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Abstract

This paper contains a list of known integrable systems. It gives their recursion-,
Hamiltonian-, symplectic- and cosymplectic operator, roots of their symmetries and
their scaling symmetry.

1 Introduction

In this paper we give a list of known integrable systems. This list is far from being
complete, even if we restrict ourselves to

e What is known today,
e Systems with less than four components, and
e Systems referred to in the literature with a name.

Originally this list was part of the author’s thesis [Wan98]. Since this thesis only has
a limited distribution and the reactions to this list were very favorable, we decided to
publish it in a more accessible way.

The theoretical background for our list can be found in [Olv93, Dor93]. A more ency-
clopedic approach to this subject is taken in [Ibr96], where lists of integrable equations
with their properties, mainly special solutions, Lie symmetries and conservation laws, are
given. For every equation we aim to give a table containing:

e the equation itself,

e its cosymplectic operator (Hamiltonian operator, cf. [Mag78]),

e its Hamiltonian function corresponding to the cosymplectic operator,
e its symplectic operator,

e its recursion operator (possibly resulting from the cosymplectic and symplectic op-
erators, cf. [FF80, FF81]), or its master symmetry,
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e roots of its symmetries,
e its scaling symmetry.

There are also other important properties such as Miura transformations between the
systems and Lax pair (cf. [Lax68]), but these are mainly ignored here. We refer to the
source where we learned about each system; no attempt has been made to track the
historical origins. At this point, we do not claim any new results though we did put in an
effort to compute all the subjects in the list; the decomposition of the recursion operator in
symplectic and cosymplectic operators mainly relies on the theory of recursion operators
(cf. [SWO01a)).

We hope that this material can serve as a source of motivation for future research, since
it allows one to quickly formulate or dismiss general statements.

First we give the definitions of the subjects in our lists.

d'u
oxt’

Definition 1. Given an evolution equation u; = K(x,t,u, -, uy), where u; =
define

his a symmetry if Lxh =9+ Dy[K] — Dk[h] =0,
$ is a cosymplectic operator if £Lr$H = %—? + Dg[K]| — Dg$ — HD3 =0,
Jis a symplectic operator if £xI= % + D;3[K]+ 3Dk + D3 3= 0,

R is a recursion operator if L£KR= 3—9: + Dy[K] — DkR+ RDk =0,

we

where £ denotes the Lie derivative and x means conjugation. Moreover, for the operators,
the formulae are only valid on the domain of the left hand sides of the identities. A
symmetry is called a root of a hierarchy if it is in the domain, but not in the image, of
the recursion operator. A vectorfield ¥ = f(t)0, + SO, is called a scaling symmetry of
the equation if £y K = XK, A € C.

Remark 2. Here we still use the standard definition of recursion operator in the literature.
We refer the reader to [SW01b], where the term weak recursion operator is coined, for a
discussion of the problems with this definition.

Acknowledgement. The author would like to thank Dr. Jan Sanders, Vrije Universiteit
Amsterdam, for his strong encouragement to carry out this work and Prof. A.G. Meshkov,
Oryol State University, Russia, for correcting several typographical errors.

2 List of integrable systems and some of their properties

2.1 Burgers’ equation

Reference: [Olv93, p. 315], [Oev84, p. 38];

Equation Up = U9 + UL

Hamiltonian ~ None [Fuc79]

Cosymplectic  None [FF81]

Symplectic None [FF81]

Recursion R = D, + tu+ $ui D1 [Olv77]
Ry = tD, + 3 (tu+2) + $(tuy + 1) D7 [Olv93]

Root uy, tug +1 *

Scaling —2t0 + (zuq + u)0,
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* Since PR and Ry are both recursion operators of the equation, we obtain a double infinity
of the symmetries, by applying PR; or fy successively to w; and tu; + 1. Note that since
RN = RN + % and Ry (tu; + 1) = Ry(uy), if we are only interested in independent
symmetries, it does not matter in which order fR; and Ry are applied.

Notice that there is a difference between the root of an operator and the root of sym-
metries for an equation. For fR;, we can take tu; + 1 as a root of symmetries for Burgers’
equation since Ry = D, + %Dx(uD; 1-), but it is not a root of R; since it is not its
symimetry.

We refer to [Ma93] for coupled Burgers systems.

2.2 Potential Burgers’ equation

Reference: [Olv93, pp. 311, 317];

Equation up = ug + u?
Hamiltonian ~ None [Fuc79]
Cosymplectic None [FF81]
Symplectic None [FF81]
Recursion Ri =D, +uy

Ry = tD, + tus + 3z [Olv93]
Root 1
Scaling Uy [O1v93]

The same arguments hold here as Burgers’ equation since RiRs = RefR1 + %
The author of [Fok80] found the 2"d-order equations of the form u; = ug + f(u,u1),
which possess a 3"d-order symmetry and obtained the following equations:

f"(w)
f'(u)

ur = ug + ui + af(uul, (2.1)

where « is constant and f(u) is an arbitrary function, with the recursion operator D, +
]}/((;‘)) ur + 3af(u) + 3aur D1 (u).

7=t
up = ug + —————uj + af(u), (2.2)
flu)
where f(u) is an arbitrary function and «,~ are constant, with the recursion operator
N (O
Notice that the (potential) Burgers’ equation is a particular case of (2.1). If we take

7}{;()") =1, ie., f(u) = Bexp(—u) + v, it leads to the nontrivial equation:

a=1and
u = ug + uf + Bexp(—u) + 7.

2.3 Diffusion equation

Reference: [Oev84, p. 39];
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Equation
Hamiltonian
Cosymplectic
Symplectic
Recursion
Root

Scaling

up = uZus

None

None

None

uD, + u2u2D;1 #
’U,QUQ

azxuy + Bu,a, B € C.

2.4 Nonlinear diffusion equation

Reference: [Olv93, Ex. 5.10];

Equation
Hamiltonian
Cosymplectic
Symplectic
Recursion
Root

Scaling

Ut = DI(Ul)

uZ?
None
None
None
D2ipit=1p, — 24 D1
Ut

axuy + PBu,a, B € C.

2.5 Korteweg—de Vries equation

Reference: [O1v93, p. 312], [Oev84, pp. 18, 67, 78, 84, 97|, [Dor93, pp. 85, 151, 158,
162], [Oev90, pp. 27, 60];

Equation
Hamiltonian
Cosymplectic
Symplectic
Recursion
Root

Scaling

U = U3 + Uy [KdV95]

u2

2
D3 + % (uDy + Dyu)
D1
D2+ 2u+tuy Dyt [OWv77]
U1
Uy + 2u

2.6 Potential Korteweg—de Vries equation

Reference: [Dor93, p. 125];

Equation
Hamiltonian
Cosymplectic
Symplectic
Recursion
Root

Scaling

U = uz + SU%

%um + 2uuqug

D!

D3 +2(u1 Dy + Dyuq)
D? + 4uy — 2D tuy

1

Ul + U

2.7 Modified Korteweg—de Vries equation

Reference: [Olv93, Ex. 5.11], [Oev84, p. 97], [Oev90, pp. 29, 60];
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Equation up = us + ulug
Hamiltonian 72
Cosymplectic D3 + %Dqu; luD,

Symplectic D!

Recursion D2+ 2u?+ 2wy D;'u [OWVT7]
Root Ul
Scaling TUl + U

2.8 Potential modified Korteweg—de Vries equation

Reference: [Olv93, Ex.5.11];
Equation U = us + %u:f
Hamiltonian %uw; + iuu%ug
Cosymplectic D1
Symplectic Dg + 3Dmu1D;1u1Dx

3

Recursion D?E + gu% — %ulD;1u2
Root Ul
Scaling azuy + Pu, o, B € C.

In the paper [Fok80], the author found the 3'dorder equations, not involving 2"d-order
derivatives, i.e., of the form wu; = ug + f(u,u1), which possess a 5"-order symmetry and
obtained the following equations:

up = ug + au:l)’ + ﬂu% + yuq, (2.3)

where «, 3,7 are constant, with the recursion operator D2 + 2au% + %ﬂul — %(3au1 +
B)D; tuy + 7.

up = ug + ol + f(u)u, (2.4)

where f(u) satisfies f” + 8af’ = 0, with the recursion operator D? + 2au? + %f(u) -
%ulD;1(6auQ — f’)

pKdV (o = 0) and pmKdV (8 = 0) are particular cases of (2.3). pmKdV (f(u) = 0),
KdV (a =0 and f(u) = u) and mKdV (o = 0 and f(u) = u?) are particular cases of (2.4)
including Calogero—Degasperis—Fokas equation [CD81]:

1
U = ug — éu‘;’ + (aexp(u) + bexp(—u) + c)u;.

2.9 Cylindrical Korteweg—de Vries equation

Reference: [OF84, ZC86, Cho87al;
Equation up = u3 + uuy — o5
Hamiltonian  None
Cosymplectic D3 + 2(uD, + Dyu) + g (2Dy + Dy)
Symplectic tD; 1
Recursion t(D2+ 2u+ 3w DY) + fz+ :D; !
Root VS + &)
Scaling —3t0; + (2u + zu1)0y
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Consider the generalized Korteweg—de Vries equation
ug + uz + 6uuy + 6f()u — x(ff + 12f%) = 0,

where f is an arbitrary function of ¢. It possesses recursion operator:

1
R= E(Dg +A(u—af(t) + 2(ur — f(£)) D)
with the root %(ul — f), where g(t) = exp(— [ 12fdt), cf. [Cho8T7a] (the author also
studied generalized mKdV in the same way [Cho87b]).

If we take f(t) = 3 and then do transformation @ = tu and £ = —t, we get the

cylindrical Korteweg—de Vries equation.

2.10 Ibragimov—Shabat equation

Reference: [IS80, Cal87];

Equation up = u3 + 3ulug + 9uu% + 3utuy
Hamiltonian None

Cosymplectic None

Symplectic None

Root Uy

Scaling zuy + tu

Master Symmetries xu; + Su2 + Suju? + %u‘r’
No recursion operator seems to be known for this equation.
We should mention that this equation possesses infinitely many symmetries [IS80],
but only one local conserved density u? [Kap82]. The transformation u = /3+ [Cal87]

2
transforms it into wy = wg — %Z—f and the master symmetry becomes xw; + %wg, which is

the master symmetry for this new equation. Notice that the new equation has a recursion
2 3 2
operator R = D2 — W2 Dy + 8 — Wy Dol(fa _ wows 4 210723) _ (Dm—D_lﬂDx)
1

2w 4w? T \ 2w w? T 2w
with the root wy.

2.11 Harry Dym equation

Reference: [Olv93, Ex.5.15], [Oev84, p. 107];

Equation w = udug

Hamiltonian  — %

Cosymplectic  u3D3u3

Symplectic u%D; ! u—12

Recursion wD3uD; 'L [LLST83]
= u?D?2 — uuy Dy + uug + u3U3D;1ui2

Root wdus

Scaling azuy + Pu, o, B € C.

Sometimes the equation is written as u; = D%(ﬁ), cf. [Dor93, p. 85].
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2.12 Schwarzian KdV equation

Reference: [Dor93, p. 121];

»

. u
Equation U = U3 — %u—f
2
. . u
Hamiltonian 3%
2uy

Cosymplectic 2(U%Dg; + Dzﬁ)fl
1 1

. 3ul 3u?
Symplectic %(U%Di + Di%) + (% — %)Dm +D %)
1 1 1 9 1 1
2 _ 2up ug _ U2y _ -
Recursion Do it Dt Gy “f) mls
¢ = 3u3  dupug 4+ U
’1L4 ’LL? ’LL%
Root Uy
Scaling azxuy + Pu,a, € C.
2.13 Cavalcante—Tenenblat equation
Reference: [CT88];
_1 3
Equation up = D2(uy ?) + uf
Hamiltonian = —2y/uy
Cosymplectic D, — ulD;1u1
1 _1 _3 _3
Symplectic uy 2 Dyuy ? — Yy 2us Dty Puy \

. . 3 2 . _9
Recursion %D% — %Dw — 2“75% ﬁ —uy + %Da: 1u1 2y
Root Ug
Scaling TUL

2.14 Liouville equation

Reference: [Dor93, pp. 134, 164];
Equation Uyt = exp(u)
Hamiltonian  exp(u) *
Cosymplectic  D*

Symplectic Dg — DwunglulDw

Recursion D?E — u% +ur Dy Ly
Root Uy
Scaling axuy + Pu,a, 8 € C.

x Actually, the equation is treated as an evolution equation u; = D, ! exp(u).

The Sinh—Gordon equation u,; = sinh u has exactly the same geometric structure,

cf. [AC91].

We refer to [ZS01] for recent developments in integrable hyperbolic equations of Liou-

ville type.

2.15 Sine—Gordon equation

Reference: [O1v93, Ex.5.12], [Dor93, pp. 133, 163];
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Equation Uyt = sinu Oevel[16]
Hamiltonian —cosu *
Cosymplectic D!

Symplectic ng{, + Dyui D Ly Dy

Recursion D? +u? —u1D;tus  [OVTT]
Root Ul
Scaling azul + fu,a, B € C.

* As we mentioned for the Liouville equation, this equation is also treated as an evolution
equation u; = D ! sinu.

2.16 Klein—Gordon equations

Reference: [AC91, p. 366], [Kon87, p. 41], [FG80];
Equation Uyt = aexp(—2u) + fexp(u)
Hamiltonian =~ —§ exp(—2u) + [ exp(u)
Cosymplectic D!

Symplectic J

Recursion R
Root u1, up + duguz — Suug — duu3 + uj
Scaling TUL

J = DI+3(uD)+ Diug) — 3(uiDj + Diuf) — 8(usD} + Dius)
29
+10(uruz D2 + D3ujugz) + ?(ugDi’ + D3u3) — 3(uiua D3 + D3utug)

9
+§(U%Dg + Dg,ujl) + 5(U6Dx + DxUG) — 6(U1U5Dm -+ Da;ulll{,)

—25(ugug Dy + Dyuguy) + 3(uiugDy + Douiuy) — 21(ud Dy + Dyu?)
+8(urugus Dy + Dyujugus) — 8(ui’u3Dm + Dxui{)U[;)
+6(us Dy + Dyud) — 44(utuiDy + Dyuiu3) — 2(uSD, + Dyuf)
+2u2D;1(u6 + Buguy + 5u§ — 5u%u4 — 20U ugu3 — 5ug + 5u§‘uQ)
+2(ug + bugug + 5u§ — 5u%u4 — 20u1ugusg — 5u§ + 5U%U2)D;1U2
M = DS +6(uy —ud)D} + 9(u3z — 2uyus) D3

+(buy — 22uyug — 13u3 — 6utus + 9ui)D?
+(us — 8ujug — 15ugug — 3u%u§, — 6u1u§ + 18u‘;’u2)DI
—4uqus + 2OU?U3 — 20uquous + QOU%U% — 4u?
+2u1D;1(u6 + Sugug + 5u§ — SU%U4 — 20ujugus — 511,% + SU%’U/Q)
+2(us + buguz — buiug — Suius + ul) Dy tus

It shares its recursion operator [Bil93] with the Potential Kupershmidt equation, i.e.,

up = us + Sugug — Suduz — bugu3 + ui (equation (4.2.7) in [MSS91]).

Klein—Gordon equations u,; = f(u) possess a nontrivial symmetry if and only if f(u) =
aexp(—Au) + Bexp(Au) or f(u) = aexp(—2\u) + Sexp(Au), cf. [ZS79].

2.17 Kupershmidt equation
Reference: [MSS91, Eq. (4.2.6)], [FG80, Bil93];
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Equation ug = us + Sujus + 5ud — duluz — 20uuiug — Sui + Sutug
. . u2 5u? 5u?u? ub

Hamiltonian 3 — =t + L+ %

Cosymplectic D,

Symplectic J
Recursion R

Root U1, Ut
Scaling Tul +u

J = D4 3(uyD3+ D3uy) — 3(u?D2 + D3u?) — 3(uiu® Dy 4 Dyugu?)
+g(u%Dx + Dyu?) — 2(usDy + Dyus) + g(u4Dx + Dyu)
—2(uug Dy + Dyuug) — 2(ug — 5ulug — 5uu% + Suqug + u5)D;1u
—2uD; (ug — 5uPuy — Suu? + Sujug + ud)

R = DS+ 6uDE — 6u>DE — 30uu; D2 + 15u3D3 + 9u* D2 — 6u’uy D?
—40uug D? — 31u2 D2 + 14uzD? — 9u*us D, + 54uuy D, — 18uui D,
—30uuz D, — 63uius Dy + 6ugDy — 4u® 4 38uduy + T4uu?

—3u2u;), — 12uuy — 38uuiug + us — Gu? — 23uiusg — 15u§
—2utD;1u - 2u1D;1 (U4 — 5u2u2 — 5uu% + Sujug + u5)

2.18 Sawada—Kotera equation

Reference: [SK74, CDG76, FO82, FOWS87, Bil93], [Oev84, p. 105], [Oev90, p. 30],
[MSSO1, Eq. (4.2.2)];

Equation g = us + buug + dujus + Sulug
Hamiltonian %3 — u;

Cosymplectic D, ( e +2(D;u+uD; )) D,
Symplectic ( L )D (D +uDy 1)
Recursion R

Root U1, Ut

Scaling Tul + 2u

" = DS+ 6uD?+ 9u1 D3 4+ 9u D? 4 11upD? + 10u3 D, + 21uuy D,
+4u® + 16uus + 6u% + Sug + ulD;1(2u2 + uz) + utD;1

2.19 Potential Sawada—Kotera equation

Reference: [MSS91, Eq. (4.2.4)], [Bil93];
Equation Uy = us + duiug + %u?

Hamiltonian %2 — %f

Cosymplectic Dy + 2(u1 Dyt + Dy tuy)

Symplectic (Dm + ulDajl) Dg (Dw + D;lul)

Recursion R
Root ug, 1
Scaling TUL + U

R = Dg + GulthL + 3u2D§ + SU3D2 + 9u1D2 + 2uy D, + 3usui D,
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+3us + 13usu; + 3u% + 4u§’ — 2u1D;1 (ug + ugur)
_2D;1 (UG + 3U4U1 + 6U3U2 —+ 2u2u%)

2.20 Kaup—Kupershmidt equation
Reference: [Kau80, FO82, FOWS87, Bil93],[MSS91, Eq. (4.2.3)];

Equation Uy = us + duug + 22—5u1m + 5uluy

2
Hamiltonian % — u—Ql
Cosymplectic D, (D:C + %(uD;l + D;lu)) D,
Symplectic D2+ 2(uD, + Dyu) + D2uD;' + Dy 'uD?

+2(u?D; ' + Dy 'u?)
Recursion R
Root U, Ut
Scaling Tul + 2u
6 4 3 22 49 2 39
R = D, +6uD,+ 18ui1 D, +9u"D; + ?u2D$ + 30uu; Dy + ?u;»,DJC
41 69 13 1
+4u3 + 5 uuz + Zu% + - + §u1D;1(u2 + 2u?) + us D

2.21 Potential Kaup—Kupershmidt equation

Reference: [MSS91, Eq. (4.2.5)], [Bil93];

Equation
Hamiltonian
Cosymplectic
Symplectic

Recursion
Root
Scaling

ur = us + 10ujug + %u% + 2—??1#;’
uj _ 4u
2 3

D, +wu1D;t + Dty

D3 +5(u1 D2 + D3uq) — 3(us Dy + Dyug)
+8(u? Dy + Dyu?)

R

Ui, 1

TUl +U

M = DS+ 12u1 D} + 24us D3 + 25u3 D2 + 36uiD? + 10us D, + 48ujus D,
+3us + 21u3 + 3dujuz + 32uF — 2u1 Dyt (ug + Suqus)
—D;l (u6 + 12uquyg + 24ugus + SZU%UQ)

2.22 Diffusion system

Reference: [Oev84, p. 41];

Equation

Hamiltonian

Cosymplectic

Symplectic

Recursion

Root

U = U + v?
{ VUV = V9
None
None
None

D, vD;!

0 D, )

(6) (2
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. zuy + 2u 2u
Scaling (mvl+2v)+a<v ),aE(C
2.23 Dispersiveless Long Wave system

Reference: [AC91, G6k98];

Equation Ut = Ui

v = Uy + v
Hamiltonian “2*'21“’2

D
Cosymplectic < 0D$ 0 v >
: 2Dt wD;t

Symplectic < D-ly wD-!4 Dly
Recursion v 2u+uDy’

2 v+u D!
Root ( “ )

U1
Scaling (xu1)+a<2u>,oz€(c

U1 v

2.24 Sine—Gordon equation in the laboratory coordinates

Reference: [CLL87];

. Ut = v
Equation { vt = g — sin(u)
Hamiltonian 1 (uf 4 v?) — cos(u)
Cosymplectic ( (1 ) (1) >
Symplectic ( o D )
1 Rio

1
Recursion R= (

Root < “ >
U1
N

Scaling one
M1 = 4D2 —2cos(u) + (ug +v)? — (ug +v) Dy (ug 4+ v1 — sin(u)),
Rie = 4D, + (ug + v)D;l(ul +v),
Po1 = 4D3 + (uy + v)? Dy — 4cos(u) Dy + 2uq sin(u) + (ug + v1)(ug + v)
— (ug + vy — sin(u))D; (ug + v — sin(u)),
Poo = 4D2+ (uy +v)? — 2cos(u) + (ug +v1 — sin(u)) Dy (ug + v).

2.25 AKNS equation
Reference: [Oev84, p. 100];
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Equation
Hamiltonian

Cosymplectic
Symplectic
Recursion
Root

Scaling

up = —ug + 2uv
v = Vg — 20%u

—
I
<

=

|
<
IS
=

SN—

xT

e —2vD;7'u 20D

1
")
—Dy +2uD; v 2uD;lu
—2vD; v D, —2vD; u >

2uD; D, —2uD; v >

)

Ve Ve e NN et
SN o
e
~

8 8
<
==
+ +
S g
N———

2.26 Nonlinear Schrodinger equation

Reference: [Oev84, p. 102], [Dor93, p. 135], [Oev90, pp. 31, 61];

Equation
Hamiltonian

Cosymplectic
Symplectic
Recursion
Root

Scaling

The system can be written as ig; = g2 F ¢>q*, where i2 = —1, cf. [AC91].

ug = vg F v(u? + v?)
——UQII:U(U + v?)

% ’LL’Ul — U’LL1
: F 21)D 11} +2vD, Ly
:|:2uD D, F2uD; Ly
2’1)Dx Ly D, F 21}D’1@
—D, £2uD; Ly +2uD Ly
< —v

Ul + U
Tv] + U

2.27 Derivative Schrodinger system

Reference: [Oev84, p. 103[;

Equation

Hamiltonian

Cosymplectic

Symplectic

v = ug — (u? + vy

{ ug = —vg — (u? + vy
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_ut® v v f
. 2 T -1 1
Recursion ( D, _ug_QHJQ ) + ( Cu )Dm ( Cuy >
]
o (75} —1 u
(n)e (2)

Root < v
—u
) Tul + 5
Scaling < A )

2.28 Modified derivative Schrodinger system

Reference: [WHV95];

' u = Dy (u® + uv? + fu — vy)
Equation { v = D, (UU2 IS uy)
Hamiltonian %(u2 + v?)

. BDy +2uDyu  —D? +2vD,u
Cosymplectic < D? +2uD,v 20Dy

() ()
U1 V1

. D;t o
Symplectic < 0 r D-1 >
B+2u?®  —Dy+ 2uw
D, +2uv 202

e(u)e ()
V1 v

Uy

U1

xul—i-%

Scaling v + 35

By + O

Recursion <

Root

2.29 Boussinesq system

Reference: [Olv93, p. 459];

. U =0
Equation t !
SU3+ uul

Hamiltonian %U

Cosymplectic D3 4+ 2uD, +u1 3vDy + 201
o 3vDg + ”1 $oo
. 0
Symplectic ( D= )
: 3v + 2U1DI_1 D323 —+ 2 + ule—l
Recursion ( o o UlD;1
Root ( ul ( )
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Scalin uy + 2u
& xv1 + 3v
l 5 O 3 3 16
Hoy = ng + §(qu + Dyu) — (ueDy + Dyug) + EUDa:U
1 10 16
o1 = gDy + Gubi+5uDy+ Buz + Hu’ + 20D,

2.30 Modified Boussinesq system

Reference: [FG81];

. u; = 3vg + 6uvy + 6uqv
Equation
v = —ug — 6vv1 + 2uug
Hamiltonian 1 (uvy — ugv — 203 + 2vu?)
. 3D, 0
Cosymplectic ( 0 D,
1 1p-1
. sD;YR =D R0
37 5D
Symplectic ( D%, D D‘i )
Recursion P iy
Ro1 Roo
Root <u1 >,<Ut>
(%1 UVt
Scaling < TUL U >
Tv] + U
Ry = 61}D§ +9v1 Dy + 3v9 — 12uvy — 24u’v — 2utD;1u — 6u1D;1(2uv + v1),
Ria = 3D§ + GUD?C +9u1 D, — 3u2Dx — 9v2Dx + 3ug — 6u’ — 3601,
— 18uv? — 6utD;1v + 6u1D;1(u1 —u? + 3112),
Ro1 = —Di + ZUD?C + u2Dm + 3u1 D, + SUQD;,; + ug — 6uv? — 2u3 + duuy
— 2vtD;1u — 6U1D;1(Ul + 2uv),
Roo = —6vD? —9u D, — 1200 + 12uyv — 3vg + 3603

— 6v D v+ 6v D (ug — u? 4 30?).

2.31 Landau—Lifshitz system

Reference: [vBK91]J;

Equation ut = — sin( Jva — 2 cos(u)uivy + (J1 — Jo) sin(u) cos(v) sin(v)

h = Sin u) - COS( )U% + COS(U)(Jl COSz(U) + Jo sinZ(v) — JS)
Hamiltonian  5(sin ( Jl cos?(v) + Josin®(v) — J3) + J3 — uf — sin®(u)oy)
Cosymplectic ) <

Symplectic sin(u <9‘{21 Foo )
R —NRig
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Recursion (SRH P )

Ro1 NRao

Root <u1 ),(ut)
U1 V¢

Tuy
Scaling U1 , where J = (J1, Jo, J3).
xJy, +2J
where
R = —D?—2sin’(u)v] —uf +v? — (Jy — Jo)sin?(u) sin’(v)
+(J1 — J3)sin(u) + J3 — Jy + ug Dt - (sin(u)vy) — uy Dt - S,
Rz = 2cos(u)sin(u)vy D, + cos(u) sin(u)vy — 3sin?(u)uivy + 2uivy
+ur DY (= sin(u)uy) —uy Dt - Ss
Ro1 = —2cos(u)vy D, — cos(u)ve + urv;
+u DY (sin(u)vy) — v Dyt - S
Roo = —D2 —2cos(u)uy D, — cos(u)ug — (J; — Jo) sin(u) sin?(v)

—2sin?(u)v} + v} + (J1 — J3) sin®(u) + J3 — Jo
+u Dt (—sin(u)ug) —vi Dyt - Sy
Sy = (J — Jo)cos(u)sin(u) sin(v) — (J1 — J3) cos(u) sin(u)

+ cos(u) sin(u)v? — ug,

Sy = (Jy — Jo)cos(v)sin?(u) sin(v) — 2 cos(u) sin(u)uivy — sin®(u)vs.

2.32 Wadati—-Konno—Ichikawa system
Reference: [WKI79, BPT83], [Kon87, p. 88];

up = D2 (-2
Equation ' w(zv 1“;”)
bt = _Dx( 1+uv)

Hamiltonian = 2v/1 4 ww
: 0 D?
Cosymplectic ( _p? 0 r )

0 2 v T V1 .
Symplectic ( 9 1+uv ) — ( V1tuv ) D1 (1+u1;L)1§
R - (1+uv)%

(1+uv)% V14+uv
D2 ul
Root ( Ut ) m((1+uv)%)
) 2 v1
Ut Dq: 3
(1+uv)2
. Tul
Scaling < . )

2.33 Hirota—Satsuma system

Reference: [HS81, Fuc82], [Kon87, p. 207], [Oev90, pp. 32, 61], [Oev84, pp. 31, 84];
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Equation { ug = uz + 3uug — 6vuy
v = —U3 — 3Uv]
Hamiltonian %uz — 2
1p3 + uD, + Dyu vD, + Dyv
1 2 x T €T T =
Cosymplectic ( D+ Doy %Dg N >
1 1 4 .
PRt - - -
Symplectic ( ? oD 1 o >
Recursion R
Root <u1>’<ut>
U1 V¢
i zul + 2u
Scaling ( o 4 2 )
Ru,v) = 3D+ Dy -ut+uDy Dy-v+uvDy
7 a D, -v+vD, 1D3_|_Dm u+uD,
%Dx“l_D;l 'u—+—qu1 _2Dxl'
—2vD;* —2D,
1
~ su3 + 3uuy — 6vvy .
( —v3 — 3uv; >®Dm (1, 0)
Ul 1
= )epst (w2

2.34 The Symmetrically—coupled Korteweg—de Vries system

Reference: [Fuc82];

Equation ur = ug + vz + buuy + 4duvy + 2uqv
4 vy = ug + v3 + 6vvy + 4dvuq + 201U
Hamiltonian % (u+wv)
Cosymplectic D; + 2(uDs + Do) 0
0 D3 +2(vD, + Do)
. D! -
Symplectic < D1 T >
S D2 + 4u +2u1 D7t D? + 4u+ 2u Dt
D? +4v+2v; DY D2+ 4v + 201Dt
Root ( “
. Tu + 2u
Scaling ( cup 4 20 )

2.35 The Complexly—coupled Korteweg—de Vries system
Reference: [Fuc82];

Equation { ur = ug + 6uug + 6vvy
vt = vg + 6uv; + 6vug

Hamiltonian 1 (u? 4 v?)

Cosymplectic ( D3 +2(uDy + Dyu) 2Dgv + 20D, >
2D, v + 20D, D3 +2(uD, + Dyu)



A list of 1 + 1 dimensional integrable equations and their properties 229

. Dt o
Symplectic ( 0 p-1 )

xT

Recursion D2 + 4u+2u1 Dy 4v + 201Dt
4v + 2v; D1 D2 + du +2u1 Dt
Root <u1>’<v1>
(% (5]
. Tul + 2u
Scaling < 20y 4 20 )

2.36 Coupled nonlinear wave system (Ito system)

Reference: [Ito82, AF87], [Dor93, p. 94];

Equation ur = ug + 6uug + 2vv;
vy = 2uvy + 2uqv
Hamiltonian “22&

3
Cosymplectic < Dy +4uDy 4 2u; 20D, )

2vD + 21 0

Symplectic ( )
Recursion D? + 4u +2u; Dyt 20
2v+4+2v1 D, 1 0
Root (
. Tu + 2u
Scaling ( 2up 4 20 )

2.37 Drinfel’d—Sokolov system
Reference: [G&k9S|;

Equation up = 3vvy
vy = 203 + u1v + 2uv;
Hamiltonian %
Cosymplectic 2Df’; + 2uDy 4wy Qvl?a; + v
ymp QUDZ—I—UI 2D§;+2UD1—|-U1
Symplectic D; + (UD + Dyu) —150D, + 2
ymp —151}D — 1;1 —27D§ 27 (uD + Dyu)

() o () (n) o ()
() ()

rot ()< () ()

xrul + 2u

Scaling cu1 4 20

m=—uz — 2u2 + 3’[12,
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N2 = Yug + 6uw,
hi1 = —2us — 10uus — 25uqug + 30vvg + 45vivy — 10u2u1 + 15v2u1 + 30uvvy,
ho = 18vs + 10vus3 + 35usvq + 45u1v9 + 30uvs + 10uu v + 10u2U1 + 15212111.

2.38 Benney system

Reference: [Ben73, AF87];
ug = vv1 + 2D, (uw)
Equation vy = 2uq + Dy (vw)
wy = 201 + 2wwq
Hamiltonian  ww + %
uDy + Dyu vD, wD,

Cosymplectic D,v 0 2D,

D,w 2D, 0

0 0 Dt
Symplectic 0 Dt 0

Dt o 0

w v 2u+u Dyt
Recursion 2 0 v+uv D!

0 2 wHwD;!

U1
Root U1

w1

TUq 3u
Scaling xU1 +al|l 2v |;aeC

Twy w

2.39 Dispersive water wave system

Reference: [AF87];
uy = Dy (uw)
Equation vy = —v2 + 2D, (vw) + uuy
Wy = wo — 201 + 2wwq
Hamiltonian vw + %2
0 D, u 0

Cosymplectic uD, vD,+ Dyv —D2?+wD,
0 D2+ D,w —2D,
Dt o 0
Symplectic 0 0 D!
0 Dt o
0 0 u+up Dt
Recursion u —D,+w 2v+ le;1
0 —2 D, +w+w Dt
Uy
Root U1
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Scaling

ruq + %u
zv1 + 2v
Twi +w

If w = 0, this system reduces to the Broer-Kaup system studied in [G6k98].
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