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7K H Q � LV D K R P R P R U S K LV P R I J U R X S V E H F D X V H

�� P� Q �  JP�Q  JPJQ  �� P� �� Q� �

1 R W H W K D W � LV D Q H S LP R U S K LV P � W K D W LV � LV R Q W R � ,I JP � � IR U D Q \ S R V LW LYH LQ W H J H U
P� W K H Q � LV D Q LV R P R U S K LV P � 6 X S S R V H W K D W JP  � IR U V R P H S R V LW LYH LQ W H J H U P� / H W

Q  P LQ IPMJP  � �P ! � J�

7K H Q
. H U � ��  Q=

D Q G V R
KJL | = Q=�

,I *  KJL IR U V R P H J� ZH V D \ W K D W * LV D F\FOLF J U R X S ZLW K J H Q H U D W R U J� $ V H W R I
JHQHUDWRUV IR U D J U R X S * LV D V X E V H W 6 R I * V X F K W K D W H D F K H OH P H Q W LQ * LV D S U R G X F W
R I S R ZH U V R I H OH P H Q W V W D NH Q IU R P 6� $ J U R X S * LV F D OOH G pQLWHO\ JHQHUDWHG LI LW LV
J H Q H U D W H G E \ D p Q LW H V X E V H W �
$ IUHH DEHOLDQ JURXS R I U D Q N Q LV W K H G LU H F W V X P

=
jQ  =j =j c c c j =�
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7 KHRU HP ����� �'HFRPSRVLWLRQ 7 KHRU HP� / HW * EH D pQLWHO\ JHQHUDWHG DEHOLDQ
JURXS� 7KHQ * LV LVRPRUSKLF WR

+� j+� j+� j c c c j+P�

ZKHUH +� LV D IUHH DEHOLDQ JURXS DQG +L LV D F\FOLF JURXS RI SULPH SRZHU RUGHU IRU
� x L x P�

7K H S U R R I F D Q E H IR X Q G LQ D Q \ W H [W E R R N R I D OJ H E U D �
$ F R P P X W D W R U LQ D J U R X S * LV D Q H OH P H Q W

>J� K@  JKJb�Kb��

IR U V R P H H OH P H Q W V J� K � *� 7K H F R P P X W D W R U V X E J U R X S >*�*@ LV W K H V X E J U R X S R I *
J H Q H U D W H G E \ D OO F R P P X W D W R U V R I *� 7K H F R P P X W D W R U V X E J U R X S >*�*@ LV Q R U P D O� 7K H
J U R X S * >*�*@ LV F D OOH G W K H DEHOLDQL]DWLRQ R I W K H J U R X S *� 1 R W H W K D W D J U R X S * LV
D E H OLD Q LI D Q G R Q O\ LI W K H F R P P X W D W R U V X E J U R X S >*�*@ LV W U LYLD O� $ J U R X S * LV F D OOH G
S H U IH F W LI >*�*@  *� $ Q H [D P S OH R I S H U IH F W J U R X S V LV W K H D OW H U Q D W LQ J J U R X S V $Q IR U
Q ! � � 1 R Q �F R P P X W D W LYH J U R X S V D U H P X F K P R U H F R P S OLF D W H G W K D Q D E H OLD Q J U R X S V �

��� *�VHWV

/ H W * E H D J U R X S � $ V H W ; LV F D OOH G D OHIW *�VHW LI W K H U H LV D Q R S H U D W LR Q z�*d; � ;�
� J� [� � J c [� V X F K W K D W

� � � c [  [ IR U D OO [ � ;�

� � � JK� c [  J c � K c [� IR U D OO J� K � * D Q G [ � ;�

$ V H W ; LV F D OOH G D ULJKW *�VHW LI W K H U H LV D Q R S H U D W LR Q z�; d*� ;� � J� [� � [ c J�
V X F K W K D W

� � [ c �  [ IR U D OO [ � ;�

� � [ c � JK�  � [ c J � c K IR U D OO J� K � * D Q G [ � ;�

( [DPSOH ����� / H W + E H D V X E J U R X S R I D J U R X S *� 7K H Q W K H V H W R I OH IW F R V H W V
IJ+MJ � *J LV D OH IW *�V H W D Q G W K H V H W R I U LJ K W F R V H W V I+JMJ � *J LV D U LJ K W *�V H W �
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7 KHRU HP ����� / HW ; EH D OHIW *�VHW� ) RU DQ\ J � *� WKH IXQFWLRQ vJ�; � ;
GHpQHG E\

[� J c [

LV D ELMHFWLYH�

3 URRI� )U R P W K H G H p Q LW LR Q � ZH K D YH W K D W vJvK  vJK D Q G v�  LG ; � 7K X V

vJvJb�  LG ;  vJb�vJ

D Q G V R vJ LV D E LMH F W LYH �
6 LP LOD U O\� LI ; LV D U LJ K W *�V H W � W K H Q W K H IX Q F W LR Q vJ�; � ; G H p Q H G E \ [� [ c J

LV D E LMH F W LYH �

��� &DWHJRU LHV DQG )XQFWRU V

$ F D W H J R U \ P D \ E H W K R X J K W R I LQ W X LW LYH O\ D V F R Q V LV W LQ J R I V H W V � S R V V LE O\ ZLW K D G G LW LR Q D O
V W U X F W X U H � D Q G IX Q F W LR Q V � S R V V LE O\ S U H V H U YLQ J D G G LW LR Q D O V W U X F W X U H � 0R U H S U H F LV H O\� D
F D W H J R U \ & F R Q V LV W V R I

� � $ F OD V V R I R E MH F W V

� � )R U H YH U \ R U G H U H G S D LU R I R E MH F W V ; D Q G < � D V H W + R P � ;� < � R I PRUSKLVPV ZLW K

GRPDLQ ; D Q G UDQJH < � LI I � + R P � ;� < � � ZH ZU LW H I �; � < R U ;
I

 <

� � )R U H YH U \ R U G H U H G W U LS OH R I R E MH F W V ;�< D Q G =� D IX Q F W LR Q D V V R F LD W LQ J W R D S D LU
R I P R U S K LV P V I �; � < D Q G J�< � = W K H LU FRPSRVLWH

J r I �; � =

7K H V H V D W LV I\ W K H IR OOR ZLQ J W ZR D [LR P V �

$VVRFLDWLYLW\� ,I I �; � < � J�< � = D Q G K�= � : � W K H Q

K r � J r I �  � K r J � r I �; �:�

,GHQWLW\� )R U H YH U \ R E MH F W < W K H U H LV D P R U S K LV P LG < �< � < V X F K W K D W LI
I �; � < � W K H Q LG < rI  I � D Q G LI K�< � =� W K H Q K r LG <  K�
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$ F D W H J R U \ LV V D LG W R E H VPDOO LI W K H F OD V V R I R E MH F W V LV D V H W � 7K H F D W H J R U \
R I V H W V P H D Q V W K H F D W H J R U \ LQ ZK LF K W K H R E MH F W V D U H V H W V D Q G W K H P R U S K LV P V D U H
IX Q F W LR Q V � 7K H F D W H J R U \ R I V H W V LV 1 27 V P D OO� % X W W K H U H D U H P D Q \ V P D OO F D W H J R U LH V �
)R U LQ V W D Q F H � W K H F D W H J R U \ R I p Q LW H V H W V � W K D W LV LQ ZK LF K W K H R E MH F W V D U H p Q LW H V H W V D Q G
W K H P R U S K LV P V D U H IX Q F W LR Q V E H W ZH H Q p Q LW H V H W V � : H OLV W V R P H H [D P S OH V R I F D W H J R U LH V �

� � 7K H F D W H J R U \ R I V H W V D Q G IX Q F W LR Q V �

� � 7K H F D W H J R U \ R I S R LQ W H G V H W V � $ S R LQ W H G V H W P H D Q V D Q R Q �H P S W \ V H W ; ZLW K D
EDVH SRLQW [� � ; � D Q G S R LQ W H G IX Q F W LR Q V � W K D W LV W K H IX Q F W LR Q V W K D W S U H V H U YLQ J
W K H E D V H S R LQ W V � �

� � 7K H F D W H J R U \ R I p Q LW H R U G H U H G V H W V D Q G P R Q R W R Q H IX Q F W LR Q V � W K D W LV I � [ � x I � \ �
LV [ x \ � � 7K LV F D W H J R U \ LV X V X D OO\ G H Q R W H G E \ c � 7K H R E MH F W V LQ c D U H J LYH Q E \
I� � � � c c c � QJ IR U Q y � D Q G W K H P R U S K LV P V LQ c D U H J LYH Q E \ P R Q R W R Q H IX Q F W LR Q
IU R P I� � � � c c c �PJ W R I� � � � c c c � QJ IR U D Q \ P�Q�

� � 7K H F D W H J R U \ R I J U R X S V D Q G K R P R P R U S K LV P V �

� � 7K H F D W H J R U \ R I P R Q R LG V D Q G K R P R P R U S K LV P V �

� � 7K H F D W H J R U \ R I W R S R OR J LF D O V S D F H V D Q G F R Q W LQ X R X V IX Q F W LR Q V � 7R S R OR J LF D O V S D F H
LV D J H Q H U D OL] D W LR Q R I W K H X V X D O V S D F H V V X F K D V ( X F OLG LD Q V S D F H V 5Q� V S K H U H V �
SRO\KHGUD� P H W U LF V S D F H V D Q G H W F � : H ZLOO J LYH W K H G H p Q LW LR Q R I W R S R OR J LF D O
V S D F H LQ W K H Q H [W F K D S W H U �

/ H W & E H D F D W H J R U \� $ VXEFDWHJRU\ & � v & LV D F D W H J R U \ V X F K W K D W

D � 7K H R E MH F W V R I & � D U H D OV R R E MH F W V R I & �

E � )R U R E MH F W V ; � D Q G < � R I & �� + R P &� � ;
�� < � � LV D V X E V H W R I + R P & � ;

�� < � � D Q G

F � ,I I ��; � � < � D Q G J��< � � = � D U H P R U S K LV P V R I & �� W K H LU F R P S R V LW H LQ & � H TX D OV
W K H LU F R P S R V LW H LQ & �

& � LV F D OOH G D IX OO V X E F D W H J R U \ R I & LI & � LV D V X E F D W H J R U \ R I & D Q G IR U R E MH F W V ; �

D Q G < � LQ & �� + R P &� � ;
�� < � �  + R P & � ;

�� < � � � )R U H [D P S OH � W K H F D W H J R U \ R I J U R X S V
D Q G K R P R P R U S K LV P V LV D V X E F D W H J R U \ R I W K H F D W H J R U \ R I V H W V D Q G IX Q F W LR Q V E X W LW LV
Q R W D IX OO V X E F D W H J R U \� 7K H F D W H J R U \ R I p Q LW H V H W V D Q G IX Q F W LR Q V LV D IX OO V X E F D W H J R U \
R I W K H F D W H J R U \ R I V H W V D Q G IX Q F W LR Q V �
/ H W & E H D F D W H J R U \� $ P R U S K LV P I �; � < LV F D OOH G D Q H TX LYD OH Q F H LI W K H U H LV D

P R U S K LV P J�< � ; V X F K W K D W J r I  LG ; D Q G I r J  LG < �
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/ H W & D Q G ' E H F D W H J R U LH V � $ FRYDULDQW IXQFWRU � R U FRQWUDYDULDQW IXQFWRU� 7 IU R P
& W R ' F R Q V LV W V R I D Q R E MH F W IX Q F W LR Q ZK LF K D V V LJ Q V W R H YH U \ R E MH F W ; R I & D Q R E MH F W
7 � ; � R I ' D Q G D P R U S K LV P IX Q F W LR Q ZK LF K D V V LJ Q V W R H YH U \ P R U S K LV P I �; � < R I
& D P R U S K LV P 7 � I � �7 � ; � � 7 � < � >R U 7 � I � �7 � < � � 7 � ; � @ R I ' V X F K W K D W

D � 7 � LG ; �  LG 7 �;� D Q G

E � 7 � J r I �  7 � J � r 7 � I � >R U 7 � J r I �  7 � I � r 7 � J � @�

7 KHRU HP ����� / HW 7 EH D IXQFWRU IURP D FDWHJRU\ & WR D FDWHJRU\ '� 7KHQ 7 PDSV
HTXLYDOHQFHV LQ & WR HTXLYDOHQFHV LQ '�

3 URRI� $ V V X P H W K D W 7 LV F R YD U LD Q W � W K H D U J X P H Q W LV V LP LOD U LI 7 LV F R Q W U D YD U LD Q W � � / H W
I �; � < E H D Q H TX LYD OH Q F H D Q G OH W Ib��< � ; E H LW V LQ YH U V H � 6 LQ F H Ib� r I  LG ;
D Q G I r Ib�  LG < � 7 � Ib� � r 7 � I �  LG 7 �;� D Q G 7 � I � r 7 � Ib� �  LG 7 �< �� 7K X V 7 � I �
LV D Q H TX LYD OH Q F H �
$ W R S R OR J LF D O S U R E OH P R Q V S D F H V LV W R K R Z W R F OD V V LI\ W R S R OR J LF D O V S D F H V � ,Q

R W K H U ZR U G V � U R X J K O\ V S H D NLQ J � K R Z W R NQ R Z ZK H W K H U D V S D F H ; LV K R P H R P R U S K LF
W R D Q R W K H U V S D F H < R U Q R W � % D V LF LG H D V LQ D OJ H E U D LF W R S R OR J \ LV W R LQ W U R G X F H YD U LR X V
IX Q F W R U V IU R P W K H F D W H J R U \ R I W R S R OR J LF D O V S D F H V W R ? D OJ H E U D LF � F D W H J R U LH V V X F K D V W K H
F D W H J R U \ R I J U R X S V � W K H F D W H J R U \ R I D E H OLD Q J U R X S V � D Q G W K H F D W H J R U \ R I P R G X OH V D Q G
H W F � + R P R OR J \� IX Q G D P H Q W D O J U R X S D Q G K LJ K H U K R P R W R S \ J U R X S V D U H P R V W LP S R U W D Q W
IX Q F W R U V IU R P W K H F D W H J R U \ R I V S D F H V W R W K H F D W H J R U \ R I J U R X S V �
)R U H [D P S OH � ZH ZLOO NQ R Z W K D W W K H IX Q G D P H Q W D O J U R X S R I 5 Q I� J LV = E X W W K H

IX Q G D P H Q W D O J U R X S R I 5� Q I� J LV I� J� % \ 7K H R U H P � �� �� � ZH K D YH W K D W 5 Q I� J LV Q R W
K R P H R P R U S K LF W R 5� Q I� J D Q G V R 5 LV Q R W K R P H R P R U S K LF W R 5�� 7K LV LV D V LP S OH
H [D P S OH � $ F W X D OO\ ZH ZLOO E H D E OH W R F OD V V LI\ D OO R I � � �G LP H Q V LR Q D O� V X U ID F H V LQ W K LV
F R X U V H X V LQ J W K H IX Q G D P H Q W D O J U R X S �



&KDSWHU �

*HQHU DO 7 RSROJ\

��� 0 HWU LF VSDFHV

/ H W ; E H D V H W � $ PHWULF G IR U ; LV D IX Q F W LR Q G�; d; � 5 V D W LV I\LQ J

� � G� [� \ �  � LI D Q G R Q O\ LI [  \�

� � � W U LD Q J OH LQ H TX D OLW \�
G � [� \ � � G � [� ] � y G � \� ] � �

,Q W K LV F D V H ; LV F D OOH G D P H W U LF V S D F H ZLW K W K H P H W U LF G�

3 U RSRVLWLRQ ����� ,I G LV D PHWULF IRU ;� WKHQ G � [� \ � y � DQG G� [� \ �  G� \� [ � IRU
DOO [� \ � ;�

3 URRI� % \ W K H W U LD Q J OH LQ H TX D OLW \� ZH K D YH

� G � [� \ �  G � [� \ � � G � [� \ � y G � \� \ �  � �

G� [� \ �  G� [� \ � � G� [� [ � y G� \� [� �

G � \� [ �  G � \� [ � � G � \� \ � y G � [� \ � �

7K X V G � [� \ � y � D Q G G� [� \ �  G� \� [� �

( [HU FLVH ����� D � 6 K R Z W K D W H D F K R I W K H IR OOR ZLQ J LV D P H W U LF IR U 5Q�

G � [� \ �  �
Q;

L �

� [L b \L �
� � � �  MM[b \MM� G � [� \ �  

~
� LI [  \�
� LI [ � \�

� �
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G � [� \ �  
Q;

L �

M[L b \LM� G � [� \ �  P D [�xLxQ M[L b \LM�

E � 6 K R Z W K D W G � [� \ � G R H V Q R W G H p Q H D P H W U LF R Q 5�

F � 6 K R Z W K D W G � [� \ �  P LQ �xLxQ M[L b \LM G R H V Q R W G H p Q H D P H W U LF R Q 5Q�

G � / H W G E H D P H W U LF � 6 K R Z W K D W G� G H p Q H G E \

G� � [� \ �  
G � [� \ �

� � G� [� \ �

LV D OV R D P H W U LF �

'HpQLWLRQ ����� / H W � ;� G; � D Q G � <� G< � E H P H W U LF V S D F H V � $ IX Q F W LR Q I �; � <
LV V D LG W R E H FRQWLQXRXV D W [ � ; LI IR U D Q \ s[ ! � W K H U H H [LV W V r[ ! � V X F K W K D W
G< � I � [� � I � \ � � � s[ ZK H Q H YH U G; � [� \ � � r[� 7K H IX Q F W LR Q I LV V D LG W R E H FRQWLQXRXV
LI LW LV F R Q W LQ X R X V D W D OO S R LQ W V [ � ;�

( [HU FLVH ����� / H W ; E H D P H W U LF V S D F H ZLW K P H W U LF G� / H W \ � ;�6 K R Z W K D W W K H
IX Q F W LR Q I �; � 5 G H p Q H G E \ I � [�  G � [� \ � LV F R Q W LQ X R X V �

'HpQLWLRQ ����� $ V X E V H W 8 R I D P H W U LF V S D F H � ;� G � LV V D LG W R E H R S H Q LI IR U D Q \
[ � 8 W K H U H H [LV W V s[ ! � V X F K W K D W LI \ � ; D Q G G � \� [� � s[ W K H Q \ � 8 �
,Q R W K H U ZR U G V 8 LV R S H Q LI IR U D Q \ [ � 8 W K H U H H [LV W V D Q s[ ! � V X F K W K D W W K H

R S H Q E D OO
%s[
� [�  I\ � ;MG � \� [� � s[J v 8�

( [HU FLVH ����� D � 6 K R Z W K D W %s � [� LV D OZD \V D Q R S H Q V H W IR U D Q \ [ D Q G D Q \ s ! � �

E � : K LF K R I W K H IR OOR ZLQ J V X E V H W V R I 5� � ZLW K W K H X V X D O P H W U LF � D U H R S H Q "

I� [� \ � M[� � \� � � J > I� � � � � J� I� [� \ � M[� � \� x � J�

I� [� \ � MM[M � � J� I� [� \ � M[� \ � � J�

I� [� \ � M[� \ y � J� I� [� \ � M[� \  � J�

( [HU FLVH ����� 6 K R Z W K D W LI 8 LV W K H ID P LO\ R I R S H Q V H W V D U LV LQ J IU R P D P H W U LF V S D F H
W K H Q

L� 7K H H P S W \ V H W � D Q G W K H ZK R OH V H W E H OR Q J W R 8 �
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LL� 7K H LQ W H U V H F W LR Q R I W ZR P H P E H U V R I 8 E H OR Q J V W R 8 �

LLL� 7K H X Q LR Q R I D Q \ Q X P E H U R I P H P E H U V R I 8 E H OR Q J V W R 8 �

7 KHRU HP ����� $ IXQFWLRQ I �; � < EHWZHHQ WZR PHWULF VSDFHV LV FRQWLQXRXV LI
DQG RQO\ LI IRU DQ\ RSHQ VHW 8 LQ < WKH VHW Ib� � 8 � LV RSHQ LQ ;�

3 URRI� 6 X S S R V H W K D W I LV F R Q W LQ X R X V D Q G 8 LV R S H Q LQ < � / H W [ � Ib� � 8 � � 7K H Q
I � [ � � 8 � 6 LQ F H 8 LV R S H Q � W K H U H H [LV W V s ! � V X F K W K D W %s � I � [� � v 8 � % \ W K H
G H p Q LW LR Q � W K H U H H [LV W V r ! � V X F K W K D W I � \ � � %s � I � [ � � ZK H Q H YH U \ � %r � [� � W K D W LV
I � %r � [ � � v %s � I � [� � 7K X V

%r � [ � v Ib� � %s � [ � � v Ib� � 8 �

D Q G V R Ib� � 8 � LV R S H Q �
&R Q YH U V H O\ OH W [ � ;� W K H Q %s � I � [� � LV D Q R S H Q V X E V H W R I < D Q G V R I

b� � %s � I � [� � �
LV D Q R S H Q V X E V H W R I ;� 7K X V W K H U H H [LV W V r ! � ZLW K

%r � [� v Ib� � %s � I � [ � � � �

,Q R W K H U ZR U G V G< � I � [� � I � \ � � � s ZK H Q H YH U G; � [� \ � � r� W K D W LV I LV F R Q W LQ X R X V �

��� 7 RSRORJLFDO 6SDFHV

'HpQLWLRQ ����� / H W ; E H D V H W � $ WRSRORJ\ 8 IR U ; LV D F R OOH F W LR Q R I V X E V H W V R I ;
V D W LV I\LQ J

L� � D Q G ; D U H LQ 8 �

LL� W K H LQ W H U V H F W LR Q R I W ZR P H P E H U V R I 8 LV LQ 8 �

LLL� W K H X Q LR Q R I D Q \ Q X P E H U R I P H P E H U V R I 8 LV LQ 8 �

7K H V H W ; ZLW K 8 LV F D OOH G D WRSRORJLFDO VSDFH� 7K H P H P E H U V 8 � 8 D U H F D OOH G W K H
RSHQ VHWV�

( [HU FLVH ����� / H W 8 E H D W R S R OR J \ IR U ;� 6 K R Z W K D W W K H LQ W H U V H F W LR Q R I D p Q LW H
Q X P E H U R I P H P E H U V R I 8 LV LQ 8 �
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1 RWH� 7K H LQ W H U V H F W LR Q R I LQ p Q LW H O\ P D Q \ R S H Q V H W V LV F D OOH G D % RUHO VHW ZK LF K LV Q R W
R S H Q LQ J H Q H U D O�
/ H W ; E H D P H W U LF V S D F H D Q G OH W 8 E H W K H ID P LO\ R I R S H Q V H W V � 7K H Q 8 LV D

W R S R OR J \� 7K LV W R S R OR J \ LV F D OOH G W K H PHWULF WRSRORJ\� 1 R W H W K D W W ZR G LoH U H Q W P H W U LF V
P D \ J LYH U LV H W R W K H V D P H W R S R OR J \�

( [HU FLVH ����� / HW ; EH D PHWULF VSDFH ZLWK PHWULF G� / HW G� EH WKH QHZ PHWULF
GHpQHG LQ ( [HUFLVH ������ 7KHQ � ;� G � DQG � ;� G� � KDV WKH VDPH WRSRORJ\�

*LYH Q D V H W ; W K H U H P D \ E H G LoH U H Q W F K R LF H V R I W R S R OR J LH V IR U ;�

( [HU FLVH ����� / HW ;  ID� EJ� 6KRZ WKDW WKHUH DUH IRXU GLoHUHQW WRSRORJLHV JLYHQ
DV IROORZV�

8 �  I�� ;J� 8 �  I�� IDJ�;J� 8 �  I�� IEJ� ;J� 8 �  I�� IDJ� IEJ� ;J�

( [HU FLVH ����� / HW ; EH D VHW� / HW 8 �  I��;J� OHW 8 �  6 � ; � EH WKH VHW RI DOO
VXEVHWV RI ; DQG OHW

8 �  I8 v ;M; Q 8 LV p Q LW H J�

6KRZ WKDW 8 �� 8 � DQG 8 � DUH WRSRORJLHV IRU ;�
8 � LV F D OOH G LQGLVFUHWH WRSRORJ\� 8 � LV F D OOH G GLVFUHWH WRSRORJ\ D Q G 8 � LV F D OOH G pQLWH

FRPSOHPHQW WRSRORJ\�

/ H W ; E H D W R S R OR J LF D O V S D F H D Q G OH W $ E H D V X E V H W R I ;� 7K H OD U J H V W R S H Q V H W

F R Q W D LQ H G LQ $� W K LV LV G H Q R W H G E \
r

$ D Q G LV F D OOH G W K H LQWHULRU R I $� )R U H [D P S OH � OH W
;  5Q� 7K H Q W K H LQ W H U LR U R I W K H F OR V H G E D OO

'U � [�  I\MG � [� \ � x UJ

LV W K H R S H Q E D OO %U � [ �  I\MG � [� \ � � UJ�

( [HU FLVH ����� / HW ;  5Q ZLWK WKH XVXDO WRSRORJ\� / HW

,Q  

Q] `_ ^
>� � � @d c c c d >� � � @ �

6KRZ WKDW
r

,Q 

Q] `_ ^
� � � � � d c c c d � � � � � �
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/ H W ; E H D W R S R OR J LF D O V S D F H � $ V X E V H W 1 v ; ZLW K [ � 1 LV F D OOH G D QHLJKERUKRRG
R I [ LI W K H U H LV D Q R S H Q V H W 8 ZLW K [ � 8 v 1 � )R U H [D P S OH � LI ; LV D P H W U LF V S D F H �
W K H Q W K H F OR V H G E D OO 's � [� D Q G W K H R S H Q E D OO %s � [� D U H Q H LJ K E R U K R R G V R I [�

( [HU FLVH ����� / HW ; EH D WRSRORJLFDO VSDFH� 3 URYH HDFK RI WKH IROORZLQJ VWDWHPHQWV�

D� ) RU HDFK SRLQW [ � ; WKHUH LV DW OHDVW RQH QHLJKERUKRRG RI [�

E� ,I 1 LV D QHLJKERUKRRG RI [ DQG 1 v0 WKHQ 0 LV DOVR D QHLJKERUKRRG RI [�

F� ,I 0 DQG 1 DUH QHLJKERUKRRGV RI [ WKHQ VR LV 1 ?0 �

G� ) RU HDFK [ � ; DQG HDFK QHLJKERUKRRG 1 RI [ WKHUH H[LVWV D QHLJKERUKRRG 8 RI
[ VXFK WKDW 8 v 1 DQG 8 LV D QHLJKERUKRRG RI HDFK RI LWV SRLQWV�

'HpQLWLRQ ����� $ VXEVHW & RI D WRSRORJLFDO VSDFH ; LV VDLG WR FORVHG LI ; Q & LV
RSHQ�

7 KHRU HP ����� L� � DQG ; DUH FORVHG�

LL� WKH XQLRQ RI DQ\ SDLU RI FORVHG VHWV LV FORVHG�

LLL� WKH LQWHUVHFWLRQ RI DQ\ QXPEHU RI FORVHG VHWV LV FORVHG�

1 RWH� 7K H X Q LR Q R I LQ p Q LW H O\ P D Q \ F OR V H G V H W V LV Q R W F OR V H G LQ J H Q H U D O�

( [HU FLVH ����� / HW ; EH D VHW DQG OHW 9 EH D IDPLO\ RI VXEVHWV RI ; VDWLVI\LQJ

L� �� ; � 9 �

LL� WKH XQLRQ RI DQ\ SDLU RI PHPEHUV RI 9 EHORQJV WR 9 �

LLL� WKH LQWHUVHFWLRQ RI DQ\ QXPEHU RI PHPEHUV RI 9 EHORQJV WR 9 �

6KRZ WKDW 8  I; b 9 M9 � 9 J LV D WRSRORJ\ IRU ;�

/ H W < E H D V X E V H W R I D W R S R OR J LF D O V S D F H ;� 7K H V H W

z<  
?
I) M) w < ) LV F OR V H G J

LV F D OOH G W K H FORVXUH R I < � 7K H V H W < �  z< Q < LV F D OOH G W K H V H W R I OLPLW SRLQWV R I < �
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3 U RSRVLWLRQ ����� / HW < EH D VXEVHW RI D WRSRORJLFDO VSDFH ;� 7KHQ [ � z< LI DQG
RQO\ LI IRU HYHU\ QHLJKERUKRRG 1 RI [� 1 ? < � ��

3 URRI� / H W [ � z< D Q G V X S S R V H W K D W 1 LV D Q H LJ K E R U K R R G R I [ZLW K 1 ? <  �� 7K H Q
W K H U H LV D Q R S H Q Q H LJ K E R U K R R G 8 R I [ ZLW K 8 v 1 � 7K X V ; Q 8 LV D F OR V H G V H W D Q G
< v ; Q 8 � ,W IR OOR ZV W K D W z< v ; Q 8 D Q G V R [ �� 8 � 2Q H J H W V D F R Q W U D G LF W LR Q �

&R Q YH U V H O\ V X S S R V H W K D W [ �� z< � 6 LQ F H z< LV F OR V H G � ;Q z< LV D Q � R S H Q � Q H LJ K E R U K R R G
R I [ V R W K D W � ; Q z< � ? <  � LV D F R Q W U D G LF W LR Q �

( [HU FLVH ����� / HW ;  5 ZLWK WKH XVXDO WRSRORJ\� ) LQG WKH FORVXUH RI HDFK RI WKH
IROORZLQJ VXEVHWV RI ;�

$  I� � � � � � c c cJ� %  I[M[ LV U D W LR Q D OJ� &  I[M[ LV LU U D W LR Q D OJ�

( [HU FLVH ����� 3 U R YH H D F K R I W K H IR OOR ZLQ J V W D W H P H Q W V �

D � ,I < LV D V X E V H W R I D W R S R OR J LF D O V S D F H ; ZLW K < v ) v ; D Q G ) LV F OR V H G W K H Q
z< v ) �

E � < LV F OR V H G LI D Q G R Q O\ LI <  z< �

F � zz<  z< �

G � $ >%  z$ > z%�

H � ;Q
r

< ; Q < �

I � z<  < > #< ZK H U H #<  z< ? � ; Q < � � #< LV F D OOH G W K H E R X Q G D U \ R I < � �

J � < LV F OR V H G LI D Q G R Q O\ LI #< v < �

K � #<  � LI D Q G R Q O\ LI < LV E R W K R S H Q D Q G F OR V H G �

L� )R U D � E � 5

# � D� E�  #>D� E@  ID� EJ�
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��� &RQWLQXRXV )XQFWLRQV

'HpQLWLRQ ����� $ IX Q F W LR Q I �; � < E H W ZH H Q W ZR W R S R OR J LF D O V S D F H V LV V D LG W R E H
FRQWLQXRXV LI IR U H YH U \ R S H Q V H W 8 R I < W K H S U H LP D J H Ib� � 8 � LV R S H Q LQ ;�

$ F R Q W LQ X R X V IX Q F W LR Q IU R P D W R S R OR J LF D O V S D F H W R D W R S R OR J LF D O V S D F H LV R IW H Q V LP �
S O\ F D OOH G D P D S � 7K H FDWHJRU\ RI WRSRORJLFDO VSDFHV LV G H p Q H G D V IR OOR ZV � W K H R E MH F W V
D U H W R S R OR J LF D O V S D F H V D Q G W K H P R U S K LV P V D U H P D S V � W K D W LV F R Q W LQ X R X V IX Q F W LR Q V �

7 KHRU HP ����� / HW ; DQG < EH WRSRORJLFDO VSDFHV� $ IXQFWLRQ I �; � < LV FRQ�
WLQXRXV LI DQG RQO\ LI Ib� � & � LV FORVHG IRU DQ\ FORVHG VXEVHW & RI < �

3 URRI� 6 X S S R V H W K D W I LV F R Q W LQ X R X V D Q G OH W & E H D F OR V H G V H W LQ < � 7K H Q < Q& LV D Q
R S H Q V H W D Q G V R Ib� � < Q& �  ; Q Ib� � & � LV D Q R S H Q V H W � ,W IR OOR ZV W K D W Ib� � & � LV D
F OR V H G V H W � 1 R Z V X S S R V H W K D W Ib� � & � LV F OR V H G IR U D Q \ F OR V H G V H W & D Q G OH W 8 E H D Q
R S H Q V H W � 7K H Q < Q 8 LV D F OR V H G V H W D Q G V R ; Q Ib� � 8 �  Ib� � < Q 8 � � 7K X V Ib� � 8 �
LV D Q R S H Q V H W �
6 R ID U ZH K D YH W ZR J H Q H U D O P H W K R G V W R V H H ZK H W K H U D IX Q F W LR Q LV F R Q W LQ X R X V R U Q R W �

W K D W LV E \ W K H G H p Q LW LR Q R U E \ W K H W K H R U H P D E R YH � ,I I �; � < LV D IX Q F W LR Q E H W ZH H Q
P H W U LF V S D F H V � W K H Q ZH F D Q D OV R X V H sb r P H W K R G W R W H V W ZK H W K H U I LV F R Q W LQ X R X V R U
Q R W � $ V ZH NQ R Z LQ F D OF X OX V W K D W W K H F R P S R V LW LR Q V R I F R Q W LQ X R X V IX Q F W LR Q V LV V W LOO
F R Q W LQ X R X V � 7K LV LV D F W X D OO\ W U X H LQ J H Q H U D O�

7 KHRU HP ����� / HW ;� < DQG = EH WRSRORJLFDO VSDFHV� ,I I �; � < DQG J�< � =
DUH FRQWLQXRXV IXQFWLRQV WKHQ WKH FRPSRVLWH J r I �; � = LV FRQWLQXRXV�

3 URRI� / H W 8 E H D Q \ R S H Q V H W LQ =� 7K H Q Jb� � 8 � LV D Q R S H Q V H W LQ < D Q G V R
� J r I � b� � 8 �  Ib� � Jb� � 8 � � LV D Q R S H Q V H W LQ ;�

'HpQLWLRQ ����� / H W ; D Q G < E H W R S R OR J LF D O V S D F H V � : H V D \ W K D W ; D Q G < D U H
K R P H R P R U S K LF LI W K H U H H [LV W F R Q W LQ X R X V IX Q F W LR Q V I �; � <� J�< � ; V X F K W K D W I r
J  LG < D Q G J rI  LG ;� : H ZU LW H ; | < D Q G V D \ W K D W I D Q G J D U H KRPHRPRUSKLVPV
E H W ZH H Q ; D Q G < �

% \ W K H G H p Q LW LR Q � D IX Q F W LR Q I �; � < LV D K R P H R P R U S K LV P LI D Q G R Q O\ LI

L� I LV D E LMH F W LYH �

LL� I LV F R Q W LQ X R X V D Q G
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LLL� Ib� LV D OV R F R Q W LQ X R X V �

( TX LYD OH Q W O\ I LV D K R P H R P R U S K LV P LI D Q G R Q O\ LI � � I LV D E LMH F W LYH � � � I LV F R Q �
W LQ X R X V D Q G � � I LV D Q R S H Q P D S � W K D W LV I V H Q G V R S H Q V H W V W R R S H Q V H W V � 7K X V D
K R P H R P R U S K LV P E H W ZH H Q ; D Q G < LV D E LMH F W LYH E H W ZH H Q W K H S R LQ W V D Q G W K H R S H Q
V H W V R I ; D Q G < �
$ YH U \ J H Q H U D O TX H V W LR Q LQ W R S R OR J \ LV K R Z W R F OD V V LI\ W R S R OR J LF D O V S D F H V X Q G H U

K R P H R P R U S K LV P V � )R U H [D P S OH � ZH NQ R Z � IU R P F R P S OH [ D Q D O\V LV D Q G R W K H U V � W K D W
D Q \ V LP S OH F OR V H G OR R S LV K R P H R P R U S K LF W R W K H X Q LW F LU F OH 6�� 5 R X J K O\ V S H D NLQ J
W R S R OR J LF D O F OD V V Lp F D W LR Q R I F X U YH V LV NQ R ZQ � 7K H W R S R OR J LF D O F OD V V Lp F D W LR Q R I � W ZR �
G LP H Q V LR Q D O� V X U ID F H V LV NQ R ZQ D V ZH OO� + R ZH YH U W K H W R S R OR J LF D O F OD V V Lp F D W LR Q R I
� �G LP H Q V LR Q D O P D Q LIR OG V � ZH ZLOO OH D U Q P D Q LIR OG V OD W H U �� LV TX LW H R S H Q � 7K H ID P R X V
3 R LF D U w H F R Q MH F W X U H LV U H OD W H G W R W K LV S U R E OH P �

( [HU FLVH ����� *LYH D Q H [D P S OH R I V S D F H V ;� < D Q G D F R Q W LQ X R X V E LMH F W LYH I �; � <
V X F K W K D W Ib� LV 1 27 F R Q W LQ X R X V � � + LQ W � *LYH D V H W ;� / R R N D W W K H G LV F U H W H W R S R OR J \�
W K H LQ G LV F U H W H W R S R OR J \ D Q G W K H LG H Q W LW \ IX Q F W LR Q ��

$ SRLQWHG VSDFH P H D Q V D W R S R OR J LF D O V S D F H ; W R J H W K H U ZLW K D S R LQ W [� � ;� 7K H
S R LQ W [� LV F D OOH G W K H E D V H S R LQ W R I ;� : H R IW H Q ZU LW H e IR U [�� / H W ; D Q G < E H
S R LQ W H G V S D F H V ZLW K E D V H S R LQ W V [� D Q G \�� U H V S H F W LYH O\� $ P D S I �; � < LV F D OOH G
D SRLQWHG PDS LI I � [� �  \�� 7K H F D W H J R U \ R I S R LQ W H G W R S R OR J LF D O V S D F H V P H D Q V D
F D W H J R U \ LQ ZK LF K W K H R E MH F W V D U H S R LQ W H G V S D F H V D Q G W K H P R U S K LV P V D U H S R LQ W H G
P D S V �

��� , QGXFHG 7 RSRORJ\

'HpQLWLRQ ����� / H W ; E H D W R S R OR J LF D O V S D F H D Q G OH W 6 E H D V X E V H W R I ;� 7K H
W R S R OR J \ R Q 6 LQGXFHG E \ W K H W R S R OR J \ R I ; LV W K H ID P LO\ R I W K H V H W V R I W K H IR U P
8 ?6 ZK H U H 8 LV D Q R S H Q V H W LQ ;� : H F D OO W K D W W K H V X E V H W 6 ZLW K LQ G X F H G W R S R OR J \
LV D V X E V S D F H R I ;�

1 RWH� % \ W K LV G H p Q LW LR Q � D Q R S H Q V H W 9 LQ 6 P H D Q V 9  8 ? 6 IR U V R P H R S H Q V H W 8
LQ ;� 7K H LQ G X F H G W R S R OR J \ LV D OV R F D OOH G W K H V X E V S D F H W R S R OR J \�

( [HU FLVH ����� / HW ; EH D WRSRORJLFDO VSDFH ZLWK WKH WRSRORJ\ 8 DQG OHW 6 EH D VXEVHW
RI ;� 6KRZ WKDW

8 ? 6  I8 ? 6M8 � 8 J

LV D WRSRORJ\ IRU 6�



� �� � ,1 ' 8 &( ' 723 2/ 2*< � �

( [DPSOH ����� / H W 6Q E H W K H Q�V S K H U H � W K D W LV �

6Q  I[  � [�� c c c � [Q�� � � 5
Q��M

Q��;
L �

[�
L
 � J v 5Q��

ZLW K W K H LQ G X F H G W R S R OR J \� 7K H Q 6Q LV D � F OR V H G � V X E V S D F H R I 5Q��� 1 R W H W K D W
6Q  5Q�� ? 6Q LV D Q R S H Q V H W LQ 6Q E X W 6Q LV 1 27 R S H Q LQ 5Q���

3 U RSRVLWLRQ ����� / HW 6 EH D VXEVSDFH RI D WRSRORJLFDO VSDFH ;� 7KHQ WKH LQFOXVLRQ
IXQFWLRQ L�6 � ; LV FRQWLQXRXV�

3 URRI� / H W 8 E H D Q R S H Q V H W LQ ;� 7K H Q Lb� � 8 �  8 ? 6 LV D Q R S H Q V H W LQ 6�
1 RWH� 2Q H F D Q V K R Z W K D W W K H V X E V S D F H W R S R OR J \ LV W K H V P D OOH V W W R S R OR J \ V X F K W K D W
W K H LQ F OX V LR Q LV F R Q W LQ X R X V �

3 U RSRVLWLRQ ����� / HW 6 EH D VXEVSDFH RI D WRSRORJLFDO VSDFH ;� 7KHQ

�� ,I 6 LV RSHQ LQ ;� WKHQ DQ\ RSHQ VHW LQ WKH VXEVSDFH 6 LV RSHQ LQ ;�

�� ,I 6 LV FORVHG LQ ;� WKHQ DQ\ FORVHG VHW LQ WKH VXEVSDFH 6 LV FORVHG LQ ;�

3 URRI� 7K H S U R R IV R I � � D Q G � � D U H P R U H R U OH V V LG H Q W LF D O� : H R Q O\ S U R YH D V V H U W LR Q � � �
/ H W 9 E H D F OR V H G V H W LQ 6� 7K H Q 6 Q 9 LV D Q R S H Q V H W LQ 6� % \ W K H G H p Q LW LR Q � W K H U H
LV D Q R S H Q V H W 8 LQ ; V X F K W K D W

6 Q 9  8 ? 6�

7K X V 9  � ; Q 8 � ? 6� 6 LQ F H 6 D Q G ; Q 8 D U H F OR V H G � 9 LV F OR V H G �

( [HU FLVH ����� 6 K R Z W K D W

� � W K H V X E V S D F H � D� E� R I 5 LV K R P H R P R U S K LF W R 5� � + LQ W � 8 V H IX Q F W LR Q V OLNH
[� W D Q � } � F[� G � � IR U V X LW D E OH F D Q G G��

� � W K H V X E V S D F H V � � ��� � � � � � � R I 5 D U H K R P H R P R U S K LF � � + LQ W � [� �  [��

� � 6Q Q I� � � � � c c c � � � � � J LV K R P H R P R U S K LF W R 5Q ZLW K W K H X V X D O W R S R OR J \� � + LQ W �
' H p Q H ��6Q Q I� � � � � c c c � � � � � J � 5

Q E \

�� [�� [�� c c c � [Q�� �  �
[�

� b [Q��
�

[�
� b [Q��

c c c �
[Q

� b [Q��
�

D Q G ��5Q � 6Q Q I� � � � � c c c � � � � � J E \

� � [�� c c c � [Q �  
�

� � N[N�
� � [�� � [�� c c c � � [Q� N[N

� b � � � �
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$ P D S I �; � < LV F D OOH G D Q HPEHGGLQJ LI I LV R Q H �W R �R Q H D Q G ; LV K R P H R P R U S K LF
W R W K H LP D J H I � ; � ZLW K W K H V X E V S D F H W R S R OR J \� 7K H H P E H G G LQ J S U R E OH P LQ W R S R OR J \
LV D V IR OOR ZV �

*LYH Q D W R S R OR J LF D O V S D F H ;� &D Q ZH H P E H G ; LQ W R 5Q IR U V R P H Q" ,I Q R W � F D Q
ZH H P E H G ; LQ W R D + LOE H U W V S D F H " ,I \H V � ZK D W LV W K H P LQ LP D O Q X P E H U Q V X F K
W K D W ; F D Q E H H P E H G G H G LQ 5Q" 7K LV Q X P E H U LV F D OOH G W K H H P E H G G LQ J Q X P E H U
R I ;�

7K LV TX H V W LR Q LV LP S R U W D Q W � D Q G G Lr F X OW LQ J H Q H U D O� E H F D X V H D W R S R OR J LF D O V S D F H ;
F R X OG E H YH U \ D E V W U D F W E X W W K H V S D F H V 5Q D U H P X F K H D V LH U W R E H X Q G H U V W R R G � )R U
LQ V W D Q F H � W K H F LU F OH 6� F D Q H P E H G LQ 5� E X W 6� F D Q Q R W H P E H G LQ 5�� 7K X V W K H
H P E H G G LQ J Q X P E H U R I 6� LV � � : H OO V R P H W LP H V D V S D F H ; F R X OG E H YH U \ V LP S OH E X W LW
F R X OG K D YH D YH U \ F R P S OLF D W H G H P E H G G LQ J LQ 5Q�
$ NQRW . LV D V X E V S D F H R I 5� W K D W LV K R P H R P R U S K LF W R W K H F LU F OH 6�� 7ZR NQ R W V .�

D Q G .� D U H VLPLODU LI W K H U H LV D K R P H R P R U S K LV P K�5� � 5
� V X F K W K D W K� .� �  .��

7K H NQ R W W K H R U \ LV W R V W X G \ W K H F OD V V Lp F D W LR Q R I NQ R W V X Q G H U W K LV U H OD W LR Q �

��� 4XRWLHQW 7 RSRORJ\

'HpQLWLRQ ����� / H W I �; � < E H D V X U MH F W LYH IX Q F W LR Q IU R P D W R S R OR J LF D O V S D F H ;
W R D V H W < � 7K H TXRWLHQW WRSRORJ\ R Q < ZLW K U H V S H F W W R I LV W K H ID P LO\

8 I  I8 MIb� � 8 � LV R S H Q LQ ;J�

( [HU FLVH ����� 6 K R Z W K D W 8 I D E R YH LV D W R S R OR J \ IR U < �

1 RWH� $ IW H U J LYLQ J W K H TX R W LH Q W W R S R OR J \ R Q < W K H IX Q F W LR Q I �; � < LV F R Q W LQ X R X V �

( [DPSOH ����� �3 U RMHFWLYH 6SDFHV� / H W V H W 53 Q D Q G &3 Q D U H G H p Q H G D V IR OOR ZV �

53 Q  IOMO LV D OLQ H LQ 5
Q�� ZLW K � � OJ�

&3 Q  IOMO LV D F R P S OH [ OLQ H LQ &
Q�� ZLW K � � OJ�

7K H W R S R OR J LH V LQ 53 Q D Q G &3 Q D U H J LYH Q E \ W K H TX R W LH Q W W R S R OR J \ X Q G H U W K H TX R W LH Q W
P D S V 5Q�� Q I� J � 53 Q D Q G &Q�� Q I� J � &3 Q� U H V S H F W LYH O\�

% \ W K LV H [D P S OH � R Q H F D Q V H H W K D W W K H TX R W LH Q W V S D F H < F R X OG E H P X F K P R U H F R P S OL�
F D W H G W K D Q W K H R U LJ LQ D O V S D F H ;� 7K H IR OOR ZLQ J W K H R U H P J LYH V D J H Q H U D O P H W K R G W R
V H H ZK H W K H U D IX Q F W LR Q IU R P < W R D Q R W K H U V S D F H LV F R Q W LQ X R X V R U Q R W �
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7 KHRU HP ����� / HW ; EH D WRSRORJLFDO VSDFH DQG OHW I �; � < EH D VXUMHFWLYH�
6XSSRVH WKDW < DUH JLYHQ WKH TXRWLHQW WRSRORJ\ ZLWK UHVSHFW WR I � 7KHQ D IXQFWLRQ
J�< � = IURP < WR D WRSRORJLFDO VSDFH = LV FRQWLQXRXV LI DQG RQO\ LI WKH FRPSRVLWH
J r I LV FRQWLQXRXV�

3 URRI� 6 X S S R V H W K D W J LV F R Q W LQ X R X V � 6 LQ F H I LV F R Q W LQ X R X V � W K H F R P S R V LW H J r I LV
F R Q W LQ X R X V �
1 R Z V X S S R V H W K D W W K H F R P S R V LW H J r I LV F R Q W LQ X R X V � / H W 8 E H D Q \ R S H Q V H W LQ =�

7K H Q
Ib� � Jb� � 8 � �  � J r I � b� � 8 �

LV R S H Q LQ ; D Q G V R Jb� � 8 � LV R S H Q LQ < E \ W K H G H p Q LW LR Q R I TX R W LH Q W W R S R OR J \�

( [HU FLVH ����� 6 K R Z W K D W

� � 53 � | 6��

� � &3 � | 6��

7K H ID P R X V + R S I p E U D W LR Q LV W K H F R P S R V LW H

6� ~ 
 &
� Q I� J 
 
 &3 � | 6��

/ H W $ E H D V X E V S D F H R I D V S D F H ;� 7K H V S D F H ; $ LV W K H TX R W LH Q W V S D F H

; $  ; |�

ZK H U H | LV W K H H TX LYD OH Q F H U H OD W LR Q J H Q H U D W H G E \

D | E

IR U D Q \ D� E � $� $ V D V H W ; $  � ; Q $� > IeJ� ZK H U H e LV W K H H TLYD OH Q F H F OD V V R I
D Q \ S D U W LF X OD U F K R LF H R I H OH P H Q W V LQ $� 7K H W R S R OR J \ LQ ; $ LV J LYH Q E \ W K H TX R W LH Q W
W R S R OR J \� 5 R X J K O\ V S H D NLQ J ; $ LV W K H TX R W LH Q W V S D F H ; E \ S LQ F K LQ J R X W $ W R E H
R Q H S R LQ W �

( [HU FLVH ����� 6KRZ WKDW 'Q 6Qb� LV KRPHRPRUSKLF WR 6Q�

7K H F D Q R Q LF D O LQ F OX V LR Q V 5Q � 5
Q���&Q � &

Q�� J LYH Q E \ � [�� c c c � [Q � � � [�� c c c � [Q� � �
LQ G X F H W K H P D S V 53 Q � 53 Q�� D Q G &3 Q � &3 Q��� U H V S H F W LYH O\� 7K X V 53 Q D Q G
&3 Q�� F D Q E H F R Q V LG H U H G D V W K H V X E V S D F H V R I 53 Q�� D Q G &3 Q��� U H V S H F W LYH O\� IR U
H D F K Q�
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( [HU FLVH ����� 6KRZ WKDW 53 Q�� 53 Q | 6Q�� DQG &3 Q�� &3 Q | 6�Q���

$ pEUHZLVH WRSRORJLFDO VSDFH P H D Q V D P D S I �; � < � ,Q W K H F D V H ZK H U H I LV D Q
R Q W R � LW R IW H Q F D OOH G D EXQGOH� )R U H D F K \ � < � W K H V X E V S D F H Ib� � \ � v ; LV F D OOH G W K H
pEUH D W \� / H W I �; � < E H D E X Q G OH � 7K H Q

;  
>
\�<

Ib� � \ �

D Q G V R ; F D Q E H F R Q V LG H U H G D V W K H X Q LR Q R I V X E V S D F H V Ib� � \ � ZLW K LQ G H [H V LQ D
W R S R OR J LF D O V S D F H < � )LE U H E X Q G OH V D Q G F R YH U LQ J V S D F H V D U H V S H F LD O E X Q G OH V � : H
ZLOO V W X G \ F R YH U LQ J V S D F H V LQ W K H Q H [W F K D S W H U � 7K H F D W H J R U \ R I p E U H ZLV H W R S R OR J LF D O
V S D F H V LV D F D W H J R U \ LQ ZK LF K W K H R E MH F W V D U H p E U H ZLV H W R S R OR J LF D O V S D F H V D Q G W K H
P R U S K LV P V D U H J LYH Q E \ W K H F R P P X W D W LYH G LD J U D P V

;
�


 ; �

<

I

� �

 < ��

I

�

�

,Q R W K H U ZR U G V � W K H ZR U NLQ J R E MH F W V IR U p E U H ZLV H W R S R OR J \ D U H F R Q W LQ X R X V P D S V D Q G
W K H ? U H OD W LR Q V � E H W ZH H Q W K H ZR U NLQ J R E MH F W V D U H W K H G LD J U D P V D E R YH � 2Q H p Q G V
V X U S U LV LQ J O\ W K D W P D Q \ U H V X OW V LQ W K H K R P R W R S \ W K H R U \ R I W R S R OR J LF D O V S D F H V D OV R
K R OG V IR U W K H K R P R W R S \ W K H R U \ R I p E U H ZLV H W R S R OR J LF D O V S D F H V � : H OO W K H OD W W H U R Q H LV
P X F K P R U H ? D E V W U D F W � �

��� 3 U RGXFW 6SDFHV� :HGJHV DQG 6PDVK 3 U RGXFWV

/ H W ; D Q G < E H W R S R OR J LF D O V S D F H V ZLW K W R S R OR J LH V 8 ; D Q G 8 < � U H V S H F W LYH O\� / H W

8 ;d<  I
>
o

8o d 9o v ; d < M8o � 8 ;� 9o � 8 < J�

W K D W LV D Q \ P H P E H U LQ 8 ;d< LV W K H X Q LR Q R I &D U W H V LD Q S U R G X F W V R I R S H Q V H W V R I ;
D Q G < �

( [HU FLVH ����� / H W ; D Q G < E H W R S R OR J LF D O V S D F H V � 6 K R Z W K D W 8 ;d< LV D W R S R OR J \
IR U ; d < �
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'HpQLWLRQ ����� / H W ; D Q G < E H W R S R OR J LF D O V S D F H V � 7K H �&DUWHVLDQ� SURGXFW;d<
LV W K H V H W ; d < ZLW K W K H W R S R OR J \ 8 ;d< �

( [HU FLVH ����� 6 K R Z W K D W 5� ZLW K W K H X V X D O W R S R OR J \ LV W K H &D U W H V LD Q S U R G X F W 5�d
5
��

7 KHRU HP ����� / HW ;d< EH WKH &DUWHVLDQ SURGXFW RI VSDFHV ; DQG < � 7KHQ D VHW
: v ; d < LV RSHQ LI DQG RQO\ LI IRU DQ\ Z � : WKHUH H[LVW 8Z DQG 9Z VXFK WKDW
8Z LV RSHQ LQ ;� 9Z LV RSHQ LQ < DQG Z � 8Z d 9Z v: �

3 URRI� / H W : E H D Q R S H Q V H W LQ ; d < D Q G OH W Z � : � 7K H Q :  
6

o
8o d 9o�

ZK H U H 8o D Q G 9o D U H R S H Q LQ ; D Q G < � U H V S H F W LYH O\� 7K X V W K H U H H [LV W V D Q LQ G H [ o
V X F K W K D W Z � 8o d 9o� &K R R V H 8Z  8o D Q G 9Z  9o� &R YH U V H O\ OH W Z U X Q R YH U D OO
H OH P H Q W V LQ : ZH K D YH

:  
>
Z�:

8Z d 9Z

D Q G V R : LV R S H Q �
/ H W }; �; d < � ;� � [� \ � � [� D Q G }< �; d < � <� � [� \ � � \� E H W K H

F R R U G LQ D W H S U R MH F W LR Q V � 6 LQ F H }b�
;
� 8 �  8 d < D Q G }b�

<
� 9 �  ; d 9 � W K H F R R U G LQ D W H

S U R MH F W LR Q V }; D Q G }< D U H F R Q W LQ X R X V � / H W I �= � ; D Q G J�= � < E H D Q \ P D S V
IU R P D V S D F H = W R ; D Q G < � U H V S H F W LYH O\� / H W ��= � ; d < E H W K H IX Q F W LR Q G H p Q H G
E \ �� ] �  � I � ] � � J � ] � � 7K H Q � LV W K H X Q LTX H IX Q F W LR Q V X F K W K D W }; r �  I D Q G
}< r �  J�

/HPPD ����� 7KH IXQFWLRQ � GHpQHG DERYH LV FRQWLQXRXV�

3 URRI� / H W 8 D Q G 9 E H R S H Q V H W V LQ ; D Q G < � U H V S H F W LYH O\� 7K H Q �b� � 8 d 9 �  
I]MI � ] � � 8� J � ] � � 9 J  Ib� � 8 � ? Jb� � 9 � LV D Q R S H Q V H W LQ =� 1 R Z F R Q V LG H U D Q \
R S H Q V H W : LQ ;d< � / H W ] E H D Q \ H OH P H Q W LQ �b� � : � D Q G OH W Z  �� ] � � 7K H U H H [LV W
R S H Q V H W V 8Z D Q G 9Z V X F K W K D W Z � 8Zd9Z v: � 7K X V ] � �b� � 8Zd9Z � v �b� � : �
D Q G �b� � : � LV D Q H LJ K E R U K R R G R I H D F K R I LW V S R LQ W V � ,W IR OOR ZV W K D W �b� � : � LV R S H Q �
% \ X V LQ J W K H F D W H J R U LF D O OD Q J X D J H � / H P P D � �� �� V K R ZV

7 KHRU HP ����� / HW ; DQG < EH WRSRORJLFDO VSDFHV� 7KHQ &DUWHVLDQ SURGXFW ; d <
LV WKH SURGXFW RI ; DQG < LQ WKH FDWHJRU\ RI WRSRORJLFDO VSDFHV�

7 KHRU HP ����� ) RU DQ\ \ � < � WKH VXEVSDFH ; d I\J v ; d < LV KRPHRPRUSKLF
WR ;�
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3 URRI� / H W I �; d I\J � ; E H W K H IX Q F W LR Q G H p Q H G E \ I � [� \ �  [� 6 LQ F H I LV W K H
F R P S R V LW H

I �; d I\J ~ 
 ; d <
};

 ;�

W K H IX Q F W LR Q I LV F R Q W LQ X R X V � &OH D U O\ I LV D E LMH F W LYH � ,W V X r F H V W R V K R Z W K D W I LV D Q
R S H Q P D S � W K D W LV I V H Q G V R S H Q V H W V W R R S H Q V H W V � 6 X S S R V H W K D W : LV D Q R S H Q V H W LQ
; d I\J� 7K H Q

:  �
>
o

8o d 9o � ?; d I\J

IR U V R P H R S H Q V H W V 8o D Q G 9o LQ ; D Q G < � U H V S H F W LYH O\� ,W IR OOR ZV W K D W

I � : �  
>

o�\�9o

8o

LV R S H Q �
1 R Z ZH OR R N D W ? LQ p Q LW H � &D U W H V LD Q S U R G X F W V � / H W I;oMo � -J E H D V H W R I

W R S R OR J LF D O V S D F H V � 5 H F D OO W K D W W K H &D U W H V LD Q S U R G X F W
4

o�-
;o R I W K H V H W V ;o LV W K H

V H W R I F R OOH F W LR Q V R I H OH P H Q W V � [o � � R Q H H OH P H Q W [o LQ H D F K ;o� 1 R Z $ Q R S H Q V H W LQ4
o�-

;o LV G H p Q H G W R E H W K H D Q \ X Q LR Q R I W K H IR OOR ZLQ J V H W V

8o��ccc�oQ  I� [o � M[o� � 8o�
� c c c � [oQ � 8oQ

J�

ZK H U H D�� c c c � DQ LV D Q \ p Q LW H V H W R I H OH P H Q W V R I - � 7K LV J LYH V W K H W R S R OR J \ R Q W K H
S U R G X F W

4
o�-

;o�

3 U RSRVLWLRQ ����� 7KH SURGXFW WRSRORJ\ RQ
4

o�-
;o LV WKH VPDOOHVW WRSRORJ\ VXFK

WKDW HDFK FRRUGLQDWH SURMHFWLRQ

}o�
<
o��-

;o� � ;o

LV FRQWLQXRXV�

3 URRI� / H W 9 E H D W R S R OR J \ R Q
4

o��-
;o� V X F K W K D W H D F K F R R U G LQ D W H S U R MH F W LR Q }o LV

F R Q W LQ X R X V � / H W 8o E H D Q R S H Q V H W LQ ;o� 7K H Q

}b� � 8o �  I� [�
o
� M[o � 8oJ � 9 � � � �� �

6 LQ F H W K H S U R G X F W W R S R OR J \ LV J LYH Q E \ W K H D Q \ X Q LR Q R I D Q \ p Q LW H LQ W H U V H F W LR Q V R I W K H
V H W V R I W K H IR U P V � �� � LW IR OOR ZV W D K W W K H S U R G X F W W R S R OR J \ LV V P D OOH U W K D Q 9 �
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/ H W ; D Q G < E H S R LQ W H G V S D F H V ZLW K E D V H S R LQ W V [� D Q G \�� U H V S H F W LYH O\� 7K H Q
W K H ZHGJH ; B < R I ; D Q G < LV G H p Q H G W R E H W K H TX R W LH Q W V S D F H

� ;
D

< �  I[�� \�J�

7K H W R S R OR J \ LQ ; B < LV J LYH Q E \ W K H TX R W LH Q W W R S R OR J \ X Q G H U W K H TX R W LH Q W P D S
T�;

C
< � ; B< � 7K LV W R S R OR J \ F D Q E H G H V F U LE H G D V IR OOR ZV � $ V X E V H W 8 LQ ; B<

LV R S H Q LI D Q G R Q O\ LI Tb� � 8 � LV R S H Q � 7K H U H D U H W ZR F D V H V � ,I e �� 8 � W K H Q Tb� � 8 � LV
H LW K H U D Q R S H Q V H W LQ ; W K D W G R H V Q R W F R Q W D LQ [� R U D Q R S H Q V H W LQ < W K D W G R H V Q R W
F R Q W D LQ \�� ,I e � 8 � W K H Q Tb� � 8 �  8�

C
8� IR U V R P H R S H Q V H W 8� LQ ; W K D W F R Q W D LQ V

[� D Q G V R P H R S H Q V H W 8� LQ < W K D W F R Q W D LQ V \�� 7K X V

8 ;B<  IT�8�M[� �� 8 � 8 ;J>IT�9 �M\� �� 9 � 8 < J>IT�8�
D

8��M[� � 8� � 8 ; � \� � 8� � 8 < J�

3 U RSRVLWLRQ ����� / HW ; DQG < EH SRLQWHG VSDFHV ZLWK EDVH SRLQWV [� DQG \�� UHVSHF�
WLYHO\� 7KHQ ;B< LV KRPHRPRUSKLF WR WKH VXEVSDFH � ;dI\�J� > � I[�Jd< J� v ;d<�

3 URRI� / H W =  � ;dI\�J� > � I[�Jd< � E H W K H V X E V S D F H R I ;d< � / H W I; �; � ;d<
D Q G I< �< � ; d < E H W K H P D S V G H p Q H G E \ I; � [�  � [� \� � D Q G I< � \ �  � [�� \ � �
7K H W K H U H LV D X Q LTX H P D S ��; B < � = V X F K W K D W � r I;  L; D Q G � r I<  L< �
&OH D U O\ � LV E LMH F W LYH � ,W V X r F H V W R V K R Z W K D W � LV D Q R S H Q P D S � ,I 8 � 8 ; ZLW K
[� �� 8 � W K H Q �� 8 �  = ? � 8 d < � LV R S H Q LQ =� ,I 9 � 8 < ZLW K \� �� 9 � W K H Q
�� 9 �  = ? � ; d 9 � LV R S H Q LQ =� ,I 8  T � 8�

C
8� � ZLW K [� � 8� � 8 ; D Q G

\� � 8� � 8 < � W K H Q �� 8 �  = ? � 8� d 8� � � 7K X V T LV D Q R S H Q P D S �
/ H W ; D Q G < E H S R LQ W H G V S D F H V � 7K H VPDVK SURGXFW ; A < LV G H p Q H G E \

� ; d < �  � � ; d I\�J� > � I[�J d < � � �

: H ZU LW H [ A \ IR U H OH P H Q W V LQ ; A < � ZK H U H [ � ; D Q G \ � < �

7 KHRU HP ����� *LYHQ WKUHH SRLQWHG VSDFHV ;� < DQG =� � ; B< � A= LV KRPHRPRU�
SKLF WR � ; A = � B � < A = � �

3 URRI� 7K H IX Q F W LR Q I �;d< d= � ;d=d< d=� G H p Q H G E \ I � [� \� ] �  � [� ]� \� ] � �
LV F OH D U O\ F R Q W LQ X R X V � / H W J E H W K H F R P S R V LW H

J�; d < d =
I

 ; d = d < d =

S U RM�

 � ; A = � d � < d = � �

7K H Q
J � � ; B < � d = � v � ; A = � B � < A = � �
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0R U H R YH U � W K H P D S J V H Q G V � ; B < � B = W R W K H E D V H S R LQ W � V R W K D W J LQ G X F H V D P D S

aJ� � ; B < � A = � � ; A = � B � < A = � �

ZK H U H aJ � � [� \� � A ] �  [ A ] LQ ; A = D Q G J � � [�� \ � A ] �  \ A ] LQ < A =�
&R Q YH U V H O\� OH W K� � ; A= � B � < A= � � � ; B < � A= E H W K H P D S V X F K W K D W KM;A=

D Q G KM< A= D U H W K H LQ F OX V LR Q V ; A= ~ 
 � ; A < � A= D Q G < A= ~ 
 � ; A < � A=�
U H V S H F W LYH O\� 7K H Q K� [A ] �  � [� \� � A ] D Q G K� \ A ] �  � [�� \ � A ] � V R W K D W aJ r K D Q G
K r aJ D U H LG H Q W LW LH V � D Q G K H Q F H aJ LV D K R P H R P R U S K LV P �

( [HU FLVH ����� 6 K R Z W K D W 6Q A 6P | 6Q�P IR U D Q \ Q�P�

��� 7 RSRORJLFDO *U RXSV DQG 2U ELW 6SDFHV

$ S R LQ W H G W R S R OR J LF D O V S D F H ; LV F D OOH G D Q +�V S D F H R I W K H U H LV D F R Q W LQ X R X V P X OW LS OL�
F D W LR Q z�; d; � ;� � [� \ � � [\� V X F K W K D W [�[  [[�  [� 7K H E D V H S R LQ W [� LV
R IW H Q G H Q R W H G D V e R U � � ( TX LYD OH Q W O\� D S R LQ W H G V S D F H ; LV D Q +�V S D F H LI D Q G R Q O\
LI W K H U H LV D P D S z�; d; � ; V X F K W K D W zM;B;  U� ZK H U H U�; B; � ; LV W K H
IR OG P D S G H p Q H G E \ U� [� [� �  [ D Q G U� [�� [�  [�
$ Q +�V S D F H LV F D OOH G DVVRFLDWLYH LI G LD J U D P

; d; d;
zd LG ;


 ; d;

; d;

LG ; dz

� z

 ;

z

�
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W R S R OR J \ IR U F R P S X W LQ J W K H K R P R OR J \ R I n< � E X W W K H G H W H U P LQ D W LR Q R I W K H K R P R OR J \
R I e < IR U P D Q \ LQ W H U H V W LQ J V S D F H V < U H P D LQ V D V LQ W H U H V W LQ J S U R E OH P V D Q G K D YH E H H Q
V W X G LH G E \ S H R S OH �

3 U RSRVLWLRQ ����� �D� ,I = LV D VXEVSDFH RI < � WKHQ 0D S � ;�= � LV D VXEVSDFH RI
0D S � ;� < � �
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�E� ,I = LV D SRLQWHG VXEVSDFH RI < � WKHQ 0D S e � ;�= � LV D VXEVSDFH RI 0D S e � ;� < � �

3 URRI� 7K H S U R R IV R I D V V H U W LR Q V � D � D Q G � E � D U H V LP LOD U � 6 R ZH R Q O\ S U R YH D V V H U W LR Q � D � �
: H K D YH W R V K R Z W K D W D V H W LV R S H Q LQ 0D S � ;�= � LI D Q G R Q O\ LI LW LV W K H LQ W H U V H F W LR Q
ZLW K 0D S � ;�= � R I D V H W W K D W LV R S H Q LQ 0D S � ;� < � � / H W M�= � < E H W K H LQ F OX V LR Q �
7K H Q MLG ; �0D S � ;�= � � 0D S � ;� < � LV F R Q W LQ X R X V � V R W K D W LI 8 v 0D S � ;�< � LV
R S H Q � 8 ?0D S � ;�= �  � MLG ; � b� � 8 � LV R S H Q LQ 0D S � ;�= � � 7R S U R YH W K H F R Q YH U V H � LW
V X r F LH Q W W R F R Q V LG H U D Q R S H Q V H W LQ 0D S � ;�= � R I W K H IR U P :.�8 � ZK H U H . v ; LV
F R P S D F W D Q G 8 v = LV R S H Q � % X W 8  9 ? = IR U V R P H R S H Q V H W 9 LQ < D Q G

:.�9 ?0D S � ;�= �  II �; � < MI � . � v 9 D Q G I � ; � v =J

 II �; � =MI � . � v 9 ? =  8J  :.�8 �

7K D W LV D Q R S H Q V H W LQ 0D S � ;�= � LV W K H LQ W H U V H F W LR Q ZLW K 0D S � ;�= � R I D Q R S H Q V H W
LQ 0D S � ;� < � � �
*LYH Q V S D F H V ; D Q G < � W K H HYDOXDWLRQ PDS

H�0D S � ;� < � d; � <

LV G H p Q H G E \
H� y� [ �  y� [�

IR U [ � ; D Q G y�; � < � ,I ; D Q G < D U H S R LQ W H G V S D F H V � W K H U H V W U LF W LR Q R I H J LYH V
W K H H YD OX D W LR Q P D S H�0D S e � ;� < � d ; � < � ,I y LV W K H F R Q V W D Q W P D S R U [ LV W K H
E D V H S R LQ W [�� W K H Q H� y� [�  \�� 7K D W LV H� 0D S e � ;� < � B; �  \� D Q G V R H LQ G X F H V
W K H HYDOXDWLRQ PDS

H�0D S e � ;� < � A; � <�

7 KHRU HP ����� / HW ; DQG < EH SRLQWHG VSDFHV� ,I ; LV ORFDOO\ FRPSDFW +DXVGRUo�
WKHQ WKH HYDOXDWLRQ PDSV

H�0D S � ;� < � d; � < D Q G

H�0D S e � ;�< � A; � <

DUH FRQWLQXRXV�

3 URRI� / H W 8 E H D Q R S H Q V H W LQ < D Q G W K D W H� y� [ �  y� [� � 8 � 7K H Q [ � yb� � 8 �
ZK LF K LV R S H Q LQ ;� 6 LQ F H ; LV OR F D OO\ F R P S D F W D Q G + D X V G R U o� W K H U H H [LV W V D Q
R S H Q V H W 9 LQ ; V X F K W K D W [ � 9 v z9 v yb� � 8 � � D Q G z9 LV F R P S D F W � &R Q V LG H U
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:z9 �8 d 9 v 0D S � ;� < � d;� W K LV F R Q W D LQ V � y� [� D Q G LI � y�� [� � LV D Q R W K H U S R LQ W LQ
LW � W K H Q

H� y�� [� �  y� � [� � � y� � z9 � v 8�

7K X V :z9 �8 d 9 v Hb� � 8 � D Q G V R Hb� � 8 � LV R S H Q R U H�0D S � ;�< � d ; � < LV
F R Q W LQ X R X V � ,W IR OOR ZV W K D W W K H U H V W U LF W LR Q

H�0D S e � ;� < � d; � <

LV F R Q W LQ X R X V D Q G V R H�0D S e � ;�< � A; � < LV F R Q W LQ X R X V � �
1 RWH� 7K H H YD OX D W LR Q H�0D S � ;� < � d; � < P D \ 1 27 E H F R Q W LQ X R X V LQ J H Q H U D O�
7K LV LV V R P H ZK D W ? Q R W �V R �J R R G � LQ W K H F D W H J R U \ R I W R S R OR J LF D O V S D F H V � 1 R U P D Q 6 W H H Q �
U R G W K H Q LQ W U R G X F H G ? F R P S D F W J H Q H U D W H G W R S R OR J LF D O V S D F H V � D V D F R Q YH Q LH Q W F D W H J R U \
R I W R S R OR J LF D O V S D F H V >� @� : H MX V W J LYH W K H G H p Q LW LR Q R I F R P S D F W O\ J H Q H U D W H G V S D F H � $
V S D F H ; LV F D OOH G FRPSDFWO\ JHQHUDWHG LI ; LV + D X V G R U o D Q G H D F K V X E V H W $ R I ; ZLW K
W K H S U R S H U W \ W K D W $?& LV F OR V H G IR U H YH U \ F R P S D F W V X E V H W & R I ; LV LW V H OI F OR V H G � $
OR F D OO\ F R P S D F W + D X V G R U o V S D F H LV F R P S D F W O\ J H Q H U D W H G �

7 KHRU HP ����� / HW ;� < DQG = EH SRLQWHG VSDFHV� 6XSSRVH WKDW ; DQG < DUH
+DXVGRUo� 7KHQ

�D� 0D S � ;
C

<� = � | 0D S � ;�= � d0D S � <�= � �

�E� 0D S e � ; B <� = � | 0D S e � ;�= � d0D S e � <� = � �

3 URRI� : H R Q O\ S U R YH D V V H U W LR Q � E � � / H W [� D Q G \� D U H E D V H S R LQ W V R I ; D Q G <
U H V S H F W LYH O\� D Q G G H p Q H

L; �; � ; B <� L< �< � ; B <

E \ L; � [�  � [� \� � D Q G L< � \ �  � [�� \ � � 7K H Q L; D Q G L< D U H F R Q W LQ X R X V � ' H p Q H D
IX Q F W LR Q

v�0D S e � ;�= � d0D S e � <� = � � 0D S e � ; B <� = B = �

E \ v � y� z �  y B z IR U y�; � = D Q G z�< � =� &R Q V LG H U W K H F R P S R V LW H V

��=;B< c

 =;B< d =;B< LG

L;
=

d LG
L<
=
 =; d =< D Q G

��=; d =< v

 � = B = � ;B< U


 =;B< �

ZK H U H c LV W K H G LD J R Q D O P D S D Q G U= B = � = LV W K H IR OG P D S � W K D W LV U� ]� ]� �  
U� ]�� ] �  ] IR U ] � =� *LYH Q {�; B < � =� �� {  � { r L;� { r L< � D Q G J LYH Q
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y�; � = D Q G z�< � =� � � y� z �  U� y B z � � 7K X V � r � D Q G � r � D U H LG H Q W LW \
IX Q F W LR Q V � D Q G W K H R Q O\ S R LQ W W K D W U H P D LQ V LQ V K R ZLQ J � LV D K R P H R P R U S K LV P LV W R
V K R Z W K D W v LV F R Q W LQ X R X V �
7R G R V R � F R Q V LG H U W K H V H W :.�8 � ZK H U H . v ; B < LV F R P S D F W D Q G 8 v = B= LV

R S H Q � 1 R Z
vb� � :.�8 �  I� y� z� M � y B z � � . � v 8J

 I� y� z � My� . ?; � v 8 ? � = d I]�J D Q G z � . ? < � v 8 ? � I]�J d = � J�

&OH D U O\ 8�  8 ? � = d I]�J� D Q G 8�  8 ? � I]�J d = � D U H R S H Q � % X W V LQ F H ; D Q G <
D U H + D X V G R U o� V R LV ; d < D Q G K H Q F H LV ; B < � W K X V .�;� < D U H F OR V H G LQ ; B < � V R
W K D W . ?; D Q G . ? < D U H F OR V H G D Q G K H Q F H F R P S D F W � 7K D W LV �

vb� � :.�8 �  :.?;�8� d:.?<�8�

V R W K D W v LV F R Q W LQ X R X V D Q G K H Q F H � LV D K R P H R P R U S K LV P � �
/ H W ; E H D W R S R OR J LF D O V S D F H D Q G OH W 6 E H D ID P LO\ R I V X E V H W V R I ;� 6 LV F D OOH G D

VXE�EDVH R I R S H Q V H W V LI D Q \ P H P E H U LQ 6 LV R S H Q D Q G D Q \ R S H Q V H W LQ ; LV D X Q LR Q R I
p Q LW H LQ W H U V H F W LR Q V R I P H P E H U V LQ 6� ,Q R W K H U ZR U G V LI 6 LV D V X E �E D V H R I R S H Q V H W V
W K H Q W K H W R S R OR J \ R Q ; LV J H Q H U D W H G E \ 6� : H D U H J R LQ J W R J LYH D U H V X OW LQ YR OYLQ J
� < d = � ; D Q G < ; d =; � : H Q H H G W K H IR OOR ZLQ J OH P P D �

/HPPD ����� / HW ; EH D +DXVGRUo VSDFH DQG OHW 6 EH D VXE�EDVH RI RSHQ VHWV IRU
D VSDFH < � 7KHQ WKH VHWV RI WKH IRUP :.�8 IRU . v ; FRPSDFW DQG 8 � 6� IRUP D
VXE�EDVH RI RSHQ VHWV IRU 0D S � ;�< � �

3 URRI� / H W . v ; E H F R P S D F W � 9 v < E H R S H Q D Q G OH W y �:.�9 � 7K H Q 9  
6

o 9o�
ZK H U H 9o LV D p Q LW H LQ W H U V H F W LR Q R I P H P E H U V LQ 6� D Q G V R

. v
>
o

yb� � 9o � �

K H Q F H � V LQ F H . LV F R P S D F W � D p Q LW H F R OOH F W LR Q R I W K H V H W V yb� � 9o � � V D \ y
b� � 9� � � c c c � y

b� � 9Q � �
V X r F H W R F R YH U .� *LYH Q [ � .� W K H U H H [LV W V U V X F K W K D W [ � yb� � 9U � � 6 LQ F H . LV D
F R P S D F W + D X V G R U o V S D F H D Q G . ?yb� � 9U � LV D Q R S H Q Q H LJ K E R U K R R G R I [� W K H U H H [LV W V
D Q R S H Q V H W $[ LQ . V X F K W K D W

[ � $[ v z$[ v . ? yb� � 9U � �

$ J D LQ � D p Q LW H F R OOH F W LR Q R I W K H R S H Q V H W V $[ ZLOO F R YH U .� D Q G W K H LU F OR V X U H V D U H H D F K
F R Q W D LQ H G LQ MX V W R Q H V H W R I W K H IR U P yb� � 9U � � 7K X V E \ W D NLQ J V X LW D E OH X Q LR Q V R I z$[
V �
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ZH F D Q ZU LW H .  
6Q

U �.U� ZK H U H .U v yb� � 9U � D Q G .U LV F OR V H G D Q G V R F R P S D F W �
,W IR OOR ZV W K D W

y �
Q?

U �

:.U �9 v:.�9 �

V LQ F H LI z � .U � v 9U� IR U H D F K U� W K H Q z � . � v
6Q

U � 9U v 9 � % X W LI� V D \� 9U  
6P

V � 8V

IR U 8V � 6� W K H Q :.U �9U  
7P

V �:.U �8V � + H Q F H y LV F R Q W D LQ H G LQ D p Q LW H LQ W H U V H F W LR Q
R I V H W V R I W K H IR U P :.U�8V IR U 8V � 6 D Q G W K LV LQ W H U V H F W LR Q LV F R Q W D LQ H G LQ :.�9 � �

7 KHRU HP ����� / HW ;� < DQG = EH SRLQWHG VSDFHV� 6XSSRVH WKDW ; LV +DXVGRUo�
7KHQ

0D S � ;� < d = � | 0D S � ;� < � d0D S � ;�= � D Q G

0D S e � ;� < d = � | 0D S e � ;�< � d0D S e � ;�= � �

3 URRI� : H R Q O\ S U R YH W K D W

0D S � ;� < d = � | 0D S � ;� < � d0D S � ;�= � �

/ H W S< �< d= � < D Q G S=�< d= � = E H F R R U G LQ D W H S U R MH F W LR Q V � ' H p Q H D IX Q F W LR Q

v�0D S � ;� < � d0D S � ;�= � � 0D S � ; d;� < d = �

E \ v � y� z �  yd z IR U y�; � < D Q G z�; � =� &R Q V LG H U W K H F R P S R V LW H V

��0DS�;� < d=�
c

 0DS�;� < d=�d0DS�;�< d=�

S
LG;
<

dS
LG;
=
 0DS�;� < �d0DS�;�=�

��0D S � ;�< � d0D S � ;�= �
v

 0D S � ; d;�< d = �

LG c

 0D S � ;� < d = � �

ZK H U H c LV D G LD J R Q D O P D S � ,I {�; � < d =� W K H Q �� { �  � S< r {� S= r { � D Q G LI
y�; � < D Q G z�; � =� W K H Q � � y� z �  � y d z � r c � 7K X V � r � D Q G � r � D U H
LG H Q W LW \ IX Q F W LR Q V � D Q G LW U H P D LQ V R Q O\ W R S U R YH W K D W v LV F R Q W LQ X R X V �
6 LQ F H ; LV + D X V G R U o� E \ / H P P D � �� �� � LW V X r F LH Q W W R F R Q V LG H U V H W V R I W K H IR U P

:.�8d9 � ZK H U H . v ; d; LV F R P S D F W D Q G 8 v < � 9 v = D U H R S H Q � 7K H Q

vb� � :.�8d9 �  I� y� z � M � yd z � � . � v 8 d 9 J  I� y� z � M. v yb� � 8 � d zb� � 9 � J�

% X W LI S�� S��; d ; � ; E H W K H p U V W D Q G W K H V H F R Q G F R R U G LQ D W H S U R MH F W LR Q V � W K H Q
S� � . � D Q G S� � . � D U H F R P S D F W � D Q G . v yb� � 8 � d zb� � 9 � LI D Q G R Q O\ LI S� � . � d
S� � . � v yb� � 8 � d zb� � 9 � � + H Q F H

vb� � :.�8d9 �  :S��.��9 d:S��.��9
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D Q G V R v LV F R Q W LQ X R X V � �
$ W W K LV S R LQ W ZH S R V V H V U X OH V IR U P D Q LS X OD W LQ J P D S S LQ J V S D F H V D Q D OR J R X V W R W K H

LQ G H [ OD ZV DE�F  DE c DF D Q G � D c E� F  DF c EF IR U U H D O Q X P E H U V � D Q G LW U H P D LQ V W R
LQ YH V W LJ D W H ZK D W U X OH � LI D Q \� F R U U H V S R Q G V W R W K H LQ G H [ OD Z DEcF  � DE � F� 1 R Z ZH G H p Q H
W K H CD V V R F LD W LR Q P D S 
�
*LYH Q V S D F H V ;� < D Q G =� W K H �XQUHGXFHG� DVVRFLDWLRQ PDS LV W K H IX Q F W LR Q

o�0D S � ; d <� = � � 0D S � ;�0D S � <� = � � G H p Q H G E \

>o � y� � [ � @� \ �  y� [� \ �

IR U [ � ;� \ � < D Q G y�; d < � =�
7R MX V W LI\ W K LV G H p Q LW LR Q � ZH K D YH W R V K R Z W K D W o � y� LV D Q H OH P H Q W LQ 0D S � ;�0D S � <�= � � �

)R U D p [H G [� W K H IX Q F W LR Q o� y� � [ � �< � = LV F R Q W LQ X R X V E H F D X V H LW LV W K H F R P S R V LW H

< | I[J d < v ; d <
y

 =�

7K X V D W OH D V W o � y� LV D IX Q F W LR Q IU R P ; W R 0D S � <� = � �

3 U RSRVLWLRQ ����� 7KH IXQFWLRQ o � y� �; � 0D S � <� = � LV FRQWLQXRXV�

3 URRI� &R Q V LG H U :.�8 � ZK H U H . v < LV F R P S D F W D Q G 8 v = LV R S H Q � ,I [ � ; LV
D S R LQ W V X F K W K D W o � y� � [� � :.�8 � W K H Q y� I[J d. � v 8 R U I[J d. v � y� b� � 8 � �
6 LQ F H yb� � 8 � LV R S H Q D Q G . LV F R P S D F W � W K H U H LV D Q R S H Q V H W 9 LQ ; V X F K W K D W

I[J d. v 9 d. v yb� � 8 � �

7K D W LV

[ � 9 v � o � y� � b� � :.�8 �

D Q G V R o � y� LV F R Q W LQ X R X V � �
7K X V W K H IX Q F W LR Q o�0D S � ; d <�= � � 0D S � ;�0D S � <�= � � LV ZH OO�G H p Q H G � 1 R Z

ZH F R Q V LG H U W K H S R LQ W H G F D V H � / H W ;� < D Q G = E H S R LQ W H G V S D F H V � / H W S�; d < �
; A < E H W K H TX R W LH Q W P D S � 7K H Q ZH K D YH W K H P D S

LG S= �0D S e � ; A <� = � � 0D S e � ; d <� = � v 0D S � ; d <� = � �

&OH D U O\ o P D S V W K H LP D J H R I LG S= LQ W R W K H V X E V S D F H

0D S e � ;�0D S e � <� = � � v 0D S � ;�0D S e � <� = � � v 0D S � ;�0D S � <� = � �
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E H F D X V H LI y�; A < � =� W K H Q y r S�; d < � = K D V W K H S U R S H U W \ W K D W

y r SM;B< �; B < � =

LV W K H F R Q V W D Q W P D S D Q G V R o� y� � [� � � \ �  o � [� � \� �  ]� IR U D Q \ [� \� 7K X V W K H D V V R �
F LD W LR Q P D S o�0D S � ;d<�= � � 0D S � ;�0D S � <�= � � LQ G X F H V W K H UHGXFHG DVVRFLDWLRQ
PDS

zo�0D S e � ; A <�= � � 0D S e � ;�0D S e � <�= � �

ZLW K
> zo� y� � [� @� \ �  y� [ A \ �

IR U [ � ;� \ � < D Q G y�; A < � =�

3 U RSRVLWLRQ ����� ,I ; LV +DXVGRUo� WKHQ WKH DVVRFLDWLRQ PDS

o�0D S � ; d <�= � � 0D S � ;�0D S � <� = � �

LV FRQWLQXRXV DQG WKHUHIRUH WKH UHGXFHG DVVRFLDWLRQ PDS

zo�=;A< � � =< � ;

LV FRQWLQXRXV�

3 URRI� % \ / H P P D � �� �� � LW V X r F H V W R F R Q V LG H U ob� � :.�8 � � ZK H U H . v ; LV F R P S D F W
D Q G 8 v 0D S � <� = � LV R I W K H IR U P :/�9 IR U / v < F R P S D F W D Q G 9 v = R S H Q � 1 R Z

ob� � :.�8  IyM� o � y� � . � v:/�9 J  IyMy� . d /� v 9 J  :.d/�9 �

7K X V o LV F R Q W LQ X R X V � �

7 KHRU HP ����� �D� ) RU DOO VSDFHV ;� < DQG =� WKH IXQFWLRQV

o�0D S � ; d <� = � � 0D S � ;�0D S � <�= � � D Q G

zo�=;A< � � =< � ;

DUH RQH�WR�RQH�

�E� ,I < LV ORFDOO\ FRPSDFW +DXVGRUo� WKHQ ERWK o DQG zo DUH RQWR�

�F� ,I ERWK ; DQG < DUH ORFDOO\ FRPSDFW +DXVGRUo� WKHQ o LV D KRPHRPRUSKLVP�
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�G� ,I ERWK ; DQG < DUH FRPSDFW DQG +DXVGRUo� WKHQ zo LV KRPHRPRUSKLVP�
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IR U D Q \ [ � ;� 7K H P D S ) LV F D OOH G D KRPRWRS\ E H W ZH H Q I D Q G J� : H ZU LW H I 
 J
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)W�; � < � -X V W NH H S LQ P LQ G W K D W )W LV F R Q W LQ X R X V LQ W D V D P D S IU R P , W R
0D S � ;� < � � $ P D S I �; � < LV F D OOH G QXOO KRPRWRSLF LI I LV K R P R W R S LF W R D F R Q V W D Q W
P D S �

'HpQLWLRQ ����� 6 X S S R V H W K D W $ LV D V X E V H W R I ; D Q G W K D W I� J�; � < D U H P D S V �
: H V D \ W K D W I LV KRPRWRSLF WR J UHODWLYH W R $� G H Q R W H G I 
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 J U H O$�
LI W K H U H LV D K R P R W R S \ ) �; d , � < V X F K W K D W

� � ) � [� � �  I � [� IR U D Q \ [ � ;�

� � ) � [� � �  J � [� IR U D Q \ [ � ; D Q G

� � ) � D� W�  I � D� IR U D Q \ D � $ D Q G W � ,�

: H V D \ W K D W I LV QXOO KRPRWRSLF UHODWLYH WR $ LI I LV K R P R W R S LF W R D F R Q V W D Q W P D S
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1 R W H W K D W I � D�  J � D� IR U D OO D � $ LI I 
 J U H O$� : K H Q $  �� I 
 J U H O$ LV
H TX LYD OH Q W W R I 
 J�; � < � *LYH Q W ZR P D S V I� J�; � < V X F K W K D W I � D �  J � D� IR U
D � $� 7K H TX H V W LR Q ZK H W K H U I LV K R P R W R S LF W R J U H OD W LYH W R $ LV LQ ID F W D Q CH [W H Q V LR Q
TX H V W LR Q 
 E \ W K H IR OOR ZLQ J G LD J U D P
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7 KHRU HP ����� +RPRWRS\ UHODWLYH WR $ LV DQ HTXLYDOHQFH UHODWLRQ LQ WKH VHW RI PDSV
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3 URRI� 5 HqH[LYLW\� )R U I �; � < � G H p Q H ) �; d , � < E \ ) � [� W�  I � [� � 7K X V
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 D U H O$�

6\PPHWU\� *LYH Q ) � I 
 J U H O$� G H p Q H ) �� J 
 I U H O$ E \

) � � [� W�  ) � [� � b W� �

7UDQVLWLYLW\� *LYH Q ) � I 
 J U H O$ D Q G *� J 
 K U H O$� G H p Q H +� I 
 K U H O$ E \

+ � [� W�  

~
) � [� � W� � x W x �  �

*� [� � Wb � � �  � x W x � �

1 R W H W K D W + LV F R Q W LQ X R X V E H F D X V H LW V U H V W U LF W LR Q W R H D F K R I F OR V H G V H W V ; d >� � �  � @
D Q G ; d >�  � � � @ LV F R Q W LQ X R X V ��
,W IR OOR ZV W K D W W K H V H W R I P D S V IU R P ; W R < LV S D U W LW LR Q H G LQ W R G LV MR LQ W H TX LYD OH Q F H

F OD V V H V E \ W K H U H OD W LR Q R I K R P R W R S \ U H OD W LYH W R $� 7K H V H H TX LYD OH Q F H F OD V V H V D U H F D OOH G
KRPRWRS\ FODVVHV UHODWLYH WR $� : H X V H W K H Q R W D W LR Q >;� < @$ W R G H Q R W H W K LV V H W R I
K R P R W R S \ F OD V V H V � *LYH Q I �; � < � ZH X V H >I @$ W R G H Q R W H W K H H OH P H Q W LQ >;� < @$
G H W H U P LQ H G E \ I � )R U � X Q S R LQ W H G � V S D F H V ; D Q G < � W K H Q R W D W LR Q >;�< @ X V X D OO\ P H D Q V
>;� < @��

7 KHRU HP ����� / HW $ DQG % EH VXEVSDFHV RI ; DQG < UHVSHFWLYHO\� / HW I�� I��; �
< EH KRPRWRSLF UHODWLYH WR $ DQG J�� J��< � = EH KRPRWRSLF UHODWLYH WR % VXFK WKDW
I� � $� v %� 7KHQ J� r I� 
 J� r I� U H O$�

3 URRI� / H W ) � I� 
 I� U H O$ D Q G *� J� 
 J� U H O%� 7K H Q W K H F R P S R V LW H

; d ,
)

 <

J�

 =

LV D K R P R W R S \ U H OD W LYH W R $ IU R P J� r I� W R J� r I�� D Q G W K H F R P S R V LW H

; d ,
I�dLG ,


 < d ,
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LV D K R P R W R S \ U H OD W LYH W R Ib�
�
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�
� % � � ZH K D YH
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 J� r I� U H O$ D Q G J� r I� 
 J� r I� U H O$� 7K H U H V X OW IR OOR ZV IU R P
7K H R U H P � �� �� � �

����� 3 RLQWHG + RPRWRS\

/ H W ; D Q G < E H S R LQ W H G V S D F H V D Q G OH W I� J�; � < E H S R LQ W H G P D S V � I LV F D OOH G
� S R LQ W H G � KRPRWRSLF W R J LV I 
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F R Q IX V LR Q � ZH V LP S O\ G H Q R W H I 
 J IR U I 
 J U H O [� � LQ S R LQ W H G F D V H � � )R U S R LQ W H G
V S D F H V � W K H Q R W D W LR Q >;� < @ P H D Q V W K H V H W R I H TX LYD OH Q F H F OD V V H V R I S R LQ W H G P D S V IU R P
; W R < E \ W K H U H OD W LR Q R I K R P R W R S \ U H OD W LYH W R W K H E D V H S R LQ W [�� )R U D Q \ S R LQ W H G P D S
I � >I @ P H D Q V W K H K R P R W R S \ F OD V V G H W H U P LQ H G E \ I � 7K H K R P R W R S \ F D W H J R U \ R I S R LQ W H G
V S D F H V P H D Q V W K H F D W H J R U \ LQ ZK LF K R E MH F W V D U H S R LQ W H G V S D F H V D Q G P R U S K LV P V D U H
K R P R W R S \ F OD V V H V >I @� 7K H F R P S R V LW LR Q LQ W K H K R P R W R S \ F D W H J R U \ R I S R LQ W H G V S D F H V
LV G H p Q H G E \ >I @ r >J@  >I r J@� 7K H R U H P � �� �� V K R ZV W K D W W K LV LV D ZH OO�G H p Q H G
F R P S R V LW LR Q R S H U D W LR Q �

'HpQLWLRQ ����� / H W ; E H D S R LQ W H G V S D F H � 7K H Q�KRPRWRS\ JURXS }Q � ; � LV G H p Q H G
E \

}Q � ; �  >6
Q� ;@

IR U Q y � �

1 RWH� }� � ; � LV 1 27 D J U R X S LQ J H Q H U D O� }� � ; � LV D OV R F D OOH G W K H IXQGDPHQWDO JURXS
R I ;� : H ZLOO V K R Z W K D W W K H IX Q G D P H Q W D O J U R X S }� � ; � LV D J U R X S IR U D Q \ ; � E X W
Q R Q �F R P P X W D W LYH LQ J H Q H U D O� � : H ZLOO D OV R V K R Z W K D W }Q � ; � LV D Q D E H OLD Q J U R X S IR U
Q y � �

7 KHRU HP ����� $ SRLQWHG PDS I �<� � <� JLYHV ULVH WR D IXQFWLRQ

Ie� >;� <�@� >;�<�@

IRU DQ\ SRLQWHG VSDFH ; ZLWK WKH IROORZLQJ SURSHUWLHV�

�� ,I I ��<� � <� LV DQRWKHU PDS� DQG I � 
 I � WKHQ Ie  I �e�

�� ,I LG �< � < LV WKH LGHQWLW\ PDS� WKHQ LG e� >;� < @ � >;� < @ LV WKH LGHQWLW\
IXQFWLRQ�

�� ,I J�<� � <� LV DQRWKHU PDS� WKHQ

� J r I � e  Je r Ie�

3 URRI� / H W >y@ � >;� <�@ E H W K H K R P R W R S \ F OD V V R I D P D S y�; � < � ' H p Q H

Ie � >y@�  >I r y@ � >;� <�@�

7K H IX Q F W LR Q Ie LV ZH OO�G H p Q H G E H F D X V H LI y
��; � <� LV D Q R W K H U P D S ZLW K >y

�@  >y@�
W K D W LV y� 
 y� W K H Q >I r y�@  >I r y@ E \ 7K H R U H P � �� �� � 3 U R S H U W LH V � W R � IR OOR Z
LP P H G LD W H O\ IU R P W K H G H p Q LW LR Q D Q G 7K H R U H P � �� �� � �
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/ H W I �;� � ;� E H D Q \ S R LQ W H G P D S � ' H p Q H

Ie� >;�� < @� >;�� < @

E \
Ie � >y@�  >y r I @

IR U D Q \ S R LQ W H G P D S y�;� � < � % \ W K H V LP LOD U D U J X P H Q W V � ZH K D YH

7 KHRU HP ����� $ SRLQWHG PDS I �;� � ;� JLYHV ULVH WR D IXQFWLRQ

Ie� >;�� < @� >;�� < @

IRU DQ\ SRLQWHG VSDFH < ZLWK WKH IROORZLQJ SURSHUWLHV�

�� ,I I ��;� � ;� LV DQRWKHU PDS� DQG I � 
 I � WKHQ Ie  I �e�

�� ,I LG �; � ; LV WKH LGHQWLW\ PDS� WKHQ LG e� >;� < @ � >;� < @ LV WKH LGHQWLW\
IXQFWLRQ�

�� ,I J�;� � ;� LV DQRWKHU PDS� WKHQ

� J r I � e  Ie r Je�

7 KHRU HP ����� / HW ;� < DQG = EH SRLQWHG VSDFHV� 7KHQ

�� >; B <� =@ | >;�=@d ><� =@ DQG

�� >;� < d =@ | >;� < @d >;�=@�
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D Q G y��< � = D U H S R LQ W H G P D S V � 7K H Q W K H U H LV D X Q LTX H S R LQ W H G P D S y�; B< � =
V X F K W K D W yM;  y� D Q G yM<  y� D Q G V R

v � >y@�  � >y�@� >y�@�
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E H W K H IX Q F W LR Q G H p Q H G E \

v � >y@�  � S< e � >y@� � S=e � y@� �
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&RU ROODU \ ����� / HW ; DQG < EH D SRLQWHG VSDFH� 7KHQ

}Q � ; d < � | }Q � ; � d }Q � < �

IRU HDFK Q y � �

7 KHRU HP ������ / HW ;� < DQG = EH SRLQWHG VSDFHV� ,I < LV ORFDOO\ FRPSDFW DQG
+DXVGRUo� WKHQ WKH DVVRFLDWLRQ PDS

zo�0D S e � ; A <�= � � 0D S e � ;�0D S e � <�= � �

LQGXFHV DQG RQH�WR�RQH FRUUHVSRQGHQFH

zoe� >; A <�=@
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( [HU FLVH ����� / H W I �; � < E H D P D S � ,I ; LV S D W K �F R Q Q H F W H G � W K H Q W K H LP D J H
I � ; � LV S D W K �F R Q Q H F W H G �

( [HU FLVH ����� / H W ; E H D Q R Q �H P S W \ V S D F H D Q G OH W [� E H D Q \ S R LQ W LQ ; ZK LF K LV
U H J D U G H G D V W K H E D V H S R LQ W � 7K H Q

}� � ; � | � ; 
 � �

,Q S D U W LF X OD U � ; LV S D W K �F R Q Q H F W H G LI D Q G R Q O\ LI }� � ; � LV W K H R Q H �S R LQ W V H W I� J�

( [HU FLVH ����� / H W ; D Q G < E H W R S R OR J LF D O V S D F H V � 7K H Q ; D Q G < D U H S D W K �
F R Q Q H F W H G LI D Q G R Q O\ LI;d< LV S D W K �F R Q Q H F W H G � � + LQ W � }� � ;d< � | }� � ; � d}� � < � ��

����� + RPRWRS\ ( TXLYDOHQFHV DQG &RQWU DFWLEOH 6SDFHV

$ P D S I �; � < LV F D OOH G D Q KRPRWRS\ HTXLYDOHQFH LI W K H U H LV D P D S J�< � ;
V X F K W K D W J r I 
 LG ; D Q G I r J 
 LG < � 7K H P D S J LV F D OOH G D K R P R W R S \ LQ YH U V H R I
I � $ V S D F H ; LV F D OOH G KRPRWRS\ HTXLYDOHQW W R < LI W K H U H LV D K R P R W R S \ H TX LYD OH Q F H
E H W ZH H Q ; D Q G < � ,Q W K LV F D V H � ZH F D OO W K D W ; K D V W K H V D P H K R P R W R S \ W \S H R I < �
G H Q R W H G E \ ; 
 < �
$ V S D F H ; LV F D OOH G FRQWUDFWLEOH LI W K H LG H Q W LW \ P D S LV K R P R W R S LF W R V R P H F R Q V W D Q W

P D S IU R P ; W R LW V H OI�

3 U RSRVLWLRQ ������ $Q\ WZR PDSV RI DQ DUELWUDU\ VSDFH WR D FRQWUDFWLEOH VSDFH DUH
KRPRWRSLF�

3 URRI� / H W < E H D F R Q W U D F W LE OH V S D F H D Q G V X S S R V H W K D W LG < 
 F� ZK H U H F�< � < LV D
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&RU ROODU \ ������ ,I < LV D FRQWUDFWLEOH VSDFH� WKHQ DQ\ WZR FRQVWDQW PDSV RI < WR
LWVHOI DUH KRPRWRSLF� DQG WKH LGHQWLW\ PDS LV KRPRWRSLF WR DQ\ FRQVWDQW PDS RI < WR
LWVHOI�

( [HU FLVH ����� 6 K R Z W K D W D Q \ YH F W R U V S D F H 9 R YH U 5 LV F R Q W U D F W LE OH � � + LQ W � &K H F N
W K D W W K H P D S ) �9 d , � 9 � � [� W� � � � b W� [� LV D K R P R W R S \ E H W ZH H Q W K H LG H Q W LW \
P D S D Q G D F R Q V W D Q W P D S ��
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7 KHRU HP ������ $ VSDFH LV FRQWUDFWLEOH LI DQG RQO\ LI LW KDV WKH VDPH KRPRWRS\
W\SH DV D RQH�SRLQW VSDFH�

3 URRI� $ V V X P H W K D W ; LV F R Q W U D F W LE OH D Q G OH W ) E H D K R P R W R S \ E H W ZH H Q W K H LG H Q W LW \
P D S D Q G D F R Q V W D Q W P D S F�; � ;� [� [�� / H W 3 E H W K H R Q H �S R LQ W V S D F H I[�J D Q G
OH W I �; 
 
 3 D Q G M�3 v ;� 7K H Q I r M  LG 3 D Q G ) � LG ; 
 M r I � 7K X V I LV D
K R P R W R S \ H TX LYD OH Q F H IU R P ; W R 3 �
&R Q YH U V H O\� LI; K D V W K H V D P H K R P R W R S \ W \S H D V D R Q H �S R LQ W V S D F H 3 � OH W I �; � 3

E H D K R P R W R S \ H TX LYD OH Q F H ZLW K K R P R W R S \ LQ YH U V H J�3 � ;� 7K H Q LG ; 
 J r I �
% H F D X V H J r I LV D F R Q V W D Q W P D S � ; LV F R Q W U D F W LE OH � �

&RU ROODU \ ������ $Q\ WZR FRQWUDFWLEOH VSDFHV KDYH WKH VDPH KRPRWRS\ W\SH� DQG
DQ\ FRQWLQXRXV PDS EHWZHHQ FRQWUDFWLEOH VSDFHV LV D KRPRWRS\ HTXLYDOHQFH�

3 URRI� / H W ; D Q G < E H W ZR F R Q W U D F W LE OH V S D F H V � / H W 3 E H D R Q H �S R LQ W V S D F H � 7K H Q
; 
 3 
 < D Q G V R ; 
 < � 7K H V H F R Q G S D U W IR OOR ZV IU R P 3 U R S R V LW LR Q � �� �� � � �

7 KHRU HP ������ / HW S� EH DQ\ SRLQW RI 6Q DQG OHW I �6Q � < � 7KH IROORZLQJ DUH
HTXLYDOHQW�

�D� I LV QXOO KRPRWRSLF�

�E� I FDQ EH FRQWLQXRXVO\ H[WHQGHG RYHU 'Q���

�F� I LV QXOO KRPRWRSLF UHODWLYH WR S��

3 URRI� � D� � � E� � / H W ) � I 
 F� ZK H U H F LV W K H F R Q V W D Q W P D S R I 6Q W R \� � < � ' H p Q H
D Q H [W H Q V LR Q aI R I I R YH U (Q�� E \

aI � [�  

~
\� � x N[N x �  �

) � [ N[N� � b � N[N� �  � x N[N x � �

6 LQ F H ) � [� � �  \� IR U D OO [ � 6Q� W K H P D S aI LV ZH OO�G H p Q H G � aI LV F R Q W LQ X R X V E H F D X V H
LW V U H V W U LF W LR Q W R H D F K R I W K H F OR V H G V H W V I[ � (Q��M � x N[N x �  � J D Q G I[ �
(Q��M �  � x N[N x � J LV F R Q W LQ X R X V � 6 LQ F H ) � [� � �  I � [ � IR U [ � 6Q� aI M6Q  I D Q G
aI LV D F R Q W LQ X R X V H [W H Q V LR Q R I I W R 'Q���
� E� � � F� � ,I I K D V W K H F R Q W LQ X R X V H [W H Q V LR Q aI �(Q�� � < � G H p Q H ) �6Q d , � <

E \
) � [� W �  aI � � � b W� [� WS� � �

7K H Q ) � [� � �  aI � [�  I � [ � D Q G ) � [� � �  aI � S� � IR U [ � 6Q� 6 LQ F H ) � S�� W�  aI � S� �
IR U W � ,� ) LV D K R P R W R S \ U H OD W LYH W R IS�J IU R P I W R D F R Q V W D Q W P D S �
� F� � � D� � 7K LV LV R E YLR X V � �
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( [HU FLVH ����� 6 K R Z W K D W D Q \ F R Q W LQ X R X V P D S IU R P 6Q W R D F R Q W U D F W LE OH V S D F H K D V
D F R Q W LQ X R X V H [W H Q V LR Q R YH U (Q���

( [HU FLVH ����� 7K H FRPE VSDFH < LV G H p Q H G E \

<  I� [� \ � � 5�M � x \ x � � [  � � �  Q R U \  � � � x [ x � J�

6 K R Z W K D W W K H LG H Q W LW \ P D S R I < LV K R P R W R S LF W R W K H F R Q V W D Q W P D S W R � � � � � � < �
� + LQ W � % \ 3 U R S R V LW LR Q � �� �� � � LW V X r F H V W R V K R Z W K D W < LV F R Q W U D F W LE OH � / H W ) �< d, �
< E H G H p Q H G E \ ) � � [� \ � � W�  � [� � � b W� \ � � 7K H Q ) LV D K R P R W R S \ IU R P LG < W R W K H
S U R MH F W LR Q R I < W R W K H [�D [LV � 6 LQ F H W K H OD W W H U P D S LV K R P R W R S LF W R D F R Q V W D Q W P D S �
< LV F R Q W U D F W LE OH ��

��� 5HWU DFWLRQ DQG 'HIRU PDWLRQ

7K LV V H F W LR Q LV F R Q F H U Q H G P D LQ O\ ZLW K LQ F OX V LR Q P D S V � : H F R Q V LG H U ZK H W K H U V X F K D
P D S K D V D OH IW LQ YH U V H � D U LJ K W LQ YH U V H D Q G D W ZR �V LG H G LQ YH U V H LQ H LW K H U W K H F D W H J R U \
R I V S D F H V R U W K H K R P R W R S \ F D W H J R U \�
$ V X E V S D F H $ R I ; LV F D OOH G D UHWUDFW R I ; LI W K H LQ F OX V LR Q L�$ � ; K D V D OH IW

LQ YH U V H � W K D W LV � W K H U H LV D P D S U�; � $ V X F K W K D W U r L  LG $� $ V X E V S D F H $ LV
F D OOH G D ZHDN UHWUDFW R I ; LI L�$ v ; K D V D OH IW K R P R W R S \ LQ YH U V H � W K D W LV W K H U H LV D
P D S U�; � $ V X F K W K D W U r L 
 LG $�

( [DPSOH ����� / H W $ E H W K H F R P E V S D F H R I H [H U F LV H � �� �� D Q G OH W ;  ,�� 7K H Q $ LV
D ZH D N U H W U D F W R I; E H F D X V H E R W K $ D Q G ; D U H F R Q W U D F W LE OH D Q G V R W K H LQ F OX V LR Q L�$ v
; LV D K R P R W R S \ H TX LYD OH Q F H � LQ S D U W LF X OD U L K D V D OH IW LQ YH U V H � : H V K R Z W K D W $ LV Q R W
D U H W U D F W R I ;� 6 X S S R V H W K D W W K H U H ZH U H D U H W U D F W LR Q U�; � $� / H W [�  � � � � � � $�
7K H Q U � [� �  [�� / H W 8  I\MN\ b [�N � �  � J ? $  % �  � � [� � ? $ E H W K H R S H Q
Q H LJ K E R U K R R G R I [�� 7K H U H LV D Q R S H Q Q H LJ K E R U K R R G 9 R I [� LQ ,

� V X F K W K D W U � 9 � v 8 �
/ H W s E H D V P D OO S R V LW LYH Q X P E H U V X F K W K D W %s � [� � ? ,� v 9 � 6 LQ F H %s � [� � ? ,� LV
S D W K �F R Q Q H F W H G � W K H LP D J H U � %s � [� � ? ,� � v 8 LV S D W K F R Q Q H F W H G LQ 8 � / H W P � Q
E H S R V LW LYH LQ W H J H U V V X F K W K D W �  P� �  Q � s� 7K H Q � �  P� � � � � �  Q� � � � U � %s � [� � ? ,� �
E H F D X V H U LV D U H W U D F W LR Q D Q G V R W K H U H LV D S D W K y LQ U � %s � [� � ? ,� � v 8 MR LQ LQ J
W K H P � 7K LV F R Q W U D F W V W R W K D W � �  P� � � D Q G � �  Q� � � OLH LQ G LoH U H Q W S D W K �F R Q Q H F W H G
F R P S R Q H Q W V R I 8 �

( [HU FLVH ����� 6 K R Z W K D W D V X E V S D F H L�$ v ; LV D ZH D N U H W U D F W LI D Q G R Q O\ LI
Le� >;�$@� � >$�$@� LV R Q W R �
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' H V S LW H W K H ID F W W K D W � LQ J H Q H U D O� D ZH D N U H W U D F W Q H H G Q R W E H D U H W U D F W � W K H V H
F R Q F H S W V G R F R LQ F LG H ZK H Q $ LV D V X LW D E OH V X E V S D F H R I ;� 7K LV R F F X U V IU H TX H Q W O\
H Q R X J K W R ZD U U D Q W V S H F LD O F R Q V LG H U D W LR Q D Q G ZLOO S U R YH R I X V H OD W H U � / H W � ;�$� E H
D S D LU R I V S D F H V � W K D W LV $ LV D V X E V S D F H R I ; � D Q G < E H D V S D F H � � ;�$ � LV V D LG W R
K D YH W K H KRPRWRS\ H[WHQVLRQ SURSHUW\ ZLWK UHVSHFW WR < LI� J LYH Q P D S V J�; � < D Q G
*�$ d , � < V X F K W K D W J � D�  *� D� � � IR U [ � $� W K H U H LV D P D S ) �; d , � <
V X F K W K D W ) � [� � �  J � [� IR U [ � ; D Q G ) M$d,  *� ,Q R W K H U ZR U G V � W K H IR OOR ZLQ J
F R P P X W D W LYH G LD J U D P K R OG V

; d � >$d ,
J >*


 <

; d ,
�

?

)

 <�

ZZZZZZZZZZ

IR U D Q \ J�; � < D Q G *�$d , � < V X F K W K D W JM$  *$d��

3 U RSRVLWLRQ ����� 6XSSRVH WKDW � ;�$� KDV WKH KRPRWRS\ H[WHQVLRQ SURSHUW\ ZLWK
UHVSHFW WR < DQG I�� I��$ � < DUH KRPRWRSLF� ,I I� KDV DQ H[WHQVLRQ WR ;� WKHQ VR
LV I��

3 URRI� / H W *�$ d , � < E H W K H K R P R W R S \ IU R P I� W R I� D Q G OH W J�; � < E H
W K H H [W H Q V LR Q R I I�� % \ W K H G H p Q LW LR Q � W K H U H LV D P D S ) �; d , � < V X F K W K D W
) M;d�>$d,  J >*� 7K H Q )��; � < LV D Q H [W H Q V LR Q R I I�� �

2I S D U W LF X OD U LP S R U W D Q F H LV W K H F D V H ZK H Q � ;�$� K D V W K H K R P R W R S \ H [W H Q V LR Q
S U R S H U W \ ZLW K U H V S H F W W R D Q \ V S D F H � 0R U H J H Q H U D OO\� D P D S I �; � � ; LV F D OOH G D
FRpEUDWLRQ LI IR U D Q \ V S D F H < D Q G D Q \ J LYH Q P D S V J�; � < D Q G *�; �d , � < V X F K
W K D W

*� [�� � �  J � I � [� � �

IR U D Q \ [� � ; �� W K H U H H [LV W V D P D S ) �; d , � < V X F K W K D W ) � [� � �  J � [ � D Q G
) � I � [� � � W �  *� [�� W � IR U D Q \ [ � ;� [� � ; � D Q G W � ,� 7K H H [LV W H Q F H R I ) LV
H TX LYD OH Q W W R W K H H [LV W H Q F H R I D P D S U H S U H V H Q W H G E \ W K H G R W W H G D U U R Z ZK LF K P D NH V
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W K H IR OOR ZLQ J G LD J U D P F R P P X W D W LYH �

; � d ,
I d LG ,


 ; d , ] � ; d �

<
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7K X V D Q LQ F OX V LR Q L�$ v ; LV D F R p E U D W LR Q LI D Q G R Q O\ LI � ;�$� K D V W K H K R P R W R S \
H [W H Q V LR Q S U R S H U W \ ZLW K U H V S H F W W R D Q \ V S D F H < �

3 U RSRVLWLRQ ����� $Q LQFOXVLRQ L�$ v ; LV D FRpEUDWLRQ LI DQG RQO\ LI ;d � >$d,
LV D UHWUDFW RI ; d ,�

3 URRI� 6 X S S R V H W K D W L�$ v ; LV D F R p E U D W LR Q � 7K H Q W K H LG H Q W LW \ P D S R I ;d � >$d,
F D Q E H H [W H Q G H G W R ; d , D Q G V R ; d � >$d , LV D U H W U D F W R I ; d ,� &R Q YH U V H O\� OH W

U�; d , � ; d � > $d ,

E H D U H W U D F W LR Q � / H W < E H D Q \ V S D F H D Q G OH W J�; � < D Q G *�$ d , � < E H P D S V
V X F K W K D W *M$d�  JM$� 7K H Q W K H F R P S R V LW H

; d ,
U

 ; d � > $d ,

J>*

 <

LV D Q H [W H Q V LR Q R I J >*� �

( [HU FLVH ����� / H W $ v % v ; E H V X E V S D F H V � 6 X S S R V H W K D W $ v % D Q G % v ; D U H
F R �p E U D W LR Q V � 6 K R Z W K D W $ v ; LV D F R p E U D W LR Q �

( [HU FLVH ����� 6 K R Z W K D W 6Q v 'Q�� LV D F R p E U D W LR Q �

7 KHRU HP ����� ,I � ;�$� KDV WKH KRPRWRS\ H[WHQVLRQ SURSHUW\ ZLWK UHVSHFW WR $�
WKHQ $ LV D ZHDN UHWUDFW RI ; LI DQG RQO\ LI $ LV D UHWUDFW RI ;�

3 URRI� : H V K R Z W K D W D Q \ ZH D N U H W U D F W LR Q U�; � $ LV � LQ ID F W � K R P R W R S LF W R D
U H W U D F W LR Q � / H W *�$d, � $ E H W K H K R P R W R S \ IU R P UrL W R LG $� % H F D X V H � ;�$� K D V W K H
K R P R W R S \ H [W H Q V LR Q S U R S H U W \ ZLW K U H V S H F W W R $� W K H U H LV D Q H [W H Q V LR Q ) �; d , � $
V X F K W K D W ) � [� � �  U � [ � D Q G ) � D� W�  *� D� W� � 7K H Q )��; � $ LV D U H W U D F W LR Q � �
*LYH Q ; � v ;� D GHIRUPDWLRQ ' R I ; � LQ ; LV D K R P R W R S \ '�; � d , � ; V X F K

W K D W ' � [�� � �  [� IR U [� � ; �� ,I� P R U H R YH U � ' � ; � d � � LV F R Q W D LQ H G LQ D V X E V S D F H $
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R I ;� ' LV V D LG W R E H D GHIRUPDWLRQ RI ; � LQWR $ D Q G ; � LV V D LG W R E H GHIRUPDEOH LQ
; LQWR $� $ V S D F H ; LV V D LG W R E H GHIRUPDEOH LQ W R D V X E V S D F H $ LI LW LV G H IR U P D E OH
LQ LW V H OI LQ W R $� 7K X V D V S D F H ; LV F R Q W U D F W LE OH LI D Q G R Q O\ LI LW LV G H IR U P D E OH LQ W R
R Q H R I LW V S R LQ W V �

( [HU FLVH ����� 6 K R Z W K D W D V S D F H ; LV G H IR U P D E OH LQ W R D V X E V S D F H $ LI D Q G R Q O\ LI
W K H LQ F OX V LR Q L�$ v ; K D V D U LJ K W K R P R W R S \ LQ YH U V H �

1 R W H W K D W D Q LQ F OX V LR Q L�$ v ; Q H YH U K D V D U LJ K W LQ YH U V H LQ W K H F D W H J R U \ R I
W R S R OR J LF D O V S D F H V H [F H S W W K H W U LYLD O F D V H $  ;�
$ V X E V S D F H $ v ; LV F D OOH G D ZHDN GHIRUPDWLRQ UHWUDFW R I ; LI W K H LQ F OX V LR Q

L�$ v ; LV D K R P R W R S \ H TX LYD OH Q F H �

( [HU FLVH ����� 6 K R Z W K D W $ LV D ZH D N G H IR U P D W LR Q U H W U D F W R I ; LI D Q G R Q O\ LI $ LV
D ZH D N U H W U D F W R I ; D Q G ; LV G H IR U P D E OH LQ W R $�

$ LV F D OOH G D GHIRUPDWLRQ UHWUDFW LI W K H U H LV D U H W U D F W LR Q U R I ; W R $ V X F K W K D W
U r L 
 LG ; � $ LV F D OOH G D VWURQJ GHIRUPDWLRQ UHWUDFW R I ; LI W K H U H LV D U H W U D F W LR Q U R I
; W R $ V X F K W K D W U r L 
 LG ; U H O$�

( [HU FLVH ����� 6 X S S R V H W K D W ; LV G H IR U P D E OH LQ W R D U H W U D F W $� 6 K R Z W K D W $ LV D
G H IR U P D W LR Q U H W U D F W LR Q R I ;�

7 KHRU HP ����� ,I � ;�$� KDV WKH KRPRWRS\ H[WHQVLRQ SURSHUW\ ZLWK UHVSHFW WR $�
WKHQ $ LV D ZHDN GHIRUPDWLRQ UHWUDFW RI ; LI DQG RQO\ LI $ LV D GHIRUPDWLRQ UHWUDFW
RI ;�

3 URRI� 6 LQ F H � ;�$� K D V W K H H [W H Q V LR Q S U R S H U W \ ZLW K U H V S H F W W R $ D Q G $ LV D ZH D N
U H W U D F W R I ;� $ LV D U H W U D F W R I ;� / H W U�; � $ E H D U H W U D F W LR Q � 6 LQ F H L�$ v ; LV D
K R P R W R S \ H TX LYD OH Q F H � L K D V D U LJ K W K R P R W R S \ LQ YH U V H D Q G V R U LV D U LJ K W K R P R W R S \
LQ YH U V H R I L� 7K X V $ LV D G H IR U P D W LR Q U H W U D F W R I ;�

7 KHRU HP ����� ,I � ; d ,� � ; d � � > � $d , � > � ; d � � � KDV WKH KRPRWRS\ H[WHQVLRQ
SURSHUW\ ZLWK UHVSHFW WR ; DQG $ LV FORVHG LQ ;� WKHQ $ LV D GHIRUPDWLRQ UHWUDFW RI
; LI DQG RQO\ LI $ LV D VWURQJ GHIRUPDWLRQ UHWUDFW RI ;�

3 URRI� � LV R E YLR X V E \ G H p Q LW LR Q � � � / H W U�; � $ E H D U H W U D F W D Q G OH W ) �;d, �
; E H D K R P R W R S \ IU R P LG ; W R U r L� ZK H U H L�$ v ;� $ K R P R W R S \

*� � � ; d � � > � $d , � > � ; d � � � d , � ;
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LV G H p Q H G E \ W K H H TX D W LR Q V

*� � [� � � � W� �  [ [ � ;� W� � ,
*� � D� W� � W� �  ) � D� � � b W� � W� D � $� W� W� � ,
*� � [� � � � W� �  ) � U � [� � � b W� � [ � ;� W� � ,�

* LV ZH OO�G H p Q H G � E H F D X V H IR U D � $

*� � D� � � W� �  D  ) � D� � �

E \ W K H p U V W W ZR H TX D W LR Q V D Q G

*� � D� � � � W� �  ) � D� � b W� �  ) � U � D� � � b W� �

E \ W K H OD V W W ZR H TX D W LR Q V � * LV F R Q W LQ X R X V E H F D X V H LW V U H V W U LF W LR Q W R H D F K R I W K H F OR V H G
V H W V ; d Rd ,� $d , d , D Q G ; d � d , LV F R Q W LQ X R X V � )X U W K H U P R U H

*M��;d��>�$d,�>�;d���d�  )�;d��>�$d,�>�;d��

>E H F D X V H ) � [� � �  [ D Q G V LQ F H U LV D U H W U D F W LR Q � ) � U � [� � � �  LU � U � [ � �  ) � [� � � �@
7K X V * U H V W U LF W W R � � ; d � � > � $d , � > � ; d � � � d � F D Q E H H [W H Q G H G W R � ; d , � d � �
)U R P W K H K R P R W R S \ H [W H Q V LR Q S U R S H U W \ LQ W K H K \S R W K H V LV � * U H V W U LF W W R � � ; d � � >
� $ d , � > � ; d � � � d � F D Q E H H [W H Q G H G W R � ; d , � d � � / H W *�� � ; d , � d � � ;
E H V X F K D Q H [W H Q V LR Q � D Q G G H p Q H +�; d , � ; E \ + � [� W �  *� � � [� W� � � � � 7K H Q ZH
K D YH

+ � [� � �  *� � � [� � � � � �  *� � [� � � � � �  [ [ � ;
+ � [� � �  *� � [� � � � � �  ) � U � [ � � � �  U � [� [ � ;

+ � [D� W�  *� � D� W� � � �  ) � D� � �  D D � $� W � ,
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�FR�+�JURXS�� 7KHQ VR LV ; A < �

3 URRI� 7K H F R P X OW LS OLF D W LR Q z� LV G H p Q H G E \

z��; A <
z�
;
ALG <


 � ; B; � A < | � ; A < � B � ; A < � �

% \ / H P P D � �� �� � ; A < LV D F R �+�V S D F H � F R �+�J U R X S LI ; LV � � �
/ H W ; E H D S R LQ W H G V S D F H � 7K H Q�IROG VXVSHQVLRQ R I ; LV G H p Q H G E \

hQ; � 6Q A;�

1 R W H W K D W
hQ;  � 6� A 6� A c c c A 6� � A;  6� A hQb�;

LI Q y � E \ 7K H R U H P � �� �� � � 7K X V ZH K D YH

7 KHRU HP ������ / HW ; EH D SRLQWHG VSDFH� 7KHQ hQ; LV D FR�+�JURXS IRU HDFK
Q y � �

1 R Z ZH ZD Q W W R V K R Z W K D W }Q � ; � LV D E H OLD Q IR U Q y � �

/HPPD ������ / HW 6 EH DQ +�VHW� 6XSSRVH WKDW WKHUH LV D IXQFWLRQ

��6 d 6 � 6

VXFK WKDW

�� �� [� � �  [  �� � � [ � IRU DQ\ [ � 6 DQG

�� �� [�[�� \�\� �  �� [�� \� � �� [�� \� � IRU DQ\ [�� [�� \�� \� � 6�

7KHQ 6 LV D FRPPXWDWLYH PRQRLG DQG �� [� \ �  [\ IRU DQ\ [� \ � 6�

3 URRI� / H W [ e \ G H Q R W H �� [� \ � � 6 LQ F H

[\  � [ e � � � � e \ �  � [� � e � � \ �  [ e \�

ZH K D YH [\  �� [� \ � IR U D Q \ [� \� 6 LQ F H

[\  [ e \  � � [� e � \ � �  � � e \ � � [ e � �  \[�
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6 LV F R P P X W D W LYH � 6 LQ F H

[ � \] �  [� \ e ] �  � [ e � � � \ e ] �  � [\ � e � � ] �  � [\ � ]

6 LV D V V R F LD W LYH � 7K X V 6 LV D F R P P X W D W LYH P R Q R LG � �
6 X S S R V H W K D W ; LV D F R �+�V S D F H D Q G < LV D Q +�V S D F H � 7K H Q W K H U H D U H W ZR P X OW L�

S OLF D W LR Q V R Q >;�< @� R Q H LV LQ G X F H G E \ W K H F R P X OW LS OLF D W LR Q ; � ; B; D Q G D Q R W K H U
LV LQ G X F H G E \ W K H P X OW LS OLF D W LR Q < d < � < �

7 KHRU HP ������ / HW ; EH D FR�+�VSDFH DQG OHW < EH DQ +�VSDFH� 7KHQ WKH WZR
PXOWLSOLFDWLRQ RQ >;�< @ LQGXFHG E\ z�; DQG z< DJUHH DQG DUH ERWK DVVRFLDWLYH DQG
FRPPXWDWLYH�

&RU ROODU \ ������ 6XSSRVH WKDW < LV DQ +�VSDFH� / HW ; EH DQ\ SRLQWHG VSDFH� 7KHQ
>h;�< @ LV DQ DEHOLDQ JURXS� ,Q SDUWLFXODU�

�� }� � < � LV DEHOLDQ�

�� }Q � = �  >6
��nQb�=@ LV DQ DEHOLDQ JURXS IRU DQ\ SRLQWHG VSDFH =�

1 RWH� 2Q H R I G LoH U H Q W LD O J H R P H W H U V W K U R X J K W K H LQ W H U Q H W K D V E H H Q W R D V NH G ZK H W K H U
6� B 6� LV K R P R W R S \ H TX LYD OH Q W W R D W R S R OR J LF D O J U R X S � : H ZLOO V H H W K D W }� � 6

� B 6� �
LV D IU H H J U R X S R I U D Q N � � W K D W LV � W ZR J H Q H U D W R U V � ,Q S D U W LF X OD U � }� � 6

� B 6� � LV Q R W
D E H OLD Q D Q G V R 6� B 6� LV Q R W D Q +�V S D F H R U 6� B 6� LV Q R W K R P R W R S \ H TX LYD OH Q W W R D
W R S R OR J LF D O J U R X S �

( [HU FLVH ����� / H W z� D Q G z� E H W ZR P X OW LS OLF D W LR Q V R Q < V X F K W K D W < LV D Q +�V S D F H
X Q G H U z� D Q G z�� 6 K R Z W K D W

nz� 
 nz�� n� < d < � � n<�

3 URRI RI 7KHRUHP ������� 7K H P X OW LS OLF D W LR Q R Q >;� < @ LQ G X F H G E \ z�; LV J LYH Q D V
IR OOR ZV � )R U >I @� >J@ � >;� < @� >I @>J@ LV W K H K R P R W R S \ F OD V V U H S U H V H Q W H G E \ W K H F R P S R V LW H

;
z�

 ; B;

IBJ

 < B <

U

 <�

ZK H U H U LV W K H IR OG P D S � 7K H P X OW LS OLF D W LR Q >;� < @ LQ G X F H G E \ z< LV J LYH Q D V IR OOR ZV �
)R U >I @� >J@ � >;� < @� >I @ e >J@ LV W K H K R P R W R S \ F OD V V U H S U H V H Q W H G E \ W K H F R P S R V LW H

;
c

 ; d;

IdJ

 < d <

z

 <�
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% \ / H P P D � �� �� � � LW V X r F H V W R V K R Z W K D W

� >I @>I �@� e � >J@>J�@�  � >I @ e >J@� � >I �@ e >J�@�

IR U D Q \ I� I �� J� J�� 7K LV IR OOR ZV IU R P W K H IR OOR ZLQ J K R P R W R S \ F R P P X W D W LYH G LD J U D P

;                  ;                  ;

; B;

z�

�

             ; B;

z�

�

~ 
 ; d;

c

�

� ; d; � B � ; d; �

c B c

�

]
�

; B; B; B;

z� B z�

�

~
 � ; B; � d � ; B; �

z� d z�

�

� < d < � B � < d < �

� I d J � B � I � B J� �

�

]
�

< B < B < B <

I B I � B J B J�

�

~ 
 � < B < � d � < B < �

� I B I � � d � J B J� �

�

< B <

z B z

�

< B <

UBU

�

~ 
 < d <

UdU

�

<

U

�

                 <

U

�

                 <�

z

�

ZK H U H
��= B = B = B = � � = d = � B � = d = �

LV W K H F R P S R V LW H

= B = B = B =
LG = B7BLG =


 = B = B = B = ~ 
 � = d = � B � = d = �

ZLW K 7 � [� \ �  � \� [� � �
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����� 7 KH -DPHV &RQVWU XFWLRQ

/ H W ; E H D S R LQ W H G � + D X V G R U o � V S D F H ZLW K W K H E D V H �S R LQ W e� 7K H - DPHV &RQVWUXFWLRQ
-Q � ; � LV G H p Q H G E \

-Q � ; �  ;Q |�

ZK H U H | LV W K H H TX LYD OH Q F H U H OD W LR Q J H Q H U D W H G E \

� [�� c c c � [Lb�� e� [L��� c c c � [Q � | � [�� c c c � [Mb�� e� [M��� c c c � [Q �

IR U D Q \ � x L� M x Q D Q G D Q \ [V � ;� 7K H H OH P H Q W V LQ -Q � ; � LV ZU LW W H Q D V D ZR U G

Z  [�[� c c c [Q�

ZK H U H ZH MX V W NH H S LQ P LQ G W K D W � IR U H [D P S OH �

e[�[�  [� e [�  [�[�e

LQ -� � ; � �
/ H W TQ�;

Q � -Q � ; � E H W K H TX R W LH Q W P D S � 7K H LQ F OX V LR Q ;
Qb�

~ 
 ;Q� � [�� c c c � [Qb� � �
� [�� c c c � [Qb�� e� � LQ G X F H V D P D S LQ� -Qb� � ; � ~ 
 -Q � ; � V X F K W K D W W K H G LD J U D P

;Qb�
~ 
 ;Q

-Qb�;

TQb�

�

~

LQ

 -Q � ; �

TQ

�

F R P P X W H V � : H V K R Z W K D W LQ LV D F OR V H G P D S � / H W & E H D F OR V H G V H W LQ -Qb� � ; � � 7K H Q
Tb�Qb� � & � LV D F OR V H G V H W LQ ;Qb� D Q G V R

(L  I� [�� c c c � [Lb�� e� [L��� c c c � [Q � � ;QM� [�� c c c � [L�� [L��� c c c � [Q � � Tb�Qb� � & � J

LV D F OR V H G V H W LQ ;Q E H F D X V H (L LV W K H LQ W H U V H F W LR Q R I;Lb�ded;QbL D Q G }b�L � T
b�
Qb� � & � � �

ZK H U H
}L � [�� c c c � [Q �  � [�� c c c � [Lb�� [L��� c c c � [Q �

LV W K H F R R U G LQ D W H S U R MH F W LR Q � 6 LQ F H

Tb�Q � LQ � & � �  
Q>
L �

(L�
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Tb�Q � & � LV D F OR V H G V H W LQ ;Q D Q G V R LQ � & � LV D F OR V H G V H W LQ -Q � ; � � 7K X V LQ P D S V
-Qb� � ; � K R P H R P R U S K LF D OO\ R Q W R W K H F OR V H G V X E V S D F H LQ � -Qb� � ; � � LQ -Q � ; � D Q G V R
ZH P D \ LG H Q W LI\ -Qb� � ; � D V D F OR V H G V X E V S D F H R I -Q � ; � � 7K LV J LYH V D W R ZH U R I F OR V H G
V S D F H V

-� � ; � v -� � ; � v -� � ; � v c c c �

' H p Q H

- � ; �  
�>
Q �

-Q � ; �

ZLW K V R �F D OOH G ZHDN WRSRORJ\� W K D W LV � & LV D F OR V H G V H W LQ - � ; � LI D Q G R Q O\ LI &?-Q � ; �
LV F OR V H G LQ -Q � ; � IR U H D F K Q� 7K LV P D NH V - � ; � W R E H D W R S R OR J LF D O V S D F H V D Q G H D F K
-Q � ; � LV D F OR V H G V X E V S D F H R I - � ; � �

$ Q H [D F W G H p Q LW LR Q R I ZH D N W R S R OR J \ LV D V IR OOR ZV � / H W ; E H D V S D F H D Q G OH W
I$oJ E H D ID P LO\ R I F OR V H G V H W LQ ZK R V H X Q LR Q LV ;� : H V D \ ; K D V W K H ZHDN WRSRORJ\
ZLW K U H V S H F W W R I$oJ LI LW V D W LV p H V W K H IR OOR ZLQ J F R Q G LW LR Q � D V X E V H W & R I ;� ZK R V H
LQ W H U V H F W LR Q ZLW K H D F K R I $o LV F OR V H G � LV LW V H OI F OR V H G � / H W ; E H D V H W � D Q G OH W I$oJ
E H D ID P LO\ R I W R S R OR J LF D O V S D F H V � H D F K D V X E V H W R I ;� : H V K D OO V D \ W K D W I$oJ LV D
FRKHUHQW IDPLO\ � R I W R S R OR J LF D O V S D F H V � R Q ; LI

� � ;  
6

o$o�

� � $o ? $p LV D F OR V H G V H W R I $o IR U H D F K o� p�

� � IR U H YH U \ o� p� W K H W R S R OR J LH V LQ G X F H G R Q $o ? $p E \ $o D Q G $p F R LQ F LG H �

/ H W $o E H D F R K H U H Q W ID P LO\ R Q ;� ' H p Q H D V X E V H W & R I ; W R E H F OR V H G LI & ?$o LV
F OR V H G IR U H D F K o� 7K H Q

� � ; LV D W R S R OR J LF D O V S D F H � W K D W LV W K H F R P S OH W H P H Q W V R I W K H F OR V H V V H W V IR U P D
W R S R OR J \ R Q ; � �

� � ( D F K $o LV D F OR V H G V X E V S D F H R I ;�

� � ; K D V W K H ZH D N W R S R OR J \ ZLW K U H V S H F W W R I$oJ�

/HPPD ������ 6XSSRVH ; KDV WKH ZHDN WRSRORJ\ ZLWK UHVSHFW WR I$oJ� / HW 8 EH D
VXEVHW LQ ;� 7KHQ 8 LV RSHQ LI DQG RQO\ LI 8 ? $o LV RSHQ IRU HDFK o�
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3 URRI� ,I 8 LV R S H Q � F OH D U O\ 8 ? $o LV R S H Q E H F D X V H $o LV D V X E V S D F H � &R Q YH U V H O\�
D V V X P H W K D W 8 ? $o LV R S H Q IR U H D F K o� 7K H Q

� ; Q 8 � ? $o  $o Q � 8 ? $o �

LV F OR V H G LQ $o IR U H D F K o D Q G V R ; Q 8 LV F OR V H G R U 8 LV R S H Q � �

/HPPD ������ 6XSSRVH ; KDV WKH ZHDN WRSRORJ\ ZLWK UHVSHFW WR I$oMo � ,J DQG <
KDV WKH ZHDN WRSRORJ\ ZLWK UHVSHFW WR I%pMp � -J� 7KHQ ;d< KDV WKH ZHDN WRSRORJ\
ZLWK UHVSHFW WR

I$o d%pMo � ,� p � -J�

3 URRI� / H W & E H D V X E V H W LQ ; d < V X F K W K D W & ? � $o d %p � LV F OR V H G IR U D Q \ o� p�
/ H W 8  ; d < Q &� : H V K R Z W K D W 8 LV R S H Q � 6 LQ F H

8 ?$o d%p  $o d%p Q � & ?$o d%p � �

8 ?$o d%p LV R S H Q IR U D Q \ o D Q G p� / H W �; �; d < � ; D Q G }< �; d < � < E H
W K H F R R U G LQ D W H S U R MH F W LR Q V � *LYH Q D Q \ o � ,� W K H Q

}; � 8 � ? $o  
>
p�-

}; � 8 ?$o d%p � �

6 LQ F H 8 ?$od%p LV R S H Q LQ $od%p D Q G }; M$od%p LV W K H p U V W F R R U G LQ D W H S U R MH F W LR Q �

}; � 8 ?$o d%p �

LV R S H Q LQ $o IR U H D F K p D Q G V R W K H X Q LR Q

}; � 8 � ? $o

LV R S H Q LQ $o IR U D Q \ J LYH Q o� ,W IR OOR ZV W K D W }; � 8 � LV R S H Q LQ ; E H F D X V H ; K D V W K H
ZH D N W R S R OR J \� 6 LP LOD U O\� }< � 8 � LV R S H Q LQ < � 7K X V 8 LV R S H Q LQ ; d < D Q G K H Q F H
W K H U H V X OW � ��

7 KHRU HP ������ / HW ; EH D SRLQWHG ORFDOO\ FRPSDFW +DXVGRUo VSDFH� 7KHQ - � ; �
LV D WRSRORJLFDO PRQRLG�
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3 URRI� 7K H F R P S R V LW H

;Q d;P  ;Q�P TQ�P

 -Q�P � ; �

ID F W R U V W K U R X J K -Q � ; � d -P � ; � � W K D W LV W K H U H LV D P D S zQ�P� -Q � ; � d -P � ; � �
-Q�P � ; � V X F K W K D W W K H G LD J U D P

;Q d;P         ;Q�P

-Q � ; � d -P � ; �

TQ d TP

� zQ�P

 -Q�P � ; � �

TQ�P

�

ZK H U H TPd TQ LV D TX R W LH Q W P D S E H F D X V H ; LV OR F D OO\ F R P S D F W + D X V G R U o� % \ ZU LW LQ J
G R ZQ W K H H OH P H Q W V � ZH K D YH

zQ�P � [�[� c c c[Q� \�\� c c c \P �  [�[� c c c[Q\�\� c c c \P

D Q G V R zP�Q LQ G X F H V D X Q LTX H IX Q F W LR Q z� - � ; � d- � ; � � - � ; � V X F K W K D W W K H G LD J U D P

-Q � ; � d -P � ; �
zQ�P


 -Q�P � ; �

- � ; � d - � ; �
�

?

z

 - � ; �

�

?

F R P P X W H V IR U D Q \ Q�P� : H V K R Z W K D W z LV F R Q W LQ X R X V � / H W & E H D Q \ F OR V H G V H W LQ
- � ; � � )R U D Q \ Q�P� & ? -Q�P � ; � LV F OR V H G D Q G V R

zb� � & � ? � -Q � ; � d -P � ; � �  zb�Q�P � & ? -Q�P � ; � �

LV F OR V H G � % \ / H P P D � �� �� � � - � ; � d - � ; � K D V W K H ZH D N W R S R OR J \ ZLW K U H V S H F W W R
I-P � ; � d -Q � ; � J� 7K X V & LV F OR V H G D Q G K H Q F H z LV F R Q W LQ X R X V � &OH D U O\ z K D V W K H
LG H Q W LW \ e  � D Q G LV D V V R F LD W LYH � 7K X V - � ; � LV D W R S R OR J LF D O P R Q R LG � �
: H ZU LW H ;�Q� IR U W K H Q�IR OG V H OI V P D V K R I ;�

7 KHRU HP ������ 7KHUH LV DQ KRPHRPRUSKLVP

-Q � ; �  -Qb� � ; � | ;�Q�

IRU HDFK Q�
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3 URRI� / H W TQ�;
Q � -Q � ; � D Q G SQ�;

Q � ;�Q� E H W K H TX R W LH Q W P D S V � 7K H Q SQ
ID F W R U V -Q � ; � � W K D W LV � W K H U H LV D IX Q F W LR Q S�Q�-Q � ; � � ;�Q� V X F K W K D W SQ  S�Q rTQ� ,W
IR OOR ZV W K D W S�Q LV TX R W LH Q W P D S � 6 LQ F H S

�
Q � -Qb� � ; � �  e� S�Q LQ G X F H V D TX R W LH Q W P D S

S��Q�-Q � ; �  -Qb� � ; � � ;�Q��

7K H P D S S��Q LV D K R P H R P R U S K LV P E H F D X V H LW LV R Q H �W R �R Q H � R Q W R D Q G D TX R W LH Q W P D S � �
2Q H R I D S S OLF D W LR Q V R I W K H -D P H V F R Q V W U X F W LR Q W R +�V S D F H V LV D V IR OOR ZV �

7 KHRU HP ������ / HW ; EH D SRLQWHG VSDFH� 7KHQ ; LV DQ +�VSDFH ZLWK D VWULFW
LGHQWLW\ LI DQG RQO\ LI ; LV D �SRLQWHG� UHWUDFW RI D WRSRORJLFDO PRQRLG�

3 URRI� 6 X S S R V H W K D W ; LV D U H W U D F W R I D W R S R OR J LF D O P R Q R LG 0 � / H W M�; � 0 E H
W K H LQ F OX V LR Q ZLW K M � e�  � D Q G OH W U�0 � ; E H D U H W U D F W LR Q ZLW K U � � �  e� ' H p Q H
D P X OW LS OLF D W LR Q R Q ; E \

; d; ~

MdM

 0 d0

z

 0

U

 ;�

7K H Q e[  [e  [ IR U [ � ;� &R Q YH U V H O\� V X S S R V H W K D W W K H U H LV D P X OW LS OLF D W LR Q
z�; d; � ; ZLW K D V W U LF W LG H Q W LW \� : H ZU LW H [ c \ IR U z � [� \ � � ' H p Q H D P D S

�Q�;
Q � ;

E \
�Q � [�� [�� c c c � [Q �  � � c c c � � [� c [� � c [� � c c c� c [Q � �

6 LQ F H e  � LV D V W U LF W LG H Q W LW \ IR U z� W K H P D S �Q ID F W R U V W K U R X J K W K H TX R W LH Q W -Q � ; � �
W K D W LV W K H U H LV D P D S ��Q� -Q � ; � � ; V X F K W K D W W K H G LD J U D P

;Q �Q

 ;

-Q � ; �

TQ

�
� ��Q 
 ;

ZZZZZZZZZZ

F R P P X W H V � &OH D U O\
��QM-Qb��;�  ��Qb��-Qb� � ; � � ;

D Q G V R ��Q LQ G X F H V D X Q LTX H IX Q F W LR Q ��� - � ; � � ; V X F K W K D W

��Q  ��M-Q�;��
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: H V K R Z W K D W �� LV F R Q W LQ X R X V � / H W & E H D F OR V H G V H W LQ ;� 7K H Q

��
b�
� & � ? -Q � ; �  ��Q

b�
� & �

LV D F OR V H G V H W LQ -Q � ; � IR U H D F K Q� 7K X V �� � & � LV F OR V H G E H F D X V H - � ; � K D V W K H ZH D N
W R S R OR J \ ZLW K U H V S H F W W R I-Q � ; � J� 6 LQ F H

��M-��;�  ��
�
�-� � ; �  ; � ;

LV W K H LG H Q W LW \ P D S � W K H P D S �� LV D U H W U D F W LR Q D Q G K H Q F H W K H U H V X OW E H F D X V H - � ; � LV
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