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1. Model
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3. Differential equations



Model: a space
¥ is a “space”
F (%) is a vector space (of functions on X)
F(Z) = QD) LR Ql(x) LN Q?(%) S . isa complex (of
differential forms)
D(%) is a Lie algebra (of vector fields)
ix: QF(B) —» QF (), X € D(Z) (interior product)
Lx = dix +ixd: QF(Z) — Q¥(B), X € D(B) (Lie derivative)
> 62 =0
> ixly = —1lylx
> [Lx,iy] = ix,v]
These imply
» 0Lx = Lx6
> [Lx,Ly] = Lix,v]
> Sw(Xe, .., Xe) = Su(—1) L (w( X,

~

+ i (D) P (X, X5, X1, X



Model: a cotangent space
T is the “cotangent space” to &
Grading: 9P(T3) = X150 B(T3), D(TR) = Tyo 1 Do(T3)
S(Q5(T)) C R8(TH), sx(RB(T)) C 2, (T3, X € Dr(T3)
T is a super space:
ixiy = —(=1)"Yiyix, [Lx,1y] = Lxiy — (-1)* Y iy Ly,
D(T5) is a Lie superalgebra, etc.
Symplectic structure: S € Q3(T3)
» 0S5 =0
> o: D(Ts
Xr = a_l(éf
{f,9} = Lx
{3 FolT3
Relation to :
> Q5 (T) = QP (D), 0]qr(7) coincides with § on
» F1(7Ts) = D(E) a Lie algebra isomorphism
> f € Fi(T5) = D(B), g € Fo(Tg) = F(E),
{f; g}on Ts = Lf(g)on =

~—

[1] = QY(Tg), X — ixS is an isomorphism
, f e 7(T3)

g) is the Poisson superbracket on F(75)

X Fr(Tg) = Forr—1(T3)

~— T



Model: multivectors

By definition, multivectors on ¥ are functions on 7y

DA(Z) = Fo(T3)

DO(%) = F(%), D) = D(T)

The Poisson superbracket on 75 induces Schouten bracket on
multivectors

[-,-]: DIUZ) x D(E) —» DI %)

[61,62] = —(~1)+~ 116, 6]

(—1)E =Dy, [, 8]] + (~1) =Dy, [65, 61]] +
(—1)@2=DE=1[g5, [61,65]] =0, 64, 6, 63 € D*(%)

6cD*x) [6,0]=0

Poisson bracket: {f,g}e =[[0,f], 9], f, 9 € F(2)

He F(2X) Xg=1[6,H] e D(X) is a Hamiltonian vector field
(X X = X, H2} [61,02] = 0 bi-Hamiltonian structure
Magri hierarchy: [61, Hq] = [62, Hg 1]

{Hq: HS}91 = {Hqt HS}92 =0 [XH:p XHs] =0



Infinite jet space: notation

The jet space J* with coordinates z*, uJ
Di=8i4+3,, ugiauj are total derivatives
D; span the Cartan distribution

E, =3, 018, + > i Di(goj)auj + ... is an evolutionary field,

o = (p,...,0™) is a vector function on J*

4 = 2o0,,()D
of a vector function f on J*, £f(p) = E,(f)

is the linearization

AT = || So(-1)7 Doz, if A =5, ad Doll,
the adjoint C-differential operator



Infinite jet space: the model

D(J*®) = » = the Lie algebra of evolutionary fields
A9(J%®) D CAY(JT®) D C2AI(J*®) D C3AI(JT®) D -+

o, 1, 2, 3,
Elo,n d1n Ell,n d1n ElZ,n dg n/ Ei%,n dln
o,n—1
El
0,0
El

n 1s number of z’s

E];)’n consists of all “actions” [ L(z*, u3)dz A--- A dz"
BEy" =%, #=Homge(jeo)(56, A"(J®)/CA™(J*))
d>™ is the Euler operator

B}™ = €W (5, )

aih () =ty — b

pex Ppez wY)=[Y(p)

pEx AECHE(5,2) i,(A)=Ap)



Infinite jet space: the cotangent space

B. A. KUPERSHMIDT, Geometry of jet bundles and the
structure of Lagrangian and Hamzaltonian formalisms,
Lect. Notes Math. 775, 1980, pp. 162—-218

7o = Jp°(%)

SE€EQ(Tiw)=C(x@nx@0%)  S(p,¥)=(-9%,9)
D2(J®) = CRV(5 1) Ay, Ap € D(J%)
[A1, A2](¥1, 92)
= La1,: (A2(¥2)) — Lay,9.(A2(¥1))
+ L4y, (A1(¥2)) — Lay,p.(Ar(¥1))

- Al(ejlg,'gbg (¢1)) - A2(‘e*Al,’¢2 (’wl))’

where €4,y = Lay) — Aly
Ut = Uggy + 6UU; = Dy6(ud — u2/2) = [Dy, [(u® — u2/2)dz]



Differential equations: notation
Let Fy(z?, uf,) =0,k=1,...,1, be asystem of equations
Relations F' = 0, D,(F') = 0 define its infinite
prolongation & C J*®
Lg = Lp|¢ is the linearization of the equation £
E, is a symmetry of £ if E,(F)|e = Le(p) =0, Sym(€) = ker £¢
¢ is its generating function
Vector function R = (RY,...,R™) on £ is a conserved current if
>.Di(R")=0on¢&
A conserved current is trivial if
R'=3; , Dj(T") - ¥,.; D;(TY)
Conservation laws of £ are the conserved currents modulo
trivial ones.

Generating function of a conservation law:
Y= 1,...,¥Ym) = A*(1), where >, D;(R") = A(F) on J*®

L:(y) =0, CL(€) C ker£;



Differential equations: the model

D(€) = Sym(&) = the Lie algebra of symmetries of £
A9(E) D CAI(E) D C2AY(E) D C3AYE) D

o,n df'n 1,n dll’n 2,n dlz'n 3,n dla,n
El, ; El’ ; El’ } El,
0,n—1 1,n—1 2,n—1 3,n—1
0,n—1 d 1,n—1 d 2,n—1 4’ 3n—1 4
El n— E]_ ,n— E]_ n— El M 1
o,n—2
El
0,0
El

0,n—1
E]1 "% = space of conservation laws
,n—1

= Cosym & = ker £;
Ef“ P={A A =2} {Vis |V =V}



Differential equations: the cotangent space

T F=0, £(p)=0
L= (F,p) ’5?:275 S=id
Variational multivectors on £ are conservation laws on 7.

Theorem
A wvariational bivector on £ can be identified with the
equivalence class of operators A on £ that satisfy the
condition

Le A= AMLE,
with two operators being equivalent if they differ by an
operator of the form O£;.

If A is a bivector and £ is written in evolution form then
A* = —A.



Differential equations: the Schouten bracket of
bivectors

[A1, A2] (Y1, 92)
= La1,9:(A2(¥2)) — La1,9.(A2(¥1))
+ Lz, (A1(¥2)) — Lz 9. (Ar(%1))
— A1(B3(¥1,%2)) — A2(B1 (Y1, ¥2)),
where £rA; — ALy = B;(F,-) on J%,
B} (Y1,92) = B* (%1, ¥2) e

B} are skew-symmetric and skew-adjoint in each argument.

If £ is in evolution form then B} (1, 92) = £ ,,(¥1)



Invariance of the cotangent equation

/"”’\
J s —————e

- ol % ol

N o« T e
J2 v

GB=010 (a=dt, PBa=id+sily, af =id+sl2.

a* B =id + sF 3, B o =id + s L2



Invariance of the cotangent equation

Theorem
If £} is equivalent to {2 then £}* is equivalent to £%*.

Corollary

T¢ doesn’t depend on the inclusion & — J*.

A2 :aAlal*

Al :,BAz,BI*



Example: KdV

F1 = up — Uggy — Buu, =0

/’\
o£—1>o Uy — V
ﬁla . 'BI/Ha/ iy = Uz — W =0
P Wy — U + 6Uv
e — e
v
52 D, -1 0
£} = Dt — Dygy — 6uDy — 6u, {2 = 0 D, -1
—Dy+6v 6u D,
1 8= 1 0 0)
a=| D,
Dy B = (—Dz —6u —D, —1)
0 0O
81:0 Sy = 1 00
D, 10



Example: KdV

Ut = Uggy + BUU; = Dzé(u?’ — u§/2)

= (Dagz + 4uDy + 2uy)6(u?/2)

Uy =V, Up =W, Wy=1U —6uv

U 0O -1 O

v| =1 0 —6u|d(uvw—v?/2+2u%

w) 0 6u Dy

U 0 —2u —D; —2v

v| = 2u D, —12u? — 2w | §(—3u?/2 — w/2)
w) —Di+2v 12u?+2w 8uD; + 4uy

S. P. Tsarev, The Hamzlton property of stationary and inverse
equations of condensed matter mechanics and mathematical
physics, Math. Notes 46 (1989), 569-573



Example: Camassa-Holm equation
Ut — Utgg — Ulggy — 2UgUgz + 3UU; = 0

A =D, Ay = —Dy — uDgy + ug.

m + umg + 2u;m = 0,

m— U+ Uy =0

u=(1-D}"1m



Example: Camassa-Holm equation
Ut — Utgg — Ulggy — 2UgUgz + 3UU; = 0

A =D, Ay = —Dy — uDgy + ug.

m + umg + 2u;m = 0,

m— U+ Uy =0

;L D, 0 ;L 0 -1
Al_(Dm—DS 0 A2 = 2mD; +my 0



Example: Kupershmidt deformation
B.A.Kupershmidt, KdV6: An integrable system, Phys. Lett. A 372 (2008), 2634—2639

ut:f(t1$7u1u$7u$$i"')

A1, Ay are compatible Hamiltonian operators
Hi, Hs, ... is a Magri hierarchy of conserved densities
Di(H;) =0, A1 6(H;) = A20(Hiv1).

u =f — Ai1(w), Az(w)=0 (*)

The KdV6 equation

(A.Karasu-Kalkanl, A.Karasu, A. Sakovich, S. Sakovich, and
R.Turhan, A new integrable generalization of the
Korteweg-de Vries equation, J. Math. Phys. 49 (2008) 073516)

Ut = Uggy + OUUy — Wy, Wggr + 4uw, + 2u,w =0

Theorem (Kupershmidt)

Hy, Hs, ... are conserved densities for ().



Example: Kupershmidt deformation
Let € be a bi-Hamiltonian equation given by F' =0

Definition
The Kupershmidt deformation £ has the form
F+Aj(w)=0,  Aj(w)=0,

where w = (w?, ..., w') are new dependent variables

Theorem
The Kupershmidt deformation £ s bi-Hamaltonian.

Proof.
The following two bivectors define a bi-Hamiltonian structures:

i - (4 — A i - As — A,
0 Lriaj(w)+as(w) —Lryay(w)y+ayw) O

O



Example: Baran-Marvan equation

H. Baran and M. Marvan, On integrability of Weingarten
surfaces: a forgotten class, J. Phys. A: Math. Theor. 42
(2009), 404007

D?

22Dy — 2y Dy + 2; Dy.
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