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Preface

The following notes were written before and during the course on Convexr Geom-
etry which was held at the University of Karlsruhe in the winter term 2002/2003.
Although this was the first course on this topic which was given in English, the
material presented was based on previous courses in German which have been given
several times, mostly in summer terms. In comparison with these previous courses,
the standard program was complemented by sections on surface area measures and
projection functions as well as by a short chapter on integral geometric formulas.
The idea here was to lay the basis for the course on Stochastic Geometry which will
follow in the summer term.

The exercises at the end of each section contain all the weekly problems which
were handed out during the course and discussed in the weakly exercise session.
Moreover, I have included a few additional exercises (some of which are more dif-
ficult) and even some severe or even unsolved problems. The list of exercises and
problems is far from being complete, in fact the number decreases in the later sec-
tions due to the lack of time while preparing these notes.

I thank Matthias Heveling and Markus Kiderlen for reading the manuscript and
giving hints for corrections and improvements.

Karlsruhe, February 2003 Wolfgang Weil

During a repetition of the course in 2003/2004 a number of misprints and small
errors have been detected. They are corrected in the current version. Also, a few
remarks and further exercises have been added.

Karlsruhe, October 2004 Wolfgang Weil
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Introduction

Convexity is an elementary property of sets A in a real (or complex) vector space
V. A is convex if it contains all the segments joining any two points of A, i.e. if
z,y € A and a € [0,1] implies that ax + (1 — o)y € A. This simple algebraic
property has surprisingly many and far-reaching consequences of geometric nature,
but it also has topological consequences (if V' carries a compatible topology) as well
as analytical ones (if the convexity is extended to real functions f via the graph
of f). Therefore, results on convex sets and functions play a central role in many
mathematical fields, in particular in functional analysis, in optimization theory and
in stochastic geometry.

During this course, we shall concentrate on convex sets in R" as the prototype of a
finite dimensional real vector space. In infinite dimensions totally different methods
have to be used and different types of problems occur. Here, we concentrate on the
classical part of convexity. Starting with convex sets and their basic properties (in
Chapter 1), we discuss shortly convex functions (in Chapter 2), and then come (in
Chapter 3) to the theory of convex bodies (compact convex sets). Our goal here
is to present the essential parts of the Brunn-Minkowski theory (mixed volumes,
quermassintegrals, Minkowski inequalities, in particular the isoperimetric inequality)
as well as some more special topics (surface area measures, projection functions).
The last chapter will shortly discuss some basic formulas from integral geometry.

The course starts rather elementary. Apart from a good knowledge of linear
algebra (and, in Chapter 2, analysis) no deeper knowledge of other fields is required.
Later we will occasionally use results from functional analysis and, in some parts,
we require some familiarity with topological notions and, more important, we use
some concepts and results from measure theory.
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Preliminaries and notations

Throughout the course we work in n-dimensional Euclidean space R™. Elements of
R™ are denoted by lower case letters like z,y,...,a,b,..., scalars by greek letters
a,f3,... and (real) functions by f,g,.... We identify the vector space structure and
the affine structure of R", i.e. we do not distinguish between vectors and points.
The coordinates of a point € R™ are used only occasionally, therefore we indicate
them as x = (¢, ..., (™). We equip R" with its usual topology generated by the
standard scalar product

(x,y) == x(l)y(l) I x(n)y(n)7 z,y € R",
respectively the corresponding Fuclidean norm
]| := ((@D)? + -+ (@™)A)2, z e R
By B", we denote the unit ball,
B" :={zx e R": ||z]| <1}

and by
Shi={r e R": |jz]| = 1}

the unit sphere. Sometimes, we also make use of the Euclidean metric d(z,y) :=
|z =y, 2,y € R". In combined expressions, it is sometimes convenient to write £,
instead of éx, for x € R™ and a € R.

Convex sets in R! are not very exciting (they are open, closed or half-open,
bounded or unbounded intervalls), the results mostly are only interesting for n > 2.
In some situations, results only make sense, if n > 2, although we shall not emphasize
this in all cases. As a rule, A, B,... denote general (convex or nonconvex) sets,
K, L,... will be used for compact convex sets (convex bodies) and P,(,... for
(convex) polytopes.

A number of notations will be used frequently, without further explanations:

lin A linear hull of A
aff A affine hull of A
dim A dimension of A (= dimension of aff A)

9
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int A interior of A

relint A relative interior of A (interior w.r.t. aff A)
clA closure of A

bd A boundary of A

If f is a function on R™ with values in R or in the extended real line [—o0, co] and
if A is a subset of the latter, we frequently abbreviate the set {x € R" : f(z) € A}
by {f € A}. Hyperplanes E C R™ are therefore shortly written as F = {f = a},
where f is a linear form and a € R (note that this representation is not unique). The
corresponding closed half-spaces generated by E are then {f > a} and {f < a},
and the open half-spaces are {f > o} and {f < a}

The symbol C always includes the case of equality. The abbreviation w.l.o.g.
means ‘without loss of generality’ and is used sometimes to reduce the argument to
a special case. The logical symbols V (for all) and 3 (exists) are occasionally used
in formulas. [ denotes the end of a proof.

Each section is complemented by a number of exercises. Some are very easy, but
most require a bit of work. Those which are more difficult than it appears from the
first look are marked by . Occasionally, problems have been included which are
either very difficult to solve or even unsolved up to now. They are indicated by P.



Chapter 1

Convex sets

1.1 Algebraic properties

Definition. A set A C R" is conver, if we have ax + (1 — a)y € A, for all z,y € A
and a € [0, 1].

Examples. (1) The simplest convex sets (apart from the points) are the segments.
We denote by
[:C7y] = {Oéil)' + (1 - Oé)y HIORS [07 1]}

the closed segment between x and y, x,y € R". Similarly,
(x,y) ={ar+ (1 —a)y:a e (0,1)}

is the open segment and we define half-open segments (z, y] and [z, y) in an analogous
way.
(2) Other trivial examples are the affine flats in R”.

(3) If {f = a} (f a linear form, o € R) is the representation of a hyperplane, the
open half-spaces {f < a},{f > a} and the closed half-spaces {f < a},{f > a} are
convex.

(4) Further convex sets are the balls
B(r):=A{z: |z <r}, =0,
and their translates.
Theorem 1.1.1. A set A C R" is convex, if and only if
(*) o+t apr €A
holds for all k € N, all z1,...,x2, € A and all oy, ..., a4 € [0,1] with Zle a; = 1.

Remark. We call (x) a convexr combination (of the points 1, ..., xy).

11



12 CHAPTER 1. CONVEX SETS

Proof. Taking k = 2, we see that the condition on the convex combinations implies
convexity.
For the other direction, assume A is convex and £ € N. We use induction on k:
For k =1, the assertion is trivially fulfilled.
For the step from k—1 to k, k > 2, assume x1,...,2x € Aand ay,...,a; € [0, 1]
with Zle a; = 1 are given. We may assume o; # 0,7 =1,...,k, and define
Blz 7"'751971::

ai
ap+ -+ apg

Q-1
Y
ap+ -+ apg

hence f3; € [0,1] and Z,’f:_ll B; = 1. By the induction hypothesis, Zf:_f Gix; € A, and
by the convexity

k—1 k-1 k-1 k
i=1 i=1 i=1 =1
[

Remark and Definition. If {4; : i € I} is an arbitrary family of convex sets
(in R™), the intersection (),.; A; is convex. In particular, the intersection of finitely
many closed half-spaces is convex (and closed). We call such a set polyhedral.

Definition. For sets A, B C R" and «, § € R, we put
aA+ B :={ax+Py:x € Ay B}

The set aA + (6B is called a linear combination of the sets A, B, the operation + is
called vector addition. Special cases get special names:

A+ B the sum set

A+ z (the case B = {z}) a translate of A

aA the multiple of A

aA+z (for a > 0) a homothetic image of A
—A:=(-1)A the reflection of A (in the origin)
A—B:=A+(—-B) the difference of A and B

Remarks. (1) If A, B are convex and «, 3 € R, then A + 3B is convex.

(2) In general, the relations A+ A =2A and A — A = {0} are wrong. For convex
A and «, 3 > 0, we have aA + BA = (o + )A. The latter property characterizes
convexity of a set A.

Theorem 1.1.2. Let A C R", B C R™ be conver and f : R" — R™ affine. Then
fA)={f(z):z e A}

and
fYB) == {z: f(z) € B}

are convex.
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Proof. Both assertions follow from
af(z)+ (1 —a)f(y) = flax+ (1 - a)y).
O
Corollary 1.1.3. The projection of a convex set onto an affine subspace is convez.

The converse is obviously false, a shell bounded by two concentric balls is not convex
but has convex projections.

Since the intersection of convex sets is convex, we obtain, for a given set A C R",
a ‘smallest’ convex set containing A.

Definition. For a set A C R", the convez hull conv A of A is the intersection of all
convex sets containing A.

Theorem 1.1.4. For A C R", we have

k
convA={ogz + - Faprp: k€N xy, ... €A, .., q € [0,1],20@-:1}.
i—1

In other words, conv A is the set of all convex combinations of points in A.
Proof. Let B denote the set on the right hand side. If C' is a convex set containing

A, Theorem 1.1.1 implies B C C. Hence, we get B C conv A.
On the other hand, the set B is convex since

Blarry + -+ + agay) + (1= B)(nyr + - + Ym¥m)
= farzy + -+ Bogry + (L= B)nyr + - + (1 = B)Vm¥Ym

with coefficients in [0, 1] and

Bog+-+Par+ (1 =B+ +(1—=0)vm
=p+(1-0)=1.

Since B contains A, we get B D conv A. m

Remarks. (1) Trivially, A is convex, if and only if A = conv A.

(2) Later, in Section 1.2, we will give an improved version of Theorem 1.1.4
(CARATHEODORY’s theorem), where the number & of points used in the represen-
tation of conv A is bounded by n + 1.
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(3) The set A of all convex subsets of R™ is a complete lattice with respect to the
inclusion order:

ANB:=ANB,
AV B :=conv (AU B),
infM:= (] A, MCA

AeM
sup M := conv ( U A> , McCA
AeM
Definition. The convex hull of finitely many points zq,...,x; € R" is called a

(convex) polytope P. FEach x; which does not belong to the convex hull of the
remaining z; is called a wvertex of P. We denote the set of all vertices of P by
vert P. If the vertices are affinely independent, the polytope P is called a simplex.
More precisely, P is called an r-simplex, if it has precisely r + 1 affinely independent
vertices.

Remarks. (1) For a polytope P, we have P = convvert P. This can be seen
directly from an inductive argument (see Exercise 9), but is also a special case of
MINKOWSKI’s theorem, which is proved in 1.5.

(2) It is easy to see that polytopes, as convex hulls of finite sets, are closed and
bounded, hence compact. We discuss these topological questions in more generality
in 1.3. We shall also see later in 1.4 that the polytopes coincide with the bounded
polyhedral sets.

(3) The polytope property is conserved by the usual operations. Namely, if P, Q
are polytopes, then the following sets are polytopes:

e conv (PUQ),

e PNQ,

e aP + (Q), fora,pBeR,

e f(P), foraffine f:R"— R™.
Here, only the second assertion is not straight forward. The proof that P N Q is
a polytope will follow later from the mentioned connection between polytopes and
bounded polyhedral sets.

(4) If P is the convex hull of affinely independent points xy, ..., z,, then each z; is
a vertex of P, i.e. P is an r-simplex. An r-simplex P has dimension dim P = r.

Simplices are characterized by the property that their points are unique convex
combinations of the vertices.

Theorem 1.1.5. A conver set A C R" is a simplex, if and only if there exist
Zo,...,xr € A such that each x € A has a unique representation as a convex
combination of xg, ..., x.
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Proof. By definition, A is a simplex, if A = conv {xy, ..., x;} with affinely indepen-
dent xg, ...,z € R™. The assertion therefore follows from Theorem 1.1.4 together
with the uniqueness property of affine combinations (with respect to affinely inde-
pendent points) and the well-known characterizations of affine independence (see
also Exercise 10). O

Exercises and problems

1.

(a) Show that A C R™ is convex, if and only if «A + A = (a+ () A holds, for all
o, 3 =0.

(b) Which non-empty sets A C R™ are characterized by a4 + A = (a + () A, for
all o, 5 € R?

* 2. Let A C R" be closed. Show that A is convex, if and only if A + A = 2A holds.

3. A set

R={z+ay:a>0}, zeR" yecS" 1
is called a ray (starting in « with direction y).
Let A C R" be convex and unbounded. Show that A contains a ray.
Hint: Show first that it is sufficient to consider the case A C R2.

. For a set A C R", the polar A° is defined as

A° ={x eR": (z,y) <1Vye A}

Show that:
(a) A° is closed, convex and contains 0.
(b) If A C B, then A° D B°.
(¢c) (AUB)° =A°NB°.
(d) If P is a polytope, P° is polyhedral.
(a) If || - ||/ : R™ — [0,00) is a norm, show that the corresponding unit ball B’ :=

{x € R" : ||z||' < 1} is convex and symmetric (i.e. B’ = —B’).
(b) Show that

|l :R” = [0,00), == (aM,...,2M) > |20,
=1

and ‘
| floo : R" = [0,00), 2= (2M,...,2)— max |207)],

=1l,...

are norms. Describe the corresponding unit balls By and B..
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10.

11.
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(c) Show that for an arbitrary norm | - ||" : R™ — [0,00) there are constants
a, 3,7 > 0 such that

all < Bl Moo < 111" < Al - 1

Describe these inequalities in terms of the corresponding unit balls By, By, B'.

Hint: Show first the last inequality. Then prove that
inf{||z|leo : x € R, ||z||" = 1} > 0,
and deduce the second inequality from that.
(d) Use (c) to show that all norms on R™ are equivalent.
For a set A C R” let
kerA:={x € A:[z,y) C Aforall y € A}

be the kernel of A. Show that ker A is convex. Show by an example that A C B
does not imply ker A C ker B.

Let A C R™ be a locally finite set (this means that |A N B(r)| < oo, for all » > 0).
For each x € A, we define the Voronoi cell

C(a,A) = {z € R : |z —a]| < |l — y]| Vy € 4},

consisting of all points z € R™ which have x as their nearest point (or one of their
nearest points) in A.
(a) Show that the Voronoi cells C'(x, A),z € A, are closed and convex.

(b) If conv A = R"™, show that the Voronoi cells C(z, A),z € A, are bounded and
polyhedral, hence they are convex polytopes.

Hint: Use Exercise 3.

(¢) Show by an example that the condition conv A = R™ is not necessary for the
boundedness of the Voronoi cells C(z, A), z € A.

Show that, for A, B C R", we have conv (A + B) = conv A + conv B.

Let P = conv {x1,...,zx} and w.l.o.g. assume z1, ..., x, are the vertices of P. Show
by induction on k > r that P = conv {z1,...,2,}.

Assume that x1,...,z; € R™ are such that each x € conv{z,...,zx} is a unique
convex combination of x1,...,x. Show that xi,...,x; are affinely independent.

Let P = conv{zg,...,z,} be an n-simplex in R™. Denote by E; the affine hull of
{z0,...,xn}\{z:} and by H; the closed half-space bounded by E; and with z; € H;,
1=0,...,n.

(a) Show that z; € int H;, i =0,...,n.
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(b) Show that P = ("] H;.
i=0
(c) Show that PN E; is an (n — 1)-simplex.

17
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1.2 Combinatorial properties

Naturally, combinatorial problems arise in connection with polytopes. In the fol-
lowing, however, we discuss problems of general convex sets which are called com-
binatorial, since they involve the cardinality of points or sets. The most important
results in this part of convex geometry (which is called Combinatorial Geometry)
are the theorems of CARATHEODORY, HELLY and RADON.

Theorem 1.2.1 (RADON). Let A C R" be a set of at least n+2 points. Then there
exists a partition A= BUC,BNC =), such that

conv B N conv C # ().

Proof. 1t is sufficient to discuss the case A = {z1,...,x,.12}. For the coordinates
T = (:cgl), .. ,:r;gn)), 1=1,...,n4 2, we consider the system of linear equations
n+2
Z@zﬂ?g]) = 07 J= 17 y T,
=1
n+2
S oo
i=1
These are n + 1 equations for the variables aq, ..., a, 2, hence there exists a non-
trivial solution. For a fixed solution (o, ..., any9) # (0,...,0), let

B:={z;:a; >0}, C:={x;:a; <0}.
Then B, C build a partition of A and
Zi:ai >0 Xili Zi:a¢<0<_ai>xi

= € conv B N conv C.

y=
Zi:aiZO Q; Zi:ai<0(_ai)

As a consequence, we next derive HELLY’s Theorem (in a particular version).

Theorem 1.2.2 (HELLY). Let A be a finite family of at least n + 1 convex sets
A CR". If each n+ 1 of the sets in A have a nonempty intersection, then

[ A#0.

AeA

Proof. We proceed by induction on k = |A|, k > n + 1.
For k = n + 1, the assumption trivially implies the assertion.
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Let £ > n + 2 and assume that the assertion holds for all families of &£ — 1 sets.
Then, to each A € A, there exists a point

TrTp € ﬂ A

A’e A\{A}

If x4 = x4, for two (different) sets A, A € A, then

xrp € ﬂA/

AleA

and we are done.

Otherwise, all points x4, A € A, are different; therefore the set A := {z4: A €
A} has k > n + 2 points. By Theorem 1.2.1, there exists a partition A = BU C,
BNC =10, and a z € conv BN convC. This gives rise to two subfamilies A; :=
{A cA: xra € B} andAg = {A cA: xra € C} withA1UA2 = .AandAlﬂ.Ag = 0.
Since conv B C A’, for all A’ € Ay and convC C A’, for all A’ € A;, we conclude
that z € A, for all A € A. Therefore,

[ A#0.

AecA

]

HELLY’s Theorem has interesting applications. For some of them, we refer to the
exercises. More important for the later considerations is the following result.

Theorem 1.2.3 (CARATHEODORY). For a set A C R™ and x € R" the following
two assertions are equivalent:

(a) x € conv A,

(b) there is an r-simplex P (0 < r < mn) with vertices in A and such that x € P.

Proof. (b)=(a): Since vert P C A, we have x € P = conv vert P C conv A.
(a)=-(b): By Theorem 1.1.4, x = ajxy + -+ + oy with k € Nz, ... 2 € A,
ay,...,o € [0,1] and 32 a; = 1. We assume that k is the minimal number for
which such a representation is possible, i.e. x is not in the convex hull of any k£ — 1
points of A. We also may assume that dimconv {zi,...,zx} = n (otherwise we
choose aff {z1,..., 2z} as the new space and A" := {x1,..., 2} as the new set).
Then we have to show that £k = n + 1. Assume £ > n + 2. As in the proof of
Theorem 1.2.1, we obtain numbers (3, ..., 0 € R, not all vanishing, such that

k
Z Bix; =0
i1
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and i
Y Bi=0.
=1

Let J be the set of indices i € {1,...,k}, for which §; < 0 and choose iy € J such

that
Q5 . Q;
——— = min

(=Bi) €T (=F:)

Then, we have

k
a.
Tr = Z(O{Z -0 l)xl
i=1 Pio

with a; — f;’o B > 0and 3 (a; — %23) = 1, but ay, — gio Bi, = 0. This is a

) Blo 10
contradiction to the minimality of k. ]

Exercises and problems

1. (a) Prove the following version of HELLY’s theorem: Let F a family of at least
n + 1 compact convex sets in R” (F may be infinite!) and assume that any
n + 1 sets in F have a non-empty intersection. Then, there is a point x € R"
which is contained in all sets of F.

(b) Show by an example that the result in (a) is wrong if the sets in F are only
assumed to be closed (and not necessarily compact).

2. In an old German fairy tale, a tailor claimed the fame to have ‘killed seven with
one stroke’. A closer examination showed that the victims were in fact flies which
had landed on a toast covered with jam. The tailor had used a fly-catcher of convex
shape for his sensational victory. As the remains of the flies on the toast showed,
it was possible to kill any three of them with one stroke of the (suitably) shifted
fly-catcher without even turning the direction of the handle.

Is it possible that the tailor told the truth?

3. Let F be a family of finitely many parallel closed segments in R?, |F| > 3. Suppose
that for any three segments in F there is a line intersecting all three segments.
Show that there is a line in R? intersecting all the segments in F.

x Show that the above result remains true without the finiteness condition.

4. Prove the following version of CARATHEODORY’s theorem:

Let A C R"™ and zg € A be fixed. Then conv A is the union of all simplices with
vertices in A and such that zg is one of the vertices.
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*5. Prove the following generalization of CARATHEODORY’s theorem (Theorem of

BuNDT):
Let A C R™ be a connected set. Then conv A is the union of all simplices with

vertices in A and dimension at most n — 1.
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1.3 Topological properties

Although convexity is a purely algebraic property, it has a variety of topological
consequences. One striking property of convex sets is that they always have (relative)
interior points. In order to prove that, we first need an auxiliary result.

Proposition 1.3.1. If P = conv{xo,...,xx} is a k-simplez in R", 1 < k < n, then
relint P = {apxg + - -+ + gz - oy € (0, 1), Zai =1}
Proof. W.l.o.g. we may assume k = n and xq = 0. Then we have
P={oajxi+ -+ ayz, :a; €10, 1],2042- <1},
and we need to show that
int P={oyzy + -+ ape, :q; € (0,1),2% < 1}.

Notice that x1,...,x, is a basis of R™. Therefore, a point x € P, v = ayx1 + -+ - +
ax, with a; € (0,1) and such that ) a; < 1 has a neighborhood U, such that each
y € U has a representation y = S1xq + -+ - + B2, with 5; € (0,1) and > 5; < 1.
This implies U C P and x is interior point of P.

Conversely, if x € P has a representation = ayxy + - - - + a,x,, where one «;
vanishes, say oy = 0, then z lies in the (linear) hyperplane lin{zy,...,x,}. Each
neighborhood of z therefore contains points y which have (at least) one negative
coefficient with respect to the basis zi,...,z,. By Theorem 1.1.5, y ¢ P and
therefore x is a boundary point of P. Analogously, we may treat the case x =
a1 + -0+ apy, Z?:l a; = 1. In that case, x lies in the (affine) hyperplane

aff {x1,...,2,}, thus in each neighborhood of x there are points y which have a
representation y = 1y + -+ + Guz, with 51 + -+ 5, > 1. Again y ¢ P and
therefore z is a boundary point. ]

Theorem 1.3.2. For a convex set A C R™, A # (), we have relint A # ().

Proof. 1f dim A = k, then A contains k£ + 1 affinely independent points and hence
a k-simplex P. By Proposition 1.3.1, P has relative interior points . Each such x
fulfills = € relint A. ]

Theorem 1.3.2 shows that, for the investigation of a fixed convex set A, it is useful
to consider the affine hull of A, as the basic space, since then A has interior points.
We will often take advantage of this fact by assuming that the affine hull of A is
the whole space R™. Therefore, proofs in the following frequently start with the
sentence, that we may assume (w.l.o.g.) that the convex set under consideration
has dimension n.

A further consequence of convexity is that topological notions like interior or
closure of a (convex) set can be expressed in purely geometric terms.
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Theorem 1.3.3. If A C R" is convex, then
clA={zxeR":3Jy e A with (z,y] C A}

and
intA={xeR":VyeR" y+#x Iz € (z,y) with [z, 2] C A}.

Again, we first need an auxiliary result.

Proposition 1.3.4. If A C R™ is convex, © € clA, y € relint A, then [y,x) C
relint A.

Proof. As we explained above, we may assume dim A = n. Since x € cl A, there
exists a sequence xy — x, 1 € Ak =1,2,.... Let z € (y,x),ie. z=ay+(1—a)z,
a € (0,1). Then yj, := £(z — (1 — a)ay,) converges towards y, as k — oo. Since
y € int A, there is an open ball U around y with U C A. For k large enough we
have yr € U. Then, there exists an open ball V' around y, with V- C U C A. The
convexity of A implies z € aV + (1 — a)xy C A. Since oV + (1 — )z, is open, z is
in int A. O

Proof of Theorem 1.3.3. The case A = () is trivial, hence we assume now that A # (0.

Concerning the first equation, we may assume dim A = n since the sets on both
sides depend only on aff A. Let B be the set on the right hand side, then we obviously
have B C cl A. To show the converse inclusion, let © € cl A. By Theorem 1.3.2
there is a point y € int A, hence by Proposition 1.3.4 we have [y,z) C int A C A.
Therefore, x € B.

The second equation is trivial for dim A < n since then both sides are empty.
Hence, let dim A = n. We denote the set on the right hand side by C, then the
inclusion int A C C' is obvious. For the converse, let x € C. Again, we choose
y € int A by Theorem 1.3.2. The definition of C' implies that there exists z € A
with « € (y, z). Proposition 1.3.4 then shows that = € int A. O

Remark. Theorem 1.3.3 shows that (and how) topological notions like the interior
and the closure of a set can be defined for convex sets A on a purely algebraic basis,
without that a topology has to be given in the underlying space. This can be used
in arbitrary real vector spaces V' (without a given topology) to introduce and study
topological properties of convex sets.

Corollary 1.3.5. For convex A C R", the sets relint A and cl A are convez.

Proof. In view of the above remark, we deduce the results from Theorem 1.3.3,
instead of giving a direct proof based on the topological notions relint and cl.
The convexity of relint A follows immediately from Proposition 1.3.4.
For the convexity of cl A, let A # (), x1,x9 € cl A, @ € (0,1). From Theorem
1.3.3, we get points y;,y2 € A with (z1,11] C A, (79, y2] C A. Hence

a(@i, ] + (1 — o) (2, 42] C A
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Since
(ary + (1 — a)zg, ayr + (1 — a)ya] C a(zr, yi] + (1 — a)(x2, ¥,

we obtain axy + (1 — )z € cl A, again from Theorem 1.3.3. O
Corollary 1.3.6. For convex A C R™, we have

clA =clrelint A

and
relint A = relint cl A.

Proof. The inclusion
clrelint A C cl A

is obvious. Let x € cl A. By Theorem 1.3.2 there is a y € relint A and by Proposition
1.3.4 we have [y, x) C relint A. Since relint A is convex (Corollary 1.3.5), Theorem
1.3.3 implies = € clrelint A.

The inclusion

relint A C relintcl A

is again obvious. Let z € relintcl A. Since cl A is convex (Corollary 1.3.5), we
can apply Theorem 1.3.3 to cl A. Therefore, for y € relint A, y # z, (which exists
by Theorem 1.3.2), we obtain z € cl A such that x € (y, z). By Proposition 1.3.4,
x € relint A. O

We finally study the topological properties of the convex hull operator. For a closed
set A C R", the convex hull conv A need not be closed. A simple example is given
by the set

A= {(t, %) .£> 0} U{(0,0)} C R2.

However, the convex hull operator behaves well with respect to open and compact
sets.

Theorem 1.3.7. If A C R" is open, conv A is open. If A C R™ is compact, conv A
18 compact.

Proof. Let A be open and x € conv A, x = ayxy + -+ + agxy, x; € A, o; € [0, 1],
> a; = 1. We can choose a ball U around the origin such that z; + U C A,
1=1,..., k. Since

a1(U+x)+ -+ ap(U+2z) =U+ 2 C conv A,

we have x € int conv A, hence conv A is open.
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Now let A be compact. Since A is contained in a ball B(r), we have conv A C
B(r), i.e. conv A is bounded. In order to show that conv A is closed, let z; — =z,
rp €conv A, k=1,2,.... By Theorem 1.2.3, each x; has a representation

Tl = QpoTro + -+ + ATy

with

and

Because A and [0, 1] are compact, we find a subsequence (k,).cn in N such that the

2n + 2 sequences (T, j)ren,J = 0,...,n, and (o, j)ren,j = 0,...,n, all converge.
We denote the limits by y; and 5;, j =0,...,n. Then, y; € A, 5; € [0,1], > 3; =1
and x = Byyo + - - - Bnyn. Hence, x € conv A. O

Remark. The last theorem shows, in particular, that a convex polytope P is
compact; a fact, which can of course be proved in a simpler, more direct way.

Exercises and problems

1. Let P = conv{ag,...,a,} be an n-simplex in R"” and z € int P.

Show that the polytopes
P;:=conv{ag,...,a;—1,%,Qi41,...,an}, 1=0,...,n,

are n-simplices with pairwise disjoint interiors and that

2. Show that, for A C R™,

clconv A = ﬂ{B CR":B D A, B closed and convex}.

3. Let A, B C R™ be convex.

(a) Show that relint (A + B) = relint A + relint B.
(b) If A (or B) is bounded, show that cl (A + B) = cl A + cl B.

(c) Show by an example that (b) is wrong, if neither A nor B are assumed to be
bounded.
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4. Let A, B C R" be convex, A closed, B compact. Show that A + B is closed (and
convex). Give an example, that shows that the compactness of one of the sets A, B
is necessary for this statement.
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1.4 Support and separation theorems

Convex sets are sets which contain with their elements also all convex combinations.
In this section, we consider a description of convex sets which is of a dual nature,
in that it describes convex sets A as intersections of half-spaces. For such a result,
we have to assume that A is a closed set.

We start with results on the metric projection which are of independent interest.

Theorem 1.4.1. Let A C R™ be nonempty, convex and closed. Then for each
x € R™, there is a unique point p(A, x) € A satisfying

lp(A, z) — ]| = inf [ly — =]

Definition. The mapping p(4,-) : R — A is called the metric projection (onto A).

Proof. For z € A, we obviously have p(A,z) = x. For = ¢ A, there is a ball B(r)
such that
AN (x4 B(r)) # 0.

Then,
inf ||y —z|| = inf —z||.
Inflly ==l = _ of o ly=zl
Since A, := AN (z + B(r)) is compact and f : y — |y — x| continuous, there is a
point p(A, z) := yo € A realizing the minimum of f on A,.
If y; € A is a second point realizing this minimum, with y; # 1o, then yo :=
T(yo + 1) € A and |lys — z|| < [lyo — ||, by the triangle inequality. This is a
contradiction and hence the metric projection p(A, x) is unique. O]

Remark. As the above proof shows, the existence of a nearest point p(A4,z) is
guaranteed for all closed sets A. The convexity of A is responsible for the uniqueness
of p(A,z). A more general class of sets consists of closed sets A, for which the
uniqueness of p(A, x) holds at least in a neighborhood of A, for all x € A + rB",
r > (0. Such sets are called of positive reach, and the largest r for which uniqueness
of the metric projection holds is called the reach of A. Convex sets thus have reach
0.

Definition. Let A C R™ be closed and convex and E = {f = a} a hyperplane. F
is called supporting hyperplane of A, if ANE # () and A is contained in one of the
two closed half-spaces {f < a}, {f > a} (or in both, but this implies A C {f = a},
hence it is only possible for lower dimensional sets A). The corresponding half-space
containing A is called supporting half-space, the set AN E is called support set and
any x € AN FE is called supporting point.

If E is a supporting hyperplane of A, we also say shortly that the hyperplane F
supports A.
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Example. The set

1
- 1 .2 2. .0 = (D)
A={(="V,2¥)eR :x 2$(1),$ > 0}
is closed and convex. The line g := {z™ + 23 = 2} is a supporting line, since
(1,1) € Ang. The lines h := {2 =0} and k := {2® = 0} bound the set A, but
are not supporting lines since they do not have a point in common with A.

Theorem 1.4.2. Let A C R"™ be nonempty, closed and convex and let x € R™\ A.
Then, the hyperplane E through p(A,x), orthogonal to x — p(A,x), supports A.
Moreover, the half-space bounded by E and not containing x is a supporting half-
space.

Proof. Obviously = ¢ E. Let H be the half-space generated by E which fulfills
x ¢ H. Since p(A,z) € EN A, it remains to show that A C H. Assume that there
isye Ajy¢ H. Then (y — p(A,x),x — p(A,x)) > 0.

We make use of the following projection property:

() Let z,y,z € R™ be different points with (y — z, 2 — 2) > 0. Then there exists
€ (2] with |l — 2] < |12 — .
In order to show (%) we consider the orthogonal projection y of = onto the line
through z and y. By Pythagoras’ theorem, ||y — z|| < ||z — z||. If ¥ € (2,y], we put
y' := y. Otherwise, we have y € (z,y| and put ¢/ :=y.

We apply (%) with z = p(A,x) and obtain a point ¢ € (p(4,z),y] C A with
lly — z|| < ||p(A,z) — x||. This is a contradiction, hence we conclude A C H. [

Corollary 1.4.3. FEvery nonempty, closed conver set A C R™, A # R", is the
intersection of all closed half-spaces which contain A. More specifically, A is the
intersection of all its supporting half-spaces.

Proof. Obviously, A lies in the intersection B of its supporting half-spaces. For
x ¢ A, Theorem 1.4.2 implies the existence of a supporting half-space H of A with
x ¢ H. Hence x ¢ B. O

Theorem 1.4.2 and Corollary 1.4.3 do not imply that every boundary point of A is a
support point. In order to show such a result, we approximate x € bd A by points xy,
from R™\ A and consider the corresponding supporting hyperplanes Ej which exist
by Theorem 1.4.2. For x;, — x, we want to define a supporting hyperplane in x as
the limit of the Ej. A first step in this direction is to show that p(A, zx) — p(A, )
(where p(A,z) = x), hence to show that p(A,-) is continuous. We even show now
that p(A,-) is Lipschitz continuous.

Theorem 1.4.4. Let A C R"™ be nonempty, closed and convex. Then,

Ip(A, z) — p(A, 9|l < llz =yl
for all z,y € R™.
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Proof. The assertion is trivial for p(A,z) = p(A,y). Hence, we now assume
p(A,x) # p(A,y). Let E,, E, be the hyperplanes through p(A,z), respectively
p(A,y), and orthogonal to p(A,x) — p(A,y). Let H,, H, be the corresponding dis-
joint closed half-spaces bounded by E,, respectively E,. If ¢ H,, then (x) implies
the existence of a point in (p(A,x),p(A,y)] C A, which has smaller distance to z
than p(A,z). This is a contradiction, therefore x € H,. Analogously, we obtain
y € H, and therefore ||z — y|| > d(E,, E,) = |p(4,z) — p(A, )] O

Theorem 1.4.5 (Support Theorem). Let A C R" be closed and convex. Then
through each boundary point of A there exists a supporting hyperplane.

Proof. For given x € bd A, we consider the closed unit ball = + B(1) around z. For
each k € N, we choose zj, € = + B(1), 2, ¢ A, and such that ||z — z;]| < ;. Then

o = p(A, ) < e — el < 7.
by Theorem 1.4.4. Since xy,p(A,xy) are interior points of = + B(1), there is a
(unique) boundary point y; in x+ B(1) such that x5, € (p(A, 2x), yx). Theorem 1.4.2
then implies p(A, yx) = p(A, xx). In view of the compactness of z + B(1), we may
choose a converging subsequence y,. — y. By Theorem 1.4.4, p(A,yx,) — p(A,y)
and p(A, yr,) = p(A, z1,) — p(A, ) = r, hence p(A, y) = x. Sincey € bd (z+B(1)),
we also know that x # y. The assertion now follows from Theorem 1.4.2. O]

Remarks. (1) Supporting hyperplanes, half-spaces and points can be defined for
nonconvex sets A as well; they only exist however, if conv A is closed and not all of
R™. Then, conv A is the intersection of all supporting half-spaces of A.

(2) Some of the previous results can be interpreted as separation theorems. Theorem
1.4.2 says that a closed convex set A and a point © ¢ A can be separated by
a hyperplane (even strongly, since there is a separating hyperplane which has a
positive distance to both, A and x). Theorem 1.4.5 says that each boundary point
of A can be separated from A by a hyperplane. Both results can be extended to
compact convex sets B (instead of the point z).

(3) In topological vector spaces V' of infinite dimensions similar support and separa-
tion theorems hold true, however there are some important differences, mainly due
to the fact that convex sets A in V' need not have relative interior points. Therefore
a common assumption is that int A # (). Otherwise it is possible that A is closed
but does not have any support points, or, in the other direction, that every point of
A is a support point (although A does not lie in a hyperplane).

(4) Some of the properties which we derived are characteristic for convexity. For
example, a closed set A C R™ such that each x ¢ A has a unique metric projection
onto A, must be convex (Motzkin’s Theorem). Also the Support Theorem has a
converse. A closed set A C R™, int A # (), such that each boundary point is a
support point, must also be convex.
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(5) Let A C R™ be nonempty, closed and convex. Then we have, for each direction
u € S™ 1 a supporting hyperplane F(u) of A in direction u (i.e. with outer normal
u), if and only if A is compact.

For the rest of this section, we consider convex polytopes and show that for a
polytope P finitely many supporting half-spaces suffice to generate P (as the in-
tersection). In other words, we show that polytopes are polyhedral sets. First, we
introduce the faces of a polytope.

Definition. The support sets of a polytope P are called faces. A face F' of P is
called a k-face, if dimF =k, k€ {0,...,n —1}.

Theorem 1.4.6. The 0-faces of a polytope P C R™ are given by the vertices of P,
i.e. they are of the form {x}, x € vert P.

Proof. Let {z} be a 0-face of P and assume x ¢ vert P. Then, there exists a
supporting hyperplane {f = a} with f(x) = «, but f(y) < «, for all y € vert P.
Since vert P is finite, there is a § < a with f(y) < (3, for all y € vert P. This implies
f(z) < B, for all z € convvert P = P. Since x € P, this is a contradiction, hence
we have x € vert P.

Conversely, let = € vert P and let vert P\ {z} = {z1,...,2,}. Then, x ¢ P’ :=
conv {xy,..., 2 }. By Theorem 1.4.2 there exists a supporting hyperplane {f = «}
of P" through p(P’, x) with supporting half-space {f < a} and such that f(x) > a.
Consequently, the parallel hyperplane {f = 3}, where 8 := f(z) > «, is supporting
hyperplane to P. Consider y € PN {f = #}. Since y = a1 + - -+ + agxy + Q1@
with a; > 0 and > «; = 1, we have

B=fly)=aif(zr)+ -+ apf(rr) + a8

and hence
(1= q1)B < (1 — apqr)on.
This is only possible if a1 = 1, hence y = z. Therefore PN{f =} ={z}. O

Remark. In Section 1.1, the vertices of a polytope P = conv {xy,..., 2z} have
been defined as those points in {z1, ..., x;} which are not in the convex hull of the
others. At that stage, it was not clear whether this definition may depend on the
representation of P. Theorem 1.4.6 now shows that the set of vertices is in fact
independent of the representation P = conv {z1, ..., x}.

Definition. The 1-faces of a polytope are called edges, and the (n — 1)-faces are
called facets.

Remark. In the following, we shall not distinguish between 0-faces and vertices
anymore, although one is a set and the other is a point.

Theorem 1.4.7. Let P C R" be a polytope with vert P = {x1,...,x;} and let F be
a face of P. Then, F = conv {x; : x; € F'}.
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Proof. Assume F'= PN{f = a} and, w.lo.g., x1,...2, € Fand x,11,..., 2, ¢ F.
If {f < a} is the supporting half-space, we have

Tmit,- -2k € {f < al,

ie. f(zj))=a—10;,0;>0,j=m+1,... k.
Let x € P, x = ayxy + - -+ + g, a; > 0, > «a; = 1. Then,

f(@) =aif(z1) + -+ apf(ag)

= — Qpi10mt1 — - — 00,

Hence, x € F, if and only if o017 =+ = a = 0. ]

Remark. Theorem 1.4.7 implies, in particular, that a face of a polytope is a poly-
tope and that there are only finitely many faces.

Corollary 1.4.8. A polytope P is polyhedral.

Proof. 1f dim P = k < n, we can assume w.l.o.g. that 0 € F := aff P. Also, it is
possible to write £ as an intersection of half-spaces H;,..., H; in R", E = ﬂ;zl H;.
If P is polyhedral in F| i.e.

P=(H
i=1
where H; C E are k-dimensional half-spaces, then

m s

P=(\H;®E")N()H,

i=1 j=1

hence P is polyhedral in R™. Therefore, it is sufficient to treat the case dim P = n.
Let Fi,..., F,, be the faces of P and H,, ..., H,, corresponding supporting half-
spaces (i.e. half-spaces with P C H; and F; = PNbdH;, i =1,...,m). Then we
have
PCcHN---NH,=P.

Assume, there is x € P\ P. We choose y € int P and consider [y, x] N P. Since P
is compact and convex (and = ¢ P), there is z € (y,x) with {z} = [y,2] N bd P. By
the support theorem there is a supporting hyperplane of P through z, and hence
there is a face F; of P with z € F;. Since each F; lies in the boundary of P’, we
have z € bd P’. On the other hand, Proposition 1.3.4 shows that z € int P, a
contradiction. O]
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Exercises and problems

1. Let A C R" be closed and int A # (). Show that A is convex, if and only if every
boundary point of A is a support point.

x 2. Let A C R" be closed. Suppose that for each € R™ the metric projection p(A, )
onto A is uniquely determined. Show that A is convex (MOTZKIN’s theorem).

3. Let A C R™ be non-empty, closed and convex. Show that A is compact, if and
only if, for any direction u € S™~!, there is a supporting hyperplane E(u) of A in
direction w (i.e. with outer normal u).

4. Let A, B C R" be non-empty and convex, and assume relint A Nrelint B = ().

Show that there is a hyperplane {f = «a}, separating A and B (i.e. such that
AcC{f<a}and BC{f>a}).

Hint: Use exercise 2(a) in 1.3 to show that the origin 0 can be separated from A— B.

5. Let A, K C R"™ be convex, A closed, K compact, and assume AN K = (.

Show that there is a hyperplane {f = a} with A C {f < a} and B C {f > a}. Show
more generally that o can be chosen such that there is an e > 0 with A C {f < a—¢}
and B C {f > o + €} (strong separation).

6. A bavarian farmer is happy owner of a large herd of happy cows, consisting of totally
black and totally white animals. One day he finds them sleeping in the sun on his
largest meadow. Watching them, he notices that, for any four cows it would be
possible to build a straight fence, separating the black cows from the white ones.

Show that the farmer could build a straight fence, separating the whole herd into
black and white animals.

Hint: Cows are lazy. When they sleep, they sleep - even if you build a fence across

the meadow.

7. Let I,..., F,, be the facets of the polytope P and Hi,..., Hy, the corresponding
supporting half-spaces. Show that

(This is a generalization of the representation shown in the proof of Corollary 1.4.8.)
Show further, that the representation (*) is minimal in the sense that, for each

representation
P =(H,

i€l

with a family of half-spaces {H; : i € I}, we have {Hy,...,Hy,} C {H;:i¢cI}.
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1.5 Extremal representations

In the previous section we have seen that the trivial representation of closed convex
sets A C R™ as intersection of all closed convex sets containing A can be improved
to a nontrivial one, where A is represented as the intersection of the supporting half-
spaces. On the other hand, we have the trivial representation of A as the set of all
convex combinations of points of A. Therefore, we discuss now the similar nontrivial
problem to find a subset B C A, as small as possible, for which A = conv B holds.
Although there are some general results for closed convex sets A, we will concentrate
on the compact case, where we can give a complete (and simple) solution for this
problem.

Definition. Let A C R" be closed and convex. A point x € A is called extreme,
if x cannot be represented as a nontrivial convex combination of points of A, i.e. if
r=ay+ (1l —a)zwithy,z€ A, a € (0,1), implies that x = y = z. The set of all
extreme points of A is denoted by ext A.

Remarks. (1) If A is a closed half-space, ext A = (). In general, ext A # (), if and
only if A does not contain any lines.

(2) We have = € ext A, if and only if A\ {z} is convex.
(3) If {z} is a support set of A, then = € ext A. The converse is false.

Definition. Let A C R" be closed and convex. A point x € A is called exposed, if
{z} is a support set of A. The set of all exposed points of A is denoted by exp A.

Remark. In view of Remark (3) above, we have exp A C ext A.

Theorem 1.5.1 (MINKOWSKI). Let K C R™ be compact and convex and A C K.
Then, K = conv A, if and only if ext K C A.
In particular, K = convext K.

Proof. Suppose K = conv A and x € ext K. By Theorem 1.1.4, there is a represen-
tation

T = QT+ + QT

with k e Ny z; € A, a; >0, and > a; = 1. In case k = 1, we have z = x; € A. If
k> 2,
Qo9 + +++ + QT

Qg+ -+ oy

r=a1r1+ (1 —ay)
and
042$2+"‘+Oék$k
052+"‘+Oék

Since z is extreme, we obtain z = x; € A. Thus, in both cases we have z € A,
therefore ext K C A.

€ K.
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In the other direction, we need only show that K = convext K. We prove this
by induction on n. For n = 1, a compact convex subset of R! is a segment [a, b] and
ext [a, b] = {a, b}.

Let n > 2 and suppose the result holds in dimension n — 1. Since ext K C K,
we obviously have convext K C K. We need to show the opposite inclusion. For
that purpose, let € K and ¢ an arbitrary line through z. Then g N K = [y, 2]
with = € [y, 2] and y,z € bd K. By the support theorem, y, z are support points,
i.e. there are supporting hyperplanes F,, E, of K with y € K; := E, N K and
z € Ky := F, N K. By the induction hypothesis,

K =convext Ky; Ky = convext Ks.

We have ext Ky C ext K. Namely, consider u € ext K7 and u = av + (1 — a)w,
v,w e K, a € (0,1). Since u lies in the supporting hyperplane E,, the same must
hold for v and w. Hence v,w € K; and since u € ext Ky, we obtain u = v = w.
Therefore, u € ext K.

In the same way, we get ext K, C ext K and thus

x € [y, z] C conv {convext K; U conv ext K»}

C convext K.

Corollary 1.5.2. Let P C R" be compact and convez.
(a) If P is a polytope, then ext P = vert P .
(b) P is a polytope, if and only if ext P is finite.

Proof. (a) Since the vertices are 0-faces, we have vert P C ext P. Since P =
conv vert P, Theorem 1.5.1 implies the opposite inclusion ext P C vert P.

(b) One direction follows from (a). For the converse, assume that ext P is finite,
hence ext P = {x1, ...,z }. Theorem 1.5.1 then shows P = conv {z1, ..., x}, hence
P is a polytope. [

Now we are able to proof a converse of Corollary 1.4.8.
Theorem 1.5.3. Let P C R" be a bounded polyhedral set. Then P is a polytope.

Proof. P is compact. We show that ext P is finite.
Let z € ext P and assume P = ﬂle H; with half-spaces H; bounded by the
hyperplanes F;, ©+ = 1,..., k. We consider the convex set
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where

o E; £ r ek,

Z_{in‘cHi ! x ¢ E;.
We have x € D C P. Since z is extreme and D is relatively open, we get dim D = 0,
hence D = {z}. Since there are only finitely many different sets D possible, ext P
must be finite. The result now follows from Corollary 1.5.2(b). O]

Remark. This result now shows that the intersection of finitely many polytopes is
again a polytope.

If we replace, in Theorem 1.5.1 the set ext K by exp K, the corresponding result
will be wrong (as follows from Theorem 1.5.1 and the remark preceding it). There
is however a modified version which holds true for exposed points.

Theorem 1.5.4. Let K C R" be compact and convex. Then
K = clconv exp K.

Proof. Since K is compact, there exists, for each z € R", a point y, € K farthest
away, i.e. a point with

lye — 2l = max ly — =

The hyperplane E through y, orthogonal to y, — x is then a supporting hyperplane
of K.

We have E N K = {y,}, hence y, € exp K. Let
K = clconv {y, : © € R"}.

Then K C K , thus K is compact.

Assume that there exists x € K \ K. Then, by Theorem 1.4.2 there is a hy-
perplane E' = {f = o} with z € {f > a} and K C {f < o} (E' is obtained
by a suitable translation of the supporting hyperplane through p(f( ,x) in direction
x — p(f( ,x)). Consider the half-line s starting in x, orthogonal to E’ and in direc-
tion of that half-space of E’, which contains K. On s, we can find a point z with
|z — 2] > max ¢ ||y — 2] (e.g. we may choose a cube W large enough to contain
K, and such that the point Z with {Z} := s N E’ is the center of a facet of V. Now
we choose a ball B with center z € s in such a way that W C B, but « ¢ B. Then
z is the required point).

By definition of K , there exists y, € K with

_ — _ > _
ly= — 2} = maxly — 2| > ||z — 2],
a contradiction. Therefore, K = K. Because of Yy € exp K, for all z € R", we

obtain )
K=K Cclconvexp K C K,

hence K = clconvexp K. O



36 CHAPTER 1. CONVEX SETS

Corollary 1.5.5 (STRASZEWICZ). Let K C R"™ be compact and convex. Then
clexp K D ext K.
Proof. By Theorems 1.5.4 and 1.3.7, we have
K =clconvexp K C clconvclexp K = convclexp K C K,

hence
K = convclexp K.

By Theorem 1.5.1, this implies ext K C cl exp K. [

Exercises and problems

1. Let A C R™ be closed and convex. Show that ext A # (), if and only if A does not
contain any line.

2. Let K C R™ be compact and convex.

(a) If n = 2, show that ext K is closed.
(b) If n > 3, show by an example that ext K need not be closed.

3. Let A C R™ be closed and convex. A subset M C A is called extreme (in A), if M
is convex and if z,y € A, (z,y) N M # () implies [z,y] C M.

Show that:
(a) Extreme sets M are closed.
(b) Each support set of A is extreme.
(¢) If M, N C A are extreme, then M N N is extreme.
(d) If M is extreme in A and N C M is extreme in M, then N is extreme in A.
(e) If M, N C A are extreme and M # N, then relint M Nrelint N = ().
(f) Let £(A) :=={M C A: M extreme}. Then A = U relint M.

MEeE(A)

4. A real (n,n)-matrix A = ((«;)) is called doubly stochastic, if a;; > 0 and

n n
E Qpj = E Qi =1
k=1 k=1

for all 4,5 € {1,...,n}. A doubly stochastic matrix with components in {0,1} is
called permutation matriz.

Show:
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(a) The set K C R™ of doubly stochastic matrices is compact and convex.

(b) The extreme points of K are precisely the permutation matrices.

Hint for (b): You may use the following simple combinatorial result (marriage
theorem):

Given a finite set H, a nonempty set D and a function f : H — P(D) with
‘ U f(h)’ > |H|, forall HC H,
heH

then there exists an injective function g : H — D with g(h) € f(h), for all
heH.
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Chapter 2

Convex functions

2.1 Properties and operations of convex functions
In the following, we consider functions
f:R" = [—00, 0.

We assume the usual rules for addition and multiplication with oo, namely:

a+ 00 1= 00, for a € (—o0, 0],
a— 00 = —00, for a € [—00, 00),
@00 =00, (—a)oo := —o0, for a € (0, o0],
0oo :=0.

Definition. For a function f : R"™ — (—o0, 00|, the set
epi fi={(z,a):x e R"a €R, f(z) <a} CR" xR

is called the epigraph of f. fis conwvex, if epi f is a convex subset of R® x R = R"*!,

Remarks. (1) A function f : R" — [—00,00) is concave, if —f is convex. Thus,
for a convex function f we exclude the value —oo, whereas for a concave function
we exclude oo.

(2) If A C R" is a subset, a function f : A — (—00,00) is called convez, if the
extended function f : R" — (—o0, 00|, given by

Fo_ f A)
f'_{oo B R4,

is convex. This automatically requires that A is a convex set. In view of this
construction, we need not consider convex functions defined on subsets of R", but
we rather can assume that convex functions are always defined on all of R"™.

39
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(3) On the other hand, we often are only interested in convex functions f : R" —
(—00, 00| at points, where f is finite. We call

dom f:={z e R": f(z) < oo}

the effective domain of the function f : R" — (—o0,00]. For a convex function f,
the effective domain dom f is convex.

(4) The function f = oo is convex, it is called the improper convex function; convex
functions f with f # oo are called proper. The improper convex function f = oo
has epi f = 0 and dom f = ().

Theorem 2.1.1. A function f: R" — (—o00, 0] is convez, if and only if

flaz + (1= a)y) < af(x) + (1 -a)f(y),
for all x,y € R™ o € [0, 1].
Proof. By definition, f is convex, if and only if epi f = {(z, 3) : f(z) < B} is convex.
The latter condition means
a(zy, /1) + (1 — a)(z2, 52) = (axr + (1 — @)ze,q 01 + (1 — «)f2) € epi f,

for all « € [0,1] and whenever (z1, 1), (2, 52) € epi f, i.e. whenever f(z;) < [,
f(z2) < Ba.

Hence, f is convex, if and only if

flaz + (1 = a)zz) < B+ (1 — ) Be,

for all x1, 29 € R", o € [0,1] and all 8; > f(x1),02 > f(x2). Then, it is necessary
and sufficient that this inequality is satisfied for 8, = f(z1), 52 = f(x2), and we
obtain the assertion. O

Remarks. (1) A function f : R — R is affine, if and only if f is convex and
concave. If f is affine, then epi f is a half-space in R"*! (and dom f = R").

(2) For a convex function f, the sublevel sets {f < a} and {f < a} are convex.
(3) If f, g are convex and «, 3 > 0, then af + (¢ is convex.

(4) If (fi)ier is a family of convex functions, the (pointwise) supremum sup,; f; is
convex. This follows since

epi (sup fl) M evi £

= el

(5) As a generalization of Theorem 2.1.1, we obtain that f is convex, if and only if

floawy + -+ apwy) < anf(an) + -+ awf (o),
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for all k € N, x; € R", and «; € [0,1] with > a; = 1.

(6) A function f : R™ — (—o0, 00] is positively homogeneous (of degree 1), if
flax) = af(x), forallzeR" a>0.

If f is positively homogeneous, f is convex if and only if it is subadditive, i.e. if

flz+y) < f@)+ fy),
for all z,y € R™.
The following simple result is useful to generate convex functions from convex sets
in R® x R.
Theorem 2.1.2. Let A C R" X R be convexr and suppose that
fa(z) :=inf{a e R: (z,a) € A} > —00,
for all x € R™. Then, f4 is a convex function.

Proof. The definition of f4(x) implies that
epi fa = {(z,0) : Ja € R,a < 3, and a sequence a; \, @ with (z, ;) € A}.
It is easy to see that epi f4 is convex. O

Remarks. (1) The condition f4 > —oo is fulfilled, if and only if A does not contain
a vertical half-line which is unbounded from below.

(2) For z € R", let
rx R:={(z,a): a € R}

be the vertical line in R™ x R through x. Then, we have A = epi f4, if and only if
AN(z xR) =z x [fa,00), forall xz € R".

Theorem 2.1.2 allows us to define operations of convex functions by applying corre-
sponding operations of convex sets to the epigraphs of the functions. We give two
examples of that kind.

Definition and Remark. A convex function f : R" — (—o0, 00| is closed, if epi f
is closed. If f : R® — (—o00, 0] is convex, then clepi f is the epigraph of a closed
convex function, which we denote by cl f.

Proof. We have to show that A := clepi f fulfills f4 > —oo. The case f = oo is
trivial, then f is closed and fy = f.

Let f be proper, then epi f # (). W.l.o.g. we may assume that dimdom f = n.
We choose a point x € intdom f. Then, (z, f(x)) € bdepif. Hence, there is
a supporting hyperplane £ C R™ x R of clepi f at (z, f(z)). The corresponding
supporting half-space is the epigraph of an affine function A < f. Thus, f4 > h >
—00. O
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Remark. cl f is the largest closed convex function below f.

Our second example is the convex hull operator. If (f;);c; is a family of (arbitrary)
functions f; : R" — (—00,00], we consider A := [J,.;epi fi. Suppose conv A does
not contain any vertical line, then, by Theorem 2.1.2, conv (f;) := feonv 4 IS & convex
function, which we call the convexr hull of the functions f;,7 € I. It is easy to see,
that conv (f;) is the largest convex function below all f;, i.e.

conv (f;) =sup{g : g convex, g < f; Vi € I}.

conv (f;) exists, if and only if there is an affine function h with A < f;, for all i € I.
Further applications of Theorem 2.1.2 are listed in the exercises.
The following representation of convex functions is a counterpart to the support
theorem for convex sets.

Theorem 2.1.3. Let f: R" — (—o0, 0] be closed and convex. Then,
f=sup{h:h < f h affine}.

Proof. By assumption, epi f is closed and convex. By Corollary 1.4.3, epi f is the
intersection of all closed half-spaces H C R™ x R which contain epi f.
There are three types of closed half-spaces in R™ x R:

Hy={(z,7):r>1(z)}, [:R"— R affine,
Hy ={(z,r) :r <l(x)}, [:R"— R affine,
Hy;=H xR, H half-space in R™.

Half-spaces of type Hs cannot occur, due to the definition of epi f. Half-spaces of
type Hs can occur, hence we have to show that these ‘vertical’ half-spaces can be
neglected, i.e. epi f is the intersection of all half-spaces of type H; containing epi f.
Then we are finished since the intersection of half-spaces of type H; is the epigraph
of the supremum of the corresponding affine functions /.

For the result just explained it is sufficient to show that any point (xq,ry) & epi f
can be separated by a non-vertical hyperplane E from epi f. Hence, let E5 be a
vertical hyperplane separating (xg,r) and epi f and let H3 be the corresponding
vertical half-space containing epi f. Since f > —oo, there is at least one affine
function [; with l; < f. We may represent Hj as

Hs; ={(z,7r) e R" xR : ly(z) <0}

with some affine function [y : R — R.
For x € dom f, we then have

lo(z) <0, Ii(z) < f(x),
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hence
alo(z) + Li(z) < f(x), forall a>0.

For x ¢ dom f, this inequality holds trivially since then f(z) = co. Hence
My = aldg + 11

is an affine function fulfilling m, < f. Since ly(z¢) > 0, we have mq(z¢) > 1o for
sufficiently large a. m

We now come to a further important operation on convex functions, the construction
of the conjugate function.

Definition. Let f : R" — (—o00, 00| be proper and convex, then the function f*
defined by

[ () = sup ((z,y) — f(z)), yeR",

zeR™

is called the conjugate of f.

Theorem 2.1.4. The conjugate f* of a proper convex function f:R"™ — (—o0, 00

fulfills:

(a) f* is proper, closed and conver.
(b) f*:=(f")=clf.
Proof. (a) For x ¢ dom f, we have (x,y) — f(x) = —oo (for all y € R™), hence

fr= suwp ((z,) = f).

r€dom f

For x € dom f, the function
9z 2y = (@,y) — f(2)
is affine, therefore f* is convex (as the supremum of affine functions).

Because of
epi f* = epi < sup gx) = () epig

z€dom f zedom f

and since epi g, is a closed half-space, epi f* is closed, and hence f* is closed.
In order to show that f* is proper, we consider an affine function h < f (h exists
by Theorem 2.1.3). h has a representation

h = (,y) —«, with suitable y € R", o € R.

This implies
<'7 y) - S fa
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hence
<'7y> - f <a
and therefore f*(y) < a.
(b) By Theorem 2.1.3,
cl f =sup{h:h <clf h affine}.

Writing h again as
h={,y)—a, yeR"ackR,

we obtain

le = SuP(('ay> - Oé),
(y,0)

where the supremum is taken over all (y, ) with

(y) —a<clf.
The latter holds, if and only if

@ 2 sup((e,y) = <l f(2)) = (1" (1)
Consequently, we have
clf(z) < sgp(%y) — (el f)(y)) = (1 /)" (=),

for all z. Since cl f < f, the definition of the conjugate function implies

(clf) > f7,
and therefore
clf <(clf)y™ < f.
On the other hand,

[ (@) = (") (2)
=sup({z,y) — f*(y)),

where

Therefore,

which gives us f** < f. By part (a), f** is closed, hence f** <cl f. ]
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Finally, we mention a canonical possibility to describe convex sets A C R™ by convex
functions. The common way to describe a set A is by the function

1 .. z€eA,

La(e) = {0 L

however, 14 is neither convex nor concave. Therefore, we here define the indicator
function 04 of a (arbitrary) set A C R" by

0 . xz€A,
5A(x):{oo if v A

Remark. A is convex, if and only if 4 is convex.

Exercises and problems

1. Let A C R™ be nonempty, closed and convex and containing no line. Let further
f:R™ — R be convex and assume there is a point y € A with

f(y) = max f(z).

€A

Show that there is also a z € ext A with

f(z) = max f(z).

z€A

2. Let f: R™ — (—o00, 0] be convex. Show that the following assertions are equivalent:
(i) f is closed.

(ii) f is semi-continuous from above, i.e. for all z € R we have

f(z) < liminf f(y).

y—z
(iii) All the sublevel sets {f < a}, a € R, are closed .
3. Let f, f1,..., fm : R" — (=00, 00] be convex functions and a > 0. Show that:

(a) The function oo f: 2z +— inf{f € R: (z,5) € a-epif} is convex.

(b) The function fi0---0Of, : x— inf{B e R: (z,5) €epifi +---+epifmn}is
convex, and we have

A0 Dfm(x) = inf{fl(xl)—i-- : '+fm($m) N e R R x}

(10 --- 0O f, is called the infimal convolution of fi,..., fm.)
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(c) Let {fi : i € I} (I # 0) be a family of convex functions on R", such that
conv (f;) exists. Show that

conv (f;) =inf{og o fi; U --- Uapo fi, + ZO,Zajzl,ij € I,m e N}

4. Let A C R™ be convex and 0 € A. The distance function dy : R" — (—o00,00] is
defined as
da(z) =inf{a>0: z € A}, ze€R"

Show that d4 has the following properties:

) d4 is positively homogeneous, > 0 and convex.

) d4 is finite, if and only if 0 € int A.

) {da <1} C AC {da <1} CclA.

d) If 0 €int A, then int A = {d4 < 1} and clA = {ds < 1}.
) da(z) >0, if and only if x # 0 and Sz ¢ A for some 5 > 0.
)

Let A be closed. Then dy is even (i.e. da(x) = da(—=z) Ve € R™), if and only
if A is symmetric with respect to 0 (i.e. A= —A).

(g) Let A be closed. Then d4 is a norm on R", if and only if A is symmetric,
compact and contains 0 in its interior.

(h) If A is closed, then d4 is closed.
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2.2 Regularity of convex functions

We start with a continuity property of convex functions.
Theorem 2.2.1. A convex function f: R™ — (—o0, 0] is continuous in int dom f.

Proof. Let x € intdom f. There exists a n-simplex P with P C intdom f and
x €int P. If xg, ..., x, are the vertices of P and y € P, we have

Y = Qoo+ -+ T,
with oy € [0,1], > oy = 1, and hence

fly) <aof(xo) + -+ anfx,) < _max f(x;) =:c.

..... n

Therefore, f < con P.
Let now « € (0, 1) and choose an open ball U centered at 0 such that z+U C P.
Let z = x4+ au,u € U. Then,

z=(1—a)z+ a(r+u),
hence
F(2) < (1= a)f(x) + af(z +u) < (1 - a)f(z) +ac.

This gives us
f(z2) = f(z) < ale = f(z)).
On the other hand,

r = 1i@(:v—|—au)+ (1—%) (x —u),
and hence
) < g et + (1= o) fe - )
which implies
J@) S Tl ()

We obtain
a(f(x) —e) < f(z) = f(a).
Together, the two inequalities give

[f(2) = f(@)] < ale — f(x)),

for all z € z + aU. O
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Now we discuss differentiability properties of convex functions. We first consider
the case f: R! — (—o0, 00].

Theorem 2.2.2. Let f: R! — (—o0, 0] be convexr.

(a) In each point x € intdom f, the right derivative f*(x) and the left derivative
f~ () exist and fulfill f~(x) < fH(x).

(b) On intdom f, the functions f* and f~ are monotonically increasing and, for
almost all x € intdom f (with respect to the Lebesque measure A\; on RY), we have
f~(x) = fH(x), hence f is almost everywhere differentiable on cldom f.

(c) Moreover, f+ is continuous from the right and f~ continuous from the left, and
[ 1s the indefinite integral of f respectively f~ respectively f' in int dom f.

Proof. W.l.o.g. we concentrate on the case dom f = R!.
(a) If 0 <m <l and 0 < h < k, the convexity of f implies
m m

flo—m)=f((1 = Tla+ Tl =) < (1= T)f(@) + 7l —1),

hence
f@) = fla=1) _ @)= f&—m)
[ - m .
Similarly, we have
J@) = [l —m) 4 g (e 4 h) < pe (o —m) o+ e f (),
which gives us
[(@) = f@—m) _ f(z+h) - f(2)
m - h
Finally,
Flo k)= F(0 =Byt 2w+ k) < (L= ) f) + 1 ),

and therefore
fz+h) = flz)
h
We obtain that the left difference quotients in x increase monotonically and are
bounded above by the right difference quotients, which decrease monotonically.
Therefore, the limits
flz+h) — f(x)

flx+k) - fx)
- :

<

£ () = lim T
and
@ f@—k) (. f@tt) - f@)
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exist and fulfill f~(z) < f(x).
(b) For o’ > x, we have just seen that

f@') = f(x)

r —zx

(%) [ (@) < fH(x) < < (@) < fH(@).

Therefore, the functions f~ and f* are monotonically increasing. As is well-known,
a monotonically increasing function has only countably many points of discontinuity
(namely jumps), and therefore it is continuous almost everywhere. In the points z
of continuity of =, (%) implies f~(z) = f*(z).
(c) Assume now z < y. From
y—x Z\\ y—z AN

we obtain lim,\, f7(2) < fT(z), hence lim,, f*(z) = fT(x). Similarly, we get
lim, ~ f~(2) = f(2) .

Finally we define, for arbitrary a, a function g by

g(z) = f(a) + / ") dy.

We first show that g is convex, and then g = f.
For z .= ax + (1 — a)y,a € [0,1],2 < y, we have

It follows that

alg(z) —g(@) + (1 —a)(g(z) —g(y) < alz—2)f(2) + (1 —a)(z —y) [ (2)
=f()(az+(1—-a)z—|az+ (1 —a)z]) =0,
therefore
9(2) < ag(z) + (1 —a)g(y),

l.e. g is convex.
As a consequence, gt und g~ exist. Since

9(y) —g(x) _ 1 [V . _ L [T +
y - _y—x/xf(S)ds_y—x/xf(s)dSZf(x)’

we obtain g™ (z) > f*(z). Analogously, we get g~ () < f~(z). By the continuity
from the left of g~ and f~, and the continuity from the right of g™ and f7, it follows
that g = f* and ¢- = f~. Hence, h := g — [ is differentiable everywhere and
h' = 0. Therefore, h = ¢ = 0 because we have g(a) = f(a). O
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Now we consider the n-dimensional case. If f : R" — (—o0,00] is convex and
x € int dom f, then, for each u € R", u # 0, the equation

I (t) = flz +tu), teR,

defines a convex function g, : R' — (—00, 0] and we have z € int dom g(,). By
Theorem 2.2.2, the right derivative gz;)(O) exists. This is precisely the directional
deriwative

ooy f@ttu) — f(x)
(+) f'(@;u) = lim ;

of f in direction u. Therefore, we obtain the following corollary to Theorem 2.2.2.

Corollary 2.2.3. Let f : R" — (—o00,00| be conver and x € intdom f. Then, for
each u € R" u # 0, the directional derivative f'(x;u) of f exists.

The corollary does not imply that f/'(z;u) = —f'(z; —u) holds (in fact, the latter
equation is only true if g, (0) = ga)(())). Also, the partial derivatives fi(x), ..., fn(x)
of f need not exist in each point z. However, in analogy to Theorem 2.2.2; on can
show that fi, ..., f, exist almost everywhere (with respect to the Lebesgue measure
An in R™) and that in points x, where the partial derivatives fi(x), ..., fn(x) exist,
the function f is even differentiable. Even more, a convex function f on R" is twice
differentiable almost everywhere (in a suitable sense). We refer to the exercises, for
these and a number of further results on derivatives of convex functions.

The right-hand side of (+) also makes sense for v = 0 and yields the value 0.
We therefore define f/(x;0) := 0. Then u +— f'(z;u) is a positively homogeneous
function on R™ and if f is convex, f’(z;-) is also convex. For support functions, we
will continue the discussion of directional derivatives in the next section.

Exercises and problems

1. (a) Give an example of two convex functions f,g : R™ — (—o0, 0], such that f
and g both have minimal points (i.e. points in R", where the infimum of the
function is attained), but f + g does not have a minimal point.

(b) Suppose f, g : R" — R are convex functions, which both have a unique minimal
point in R™. Show that f + g has a minimal point.

Hint: Show first that the sets
{z eR": f(z) < a} resp. {z eR": g(z) < a}

are compact, for each a € R.
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2. Let f: R — R be a convex function. Show that

xTr) — = ’ + = ‘ -
f(@) — f(0) /O frt)dt /0 [ (@) dt,
for all z € R.

3. Let A C R be open and convex and f: A — R a real function.

(a) Assume f is differentiable. Show that f is convex, if and only if f” is monotone
increasing (on A).

(b) Assume f is twice differentiable. Show that f is convex, if and only if f” > 0
(on A).

4. Let A C R™ be open and convex and f: A — R a real function.
(a) Assume f is continuously differentiable. Show that f is convex, if and only if
(grad f(z) —grad f(y),z —y) >0, forallz,y € A.

(Here, grad f(z) := (fi(x),..., fn(z)) is the gradient of f at x.)

(b) Assume f is twice continuously differentiable. Show that f is convex, if and
only if the Hesse matrix

0 f = ((fi(2)))nxn

of f is positively semidefinite, for all x € A.

5. For a convex function f : R" — (—o00, 00| and = € int dom f, we define the subgra-
dient of f at x by

of () :={veR": f(y) > f(z)+ (v,y — x) Vy € R"}.
Show that:

(a) Of(x) is nonempty, compact and convex.
(b) We have

Of(x) ={veR" : (v,u) < f'(z;u) YueR", u+#0}.
(c) If f is differentiable in z, then
0f (z) = {grad f(z)}.

6. Let f : R" — (—o00,00] be convex and z € intdom f. Suppose that all partial
derivatives fi(x),..., fo(x) at x exist. Show that f is differentiable at x.

7. Let f:R™ — R be convex. Show that f is differentiable almost everywhere.
Hint: Use Exercise 6.
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2.3 The support function

The most useful analytic description of compact convex sets is by the support func-
tion. It is one of the basic tools in the following chapter. The support function of
a set A C R” with 0 € A is in a certain sense dual to the distance function, which
was discussed in Exercise 2.1.3.

Definition. Let A C R™ be nonempty and convex. The support function h, : R* —

(—00,00] of A is defined as

ha(x) :=sup (z,y), x€R"
yeA

Theorem 2.3.1. For nonempty, convex sets A, B C R", we have:

(a) ha is positively homogeneous, closed and convex (and hence subadditive).
(b) hA = hclA and

clA={zeR": (x,u) < hy(u) Yu € R"}.
(c) A C B implies ha < hp; conversely, hy < hg implies cl A C ¢l B.
(d) ha is finite, if and only if A is bounded.
(€) haatpp = aha + Bhp, for all a, 5 > 0.

(f) h—a(x) = ha(—x), for all x € R™.
(g) If Ai,i € 1, are nonempty and conver and A = conv (Uie[ Ai) , then

ha =suphy,.
il

(h) If A;,i € I, are nonempty, convexr and closed and if A :=(,.; A; is nonempty,
then
ha = clconv (ha,)icr.

(1) 0% = ha.
Proof. (a) For a > 0 and z,z € R", we have

ha(az) = sup (az,y) = asup (z,y) = aha(z)
yeA ycA

and

ha(z + z) =sup (x+ z,y) < sup (z,y) +sup (z,y) = ha(x) + ha(z).
yeA yeA yeA

Furthermore, as a supremum of closed functions, h 4 is closed.



2.3. THE SUPPORT FUNCTION 23

(b) The first part follows from

sup (x,u) = sup (zr,u), uecR"
€A z€cl A

For x € cl A, we therefore have (x,u) < ha(u), for all u € R". Conversely, suppose
z € R” fulfills (z,-) < ha(-), and assume = ¢ cl A. Then, by Theorem 1.4.2, there
exists a (supporting) hyperplane separating x and cl A, i.e. a direction y € S™™!
and « € R such that

(x,y) > a and (z,y) < «, for all z € cl A.

This implies
haa(y) = ha(y) < o <(z,y),
a contradiction.
(c) The first part is obvious, the second follows from (b).

(d) If A is bounded, we have A C B(r), for some r > 0. Then, (c) implies
ha < hpey =1 - ||, hence hy < oo. Conversely, hy < oo and Theorem 2.2.1 imply
that hy4 is continuous on R™. Therefore, h, is bounded on S" !, ie. hy <r = I
on S" 1 for some r > 0. The positive homogeneity, proved in (a), implies that
ha < hpgy on all of R™, hence (c) shows that cl A C B(r), i.e. A is bounded.

(e) For any = € R™, we have

haA+ﬂB (IL’) = sup <l’, y) = sup <(L’, au + BU>

yeEaA+(B ucAveEB
— sup (z, au) + sup {x, fv) = aha(z) + Fhs(z).
u€A vEB

(f) For any x € R™, we have

h_a(z) = sup (z,y) =sup (z,—u)

ye—A ucA
— sup (2, u) = ha(~2).
ucA

(g) Since A; C A, we have hy, < hy (from (c)), hence

supha, < ha.
i€l

Conversely, any y € A has a representation

Y=oy + -+ opyi,,
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with k € N, y;, € A;,, a; >0, Y = 1. Therefore, we get

ha(z) = sup (z,y) = sup (z, 019, + - + i)
yeA Yi; €Ai;,0;>0,30 aj=1,i;€1 k€N
= sup (arha, (x) + -+ agha, (2)) < sup g, (z).
a; >0, a;=1,i;€I,keN iel

(h) Since A C A;, we have hy < hy, (from (c)), for all ¢ € I. Using the inclusion
of the epigraphs, the definition of ¢l and conv for functions and (a), we obtain

ha < clconv (ha,)ier.
On the other hand, Theorem 2.1.3 shows that
g = clconv (ha,)ier

is the supremum of all affine functions below g. Since g is positively homogeneous,
we can concentrate on linear functions. Therefore, assume (-, y) < g, y € R, is such
a function. Then,

(,y) < hga, foralliel.

(c) implies that y € A;, i € I, hence y € [)..; A; = A. Therefore,

i€l
<'a y> S hAv

from which we get
g =clconv (ha,)icr < ha.

(i) For x € R", we have

0a(x) = sup ((z,y) — 0a(y)) = sup (z,y) = ha(z),

yEeR” yeA
hence 0% = hu. O
The following result is crucial for the later considerations.

Theorem 2.3.2. Let h : R — (—o0,00] be positively homogeneous, closed and
convexr. Then there exists a unique nonempty, closed and convex set A C R™ such
that

ha = h.

Proof. 1If h = oo, then h = hg» and, by the support theorem, R" is the only closed
convex set A with hy = oo. Hence, we may now assume that h is proper.
We consider h*. For a > 0, we obtain from the positive homogeneity

h*(x) = sup ({z,y) — h(y)) = yseuﬂg(@, ay) — h(ay))

yeR?

= a sup ({z,y) — h(y)) = ah’(z).

yeR™
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Therefore, h* can only obtain the values 0 and co. We put A := dom A*. By Theorem
2.1.4(a), A is nonempty, closed and convex, and

h* =64.

Theorem 2.3.1(i) implies
h™ =64 = ha.

By Theorem 2.1.4(b), we have h** = h, hence hy = h.
The uniqueness of A follows from Theorem 2.3.1(b). O

We mention without proof a couple of further properties of support functions, which
are mostly simple consequences of the definition or the last two theorems. In the
following remarks, A is always a nonempty closed convex subset of R™.

Remarks. (1) We have A = {z}, if and only if hy = (z, ).

(2) We have hay, = ha + (x,).

(3) A is origin-symmetric (i.e. A = —A), if and only if ha is even, i.e. ha(x) =
ha(—x), for all z € R™.

(4) We have 0 € A, if and only if hy > 0.

Let A C R™ be nonempty, closed and convex. For u € S~ !, we consider the sets
E(u):={x e R": (x,u) = ha(u)}

and
A(u):=ANEu) ={r e A: (x,u) = ha(u)}.

If ha(u) = oo, both sets are empty. If ha(u) < oo, then E(u) is a hyperplane, which
bounds A, but need not be a supporting hyperplane (see the example in Section 1.4),
namely if A(u) = (0. If A(u) # 0, then E(u) is a supporting hyperplane of A (at each
point x € A(u)) and A(u) is the corresponding support set. We discuss now the
support function of A(u). In order to simplify the considerations, we concentrate on
the case, where A is compact (then A(u) is nonempty and compact, for all u € S™1).
A compact convex set K # () is called a conver body. We denote by K™ the set of
all convex bodies in R"™.

Theorem 2.3.3. Let K € K™ and w € S"'. Then,
by (x) = Ric(u;z), xR,

i.e. the support function of K(u) is given by the directional derivatives of hi at the
point u.
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Proof. For y € K(u) and v € R", we have
(y,v) < h(v),
since y belongs to K. In particular, for v :=u + tx,z € R",t > 0, we thus get
(y,u) + t{y, ) < hg(u+tz),

and hence
. 7) < hi(u+ ta;) — hg(u)

(because of hy(u) = (y,u)). For t \, 0, we obtain

(y,) < Wyelus ).
Since this holds for all y € K(u), we arrive at
Picquy(T) < e (u; o).
Conversely, we obtain from the subadditivity of hg

hi(u+tx) — hy(u) < hi (tx)
t - t

= hK(LL’),
and thus
by (u; ) < h(z).

We show that the function & — h/(u;z) is convex, positively homogeneous and
finite. Namely,

by (u; z + 2') = lim el + to + 127) = hie(v)
K\™ -

t\.0 t
u _ u u A u
SllmhK(2+tx) hK(Q)—{—hmhK(Q—i_tw) hK(Q)
£\ t t\0 t

= I (u; ) + he(u; ')
and

h/ (u 0433) — Lim hK(U + tOé:U) — hK(u)
K\% N0 t
= all(u; ),

for z,2" € R™ and o > 0. By Theorem 2.3.2 (in connection with Theorem 2.3.1(d)),
there exists a nonempty, compact convex set L C R"” with

hi(z) = bl (u;x), = € R™
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For y € L, we have
(y,2) < Wpe(u;x) < hg(x), = e€R",
hence y € K. Furthermore,
(y,u) < Wy (u;u) = hi(u)
and
(y, —u) < Wy(u; —u) = —hg(u),
from which we obtain
<y7 U) = hK(“)a

and thus y € K N E(u) = K(u). It follows that L C K(u), and therefore (again by
Theorem 2.3.1)

e (u;7) < ey (o).

Combining both inequalities, we obtain the assertion. O
Remark. As a consequence, we obtain that K (u) consists of one point, if and
only if A (u;-) is linear. In view of Exercise 2.2.5 and Exercise 2.2.6, the latter is
equivalent to the differentiability of hy at u. If all the support sets K (u),u € S™ !,
of a nonempty, compact convex set K consist of points, the boundary bd K does not

contain any segments. Such sets K are called strictly conver. Hence, K is strictly
convex, if and only if hy is differentiable on R™ \ {0}.

We finally consider the support functions of polytopes. We call a function h on R"”
piecewise linear, if there are finitely many convex cones Aq, ..., A,, C R" such that
R"=J", A; and h is linear on A;, i =1,...,m.

Theorem 2.3.4. Let K € K™. Then K s a polytope, if and only if hx is piecewise
linear.

Proof. K is a polytope, if and only if
K =conv{xy,...,x},

for some x1,...,x; € R". In view of Theorem 2.3.1, the latter is equivalent to

which holds, if and only if hg is piecewise linear. To be more precise, if hx has the
above form, the cones A; of linearity are given by

A ={reR": 'n}axk(xj, Y= (x;,)}, i=1,... k.
=

=1,...,

Conversely, if hy is linear on the cone A;, then x; is determined by
<$ia > == hK
on Az ]
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Exercises and problems

1. Let f: R™ — R be positively homogeneous and twice continuously partially differ-
entiable on R™\ {0}. Show that there are nonempty, compact convex sets K, L. C R"
such that

f=hk—hr.
Hint: Use Exercise 2.2.2(b).

2. Let K C R™ be compact and convex with 0 € int K. Show that

(a) K° is compact and convex with 0 € int K°,

(b) K°°:=(K°)* =K,

(c) K is a polytope, if and only if K° is a polytope,
)

(d) hg = dgo.



Chapter 3

Convex bodies

3.1 The space of convex bodies

In the following, we mostly concentrate on convez bodies (nonempty compact convex
sets) K in R™ and first discuss the space K" of convex bodies. We emphasize that
we do not require that a convex body has interior points; hence lower-dimensional
bodies are included in K". The set K" is closed under addition,

K, LeK" = K+ Lek",
and multiplication with nonnegative scalars,
KeK'a>0 = aK e K"

(In fact, we even have oK € K, for all a € R, since the reflection —K of a convex
body K is again a convex body.) Thus, K" is a convex cone and the question
arises, whether we can embed this cone into a suitable vector space. Since (K", +)
is a (commutative) semi-group, the problem reduces to the question, whether this
semi-group can be embedded into a group. A simple algebraic criterion (which is
necessary and sufficient) is that the cancellation rule must be valid. Although this
can be checked directly for convex bodies (see the exercises), we use now the support
function for a direct embedding which has a number of additional advantages.

For this purpose, we consider the support function hx of a convex body as a
function on the unit sphere S™! (because of the positive homogeneity of hg, the
values on S""! determine hx completely). Let C(S™!) be the vector space of
continuous functions on S™"~!. This is a Banach space with respect to the maximum
norm

I£Il == max |f(u)], feC(S").

ues
We call a function f: S ! — R conver, if the homogeneous extension

= = f ) r#0,
f._{ S 70

99
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is convex on R™. Let H" be the set of all convex functions on S"~!. By Remark (3),
p. 38, and Theorem 2.2.1, H" is a convex cone in C(S"1).

Theorem 3.1.1. The mapping
T:K+— hK

15 linear on K™ and maps the convex cone K" one-to-one onto the convexr cone H"™.
Moreover, T is compatible with the inclusion order on K" and the pointwise order
< on H".

In particular, T embeds the (ordered) convex cone K" into the (ordered) vector
space C(S™71).

Proof. The linearity of T follows from Theorem 2.3.1(e) and the injectivity from
Theorem 2.3.1(b). The fact that T'(K") = H" is a consequence of Theorem 2.3.2.
The compatibility with respect to the orderings follows from Theorem 2.3.1(c). O

Remark. Linearity of 7" on the cone K™ means
T(aK + (L) =oT(K)+ BT(L),

for K,L € K" and «a,( > 0. This linearity does not extend to difference bodies
K — L = K + (—L). The reason is that the function hx — hy is in general not
convex, but even if it is, hence if

hg — hr = hu,

for some M € K", the body M is in general different from the difference body
K — L. We write K & L := M and call this body the Minkowsk: difference of K
and L. Whereas the difference body K — L exists for all K, L € K", the Minkowski
difference K © L only exists in special cases, namely if K can be decomposed as
K=M+L (then M =Ko L).

With respect to the norm topology provided by the maximum norm in C(S™"™1), the
cone H™ is closed. Our next goal is to define a natural metric on K", such that T'
becomes even an isometry (hence, we then have an isometric embedding of K" into
the Banach space C(S™™1)).

Definition. For K, L € K", let

d(K,L):=inf{e >0: K C L+ B(e),L C K + B(¢)}.

It is easy to see that the infimum is attained, hence it is in fact a minimum.



3.1. THE SPACE OF CONVEX BODIES 61

Theorem 3.1.2. For K,L € K", we have
d(K, L) = [[hg — hr]|.
Therefore, d is a metric on K™ and fulfills
d(K+M,L+M)=d(K,L),
for all K, L, M € K".
Proof. From Theorem 2.3.1 we obtain
K C L+ B(e) < hy < hg +chpq

and
LCK+ B(é) S hye < hy +€hB(1).

Since hpy =1 on Sn=1 this implies
K CL+B(e),LC K+ B(e) & |hg — hi]] <¢,
and the assertions follow. O

In an arbitrary metric space (X, d), the class C(X) of nonempty compact subsets of

X can be supplied with the Hausdorff metric d, which is defined by

d(A, B) := max (maxd(z, B),ma]g( d(y, A)).
ye

z€A

Here A, B € C(X), and we have used the abbreviation

d(u,C) :==mind(u,v), ue X,C e C(X),

veC

(the minimal and maximal values exist due to the compactness of the sets and the
continuity of the metric). We show now that, on K" C C(R"), the Hausdorff metric
d coincides with the metric d.

Theorem 3.1.3. For K, L € K", we have

d(K,L)=d(K,L).

Proof. We have

d(K,L) =max (inf{e¢ >0: K C L+ B(e)},inf{e¢ > 0: L C K + B(e)}).
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Now
K CL+B(e) & d(z,L)<e, forallze K,
< maxd(x,L) <e,
reK
hence
inf{e¢>0: K C L+ B(e)} = mai:écd(x, L),
e

which yields the assertion. ]

We now come to an important topological property of the metric space (K", d):
Every bounded subset M C K" is relative compact. This is a special property
which holds also, for example, in the metric space (R",d), but it does not hold in
general metric spaces.

In K", a subset M is bounded, if there exists ¢ > 0 such that

d(K,L)<¢, forall K,Le M.

This is equivalent to
K C B(d), forall K e M,

for some constant ¢ > 0. Here, we can replace the ball B(¢') by any compact set, in
particular by a cube W C R™. The subset M is relative compact, if every sequence
K, Ky, ..., with K; € M, has a converging subsequence. Therefore, the mentioned
topological property is a consequence of the following theorem.

Theorem 3.1.4 (BLASCHKE’s Selection Theorem). Let M C K™ be an infinite
collection of convex bodies, all lying in a cube W. Then, there exists a sequence
Ky, K, ..., with K € M (pairwise different), and a body Ky € K™ such that

K, — Ky, as k— oo.

Proof. W.l.o.g. we assume that W is the unit cube.

For each i € N, we divide W into 2™ cubes of edge length 1/2'. For K € M,
let W;(K) be the union of all cubes in the ith dissection, which intersect K. Since
there are only finitely many different sets W;(K), K € M, but infinitely many bodies
K € M, we first get a sequence (in M)

KY KM

with
WKL) = W) =
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then a subsequence (of Kfl), Kél), o)
K? kP, .

with
Wo( K = Wa(K§) = - -,

and in general a subsequence _ .
K9 K9

of KV KUV . with

for all j € N (j > 2).
Since

2;7, for all k,1 € N, and all j.

By the subsequence property we deduce

d(KY, KM < g for all k,1 € N, and all j > i.

In particular, if we choose the 'diagonal sequence’ K := K,gk), k=1,2,..

d(Ky, K;) < for all k > L.

n
2t

Hence (K} )ren is a Cauchy sequence in M.

Let B
Ky :=clconv (K U Kp 1 U--+)
and .
K() = ﬂ f(k
k=1
We claim that
(%) Ky — Ko, ask — oo, and K,e K"

First, by construction we have K € K* and Kyy1 C Kj, bk =1,2,....

Ky, e K".

., then

63

Therefore,
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Since (Kj)ken is a Cauchy sequence, for each ¢ > 0 there exists m € N such that
d(Ky, K;) <e, forall k,l>m.
This implies
K, C Ky + B(e), forall k,l>m,
therefore )
Ky C K+ B(e), forall k, k' > m,
and thus
Ky C Ky + B(e), forall k>m.
Conversely, for each € > 0, there is m € N such that
Ky C Ko+ B(e), for all k > m.
Namely, assume on the contrary that
K. ¢ Ko+ B(e), for infinitely many k.
Then .
Kki N [W \ int (Ko + B(é‘))] 7é @,
for a suitable sequence ki, ko, .... Since K, and W \ int (K, + B(e)) are compact,
this would imply

o0

(), 0 [W \ int (Ko + B(e))]) = Ko N [W\ int (Ko + B(e))] # 0,

=1

a contradigtion.
Since Kj C Ko+ B(e) implies Ky, C Ky + B(g), we obtain

d(Ko, Ki) <e, forall k> max(m,m).
]

The topology on K" given by the Hausdorff metric allows us to introduce and study
geometric functionals on convex bodies by first defining them for a special subclass,
for example the class P" of polytopes. Such a program requires that the geometric
functionals under consideration have a continuity or monotonicity property and also
that the class P™ of polytopes is dense in K. We now discuss the latter aspect;
geometric functionals will be investigated in the next section.

Theorem 3.1.5. Let K € K" and € > 0.
(a) There exists a polytope P € P™ with P C K and d(K,P) < ¢.
(b) There exists a polytope P € P™ with K C P and d(K, P) < e.

(c) If 0 €relint K, then there exists a polytope P € P™ with P C K C (1 +¢)P.
There is even a polytope P € P"™ with P C relint K and K C relint ((1 + ¢)P).
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Proof. (a) The family
{r+intB(e) : x € bd K}
is an open covering of the compact set bd K, therefore there exist xy,...,z,, € bd K
with
bd K C | J(z; + int B(e)).
i=1
Let

P:=conv{zy,...,zn},

then
PCK and bdK C P+ B(e).

The latter implies K C P + B(e) and therefore d(K, P) < e.

(b) For each u € S !, there is a supporting hyperplane E(u) of K (in direction
u). Let A(u) be the open half-space of F(u) which fulfills A(u) N K =0 (A(u) has
the form {(-,u) > hx(u)}). Then, the family

{A(u) :u € S™ 1}

is an open covering of the compact set bd (K + B(¢)), since every y € bd (K + B(¢))
fulfills y ¢ K and is therefore separated from K by a supporting hyperplane £ =
E(u) of K. Therefore there exist uy,...,u,, € S"! with

m

bd (K + B(e)) € | J A(u:).

i=1
Let H(u;) :=R™\ A(u;) be the corresponding supporting half-space and

m

P:=()H(u),

=1

then
K cP.

Since R™ \ P = J\", A(u;), we also have
P C K+ B(e),

and therefore d(K, P) < e.
(c) W.lLo.g. we may assume that dim K = n, hence 0 € int K. If we copy the
proof of (b) with B(e) = eB(1) replaced by €K, we obtain a polytope P’ with

K CP c(l1+¢K.
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The polytope P := %%P’ then fulfills
PCKcC(l+¢)P
In particular, we get a polytope P with

PCKC(l—i—%)P.

We choose P := 6P with 0 < § < 1. Then
P C relint P C relint K.

If 6 is close to 1, such that (1 + £)5 < 1+ ¢, then

K C (14 2)=P Crelint ((1+¢)P).

ST

)

Do | M

]

Remark. The theorem shows that cI’P™ = K". One can even show that the metric
space K™ is separable, since there is a countable dense set P™ of polytopes. For this
purpose, the above proofs have to be modified such that the polytopes involved have
vertices with rational coordinates.

Exercises and problems
1. Let K, L, M € K™. Without using support functions, show that:
(a) For u € "1, we have
K(u) 4+ M(u) = (K + M)(u).
(b) If K+ L C M+ L, then K C M (generalized cancellation rule).

2. Let (K;)ien be a sequence in K™ and K € K™. Show that K; — K (in the Hausdorff
metric), if and only if the following two conditions are fulfilled:

(a) Each z € K is a limit point of a suitable sequence (x;);cn with z; € K;, for all
e N.

(b) For each sequence (z;);eny with z; € K;, for all ¢ € N, every culmination point
lies in K.
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3. (a) Let K, M € K™ be convex bodies, which cannot be separated by a hyperplane
(i.e., there is no hyperplane {f = a} with K C {f < a} and M C {f > a}).
Further, let (K;);eny and (M;);en be sequences in ™. Show that

(b) Let K € K™ be a convex body and £ C R™ an affine subspace with ENint K #
(). Further, let (K;);en be a sequence in K. Show that

Ki—- K= (ENnK;)— ENK.
Hint: Use Exercise 2 above.
4. Let K C R™ be compact. Show that:

(a) There is a unique ball K, of smallest diameter with K C K, (circumball).
(b) If int K # 0, then there exists a ball K; of maximal diameter with K; C K
(inball).

5. A body K € K™ is strictly convez, if it does not contain any segments in the
boundary.

(a) Show that the set of all strictly convex bodies in R" is a Gs-set in K", i.e.
intersection of countably many open sets in ™.
* (b) Show that the set of all strictly convex bodies in R™ is dense in ™.
6. Let (K;)ien be a sequence in K™, for which the support functions hg,(u) converge

to the values h(u) of a function h : S"~! — R, for each u € S"~!. Show that h is
the support function of a convex body and that hg, — h uniformly on S,

7. Let P be a convex polygon in R? with int P # (). Show that:

(a) There is a polygon P; and a triangle (or a segment) A with P = P; + A.

(b) P has a representation P = Aj+---+A,,, with triangles (segments) A; which
are pairwise not homothetic.

(¢) P is a triangle, if and only if m = 1.
x 8. A body K € K™, n > 2, is indecomposable, if K = M + L implies M = aK + x and
L =K + vy, for some o, 3 > 0 and z,y € R™. Show that:
(a) If P € K™ is a polytope and all 2-faces of P are triangles, P is indecomposable.
(b) For n > 3, the set of indecomposable convex bodies is a dense Gs-set in K™.

9. Let Z™ be the set of convex bodies K € K™, which are strictly convex and indecom-
posable.

(a) Show that Z" is dense in ™.
P (b) Find one element of Z".
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3.2 Volume and surface area

The volume of a convex body K € K" can be defined as the Lebesgue measure
An(K) of K. However, the convexity of K implies that the volume also exists in an
elementary sense and, moreover, that also the surface area of K exists. Therefore,
we now introduce both notions in an elementary way, first for polytopes and then
for arbitrary convex bodies by approximation.

Since we will use a recursive definition on the dimension n, we first remark that
the support set K (u), u € S*!, of a convex body K lies in a hyperplane parallel to
ut. Therefore, the orthogonal projection K (u)|u is a translate of K (u), and we can
consider K (u)|ut as a convex body in R*~! (if we identify ut with R"~1). Assuming
that the volume is already defined in R*~!, we then denote by V"V (K (u)|u') the
(n — 1)-dimensional volume of this projection. In principle, the identification of u=*
with R"! requires that we have given an orthonormal basis in u. However, it will
be apparent that the quantities we define depend only on the Euclidean metric in
ut, hence they are independent of the choice of a basis.

Definition. Let P € P™ be a polytope.
For n = 1, hence P = [a, b], we define V) (P) := b —a and FM(P) := 2.
For n > 2, let

1 -
2 SO (VO P@Y) s,
ViW(P) = x if < |
(P) (+) . Y odimP<n-2,
and
(n—1) 1
s D VU@ g p s,
=4 @ . dimP <n-2,

where the summation (*) is over all u € S"7!, for which P(u) is a facet of P. We
shortly write V(P) for V(™ (P) and call this the volume of P. Similarly, we write
F(P) instead of F™(P) and call this the surface area of P.

For dim P = n — 1, there are two support sets of P which are facets, namely
P = P(up) and P = P(—ug), where uy is a normal vector to P. Since then
VOO (Plug)ug) = VO D(P(—up)|lug) and hp(ug) = —hp(—up), we obtain
V(P) = 0, in coincidence with the Lebesgue measure of P. Also, in this case,
F(P) =2V (P(ug|ug)). For dim P < n — 2, the polytope P does not have any
facets, hence V(P) = 0 and F(P) = 0.
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Proposition 3.2.1. The volume V' and surface area F' of polytopes P, () have the
following properties:

(1) V(P) =Au(P),

(2) V and F are invariant with respect to rigid motions,
(3) V(aP) = a"V(P),F(aP)=a"'F(P), fora >0,
(4) V(P) =0, if and only if dim P <n — 1,

(5) if P C Q, then V(P) <V(Q) and F(P) < F(Q).

Proof. (1) We proceed by induction on n. The result is clear for n = 1. Let n > 2.
As we have already mentioned, V(P) =0 = \,(P) if dim P < n—1. For dim P = n,
let P(uy),..., P(ug) be the facets of P. Then, we have

where, by the inductive assumption V(=D (P(uz|u ) equals the (n — 1)-
|

dimensional Lebesgue measure (in u; ) of P(u, ui). We assume w.lo.g. that
hp(uy),...,hp(uy) > 0 and hp(um+1) hp(u) < 0, and consider the pyramid-
shaped polytopes P := conv (P(ul) U {O}), i = 1,...k. Then V(P) =

%hp(ui)V("_l)(P(ui\uii)), i=1,...,m, and V(P) = —Ehp(ui)V(”_l)(P(uAuf)),
t=m+1,...,k. Hence,

=1 i=m-+1
= Zm:)\n Z An(

i=1 i=m+1
= M(P).

Here, we have used that the Lebesgue measure of the pyramid P; is % times the
content of the base (here V™Y (P(u;|ui))) times the height (here hp(u;)). Moreover
the Lebesgue measure of the pyramid parts outside P cancel out, and the pyramid
parts inside P yield a dissection of P (into sets with disjoint interior).

(2), (3), (4) and the first part of (5) follow now directly from (1) (and the
corresponding properties of the Lebesgue measure). It remains to show F(P) <
F(Q), for polytopes P C ). Again, we denote the facets of P by P(uy),..., P(ug).
We make use of the following elementary inequality (a generalization of the triangle
inequality),

(%) VO (Pu;)uit) <ZV”1) (ug)|u;), i=1,...,k.
J#i



70 CHAPTER 3. CONVEX BODIES

In order to motivate (x), we project P(u;),j # i, orthogonally onto the hyperplane
ui-. The projections then cover P(u;)|u; . Since the projection does not increase the
(n — 1)-dimensional Lebesgue measure, (x) follows. (%) implies that

F@NH) < FQ),

for any closed half-space H C R"™. Since P C () is a finite intersection of half-spaces,
we obtain F'(P) < F(Q) by successive truncation. O

For a convex body K € K", we define

Vi(K):= inf V(P), V_(K):= sup V(P),

POK PCK

and
F.(K):= inf F(P), F_(K):= sup F(P),

POK PCK

(here P € P™).

Theorem 3.2.2 (and Definition). Let K € K".
(a) We have

and
F.(K)=F_(K)=: F(K).

V(K) is called the volume and F(K) is called the surface area of K.

(b) Volume and surface area have the following properties:
(b1) V(K) = An(K),

(b2) V and F are invariant with respect to rigid motions,
(b3) V(aK) =a"V(K), F(aK) = a"'F(K), for a >0,
(b4) V(K) =0, if and only if dim K <n — 1,

(b5) if K C L, then V(K) < V(L) and F(K) < F(L),
(b6) K — V(K) is continuous.

Proof. (a) We first remark, that for a polytope P the monotonicity of V' and F
(which was proved in Proposition 3.2.1(5)) shows that V*(P) = V(P) = V~(P)
and F*(P) = F(P) = F~(P). Hence, the new definition of V(P) and F(P) is
consistent with the old one.

For an arbitrary body K € K", we get from Proposition 3.2.1(5)

VoK) <Vi(K)  and  F(K) < Fy(K),
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and by Proposition 3.2.1(2), V_(K), V. (K), F_(K) and F (K) are motion invariant.
After a suitable translation, we may therefore assume 0 € relint K. For ¢ > 0, we
then use Theorem 3.1.5(c) and find a polytope P with P C K C (1 + ¢)P. From
Proposition 3.2.1(3), we get

V(P) < V(K) < Vi(K) < V((1+)P) = (1+¢)"V(P)

and
F(P)<F (K)<F.(K)<F((1+¢)P)=(1+¢&)" 'F(P).
For € — 0, this proves (a).

(bl) — (b5) follow now directly for bodies K € K™ ((bl) by approximation
with polytopes; (b2) — (b5) partially by approximation or from the corresponding
properties of the Lebesgue measure).

It remains to prove (b6). Consider a converging sequence K; — K, K;, K € K".
In view of (b2), we can assume 0 € relint K. Using again Theorem 3.1.5(c), we find
a polytope P with P C relint K, K C relint (1 + ¢)P. If dim K = n, we can choose
a ball B(r),r > 0, with K + B(r) C (1 +¢)P (choose r = min,egn—1(ha4ep(u) —
hi(u)).) Then K; C (1+ ¢)P, for i > iy. Analogously, we get P C K, for i > 1.
For i > max(ig, 71), we therefore obtain

V() = VK)| < (1+¢)"V(P) = V(P)
< [(1+e)" = 1V(K) — 0,

ase — 0. If dim K = j <n —1, hence V(K) = 0, we have
K Cint((1+¢)P+cW),

where IV is a cube with edge length 1 and dimension n — j, lying in the orthogonal
space (aff K)*. As above, we obtain K; C (1 +¢)P +eW, for i > iy. Since

V(I +e)P+eW) <" (1 +e)C

(where we can choose the constant C' to be the j-dimensional Lebesgue measure of
K), this gives us V(K;) — 0 =V(K), as € — 0. O

Remarks. (1) We shall see in the next section that the surface area F' is also
continuous.

(2) We can now simplify our formulas for the volume V(P) and the surface area
F(P) of a polytope P. First, since we have shown that our elementarily defined
volume equals the Lebesgue measure and is thus translation invariant, we do not need
the orthogonal projection of the facets anymore. Second, since V™Y (P(u)) = 0,
for dim P(u) < n — 2, we can sum over all u € S"~!. If we write, in addition, v
instead of V"~ we obtain

V(P == 3 he(we(P(w)

ueSn—1
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and

ueSn—1

These are the formulas which we will use, in the following.

Exercises and problems

1. A convex body K € K? is called universal cover, if for each L € K? with diameter
< 1 there is a rigid motion gy, with L C gy K.

(a) Show that there is a universal cover Ky with minimal area.

P (b) Find the shape and the area of Kj.
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3.3 Mixed volumes

There is another, commonly used definition of the surface area of a set K C R,
namely as the derivative of the volume functional of the outer parallel sets of K i.e.

1
F(K) = li{%—(V(K + B(e)) — V(K)).
BN
We will see now, that our notion of surface area of a convex body K fulfills also
this limit relation. In fact, we will show that V(K + B(e)) is a polynomial in e
(this is the famous STEINER formula) and thereby get a whole family of geometric
functionals. We start with an even more general problem and investigate how the
volume

Vi Ky + - 4 an Ky,

for K; € K", «; > 0, depends on the variables a,...,a,,. This will lead us to a
family of mixed functionals of convex bodies, the mized volumes.

Again, we first consider the case of polytopes. Since the recursive representation
of the volume of a polytope P was based on the support sets (facets) of P, we discuss
how support sets behave under linear combinations.

Proposition 3.3.1. Letm € N, aq,...,q,, >0, Py,..., P, € P" be polytopes, and
u,v € S" 1. Then,

(@) (P + -+ anPp)(u) =g Pr(u) + -+ + a P (u),

(b) dim (a1 Py + -+ + @ Pp)(u) = dim (P, + -+ - + Py)(u),

(c) if (Pr+-+Pn) )N (P + -+ Pp)(v) # 0, then

(Pi+-+Pn)(uw)N(Pr+-+ Py)(v) = (Pi(u) NP (v) + -+ (Pn(u) N Pp(v)).
Proof. (a) By Theorem 2.3.3, we have
hien Prtrtan P (@) () = Mgy py 1y (5 2)
= arhlp (u;2) 4 - - + aphlp (u;x)
= ozlhpl(u)(x) + .-+ amhpm(u)(x)
= Py Py (w) 4+ P () (2)-

Theorem 2.3.1 now yields the assertion.
(b) Let P:= P+ ---+ P, and P :== P, + - + a,,P,. W.lLo.g. we may
assume 0 € relint Pj(u), ¢ =1,...,m. Then, 0 € relint P(u). We put
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that is, dim P(u) = dim P(u).
(¢) Using the notation introduced above, we assume P(u)N P(v) # (. From (a),
we then have

Pu)NPw)= (P (u)+ -+ Pp(u) N (P(v)+ -+ Pp(v))
= (P(u)NP(v))+ -+ (Pn(u) N Ppy(v)).

In order to justify the second equality, consider z € P(u) N P(v). Since x € P,
it has a representation r = z1 + - - - + x,,, with x; € P;. Because of

hp(u) = (z,u) = Z@iﬂi) < ZhPi(U) = hp(u),

we get that (x;,u) = hp (u) and thus x; € Pi(u), for i = 1,...,m. In the same way,
we obtain z; € P;(v), i =1,...,m.

Conversely, it is clear that any = € (P (u) NPy (v))

v

+- -+ (Ppn(u)N Py (v)) fulfills
x€P(u)+--+Py(u)and x € Py(v) + -+ P,(v).

]

In analogy to the recursive definition of the volume of a polytope, we now define the
mixed volume of polytopes. Again, we use projections of the support sets (faces) in
order to make the definition rigorous. After we have shown translation invariance
of the functionals, the corresponding formulas will become simpler.

For polytopes P, ..., Py € P,, let N(P, ..., Px) denote the set of all facet normals
of Py +---+ P.

Definition.  For polytopes Pi,...,P, € P" we define the mized volume
V(P ..., P,) of Py, ..., P, recursively:

V(P :=V(P) = hp,(1) + hp,(=1) (=b—a, if P, = [a,b]), forn =1,

V(P ..., P,)

=2 Y b @VOIB@E - Paa()ut), forn>2.

uEN(Pl ..... Pn—l)

Theorem 3.3.2. The mized volume V™ (Py, ..., P,) of polytopes Py, ..., P, € P"

15 symmetric in the indices 1,....,n, independent of individual translations of the

polytopes Py, ..., P,, and for dim(P,+---+P,) < n—1, we have V™ (Py, ..., P,) = 0.
Furthermore, for m € N, Py, ..., P, € P", and ay, ..., a,, > 0, we have

m

(%) V(P + -+ anPr) = Z e Z o, oy, V(P P

i1=1 in=1
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For the proof, it is convenient to extend the k-dimensional mixed volume
VE(Qy, ..., Q) (which is defined for polytopes @, ..., Q) in a k-dimensional linear
subspace £ C R?) to polytopes Q1, ..., Qr € P™, which fulfill dim(Q,+---+Qy) < k,
namely by

VE(Qr,...,Q) = VP (Q|E, ..., Q4| E),

where F is a k-dimensional subspace parallel to Q1 + -+ Qr, 1 <k <n—1. The
translation invariance and the dimensional condition, which we will prove, show that
this extension is consistent (and independent of E in case dim(Q + -+ - + Q) < k).
In the following inductive proof, we already make use of this extension in order to
simplify the presentation. In particular, in the induction step, we use the mixed
volume V=V (P (u), ..., P,_1(u)).

In addition, we extend the mixed volume to the empty set, namely as
V™ (P, ..., P,) =0, if one of the sets P; is empty.

Proof. We use induction on the dimension n.

For n = 1, the polytopes P; are intervals and the mixed volume equals the
(one-dimensional) volume V") (the length of the intervals), which is linear

m

V(a1 P+ + amPr) = Z a, V(P

i=1

Hence, (x) holds as well as the remaining assertions.

Now we assume that the assertions of the theorem are true for all dimensions
< n — 1, and we consider dimension n > 2. We first discuss the dimensional
statement. If dim (P, + ---+ P,) < n — 1, then either N(Py,...,P,_1) = () or
N(Py,...,P,_1) = {—u,u}, where u is the normal on aff (P, + -+ P,). In the first
case, we have V" (Py, ..., P,) = 0, by definition; in the second case, we have

V(P ... P,

- %(th (W)V" D (Py(u), ..., Paci(w)) + hp, (—u)V D (Pi(=u), ..., Pii(—u))

= l(hpn (W) VO D(Py(u), ..., Poy(u)) — hp, (w)V D (Py(u), ..., Py (u))

n
= 0.
Next, we show (). If a; = 0, for a certain index i, the correspondent summand

a; P; in the left-hand sum can be deleted, as well as all summands in the right-
hand sum which contain the index i. Therefore, it is sufficient to consider the case
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ar; > 0,...,a,, > 0. By the definition of volume and Proposition 3.3.1,

V(Oqu + -+ ampm) = % Z hZZ-'Ll a;P; (u) v ((Z azR)(“))

UWEN(Py,...,P) i=1
m 1 m
Yok S (S
in=1 u€N(Pi,..., Pn) i=1
The inductive assumption implies
: (Zai@(“)'“”) =S Y e, VOB (W), P (),
=1 i1=1 in—1=1
Hence, we obtain
V(Oé1P1+"'+()éum)
m m m 1 o
=D 3 D Y e, () VOB (), P ()
i1=1 in—1=11,=1 uEN(Pl ..... Pm)
— Z . Z oy, V(P .. P
=1 ip=1

Here, we have used that, for a given set of indices {iy, ..., %, }, the summation over
N(Py, ..., P,) can be replaced by the summation over N(F;, ..., P; _,). Namely, for
u ¢ N(Py,...,P;,_,) the support set P (u) +---+ P, (u) = (P, +---+ P, _,)(u)
has dimension < n — 2 and hence V""Y(P; (u), ..., P;,_, (u)) = 0. We will use this
fact also in the following parts of the proof.

We next show the symmetry. Since V™=Y(Py(u), ..., P,_1(u)) is symmetric (in
the indices) by the inductive assumption, it suffices to show

V(n)(Pb ceey Pana Pnfla Pn) = V(n)(Pb ceey Pn727 Pnypnfl)-

Moreover, we may assume that P := P, 4+ --- + P, fulfills dim P = n. We first
assume n > 3. By definition,

VOD(Py(u), ..., Py (u))
3 @OV P (P ) D), (Paa())(0)),

n—1
vEN

where we have to sum over the set N of facet normals of P(u). Formally, we would
have to work with the projections (the shifted support sets) Py (u)|u®, ..., Bo_1(u)|ut,
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but here we make use of our extended definition of the (n — 2)-dimensional mixed
volume and of the fact that

hp_ywut (0) = hp, ) (D),

for all o Lu. The facets of P(u) are (n — 2)-dimensional faces of P, thus they arise
(because of dim P = n) as intersections P(u) N P(v) of P(u) with another facet
P(v) of P. Since dim P = n, the case v = —u cannot occur. If P(u) N P(v) is a

(n — 2)-face of P, hence a facet of P(u), the corresponding normal (in u!) is given
v|ut

by U = ———.
Y ToluT]
Now we have

P(u)NPv) = (Pi(u) + -+ Po(uw) N (Pi(v) + - + F(v))
= (Pi(u) N Pi(v)) + -+ (Pu(u) N Pu(v)),

from Proposition 3.3.1(c). For a (n — 2)-face P(u) N P(v) of P, we therefore obtain
(P)(®) = Pw) N P(v),  i=1,.n—2,

which implies

V(P (u), ..., Py_y(u))

1 vlut
= > hp, VO=D(Py(u) N Py(v), ..., Pa_g(u) N Py_s(v)).
1 P,_1( )(H’U|UJ‘”) ( 1(“) 1(”)7 ) Q(U) Q(U))
vEN(Pr,...,Pp) v#+u

Here, we may sum again over all v € N(Py,..., P,), v # +u, since for those v, for
which P(u) N P(v) is not a (n — 2)-face of P, the mixed volume V"2 (P (u) N
Pi(v), ..., Po_o(u) N P,_9(v)) vanishes by the inductive hypothesis (resp. by defini-
tion, if the intersection is empty).

Let v(u,v) denote the (outer) angle between u and v, then

lolut || = siny(u,v), (u,v) = cosy(u,v),

and hence
vlut 1 1
[v]ut]]  siny(u,v)  tany(u,v)

For z € P,_1(u) N P,_1(v), we have

thﬂ(u)(@) = <l‘, @>

1 1
~ sinq(u, v)< ) = tan y(u,v) (. u)
1 1
- siny(u, v) o (v) = tan 7y (u, v) Pa-r ()
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Hence, altogether we obtain

V(n)(Ph RS Pn727 Pn717Pn>

== Y bl VOOP), o Pas(w)

and the symmetry is proved.

The case n = 2 is similar, but since here the (n — 2)-dimensional mixed volume
in the above consideration disappears, one has to replace the summation over all
u,v € N(Py, P,) by the one over all pairs (u,v) of normals of adjacent edges of
P+ PBs.

For the remaining assertion, we put m = n in (x). Since the left-hand side of
(%) is invariant with respect to individual translations of the polytopes P;, the same
holds true for the coefficients of the polynomial on the right-hand side, in particular
for the coefficient V™ (P, ..., P,). Here we need the symmetry of the coefficients
and we make use of the fact that the coefficients of a polynomial in several variables
are uniquely determined, if they are chosen to be symmetric. ]

Remark. In the following, we use similar abbreviations as in the case of volume,
V(P,..,P,) :=V"(P, .. P,)

and

v(Pr(w), ..., Ppq(u)) :== V(”_l)(Pl(u), ey Pu1(w)).

Corollary 3.3.3. For P, ..., P, € P", we have

1 & N
V(Pl,...,Pn):EZ(—l) YT V(P4 Py,
T k=1

1<r; < <rp<n

Proof. We denote the right-hand side by f(Pi, ..., P,), then formula (x) in Theorem
3.3.2 implies that f(a1 P, ..., a, P,) is a homogeneous polynomial of degree n in the
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variables ay > 0, ...,,, > 0. For P, = {0}, we have
(_1)”+1n|f({0}7 P27 s Pn)

= > V(E) - | DY VE+P)+ > V(P +P)

2<r<n 2<r<n 2<r<s<n

+[ >, VU +P+P)+ >, V(R+P+PR)

2<r<s<n 2<r<s<t<n

:O,

which means that f({0}, aoPs, ..., @, P,) is the zero polynomial. Consequently, in
the polynomial f(ay Py, ..., a, P,), only those coefficients can be non-vanishing which
contain the index 1. Replacing 1 subsequently by 2,...,n, we obtain that only the
coefficient of «y---«, can be non-zero. This coefficient occurs only once in the
representation of f, namely for k& = n with (ry,...,r,) = (1,...,n). Therefore, by
Theorem 3.3.2, this coefficient must coincide with V (P, ..., P,). ]

Theorem 3.3.4 (and definition). For Ki,..., K, € K" and arbitrary sequences
(Pl(”)jeN, o (Rg]))jEN of polytopes, such that Pi(j) — K;,i=1,..,n, as j — oo, the
limit ‘

V(Ky, . K,) = lim V(P9 ..., PO

J—00

exists and is independent of the choice of the approximating sequences (Pz-(j))jeN.

V (K, ..., K,) is called the mixed volume of K, ..., K,,. The mapping V' : (K")" — R
defined by
(Kl, ceey Kn) = V(Kl, ceey Kn)

1s also called the mixed volume. We have

(1) VLK) = S S V(R b K.

1<r; < <rp<n

FormeN, Ky,...K,, € K, und ay, ..., a,, > 0 we obtain

(*2) V(CYlKl + -+ Oéme) = Z s Z O{il R ainV(Kil, P Kz ) .

m m
i1=1 in=1

Furthermore:
(a) V(K,...K)=V(K) and nV (K, ..., K, B(1)) = F(K), for all K € K".
(b) V is symmetric.
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(c) V is multilinear, i.e.
V(oK + BL, Ky, o, ) = aV (K, Ko, ., Kp) + BV (L, Ko, oo, ),

foralla,6>0,K,L,Ks,..., K, € K".

(d) We have V(K; + x1,...., K, + z,) = V(Ky,...,K,,), for all K; € K™ and all
r; € R™.

(e) We have V(gKy,...,9K,) =V (K, ..., K,), for all K; € K™ and all rigid motions
g.

(f) V is continuous, i.e.

V(KDY . KUY S V(K. Ky),

provided Ki(j) — K;,i=1,...,n.
(g) V>0 and V is monotone in each argument.

Proof. The existence of the limit

V(Ky, ... K,) = lim V(PP . PO)
J—00
(including the independence from the approximating sequences) and formula (x;)
follow from Corollary 3.3.3 and the continuity of the addition of convex bodies and
of the volume functional. (%) is a consequence of (x).

(d), (e) and (f) follow now directly from ().

(a) The relation V (K, ..., K) = V(K) follows for polytopes by induction and for
general bodies K by approximation with polytopes; alternatively, one can obtain it
from Corollary 3.3.3 and (). Concerning the relation nV (K, ..., K, B(1)) = F(K),
we also first discuss the case K € P™. Let (Q););en be a sequence of polytopes with
Q); — B(1). Then,

nV(K,...K,Q;) — nV(K,.. K, B(1))

and also

nV(K, ... K,Q;) = Y ho,(uv(K(u))

ueN(K)
= > hpe@uEw) = Y v(K(u) = F(K).
ueN(K) ueN(K)

For the generalization to arbitrary bodies K, we approximate K from inside and
outside by polytopes and use (f); here only the monotonicity of the surface area is
needed, not the continuity (which we have not proved yet).

(b) follows from the corresponding property for polytopes.

(c) is a consequence of (x3), if we apply it to the linear combination

ar(aK + BL) + ao Ky + -+ 0y Ky = 1K + L+ Koy + - - i K,
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twice (once as a combination of m bodies and once as a combination of m+1 bodies),
and then compare the coefficients.

(g) Again it is sufficient to prove this for polytopes. Then V' > 0 follows by
induction and the formula

V(Pl,...,Pn):% > hp(wo(Pi(u), .., Paoa(w),

where we may assume, in view of (d), that 0 € relint P,, hence hp, > 0. If P, C Q,,
then hp, < hg,, hence

V(Pla sey Pn) < V(Pla ) Pn—17 Qn)7
by the same formula (and V' > 0). O

Remarks. (1) In addition to V' > 0, one can show that V(Ky,..., K,) > 0, if
and only if there exist segments s; C Ky,...,s, C K, with linearly independent
directions (see the exercises below).

(2) Theorem 3.3.4 (a) and (f) now imply the continuity of the surface area F.

Now we consider the parallel body K + B(«)), « > 0, of a body K € K™. Theorem
3.3.4 implies

V(K 4+ B(a)) = V(K + aB(l)) =V(a Ky + asK>)

E all in Z17"'7Kin)

Mm

(SF)

.
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Definition. For K € K",
Wi(K) = V(f(, .., K,B(1),...,B(1))

is called the i-th quermassintegral of K, i =10,...,n, and

() ()

Vi(K) = VI"(K) = W, i(K) = —~~V(K,...,K,B(1),...,B(1
) = VIK) = Wy () = V(s K B, B
J n—j
is called the j-th intrinsic volume of K, 7 =0,...,n. Here, k;, is the volume of the

k-dimensional unit ball. Since we have extended the mixed volume to the empty
set, we also define

Wi(0) := V;(0) :== 0, ,7=0,...,n.

Formula (SF) directly implies the following result.
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Theorem 3.3.5 (STEINER formula). For K € K" and o > 0, we have
V(K + B = ! Wi(K),
<+ = 3 ()i
respectively

V(K + B(a)) = Z A", Vi(K).

Remarks. (1) We get in particular

F(K) = niWy(K) = lim ~(V(K + B(a)) - V(K)),

hence the surface area is the ”derivative” of the volume functional.
(2) As a generalization of the STEINER formula (SF), one can show

Vi(K + B(a)) = ia’” (Z - ,ﬂ) 1 V(K),

=0 Rn—k

for k=0,...,n —1 (see the exercises).

The quermassintegrals are the classical notation used in most of the older books.
The name quermassintegral will become clear in chapter 4 where we discuss some
projection formulas. The intrinsic volumes follow the more modern terminology.
Their advantages are that the index j of V; corresponds to the degree of homogeneity,

Vi(aK) = o’ V;(K), KeK" a>0,

and that they are independent of the surrounding dimension, i.e. for a body K € "
with dim K = k < n, we have

V(K)=Vv"(K), j=0,... k
The intrinsic volumes are important geometric functionals of a convex body.
First, by definition,
is the volume of K. Then,
2V, 1(K)=nV(K,...,K,B(1)) = F(K)

is the surface area of K (such that, for a body K of dimension n — 1, V,,_;(K) is
the (n — 1)-dimensional content of K'). At the other end, V;(K) is proportional to
the mean width of K. Namely,

“”—11/1(K) =V(K,B(1),...,B(1)).

n
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Approximating the unit ball by polytopes, one can show that

V(K,B(1),.... B(1)) = - /S hie (w)du,

n
where the integration is with respect to the spherical Lebesgue measure. A rigorous
proof of this fact will be given in Section 3.5. Since bx (u) := hx(u) + hx(—u) gives
the width of K in direction w (the distance between the two parallel supporting
hyperplanes), we obtain

1 1
- /S"—l hy(u)du = % /Sn_l b (u)du
Ko —
= 2B(K
2 ( )7
where .
B(K) := b d
()= o [ el
denotes the mean width. Hence
NKy, —
Vi(K) = K).
() = 5 B(K)

Finally,

Vi) = S = { it g T

is the EULER-POINCARE characteristic of K. It plays an important role in integral
geometry (see Chapter 4). The other intrinsic volumes V;(K),1 < j < n — 1, have
interpretations as integrals of curvature functions, if the boundary of K is smooth,
e.g. V,—2(K) is proportional to the integral mean curvature of K.

Remark. From Theorem 3.3.4 we obtain the following additional properties of the
intrinsic volumes V/:

o K — Vj(K) is continuous,
e V/; is motion invariant,

e V; > 0 and V is monotone.

Later, in Section 4.3, we shall discuss a further property of V;, namely the additivity.
The intrinsic volume V; is additive in the sense that

Vi(KU M)+ V(KN M) =V;(K) + V;(M),

for all K, M € K™ such that K U M € ™.
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Exercises and problems

(a) Let s1,...,s, € K™ be segments of the form s; = [0, z;], ; € R”. Show that
n! V(si,...,sn) = |det(z1,...,2z,)|

(b) For Ki,...,K, € K", show that V(Ki,...,K,) > 0 if and only if there exist
segments s; C K;,2 = 1,...,n, with linearly independent directions.

(a) For K, M € K? show the inequality

V(K, M) < = F(K)F(M).

Hint: Use Exercise 7 in Section 3.1.

* (b) Show that equality holds in the above inequality, if and only if K, M are
orthogonal segments (or if one of the bodies is a point).

3.x (a) For K € K? show the inequality

V3

V(K,-K) T FY(K).

P (b) Show that equality holds in the above inequality, if and only if K is an equi-
lateral triangle (or a point).

4. For K, K' € K™, show that

dxzz(”) V(K,...,K,-K',...,—K).
j

/{x:Kﬂ(KUrx);é@} =0

5. For K € K", show that the intrinsic volume V;(K) = v (K) is independent of the

J
dimension n, i.e. if dim K = k < n, then

(k) —y™ :
ViU(K) =V, (K), for0<j<k.

6. Suppose K € K™ and L is a g-dimensional linear subspace of R", g € {0,...,n—1}.

Let By, denote the unit ball in L.
Show that:

q
(a) V(K +aBr) = Zoﬂj/ﬁq_j/ Vi(K N (L+x))dA\p—q(z), for all a > 0.
j=0 L*

(b) The (n — q)-dimensional volume of the projection K | L+ fulfills

()

Vg (KILH) =
q

V(K,...,K,Bp,...,BL).
—_———— ——

n—q q
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Hint for (a): Use FUBINI’s theorem in R® = L x L' for the left-hand side and apply
Exercise 5.

7. For a convex body K € K™ and « > 0, prove the following STEINER formula for the
intrinsic volumes:

k .
V(K + B(a)) = 3 ab™ (Z:}D "ol y(K) (0<k<n—1).
7=0

Rn—k

P 8. Prove the following Theorem of HADWIGER:

Let f : K" — R be additive, motion invariant and continuous (resp. monotone).
Then, there are constants 3; € R (resp. (; > 0), such that

F=>_8V;
j=0
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3.4 The BRUNN-MINKOWSKI Theorem

The BRUNN-MINKOWSKI Theorem was one of the first results on convex bodies
(proved around 1890). It says that, for convex bodies K, L € K", the function

t— YV(EK +(1—-t)L), te][o,1],

is concave. As consequences we will get inequalities for mixed volumes, in particular
the celebrated isoperimetric inequality.
We first need an auxiliary result.

Lemma 3.4.1. For a € (0,1) and r,s,t > 0, we have

a 11—«

r S

1
t

Nar' + (1 — a)s']

>1

with equality, if and only if r = s.

Proof. The function x +— In x is strictly concave, therefore we have

1—
ln{(% + a)[art +(1—a)st}
1 1—
= gln(art +(1—a)s') + ln(% + - a)
1 1 1
> g(ozlnrt +(1-a)lns’)+aln=-+(1—-a)ln=-
r s
=0

with equality if and only if » = s (the use of the logarithm is possible since % +
=) art 4 (1 - @)s']t > 0). The strict monotonicity of the logarithm now proves

the result. O

Theorem 3.4.2 (BRUNN-MINKOWSKI). For convex bodies K,L € K" and o €
(0,1), we have

YV(eK +(1—a)Ll) > a/V(K)+ (1 —a){/V(L)

with equality, if and only if K and L lie in parallel hyperplanes or K and L are
homothetic.

Remark. K and L are homothetic, if and only if K = al +z or L = aK + z,
for some x € R™, a > 0. This includes the case of points, i.e. K and L are always
homothetic, if one of them is a point.
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Proof. We distinguish four cases.

Case 1: K and L lie in parallel hyperplanes. Then V(K) = V(L) = 0 and
V(aK + (1 —a)L) =0.

Case 2: We have dimK <n —1and dimL <n — 1, but K and L do not lie in
parallel hyperplanes, i.e. dim(K + L) = n. Then dim(aK + (1 — «)L) = n, for all
a € (0,1), hence

YVieK +(1—a)L) >0=a{/V(K)+ (1 —a)/V(L),

for all o € (0,1).
Case 3: We have dim K’ <n—1 and dim L = n (or vice versa). Then, for z € K,
we obtain

ar+(l—a)LCaK+(1—a)L
and thus
(1-—a)"V(L)=V(ax+ (1 —a)L) <V(aK+ (1 —a)L)

with equality, if and only if K = {x}.
Case 4: We have dim K = dim L = n. We may assume V(K) = V(L) = 1.
Namely, for general K, L, we put

K = ;K, L= ;L
VVI(K) VVI(L)
and
a = " V(K) .
al/V(K)+ (1 —a)/V(L)
Then

VV(aFJr (1-a)L)>1

implies the BRUNN-MINKOWSKI inequality, which we have to prove. Moreover, K
and L are homothetic, if and only if K and L are homothetic.
Thus, we assume V(K) = V(L) =1 and we have to show that

VieK+(1—-a)L) > 1

with equality if and only if K, L are homothetic. Because the volume is translation
invariant, we can make the additional assumption that K and L have their center of
gravity at 0 (the center of gravity of an n-dimensional convex body M is the point

c € R” fulfilling
; /
C,U) = —— x,u)dr,
(e = gy . @

for all u € S™1). The equality case then reduces to the claim that K = L.
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We now proceed by induction on n. For n = 1 the above inequality follows
from the linearity of the 1-dimensional volume and we even have equality which
corresponds to the fact that in R! any two convex bodies (compact intervals) are
homothetic. Now assume n > 2 and the assertion is true in dimension n — 1. We
choose a unit vector u € S"~! and denote by

Ey:={(wu)=n}, neR,

the hyperplane in direction u with (signed) distance 7 from the origin. For0 < 7 <1,
we define 3(7) as the (unique) value for which the hyperplane Eg.) intersects K
and fulfills the condition

VIKN{(u) <B(1)}) =T

Thus, § is a function on [0,1] with §(1) = hk(u),3(0) = —hg(—u) and Egq)
and FEpj) are the supporting hyperplanes to K in direction u, resp. —u. Since
T +— [(7) is strictly increasing and does not have jumps, 3 is continuous. It is even
differentiable on (0, 1). Namely, the function

3
£ 1(E) = /ﬂ RS

is differentiable with f'(n) = v(K N E,). Since, by FUBINI’s theorem (or the CAv-
ALIERI principle),
B(7)
T = / v(K N E,)dn,
B(0)

we have f(B(7)) = 7, hence (3 is the inverse function to f. Consequently, 3 is
differentiable and

I 1
F1(B(r))  v(K N Egqmy)

Analogously, we get for the body L a function v on [0, 1] with

0< 1<l

p(r) =

V(T)
T = / v(LNE,)dn
7(0)

and
1

/
V(1) = 5, 0<7<1.
v(L N Eyr)

Because of

a(K N Egr) + (1= a) (LN Eyr) C (K + (1 =)L) N Eapiry(-ap(n);
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for o, 7 € [0, 1], we obtain from the inductive assumption
V(iaeK + (1 —a)L)

v((aK + (1 —a)L)N E,)dn

v((@K + (1= a)L) N Eapirys1-apn) (@B (1) + (1 = a)y/(7))dr

a 11—«
v ((K N Egry) + (1= a) (LN Eym)) <’U(K N Es) TN EV(T))> i

[0 "ol A Boy) + (1 =) oL B |

y ( o N -« ) p
T.
V(KN Egr)  v(LNEy)

Choosing r := v(K N Eg(r)), s := v(L N Ey()) and ¢ := —=, we obtain from Lemma
3.4.1 that the integrand is > 1, which yields the required inequality.
Now assume

VieK+(1—a)L)=1.

Then we must have equality in our last estimation, which implies that the integrand
equals 1, for all 7. Again by Lemma 3.4.1, this yields that

v(K N Egpy) =v(LNEyqm), for all 7 € [0, 1].

Therefore §° = «/, hence the function § — = is a constant. Because the center of
gravity of K is at the origin, we obtain

0:/K<x,u)dx

8()
=/ nu(K N Ey)dn
B

)
_ /Olﬁ(T)dT

0= /O 1 (7)dr.

A(Mﬂ—vﬁﬁh=0

and therefore § = 7. In particular, we obtain

hic(u) = B(1) = y(1) = hy(u).

and, in an analogous way,

Consequently,
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Since u was arbitrary, V(aK + (1 — «)L) = 1 implies hx = hy, and hence K = L.
Conversely, it is clear that K = L implies V(aK + (1 —a)L) = 1. O

Remark. Theorem 3.4.2 implies that the function

= YV({tK+ (1 —t)L)

is concave on [0, 1]. Namely, let z,y, « € [0, 1], then

flaz+ (1 —a)y) = V/V(laz + (1 —a)ylK +[1 — az — (1 — a)y]L)
I\/V (2K + (1 —2)L]+ (1 - a)[yK + (1 —y)L])
>al/VaK+(1—2)L)+ (1 —-a)Y V(K + (1 —1y)L)
= af(z) + (1 -a)f(y).

As a consequence of Theorem 3.4.2, we obtain an inequality for mixed volumes which
was first proved by MINKOWSKI.

Theorem 3.4.3. For K,L € K", we have
V(K,...,K,L)* > V(K)" 'V (L)

with equality, if and only if dim K < n — 2 or K and L lie in parallel hyperplanes
or K and L are homothetic.

Proof. For dim K < n — 1, the inequality holds since the right-hand side is zero.

Moreover, we then have equality, if and only if either dim K’ < n —2 or K and L lie

in parallel hyperplanes (compare Exercise 3.3.1). Hence, we now assume dim K = n.
By Theorem 3.4.2, the function

= YVEAK + (1 —t)L) —t/V(K) - (1 -t)/V(L), te][0,1],

is concave, > 0 and fulfills f(0) = f(1) = 0. Moreover, f = 0, if and only if K" and
L are homothetic. Theorem 3.3.4 yields

VK + (1—-t)L) = (@)t]’(l — )" V(K,...,K,L,...,L).
— J ———
=0 J n—j
Since V(K) > 0, this representation allows us to extend f to a d-neighborhood of

1, § > 0, and also shows that this extended function f is differentiable in (0,1 4 4).
We obtain (for ¢ € (0, 1])

n

) = vk - DY (j) GO = 0" — (0 — (L — £

n -
j=0



3.4. THE BRUNN-MINKOWSKI THEOREM 91

<V(K,...,K,L,....L) - Y/V(K)+ V/V(L).
( A ' ) = YV(E)+ V(L)
J n—=j
Our conditions on f in [0, 1] imply that f’(1) < 0 and f'(1) = 0, if and only if f =0
in [0, 1], hence if and only if K and L are homothetic. Since

f'(1) = 1 (K) =" nV(K) —nV(K,...,K,L)] — YV(K)+ /V(L)

n
1—n

= V(L)" = V(K) = V(K,...,K,L),

this completes the proof. O
Corollary 3.4.4 (Isoperimetric inequality). Let K € K" be a convex body of

dimension n. Then,
F(K) \" V(K) \"!
(7o) = (vion)

Equality holds, if and only if K is a ball.

Proof. We put L := B(1) in Theorem 3.4.3 and get
V(K,...,K,B(1))" > V(K)"'V(B(1))

or, equivalently,

V(K. K BT V(E)™!
nnV(B(1),...,B(1), B(1)" ~

[]

The isoperimetric inequality states that, among all convex bodies of given volume
(given surface area), the balls have the smallest surface area (the largest volume).

Using V(B(1)) =: k, and F(B(1)) = nk,, we can re-write the inequality in the
form

V(K)" ! <

F(K)".
o F(K)
For n = 2 and using the common terminology A(K) for the area (the ”volume” in
R?) and L(K) for the boundary length (the ”surface area” in R?), we obtain
1
A(K) £ —L(K)?,
4m
and for n = 3,
1
V(K)* < —F(K).
(K)? < 2 F(K)
Exchanging K and B(1) in the proof above yields a similar inequality for the
mixed volume V/(B(1),... B(1), K), hence we obtain the following corollary for the
mean width B(K).
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Corollary 3.4.5. Let K € K" be a convez body. Then,

B(K) \" _ V(K)
(E(B(l))) = VBA)

Equality holds, if and only if K is a ball.

Remark. Since B(K) is not greater than the diameter of K, the corollary implies
an inequality for the diameter.

Using Theorem 3.4.2 and the second derivatives, we obtain in a similar manner
inequalities of quadratic type.

Theorem 3.4.6. For K,L € K", we have
(%) V(K,...,K,L>>V(K,...,K,L,L)V(K).

The proof is left as an exercise. The case of equality is not known completely.
Equality holds for homothetic bodies, but there are also non-homothetic bodies
(with interior points) for which equality holds.
Replacing K or L in (*) by the unit ball, we obtain more special inequalities, for
example (in R?)
7B(K)*> F(K)

or

F(K)* > 6rB(K)V(K).

Exercises and problems
1. Give a proof of Theorem 3.4.6.

2. The diameter D(K) of a convex body K € K™ is defined as
D(K) := sup{[|lz —y[| : 2,y € K}.

(a) Prove that

(b) If there is equality in one of the two inequalities, what can be said about K?
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3.5 Surface area measures

In Section 3.3, we have shown that, for polytopes P, ..., P, € P", the mixed volume
fulfills the formula

V(Pl,...,Pnl,Pn):% S b (Wo(Pr(w), -, Paa ().

ueSn—1

Here, the summation takes place over all unit vectors w for which
v(Py(u), ..., P,_1(u)) > 0, that is, over all facet normals of the polytope P, + - - -+
P,_1. By approximation (and using the continuity of mixed volumes and support
functions), we therefore get the same formula for arbitrary bodies K, € K",

(%) V(Pl,...,Pnl,Kn):% S e, (wo(Pal), -, P s(u))
ueSn—1

We define

(+) S(Pr,... Poy,)i= > o(Pi(u),..., Pai(u))ey,
uesSn—1

where ¢, denotes the Dirac measure in u € S"!,

1 .. ueAd,
5U(A)::{0 if wé A

(here, A runs through all Borel sets in S"~1). Then, S(Py, ..., P,_1,-) is a finite Borel
measure on the unit sphere S"~!, which is called the mized surface area measure of
the polytopes Py, ..., P, 1. Equation (x) is then equivalent to

1
(**) V(Pl,...,Pn_hKn):—/ hKn(U)dS(Pl,...,Pn_hU).

n Sn—1
Our next goal is to extend this integral representation to arbitrary convex bod-
ies K1,...,K,_1 (and thus define mixed surface area measures for general convex
bodies).

We first need an auxiliary result.

Lemma 3.5.1. For convez bodies Ky, ..., K,_1,K,, K], € K", we have
\V(Ky,...,K, 1,K,) —V(Ky,...,K, 1,K))|

< |lhx, — hac |V (K, ... Koy, B(1)).
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Proof. First, let Ky, ..., K,_1 be polytopes. Since hpny =1 (on S"'), we obtain
from (x), that

V(Ky, ... Kpo1, Kp) = V(K1 ... Ko, K|

_ % g;lmkn(u) — huey (w) o (Ky (w), .., Koo ()

< % e; e, () — g (W) 0(Ky (w), - .., Ky (1))

< %0535—1 Ihic, (v) — hicr (0)] ; (K1 (), ..., K1 (u))
= %HhKn —hig |l D by (wo(Ei(u),. .., Ky (u)

ueSn—1

= |lhx, — hic |V (K, .. Koy, B(1)).

By Theorem 3.3.4 (continuity of the mixed volume), the inequality extends to arbi-
trary convex bodies. O

Now we can extend (sx*) to arbitrary convex bodies.

Theorem 3.5.2. For K,,...,K,_1 € K", there exists a uniquely determined finite
Borel measure S(Ky,...,K,_1,-) on S"7', such that
1
V(Kl,...,Kn_l,K):—/ hK(U)dS(Kl,...,Kn_hU),
Sn—1

n

for all K € K™.

Proof. We consider the Banach space C(S™!) and the linear subspace C?(S™™1!)
of twice continuously differentiable functions. Here, a function f on Sn=1 s called
twice continuously differentiable, if the homogeneous extension f of f,

= {220

= R™
f(x) 0 v—p TERY

is twice continuously differentiable on R™ \ {0}. From analysis we use the fact that
the subspace C?(S™7 1) is dense in C(S™™1), that is, for each f € C(S™!) there
is a sequence of functions f; € C?(S™1) with f; — f in the maximum norm, as
i — oo (this can be proved either by a convolution argument or by using a result of
STONE-WEIERSTRASS type).

Further, we consider the set £" of all functions f € C(S"!) which have a
representation f = hx — hgs with convex bodies K, K’ € K. Obviously, £" is also
a linear subspace. Exercise 3.2.1 shows that C*(S"™') C L", therefore L™ is dense
in C(S"1).
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We now define a functional Tk, ., , on L" by

TK1 ,,,,, Kn_1<f) = ”V(Kh e ,anl,K) - nV(Kh e >anl7K/)7

where f = hx — hgs. This definition is actually independent of the particular
representation of f. Namely, if f = hx — hgr = hy, — hyp, then K + L' = K' + L
and hence

V(Ky,...,K, 1, K)+V(Ky,...,K, 1,L")
=V(Ky,...,K, 1,K')+V(Ky,...,K, 1,L),
by the multilinearity of mixed volumes. This yields
nV(Kl,...,anl,K) —nv<K1,...,Kn,1,K/)

= nV(Kl, ey anl, L) - nV(Kl, Ce 7Kn,1,L/>.

The argument just given also shows that T%, , , is linear. Moreover, Tk, . K, ,
is a positive functional since f = hxg — hy > 0 implies K D K’. Hence

VK, ... Koy, K)>V(Ky,..., Kp1, K"

and therefore Tk,  k, ,(f) > 0. Finally, Tk,  k, , is continuous (with respect to
the maximum norm), since Lemma 3.5.1 shows that

.....

Ty, iy ()] S (K, K[| £l

with C(Kl, ce ,Kn_l) = TLV(Kl, ‘e 7Kn—17 B(].))

Since L™ is dense in C(S™!), the inequality just proven (or alternatively, the
theorem of HAHN-BANACH) implies that there is a unique continuous extension of
Tk,.. K, , to a positive linear functional on C(S™'). The RIESZ representation
theorem then shows that

Ty, 1 (f) = (w)dS(Ky, ..., Ky_1,u),
Snfl
for f € C(S"!), with a finite (nonnegative) Borel measure S(Kj,..., K, 1,-) on
571 which is uniquely determined by Tk, .. kK, . The assertion of the theorem
now follows, if we put f = hg. n

Definition. The measure S(K7,..., K, 1,-) is called the mized surface area mea-
sure of the bodies K, ..., K,_1. In particular,

Si(K,) = S(K,....K,B(1),..., B(1),")

J

~ -~

J n—1—j
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is called the jth order surface area measure of K, 7 =0,...,n — 1.

Remarks. (1) For polytopes Ki,..., K, 1, the mixed surface area measure
S(Ky,...,K,_1,-) equals the measure defined in (+).

(2) All surface area measures have centroid 0. Namely, since
V(Ky,..., Ky, {z}) =0,

we have

/ (x,u)ydS(Ky,...,Ky_1,u) =0,
Sn—1

for all x € R™.
(3) We have

— %Vj(}(),

(7)
in particular

Sy (K, 8" N =2V, 1(K) = F(K),

which explains the name surface area measure.

(4) The measure So(K,-) = S(B(1),...,B(1),-) = S;(B(1),-) (for j =0,...,n—1
and K € K") equals the spherical Lebesgue measure w,_; (this follows from part
(d) of the following theorem), hence we obtain the equation

VK, B(1),.... B(1) = = /S e (w)du,

n

which we used already at the end of Section 3.3.

Further properties of mixed surface area measures follow, if we combine Theorem
3.5.2 with Theorem 3.3.4. In order to formulate a continuity result, we make use of
the weak convergence of measures on S™! (since S"~! is compact, weak and vague
convergence are the same). A sequence of finite measures u;,7 = 1,2,..., on S"!
is said to converge weakly to a finite measure p on S™!, if and only if

o f(uw)dp;(u) — - fu)dp(u), as i — 00,

for all f € C(S™ ).
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Theorem 3.5.3. The mapping S : (Kq,..., K, 1) — S(Ki,...,K,_1,) has the
following properties:
(a) S is symmetric, i.e.

S(Kh sy Kn—l; ) = S(Kﬂ(l)a <. 7K7'r(nfl)a ')7

for all Ky, ..., K,_1 € K" and all permutations m of 1,...,n — 1.
(b) S is multilinear, i.e.

S(QK + ﬁLaK% [RXD) Kn—la ) = OZS(K, KQ? "'7Kn—17 ) + ﬁS(L7K27 XD Kn—la ')7

foralla,6>0,K,L,Ky,.... K, 1 € K".
(c) S is translation invariant, i.e.

S(Kl + Zy, ...,Kn_l + Tp—1, ) = S(Kl, ...,Kn_l, '),

for all K; € K™ and all x; € R™.
(d) S is rotation covariant, i.e.

SWK, .., 0Kp_1,9A) = S(Ky, ..., Koy, A),

for all K; € K", all Borel sets A C S 1, and all rotations 9.
(e) S is continuous, i.e.

S(Kl(m)) ceey KT(LT)D ) - S(Kh “'7Kn—17 )

weakly, as m — oo, provided Ki(m) — K;,i=1,...,n—1.

Proof. (a), (b) and (c) follow directly from the integral representation and the
uniqueness in Theorem 3.5.2 together with the corresponding properties of mixed
volumes in Theorem 3.3.4.

(d) If po i denotes the image of a measure g on S™! under the rotation p, then
the assertion follows from

/ hi, (w)d[y' o SWK, ..., 0K, _1,-)](u)
Snfl
- / hie, (0~ W) dS (DK, .., D1, 1)
Sn—l

= / hqun(U)dS(’ﬁKl,...,ﬁKn_l,U)
Sn—1

== nV(ﬂKl, cing ?9Kn_1, ﬁKn)
= nV(Kl, ey anl, Kn)

:/ hKn(u)dS(Kl,...,Kn_l,u),
Sn—1
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where K,, € K" is arbitrary.
(e) For e > 0 and f € C(S"!), choose K, L € K" with

If = (hi =)l < e
and then mg such that Ki(m) CK;+B(1),i=1,..,n—1, and
VK™, . K™ K)—V(Ky,... Ky, K)| <e,

as well as
VK™, K™ L)~ V(Ky,... Ky, L)| <e,

for all m > mg. Then,

F)dS(K™, K™ () — F)dS(Ky, ... Kn_1,-)(u)

Sn—1 Sn—1

[ = e = ) S (R KL ) )

<

+

/ (hie — ho)(W)dS(E™, ... K™, ) w)
gn—1

‘wawwnwww»w&ﬂﬁw

+ / (f = (hg — hp))(wW)dS(Ky, ..., K,_1,-)(u)
Snfl
<|f = (hg = hp)|In V(K1 + B(1),..., K, -1 + B(1), B(1))
+nV(K™, K™ K - V(K. . K, K|
+alV(EM™, K™ L) - V(Ky, ... K1, L)

+ Hf - (h'K - h’L)”nV(Kb e '7Kn—1aB(1))
< C(Kl,...,Kn_l)E,

for m > my. O

Corollary 3.5.4. For j =0,...,n—1, the mapping K — S;(K,-) on K" is trans-
lation wnvariant, rotation covariant and continuous.
Moreover,

n—1
1
Sut(K +Bla),) = ja" 1- J(" )Sj(K,-),
]

for a >0 (local STEINER formula).

Proof. We only have to prove the local STEINER formula. The latter follows from
Theorem 3.5.3(b). O
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The interpretation of the surface area measure S,_1(P,-) for a polytope P is quite
simple. For a Borel set A C S™~!, the value of S,,_1 (P, A) gives the total surface area
of the set of all boundary points of P which have an outer normal in A (since this set
is a union of facets, the surface area is defined). In an appropriate way (and using
approximation by polytopes), this interpretation carries over to arbitrary bodies K:
Sn—1(K, A) measures the total surface area of the set of all boundary points of K
which have an outer normal in A.

Now we study the problem, how far a convex body K is determined by one of its
surface area measures S;(K,-), j € {1,...,n—1}. For j = n—1 (and n-dimensional
bodies), we can give a strong answer to this question.

Theorem 3.5.5. Let K, L € K" with dim K = dim L =n. Then
S’n,—l(K7 ) - Sn—l(L7 ')7
if and only if K and L are translates.

Proof. For translates K, L, the equality of the surface area measures follows from
Corollary 3.5.4.
Assume now S,,_1(K,-) = S,-1(L,-). Then, Theorem 3.5.2 implies
1
V(K,...,K,L) = —/ hr(w)dS,—1(K,u)
Sn—l

n

_ 1 /S  hu()dS, (L)

n

— V(L).

In the same way, we obtain V(L,..., L, K) = V(K). The MINKOWSKI inequalites
(Theorem 3.3.5) therefore show that

V(L)" =z V(K)"'V(L)

and
V(K)" > V(L)"'V(K),

which implies V(K) = V(L). Therefore we have equality in both inequalities and
hence K and L are homothetic. Since they have the same volume, they must be
translates. [l

The uniqueness result holds more generally for the j-th order surface area measures
(j € {1,...,n — 1}), if the bodies have dimension at least j + 1 (for j = 1 even
without a dimensional restriction). The proof uses a deep generalization of the
MINKOWSKI inequalities (the ALEXANDROV-FENCHEL inequalities).

Theorem 3.5.5 can be used to express certain properties of convex bodies in
terms of their surface area measures. We mention only one application of this type,
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other results can be found in the exercises. We recall that a convex body K € K"
is centrally symmetric, if there is a point © € R™ such that K —x = —(K — ) (then
r € K and x is the center of symmetry). Also, a measure p on S" ! is called even,
if 41 is invariant under reflection, i.e. u(A) = u(—A), for all Borel sets A C S™~ .

Corollary 3.5.6. Let K € K" with dim K = n. Then, K s centrally symmetric,
if and only if S,—1(K,-) is an even measure.

In the following, we study the problem which measures p on S"~! arise as surface
area measures S, _1 (K, -) of convex bodies K (the existence problem). Obviously, a
necessary condition is that p must have centroid 0. Another condition arises from
a dimensional restriction. Namely, if dim K < n — 2, then S,,_1(K,-) = 0, whereas
for dimK =n —1,K C ut,u € S"!, we have S, 1(K,-) = V,_1(K)(eu + £_4)
(both results follow from Theorem 3.5.2). Hence, for dim K < n — 1, the existence
problem is not of any interest. Therefore, we now concentrate on bodies K € K"
with dim K’ = n. Again, Theorem 3.5.2 shows that this implies dim S,,_1(K,-) = n,
where the latter condition means that S,,_;(K,-) is not supported by any lower
dimensional sphere, i.e. S, ;(K,S" '\ E) > 0 for all hyperplanes E through 0. As
we shall show now, these two conditions (the centroid condition and the dimensional
condition) characterize (n—1)-st surface area measures. We first prove the polytopal
case.

Theorem 3.5.7. For k > n+1, let uy,...,u;, € S™ ! be unit vectors which span
R™ and let v, ... v®) > 0 be numbers such that

k
Z v@Dy; = 0.
i=1

Then, there exists a (up to a translation unique) polytope P € P™ with dim P = n,

for which
k

Sua(P) = v,

i=1
i.e. theu; are the facet normals of P and the v are the corresponding facet contents.
Proof. The uniqueness follows from Theorem 3.5.5.

For the existence, we denote by R% the set of all vectors y = (yW, ..., y®) with
y@ >0,i=1,...,k ForyeRk, let
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Since 0 € P, this set is nonempty and polyhedral. Moreover, P, is bounded hence
a convex polytope in R™. Namely, assume ax € Py, for some z € S"~! and all
a > 0, then

(x,u;) <0, i=1,..., k.

Since the centroid condition implies

o)

Uy = —Zmuh

we would get

(x,u;) >0,
=2
and hence
(x,up) = -+ = (x,ux) = 0.
As a consequence (z,y) = 0, for all y € R", since uy, ..., u; span R". Hence x = 0,

a contradiction.
Therefore, P is a polytope. We next show that the mapping y +— P}, is concave,
i.e.

(%) YPy + (1 = 7) P C Plyyt—)2)s

for y,z € R% and v € [0,1]. This follows since a point z € vPy + (1 — 7) Py,
r =1+ (1 —7v)a", 2" € Py, 2" € Py, fulfills

<‘:C7 U’Z> = 7<xl7ui> + (1 - 7) <xlla U”L>
<yy? 4+ (1—7)20.

Since the normal vectors u; of the half spaces {(-,u;) < y®} are fixed and only
their distances y® from the origin vary, the mapping y — Py is continuous (w.r.t.
the Hausdorff metric). Therefore, y — V(Py,) is continuous, which implies that the
set

M:={yeR; :V(P,) =1}

is nonempty and closed. The linear function
1 1) (*)
gp::ﬁ(,v), vi= (v, . o),

is nonnegative on M (and continuous). Since v > 0,i = 1,...,k, there is a vector
yo such that ¢(yo) =: @ > 0 is the minimum of ¢ on M.
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We consider the polytope @ := P,;. Since V(Q) = 1, @ has interior points (and
0 € Q). We may assume that 0 € int ). Namely, for 0 € bd @, we can choose a
translation vector ¢ € R™ such that 0 € int (Q) + t). Then

k
Q+t=[{w) <a'}
=1

with gj(()i) = y(()i) + (t,u;), i = 1,..., k. Obviously, g](()i) > 0 and Q +t = Py,
Moreover, V(Q +t) = V(Q) =1 and

k

©(T0) = ! (Yo, v) + %Z“v U¢>U(i)

n -
=1

k
1 .
— —{t i ()
pyo) + (¢, ;_1 uiv™”)
et O[’
since Zle u; v = 0. Hence, we now assume 0 € int ), which gives us yéi) > (0 and

therefore a > 0. We define a vector w = (w™, ..., w®), where w® is the content
Vo—1(Q(u;)) of the support set of @ in direction w;, i = 1,..., k. Then,

k
1 Do 1
1=V(@Q = ww” = —(y,w)
i=1

1 1

= a@(yo) = — (Y0, ).

an
Hence,
1
<y07w> - <y07 av> =n.

Next, we define the hyperplanes
E={(,w) =n}
and 1
F = {(,—v) =
{0y =n}

in R*. We want to show that £ = F. First, we notice that yo € £ N F. Since
1o has positive components, we can find a neighborhood U of yq, such that y € U
has the following two properties. First, y® > 0 for i = 1,...,k and second every
facet normal of Q = P, is also a facet normal of P,). We now consider y € F'NU.
Assume V' (P)) > 1, then there exists 0 < § < 1 with

V(P[ﬁy]) =L
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Since y € F, .
80(6:’4) = ;<ﬁy,7}> = ﬁ& <a,

a contradiction. Therefore, V(P,;) < 1. For ¢ € [0, 1], the point Jy + (1 — )y is
also in F'NU. Therefore the volume inequality just proven applies and we get from

()
V(0P + (1 =9)Q) < V(Poy+-oy)) < 1.

This yields

V(Q,...,Q,Py) = 1 lim VWP, +(1-9)Q)— (1 —-9)"

n 9—0 05
1 _ _ n

< 1 lim 1 (1 19)
n 9—0 )

=1.

Since by our assumption, each facet normal of () is a facet normal of P, we have
hp,, (u;) =y, for all i for which w® > 0. Hence

k

1 7
1>V(Q,...,Q,Py) = - > b, (ur)w®

=1

1
- ﬁ<y7 U)),
for all y € FNU. This shows that F N U C E, which is only possible if £ = F.
Since £ = F implies w = %v, the polytope P := "/aQ fulfills all assertions of
the theorem. O

We now extend this result to arbitrary bodies K € K.

Theorem 3.5.8. Let i be a finite Borel measure on S™ 1 with centroid 0 and
dimp = n. Then, there exists a (up to a translation unique) body K € K", for
which

Sn_l(K, ) = U.

Proof. Again, we only need to show the existence of K.

We make use of the fact that u can be approximated (in the weak convergence)
by discrete measures (measures with finite support) p; — p, for j — oo, which
also have centroid 0 and fulfill dimp; = n. The measure p; can, for example, be
constructed as follows. We divide S"! into finitely many pairwise disjoint Borel
sets A;;,1=0,1,...,k(j), such that u(Ag;) = 0, whereas diam(cl conv 4;;) < % and
p(A;;) >0, fori=1,...,k(j). We then put

k(j)
= Zu(Aij)H%nguij’
i=1
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where

1
Tij = m/A udp(u),

ij

and u;; 1= ”z—J” This definition makes sense since, for ¢ > 1, it can be shown that
]

0 ¢ clconv A;; and therefore z;; # 0. Moreover, u; has centroid 0 and converges
to p (see the exercises). Because of dim o = n, we must have dim p; = n, for large
enough j.

From Theorem 3.5.7, we obtain polytopes P; with 0 € P; and

,uj: n—l(Pj '), ]:1,2,

We show that the sequence (Pj)jeny is uniformly bounded. First, F(P;) =
i (S™1) — w(S™1) implies that

F(P)<C, j=12,...,
for some C' > 0. The isoperimetric inequality shows that then
V(P)<C, j=12...,

for another constant C' > 0. Now let z € S*' and «a; > 0 such that oz € P;,
hence [0, a;z] € P;. Since

h[o’ajz] = qj maX(<'Ta '>7 0)7

we get
1 ()
V(p) =~ > (ui) Vo (Py(uig)
=1

(4)
1
= n Z o,z (i) Vo1 (P (i5))
i=1

=Y max((x,u),0)dp;(u).

n Sn—1
The weak convergence implies

1 1
— /Sn1 max({z,u), 0)dpu;(u) — — /Sn1 max ((z, u), 0)du(u).

n n
Since dim p = n, we have

f(z) = 1 /sw—l max((z,u),0)du(u) > 0,

n



3.5. SURFACE AREA MEASURES 105

for all z € S"~1. The theorem of dominated convergence shows that f is continuous,
hence

¢= min f(z)

exists and we have ¢ > 0. Therefore, a; < C” for all j > jy, with suitable j, and a
certain constant C”. This shows that the sequence (P});ey is uniformly bounded.

By BLASCHKE’s selection theorem, we can choose a converging subsequence
P, — K,r — o0, K€ K" Then

Snfl(PjTa ) - nfl(Ka ')7

but also
Sn*1<Pjr7 .> - M-

Therefore, S,,_1(K, ) = p. O

Exercises and problems

1. Let K, M,L € K™ such that K = M + L. Show that

forj=0,...,n—1.
2. Let K € K", dim K = n, O € O™ be an orthogonal matrix and
f:R" - R", xz+— Ox

the associated linear mapping. Show that 6K is a translate of K if and only if the
area measure of K is invariant under 0, i.e.

Sp 1(K,A) =5, 1(K,071(A))
for all Borel sets A ¢ S™~ L.

3. Let K € K" and r(K) be the circumradius of K. Show that r(K) < 1 if and only
if V(K,M,...,M) < LP(M) for all M € K.

4. Let a € (0,1) and M, L € K" with dim M = dim L = n.
(a) Show that there is a convex body K, € K™ with dim K, = n and

Su1(Kay ) = aSp_1(M,") + (1 — a)Sp_1(L, ).
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(b) Show that
1

V(Ka)" >aV(M) s +(1—a)V(L),

with equality if and only if M and L are homothetic.

5. Complete the proof of Theorem 3.5.8 by showing that the measures p; are well-
defined (i.e. that x;; # 0), have centroid 0, fulfill dim p1; = n, for almost all j, and
converge weakly to the given measure p (as j — 00).
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3.6 Projection functions
For a convex body K € K™ and a direction u € S"!, we define
v(K,u) ==V, (K |ut),

the content of the orthogonal projection of K onto the hyperplane u*. The function
v(K,-) is called the projection function of K. We are interested in the information on
the shape of K which can be deduced from the knowledge of its projection function
v(K,-).

First, it is clear that translates K, K + z,x € R", have the same projection
function. Second, K and —K have the same projection function, which shows that
in general K is not determined by v(K, ) (not even up to translations). The question
occurs whether we get uniqueness up to translations and reflections. In order to give
an answer, we need a representation of v(K-).

Theorem 3.6.1. For K € K" and u € S, we have

1

v(K,u) = §[qn_1 |(z,u)| dS,—1(K, x).

Proof. An application of FUBINT’s theorem shows that
V(K + [—u,u]) = V(K) + 2v(K,u).

On the other hand, we have

V(K + [~u,u)) = Y (T,L)V(K,...,Ig,l—u,u],...,[—u,u]).

- (4 -
=0

7 n—i

From Exercise 3.3.1, we know that

V(K,...,K,[-u,u],...,[-u,u]) =0,
N— /

fort=20,...,n — 2, hence
o(K,u) = gV(K, o K [ )).

The assertion now follows from Theorem 3.5.2, since the segment [—u, u] has support
function |(-, u)|. O
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Remarks. A couple of properties of projection functions can be directly deduced
from Theorem 3.6.1.

(1) We have v(K,-) =0, if and only if dim K < n — 2.
(2) IfdimK =n—1, K C ot, then

u(K, ) = Vo (K) (2, ).

(3) If dim K = n and K is not centrally symmetric (i.e. S, (K, ) # S,_1(—K, ")),
then there is an infinite family of bodies with the same projection function. Namely,
for a € [0, 1], there is a body K, € K" with dim K, = n and

Sn_l(Ka, ) = OzSn_l(K, ) + (1 — Oé)Sn_l(—K, )
(see Exercise 3.5.4(a)). Then,
V(Ky, ) =av(K,- )+ (1 —a)v(—K,-) =v(K,-).

This also shows that there is always a centrally symmetric body, namely K 1 with
the same projection function as K.

(4) Since |(z,-)| is a support function, the function v(kK,-) is a positive combination
of support functions, hence it is itself a support function of a convex body II1K,

hHK = ’U(K, )

We call IIK the projection body of K. The projection body is always centrally
symmetric to the origin and, if dim K = n, then dim 1K = n.

Before we continue to discuss projection functions, we want to describe projection
bodies geometrically.

Definition. A finite sum of segments Z := s; + --- + s; is called a zonotope. A
zonoid is a convex body which is the limit (in the Hausdorff metric) of a sequence
of zonotopes.

Zonotopes are polytopes and they are centrally symmetric. Namely, if s; = [—y;, y;|+
x; is the representation of the segment s; (with center x; and endpoints —y; + z;,
Yi + x;), then

k k
Z = Z[_yiayi] + le
i=1 i=1

Hence, = := Zle x; is the center of Z. Zonoids, as limits of zonotopes, are also
centrally symmetric. We assume w.l.o.g. that the center of zonotopes and zonoids
is the origin and denote the correspondings set of zonoids by Z™.

The following results show that zonoids and projection bodies are closely related.
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Theorem 3.6.2. Let K € K". Then, K is a zonoid, if and only if there exists an
even Borel measure p(K,-) on S"! such that

bre() = [ (o wldu(K, o)
Sn—1
For a zonoid K, the measure pu(K, ) is called the generating measure of K.

Proof. Suppose
() = [l ldui. o)

As in the proof of Theorem 3.5.8, we find a sequence of even, discrete measures
Ky — [L(K ) ')7

k(5)
| .
Wy = 5 E aij(GUij + E_uij), U5 € S 1, Qij > 0.
=1

Then,

is a zonotope and

o) = [ e ldny(o)

- |(m,u>|d,u(K,x) :hK(u)7
gn—1

for all u € S"1. Therefore, Z; — K (as j — 00), i.e. K is a zonoid.
Conversely, assume that K = lim;_,, Z;, Z; zonotope. Then,

k(5)

Zi = =i vij]

i=1
with suitable vectors y;; € R". Consequently,

k(5)
hzj (U> = Z |<ylj7u>|

=1

_ / )l ),
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where
1 k(5)
Hi=3g Z 19351l (ewsy + €-uyy)
i=1
and
s |

We would like to show that the sequence (11;);jen converges weakly.

We have

Uy -

/ th (u)du = ’{n—l‘/l(Z]) — "fn—l‘/l(K)-
Sn—1

Also, using FUBINI’s theorem and Theorem 3.6.1 (for the unit ball), we get

[ hnde= [ [ e apldudin @) = 20,05,
Snfl Snfl Snfl

Hence, 11;(S™ 1) is bounded from above by a constant C, for all j. Now we use the
fact that the set M¢ of all Borel measures p on S"! with p(S"™!) < C' is weakly
compact (see, e.g., the books of Billingsley, Convergence of probability measures,
Wiley 1968, p. 37; or Ganssler-Stute, Wahrscheinlichkeitstheorie, Springer 1977,
p. 344). Therefore, (1;)jen contains a convergent subsequence. W.l.o.g., we may
assume that (u;);en converges to a limit measure which we denote by p(k, ). The
weak convergence implies that
hi(u) = lim hz, (u)

J—00

—tim [ | u)ldpy ()

jﬁ’oo Sn—1
= [ Mowldut. ).
[

Remark. As the above proof shows, we have dim K = n, if and only if dim p(K, -) =
n.

Corollary 3.6.3. The projection body 11K of a convex body K is a zonoid. Re-
versely, if Z is a zonoid with dim Z = n, then there is a convex body K with
dim K = n and which is centrally symmetric to the origin and fulfills

Z =11K.

Proof. The first result follows from Theorems 3.6.1 and 3.6.2. For the second, The-
orem 3.6.2 shows that

o) = [ lau)ldu(zZ.a)
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with an even measure p(Z,-), dim u(Z,-) = n. By Theorem 3.5.8,
M(Zv ) = Snfl(Kﬂ ')7

for some convex body K € K", dim K = n, and hence Z = I1K. By Corollary 3.5.6,
K is centrally symmetric. O]

Finally, we want to show that the generating measure of a zonoid is uniquely deter-
mined. We first need two auxiliary lemmas. If A is the (n X n)-matrix of an injective
linear mapping in R"™, we define

AZ ={Ax:z € Z}

and denote by Ay, for a measure p on S"7!, the image measure of

[ slduta)
)

under the mapping

xH—xH, re St

|| Az
Lemma 3.6.4. If Z € K" is a zonoid and

he= [l dn(z.),
then AZ is a zonoid and
haz = /S J dAn(Z ),
Proof. We have

haz = sup (u,x) = sup(u, Az) = sup({ATu,z) = hy (A" u)
r€AZ T€Z T€Z

:/ |(x,ATu>|du(Z,$)=/ |(Az, u)|dp(Z, x)
gn—1 Sn—1

Ax
- [ Az, = [ GldAuZ.),

Sn—1

Let V denote the vector space of functions

F= [ Nadute) = [ 1o dota)

where p1, p vary among all finite even Borel measures on S"~!. V is a subspace of
the Banach space C.(S"!) of even continuous functions on S™ 1.
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Lemma 3.6.5. The vector space V is dense in C.(S™™1).

Proof. Choosing u = cw,_1, for ¢ > 0, and p = 0 (or vice versa), we see that V
contains all constant functions.

By Lemma 3.6.4, the support functions hapay lie in V, for all regular (n x n)-
matrices A (the body AB(1) is an ellipsoid). Smce

hapay(u) = ||ATul], ue S
we obtain all functions

f(B,u) :== \/(Au, Au) = /(AT Au, u)

1
Bu u) (Z biju; uj> ,

7,0=1

where B = AT A = ((b;;)) varies among the positive definite (n x n)-matrices B. For
€ >0, let B = (b)) with

- bij + € i (4,7) € {(40, Jo)s (Jo,%0)},
bij - { bi; f (4,7) ¢ {(io, Jo), (Jo,70) } -

Then, B is symmetric and positive definite, for small enough e. Consequently,

e f(B,)—f(B,-) _ Of
_ ) — f(B,-
11_{% - = o (B,-) €clV.

A direct computation yields

of (B7u) = “io Lo .
(%iojo f(B, U)
Repeating this argument with b;,;, etc., we obtain that all partial derivatives of f
w.r.t. variables in B are in cl V), hence all functions

UHw, Z1+"'+Zn:2k,k:1,2,....
Now we choose B to be the unit matrix. Then f(B,:) = 1, hence all even

polynomials are in clV. The theorem of STONE-WEIERSTRASS now shows that
V= C. (5" ). O
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Theorem 3.6.6. For a zonoid Z € K", the generating measure is uniquely deter-
mined.

Proof. Assume we have two measures y := u(Z,-) and p on S with

/sm [z, -)du(z) = /Sn1 [(@, -)|dp(z).
/sm/gmx“'d“ /W/quldp z)dji(u),

for all measures i on S™ !. Replacing fi by a difference of measures and applying
FUBINT’S theorem, we obtain

Then,

f(@)dp(r) = f(@)dp(z),

Sn—1 Sn—1
for all functions f € V. Lemma 3.6.5 shows that this implies u = p. O

Combining Theorem 3.6.6 with Theorems 3.6.1, 3.6.2 and 3.5.8, we get directly our
final result in this chapter.

Corollary 3.6.7. A centrally symmetric convex body K € K™ with dim K = n is
uniquely determined (up to translations) by its projection function v(K,-).

Exercises and problems

1. Let n > 3 and P € K" be a polytope. Show that P is a zonotope, if and only if all
2-faces of P are centrally symmetric.

2. Let Z € K" be a zonoid and uq,...,u, € S* L
(a) Show that there exists a zonotope P such that
hZ(ui):hP(ui)’ Z:]-’?k

Hint: Use CARATHEODORY’s theorem for a suitable subset A of R¥.

(b) Show in addition that P can be chosen to be the sum of at most k& segments.

Hint: Replace CARATHEODORY’s theorem by the theorem of BUNDT.
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3. Let P, € P™ be zonotopes and K € K" a convex body such that
P=K+ Q.
Show that K is also a zonotope.

x 4. Let P € P™ be a polytope. Show that P is a zonotope, if and only if hp fulfills the
HLAWKA inequality:

(x) hp(z) +hp(y) +hp(z) + hp(z +y+2) > hp(x+y) +hp(z+2)+ hp(y + 2),

for all z,y, 2z € R™.

Hint: For one direction, show first that (x) implies the central symmetry of P and
then that (x) implies the HLAWKA inequality for each face P(u),u € S"~!. Then
use Exercise 1 above.

5. Let Z € K™ be a zonoid.

(a) For u € S"!, show that Z(u) is a zonoid and that

how = [ Mol Zdn) + (o),

where

Ty 1= 2/ xdu(Z, x).
{zeSm—1:(zu)>0}

(b) Use (a) to show that a zonoid which is a polytope must be a zonotope.



Chapter 4

Integral geometric formulas

In this final chapter, we discuss integral formulas for intrinsic volumes V;(K), which
are based on sections and projections of convex bodies K. We shall also discuss
some applications of stereological nature.

4.1 Invariant measures

As a motivation, we start with the formula for the projection function v(K,-) from
Theorem 3.6.1. Integrating v(K,u) over all u € S"~! (with respect to the spherical
LEBESGUE measure w,_1), we obtain

/ v(K,u)du = Hn_1/ dSn-1(K,z) = 26,1 Vp_1(K).
Sn—1

Sn—1

Since v(K,u) = V,_1(K|u'), we may replace the integration over S™! by one
over the space L ; of hyperplanes (through 0) in R", namely by considering the
normalized image measure v,,_; of w,_; under the mapping u — u*. Denoting the
integration by v,,_1 shortly as dL,,_;, we then get

2"£n—1

/ Ve (K| Ly )Ly = 251, (F).

n—1 n

This is known as CAUCHY’s surface area formula for convex bodies. Our first goal is
to generalize this projection formula to other intrinsic volumes V; and to projection
flats L, of lower dimensions. This requires a natural measure v, on the space of
g-dimensional subspaces first. Later we will also consider integrals over sections of
K with affine flats and integrate those with a natural measure p, on (affine) g-flats.
This first section discusses how the measures v, and p, can be introduced in an
elementary way.

We start with the set L} of g-dimensional (linear) subspaces of R", ¢ € {0,...,n—
1}. Ly becomes a compact metric space, if we define the distance d(L, L'), for

115
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L, L' € L7, as the HAUSDORFF distance of L N B(1) and L' N B(1). We want
to introduce an invariant probability measure v, on Ly. Here, probability measure
refers to the Borel o-algebra generated by the metric structure and invariance refers
to the rotation group SO, and means that

vg(0A) = vg(A),

for all ¥ € SO, and all Borel sets A C L} (with JA := {JL : L € A}). We will
obtain v, as the image measure of an invariant measure v on SO,,.

The rotation group SO,, can be viewed as a subset of (S"~1)" C R™, if we identify
rotations 9 with orthogonal matrices A (with det A = 1) and then replace A by the
n-tuple (ay,...,a,) € (S )" of column vectors. The euclidean metric on R™
therefore induces a metric on SO,, and SO,, becomes a compact metric space in this
way. It is easy to see that the operations of multiplication and inversion in SO, (i.e.
the mappings (9, 7n) — 9n and ¥ — 9¥~1) are continuous. This shows that SO,, (with
the given metric) is a compact topological group. A general theorem in the theory of
topological groups implies the existence and uniqueness of an invariant probability
measure v on SO, (called the HAAR measure). Since SO, is not commutative,
invariance means here

v(vA) =v(A), v(AY) = v(A), v(A™H =v(A),
for all ¥ € SO,, and all Borel sets A C SO,,, where
VA={n:nec A}, Ad:={np:nc A}, A'={n't:nec A}
However, we can show the existence of v also by a direct construction.
Lemma 4.1.1. There is an invariant probability measure v on S™ 1.

Proof. We consider the set LU, C (S™')" of linearly independent n-tuples. LU, is
open and the complement has measure zero with respect to w, 1 ® --- ® w,_1. On
LU, we define the mapping T onto SO,, by

(%) T(z1,. .. ) ;:( o Y )

(E728 — A

where (y1,...,¥,) is the n-tuple obtained from (xy,...,z,) by the GRAM-SCHMIDT
orthogonalization procedure (and where, in addition, the sign of y, is chosen such
that the matrix on the right side of (%) has determinant 1). Up to the sign of y,,

we thus have
k—1

Yk :Ik_z<xkayz>ﬂ ]{322,...,”,

= lyill”
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and y; := x7. T is almost everywhere defined (with respect to w, 1 ® -+ ® wy_1)
and continuous. Let 7 be the image measure of w, | ®---®w,_; under T'. For each
continuous function f on SO, and v € SO,,, we then get

f(@n)dv(n) = /S o FOT (2, ... x,))day - - da,,

Jy; . .0
:/ / f(( Y. .. yn))dx1-~dxn.
R O B N 771 I 7

dyp . .Yy,
( n. 4 )zT(ﬁxl,...,f}xn),
gl llymll

SOn

Obviously,

and we obtain
f@n)dv(n) = [ f(n)dv(n).
50n, S0n
This shows that 7 is invariant from the left. Invariance from the right and inversion
invariance can be shown in a similar manner (see the Exercises).
The normalized measure v := (1/nk,)"v fulfills now all assertions of the lemma.

[]

For the rest of this chapter we choose a fixed subspace L2 € Ly as a reference space
and define
vy =®dov,
where
¢ : 50, — Ly, Y 19L2.

It is easy to see that ® is continuous and therefore measurable. The definition of
v, 1s based on the fact that the rotation group SO, operates transitively on Ly,
which means that for given L,L" € L} there is always a rotation ¢ with L' = JL.

This implies that the images 19L2,19 € SO,, run through all elements of Lj. We
abbreviate the integration with respect to v, by dL,.

Theorem 4.1.2. For g € {1,...,n— 1}, the measure v, is an invariant probability
measure. It is the only invariant probability measure on L.

Moreover, for a continuous function f on Ly, we have
f(Lq>qu = f(LrJ{—q)dLnfqa
Ly Loq

for1<qg<n-—1, and

Lo)dL, = L)dL, | dL,,,
[ s, / (/Wm)f( ) )

for0<qg<m<n—1. (Here L}(Ly) :={Lq € L] : Ly C Ly} and we identify this
set with L)
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Proof. Obviously, v, is a probability measure. To show its invariance, let f be a
continuous function on £y and n € SO,,. Then

f(nLy)dL, = FIL)dv (V)
Ly SOn

= [ flpLy)dv(p)
SOnp

= f(Lq>qu-
L3

Next, we show the uniqueness. Assume that v, is also an invariant probability
measure on L£y. Then

fLavL) = | [ forw L))
cp SOn Jipn
[ ] rorw@aL,)
nJs50,
For Ly, Ly, € L} there exists an n € SO, with L, = nL;, hence

f(ILg)dv(0) = F(InLy)dv (D)
SOn, SOn,

= [ FOL)dv (V).

SOn
This shows that the function
Ly — f(0Lg)dv (1)
SOy,
is a constant ¢(f), which implies that

FEL) = elf) [ dvy(Ly) = (7).

n
['q q

In the same way, we get

hence

f(Lq)dV;(Lq) = f(Lg)dLy,
cn co

for all continuous functions f on L7. Therefore, v, = v,.
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The two integral formulas now follow from the uniqueness of v,. Namely,

f = f(Li—q)dLn—q

defines a probability measure v/

. on L7 (by the RIESZ representation theorem). The
invariance of v,,_, shows that I/(/J is invariant, hence 1/(’1 = V4. In the same manner, we
obtain the second, iterated integral formula. Here, the uniqueness result is already
used to show that the invariant measure v2*" on L7(JLy,) is the image under

L — 9L of the invariant measure v, on L(Ly,). O

Now we consider the set £ of affine ¢-dimensional subspaces (g-flats, for short) in
R™. Each E, € £ has a unique representation £, = L, +x, L, € L7,z € LqL. This
allows us to define a metric on &, namely as

d(ECb Eé) = d(LQ7 L;) + d(ﬂ?, ZL’/>~

The metric space &' is locally compact but not compact. We define the measure p,
as the image
tg :=Vo (r®_g),
where
VS0, x (L) — &, (9, x) — I(L) + x)

and \,_, is the LEBESGUE measure on (L0)*. Apparently, j1,(E]') = oo, but the set
Er(B(1)) of g-flats intersecting the unit ball has finite measure,

1q(E (B(1))) = Fn—g-

For the measure ,, invariance refers to the group G, of rigid motions, that is

11q(9A) = 114(A),

for all g € G, and all Borel sets A C & (again gA = {gL : L € A}). Asin
the case of v,, we will denote integration by g, simply as dE,. For a flat E,, €
Er,qg<m<n—1,weput ENEy,) = {E, € £ : B, C E,}. Because of the unique
decomposition En, = Ly, + x, Ly € L],z € L,,, we may identify £'(E,,) with £

(by mapping x to the origin). We denote by dL,, the integration with respect to
the corresponding measure on &7 (Ey,).

Theorem 4.1.3. For ¢ € {0,...,n — 1}, p, is an invariant measure.
For a continuous function f on £ with compact support, we have

F(E,)dE, — / F(Ly + 2)dzdL,
& iV Ly
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Furthermore,
f(Eq)qu = / (/ f(Eq)qu> dE,,
&n en \JEr(Em)
for0<g<m<n-—1.

Proof. For the invariance of 11, we consider g € GG, and a continuous function f on
&, with compact support. By definition of y,,

_ 0
[ o, = /S 5 /(Lg)L FgI(L0 + 2))dadd.

We decompose g into rotation and translation,
g:z—n(z+y), n € SO,y eR",
and put z’ := 9~ 'y|(LJ)*. Then,
g9(L) + x) = nd(Ly + x + '),

hence

J

f(gE)dE, = /S i /(LO)L f(p(Ly + z))dzdp

n
q

— | 1(E)dE,
&

The first integral formula follows from

an f(E)dE, = /Son /@g)L FO(LS + z))dady (V)

= / / FOLY + x))dzdv (V)
SO, J(WLY)+

:/ f(Ly + z)dxdL,.
i Ly

For the second integral formula, we consider £, € Sg(Em). Because of F,,, = L,,+x,
L, € L x € L, we get

E,=L;+x+y
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with Ly € £(Lyp,) and y € Ly N Ly,. Therefore,

/ / f(E)dE, |dE,,

En EXN(Em)
Y ( [ ] f(Lﬁw)dyqu) dedl
Ln JLL L2 (Lm) J LENLy,

m

Lo (L st ) o,
n J L (Lim) L JLInL,

m

[ ( f(LMdz) ALl
n JLr (L) \JLE

= / f(Ly+ z)dzdL,
n L{JI_

f(Eq)dE,
&
where we have used the first integral formula and also Theorem 4.1.2. O]

We remark that it is also possible to prove a uniqueness result for the measure p,,
but the proof is a bit more involved. We also remark, that both measures v, and g,
are actually independent of the choice of the reference space Lg.

Exercises and problems

1. Fill in the arguments omitted in the proof of Lemma 4.1.1 (invariance from the right
and inversion invariance) by showing that

v(AY) = v(A), and v(A™H) = v(A),
for all ¥ € SO,, and all Borel sets A C SO,,
2. Show that

/ / L1 + x))dxdv (9 / / L0 + x))dzdv(9),
SOn J(Lg)* SO J(L9)+

for Lg, Lé € L} and a continuous function f on &' with compact support (indepen-
dence of the reference space).

* 3. Show that p, is the only invariant measure on £ with

1q(E4 (B(1))) = Kin—q-
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4.2 Projection formulas

Theorem 4.2.1 (CAucCHY-KUBOTA). Let K € K", g € {0,...,n— 1} and j €
{0,...,q}. Then, we have

/ Vj(K|Lq)qu = ﬁnqu}(K)

q
with
(;1) Rgbn—j
(?) Fnkq—j

ﬂnjq =

Proof. The mapping L, — K|L, is continuous, therefore
Ly = Vi(K[Lg)

is continuous.

We first consider the case ¢ = n — 1. For j = ¢, we get CAUCHY’s surface
formula which has been proved already at the beginning of section 4.1. For 5 < g,
we combine this with the STEINER formula (in dimension n — 1). We obtain

Nky
Vie1(K + B(a)) = ST / Vo1 (K|Lp—1 + [B(a) N Ly—1])d Ly,
n— n—1
nk, <
_ n nelej Vi(K|Ly_1)dL,_,.
e ot [ vihin

(Here, we make use of the fact that V,,_; is dimension invariant, hence V,,_1 (K |L,_1)
yields the same value in L, ; as in R™) On the other hand, Corollary 3.5.4 (or
Exercise 3.3.7) show that

Vil + B(a) (= S+ B(@)
5 a1 ]—)F&n LVi(K).

The formula for j < ¢ = n — 1 follows now by comparing the coefficients in these
two polynomial expansions.

Finally, the case ¢ < n — 1 is obtained by a recursion. Namely, assume that the
formula holds for ¢ + 1. Then, using Theorem 4.1.2 we obtain

/ V}(K|Lq)d[’q = / (/ Vj(K|Lq)qu> quH-
n L£r L (Lgt1)
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The inner integral refers to the hyperplane case (in dimension ¢ + 1) which we have
proved already. Therefore,

J

ViKILAL, = Bgsnia | Vi(KILp)dLges

a L34
= 6(q+1)jq6nj(q+1)v}<K)
= ﬂnqu}(K)’

where we have used the assertion for ¢+1 and the fact that K|L, = (K|Ly41)|L,. O

Remarks. (1) For j = ¢, the CAuCHY-KUBOTA formulas yield

1

v =5 |
njj J L

Vi(K|L;)dLy;,

hence V;(K) is proportional to the mean content of the projections of K onto j-
dimensional subspaces. Since V;(K|L;) is also the content of the base of the cylinder
circumscribed to K (with direction space Lt), V;(K|L;) was called the ‘quermass’
of K in direction L*. This explains the name ‘quermassintegral’ for the functionals
Wi (K) = cn;V;(K).

(2) For j = ¢ = 1, we obtain
1
ﬁnll

This gives now a rigorous proof for the fact that V;(K) is proportional to the mean
width of K.

Vi(E) /L VUKL

Exercises and problems

1. Prove the following generalizations of the CAUCHY-KUBOTA formulas:

(a) /EV(q)(Kl\Lq,...,Kq]Lq)qu:%qV(Kl,...,Kq,B(l),...,B(l)),
D e

n—q

a4
for Ky1,...,K, € K", 0< g <n—1, and a certain constant 7,,

(b) /£ ) S\ (K|Lq, AN Ly)dLg = 6,j0S;(K, A),
q

for K € K™, a Borel set A C 8" !, 0<j <q<n-—1,and a certain constant Onjq-
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4.3 Section formulas

Theorem 4.3.1 (CROFTON). Let K € K", ¢ € {0,...,n— 1} and j € {0,...,q}.
Then, we have
[ Vi O EAE, = angVaes )
with
(j)ﬁq“nﬂ'—q

anjq = n .
(q—j) /{nlij

Proof. Here, we start with the case j = 0. From Theorem 4.1.3, we get
/ WK NE)dE, = / / Vo(K N (Ly + x))dzdL,.
& Ly JLg

On the right-hand side, the integrand fulfills

1 ., weK|L:,
%(Kﬂ(Lq+x))_{O if I¢K|Li
7

Hence, using Theorems 4.1.2 and 4.2.1, we obtain

J

Vo(K N E,)dE, = / Vooo(K|L;)dL,
L

n
q

:/n Vn—q<K‘Ln—q)dLn—q

n—q

= Bu(n—q)(n—q) Vn—q(K)
— aanVn—q(K)-

n
q

This proves the result for j = 0.

Now, let j > 0. We use the result just proven for K N E, (in E,) and obtain
1
Vi(KNEy) = _/ Vo(K N Ey—j)dEq;.
Baii Jer )

Hence,

J

v nEiE, =5 [ PR
RN
B
_ Brtnti-onti-a) Voo o(E)
Bajj
= anjqVnrj—q(K),

where we have first used Theorem 4.1.3 and then again the result above. [

n
q

/ %(K n Eq*j)qufj
2
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Remarks. (1) Replacing the pair (j,q) by (0,n — j), we obtain

1
Vi(K) = | VKN E, i,

Xno(n—j) Jer_
1

Ano(n—j) JKNE,_;#0
1

- pn—i({En_j € En i KNE, ;# 0}).
¥no(n—j)

Hence, V;(K) is (up to a constant) the measure of all (n — j)-flats which meet K.
(2) We can give another interpretation of V;(K) in terms of flats touching K.

Namely, consider the set

Ala) = ({Ep_j_1 € &

n—j—1

KN Enfjfl = @, K + B(Oé) N Enfjfl 7A @})

These are the (n — j — 1)-flats meeting the parallel body K + B(«) but not K. If
the limit

lim —1,5-1(A(@))

a—0

exists, we can interpret it as the measure of all (n — 7 — 1)-flats touching K. Now
(1) and Exercise 3.3.7 show that

1 Qno(n—j—1) [

hass1(A(0) =

J .
— Qn0(n—j—1) Jj+1—i n—1 Kn—i Vi(K
mey ()

Rp—j—1

Vis1(K + B(a)) = Vi (K)]

. Rp—j
- anO(n—j—l)(” - j) K : ‘G(K)v

n—j—1
as a — 0.

(3) We can use (1) to solve some problems of Geometrical Probability. Namely, if
K, Ky € K™ are such that K C Ky and V(Kp) > 0, we can restrict p, to {E£, € &' :
KyN E, # 0} and normalize it to get a probability measure. A random ¢-flat X,
with this distribution is called a random gq-flat in Ky. We then get

Vg (K)

PI‘Ob(Xq NK 7é @) = V_—(I(O)

As an example, we mention the BUFFON needle problem. Originally the problem
was formulated in the following way: Given an array of parallel lines in the plane
R? with distance 1, what is the probability that a randomly thrown needle of length
L < 1 intersects one of the lines? If we consider the disc of radius % around the center
of the needle, there will be almost surely exactly one line of the array intersecting
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this disc. Hence, the problem can be formulated in an equivalent way: Assume the
needle N is fixed with center at 0. What is the probability that a random line X;
in B(3) intersects N? The answer is

Prob(X; NN #0) = %

L
/2
2L
=—
(4) In continuation of (3), we can consider, for K, K, € K" with K C K, and
V(Kp) > 0 and for a random ¢-flat X, in K, the expected j-th intrinsic volume of
KnNnX, je{0,...,q}. We get
_ V(KN Ey)dE,
f Vo(KoN E,)dE,
= anqunﬂ'fq(K)‘
n0gVn—q(Ko)
If Ky is supposed to be known (and K is unknown) and if V;(K N X,) is observable,
then

EV;(K N X,)

Mvj( KN Xq)
Qnjg

is an unbiased estimator of V,,;;_,(K). Varying ¢, we get in this way three estimators
for the volume V(K), two for the surface area F'(K) and one for the mean width
B(K).

The estimation formulas in Remark (4) would be of practical interest, if the set K
under consideration was not supposed to be convex. In this final part, we therefore
want to generalize the CROFTON formulas to certain non-convex sets. The set class
which we consider is the convexr ring R"™, which consists of finite unions of convex
bodies,

k
R":={|JKi:keN K, € K"}.
i=1

We assume () € K™, hence R™ is closed against finite unions and intersections, and
it is the smallest set class with this property and containing K". It is easy to see
that R" is dense in the class C" of compact subsets of R™ (in the Hausdorff metric),
hence any compact set can be well approximated by elements of R"™.

Our first goal is to extend the intrinsic volumes V; to sets in R™. Since V; is
additive on K" (see the exercises), we seek an additive extension. Here a functional
p on R" (or K") is called additive, if

P(KUM)+o(KNM)=¢(K)+p(M).
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On R"™, we require that this relation holds for all K, M € R", whereas on K"
we can only require it for K, M € K" with K UM € K". In addition, we as-
sume that an additive functional ¢ fulfills (@) = 0. If ¢ : R" — R is addi-

tive, the inclusion-exclusion principle (which follows by induction) shows that, for
Ae R A=Ur | K, K; € K", we have

(%) p(A) = Y ()P p(K,).

veS(k)

Here, we have used the following notation: S(k) is the set of all non-empty finite
subsets of {1,...,k}, |v] is the cardinality of v, and K,, for v = {iy,... 4y}, is the
intersection K;, N--- N K; . (%) shows that the values of ¢ on R"™ depend only on
the behavior of ¢ on ™. In particular, if an additive functional ¢ : K* — R has
an additive extension to R", then this extension is unique. On the other hand, (x)
cannot be used to show the existence of such an additive extension, since the right-
hand side may depend on the special representation A = Ule K; (and, in general,
a set A € R"™ can have many different representations as a finite union of convex
bodies). There is a general theorem of GROEMER which guarantees the existence
of an additive extension for all functionals ¢ which are additive and continuous on
K". For the intrinsic volumes V;, however, we can use a direct approach due to
HADWIGER.

Theorem 4.3.2. For j = 0,...,n, there is a unique additive extension of V; onto

R™.

Proof. Tt remains to show the existence.

We begin with the Euler characteristic V and prove the existence by induction
onn, n > 0.

It is convenient to start with the dimension n = 0 since R® = {0, {0} }(= K°).
Because of V() = 0 and V,({0}) = 1, V; is additive on R°.

For the step from dimension n — 1 to dimension n,n > 1, we choose a fixed
direction ug € S™ ! and consider the family of hyperplanes E, := {(-,uo) = a},a €
R. Then, for A € R", A = Ule K;, K; € K", we have

k
ANE, = J(KiNE,)

i=1

and by induction hypothesis the additive extension Vy(A N E,) exists. From (x) we
obtain that the function fa : a — Vo(A N E,) is integer-valued and bounded from
below and above. Therefore, f, is piecewise constant and () shows that the value
of fa(a) can only change if the hyperplane E, supports one of the convex bodies
K,, v e S(k). We define the ‘jump function’

ga(a) = fala) — /;1{% fa(B), a€R,
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and put
Vo(A4) =) gala).
a€cR

This definition makes sense since ga(a) # 0 only for finitely many values of a.
Moreover, for k = 1, that is A = K € K", K # (), we have V5(K) = 0+1 = 1, hence
Vo is an extension of the Euler characteristic. By induction hypothesis; A — f4(«)
is additive on R™ for each a.. Therefore, as a limit, A — ga(«) is additive and so Vj
is additive. The uniqueness, which we have already obtained from (x), shows that
this construction does not depend on the choice of the direction ug.

Now we consider the case j > 0. For A € R", A = Ule K;,K; € K", and a > 0,

xr € R", we have
k

AN (B(a) +2) = JK: N (B(a) + 2)).

i=1
Therefore, (*) implies

Vo(AN (B(a) +2)) = Y (=DM7'V(K, N (B(a) + ).
veS(k)

Since Vo(K, N (B(a) 4+ x)) = 1, if and only if x € K, + B(«a), we then get from the

STEINER formula

/nVO(Aﬁ(B(oz)er))d:c: 3 (—1>v1/ Vo(K. N (B(a) + 2))dz

veS(k) "

= > (DMK, + B(a))

veS(k)

(k) j=0

veS
=> a" Tk, [ D (DMK,
Jj=0 veS(k)
If we define
Vi(A) = ) (-D)MTV(K,),
veS(k)
then

/n Vo(AN (B(a) + x))dz = Za”‘jf{n_jV(A).

J=0

Since this equation holds for all a > 0, the values V;(A),j =0, ...,n, depend only
on A and not on the special representation, and moreover V; is additive. O
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Remarks. (1) The formula

Vo(AN (B(a) + 2))de =Y " Vk,_;V;(A),

which we used in the above proof, is a generalized STEINER formula; it reduces to
the classical STEINER formula if A € K.

(2) The extended EULER characteristic V; (also called the EULER-POINCARE char-
acteristic) plays also an important role in topology. In R? and for A € R?, V(A)
equals the number of connected components minus the number of ‘holes” in A.

(3) On R™, V,, is still the volume (Lebesgue measure) and F' = 2V,,_; can still be
interpreted as the surface area. The other (extended) intrinsic volumes V; do not
have a direct geometric interpretation.

Since union and intersection can be interchanged (as we have used already in the
above arguments), the additivity of V; allows us directly to extend the Crofton
formulas to the convex ring.

Theorem 4.3.3 (CROFTON). Let A€ R", ¢ € {0,...,n—1} and j € {0,...,q}.
Then, we have

| VAN BB, = a0sVies-o(A)

As we have explained in a previous remark, these formulas can be used to give
unbiased estimators for V,,;;_,(A) based on intersections ANX, with random ¢-flats
in the reference body K. This can be used in practical situations to estimate the
surface area of a complicated tissue A in, say, a cubical specimen K, by measuring
the boundary length L(AN X5) of a planar section AN X,. Since the latter quantity
is still complicated to obtain, one uses the CROFTON formulas again and estimates
L(A N X,) from counting intersections with random lines X; in Ky N X5. Such
stereological formulas are used and have been developed further in many applied
sciences including medicine, biology, geology, metallurgy and material science.

Exercises and problems

1. Calculate the probability that a random secant of B(1) is longer than v/3. (Accord-

ing to the interpretation of a ‘random secant’, one might get here the values %, % or

i. Explain why % is the right, ‘rigid motion invariant’ answer.)
2. Let K, K' € K" and K U K’ € K". Show that:

(a) (KNK')+(KUK')=K + K/,
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(b) (KNK')+ M = (K + M) (K'+ M), for all M € K.
(c) (KUK + M =(K+ M)U(K'+ M), for all M € K.

Let o(K):=V(K,...,K,Mji1,...,M,), where K, M;,1,..., M, € K". Show that
—_———

j-mal
p is additive, that is

P(KNK') +¢(KUK') = ¢(K) + ¢(K')
for all K, K' € K" with K U K" € K".

Show that the mappings K — S;(K, A) are additive on K", for all j € {0,...,n}
and all Borel sets A c "1,

. Show that the convex ring R™ is dense in C" in the HAUSDORFF metric.

Let ¢ : R™ — R be additive and A € R", A = Ule K;, K; € K™. Give a proof for
the inclusion-exclusion formula

(%) p(A) = > (~)(k,).

veS(k)



Bibliography

[.J. Bakelman, Convex Analysis and Nonlinear Geometric Elliptic Equations.
Springer Berlin et al. 1994.

R.V. Benson, Euclidean Geometry and Convexity. McGraw-Hill, New York
1966.

W. Blaschke, Kreis und Kugel. 2. Aufl., Walter der Gruyter, Berlin 1956.

V. Boltyanski, H. Martini & P.S. Soltan, Excursions into Combinatorial Ge-
ometry. Springer, Berlin et al. 1997.

T. Bonnesen & W. Fenchel, Theorie der konvexen Korper. Springer, Berlin
1934.

A. Bronsted, An Introduction to Convex Polytopes. Springer, Berlin et al.
1983.

Y.D. Burago & V.A. Zalgaller, Geometric Inequalities. Springer, Berlin et al.
1988.

H. Busemann, Convex Surfaces. Interscience Publ., New York 1958.
H.G. Eggleston, Convexity. Cambridge Univ. Press, London et al. 1958.

G. Ewald, Combinatorial Convexity and Algebraic Geometry. Springer, New
York et al. 1996.

R.J. Gardner, Geometric Tomography. Cambridge Univ. Press, Cambridge
1995.

H. Groemer, Geometric Applications of Fourier Series and Spherical Har-
monics. Cambridge Univ. Press 1996

B. Griinbaum, Convex Polytopes. Interscience Publ., London et al. 1967.

H. Hadwiger, Altes und Neues tiber konvexe Kérper. Birkhéuser, Basel et al.
1955.

131



132

[Ha2]

[Ho
[KW]

[Lel]

[Le2]

BIBLIOGRAPHY

H. Hadwiger, Vorlesungen iiber Inhalt, Oberflache und Isoperimetrie.
Springer, Berlin et al. 1957.

L. Hormander, Notions of Convexity. Birkhauser, Basel et al. 1994.

L. Kelly & M.L. Weiss, Geometry and Convexity. Wiley/Interscience Publ.,
New York et al. 1979.

K. Leichtweifl, Konvexe Mengen. Springer, Berlin et al. 1980.

K. Leichtwei}, Affine Geometry of Convex Bodies. J.A. Barth, Heidelberg et
al. 1998.

L.A. Lyusternik, Convex Figires and Polyhedra. Dover Publ., New York 1963.
J.T. Marti, Konvexe Analysis. Birkhéuser, Basel et al. 1977.

P. McMullen & G.C. Shephard, Convex Polytopes and the Upper Bound
Conjecture. Cambridge Univ. Press, Cambridge 1971.

R.T. Rockafellar, Convex Analysis. Princeton Univ. Press, Princeton 1970.

R. Schneider, Convex Bodies: The Brunn-Minkowski Theory. Cambridge
Univ. Press, Cambridge 1993.

R. Schneider & W. Weil, Integralgeometrie. Teubner, Stuttgart 1992.

J. Stoer & Ch. Witzgall, Convexity and Optimization in Finite Dimensions
I Springer, Berlin et al. 1970.

A.C. Thompson, Minkowski Geometry. Cambridge Univ. Press, Cambridge
1996.

F.A. Valentine, Convex Sets. McGraw-Hill, New York 1964. Deutsche Fas-
sung: Konvexe Mengen. BI, Mannheim 1968.

R. Webster, Convexity. Oxford Univ. Press, New York 1964.

G.M. Ziegler, Lectures on Polytopes. Springer, Berlin et al. 1995.



