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1 Introduction

It is the Hilbert’s Fourth Problem in the smooth case to study and characterize
the Finsler metrics on an open domain in R™ such that geodesics are straight lines.
Finsler metrics on an open domain in R™ with this property are said to be projectively
flat. According to ref. [1], a Finsler metric F' = F(z,y) on on open subset in R" is

projectively flat if and only if it satisfies the following partial differential equations:
kayiyk = Lgi. (1)

By the Beltrami theorem, a Riemannian metric on a manifold is locally projectively

flat, if and only if it has the constant sectional curvature. Every Riemannian metric of

the constant sectional curvature p is locally isometric to the following projectively flat

metric on a ball in R":

VY + p(lzPly? - (2, y)?)
1+ plz|? ' @

However, there are lots of projectively flat Finsler metrics which are not of the con-

a =

stant flag curvature (the flag curvature is an analogue of the sectional curvature in

Riemannian geometry). In ref. [2], Shen studied the local structure of projectively flat
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metrics with the constant flag curvature. Inref. [3], Chen et al. studied the projectively
flat metrics with isotropic S-curvature. There are two notable projectively flat metrics
on the unit ball B™ in R™:

5o VP = (2PlyP ~ (@y)?) (@)

1= [af? 1=z’

(3)

and

(A== ol + (@)
ST e RN e @

F is the well-known Funk metric and F is the metric introduced by Berwald¥. F

has the negative constant flag curvature K = —<, and F' has the zero flag curvature

47
K = 0. Moreover, F has the constant S-curvature, but F even does not have the
isotropic S-curvature. What is interesting to us is the following relationship between

F and F. Let

VP = (2Ply? — (=9)%) 5. (=)
= =[P T Tap
and \ 1= — ‘ R Then F = a + 3, and
2
F:L“;m +2[3+5— (5)

where o := A& and = \3 = 3

The above examples inspire us to construct some projectively flat Finsler metrics in
similar forms and seek for those with the constant flag curvature. Consider a Randers
metric F = @ + 3 on a manifold M. Assume that F is locally projectively flat, then &
is locally projectively flat and /3 is closed. Locally, we can express @ by (2) and we can
express 3 as a differential of some scalar function p = p(z), i.e. 3 = 1dp. We wish to
find scalar functions A = A(z) > 0 and ¢ = o(x) such that for o := A& and 3 := 3do,

the Finsler metric in the following form is projectively flat,
2

F:=a+e3+ kﬁ—
where ¢, k are constants with k # 0. In this paper, we succeed in constructing such
metrics.

Theorem 1.1. On an open domain in R"”, let
n|x|® dy + (a,x)
U+ VIt W) VIt el T+ el

where n and d; are constants. Let

A := d3 + 2kndah — kudah?, (6)
o= :|:2/\/d2/\dh, (7)

where ds, ds are constants with do > 0 and ds + 2knd;ds — ]{,‘Md%dg > (0 sothat A >0

on an open neighborhood of the origin. Then for o := A@ and 3 := %da, the following

Finsler metric,

2
F: _a+eﬁ+kﬂ—
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is projectively flat on its domain.

Let us take a look at the special case: whend; =dy =1,d3 =0, 7=0, p = —1,
e=2, k=1,
(1 + (a,x))?
)\ = - =
—fzp ~°
For a := MA@ and 8 := %da, the Finsler metric F' = (a + (3)%/a is projectively flat.
More important, this metric has the zero flag curvature! Thus we obtain the following

Theorem 1.2. Let a € R™ be an arbitrary constant vector with |a| < 1. The

following Finsler metric is projectively flat the with zero flag curvature K = 0,

[(1+ (@, @) (VY = (2Ply? — (2,9)°) + (@) + (L= [2*) (@, y)]*
(L= [21?)2/Tyl? = (2Ply? — (2.9)%)

The metric in (8) is an extension of Berwald’s famous example in (5). The curvature

F =

(8)

property follows from the classification theorem in ref. [2]. See sec. 6 below.

As we know, if a projectively flat Randers metric F = & + 3 has the isotropic S-
curvature, S = & (n + 1)c(z)F, where ¢ = c(z) is a scalar function, then & is given by
(2) and 3 = 3dp for some scalar function p = p(z). Both ¢ = ¢(z) and p = p(z) can

be explicitly determined. For such metrics we have the following

Theorem 1.3. Let F = @+ [ be an n-dimensional projectively flat Randers
metric with the isotropic S-curvature, S = 1(n + 1)c(z)F, on an open domain in R™.
There is a scalar function A = A(z) > 0 such that for o := MA@ and 3 := A3, the Finsler
metric in the following form is projectively flat,

(a+0)*

«

F = 9)

We will give a direct proof for Theorem 1.3 in sec. 5 below. In the special case when
p=—1and c=1, F =a+fis a generalized Funk metric/>°!, where a is given in (2)
and (3 is given by

g tww  ley)
1—1z|> 1+ {a,z)
Then for a := A& and 3 := A3, where A = (1 + (a,z))?/(1 — |x|?), the Finsler metric
F = (a+ £)?/a is just the metric in (8) with the zero flag curvature K = 0.

Recently, Senarath and Thornley have given an equation in local coordinates that
characterizes the projectively flat Finsler metrics in the form F = o + $%/a. In
particular, they show that if ' = &+ (3 is projectively flat, then F' := @+ 3% /& cannot
be locally projectively flat unless it is locally Minkowskian. According to our results,
there are scalar functions A = A(x) > 0 and ¢ = o(x) such that for a := Aa and
8= %do, F = o+ (3%/a is projectively flat (Theorem 1.1). If in addition, F' has the
isotropic S-curvature, one can even choose 3 = A3 (Theorem 1.3).
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2 Projectively flat (a, 8)-metrics
Let o := y/ai;y'y’ be a Riemannian metric, § := biy® a 1-form, and ¢ = ¢(s) be a

positive C*° function defined in a neighborhood of the origin s = 0. Let

F = ag¢(s), s=_. (10)

It is known that F' = a¢(8/«) is a Finsler metric for any o and 8 with ||||a < b, if
and only if

3(s) >0, (d(s) = 59'(s)) + (b* = 58" (s) > 0, (|s| <b < bo). (11)
By taking b = s, one obtains
¢(s) —s¢'(s) >0,  (Is| <bo)

(see ref. [6]). A Finsler metric F is called an (o, §)-metric if it is in the above form
(10) with ¢ satisfying (11) and g satistying ||G|la < bo-

Let F' = a¢(B/a) be an («a, f)-metric with a = /a;;y'y7 and 3 = b;y". Let
1 1
Sij =5 (bz‘\j - bj|i), rij =g (biu + bj\i);
S5 = bkskj, b:.= V bibia

where b;; denote the coefficients of the covariant derivative of § with respect to a.
The spray coefficients G* of F' are given by

G'=G' +aQs'y + \I/{— 20Q)sp + Too}{XyEi + bi}a

where
__ ¢
Q _¢ _ SQSN
_(0—sd)d'
¢¢// ’
- ¢

2(6—s¢/) + (b2 = 579"
The above formula is given in refs. [6,7].

Now we consider the following special function
¢ =1+es+ ks?,

where € and k are constants with k # 0. In virtue of (11), we obtain the following
condition on € and k:

L+es+ks®>0, 1+2kb*—3ks>>0, (|s|<b<1). (12)
Namely, F' = a + €3+ k3?/a is a Finsler metric for any a and 3 with |||, < 1 if and
only if € and k satisfy (12).

From now on, we always assume that € and k satisfy (12). Then

€+ 2ks _ k _€e— 3kes? — 4k2s3
1 ks?' 112k _3ks2’ X 2k(1tes+ ks?)

Q=
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Further, we assume that (§ is closed, i.e.

s6=0, s9=0, (13)
and it satisfies
Too = 7'{ (% + 2b2)o<2 - 362}, (14)
where 7 = 7(x) is a scalar function. Then
G' =Gl + T{axyi + oz2bi}. (15)
If in addition,
Gl = T{Hyi — azbi}, (16)

where = p;y’ is a local 1-form, then
G = T{ax + G}yi.
In this case, F' is projectively flat.

Lemma 2.1. Let € and k be constants satisfying (12). If o and ( satisfies (13),
(14) and (16), then FF = a + €0 + kaﬁ is a solution of (1).

Recently Shen and Yildirim") has showed that F' = a + ¢ + kaﬁ satisfies (1) if and
only if (13), (14) and (16) hold.

8] has proved that in dimension n > 3, the Finsler metric F' = o + %2

Matsumoto
with b # 0 is a Douglas metric if and only if there is a scalar function 7 = 7(x) such

that 3 is closed and
T00 = T{(l +2b%)a? — 362}.

We conjecture that F' = a + €3 + k3?/a is a Douglas metric if and only if (13) and
(14) hold.

3 Deformation of Randers metrics

First, for a scalar function f = f(x), we use the following notations:

_Of _f i
Jo:= %(x)y ) Joo = 00w (@)y'y’.

Let & be given in (2) defined on a ball B"(r) in R" and 3 = 3dp, where p = p(x)
is a scalar function on B"(r). We are going to find scalar functions A = A(z) > 0 and
o = o(x) such that for o := A& and 3 := 100, the Finsler metric F' = o+ ¢ + %2 is

projectively flat.

Let a:= A& and § := %cro for some scalar functions A and o. We have
1

2 —_—
b T4N2

Vo2 (17)

1) Shen, Z. M., Yildirim, G. C., On a class of projectively flat metrics with constant flag curvature,
preprint.
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The spray coeflicients of « are given by

G, =G+ 2y~ Lgiide 5o

_ij
XY 2N
I wz, y) ﬁ}i_lijﬁ 2
_{ 71+N|33|2 + Y 2a \ a”.
Note that b® = UIJ a’*. Hence eq. (16) is equivalent to
Agi
N = 7O (18)

Since (3 is exact, it satisfies (13). Then roo = bg|o is given by

i
— i v, ) m m
700 —axﬁ Yy b Gy

1 wz, y) Ao } Lo ijAei o
e — _— i . ]-
900 UO{ 1+ pl|x|? + 9 Twid A DN (19)
By (17) and (18), we rewrite (19) as follows:
_ ,u(x,y} 2 2
Too—gﬂoo—ao{—m—FTUo}—FZTb a’. (20)
By (20), we see that (14) is equivalent to
1 @, y) } 2
—000 — = — 375°. 21
5000 UO{ P |2+ TOo 7 0 (21)
By 8 = —00, we can simplify (21) to
2p{z, ) Ay ] o2
——=0p =2 {— } 22
UOO+1+M|$|2 A +4 (22)

By Lemma 2.1 and the above arguments, we obtain the following

Lemma 3.1. Let ¢ and k be constants satisfying (12). Let & be given in (2).
Suppose that there are scalar functions A = A\(x ) >0, 0 = o(x) and 7 = 7(x) such that
(18) and (22) hold. Then for a := MA@ and 3 := 0y, the Finsler metric F' = a+e+ - Lici
is projectively flat.

Let
A=Ah), o=o0ch),

where h = h(z) is a scalar function. Thus both A and o are functions of . In this

case, (18) is equivalent to

)\/
- 2
o (23)
and (22) is equivalent to
2u(, y) (A\) VAV o
= . 24
oo T e T B2 +(n | ,|) o (24)

By Lemma 3.1, we obtain the following

Lemma 3.2. Let € and k be constants satisfying (12). Let A = A(h) > 0 and
= o(h) such that there is a scalar function h = h( ) satisfying (24). Then for
A&, 3= 109, the Finsler metric F = a + ¢f3 + 2 is projectively flat.

g
(073
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4 Proof of Theorem 1.1

In this section, we are going to use Lemma 3.2 to prove Theorem 1.1. We first
construct a scalar function h = h(z). Then we find A = A(h) and o = o(h) such that
(24) holds.

Let £ = £(x) and
£(x)
NSl

2

0= — M
1+ plzf? 1+ plz]?

where @ is given in (2). Assume that & satisfies the following equation:

We have

o0 = /1 + plzf? @ (26)
Then it follows from (25) that
202, y) 2
h —=h h — =0. 27
00+ T o+ (uh —n)a (27)
Solving (26), we obtain
njzl®

E:=di + {(a,z) +

1+ /1 + plz]?’
where 1 and d; are constants and a € R™ is a constant vector. Then h is given by
b dit (o) laf?

+ .
VIt | (L /Tt o)1+ el

In virtue of (27), in order to find A = A(h) and o = o(h) satisfying (24), it suffices

to solve the following equations:

(28)

\/X /
(1n W) =0, (29)
N
From (29), we obtain
o' = £2\/do\, (31)

where dj is a positive constant. Plugging it to (30) yields
2kudah — 2knds + N = 0.

We obtain
\ = ds + 2kndah — kpdah®.

Plugging it into (31) we obtain the following formula for o:

o= :|:2/\/d2/\dh.

This proves the theorem.
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5 Proof of Theorem 1.3

In this section, we are going to prove Theorem 1.3. Let F = & + 3 be a locally
projectively flat metric on an n-dimensional manifold. We may assume that @ is given
by (2) on an open neighborhood of the origin and § = po for some scalar function
p = p(z). Now we assume that F has the isotropic S-curvature, S = 3(n+1)cF, where

¢ = c(x) is a scalar function. According to ref. [3],

In HE i g de? = 0, = 1,
p=19 2(1+{a,z)) if p+4c>=0,u=0,
—fﬁdc if p+4c? # 0.

When p + 4c® # 0, the scalar function ¢ = ¢(z) is determined by
12¢c}
A+ 4c?
The general solution of (32) will be given below (see ref. [3]). Let

2u(x,y)
EMTY)
1+ plaf?

oo + = —c(p+4c*)a® +

(L4 {a,a))2/(1— [ef2) i p+4e2 = 0,u = -1,

5 e 1 if p+4c* =0,u=0,
] 1/6e £ 4| i o+ 4c2 £ 0, p = £1,
4/c? if p+4c® #0,u=0.

We are going to show that for a := A&, 8 = A3, the Finsler metric in the following

form is projectively flat,
(a+p)?

«

F= (33)

(a) Assume that 1 +4c®> = 0 and g = 0. In this case, we let h = h(z) be the function
in (28) with k =1 and p =0, i.e.
h=dy + {a,z) + g|;1c|2
Let
A =dz+2ndah, o==%2 / \ daAdh.

Then A = A(h),0 = o(h) and h = h(z) satisfy (24) with k = 1 and p = 0. By Lemma

2
— (°‘+Tﬁ) is projectively flat.

3.2, for a:= MA@ and 3 := %00, the Finsler metric F’
Ifdl =1,d2:1,d3:1and7720,
h=1+{a,z), p=2h=0, I=1,

then

Then

is a Minkowski metric.
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Assume that p+4c? = 0, 4 = —1. By reversing the metric, if necessary, we can also

assume that ¢ = %. Let h = h(z) be the function in (28) with k = 1.
y_ it o) ala?

VImRE (14 /T= P)VI= 2P

A\ =ds + 2ndah + doh?, o= £2 / \Vda\dh.

Let

Then A = A(h),0 = o(h) and h = h(x) satisfy (24) with ¥ = 1 and p = —1. By Lemma

3.2, for a:=Aa and § := %00, the Finsler metric F' = —(Mf)z

Ifdy =1,ds =1, ds =0 and n =0, then
14 {(a,2)
\/1—|x|2’

p=2Inh, A=h’>=0.

In this case,

1 h 1 _
ﬂ: EUO:th:/\FO 25/\%:)\6
Then , I
p_ @t @+h)
« [0

is projectively flat.

(34)

(b) Assume that p+4c? # 0. There is a constant 7 and a function f = f(c) satisfying

nf—n 2 f 12¢
= 4 —_— =
po o cletdd), Tt
The function f is given by
c
——— if u#£0 (taking n=0),
o) = VI +4c?|
1

~32 it =0 [(taking n= —4).

We use n and f to define a scalar function ¢ = ¢(x).
dl + <CL, Z‘>

if 1 # 0,
fle) = h(z) = { 1+l ez

di + {(a,x) — 2|z|? if u=0.

(35)

(36)

By (27) and (35), one can easily verify that ¢ = ¢(z) satisfies (32). Thus we obtain a

general solution of (32) by solving f(c) = h for c. See ref. [3].
Let
A :=ds + 2ndyh — pdsh?,

o:==+ 2/ v/ daAdh,

where n =01if 4 # 0 and n = —4 if 4 = 0. Then A = A(h),0 = o(h) and h = h(zx)
satisfy (24) with k¥ = 1. By Lemma 3.2, for « := MA@ and 8 := %ao, the Finsler metric

F= % is projectively flat.

We can express (3 as

5= %UO = +\/dyAho = /AN f(¢)eo = 3,
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where )
§:= :|Z§(,u + 4c®)\/daAf'(c).
We can choose d3 and the sign of ¢ such that § = .

Observe that
d3|u + 4C2| - d2u02

if 0,
RN
)\ =
dsc® + 4d
c
py/daldslp + 4¢?] — dapc?] if £ 0
2+ 47 ’
0=F
2\/d2(d302 +4d2) fu=0
el S
Take J
Lﬂsign(u +4c%) if p#£0,
dg =4 4
0 if p=0.
Then 5
dap :
—— if 0,
ot 7
A =
4ds .
= if p=0;
doplp|
— if 0
i+ 70
T w
2 .
i fu=0.
clc| itp=0

Clearly, we can choose the sign of ¢ such that § = A. This proves Theorem 1.3.

6 Zero flag curvature

In this section, we are going to show that the Finsler metric F' in (34) has the zero

flag curvature. This fact follows from Theorem 1.3 in ref. [2].

According to Theorem 1.3 in ref. [2], for any Minkowski norm ¢ = 1(y) on R™ and
any positively homogeneous function of degree one, p = ¢(y), on R™, the following
function F' is a projectively flat Finsler metric with the zero flag curvature on an open

neighborhood of the origin in R™,
Fi=t(y+ Po){1+ Pyma™ }, (37)
where P = P(x,y) is defined by
P = ¢(y+ Pzx). (38)
The proof is based on the following important equation satisfied by P,
Py = PPyx. (39)
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When ¢ is a Minkowski norm on R"”, the function P is a Finsler metric on the open

domain
Q, = {y eR™ | o(y) < 1}.

This metric is called the Funk metric of ¢. Let
(a,y)
Y=y ¢( )
) o(y)
where ¢ = ¢(s) is a positive C* function of s and a € R" is a constant vector such
that ¢ is a Minkowski norm on R™. By (38), we have

(a,y+Px) (a,y)+ Pla,x) _ {a,y)
oly+Pax) P = {a,2) + P
Thus
bly+Pa) = so(y+m)¢(%)
= P¢(<a,x>—|— (a},;g})

Then the Finsler metric in (37) can be expressed by

F= P¢(<a,x> n <“—Py>) {1 + Pymxm}.
By (39), we have
P{14 Pyna™} = P+ Pona™.
Then we obtain the following version of Theorem 1.3 in ref. [2].

Theorem 6.1. Let ¢ = p(y) be a Minkowski norm on R and P = P(x,y) be the
Funk metric of ¢ on a strongly convex domain Q. Let ¢ = ¢(s) be an arbitrary positive
C* function and a € R™ is a constant vector such that v := <p(y)¢(<a,y)/<p(y)) is a
Minkowski norm on R™. Let

F = (b((a,x) + {a,y)

P(w,y)){P(x’y) + P (2, y)a:’”}.

Then F' is projectively flat with a projective factor P and a flag curvature K = 0.

When ¢ = |y|, we have

VPP = (PP = @) + (@y)

"o [T
Then
m_ (V2= (zPlyl® — (z,9)%) + (2, 9))?
P Pwmx = .
i (1= [z2)2/]yl? = (2 Py = (z,9)?)
In this case,
(1= |2[*){a, y)
F =¢|({a,x
o)+ = e e )

o WP = (aPlyl — (@,9)°) + (2,9))*
(1 — |22 /Ty]? = (J2Ply? = (z,9)?)
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Further, if ¢(s) = (1 + s)?, then
[(1+ (@, 2)) (VIyP? = (2Ply” — (@,9)%) + (2, y) + (L= [2*){a, )]
(1 =122 V/Iyl? = (=lyl? — (z,9)?)

By Theorem 6.1, F' is projectively flat with K = 0. Note that the Finsler metric in
(40) is the same metric we obtained in (34).

F = (40)
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