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1. INTRODUCTION 5

1. Introduction

These lectures constitute an introduction to the theory of differential
invariants. Calculation of differential invariants is explained by means of
examples from the theory of ordinary differential equations.

In contrast to the Cartan’s method [11], we perform all calculations
and constructions of differential invariants in natural bundles of considered
objects. It seems to us that this approach is more natural.

These lectures were given during the autumn semester 2005 when I was
visiting Mathematical Institute of the Silesian University in Opava.

I would like to thank prof. Michal Marvan for invitation and fruitful
discussions over the contents of these lectures, prof. Oldfich Stolin, who
conducted the seminars, for discussions over exercises and problems for these
lectures. Special thanks are due to my Czech students Radek Hudeczek,
Ivana Kvasniakova, Roman Odstréil and Petr Vojéak for numerous questions
they asked, helping me to improve the exposition of the material.

I am also grateful to Fond Rozvoje Vysokych Skol of Czech Republic for
financial support under project 3512/2005/F6¢ “Inovace vyuky diferencidlni
geometrie.”

Opava, December 20, 2005
Valeriy Yumaguzhin.






CHAPTER 1

Jet bundles

In our approach, differential invariants are defined on jet bundles. There-
fore, following [9], in this chapter we introduce jets and jet bundles. Next we
introduce the Cartan distribution, which is a necessary tool to investigate
jet bundles.

A different approach to differential invariants, connected with G-stru-
ctures, depends on the notion of k-frames. For later use (in Chapter 8) we
also introduce differential groups, their Lie algebras, and bundles of k-frames
on a smooth manifold. Here we follow [1].

Below, all manifolds and maps are supposed to be smooth. By R we
denote the field of real numbers and by R™ we denote the n-dimensional
arithmetic space.

We assume summation over repeated indices in all formulas. For exam-
ple, we will write

n m m
; O iustead of >N D) 0
u]l]kauli mstead O e u]l]k auz '
J1---Jk =1 j1=1 Jr=1 J1---Jk

1. Jets

Let X be a smooth n-dimensional manifold and let p be some point of
X, let Y be a smooth m-dimensional manifold and let ¢ be some point of Y.
By F we denote the set of all smooth maps from X to Y defined in neigh-
borhoods of p and sending p to ¢. Fix some coordinate system z!,..., 2"
in a neighborhood of p and some coordinate system y',...,y™ in a neigh-
borhood of ¢. Consider two maps f, g € F. In terms of these coordinate
systems, these maps are defined by collections of functions:

f=rEt 2™, (=),
g=(¢*t, ..., 2", ..., g™ (= ..., 2")).
We say that f and ¢ are k-equivalent, k =0,1,2,..., if

af dg’ ok s
fp) =9(), aij (p) = agj TR 855]'1..].0695% )

t=1,....m; 3,71,y Jk=1,...,m

7



8 1. JET BUNDLES

Clearly, the introduced relation is an equivalence relation on F. By | f]’;

denote the equivalence class of f w.r.t. this relation. It is easy to prove that

[f1F is well defined, that is [f]¥ is independent of the choice of the coordinate

systems in neighborhoods of p and ¢. The equivalence class [ f]’; is called the
k-jet of f at p. The point p and f(p) is said to be the source and the target
of the k-jet | f]’; , respectively.

Consider two smooth maps of smooth manifolds f: X — Yandg:Y —
Z. Let p € X. Suppose that the point f(p) is contained in the domain of g.
Then the formula

[f]]; : [9}’;(;;) = [9 © f]’;

defines the multiplication of jets.

Some constructions based on jets:

1. Consider the set of all diffeomorphisms of R" to itself preserving the
point 0 € R™. By Dg(n) we denote the set of all k-jets at 0 of these diffeo-
morphisms.

The jet multiplication

[di]5 - [de]§ = [dr o da]p
defines the group structure on Dg(n). Obviously, in this group,

([d]](‘j)_l = [d_l}g and [id]lg is the unity of the group Dg(n).

1

The standard coordinates x*,...,z™ on R" generate standard coordi-

nates xz-, . ,:L‘;-lmjn on Dy(n) so that for any [d]k € Dy, (n)
; ad ; okd’
%‘( [d]lé) = Oz 0), ..., le...jn( [d]]5> = m(o)

Obviously, in this group, the group operation Dy(n) x Di(n) — Di(n)
and the operation [d~1]% — ([d]§)~! are smooth maps. It follows that Dj(n)
is a Lie group.

The Lie group Dg(n) is called the differential group of order k. Obviously,
D1 (n) is the complete linear group GL(n).

By Dj(n),r =0,1,2,...,k we denote the subgroup of Dy(n) defined by

Dig(n) = {[d]§ € Dy(n) | [d]§ = [id]g } -

2. Consider the set of all vector fields £ in R™ such that £ ‘0: 0. By LY(n)
we denote the set of all k-jets at 0 of these vector fields. There exist a natural
structure of Lie algebra over R on LY (n). This structure is defined by the
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operations

[
||\

ML e, b+l Lie + el
df

[[a]6, (€061 < [0, €11,
VAER, V [&]f, &6 € LY .
By L, r=0,1,2,...,k, we denote the subalgebra in L% defined by
F= X e LY IXl5=0}.
The algebras LY and Lj are identified with the Lie algebras of Dy(n)
and Dj(n) respectively.
3. By J¥(X,Y) we denote the set of all k-jets of all smooth local maps
from X to Y. Obviously, J°(X,Y) = X x Y. Introduce the map
m: JNX,Y) = JOX,Y)

by the formula 7 : [f]5 — [£12 = (p, £()).
Let z',..., 2" be a coordinate system on some open set U C X and

let u',...,u™ be a coordinate system on some open subset V C Y. These
coordinate systems generate the coordinate system

s, u, ujv RS Uﬁ]k,

G- ge=1,...,n;i=1,....m

on the subset 71U x V) C J¥(X,Y) in the following way. Let [f]’; €
71U x V), then

2 ([fly) = 7 (p), &' ([f1}) = ' (f(p)),
i of' i ok f*
Uj([f}];) = Oz (), -, ujl...jk([f]l;) = m(p)-
The obtained coordinate systems generate the structure of a smooth mani-
fold on J*(X,Y).

2. Bundles
Suppose B and F' are smooth manifolds. The map
r,:BxF—DB, pr;:(bf)—b

is called a trivial bundle.
Amap S : B — BxFiscalled a section of the bundle pry if pr; oS = idp.
Let z',...,2" be a coordinate system on some open set U C B and
let u',...,u™ be a coordinate system on some open subset V C F. Then
the coordinate system x!,... 2" u',...,u™ is defined on the open subset
U x V of the manifold B x F. Let S be a section of pr; such that its image
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is contained in U x V. Then its domain contains in U and S is described in
terms of the coordinates z!,..., 2", u',..., 4™ on U x V by the formula

S(zt,...,a") = (ml,...,x", Sl(xl,...,:E”),...,Sm(:nl,...,x”)).
As usual, we write
S(xt,...,a") = (Sl(:cl,...,x"),...,Sm(:nl,...,:c")).

Suppose there are given three smooth manifolds £, B, and F' and a
smooth map m : £ — B. The quadruple (E,m, B, F) is called a locally
trivial bundle or simply a bundle if the following conditions hold:

(1) 7 is surjective,
(2) for any point p € M, there exist a neighborhood U of p and a
diffeomorphism ¢ : 771(U) — U x F, such that for any e € 771(U)
1)

m(e) = pryop(e), (2.
where pry : U x F — U is the projection onto the first component,
that is pr; : (z,y) — x.

Instead of (E, 7, B, F'), we can write 7 : E — B, or simply F.

FE is called a total space, B a base, F' a standard fiber, and diffeomor-
phisms ¢ : 77 1(U) — U x F a local trivializations. For any point b € B, the
set 771(b) is called the fiber over b.

From the second condition of this definition we get that the bundle 7 is
organized as a trivial bundle locally, on every subset 7= 1(U).

A map S : B — FE is called a section of the bundle w if w0 S =idyy.

Suppose dimB = n and dimE = n 4+ m. Consider a local trivial-
isation ¢ : 71 (U) — U x F of 7. Let x',...,2" be a coordinate sys-
tem on U and let u!,...,u™ be a coordinate system on some open subset
V C F.Then z',..., 2" u',..., 4™ is a coordinate system on the open sub-
set U xV C U x F'. This coordinate system is transferred on the open subset
¢ Y (U xV) C E by the inverse diffeomorphism ¢! . The coordinate system
wl . 2™ ul, ... u™ obtained on o~} (U x V) is called special.

From (2.1), we get that in terms of the special coordinate system, the
map 7 is described by the formula

1

m(xt, . a™ut L u™) = (2. 2"

and a section S of 7 such that its image contains in p~*(U x V) is described
by
S(',...,2") = (S'(z,. .. 2", .., 8" (. a")). (2.2)

Examples.
1. Let M be a smooth n-dimensional manifold, T),(M) its tangent space
at p € M. Put T(M) = Upeps IpM. Then the natural projection 7 :

T(M) — M sending a tangent vector v, at the point p to this point p
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is a locally trivial bundle. The standard fiber of this bundle is R™. This
bundle is called the tangent bundle of M. Any section of a tangent bundle
is a vector field.

2. The cotangent bundle T%(M) of M. More generally, the bundle of
tensors of type (p, q) over M.

3. Let M be an n-dimensional smooth manifold. Consider all diffeomor-
phisms of neighborhoods of 0 € R™ to M. By Py(M) we denote the set of
k-jets at O of all these diffeomorphisms. The following natural projection
holds:

Tt Po(M) — M, 7 : [s]E — s(0).

A local chart (U, (x',...,2")) in M generates the local chart in Py (M)
(m, 1(U), (2 ,x], . ’x;‘1...jk) ). In this chart, the coordinates of a point [s]f €
7 H(U) are calculated by the formula

O (z o 5)

553‘1..%([3]15) = ot ot
Gt dr=1,...m, r=0,1,....k,
where t1 ... t" are the standard coordinates on R". Now we see that Py, (M)
is a smooth manifold.
It is easy to prove that the quadruple ( Py(M), mg, M, Di(n)) is a
smooth locally trivial bundle. It is called the bundle of k-frames of M.
The group Dy (n) acts freely and transitively on the fibers of this bundle:

[sI§ - [dI = [sodlg V[s]6 € Pr(M), ¥[d]s € Di(n).

3. Jet bundles

By J*7 denote the set of all k-jets of all sections of 7. Obviously, J7 =
E. Consider the following natural maps:

Tgr: JPm — T, g [S]]; = [S]5,

T J*r — B, Wk:[S]l;Hp
The quadruple (J*m, 74, B, J k(B F))isa locally trivial bundle. Indeed,

a special coordinate system 2, u',on W= ¢~ LU x V) C E defines the
coordinate system z7, u’ u], ..., uj 5oon the subset m 0(I/V) of J*7 in the

following way. Let ) € ;- O(W) and 7, (0) = p. Then there exist a section

S of m such that [S] = 0. In the special coordinate system 7 uf, S is
described by (2.2). Then

2! (0r) = 27 (p), u'(6x) = S'(p),

Z. o5 i ok s
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This coordinate system in J*r is called special, too. These special coordinate
systems define the structure of a smooth manifold on J*r. It is easy now to
check all the other conditions of a locally trivial bundle.

Any section S of 7 generate the section of J*n

xS :B— JFr, 1S ip— [S]]g.

In terms of special coordinates, this section is described by

§(@) = (S @), 9o (@) g (@),

By Llfq we denote the graph of the section jiS.

4. Cartan distributions

Let Lk be graph of some section j;S of m, and let 6 € Lk By TgkLS

denote the tangent space to Lk at 0. Suppose 0 = (27, u! ,u], e ]1__%)

in a special coordinate system, then Ty, Lk ¢ is spanned by the Vectors

0 ; 0 i 0
@_Fujaui—i_" + U gy U@u
J1--Jk—1

alc—l—l Sz a
907 0w P gu

J1---Jk

i=1,2,....n. (4.1)

Let 0), € J*m. Consider all graphs Lg passing through 0. By Cy, denote
the subspace of Tp, J k7 spanned by all subspaces T by, ng of these graphs. The
space Cy, is called the Cartan plane at the point 0.

From the description of Tj, L’; in a special coordinate system we get that
Cy,, is spanned by the vectors

0 ; 0 ’ 0 .
@—’_u-jaul—i_ .t u jl e 1-7811/77 j—1727...,n
J1--Jk—1
and all vectors of the form
0
au;d-.-jk

Obviously, Cg, = Tp,J 7.
The distribution €y, : 0, — Cy, is called the Cartan distribution on J k.
In special coordinate system, the distribution Cg is defined by the fol-
lowing differential 1-forms, which are called the Cartan forms:
du’ — u; da?, d“é& ]1] da?, ... du;l---jk—l - u§1---jk~—1j da’
1=1,2,....m; 7,71,-- -,k =1,2,...,mn
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In other words, £ € Ty, belongs to Cp, iff £ is a solution of the system of
linear homogeneous equations

(du® — u; dz?) (&) =0,

(duél---jk—1 - u;i-..jk_lj dﬂ?j)(f) =0
1=1,2,....m; 7,71, -,k =1,2,...,n.

5. Exercises

(1) Prove that the set J*(X,Y) consisting of all k-jets of all smooth
maps X — Y is a smooth manifold.

(2) Prove that special coordinate systems in J*7 define the structure
of a smooth manifold on J*r.

(3) Prove that (J*m, 1, B, J¥(B, F')) is a locally trivial bundle.

(4) Prove that the bundle of k-frames of M is a locally trivial bundle.






CHAPTER 2

Lie transformations

Differential invariants are objects which are invariant w.r.t. Lie transfor-
mations of jet bundles. Therefore in this chapter, following [9], we introduce
Lie transformations of jet bundles. In particular, we introduce point and
contact transformations. We study lifts of these transformations both from
the geometric point of view and from the coordinate point of view.

1. Point transformations

An arbitrary diffeomorphism f : J97 — JO7 is called a point transfor-
mation.

For any k = 1,2,... a point transformation f can be lifted in a unique
way to the diffeomorphism f®*) : Jk7 — Jkr so that for any k1 > ko > 0
the diagram

(k1)
Jkir —>f Jkir

”’ﬂakzl l’”ﬂ”@

Jkegp — kg
fk2)

is commutative (in the domain of f (kl)), here we suppose f(© = f.

1.1. The geometric description. Let us describe f*) in geometric
terms. Let 041 € J*lx, let 6, = Th+1,k(Ok+1), and let S be a section of 7w
such that [S]E+! =64

LEMMA 2.1. The k+ 1-jet Ox41 is identified in the natural way with the
tangent space TgkL’fq

PROOF. The proof follows from (4.1). O

The tangent space T; gkng identified with 64 is called the R-plane of
Op11.

Let us construct f(). Consider an arbitrary point 6; = [3]11). The map
f« transforms the R-plane Ty, L2 of §; onto the tangent plane f.(Ty,L2)
at the point f(p). If this transformed plane projected onto 7),B without
degeneration (that is m, : fi(Tp,L2) — T,B is an isomorphism), then some

15



16 2. LIE TRANSFORMATIONS

neighborhood of s(p) in LY is transformed to LS for some section S and
the transformed plane f.(Tp,L%) is an R-plane of [S]le(p). By definition, put

FDO1) =[S} -

It is easy to check that f(!) is defined on some open almost everywhere dense
subset U C J'7.

Obviously, m g o fA=rfo 1,0

Let us prove the uniqueness of f(1). Suppose there exist diffeomorphism
h : J'm — Jlm such that mgoh = fomyp. Then the diffeomorphism
M o b=t preserves all fibers of the bundle m1,0. It is easy to check now that
fMop1=id

Let us construct f@. Consider an arbitrary point 6y = [3]12, € U. Suppose
fO6,) = [S]}(p), where 6 = m9,1(01). In the first step, we proved that f()

transforms L! onto LIS. It follows that f,,gl) transforms the tangent space
to L at 6; to the tangent space to L} at fM(6). In other words, f»gl)
transforms the R-plane of 6 = [s]2 to the R-plane of [S]?c(p). By definition,
put

FP(02) = [S15,) -

Thus f® is defined on the open set (1)~ (U). Obviously, w1 o f2) =
f Wom 2,1

The uniqueness is proved analogously. Continuing in the same way, we
obtain @, @) f() gatisfying required condition.

1.2. The coordinate description. Let us describe f*) in terms of
special coordinates.

At first consider the simplest example. Let 7 = pry : R! x R! — R! and
let a point transformation f be defined by

X =X(z,u), U=U(x,u) (1.1)

Consider an arbitrary section s :  — u = s(z) of m. Suppose f transforms
the graph LY of this section to the graph Lg of some section S : X — U =
S(X). Then corresponding points (z,s(z)) and f(z,s(z)) = (X,S(X)) of
these graphs satisfy the equations

X = X(z,s(x)), (1.2)

S(X(z,s(x))) =U(z,s(x)). (1.3)

The first one means transformation of variable x of the section s to variable
X of the section S. The second one means that the a value of the section

S is expressed in the terms of the corresponding value of s. It means that
derivatives of the function S are expressed in the terms of derivatives of s.
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In other words, every jet [S]% of S is expressed in terms of the jet [s]* of s.
Indeed, differentiating equation (1.3) w.r.t. z, we obtain

S (Xp+sh - Xy)=Up+5,-U,.
It follows
o _ Up + $'U,
Xo + 8 Xy
Differentiating equation (1.3) two times w.r.t. z, we obtain

1

Y mrempll

Use + 8"Uu + 8 (Ugu + $'Uu) ) ( Xz + ' X0)

— Uz + s’Uu)(Xm + 8" Xy + 8" (X + s’qu)) ]

And so on.

Note that the transformed jet [S]% is expressed in the terms of k-jet [s]*
and k-jet of f at the point (z,s(x)), which is the source and the target of
[s]%. This means that the equations

- Ugg + UlUu

X:X(x,u), U:U(:I:,u), Ul—m,

1

Us (Xx+u1Xu)2[(U + Uy + w1 (Ugy + w1 U, ))( +u1 Xy)
- (Ux + ulUu) (sz + us Xy, + ul(qu + ulqu)) ] ,
1
U, =

G

define the diffeomorphism f*) : jbkr — Jhr.
The operator

0 0 0

is called the operator of total derivative w.r.t. x. It makes possible to rewrite
the equations defining f*) in the following way

X =X(z,u), U=Ul(z,u), Uy =V({U), ..., U, =V*U), (1.5)
where V = (1/D(X))D.

Denominators of equations (1.5) contain D(X) = X, + u; X,. It fol-
lows that f() is defined only on the open set W = Jlx \ V, where V =
{(z,u,u1) € J'r| Xz +u1 X, = 0}. Clearly, every transformation f*),
k > 1, is defined on the open set ﬂ,;}(W)

It follows from the definition that f*) preserves the Cartan distribution
Ck.



18 2. LIE TRANSFORMATIONS

Consider the general case. Let f : J97 — J% be a point transformation,
let 27,4’ be a special coordinate system on an open set W belonging to
domain of f, and let X7, U’ be a special coordinate system on the open set
f(W). Then in terms of these coordinates, f is described by the formulas

X7 = X (),

, S (1.6)
U =U" (224", i,i' =1,...,n; 5,7/ =1,....m
By the same way as above, we get
Si( X, + X uy) = Uy + Uy
Finally, introducing operator of total derivative w.r.t. 7
) )
J1.--k
we obtain the following formula describing f():
X7 = X9 (a7 ),
U = Ui/(a;j,ui), ii'=1,...,n; 45,5 =1,...,m,
ul...um Dy(XY)...Dy(XY)\ " [/DyUY)...Dy(U™)
ut...um Dp(X™) ... Dyp(X™) D,(UY)...D,(U™)
It is clear that we can obtain formulas describing f@,..., f*). But they

are very cumbersome.
Clearly, ) is defined only on the open set W = Jlx \ V, where

S Dy(X1)... Dy (XY)
V= { () €m0 | det -0}
Dy (X™)...Dy(X")

Similarly, every transformation f®) k > 1, is defined on the open set
M1 (W),

Thus a lifted point transformation f*), k =1,2,..., is defined on some
open everywhere dense subset of J*7

Obviously, f*) preserves the Cartan distribution Cy.

2. Contact transformations

2.1. Consider diffeomorphisms from J'7 to itself. It is natural to con-
sider diffeomorphisms transforming every section of 71 of the form 515 to
some section of the same form. Clearly, these diffeomorphisms preserve the
Cartan distribution on J'7. It can be proved that a diffeomorphism of J'7
preserving the Cartan distribution on J'7 transforms every section of of the
form j1.5 to some section of the same form.
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An arbitrary diffeomorphism f : J'v — Jl7 preserving the Cartan
distribution C; is called a contact transformation.
Examples:

(1) Let f : J%% — J% be a point transformation, then f() is a contact
transformation.

(2) Let 7 = pry : R x R — R, Consider a transformation f : Jim —
J'7 defined by

X=—-uw, U=u—z2uy U=z

It is a contact transformation. Indeed, dU — U1dX = —uidx + du —
xduy — x(—duy) = du —uydz. This transformation is called the Le-
gendre transformation. Obviously, there is no point transformation
g such that f = g,
Let n be dimension of the base B of the bundle 7 and let m be dimension
of the fiber of .

THEOREM 2.2. If m > 1, then for every contact transformation f :
Jim — J'm, there exist a point transformation g : J°r — Jm such that

f=gWm.

2.2. Let us obtain the general form of a contact transformation f in
terms of special coordinates.
Consider the case n = m = 1. In special coordinates, f is described by

X =X(z,u,uq), U=U(z,u,u), U =Ui(x,u,u)

From definition of a contact transformation, we get dU — U1dX = A(du —
uidz). It follows

X =X(z,u,u1), U=U(z,u,u1), Uy =DU)/DX) (2.1)

where D is the operator of total derivative w.r.t. x, see (1.4). In the same
way, we obtain the expression of a contact transformation in the general
case.

2.3. In the same way as a point transformation, any contact trans-
formation f can be lifted to the unique diffeomorphism f*) : b7 — Jhr,
k=2,3,...,s0 that m 1 o o) = f O Th 1.

3. Lie transformations

Consider diffeomorphisms from J*7 to itself. It is naturally consider
diffeomorphisms transforming every section of 7 of the form ;.S to some
section of the same form. Clearly, these diffeomorphisms preserve the Car-
tan distribution on J*7r. It can be proved that a diffeomorphism of J*m
preserving the Cartan distribution on J*m transforms every section of m, of
the form j.S to some section of the same form.
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THEOREM 2.3. If m = 1, then for every Lie transformation is a lifted
contact transformation.

If m > 1, then for every Lie transformation is a lifted point transforma-
tion.

4. Exercises

(1) Let a point transformation f be defined by
X=u, U=z

Find fM, 2,

(2) Applying the computer-algebraic system MAPLE, prove that an
arbitrary point transformation (1.1) transforms an arbitrary lin-
ear ODE y” = a(z)y’ + b(z)y + c¢(x) to ODE of the form y” =
a(z,y)(y')* + bz, y)(y)? + c(@,y)y’ + d(@,y).

(3) Consider a general point transformation (1.6). Prove that if

Di(XY)...Dy(Xh
det e =0
Dp(X™)...Dp(X™)

on an open set of Jlm, then f is not a diffeomorphism.
(4) Let a contact transformation f be defined by

Xi=—u, U=u—z'u —2%us, U=z, i=1,2

Find fO.
(5) Prove formula (2.1)



CHAPTER 3

Lie vector fields

Scalar differential invariants are 1st integrals of the corresponding Lie
vector fields. This provides a general approach to calculate scalar differential
invariants. Therefore in this chapter, we derive the formula describing Lie
vector fields in special coordinates of jet bundles. Here we follow [8].

1. Liftings of vector fields

Let 7 : E — B be an arbitrary bundle. Any vector field on J%7 is called
a point vector field if its flow consists of point transformations. A vector
field on J'7 is called a contact vector field if its flow consists of contact
transformations.

Let

.o, 0 0
=al— +b— —
=a oxl + ou +c‘78uj
be an arbitrary contact vector field. Put ¢ = b — ujaj. It is easy to check
that

0 0 0
52 _¢uj@+(¢_uj¢uj)@+(@mj +u]90’u)87uj (11)
The function ¢ is called the generating function of contact vector field &.
Often we will write £, instead §.
Finally, a vector field on J*r is called a Lie vector field if its flow consists
of Lie transformations.
The lifting of point (contact) transformations to Lie transformations
induces the lifting of point (contact) vector fields to Lie vector fields. Indeed,

let & be a point (contact) vector field and let f; be its flow. Then ft(k) is a

flow on Jk7 (J51x). By ) we denote the vector field generated by ft(k).
This field is said to be a lifted vector field. Obviously, for k1 > ko

(Wkl,kQ)*(f(kl)) = ¢(k2)

Clearly, a Lie vector field is either a lifted point vector field or a lifted contact
vector field.

21
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2. The coordinate description of lifted vector fields

Let us obtain the formula describing a Lie vector field £*) in terms of
special coordinates. Suppose for definiteness that £ is a point vector field

.0 .o,
= ji. bl - 21
where @’ and b’ are smooth functions of z',..., 2", u', ..., u™. Then
0 0 0 0
(00) — 0 2 ( ( 7 _z
¢ a8x3+b8uz+b381 R Tk Ol e

J1---k

where b;, cees b;l jgo - - are smooth functions in corresponding jet bundles

Jkw. Consider the value £(°°) ‘9 of the vector field £(%) at the point Oy €

Jo°m. Let s be a section of 7 such that [s];° = foo. Then 5(00)’9 can be
decomposed in the sum

§0y = @ Dily + (€%~ Dil,,. ).

where Dj is the operator of total derivative w.r.t. 27, see (1.7). The vector
a’ Dj ‘ o tangents to the graph L° of section jeos at the point . Obviously,

3 )‘ew_a]Dj‘ew:( Y aj)auz

Let f; be the flow of vector field £. Then the flow ftoo transforms the graph
L%° to the graph ft(oo)(Lgo) The vector a’D; is tangent to LS°. This

+o (2.2)

lo.s
means that its contribution in the transformation velocity of L3° by ft(oo)
is zero. Therefore (2.2) is the transformation velocity L3 by ft(oo). Let us

calculate this velocity. In the special coordinates z7,u’, .. UG er e the
transformed graph ft(oo)(Lfg’o) is described by parametric equations
05” ok S
7
= (Sz(t, z),D;(S")(t,x), ..., Dj ;. (S)(t,x), .. ) ,
here x = 2!, ..., 2" and Dj, . j. = Dj, o...0Dj, . Therefore the transforma-

tion velocity of L3° by ft(oo) is the following vector

0 d 0
‘t:()% + ...+ %Djl.u]k }t =09yt . +)
Jl Jk
d 0 d 0
:<£S|t:0@+...+DJl (55 im0) 5 — +) (2:3)

J1-Jk
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Comparing (2.2) and (2.3) and putting ¢* = b* — uéaj, we get that the
transformation velocity of L2° by ft(oo) is the vector

; 0 N
aso:@@ + ..+ Djl...jk(w)aT

J1---Jk

+ .. (2.4)

A vector field of the form (2.4) is called an operator of evolution derivative
and o = (p!,..., ™) is called the generating function of this operator.

Thus for the point vector field & = a?d/0x7 + b'd/0u’ we obtain the
formula describing the lifted vector field £(°°);

£ = Dj +9(_yias) - (2.5)
Obviously,

g(k) = (oo, )+ ( aij + S(bi—uj-aj) )

=d (gt uigat U gm )
J1---Jk
i i gy 0 i i
+ (b — ujaj)aui + ...+ Dj,. 5, (0" — ujaj)aui. (2.6)

J1-Jk
Obviously, if &€ = a/0/0x7 + b'0/0u’ + C;B/ 8u§ is a contact vector field,

then taking into account (1.1), the vector field £(>) is described by the
formula

g(oo) = _SDuij + 9@7 (27)
where ¢ is the generating function of the contact vector field ¢ and
€W = (Toop)e(—0u; Dj + Dy) - (2.8)

3. The Lie algebra of lifted vector fields

It is easy to prove the following statements:

ProproSITION 3.1. Foranyi,j =1,2,...,n and any generating function
0= (¢, ...,0™) the following equalities hold

[Di, Dj]=0, [D;, 9,]=0
ProproSITION 3.2. The map
£ 5(’6)

is a homomorphism of the Lie algebra of all point (contact) vector fields into
the Lie algebra of all vector fields on JFm (JF+1x).
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4. Exercises

(1) Prove formula (1.1).
(2) Prove proposition 3.1.
(3) Prove proposition 3.2



CHAPTER 4
Lie pseudogroups

Sets of transformations considered during calculation of differential in-
variants are traditionally called groups of transformations. Remark that, as
a rule, they are not groups in the present day sense of the word. For ex-
ample, consider the “group” I' of all contact transformations. Let f,g € I
Then by definition the group operation in I' we get f-g = f o g. But the
transformation f o g is defined iff image of g coincides with domain of f.
From (2.1) we see that, in general, image of g does not coincide with do-
main of f. Hence the “group operation” is not everywhere defined on I'. The
considered “groups” of transformations are actually pseudogroups.

In this chapter, following [13] and [12] we introduce Lie pseudogroups,
their Lie algebras, and consider examples of these notions.

1. Pseudogroups

DEFINITION 4.1. Let M be a smooth manifold and let I' be a collection

of diffeomorphisms of open subsets of M into M. I is called a pseudogroup
if the following hold:
(1) T is closed under restriction: if f € I' and U is domain of f, then
flv €T for any open V. C U.
(2) if f: U — M is a diffeomorphism, U = UaU,, and fly, € I, then
ferl.
(3) T is closed under inverse: if f €T, then f~1 € T.
(4) T is closed under composition: f : U — M and g : f(U) — M both
belong to T, then go f € T
(5) The identity diffeomorphism M — M belongs to T'.

By J*(M) we denote the manifold of all k-jets of all diffeomorphisms
of open subsets of M into M. By J*T' we denote the set of all k-jets of all
diffeomorphisms belonging to I'.

DEFINITION 4.2. A pseudogroup T is a Lie pseudogroup if there exists
an integer k > 0, called the order of ', such that
(1) The set J*T is a smooth submanifold of J*(M).
(2) A diffeomorphism f : U — M belongs to T' iff [f]’; € J*T for all
peU.

25



26 4. LIE PSEUDOGROUPS

The submanifold J*T" of a Lie pseudogroup I is called a system of PDEs
defining T'.
Examples:
(1) The set of all diffeomorphisms of M is a Lie pseudogroup. J!(M)
is the system of PDEs defining this pseudogroup.
(2) Let T' be the pseudogroup of all contact transformations in the
case n = m = 1. In special coordinates, a contact transformation
is described by

X =X(z,u,u1), U=U(z,u,u1), U; =U(x,u,ur)

where vector-function (X(a:, w,ur), U(z,u,ur),U(z,u, ul)) satisfies
to the system of PDEs

Ul(Xx + ulXu) — (Ua; + UlUu) = 0,
UyXy, = Uy, =0

Thus I' is a Lie pseudogroup.
(3) Let I' be the pseudogroup of all point transformations of the form

X=z, U=up(x).

This pseudogroup acts on the arithmetic space R? of variables x
and u. Let f € T, then it is defined by some function ¢. By U we
denote the open subset of R such that ¢(z) # 0 for all z € U .
Obviously, f is defined on the open set U x R C R2. Clearly, the
system of PDEs

02U ou

puon =" V=0

is defined I'. Hence, T' is a Lie pseudogroup.

X —x=0,

A pseudogroup I' is transitive if for any p1,ps € M there exists f € I’
such that f(p1) = pa.

Obviously the pseudogroups of the first two examples are transitive. The
pseudogroup of the last example is not transitive.

2. Lie algebras of pseudogroups

Let T" be a Lie pseudogroup acting on manifold M, let £ be a vector field
in M, and let ¢; be the flow of &.

The vector field & is I'-vector field if its flow consists of diffeomorphisms
belonging to I', that is £ € I for all ¢.

PROPOSITION 4.3. The set of all I'-vector fields is a Lie subalgebra in
the Lie algebra of all vector fields in M.
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PrROOF. Let £ be I'-vector field and ¢; be its flow. Then for any A € R
¢ is the flow of A& and ¢y € T

Suppose &1 and & are I'-vector fields and @1+, @9+ are their flows re-
spectively. Then 10 @9 € I' and it is the flow of & + &s.

Let us prove if & and & are I'-vector fields, then [£1,&2] is a I-vector
field. Let £ be a vector field in M and let o; be its flow. Then the flow ©f is
defined in J*(M) by the formula

@f([f]];) = [@t]?(p) : [f]’; = [pr 0 f]l;

This flow generate the vector field ¥ in j%(M). The following lemmas are
easily proved:

LEMMA 4.4. Suppose &1 and & are vector fields in M. Then
[€1,65] = [61,6]"

LEMMA 4.5. A wvector field &1 in M is a I'-vector field iff the vector field
&F is tangent to the equation J*T.

Our statement follows now from these lemmas. O
The Lie algebra of all I'-vector fields is called the Lie algebra of I'. We
denote it by G

3. Exercises

(1) Prove lemma 4.4.
(2) Prove lemma 4.5.
(3) Complete proposition 4.3.






CHAPTER 5

Differential invariants

In this chapter, we introduce differential invariants of the action of a
Lie pseudogroup on jet bundles of a bundle 7 and differential invariants
of sections of m. We formulate the equivalence problem. Following [16], we
introduce scalar differential invariants as well as the general approach to cal-
culate them. We also explain the method of reduction to a fiber. We point
out connection between differential invariants of a section and its symme-
tries. Finally, we illustrate the general approach by a simple example.

1. Differential invariants on the jet bundles. The equivalence
problem

Let m : E — B be a locally-trivial bundle, let I' be a Lie pseudogroup
acting on F, and let § be the Lie algebra of I'.

The pseudogroup I' acts on every J*7 by its lifted transformations.

A function or a vector field or a differential form or any other object
defined in J*7 is a differential invariant of the action of I' on J*r if for any
f € T the lifted transformation f*) preserves this object. These differen-
tial invariants are called also differential invariants (of order k) or simply
differential invariants (of order k).

Let S : U — FE be a section of m and I a differential invariant of order
k. Then the restriction I|L(Sk) is called a differential invariant of order k of

the section S. As jpS : U — Lgk) C Jk7 is always a diffeomorphism, I|L(k)
S

is essentially an object on the domain of S.

Suppose S7 and Sy are an arbitrary sections of 7. Consider the following
problem.

Find necessary and sufficient conditions to exist a transformation f € I’
such that it transforms locally (in its domain) S; to Si. This problem is
called the equivalence problem of sections of m w.r.t. the pseudogroup I.

Suppose S7 and Sy are (locally) equivalent, that is there exist a trans-
formation f € T' transforms (locally) S; to S2. Then obviously, the lifted
transformation f*) transforms I| ;0 to I| ), for any kth order differential

51 So

invariant I, £k =0,1,....

29
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This means that differential invariants of sections give necessary condi-
tions to solve the equivalence problem. In many of cases, differential invari-
ants give sufficient conditions to solve this problem. Below, we consider that
cases.

2. Scalar differential invariants

Functions that are differential invariants are also called scalar differential
mnuariants.

As a result of the action of I' on the jet bundles J*r, every J*r is divided
into nonintersecting orbits of this action. Obviously, a scalar differential
invariant of order k is constant on every orbit of the action I" on J*7.

By Ay we denote the set of all scalar differential invariants of order
< k. It is clear that Ay is an R-algebra. This means that Aj satisfies to the
following two conditions:

(1) Ayg is a vector space over the field R.

(2) if L, I, € Ak, then I1 - I € Ag.

(3) In addition, Ay satisfies to the condition: let Iy, ..., I, € Ay and
let o(-, ... ,-) be an arbitrary smooth function of r arguments, then
(P(Il, s 7IT) € Ak

We have a sequence of inclusions
Ay C A C...CA, CApq C ...

The R-algebra A = (J;—, A is called the algebra of scalar differential in-
variants.
The following obvious statement is very important.

THEOREM 5.1. Let I be a kth order scalar differential invariant of the
action of T' on J*m. Then for any T-vector field &, the Lie derivative of I
w.r.t. the vector field €®) is equal to zero:

Lyw(I)=0.

This theorem means, that kth order scalar differential invariants are 1st
integrals of all I-vector fields lifted to J¥7. This gives the general method
to calculate scalar differential invariants:

(1) Lift all I'-vector fields £ to vector fields £ (k) in Jk7. At every point
0), € J*m, these lifted fields generate the subspace ng spanned by

all vectors fél:). Thus the distribution D* : ), — D’gk is generated

in J*7. This distribution has constant maximal dimension almost
everywhere on J*7.

(2) Find vector fields vy ,..., vy in J¥7 so that they generate D on
some open subset and they are linear independent at every point
of this subset.
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(3) Calculate all functionally independent common 1-st integrals of the
vector fields v, ..., vy. The number of these integrals is given by

PRrROPOSITION 5.2. The number of functionally independent

common 1-st integrals of the wvector fields vy ,..., vy is equal to
dim J*7 — dim DF.

ProOOF. By the same way as proposition 3.2 it can be proved
that the map & — £®) is a Lie algebra homomorphism. It follows
that the distribution D* is completely integrable. By the Frobenius
theorem, in a neighborhood of almost every point of J*m, there

exist a coordinate system y!,...,y",..., ydim T*7 such that D* is
generated by the vector fields 9/dy',...,0/0y". In the terms of
this coordinate system, the proposition is obvious now. Il

REMARK 5.3. Let A, be the R-algebra of all 1-st integrals calculated by
this method. Obviously,

AkCAk.

We have the equality A = Ay if, for example, T is a connected Lie group,
or the pseudogroup I satisfies to some regularity conditions, see [12].

2.1. The reduction to a fiber. Suppose I' acts transitively on the
base B of 7. It follows that every orbit of the action of I' on J*7 intersects
the fiber J;fw = (m)"'(p). As a result J;fﬂ' is divided into nonintersect
subsets. Clearly, these subsets are orbits w.r.t. the action of the group

Gh={f®|fer, fp)=p}.

Suppose we have an scalar differential invariant I on J;fﬂ' w.r.t. the action
of G’; . Then, acting by all lifted transformations f*) on I, we obtain scalar
differential invariant on J*7.

Let U C B be a coordinate domain with coordinate z!,...,z" in neigh-
borhood of p and let z!(p) =0, ...,2"(p) = 0. Suppose there exist a neigh-
borhood V' C U of p such that I' contains all transformations f : V — U
of the form x — x + xg, where xy € V. Then if the scalar invariant I on
J]fw has the form I = I(u,...,uy), then the function I(u,...,uy) is scalar
differential invarian on (7))~ (V) C J*7 w.r.t. the action of I'. Indeed, shifts
f(z) = © — xo transfer I from Jﬁﬂ to (mx)~1(V) so that the expression of
the obtained invariant is the same I = I(u, ..., u).

Thus in the case when I' contains shifts, the problem of calculation of
k-order scalar differential invariants w.r.t. I' is reduced to the problem of
calculation of k-order scalar differential invariants on J]fﬁ w.r.t. G’; .

Further details of this method we explain by examples in following chap-
ters.
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3. Symmetries and invariants

Let ¢ be a vector field in J%7 and S be a section of 7.

We say that £ is a symmetry of S if £ tangent to the graph L%.

Suppose € is a symmetry of S, and I ‘ L) be a scalar differential invariant
S

of order k of S. Taking into account that the lifted vector fields £*) tangent
to the graph L’g} of the section j;S of 7, we get that

k
3 )}Lgk>(I|L<Sk> )=0
This means that the function [ | (v 1s constant along integral lines of the
S

vector field %) | ;- The following statement is obvious now.
S

PROPOSITION 5.4. Suppose a section S of m has n symmetries linearly
independent in every point of L%. Then every scalar differential invariant
I [0 U5 a constant.

S

4. Example

Let us illustrate the general method of calculation of scalar differential
invariants by the calculation of invariants of ODEs of the form

Y = alw)y + b(x) (4.1)

w.r.t. transformations of the form
r=X, y=Yg(X) (4.2)
According to our approach, we consider the natural bundle of these

ODEs:
T:RxR* =R, m:(z,u',u?)—2

Any section S(z) = (S*(z),S5%(z)) of 7 is identified with the ODE ¢ =
S(z)y + S%(z). Obviously this identification is a bijection between the set
of all considering ODEs and the set of all sections of w. The transformation

law of coefficients of these equations under considering transformations of
variables generates the Lie pseudogroup I' acting on J%7 by the formula

X=z, U'=u'—g@)/gle), U>=u/glx),

where g(z) is an arbitrary smooth function. Hence an arbitrary I'-vector
field has the form 3 5
— ! 2
§=-h(a)g5 ~wh(@)g 5,
where h(z) is an arbitrary smooth function of x and h/(x) its derivative
w.r.t. z. Below, it is convenient use notation &, instead . It follows that
0 ; 0
— — DI(p?)—,
au]l (¢ )8u§

6 =B, = ~Di(¢")
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where p = (¢!, p?) = (W (z),u?h(z)). Thus

L VY

out w2
0 0
— = 2h 4+ w2
81& (uih +u )au%
) . o
= hUtD T Di(y2h)— — ..
Oujl- (u )OUJQ

Let us find zero order scalar differential invariants. It is easy that the
collection of vector fields

0 0
ou?’ oul
generates the distribution D°. From these formulas, we get that the action
I' on JO7 divides J%7 onto two intersected orbits:

Jon ={u? =0} U {u® #£0}

v =& = —u? vy =& —x€1 = —

On the 1-st orbit, dimension of D is equal to 1, on the 2-nd one it is equal
to 2.

Let us investigate the case u? # 0.

Obviously the common 1-st integrals of these vector fields are functions
of z. Thus

Ap = {All smooth functions of x}
These zero-order scalar differential invariants are trivial for our pseudogroup
.

Let us find 1-st order scalar differential invariants. It is clear that the
collection of vector fields

_my_ 20 50
M T e TG
B CO N ( B R
1) g;c xgl oul U au%a
V3 = 5(12) — 2qvy — 2?1y = —2i
T Out

generates the distribution D!. Common 1-st integrals of the vector fields vy,

vo, and v3 are solutions of the following PDEs system w.r.t. an unknown

function I of z, u', u?, ui, and u?
vi(!)
va (1)
v3([)

([
o o o
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From the 3-rd equation, we have I = I(x,ul,u2,u%). From the 1-st one,

we have I = I(z,u',u}/u?). Finally, from the 2-nd equation, we have I =
I(x,u?/u® — u'). Thus

Ay = {All smooth functions of two arguments: = and u?/u* — u'}

In particular, u?/u® — u! is 1-st order scalar differential invariant.

5. Exercises

(1) Prove that all ODEs of the form ¢’ = a(x)y are equivalent w.r.t.
transformations (4.2).

(2) Classify all ODEs (4.1) up to equivalence w.r.t. pseudogroup of all
transformations (4.2).

(3) Calculate the algebra of all scalar invariants of ODEs (4.1) w.r.t.
pseudogroup of transformations (4.2).

(4) Prove that the scalar differential invariant I = b'/b — a of an equa-
tion y’=a(x)y+b(x) is a constant iff this ODE has symmetry of the
form h(z)0/0x.

(5) Prove that dimension of the algebra of symmetries of the form
h(z)0/0x for an equation y’'=a(x)y is > 2.

(6) Solve the equivalence problem of ODEs y" = a(z)y' + b(x)y + c¢(x)
w.r.t. of transformations (4.2).

(7) Classify all ODEs y” = a(x)y'+b(z)y+c(z) up to equivalence w.r.t.
pseudogroup of all transformations (4.2).



CHAPTER 6

Classification of linear ODEs up to equivalence

From theorem 2.3 of chapter 2, we know that a most general transfor-
mation of variables for ODEs is a contact transformation. It is natural to
have a classification of all linear ODEs up to a contact transformation.

In this chapter, we solve this problem for linear ODEs of order 3 for
the simplicity. The solution of this problem for an arbitrary order can be
found in [18]. Here on the example of these equations, we clarify in details
our general approach to calculate scalar differential invariants on a natural
bundles. We also investigate in details the equivalence problem for these
ODEs. Finally, we get the complete classification of 3rd order linear ODEs
up to equivalence.

1. Reduction to the lesser pseudogroup

Solving the problem of classification of some objects up to a transforma-
tion of some pseudogroup, it is useful to investigate the possibility to reduce
the problem to a lesser pseudogroup. As usually, the solution of the reduced
problem is more easy.

The problem of classification of linear ODEs up to a contact transforma-
tions can be reduced to lesser pseudogroups. We use one of these reductions.
The other one is represented in exercises in the end of this chapter.

Consider an arbitrary 3rd order linear ODEs

¥ = as(@)y? + a1 (2)y + ao(z)y + b(x),
Obviously that the point transformation
.’L‘:X, y:Y+yO(X)a

where yo(x) is a solution of the initial equation, transforms this ODE to the
homogeneous equation

YO = a(X)Y® + a1 (X)Y 4 ag(X)Y
It is easy to check that the point transformation
X=z, Y= ye%f‘”(x)dx
reduces the obtained ODE to an ODE of the form
y® = ai(2)y’ + ao(a)y. (1.1)
35
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The following important statement is proved by direct calculations using
some facts about symmetries of linear ODEs, see [17] or [18].

THEOREM 6.1. Let f be a contact transformation, transforming an ODE
&1 of the form (1.1) to an ODE €y of the same form. Then there exist a
point transformation of the following form transforming &1 to Eo

X=f(x), Y=y-f. (1.2)

It is easy to check that an arbitrary point transformation (1.2) trans-
forms an arbitrary ODE (1.1) to an ODE of the same form.

Thus, the problem of classification of 3rd order linear ODEs w.r.t. con-

tact transformations is reduced to the classification of ODEs (1.1) w.r.t. the
Lie pseudogroup of all transformations (1.2).

2. The natural bundle of linear ODEs

Consider the trivial bundle
m:E=R'xR? - R', 7:(z,u!,u?) — z,

2 are the standard

where z is the standard coordinate on the base R! and u!, u
coordinates on the fiber R?.

We identify any linear ODE of form (1.1)

€ ={y® =ai(z)y +ao(z)y.}

with the section Se of 7 defined by the formula
Se:x— (ar(z), ao(z) ).

Clearly, this identification € +— Sg is a bijection. By g we denote the
equation corresponding to the section S under this identification and by S¢
the section corresponding to the ODE &€ under this identification.

Let us obtain the transformation law of coefficients of equations (1.1)
w.r.t. transformations (1.2). Suppose the ODE Y®) = A;(X)Y’ + A¢(X)Y
is transformed to y® = a;(x)y’ + ao(x)y. Applying equations (1.5), we get

a@ = -2(LE) + (£ 4 (r@paise).
PN ) )N 2.1)
@ =~(F) * ) (7))

+ [ (@) f" (@) Ar(f (2) + (F'(2))° Ao (f (2))

This transformation law can be considered as the transformation law of
the sections of m generated by the transformation f of the base of m. More
exactly, let I' be the Lie pseudogroup of all transformations of the base R of
7. Then we can define the lifting of every f € I' to diffeomorphism

fO. R xR? > R x R?
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of the total space R! x R? of 7 by the formula,

X = f(z)
vt = _2(99/'/)/ * (gg/’/)2 (g u" (2.2)
U = —(i:,,)”+ ‘(;,,/(ggl,,) +9'g"ul + (o) u?

where g = f~!. We can now represent the transformation of sections of 7
corresponding the transformation of ODEs (2.1) by the formula

S:f(o)osof_1 (2.3)

Thus, the problem of classification of 3rd order linear ODEs w.r.t. con-
tact transformations is reduced to the classification of sections of © w.r.t.
the action of I' on the total space of =.

3. Differential invariants of linear ODEs

3.1. Lifts of I'-vector fields. The Lie algebra of all I'-vector fields is
the Lie algebra of all vector fields on the base R of 7.
Let

0
&p = @(x)%

be an arbitrary field on the base R of w. Then from (2.2), we get

&) = @(m)% + (2P — 20Ut — pul) %
(- — 3¢"u’ —wul)% (3.1)
It follows
& = o(@)D | o A9 | iy
- go(a:)(; +u%8al +u%(‘38u2 T +u11c+1;zl +ui+13312€)
(wlaul TG O DA )aa1 + DR (y? )ai,z;) (3.2)

where 1 = (¢!,9?) and

P =200 — 20! —pul, 9?2 =W — 'l — 3p'u? — pul
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3.2. The reduction to a fiber. Obviously, I' acts transitively on the
base R of 7. Indeed, for any point xg € R there exist f € I' such that
f(0) = zo, for example f(z) = = + zo. It follows that every orbit of the
action of T on J¥ intersects the fiber J¥m = (m,)71(0). As a result J§ is
divided into nonintersect subsets. Clearly, these subsets are orbits w.r.t. the
action of the group

GF={f®|feT, f(0)=0}.

Suppose we have an invariant [ = I(u, ..., u;) on J§7 w.r.t. the action of
G*. Then, I = I(u,...,uy) is invarian on J*7 w.r.t. the action of I". Indeed,
the transformations of the form f(x) = x — z¢ transfer I from J¥7 to J*7 so
that the expression of the obtained invariant is the same I = I(u,...,ug).

Thus the problem of calculation of k-order scalar differential invariants
w.r.t. I' is reduced to the problem of calculation of k-order scalar differential
invariants on Jé“ﬂ w.r.t. GF.

The last problem, is solved in the following way:

(1) Calculate the Lie algebra of the group G¥, that is calculate all lifted
[-vector fields £(*) such that their values at 0 € R is a zero vector,
that is 5‘0: 0. We call these fields as G*-vector fields.

(2) At every point ) € J(]fﬂ, G*-vector fields generate the subspace ng

spanned by all their values at 6. Thus the distribution DE . 9 —
D’gk is generated in J¥m. This distribution has constant maximal

dimension almost everywhere on Jé‘ﬁr.

(3) Find vector fields vy, ..., vy in J¥7 so that they generate D* on
some open subset and they are linear independent at every point
of this subset.

(4) Calculate the algebra of all common 1st integrals of G¥-vector fields.
This problem is reduced to the calculation of all functionally inde-
pendent common 1-st integrals of the vector fields vy, ..., vy.

3.3. The calculation of distributions D¥. Let &(Ok) |0€:0 be a G*-
vector field. Decomposing the function ¢ in the Taylor series with remainder
term at the point 0 € R, we obtain

© =Mz 4+ Mz + ...+ Mpaz" ™ 4+ R(x)2"5
1 diy

where \; = pl (o)

(0). Obviously,

~

k k
fs(ok) ’x:OZ Algék) ’x:O + )\2552) |x:0 RERER )\k+4§ik)+4 ’x:O
It follows that the distribution D* is generated by the G*-vector fields

g;k) ‘x:() 9 g;];) ‘z:O 9 LR 6;11214 ‘J)ZO
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Reducing this system of vector fields to the step form, we obtain vector fields
Vi, ..., UN.

It is easy to get that the distribution DY on J{7 is spanned by the
following vector fields linearly independent at every point of J87T:
0 0
“oul’ T ur
This means, dim J{7 = dim D°. It follows, JJm is an orbit of the action G°
on JJm. Hence trivial (that is constant) scalar differential invariants only
live on JO7.

The distribution D! is spanned by the following vector fields on J&Tr:
0 0 9 0 0 0
—wﬂQ—W‘F dul’ 87@77/4—87%-

These fields are linearly independent at every point of the subset of J017r
describing by the inequality u} — 2u? # 0. Obviously, this subset is an orbit
of the action of G on Jim. We denote it by Orb;. System (3.4) is degenerated
to the system

(3.3)

V1

v vz = (u — 2u?) (3.4)

0 0 0 0

oul 2 8u2+ (’92&’”4 ou?

on the subset of J&w describing by the equation ul — 2u? = 0. Obviously,
this subset is an orbit of the action of G on Jiw. We denote it by Orbs.
Thus J&’]T is divided into two orbits of the action of G: J&W = Orby U Orbsy
so that dim Orb; = dim Ji 7, dim Orby = dim J}7 — 1, and ul — 2u® = 0 is
the equation describing Orby as a submanifold of J&W.

The equality dim Orb; = dim J&w means that Orb; is open everywhere
dense subset of Jlm. This means that trivial scalar differential invariants
only live on J'r.

Recall that an orbit of maximal dimension is called a generic orbit. An
orbit of lesser dimension is called a degenerate orbit.

The distribution D? is spanned by the following vector fields linearly
independent almost everywhere on J3m:

V1

I R
Y= 3u1’y2_8u2 oul’
— _3 1_22i_4 1_22i

v3 = —3(u; — 2u )8u1 (u3 U1)au1 ) (3.5)
1 2
0 0 0 0
=~ 4+2 = —3(ut —2u%)— = .
V4 au% + au% ) Vs 3(u1 U )8,“% ) Vg au%

Clearly, Jgﬂ' is divided into some orbits and dimension of the unique generic
orbit is equal to dim JSW. Therefore trivial scalar differential invariants only
live on J27.
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The distribution D3 is spanned by the following vector fields linearly
independent almost everywhere on J3:

d ) d d
-9 7 _3p—

oul 3 8u§ » 2= ou2 +2 8u1

) d a d )
= —3h— —4h — — (51" Ip 2~
vs 3 oul Oul (557 + 3u )81% ro = 8u2 + oul’ (3.6)

d d a d d

— —3h—— — Th' = - 2

Vs ol Mo YT 02 o T o

where h = u} — 2u?. Clearly, J3 is divided into some orbits and dimension
of the unique generic orbit is equal to dim J07r — 1. Therefore nontrivial
scalar differential invariants live on J37. More exactly, the algebra As of
all scalar differential invariants of order 3 is generated by one functionally
independent invariant.

It is not hard to get now the following table, where by N, we denote
the number of functionally independent scalar differential invariants on J*,
N = dim Jé“w — dim DF:

k dim J§ dimD* N

0 2 2 0

1 4 4 0

2 6 6 0

3 8 7 1

(3.7)

4 10 8 2

5 12 9 3

r 2r +2 r+4 r—2

3.4. The calculation of the 1st nontrivial invariant. It is not hard
to calculate a common 1st integral of vector fields (3.6). As a result, we
obtain the following scalar differential invariant on J37

2 _/D(ul —2u?) 1 /D(ui — 2u?)\2
1= (3o(20) SR ks, o
3 ui — 2u? 9\ ul —2¢2 (g = 207) (38)

where D is the total derivative operator.
3.5. Nonscalar differential invariants. Consider equations (2.2) de-

fining the action of I' on the total space J7 of . Subtracting the second
equation differentiated by x from the doubled third equation, we get

(UL =203 = ¢ (ub — 2u2)V/3.
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From the transformation law of coefficients of differential 1-form over a dif-
feomorphism, we get that the differential form on J7

w = (u} — 2u*)3dx (3.9)

is invariant w.r.t. the action of ' on Jl7. Thus w is differential invariant of
order 1 of the action of I'.
From (3.4), we have

THEOREM 6.2. The unique degenerate orbit Orby of J'm is defined by
the equation w = 0, that is

Orby = {6y € J'm|wlg, =0}
Let s:x+— (s1(x), s2(x)) be a section of 7. Then the restriction

1= (2L @)~ 259(0) Vodo (3.10)

w

of w on the graph L! of the section

d82

dsi iy ds2
dx

).

Jis:x— (si(x), s2(x), (x))
is a differential 1-form on L!. It is a differential invariant of order 1 of s
w.r.t. the action of ' on 7. Tacking into account that 7 projects L. onto the
base of 7 diffeomorphically, we can think that w’ ;1 1s a differential 1-form
on the base of 7. It makes possible to think that this form is a (nonscalar)
differential invariant of order 1 of the equation y®) = s(x)y’ + so(z)y,
corresponding the section s, w.r.t. transformations (1.2).

The following vector field on the graph L}

(%@:) —232(90))—1/3(%. (3.11)

is dual to form (3.10). Therefore it is a differential invariant of order 1 of s
w.r.t. the action of I' on 7 (or invariant of the equation ) = sy (x)y'+s2(z)y
w.r.t. transformations (1.2)). We stress that this means the following: let
f €T then fU) transforms L! to L} for some section S of m and (f()),
transforms the vector field (s} (z) — 2s2(z))~/39/0z on L! to the vector
field (Sy(X) — 252(X))"1/39/0X on L.

Note that the vector field on Jlm

413 0
(ut — 2u?) 1/3%

is not invariant w.r.t. action of T on Jlr.
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3.6. Algebras of scalar differential invariants. Consider the oper-
ator
¢=(u} —2u*)"°D,
where D is the total derivative operator. It is easy to prove the following

THEOREM 6.3. Let I be a k-order scalar differential invariant of the
action of T' on JFr. Then C(I) is a k + 1-order scalar differential invariant
of the action of T on JF+1x.

From table (3.7) and this theorem, we get

THEOREM 6.4. The algebra Asyy, k = 0,1,..., of 3+ k- order scalar
differential invariants of the action of T' on J3T*n is generated by the in-
variants

1, ¢, ... M.
4. The equivalence problem

Suppose s : z — (s1(x), s2(x)) and S : X — (S1(X), S2(X)) are an
arbitrary sections of . The sections s and S are locally equivalent if there
exist transformation (2.2) transforming locally s to S.

Clearly, s and S are locally equivalent iff there exist a transformation
g(X) =z in T satisfying to the system of ODEs

/" !

si==2(5) +(5) + @),

/" /! /"

g " g g !/
S:==(%) + 5 (%) + 9919+ (¢)sale).
Subtracting the first equation differentiated by z from the doubled second

one, we get the equivalent system of ODEs

= (Y L (V4 (2

s1=-2(5) +(5) +6)’9). (4.1)

Sy =25 = (¢)°(51(9) — 252(9) ). (4.2)

THEOREM 6.5. (1) Ifw|,,=0 and w|,, =0, then s and S are lo-
s S

cally equivalent.
(2) If one of the forms W‘Ll and W‘Ll is equivalent and the other one
s S

is not equivalent to zero, then s and S are not locally equivalent.
(3) If w’L;# 0 and w‘Llsyé 0, then s and S are locally equivalent iff a

solution g(X) of ODE (4.2) satisfies to the equality

where I is scalar differential invariant (3.8)
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PrOOF. The first statement follows from the existence of solution of
ODE (4.1).

The second statement holds because one of the sections jis and j;1.9
belongs to the orbit Orb; and the other one belongs to Orbs.

Substituting

,_<g—zg)m
g s — 2s9
in ODE (4.1), we obtain (4.3). It follows the third statement. O
5. The classification of linear ODEs
Let € be an arbitrary ODE (1.1) and let S be the section of 7 identified

with €. We will write w‘e and J}S instead of w|L1 =0 and j‘Lg respectively.
S S

5.1. The case w‘S: 0.

THEOREM 6.6. Suppose & satisfies to the condition w‘ez 0. Then & is
locally equivalent to the ODE

y(3) =0.

PROOF. Obviously, the zero-section Z : = — (0, 0) of 7 satisfies to
condition w‘ L= 0. The theorem follows now from theorem 6.5. O
zZ

5.2. The case w}s# 0 and (J!S), =0.

THEOREM 6.7. (1) Suppose & satisfies to the conditions w‘g# 0
and leE C, where C' is a constant. Then € 1is locally equivalent to
the ODE

YO = 9230y 4y
(2) If the constants Cy and Co are not equal, then the ODEs y3) =
22/3Cy +y and y®) = 22/3Cyy 4+ y are not locally equivalent.
PrROOF. It is easy to check that W‘Ll = (C for the constant section S :
S

z+— (22/3C, 1) The theorem follows now from theorem 6.5. O

5.3. The case w‘g% 0 and (J‘e)/ # 0. Suppose € satisfies to the
conditions w|€7é 0 and (J‘g )/ # 0. Then J‘e can be considered as the new

independent variables. The transformation I = J‘ E(x) generates the point
transformation of the form (1.2)

[=13],(z), Y=y (I],)(2).

The inverse transformation transforms € to ODE, which we call the canonical
form of €.
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PROPOSITION 6.8. Suppose €1 and E9 are ODEs (1.1) satisfying to con-
ditions w‘gaé 0 and (J}s)/ # 0,4 = 1,2. Then & and &2 are locally
equivalent iff their canonical forms are the same.

PROOF. Let us denote by S; the section corresponding to €; and denote
by J; the restriction 3‘8,, i =1,2. Then

(JZ)(O) 0S;o0 (Ji)il

is the canonical form of section S;.

Suppose €1 and &9 are locally equivalent, that is S and Ss are locally
equivalent. This means that there exist f € I" such that Sy = f(D 0 S;0 f~1.
Substituting this expression of Sy in the canonical form of S, we get

(92)@ 0 830 (J2) 7 = (92)@ 0 fO 0 Sy 0 f o (3y) 7
= (Jq0 f)(o) 0S10(Jg0 f)_l = (Jl)(o) 0S;o (f]l)_17

where the last equality follows from (4.3) of theorem 6.5. This means that
the canonical forms of €1 and €4 are the same. The necessity is proved. The
sufficiency is obvious. O

Let € be the equation y®) = a;(x)y’ + ag(z)y. It is obvious that & is an
ODE of canonical form iff the following equality holds
Je(z) =z (5.1)

Suppose the equation € has the canonical form. We set w = (a} — 2@0)1/ 3,
Then from (3.8) it follows, that the coefficients a; and ag of this equation
can expressed in the terms of w

/ / !/

/ 2 1 I\ 2\ /
o= () (2] (o =a(Z) () -]
w w 2 w w
The following statement is proved by a direct verification of identity

(5.1)
ProroOSITION 6.9. Any ODE

/ /

9= [t =)+ ()
/ /

()« ()Y . 0

where w is an arbitrary nowhere vanishing function of x, is an ODE of
canonical form.

From this proposition, we get
THEOREM 6.10. (1) Let € be an arbitrary ODE of the form (1.1)

satisfying to the conditions w‘e# 0 and (J’E)/ = 0. Then € is
locally equivalent to some ODE of the form (5.2).
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(2) Suppose functions wi and wy are nowhere vanishing and are not
equal in any neighborhood, then the corresponding equations of form
(5.2) are not locally equivalent.

6. Exercises

(1) Check that transformation (1.2) preserves the form of equations
(1.1).

(2) Using computer-algebraic system MAPLE, calculate vector fields
(3.3)-(3.6).

(3) Find common 1st integrals of vector fields (3.6).

(4) Let & = a(x)0/0x be an arbitrary vector field on the base R of 7
and S be an arbitrary section of m. Then & is a symmetry of S if
¢©) tangent to the graph L%.

(a) Find all symmetries of S.

(b) Prove that dimension of the algebra Symg of all symmetries
of S is equal to one of the numbers 0, 1, 3.

(c) Prove that a section S of 7 is locally equal to the zero-section
iff dim Symg = 3.

(d) Prove that J}L% is a constant iff dim Symg = 1.

(e) Prove that (J‘Lg )I # 0 iff dim Symg = 0.

(5) * Prove theorem 6.1

(6) The problem of classification of linear ODEs up to a contact trans-
formations can be reduced to the pseudogroup of projective trans-
formations. This reduction is represented here by the following

problems:
a) Prove that a point transformation of the form
p

r=f(X), y=Y-f,
where f’ is a solution of the ODE

21" =3(f")* = (f)a'(f) =0, (6.1)
transforms an arbitrary ODE (1.1) to an ODE of the Laguerre-
Forsyth form

y® = d(a)y. (6.2)

(b) Prove that projective transformation

fﬁaaﬁ—ﬂ a,B,7,0 €R, det(j §>7&0. (6.3)

oz 48]

is the general solution of equation (6.3).
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(c¢) Prove that point transformations of the form
ar +

oz 45

transform ODEs of the Laguerre-Forsyth form to ODEs of the

same form. Thus, the problem of classification of 3rd order

linear ODEs up to a contact transformation is reduced to the
classification of ODEs (6.2) up to transformation (6.4).

(d) Calculate the algebra of all scalar differential invariants of

ODEs (6.2) w.r.t. the pseudogroup of all transformations (6.4).

Y=y X', (6.4)



CHAPTER 7

Differential invariants in natural bundles

In this chapter, we explain the general approach to construct nonscalar

differential invariants of natural bundles by the example of the natural bun-
dle of nonlinear equations
y' =z, y) +ul (2, )y +uP (2, y) () + (2, y) ()
We construct in details the first nontrivial differential invariant of this bun-
dle. Tt is a differential 2-form on the bundle of 2-jets of considering bundle.
Its values belong to some algebra. We prove that this invariant is a unique
obstruction to linearizability of the considering ODEs by a point transfor-
mations.

As a preliminary, in this chapter, we introduce geometric structures fol-
lowing [15] and [14]. We clarify in details the lifting of diffeomorphisms
and vector fields in a natural bundle of geometric structures. Following [4],
we explain necessary facts concerning formal vector fields and Spencer 4-
cohomologies.

1. Differential groups and geometric structures

Let M be an n-dimensional smooth manifold and Dg(n) be the differen-
tial group of order k. Now we shall give the classic definition of a geometric
structure. One says that a geometric structure is defined on M if the follow-
ing conditions hold:

(1) a collection of functions q(z) = (¢'(x),...,¢"(z)) is defined for
every local coordinate system x = (z!,...,2") in M. These func-
tions are called the components of the geometric structure in the
coordinate system x;

(2) an action F': Dy(n) x RN — R¥ of the group Di(n) is defined on
RV

(3) suppose ¢(x) and G(y) are the collections of components of the
structure in a coordinate systems x and y respectively, suppose y =
y(z) is the transformation of these coordinates; then the collections
q(x) and G(y) are related in the following way:

~ _ ayi 8kyi
Q(Z/)—F(aij-wm»ﬂz))- (1.1)

47
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The number & is called the order of this structure and F' is called the trans-
formation law of the components of the structure.

Examples.
1. Any smooth function f on M is a k-order geometric structure on
M. The expression of f in terms of a coordinate system z = (z!,...,2")

in M is the component of the structure f in this coordinate system. The
transformation law F': Dy (n) x R — R! of components of the structure f
is trivial, that is F(dg,q) = q.

2. Any vector field £ on M is an 1-order geometric structure on M. For

any coordinate system x = (z!,...,2") in M, we have

0 0
_ ¢l 1 ny_ -
g_é(xw'w‘r )81‘1 axn
It means, that the functions ¢!(x), ..., £&*(z) are the components of the
structure ¢ in the coordinate system x = (!,...,2"). The transformation
law of components of the structure £ is defined by the formula
- i
"Z(x)) = =—
Ea@) =5

where the functions £(Z), ..., (&) are the components of the structure &
in the coordinate system & = (:%1, ce, ™).

3. By the same way it can be shown that any smooth differential 1-form
on M or more generally any smooth tensor field of type (p, ¢) on M is a 1st
order geometric structure.

4. A classical example of 2nd order geometric structure on M is a linear
connection on M. It is defined in every coordinate system = = (z!,...,z")
by n?(n + 1)/2 components T'i;(z),...,T'% (x), satisfying the conditions

;k(ac) = F};j (z), 1,5,k =1,...,n. The transformation law of components of
this structure is defined by the formula

S 0%x"  0F , ozl 9z™ 07
#0) = 520 oar T Tm(") 577 57 par

5. Differential equations can be considered as a geometric structures. For
example, from previous lectures we have that an arbitrary 3rd order linear
ODE & of the form y® = a;(x)y’ + ao(z)y can be considered as a 4rt order
geometric structure on R, Its transformation law of components is defined
by formula (2.1).

In this chapter, we will investigate the 2nd order geometric structure on
R? generates by coefficients of the ODE

y" =u’(z,y) +ul (@, 9y +u®(2,9) ) + P2, y) ()

R S a0

(a:)ﬁj(x), hL,j=1,...,n,

3
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The following equivalent definition of a geometric structure for the first
time was given by V. V. Vagner in his paper [15]. Recall that by Py(M) we
denote the bundle of k-frames of M, see chapter 1, section 2.

A map

Q:P(M)— RN,
is called a geometric structure of type F' on M if
Q(@k . dk) = F( (dk)il s Q(@k) ) Y0, € Pk(M) , Vdi € Dk(n) .

Consider the manifold P (M) xRY. Let us define the action of the group

Dy.(n) on this manifold by the rule
di s (O, q) — (O - di, F(dy, q))
On the manifold P,(M) x RY, we introduce the equivalence relation

(9k7 Q) ~ (027 q/)
if there is dj, € Dy, such that (6}, ¢') = (6k - di, F(dy, q) ).

By F(M) we denote the quotient space of P,(M) x RY by this equiva-
lence relation. By 7 we denote the natural projection of F(M) onto M. It
is easy to verify that the quadruple ( F(M), =, M, RV ) is a locally-trivial
bundle. This bundle is called the bundle of geometric structures of type F'

Now we can give a third equivalent definition of a geometric structure.

Any section of the bundle 7 is a geometric structure of type F on M.

2. Natural bundles

2.1. The definition and examples. Let
n:EF— B

be a bundle. The bundle 7 is called a natural bundle if the following condi-
tions hold:
(1) Any diffeomorphism f : B — B can be lifted to a diffeomorphism
f© . E — E such that the following diagram is commutative

F
F —— F

B —— B
f

(2) The lifted identity diffeomorphisms is the identity diffeomorphism,
(idp)® =idg .
(3) For any two diffeomorphisms f, g of B, it is held
(fog)@ = 0o g0
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Obviously, these conditions define f(©) uniquely.
Let S be an arbitrary section of 7. Then any diffeomorphism f of B
generates the transformation of this section to the section f(.S') defined by

F(S)=fOo8of 1, (2.1)

Examples.
1. Let M be a smooth manifold and T'(M) its tangent bundle. Then the
natural projection

7:T(M)— M, 7m:&—p,

is a natural bundle. The lifted diffeomorphism f(©) is denoted here as f..
2. By the same way, a cotangent bundle T%(M) over M is a natural
bundle. More generally, a bundle of tensors of type (p, ¢) over M is a
natural bundle.
3. Consider the bundle of k-frames of M, see chapter 1, section 2,

7 Py(m) — M, =:[s]k— s(0).
An arbitrary diffeomorphism f of M is lifted to diffeomorphism
FO P(M) — P (M)

by the formula f©([s]k) = [f]k(o) - [s]k = [f o s]k. It is easy to check, that
Py(m) is a natural bundle.

4. The following example gives the main way to construct natural bun-
dles. Let F': Dy (n) x RY — R be an action of the differential group Dy(n)
on RY. Then the bundle of geometric structures F'(M) is a natural bundle.

The action F' defines the lifting of diffeomorphisms of M to diffeomorphisms
of F(M).

2.2. The lifting of diffeomorphisms in jet bundles. Any lifted
diffeomorphism f(© can be lifted to the Lie transformation f*) of Jkr,
k=1,2,..., by the formula

11k
FOSIE) = [FQ 080 f7 5, (2:2)
Obviously, for any [ > m, the diagram

(1)
Jlr f—> Jlr

71—l,'mJ( lﬂ—l,m

J"r —— JMn

Flm)

is commutative (in the domains of f()).
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By I' we denote the Lie pseudogroup of all diffeomorphisms of the base
of 7. I acts on every J*7 by its lifted transformations.

2.3. The lifting of vector fields. Let £ be a vector field in the base
of m and let f; be its flow. Then the flow ft(k) in J*7 defines the vector field
€®) in Jk7 which is called the lifting of € to J*r. Obviously

(mm )5 (ED) =€ 00> 1>m > -1, (2.3)

where ¢ = ¢.

By z!,...,2%ul, i=1,...,m, 0 < |o| <k, we denote the standard
coordinates in the jet bundle J*r, here ¢ is the multi-index {j; ...}, |o| =
Ty Jiy---yJr = 1,...,n. By definition, put oj = {j1...jrj}

Let
%+...+a”(x1,...,$”)%,

then the infinite lifted vector field £(°°) is defined by (2.5)

¢ =al(zh, ... 2"

€ =a'Dy + ...+ a" Dy + By

where D; is the operator of total derivation w.r.t. 2, Dy(¢) is the operator
of evolution differentiation corresponding to the generating function 1 (§) =
(WO(€), ..., ™ (€))t, see (2.4). The function v(¢) is defined in the following
way. Let S be a section of 7 defined in the domain of £, let §; = [S]Zl,; then

B N PR
v(E)01) SHVesof ) @Y
0. -

Obviously, ¥(£)(0:1) is the transformation velocity of the section S at the
point p under the action of the flow f;.
It is clear that

jo=0 =1 4
i(0  NANn 0
+X (W + Z Z;u‘m&ﬂ )
o|=0 1= g
FY YD) S (25)
jo=0 i=1 o

Let Vect B and Vect J*7 be the Lie algebras of all vector fields in the
base B of m and in J*7 respectively.
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ProrosiTION 7.1. The map
Vect B — Vect JFr, €& — f(k)
1s a Lie algebra homomorphism.

PrROOF. The map I' — I'®) | f — f(¥)_is a homomorphism of Lie pseu-
dogroups. It has as a consequence the statement of the proposition. Indeed,
let X ,Y be vector fields on B and let f;, gs be their flows respectively. Then

(X0 y®] = lim <Y(k (FEN, (v ® o fg?))

= i 7 (gl g0t = G Gl o 0190 ) = im g (G oot
] f) ] (et )
=ty o<gsoftogs°ft>(’“=;ana1(§i3_ogs
~ 9 gegeor ) = im Ly - (v o £0) Y =[x, v,
The R — linearity of the map X — X®) is obvious. O

3. Formal vector fields. Spencer cohomologies

Let M be an arbitrary n-dimensional smooth manifold. By W), we denote
the set of co—jets at p € M of all vector fields defined in a neighborhoods of
p. There exist a natural structure of Lie algebra over R on W),. This structure
is defined by the operations

AMXLpxye, x4y Ly v
[ e € [y
VAeER, V [X]°, Y]y eW,.
By L’; , k=-1,0,1,2,..., we denote the subalgebra in W, defined by
Ly ={[X]> eW,|[X]f=0}, k>0, L,"=W,.

Let M = R™. In this case, we write W and L¥ instead of Wy and LE re-
spectively. Recall, see chapter 1, section 1, that the Lie algebra of differential
group Dy(n) is identified with the Lie algebra L°/L* and the Lie algebra of
subgroup Dlljfl(n) C Dy(n) is identified with the Lie algebra LF~1/L*.

By definition, put

Vp=Wp/ Lg :
Obviously, V,, = T,,M. We have the filtration

_ -1 0 1 k k+1
Wy=Ly' 5L > L 5. oLk 5Lk 5
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For any ¢ > j > 0, we denote by p; ; the natural projection

Pig - Wp/L; - Wp/Lﬁ;, Pij - [X];; = [XH)
and by definition, put
Pi = Pi0 -
Taking into account that

(Li, L)) ,= LY, 4j=-1,01,2,...,

we see that the bracket operation [-,-] on W), generates the following maps
[+, ]t Wy/Ly x Wy /Ly — Wy /LET! (3.1)
[+, -]V x LE/Li+ — Lh=1 Lk (3.2)

Let gi be a subspace of L];_l/LI;. The subspace g,(cl) - LI;;/LI;;Jrl defined

by
1
g = {X e LE/LE v, X] € g VvEV,)

is called the 1-st prolongation of gi.

Suppose the sequence of subspaces

gl7 g27 AR ) g’L7 A
satisfies to the property
[V, git1] Cyi.

Then for every g;, we have the complex

i 0i—2,2

) B .
0—g % g @V S g0 A% 0, (3.3)

where the operators Oy : gr ® /\lV;]* — gp_1 ® /\ZHV;J* are defined in the
following way: any element & € g ® Al V,© can be considered as an exterior
form on V), with values in g;, then

I+1

(Ok()) (01, vign) = D (=) oi, E(vr, o, iy o) ]

i=1

We denote by Hllf ! the cohomology group of this complex in the term g, ®
/\lV;,*. It is called a Spencer é-cohomology group.

4. The construction of differential invariants of natural bundles

In this section, we construct in details the first nontrivial differential
invariant of the natural bundle of nonlinear equations

/"

y" =ul(z,y) +u (2, 9)y +uP(@,y) )+ P (@) (40)

This invariant is differential 2-form with values in some algebra.
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The set of all ODEs (4.1) is invariant w.r.t. the pseudogroup of all point
transformations, that is an arbitrary point transformation transforms an ar-
bitrary ODE (4.1) to an ODE of the same form. It can be easily checked by
direct calculations. This set contains the set of all 2nd order linear ODEs.
This implies the following problem. For ODE (4.1) find necessary and suf-
ficient conditions to exist a point transformation transforming this ODE to
linear form.

The above mentioned invariant gives the solution of this problem. We
prove that this invariant is a unique obstruction to linearizability of ODE
(4.1) by a point transformation, that is ODE (4.1) is linearizable by a point
transformation iff the invariant is zero for this ODE.

Note that the equivalence problem of 2nd order ODEs w.r.t. contact
transformations is trivial because any two 2nd order ODEs are equivalent
w.r.t. contact transformations, see, for example, [3].

4.1. Natural bundles of ODEs. The lifting of diffeomorphisms.
Consider the trivial bundle

7 E=R*xR* - R?, 7:(z' 2240 vl u? ud) — (2!, 2?),

where z!, 2% are the standard coordinate on the base of 7 and v, u', u?, u3

are the standard coordinates on the fiber of .
Let € be an arbitrary equation (4.1). We identify € with the section S¢
of 7 defined by the formula

Se: (2!, a?) = (2!, 2%, (2!, 2?), ul (2!, 27), WP (2!, 2?), W’ (2!, %) ).
Clearly, this identification is a bijection between the set of all equations (4.1)

and the set of all sections of .
An arbitrary point transformation

I (m1,$2) — (icl = fl(xl,:I:Q), 72 = f2(w1,:):2)). (4.2)

transforms an arbitrary equation & of form (4.1) to the equation & of the
same form. The coefficients of the obtained equation are expressed in terms
of the coefficients of the initial one and the derivatives of order < 2 of the
inverse transformation to f:

~ agi 8292‘
a _ Fo J6]
=2 (“ * 97 0id iz ) (43)
a,3=0,1,2,3, g = (917 92) = f_17 i, J,J1,J2 = 1,2.
Equations (4.2) and (4.3) define the lift of f to the diffeomorphism f(©)
of the total space of .

For any point transformation f, the transformation of sections of 7 is
defined by formula (2.1)

S f(S)=fPoSoft.
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Equations (4.3) can be represented now as

Sz =f(Se).
Now the following statement is obvious.

PROPOSITION 7.2. Let €, & be equations of form (4.1). Then a point
transformation f takes € to € iff Sz = f( Se).

By 2,22 ul , i =0,...,3, 0 < |o| < k, we denote the standard coor-
dinates in the jet bundle J*7, here o is the multi-index {j;...j.}, |o| =
Ty J1,y---,Jr = 1,2. By definition, put oj = {j1 ... 4,5}

Any point transformation f can be lifted to the diffeomorphism f*) of
JFr by formula (2.2)

FOUSIE) = [fP oS0 5

By I' we denote the Lie pseudogroup of all point transformation of the
base of 7. T acts on every J*r by its lifted transformations.

4.2. The lifting of vector fields. Let

X = Xl(arrl,:UQ)i + X2(2!, 2?) 0

ozt Ox2’
then we have the following formula
X(OO) = X1D1 + X2D2 + Bw(X) , (4.4)

where where D; is the operator of total derivation w.r.t. @, Dy(¢) 1s the
operator of evolution differentiation, see (2.4), corresponding to the gener-
ating function (&) = (¥°(€),...,¢¥™(€))". The function v¥(¢) is defined by
formula (2.4).

Let 6; = (ml,azg,ui,u; ), 1 =0,1,2,3, j = 1,2; then it can be calculated
that

CfXT W)X

—2u0X11 + u0X22 — ule2 + X121

—u%X1 — u%X2

30Xt — X —2u2X? — X1 +2X32

W(X)(01) = ’ ; PRI )
—u%X1 — 1th2

—2ul X1 —u? X3 - 3u3X? - 2X], + X3,
—ud X1 —udXx?

—u? X3 +udX{ —2u3X3 — X1,
Xi aQXz

i_ 0 i
where X} = D (p) and X7 ; = m(p)
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4.3. Orbits of the action of I'. Obviously, I' acts transitively on the
base R? of 7. Indeed, for any point zy € R? there exist f € I' such that
f(0) = zo, for example f(z) = = + zo. It follows that every orbit of the
action of T on J¥ intersects the fiber J¥m = (m,)71(0). As a result J§ is
divided into nonintersect subsets. Clearly, these subsets are orbits w.r.t. the
action of the group

GF={f®|feT, f(0)=0},

Suppose, some orbit Orbg, OJ(’)“W of the action of G* on J(’fw is described
as a submanifold of J(’f7r by the equations I*(u,...,u;) = 0. Then, the these
equations I*(u,...,u;) = 0 is described the orbit Orby, of the action of I'
on Jkm. Indeed, for any xg € R? the transformations f(z) = xo — = transfer
Orby, NJ§m onto Orby, ﬂJ;foﬂ' so that the orbit of the fiber Jfow is described
by the same equations I'(u, ..., u;) = 0.

Thus the problem to describe orbits of the action of I on J*7 is reduced
to the problem describe orbits of the action of G* on Jé“ﬂ.

The last problem, can be investigated in the following way: Consider
the Lie algebra of the group G¥. It consists of all lifted T-vector fields X (*)
such that X (0) = 0. We call these fields as G*-vector fields. At every point
O, € J(Ifﬂ, GF*-vector fields generate the subspace ng spanned by all their

values at 0. Thus the distribution D* : 6, — @’gk is generated in Jé‘“Tr. Let
X (k) ‘sz be a G¥-vector field. Decomposing its components X' and X? in
the Taylor series with remainder term at the point 0 € R, we obtain

Xi:)\;"xj-i-...—i-)\i- I Tkt —i—R(a?)le---xj’“”, i=1,2

J1---Jk
Setting
XFredh _ g a9 k=19
$Z
we get
X0 o= XX g X (X)) B

From (4.5) and (2.5), it follows that the distribution D¥ is generated by the
all G¥-vector fields
(xi)o)

Reducing this system of vector fields to the step form, we can obtain descrip-
tion of orbits of the action of I on J*7. The following theorem is obtained
in this way.

=07 " (Xijl---]k-&-Z )(k)‘$:07 i?.j).jl?"').jk+2 = 172

THEOREM 7.3. (1) J*m is an orbit of the action of T iff k = 0,1,
(2) J%r is divided into two orbits J*m = Orb;UOrby such that
dim Orb; = dim J*7 and dim Orby = dim J*7 — 2,
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4.4. Isotropy algebras. Let 0, € Jkm and p = w(6)). By Gy, we
denote the isotropy group of 0, that is

Go, = { [FIZ™ | feT, M0 =0 }
By 8¢, we denote the Lie algebra of G, . It can be considered as a Lie
subalgebra in L) /L2t

89, = { [X]2*F € LO/L2"* | X € VectR?, X =0}

The subalgebra gq, C Lg/Lg*k is called the isotropy algebra of 0.
From this definition and (4.12), (4.13), and (4.14), we get

PROPOSITION 7.4. [X]Z*k € 8¢, iff it is a solution of the system of linear
algebraic equations

(Do(9%))(6r) =0, 0<|o| <k. (4.6)

(We write Dy (% ))(0x) in (4.6) instead Dy (9% ))(f+1) because from
X, = 0 we have that system (4.6) depends on 6}, and it is independent of

Ort1-)
Let 0y € JO7 and p = 7(6). From (4.6), we get that the isotropy algebra
9p, of the point 0y is defined by the equations
—2u°X] + X3 —u' X2+ X3 =0
—3u0Xy —u'X{ — 2u°X7 — X{} +2X7, =0
—2utX) —uX3 - 3udX? - 2X], + X2, =0
—u? Xy +uPX] —20°X5 — X3, =0
It follows from (4.7) that
p2.1(86,) = Lp/Ly,.
Let
9o, = B, N (L;;/Lfo) .

Obviously, it is a commutative subalgebra in gp,. From (4.7), we get that
9o, is defined by the equations

X3 =0
X} —2X4,=0
2X112 - X222 =0
X3 =0

(4.8)

It is clear that gy, and 95, are isomorphic for any 00,00 € JO. Below,
we shall write g instead gy, .
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It follows from (4.8) that
dimg = 2 (4.9)

and we can choose

o1 =200 @ (dr' O dot) + oy © (da’ @ i)
. (4.10)

1 2

—2—(9 2®(da: ® dz?) + ax1®(dx © dx*)

as independent generators of g.
It is easy to check that the 1-prolongation g™ of g is trivial, that is

g = {o}. (4.11)

4.5. Isotropy spaces. Let 01 € J*ir let 0 = 71 £(0k41), and
let [S]’;;Jrl = 04+1. Then the tangent space to the image of the section j;.S at
the point 0y, is defined by 65.1. We denote this tangent space by Hp, L1 We

have the following direct sum decomposition of the tangent space to J*r at
the point 6
1y, T = j_Cé’k+1 @ Ty, (W_l(p)) .
Let X be a vector field in the base of 7 defined in a neighborhood of p.
Then the value X(g]:) of X®) at the point 65 has a unique decomposition

X9 =900, X® 1+ V5, XB), (4.12)

where 3y, ,, X*) € 3y, ., and Vp,,, X® € Tp, (771(p)). It follows from
(4.4) and (2.3) that if X = X19/0x! + X20/022, then

J{Glﬁ-lX(k) = XlkaH + XzngH ’ V9k+1X(k) 519;(}1) ’ (4'13)
where

D9k+1 = + Z ZUUJ 0k+1

0<|o|<k =0
0
9k+1 = Z Z( )(@cﬂ)@- (4.14)
0<|o|<k i=0 g

It follows from (4.5) that the value X 9(5) of the vector field X*) at the

point 0}, is depended on the jet [X]’;“.

By definition, put
k
Agyry = { [XPZHE e W, /L2 | XV € 3o, }, (4.15)
k=0,1,...,00
From (4.12), (4.13), and (4.14), we get
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PROPOSITION 7.5. [X|2*F € Ag, ., iff [X]2™" is a solution of the system
of linear equations

(Do(9))(Bry1) =0, 0<|o| <k. (4.16)
We say that Ay, ,, is the isotropy spase of O 1.

THEOREM 7.6. (1) pre2it1(As,,,) C Ag,.
(2) [.7 ] :A9k+1 Xﬂgk+1 —>A9k,

PROOF. The first statement is obvious.
Prove the second one. Let [X|27F [V]2F € Ag , let O € 71 (p),
0 = WOO,k(G ), Op_1 = T f— 1(0), and let

) ) ) )
1 2 1 2 U
X=X+ X s Y =Y o+ Y
Then
24+-k—1
(X Y] =[x, Y]] T
and
(X, Y] e dy, iff (X, Y] €36,
We have

(X, Y)Y = (Moo pmn) [ X, V5D = (moopet)o [ X, Y]
= (Moo =1« [ X' D1+ X*D2 + Dyx), Y D1+ Y D2 + Dy ]

Taking into account the well known relations, see Proposition 3.1 of Chapter
3,
[D1, D2] =[D1, 9y ] =[D2,9y] =0 and [Dg, Dy] =443,

where {¢,1} = D4(th) — Dy (6), we get

XY I = (Raop ) (XY + X2V = VIX] = V2X])D1+

Or—1

+ (XY + XV - YIXE - YIXD) D2 + [Dyx) s Dy ), =
=30, [ X V1™V 49 ) iy
From (4.5), we obtain

0P (Y)

i/
ou ;

wE.w =0 2204 b))

—' ) 25 b ()

I (X)
out

/L.
J

From (4.14), we get now that S{w(x) vy = 0
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4.6. Horizontal subspaces. We shall say that a 2-dimensional sub-
space H C Wp/L’; is horisontal if
pe(H) =Vp.
Let ), € J*7 and 0, € 77,;&1 1 (0r); then it is clear that

80, C Aoy ¥V Ohi1 € Ty, (0k) - (4.17)
It is obvious that a 2-dimensional subspace H C Ay, ,, is horizontal iff
‘A9k+1 = H@GQk .

Any two horizontal subspaces H, HC Ag,., define the linear function

Fag Vo= 90, fug:X = (prraln) ™ (X) = (prsalg) " (X).
It is clear that for any horizontal subspace H C Ay, ., and for any linear

function f : V' — @y, , there exist a unique horizontal subspace HcC Agy iy

Further in this subsection, we shall investigate horizontal subspaces of
Ap, .

By H, we denote the horizontal subspace in W),/ L}J generated by con-
stant vector fields.

By Hy, we denote a horizontal subspace in Ag, with

p2,1(He,) = Hy . (4.18)
From
,02,1(./491) = WP/LII) )
we have that horizontal subspaces Hp, exist. Obviously, Hp, is defined by
Ho, = { [X]2=(X"0,X}),i=12, |o| =2} (4.19)
in the standard coordinates. ~
It is clear now that for any two horizontal subspaces Hy, , Hy, satisfying
to (4.18), we get
fHel,ﬁel V=g
Taking into account that g # {0}, we obtain that there exist a lot of
horizontal subspaces satisfying to (4.18). We choose one of them in the
following way.
A horizontal subspace Hy, defines the form wg, € Lg /L}D ® /\2Vp* by
the formula

ngl (X’Y) = [(p‘Hel)il(X)’ (p|H01)71(Y)] VX7Y € V}?

From the Spenser complex

0: 0 0
0— g =% gV =5 LO/LL @ A’V =20, (4.20)
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we get that WHy, defines the Spenser cohomology class {‘UHel} € H;’z.
PROPOSITION 7.7. The cohomology class {wn, } is trivial.

PRrROOF. From (4.11) we get that 0z is an injection in (4.20). From
(4.9), we obtain dimg ® V7 = 4. Obviously, dim L)/L; @ A*VF = 4. As a
result, we obtain Im 0y 1 = ker 0; 2 in (4.20). O

COROLLARY 7.8. There exists a unique horizontal subspace Hy, C Ag,
with WHy, = 0.

PROOF. Prove the uniqueness. Suppose Hy,, I:I.gl are horizontal subspa-
ces of Ag, with WHy, = Wi, = 0. We have wp, = W gy, + 6271(fH91,f191)'
Therefore, 0 1 ( ng i, ) = 0. Taking into account that 0o is an injection,

1’ 1 ~
we get that f 5 = 0. This means that Hy, = Hp,
1’ 1

Prove the existence. We have {wp, } = {0}. Therefore there exist h €

g®V, with WH,, = 02.1(h). It follows that the horizontal subspace

Ho, = { (p2ln,,) 1 (X) = h(X), X €V}

satisfies to the property w a, = 0. 0
1

Now, we express the horizontal space Hy, with WHy, = 0 in terms of
standard coordinates x', 2% u?(6), ué(@l) Let

-1 i i r
(p2lry, ) (X) = (X", 0, fl,X"), VX €V,.

Then the property wH,, = 0 means that

f;k,r = f;r,k : (421)

From proposition 7.5 we obtain that elements ( X?, 0, f]’fk ,X") € Hy isa
solutions of the system

—ud X —ud X+ f X" =0
~ul X WX fl X7 2 X =0
—ud X = X2 = 2fly X4 3, X7 =0

—ui X' —u3X? — fyy, X" =0
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From this system and (4.21), we obtain

f1211:U?7 f1212:f1221:U[2)7
f122*f221 1(27«‘2_“?)

i = —2ui +uj, (4.22)
f212,2:_uga f2121:f112,2:—uzi;7
f121 f112*1(ué—2'“%)7
. f11,1 = 2“3 - U%

4.7. The obstruction to linearizability of ODEs. Let 6, € J?n
and 0; = 2 1(02). It is not difficult to prove that

pa2(Asy) = As,. (4.23)

Let Hp, be the horizontal subspace of Ag, with wy, = 0. From (4.23) and

89, N(L2/L}) = {0}, we get that there exist a unique horizontal subspace
Hy, C Ay, with

p3.2(Hg,) = Hp, . (4.24)

It follows from item (2) of theorem 7.6 that Hp, defines the 2—form
wp, € Ag, ® /\2Vp* by the formula

woy (X, Y) = [(p3lr,,) " (X), (p3lm,,) (V)] VXY €.
From wp, =0 we obtain
we, € 9@ (VA V)

Now we can define the horizontal differential 2-form w® on J2?71 with
values in g by the following formula

w® 0y — 73 (wg,) . (4.25)
Obviously, H92 is defined by
= { (X', 0, fjm X7 fjmjs -X") }
in the standard coordlnates. Hence,
1 8 ‘s
=2f} ka5 o ® (da’' ® do?)) @ (da* A da”).
Taking into account (4.9) and (4.10), we get
Ww® = (F' e+ F%.e5)® (da' A da?), (4.26)
where F! = f111[1 3] and F? = f222[1 5]
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Calculate the functions F'', F2. From proposition 7.5 we obtain that
elements ' ‘ ‘
(X% 0, fjl'ljzyTXT’ J2'1j2j3,TXT) € Hp,
is a solutions of system (4.16) for k¥ = 1. From this system and (4.22), we
get
F' = 3udy — 2uly +u?;

+ 3wl — 3uud + 2utul — ulud — 3ulud + 6ulud,  (4.27)

— 3003 + 3ulud — 2utud + wPud + 3utul — 6ulud . (4.28)

Note that first the coefficients F'! and F'' were obtained by Cartan in [2] as
unique nonzero coefficients of the curvature form of the projective connection
corresponding to equation (4.1).

Thus we obtain the following expession of w® in the standard coordi-
nates

0 0
(2) — 19 Y 1 1 s 1 2
w (F (28x1®(dx @dx)—i—axQ@(d:c ® dz?))
0
2 2 2 1 2
+F(28x2®(da¢ ® dz®) + dx @dm)))
® (dx' A dz?), (4.29)
where F'! and F? are defined by (4.27) and (4.28) respectively.

a1 &

We recall, that a differential form defined on J*7 is a differential invari-
ant of the action of T on = if it is invariant w.r.t. the pseudogroup I'%).

THEOREM 7.9. The form w® is a differential invariant of the action of
I' on 7.

PRrROOF. Let f € I', let p be a point from the domain of f, and let
0y € ng. We should check that

(f@)ys (w(2)1f<z>(92)) = w®|, . (4.30)

We shall check it in the standard coordinates. It is clear that the left side of
(4.30) is depend of [f]}. This jet can be represented in the following way

[y =]y [faly s
where | fl]é is jet of the affine transformation and | fg]zl) = [id], . It can easily
be checked that w(® is invariant w.r.t. affine transformations. Therefore it
remains to check that equation (4.30) holds for an arbitrary point transfor-
mation f with | f]}a = [id]}. Taking into account that w® is horizontal, we
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get that equation (4.30) holds for a point transformation f with [f]} = [id];
iff
F'(fP(02)) = F1(02) . F*(£@(02)) = F*(02)
It is clear that the last equations hold iff the restrictions of F', F? to
ng are 1-st integrals for any vector field 5(2)‘J2ﬂ with [¢]° € L}). The last
p

statement about F'' and F? can be easy checked by direct calculations in
standard coordinates. O

In his paper [2], Cartan proved that equation (4.1) can be reduced to
the linear form by a point transformation iff the collection of its coefficients
is a solution of the system of PDEs

F'=0, F?=0. (4.31)

This means that w® is a unique obstruction to the linearizability of equa-
tions (4.1) by point transformations.

Below, we give the independent proof of this fact.

Let

M={0err ||, =0}
From (4.26), it follows that M is defined by system of algebraic equations

(4.31).
By 0 we denote the zero section of 7, by 0 we denote [0]f , k = 0,1,2,...

LEMMA 7.10. M = Orby,.

PROOF. It is clear that dim Orbg, = dim Wy/L§ — dim 8,. We have
dim Wy /L§ = 30. It is easy to calculate that dim gg, = 6. Hence dim Orbyg, =
24. From (4.31), we have that dim M = dim J?r — 2 = 24 too.

Obviously, w(z)‘(h: 0. Now from theorem 7.9, we get that Orbgy, C M.
At last, the sets M and Orbyg, are connected subsets in J?7. This concludes
the proof. O

LEMMA 7.11. Let 65 € Orbg, and let 01 = ma1(602); then the natural
projection of the isotropy groups of these points

Go, — Goy» [flp = [f];

p P>
s a bijection.

PROOF. It is easy to prove that the natural projection Gy, — Gy, is an
injection and that dim Gy, = dim G, = 6. Therefore the natural projection
Go, — Gy, is a bijection. The projection 721 : Orbg, — Jlr is a surjective.
This implies the proof. O

For any section S of 7, by ng) we denote the form (ng)*(w(Z)).
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THEOREM 7.12. The section S can be transformed (locally) to 0 by a

point transformation iff wg) =0.

PRrROOF. The necessity is obvious.
Prove the sufficiency. To this end, we should prove that the system of
PDEs w.r.t. an unknown point transformation f

0=,Docgof!

has a solution. By £(0, S) we denote this system. It easy to prove that the
symbol of this PDE system at any point is the same as the subalgebra g
defined above by (4.8). From (4.11), we obtain that the first prolongation
€M(0,9) of £(0, S) has the zero symbol at every point. Therefore £1)(0, )
has a solution if the natural projection £2)(0,5) — &1(0,5), [f15 — 112,
is a surjection (see [10]).

Let us check that this projection is a surjection. Let [f] € eW(0,8). 1t
takes [S]] to [0]}@). By assumption, w(Q)([S]g) = 0. It follows from lemma

7.10 that [S]2 € Orby,. Obviously, [0]?@(17) € Orbyg, too. Hence there exist a

point transformation f” such that its jet [f']} takes [S]2 to [0}?(:0). This means

that [f]; € €2(0,8), [f]5 € €1(0,5), and [f']) takes [S]; to [0]},-
From the last, we obtain that there exist g € Gg)1 with [f’]g-g = [f]g From
lemma 7.11, we get that there exist ¢’ € Gsjz with py3 (¢') = g. Obviously,
-9 € €2)(0,5) and it is clear that [f13 is the image of [f']} - ¢’ under
the natural projection £2)(0,5) — &(1)(0, S). Thus, this natural projection
is a surjection. O

COROLLARY 7.13. The form w® is a unique obstruction to the lineariz-
ability of ODEs (4.1) by point transformations.

PROOF. It is well known that any two 2—-order linear ODEs are (locally)
equivalent w.r.t. point transformations. This implies the proof. U

5. Exercises

(1) Prove that a bundle of geometric structures is a locally trivial bun-
dle.

(2) Prove equivalence of all definitions of a geometric structure.

(3) Prove that o(n)") = {0}, where o(n) ¢ L°/L' denotes the orthog-
onal algebra.

(4) Denoting by sl(n) C LY/L' the special linear algebra, prove that
sl(n)®) £ {0} for all k =1,2,...

(5) Let g € L°/L! be a Lie subalgebra. It is called an algebra of infinite
type if g*) £ {0} for all k. Prove that if a Lie algebra g ¢ L/L!
contains a matrix of range 1 then g is an algebra of infinite type.
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(6) Applying the computer-algebraic system MAPLE, write the pro-
gram to calculate prolonged spaces g(r), r=1,2,..., for a arbitrary
space g C LF/Lk+1.

(7) Prove that the sequence (3.3) is a complex.

(8) Applying the computer-algebraic system MAPLE, solve the follow-
ing problems:

(a) Prove that an arbitrary point transformation (4.2) transform
an arbitrary ODE (4.1) to an equation of the same form.

(b) Calculate the transformation velocity of section of the natural
bundle of ODEs (4.1) w.r.t. a vector field on the base, (that is
calculate formula (4.5)).

(¢) Prove theorem 7.3.

(d) Find the equations describing the degenerate orbit Orbs in
theorem 7.3 as a submanifold of .J?7.

(9) * Consider the bundle of all symmetric linear connections on M.
Locally, this bundle can be represented as the trivial bundle

7 R™ x R (+1)/2 __ g,

(a) Following to the construction of the invariant 2-form w(?), see

section 4.7, to construct invariant 2-form on the 1-jet bundle
Ji7 of the trivial bundle of all symmetric linear connections
on M.

(b) Prove that the 2-form obtained in item (9a) is the curvature
form considering as a 2-form on J'r.



CHAPTER 8

GG-structures

This chapter is devoted to the theory of G-structures, which is an al-
ternative approach to investigate differential invariants and the equivalence
problem.

In this chapter, we state necessary facts concerning bundles of k-frames.
We introduce G-structures of higher orders and investigate connection be-
tween the equivalence problem of geometric structures and the equivalence
problem of the corresponding G-structures. Further, we construct in details
the structure function of a G-structure of higher order. This function is a
map from the G-structure to some Spencer d-cohomology group and is a dif-
ferential invariant. Further, we apply this invariant to solve the integrability
problem of G-structures. Finally, we illustrate the obtained solution of the
integrability problem by examples from the theory of ordinary differential
equations.

In this part, by W we denote the Lie algebra of co—jets at 0 € R™ of all
vector fields defined in a neighborhoods of 0. By L¥ | k= —1,0,1,2,..., we
denote the subalgebra in W defined by

F={[XlFewW|X]f=0},k>0, L '=Ww.

Put
V=w/L°.

1. Frame bundles
Let M be a smooth n-dimensional manifold. Consider the bundle
g : Pe(M) — M

of k-frames of M, see chapter 1, section 2. By m;,,, | > m, we denote the
natural projection

Tlm - Pl(M) - Pm(M) ) 7"—l,m([s]é) = [S]g)n .

Let 0, € Py(M), let p = m,(6y), and let Ty, P,(M) be the tangent space
to Pi(M) at the point 6.

PROPOSITION 8.1. Let 041 € m y (6x). Then:

67
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(1) Ox+1 defines the isomorphism of vector spaces
Tp, Pr(M) — W/LF.

We will denote this isomorphism by 041 too.

(2) The reduction of the inverse isomorphism (Ogy1)~' to LO/LF is
the canonical isomorphism of the Lie algebra of the structure group
Dy(n) to the space Ty, (7}, (p)) tangent to the fiber of m over the
point p.

PROOF. Let [s]5™ = 0441 and s(0) = p. By TZ?(M) we denote the space
of k-jets at p of all vector fields in M passing through p. Obviously, the map

a: T;(M) — Ty, Pe(M), o: [X]]; — %([¢t08]§))t:0>

where ¢, is the flow of X, is an isomorphism of vector spaces. Also, the map
d
B THM) — THR", B: [X]f > = (s o proslf)|

is an isomorphism of vector spaces. The isomorphism 61 is defined now
by the formula

t=0

Ors1=PBoa!
The canonical isomorphism L°/L*¥ — Ty, (7, '(p)) is defined by the
formula
d/dt([de]G)|,_y — d/dt([s o delf
This formula can be rewritten in the following way:
dfdt(s™ o (sodyos ) 05)|_y — dfd([(s 0 dyos™) o s]E)] -

This completes the proof. O

M=o

1

The diffeomorphism s~ is a local chart in M. It generates the local

chart (2,27, ... ,l’;lmjk) in Py(M) as stated above. Obviously, within this
chart, the isomorphism 6y is defined by
o, 0
Opr: X' oo b+ X g = (X0 XG0 (L)
G-k

Suppose 0.1, §k+1 € (g4, %)~ 1(0)). Then therNe exists a unique element
[dI§ ™ = (65,0,...,0,d! ) € Df,, such that Oy 1 = Oy - [d]fTh. Tt is

> g1 k41
easy to prove the followmg statement.

PROPOSITION 8.2. Let & € Ty, P,(M) and
9k+1(‘£) = (XZ X]Z1 Jk— 1’X;1 ]k)
Then

Opi1(6) = (XP, ..., X1 Xt o +d

I
J1--Jk—17 “ 1Tk J1-- JkTX )
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Let f be an arbitrary diffeomorphism of M to itself. Then the diffeo-
morphism f*) : P,(M) — Py(M) is defined by

FO([slg) = [foslp-
The diffeomorphism f*) is called the lift of f to the bundle Py(M).

2. Geometric structures and their prolongations

Let M be an arbitrary smooth n-dimensional manifold. Recall the con-
venient here definition of a geometric structure on M. Let

F: Dy(n) x RV - RY (2.1)
be an action of Dy (n) on RY. Then a map
Q: P(M) —RY,
is called a geometric structure of order k£ on M if
QO -dy) = F((dp)™", Q0)) VO € Pu(M), Ydy € Dy(n).

The number k is called the order of this structure and F' is called the trans-
formation law of the components of the structure.

Any local coordinate system (U, h = (x',...,2™)) in M generates the
section of Py(M) by the formula

k

U—m,'(U), p [(h—h(p)) "], (2.2)

The reduction of € to the image of this section is the collection of the
components ¢'(z),...,q¢" (x) of Q in the coordinates z',..., 2"

A geometric structure 2 is called homogeneous if Im () is an orbit of the
action F' of the group Dy(n).

Suppose 21 and 9 are geometric structures with the same transforma-
tion law of their components. We say that these structures are equivalent if

there exists a diffeomorphism f of M such that
Q1 =Ny0 fH)

Suppose 2 is a geometric structure and the transformation law of its
components is defined by (2.1). Then its first prolongation

QW P (M) — RN+

is defined in the following way. Suppose ¢*(z), ..., ¢" (x) are the components
of Q in the coordinates z!, ..., z". Then
0

q“(z), @(qa(x)), a=1,...,.N,j=1,...,n,
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are the components of QM) in the coordinates z,...,z". Obviously, the

transformation law of components of Q) is defined by

~Q af i i 1 N
q :F (dj17.“7dj1-~~jk7Q7."’q ),
. OF OF OF™ (2.3)
S 1 7 0 . B
J1 J1---Jk

The i-th prolongation of Q is defined by induction on i:
QD — (M) j=12 . ...

3. G-structures and geometric structures. The equivalence
problem

Let G C Dg(n) be a closed Lie subgroup and let B C Py(M) be a
reduction of Py(M) to G. Then B is called a G-structure of order k over M.

Let Q : Py(M) — RY be an arbitrary homogeneous geometric structure,
qo € ImQ, and G C Dg(n) be the isotropy group of gg. Then the inverse
image B = Q~!(q9) C Pi(M) is a G-structure of order k over M.

Examples

1. If G = Dg(n), then G-structure B is Py(M).

2. Let Q : P/(M) — R™™*+D/2 he an arbitrary Riemannian metric on
M. Then Q 1(E), where E is the unite n x n-matrix, is the a principal
O(n)-bundle of orthonormal frames on M.

3. Let Q : P/(M) — R”+D/2 be an arbitrary linear symmetric con-
nection on M. Then the group G of the G-structure B = Q~1(0) is defined
by

G = {ldg = (dj, 0) € Da(n) } .
Let [s]2 € B, then (m21) 1([s]§) N B = {[s]2}. It follows that G-structure B
is a section of the bundle mp 1 : Po(M) — Pi(M).

Suppose By and Bj are G-structures over M. They are equivalent if there
exists a diffeomorphism f of M such that

f®(By) = B,.
It is easy to prove the following statement.

THEOREM 8.3. Suppose 1 and Q9 are homogeneous geometric struc-
tures with the same transformation law of the components, suppose that
Im Q) = Im Qy, and suppose ¢ € Im Q1. Then Q1 and Qo are equivalent iff
the G-structures Q7' (q) and Q51 (q) are equivalent.

Let B be a G-structure of order k over M and let g C LY/L* be the Lie
algebra of GG. By definition, put

gr =8N (LF1/LF).
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By g,(f) , ©=0,1,... denote the i-th prolongation of gi, where g,(co) = gi.
By definition, B is a finite type G-structure if there exists a nonnegative

(r)

integer r such that gkr = {0}, otherwise B is an infinite type G-structure.

Obviously, g,(j) = {0} if ¢ > r. By r(B) we denote the least nonnegative
integer r such that g,(;) = {0}.

Let © be an arbitrary geometric structure and let B = Q~!(g) be one of
its G-structures. We say that 2 has finite or infinite type if B has respec-

tively finite or infinite type. Clearly, the type of a geometric structure is well
defined.

Examples.

1. O(n)-structure is a finite type structure such that r(B) = 1.

2. SL(n)-structure, almost complex structure are 1st order structures of
infinite type.

3. The geometric structure on R! generated by coefficients of a linear
ODE of order k is a kth order finite type structure such that r(B) = 0.

4. The geometric structure on R? generated by coefficients of an equation
y' = u(w,y) +ul (2, )y +ut (@) () +ud ) ()
is a 2nd order finite type structure such that r(B) = 1.

5. Geometric structure on R? generated by coefficients of an arbitrary
equation of the form

y" = (@, y,y) + ut (@, y, 9 )y e (@, ) (6 P (g, ) ()

is a 3rd order infinite type structure.

4. The integrability problem

Let F : Dip(n) x RY — RY be an arbitrary action of Dy(n) on RV, let
q € RV, and let G C Dg(n) be the isotropy group of q.

The standard coordinate system on R™ generates the section Py(R™) by
formula (2.2). Subjecting image of this section to the action of G, we obtain
the G-structure B over R™. It is called flat. Obviously, the G-structure B, q,
and the transformation law F' define the geometric structure Q : Py(R") —
R uniquely. This geometric structure is called a flat structure too.

A geometric structure (G-structure) on M is called a locally-flat or in-
tegrable if it is locally equivalent to a flat structure (G-structure).

Obviously, a G-structure B on M is integrable iff there exists a local
chart of M such that the section of Py(M) generated by this chart is a
section of B. In other words, a geometric structure on M is integrable iff
there exists a local chart in M such that the components of this structure
are constants in this chart.

In the sequel, we use the following
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THEOREM 8.4. Let  be an arbitrary geometric structure and let q be
some value of Q. Then Q is integrable iff the G-structure B = Q~1(q) is
integrable.

5. Structure functions of G-structures and their prolongations

Consider a homogeneous geometric structure Q: Py(M) — RY. Trans-
formation law (2.1) of its components can be interpreted as the system
of partial differential equations w.r.t. unknown functions y(z!, ..., z"),
1=1,2,...,n. We treat this PDE system as the submanifold € in the bun-
dle of k-jets J*7 of sections of the trivial bundle

7:R"xR" — R".
We suppose that € satisfies the condition
Thk-1(€) = JF 1 (5.1)

where 7, : Jir — J™r, 1 > m, is the natural projection that takes a l-jet
to its m-jet.

Let go € RY be some value of Q2. Consider the G-structure B = Q~!(qo).
Then condition (5.1) means that

Thk—1( B ) = Pr_1(M). (5.2)
For the group G, condition (5.1) means that
Pek—1( G ) = Di_1. (5.3)
For the Lie algebra @ of the group G, the last condition means that
pri-1(8)=L0/LFT. (5.4)

5.1. Structure functions of G-structures. Let 6, € B. Then 6,
defines the linear isomorphism 6y : Ty, , Pe—1(M) — W/L*"1 as it was
shown above. By Hj_; we denote the subspace in W/L¥~! which is generated
by the vectors of the form (X% 0,...,0). Obviously, the quotient space
W/LF~! is decomposable to the direct sum

W/LF 1 =1y, @ L0/LF .
Consider the subspace Hy, , C Ty, ,Pyr—1(M) which is defined by
Hy, = (0x) ' (Hi-1). (5.5)

We say that H C Ty, P;(M), i = 1,2,...,00 is horizontal if it is n-
dimensional and is naturally projected onto the space tangent to M without
degeneration.

Clearly, subspace (5.5) is horizontal.
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Let Oj41 € Pry1(M) and let mp4q ,(0k41) = 0k € B. Then the isomor-
phism 6y : Ty, Pp(M) — W/ L* defines the injective linear map

0k+1|T9kB : Ty B — W)L
such that the following diagram is commutative:

9k+1‘T B

Ty, B~ —— W/L

(Wk,k—l)*l lpk,k—l

Ty, Pe—1(M) — W/LF 1,
k

Let us choose a horizontal subspace Hy, C Ty, B such that

(Tkk—1)+(Hpy,) = Ho,_, - (5.6)
Then

VX € Hy,,,, 0r(X)=( X%0,... ,O,X;h.jk ).

The pair ( Hp,, 0k+1 ) defines the linear map
) k=1 /7k
[y, 0000y V = L7/ L
by the formula
f(Hekv Opy1) X' (leljk ) = (fjl:lnjk,TXr) :

Suppose Hy, , ﬁgk C Ty, B are horizontal subspaces satisfying Eq. (5.6).
Then, obviously,

(fetto, . 0000) = F g, 0000)) 2V — 98 (5.7)

where g = 9N (L’k*l/L’l“).~

Let 0, € B and 0‘k+1, Ok+1 €‘(7Tk+1,k)71(9k)- Then there exists a unique
element [al]lg+1 = (6;-,0,...,0,d}1._jk+1) € Dlljﬂ such that €11 = i1 -
[l

Let f(Hek,9k+1) = ( ;1...jk,T) and f(Hok’ng) = ( ;1.-.jk,r)' Then from
Proposition 8.2 it follows that

( ;1---jk77’) :( ;1---jk77’ + d;l]k"") : (58)
Suppose X,Y € Hp,. Consider the bracket [641(X), Op+1(Y)], see
Eq. (3.1). We have

[Ok41(X), Oxr1 (V)] = (XTY] 0o = Y'X5 )

- (XTYS( f;l,..jk71r75 - f;1...jk,1s,r ) ) : (59)
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By definition, put

C( H9k7 0k+1 ) = (f;y..jk,lr,s - f}l...jk,ls,r ) :

From (5.8) it follows that ¢( Hp,, Or+1) is independent of the choice of
the point 041 over 0, € B. Therefore we will write c¢( Hp, ) instead of

C( Helw 0k+1 )
Consider the Spencer complex

0, 0
0— glg;l) k+1,0 Tk ® v* k,1 Lk72/Lk71 ® /\2v*

Obviously,

Ok—1,2
—

(5.10)

c(Hg, ) € LF2/LF 1 @ A2V*.
From (5.7) it follows that if Hy, and f{gk are horizontal subspaces in Ty, B
and satisfy (5.6), then
c( Hgk ) — c( ﬁgk ) € Im ak,l

This means that the class ¢( Hp, ) mod (Im 0y 1) is independent of the choice
of the horizontal subspace Hy, over Hp, . We denote this class by c(6). It
is easy to check that

C( Hgk ) € ker 8k_172 .

Consequently, c¢(6y) is a Spencer §-cohomology class, that is,
c(fy) € HF12,
We say that the map
c:B— HY2 .0, c(6)
is the structure function of the G-structure B.

PROPOSITION 8.5. Structure functions of flat G-structures are trivial.

PROOF. Let B be a flat G-structure of order k£ on R” and let (h = (z!,
.., ) ) be the standard chart in R™. An arbitrary element g € G defines
the diffeomorphism ¢ of R™ to itself by the formula

R 1. 1 . , ,
gz, ... 2" = ﬂg'}xj +...4 Hg;lmjkxh L
where (gé, . ’g§1...jk) =g 1. By s, r=0,1,..., we denote the section of
P.(R™) that is generated by the chart (§goh = (y',...,4")) on R™. Then
si is a section of B. Indeed, let e be the unit of G, then sf is a section of
P (R™) generated by the standard chart in R™. This section is a section of
B. 1t is clear that
sp(p) = s;p(p)-g YpeR".

Let 6y = s{(p) and let 641 = 57, (p). Then it is obvious that Hy, =

(s3)«(TR™) is a horizontal subspace in Ty, B and

Orr1: X — (X,0,...,0) VX € Hy, .
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It is clear now that the structure function of the G-structure B is equal
to zero for any point of Im SZ. Taking into account that images of sections
Im SZ, g € G, cover B completely, we conclude that the structure function
is equal to zero at each point of B. O

In general, the structure functions give only necessary conditions to solve
the local equivalence problem for G-structures.

THEOREM 8.6. Suppose B and B are G-structures on M, ¢ and ¢ are

their structure functions, respectively, and let f be a diffeomorphism of M
to itself such that f*)(B) = B. Then (f*))*(¢) = c.

PROOF. Let [s] = 0, € B and let X € Ty B. Then for any point
Opi1 € 7T£_&17k(9k) we have
O 1(X) = FUD O ((FP)(X)).

Indeed, from the construction of the isomorphism 6.1, see the proof of
proposition 8.1, it follows that there exists a vector field £ with the flow ¢
in M such that X = d/dt([¢; o s]k )‘t:O and

Or1(X) = d/dt( [371 0 ;0 s]lg )|t:0'
It follows that

FED ) ((FP)(X))

= S((Fos) o (Fopos ™o (fos)h)

d, . _
= Z(s™ oproslf)| = 0ku(X).

t=0

It is obvious now that the cohomology classes ¢(6,) and ¢( f*)(6},) ) coincide.
U

5.2. Structure functions of prolongations. Let {2 be an arbitrary
geometric structure on M, F' be its components’ transformation law, and
g0 € RY be some value of Q. Consider a G-structure B = Q7 (go). Let
g C L°/L* be the Lie algebra of G and let g, = §NLF~!/L*. Suppose that
the structure function of B is equal to zero. Let 6, € B and let 011 €
(Tk+1.%) " *(0k). Consider an arbitrary horizontal subspace Hy, C Ty, B sat-
isfying (5.6). Let f(Hp,, Opt1) = (f]lfln_jw). From the Spencer complex
in Eq. (5.10) and the equation ¢( Hy,, 0x4+1) =0 mod (Im0y ), it follows
that there exists (gzljks) € gr ® V* such that

(f;1~~-jk71ﬁ$ - fJZ'l-njkASJ‘) = O ( (g.;1~~-jk75 ))-
Therefore,

J1dtrs = itedis T D
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where ( d;i...jks ) € g,il). By ﬁgk we denote a horizontal subspace in Ty, B such

that f(Hg,, Op1) = (di . ,) . Let Op1 = Opy1-d, where d = (—di ;) €
G N Dy(n)*+1. Then it is clear that
VX € Hy, 0r1(X)=(X%0,...,0). (5.11)

By BM we denote the set of all ék-.l,_l, which are obtained in this way.
Obviously,
7Tk+1,k(B(1)) =B.

PRrRoOPOSITION 8.7. We have
BYW = Q)7 ((4,0)),
i.e., B is a GW-structure. Here G is the isotropy group of the point
(QO>O) € RN(1+n)'

PRrROOF. Let [S]ISH = 041 € BM. The local chart s~ = (y!,...,y")
generates the local chart in Py(M). From (2.1) it follows that the G-structure
B is defined within this chart by the equations
Let Hp, C Tp, B be a horizontal subspace that satisfies (5.6) and (5.11).
Then a vector X € Hy, is
0 0 0

-+ 0 —+...+0- —
oy’ ay; ay;i---jk
within this chart. From (5.12) we deduce that X satisfies the equation
8jq°‘(0) . Xj =0.

X = X!

This means that
0;¢“(0)=0 Va=12,...,N,j=12,...,n.
whence,
QW (Br11) = (40,0).
Thus we obtain
BW c QW)™ (g0,0).

From (2.3) it follows that G(M-structure (21))~1(gp,0) is defined by the
equations ‘ '
q*a(y) = Fa( dz'la s 7d;1]k » 4o ) )
oOF® . OF“

O™ (y) ds = —vh i+t Y-
&y;l ' 8y;1---jk §

Therefore,

BW w1 (0k) = () (qo,0) Nty (6k) V 0k € B.
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Now it is clear that
BW = QW)™ (g0,0).

In the same way as above, we construct the structure function
. g, k2

of the GW-structure BW. If ¢M) = 0, then, in the same way as above, we
can construct G@-structure B® = (Q®)~1((¢y,0,0)) and its structure
function ¢, and so on.

5.3. Integrability of the finite type structures.

THEOREM 8.8. Let B be a finite type G-structure and let ¢ be its structure
function. Then B is integrable iff c =0, =0 e ,C(T(B)) =0.

PROOF. First, we consider the case r(B) = 0. Let Q be a geometric
structure of order k such that B = Q7 1(qg) and let y = (y',...,y") be a
local chart of M. This chart generates the local chart of Py(M). In terms of
this chart, the submanifold B is defined by the equations

) =F(Y5 -5 > 90)- (5.13)

We interpret these equations as a system of partial differential equations
€ w.r.t. the unknown functions y!(z!, ..., 2"),...,y"(z!, ..., 2™) that define
the coordinate transformation x — y. If there exists a solution of this PDE
system, then x = (x!,...,2™) is a local chart of M and the components of
Q) in this chart are constant, i.e., {2 is integrable.

The condition g = {0} means that the symbol of the PDEs system is
equal to zero. Thence, the natural projection 41 : BW — B is surjective.
This means that the natural projection €1 — &, where €1 is the first
prolongation of &, is surjective too. Thus the system & of partial differential
equations is completely integrable, see [10], therefore it has a solution. This
completes the proof for the case r(B) = 0.

The proof for the case r(B) > 0 is obvious now. O

6. Applications of G-structures to ordinary equations
6.1. Second order equations. Consider an ODEs of the form (4.1)

y' = (@, y) +ul (2, )y + o (@) () + e () ()
It is well-known that an arbitrary point transformation takes equation (4.1)
to the equation of the same form. This means that equation (4.1) defines
the second-order geometric structure on R? such that the coefficients of the

equation are the components of this structure in the standard coordinates
in R?. We denote this structure by €. Thus,

Q: Py(R?) — R,
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This structure has finite type and r(B) = 1.

Consider the G-structure B = Q~1(0). Its structure function c is equal
to zero. It can be proved that equation (4.1) can be reduced to linear form by
a point transformation iff the structure function ¢(!) of its first prolongation
BW is equal to zero (see [5], [20]).

6.2. Third order equations. Consider ordinary differential equations
of the form
n

y" = ul(z,y.y) +ut 2,y )y + (@, y,y ) (6 + ad (@ g,y (") (6.1)
It is easy to prove that an arbitrary contact transformation takes equation
(6.1) to the equation of the same form. This means that equation (6.1)
defines the geometric structure of third order on the space R? such that
the coefficients of the equation are the components of this structure in the
standard coordinates in space R3. We denote this structure by Q. Thus,

Q: P3(R%) — R,
This structure has infinite type.

Let Q() be the infinite prolongation of the structure € and let B =
Too,3((20))71(0) ). Then it can be proved that B is a finite type G-structure
such that r(B) = 1. Its structure function ¢ is equal to zero. It can be
proved that equation (6.1) can be reduced to the form y”" = 0 by a contact
transformation iff the structure function ¢(*) of its first prolongation B is
equal to zero (see [6]).

7. Exercises

(1) Prove theorem 8.3

(2) Prove that the type of geometric structure (finite or infinite) is well
defined.

(3) Prove that geometric structure on R? generated by coefficients of
an equation

y' =z, y) +ut(z,y)y + (2, y) () + (2, y) ()
is a finite type structure.
(4) * Prove that geometric structure on R3 generated by coefficients of

an arbitrary equation of the form
n

y" = (@, y,y) Hut @y ) (@ y )W)+ i @y y) ()
is an infinite type structure.

3
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