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Lie Pseudo-Groups

Submanifold Jets

Let M be an m-dimensional manifold.

Definition
The space of extended n-jets of p-dimensional submanifolds of M at a
point z ∈ M, Jn(M,p)|z = J(n)|z , is given by the space of germs of
p-dimensional submanifolds of M passing through z modulo the
equivalence relation of n-th order contact.

Locally, a p-dimensional submanifold S ⊂ M is given by

z = (x1, . . . , xp,u1(x), . . . ,uq(x)), p + q = m.

In those adapted coordinates, the n-th submanifold jet coordinates are

z(n) = jnS|z = (x ,u(n)).

Francis Valiquette Infeld-Rowlands Equation 02/12/2009 3 / 34



Lie Pseudo-Groups

n-th Diffeomorphism Jet Bundle

D = D(M) = pseudo-group of all local diffeomorphisms.

Definition

The n-th diffeomorphism jet bundle D(n) consists of the equivalence
classes of diffeomorphisms under the equivalence relation

φ(z0) ∼ ψ(z0) ⇐⇒
X

0≤#J≤n

1
J!

∂#Jφ

∂zJ

˛̨̨̨
z0

(z − z0)
J =

X
0≤#J≤n

1
J!

∂#Jψ

∂zJ

˛̨̨̨
z0

(z − z0)
J .

Let Z = φ(z) ∈ D, local coordinates on D(n) are indicated by (z,Z (n)).
Source map: z = σσσ(n)(z,Z (n)).
Target map: Z = τττ (n)(z,Z (n)).
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Lie Pseudo-Groups

Lie Pseudo-Groups

Definition
G ⊂ D is called a Lie pseudo-group if ∃ n? ≥ 1 such that ∀ finite n ≥ n?:

G(n) ⊂ D(n) forms a smooth, embedded subbundle,
πn+1

n : G(n+1) → G(n) is a bundle map,
every smooth local solution Z = φ(z) to the determining system
G(n) belongs to G,
G(n) = pr(n−n?)G(n?) is obtained by prolongation.

The minimal value of n? is called the order of the Lie pseudo-group.

g(n) = (z,g(n)) indicates the local coordinates of a jet g(n) ∈ G(n), with
the pseudo-group parameters g(n) = (g1, . . . ,grn ).
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Lie Pseudo-Groups

Example of a Lie Pseudo-Group

The collection of transformations of R3 given by

X = f (x), Y = f ′(x)y + g(x), U = u +
f ′′(x)y + g′(x)

f ′(x)
,

where
f (x) ∈ D(R), g(x) ∈ C∞(R),

is a Lie pseudo-group with first order determining system

Xy = Xu = Yu = 0, Yx = (U − u)Xx , Uu = 1,

and
g(1) = (X ,Y ,Xx ,Yx ,Xxx ,Yxx ).
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Lifted Bundle

n-th Regularized Jet Bundle (n-th Lifted Bundle)

Definition

The local coordinates of the n-th regularized jet bundle H(n) are
(z(n),g(n)), where πn

0(z(n)) = σσσ(n)(g(n)).

G acts1 on H(n):

g · (z(n),h(n)) = (g(n) · z(n),h(n)(g−1)(n)) = ((g · z)(n), (hg−1)(n)).

H(n) has a groupoid structure:

σ̃σσ(n)(z(n),g(n)) = z(n), τ̃ττ (n)(z(n),g(n)) = g(n) · z(n).

1Throughout the talk, mathematical expressions are assumed to be true only when
they make sense
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Lifted Bundle

Lifted Invariants

Definition

A function I(z(n),g(n)) is said to be a lifted invariant if

h · I(z(n),g(n)) = I(h(n) · z(n),g(n)(h−1)(n)) = I(z(n),g(n)), ∀h ∈ G.

The components of τ̃ττ (n)(z(n),g(n)) = g(n) · z(n) are lifted invariants:

h · (g(n) · z(n)) = g(n)(h−1)(n) · h(n)z(n) = g(n) · z(n).
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Lifted Bundle

Lifted Invariant Differential Operators

On H(∞)

dHX i =

p∑
j=1

Dx j X idx j , i = 1, . . . ,p,

is a contact invariant horizontal coframe on the open dense set where
det(Dx i X j) 6= 0. The dual invariant differential operators are

DX i =

p∑
j=1

W i
j Dx j , (W i

j ) = (Dx j X i)−1,

i.e. for F : H(∞) → R,

dHF =

p∑
i=1

DX i F dHX i .
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Lifted Bundle

Repeated applications of the differential operators

DX i =

p∑
j=1

W i
j Dx j , (W i

j ) = (Dx i X j)−1,

to the target coordinates Uα gives the explicit expressions for the
transformed submanifold jet coordinates

Ûα
J = g(n) · uαJ = DJ

X Uα = DX j1 · · ·DX jk Uα,

where α = 1, . . . ,q, J = (j1, . . . , jk ) and #J = k ≥ 0.
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Lifted Bundle

Some Definitions

Definition

The pseudo-group G acts freely at z(n) ∈ J(n) if G(n)

z(n) = {1(n)
z }, and

locally freely at z(n) if G(n)

z(n) is a discrete subgroup of G(n)
z . The

pseudo-group G is said to act (locally) freely at order n if it acts (locally)
freely on an open subset V(n) ⊂ J(n), called the set of regular n-jets.

Definition
A cross-section to the pseudo-group orbits is a transverse submanifold
to the orbits of complementary dimension.
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Equivariant Moving Frames

Equivariant Moving Frame

Definition

A right moving frame ρ(n) of order n is a right G(n)-equivariant local
section of the bundle H(n) → J(n), i.e. ρ(n) : J(n) → H(n) satisfies

σ̃(n)(ρ(n)(z(n))) = z(n), ρ(n)(g(n) · z(n)) = ρ(n)(z(n)) · (g(n))−1,

Theorem

Suppose G(n) acts freely and regularly on V(n) ⊂ J(n). Let K(n) ⊂ V(n)

be a (local) cross-section to the pseudo-group orbits. Given
z(n) ∈ V(n), define ρ(n)(z(n)) ∈ H(n) to be the unique groupoid jet such
that τ̃ττ (n)(ρ(n)(z(n))) ∈ K(n). Then ρ(n) : J(n) → H(n) is a (right) moving
frame for G defined on an open subset of V(n).
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Equivariant Moving Frames

Theorem

Suppose G(n) acts freely and regularly on V(n) ⊂ J(n). Let K(n) ⊂ V(n)

be a (local) cross-section to the pseudo-group orbits. Given
z(n) ∈ V(n), define ρ(n)(z(n)) ∈ H(n) to be the unique groupoid jet such
that τ̃ττ (n)(ρ(n)(z(n))) ∈ K(n). Then ρ(n) : J(n) → H(n) is a (right) moving
frame for G defined on an open subset of V(n).

t
t

K(n) z(n) = σ̃σσ(n)(ρ(n)(z(n))) = (σσσ(n)(g(n)))(n)

τ̃ττ (n)(ρ(z(n))) tg(n) · z(n)

Figure: Moving frame.
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Equivariant Moving Frames

Moving Frame Construction

Compute
Ûα

J = DJ
X Uα, DJ

X = DX j1 · · ·DX j#J ,

where DX i =
∑p

j=1 W i
j Dx j , (W i

j ) = (Dx i X j)−1.

Fix rn transformed coordinates (X , Û(n)) = F (n)(z(n),g(n)) to be
constant

F1(z(n),g(n)) = c1 . . . Frn (z(n),g(n)) = crn .

Solve the normalization equations for the pseudo-group
parameters g(n) = g(n)(z(n)).
The n-th order moving frame is given by

ρ(n)(z(n)) = (z(n),g(n)(z(n))).
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constant

F1(z(n),g(n)) = c1 . . . Frn (z(n),g(n)) = crn .

Solve the normalization equations for the pseudo-group
parameters g(n) = g(n)(z(n)).
The n-th order moving frame is given by

ρ(n)(z(n)) = (z(n),g(n)(z(n))).

Francis Valiquette Infeld-Rowlands Equation 02/12/2009 14 / 34



Equivariant Moving Frames

Moving Frame Construction

Compute
Ûα
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Equivariant Moving Frames

Invariantization

Definition

The lift of a differential form ω ∈ Λ∗(J(∞)) is the jet form

λλλ(ω) = πJ((τ̃ττ (∞))∗ω).

Definition

Let ρ(∞) : J(∞) → H(∞) be a complete moving frame. The
invariantization of ω ∈ Λ∗(J(∞)) is the invariant differential form

ι(ω) = (ρ(∞))∗[λλλ(ω)].

In particular

ι(x i ,uαJ ) = (H i , IαJ ), i = 1, . . . ,p, α = 1, . . . ,q, #J ≥ 0.

Francis Valiquette Infeld-Rowlands Equation 02/12/2009 15 / 34



Infeld-Rowlands Equation

Infeld-Rowlands Equation

The infinitesimal determining system of the Infeld-Rowlands equation

∆IR = ut + 2uxuxx + uxxxx + uxy = 0

for a symmetry generator

v = ξ(x , y , t ,u)∂x + η(x , y , t ,u)∂y + τ(x , y , t ,u)∂t + φ(x , y , t ,u)∂u,

is

ξt = ξu = 0, ξxx = ξxy = 0, ηx = ηt = ηu = 0,
ηy = 3ξx , τx = τy = τu = 0, τt = 4ξx ,

φu = −ξx , φx =
1
2
ξy , φt = −1

2
ξyy .
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Infeld-Rowlands Equation

Pseudo-Group Action

The solution is

ξ(x , y , t ,u) =λx + f (y),

η(x , y , t ,u) =α + 3λy ,
τ(x , y , t ,u) =ε+ 4λt ,

φ(x , y , t ,u) =− λu +
x
2

f ′(y)− t
2

f ′′(y) + g(y),

with pseudo-group action

X =λx + F (Y ),

Y =λ3y + α,

T =λ4t + ε,

U =
u
λ

+
X
2

F ′(Y )− T
2

F ′′(Y ) + G(Y ).
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Infeld-Rowlands Equation

Lifted Differential Operators

Lifted horizontal coframe

dHX = λdx + λ3F ′(Y )dy , dHY = λ3dy , dHT = λ4dt .

Lifted differential operators

DX =
1
λ

Dx , DY =
1
λ3 (−λ2F ′(Y )Dx + Dy ), DT =

1
λ4 Dt .
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Infeld-Rowlands Equation

Prolonged Pseudo-Group Action

ÛX =
ux

λ2 +
1
2

F ′(Y ),

ÛY = −ux

λ2 F ′(Y ) +
uy

λ4 +
X
2

F ′′(Y )− T
2

F ′′′(Y ) + G′(Y ),

ÛT =
ut

λ5 −
1
2

F ′′(Y ),

ÛXX =
uxx

λ3 ,

ÛXY = −
uxy

λ3 F ′(Y ) +
uxy

λ5 +
1
2

F ′′(Y ),

ÛYY = −uxx

λ3 F ′(Y )2 − 2
uxy

λ5 F ′(Y ) +
uyy

λ7 +
X
2

F ′′′(Y )

− T
2

F ′′′′(Y ) + G′′(Y ),
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Infeld-Rowlands Equation

ÛXT =
uxt

λ6 ,

ÛTT =
utt

λ9 ,

ÛYT = −uxt

λ6 F ′(Y ) +
uyt

λ8 −
1
2

F ′′′(Y ),

...

ÛXXXX =
uxxxx

λ5 ,

...
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Infeld-Rowlands Equation

Normalization

Cross-section:

ÛXX = 1, X = Y = T = U = ÛX = ÛTY k = ÛY k+1 = 0,

k ≥ 0.
Normalized pseudo-group parameters:

λ = u1/3
xx , α = −yuxx , ε = −tu4/3

xx ,

F (Y ) = −xu1/3
xx , G(Y ) = − u

u1/3
xx

F ′(Y ) = −2
ux

u2/3
xx

,

G′(Y ) = −
2u2

x + uy

u4/3
xx

, F ′′(Y ) = 2
ut

u5/3
xx

,

...
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Infeld-Rowlands Equation

Normalized Differential Invariants

I1,1,0 =ι(uxy ) = 2
ux

u2/3
xx

+
uxy

u5/3
xx

+
ut

u5/3
xx

,

I1,0,1 =ι(uxt ) =
uxt

u2
xx
,

I0,0,2 =ι(utt ) =
utt

u3
xx
,

...

I4,0,0 =
uxxxx

u5/3
xx

,

...
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Recurrence Formulas for Normalized Differential Invariants

Recurrence Formula

Theorem

Let ω ∈ Λ∗(J(∞)), then

d [ι(ω)] = ι[dω + v(∞)(ω)].

Definition
The lift of a vector field jet coordinate is

λλλ(ζa
J ) = µa

J , a = 1, . . . ,m, #J ≥ 0,

and more generally,

λλλ

 m∑
a=1

∑
#J≤n

ζa
Jω

a
J

 =
m∑

a=1

∑
#J≤n

µa
J ∧ λλλ(ωa

J ), ωa
J ∈ Λ∗(J(∞)).
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Recurrence Formulas for Normalized Differential Invariants

Theorem
The recurrence formulas for the normalized invariants are

p∑
j=1

(DjH i)$j = πH(ι[dx i + ξi ]) = $i + πH(ι(ξi)), i = 1, . . . ,p,

p∑
j=1

(Dj IαJ )$j = πH(ι[

p∑
j=1

uαJ,jdx j + θαJ + φαJ ]) =

p∑
j=1

IαJ,j$
j + πH(ι(φαJ )),

where α = 1, . . . ,q, #J ≥ 0, $i = ι(dx i) and Di are the dual invariant
differential operators to $i , i = 1, . . . ,p.
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Recurrence Formulas for Normalized Differential Invariants

Commutation Relations

From the recurrence relations

dH$
k =πH(dι(dxk )) = πH(ι[d2xk + dξk ]) = πH(ι[dξk ])

=
∑

1≤i<j≤p

Ck
ij $

i ∧$j ,

k = 1, . . . ,p, we obtain the commutator relations

[Di ,Dj ] = −
p∑

k=1

Ck
ijDk .
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Recurrence Formulas for Normalized Differential Invariants

Infeld-Rowlands Equation (Continuation)

DX =
1
λ

Dx , DY =
1
λ3 (−λ2F ′(Y )Dx + Dy ), DT =

1
λ4 Dt .

λ = u1/3
xx ⇓ F ′(Y ) = −2

ux

u2/3
xx

D1 =
1

u1/3
xx

Dx , D2 =
1

uxx
(2uxDx + Dy ), D3 =

1

u4/3
xx

Dt .
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Recurrence Formulas for Normalized Differential Invariants

Prolonged Vector Field Coefficients

Let

v =

p∑
i=1

ξi(x ,u)
∂

∂x i +

q∑
α=1

φα(x ,u)
∂

∂uα

be an infinitesimal symmetry generator, then the prolonged vector field
coefficients are given by the recursive formula

φJ,j
α = Djφ

J
α −

p∑
i=1

Djξ
i · uαJ,i .

For the Infeld-Rowlands equation

φx =
1
2
ξy − 2ξxux , φy = φy − 4ξxuy − ξy ux , φt = −1

2
ξyy − 5ξxut ,

φxx = −3ξxuxx , φxy =
1
2
ξyy − 5ξxuxy − ξy uxx , φxt = −6ξxuxt ,

φyy = φyy − 7ξxuyy − 2ξy uxy , φtt = −9ξxutt , φyt = −1
2
ξyyy − 8ξxuyt − ξy uxt .
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Recurrence Formulas for Normalized Differential Invariants

Recurrence Relations

Let

νk = πH ◦ ι(ξyk ), µk = πH ◦ ι(φyk ), k ≤ 0,

γ = πH ◦ ι(ξx ), α = πH ◦ ι(η), β = πH ◦ ι(τ),

then the recurrence relations are given by

0 = $1 + ν0,

0 = $2 + α,

0 = $3 + β,

0 = µ0,

0 = $1 + I1,1,0$2 + I1,0,1$3 +
1
2
ν1,

0 = I1,1,0$1 + µ1,

0 = I1,0,1$1 + I0,0,2$3 − 1
2
ν2,
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Recurrence Formulas for Normalized Differential Invariants

0 = I3,0,0$1 + I2,1,0$2 + I2,0,1$3 − 3γ,
3∑

i=1

Di I1,1,0 = I2,1,0$1 + I1,2,0$2 + I1,1,1$3 +
1
2
ν2 − 5I1,1,0γ − ν1,

3∑
i=1

Di I1,0,1 = I2,0,1$1 + I1,1,1$2 + I1,0,2$3 − 6I1,0,1γ,

0 = I1,2,0$1 + µ2 − 2I1,1,0ν1,

0 = I1,1,1$1 + I0,1,2$3 − 1
2
ν3 − I1,0,1ν1,

3∑
i=1

Di I0,0,2 = I1,0,2$1 + I0,1,2$2 + I0,0,3$3 − 9I0,0,2γ,

...
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Recurrence Formulas for Normalized Differential Invariants

ν0 = −$1,

α = −$2,

β = −$3,

µ0 = 0,

µ1 = −I1,1,0$1,

ν1 = −2($1 + I1,1,0$2 + I1,0,1$3),

ν2 = 2(I1,0,1$1 + I0,0,2$3),

γ =
1
3

(I3,0,0$1 + I2,1,0$2 + I2,0,1$3),

µ2 = −I1,2,0$1 − 4I1,1,0($1 + I1,1,0$2 + I1,0,1$3),

ν3 = 2I1,1,1$2 + 2I0,1,2$3 + 4I1,0,1($1 + I1,1,0$2 + I1,0,1$3),

...
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D1I1,1,0 =I2,1,0 + I1,0,1 −
5
3

I1,1,0I3,0,0 + 2,

D2I1,1,0 =I1,2,0 −
5
3

I1,1,0I2,1,0 + 2I1,1,0,

D3I1,1,0 =I1,1,1 + I0,0,2 −
5
3

I1,1,0I2,0,1 + 2I1,0,1,

D1I1,0,1 =I2,0,1 − 2I1,0,1I3,0,0,
D2I1,0,1 =I1,1,1 − 2I1,0,1I2,1,0,
D3I1,0,1 =I1,0,2 − 2I1,0,1I2,0,1,
D1I0,0,2 =I1,0,2 − 3I0,0,2I3,0,0,
D2I0,0,2 =I0,1,2 − 3I0,0,2I2,1,0,
D3I0,0,2 =I0,0,3 − 3I0,0,2I2,0,1.

We can express the differential invariants I2,1,0, I1,2,0, I1,1,1, I2,0,1, I1,0,2,
I0,1,2, I0,0,3 and I0,0,2 in terms of I1,1,0, I1,0,1 I3,0,0 and their invariant
derivatives
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Commutation Relations

[D1,D2] =

(
I2,1,0

3
+ 2
)
D1 − I3,0,0D2,

[D1,D3] =
I2,0,1

3
D1 −

4
3

I3,0,0D3,

[D2,D3] = −2I1,0,1D1 + I2,0,1D2 −
4
3

I2,1,0D3.

Hence

[D1,D3]I1,0,1 =
1
3

(D1I1,0,1 + 2I1,0,1I3,0,0)D1I1,0,1 −
4
3

I3,0,0D3I1,0,1.

Provided that I1,0,1D1I1,0,1 − 2D3I1,0,1 6= 0

I3,0,0 =
3

2I1,0,1D1I1,0,1 − 4D3I1,0,1

(
[D1,D3]I1,0,1 −

(D1I1,0,1)2

3

)
.
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Generating Set

Proposition
The algebra of differential invariants for the Infeld-Rowlands equation
is generated by

I1,1,0 and I1,0,1

(and the invariant differential operators D1, D2 and D3)

Recall

I1,1,0 =ι(uxy ) = 2
ux

u2/3
xx

+
uxy

u5/3
xx

+
ut

u5/3
xx

,

I1,0,1 =ι(uxt ) =
uxt

u2
xx
,

and

D1 =
1

u1/3
xx

Dx , D2 =
1

uxx
(2uxDx + Dy ), D3 =

1

u4/3
xx

Dy .
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