula for the approximate
symmetries. For the case of Hamiltonian DSs we discuss the approximate version of Noether’s
theorem geometrically. Approximate first integrals can be used to test the numerical integra-
tion schemes for the DSs. Not only they provide initial conditions for the periodic orbits, but
they also enable us to study the local behavior in the phase space. Finally we demonstrate our
results on the damped-driven Helmholtz oscillator which arises in modeling of ear drums [2]
and ship capsizing [3].

2. Approximate Symmetries of Approximate DSs

In Section 1 we have seen one way of obtaining approximate DSs, i.e. the DS given in (5).
Determining equations for the symmetry vector fields (VFs) of the DS can be easily obtained
from the determining equations for the symmetries of evolution equations [4]. Invoking the
definition of the approximate symmetries given in [1], we are led to the following determining
equations:

[D, X] = O(ePth, (6)
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where[ ] is the Lie bracket,

D=T+FO+8F1+“‘+8(p)F(p), TZE’

0
— £l — . —
Fb_fbﬁ’ (l—l,...,n, b—O,...,p),
and
0
X =Xo+eXst o +ePXgp), Xe=n(nz— (€=0...,p).
X

Evaluation of (6) in ascending order ofjives:

[Do, X0l =0, (7)
[Do, X1] = [Xo, F1l, (8)
[Do, X2] = [X1, F1] + [Xo, F2l, 9)
[DO, Xp] = [Xp—la Fl] +---+ [Xl, Fp—l] + [XOa Fp]a (10)

whereDg = T + Fo. Equations (7-10) suggest the following procedure for the calculation
of approximate symmetry VFs: solving the PDEs obtained from (7) we obtain the exact
symmetry VFXq of the unperturbed part of (5) (i.e., when= 0 in (5)). Using this on

the RHS of (8) we obtain a set of PDEs to determine the first-order approximate symmetry
VF X;. Substituting the latter into (9) determines the RHS and it yields a new set of PDEs
to determineX,. Notice that the RHS of (7-10) are determined from the previous steps.
Proceeding in this manner we finally obtain a set of PDEs to deteriijneilthough this
procedure is algorithmic, it is cumbersome to solve the PDEs obtained. The following lemma
and theorem will he Ip to overcome this difficulty.

LEMMA 1. When the unperturbed part of (5) is semisimple, Lie symmetries of this part take
the form:

Xo = Sl Cé-(l) e)»(/)t+C§(1)A(Z)Tlmxm+Cg(l)Tlmxm

+Cg(l) Z g ay=hm)t pmr 1

m=1,...,n

m#l

A '
+ > Corl ,, €07 (SMaxnyn _(§mnxlry

Aj=A;—(s1h 1+ +snAn)
s1++85p>2,51,00.,5, >0

—, 11
™ (11)

wherer, .. ., A, are the eigenvalues of the linear partin (5) i.@.7 + (3 F' /dy’/)|y,). Sis the
similarity transformation matrix formed with the eigenvectors corresponding fo. ., A,,.
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AndT =S tandC,?”,...,c{! . arethe group parameters.

Os1...55

Proof of Lemma 1 can also be found in [5]. Notice that the last summation sign indicates that
the sum will be carried on the terms which satisfy the resonance relation:

n
Aj+ (it +sh) =2 =0 Y 522 5 =0
k=1

In order to have a better understanding of the approximate symmetry VFs we continue our
discussion with complex variables. Introducing the transformation

X=Sz (12)
to (5) we find:
2=T(fo@ +efi(z t) + -+ Pf, (2 1)). (13)

THEOREM 2.Assume that the linear part of (5) is semisimple. Also assume that the compon-
ents of the Lie bracket are given by:

o ‘ 9
[Xo, F1l = V/(z, 1) —, (14)
az/
where
v, = d - rl 0 FJ jl rl
Xo = 1p(2, t)a—z,, Fi1= fi(z, t)a—z,, fi=T"f(Sz1)
and
V'j(Z, 1 = Krll(j) Pyt + Krzz(j) st + Kféizrs
+ > KL €EHT @Y (Lrars=1.n).
s1+-+s,>2
If one of the resonance relations
Gjn =2 =0, Ojyt A, —4; =0, Ay—2;=0
and
Kj + Sl)"l + .-+ S(n))x(n) - )"j =0 (15)

holds, then the symmetries corresponding to their parameters appearing Kgheill be
broken at the first order of approximation.

Proof of Theorem 2 can also be found in [5]. This theorem also enables one to calculate the
first-order approximate symmetry VFs with the infinitesimals
1) 2(j) 3()
— Kril K, it 7(r2) 4 K’73 79
Pjry — ) Oira) + Ay — A A = A(j)

1 .
+ K/ 5, €' 2D (7). 16
Kj4S1Ag 4+ 5,0, — A ! (@) @) (16)

j S1+-+Sn 22
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One must employ the following transformations to find the first-order approximate symmetry
VFs of (5).

n) =SS x, 1) and pi = $'L (S, 1). 17)

Notice that the symmetry-breaking occurs due to resonances (15) which sets related para-
meters from the setCy, ..., Cé‘sll._s"} to zero. This explains why most of the nonlinear-
nonautonomous DS do not admit exact symmetries.

One of the salient features of the approximate symmetry VFs is the inheritance property.
Perturbed DS (5) inherits the symmetries of the unperturbed part as approximate symmetries

5], i.e.,

i)
X =ePph(x,t,C¥, ..., Ch!

> ~0s1...8, @ (18)

This result can be obtained from (7-10).

3. Application to Helmholtz Oscillator

Helmholtz oscillator arises in modeling of ear drums [3] and ship capsizing [4]. And it is given
by the DS:

vi|_| 0 1ffn 0
[Y'Z]_[—l 0} |:)’2j|+|:—yf+8(ACOSa)t—6y2)j|’ (19)

whereA andw are the amplitude and the angular frequency of the forcing, respectively, and
3 is the damping coefficient. When= 0, one of the equilibrium points is located & =
(0,0)7 and it is a center type. An approximate periodic solution to (19) has been found to be:

(1) = Ug + eus(r) + eUp(r), (20)
where
up = (ui, u®)" = (I coswt, —Twsinwt)”,

lTw . r2 rz . !
U, = (u%, u%)T = <1_ 2 Sinwt — m COS 2ot — o ”%) ; (21)

andl’ = A/(1 — w?). Approximate DS (5) for (19) reads as

X1 = xz,

Xy = —x1 — e(8xo + 2ulxy + x2) + e2(—2udx1) + O(&). (22)
Substituting (21) into (22) yields

X1 = X2,

Xo = —x1 — (2" coswt x1 + 8x2 + x%)

25T 2
2 H 2
—¢ (1—w2$mwt_71— 5 COS 20t — I’ )xl. (23)
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We assume that # 1, 1/2. Notice that the unperturbed part of (23) is linear, autonomous and
semisimple with eigenvalugs, = i andi, = —i. Therefore we can appeal to the procedure
given in Section 2. First-order approximate symmetry VFs have been found to be:

21yl 2r . 8 0
Ci: X7 = {x2+¢ w2_4(a)SIna)tx1+ZCOSa)tx2)+éxl B—Xl

2r 8 0
+1—x1+e¢ —(2 COSwt X1 — W SINWE X2) — =xp — X2 | 1 —,  (24)
w? 2 0x2
S 1 2 0 0
Cgl : X% = {xl +¢ <§x2 - ész_ — :—3X22>} ™ + {Xz + ¢ <——x1 + xle)} 8— (25)

12r .
Cot: X3 = { coS2 x, —Sin2 xp + 87[(28”1(0) — )t + wsin(w — 2)t
+ 2sin(w + 2)t — wsin(w + 2)1)x,
+ Mw? — 4)(dwxy — 3T sinwr) sin 2 x;

9
— w(w® — 4)(2xZ — 38x, — 12x5) cos 2] } —

X1
+ { — (Sin2 x1 + CcoS 2 xp) + %[ — (24r (w® — 2) sinot

+ a)(a)2 —4)(35 — 4xz)) COoSwt x1
+ 2(12rw coswt x1 + 12wx2 — 3w3x?

. . . ol
— 24T sinwtx, + 6w’ sinwt x; + 16wx5 — 4wx5) sin 2| } e (26)
X2

whereD = 6w (w? — 4).

According to terminology coined in [1], first-order approximate symmetry VFs given in
(24-26) are stable symmetries. Due to the inheritance property one can also write down the
unstable symmetries without any calculation. Some unstable symmetries are:

i d d i 0 L0
= &\ Xo— —XxX1— |, =&\ X1 — XoT—
! 28)61 laxz 2 laxl 28)62

X3

0 Gl
((cos 2x1—sSin2Z xz)— — (sin2 x; +cos 2 xz)—) 27)
0x1 9x2

Due to symmetry-breaking, parametér$" andCg* vanish at second-order analysis. Remain-
ing second-order approximate symmetry VF takes the form:

2
& .
c3t: X3 =X+ 31{ [F (8 P, coswt + Tw P, Sin 2wt) x1

+ 30(I' Ps 4 ' Ps COS vt + 8 P; Sinwt)xz + Dw Py Sinwt x3
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+ 240F w?(4w? — 1) coswt x1x7
b _ ]
+ | D1 — 360w (4w? — 1) sinwt | x5 | —
3 8x1

+ [3T(Ps + T PgcoS 2t + § P1pSinwr)xy

— I'(8 Py coswt + Tw P, Sin 2wt)x, + 3T Py cOSwt X2
. 0
— 2(6P3 + TwPsSinwt)x1xp — 1201“502(40)2 — 1) coswt x%]a—}, (28)
X2

where
D1 = 24w® — 3420° + 126Qw* — 115802 + 216
P = 480° 4 48w° — 4920* — 4440)° + 5520° + 108w — 108
Py = 75w* — 7050% + 270, P3 = —4w® + 570° — 210w* + 193»° — 36,
Py = 24" — 780w% 4 180  Ps = 4w® — 73w® + 3740 — 377w? 4+ 72,
Ps = 25w* — 2350° +90, P; = —320* + 296w% — 72,
Pg = 160° — 13%* — 51w + 54, Py = 480° — 2520* — 2280° + 72,
Py = —160" + 1640° — 320% — 184w° 4 2960w° + 36w — 72

4. Approximate First Integrals

An approximate version of Noether’'s theorem has been proven in [1]. Its geometric version
for n-dimensional DSs has been given in [5]. Assume ¥& an approximate symmetry VF
of order p and it is divergence free. Then— 1 form obtained from

X 12,

(whereQ = dx* A ... Adx" is the volume fromz is an even integer andlis interior product)
is closed and one can write:

X 1Q=dl, (29)

whered is the exterior derivative anfl(x, r) is pth-order approximate first integrals. In [5],
the author has shown that whehis a stable approximate symmetry VF, thefis a stable
approximate first integral.

Equipped with this result we can now proceed to find second-order approximate first in-
tegral of (23). One can easily check that o= dx; A dx, andX given in (28), (29) becomes
closed. Thereford is an exact one-form. HencX, given in (28) is an approximate Noether
symmetry VF. Approximate first integral of (23) corresponding to (28) has been found to be:

1 .
IX, 1) = 5(xf + x22) + Ei[(a)2 — 4)xf + 6I'w Sinwt x1x, — 6" CoSwt (xf — x%)]
1
2

e .
+ E—[FP5(x22 — xf) + 2I'w Pg Sinwt x1x2
2
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Figure 1. Contour plots fow = 0.99,' = 1,¢ = 0.2, andr = (a) O, (b)n/8, (¢c) /4, (d) 37/8.

+ w Py Sinwt x2x; 4+ 80w (1 — 4w?) sinwr x3
+ 8(1 — 4w?) coswt (—6x3 — 5w°x% + w*x? — 10w°x3)x;
— I'(0® — 9) cos 0t (16w + 50* — 6)x% + 5(2 — 5w?)x3)], (30)

where E; = 3(w? — 4), E; = (3/2)D; and P;; = 16Qw* — 52Qw? + 120. Notice that
the approximate first integral (30) becomes singular for the values of the angular frequency:
o = 1/2, 1, 2, 3. These values correspond to resonances, hence, bifurcation values for
periodic solutions. This issue will be discussed in detail elsewhere.

The contour lines (level curves) of the approximate first integral (30) have been plotted in
Figures 1 and 2. In Figure 1, parameter values: 0.99,T" = 1, ¢ = 0.2 were chosen. Since
the approximate first integral (30) is time dependent, contour lines are obtained at specific
times. In Figures la—1d, closed curves are surrounded by the homoclinic orbits (seperatrices).
But they cannot be shown in contour plots, because these orbits involve saddle type of equi-
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Figure 2. Contour plots fow = 3.01,T' = 1,¢ = 0.2, andr = () 0, (b)x/8, (c) /4, (d) /2.

librium points. Moreover, the curves surrounding the homoclinic orbits are not closed. In
Figure 2, parameter valuea: = 3.01,T = 1, ¢ = 0.2 were chosen. In Figures 2a-2d,
closed curves are surrounded by three heteroclinic orbits (seperatrices) which form a triangle.
This triangle pinpoints the passage through 3:1 resonance which oceurs: &. Since the
heteroclinic orbits also involve saddle type of equilibrium points, they cannot be shown in
contour plots. Furthermore, the curves surrounding triangular shape of seperatrices are not
closed.
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