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Submanifold Jets

Let M be an m-dimensional manifold.

Definition

The space of extended n-jets of p-dimensional submanifolds of M at a
point z € M, J"(M, p)|, = J("|;, is given by the space of germs of
p-dimensional submanifolds of M passing through z modulo the
equivalence relation of n-th order contact.

Locally, a p-dimensional submanifold S ¢ M is given by
z=(x",... . x"u'(x),...,u9x)), p+qg=m.
In those adapted coordinates, the n-th submanifold jet coordinates are

2" = 8|, = (x, uM).
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n-th Diffeomorphism Jet Bundle

D = D(M) = pseudo-group of all local diffeomorphisms.

The n-th diffeomorphism jet bundle D(") consists of the equivalence
classes of diffeomorphisms under the equivalence relation

1 0%
da) ~blz) = 3 D
0<#J<n

J 1 0%y
z—2) =
ZO( 0) > 7 .

0<#J<n '

Let Z = ¢(2) € D, local coordinates on D) are indicated by (z, Z(").
@ Source map: z = a("(z,Z(M).
@ Target map: Z = 7("(z,Z(").
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Lie Pseudo-Groups

G C D is called a Lie pseudo-group if 3 n* > 1 such that V finite n > n*:

e ¢(" < D forms a smooth, embedded subbundle,
o 1. gt _, G is a bundle map,

@ every smooth local solution Z = ¢(z) to the determining system
G belongs to G,

o G = pr(n=m)G(n") is obtained by prolongation.
The minimal value of n* is called the order of the Lie pseudo-group.

9" = (z,9(") indicates the local coordinates of a jet g(" € G(", with
the pseudo-group parameters g(") = (915, 9m)-
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Example of a Lie Pseudo-Group

The collection of transformations of R? given by
1 /
X = f(x), Y = f(x)y + g(x), U:u+w

where
f(x) e D(R),  g(x) € C*(R),
is a Lie pseudo-group with first order determining system

)(}/:Xu:\/uzo7 YX:(U_U)XX, Uu:1,

and
g = (X, Y, Xy, Yi, Xexs Yax)-
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n-th Regularized Jet Bundle (n-th Lifted Bundle)

Definition

The local coordinates of the n-th regularized jet bundle (" are
(z(n)’ g(n)), where Wg(z(n)) = a(n)(g(n)).
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n-th Regularized Jet Bundle (n-th Lifted Bundle)

Definition

The local coordinates of the n-th regularized jet bundle (" are
(z(n)’ g(n)), where Wg(z(n)) = a(n)(g(n)).

@ G acts! on H(M:

g (2",h™) = (g - 2™, h("(g~")") = (g 2)™), (hg ™))

"Throughout the talk, mathematical expressions are assumed to be true only when
they make sense

Infeld-Rowlands Equation 02/12/2009  7/34



UNIVERSITY OF MINNESOTA

. Driven to Discover Lifted Bundle

n-th Regularized Jet Bundle (n-th Lifted Bundle)

Definition

The local coordinates of the n-th regularized jet bundle (" are
(z(M, g(M), where Wg(z(n)) =a(M(gM).

@ G acts! on H(M:

g (2",h™) = (g - 2™, h("(g~")") = (g 2)™), (hg ™))

@ H(" has a groupoid structure:

aM(z(M gMy =z, 7N (2N gy = g . z(M,

"Throughout the talk, mathematical expressions are assumed to be true only when
they make sense
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Lifted Invariants

Definition

A function /(z(", g(") is said to be a lifted invariant if

h- 120", g™y = I(h(" . 2D g (h=1)M) = j(z(7) gy, vh e g.
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Lifted Invariants

Definition

A function /(z(", g(") is said to be a lifted invariant if

h- 120", g™y = I(h(" . 2D g (h=1)M) = j(z(7) gy, vh e g.

The components of 7 (z(M, g(M) = g(" . z(" are lifted invariants:

(n) . 5(n) (M (h=11(") . K(M (1) _ o(n) . H(n)
h-(g )=9g"(h™ )Y . h\"z g'”.z\".
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Lifted Invariant Differential Operators
On H()
dyX' = ZDX,-X"dxf, i=1,...,p,

is a contact invariant horizontal coframe on the open dense set where
det(D,.X’) # 0.
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Lifted Invariant Differential Operators
On H() )
dyX'=> " DyX'ax, i=1,...,p,
j=1

is a contact invariant horizontal coframe on the open dense set where
det(D,;X’) # 0. The dual invariant differential operators are

p
Dy =Y WDy, (W) = (DuX"),
=1
i.e. for F: H(®) & R,

p
dyF =) DyiF duX'.

i=1
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Repeated applications of the differential operators
p . . .
Dyi=» WDy, (W)= (DuX)",
j=1

to the target coordinates U* gives the explicit expressions for the
transformed submanifold jet coordinates

~

Ui =g uf = DYU* = Dyji -+ D, U,

wherea=1,...,9,J=(",...,/*)and #J = k > 0.
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Some Definitions

The pseudo-group G acts freely at z(" e J() jf gi’]n)) = {1, and
locally freely at z(") if gg’n)) is a discrete subgroup of gg”). The
pseudo-group G is said to act (locally) freely at order n if it acts (locally)
freely on an open subset V() ¢ J(" called the set of regular n-jets.

Definition
A cross-section to the pseudo-group orbits is a transverse submanifold
to the orbits of complementary dimension.

v

Infeld-Rowlands Equation 02/12/2009  11/34



UNIVERSITY OF MINNESOTA

. Driven to Discover Equivariant Moving Frames

Equivariant Moving Frame

Definition

A right moving frame p(") of order n is a right G("-equivariant local
section of the bundle H(M — J( ie. p(M : J) — K" satisfies

(M) (oM (2(M)) = 2" PN (g™ . My = p(M (M. (g(M)~T
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Equivariant Moving Frame

Definition

A right moving frame p(") of order n is a right G("-equivariant local
section of the bundle H(M — J( ie. p(M : J) — K" satisfies

M (pM (M) = 2 Mg . My = p(M (MY . (g(M)~

Theorem

| A\

Suppose G acts freely and regularly on V(" c J( . Let K(M) < p(m
be a (local) cross-section to the pseudo-group orbits. Given

zZ(M e v, define p(M(z(") e H(" to be the unique groupoid jet such
that 7 (p(M(z(M)) € KM, Then p™ : J(M — K™ js a (right) moving
frame for G defined on an open subset of V(.
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Suppose G acts freely and regularly on V(" c J Let KK(M) c V(")
be a (local) cross-section to the pseudo-group orbits. Given

z(M e v, define p(M(z(") € H(") to be the unique groupoid jet such
that 7 (p(M(z(M)) € KM, Then p™ : J(M — K™ s a (right) moving
frame for G defined on an open subset of V(.

;(”)(p(z(n))) g . z(n

Ko | 2 — g () — (o) (g(M))n)

Figure: Moving frame.
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Moving Frame Construction

@ Compute
o J | jo J
J :DXU 5 DX:DXI "'DX/'#J,

where Dyi = 337 WDy, (W) = (DuX))".
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Moving Frame Construction

@ Compute R
§ =DxU® Dy =Dy Dy,
where Dy = Y0 WiD,;, (W)= (DuXi)~".
@ Fix r, transformed coordinates (X, UM) = F(M(z(M, g(M) o be
constant

Fi(z", gM) = ¢ . R (2 gMy = ¢, .
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Moving Frame Construction

@ Compute R
§ =DxU® Dy =Dy Dy,
where Dy = Y0 WiD,;, (W)= (DuXi)~".
@ Fix r, transformed coordinates (X, UM) = F(M(z(M, g(M) o be
constant

Fi(z", gM) = ¢ . R (2 gMy = ¢, .

@ Solve the normalization equations for the pseudo-group
parameters g(" = g("(z("),
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. Driven to Discover Equivariant Moving Frames

Moving Frame Construction

@ Compute R
§ =DxU® Dy =Dy Dy,
where Dy = Y0 WiD,;, (W)= (DuXi)~".
@ Fix r, transformed coordinates (X, UM) = F(M(z(M, g(M) o be
constant

Fi(z", gM) = ¢ . R (2 gMy = ¢, .

@ Solve the normalization equations for the pseudo-group
parameters g(" = g("(z("),

@ The n-th order moving frame is given by
pN(ZMY = (2N, gM(z(MY).
Infeld-Rowlands Equation 02/12/2009  14/34



UNIVERSITY OF MINNESOTA

. Driven to Discover Equivariant Moving Frames

Invariantization

The lift of a differential form w € A*(J(*)) is the jet form

Aw) = my(F))*w).

v

Let p(®) : J(>0) — 1(>°) be a complete moving frame. The
invariantization of w € A*(J(*) is the invariant differential form

(w) = (P W)

In particular

X ug)=(H19), i=1,...,p, a=1,...,q, #J>0.
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Infeld-Rowlands Equation

The infinitesimal determining system of the Infeld-Rowlands equation
A/R = Ut + 2UXUXX + Uxxxx + ny = O
for a symmetry generator

v =_4(x,y, t,u)ox +n(x,y,t,u)d, + 7(x, y, t,u)0t + ¢(x,y,t,u)0y,

§&=8& =0, fxngxyzoa nx =nt=nu =0,
Ny = 3Ex, Tx =Ty = Tu = 0, Tt = 4&x,

1 1
¢U = _§X7 ¢X = §£Y7 ¢l’ = _Eg}/}/'
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Infeld-Rowlands Equation

Pseudo-Group Action

The solution is

§(x,y, tu) =Ax + f(y),
n(x,y,tu) =a+ 3Ny,
T(X,y, t,u) =e + 4\t
) =

t
By, t,u) == M+ 5 1(y) = 51"(9) + 9);

with pseudo-group action
X =Xx+ F(Y),
Y =23y + q,
T =\t +e,
u X, T_,
U_A+ 2F(Y)— 2F (Y)+ G(Y).

02/12/2009
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Lifted Differential Operators

@ Lifted horizontal coframe
duX = Xdx + A3F'(V)dy,  dyY =X3dy,  dyT = \dt.
@ Lifted differential operators

1 1
Dx=Dx,  Dy= F(—)\ZF’(Y)DX +Dy), Dr=—
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Prolonged Pseudo-Group Action

a2 2
Uy = —%F’(Y) + % + gF”(Y) - ;F’”(Y) +G(Y),
Or =2 2F/(v),
UXX = %7
Uxy = —%F'(Y) + % + %F”(Y),
Uyy = —%F'(Y)2 - Z%F’(Y) + % + gF”’(Y)
- ;F””(Y) +G'(Y),

Infeld-Rowlands Equation 02/12/2009
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T Uxt

Uxr = 15>

a Uit

UTT = F?

= Uxt Uyt 1

Uyt = —/\—’gF’(Y) A—g - 5F"(Y),
z Uxxxx

Infeld-Rowlands Equation
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Normalization

@ Cross-section:

UXX:1, X:Y:T:U:UX:UTyk:Uyk+1:O,

k > 0.
@ Normalized pseudo-group parameters:
A=ug® a= -y, e=—tuy’,
u u
FO=-xud’.  GY)=-—5 F(Y)=-255
UXX UXX
2u2 +u u
/ - X y 11 _ t
G(Y)=-"E%,  F(Y)=2—5
UXX UXX
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Normalized Differential Invariants

Uy Uxy Ut
hao=uy) =255+ <5+ =75
UXX UXX UXX
Uxt
ho1 =u(ux) = —,
uXX
Ut
loo2 =t(un) = —-,
UXX
lo0 = Uxxxx
00 ="/
uXX

Infeld-Rowlands Equation 02/12/2009  22/34



UNIVERSITY OF MINNESOTA

. Driven to Discover Recurrence Formulas for Normalized Differential Invariants

Recurrence Formula
Letw € N*(J(), then

d[u(w)] = [dw + v (W)].

v

The lift of a vector field jet coordinate is

() = g, a=1,....,m, #J >0,

and more generally,

m m
AT ] =3 3 mEAAWD,  wle AU,

a=1+#J<n a=1+#J<n

v
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The recurrence formulas for the normalized invariants are

p
> (DH)@ = ry(lax’ + &) =@ +ap(u&)),  i=1,....p,
J=1

p p
(D) = mn(ul) g o +65 +¢31) = Y 15 + n(e(65)),
1 j=1 j=1

M*c

~.
Il

wherea =1,...,q, #J > 0, @' = (dx’) and D; are the dual invariant
differential operatorstow', i =1,...,p.
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Commutation Relations

From the recurrence relations
dye® =mp(di(axk)) = mu(e[aPx* + dgk]) = mp(:[dek))
- Y Chwinw,

1<i<j<p
k=1,...,p, we obtain the commutator relations

p
[Di,Dj] = =) CiDx.
k=1
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Infeld-Rowlands Equation (Continuation)

1 1 1
Dx=Dx,  Dy= F(—)@F’(Y)DX +Dy),  Dr=3D
A=ul b P =255

UXX
D= p D 1(2uD+D) Ds=— D
1= ) R= — ) 3 = t
uf g Uy’

Infeld-Rowlands Equation 02/12/2009  26/34



UNIVERSITY OF MINNESOTA

. Driven to Discover Recurrence Formulas for Normalized Differential Invariants

Prolonged Vector Field Coefficients

Let
p

0
(x,u)=— (X, u)=—
,z; 8 it Z $alX, U) 5
be an infinitesimal symmetry generator, then the prolonged vector field

coefficients are given by the recursive formula
p
¢a) = Djo — Y _ Dig’ - u;.
i=1

For the Infeld-Rowlands equation

1 1
P = Eﬁy — 28y Uy, ¢ = by — 4foy — &y Uy, ¢t = *Eﬁyy — 5&xu,

1
¢ = —3&Uxy, PV = Efyy — B&xUyy — Eylxy, ¢Xt = —6&x Uy,

1
Y = Dy — 7gxuyy - zfyuxyv ¢ﬂ = —9¢& Uy, <Z5yt = _éfyyy - 8ngyt — &y Uyt
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Recurrence Relations

Let
Vk:WHOL("Syk): Mk:TFHOL((py’()v kSO7
v =y o t(éx), a = myoun), B =7y o (1),
then the recurrence relations are given by

0=+,

0=w?+aq,
0=w’+3,
0::“’07

1
0=w'+ /17170w2 + /1,071w3 + §V1,

0=l1ow + 1,

]
0=ho1w +loew® — 52

Infeld-Rowlands Equation 02/12/2009
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0=hoow' + h1ow”+ boiw — 37,

3
’
ZDilm,o = bh1ow' + h20@" + h11@° + 5v2 Sh10v —v1,
P

3
1 2 3

> Dihot =hoi@' + hi1%° + 02w — 6k 017,
i=1

]
0=hoow + p2—2h1ov1,

1

1 3

O=h11@w +l1ow” — 5V8 ~ ho1v4,
3

1 2 S
> Diloo2 = hozw' + l12@” + loosw’ — 9027,

i=1
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1/0— —w1,
« w2,
/6_ _wsa
po = 0,
]
p1=—h1ow,
= -2 1 / 2 | )
vi=—2(w' + h1ow”+ ho1w°),

vo=2(ho 1w + lpo2w),
1
v = §(/3,o,ow1 + b1 0w + b 1),

pe = —hoow' —4h1o(w@ + h10w® + ho1@°),
Vg = 2/1’1’1132 + 2/0,1,2w3 + 41 0.1 (w1 + /1,170w2 + ’0’1w3),
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5
/ I 2
3110800 + 2,

Diho=kio+ho1—

5
Doy 10 =h2o0 — 5/1,1,0/2,1,0 + 2 1,0,

5
D3l1o=h11+lo2— 3/1,1,012,0,1 +2ho1,

Diho1 =ko1—2ho,1h0,0,

Dol =h11—2ho1k10,

D3ho1=ho2—2h01ko,,

D1loo2 =ho2 —3l,02k00,

Dsloo2 =l12 — 3,02k 10,

D3ly0,2 =l03 —3lb,02k01-
We can express the differential invariants /27170, /1 2,0 /171’1, /270’1, /1 ,0,2
/0,172, /0,073 and /0’0,2 in terms of I1,170, I ,0,1 I37070 and their invariant
derivatives
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Commutation Relations

[D1,Dy] = ( ) D1 — l3,0,0Do,
01, 4

Dy, D3| = — —1 D

[D1, D3] = 3 31,0003,

4
[D2, D3] = —21101D1 + b o 1D2 — 5’2,1,01)3-

Hence
1 4
[D1, D3]l 0,1 = 5(171 lo1+2h01k00)D1ho1 — 5/3,0,0173/1 01
Provided that / o 1D1l1 9.1 — 2D3l1 g1 # 0

3
2l 01D1h o1 —4D3li o4

Infeld-Rowlands Equation 02/12/2009  32/34
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Generating Set

Proposition

The algebra of differential invariants for the Infeld-Rowlands equation
is generated by

hio and honq

(and the invariant differential operators D1, D, and Dj3)

Recall
UX ny U[
h10=t(Uxy) =2 53 T +
T 3 5/3 5/3°
B P
Uxt
o =t(ux) = —5,
uXX
and
1 1 1
D1 == 1_/3DX; D2 == —(2UXDX + Dy), D3 — 4—/3Dy
UXX X UXX
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