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Equivalence Problem

Definition
Let M and M be two

@ smooth manifolds (with maybe extra structure, e.g. a Riemannian
metric),

@ variational problems,

o differential systems,

°.

they are said to be locally equivalent if there exists a local diffeomorphism

d:M— M.

Question: Given M and M (in local coordinates), how can we determine if
they are locally equivalent? (Obviously dim M = dim M = m!)
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Differential Operator
Let M be a differential manifold with local coordinates x = (x!,...,x™).
The differential of the one-form

is

dH—de(x)/\dx —Zza (dx/ Ndx' = —dx' Adx)).

i=1 j=1

More generally, the differential of an r-form
W= D Fi (0N AT
1< <<ir<m

where {#": i =1,...,m} is a basis of one-forms, is
dwo= Y (dfy i )AOTA- N0 (x)dOT AN AT

1<p<-<ir<m

— fy i (VO ANdOR A AT (1) ()0 A O A A dOT)
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Coframe

Definition
Let M be a smooth m-dimensional manifold. A coframe on M is an

ordered set of 1-forms {#1,..., 6™} which forms a basis of T*M|,
Vx € M.

61, ...,0™ are linearly independent if
OLANGP A AOT £0.

Definition
The structure equations of a coframe are

do’ = Z T AOK, i=1,....m.

<j<k<m

The Tfk are referred to as the structure coefficients of the coframe.
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Example
The two 1-forms
01 = A(x,y)dx + B(x,y)dy, 6>= C(x,y)dx + D(x,y)dy,
form a coframe on R? if and only if they are linearly independent
0+# 6' A 6% = (AD — BC)dx A dy.

Hence we must have
AD — BC # 0.

The structure equations are
do* =dA A dx + dB Ady = (—A, + By)dx A dy = JO* A 62,
df? =dC A dx +dD A dy = (—C, + Dy)dx A dy = KO' A 62,

where
B, — A,

~ (AD - BC)’
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Pull-Back of Differential Forms

Let M and M be two manifolds with local coordinate systems
x=(x%,...,x™), and X = (x,...,X™) respectively. The pull-back of the

one-form

*(N | (9(1)’
O*(0) = ) Fi(®(x)dd (x) =D > Fi(P(x)) i dx/
i=1 i=1 j=1
More generally, the pull-back of an r-form
w = Z ?,’17”.7,}(7)51'1 VANRIEIAN éir

1<ii<-<ir<m

O@) = Y Fai(®(x) (@) A A STE),

1< <-<ir<m
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Example

Consider the map
O:R? =R (x,y) — (x7) = (307,
The pull-back of the differential form

w = Xdy + ydx

o*(w) = x2d(y*) + y3d(x?)
= 3x%y2dy + 2y3xdx.
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Equivalence of Coframes

Let 6 = {6',...,0™} be a coframe on M and 6 = {51, ...,8"} a coframe
on M. The equivalence problem of coframes consists of determining if
there exists a diffeomorphism

P M—-M

such that » .
0 =0, i=1,...,m.
If 6 is equivalent to 6 then
S TP A =do' =07df = Y T (0(x)# A6k,
1<j<k<m 1<j<k<m
Hence .
T

«(3) = Ti(x), x= ().

The Tfk are called invariants of the equivalence problem.
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Dual Differential Operators to a Coframe
Definition

The coframe derivative d,: associated to the coframe #', i =1,...,m, on
an m-dimensional manifold M are defined by the equality

OF OF .
4F() = ,1591 2 e

The second equality gives the explicit expression of Jyi in a chart
coordinatized by x = (x!,...,x™). Suppose

ZW )dx/, i=1,....m,

then

O "=, O :
89[.—.ZMI-(X)$, I—].,...,m7

iy — iy—1
where (M;) = (W/)™".
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Example

The coframe derivatives associated to the coframe

01\  (Adx+ Bdy\ (A B\ (dx
<92) - <Cdx+ Ddy) - (C D) <dy>’ AD - BC #0,

are
o\ (A C\ /3 1 D —C\ [0
99) ~\B D d,) AD—BC\-B A )\9,)’
i.e.
Oy ——1 (D, — CB,)
% TAD —BC'\TX yh
1
802 :AD——BC(_BaX + Aﬁy)
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Derived Invariants

Let /(x) be a scalar invariant function, such that /(X) = /(®(x)) = I(x),

then m mo -
S i = di = ovdT =3 2L (o))
— 9v' — 90’
i=1 i=1
So
Bl al

are also invariant scalar functions.
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Structure Map
Let ', i=1,...,m, be a coframe on M such that

do'= Y T nok.

1<j<k<m

Definition
The scalar functions

T,
90901 ... oo’

are called structure invariants.

T, = o= (i,j,kh,....1ls),

Definition
The s-th order structure map associated with a coframe 6 on M is the

map T) : M — R() whose components are the structure invariants
T,(x) of order o <'s.

v
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Signature

Definition
The s-th order signature S() = S()(8, U) associated with § on an open
subset U C M is defined as the image of the structure map T(5):

S = {TO)(x) : x € U} c R,

Definition
A coframe 6 is called fully regular if, for each s > 0, the s-th order
structure map T() : M — R() is regular.

Definition

Let F be a family of smooth real-valued functions f : M — R. The rank
of F at a point x € M is the dimension of the space spanned by their
differentials. The family is regular if its rank is constant on M.
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Theorem

Let @ and 6 be smooth, fully regular coframes, defined, respectively, on
m-dimensional manifolds M and M. There exists a local diffeomorphism
® : M — M mapping the coframes to each other, *0 = @ if and only if
for each s > 0

SE)(9) = $4)(0).

Proposition

Let 6 be a fully regular coframe, and let ps denote the rank of the s-th
order structure map T(). The smallest s for which ps = ps,1 is called the
order of the coframe, and we have

0<po<pr<p2<:++<ps=pPsg1=pPsy2="--=r<m

The stabilizing rank r is referred to as the rank of the coframe.
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Theorem

Let 0 and 6 be smooth, fully regular coframes defined, respectively, on
m-dimensional manifolds M and M. There exists a local diffeomorphism
® : M — M mapping the coframes to each other, ®* = 0, if and only if
they have the same order order’s = s, and their (s + 1)-signatures
SE+1(9) and SGH1(6) overlap.

Corollary

Let 0 and 6 be two coframes of rank zero defined, respectively on M and
M, having the same constant structure functions. Then, for any xo € M
and Xo € M, there exists a unique local diffeomorphism ® : M — M such
that Xo = P(xp) and

&0 =0,  i=1,....m
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Example

Does there exist a change of variables mapping the coframe (defined on
{(x,y) i x+y>0})

01 _ dX 92 _ 2dy

x+y’ X+y

w0 2dx 4dy
o= =L

Xty Xty
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Example

Does there exist a change of variables mapping the coframe (defined on
{(x,y) i x+y>0})

01 _ dX 92 _ 2dy

x+y’ X+y

o 2% ady
9l =20 g =Y

Xty Xty

Answer: No.
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Example

Does there exist a change of variables mapping the coframe (defined on
{(x,y) i x+y>0})

01 _ dX 92 _ 2dy
x+y’ X+y
to . -
51 _ _2dx_’ 52 _ _4dy_?
Xty Xty
Answer: No. Since
B« — A, 1 D, - C
J (AD - BC) 2’ (AD — BCQ) ’
and L L
(AD - BC) 4 ~ (AD - BC) 2
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General Equivalence Problem

Definition

Let G C GL(m) be a Lie group. Let w and W be coframes defined,
respectively on m-dimensional manifolds M and M. The G-valued

equivalence problem consists of determining if there exists a (local)
diffeomorphism ® : M — M and a G-valued function g : M — G such that

o'W = g(x)w.

What is going on?

@ Suppose there exist a diffeomorphism ® : M — M. The probability that one
is able to come up with two coframes w, and @ such that ¢*(@') = w',
i=1,...,mis very low.

@ It is more probable that the chosen coframes will satisfy a linear relation of
the form ¢*w = g(x)w.

@ How can one choose g(x) and g(X) such that the new coframes 6 = g(x)w,
0 = g(X)w satisfy CD*(?i) = 0'. (Cartan to the rescue!l!)

@ The problem has been reduced to the equivalence problem of coframes.
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Proposition
Let G C GL(n), a basis for the space of Maurer-Cartan forms are found
among the entries of the matrix 1-forms

y=dg-g .

1

The matrix of one-forms v = dg - g~ is right invariant since

Ri(dg-g ") =d(gh)(gh)™* = (dg)hh'g ' =dg-g~".

Example
The Maurer-Cartan form of

S0(2) = {g: ( cosf 5"‘") .0 GR}

—sinf cos6

is found as the entry of the matrix

de-a=l = —sinfdf cosfdb cosf —sinf) 0 df
€8 “\_cosfdd —sinfdd) \sind cosd )~ \—do 0 )

v
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Structure Equations
Definition

The lifted coframe @ of a coframe w = {w?,

w™} on an m-dimensional
manifold M is defined to be

m

=g w, 0i:ngjiu)j.
j=1

The differentials of the lifted coframe are

do' = (dgi n S + gldu)

M-

Il
—

J

tllqa

A —l— Z Jk(x g)¥ A6k,

J=1 <j<k<m
i=1,...,m. The coefficients T} are called torsion coefficients
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Let al,...,a" be a basis of Maurer-Cartan forms, then
r
V=D A, Qj=1,...,m,
k=1

and the structure equations are

r m
do' =D "> Ao AP+ D Th(x,g)e Ao
Kk j=1 1<j<k<m

Similarly, on the manifold M we have

dg' = i iAjHa“ A+ Z T}k(x,g)éj N

K j=1 1<j<k<m
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Absorption and Normalization
The specification of the group parameters as functions g = g(x) of x € M
reduces the Maurer-Cartan forms

m

a = Z zf(x)Qj.

j=1

The problem is that we don't know g(x) yet, hence the z's are also
unknown. Replacing the Maurer-Cartan forms

m

o — E zf@f

j=1
in the structure equations of the lifted coframe we obtain
O = > (Bjlal+ Th(x. ) A6k,
1<j<k<m

P : i1 — N ik Al
i=1,....,m with By[z] = > [ _;(AL.zf — A zp).
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Similarly for the barred coframe

o= > (Bl + Tj(x8)7 AT

1<j<k<m

The requirements that ©/ = &*@’, and ' = &*07 (we want to find
invariant coframes!) imply

Bl [2] + T (X 8(X)) = Bllz] + Ti(x.g(x)),

when X = ®(x) and z = z(x), z = Z(x). If
Bfk[z] = fk[i] =0,

then )
—_ .
Tjk(xag) = TjIk(Xag)v

for any specification of the group parameters g(x), g(x).
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The torsion coefficients TJ’k such that

=i

Tjk(ya E) = jlk(X7g)

are called essential torsion.

@ Essential torsion coefficients depending on group parameters can be
set equal to a constant value and solved for the group parameters,
thereby reducing the structure group.

@ The general process of eliminating the unknown coefficients z from
the full torsion coefficients is known as absorption of torsion. The
inessential torsion is absorbed by replacing

m
a7 =a — g zF0', k=1,...,r,
i=1

for some well chosen zf*.

Francis Valiquette (UofM) Equivalence Problems September 16, 2008 24 / 37



The new structure equations are
r m
do' =3 > AL A+ > Ut Aok,
k=1 j=1 1<j<k<m

where the nonzero coefficients Ujk are all essential torsion.
Sorry! Essential torsion, absorption, and ...7?? What is going on?
Suppose we have the structure equation

dot = a A OY + THLOL A6 + T6% A 63,
The torsion coefficient Tll2 is inessential because if we set
T=a— THht?%

then
dot =7 A0 + T30 A6,

but TJ; is essential.
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Algorithm

The G-equivalence problem can be solve in a series of steps:

Compute the structure equations of the lifted coframe 6,
absorb the inessential torsion coefficients,

normalize the group parameters using the essential torsion coefficients,

go through the loop again if some of the group parameters have not
been normalized.
Two cases can happen:

@ the G-equivalence problem is reduce to the {e}-equivalence problem,

@ some group parameters are unspecified and no essential torsion
depend on those group parameters.

In the second case one needs to prolonged the lifted coframe when it is not
in involution. | won't discuss those issues in this talk.
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Equivalence of First Order Variational Problems on the
Line

Consider the first order scalar variational problem
Llu] = /L(x, u, uy)dx, x,u€R,

and a fiber-preserving transformation g:

%= x(x), T=v(xu), —J’X—“”

Two functionals Lo[u], Lg[t] are said to be equivalent if
Lo[u] = L[],

where Q = g - Q.
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The equivalence problem is equivalent to the equality
L(x, u, uy) = L(X, T, Tx) Xx,

which we can rewrite
g*(Ldx) = Ldx.
Next, note that the transformation g satisfies

Yulx + Py

X

du — Uxdx = (Yxdx + ,du) — ( > Xxdx = ¥, (du — uxdx).

The 1-forms
w! = du — uydx, w? = L(x, u, uy)dx

do not form a coframe on (x, u, uy) € R3.
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Assuming L # 0, a coframe is obtained by considering
Wt =du — uedx, w? = L(x,u,u)dx, w*=du,,
where

o = g'o = alwl,
02 — g*wz — 2,
3

93=gw =a2w1+a3w2+a4w.

The structure group is

a1 0 0
g=10 1 0
dp ai aa
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The Maurer-Cartan forms associated to the structure group are

dal 0 0 1/31 0 0
dg-gt=[0 0 0 0 1 0
da, daz day —ay/(a1as) —azfas 1/aa
day 0 0
1
dg-g = 0 0 0
day _ apday dag
a aja, P
Let
d
ai
2 dap  axda
QO =— — )
ail dias
a3 :da3,
d
da
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The structure equations of the lifted coframe 6%, 6% and 63 are

dot =a A0 + TLOY A 6% + TL0% A 63,

d6*> =TH0' AO° + T56° A 62,

dO® =a? N0+ 0P N2+t NG+ TELOY NG + T6% A 63
The essential torsion coefficients are

1 dl 2 34Lu — a2l_ux 2 Lu

_ _ _ X

23_a4L7 12 — ; 23 —

ajasl asl’

The other structure coefficients are absorbed by replacing
ol ol = ol — TLE2,
a2 >’ =a%— T13292,

ot = 7t =t + TH?,
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Assuming L, # 0, we normalize
Ty=1 TH=0, Tx=-L

Solving for the group parameters we get

ai=1 ap, = Ly as = Lo
1 — Luy 2 — L 9 4 L .
The new lifted coframe is
0t = LWt
92 — (.d2
L L
63 = Tuwl + azw’ + %w?
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The new structure equations are
dot = TLO A 02 + TLOY A O3 + 62 163,
do? = —0% A 63,
do® =a® N>+ TN A 0% + T56% A 63,
The structure coefficients T3, and T35 can be absorbed by setting
o’ =7 =a’ 4+ THot — T356°.
The essential invariants are

T]:_l2 = — L”XE(L) + 2a3L2LUxe ,
2

1
T13:_ ’

where E(L) = Ly — Ly, — uxLyy,.
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Assuming L, # 0 (i.e. L # a(x, u)ux + b(x, u)) we can normalize

T, = 0 by setting

o _Le@ o EQ)

) .
L2 Ly, u,

At the end of the day we obtain the invariant coframe

0 = L, (du — uydx),
0% = Ldx,

u L, .
03 = = (du — uydx) + —=(duy — Qdx) = d(log L) — Dy(log L)dx,

L

5x — ax + Uxau + Qauxa
i e o5@)=0i=123
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The structure equations for the invariant coframe are

dot = —ho' A O3 + 6% A 63,
d6*> = —6% N 62,
do® = Lo A 6% + 136 A 65,

With the coframe derivatives

1 1~ L
891 = L_%X(Lpau - Luaux)v 892 = szv 893L_uxauX7
we have
| 1 dL,, 1 0L 1 0L
1

T L, 003 ?T T Logtoe2’ T 1003007
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The requirement that d?6' = d?6% = d?63 = 0 implies the relations

10L  9h Ok
= _19h Ok 1)l = 1
5= 1902 og3 Topr T(hHDR=0. (1)

Assuming I1, I and |5 to be constants, the relations (1) imply that /5 =0,
and /; = 0 unless /; = —1. Note that /; # 0 since otherwise this would
imply 1, ,, = 0. So

dot = —ho' A6 + 6% A 63,

do? = —6% A 63,

do® = Lo A 62,
Two rank zero Lagrangians are equivalent if and only if they possess the
same constant invariants /1, . When /; or I, are not identically constant

it is possible to solve the equivalence problems, but things have been hard
enough for today .. ..
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