GEOMETRY OF LINEAR DIFFERENTIAL SYSTEMS

-TOWARDS—
CONTACT GEOMETRY OF SECOND ORDER

KEIZO YAMAGUCHI

1. GEOMETRY OF JET SPACES.

1.1. Spaces of Contact Elements (Grassmann Bundle). The notion of contact man-
ifolds originates from the following space J(M,n) of contact elements: Let M be a (real
or complex) manifold of dimension m + n. Fixing the number n, we consider the space
of n-dimensional contact elements to M, i.e., the Grassmannian bundle over M
consisting of all n-dimensional contact elements to M;

J(Mn) = J. — M,
xeM

where J, = Gr(T,(M),n) is the Grassmann manifold of all n-dimensional subspaces of
the tangent space T,.(M) to M at z. Each element u € J(M,n) is a linear subspace of
T, (M) of codimension m, where x = 7(u). Hence we have a differential system C' of
codimension m on J(M,n) by putting:
C(u) =m (u) C Tu(J(M,n)) == Ty(M).

for each u € J(M,n). C is called the Canonical System on J(M,n). We can introduce
the inhomogeneous Grassmann coordinate of J(M,n) around wu, € J(M,n) as folllows;
Take a coordinate system U’; (z1, -+ ,xp, 2%, -+ ,2™) of M around z, = m(u,) such that

dziA- - -Adzy, |4,7# 0. Then we have the coordinate system (zy, -+ , @, 25, -+, 2™, pi, -+, p™)
on the neighborhood

U={uern ' (U)|r(u)=2€U and dxA---Adw, |,#0};

of u, by defining functions p$(u) on U as follows;

dz" |,= pr‘(u) dx; |, -
i=1

On a canonical coordinate system(zy, -+ , @, 2%, -+, 2™ pi, -+, p™), C is clearly de-
fined by;
C={w'=--- =™ =0},
where

wa:dzo‘—pr‘dxi, (a=1,---,m).
i=1
(J(M,n),C) is the (geometric) 1-jet space and especially, in case m = 1, is the so-called
contact manifold. Let M, M be manifolds (of dimension m +n) and ¢ : M — M be a
diffeomorphism between them. Then ¢ induces the isomorphism ¢, : (J(M,n),C) —
(J(M,n),C), ie., the differential map ¢, : J(M,n) — J(M,n) is a diffeomorphism



sending C' onto C. The reason why the case m = 1 is special is explained by the following
theorem of Bécklund (cf. Theorem 1.4 [Y3]).

Theorem 1.1 (Béacklund). Let M and M be manifolds of dimension m + n. Assume
m = 2. Then, for an isomorphism ® : (J(M,n),C) — (J(M,n),C), there exists a
diffeomorphism o : M — M such that ® = p,.

We will give a proof of this theorem in §2.4. as an application of the notion of the
symbol algebra of (J(M,n),C'), which will be introdued in §2.1.

1.2. Contact Manifolds. Let J be a manifold and C' be a (linear) differential system
on J of codimension 1. Namely C' is a subundle of T'(.J) of codimension 1. Thus, locally
at each point u of J, there exists a 1-form w defined around u € J such that

C={w =0}

Then (J,C) is called a contact manifold if w A (dw)™ forms a volume element of J.
This condition is equivalent to the following conditions (1) or (2);

(1) The restriction dw | of dw to C(u) is non-degenerate at each point u € J.

(2)  There exists a coframe { @, w1, ...,wy, T, ..., T, defined around u € J such that
the following holds;

do=wi AT+ +w, ATy (mod w)

A contact manifold (J, C') of dimension 2n + 1 can be regarded locally as a space of 1-jets
for one unknown function by the following theorem of Darboux.

Theorem 1.2 (Darboux). At each point of a contact manifold J, there exists a
canonical coordinate system (1, ...,%pn, 2,01, .., Pn) Such that

C:{dz—Zpid:Ci:O}
i=1

We will give a proof of this theorem in §1.4.

Starting from a contact manifold (J, C'), we can construct the geometric second order
jet space (L(J), E) as follows: We consider the Lagrange-Grassmann bundle L(J)
over J consisting of all n-dimensional integral elements of (J, C);

L) = Lu,

where L, is the Grassmann manifolds of all lagrangian (or legendrian) subspaces of the
symplectic vector space (C'(u),dw). Here w is a local contact form on J. Let m be the
projection of L(J) onto J. Then the canonical system E on L(.J) is defined by

Ew) =m, (v) C T,(L(J)) == T,(J), for ve L(J).

Let us fix a point v, € L(J). Starting from a canonical coordinate system (1, -+ , Zp, 2, p1, -

defined on a neiborhood U’ of the contact manifold (J,C') around u, = m(v,) such that
dzy A---ANdzy, |,,7# 0, we can introduce a coordinate system (x;, 2, p;, pij) (1 S 1< 5 S n)
on

U={ver ' (U)|n(v)=uelU and dr;A---ANdz, |,# 0} C L(J)
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by defining functions p;;(v) on U as follows;
dpi o=y pij(v)da; |, -
il

Then, since v € C(u), we have dz |,= Y. | pi(u)dz |, and , since dw |,= 0, we get
pij = pji from

dw |,=" du; |y Adp; [v="Y _ pij(v)da; |, Ada; |,= 0.
i=1 ij=1
Thus E is defined on this canonical coordinate system by
EFE={w=w; = =w, =0},

where

E

w:dz—Zpldxz, and wz:dpz_zpmdxj for 1= 1,

i=1 J=1

Let (J,C), (J,C) be contact manifolds of dimension 2n+ 1 and ¢ : (J,C) — (J,C) be a
contact diffeomorphism between them. Then ¢ induces an isomorphism ¢, : (L(J), E) —
(L(J), E). Conversely we have (cf. Theorem 3.2 [Y1])

Theorem 1.3. Let (J,C) and (J,C) be contact manifolds of dimension 2n + 1. Then,

for an isomorphism @ : (L(J),E) — (L(J), E),there exists a contact diffeomorphism
v: (J,C) — (J,C) such that & = ¢,.

Our first aim is to formulate the submanifold theory for (L(.J), E'), which will be given
in §3.

1.3. Derived Sytems and Cauchy Characteristic Systems. Now we prepare basic
notions for linear differential systems (or Pfaffian systems). By a (linear) differential
system (M, D), we mean a subbundle D of the tangent bundle T'(M) of a manifold M of

dimension d. Locally D is defined by 1-forms wy, ..., wg_, such that w; A -+ Awg_, #0
at each point, where r is the rank of D;
D={w=-=ws,=0}.

For two differential systems (M, D) and (M, D), a diffeomorphism ¢ of M onto M is
called an isomorphism of (M, D) onto (M, D) if the differential map ¢, of ¢ sends D

onto D.
By the Frobenius Theorem, we know that D is completely integrable if and only if

dw; =0 (mod wy, ..., ws) fori=1,...,s,

or equivalently, if and only if
[D,D] C D.

where s = d — r and D = I'(D) denotes the space of sections of D.
Thus, for a non-integrable differential system D, we are led to consider the Derived
System 0D of D, which is defined, in terms of sections, by

0D =D+ [D,D].
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Furthermore the Cauchy Characteristic System Ch (D) of (M, D) is defined at each
point z € M by
Ch(D)(z)={X € D(z) | X]|dw; =0 (mod wy,...,ws) fori=1,...,s},
where | denotes the interior multiplication, i.e., X |dw(Y) = dw(X.Y). When Ch (D) is a
differential system (i.e., has constant rank), it is always completely integrable (see §1.4.).

Moreover Higher Derived Systems 0% D are usually defined successively (cf. [BCG3))

by
oD = 9(0" ' D),

where we put 8°D = D for convention.

On the other hand we define the k-th Weak Derived System 9®) D of D inductively
by

OMD = o*-Vp 4 [D, 0%V,

where 09D = D and 0D denotes the space of sections of 9®) D. This notion is one of
the key point in the Tanaka Theory ([T1]).

1.4. Proof of the Darboux Theorem. First of all, we will show that, for a differntial
system (M, D), the Cachy characteristic system Ch (D) is completely integrable if Ch (D)
is of constant rank, i.e., if Ch (D) is a subbundle of T'(M), where we assume D is locally
defined by

D={w=-=ws=0}.
We will show that [X,Y] € I'(Ch (D)) = Ch (D) for X,Y € Ch(D). From

dwo(X,Y) = X (wa(Y)) = Y(wa(X)) — wa([X,Y]),
it follows that
wa([X,Y]) = —dwo(X,Y) = —(X ]dw,)(Y) =0
for X,Y € Ch(D)). Hence [X,Y] € D. Moreover, from [Lx,iy] = ixy], where iy
denotes the interior multiplication by Y, we calculate

[X,Y]|dws = [Lx,iy](dws) = Lxiydw, — iy Lxdw, = Lx (Y |dws) — Y| d(Lxw,)
The first term of the last equality vanishes because
Lxwg = d(ixwg) +ixdwg = X |dwg =0 (mod wy,...,ws).
for X € Ch (D). As for the second term, writing Lyw, = Y Ajws, we get

d(Lxwy) ZdAa w5+ZAB |dwg) =0 (mod wy,...,ws)
from d(LXwa) = > dAj AN ws + Y Afdws. Thus we obtain [X,Y]]dw, = 0 (mod
Wi, ... ,ws). This implies [X,Y] € Ch (D).
Now let (J,C') be a contact manifold of dimension 2n + 1. Let us fix a point u, of J.

Then there exists a coframe { w, w1, ...,wy, 71, ..., T, } defined around u, € J such that
the following holds;

do=wi Am + - +w, A7, (mod w)
Then, from the definition of Ch (C) , it follows
Ch(C)={w=w=-=w,=m=--=m, =0} ={0}.

In fact, (J,C) is a contact manifold if and only if Ch (C') is trivial.
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Let us take a function z; defined aroud u, such that wAdxziAwsA- - - Aw, ATIA- - -Amry, # 0
around u, and consider the differential system C! defined by

C'={w=dr, =0}

We can write . .
W = Z a;w; + Z bym;  (mod w,dxq)
i=2 i=1

Then we calculate

dw = (Y aw;+Y bm)Am +wAm+-+w, Am,  (mod w,dry)
=2 =1

= O _bm) Amtws A(my+ aam) + -+ wp A (T + @)
=2
= (wg —bomy) A (w2 + agmy) + -+ + (wn — bpmy) A (T + apmr)
Thus, putting &; = w; — b;my , 7; = m + a;m for 2 <0 < n, we get
dw =0y ANTrg+ -+ w, AT, (mod w, dzy)
Hence we obtain
Ch(C') = {XeC'u) | X|dw=0 (mod w,dr)}
= {w=dny=0=- =0, =M =---=m, =0}
Moreover we have
{0} =Ch(C)cCh(CH ccCtcC.
Now let us take a first integral x5 of Ch (C') such that @ Adxy Adzg Ag A+ Ay A
fig A -+ A7t # 0 around u, and consider the differential system C? defined by

C?*={w=dr,=dr,=0}.

Thus
Ch(CY) ={w=dry=dry =3 =+ =0 =Tty = --- = t, = 0},

so that we can write
G2 = aii+ Y by (mod @, dry, dxs).
=3 i=2
Then, as in the above calculation, we get
dw =03 A7+ -+ w0, AT, (mod w,dzy, dzs)
where we put @; = w; — bifty , 7 = 7 + G;7t9 for 3 < i < n. Thus we obtain
Ch(C?) = {X €C*u)| X|dw =0 (mod w@,dz;,dzs)}
ey {w:dxlzdeZ(Ij?):":(-:)n:ﬁ-?):":ﬁ-n:o}
Moreover we have
{0} =Ch(C)c Ch(CYH) cCh(C*)cCc*cCctcC.

If we repeat this procedure n times, we obtain first integrals z; of Ch (C*~1) defined around
u, for i = 2,...,n such that w A dx; A--- Adz, # 0 around u,, and that

C'={w=dr, = =dv;} for i=1,... n.
Moreover we have

dw =0 (mod w,dzy,...,dx,),
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i.e., C™ = Ch (C™) is completely integrable.
Finally let us take a first integral z of C™ such that dz Adzy A --- A dx, # 0 around wu,.
Then we have

C"={dz=dzxy=---=dz,},
so that
w = a(dz — Zpid:pi),
i=1
for some functions a, py, ..., p, defined around u, such that a(u,) # 0. Hence we obtain

C':{dz—Zpidxizo}.
i=1

Then, from X |d@&o =" (dz;(X)dp; — dp;(X)dx;) for v =dz — > | pidx;, we get

{w=dx;=---=dx, =dp, =---=dp, =0}
={dz=dz,=--=dz, =dp = - =dp, =0} C Ch(C) = {0}

which implies that dz Adxy A--- Adx, Adpy A--- ANdp,, # 0 aroud u, € J. This completes
the proof of the Darboux Theorem.

2. TANAKA THEORY OF LINEAR DIFFERENTIAL SYTEMS.

2.1. Symbol algebras of (M, D). A differential system (M, D) is called regular, if
D=+ = 9k D are subbundles of T'(M) for every integer k > 1. For a regular differential
system (M, D), we have ( [T2], Proposition 1.1)

(S1) There exists a unique integer > 0 such that, for all k 2 p,
-k _ . _ - —pt1 -2 -1 _
DF=...=D u;Du ;21) QD =D,
(S2) [Dr, DY C DP*T  forall p,q<DO.
where DP denotes the space of sections of DP. (52) can be checked easily by induction

on q. Thus D™* is the smallest completely integrable differential system, which contains
D =D

Let (M, D) be a regular differential system such that T'(M) = D~*. As a first invariant
for non-integrable differential systems, we now define the symbol algebra m(x) asso-
ciated with a differential system (M, D) at x € M, which was introduced by N. Tanaka
[T2].

We put g_1(x) = D™ '(z), gp(x) = DP(x)/DP*'(z) (p < —1) and

m(z) = @D a(a).

p=—1

Let @, be the projection of DP(z) onto g,(x). Then, for X € g,(x) and Y € g,(x), the
bracket product [X,Y] € g,+,(2) is defined by

[X’ Y} = wp+¢1([X7 Y/]w)a

where X and Y are any element of DP and D9 respectively such that wp(f(x) = X and
w(Ya) =Y.



Endowed with this bracket operation, by (S2) above, m(x) becomes a nilpotent graded
Lie algebra such that dimm(x) = dim M and satisfies

() = [gps1(2), g-1(2)] for p < —1.

We call m(z) the symbol algebra of (M, D) at x € M for short.
Furthermore, let m be a FGLA (fundamental graded Lie algebra) of p-th kind, that is,

K
n=@s

p=—1

is a nilpotent graded Lie algebra such that

9p = [9p+1>9—1] for p < —1.

Then (M, D) is called of type m if the symbol algebra m(z) is isomorphic with m at each
x e M.

2.2. Standard Differential System (M (m),D,) of Type m. Conversely, given a
FGLA m = EB;‘ 1 9p, we can construct a model differential system of type m as fol-
lows: Let M(m) be the simply connected Lie group with Lie algebra m. Identifying m
with the Lie algebra of left invariant vector fields on M (m), g_; defines a left invari-
ant subbundle Dy, of T'(M(m)). By definition of symbol algebras, it is easy to see that
(M(m), Dy,) is a regular differential system of type m. (M (m), Dy,) is called the standard
differential system of type m. The Lie algebra g(m) of all infinitesimal automorphisms of
(M(m), Dy,) can be calculated algebraically as the prolongation of m ([T1], cf. [Y5]). We
will discuss in §4 the question of when g(m) becomes finite dimensional and simple 7

As an example to calculate symbol algebras, let us show that (L(J), E) is a regular
differential system of type ¢?(n):

A(n) =c 3@ c 2 Pcy,

where ¢ 3 =R, ¢ o =V*and ¢_; =V @ S*(V*). Here V is a vector space of dimension n
and the bracket product of ¢?(n) is defined accordingly through the pairing between V' and
V* such that V and S?(V*) are both abelian subspaces of ¢_;. This fact can be checked
as follows: Let us take a canonical coordinate system U; (x;, z,p;, pij) (1 £ 4 < j < n) of
(L(J), E). Then we have a coframe {w, w;, dz;,dp;;} (1 £i < j < n) at each point in U,
where @ = dz — 3 1 pidw, w; = dp; — Y5 pijdr; (i = 1,--- ,n). Now take the dual

o 9 d _d -
frame { 5=, Bprr du Bp 1 of this coframe, where
d 0 0 - 0
= — P+ D> P
d]}i 8IZ b 0z ;pj 8pj
is the classical notation. Notice that {-&, 5%~} (i = 1,--- ,n) forms a free basis of I'(E).
Ly 'Dij

Then an easy calculation shows the above fact. Moreover we see that the derived system
OF of F satisfies the following :

OF = {w =0} =7,'C, Ch (0OF) = Ker ..
These facts provide the proof of Theorem 1.3 (cf. Theorem 3.2 [Y1]).
Similarly we see that (J(M,n),C) is a regular differential system of type c!(n, m):

cl(n, m) =Cc o®Dc_q,
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where c_o = W and ¢c_; =V & W ® V* for vector spaces V and W of dimension n and
m respectively, and the bracket product of ¢!(n,m) is defined accordingly through the
pairing between V' and V* such that V and W ® V* are both abelian subspaces of ¢_;.

2.3. Prolongation g(m) of Symbol Algebras m.  Let m =P, _, g, be a fundamental
graded Lie algebra of p-th kind defined over a field K. Here K denotes the field of real
numbers R or that of complex numbers C. We put

g(m) = P gy(m),

PEL

where g,(m) = g, for p <0, go(m) is the Lie algebra of all (gradation preserving) deriva-
tions of graded Lie algebra m and gi(m) is defined inductively by the following for k& = 1;

ge(m) = {ue Py @g | ullY, 2) = [u(Y), 2] - [u(2),Y]}.

p<0

Thus, as a vector space over K, gp(m) is a linear subspace of End (m,m*) = m* @ m*
where mF = m@® go(m) @ - - @ gx_1(m). The bracket operation of g(m) is given as follows:
First, since go(m) is the (gradation preserving) derivation algebra of graded Lie algebra
m, we see that €P <, g,(m) becomes a graded Lie algebra by putting

[u, X] = —[X, u] = u(X) for u € go(m) and X € m.

Similarly, for u € gi(m) C m* @m* (k > 0) and X € m, we put [u, X] = —[X, u] = u(X).
Now, for u € gi(m) and v € gy(m) (k, £ = 0), by induction on the integer k + ¢ = 0, we
define [u,v] € m** @ m* by

[u, v](X) = [[u, X],v] + [u, [v, X]] for X € m.

Here we note that, as the first case k = ¢ = 0, this definition begins with that of the
bracket product in go(m). It follows easily that [u,v] € grie(m). With this bracket
product, g(m) becomes a graded Lie algebra. In fact the Jacobi identity

[[U,U], w] + [[U7 w]7u] + Hw7u]>v] =0,

for u € g,(m), v € gy,(m) and w € g,(m), follows by definition when one of p, ¢ or r is
negative, and can be shown by induction on the integer p + ¢ +r = 0, when all of p, ¢
and r are non-negative. The structure of the Lie algebra A(M(m), Dy,) of all infinitesimal
automorphisms of (M(m), Dy,) can be described by g(m). Especially A(M(m), D,,) is
isomorphic with g(m), when g(m) is finite dimensional ([T1], cf. [Y5]).

Let go be a subalgebra of go(m). We define a subspace g of gi(m) for £ = 1 inductively
by

g ={uvege(m)|[u,g1] Cari}
Then, putting
g(m, go) =m® @Qm
k=0

we see, with the generating condition of m, that g(m, go) is a graded subalgebra of g(m).
g(m, go) is called the prolongation of (m,gp).

Remark 2.1 The notion of the prolongation of m or (m, go) plays quite an important

role in the equivalence problems for the geometric structures subordinate to regular dif-
ferential systems of type m, e.g., C'R-structures, pseudo-product structures or Lie contact
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structures. We could not touch upon the more important geometric aspect of the prolon-
gation theory of these structures. On these subjects, we refer the reader to foundational
papers [T2], [T3], [T4] of N.Tanaka.

2.4. Proof of the Backlund Theorem (Theorem 1.4 [Y3]). Let J(M,n) be the
space of n-dimensional contact elements to M and C' be the canonical system on J(M, n).
Recall that (J(M,n),C) is a regular differential system of type ¢!(n,m) = ¢!(V, W):

VW) =ca®e_y,

where c_.o =W and ¢c_; =V & W ® V* for vector spaces V and W of dimension n and
m respectively. Put f = W @ V*. First we will characterize the abelian subspace { of ¢_;.
Namely we first claim : If dim W = 2, then

f={X€c|rankad(X)=1}),

i.e., f is the span of elements X € ¢_; such that rank ad (X) = 1. In fact, let X = vx+ fx
be any element of ¢_;(V, W), where vy € V and fx € f = W ® V*. Then we have

ad (X)(v) = [X,v] = fx(v) for vev,

ad (X)(f) =X, fl = —f(vx) for feW®V".
Thus we see that rank ad (X) = dim W if vx # 0 and rank ad (X) = rank fx if vx = 0.
On the other hand it is clear that f = W ® V* is spanned by elements of rank 1. Put
E={X¢€c|rank ad(X) = 1}). Then it follows that F = c¢_1(V, W) if dim W =1

and E = { otherwise.

To prove Theorem 1.1, assume that m = dim W = 2 and let u be any point of J(M,n).
Let c¢(u)(resp. ¢(®(u))) be the symbol algebra of (J(M,n),C)) (resp. (J(M,n),C)) at u
(resp. ®(u)). Then there exist graded Lie algebra isomorphisms v : ¢!(V, W) — ¢(u) and
v (VW) — ¢(®(u)) such that v(f) = Kerm, and 2(f) = Ker #,. Then, by the above
claim, we get @, (Ker7,) = Ker #,. Since each fibre of J(M,n) and J(M,n) is connected,
we see that ® is fibre-preserving. Hence ® induces a unique diffeomorphism ¢ of M onto
M such that 7-® = ¢-7. Finally ® = ¢, easily follows from ®,(C) = C and the definiton
of the canonical system on J(M,n).

3. PD-MANIFOLDS OF SECOND ORDER.

We will here formulate the submanifold theory for (L(J), E) as the geometry of PD-
manifolds ([Y1]).

3.1. Submanifolds in L(J). Let R be a submanifold of L(.J) satisfying the following
condition:

(R.O) p:R— J;submersion,

where p = 7 |g and 7 : L(J) — J is the projection. There are two differential systems
C' = 0F and C? = F on L(J). We denote by D' and D? those differential systems on R
obtained by restricting these differential systems to R. Moreover we denote by the same
symbols those 1-forms obtained by restricting the defining 1-forms {w, @y, - - - , @, } of the
canonical system F to R. Then it follows from (R.0) that these 1-forms are independent
at each point on R and that

D' = {w= =0}, D’={w=w ==w, =0}
In fact (R; D', D?) further satisfies the following conditions:
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R.1) D' and D?* are differential systems of codimension 1 and n + 1 respectively.
R2) 0D? c D

R.3) Ch(D") is a subbundle of D?* of codimension n.

R.4) Ch(D")(v)NCh(D?)(v) =40} at eachv € R.

The last condition follows easily from the Realization Lemma below.

3.2. Realization Lemma. Conversely these four conditions characterize submanifolds
in L(J) satisfying (R.0). To see this , we first recall the following Realization Lemma,
which characterize a submanifold of (J(M,n), D).

Realization Lemma. Let R and M be manifolds. Assume that the quadruple (R, D, p, M)
satisfies the following conditions :

(1) p is a map of R into M of constant rank.

(2) D is a differential system on R such that F' = Ker p,. is a subbundle of D of
codimension n.

Then there exists a unique map ¢ of R into J(M,n) satisfying p =7+ and D = ;7 1(C),
where C' is the canonical differential system on J(M,n) and w : J(M,n) — M s the
projection. Furthermore, let v be any point of R. Then 1 is in fact defined by

Y(v) = p(D(v)) as a point of Gr (Tyw)(M)),
and satisfies
Ker (¢y), = F(v) N Ch(D)(v).
where Ch(D) is the Cauchy Characteristic System of D.
For the proof, see Lemma 1.5 [Y1].

In view of this Lemma, we call the triplet (R; D', D?) of a manifold and two differential
systems on it a PD-manifold if these satisfy the above four conditions (R.1) to (R.4).
We have the (local) Realization Theorem for PD-manifolds as follows: From conditions
(R.1) and (R.3), it follows that the codimension of the foliation defined by the completely
integrable system Ch (D) is 2n+1. Assume that R is regular with respect to Ch (D?), i.e.,
the space J = R/Ch (D!) of leaves of this foliation is a manifold of dimension 2n+1. Then
D* drops down to J. Namely there exists a differential system C' on .J of codimension 1
such that D' = p;1(C), where p : R — J = R/Ch (D") is the projection. Obviously (.J, C')
becomes a contact manifold of dimension 2n + 1. Conditions (R.1) and (R.2) guarantees
that the image of the following map ¢ is a legendrian subspace of (J, C):

L(v) = p.(D*(v)) € C(u), u = p(v).
Finally the condition (R.4) shows that ¢ : R — L(J) is an immersion by Realization
Lemma for (R, D?, p, J). Furthermore we have (Corollary 5.4 [Y1])

Theorem 3.1. Let (R; D', D?) and (R; D', D?) be PD-manifolds. Assume that R and
R are regular with respect to Ch(DY) and Ch (DY) respectively. Let (J,C) and (J,C) be
the associated contact manifolds. Then an isomorphism ® : (R; D', D?) — (R; D', D?)
induces a contact diffeomorphism ¢ : (J,C) — (j, C’) such that the following commutes;
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L(J)

él |#

kb —— L(J)
By this theorem, the submanifold theory for (L(.J), E) is reformulated as the geometry

of PD-manifolds.

3.3. Reduction Theorem. When D' = 9D? holds for a PD-manifold (R; D', D?), the
geometry of (R; D', D?) reduces to that of (R, D?) and the Tanaka theory is directly
applicable to this case (cf. [YY2]). Concerning about this situation, the following theorem
is known under the compatibility condition (C') below:

) pW:RY — R is onto.
where R is the first prolongation of (R; D', D?) i.e.,

RW = {n-dim. integral elements of (R, D?), transversal to F = Kerp,} C J(R,n),

(cf. Proposition 5.11 [Y1]).

Theorem 3.2. Let (R; D', D?) be a PD-manifold satisfying the condition (C') above.
Then the following equality holds at each point v of R:

dim D'(v) — dim dD?*(v) = dim Ch (D?)(v).
In particular D* = dD? holds if and only if Ch(D?*) = {0}.

When P D-manifold (R; D', D?) admits a non-trivial Cauchy characteristics, i.e.,when
rank Ch (D?) > 0, the geometry of (R; D', D?) is further reducible to the geometry of
a single differential system. Here we will be concerned with the local equivalence of
(R; D', D?), hence we may assume that R is regular with respect to Ch (D?), i.e., the leaf
space X = R/Ch (D?) is a manifold such that the projection p: R — X is a submersion

and there exists a differential system D on X satisfying D? = p;'(D). Then the local
equivalence of (R; D', D?) is further reducible to that of (X, D) as in the following

Theorem 3.3. Let (R, D*, D?) and (R; D', D?) be PD-manifolds satisfying the condition
(C) such that Ch(D?) and Ch(D?) are subbundles of rank r (0 < r < n). Assume that
R and R are reqular with respect to Ch(D?) and Ch (DQ) respectively. Let (X, D) and
(X, D) be the leaf spaces, where X = R/Ch(D?) and X = R/Ch(D?). Let us fix points
v, € R and 9, € R and put x, = p(v,) and &, = p(v,). Then a local isomorphism
¢ 1 (R;DY,D?) — (R; D', D?) such that ¥(v,) = b, induces a local isomorphism ¢ -
(X, D) — (X, D) such that o(x,) = & and o, (r(x,)) = &(Z,), and vice versa.

3.4. Higher Order Jet Spaces. The essential part of the Backlund’s Theorem is to
show that F' = Kerm, is the covariant system of (J(M,n),C) for m > 2. Namely an
isomorphism ® sends F' onto F = Ker 7, for m > 2.

In case m = 1, it is a well known fact that the group of isomorphisms of (J(M,n),C),
i.e., the group of contact transformations, is larger than the group of diffeomorphisms of
M. Therefore, when we consider the geometric 2-jet spaces, the situation differs according
to whether the number m of dependent variables is 1 or greater.

(1) Case m = 1. We should start from a contact manifold (J,C') of dimension 2n + 1,
which is locally a space of 1-jet for one dependent variable by Darboux’s theorem. Then we
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can construct the geometric second order jet space (L(J), E) as the Lagrange- Grassmann
bundle L(J) over J consisting of all n-dimensional integral elements of (J, C'), while FE is
the restriction to L(J) of the canonical system on J(L(J),n).
Now we put
(J2(M’ n), 02) = (L(J(Mv n)), E)7
where M is a manifold of dimension n + 1.

(2) Case m > 2. Since F' = Kerm, is a covariant system of (J(M,n),C), we define
J*(M,n) C J(J(M,n),n) by

J*(M,n) = {n-dim. integral elements of (J(M,n),C), transversal to F'},
C? is defined as the restriction to J?(M,n) of the canonical system on J(J(M,n),n).
Now the higher order (geometric) jet spaces (J*1(M,n), C**1) for k > 2 are defined

(simultaneously for all m) by induction on k. Namely, for k > 2, we define J*+1(M,n) C
J(J¥(M,n),n) and C**! inductively as follows:

JETH (M, n) = {n-dim. integral elements of (J*(M,n),C*), transversal to Ker (7} ), },
where 7§ |+ J¥(M,n) — J*1(M,n) is the projection. Here we have
Ker (7f_,), = Ch(9C*),

and C*1 is defined as the restriction to J*™ (M, n) of the canonical system on J(J*(M, n), n).
Then we have ([Y1],[Y3])

ck c...c 9FCF coFICRc oFCk = T(JR(M,n))

U U U
{0} = Ch (C*)cCh (oC*)cC---CcCh (0F1Ck)c F
where Ch (9""1C"*) is a subbundle of &*C* of codimension n for i = 0,. ..,k —2 and, when

m > 2, F is a subbundle of 9*~1C* of codimension n. The transversality conditions are
expressed as

C*NF =Ch(0C*) form =2, C* N Ch (0" *C*) = Ch (0C*) for m =1

By the above diagram together with the rank condition, Jet spaces (J*(M,n), C*) can be
characterized as higher order contact manifolds as in [Y1]and [Y3].

Here we observe that, if we drop the transversality condition in our definition of
J¥(M,n) and collect all n-dimensional integral elements, we may have some singularities
in J¥(M,n) in general. However, since every 2-form vanishes on 1-dimensional subspaces,
in case n = 1, the integrability condition for v € J(J*"}(M,1),1) reduces to v C C**(u)
for u = wF | (v). Hence, in this case, we can safely drop the transversality condition in
the above construction as in the following “Rank 1 Prolongation” , which constitutes the
key construction for the Drapeau theorem for m-flags (see [SY]).

We say that (R, D) is an m-flag of length k, if 9°D is a subbundle of T(R) for any i
and has a derived length &, i.e., 9*D = T(R);

DcoDcC---co*2Dc o 'Dco*D=T(R),
such that rank D = m+1 and rank &°D = rank & 'D+m for i = 1,..., k. In particular
dimR = (k+ 1)m + 1.
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Moreover, for a differential system (R, D), the Rank 1 Prolongation (P(R),IA)) is
defined as follows;
P(R)=|J P. C J(R,1),
TeER
where

P, = {1-dim. integral elements of (R, D)} = {u C D(x) | 1-dim. subspaces} = P™.

We define the canonical system D on P(R) as the restriction to P(R) of the canonical
system on J(R,1). It can be shown that the Rank 1 Prolongation of an m-flag of length
k becomes a m-flag of length k + 1.

Especially (R, D) is called a Goursat flag (un drapeau de Goursat) of length & when
m = 1. Historically, by Engel, Goursat and Cartan, it is known that a Goursat flag (R, D)
of length k is locally isomorphic, at a generic point, to the canonical system (J*¥(M, 1), C*)
on the k-jet spaces of 1 independent and 1 dependent variable. The characterization of
the canonical (contact) systems on jet spaces was given by R. Bryant in [B] for the first
order systems and in [Y1] and [Y3] for higher order systems for n independent and m
dependent variables. However, it was first explicitly exhibited by A.Giaro, A. Kumpera
and C. Ruiz in [GKR] that a Goursat flag of length 3 has singuralities and the research
of singularities of Goursat flags of length k& (k > 3) began as in [M]. To this situation,
R. Montgomery and M. Zhitomirskii constructed the “Monster Goursat manifold” by
successive applications of the “Cartan prolongation of rank 2 distributions [BH]” to a
surface and showed that every germ of a Goursat flag (R, D) of length k appears in this
“Monster Goursat manifold” in [MZ] , by first exhibitting the following Sandwich Lemma
for (R, D);

D c 0D c---c 02D co*'Dc oD =T(R)
U U U
Ch (D)cCh (D)CCh (9?D)C---CCh (91 D)

where Ch (9°D) is the Cauchy characteristic system of 9°D and Ch (9°D) is a subbundle
of 971D of corank 1 for i = 1,...,k — 1. Moreover, after [MZ], P.Mormul defined the
notion of a special m- flag of length k for m > 2 to characterize those m-flags which are
obtained by successive applications of the Rank 1 Prolongations to the space of 1-jets of
1 independent and m dependent variables.

To be precise, starting from a manifold M of dimension m + 1, we put, for k = 2,
(P*(M),C*) = (P(P*1(M)),C*)

where (P*(M),C") = (J(M,1),C). When m = 1, (P*(M),C¥) are called “Monster
Goursat Manifolds” in [MZ].
Then we have ( Corollary 5.8. [SY])

Theorem 3.4. Anm-flag (R, D) of length k form > 3 is locally isomorphic to (P*(M), C*)
if and only if 01D is of Cartan rank 1, and, moreover for m > 4, if and only if 0*~'D
1s of Engel rank 1.

Here, the Cartan rank of (R, C) is the smallest integer p such that there exist 1-forms
{mt, ..., m"}, which are independent modulo {wy,...,w,} and satisfy

da AT A AT =0 (mod wy,...,w,) for Ya € ¢+ =T(CH),
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where C' = {w; = -+ = ws; = 0 }. Furthermore the Engel (half) rank of (R,C) is the

smallest integer p such that
(da)™ =0 (mod wy,...,ws) for Yo € C*,
Moreover we have for an m-flag of length k for m > 2 (Corollary 6.3. [SY]) ,

Theorem 3.5. An m-flag (R, D) of length k is locally isomorphic to (P*(M),C*) if and
only if there exists a completely integrable subbundle F of O~ D of corank 1.

4. DIFFERENTIAL SYTEMS ASSOCIATED WITH SIMPLE GRADED LIE ALGEBRAS.

4.1. Gradation of g in terms of Root Space Decomposition. Let g be a finite
dimensional simple Lie algebra over C. Let us fix a Cartan subalgebra h of g and choose
a simple root system A = {ay, ..., ay} of the root system & of g relative to h. Then every
a € ¢ is an (all non-negative or all non-positive) integer coefficient linear combination of
elements of A and we have the root space decomposition of g;

1= Prore Do
acdt aedt
where g, = {X € g | [h, X] = a(h)X for h € b} is (1-dimensional) root space (corre-
sponding to o € ®) and ®* denotes the set of positive roots.

Now let us take a nonempty subset A; of A. Then A; defines the partition of ®* as
in the following and induces the gradation of g = ®p€Z g, as follows:

¢
DT = U, Py, of ={a= Zniozi | Z n; =p},
i=1

OLiEAl

=Pt w0=EPwobeoPoa. 9,=P s

acdy acd} acdd acd}

[9ps 8q] C Gptq for p,q € Z.
Moreover the negative part m = P, _, g, satisfies the following generating condition :

gp = [@p+1,9-1] for p<—1

We denote the SGLA (simple graded Lie algebra) g = @Zz— .. 8p obtained from Ay in this
manner by (X,, Aq), when g is a simple Lie algebra of type X,. Here X, stands for the
Dynkin diagram of g representing A and A; is a subset of vertices of X,. Moreover we

have
p= Y ni(0),
ai€A1
where 0 = Zle n;(6) c; is the highest root of ®+.
Conversely we have (Theorem 3.12 [Y5])

Theorem 4.1. Let g = @pez g, be a simple graded Lie algebra over C satisfying the
generating condition. Let X, be the Dynkin diagram of g. Then g = ®pEZ gp 15 1S0-
morphic with a graded Lie algebra (Xy, Aq) for some Ay C A. Moreover (X, A1) and
(X¢, AY) are isomorphic if and only if there exists a diagram automorphism ¢ of X, such
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In the real case, we can utilize the Satake diagram of g to describe gradations of g
(Theorem 3.12 [Y5]).

4.2. Gradation of g in terms of Matrix Representations. Let g be a simple Lie
algebra over C of the classical type. We shall describe gradations of g in terms of matrices.
Here we reproduce the matrices description of the root space decomposition of g from §7
of [Tk] (cf. [K-A], [V, Chapter 4.4]), which gives us explicit pictures of M.

(1) Ay type (¢ 2 1). g =sl(f{ +1,C). We take a Cartan subalgebra b consisting of
all diagonal elements of s[(¢ + 1, C), whose member we denote by diag (ay, ..., as1). Let
A1, - -y Ayq be the linear form on § defined by \; diag (ay,...,apr1) — a;. We write
E; (1 £4,j £ £+ 1) for the matrix whose (i, j)-component is 1 and all of whose other
components are 0. Then we have
Hence ® = {\; — X\; € b* (1 =4, S0 +1, i # j)} and E;; spans the root subspace for
Ai —A; € ®. Let us choose a simple root system A = {ay,...,a;} by putting

@ = A — Aig1.

We have \; = \; = o+ -+ a;_1 when ¢ < j. Hence 6 = oy + - - 4+ ay. Then we see that
the gradation of (Ag, {c;}) is given by sl({ +1,C) = g_1 D go D g1;

{8 ) eesnn) o {0 5) pewen)

goz{<g1 g) ‘AEM(@',@'), Be M(j,7) andtrA—FtrBzO},

where j = ¢ — i+ 1 and M (p,q) denotes the set of p x ¢ matrices. This decomposition
can be described schematically by the following diagram;

i
i[o] 1
jl=1] 0

where the vertical (resp. horizontal) line stands for the i-th vertical (resp. horizontal) in-
termediate line of a matrix in s[(/+1, C). Then, for example, the diagram of (A, {a;, a;})
(¢ < j) is obtained by superposing the diagrams of (A, {a;}) and (A, {a;});

0 1 0] 1 |2
0 1
= -1} 0 |1
-1 0
-1 0 -2 -1 |0
In general the diagram of (A, {c,,...,®;, }) is obtained by superposing the k diagrams
of (Ag, {as,}), ..., (Ar,{a,}). Namely the gradation of (A, {w,,...,a;,}) is obtained

by subdividing matrices by both vertical and horizontal £ lines. Here i-th intermediate
line corresponds to the simple root «;.

By this description of gradations, we see that the model space M, of (A, {a;}) is
the complex Grassmann manifold Gr(i,V) consisting of all i-dimensional subspaces of
V = C*"!. Furthermore the model space M of (Ag, {cviy, ... a5 }) (1S iy < - < iy S 0)
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is the flag manifold F(iy,...,ix; V) consisting of all flags {V; C --- C V;} in V such that
dimV; =i for j =1, ..., k (cf. [Tt]).

(2) Cy type (¢ = 2). Let (V,(,)) be a symplectic vector space over C of dimension
20, that is, (, ) is a non-degenerate skew symmetric bilinear form on V. Then g = sp(V).
Let us take a symlectic basis {e1,..., e f1,..., fe} of V such that (e;,e;) = (fi, f;) =0
and (f;, epr1-;) = 0;; for 4, j =1, ..., £. Thus we have a matrix representation

g={X€e€gl(2,C) |'’XJ+JX =0}, where J= (_OK [0() :
and K is the ¢ x ¢ matrix whose (Z,j)-component is §;+1—;. We put A’ = KAK for
A € gl(¢,C). Namely A’ is the “transposed” matrix of A with respect to the anti-diagonal
line. Each X € g is expressed as a matrix of the following form;

A B
(e )

where A, B, C' are ¢ x ¢ matrices such that B and C satisfy B = B’ and C' = C’. Namely
both B and C' are symmetric with respect to the anti-diagonal line. Thus we see that X
is determined by its upper anti-diagonal part. In the following we write X = (A, B,C') in
short.

We take a Cartan subalgebra b consisting of all diagonal elements of the form H =
(diag (a1, ...,a),0,0). Let A1, ..., Ay be the linear form on h defined by \; H — a;. We
put Fy; = By + B}, where Ej; = Epyyjep1-. Then we have

5

[Ha (Eija()?())] = O‘i - )‘j)(H)(Eiju 070)7
[H’ (07 Ej’ O)] = (>‘z + )\E-i-l—j)(H)(Oa Fijv 0),
[Ha <O7 0, FZJ)] = _<)‘€+1*i + )‘J)(H)(Ov 0, Flj)
Hence ¢ = {/\z - >‘j (Z 7é j)a :I:(/\z +)‘j) (1 é i § J é 6)} and (Eijvoa 0)7 (0’ Fi,€+1—j70)7

(0,0, Fyr1-;;) are root vectors for A; — Aj, A; + A;, —(A; + ;) € @ respectively. Let us

choose a simple root system A = {ay,...,a,} by putting
ai:)\i_)\i+1 fOI'Z-:L...,g—l,
Qy = 2 )\g.

We have

)\i—>\j:ai+---—|—aj_1 (1§Z<j§£),
At A =(ait+ - +a)+(a++a) (1=isjsd).

Hence =20y + -+ -+ 2a—1 + . Then we see that the gradation of (Cy, {a;}) is given
by the following diagram;

7 7
110 1 2 0 1

-1 0 |1| 1<i<?) (i =10)
il—2 =110 -0
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Then the diagram of (Cy,{c,,...,q; }) is obtained by superposing the k diagrams of
(Co, {ai })y -y (Cry{e, }). Here two intermediate lines (i-th and (2¢ — 4)-th lines) cor-
respond to the simple root {o;} fori =1, ..., £ — 1 and the center line corresponds to
{ag}.

By this description of gradation, we see that the model space My of (Cy, {a;}) is the
Grassmann manifold Sp-Gr(i, V') consisting of all i-dimensional isotropic subspaces of
(V. (,)). Furthermore the model space My of (Cp,{cvi,,..., ;. }) (1 iy < -+ < =)
is the flag manifold Sp-F'(iy,...,i; V) consisting of all flags {V; C --- C Vi} in V such
that V; is an ¢; dimensional isotropic subspace of (V, (, )) (cf. [Tt]).

(3) B, (¢ 2 3), Dy (¢ = 4) type. Let (V,(])) be an inner product space over C
of dimension 2¢ or 2¢ + 1, that is, (|) is a non-degenerate symmetric bilinear form on
V. Then g = o(V). Let us take a basis {ey,...,ep €011, f1,..., fe} of V such that

(eilej) = (ees1lesr) = (eeralfi) = (filf;) = 0, (eeyrleers) = 1 and (e fer1-5) = i for

1, 7 = 1, ..., £. Here we neglect eyr1, when dimV = 2¢. Then we have a matrices
representation
0 0 K
g={Xegl(n,C)|'XS+SX =0}, whereS=|0 1 0
K 0 0

and n = 20 or 2( + 1. Each X € g is expressed as a matrix of the form

A a B
X=¢& 0 —=d
C _5/ _A/
where A, B, C are ¢ x{ matrices such that B = —B’, C' = —(C" and a, £ are column and row
(-vector respectively such that o’ and £ are given by a' = (ay, ..., a1), & =&, ..., &) for
a="ay,...,a0), & =(&,...,&) respectively. Here the center column and the center row

of X should be deleted when dim V' = 2¢. Both B and C' are skew symmetric with respect
to the anti-diagonal line. In particular all the anti-diagonal components x;,,+1—; of X are
0. Thus X is determined by its upper anti-diagonal part. We write X = (A4, B,C, a,§),
in short.

We take a Cartan subalgebra h consisting of all diagonal elements of the form H =
(diag (aq,...,ar),0,0,0,0). Let Ay, ..., Ay be the linear form on § defined by \; H — a,.
We put Gi; = Eij — Ej; and E; = (01;,...,04) € C*. Then we have

[H, (E;;,0,0,0,0)] = (N — X\j)(H)(E,0,0,0,0),
[H,(0,G5,0,0,0)] = (N + Ar1-5) (H)(0, Gy, 0,0,0),
[H,(0,0,G4;,0,0)] = —=(Aer1—i + A;)(H)(0,0,Gi5,0,0),
[H,(0,0,0, E;,0)] = X\i(H)(0,0,0, E;,0),

H, (0,0,0,0, )] = —\(H)(0,0,0,0, F;).

Hence we have

A=A (i #7

) <i<j<0} ifn=2L
=<K {xN(1=i=0), A

(1
#7)
(1<i<j<O} ifn=20+1.

(A +/\)
Aj (1
(/\ + )
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(Eijaoaoa 070)7 (07Gi,€+1—j707070)7 (0707G€+1—i,j70a0)7 (Oa 0707Ei70)
and (0,0,0,0, E;) are root vectors for A\; — Aj, A + Aj, —(N + X)), A and —\; € @
respectively. Let us choose a simple root system A = {aq,...,a,} by putting

(i) By type {O‘i:)‘i_)\iﬂ fori=1,...,0—1,

Qy = /\g.

= A=Ay fori=1,. . f—1,
(i) Dy type {a N

ap = N1+ A
Then we have
(i) Be type
ANi—Aj =i+t (I=i<j=),
Ai =i+ g (1=i=),
N+ A=+ Fa+20;+-+2a (1Si<j=0).
Hence 0 = a1 +2as + -+ -+ 2 ay.
(ii) Dy type

(A= A=t (I=i<j=0),
Aith=ai+ - tarta (1=2isl0-2),
A1+ A= ay

Nt =a;+ 4+ 1+a 1Zisl0-2),
N+ A=+ Fa 204+ 2004 g +
\ (1si<jsl-2).
Hence 0 = a1 +2ag + -+ 4+ 2ay_o + oy + .
Then we see that the gradation of (By, {c;}) is given by the following diagram;

n—2 1 T n—21 1
0 1 * 0 1 9
1 0 1| =1 |-1] 01| (1<i<o
x| —1 |0 =2/ =110
The gradation of (Dy, {c;}) is given by the same diagram as above for i =1, ..., £ —2

and the above diagram with ¢ = ¢ — 1 is that of (Dy, {cay_1,ar}). Moreover the diagrams
of (Dy,{ay_1}) and (Dy, {c,}) are given as follows

(i=10-1) (i=10)
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Clearly, by interchanging e, and f;, matrices representations of (Dy, {ay—1}) and (D, {cw})
transforms each other, i.e., (Dy, {ay_1}) and (Dy, {ay}) are conjugate. The other grada-
tions of By or D, type can be obtained by the principle of superposition as in the previous
cases. Here two intermediate lines (i-th and (n — ¢)-th lines) correspond to the simple
root {a;} for i =1, ..., £ in case of type By and for i = 1, ..., £ — 2 in case of type Dj.
Moreover in case of type Dy, (¢ — 1)-th and (¢ 4 1)-th intermediate lines correspond to
the pair {ay_1,a,} and the center line corresponds to {ay}.

By this description of gradations, we see that the Grassmann manifold O-Gr(i, V)
consisting of all i-dimensional isotropic subspaces of (V,(|)) is the model space M, of
(B, {ai}) or (Dy,{c;}) according as dimV = 2¢ + 1 or 2/, except for the case when
i ={—1and dimV = 2/. In the latter case O-Gr(¢ — 1,V) is the model space My of
(Dy, {evy—1,}), where dim V' = 2¢. Thus, for D, type, we make a following convention
for a subset Ay of A: If a1 € Ay and oy ¢ Ay, we replace ay_1 by «y (the conjugacy
class of (Dy, Ay) does not change by this replacement), and if both a,_; and o, € Ay,
we write o_; = {ay_1,,}. Under this convention, we see that the model space M, of
(Be,{aiy, . .yaq. 1) or (De,{auy, ..., 1) (1 Sy < -+ < ig < () is the flag manifold
O-F(iy,...,1; V) consisting of all flags {V; C --- C Vi} in V such that V; is an ;-
dimensional isotropic subspace of (V,(])), according as dim V' = 2¢ + 1 or 2¢ (cf. [Tt]).

4.3. Theorem on Prolongations. By Theorem 4.1, the classification of gradations
g= @pEZ g, of simple Lie algebras g satisfying the generating condition coincides with
that of parabolic subalgebras g’ = €D, 8, of g. Accordingly, to each SGLA (X, Ay),
there corresponds a unique R-space M, =G /G’ (compact simply connected homogeneous
complex manifold). Furthermore, when p = 2, there exists the G-invariant differential
system Dy on Mg, which is induced from g_;, and (M(m), Dy,) (Standard differential
system of type m) becomes an open submanifold of (Mg, Dy). For the Lie algebras of
all infinitesimal automorphisms of (Mg, D), hence of (M (m), Dy,), we have the following
theorem (Theorem 5.2 [Y5]).

Theorem 4.2. Let g = ®p€Z g, be a simple graded Lie algebra over C satisfying the
generating condition. Then g = EBPGZ gp s the prolongation of m = @p<0 g, except for
the following three cases.

(1) g=9-1Dgo D g1 is of depth 1 (i.e., u=1).
(2) g= @i:% gp is a (complex) contact gradation.
(3) g= @pEZ g, is isomorphic with (Ag,{a1,;}) (1 <i <) or (Cp,{on, ap}).

Here R-spaces corresponding to the above exceptions (1), (2) and (3) are as follows:
(1) correspond to compact irreducible hermitian symmetric spaces. (2) correspond to
contact manifolds of Boothby type (Standard contact manifolds), which exist uniquely
for each simple Lie algebra other than s[(2, C)(see §5.1 below). In case of (3), (J(P*,1),C)
corresponds to (A, {a1, a;}) and (L(P*71), E) corresponds to (Cy, {ay, ar}) (1 < i < £),
where P denotes the ¢-dimensional complex projective space and P?*~1! is the Standard
contact manifold of type Cy. Here we note that R-spaces corresponding to (2) and (3) are
all Jet spaces of the first or second order.

For the real version of this theorem, we refer the reader to Theorem 5.3 [Y5].
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4.4. Standard Contact Manifolds. Each simple Lie algebra g over C has the highest
root 0. Let Ay denote the subset of A consisting of all vertices which are connected to —6
in the Extended Dynkin diagram of X, (¢ = 2). This subset Ay of A, by the construction
in §4, defines a gradation (or a partition of ®*), which distinguishes the highest root 6.
Then, this gradation (X, Ag) turns out to be a contact gradation, which is unique up to
conjugacy.

Moreover we have the adjoint (or equivalently coadjoint) representation, which has ¢
as the highest weight. The R-space J; corresponding to (X, Ag) can be obtained as the
projectiviation of the (co-)adjoint orbit of G passing through the root vector of §. By
this construction, Jg; has the natural contact structure Cy induced from the symplectic
structure as the coadjoint orbit, which corresponds to the contact gradation (X, Ag) (cf.
[Y5, §4]). Standard contact manifolds (J4, Cy) were first found by Boothby ([Bo]) as
compact simply connected homogeneous complex contact manifolds.

Extended Dynkin Diagrams with the coefficient of Highest Root (cf. [Bu])

2 2 2
g 0 —O:>O
a2 Qp—1 Oy
a1l
By (f > 2)
—0
2 2 Q-1
1 1
a2 Qp—2
a1 oy
D, (6 > 3)
2 3 4 2
O0—O0—0C—0—O0
—60 a1 a2 a3 o4
Fy
2 3 4 3 2 1 3 2
o&0—o0
-0 a1 asg oy a5 ag  Qr a1 as —0
a2
E? GQ

5. Go-GEOMETRY OF OVERDETERMINED SYSTEMS.
This topic has its origin in the following paper of E. Cartan.

[C1] Les systemes de Pfaff a cing variables et les équations aux derivees partielles du
second ordre, Ann. Ec. Normale, 27 (1910), 109-192

In this paper, following the tradition of geometric theory of partial differential equa-
tions of 19th century, E.Cartan dealt with the equivalence problem of two classes of
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second order partial differential equations in two independent variables under “contact
transformations”. One class consists of overdetermined systems, which are involutive,
and the other class consists of single equations of Goursat type, i.e., single equations of
parabolic type whose Monge characteristic systems are completely integrable. Especially
in the course of the investigation, he found out the following facts: the symmetry algebras
(i.e., the Lie algebra of infinitesimal contact transformations) of the following overdeter-
mined system (involutive system) (A) and the single Goursat type equation (B) are both
isomorphic with the 14-dimensional exceptional simple Lie algebra Gs.

N i1 (F P 1 (5
oz 3\0y2) ' 0xdoy 2\0y2)
(B) 9r? + 123(rt — s°) + 32s® — 36rst = 0,
where
02z 02z 02z

= — P t:_
" o2 ° 0xdy’ Oy?

are the classical terminology.

5.1. Gradation of GG5. The Dynkin diagram of G5 is given by
OR=HO

al g
and the set @1 of positive roots consists of six elements (cf. [Bu]):
R {on, ag, 0n + a9, 201 + a, 30y + a9, 301 + 20}

Here 6 = 3a; +2a, and we have three choices for Ay C A = {ay, as}. Namely Ay = {ay},
{ag} or {ay, as}. Then the structure of each (Gg, Ay) is described as follows.

(1) (Go,{a1}). We have u =3 and ®* decomposes as follows;
®y = {301 + ag, 301 + 205}, O = {201 + s},
O = {an, 1 + s}, Ol = {as}.

Thus dimg_3 = dimg_; =2, dimg_» = 1 and dim gy = 4. In the following section §5.2,
we will see how the regular differential system of this type showed up historically.

(2) (Go,{a2}). We have =2 and ®* decomposes as follows;
dF = {31 + 202}, of = {ay},
O = {ag, 1 + ag, 207 + g, 31 + as}.
Thus dimg_5 =1 and dimg_; = dim go = 4. Hence this is a contact gradation (cf. §4.4).
(3) (Go,{a1,0}). We have u =5 and ®* decomposes as follows;
OF = {3aq + 200}, P = {3aq + sz}, P = {20 + an},
D ={a + as}, O = {1, s}, ol = 0.

Namely (G2, {a1, as}) is a gradation according to the height of roots and g’ = €, >, g, is a
Borel subalgebra. This case shows up in connection with the Hilbert-Cartan equation([Y5,

§1.3]).
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5.2. Classification of Symbol Algebras m of Lower Dimension. In this paragraph,
following a short passage from Cartan’s paper [C1], let us classify FGLAs m =@, - | g,
such that dimm < 5, which gives us the first invariants towards the classification of
regular differential system (M, D) such that dim M < 5.

In the case dimm =1 or 2, m = g_; should be abelian. To discuss the case dimm = 3,
we further assume that g_; is nondegenerate, i.e., [X,g_1] = 0 implies X = 0 for X € g_;.
This condition is equivalent to say Ch (D) = {0} for regular differential system (M, D)
of type m. When g_; is degenerate, Ch (D) is non-trivial, hence at least locally, (M, D)
induces a regular differential system (X, D*) on the lower dimensional space X, where
X = M/Ch (D) is the leaf space of the foliation on M defined by Ch (D) and D* is the
differential system on X such that D = p;*(D*). Here p: M — X = M/Ch (D) is the
projection. Moreover, for the following discussion, we first observe that the dimension of
g_» does not exceed (’;L), where m = dimg_;.

In the case dimm = 3, we have p < 2. When y = 2, m = g_» @ g_; is the contact
gradation, i.e., dimg_o = 1 and g_; is nondegenerate. In the case dimm = 4, we see
that g_; is degenerate when p < 2. When pu = 3, we have dimg_3 = dimg_o = 1 and
dimg_; = 2. Moreover it follows that m is isomorphic with ¢?(1) in this case. In the case
dimm = 5, we have dimg_; =4, 3or 2. Whendimg_; =4, m =g ,&® g_; is the contact
gradation. When dimg_; = 3, g_; is degenerate if dim g_o = 1, which implies that u = 2
and dimg o = 2 in this case. Moreover, when p = 2, it follows that m is isomorphic
with ¢}(1,2). When dimg_; = 2, we have dimg_5 = 1 and p = 3 or 4. Moreover, when
p = 4, it follows that m is isomorphic with ¢3(1), where ¢3(1) is the symbol algebra of the
canonical system on the third order jet spaces for 1 unknown function (cf. §3 [Y1]).

Summarizing the above discussion, we obtain the following classification of the FGLAs
m =P " | g, such that dimm < 5 and g, is nondegenerate.

(1) dimm =3 = y =2

m=g ,®g | =c!(l): contact gradation
(2) dmm=4=pu=3

m=g_3Bgo®g_s=c*(1)
(3) dimm =5, then u <4

(a) p=4 Mm=g ,Pg 3Dg_ gy = (1)
(b) p=3 m=g3Pg 29
such that dim g 3 =dim g ; =2 and dimg ,=1
(c) p=2 m=g,®g1 =c'(1,2)
(d) p=2 m=g ,®g ;= (2): contact gradation

A notable and rather misleading fact is that, once the dimensions of g, are fixed, the
Lie algebra structure of m = @; # | 8p is unique in the above classification list. Moreover,
except for the cases (b) and (c), every regular differential system (M, D) of type m in the
above list is isomorphic with the standard differential system (M (m), Dy,) of type m by
Darboux’s theorem (cf. Corollary 6.6 [Y1]). The first non-trivial situation that cannot
be analyzed on the basis of Darboux’s theorem occurs in the cases (b) and (c) (see [C1],
[St]). Regular differential systems of type (b) and (c) are mutually closely related to each
other (cf. [Y6, §6.3] and [C1]). We encountered with the type (b) fundamental graded Lie
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algebra as the case (1) of §5.1. in connection with the root space decomposition of the
exceptional simple Lie algebra GS.

As for the diferential system of type (b) above, the following differential system (X, F)
on X = R5 was constructed by E. Cartan [C1];

E={w=w=w3=0},
where
wy = dzy + (23 + Sx475) dg,
wy = dxg + (13 — %x4x5) dxs,
ws = dxs + %(x4 dxs — x5dxy),
and (xq, 29, T3, 74, T5) is a coordinate system of X = R5. We have
dwi; = w3 A Wy,
(5.1) dws = w3 A ws,
dws = wy N ws,
where wy = dzy and ws = dzs. In this case we may calculate symbol algebras of (X, E)

as follows. We take a dual basis {Xi,..., X5} of vector fields on X to a basis of 1-forms
{w1,...,ws} given above;

0 0 0
Xi=—, Xo=—, Xz3=—
1 axla 2 83327 3 al'g’
0 1 0 1 0
X4 = 8_4 + 21’58 s (ZL'3+ 21’41‘5)6 1
i—l 0 — (z 1acx) 0
o 8175 2 (9 xTs3 s 2 o 8[E2

Then we calculate, or from (5.1),
[X5a X4] == X37 [X57X3] - X?; [X47X3] - le

and [X;, X;] = 0 otherwise. This implies that F2 = {w; =wy =0}, B2 = T(X) and
that (X, E) is isomorphic with the standard differential system of type ms, where

ms; =g 3Dg2Dg
is the fundamental graded algebra of third kind, whose Maurer-Cartan equation is given
by (5.1). Here we note that the Lie algebra structure of ms is uniquely determined by
the requirement that m is fundamental, dimg 3 = dimg_; = 2 and dimg , = 1 (cf.

[C1], [T2]). In fact ms is the universal fundamental graded algebra of third kind with
dimg_; = 2 (see [T2, §3]).

5.3. Go-Geometry. Let (J3, Cy) be the Standard contact manifold of type G, i.e.,
R-space corresponding to (Gg,{as}). If we lift the action of the exceptional group G5 to
L(Jg), then we have the following orbit decomposition:

L(J) = OUR U Ry,

where O is the open orbit and R; is the orbit of codimension i. Here R; and Ry can
be considered as the global model of (B) and (A) respectively. Moreover Rs is compact
and is a R-space corresponding to (Ga,{a1,as}). From this fact, it becomes possible
to describe the PD-manifold (R; D!, D?) corresponding to (A) in terms of the R-space
corresponding to (G2, {1, as}). In fact R, has double fibrations onto J; (corresponding
to (Gy, {az})) and onto X (corresponding to (Ga, {1 })).
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Now, utilizing the Reduction Theorem (Theorem 3.3), we will construct the model
equation (A) from the standard differential system (X, F) in §5.2, which is the local model
corresponding to (Ga, {a1}). In fact (R; D', D?) is constructed as follows; R = R(X) is
the collection of hyperplanes v in each tangent space T,.(X) at x € X which contains the
fibre OF(zx) of the derived system OF of E.

R(X) = |J R. C J(X,4),

R, = {v € Gr(T,(X),4) | v D> dE(z)} &< P!,

Moreover D! is the canonical system obtained by the Grassmaniann construction and D?
is the lift of E. Precisely, D' and D? are given by

D'(v) = v, (v) D D*(v) = v (E(x)),

for each v € R(X) and = = v(v), where v : R(X) — X is the projection.
We introduce a fibre coordinate A\ by w = w; + Aws, where

D'={w=0} and OF = {w; = wy = 0}.
Here (z1,...,x5,\) constitutes a coordinate system on R(X). Then we have

dw = wg A (Ws + Aws) + dA A wo,
Ch(DHY={w=wy=ws=ws; +Aws =dA\ =0},
D*={w=wy=w3=0} and 9D*={w=wy=0}.

Hence (R(X); D', D?) is a PD-manifold of second order. Now we calculate
w = w1 + Aws

=dr, + Adxgy + (3 + 1§x4x5)dx4 + A (z3 — %x4x5)dx5
= d(z1 + Ax9) — xod) + (x5 + %x4x5)(dx4 + Adxs) — A zyxsdrs
=d(x; + Az2) — {x2 + x5(23 + %x4x5)}d)\ + (z3+ %x4x5)d(x4 + Ax5) — Azgxsdes.
Moreover we have
A Tyxsdrs = %)\ r4dri = %{d()\ T412) — x425d\ — Na2dry }
= %{d()\ 247%) — vawid\ — Nzid(zy + N x5) + Awdd(\w5) }

1
= i{d()\lq:cg) + (N2 — 2422)d\ — Nx2d(vy + N xs) + N xidas }
1

2
3A2x§) — (EA2d = N+ zy2)d) — Naid(zy + Nws) )

1
= §{d()\x4:z:§ - 3

Thus we obtain
1

5 A22)d(xq+) x5).

1 1 1 1
w = d(l’l—i‘)\ To— )\$4$§——)\2 .’L’g)—(l'z—i‘l'gxg,—f—é)\ l’g)d)\+($3+—l'4l'5+—

6 2 2
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We put

( 1 s 1o 3
z:x1+)\x2—§)\x4aj5——)\ xz,

6
=\,
Y = T4+ \Ts,

1
P = To + T3T5 + —)\xg’,

1 1
q = —(x3+ ~z4w5 + =\ 22).
\ 2 2

Then

D'={dz—pdx —qdy=0},
and (x,v, 2, p, q) constitutes a canonical coordinate system on J = R(X)/Ch (D'). Putting
r5 = a, we solve

(

Ty =Yy —Ta,
1 1, 1
13 =—q— 5(y —wa)a— jva® = —q — Sya,
2 1 2
@y =pgat gya® — cxa’,
Lo 1 g 1 2,1 o3
r1 =2z —x(p+qa+ zya® — =za’) + —x(y — zra)a® + =z*a’,
2 1 6 2 6
=z —xp — xqa — ~x3a’.
\ 6
Then, from
475 = ya — ra’,
1 LIRS ) L
r3 — —x4x5 = —q — —ya — =(y — xa)a = —q¢ — ya + —xa
3 5¥als q 23/ 5 Y qa—Yy ot
we calculate
1 1
ws = —d(q+ya— §aza2) + (y — za)da = —dq + §a2da: — ady,
Loy 1 3 L L, L g
wo :d(p+qa+§ya — Ga ) — (¢ + ya — %a )da:dp+adq+§a dy — i dx
1 1 1
= a(dq — §a2dx + ady) + dp + ga?’dx — §a2dy
1 1
=dp + ga?’daz — §a2dy — aws.
Putting a = —t, we obtain
DQI{’W:@Q:(;)?,:O},
where

1 1 1
w =dz — pdx — qdy, ws =dp — gt?’dx — §t2dy, w3 = dq — §t2dx — tdy.

This implies
1 1
R@j:{rzgﬁ s:iﬂ}CLU%

in terms of the canonical coordinate (z,y, z,p, q, 7, s,t) of L(J).
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