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Abstract. Cartan’s method of moving frames is briefly recalled in the context of immersed
curves in the homogeneous space of a Lie group G. The contact geometry of curves in
low dimensional equi-affine geometry is then made explicit. This delivers the complete set
of invariant data which solves the G-equivalence problem via a straightforward procedure,
and which is, in some sense a supplement to the equivariant method of Fels and Olver.
Next, the contact geometry of curves in general Riemannian manifolds (M, g) is described.
For the special case in which the isometries of (M, g) act transitively, it is shown that the
contact geometry provides an explicit algorithmic construction of the differential invariants
for curves in M. The inputs required for the construction consist only of the metric g
and a parametrisation of structure group SO(n); the group action is not required and no
integration is involved. To illustrate the algorithm we explicitly construct complete sets of
differential invariants for curves in the Poincaré half-space H® and in a family of constant
curvature 3-metrics. It is conjectured that similar results are possible in other Cartan
geometries.
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1 Introduction

The classical topic of immersed submanifolds in homogeneous spaces via repére mobile or mo-
ving frames is discussed here in the simplest case, that of curves. Several authors have written
on the method of repere mobile, over the years since Cartan’s works, such as [5]; these include
S.S. Chern [6], J. Favard [8], P.A. Griffiths [12], G.R. Jensen [14], M.L. Green [11], R. Su-
lanke [26], R. Sharpe [21] and M.E. Fels & P.J. Olver [9, 10]. Some of these authors have
the goal of placing Cartan’s method on a firm theoretical foundation as well as extending its
range of application beyond the classical realm. More recently, a reformulation of the method
of moving frames, due to Fels and Olver [9, 10] has lead to renewed activity and a great many
new applications and perspectives, have arisen (see [18] and references therein). Whereas Car-
tan emphasised the construction of canonical Pfaffian systems whose integral manifolds are the
Frenet frames along the submanifold, a much more direct approach is favoured in the Fels—Olver
formulation and this has a number of significant advantages. However, in this paper, we shall
reconsider the role of Pfaffian systems in the method of moving frames in the light of recent
results in the geometry of jet spaces with the principal goal of making the contact geometry of
curves more explicit and giving some indication about its possible applications. Another goal is
to provide additional insight into the relationship between Cartan’s method of moving frames
and the equivariant method of Fels and Olver!.

*This paper is a contribution to the Special Issue “Elie Cartan and Differential Geometry”. The full collection
is available at http://www.emis.de/journals/SIGMA /Cartan.html

A point we make herein is that the geometry of jet spaces provides a useful mediation between the two
approaches.
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The considerations in this paper were inspired by a paper of Shadwick and Sluis [20], in which
the authors observed that many of the Pfaffian systems derived by Cartan admit a Cartan pro-
longation which is locally diffeomorphic to the contact distribution on jet space J* (R,R?), for
some k and ¢, thereby explicitly adding contact geometry to Cartan’s method of moving frames.
Another way to view the aims of this paper is the further development of the ideas in [20] in re-
lation to moving frames for curves by exploring the application of a recent generalisation [27, 28]
of the Goursat normal form from the theory of exterior differential systems [25, 3] allowing for
the explicit determination of differential invariants and other invariant data in cases which have
not been previously explored in detail. Of particular interest are curves in general Cartan geo-
metries and in this paper we have focused on the Riemannian case and conjecture that similar
results hold for other Cartan geometries.

We show that given any n-dimensional Riemannian manifold (M™, g) then the Pfaffian
system whose integral manifolds determine the Frenet frames along curves in M has a Car-
tan prolongation which can be identified with the contact system on jet space J"(R,R"~1).
The explicit construction of the identification requires only differentiation. In case the isome-
tries of (M™,g) act transitively then the construction of the differential invariants that set-
tles the equivalence problem for curves up to an isometry differs from the approach of Fels—
Olver in that explicit a priori knowledge of the isometries or even the infinitesimal isometries
is not required; as in the Fels—Olver method no integration is called for. The inputs for al-
gorithm Riemannian curves consist only of the metric ¢ and a realisation of the Lie group
SO(n).

Moreover, a contention of this paper is that the contact geometry of submanifolds to be
described below should be a fundamental fact and lead to useful points of view that complement
and enhance the geometric analysis of submanifolds by existing methods such as Cartan’s method
of moving frames and the equivariant moving frames method of Fels and Olver.

The content of this paper is as follows. After briefly recalling the method of moving frames, as
practiced by Cartan, we study one of the simplest non-trivial examples: curves in 2-dimensional
equi-affine geometry. It is then shown how the (classical) Goursat normal form applies to
give the unique differential invariant and moving frame, explicitly. This familiar, illustrative
example encapsulates the ideas proposed in this paper and is simple enough so that all de-
tails can be given. An account of the generalised Goursat normal form [27, 28] is then given
in the special case of total prolongations (uniform Goursat bundles) in preparation for the
study of immersed curves in higher dimensional Cartan geometries. Section 4 illustrates the
principles developed in the previous section by applying it to study curves in 3d-equi-affine geo-
metry, computing the complete set of differential invariants via the generalised Goursat normal
form.

Section 5 is devoted to the contact geometry of curves in any Riemannian manifold and
contains the main application of the paper. The general method is used to explicitly derive
the differential invariants for curves in the Poincaré half-space H? and for curves in a family of
constant curvature 3-metrics. These invariants do not seem to have appeared in the literature
before. The results demonstrate that the contact geometry of submanifolds can offer an alter-
native path to invariant data for curves besides the Fels—Olver equivariant method and Cartan’s
method which, in the latter case, relies so much on geometric insight and special tricks for the
construction of the Frenet frames?.

Finally, it should be mentioned that while this paper only explores the case of curves, the
contact geometry of higher dimensional submanifolds could be similarly studied, commencing
with the well known characterisation of contact systems in any jet space given in [2, 30].

2In Cartan’s writings the distinction between the Frenet frames along a submanifold and the exterior differential
system whose solutions are the Frenet frames is sometimes blurred. It’s best to keep these two notions quite
separate since the construction of the latter is algorithmic while that of the former is not.
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2 Method of repere mobile applied to curves

=

According to [14] the general problem treated by Cartan in [5] and elsewhere is that of the
invariants of submanifolds in the homogeneous space of a Lie group G under the action of G.
In this section, I will give a very brief description of the method of repére mobile, Cartan’s
principal tool for addressing this type of problem. More complete discussions can be found in
the references quoted above such as [8, 12, 14, 26]. The exposition given by Cartan in [4] is still
well worth reading.

Let G be a Lie group and H C G a closed subgroup. Then we have the H-principal bundle

H4L>G

|-

G/H

of left cosets of H in G and we let M := G/H. Map = is the natural projection assigning a left-
coset gH to each element of g € G. There is a natural left-action of G on M: g-zH = gzH, for all
g € G. Let x be a local coordinate system on M. Cartan typically began with a representation
of G which could be “decomposed” into columns ey, e, ...,e,. of H C G and x, a column vector
whose components are the coordinates x on M.

Cartan defines differential 1-forms w’, 1 < i < r by

-
dm:Zwi@)ei. (1)
i=1
The 1-forms w® are semi-basic for 7. Furthermore, we have 1-forms wg defined by

r
dei = sz & €;j. (2)
j=1

. 4,7 =1,...,r are the components of the Maurer-Cartan form w on G; the

integral submanifolds of the Pfaffian system

The 1-forms w’, w

w =0, w'=0, ..., w"=0

foliates G by the left cosets of H.

Suppose f : T — M is an immersion of a manifold 7" into M. Then a moving frame is
a local map F : T — G such that f = w o F. That is, the moving frame assigns to each
point t € T a coset f(t) € G/H. With this general set up, Cartan addresses the following
problem for submanifolds of M. Let f; : 71 — M and fo : T5 — M be submanifolds. Find
necessary and sufficient conditions, in the form of differential invariants, such that there is
a local diffeomorphism p : 77 — 715 and element g € G such that

Joopu=g-fi1.

¢

The ‘o’ denotes function composition while ‘-’ continues to denote the left-action of G on M.
A special case of this is the so-called fized parametrisation problem where one takes Ty = To =T
and p is the identity on T'. This congruence problem is the one that will be studied in this paper.

In case the submanifolds of M are curves, Cartan begins by choosing a codimension 1 subset
of the semibasic 1-forms and defines the Pfaffian system

Q: w?=0, w*=0, ..., W =0.
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One studies the solutions of 2 since these project via m down to curves in G/H, which are
the objects of interest. One way to do this is via the Cartan-Kéhler theorem [3]. Accordingly,
one computes the exterior derivatives of the w’, j = 2,...,r and appends these “integrability
conditions” to € forming the differential ideal Q with independence form w!. This procedure
allows one to prove existence of integral curves for 2 and provides information about the number
of such integral curves. However, this makes no use of the special origin of the 1-forms in (2,
arising as they do from the Maurer—Cartan form w on G. As a result of this one can go much
further. From the structure equations of w and the vanishing of the exterior derivatives dw® we

deduce additional 1-form equations of the form
R S
w; — pjw ,

for some functions pg on (G, which are appended to €2 as integrability conditions, thereby forming
the new Pfaffian system

Q: w?=0 w*=0, ..., W =0, wg—p{uﬂ:O.

In essence, the method of moving frames consists of using the fact that H acts on the fibres
of G — G/H on the right inducing a transformation of the Maurer—Cartan form w on G, [23,
Chapter 7). Indeed, the transformation

(x,e1,...,e.) — (x,e1,...,e.)h, Yhe H (3)
on (G induces the transformation
wis Ad(h DYw+ b ldh =& (4)

on the Maurer—Cartan form w. In turn, this induces a transformation on the functions pf To
proceed further we recall the notion of a Cartan prolongation.

Definition 1. Let 7 be a Pfaffian system on manifold M and p : M — M a fibre bundle.
A Pfaffian system Z on M is said to be a Cartan prolongation of (M,T) if

1) p*Z C 7;
2) for every integral submanifold o : S — M of Z there is a unique integral submanifold
0 :S — M of T that projects to o; that is, c = poa.

We say that ¢ is the Cartan lift of o.

If we choose to view (G x R®, Q), where the factor R® carries the “parameters” p{ , as a Cartan
prolongation of (G,€) then (3) induces a reduction of the trivial bundle G x R®* — G by
normalising the coordinates p] on the fibres to simple constants like 0 and =+1.

Once Q has been normalised, the process begins again by taking exterior derivatives of the
enlarged, normalised Pfaffian system arising from €. Each step selects a subgroup K C H. If
the process terminates at K = {identity} of G then the resulting Pfaffian system arising from
is canonical. The integral submanifolds of Q are the Frenet frames, §. Hereafter we shall label
this canonical Pfaffian system by the symbol Q3.

The main assertion made in this paper is that the canonical Pfaffian system Qg determining
each Frenet frame along an immersed curve admits a Cartan prolongation Qg on F:=GxRY
for some v, so that (E, Qg) is locally diffeomorphic to a jet space (J¥(R,R?), 2*(R,RY)) where
QF(R,R?) C T*J*(R,R9) is the contact sub-bundle. The coordinates on the R” factor of E
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carry the differential invariants of the problem. Indeed, the integral manifolds of ﬁg, say,
I': I — G x RY project down to the Frenet lifts I' of curves v: I — M as in

E

S

Y (5)

/1L

where I C R is an interval. Hereafter, one of our goals is to give examples which demonstrate
the assertion made above, namely that the Pfaffian system ﬁg can be identified with a contact
system. This identification can be constructed explicitly and provides explicit coordinate for-
mulas for all the invariant data: differential invariants, Fels—Olver equivariant moving frames
and invariant differential forms. In Section 5 we will prove that this procedure can be applied
to curves in any Riemannian manifold and in that case it is algorithmic?. Importantly, one is
not required to explicitly know the group action a priori. Before this we will work out some
pedagogical examples. The first of these is sufficiently low dimensional so that all details can
be given.

2.1 Curves in the equi-affine plane

The goal in this subsection is to provide a simple illustration of the method of moving frames
as described in the previous subsection. We will construct the Frenet frame § for a plane
curve up to equi-affine transformations by constructing the canonical Pfaffian system Qg and
the appropriate Cartan prolongation 2z, as described above. Here equi-affine transformations
means the standard transitive action of the Lie group G = SL(n,R) x R™ on R™. For plane
curves we take n = 2; the action on R? with local coordinates &1, & is

ol =l [

— A + ,

[52 &2 y

where A € SL(2,R) and x,y € R. We identify R? with G/SL(2,R) where the elements of G are
matrices of the form

1 00
g= |z a b
y ¢ d

and ad —bc = 1. We call this homogeneous space the affine plane and denote it by A2. For local
coordinates on A? we take x, the first column of ¢ € G and eq, ey are the next two columns
of g. Equations (1), (2) give the semi-basic forms

w! = Bdz — bdy, w? = —cdx + ady,
and connection forms

1
w%:ﬁda—bdc, w%:g(ﬁbda—i—db—bzdc), w%:adc—cda,

3In this paper a construction or procedure is said to be algorithmic if it can be performed only by differentiation
and “algebraic operations”, which includes constructing the inverse of a local diffeomorphism. However, integra-
tion is strickly excluded.
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where 3 = (1 + bc)/a, where we have chosen a chart on SL(2,R) in which a # 0; note that
wi + w2 = 0. It is useful to record the structure equations

dw' = W Awl 4+ w? Awd,

dw? = W Aw? — W? Awi,

dwi = W Aws, (6)
dwd = —2w A wd,

dw? = 2wi AWl

Successive adapted frames are integral curves of certain Pfaffian systems which will be denoted
by QF, i =1,2,.... The first adapted frames for curves in A? are integral curves of the Pfaffian
system Q! consisting of the single 1-form equation

Ql: Ww?=0
with independence form w!. From structure equations (6), we obtain 0 = dw wl A w?
mod w? and hence to complete Q! to a differential ideal Q' we extend it by appending the
2-form equation w? A w! = 0. This equation implies that there is a function p on G such that

the 2-form equation can be replaced by w? — pw! = 0, a kind of “first integral”. We extend Q!
by this 1-form equation and rename the extended Pfaffian system Q! to get

2 =

Q- wQZO, w%—pwlz().

Note that the reconstituted Q' is no longer a differential ideal.

As discussed in Section 2, an element h € H acts on the frame [x,e1, es] over each point
x € G/H on the right inducing the transformation (4) on the Maurer-Cartan form on G.
This, in turn induces a transformation on the function p. The subgroup H; C H that leaves
Qlinvariant has representation

1 0 0
0 a b
0 0 1/a
We obtain
ot = a7t % = aw?, o2 = a?u?

Hence

2 1 2

0=w!—pw' =020 —pad' =a 2@ — pa’d").

The Pfaffian system Q! is transformed to
~9

w” =0, o —padot = 0.

That is, the function p undergoes the transformation p — a3p. Accordingly, we can choose a so
that ap® = 1 and transform Q' to*

0% Ww?=0, w—w =0

4We have made a tacit genericity assumption that p # 0. The case p = 0 must be considered separately, as
in [14]. To simplify the exposition we shall continue to make such genericity assumptions in this paper.
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The integral submanifolds of Q2, with independence form w! are the “second order frames” for

curves in A2. The subgroup Ho C H; C H that preserves the elements of Q2 is
100
01 b
0 01

We must now extend Q2 to a differential ideal by computing the exterior derivative of w? — w!.
From the structure equations we obtain 3wi Aw! = 0. As before, there is a function ¢ on G such

that the 2-form equation can be replaced by

wi —qwt=0

so that (the reconstituted) Q2 is given by the 1-form equations
Q% W?=0, W -w=0, w-—qu' =0 (7)

and is no longer a differential ideal.
By performing a Hs change of frame the 1-forms in (7) become

&% =Wl G - =wi - Wl O = wi —buw?.

Thus Q2 is invariant under a Ho change of frame while
0=wi —qu' =& + (b— q)@".

We can chose b = ¢ to obtain the 1-form equation o?% = 0, and giving rise to the final adapted
frame (dropping tildes)

QB w?=0, W —-w =0 w=0

which “reduces the isotropy group to the identity”. Thus, Q3 is the Pfaffian system Qg and
its integral curves are the Frenet lifts § of curves in A%2. Computing the exterior derivative of
w} = 0 we obtain the 2-form equation wi A w! = 0 and hence there is a function x on G such
that wj — sw' = 0. This time there is no freedom left in our choice of frame that enables & to be
transformed away. The function s here is intrinsic. Hence, in this case, the Cartan prolongation

we seek is the Pfaffian system {2z augmented by the 1-form equation wi — k!t =0

Qg w? =0, w%—wlz(), wizo, w%—/fw1:0,

on G x R,. The integral curves of Qg with independence form w' determine the unique equi-
affine invariant for plane curves.

Theorem 1. Let I C R be an interval and v; : I — A? be two immersed curves in the equi-affine
plane, each parametrised by equi-affine arc-length. Then there is an element g € G such that
Yo = g - 71 if and only if their Cartan lifts I'; : I — G x R satisfy

16 =I5k (8)
identically on 1.

Proof. Let us firstly recall that (G x R, (AZS) — (G,Qgz) is a Cartan prolongation and T, is
a Cartan lift of I';, i = 1,2; see diagram (5). By definition, the I'; are the Frenet lifts of ~;
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and fl are Cartan lifts of ;. Finally ﬁ are integral submanifolds of ﬁg on G xR and consquently
for i = 1,2 we have

o~ ~ ~ ~ ~

iw? =Tiw] =0, Tiwy = (T7k) (f’;wl), Tiw? =Tiw'. 9)

Since both curves are parametrised by equi-affine arc-length s we have f’{wl = f§w1 = ds.
From this and from (9) we deduce that

i Ovc = Ti0uc, (10)

where Q)¢ is the Maurer—Cartan form on G. It follows from the standard theorem about maps
into a Lie group [22, Chapter 10, Theorem 18] that there is a fixed element g € G such that
Y2 =971

Conversely, if 79 = ¢ -1 for some g € G, then the Frenet lifts I'; of ~; satisfy (10) and
are integral submanifolds of €2z. But since (Alg is a Cartan prolongation of Qz, there are Car-
tan lifts I'; of T'; which are integral submanifolds of Qg Equation (8) follows from this and
equation (10). [

Remark 1. This theorem encapsulates the basic idea of this paper and is proposed as a model
for the study of curves in any Cartan geometry. The relationship between Theorem 1 and
diagram (5) should be clear. The idea now is that by the Goursat normal form (G x R, Q%) is

locally diffeomorphic to the jet bundle (J 4R,R), CYL)), where C£4) is the contact sub-bundle of
TJ*(R,R). That is, there is a local diffeomorphism ¢ : G xR — J*(R, R) such that ¢,Qf = C{".
In fact, Theorem 1 proves that knowing the diffeomorphism ¢ explicitly constructs the unique

invariant « for plane equi-affine curves explicitly, namely the equi-affine curvature, as well as
the equi-affine arc-length. Explaining this is the goal of the next subsection.

2.2 Goursat normal form

The Goursat normal form is a local characterisation of the contact distribution on J*(R,R)

for all £ > 1, which we denote Cyﬁ). The original theorem is not due to Goursat who was its
populariser. It appears the theorem is originally due, in some form, to E. von Weber but the
statement of it I give below essentially arises from a 1914 work of Cartan. A good reference
is [25]. This reference describes an interesting, relevant but largely forgotten work of Vessiot [29].
First we establish some notation and definitions.

2.2.1 The derived flag

Suppose M is a smooth manifold and V C T'M a smooth sub-bundle of its tangent bundle. The
structure tensor is the homomorphism of vector bundles § : A2V — T'M/V defined by

§(X,Y)=[X,Y] modV, for X,Y €T (M,V).

If § has constant rank, we define the first derived bundle V(1) as the inverse image of §(A?V)
under the canonical projection TM — TM/V. Informally,

V) =y 4 v, V]
The derived bundles V() are defined inductively:

Pli+l) — ) 4 [V(i), V(i)]
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assuming that at each iteration it defines a vector bundle, in which case we shall say that V is
reqular. For regular V, by dimension reasons, there will be a smallest k£ for which P+l — k),
This k is called the derived length of V and the whole sequence of sub-bundles

Ve yDh cp®@ ..o cpk)

the derived flag of V. We shall denote by V() the smallest integrable sub-bundle containing V.

2.2.2 Cauchy bundles

Let us define
o:V—Hom(V,TM/V) by o(X)(Y)=0(X,Y)

Even if V is regular, the homomorphism ¢ need not have constant rank. If it does, let us write
Char V for its kernel. The Jacobi identity shows that Char V is always integrable. It is called
the Cauchy bundle or characteristic bundle of V. If V is regular and each V() has a Cauchy
bundle then, we say that V is totally regqular. Then by the derived type of V we shall mean the
list {V®, Char V¥} of subundles.

Theorem 2 (Goursat normal form). Let V C TM be a smooth, totally regular, rank 2
sub-bundle over smooth manifold M such that

a) V() =TM;
b) dim VD = dim V@ + 1, while VO # TM.

Then there is a generic subset M C M such that in a neigbourhood of each point ofM there
are local coordinates x, 2, 21, 22, . . . zi. such that V has local expression

k
{ax + 20, azk},
j=1

where k = dim M — 2. That s, V is locally equivalent to Cik) on M.

A proof can be found in [25, pp. 157-159]. The proof of a much more general result in which
the Goursat normal form is a special case is given in [28]. The significance of the latter is that
an procedure is provided for constructing the local contact coordinates x, zg, ..., zx. This is
procedure Contact B on page 287 of [28] with pr = 1 and p1 = p2 = -+ = pg—1 = 0; the p; are
defined in Section 3. In this special case we have the following.

Procedure Contact for the Goursat normal form

INPUT : Sub-bundle V C TM of derived length k which satisfies the hypotheses of
Theorem 2.

a) Fix any first integral of Char VY*=1)  denoted x, and any section Z of V such that Zz = 1.
b) Define a distribution IT* as follows:

i+ =z, 1'=Char VY, 1<I<k-1.
c¢) Let zp be any invariant of II* such that dz A dzy # 0.

d) Define functions z1, 29,...,2; by 2j = Zzj_1, j=1,... k.

OUTPUT : Functions z, 29, 21, - . . , 2 are contact coordinates for V.

The proof of correctness of this procedure is given in [28].
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2.3 Equi-affine invariants & the Goursat normal form

We use this procedure to construct the various invariant objects for this geometry. In fact we
will construct the Frenet frames by constructing all the integral submanifolds of Qg So we set
V= QL

V= {8 140, 2 + KO, 1 Ok }

Note that we have adopted the usual convention of denoting the frame dual to
wh Wl oWl Wl Wl

by
Oyt, O2, Ow%, Gw%, Gw%.

In local coordinates we have

1+ be

V= {X i= b, + e + b + rady + Oes O}
Calculation verifies that the hypotheses of Theorem 2 are met and that the derived length of V
is k = 4. Then step a) of Contact requires that we construct at least one invariant of

Char V®) = {3177 Ok, a04 + c@c}

which has invariants z, y, a/c. Any one of these can be taken as the “independent variable”.
Since z, y are local coordinates on G/SL(2,R), we shall choose x for this purpose. It then follows
that we may take Z to be

+bc

Z = fX Or + 8+ 8+fi(9b+ Oe.

Step b) requires the construction of IT*. We get

m=1{8,), I2=1{8,, ), 1= {am Oy, a i ac},

n4:{am O, a+ ac,a}

The invariants of IT1* are in fact , y and hence by step c), we set 29 = y and construct 2j = Zzj_1,
1 <75 <4. We get

c 3b 562 — a’k
21 = —, z22 = 3 z3 = — 5 3
a a a

obtaining the equivalence ¢ : U C G x R — J4(R,R) defined by
qS(as,y, a,b,c, Ii) = (:U, y,ca” a3, —3ba®, 3(5b% — a2/£)a77)
between V and the contact distribution on J*(R,R). The inverse of ¢ is

1 —1/3 —1 —5/3 —1/3 ~A-1 2 —8/3
1) ($,Z0,Z1,22,23,Z4) = (1‘,20,22 /,—3 232y / , 2124 /,9 (523 — 32224) 2y /)

= (x7y7a7 ba (& N)‘
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Hence if we express the curve in A% as a graph (x, f(x)) then we deduce from ¢~! that the
equi-affine curvature is the well known expression

_ 5f///($)2 _ 3f”(a;)f””(a:)

1 " - "
o = o @)

K

We also obtain the unique G-invariant 1-form, the equi-affine arc length by pulling back w'
by ¢~ 1,

(¢—1)*w1 _ f”(l‘)l/gdl’
and the Frenet frame

1 0 0
s={ = fr@0s =3 ) £ ()
Fl@) P f @) (@) =37 @) @) )

of the curve (z, f(z)) by pulling back an arbitrary element g € G' by ¢~!'. Of course, we can
express everything in terms an arbitrary immersion (z(t),y(t)) into A2, rather than as a graph.

Remark 2. Note that the procedure we have just described for the invariant data of curves
in A? is not algorithmic; we had to solve differential equations to obtain the equivalence ¢. In
practice, however, we find that when the contact system is that of J*(R,R?) where ¢ > 1, this
integration can often be avoided. We will illustrate this for curves in A3 and prove, in Section 5,
that it holds for curves in any Riemannian manifold of dimension greater than 2.

3 On the generalised Goursat normal form

To carry out the programme of the previous section for curves immersed in manifolds of dimen-
sion greater than two we must be able to characterise the contact distributions on jet spaces
JF(R,R?), for all k,q > 1; the case ¢ = 1 being the Goursat normal form. In principle this
generalisation should include partial prolongations of the contact distribution on J*(R,RY) and
such a characterisation exists — the generalised Goursat normal form [27, 28]. However, so far
the full scope of this characterisation has not been required. It turns out that only total prolon-
gations of the first order jet space are sufficient. Accordingly, we will only briefly review those
parts of [27, 28] that are needed for the results to be described in this paper.

3.1 The singular variety
For each z € M, let

S ={v € V;\0 | o(v) has less than generic rank}.

Then S, is the zero set of homogeneous polynomials and so defines a subvariety of the pro-
jectivisation PV, of V,. We shall denote by Sing(V) the fibre bundle over M with fibre over
x € M equal to S; and we refer to it as the singular variety of V. For X € V the matrix of the
homomorphism o (X) will be called the polar matriz of [ X] € PV. There is a map degy, : PV — N
well defined by

degy,([X]) = rank o(X) for [X] e PV.

We shall call degy,([X]) the degree of [X]. The singular variety Sing(V) is a diffeomorphism
invariant in the sense that if Vi, Vs are sub-bundles over M, Ms, respectively and there is
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a diffeomorphism ¢ : M; — My that identifies them, then Sing(V,) and Sing(¢.)V;) are equiva-
lent as projective subvarieties of PV,. That is, for each x € M, there is an element of the
projective linear group PGL(Vy, ., R) that identifies Sing(V2)(¢(x)) and Sing(¢:V1)(¢(x)).

We hasten to point out that the computation of the singular variety for any given sub-
bundle V C T'M is algorithmic. One computes the determinantal variety of the polar matrix for
generic [X].

3.1.1 The singular variety in positive degree

If X € Char V then degy,([X]) = 0. It is convenient to eliminate lines of degree zero and for this

reason we pass to the quotient V := V/Char V. We have structure tensor 5 A%V — Z//’]\\4/ v,
well defined by

~

5(X,Y)=7(X,Y]) modV,

where TM = TM/Char V and
m: TM —TM

is the canonical projection. The notion of degree descends to this quotient giving a map
degy; : PY — N

well defined by
degp([X]) = rank 5(X)  for [X] e PV,

where 3()? )()Af) = ;5\()? , )A/) for Y e V. Note that all definitions go over mutatis mutandis when
the structure tensor ¢ is replaced by 6. In particular, we have notions of polar matrix and
singular variety, as before. However, if the singular variety of V is not empty, then each point
of PV has degree one or more.

3.1.2 The resolvent bundle

Suppose V C T'M is totally regular of rank c+q+1, ¢ > 2, ¢ > 0, dim M = ¢+ 2¢g+ 1. Suppose
further that V satisfies

a) dim Char V = ¢, V) = T'M;
b) i‘z = Sing(ﬁ)‘z = IP’Z§|I ~ RP?!, for each 2 € M and some rank ¢ sub-bundle B C V.
Then we call (V,PB) (or (V,$)) a Weber structure of rank q on M.

~

Given a Weber structure (V,PB), let R(V) C V, denote the largest sub-bundle such that
m(R(V)) = B. (11)

We call the rank g + ¢ bundle R(V) defined by (11) the resolvent bundle associated to the
Weber structure (V, i‘) The bundle B determined by the singular variety of V will be called the
singular sub-bundle of the Weber structure. A Weber structure will be said to be integrable if
its resolvent bundle is integrable.

We will see that the resolvent bundle is the key to the construction of an identification of
a given differential system with a contact system, if such an identification exists; and hence the

name.
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An integrable Weber structure descends to the quotient of M by the leaves of Char V to
be the contact bundle on J!(R,R?). Thus, the resolvent bundle and its concomitant Weber
structure is a constructive characterisation of the contact bundle on the 1-jets J'(R,RY). The
term ‘Weber structure’ honours Eduard von Weber (1870-1934) who was the first to publish
a proof of the Goursat normal form. For completeness we record the following properties of the
resolvent bundle of a Weber structure.

Proposition 1 ([27]). Let (V,%) be a Weber structure on M and B its singular sub-bundle. If
q > 3, then the following are equivalent

a) its resolvent bundle R(V) C V is integrable;

b) each point off) = Sing(lj) has degree one;

c) the structure tensor S of V vanishes on B: 3\(@, B) = 0.

Proposition 2 ([27]). Let (V,3) be an integrable Weber structure on M. Then its resolvent
bundle R(V) is the unique, mazximal, integrable sub-bundle of V.

Checking the integrability of the resolvent bundle is algorithmic. One computes the singular
variety Sing(V) = PB. In turn, the singular bundle B algorithmically determines R(V).

Example 1. The canonical model of an integrable Weber structure is the contact distribution
on JY(R,RY) for ¢ > 1, extended by Cauchy characteristics

q
V= {8:1: + Zpiauia apl?"'7apq7 azu azm--- aazc}-

i=1
The quotient Y= V/Char V has singular sub-bundle
B={(0n, (0] }
and the resolvent bundle of integrable Weber structure (V,IF’E) is
RYV)={0p,....0p,s Oz, Osy,..., 05}

The invariants of the resolvent bundle are spanned by {z, ui,...,uq}. So the resolvent bundle
provides a geometric characterisation of the “independent variable” x and the “dependent variab-
les” w;, after which differentiation by a canonically defined total derivative operator leads to
higher order jet coordinates. See Sections 3.2 and 4 of this paper for further details. See [27, 28]
for the general theory with proofs and further examples.

3.2 The uniform generalised Goursat normal form
We are now able to give a characterisation of the contact distribution on J*(R,R%), Cc(lk) for any
k,q > 1, generalising the Goursat normal form to the uniform case.

Theorem 3 (generalised Goursat normal form — uniform case, [27, 28]). Let V C TM
be a smooth, totally regular, sub-bundle of rank ¢ + 1 and derived length k, some k,q > 0, over
smooth manifold M such that

a) V() =TM;

b) dim VD = dim VO + ¢, while VO % TM;

¢) Char V& c V(-1 1 <i<k—1;dimChar V¥ = jq, 0<j<k—1;

d) If ¢ > 1 then VE=D admits an integrable Weber structure.

Then there is a genm&c) subset M C M such that around each point ofM the distribution V

is locally equivalent to Cy.
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If ¢ = 1 then c) follows from b) and the Weber structure is not defined in which case
Theorem 3 reduces to the Goursat normal form, Theorem 2. We call any sub-bundle that
satisfies the hypotheses of Theorem 3 a uniform Goursat bundle in which case the Theorem
asserts that generically every uniform Goursat bundle is locally equivalent to the canonical one.
A proof of Theorem 3 can be found in [27] as a special case of that paper’s Theorem 4.1. However,
the latter covers a very much larger class of sub-bundles than uniform Goursat bundles and there
is therefore a much simpler proof in this uniform case. However, for the purposes of this paper an
important thing is the procedure for constructing contact coordinates in the uniform case which
is a special case of procedure Contact A on page 286 of [28]° with p; = py = -+ = pp—1 = 0,
pr = q¢ > 1. Note that the collection of non-negative integers

g = <p17p27"'7pk>

shall be called the signature of V and is a complete local invariant of Goursat bundles. In the
interests of completeness we mention that the non-negative integers p; are defined by

p; = dim Char VO — dim Char V}, 1<) <k-1,
pr. = dim VE — dim p*-b),

where Char V](-J;)l = Char VU NVYU-D, Tt is proved in [27, 28] that a sub-bundle V on manifold M

is locally diffeomorphic to a partial prolongation of the contact system Cél) on J}(R,RY) with p,
variables of order j, if and only if (M, V) is a Goursat bundle of signature o. In this paper, we
need only consider total prolongations in which the only nonzero element of the signature is py,
where k is the derived length of V.

Procedure Contact for uniform generalised Goursat bundles, g > 1

INPUT : Uniform Goursat bundle ¥V C T'M of derived length k£ with ¢ > 1.
a) Construct the (integrable) resolvent bundle R(V(*~1)) and all its ¢ + 1 first integrals.

b) Fix any one of the first integrals from step a) denoted x, and any section Z of V such that

Zr =1.

¢) Denote the remaining ¢ first integrals of R(V*~1) by zg, i=12,...,q.

d) Define functions z{,zg ,zi by 2, = Zzﬁ‘n_l, 1<m<k, 1<j5<q.
OUTPUT : Functions =z, zg, z{, el zi, 1 < j < q are contact coordinates for V.

Remark 3. Even though an integration problem is presented for solution in step a) above,
in fact, in every example of curves in a Cartan geometry that I've seen no integration is re-
quired because the resolvent bundle turns out to be the vertical bundle for the fibration 7o 7 :
E — G/H. So a complete set of invariants of R(V*~1) can be taken to be the components of
any coordinate system on G/H. In Section 5 we will prove this for curves in any Riemannian
manifold of dimension at least 3.

4 Space curves up to equi-affine transformations

As an illustration of the generalised Goursat normal form and its relation to the geometry of
curves we consider immersed curves in R? up to the standard action of G := SL(3,R) x R3. The
goal is to use repeére mobile and Theorem 3 to construct all the invariant data for this situation.

SUnfortunately in reference [28] procedure Contact was called an algorithm. Manifestly, it does not qualify as
an algorithm because in a certain step an integration is required.
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We discuss this example principally for illustration since we permit ourselves to begin with
the explicit transitive action. However, our goal in this paper is to drop any reliance on an
a priori knowledge of a group action. To that end a contention of this paper is that explicit
invariant curve data can be obtained without integration or explicit knowledge of the group
action in a significant special case, namely Riemannian geometry. This will be established in
Section 5.

A straightforward extension of the n = 2 case covered in Section 2.1 to the n = 3 case leads
to the matrix group with elements

1 0 0 O

. r a3 a2 as
9= Yy a4 a5 ap
Z a7y ag ag

where det g = 1. We parametrise an open subset of the group G by solving det g = 1 for ag.
From equations (1), (2) or otherwise we deduce the left-invariant Maurer—Cartan form

where w% + w% + wg,’ = 0. For a coframe on G we take the ordered list

1,2,3 1 2 3 1,2 3 1 2
[w YW, w 7W17W17W1,W2>W2aw27w37W3]

whose dual frame we label 0 = [vl, V9, ... ,1111]- The Lie algebra multiplication table for U is
v V2 U3 Vg U5 Ve v7 U8 ) V10 V11
(%] 0 0 0 —U1 —V9 —vU3 0 0 0 0 0
V2 0 0 0 0 0 0 —V1 —U2 —U3 0 0
vs | 0 O 0 V3 0 0 0 U3 0 -V —U3
V4 (%] 0 —U3 0 —7Us —2’1)6 (o 0 —V9 2’1)10 V11
vs | v2 O 0 U5 0 0 vg — V4  —Us —v6 V11 0
Ve V3 0 0 2’06 0 0 V9 Ve 0 —U4 —7Us
vr | 0 vy 0 —U7 V4 — U8 —Ug 0 v7 0 0 V10
(S 0 V2 —U3 0 Vs —Vg —U7 0 —2119 V10 2’011
V9 0 V3 0 V9 Ve 0 0 2’09 0 —U7 —Us
V10 0 0 U1 —21110 —U11 V4 0 —710 (%4 0 0
V11 0 0 (%] —U11 0 Vs —7U10 —2?}11 (o 0 0

By a procedure similar to the one carried out in the n = 2 case we arrive at the Pfaffian
system Qg (see [8] for details) whose integral curves are Frenet lifts of curves in G/SL(3,R)

Qz: w?=0, w=0, wi’:o, w%—wle, wg’—wlzo, w%zO,
wi =0, ws—3wy=0.
I want to show that a Cartan prolongation of Q23 is a contact system. We calculate that
Ot = {1)1 + vs + vg, vy + 311, Ulo}-
The Cartan prolongation we shall consider is obtained from this:
SA% : {v1 +vs + vy + k1 (v7 + 3v11) + Kov10, Ok, Ony )

defined over G x R2. To apply the generalised Goursat normal form, Theorem 3, we work with
this dual bundle V := Qé and calculate



16 P.J. Vassiliou

i | Y@ Char V()

0 | {v1 +vs + vy + K1 (v7 + 3u11) + K2V10, Oy Ons ) 10}

1| V& {vr+ 3011, vio} {0y, Oy}

2 | VD g {v4 + 2ug, vy — 7)11} Char VIV & {vr 4 3v11, vio}
3]y g {v4 — 2us, V1 + U5 — 509} Char V? & {vg + 2v8, v7 — w11}
4| V® @ {vs, v — 305} Char V) & {vy — 2vs, vo}

5 | T(G x R?) T(G x R?)

So hypotheses a), b) and c) of Theorem 3 are satisfied with ¢ = 2 and derived length k = 5.
Since ¢ > 1, it remains to check the singular variety of the quotient V(¥ /Char V@ From the
table we see that

Char VW = {vy, vr, vs, vg, V10, V11, Oy, Ons )
and

VD = Loy, vy, vs, v6, V7, Us, V9, V10, Uity Oryy Oy )
and hence

Y@ .— V(4)/Char Yy = {[v1], [vs), [ve]}-

We obtain that Im &4 = {[va], [v3]} and the polar matrix of the point (a1[v1] + as[vs] + as|ve]) €
PY® is

—a2 Qi 0

—a3 0
which has unit rank if and only if a; = 0. Hence the singular variety of V& is RP! with singular
bundle B = {[vs], [vg] }. Consequently, the resolvent bundle in this case is

R<V(4)) = {4, vs, V6, V7, Vs, Vg, V10, V11} D {Or,, Oy} = 5I(3,R) ©RZ.

The resolvent bundle is integrable, showing that V) admits an integrable Weber structure,
fulfilling hypothesis d) of Theorem 3. We can therefore conclude that Qé is locally equivalent

to the contact distribution 655) on jet space J°(R,R?).
For future reference, we note that we often abuse the term “derived type” by referring to the
list of lists

[ [dim V), dim Char VO] ]%_

as the derived type of V, where k is its the derived length. Thus for the example just treated we
may say that its derived type is

(13,01, 5,2],[7,4],[9,6],[11,8], [13,13] |

since it is really the dimensions of these bundles that settles the recognition problem.

4.1 Differential invariants via Contact

We now apply procedure Contact to construct the two equi-affine invariants for space curves.
In the previous subsection we demonstrated that Qé is a uniform Goursat bundle. The first
step in procedure Contact requires the g +1 = 2+ 1 = 3 invariants of the (integrable) resolvent
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bundle, R(V(4)). The vector fields spanning this bundle are all vertical for the projection
G x R? — R? and, indeed, they frame its fibres. It follows that the functions annihilated by
these vector fields are spanned by x, y, z — the coordinates of the homogeneous space G/SL(3,R)
in which the curves are immersed. Note that no integration is required®. A local coordinate
calculation verifies this claim. By step b) we are at liberty to take any one of these as the
parameter along the curve. We take z for this purpose. Continuing to follow b) we fix a vector
field Z € V such that Zz = 1. At this point we must construct the vector fields that span V.
This is straightforward since V is constructed from the left-invariant vector fields on G (as well
as Ok, , Oxy). We obtain

v1 = a10; + a48y + a70,, v9 = a0y + a5ay + ag0;, v3 = a30y + a68y + ag0,,

Vg = a1aa1 — a38a3 + a4aa4 — aeaaﬁ + a78a7, Vg = agaal + a58a4 + a88a7,

Vg = agaal -+ a68a4 + agaW, vy = a18a2 + a4aa5 + a78a8,

U8 = @204, — 3045 + 05045 — 060qs + 8044, Vg = a30q, + 6045 + a90as,

V10 = a1043 + 0404, V11 = 42045 + a50,, v12 = Ok, V13 = Oy,
where

a 1 — asagar + a1agag — azasag + azasay
9 = .
aias — a,az

From these we obtain

1
Z = ;(ul + v5 4 vg + K1 (v7 + 3v11) + Kavig) € V.
1

Note that Z is the total differential operator in this example. Finally, we let z(% =y, 2(2) =z
as in step c¢) and compute the higher order coordinates as in step d) by differentiation by Z.
This construction provides the components of the local equivalence ¢ : G' x R? — J?(R, R?) that

identifies V with the contact distribution CéS) on J°(R,R?). Local inverse 1 of the map ¢ gives
the explicit differential invariants k1, kg, for curves in R up to “equi-affine motions”:

K1 = (242%1113105 — 352%103 — 6Ozgw§z4 + 60z0w3z3wy — 2420wowszs + T0z0wawozy
— 2429w z3ws + 60wawsz3zz4 — 60wgz§w4 — 35w§zz + 242511}%23) /(w32:2 — w223)7/3,
Ko = ( — 182§w3w4w5 + 2525’11)2 — 362%10??;25 + 9Oz§w§24w4 + 362%10%23105
9022 2 41823 1822 7523 wowizy + 1823
— Iz5wszzwy + 18z5w3wez4ws + 1825 wzwowyzs — (925wawy 24 + 1825w z3waws
— 9Oz2w§wgzz + 7222w§25w2z3 — 1822w3w32425 — 7222w3w225w5 + 902210223102
+ 75zzw§w4z§ — 182211)%2311142/5 — 1822111%2324105 + 90w3w323z§ — 36w325w§z§

— 25wi 23 — 90w3 23wy zy + 18w 232425 + 36w%z§’w5>/(w3zg — wyz3)"/?,

where z; = f@(z), w; = gU)(x) for arbitrary smooth functions f(z), g(x) such that
9" (@) f"(x) — g" () f" (x) # 0.

Thus, if the curve in question has parametrisation (z, f(z),g(x)) then the complete set of
differential invariants is {1, k2}. Pulling back the remaining nonzero elements of the Maurer—
Cartan form on G by v give explicit expressions for invariant differential one-forms on J °(R, R?).
One can easily obtain the invariants in an arbitrary parametrisation of the curve or in terms of
arclength parametrisation from these formulas but we won’t record these here’.

5See Section 5 for further comment on this aspect.
"Note that the inversion of ¢ is greatly assisted by the fact that the algebraic equations involved are guaranteed,
by the proof of Theorem 3.3 in [27] to be block triangular.



18 P.J. Vassiliou

5 Curves in Riemannian manifolds

The geometries discussed in previous sections of this paper and the one treated in [28] are all
of Klein type and one may wonder how the method fares when curvature is introduced. Also,
in our previous (illustrative) examples, we have permitted ourselves knowledge of the explicit
transitive group action in order to construct the differential system V and we do not want to
make this assumption in general. In this paper we will be content to establish a result for
Riemannian geometry and illustrate this by two examples. However, we conjecture that similar
results hold for other Cartan geometries.

Let w?, 7r§- be the components of the Cartan connection® of an arbitrary Riemannian mani-
fold (M, g), where dimM = n and ', 1 < i < n are semi-basic 1-forms for the projection
F(M) — M; F(M) is the orthonormal frame bundle over M. The structure equations for the
coframe on F(M) are

n n 1 n
i E j 7 7 E ) k _ E A k l
dw' = (.Uj/\'ﬂ'j, d'ﬂ']— 7Tk/\7T] —5 R]klw /\(.U,
j=1 k=1

k=1

where all indices range from 1 to n and 7r§- + Wf = 0 for all 4, j. Dually, the frame satisfies
n
[0,i,0,5] = Z R};0, (0, 0] = =030, [043,0,4] = O + 0130, . (12)

We now state the main result of this section.

Theorem 4. Letn > 3 and v : I — M be an immersed curve in an n-dimensional Riemannian
manifold (M, g), I C R. Let wﬁw} be the components of the Cartan connection for (M,g) on
the orthonormal frame bundle F(M) — M. Then

1. There is a unique integral submanifold of

V= {awl + H(l)aﬂ_% + K(Q)aﬂg —+ -+ Iigflaﬂg_l + Z m}&,{}

n—3 n—4
+ Z ,ilzam_l + Z K?am_l 4oa ﬁ?_Za,{g—Q, 855172, 8&%737 ey 8%31}’ (13)
=1 =1

which projects to the Frenet lift of v to the orthonormal frame bundle F(M).

2. The sub-bundle V is a uniform Goursat bundle with signature

-1
/—nH
(0,0,...,0,n—1).

n)

Hence there is a local diffeomorphism ¢ which identifies it with the contact distribution Cflfl
on jet space J"(R,R"1).
3. The local diffeomorphism ¢ can be constructed by differentiation and algebraic operations

alone.

4. If the isometries of (M,g) act transitively, then the local dz’ﬁeomorphism ¢ induces lo-
cal coordinate formulas for the complete invariants /4;(1),&(2), co R L of the curve v up to
isometries of (M,g).

8See Sharpe [21] for an account of Klein—Cartan geometries and Cartan connections; see also [23, Chapter 7].



Contact Geometry of Curves 19

Proof. The proofs of 1 and 4 are similar to the proof of Theorem 1. The proof of 2 is complicated
to write down in all generality; it is more enlightening to prove it in a sufficiently non-trivial
case. We therefore write out the detail proof in the case n = 6, after which the general case will
be clear.

The distribution in question, for n = 6, is

5 4 3 2
v {awl ST LTS S U ST I St LRI
=1 =1 =1 =1

Oyt Oz, Oz, D, aﬁg}.

We are required to prove that V ~ Céﬁ). Let us arrange some of the frame elements into subsets

as follows
p1: {aﬂg}, po: {87%1, 87r§}7 p3: {87@, 87(%7 awg_},
Py : {aﬁg, 67727 87T§, aﬁg}, p5 - {aﬂ%, 87%, 87&, 67%, 8,%}.

It is easy to show from (12) that

determine a flag of Lie subalgebras. Using this we compute that for each s in the range 1 < s < 6,
the quotients V% := V(S)/ V=1 have basis representatives

VU =181, 8,2, O3, D1, Osy, VO =181, 9.2, dya, Ora, 9,4},
3 2 1 0 6 2 1 0 5 6
Y&) = {8,&, 0,2, 0.3, 0.3, 87r3}, y) — {8,{1, 0.2, 0.2, 0,2, 87r2},
1 0 4 5 6 0 3 4 5 6
VO =104, 9,1, 01, 0p1, O}, VO ={0,5, 85, 01, Dy, Do }-
2 3 4 5 6
The Cauchy systems have bases
Char VY = {81, 0,2, 0,3, D1, 05}
4 3 2 1 0
Char V) = {0,1, 8,2, 8,3, D4, 0.5+ ® Char VI,
3 2 1 0 6
Char V& = {81, 8,2, 0,3, Op1, Opa} @ Char VP,
2 1 0 5 6
Char VW = {81, 0,2, 0,3, 0,3, 0,3} ® Char V¥,
1 0 4 5 6
Char V®) = {0,1, 8,2, 9,2, 0,2, 9,2} @ Char V¥
0 3 4 5 6

and hence

VO Char VO = {[0,1], [0,y], [00y]. (). [0,3).[ 202]}.

T

Structure equations (12) show that the singular sub-bundle is
B = {[87@]’ [aﬂé]’ [8751]’ [87%]7 [aﬁé}}
and therefore the resolvent bundle is given by

R(V®) = {01} © {05} = s0(6) 0 B,
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where a, b, i, j range over all possible values. These calculations show that that the derived
type of V is

[[6, 0], [11, 5], [16, 10], [21, 15], [26, 20], [31, 25], [36, 36]]

from which one deduce’s that the signature of V is (0,0,0,0,0,5). Since R(V®)) is integrable
and all other hypotheses of Theorem 3 are satisfied with ¢ = 5 and k = 6, we have shown that V
is locally equivalent to the contact system Céﬁ) on JO(R,R?).

To prove 3, we invoke Theorem 4.2 of [28] which shows that to construct the local equiva-
lence ¢ identifying V with Cé6) one only requires a complete set of invariants of the resolvent
bundle R(V®)). However, it is elementary to see that no element of R(V®)) has components
tangent to M; on the other hand R(V(5)) spans the tangent spaces of the fibres over M. Hence,
any coordinate system on M provides the needed invariants and no integration need be per-
formed. |

In case the Riemannian manifold M does not have a transitive isometry group then V may
simply be regarded as a control system on M with controls /i,ll_% /afl_3, e /@3_1 and with all
other coordinates on E playing the role of state variables (outputs, in the language of control
theory). The arc-length parametrisation along the curve plays the role of time in this control
theoretic interpretation. The fact that V is a Goursat bundle then proves that it is differentially
flat, a type of control system currently under investigation in the control community. In fact
it is currently a significant open problem in control theory to geometrically characterise all
differentially flat control systems. One other way to state Theorem 4 is to say that the “natural”
framing of curves in any Riemannian manifold is differentially flat.

If M does possess a transitive isometry group G then the functions /@(1), ceey /@6“1 form a com-
plete set of curve invariants up to the action of G.

One may wonder whether Theorem 4 is a genuine advance in the theory and/or practice of
moving frames either in the sense of Cartan or in the sense of Fels—-Olver. The contention of
this paper is that it does represent an advance in both the theory and the practice of moving
frames. As to the theory, I argue that endowing curves in a Cartan geometry with an explicit
contact structure is significant given the fundamental role that contact structures play in ge-
ometry and differential equations. As to the practice of the method of moving frames, in the
case of Riemannian manifolds (M, g) we have given a framing for curves in M as solutions of
a differential system ﬁg for any metric g and shown that it can be explicitly identified with
the contact system on a jet space J¥(R,RY) for some k, ¢. In case the isometry group of (M, g)
acts transitively, this identification delivers the complete set of invariant data including the
differential curve invariants. We formulate this construction as an algorithm.

Algorithm Riemannian curves

INPUT : Riemannian manifold, (M, g), dimension n > 3.
a) Construct a parametrisation of SO(n) and orthonormal coframe w on M.

b) Lift w to the orthonormal frame bundle over M and build the Cartan connection © for
(M, g). This involves linear algebra.

¢) From ©, build the differential system V defined in Theorem 4.

d) Apply procedure Contact using, as invariants of the resolvent bundle, any coordinate
system on M.

e) Construct diffeomorphism ¢ by procedure Contact A.
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OUTPUT : Local diffeomorphism ¢ identifying V with contact distribution Cfﬁ)l. In case
the isometry group of (M, g) acts transitively, obtain complete, explicit invariant data for
curves in M, following the inversion of ¢.

Note that Riemannian curves is an algorithm in as much as steps a)—e) do not require any
integration to be performed. All the steps involved are algebraic.
5.1 Curves in the Poincaré half-space

The aim of this subsection is to apply the previous theorem to construct explicit expressions for
curvature and torsion for curves in the Poincaré half-space H?, with Riemannian metric

dz? + dy? + dz?
g = 22 .

In principle we could approach this by putting coordinates on the Lie group SO(3,1) and then
consider curves in the homogeneous space SO(3,1)/S0(3), as we did in the case of equi-affine
space curves. However, this leads to unwieldy expressions which are difficult to handle, even
with the help of a computer. Instead, we will use the method of equivalence to construct the
Cartan connection for g and then use this to build the canonical Pfaffian system {2z for the
Frenet frame of a generic curve in H3. In fact, we will construct the dual vector field distribution
V=0l
Begin by lifting the 1-forms
_dx

0! 6>
z’ z

:@7 93:d2

to the orthonormal frame bundle F(H?) over H® by

wl o1
VL=0160%],
w3 63
where
cosbcosc —sinasinbsine —cosasinc sinacosbsinc + sinbcos ¢
O = | cosbsinc+sinasinbcosc cosacosc sinbsine — sinacosbcosc
—cosasinb sina cosacosb

parametrises SO(3). The fibres of the orthonormal frame bundle F(H?) — H? are diffeomorphic
to SO(3) whose Maurer—Cartan form is the so(3)-valued 1-form

1
0 wy; ws
Q=|w? 0 w2,
3 3
wy wy 0
where
w% = —dc — sina db, w% = sin ¢ da + cos a cos ¢ db, w% =sinc cosa db — cosc da,

and w{ + wj- = 0. As is usual in the method of equivalence, we compute the structure equations
of the semi-basic forms obtaining

dw' = wh ANw? + Wi AW + (sinesinb — cos esina cosb)w! A w? + cosacosb w! Aw?,
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dw? = Wi ANw! + w3 Aw® — (cosesinb + sina cos bsin ¢)w! A w? + cosacosb w? A w?,
dw? = Wi Aw! 4 w3 Aw? — (sinbcos ¢ + sina cos bsin ¢)w! A w3

— (sinbsin ¢ — sina cos bcos ¢)w? A w?.

All torsion can be absorbed by redefining connection forms

T4 = wa + (sinesinb — sina cos bcos ¢)w! — (sin a cos bsin ¢ + sin b cos ¢)w?,

73 = wa + cosacos bw! — (sina cosbsin ¢ 4 sin b cos ¢)w?,

73 = w2 + cos a cos bw? — (sinbsin ¢ — sin a cos b cos ¢)w?,
and we obtain structure equations

dw' = 73 Aw? + 7 AP, dw? = =73 Aw' + 72 AW, dwd = —mi Aw! — 72 AW
The remaining structure equations are

dry = —my A3 +w! Aw?, dny = 73 Am3 +w! AP, dn3 = —my A7y + w? Awd.

These structure equations are those of the Maurer—Cartan form on SO(3,1). Moreover, we are
now able to define the ¢(3)-valued Cartan connection

0O 0 0 O
O— w0 7w o7l
T |w? 0 w3
wd om0
with curvature
0 0 0 0
~ N~ 0 0 W Aw? Wl AW
Q+OQNQ =
A+ QA 0 w?Awl 0 w2 A w?
0 WAw w3 AW? 0

for metric g.
Setting n = 3 in (13), and adopting the usual notation m(l) = K, /ig =T, /ﬁl% = K1, we study
the integral submanifolds of

V= {Qﬂ + /{8”% + T@,rg + K10k, Okys 87}.
It is easy to check that V has derived type
(3,0, [5, 2], [7,4], [9, 9]).

It can be checked that p; = p2 = 0 and hence the signature of V is (0,0, 2). This is the signature

of contact system Cés). To complete the check that V is diffeomorphic to C§3), we compute the
resolvent bundle and check its integrability.
We find that Char V2 = {87@,8,“ Ok,, 07}, and

V(2)/Char V@ = {[aw1]7 [8 1]’ [aﬂé] }’

)
whose structure is

(01, 021] = D2, [01,01] = 0y, (071,021 =0 mod Char V),
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Hence, the singular bundle is B = {1011, [87%]} and consequently the resolvent bundle is
R(V(2)) = {87r%7 a7r§7 a7r§7 Ors a‘ﬂa 8T} = 50(3) @Rga

which is clearly integrable. An easy calculation in local coordinates verifies that the invariants
of R(V?) are indeed the coordinates x, y, z on the base of the orthonormal frame bundle
F(H 3) — H3.

According to the Theorem we take one of z, y, z as the independent variable. If y is taken
for this purpose, then we can take D = 9,1 + /ﬂaﬂ% + 7'8#% + k10, as the direction of the
total differential operator since 0 # D (y) = —zcosasinc = pu. Then the operator of total
differentiation is

Z = ,u_l((?w1 + K0r1 + 702 + K10x).

Setting u = x,v = z, the remaining contact coordinates for V are then provided by differentiation
up=2Zu, vi=2Zv, u=2>Lu, vo=2Lv, uz=ZLus, v3=2Z0vs.

The map ¢

(:E?y) Z,a, ba ¢, Ry, K1, 7-) = (y,U,U,Ul,Ul,Ug, V2, U3, U3)

pushes V forward to Cég), which, in contact coordinates has the form

{0y + w10y + v10y + u20y; + V20, + u30uy + U300y, Ouys Oy -

A local inverse of ¢ is easily constructed and provides all the invariant data for curves in H3. In
particular we deduce explicit expressions for curvature and torsion for curves v(y)=(u(y), y, v(y)),
where for instance u1, ve, denote derivatives du/dy, d*v/dy?, etc. We obtain

K= — <u(15 + 2ui‘v% + 2u‘11vv2 + 3ui‘ — Qu?vugvl + Uf‘u% + Qv%u%vvg + 4u%vv2 + U%UQU%

+ 4v2u? + 3ut — 2upvPugvivy — 2urvugvd — 2uiviugy + 14 vi + v?usdvd + 2vivuy
1/2
+ 2vvg + v%vQ + Uzu% + 21}%) /(v% + u% + 1)3/2,

2

T = (3u%u1 + 3uovive + vuovz — u;»,u% — u;»,v% — U3VV2 — U3>U2/<U2U2U% + u%vz

— 2u21)21)1u1v2 — 2uguuiul — QU?uluw — 2u:1)’vlu2v + u%v%% + 1)22}% + 4u%vv2
+ 20vvg + 2009 4 2uivvg 4+ 20Putvvy + 1 4+ 207 + ot + 4ude? + 3ud + 2uiv?

+viu? + 3uf + u?)

Once again, the algebraic system that is presented for solution in this task is guaranteed to
have a block triangular structure.
We remark that semi-circular arcs parallel to the y — z plane

’y(y): <017 Y, 022_92>, CQ>07 _02<y<02

are geodesics in H?; accordingly it can be checked that x(y(y)) = 7(v(y)) = 0.



24 P.J. Vassiliou

5.2 Curves in constant curvature Riemannian 3-manifolds

Let A be any nonzero real number. Here we point out that the construction of the previous
subsection can be carried out for the three dimensional Riemannian manifold (M (\), gx) with
metric

dz? + dy? + dz?
D)
(14 (22 +y2 + 22))

g =

of constant curvature )\, where M ()) is an open subset of R3. Exactly the same calculation as
before but with

dx 02 dy 03 dz

1—7 = — = —
Q_A’ A’ A’

where A =1+ T)‘(x2 + 9% + 22) gives rise to the corresponding Cartan connection

0 0 0 O

O w; 02 5 7'('%
Y

w3 71'% 03 T3

w? 7w om0

with curvature

0 0 0 0
~ N~ 0 0 wAw? Wl AW
A+ QAL =-A 0 w2Awl! 0 w2 AW

0 W3Awl w?Aw? 0

for the metric g). Exactly the same calculation as the one carried out for the Poincaré half-space
gives rise to the curvature and torsion for curves in (M(\), gyx). We get

\ V(yur — u)? + (yv1 — v)?2 + (vug — uvy)?
2y/ui +vf + 1
(4 + Ay + 0%+ u2))2(uvg — vus + y(viug — 7)3U1))
8A(1+uf + o) ((yur — w)? + (yv1 —v)? + (vug — uvy)?)’

R\ = ’

TN = —

The point to note here as in the previous example is that we are not required to know the explicit
formulas for the action of the isometries on M (\) before the invariants and the moving frame
can be computed. Only infinitesimal data is required, in the form of the Cartan connection and
then no integration need be performed.

Remark 4. Interestingly, 7 is not a continuous function of A at A = 0, while hI% k) is not the

curvature of the curve in the corresponding limiting metric hm gx, which is Euclidean.

6 Closing remarks

In this paper we have demonstrated that curves in various geometries can be endowed with
a contact geometry by combining Cartan’s classical construction of moving frames with the
generalised Goursat normal form. In particular we have shown that curves in any Riemannian
manifold can be endowed with a contact geometry regardless of the nature of its isometry group
or curvature tensor.
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We have also been concerned with the problem of explicitly computing differential invariants
of curves immersed in spaces equipped with a transitive action of a Lie group. If this Lie group
action is explicitly known and not too complicated then the method of choice for computing the
differential invariants and other geometric data is the normalisation of the group action as in the
equivariant moving frames method of Fels and Olver, described in [9, 10]. This method is very
general, has a simple and elegant theoretical foundation and presents as simple a computational
task as could be hoped for. However, if the explicit group action is not known or it is known but
too complicated to work with and if the goal is explicit expressions for differential invariants
then the Fels-Olver method can’t readily be used to compute invariants explicitly?. In this case,
we have shown that for Riemannian manifolds (M, g), the contact geometry can be fruitfully
used to derive differential invariants and this requires as input data only the metric g and a rea-
lisation of the structure group SO(n). With this data the Cartan connection for (M, g) can be
constructed by linear algebra and differentiation. Subsequently, Theorem 4 provides an algo-
rithm, Riemannian curves, for the curve invariants and, if required the Fels—Olver equivariant
moving frame.

The symbolic computational aspects of procedure Contact and algorithm Riemannian curves
presented in this paper should be mentioned briefly. The Maple package DifferentialGeometry
is ideally suited to the computation of all the relevant bundles and determining the derived type
of any sub-bundle ¥V C T'M over manifold M. For instance, the two Riemannian examples
presented in Section 5, take only a few minutes to complete commencing only with the met-
ric and realisation of matrix group SO(3). Furthermore, the construction of differential curve
invariants requires the inverse of the local diffeomorphism ¢ produced by procedure Contact.
The proof of correctness of Contact in [28] shows that this algebraic problem will be block
triangular. Thus the procedures discussed in this paper have quite good computational fea-
tures.

However, of much greater significance stands the proposition that the Frenet frames along
a curve and hence the curve itself can be endowed with a contact geometry. This should have
significance not only for the geometry of curves but also for Cartan’s method of moving frames
as well as for the equivariant moving frames method of Fels and Olver. This is because contact
systems are fundamental geometric objects and play a central role in differential geometry and
differential equations. In fact, the construction of any contact system out of the components
of a Cartan connection can in many ways replace or complement the step by step construction
of moving frames championed by Cartan. What is more, a characterisation of contact systems
in arbitrary jet spaces in the spirit of the Goursat normal form is known [2, 30] and could be
applied to study the geometry of submanifolds of dimension p > 1 in general geometries as we
have done here in the case p = 1. This raises the interesting question of the extent to which
the results of this paper can be extended to homogeneous spaces in general and how they are
connected to existing theory such as [5, 6, 8, 12, 14, 11, 26, 1, 21, 9, 10, 24].

In this respect it should be mentioned that the Fels—Olver theory of moving frames has appli-
cation well beyond the explicit calculation of differential invariants and moving frames. Much
can be accomplished within the theory even without this explicit knowledge; see Mansfield [16]
for details. What we hope to have achieved in this paper is the presention of evidence sup-
porting the proposition that it is useful to enrich the philosophy and practice of moving frames
by exploring its links with contact geometry.

Finally, we mention that an intriguing question is the relationship between the contact geo-
metry of curves as explained here and the integrable motion of curves in various ambient mani-
folds [13, 7, 17, 19].

9However, it is sometimes possible to simplify the task of normalising the group action by using the known
action of a subgroup, a result due to Kogan, [15].
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