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Moving frames

@ Moving trihedrons:
e curves:
o Martin Bartels (1769-1836)

Francis Valiquette Moving Frames 01/19/2011 2/31



NSERC
CRSNG

Moving frames

@ Moving trihedrons:

@ curves:

Introduction to moving frames

o Martin Bartels (1769-1836)
o Frédéric Frenet (1816-1900)
o Joseph Serret (1819-1855)

Francis Valiquette

Moving Frames

X

dt
ds
dn
ds
db
ds
Kk — curvature, 7 — torsion

=—-7n

01/19/2011 2 /31



Sasne Introduction to moving frames

Moving frames

@ Moving trihedrons:
@ curves:

e Martin Bartels (1769-1836)
o Frédéric Frenet (1816-1900)
o Joseph Serret (1819-1855)

e surfaces: t;
o Gaston Darboux (1842-1917)

@ H — Mean curvature

@ K — Gauss curvature
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Sasne Introduction to moving frames

Moving frames

@ Moving trihedrons: wls =
@ curves:

e Martin Bartels (1769-1836)
o Frédéric Frenet (1816-1900)
o Joseph Serret (1819-1855)

o surfaces:
o Gaston Darboux (1842-1917)

e Moving frames (submanifolds):
o Elie Cartan (1869-1951)
o 7 ={w,dw}
o dv=0ANw+ T(wAw)
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Sasne Introduction to moving frames

Equivariant moving frames

Moving frames # frames!

New theoretical foundation of Cartan's moving frame method (1999 -):

@ Peter Olver
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Sasne Introduction to moving frames

(Equivariant) moving frames

Powerful tool for studying geometric properties of submanifolds and their
invariants under the action of a group of transformations:

Differential geometry (Riemannian, Kahler, ...)

Equivalence problems, symmetry

Differential invariants

Integrability

Characteristic cohomology & conservation laws of differential eqns.
(Invariant) variational bicomplex

o null Lagrangians, Helmholtz conditions
e G-invariant Lagrangian — G-invariant E-L equations

Geometric control theory
Invariant finite difference numerical schemes

®© 6 6 6 o o

Computer vision
Structure theory of oco-dimensional Lie pseudo-groups

®© 6 6 o o
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Sasne Introduction to moving frames

Disclaimer

e All constructions and results are local.

o We work in the analytic category.
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Qgﬁs‘f:@ Introduction to moving frames

3-web equivalence [Blaschke—Chern]

@ When are 3-webs in R? equivalent?

— Y
@ When is y’ = f(x, y) equivalent to Y’ = F(X,Y) up to
/3yu ’ 2
X=a(), Y=, U=""" (u=y 2oy
(with ay, B, # 0) L oo-dimensional Lie pseudo-group
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CRsNG Lie pseudo-groups

Pseudo-groups

Definition

M — analytic manifold. A pseudo-group G is a collection of local analytic
diffeomorphisms ¢: dom ¢ C M — M such that

Identity: 1y eg

@ Inverses: o leg

@ Restriction: U Cdom¢ = o¢lyeg

e Continuation: dom ¢ = UU, and ¢|y. €G = ¢€g
o Composition: im ¢ Cdomyp = YopeG

Example

D = D(M) — pseudo-group of all local analytic diffeomorphisms Z = ¢(z)

z=(z',...,z™) —  source coordinates

Z=(Z'...,Z™) — target coordinates

y
Francis Valiquette Moving Frames 01/19/2011 7/31



® Sasne Lie pseudo-groups

Jets of diffeomorphisms [Ehresmann, 1953]

Let 0 < n< o0
Definition
For Z = ¢(z) € D(M) let ¢("|, denote its n-jet at z € M:

qﬁ(")|z ~ coefficients of the n'" order Taylor polynomial centered at z.

Example

X = ¢(x) € D(R) = 6@, ~ d(x0) + ¢/ (x0)(x — x0) + L5 (x — x0)2.

v

Definition
D) — M is the nth order diffeomorphism jet bundle, whose points are
jets ¢(”)|Z. Local coordinates are given by

8kZb
- azal .. .azak ’

Francis Valiquette Moving Frames 01/19/2011 8/31
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CRsNG Lie pseudo-groups

Lie pseudo-groups [Cartan]

Definition

A Lie pseudo-group G is a pseudo-group whose transformations are the
solutions to an involutive system of partial differential equations

F (2, 207) =0 (%)

called the determining system of G.

Definition

°g= {infinitesimal generators}

ov= ZC )— € g if and only if it is a solution to the infinitesimal

determlnlng system
L (z,¢(My =0

obtained by linearizing (%) at 1¢".

v
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® Sasne Lie pseudo-groups

Example — continuation

Example
u
G: X=al),  Y=8)., U= (6,8#0)
@ Determining system:
Yyu
Xy:Xu: x = u:O7 U: XX.
° g(oo)|(x,y7u) = {(aa Qs Qxxs - -5 3, 5y7 Byy7 .- )}
@ Infinitesimal generators:
V=) ) o ulny — &)
N ax VY Oy My =gy

Infinitesimal determining system:
§ =8 =1nx=nu=0, ¢ = u(ny —&x)-

g(oo)‘(x,y,u) =~ {(67 §X7 gxxa sy 1, 77y7 nyya . )}
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Q:‘:’:ﬂé Equivariant moving frames

Action of Lie pseudo-groups on submanifolds

@ Gactson M

@ We are now interested in the induced action of a Lie pseudo-group G
on p-dimensional submanifolds S C M:

S={(X, UX)}

We assume

Francis Valiquette Moving Frames 01/19/2011 11 /31



Qgﬁfﬂé Equivariant moving frames

Submanifold jets

Definition

Let J” — M be the n'" order submanifold jet bundle. Local coordinates:

20 =My = (xS L), #J <.

G(" acts on z{" (nt" prolonged action):
(x, u(n)) — (X, U(”)) =gl (x, u(n)).
The local coordinates
Uj = F(x.u. )

are obtained by implicit differentiation.

Francis Valiquette Moving Frames 01/19/2011
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Sasne Equivariant moving frames

Prolonged action — example

The prolonged action of X = «a(x), Y = 5(y), U = Py

Qx
u = f(x,y) is obtained by applying
1 1
X o Xy y ﬁy y
to U:
- Uxﬁy Uﬂyaxx _uy Uﬁyy
2w T YT a B
% X X 'y X x
I Uxxﬁy Uxﬁyaxx Uﬁyaxxx uﬁyoéz(x
Uxx = o3 -3 ol — o +3 PCIRE
X X X X
2
Uyy = Yy ty Byy + ufyyy _ Ubyy
ﬁyax ﬂ}zxax ﬂ}zxax ﬁ;ax ’
Uxy = 2 4 UxPyy _ UyOboc Uy e

g By o} Pyaz

Francis Valiquette Moving Frames 01/19/2011
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Q:‘:’:fﬂﬁ Equivariant moving frames

Equivariant moving frames [Olver—Pohjanpelto, 2008]

Definition
Let £(M — J" be the n'" order lifted bundle defined as

EM =37 %y G ~ {(2(M gMy: z = 7Tg(z(n)) — %g(g(n))}'
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Equivariant moving frames

Equivariant moving frames [Olver—Pohjanpelto, 2008]

Definition

Let £(M — J" be the nt" order lifted bundle defined as

EM =37 %y G ~ {(2(M gMy: z = 7Tg(z(n)) — %g(g(n))}'

Definition

A right moving frame of order n is a right G-equivariant section
p(M Y1 — £ defined on an open subset V" C J".
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® ccccc Equivariant moving frames

Equivariant moving frames [Olver—Pohjanpelto, 2008]

Definition

Let £(M — J" be the n'" order lifted bundle defined as

EM =37 %y G ~ {(2(M gMy: z = 7Tg(z(n)) — %g(g(n))}'

Definition

A right moving frame of order n is a right G-equivariant section
P Yy — £(7) defined on an open subset V" C J".

Let
M (M) = (M pm) (M),

Right-equivariance:

(g(n) .Z(n)7p(n)(g(n) . z(n) ) = (g(n) (n) p(n)(z(n)) . (g(n))fl)

Francis Valiquette Moving Frames 01/19/2011
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Sasne Equivariant moving frames

Existence of moving frames

Proposition

A moving frame of order n exists if and only if G(M acts freely and
regularly on V" C J".
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Equivariant moving frames

Existence of moving frames

Proposition

A moving frame of order n exists if and only if G(M acts freely and
regularly on V" C J".

@ Regularity:

@ Freeness:
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nsEmc Equivariant moving frames

Moving frame construction — illustration

[llustration
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[llustration

ICH
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Sasne Equivariant moving frames

Moving frame construction — illustration

Illustration

ICI‘I
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Qfﬁfﬂ: Equivariant moving frames

Moving frame construction — illustration

Illustration
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Qfﬁfﬁ Equivariant moving frames

Moving frame construction — illustration

Illustration

p(n)(g(n) -z(")) — p(n)(z(n)) . (g(,,)),l

v
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Sasne Equivariant moving frames

Second illustration

Cross-section «— normal form

[llustration
Euclidean group action: translation 4+ rotation

po)

Francis Valiquette Moving Frames

01/19/2011 17 /31



uuuuu

CRsNG Equivariant moving frames

Moving frame construction — example

The prolonged action of

ﬂy“
X = a(x), Y = B(y), U==—"
Qx
on J? is
ux 3 ufy uxx u up
= By U
x a 63% ﬁyax
Uxxﬂy UX/Byaxx uﬂyaxxx uﬁyaix
Usx =—3~ =3~ 7~ 4 =5
ax Qrx Qe ax
u u, 3 up up?
U — Yy 4 Yryy 4 wy Yy
Yy 2 2 30
Byax  Brax  Bjax  [ox
Uxy UX/Byy Uy Qlxx Uﬂyyaxx
UXY - 5 + > 3 - 3
Qx ﬁyax ax ﬁyax
Francis Valiquette Moving Frames 01/19/2011
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Sasne Equivariant moving frames

Provided 0 # (In|u|)x, (~ Blaschke~Chern curvature)

K={u=uy=1,x=y=uu=ux=0:k=1}

Solving the normalization equations

I I Il I
X=a, v=p u=2Y g - Un

[05% Qlx Oé)3< ’
2
Uy — e wBy By uBon  uByown g ubod
ax  Byo’ o3 ol al af
2
UQ/Y _ Yy + UyByy | UByy _ upyy U” _ Uy + UxByy Uy UByy Ot
Byos  Bjox  Biox  Bron’ ok = Byok ok Byoi

Francis Valiquette Moving Frames 01/19/2011 19 /31



Sasne Equivariant moving frames

Provided 0 # (In|u|)x, (~ Blaschke~Chern curvature)
K={u=uy=1,x=y=uu=ux=0:k=1}

Solving the normalization equations

g Byu uxfy uBy auxx
=a, =0, =—, =5 — 3
Qix Qx alx

uy u‘dyy Uxxﬂy uxﬁyaxx uﬁyaxxx Uﬁyaix
=+, =—5 -3 z 7 T3 5

ax  Byax o o fo% o

2

_ Uy + Uy Byy + uByy _ upyy _ Uy UxByy Uy UByy 0t

Byax  Brax  Biax  Blax’ of = Byak i Byod

Francis Valiquette Moving Frames 01/19/2011 19 /31



Sasne Equivariant moving frames

Provided 0 # (In|u|)x, (~ Blaschke~Chern curvature)

K={u=uy=1,x=y=uu=ux=0:k=1}

Solving the normalization equations

. Byu Uy uBy o
=, = “O), = ) = 2 3 ’
Qix Qlx (057
_uy Uﬁyy - Uxxﬁy Uxﬁyaxx uﬁyaxxx Uﬁyaix
==+, - 3 3 4 - 4 +3 5
ax  Byax az ax Qax Qx
2
_ Uy + Uy Byy + uByyy _ upyy _ Uy, WPy Uy UByy 0t
Byax  Biax  Bjox B’ of Bk ad Byoi
we obtain p:
—— 1 u
a = 07 /B - 07 Qx = u(ln |U|)xy7 B}/ = ;ax, Qxx = anx7
2
y Uxx 2uy — uuyy
By = _FO‘X? Qxxx = Tam Byy = — B2

Francis Valiquette Moving Frames 01/19/2011
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Q:‘:’:fﬂﬁ Equivariant moving frames

Invariantization

Definition

Let p: V> — £(*) be a right moving frame and w € A*(V>°). The
invariantization map ¢: A*(V>°) — A*(V*>°) is

. Q:QJ+QJ7QL)QJ A*(goo)
Q lift: Mw) = my[g*w]. ) )
0 () = P (AW)) g T X J |
Wwe———w N (V)

v
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Equivariant moving frames

Invariantization

Definition
Let p: V™ — £() be a right moving frame and w € A*(V>®°). The

invariantization map ¢: A*(V>°) — A*(V*>°) is

Q=Q,+Q¢2-Q A (E%)
Q lift: Aw) = my[g*w].

@ (&) = 5" (AW)). T A J |

B E—- A (V)

v

o Differential functions = differential invariants
A =X, A =03y = {ux) =X u(ug) = US)
o Differential forms = invariant differential forms
Max)=a', A0F) =97} L {ud) ==, 409) =0}
o Differential operators = invariant differential operators
XDy)=D; X D,)=D;

X

Francis Valiquette Moving Frames 01/19/2011 20 /31



Equivariant moving frames

NSERC
CRSNG

Example — invariantization of u,, Uy, dx, dy, Dy, D,

SUbStitUting: = 0’ ﬂ = O’ Qx = u(ln |u|)XY7 ﬁy = %am Oxx = UT;(OCM

2
Uyx 2u, — uuyy
Yy T,

u
By = *U%O% Qox = TaX7 Byyy = B X
into A(U )_ Usxxy _ Uxxy + Uxxﬂyy _ 3U><y05xx o 3Ux5yy04xx _ Uyoox Uﬁyyaxxx
e a3 Bya3 o By ok ax Byax
2 2
Uy uB,, o
+3 y5><><+3 Byysxx,
Qax ﬁyax
A U _ Uyyx Uy Qixx UyxByy _ Uy Byyoxx | UxByyy - UByyy Qo
(uyyx) = Uyvx = 2 3 T 322 23 T 322 2 3
Byas Byax y Qx Byax y O By ax
. “ng}zfy u,B}Z,yozXX
302 T el
and A(dx) = @™ = aydx, A(dy) = =¥ = B, dy,
1 1
A(Dy) =Dy=—D,, A(D))=D,=—D,.
Olx /By

Francis Valiquette Moving Frames 01/19/2011 21 /31



Sasne Equivariant moving frames

Example — invariantization of u,, Uy, dx, dy, Dy, D,

yields
o the differential invariants

t(thoy) = Uxxy = — 2Dy < L > _9 ux(Inul)xy

u(ln [uf)xy (u(inful))?/?”

1
(uyyx) = Uxyy = —2uDy | —— ],
(1) (\/u(ln |u|)xy>

@ the invariant horizontal forms

I x
() =" = Vun[u)y b, i(dy) == = VA gy
@ the invariant differential operators
1 u
D) =Dy=———D,,  D)=Dy=——D,
u(In|ul)xy u(In |u|)sxy

Francis Valiquette Moving Frames 01/19/2011 21 /31



sssss Equivariant moving frames

Algebra of differential invariants

Proposition

{X" = u(x"), Us = 1(ug)} — complete system of functionally independent
differential invariants.

Theorem (Lie—Tresse)

The differential invariant algebra is locally generated by a finite number of
differential invariants
ool

and p = dim S invariant differential operators

D1,...,D,.

Question: How do we find Ip,..., [,?

Francis Valiquette Moving Frames 01/19/2011 22 /31



Equivariant moving frames

Universal recurrence relation

Theorem
Let F: J" - R
dA[F (2] = A[dF(z)] + AV (F(z7)], ves
where
o v(" = nt" order prolongation of v
m
a n a
ov= ;ga(z)aza = v(" depends on Ca
o A(¢2)=npE — Maurer-Cartan forms of G
Francis Valiquette

Moving Frames 01/19/2011

23 /31




Equivariant moving frames

Universal recurrence relation

Theorem
Let F: J" - R
dA[F (2] = A[dF(z)] + AV (F(z7)], ves
where
o v(" = nt" order prolongation of v
m
°ov= ; Ca(z)aza = v(" depends on (3
o A(¢2)=npE — Maurer-Cartan forms of G
Corollary
di[F (2] = o[dF (z)] + v(F(M))],  veg
Francis Valiquette

Moving Frames 01/19/2011
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Q:‘:’:EZS Equivariant moving frames

Y

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax

Let v = &(x)0x + n(y)9y + u(ny — &)y and M(Ew) = pk, A(nyx) = vk,
Uxiyj = U,'JI

Applying the universal recurrence relation to x we have

dA(x) = Aldx + v (x)]
J
dA(x) = A[dx] + A[¢]
J
dX = +u

Applied to y, u, ux, uy, ..., we obtain

Francis Valiquette Moving Frames 01/19/2011 24 /31



Sasne Equivariant moving frames

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax

Y

Let v = &(x)0x + n(y)9y + u(ny — &)y and M(Ew) = pk, A(nyx) = vk,
Uxiyi = U;j:
dX = @ + u,
dY = o’ + v,
dU = Uy o™ + Up1w” + U(v1 — 1),
dUi o = Usow™ + Up1w” — Upo + Uro(rn — 2u1),
dUp1 = U™ + Upow” + Uvo — Up 11,
dUs o = Uspw™ + Uz yw” — Ups — 3Up v + Uap(v1 — 3p1),
dUp s = Ur @™ + Up 3w’ + Up v + Uz — Upo(p1 + 1),
dUir = Upgw™ + Urpw” + Urovo — Up1p2 — 2Us 111,
dUs = Uz 1@ + Uapw” — Uiz — 3Up 12 + Uz ove — 3o 111,
dUpp = Up o™ 4 Uy 3w” + Ur v + Usovs — Ugapia — Uso(v1 + 2u1),

Francis Valiquette Moving Frames 01/19/2011 24 /31



Sasne Equivariant moving frames

Example — continuation: X = a(x),Y = 8(y), U = uBy/ax

Y

Ke={U=Ui1=1, X=Y=U0=Up1=Usg="Upp=---=0}
dX = o™ + p,
dY =@ + v,

dU = Uy oo™ + Upiw” + U(v1 — 1),
dUig = Urow™ + Uryw” — Upo + Uro(v1 — 2u1),
dUp1 = U™ + Upow” + Uvo — Up 1,
dlrg = Uz o™ + Uz 1w” — Upz — 3Urov1 + Uz o(v1 — 311),
dUpo = Ui @™ + Upzw” + Up1vo + Uvz — Up o (11 + v1),
dUy = Up @™ + Urpow” + Uy oo — Upipo — 2Ur 110,
dUy 1 = Us 1@ + Uapw” — Up 1z — 3Ur 1o + Uapva — 3Ua 111,
dUi 2 = Uppw™ + Uy zw” + Uy 1vs + U oz — Ugppia — Urp(v1 + 2p1),

Francis Valiquette Moving Frames 01/19/2011 24 /31



Q:‘:’:ﬂé Equivariant moving frames

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax
Ke={U=Ui1=1, X=Y=U0=Up1=Usg="Upp=---=0}
0=a"+p,
O=w +v,
051/1—#1,
0= — p2,
0=w" + 1y,

0= U1’ — 3,

0= U™ + 13,

0= U™ + Urpw” — 24,
dUzx = Us 1™ + Upow” — 3o — 3Uz 1411,
dUs o = Us o™ + Ui zw” + 1o — Upp(v1 + 2p1),

Francis Valiquette Moving Frames 01/19/2011 24 /31



Sasne Equivariant moving frames

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax
Ke={U=Ui1=1, X=Y=U0=Up1=Usg="Upp=---=0}
0=w*+p,
0=w+v,
OEU]_—/L]_,
0= — p2,
0=w* + 1y,

0= U1’ — 3,

0= U™ + 13,

0= U™ + Urpw” — 21,
dUzx = Us 1™ + Upow” — 3o — 3Uz 1411,
dUs o = Us o™ + Ui zw” + 1o — Upp(v1 + 2p1),
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sssss Equivariant moving frames

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax
Ke={U=Ui1=1, X=Y=U0=Up1=Usg="Upp=---=0}

n = _wxa

v=—w,

v = (Up1w* + U ow”)/2,

po = w?,

vy = —w™,

ps = Us1w”,

v3 = —Up @™,

p1 = (Uopw™ + Uy pw”)/2,
dUz1 = Us 1™ + Upow” — 3up — 3Uz 141,
dU1’2 = U2,2wx + U1’3wy + 1 — U172(V1 + 2/1,1),

Francis Valiquette Moving Frames 01/19/2011 24 /31



Q:‘:’:EZS Equivariant moving frames

Example — continuation: X = a(x),Y = 8(y), U = uBy/ax

Y

K*={U=U11=1, X=Y=Ug=Up1=Uo=Upo=---=0}
p=-—w,
v=-—w,
v = (Ug1o* + Urpw”)/2,
po = w”,
n=-—w,

p3 = Uz 1w?,
V3 = _Ul,2wxa
p1 = (Uopw™ + U pw”)/2,

3 3
dUz 1 = <U3,1 - 2U2271>wx + <U272 -3 §U271 U172>wy,

3 3
dU172 = <U2,2 —-1- §U1’2 U2,1>wx + <U1,3 - 2U12,2>wy7

Francis Valiquette Moving Frames 01/19/2011 24 /31



Qfﬁs‘ﬁé Equivariant moving frames

Example — continuation: X = a(x), B(y) U= uB,/ax

dUy 1 = <U31 - *Ug 1) X+ <U2,2 -3 - U21U1 2)
dUip = <U22 -1- *U1 2Us 1>wx + <U13 - §U1 2>wy
Since
dUij = (DxUjj)dx + (DyUjj)dy = (DxUij)@™ + (Dy Ui j)w

we conclude

3 3

DylUz1 = Us1 — §U22,1, DylUz1 = Uzp -3~ §U2,1 U2,
3 3
DyUip = Urp — 1~ §U1,2 Ua1, DyUip = U3 — §U12,2'
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Q sssss Equivariant moving frames

Example — continuation: X = a(x), Y = 8(y), U = uB, /ax

dU2,1 = <U3,1 U2 1>wx—|— <U2’2—3—U21U1 2>

3
dUsp = <U221U12U21 @ <U13 U12,2>Wy-

Since
dU,"J' = (DXU,',J')dX + (DyU,-J)dy = (DXU,'J')?DX + (DyU;J)w

we conclude
3 3

DylUz1 = Us1 — §U22,1, DyUs1 = Usp -3~ §U2,1 U2,
3 3
DxUip = Uz —1— §U1,2U2,1, DylUrp = U3 — §U12,2~

Proposition
Ui2, U1 generate the algebra of differential invariants.

Syzygy: DyUio —Dylag = 2.

Francis Valiquette Moving Frames 01/19/2011 24 /31



Sasne Equivalence problems

Signature

Definition
Let {h,...,l;} be a generating set and S a submanifold. The n‘" order
signature map I(S"): S — R is defined by

Dylilres, k=1,....0, #J<n.
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sssss Equivalence problems

Signature

Definition
Let {h,...,l;} be a generating set and S a submanifold. The n‘" order
signature map I(S"): S — R is defined by

Dylilres, k=1,....0, #J<n.

Proposition

Let o, denote the rank of Ig"). Then 0 < g9 <01 <+ < 05 = 0541 =
-+« =r < p. The smallest s for which g5 = 9511 = r is called the order of

the signature map.
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sssss Equivalence problems

Signature

Definition
Let {h,...,l;} be a generating set and S a submanifold. The n‘" order
signature map I(S"): S — R is defined by

Dylilres, k=1,....0, #J<n.

Proposition

Let o, denote the rank of Ig"). Then 0 < g9 <01 <+ < 05 = 0541 =
-+« =r < p. The smallest s for which g5 = 9511 = r is called the order of
the signature map.

Definition

The image &("(p, S) = {I(Sn)(z) : z € S} is called the n'" order signature
manifold.

v
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Sasne Equivalence problems

Equivalence — regular submanifolds

Theorem

Let S,S C M. There exists g € G such thatg-S =S <

@ ls, Iz have same order’s = s
o GGt (p, S), GEH(p, S) overlap

’Coo
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Sasne Equivalence problems

Equivalence — regular submanifolds

Theorem

Let S,S C M. There exists g € G such thatg-S =S <

@ ls, Iz have same order’s = s
o GGt (p, S), GEH(p, S) overlap

K= (o)
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® Sasne Equivalence problems

Equivalence of (regular) 3-webs

Provided (In|ul), # O:

I(sn) - (Ul,21 U2,17DXU1,27DyU1,2) o )’5

Usq = —2D,, (1 ) o UelinluDy

where

’ u(in [u])y (u(in [u])x )32’
U 2uD !
1,2 = —<Uu V| >
Y\ Vu(n[u)w
1 u
=D, Dy=—-— D,
T Vu(in )y Y ulnu])e
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Q Sasne Equivalence problems

Equivalence of (regular) 3-webs

Provided (In|ul), # O:

I(sn) = (Ul,21 U2,17DXU1,27DyU1,2) o )’5

where

Upg = —2Dy <1> oy txInful)xy

u(ln |ul)xy (u(in [u)xy )32’
1
Uip=-2uD, | ————— |,
b2 ’ ( a(in |u|)Xy>
x = L X5 Dy = S ¥
u(Inul)xy u(In ul)xy

What if (In |u[),, = 07
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CRsNG Equivalence problems

Partial moving frames (V-2010)

To deal with the case (In|u|),, = 0, we introduce

Partial moving frames

4

equivariant moving frame theory for non-free actions

@ The invariantization map v/
@ Universal recurrence relation v/
o Algebra of differential invariants — finitely generated v/

@ Solution to local equivalence problems v/
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Sasne Equivalence problems

Equivalence — Cartan vs equivariant moving frames

Equivariant (partial) moving frame method
Lie pseudo—grousztructure equations (OP-2005)

Cartan moving frame method
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Sasne Equivalence problems

Equivalence — Cartan vs equivariant moving frames

Equivariant (partial) moving frame method
Lie pseudo—grouplstructure equations (OP-2005)

Cartan moving frame method

Some highlights:
@ Symbolic computations
@ Universal recurrence relation — syzygies (Grébner basis)
@ No EDS, no absorption of torsion, ...

@ Solution to challenging equivalence problems?
(V-2010) - Local equivalence of uy = f(x, u, v, ux, vx) under

X =¢(x), U=p(xu), V=axuv).
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ERsme Past, present & future

Perspectives

invariant Vessiot's group variational
num. schemes foliation bicomplex
?
(W=R) (Tv—10)
symmetry equivalence
& diff. eqns problems
(V—2010)
Lie groupoids Lie pseudo-groups . .

P ? P sroup (lov—10) differential
structure theory moving frames invariants

» I(OPV—og) s (V)

tric

structure theor geome

I Y submfld flows
?

classification of Affine Kac—-Moody
(intransitive) Lie pseudo-groups algebras
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ERsme Past, present & future

Important question

What is the complete abstract theory of
oo-dimensional Lie pseudo-groups???
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