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Why study moving frames?

Because it’S COOL! (My answer)
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Why study moving frames? (Peter's answer)

@ Very general: Lie groups and Lie pseudo-groups,

@ explicit expressions for the invariants of a group action and the
structure of the “algebra” of invariants.

structure equations,

equivalence problems,

invariant variational problems,

geometric integration: invariant numerical schemes,

computer vision (please direct your questions to Joe Kenney),
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Fiber bundle

Definition

A Fiber bundle is a triple (E, m, B) where E and B are manifolds and
m: E — B is a surjective submersion such that Vb € B there exists a
neighborhood W, C B and a diffeomorphism

bp T (W) — Wi X Fp.

Example
@ The cylinder: (S! x R, pry, S?),

@ The Mobius band E={(x,y) € [0,1] x R | (0,y) ~ (1, —y)}:
(E,pry,[0,1]). For all x € [0,1] there exist a diffeomorphism ¢, such

that
dx(m H(x—1/2,x+1/2))) = (x —1/2,x +1/2) x R.
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Jet space

Definition
Two submanifolds S, S C M of dimension p have nt" order contact at
7o € SN S if there exists a local coordinate chart W containing
Zo = (X0, tp) such that SN W and SN W coincide with the graph of
u = f(x), u= f(x) respectively and _

Eog#Jgn 9,f(x0)/J' = Eog#Jgn 9,f (x0)/J".

Definition
The n-th extended jet bundle J(" = J(M(M, p) is defined as the

equivalence classes of p-dimensional submanifolds S C M under the
equivalence relation of nt" order contact. For M = X x U ~ RP x RY

JnSl(x,u) :(X,u(”)) :(Xl,...,xp,...,uﬁ‘,...), 1<a<q,0<#J<n.

v

ﬂ.n
. . 0
J(") is a fiber bundle: J(" =% M, 7f(x, u(") = (x, u).
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Example
Let M =R2, S = {(x,x2) : x e R} and S = {(x,x3) : x € R}. Since

j2S = (x,x?,2x,2) and jzg = (x,x3,3x2, 6x),

we have that _
jls‘(0,0) :.jls‘(0,0) = (0,0, 0)7

but
j25|(0,0) = (07 0,0, 2) 7&./.25|(0,0) = (Oa 0,0, 0)

So S and S have first order contact at (0, 0).
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Bicomplex structure of /\*(J(OO))

@ Basis of horizontal forms:
dx’, i=1,...,p,
@ Basis of vertical (contact) forms:
n
09 = duf — Z uj ;dx’
i=1

The differential of a differential function F : J(®) — R can then be written

dF:dJF:dHF+dVF:Zn: iF dx! +Z > o aF
i=1 a= 1#J>0
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Example
For F: JO(R?,1) = R, (x, u, uy) — F(x, u, uy),

oF oF oF
dF = adX—F %du -+ 8_ledux

F F F F
_ (8_ + uxa_ + uxxg_) dx + a—(du — uxdx) +

Ox ou U ou
OF OF
= (DXF)dX + me + 3_UX‘9X

9F
Ousx

(dux — uyxdx)
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n-th diffeomorphism jet bundle

D = D(M) = pseudo-group of all local diffeomorphisms.
Definition

The n-th diffeomorphism jet bundle D" consists of the equivalence
classes of diffeomorphisms under the equivalence relation

(Z—ZO)J _ Z ia#-”ﬁ

1 9,7
og#JgnJ' 0z 2

8#J¢ (Z _ ZO)J.

o(2) ~ () = D

0<#J<n

The local coordinates on D(") are indicated by (z, Z(M).
e Source map: z = a("(z, Z(").
o Target map: Z = (X, U) =7("(z,Z("),
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Lie pseudo-groups

Definition

G C D is called a Lie pseudo-group if 3 n* > 1 such that V finite n > n*:
o G(M < D forms a smooth, embedded subbundle,
o 71 . g(rtl) _, G(M is a bundle map,

@ every smooth local solution Z = ¢(z) to the determining system G(")
belongs to G,

e g(n — pr(”*"*)g("*) is obtained by prolongation.

The minimal value of n* is called the order of the Lie pseudo-group.

g(n = = (z, g(”)) indicates the Iocal coordinates of a jet g(” € G(", with
the pseudo-group parameters g(” =(g1,---,8r,)-
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Note about Lie pseudo-groups

In contrast to the finite dimensional theory of Lie groups, there is still no
generally accepted abstract object to play the role of an infinite
dimensional Lie group. Lie pseudo-groups only arise through their action
on a manifold.

Remember, a Lie group G is a manifold with a group structure such that
GxG— G, (g,h)— gh™!

is smooth.
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Example

Let M = {(x,u) : u# 0} C R%. Consider the Lie pseudo-group of
transformations u

X = f'—(X)7 U = W,
where f(x) € D(R). The pseudo-group jets are given by

4 Xe=f X=0, U=—U= y=

f2

The involutive system characterizing G(") is given by the (n — 1)
prolongation of the involutive first order system

U7
obtained by recursively applying

X =2 X=0, U=2
u

0 0 0 0 0 0 0
Dx—a"‘xa +U 8U+XXX8XX+Xxuai)<u+uxxailjx+uxuailju+7
1o} 0 0 1o} 0 1o} 0
]D) 87+X6 U8U+XXU8X +quaX +UXU8UX+UUU87MJ+"'-
e Jumior Colloguium. (UoiM) T Moving frames for Lic pecudo groups |
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Infinitesimal generators and prolongation
Given a pseudo-group G we denote by g the local Lie algebra of

infinitesimal generators, i.e. the set of locally defined vector fields whose

flows belong to the pseudo-group. Let

v—an Zf(xua,+2¢“xu €

then the n-th prolongation of v is given by

v _"+Z Z 0 ul™)

oa=14#J=1

where

05 = Do — Z & ug, 1<a<q 1<j<p

The coefficients of v(") is the solution to the linearized determining
equations of G() at the identity jet 1.7,
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Example
Consider the Lie pseudo-group of transformations

X=f(x), U= ﬁ

The infinitesimal generator of the action is

0 0
v = §(x)a — fo(X)a,

&(x) = f'(x). The first prolongation of v is

0 15) 5]
(1) — Y & v
v Eax ux 50 (e + 2uX£x)8u .

X

The coefficients of v = £(x, u)0x + ¢(x, u)d, is the solution to the
linearized determining equations

¢:_U§X7 SUZO, ¢u:
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n-th regularized jet bundle (n-th lifted bundle)
Definition

The local coordinates of the n-th regularized jet bundle H(" are
(M, (™), where 78(2") = (") (g(").

G acts on H(" in the following way:

g (2, hy = (g2 p(g71) M) = ((g - 2), (hg~)M).

Definition

A function /(z("), g(") is said to be a lifted differential invariant if

(A7) - (207, g)) = 12, ™), Vheg.

7 (M, g(M) = (g - 2)(" is a lifted invariant:

B - (g0 . (M) = g (h=1Y(n) . () () — o) S(n)
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Tricomplex structure of A*(H(>))

@ Jet forms:
dx', i=1,...,p, 9, a=1,...,q, #J>0,

@ group forms:

To =DATP = dz2 — N " 7% d2°, b=1...,m, #A>0.
A z A Aa
a=1

This defines a contact structure on A*(H(>)):

N (H>®) = A*(X) & C.
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Let F: H(®®) = R, then
dF = djF + d¢F = dyF + dyF + dcF

where

dHF:i(DXfF)dxi, dyF = Z DuaFanrZ

i=1 #J>1

deF = ZZ nf\

b= 1#A>0

and

Dza +ZZZA3 b a:].,...,m7
s b=1#A>0 62

X,_]D)X,+Z Dua+ZuJ,a . i=1,...

#J>1

September 11, 2007
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Example
Consider the Lie pseudo-group X = f(x), U = u/f(x), then

TX = dX — Xedx — Xudu = df — f.dx
T = dfy — fudx, T = dfx — fondx, ...,

TX=TX = ... =0,

T = qU — Uydx — Uydu = d <7‘1) ”fixxd - qu
= —%fx + %dx - —%T;,

Ti= 7%

T —u (M- 7).
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Invariant differential operators

Definition

Let 7 : E — M be a fiber manifold with a contact structure, i.e.
N(E)=N(M)ecC,

w € N*(M) is contact invariant if given a group of transformations G
acting on E

g'w=w+by, where 0g€C, Vg eG.

Definition

A differential operator D is said to be an invariant differential operator if

| invariant = DI invariant
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Proposition

Let w!,...,w™ be a horizontal contact invariant basis of A'(M) then the
dual operators D1, ..., Dy, form a complete set of invariant differential
operators.

The operators D, are defined by the identity

m
dyF = Z D,F w?.

a=1

Proof.
Let / : E — R be an invariant then

> Didw+0=dl =g*dl =) g*(Dsl)w’ +0,
a=1

a=1
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Lifted invariant differential operators
On H(*)

P
W' =dyX = DyX'd¥, i=1,...,p,
j=1

is a contact invariant horizontal coframe on the open dense set where
det(D,iX7) # 0. This follows from the fact that X' is a lifted invariant!

For simplicity consider M = R2. Let (X, U) = ¢(x, u) be a group
transformation, and /(x, u(")) an invariant, then

¢*dil (x, u'™) = (Dsel)| yior (e utmy X = DxI(X, UV ) D, Xelx + 0,
= D, (10 o™ (x, ul™))dx + 6, = Dl (x, u)dx + 8,

where 04 is a contact form depending on ¢.
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The associated invariant differential operators are
p . . .
Dxi =) WD,  (W))=(DuX)",
j=1
ie. for F:H(>) — R,

p
dyF = Z DyiF dyX'.
i=1

So

Uj=g(n).u7=D)J<Ua=DXJ_1...DXJ,#JU@, a=1,...,q,

are lifted differential invariants.
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Some definitions

Definition

A Lie pseudo-group G acting on M is said to be regular if all its orbits
have the same dimension and each point z € M has arbitrarily small
neighborhoods whose intersection with each orbit is a connected subset.

v

Definition
The pseudo-group G acts freely at z(" e J(7) if gg(”)) = {]l(z")}, and locally

freely at z(" if Qifn)) is a discrete subgroup of gﬁ"). The pseudo-group G is
said to act (locally) freely at order n if it acts (locally) freely on an open
subset V(" < J(" called the set of regular n-jets.

Definition
A cross-section to the pseudo-group orbits is a transverse submanifold to
the orbits of complementary dimension.

v
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Definition
A section of a fiber bundle (E, 7, B) is a smooth map s : B — E such that
mos=idl|g.

Example
A section of the trivial fiber bundle (X x U, pry, X) is given by

s(x) = (x,f(x)), where f:X — U isa smooth function.
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Moving frame

Definition

A right moving frame p(”) of order n is a right G("-equivariant local

section of the bundle H(" — J(7) je. p(m) . J(n) — 1(") satisfies
U(n)(p(n)(z(n))) = z(" p(n)(g(n) : Z(n)) — p(n)(z(n)) . (g(n))—l,

for all g(" € G(")|,, with z = 7§ (2("), and groupoid inverse (g(")~*

e g |T(n)(g(n)), such that z(" and g(" - z(" lie in the domain of definition
of p(M,

v

A left moving frame can be obtained by group inversion

A7) = (7 ()
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Theorem

Suppose G(" acts freely and regularly on V(" < J(" . Let KM c V(M) pe
a (local) cross-section to the pseudo-group orbits. Given z(") € V(")
define p(”)(z(”)) € H(" to be the unique groupoid jet such that

7 (o) (2(M)) € KM, Then p™ : J(0 — H(") s a (right) moving frame
for G defined on an open subset of V().

}’(”)(p(z(n))) g(") . Z(n)

KO | 2 — G () (£n)y) = () (g(m))(n)

Figure: Moving frame.
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Moving frame construction

o Compute R
Uy = D)J( ue, D;é = Dyir -+ Dyiy)

Where Dxi = j":]_ VVjlija (VVJI) = (DXin)il'
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Moving frame construction

e Compute R
U.(/l = D)J(Uaa D)“é = DXfl te DXJ'#Ja

Where Dxi = f:]_ VVjlifa (VVJI) = (DXin)il'

o Fix r, transformed coordinates (X, U(M) = F(N(z(") g(M) to be
constant

Fi(z™, gy = ¢ Fo (2™, g =c,.
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Moving frame construction

e Compute R
Ujé = D)J(Uaa D)“é = DXfl te DXf#J7

Where Dxi = f:]_ VVjlifa (VVJI) = (DXin)il'

o Fix r, transformed coordinates (X, U(M) = F(N(z(") g(M) to be
constant

Fl(z(”),g(”)) =q F,n(z(”),g(”)) =c,.

@ Solve the normalization equations for the pseudo-group parameters
g(n) = g(”)(z(n))
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Invariantization

Definition

The lift of a differential form w € A*(J(>)) is the jet form

Q = Aw) = 7)) w).

Definition

Let p(°°) . J(®) — H() be a complete moving frame. The
invariantization of w € A*(J(°)) is the invariant differential form

(w) = () AW

In particular

L(xi,uﬁ‘):(Hi,lJo‘), i=1,...,p a=1,...,q, #J>0.
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Example

Let v =y’ = f(x,y) and consider the Lie pseudo-group of transformations

(X, Y, V) = (Oé(X)7ﬂ(y)7 %((;/))) = DX = aiXDX7 DY — ﬁiny

"7 o Vxﬂy _ Vﬂyaxx
X = CY2 Oé3 P
X X

ax  Pyax
’\7 . Vxxﬁy 3VX/6yaxx Vﬁyaxxx 3Vﬂya)2<x
XX — 3 4 - 4 + 5 ’
ad al o a2
2
Vo — Vhyy | VByy VP
Yy = ot EPY
/Byax ﬂyax ﬂan ﬁyax
v Vi WBy VvV 0u
Xy = —% - -

O‘>2< ﬂya)% 04)3< 5ya>3< ’
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Vxxxﬂy B 6VXX/Byaxx o 4'Vxﬂyaxxx 15Vx6y062<x . Vﬂyaxxxx

Vxxx = Y] o5 a8 o0 o3
10VBy o 15V 8,03,
al al
VYYY = Y 2y Byyy _ 3‘/}’5)%)’ VByyyy _ 4vByy By | 3V )?;y’
Box | Blaw | Blax | Blax | flax | B
Viey — vxx3y VolByy Vg o  3uBya Wl VB 3w,
a3 Byas ol Byai ol Byad a
3v By, 0%
Byos 7
Vyyx = Vi Yy Qo By Wl VeByy  VByy e Vx }2/y
Byaz By Biog Brod Braz Bras  Bhog
VB 0
B3
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Cross-section:

(X7 Y7 Va VX? VY: VXX: VYY? VXY: . ) = (07 07 1107070707 ]-7 .. )

a = 07 /6 = )
Wiy — ViV Wiy — ViV
ax = v B, =+
V3 Y y V3 Y

_ 4 Wiy — ViV Vy Wiy — WV
Qixx = Vx V3 y ﬁyy - T v3 ’

_ . Wiy — ViVy :l:2vy Wy [y — Vv,
Alyxx — Vxx V3 ’ ﬂyyy - 2 V3

L(Vxxy) =h; =

3 vf Vy 3V Vx  VyVix
v2 v v )’

<

L(Vyyx) = /12 =

, 3/2
Vxxy
Wiy — VxVy

3/2 vf Vy
VWyyx + = — Vyy Ve — Vyx Vy
Vx Vy 1%
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Recurrence formulas

Theorem
Let w € N*(J(>)), then

d[i(w)] = t[dw + v (W)].

Definition

The lift of a vector field jet coordinate is
A(¢T) = 13, a=1,...,m, #J >0,
and more generally,

m m

MY S @3] =3 3 AW,
a=1#J<n a=1#J<n
<
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Theorem

The recurrence formulas between the differentiated invariants and the
normalized invariants are

(DiHY& = my(u(dx’ +€&)) = @' +7p(u(€)), i=1,...,p

M-

1

-
Il

p p
(Dl = wn((>_ uf o + 65 + ¢5)) =D 150 + mr((65)),
1 j=1 j=1

I

-
I|

w' = u(dx’), i=1,...,p. The D; are uniquely determined by

p
dyF = ZD,-F o'
i=1
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Commutation relations

The commutation relations [D;, D;] =
differential operators D;, i = 1,.
di(w) = t[dw + v(®)(W)]:

- C;Dk for the invariant
.., p, can be obtained from the identity

— Y Cf DA = dw = dudxk) = o[d?xF ) (dxk)] = o[dER (x, )]

1<i<j<p

This follows from the fact that

p p
0= d,%,F(X) = dHZDiF wi = Z (D;Dj — DjD;)F wi A wj + ZD,F dwi
i—1 1<i<j<p i—1
P
= Y ([D;,DJ]F—kZ—C,-kaF) w' Al
k=1

1<i<j<p
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Continuation of the previous example
@ Invariant horizontal frame:
@' = u(dx) = (1)) (my (7)) dx)) = (o) (wdX)
= (p))*(dsX) = ()" (dnX)
= (P (Xudx) = (p1°)"(xdx)

Wiy — VxVy

=v 3 dx,

Wiy — ViV,
w? = idy) = (p™))(Bydy) = || =5 dy.

@ Invariant differential operators

1 3
Dy = —\|———D,,

v Wiy — vy

3
v
Dy = —dy.
Wiy — VxVy
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The infinitesimal generator of the Lie pseudo-group action

(X, Y, V) = (alx), B(y), vBy(y)/ax(x)) is
0

V= €005 ) g VO~ ) where () = s, 1) = .

The coefficients of the third prolongation, with ¢(x,y,v) = v(n, — &), are

¢ = =V + (1) — 26) Vi,
¢ = vy — &xvy,
5= vt o+ (1 — 36,
& = vynyy + Vil — ExVyy — Ty Vyy,
Y = vty — ExVy — 28 Vi
P = Vo — Mo — Vi + (1 — 4Ex) Viowes
O =2vy 1y + Vi — (Ex 4 27 Vyyy s
&Y = —vy&ox — 3y & T Ny Vix — 3Ex iy »

7= Ny Vay F Myyy Ve — ExxVyy — (M + 265) Vyyx,
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(D1loo)@" + (D2loo)w® = how" + lnww® + loo(B7 — B1),

(D1ho)w" + (Daho)w® = how" + h1w® — lofB3 + ho(55 — 261),

(Dilor)w" + (Dalor)w”® = hiw' + low?® + lo/33 — o137,

(D1ho)w" + (D2ho)w” = how" + l1@w® — lo33 — 3hof3 + ko(57 — 361),
(D1lo2)@" + (D2lo2)w® = how" + lozww® + lo1 B3 + loo S5 — lo2B1 — lo2/33,
(D1h1)@! + (Dah1)@? = biw® + how? + hoffs — lo135 — 2h1 31,

(D1ho)w@" + (D2ho)w® = low" + h1w” — loz — 4hoff3 — 6035 + (35 — 461),
(D1los)w" + (Dalos)w”® = hsw' + law?® + 2035 + loo; — los(B1 + 267),
(D1h1)w@! + (Dahn)w® = k@' + how?® — lo1 3} — 3h153 + ko33 — 3b1 /31,
(D1h2)@! + (Dah2)w? = bpw* 4 hsw? + h1f3 + hof53 — o2y — ha(BF + 261),

u]
o)
I
i
it
<
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Cross-section:

H'=0, H>*=0, lo=1 ho=0, l1=0, ho=0, Ip=0,
hi=1, hko=0, l3=0, lo=0, ls=0,

1wl + how?
1 2 1 2 1 2 1 2 21 12
—ﬁOZﬁQZW, _ﬂ0:ﬁ2:wv 51261:—7

2
B3 = Inw?, B3 = —howt, Bi = 1, B2 = —hzw'.
Dib1 = k1 — 5 2 Dobpy = by — 3 — 5121/12,
3 3
Dihp = o +1— 5/12/21, Doho = h3 — 5/122-

li2 and b1 generate the algebra of differential invariants.
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Commutation relation

b1t + how?
ot = (de) = (eecr) = p} At = (2T p

2
= —Il—zwl A w2
2 )
byl + how?
dw? = u(dn) = u(nydy) = ﬁf Aty = (M) A w2
= b—lwl N w2
5 .

So

ho b1
Do = 2p, — 2p,.
[D1, Ds] > D1— D2
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o If Dolio 75 0, then

_ 2[D, D1lh2 + hoDiha

/
21 DZ I]_2 ;

o if Dib1 75 0, then

_ 2[D1, Do)l + InDaln

I
2 D1b

Under the assumption (D2h12)? + (D1h1)? # 0, the algebra of differential
invariants is generated by one invariant!
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