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Abstract 

\ Ve r('\ww Ccl rI. mÙ., Illet hod COl' clC'Lcnninillg \\'het h('l' two (,'-st ruet 111'('S (ll'(' [c)('()lh, 

('CJ1Lival(~llt, This llWt!lOc! is Imsccl 011 the l'cc!nctioll of the stl'llctmC' gl'On]l1.o (lI(' i(kll

lit y, giviug risc to a complete set of local illVèll'iCînts, Then' an' scvend tl'dlllicllll'S 

snch (1S group rcduc:ticlll, prolongation. involnt ivity test, ahsorbt iOll oC torsiOl!, ()lld 

llonmllizat.ioll nccc!ccl in titis pl'Occclmc, Ncxt Wl' introdu('l' the l'CJuivèll(,ll(,l' pmhlc'lll 

fOl' fil'st-mclcl' Lagnmgialls on the lillC, \'.Ie apply this llletl]()d to tll(' SO[utiOll of tltl' 

equiv,llcllcC' pl'ohlclll fur tlte fil'st orclcl' Lagnlllgièllls l\wkl' fih(,l'-p]'(~s('r\'illg t r(lllsfor

lwüiclllS. poillt tnlnsfol1wüions. fiber-preserving tral1SfOrlllatiolls IIp to il clin'l').';C'llC'('. 

(\lld poillt tnmsforumtiolls up 10 Cl divergence, Ali the [o('(ll illYc1l'Îallls ,Il'(' ('xplieit.[y 

('Olll pu Led, 



Résumé 

I\Olls ])21SS011S CllrCVllC la mc'tl!odc de Cmtc1ll visallt à dètennillcr si dellX (/-stl'11('t 1\1'('S 

SOllt locè11clllCllt 6q11ivalcntcs. Cette lll('jl!od(' ('st lJaS('l' sml b n"duC'tioll dll glmlj)(' 

s(1'11cl111'(,] ,\ !ïclcutitF dOllwmt llilisscmce ~l ml cllsellllJl(' c'olllplc,t dïll\'al'i,lllts ]c)

("11lX. Div('l'sCS tCclIlliqlws td!cs <Ille: la )'(\chlC'tioll dc' gr01ll)C'S, lil cOlltillllatioll. Ic' tc'st 

cl 'illvo!lltivitp. LllJS()j'htion de torSiOll ct LI 1l0l'1llcdis,ltioll SOIt! w"('c'ssain's il cc'l tc' 

]lI·Occ"dlll'C'. Ellsuite. llOllS illtmduisOlIS le pl'OhlhllC d'c~Cl1lÏV,llcllCC' jlOlll' I('s LIgnlllg

jCl1S cie p),(~lllj('r mr!cl' sm ](\ r!1'oite. l\ous Cltlp]OVOllS cdtc' I11Nhod(' ,'1 Iii d'SO]llt j()ll 

dll j)WlJ]('llW (U~qllivalcnc:e ])0111' l('s Lilg1'i1lligicllS de prelllier orelre pm c!('S tnlllsfm-

1llC1tiollS q11i présent les fibres. dcs trallsforlllCîtiollS de poillts, des tnlll:-;f'Ol'lwl1 iOlls 

qlli préservent. les fihres à UllC divergence pr('s. T011s les illvmÎè1llts 1()(,111X scnt! 

expl ici t.Cll]('lÜ Cakul(s. 
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Introduction 

]3r()èidJv s(()ted, the eqllivalcnct) prohlelll of Elie Cm(illl is tu de(enllill<' if (wo g('()

lllctric Stlllct1ll'CS dcfül('d 1J\" rccl11cticlilS of two frau}(' 111l11d1e 0(' il IlIi1llifold il],(' 1()(,III\" 
, , 

iSOlllmphie, Eli" Cmti1ll st l\diecl wic1cly lhis j)l'Oblelll alld clcvdopcd ,1 ll\('c!tod lm()wll 

HS Calta11's ('q11ivalc11cc met hocl ('01' solvillg iL [2], 

The llIodern forumlaLion of the Carlan eqllivnlellœ pl'Obl('lll is gl\'('[l III t('1'1IIS ()I 

(;-S(l'1lC( mE', Clwm [3]. Sternberg [12]. Gardner [5] has dC'vclopcd Hll aJgoril Jllllie 

illlp!eYlH'lLl,ntioll oC tbe lllCLhoc! of eq11ivnlencc Llmmgh the COllJl11LltioJI (JC 111(' g('O-

llletric of ahsorbtion and llorrnalization of Lorsioll which \Vere illlplic:it ill Ci11tall's 

work. Olle of CanlmT's ailllS was 10 apply the method of C'qnivale[lcc (0 j)mhlellls o[ 

fcedhiÎck lillcarizèüicm in control theory. Other applications to mdi11an diff('H'lltÙtl 

('ejl1()(.ions ()11r! variational problems can lw furmecl in I\pfereuc('s [G]. [K. ;llld [1 Dl. 

Olle of tlH' lWÙll goals uf Cart,èlll's nlC'Lhoc1 is (() C011sl1'l1(,( (\ (,olllplete S('t 1()('ill ill-

viuiml(.s of th(' (,'-S11'11c:l11),('. Tllesc illVnriaJl(.s an' (hell nser! (0 c1('l'ivc 11](' 11('('('SS;II'\' 

illld sl1ftici('l1( cOl1ditiolls fol' local eq11ivC1]ClIC('. 

III Clli1p(.('l' ]. \H' ill crodllC'C' Ihe Cmtml cq11iYidc11C(' pm ble!1l. \ \'(' f()l'lllllLl (' t 1](' 

strllcture eqwltÎollS s,üisfiec1 hy the tautological 1-fol'lll. 'l'Il<' s('1 of suilltiolls of the' 

('Cil li Vnl('lICC pro hlcm rCllléî,ins unclmngcd nndel' gl'011]l l'cd 11CtlOIl. III Old Cl' (() so h'(' 

the Carbm l'([ni valc11cc pl'ohlcrn, onl' lw.s to C(\lTY ont èt S('CI1W11(:l' of l'('<l11C( iOlls èllld 

prolollgat.io11s of tlw structnre gro11p. The involutivity U's( of Cartall. \\'hich cx]wri-

('1I(:('s the Cll'lan-[(ahler theorem, play:::; a cl'ilien1 l'Ole in the ê11lèlh·sis. 

Tn ChHP(.('J' 2. wc' in!.l'Oc111c(, (]w eqllivalellce prohlelll for the Llgnlllgialls 011 t he' 1i1l('. 

vVe' thC11 applv tll(' lIl('thoc! of cqnivnlC'll(,c (0 filJ(1 n cOlllp]d(' sd of 1oc,1i illVmii11lts 



for fin-:t onlel' Lagl'C111ginns on the line: follo\ving t hp rCSlllts of n ['f('l'<'[)(,(' [il \ Ve 

("xplicitly dcrivc the invariants under fibel'-pl'escl'villg tn\llsfol'l Il <11 iOllS. poillt (1"iU1S

fOl'lllatiolls, and filwr-presel'ving tn1llSfOnllations 11P (0 n divcl'gcll('('. \V(' ,ds() giv(' 

the Illniu l'esll]ts 011 point t nmsfonuatic)lls 11P lu (] divergence, 

vVe idso have jo llWlltioll L11<ü Hl! the reslllts l'evit'wed ill (his ]Jcll )('l' me lond alld 

appIy jo sll1oot.h LagnmgiHns 811cllllèîpS, cxccpt f()]' tlw ('ilS(' v;!tc']'(' t!t(' ill\,()[lIti\'it\, 

test is lwing applicd, This l'cC/uil'es tlJC Cal'tall- ICH'hlc'1' t !ic'O]'('lll il Il el is (1H'1'C'!'()],(' ,] 

l'l'Slllt ilbollt ill1i11v( je Llgl'illlgiJ'é1lls. 



Chapter 1 

The Cartan equivalence problem 

1.1 Introduction 

Elit' Cart ,\Il d(~\'('lo])cc1 il methm! in t hl' cmly of 20t h (,(,lll m'Y wh id 1 l1liÜ:('S i t j)ossi hIc 

Co ddcl'lllil1(' t lie' illval'in.llL" of lllCîny gcolllctl'ic stl'l1dm'C's, This llH'thoc! is Cil11('d tll(' 

l\lctllod or Eqllivalcllcc, 

1.2 Formulation and solution in the case of {c}

structures 

1.2.1 The coframe bundle 

Let i\1 he a slllooth n-lwlnifolc1, A COCl'C1lllt' at ,1: E ,\1 is èl lillCê)l' iSOIlI(J]'pllislll 

1/ : 'f,!\ 1 --7 JR(./l, TIl(' set of "l1<:h cohnIlles hmicd a t ./.' will he c!cuot cd h\' r,' (,\ 1), (()] 

Silllply F; wheIl tlw llliutifolc1 i\1 lS dcm l'rolll t 11(' ('Oll!('xt ,) Tll(' disi(Jilll 111ljml (JI' l',i 

èlS ,/ Vil1WS (Jll III \yill he (kll(Jj(~d lJy F'(i\/) (01' silllph' F'), nlld js ('(lll('d tll(' S])(1('(' 

oC ('()CnUllCS oC\ l, Thc hasé~ poillt 111,1]) 71 : Vi --7\ 1 is dditlC'd 1)\, T.( T' ,/,) = ,/" 'l'Il(' 

gl'Ol1p G/~(II.~) ,lcts UU {<'* ou t.hC' l'ight ln' Il,.11 = y-II/. 1'01' 1/ E F' nlld.lf E (i/~(II,JR(.), 

Let If C l\ 1 Il(' ,lI! OpCIl sN, Suppose dmt 11w ')i \ i = 1. .... 1/ ,)]'(' (SlllUOt.lI) lillcmh' 



indepemlent 1-forms on U, 1) = {rl1, .. ', rl n } is callecl a (smooth) cofl'è\lnillg of (J, 

Now, let cD : If x GL(n, IR) --+ F*(U) be clcfince! by the forIllula 

1 t is dcal Uw t 

The hase point nmp 71 : F* --+ JI! is thc'll n smooth s1l1JlllC1Sioll sillet' if ({ ,', (i)) lS ,1 

chart al, Il)' E F* and (V. is H char L ,1 t 71 (111') = .r E /\ / LlWll 1 is ,1 j)l'Ojccj i()ll 

map; on the ollwl' hand. if Il is il (loC:~ll) section of F* tltCll 1/ lS (l ('oj'rCllllillg ou 

iLs c!Olllilill, Lt~t IV 1)(' illloLhcr smooLh II-mallifold and l : /\ / --+ "V 1H' il local 

cliffeoYllOl'l'hiSlll, \Vc dcfine ,1 SlllOOt h 1mndlc mal' Il : F* C\ /) --+ F* (,'v') h\' 

(1. 1) 

FOl' the diffcOlllOl'phislll Il the following dièlgrnIll is cOlmmltativc: 

F * (N) 

N 

1.2.2 G-structures 

Let M1w C1nm-lllCîuifold. Hnd G he Cl Lie snlJgronp of G/J(n,IR), A (sllj()och) C'

stl'1lc:Lnre on AI is a (smooth) submanifold Jj C F* (1\1) sl1ch Chat the n'st rict(~d h()S(~ 

point map 71 : B --+ J~ / is cl sllrjective snbmersioll whose fibers F1:" = U n F" ,)J'C' 

G-orhits, 

Tyvo G-strnclmcs ne F*(I\/) and /~ c F*(!\I) "re saie! tu 1)(' cqni\',ll('lJl if tlj('](' ('X

ists a (lnenl) cliffcomorphislll l : J\/ --+ ;Ù so tlIai Il ([3) = /l wlwre Il is ,1 (Slll()()th) 

bUlldle lllap c1cfinccllJy (1.1), l3,y Che (~qlliv()h;nc:e prolJlclll for G-sLnlcLllres \VC' llwall 

the lllcthod of dctCl'lllillillg wlwLhcr or 110t two given G-st l'nctlll'cs mc cqllivalC'llt. 

(alHL if so, in how many ways), BeforC' cliscnssing this lllcthod, wc will i !ll1s1 ]'(Î j (' i ts 



COllllcctions wiLh geollwtry by Ihe USt~ of sever al (~xampl(-'s of georllC'( rie s1.rnc:1.l\J'C's 

clC'sC'rihcd il! tenns of G-strnc:tures, 

Definition 1.2.1 [Sternberg, [12], p. :312) A mœn'ij'old is srûrllo I/.{J.(I(: a (:mnplr::1 

8IT'II.r;l;ul'e ~/ the cooTdinales of I.he atlas (Un, 'Po) (L'I'e wmple.T ond Ihe I.ransilio7lIl/,l/r:-

Definition 1.2.2 [Sternber'f),[12], p. 312) SiJ"l/,cI:l/,re A is co.lled o)rl/osl (:O'If1plcl: il 

eo.eh laru]enl spoer: is 0. uecl.oT space o'Uer C, 

.\lo(e thn( (\ c:olllplcx s( ruc:Llll'C is au cî.llllosL COlllplcx SI1'l1(, ( 11re, lIow('v('l'. (he ('()ll\'('rsC' 

is IlU! (l'lW il! gcncnîl, 

Example 1.2.1 [Sternberg,[12], p. :312) SU.jJ])ose T!O'I/J Ihal Il = 2/11 ill/ri 1('1 

1", ~ (/1:" -1;"') 
and defùi.e G C G {,(2/1I, IFE) 10 be Ihe SUbr;TOU]J olmalr'Ùxs Ihal comml/.l.c//rilh J"" 

One can ùlenl.iIIJ IFE2
m wûh cm in such away t.1wJ Jill iJewmes m'u.ll.iplicd by i ond G 

is then shoWT! ta be isomorphir: to Glo(m, C), 

Suppose T/,O'lJ} tho.t J 'ls an almost (:omplc:r: Sh"lI.ctU'Uc on a nwniIold l\ {2m ,i, (:" J : 

T!Î/ -'> T lH 'ls (), b'u.ndle map sal.isfying J2 = - id, Sinee m-dùn (;OTrI.]i!e:l:orx:!.01' 

spo.r:es me Il'IIùjue '11.]) 1.0 isomo1'phisTn, th en I.he sel 

13) = {u E P,~(M) 111,(./,,11) = Jn,u(/J) for 0.11 // E T i\!} 

11.0,8 the jJT'opf'.rty tho.t mch .fi:!JCCT' (RJ)r 'lS (1, GL(Tll,C)-orud in F~, fl.101C()'(!('/,.il is 

not difjù:/l.lt ta show thn.t when J is srT/,ool;h. /;/len sa ioS /JJ' Con'ucrsely, yhw(/. (J 

G I~(rn, C) -81;'/"II,cl.u1'e /3 C [1'* (J1l). I.heTc is (l, 11,nù]'lI,e o.lrn.osl. (:omplcr sl:/'II.r;I:/In: .J j'm' 

whu:h n = 13.1' Thus, the /;wo bnds of st'/"II.eh/,'/'c.'i (/,TC eq'lI. 'l'/J 0. 1 r: nI. , 

7 



Definition 1.2.3 !Sternberg,[12], p. 312} (An (JIrnos/' cmnplcr) slrl/dun' ./ on (/ 

2111-7r!oJI.i('old M i8 r:n.llcrl a complete .fi>r'st-onlcr inV{[TÙlnt if' 

1) fm' nT/OUIJ:l' nlrl/.osl (;OTnp!e:;; sITu(;I.ill'e !\' on 0. 2111-71w.ni'/olrl /\.J. I.hen' c:àsls 1/ dif~ 

.Iéo7rl.O'/phi8rn l : U ---7 N rlc,fi:ned on on ,/:-Tl.eighhorhood U whù:h 8atistws /(.1') = y 

whcn; yEN, Œnd 

ù) f* (K;) 'l)onishes lo sccond order al ); U' and only i/ the'f'(~ c:às/'s (], lùw(J,/, Z.'iOlnm'

phisrfl !J : 'J;rM ---7 T'JN which satis,fi:cs L*(!\y) = JI' and L*(N'J) = NI" 

Example 1.2.2 !Sternberg,[12], p. :312} Aqain. 811P1WSC !.ho/' 17 = 21/1 II.//Ji le!. 

./'11 he dcfùu;d as in the previolLs e:mmplc, N ow. hOW(;VCI. wnsùlcT Ou: SIÛ)(jlOIiP 

S?J(m .. lR) E C:Q2m,lR) COI/sisiinrj of ihose Tlw)7'iccs A E n!J(2111.lR) /.1101 . .';o/'ish; 

/1 /./111 /\ = ./11',' Tl7.'is (jnmp is krwwn as the s:lfwplcdic g/'(mj! oI l'O,TI!,; III o:lId is (/. Tl/JI

I.r·à yl0U?) oI (hm,ension 2m 2 + Tn. C:ùl(~n a S'p(rn.lR)-sl.rucl./I.Te /3 on ({ 2111-Tlw.ni;/ôlrl 

I\!. one m:n defi>ne ({ non-degcnemte. 2-I077n 0 on i\ / by lire TV.!C 

CrJ'/l'/JcT"dfJ, ihe ·IIT/Uracnes.') 'IlJ) (0 isomorphi.sm of sym1)ler:/:ir 'Ucr;{OT spru:r:s oI (1 yi,/wlI 

dim.enswn implics ihaJ. any no'n-rlcljenc'(a!.e 2-IoTm on 1Î! C01TCSI)(JTI.d.'i io (J1!.nù/,w; 

S'p( 1/1, rrt.) -8 irur:/:u.rc via this (;OTl.st:/'lI.C/l:on. 

The melhod of cq'nivalenœin I;his case wûl show ilud dO 'i.s u. r:om.plctc filsi.-mdcT' 

in·uo:l'ùJ.nl of 2-foTTns, ·i. e., 'if n and Y a1'(~ non-deqencraie 2-forms on 2111.-7rl.anif'olds 

J\! and N TCSIWr:/:ively, I.hcn for qiven 7WÙÛS T E i\1 and y E LV, llu:'If' c.Tis!" (J. lo

cal diffcom.07phisTIi l : U ---7 N when: [j is an :r:-ncir;hboThood sa/.is{iJ! nr; l (.1) = .Il 

o:nd f*1 - 0 'iJ(!'TI/lshr:s to sec07ul oTdc'l' 01. :1: if and ordy if' ihcTC e:às!.s Il. hum:!' 'll/01! 

L : 'reM ---7 'r,/\T satislljàllj L*(Y IJ ) = nT and l/(dY) = dO,. 

As the ];lS( eXè1lllplc iu 1 his section. Wl' iIl11'odll(,(, Ut(' (;-eC!lliv,!l{'llC'{' p]'(Jbl{llll r{)l' (]){' 

Lèlgnulgimls, 

8 



Example 1.2.3 Lei; G 1)(; a Lü, SU.bqTOII.]J 0./ G L(.3, IR). ln R'. wrc ln},:!: Iwo mmdi

'naie s:usl,eTns (J: ,II. 'Il'), (LTui (x. TL, TL'). C07I,sùleT the follo'lJ)ùuj 'l!Oi/'ùûùmrI! vmhlcTn.,';: 

/
. T{l:, IL. u')d:c, 

.\2 

C I(x. TL. TL')rlx. .JIl 

(] .2) 

(1.:3 ) 

WhCTC the LaqTœnCjians an, drcfùud on JI (IR. IR), and O. 0 c IR. and Ihe dqwlUlr:nl 

'/!(/,7'/ahles Il and TL (Ji/'C 'in IR. 1;(/ e define the cofm.rnes as 

{ l' 2 '.:1 '} WI' = dl!. - 'Il cl:r, Wu = 1,(:1". Il, U. )d.l:, Wu = du , 

{ -i 1,- -, 1- -2 -L('- - -').-1'- -:3 l-'} Wu = (;/1, - U G,:I:, WTJ = cl;, 'li. , 'IL ((T, Wu = cu, . 

B:u the el/,u'li/}(Ûcnce p'rOblem 0./ a G -stT1I.cf:1I.Te, we mean to ,fine! a nwp .l : l T ---+ l! 

such !.hu.l; .f* Cl T) = 1[,. ln Lerms of eofmmes, thls ammm,is !o de/erm:i'llin.q 

=L " ( 1.1) 
.1 

Ulhcrc i E G. 

\\7e C()ll~iclcr tlw pnlclncl r! x G alld the v('ctm valwxl I-fonll dcfillC:d lrv ~' = qO (Jll 

UxG 

( ] .;) ) 

\\'1)(']"(' e,,, lS èl colunm vcetur (e~" ... , e:,: )/. G Hcts on [! x G on t.he ldt h~' the Helioll 

dcfinecl hl' 

11(:1:. .Il) = (./". lin, \h E l/, \/!], hE C:. 

Theorem 1.2.1 [KamTan, [6], p. 31, PTop.3.1] A rli.tfcommphiS'm l : [! ---+ {/ 

satisfies (1.4) if and on1:u if therc crist.s a diffeommphis7n, F : U x (; ---+ [i x (; 

sahs.!JJing 

i) F*w = w. 
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ii) UIC followinq diaqmm r:ommvJ.es: 

UxC 
l' 

uxe; -------c> 

1 1 
u 1 rr -------c> 

ili) JiCr. qh) = f)FCI:. 11). fOT each ;c E U. m)(l,r;, li E (J. 

Proof Suppose Ll}(l( f s(üisfiC's rf) = .1]11(1. \\'herc f)o is cl Ci-valllcd f1ll}('Lioll Cl]] 1\ 1. 

"TC dcfill(~ Ji: U x G ---+ (; x Ci b.y F(:r.{J) = (f(:r).rJ.CJo 1
). 

Tlwn Ji satisDcs ii) Hnd i i.i). 1\lorcove1', 

CUllwrsdy. suppose (ha! P: U x G ---7 (; x G sntisfies i) -iii). \Ve ddillC I: li ---7 li 

nue! .!Jo : U ---+ G lw PCl:: cc) = (f(:r). y(~1 (.1:)). \vhel'C e is 1Iw idr'llt.ity of" n. 1']H'1l 

Ji(./:.y) = ,r;F(:I:J) = U(:I').(j(fl)I). ,me! i) illlpliC's tlwt 

TllCrefOl('. I* f} = .!Jof}. 

Appl)'iug ri 10 (1.,')), wc olJtnin 

clw = dg 1\ f} + (;rW. 

By snhstiLllLillg f) = n- I 
. w, wc obta.ill 

Hl 

(Uj) 

• 



Definition 1.2.4 [Sternberg, [12], p. :312] Le!. G = {c} be I.he ùlenl.il.y rn.n.lri:l: in 

G L(n, JR:). An {e} -s1.ructUTr; on Alis 0. submeTsion 13 c F* (Al) l.Iud inl.rTser:l.s (;ach 

fûwl 0.1. one point; o:rul PTo.jects mdo. ,~/. 

11cncc, n is sim])ly the image of Cl smouLh global scctiou of P*(!\I), i.e .. n (,oln\lllillg 

'!= {Iii. i = L ... ,n} of M. Tll1ls, an {r}-stTudlll'C'CC\l11w idclltiD('d with aglohitl 

cofnnning of il/. 

1.2.3 The tautological l-forrTl 

For the COfrè\lIlC lmudlc F* wc can assigu au JR:"-vahwd I-fol'm which hns ."OUi(' illlpor-

tau(; fllnctioual pro])crtics. This vC'ctor-vailled 1-fonn is knowlI as the' t (\11 (ologiccll 

1-fonn or the cèlllonical I-furlll. [Sternberg, [12], p. 204] 

Definition 1.2.5 Suppo.se 13 c F* (M) 78 a G -sl.Tud:/ITe and lIis Il. coJi'llTII.c. ;1 

l.o,u!.o.!o.!jir.all-I07TII. lU leS de~ncd by 

(1.7) 

On the othcr haud, il tautological 1-form lU is dcfillCcl lw t.h(; composi hon of Hl(' 

lllapS 
TII/J 

,,1(11) 1 
7~(I!)M ~ JR:" 

Let!! be n lucal section of G-structnrc 13. Sn ppoSC' <P : {j x G -7 n is dCDll( ,ri h\' 

(1)(:1:, g) = q-l'/:r, where {/ c .\1. ( 1.8) 

Therefon: c[)* is ddillec1 on T /J hy 

(1.0) 
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l\' ote (hat the c:omj)onents Wi 's arc linC'arly independent. èîlld thC'ir kenH'l is t!t(, \'('("

torl' Llwt is tèmgent to the 1ï-fihers of f3. So 11*(w) = 11 for auy local sedion 11 o!" n. 
The' following theorcIll shO\vs thaL by baving the tantologicnl L-f()nn. 0]1(' call d('U'r-

llliuc hm\" the nwthocl of eqnivalenœ works. 

Theorem 1.2.2 [Sternberg, [12], pp. :31:3 - :314] Lel FJ I and IJ'2 be G-sllllclurc.'i 

()I!(']" manifolds MI and J\!2, n:speclivcly. If f : iÎ/ I --) lH'2 18 (f rlzlfeomOlphislll. 

so/ish;inr; f~(B[) = /J'l' Ouen n(i.N'2) = WI· 

Proof The pruof is achiewd by applyillg 1 he dl,lill mie. The ful!owill,l', diil,l',nllli of' 

maps is COlnIllU tè) Li \fe. 

l 
----7 iÎ /2 

Dy :-;tmtillg wi th a vector 1./ E T/lB, [rom (1. 7) we have 

W2 U; (1/.) KI!) 

fi (U.)(1ï;Ul(Il))U;(II.)(U))) = ,ft (U)((1ï2 0 Il)(II)(U)) 

,lt(ll)(U 0 1ï1)(U)((!)) = Il (U.)(f'(1ïl (11))(1ï~ (1I.)(uJ)) 

u.(U'(1ï[(U)))-I.f'(1ïlCII))(1ï;(U)(v))) = u((1ï~(II)(I:))) 

WI (v), 

• 
Nm\' we are able tu Yc-'rify whether or not Iwo G-slrnclnres /3 1 aue! IJ'2 ,m' lucallv 

c([nivEllcnt by looking for iulq~ral manifolds oC the icleal g(~llE'raLccl lJ\' tl!(, I-f'O]'lll 

on tlH' ]ll'OclllCt lllanifold f3 1 x Th. 

Tf V/(' ('(\,11 fiml Sl]('l! an int.egral manifold r c 1~1 x /-J~ thal proj('ds (diftmlllmplli

(:(1.11\,) (Jllto t'Clch of the factor;.;. then il. williw the gl'apl1 of a s11100111 mèlp q : 15 1 --) 15," 

thnt Sèl tisnes .17* (W2) = i.N' 1. Thcl'efol'c, bl' the pl'eViOlls t hCOH'lll. the difk'Olllmphislll 

f : il Il --) il/2 inclnc<::s an l'Cjnivalcncc ]wtW<-:Cll 1 he Iwo C-sll'llctm'C's. 

12 



1.3 Structure equations 

The pmposc of this scctiC)ll is to show how to fincl Cl COfl'iHlling on (l (;-strnc(me f]. 

Let \/ be an n,-vect.or Spè1C:(, \Vith the standard hasis Yi, (i. = L .. " /1). 'vVe c!euo!.e the 

basis elements of \/* by yi 's. The tantologicall-form lU on F*(i\!) ('an 1)(' l'(~presc~utcd 

ns a vector-vn.lned I-form 

wherp Llw 's arc I-forllls ou F*(lH), 

Lc,t Cr' he: an s-dimcnsional Lie group alld g C gl(n.lR) = \/* he 1 he ('(Jl'l'('SPOlldillg 

LiE~ algehra. Leil/ n . l 'S (\ 'S oS cluloLe the bnsis clements of the Lie é1!ge1m\ (J. B\' 

((înonÎcal illclnsion (J'-7 \/ :x: \/*, each 1/" C'i\l1 be \vriUc;n ,\S 

Le! 'I} = 'IliV; be a local section of '-3 with dOlllain [J c M. Thcre m,'c 1ll1iC[lH' flll}('ciollS 

'/'i 'L" l 1 1 p.- = - 1.) sn(' l (, la ' 

(l.l()) 

Gy wriling 

1 '/. = _'/" \"9,, v.i 1\ vh-2 .11.: 1/'0.· • 
(1.11) 

ancl hy ('onsidcring 'L'as Cl fnnc:tiofl l'rom {l to Il:>:, i\ 2 
( Il*). 1 his (:nn 1)(' wri li ('Il ,\S (\ 

vec:lor eC[nation in the ['onu 

( l , 1 :2) 

Consiclel' <T) : If x Cr' ~ 13 clcf}ncd hy (1.8), Let fJ 1w (\ (,Olllll'cti()u ()J] /J. i.(', th'!'c' 

cxists ,\ g-valncd I-fonn O() ou {j snell thal (D*(fJ) = (j~ldr; + ,1(-1 (-)o.r;. Ou tll(' othe] 

hand, (\ccording to cC/natiou (1.9) \Vc~ ]WV(' <D*(:.v·) = ,q-l I}. 

13 



Hence 

cj>* (dw) -1 -1 -1 -1 _1 _Il-Ir' rl(g Il) = -g dg /\ ,1] T) + (J dl) = -(J dU /\.ri 1) + 2(j / (1) /\ 1)) 

1 . 
(-,q-Idy - ,I]-lBoq) /\ (,1]-1/)) + g-I(Bo /\ Il) + 2U-IT(II/\ 1)) 

1 
1)*( -B /\ w) + .17- 1 (Bo /\ 'I + 2T(I) /\ T))) 

(])*( -B /\ w + ~T(w /\ w)), 

TherdOl'c, the finot st.l'1lct.m'c equahon of Elie Cartan holds 

The func\.ion T = ~J';" ViX Vi /\ vI.: is callcel the torsion fllnet ion of (he ((JllllC'C( ion H, 

\\Te call "Iso rl'prcsent. (he I-irst stl'llctlln' eqllahclll llY 

1 i. ~ ~ i. ()I.:/\ 
(Cv' = L L (/jk U 

1 . ~~ .,j/\,,1 + 2 LL j/W cV, 
(1. n) 

.i l, j 

\"0\\' c:ollsider Hw cffcd on T of dwnging the c:onneC'l ion, For èl ('ollJl('cti()]J () wc' 

have B(X,.) = iJ fol' any '1) E 9 (1-1e1'(" X 1 • clcnotes the vt'dm field 01! ni· :\ow, h~l 

B* lw anoLhe1' cOllllecticlll on B, The cliffenmct~ B* - B is a g-valllcd I-fOl'lll ml /5 

tlmt vc\.llÜ:ihes on vedors tangent to the fibel'S of 11 : 13 ---t J~ r. llc'w'c', tll('l'(~ ('xis(s Cl 

unique fuuc:tion TJ : 15 ---t gg. V* so tbat B* = H + !J( w), 

On the other halle!, for an)' G-cquivalent 7J : 13 ---t g:x: l/* ancl CUIl' COIl!W(,( ion 1-fonll 

0, the fOlTllllla ()* = B + p( w) ddincs n conncction 1-fonll 011 /3. 

Tllé'refOl'é' 

whcre T* is the torsion fnllc(.ioll associat.cd 10 B*. IL follows (ha t 

wlwl'C' 

(1.1-1) 
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is tlw C-eq\livalcllcc lilwar llW]) cldined as the composition 

(1.1:"») 

\vhere the fir:-;t, llmp i:-; the tcn:-;or pl'Oclllct with \1* of jhe iuclllSioll g '--) Vx 11* èllld 

tlH' :-;ec:cmd nmp is skew symmeLrizaLion of Lhe second (wo factors. 

Thcl'C'fol'c 

This [ormuln nccessiLaLes sjuclying the kCl'llel ,"nd c:o-kenlPl of the !lmj) Il. Thcs(' 

spnC'c:-; have spcc:ia.l notations and names 

(l.Hi) 

The spacc g( 1) is knowll as the fil'st, pl'OlClllgèltiOll of g élnd the spacc nl', is kll()\\'ll ,1S 

the illtrillsi(' t.orsiOll "pace of g. 

1.4 Reduction of the structure group 

N o\ov Cou:-;idcl' the cx,1d sequcllcc con:-;Lructcd by (1.15) aud (1.16) 

(1. ]7) 

Definition 1.4.1 [Kobayashi, [8], p. 1G} Tllf: kfTTI.el 1',(1) 1.8 nûlcd Ihl' J7/.'·;f Ji/'()

IOTuFûion of lhc Lie oJr;clnn g. 

Ln! T lw a l'llnc:tiou t'rom U Lo Il @ A2 (V*) ,1S clcfirwd in (1.11). vVe c1dilH' !.lu: 

sl'f"ud'1LTe {;enSOT TU as the compo:-;itiou of the P1'ojcct ma]) 7JT : li x Cr' -'> Il and F. 

Tlwl'cforc 

TU = cr 0 p'/'. (l.18) 

Tlwrd()l'c, T(.r. ,r;h) = lJCq)T(:I:. li), \\·hc1'C /J is the G-,lction iu III!' "'J()'X wc denuc 

1:) 



as the stability gronp oC T( 1) for a fixecl vcctor T( 1) E Td (j x G). 

The following thcorem gi ves us a ncccssHry condition fol' sol ving the (,'-('ql1i Val(~ll(,(, 

pl'Oblell1 (1.4). 

Theorem 1.4.1 [Sternberg, [12], p. 328 j Fol' I.hc eqv.'h}(Llence Vl'Ohler/i (1.-1) Ihe 

Iollow'inq dùu]7mnis r:ommulo.l.ive. 

1/xG· {jxG 

~/ 
TIc 

In prac:tic:e one c:o 111]) n t cs TC allc! TV b~r clloosing an cquivèlriant. spli U.ing of the 

SCql1C'llC:C: (l. 17). This procedure is kllown as absorbLion of torsion and is c!es(,l'i hed 

in t lw followillg. 

Absorbtion of torsion 

COllsiclcl' Ule cofnuue 

W - {" " } ~ W[. ""wn ~ 

ane! the corrcs])oncling G-eqllivalenc:e problern. To solve the cquivnlclJ('E' prohl('IlL 

vve' intl'Oclnced the liftcd c:ufl'ClIue 

\IVe have 

rfl, 

ei. = L.9jWj, 1 = 1, "" /1. 

j=l 

(n 

dei = L(clg; 1\ Wj + g!clw)). 
j=1 

13y rewriting the ahove fornmh, in terms of ei's wc' obtain 

rn ln '-fI 

(lei = L 1\ (J) + L LT1ke) 1\ eh;. ; = 1. ".1/) . 

./~I )=1 h~1 

~()t(' that the torsio]} coefficients. i.. 111'<' cldiuecl l!\' th(' stl'l1n1\l'C' gl'OllJl (,' \\'!Iicll IS 

('valllnl cc! hy 



Rewriting the structure equations \Vith respect Lo l\lanrer-Cartan forllls. 

ru, rn 'In 

dei = L L ajk(Yk A ej + L L Tikej A ek, i,.1 = 1. .. ,111. 

)=1 k=J j=] 1\'=1 

VVe n~call (hat wc arc nltirnatdy looking 1'01' 1-fonns tha t me illVClriClut lllldcr the 

nc:tiOll of the cliffeomOl'phislll 1> : JI ----7 JI such that 1>* (I) = L. Suppose' (he 

cofralllp correspolldillg to L is defillecl bv c;) and the cOl'rcspolldecl lif(cC! ('0 fn1lllC' is 

\V hcrc 7j E C 

The structure cquatiolls COlTcs])onding to the cquivCîlcnce prohlclll (\1'e giVCll h.\' 

i = 1. .. " 711. 

j=J j=J ,,=1 

\i O\\', in order 1.0 solve the C-cquivalcu('(' problcIll. wc l'cd 11 cC' the prohlclll (() (hl' 

{(; }-eqlli vnlence case. This is clone by ahsorbtion aud nOl'lualization. 

8y ,1 bsorbtion of torsion, we clilllinate é1S mauv of the torsiou coefficient,; ,\S !l0ssi hle 

hv replaciug the l\L\urt)]'-Cartan coefficients (l'he by 

nA + L lT~eJ' 
k~1 

HowcyC'l', tlwrc lllight still 1)(; souw lUl-llonllali"C'c! llou-illVari,\ll( comjlOlH'll( s l({(. 

vVe will rep(-)at the ahsorhl ion-llorruHlizèlJion 1 )l'occss for the l}(,\\' cofnlllll' n' 1 mi 1 ( h\' 

tllc prcviOlls il I1sorbl iOll-llormaliza !.iOll pro cess . T\vu cases ll1igll (. ()(:Clll·. 

III tlle first case, wc would 1)(' able to dilllillatc all torsiol! ('Oll1POll('IÜS, 1111<1 ,dl gmllp 

panllllcler:o woulcl th('u he clelcnnillcd: t his lll(,ê\IlS (hat we coulel ]'C<111(,(, t1](, pmhlelll 

(.0 Llw {c }-eqlli wdcllœ case. Tlwn we cOlllcl en.sily fiue! the invariants. III t ll(' S('C'Ol}( 1 

case .. thcre woulcl he somc torsion coefficiellts remniuing whic:h ,11'(' 1').('t('<1 ou trivi,dly 

bv the stl'1lcLm(' grollp. \\7e woulc! (hcl! llC'l'cl lu prolong the grollp sLn\('(lll'(' a1ld ,l( 

(~11('!t sV'j! of' prolongaholl: n pp ly t!tc, ahsor!ltioll and nm'] 11<\1 iZel! ion 1I]('1110d. 

\Are now retlll'll (;0 the lllaiu prohlem. Sllppo:oe P : {j ---èo IR'.. \Vc: cl('fim' the W/I(I,/,ù/,nl 

rlerlvoJives F.i of flllldioll r by 

dF = LFi.w;." (l.lD) 
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Dy cquation (l.IO) wc stated that 

dW~J 1 'l~,i ( ~ 1 Il ) ; 1\ À' 
2)1,: :1: •... ,.r Wu wu' 

1-; . 1 -1'. (,,1 ~I·n )-;-:-;.1 I\;-;~ 
2~~)À' ,C ...... ' v.- u '"-'ri' 

Tlwrefore 

1I1oreover 

{ * ( 7-; ) -I{* (-i ) ,i . (,0..,,'[/ == CI; C-0'TJ == (,Cv'l1. 

TlwrcCorc (f~À') = F;I,' Now .. v,'c dcfinc '1'jI;) = xu/r;I,' "'bere (X~) = cl/'. 
Tllcrcfore 

dl)" 
n'; 

((,} )'d 

The same argmnenL will show tl1ê<L 

alld in g(~lleral 

['*(7·
1

.) = Tl. where l <:::: 7.j./;.7 1 ..... 1)) <:::: /1. , .IL' .IA.l1 ... .1" 

( 1.20) 

(1.21) 

Nov\'. suppose {II: ... I",} is El maximal fUllctiowdly indc]JC'lldcllt sc! or 1'1l1JC'tiollS 

sl1cll tha! for an)' linem coruhimüiclll of Ti" .. T]J,:.I
I

' .... Tiu" . Sc'.\' F. \\'(, hm,' F = 

1"(11 .... 1,1')' 'fllPrdorc either '1' = n or 1" = 17'+1, Sirnilmly, \VC' call gd tllC Smll(' 

lllaxiumi illdcpclldcn!. sel, of {Tl, .... T,,,} C:OlT(~SpClllding to tb(' oth(~r (Ofnlll]('. Uy Il)(' 

implicit fllnc:tion thcorelll, Xuj,(I,) = I(d = F(!I' ... , I,J. Likcwisc. X:;;/, (l,) = 1"./ .. = 

1"(11 . ... ,7,,,). 

Theorem 1.4.2 (CaTlo/n's t;heo'('(:m)[Sternberg, [12], p. 344) Le/. (/J. (1) E ru) 
thp. gTaph of n. ditfeOlll.orphism, l : U -----) Il. The f()'rrl!.'IIla 

( 1. 22) 
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18 s at'is!ù,rl il and mû/) if 

1) Ranks (f/nrl lahels TTudch,uc, 1 = /, 

ii) II(p) = I,(r;) fo/' 1 S; i S; 1/), 

i ii) F and Pare Uu; SrLT(I,C fl/,ndùms oI I.heù' n:speclive !/.r!]urnenl.s,' i, c, F(fl"." l,,,) = 

FUI .... ,1",). 

\Ve llOW statc Cl kcy theorem which dC'scrillCs the above (:()nC(~pt pn'cis('ly. 

Theorem 1.4.3 [Gardner, [5], p. 38) The Carl.an equivalcnu: p'/"oblrcrlis 

r =L 
j 

when: hi) E G, and 

=L 
j 

( 
(1)) ~ when: Î} E Cr (1), have Ou; same solul/ion. 

Proof DdillC the G-vnlu('cl cliffcomorphisms (}~) : II ---t G alld a~;) Il ---t C; snch 

thn t; 

) j i{ 1) 
u...,'[I == W{} and '" i.(I) - 7 _1(1) 

~ a v, W\i = ~'\' : 
j j 

rcsj)(xtivelv. Now, 

1) 

lIcnce in order for l to he a solution of the second cquivalencC' prohlelll, Wf' u('('cl to 

show Lhat 

Hl 



is a G(I)-V<1h18d CnllclÏoll. 

N()(~ tha! for ,111:/: E If, Tu(.r. ŒB\t:)) is ill T[.(1f xC). Oll the oUlcr lWl!d, hy (1.18). 

T(I) TU (:1:, a;/) (:l:)) = (TV 0 /)(.c, Œi))(.l;)) = Tv(.f(.I'),Œ;;\t·).i(.I:)-I) 

TV cr (./:) . Œ i) ) (.l:). ~rCl:) - 1 . (Œ;l) 0 n -1 (:/:). (Œ i;) 0 n (.1:) ) 

!)(Œi~\r)'Î(r)-I.(Œ~I) 0 .f)-I (:I:)).Tv(.f(.I:). (Œil) 0 f)(./:)) 

p(Œi)\t·).~((.I;)-1.(ŒU) 0 .f)-I (.1:))T(l). 

• 
VVe can now apply UJe nhove theorems to show that the G-('qnivHlcuc(~ prohklll given 

by (1.22) cal! he rednccd !o the G(l)-eqnivalcllcc problclll sUell that h()lh h(\\'(' the 

saIlle sol u Lion. 

The proœss 01' n~d11c:ing au cquivn.lenc:e prohlem (0 n llCW OllC hy rcd11cillg ilH' stnH'-

cure group G Lo its stability group G(1) is ca11cel a (Jnmp Tcdw:llon . 

.\iotE~ that ill the case of {e}-structun~s, the coC]uivalcllce problcrn rccluccs to l1llclillg 

diffcOlllorp hislllS f : U ---7 V snch thal 

(l. 23) 

Tlworcm (1.4.3) in Cac! daims Lhc1t we can l'educe the initial C-cqnivalel!cc' proiJl('lll 

tn tllC' G(h)-cqllivnlcnce prohlcm hy ind11chcHl. 

VVe lwej) reducing C(I,) ll11til either C(I.) = {f'} or C(I.) cf {c}. th011g11 tl](' C(!,)-iwti()]] 

Ol! llg(kl is trivial. III the l1rst ('(Ise, wc ('(\lI solve the {c:}-cq11ival('w;e prUlll('111 !J\' 

11 Sillg ilH'Ol'Clll 1. 4.2. 

20 



1.5 Prolongation and involutivity test 

The other case is vdWll G (/,) 1= {e}, bnt the ac:tion is tri vial. 

;\ow we ddinc: the first prolongee! group. 

(P) = { (1 0) 1 v E ken)} (A) 
v 1 

Rc:calling cquntion (1.16), Gi~:~ is the first prolongn hOll of the stn bili ty group (;(1,). 

COllsiclcr the ta,blcHu TlIèltrix [Zi] taken t'rom the cqnation (1. 13) 

~ = (~ajhJh). 

" 
\Ve clt;fill(~ the reclw:ecl Cm'tan chèm:1Cters [5] a] . ... , Œh' by 

whcrc 

Theorem 1.5.1 (Ca'I'icI?I'S 1?IUollli:'lUÛfj U:st)[Ga'rdne'r, [;')] , p. H} Thr: sys/r:1II is 

'inill{)olll{,ion U (]nd (JI/h; U 
i (1) , 

(.7777 g(kl = L.-- Œ". 

1'=1 

Theorem 1.5.2 [Kam'ran, [6], p. 47, P'rop.3.8) The Carlan f:(jIl:iI1aleru:c Jlmb-

lems 

.r 0(7 = ~ ~/j0J/; : 
j 

) E (/, aurJ 

whcl'c 

On the otl]('l' haud tll<' solutioll of the illitÏ<l] r:Cjnivalcnc:c prohlclll dJl(] (]l<' ('Cjl1iVil]('ll(,(' 

problclll of the first pmlongcd group l'(:du('tioll è1re the SillllC. 
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1.6 Conclusion 

VVe saw thaL the solution of the initial cquivalcnce problem is the SeUll(' ilS t!Je 

solution of the G(k)-equival(~llce proble111. Wc also shmvcd that if G(h) = {r:}, (hell 

h,v theorctll (1.4.2) wc call casily fincl the SOIUtiOll. On the othcr halld. if C(") 1= {c}, 

the group actic)H is triviaL HUc! the involutivitv concliticJll is not siltisfied. wc lllust 

the proloug the SYS!.Clll once jo obtain the prolonged group Gil.i. Dy theorelll (l.:). 2) 

wc know that the solutions of the initial problellls are the sanw as (hos(' of t Iw (,'i;} 
c'C}uivnleucc pl'OhlcIllS. At this poiut wc nxlucc the Ers! l)l'oIOllO('cl "n)]ll) to C( 1) 

n' n (1,)(1)' 

~ . '1' ("(1) { } fi hgalll, 1 1 (1;)(1) = e , we can casily 'nd the solutious. If' ("( 1 ) -f- {} 1 
1 (k)(l) Î (. t 1(' group 

action is triviaL miel the illvollltivitv cOlldition is not satisfied. wc nl1lst th(,11 jll'Olclllg 

the gl'OUp 1'01' the second tillle and wc repent the above aigorit.hlll. Acc()l'dillg to t IH' 

tlWOl'Clll CartHn-Kul'Hnishi [1]. vVC shoulcl obt,1Ïu ,H! involutiy(, syst.C'lll aftc'r (1 nuite 

llllllllwr of prolongations and recluc:tions. 

Theorem 1.6.1 [Kamran, [6], p. Ll6, Prop.3.7] flU/p inol?di?Ji!.y COTu!i/.ùm is 

satisfied and fhc coc.ffù:ients a},) and T; li: arc cons!;arû I.hen !.he sel oI self~r;quilJ(J.I('/I.(,(: 

fOTTns (/ Lie ]Jselldoqroup of infinitc type. 

In this dmptcl', C (lrtall' s nwthocl wn.s introd ucecl to find the soIn tions of the cq 1 !Î\'(l

lcucc pl'oblclll. lu the ucxt chapter wc apply Cartan's cq1\ivnlcn('c' mdh()d to filld the 

solutions of a cli1ssic:al cCjllivnlcllcc j)l'oblclll in CEllc:ulns of variatious, fil'st 0['(1('1' Ll

grangians on the line. Exmllplc (1.2.:3) expressed th(-~ G-strnctme (Jf the Lagl'ilugiaus 

equivalel!CE' problem; in the beginning of chnptcl' 2, the eqllivnlencc j)l'Clblem fOl' first 

()l'der Lcî.grangi811s on the line will be derivcd. LaLcr on il! t.he dwptcl' \ve \\'ill show 

how Cal'Lèlll'S lllCt.llOd givcs rise Lo a solntion to the Lagrn.ugiau c<jlliVed('IlC(, pwhlc'Ill. 
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Chapter 2 

Equivalence of first arder 

Lagrangian on the line 

2.1 Introduction 

Civnn fUllctionals 'L ['II], nnd Ir, [TI,] conesponding to the Lagranginlls, the prillci ]lèd 

qucstiOll in eqnivalcll(,C' of fi1'st orcler Lagnmgians on t 1)(' lille is to kilo\\' if tIH'l'(' 

cxists èÎ local cliffcolllorphislll <D : .Jn -----:. .J" sl1ch Lhat 

<D*(lrJu]) = 'du.]· (2.1 ) 

Eqllivalelltl,v, given wL alld Wu we \volllcllilœ to kno\\' if tlwre C'xists (\11\' (1) sl1cll Hw t 

<D*(wL·) = L (2.2) 
j 

wllC],c 

: U -----:. GL(n. IR). 

vVe consiclc1' the special case of equivalellce of first -order Lagrangi<ms ou the lille, 

1. ('. 

'du] = /. L(:I:, 11," )d.r. 
.0 



where Il = 1, 1/ E lIt and n ç lR. IIf'llCC Hw prohlem reclllc:es to 

'dll] = l q.L Il, u')r!./'. 
.Jlf!I 

(2.:3) 

Definition 2.1.1 [K amTan, and GlveT, [7], pp 33-34} Th~l'C eTi"!,, (11, Im.s/. si:!' 

versions oI /.he crtll:iv(Jünœ ]JToblern lm' /.he LOfj'l'o:nJjÙLnS ot! /.he linc. 

J . Standard fibe'r ]JTescl'ving rnup: 

ln [his case, the two Laq'l'angians arc rda!.ed bU 

- I~ 
r~= --

de/J ' 

where J 'is !.he Jacobian oI Ihe '1/1.oJrh; Di'Pi , and:T: = 'P(:J), fi = I;{/:,U). 

2. S!.o.ndard Cjf:neml f!Où7.I. !.m.nslormo.l.ions: 

In !.his r:ase, the relation bct:ween the two L(ujTrm.gùLns is the sanuc as in !.he Vn:ïJÙ}// .. s 

case: hut ;(; and /1. are tTo:nsformcd by 

l' - ·~(r '/1) 'fi =1/:'(:1:. '11.). ,', - y." " 

,J, S!.o.ndo.nl eonl.ad t.m.nsIorma!;wns: 

ln /.11.'18 case, 
- L 
L=--, 

dei J 

i _. ( ') - 1 ( ') ;'1.' = /v(.·)"" ')1., '11.') a'n( :c = :p :C, H, '/l. , '/l. = '1/) :l:, 1/., Il " .\ 

,;, Divergenœ f:(juùwlenœ ]JTohlctn faT .fiber-p'I'cse·rvingmop: 

l'II. lhi" case, 

andf: = 'PCI.} Ti. = li{r, Il). 

L + divF 
1/= ----

delJ 

5. Di/Jf:l~qenœ f:1]'u:i1!alenr:e lOT f!oint. im:nslomwJwns: 

ln iJàs m.sc, 

and .f; = :P(.L,II.) ,fi =I:{):,II.), 

I~ + dil'F 
L=---

lieU 

6. f}i'!wl :!Jc'I/,n; equivlûr:nl'e fol' W'II,!.IU:/. 1:/'III/,.';fO'l "rrw 1. UJ1 I.S " 



ln I.his cas!C. 
L + di/iF' 

L=---
deU 

l - ( ') - . ( ') -, ( ') o:n(. :l: = if :C. H, It. .11. = 'I!) ./:, 1/., tI. ,/1 = X ,1:, 1/., v, 

Theorem 2.1.1 [Kamran, and Giver, [7], p. 43, Prop.3.5} " and JJ lW:lie I.he 

saine EuleT-L!UJTanye equa/ions if and only ~l 

- L+divF 
TJ = ~~~-

deI.! 

ln the di vergeuce equivah:uc:e problelll, we arc clealing wi th t.he ElllC'r- Llgnl 1112,(' (!C!ll()-

tions of the two Lagrangians insteèld of the Lagl'élugians, tlwlHsdvE's, 

Theorem 2.1.2 For the ,~:-r8t ordcr Lagm:ngian eqni'/I(J.lence pTOhle1l!, on thc hnc; nf/if 

I:wo L(J.!Jmngians 1.1 and 10 o:rc divergence c(ru.ù;alent under conl.ad. l:m:nsj'07"I1/.a/.ùm,8. 

Theorenl 2.1.3 For !.h!' slandanl cq?l.'ivo)cnce pmblcm. con/ad ŒT/.d ])()inl. 1.,/'(f.lI.sj'O'I'-

nw.li(7)s on: I.hc smne, 

Definition 2.1.2 [Kamran, and Giver, [7], p. :35, Def.LI) 'l'lu: LnJjm.TUjÙI.!I.' 

IJ and [ (l.1'!:m.-equilJO.lenl. if L is mo,pped to /, by 0. 

11/ = 1 : st!/:ndanj .fiJwl'-pn:seTvinq rnap. 

1/1 = 2 : slanrio.nl conloJ:1 l:ro:nsfo7"mal;i,O'Ils. 

III = :3 : ,~JJeI'-l)T'(-;se'/'vin.(jmop np to divenjenœ. 

III = 4 : ?loinl I.rans./onnal.ùms v.]) !.O dÙWHjence, 

2.2 Formulation of various notions of equivalence 

Cousiclcl' the basic cofnlIlIc {WI' W2. û':), w-d cldù}('c] by 
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Wc cldinp [Kamran, and Olver,[7], p. 41] l'om Lie snlJgroups C'II' /il = 1.:2. :3.-'1 

of GL(:3,lR.) anc! CL(4.lR.) by 

al 0 Cl 

(;1 = { Cl 1 0 : Cli. E lR., CI 1 .O(j =1= ()}. 

({,4 ({,s CLr; 

( h, 
() () 

l G2 = { b2 l () : Iii E lR.. b 1 . h(i =1= ()}, 

!J ,~ I)G /l(; 

(: 1 0 () () 

() c::, 0 0 
()J = { : Ci E lR.. (' 1 . (:3 . Cu =1= O}. 

('4 ('c 
.) ('f; () 

('-
1 c:; - l 0 l 

dl 0 0 () 

rl 2 cl" 0 () 
C 4 = { : di E lR., dl,d:;.d(; =1= O}, 

(L~ dr) dr; 0 

d7 ri:; - 1 0 l 

By the Collowing them'cllL wc abtcüll the rclatiollsllips l )('1\\'e(,11 the ('C/ni v,1!('ll(:(' oC 

two L\grnngians auc! the' Lic gr011])S CI/ I.' 

Theorem 2.2.1 [KamT'an, and OlveT', [7], p. 42, Pmp.2,l] Thc/I' {'risls (/ rlir 

ICOTnm Ji hism 

(1.> : .J 1 X lR. --'> .J 1 X lR. 

sucl! ilw.t il. satis!ù;s (2,2) iI an.cl onl]) iI Land l arc afu.ivalen/.. 

2.3 Inductive method 

Befmc stmting ta cxplain this lllethocl. we shoulcl mcnLiuu (hat. sul\'iug t.he Li\-

grangian cqnivaleucc pl'Oblcrn in gpneral is noL very casy. The task bc(:ouws e~è\si('l' 
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if wc ll~C !lw ~olllti()l1~ of the ~illlple]' ca~t~ to al (nck the lllore COl11plic:al.('c! Oll('. 

SllppO~C wc have (,'vvo ('cllüvalcucE' probleUl~ with the S(\111C COfr(\UlC w'. 

Ld C, alld If (,OlTC~]l()lldillg 10 the cqllivnlcncc prohl(,lll~. ])(' two ditf(~l'(')tt ~tl'llC't,lll'(' 

gmllp~ sllch Chat C c 11. SlljljlŒe (hat wt' cOlllc! ~olv(' t!Je Cr'-eql\ival(,lj('(' prohl(~lll. 

The inclllc:ti ve met hoc! ~l1gge~t~ that instecÎcl of ~ol villg the 1-I-cql1ividellc(, pl'()hlclll. 

whicll i~ lll(Jl'(' COlllplicatcd, we \l~e lhe ~()ll1tion of the C-c(llüval(~nC(' prohlclll <!i

n'ct Iy. Tlwrdorc, insLead of solviug the G-cql1ivalcIlcc problcIll. hy <!('tcl'llliIliug il 

map (Jo: U ----'> G ~l1c:h that 

(2.'1) 

we l1~t~ the adaptee! c:oframe 1) = h . .rJo.w a~ t!Jc ~(arting poiut. 

2.4 The fi ber preserving case 

vVe cOll~ider the coordiwücs (:1:,u.II') OH RI (or ./1 (lR,lR)). Th(, ba~i(' cof],i\llH' Oll 

n x lR is giVCIl ] ry 

w/; = du - pr/:r;, 

Fm 011]' case, the st èînclarc1 j-i ber- pnèscrviug aud point tnUlsfollWüiol\ (~q 1 li Yil ]('11('(' 

problcIllS Imvc the SêlllW cofnu11c w giVCll in (2.:i). The èlppropriat(' qo E c: Cor 

~ol ying the: Cr' 1 -cCJl1i valence problem i~ gi ven by G 1 frolll tlw pr('violl~ P()g(~. N ()\\'. 

we can ('a~ily l1~e t1li~ solution to derivc thc [()llu111a~ for t.he invariant ~ oC !lIC poillt 

Lral1sfonuation problcrn. To do this, i t is euough to a~~lUUC' chat tl](' 1 i ['('cl CUCnl1lH' 

of UH' G~-cqllivalcllcc problclll 11il~ the fonu 

By ab~orbti()n aud llornw.lization of torsion we ccm thCll explicitlv hwl the !lèl]'(nlH'-

(crs of the liftccl c:ofnunc '1. For the ca~c~ G:", (Îw! G_1, the dimcusiou of Ihe ('oCnllll('~ 
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is 4. So, we can aele! Cl c:omponent 1,0 the basic co1"ramc W of tlle stillHlmd fihel"-

preserving equivn.len("(~ problcIll so as to obtain a silllilar cofnUlH' 1"0)" tll<' (/1. (,'1. 

llle( b()cl of illdllctioll to the case tn fine! the aclaptcd cofnllllC whicll lcèHIs liS t() filld 

the illvarialll.s of the strllctll)"(, eCjlwLious. 

SLawhlrcl FilJCr Prcservillg Equivalence Problcll1: 

This is the 111os1 dClllcntmy case. LeL W1. W2. é0';j clellotC' the hèlse 1"nl111c aud he 

oivcn lN h ._ 

Nuw, we clefinc ncw variables 

~ 1 = (f. 1 W 1 = al du. - ({ Il)(z.,;, 

By rewritillg the ah ove eqllations with n~spcct to Wi 's, wc obLaill 

W - ~ç 1 - ("1'-,1, 

\Ve llmv compute the exLerior clerivalive oC Wi ·s. 

dWJ = -ri)) 1\ (!:t: = j~w2 1\ W;j 

dW2 = rl/~ I\(l:c = (lJrd;/;+ IJ/ldll+ lo[,dp) I\d.); = [;:'WII\1.012 + 1;~'1.0'll\w'" 

dw;) = 0 
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Detenniniug the differentials d~i and rewriting the cqnations in tenns ()r tltt' ~i 's, \H' 

obtain 

rlE,1 = dOl /\ (1. )~I + 11
/

1 
(2/\ (.-L6 - ~E,I - (/5 E,2) = 01 /\ ~I + TI:n6 /\ (; + T112E,1 /\ ~2. 

(l 1 n() . (!,lo,b n(! 

dC" = Lu (-.L)Çl /\ C2 + i:.L(Jc.C., - ~Çl - a"ç,») /\ Ç2 = T212 CI /\ C2 + T')2:J ,) /\ cc:;. 
1....,,,,, L n, 1 ~ <..., L (tG S,d ({ 1 on!'" an '-.,........., 1...., '-., .... ,'-.,...., ...., 

+W'!'I'(~Ç, _ ----'!:LC _ nGC )/\ç') +da'/\ (.-Lc, _ ~ç _ (/",Ç,,) = 
L a(;....,·) (r[an""'] o(J'-.,2 '-.,..., h n(i'-.,·~ (/la(j'-.,L ({(j'-.,-

W]lCre 

T:n2 = 

l 

({I 

al 

'-'al; 

(\'-1= 
(fl(f.fj 

(f.'1 
TI 12 = --, 

06 I~ 

a~ + (f.5(J.()JII - a4a:)f~p 

al al; L 

anf/II,;, - (I,,',dali 

({fi 

nr) l~ Il - (/,4 LI) 
T212 = 

({ 1 a() f" 

ri (1 (i 

ne; =-
Il (i 

As rrwlltionecl carlier, in Chis llwthod we try tu climÏr18tC' as Imllly Til"\ as possible. 

For C'xaIllplc, by taking 

vvc have 

CUl) 

r76 = T212E,J /\ (2 + T223E,2 /\ (;. 

rlE,:J = n,! /\ E,I + (tr, /\ 6 + O(j /\ (3 + T:1l2E,1 /\ (2 + T:mE,2 /\ (J. 

wllcre (1:1. n~. n;J' nt; fonn a basis for tlw right-iuvariaut, I-folTlls ou Li(' gr()l1]l (,'. 

The ouly u'lllaining Ti/" 's (1)'C' 

(fI 

l,al; 

({,(; I~II - (!.cl/,p 

(f, 1 (I(i 1" 
- 1"1' 
O(i !~ 
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Normalization: 

(2.jO) 

Gy ;-;llh;-;htlltillg the exprC;-;;-;I011;-; (2.5) into the fonllllla;-; of the lift.e<! ("()fnll11('. \\"(' 

oiJtaill lle\'\" ('xprC;-;siollS ror the ;-;tructurc C(!lWJi011C;. 

Dy ;-;llb;-;Litlliillg thE' 11('W vaIlles for o;'c;. we oht Clin 

(:2 = uh 

c /~". + + LI' l,:; = T uJ 1 a.', uJ2 T(.v':;· 

TI cpentlllg the previolls procc;-;s. \VC hw 1 HC\\" ('XprCSslOllS for tl)(' rle·;-;. 

wl]('re 

rl~1 = (Œ/! /\ uJl + LT,duJl 

rl(2 = rlW:2 

TIlCn~C()re 

17(2 = dUAl) = cl [; /\ de = (( /,,~n', i2
+,

!/,,, )6 + 10(;) /\ (*)6 = -("2 /\ (\ 

(2.11 ) 

dl:; = r!(h) /\ (..L)c] + h),c2 /\ (..i,':\ - _0_.1 t l - oc, r'i) + rlao /\ (! - O"(i /\ (; 
...., [.1 ,LfI "-. !., L<'" {/,(;\..., (/l(/{j'> (/\jl.,,,,,, .) ~ .) - . 
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wlwl'C 

N uv\', we nunlwli:;s(-~ TI 12 tu () bv choosing an èîpproprièl te (/-)' 

ThCl'cforc 

(:2.1 :2) 

\Ve llOW ddille tlle Clp(~rèlt()]' t; bv 

() iJ 
1), = - + 7)-. 

iJ.r (J// 

13y s11bstitu(ioll, wc o1Jtaiu 

(:2.13) 

l'\OW. we sllbs(i(ll(e 

~ lor/2 
(f,- = ~--~ 

., T)' 

Whl'H' 

Tlwl'efore. 

(:2. j 4 ) 

\Nllich i:-; the fil'i:it. illval'Ïallt. 

The invariant ('o[nl1lw is 1!()\\' c!('tel'Illi1!cr! hy 

:31 



wlwre 

(2.1.)) 

llCHCE' 

6 = lAI' 

(; = [;~' (du. - J)d.l') - \Q rl.l + It ri!) = d(log /0) - j),. (log I~ )rI./. 

yvhere /).'/' = ~ + )~ + ()JL !J;t / i)lI r: !JI' . 

\Ve have: 

(2.1(i) 

wl)('1'(' tli(: explici( rmlllS or t.he illvmiallts Il. (.2. f:l will 1)(' givcll 1)('1()\\. 

Thc covarimlt dc]'ivMiws 0(' P witll ]'C'spcct (0 the cofnllllC {CI. (~. cd will 1)(' d(,

llO(Cc! lJy F(J' F(2' F(., 1'(:spccLively. Tite cxplicit expressioll of t 1](' CO\'èlriè11l( d('riva

tives (,l't' casily cOlllrmLecl. \Ve have 

l-lowcvcr, 

TlwrdOl'e 

SO. wc' nlll f'èlsilv obLè1În 11l(' cxplicit. fOl'l1l111è1S l'or (I]('s(' dCl'Îvè\t.ives. 

P 1 r r iI(L·fI 
"(1 = 1:;,. Il - . Ii = n()!.II) 

F' ! = ~ + Ji.. /' + CJI" = l- f) .p 
<2 L I~' Il 1. 1.'/ 

(2.lb) 

l' /. /' /, r-
',(J = T;,. /i = T;, '/i 



Fm fi' = I~ wC' ohtaiu 

Nu\\' we c:an ('([sily COIll]mte the invariants. 

First \ve compute thE' cxtcriOl' dcrivative of L, whic:h is 

Bence 

\:Vc call ohtnill the illvariants 12 and 1:3 fmlll the ahuvE' cqua t.iOll. 

I~.t) c., 1 - ,_.,., 
:l- -'-,-

(2.Hl) 

'In filld Il. wc computE' d~1 

1 1) 
(I~/I(I~I + /J/I(1(2 + L/16 d(l) /\ (-1 ~I + -1 ~2) - 1,///1) /\ dl - er/Ii /\ JI 

JIJ -' 

(0.'/1.1:.1 )(1 /\ (2 - J'/)'(2 ~1 /\ (2 - I~/).6 ~I /\ (l - I)/'p(l ~2 /\ (1 
L Lp Lp L 

{, . l'II. Cd 1. l 
-I){i( -1 -(1 / 2 ~ 1 + ~I (2) /\ (-1 )(2 - 1)( Lp.E.1 (1 + 1'/).6(2 + 1'/).(1(1) /\ ( -/ K! 

/ /) j {) .. J J 

\V lle]'c 

11./1 (/ 

Oll the other ][()]jd. \V(~ kllOW t lwt 

:3:3 



13y sllbstitllLillg LI' fOl' P, wC' obLctin 

which is UlC ElllE~]'-Llgrallgc eqmüioll and which fonlls ,1110tl](']' illvmi,lIlt, 

The J3icUlchi iclc]]tiLics al'C o1!l.aiwxl as follows, 

\Ve lwvc 

This eqmüion gives cl trivial case sillce 

CClltljllltillg tlle di[fc]'clltial of (1 

Ou the' othc]' lmucl 

l'h('1'ef()1'c 

Su 
j 1é.2 

(, = -- -'-1 -, 

Auotlwl' illVèll'iallt can 1)(: o1!taiucC! lJy diffcl'l:'uticltillg (, 

(:2,:2()) 

(:2 ,:2 1 ) 



llCllCC 

(:2.:2:2) 

Th('n~ror(' 

This is the 1'1111 sc! of Bianchi iclent.ities for the adnptcd co[ral1l('. 

2.5 Main results in the remaining cases 

(a) SLa.ndê\lcl point transfonnations eCjllivCîlcnce (C<lS(, III = 2): 

ln this sec( iOll, we Cry 1.0 ohta.in t.he invariallts of the standard point tnlllsfmnlil tiOl!S 

('qllivêllen('t~ prohlem. 

As CXp18illCcl in Secti()ll 2. L the gelleral forn11l1a for the point tnlllsforlllèll iOlIS cns(' 

IS 

x = ..pCr. 11.). Ii = . Il). 

ln thb S('CtiOlL we disCllSS the standard c(jllivalcllc(, prulJlclll which hm.; the rOn]] 

{, 
/,=--. 

(!ct J 

The COrn\lllC' COlTCspouding 10 the givE'11 C'I-cqllivnlcll('c prohlelll is givell !J\' 

wller<=, c.v' is the initiCîl (:ofrmllc. 

VVe rec:all 11ml the coCrame expressions lmvc the l'onu 

~ 1 = r~J!( rI,l. - pc!:?;) = Lpc.v'l = (f.lc.v'1 
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As lllCllliullCd carlic!'. Ill<' grollp delllé'1l1 of C' 1 lws 1 he llwlrix l'onll 

ni () () 

(Jo = () l () 

(t4 as (Ir; 

Clud 11[(' lif!cc! cofnllllc has the fonll 

hl () () 

11= /;'2 1 () 

b4 {I:, {)6 

Thcrefore, for the G 2-(;C\uivalenc:c j)l'Oblclll, the liftcd coCramc ('(111 lw l'l'j)n'scll!,('d hv 

T)I = /IJ~J 

T)2 = {126 + ~2 
7):; = h'\(1 + {J'-,(2 + {)(;(:,. 

'1'1](' diff('rcntials arc 

dlll = d{il /\ (1 + IJI d(1 

dl):! = (1112 /\ (1 + {J2rl(1 + d(2 

dl):\ = (1114 /\ (J + dh;) /\ (2 + rllJf; /\ C\ + /J4r1(1 + h"r/(2' 

J3y (2.21), ,V(; can obtain Cs ill (enllS of l)i'S 

~I = trll 

( (1),1>-,-1>,) + ( /Je,) + 1 c;:l = ---'- III -- '/" -Il:'· h 1 {)() (I(i - Il!i) 



By compllting the cliffcrcllti(Î!s, vve have 

ri': = (/lhc+bel)TI 1\ 71' + (-f l-li2 )TI 1\11' +(~)TI.l\rl' 
" 1 li 1 hG l 2 /i 1 hi 1 .) hr; '2 .1 

rie: 2 = (- -, h',1 ) 'II 1\ '12 + ( 
) 1 JU )111 1\ 71l + (-~ )'121\ 'l; 

) 'II 1\ 71:1' 

Followillg Cm'tau'c; met hocL wc can compllte the diffcl'cuti,dc; of 'Ii 'c;. 

ifl 

alld 

wlwl'e 

cmd 

Til:! = 
fil}') + h, 

l!r; 

f l !J·A-, + /J'lI}., - I}., 
1)111r; 

dll:\ = ,JI 1\ 'II -+- 1\ '12 + 1\ I/:J + T:\I'2'/1 1\ '/2 + T12\'12 1\ '1\ + T:\J;\I/I 1\ '/:J. 

/}(;(71}el -- 1}2h()r1I)~ + 1)2!J-,d/}(i - /).,rl/}(; 

I}I/Ib 

I}( dh- - /}- 11/1(' 1- - ).) .) ) 
." - /)(; 

/1., -/1-, + [,()Ii 

I)(i 

T:lJ:l = 
-h411 - /)2/}4 + /)2 1)" - !)2 he Il 

IIi br; 

:37 



;\01(' t1H11 Jo i~ not an affille fUllctioll ofp, i.e. Jo i- o.p+IJ. Thcrcfme Il i- () (Jo/J/J i- 0). 

\Ve H~~llmc thaL II does not vanish on O. 

Followillg (\ silllilar procedure as the one wc uscd ill tl](' fillCl"-jln'SC1Tlllg CilS!'. \\'(' 

can climinnJc two of the torsion coefficients Tijk by ah~orbtion oi" torSi()ll. Bv llsillg 

Llw structure cquntions 

dll i = ~ Tj,,11i /\ 71k· 

j.k 

wc dilllillate as llWlly 'liik'::; as possible:. 

d'II = :3 1 /\ 'II + Tln'IL /\ '/:1 

rl'I2 = ,:32 /\ 'II + T22:1 712 /\ 'h 

d'il = '"/+ /\ 'II + ,1" /\ '12 + /1(; /\ '/:1 

N ormalization (phasel) 

i) TI:z:l = 1 =? !>..l = 1 =? /JI = !Jc;. hl) 

ii) T:22:1 = (J =? 
h2 ·- 1 

= () =? /)2 = l. 
~ 

Therci"orc 

1 dhl /\ + --fl-I /\ + /\ 11"-,+"1 f'll = ~ 'II ~h-I -'II '/:)'12 'I:l -t- -I-JJ-III /\ '1'2 

dll' = :=l.lll /\ 'l' + lIb" '1 /\ TI 2 hf Il hf 1 2 

d'I' = (hlrlhl-hlrlh"+,IJ,,rIlII-h.lrlhl) /\ Il + (1Ild.lI:,-ll-,dh J ) /\ '1 ' (dl)l) /\ 1 1- - '1 /\ 1 
.\ hl 1 hl '2 7 ~ 1 :1 - 1 :11:! 1 l '2 

/1 hr,h l-:-h1-·h.lhr,-f. 1 2 liT +1 ,h lh l 

1/:\12 = IJ1 
-/; 1 Il -/;.I+h.-, -II[ f:, 

'/:,11 = hf 

Ill-h,,+hh l 
'/:,2:1 = 1)1 

AL lhis stagc, 112 = ~l + ~2 is éUl invariant. 
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So 

This is l-Iilhert.·s invmi,HlL integral. [Kaniran, and Oiver, [7], p. ;J.J] 

Absorbtion 

\Ve can now apply Che secolld step of absmhtioll. 

1 1) A 1 -l- 11iJ-, A ('12 = -/71/1 .r; I:l '/TIll 112 
1 1 

rll):; = !3j AI)I + ,J, A 1/2 +J ei Alil 

The second step of llol'lnalization follows dircdly. 

Normalization (phase 2) 

T212=0 =? 1):,=0. 

T2J:) = -c =? -1;& = -c =? hT = ~ =? h1 = d J =? hl = ± /f7J = ±/;.JrTt. 
1 

1)1=I)ei=k~. 

Therefore, the clifferenticîl srrllcture cqllahems of tlw lifh'cl cofralllC is 

dl)1 _""_1'(-'.0=1 =f 1 ~I) A Il + - f 1 - 1 1)_ A '1), + Il') AI)' + ~iJ'_1 - 1) AI)' 
k~0) 1 k(0) 1 .l ~ ,l k0 1 2 

:39 



\\'11('1'(' 

~ ~ /)1 / 1-/)1-1,0 
1:)1:, ~ k0 

On tJw othe]' hêm(l, 

1 -du,.,+2kh.10. . (-kcJ l ( -1 1-1) 
(il)1 21 111 ')1/\ 1)2 + '/2/\ ,/:, + 2IfI11/1\ + 1.0 '/1/\ '/:1 

Absorbtiou of torsion 

cJ() 



FOl' tlw (hinl Lillle-', we èlPply the mcthucl of èlbsorbt.ioll to düuilli1( (' Illon' (()l'si()11 

cocfficients . 

.'\ow. wp IlOnll()li~(' tlw 1'cmaillillg copffic:iplltS. 

Norrnalization (Phase 3) 

T:m = () =? 1)"" = - ~1':[:, /DJ. 
(l 1). = cA- 11.(2 

TI12 =. =? 1 " :2.Jï~T 

av 1'evvTiting t.bp differential strllct1ll'e eqllatious of T, 's, vve obtHill 

cl/Il = -d:J1711 /\ 1/:J + '1'2/\ 11:0: 

w 11(']'(' 

aud 

dl12 = -~111 /\ II:;· 

111 ()nlc]' (0 (,()lllrllltc~ 17113' \\'(' fi1's! ))(,('<1 (Cl c1etel'lllÎ1H' 11Irj. 

The]'efo]'(' 

Hw1 
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N uw wC' COlllplltC the 13ianchi ideulÏl,v. 

This is a trivial (,CîSC. 

So 

(:2.27) 

:\cxt, wc cvcl.l11aL(~ the second del'iv,üivc oC '1:3' 

2 () = ri I/:) = (d.h) /\ 'II /\ 112 + J'2( rll l l ) /\ 112 - J'2 111 /\ ri/IL 

+d·(d.J;) /\ III /\ '1; + ::k./;(dl/ I ) /\ Il:l - ::/"./;111 /\ (dlld 

(:2.:22\) 

I3v (;Olllpll( ing the c()\'ariant. clcrivaiivc of J with l'<'sPC'(,( to t Il(' lif'L('d ('()C](\Il)(' (:2.:21) 

\\'(' 01 )t.nin t hre(' Illon' im")l'Ïèmt.s. 

(:2.:2D) 

J 1 Je 
'.1):1= ;.~ 

(/i) Fihcr-prcsC'rving div(~rg(,llCC' C'qnival('lICe (casE' III = 3): 

\Ve stmt \vith Uw COfnlll1e {(l, 6. (d discnssed ill the filwr-pl'(~s('l'villg cqlliVil1c'1l('(' 

42 



case alld w(' (hen add [Jl(' cofn1111(, compOllCllL Cl 1,0 the p1'l'vious ("01'1'il111('. III t lI(' 

c11(L wc èlPplv t1w illvolutive lllethod for C; 1 CCl. 

\Ve cva1mllc 111(' lifwd cof'1'allle C for 1he C;:l-c~qllivnlC'll(,(' prob1(,1ll. 

(1 = CI(I 

(2 = C:l(2 

(0 = Cj(1 + 

wh(']'(' thc llC\\' cofn\llH' can he uh1ainccl hy 

(1 = (/lik'l = IJ]iuJl = I~Jlik'l = 1~/)(dll -jJC!.r) 

(2 = uJ2 = lAI' 

Cl = (l4 uJ l + a') uJ2 + ({(iik':l = d(logL) - D,(logL)rl.1' 

(-1 = dit.'. 

(2.:3()) 

Gy l'CWl'l tiug the eCj11ations and adillg the diffcl'Clltin1 o]wl'èüm ri ou t 1[('111 \\'(' oLt ,li 11 

d( 1 = de 1 !\ (1 + CI cl ( 1 

d(] = rll:; !\ (2 + 1;:ld(2 

d(] = dl", !\ (\ + (:",r/(I + C:;d(2 + dl', !\ (2 + dr(; !\ Cl + ('(irlCl 

deI = dey!\ (1 + I:-,d(l + dl;:, !\ 6 + (r::l - 1)d(2 + rl('t. 

d(1 = fi !\ (1 + TIIL(I !\ (2 + TI2,(2 !\ (, + TI nel !\ (, 

rI('2 = ~(:l !\ (2 + T212(1 !\ (2 + T22:l(2 !\ Cl 

deI = 14 !\ (1 + ~(:, !\ (2 + IG !\ (3 + T,12(1 !\ (2 + Tl2l(2 !\ C3 + T:ll:l(1 1\ (; 

deI = 17 !\ (1 + Il !\ (2 + T4H(1 !\ Cl + T4:n(2 !\ Cl + T4IL(1 !\ (2, 

(2.31 ) 



WhC],0 

;1 ;:'\ = -, ;'-r = ------
CI 1':\ 

C, ri + c-+ r: 1 

-(:4 -- L 
--, T22:; =-
(: 1 r:(i ('ri 

('1 c() 

-/1 
TII:;= -

r:(1 

fi ('f(:S + ci - {'I(', + ('.,('r;1:; + r2('~ 
r:, (':\r~ri 

L - ('1 + (:7 

(,', -

c:\('(; 

(Ir 'II 
~,(; ==-, 

('Ii 

-, , 

- /1(', 
T:\I:\ = --

(: 1 l'ri 

/1 C-,(:7 + CI - (':;('-1 + (',1('7 
T412 = -----------

Absorbtion of torsion 

('1 

Similar tu the p1'CVlOllS ca.sc, wc use the structure eqllations to ahsor] 1 (Ile torsiol\ 

coefficients, 

d(, = 1, 1\ (, + T'21(2 1\ (1 

d(2 = 1:\ 1\ (2 

1\ (1 + 1:; 1\ (2 + 

d(r = (71\ (1 + 

",11('1'(' 

On 11](' otite]' ]lr\1ld, 

olt 



N ormalizatioll (phasel) 

\iVe HOW apply the uOl'lmlli7.atio!1 rnctlJocl. Tlw ouly rCllmillcd tenus arc 

T ')' = _C_l = 1 
1 ~.l C:l('{i 

Dy ('v,)lwdillg tlJe uc\\" versio!l of the cqllaLÎolls (2.31), wc ("(111 ()h(,lill (1)(' II('\\' ("()({-

T:i12 

(' 1 

rl( '! ) 
(, 

TilL = 

-Ccl 

-II 
TI2:] = 1. TII:l = -

(:(i 

T212 = --. T)')'i =--
CI (:(i ~-' Cfi 

rl(C.I). cG. "",) _ cGdc., - c::/lr:(j r!c(j 
, ~'() == 

Cfi C 1 C j C(j 

Il Cje,) + ci - C4 C" + (~4C()j:3 + 12c~ 
,) 

(:1 

Absorbtioll of torsion 

\:V(' !lOW ilHlinlt(' (Il(' sc(:olld ::;Lcp (lf (1](' <l1!smht.ioll. 

d( j = ~ 1 A (1 + (j A (l 

d(2 = ~; A (2 

d(3 = ~I A (1 + 1j A (2 + "j-(j A (3 

d(4 = i; A (2 + T~ Il(1 A C, + 

.1,") 



The l'emainillg tenu is 

Nole th,,( wc have aln'èldy show11 that 

Normalization (phase2) 

TII:l = ~/~I = 1 ==} ('l = 4 or Cr; = il, 
(' 1 ('(; • ('~ ('1 

Sillli]al' 10 (Il(' pl'('violls ('asc~: W(~ (',tH <\SS1\111(, Ihat /1 i= 0, 

Agaill. hy cva]mt(illg thc' l'CjlW1Îolls (2,:31). wc l'cm C())lljllÜI' thc' ('()dfi('il'llls, 

HeIIC(' 

ÎI 

T:ll:l 

c!(iL) 
("(j 

il 
('fi 

d( f1) 
l, 

') 

( (4) Ci; ri - ,-. 
Cri JI 

dCr) 
~(" = O. Îli = ~_ T:Œl = 

l'fi 

(c ,2 + C' C' 1 + 1 c'~)c.L '4 ·4 li :l 2ii '(i 

-C4- T:lJ2 = /2 
1 

((:4 + f:lC:r;)C(i 

11 

~(ï = 0 

l -(',1 

TII:l L Tn; = -- = Tn:l- Til'! = -/-1- = TLI:! 
Cii 

d(') = Îl /\ (:2 + TLI:Z~I /\ (2 + T~211(2 /\ Cl 

d~) = ÎI /\ (1 + Îii /\ Cl + T:rn(:! /\ Cj + T:j l)~ 1 /\ (:j + Tll2( 1 /\ "'2 

d(4 = Î:l /\ (2 + T,II 1 /\ (2 + T1:2l(2 /\ Cl + (1 /\ Cl' 
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-] ('J,(:(JI 

-dcI;' TIJ~ = 
1:(; 

~/:) 

-2 
-dc(; = 211 , T212 = 
Cr; 

T:l12 

Absorbtion of torsion (phase:3) 

wlww 

N ormalization (phase:3) 

LeI T:l2:J = Tl 12. 

11('2 = 

d() = 

d(J, = 

1\ (2 

1\ (1 + ~(; 1\ () 

1\ (2 + (1 1\ (l' 

111'(j 

This givcs 118 tll<' Bianchi idcntit.v Wllich WilS ohtnillcd earlier. 

Tllc,]'('f()]'(' tllis d()es IlOI give us èm\' Ile\\' idclltil:r'-

47 
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'. - TI'('l +)T -1. 
(b - Il - 1 

Tlwrefore 

(:2.::\:2) 

J\()v~ that the latest eqllatioll gives liS l10thillg l1ew. 

AL (his lllOUlent, wc aSSlllllC T,pp!, clocs not ymlÏsh. ECjllivnl(,llt.l~·. ('(j is Ilot zero . 

.'\otc that if C(i docs vallish wc c:nnnot C'valmlL(' any fmthcr gl'Ollp r('dllctiolls ,lt this 

st cp anc! wc 1ll1lSl pro]ong the systE~m. This is lWCallS(' (/:), is not l in 1]](' f( )l!( )\\'illg 

gnm]) elmllent. 

() 

o 

() () 

() 0 

() () 

('7 c:, - l 0 l 

So, llOW W(' è1SSlUlll' Lhat C(i i O. vVe rewrite (~qllati()lIs (2.:31). 

wlwrc 

and 

w])(']'(, 

2 
~!., = -~d/, = 2~!1" ,., /-1 ~ , 

HW! 

- /1(, - /1 

/1/1 



ème! finally 

wh(:re 

-2d/4 
~(:l = -/-4 - , 

Î4 

, -lu;; - 11 
Tc[ L:l = 1: T423 = 11 /4 

The diffcl'Clltials of the lift ccl cofnunc arc givell by 

/ ' ('1/) " ( ,1jCITI.I;,)" .. ( Tlfl,e.)) , ,( "'(1)( { 
(~:l = GU''! A ~I + T,IL" 'f ~l A ~'2 + T:l2l + -'-1 --, ~2 A ~l + T:1J:l + -,-, <.,1 A <.,:l 

Absorbtion of torsion (phasecl) 

So CaL evc1'yLhing has bccn absorbccl exccpl rl~:l' 

wh('1'(, 

N ormalizatioll (phasecl) 



The ouly l'ClllHillillg (enll ié:l 

T llC'l'cf()l'c 

( ,) '):J) 
- ,,)-> 

\iVe llOW ll~e the Biallchi ideutiticé:l and nonwl!i"c (he group Pi)l(l11H'( cr of (nUl~f()]'~ 

lllati()n~ (2,29) to ohtain the ~tl'llc:ture Cqllè1.tiOllé:l explic:itly, 

Let 

\\' hel'(, 

Notc' (hat 

Abo ~UpP()~C that 

wl1('l'C' 
1 2/-l,C; 

T),),; = T,),):; + --,)- = J - 2/\'[, 
--' ~- IJ 

FrOlll the é:ltl'llctUl'C' C(!1wti()ll~, wc kllO\\' thn( 

wherc 

will he olJtaim'd lJ~' alJ~orbtion of (Ol'~i()ll and ll(Jl'lll(11i"ntioll, ]\cxt, wc' rlc'i11 wi( 11 lll(' 

+ 

.'JO 



W 11<'1'(' 

The 1nst stl'11clm'c CCjllil.tioll i:-; 

wh('l'(, 

T1wrcCore, the l'csnll illg st.rnctlln~ eqllaliolls ,ue 

d(J = -f(I(1 /\ Cl + ~2 /\ ~3 

d(2 = I\'~(I /\ (~ + (J - 21\'1 )~2 /\ (, 

dCl = [(lei /\ (2 + 1\'4(1 /\ Cl 

de = 1\2(1 /\ (2 + (J /\ (l + (1 - 2K I )(2 /\ (l· 

\lole thal 

Vlc llOW ('(lm pu te 14' Take 17' = Il' 

H('!lc(' 

[".1"1'1 111 

ri)' 1'1)11' 

At. t.his stage, 'vVE' compute the fOn!llllas for the derived invmianL:-;. 

Take the covariallt dcriwlliw of K. 

;')1 

(2.:31 ) 

( ,) .) -) _ .. J.) 

(2.:3G) 



\VC c"Cîlwîl C L11c clerivC'cl invariants explicit.1y. 

Bianchi's identities: 

So 

The next equation is 

T11(']'('l'ol'C 

() = rl'2(2 = dl\'2 /\ (1 /\ (2 + /\'2 ( - T\1 (1 /\ (, + (2 /\ (l) /\ (~ 

- }\'2(1/\ (I(2(1 /\ (2 + (1 - 2J(1 )(2 /\ (l) - 2 rU;' 1 /\ (2 /\ (l 

+(1 - 2/\'1)(1(2(1/\ (2 + (1- 21\1)(2/\ (,) /\ (l 

-(1 - 2/(1 )(2/\ (!(,(I /\ (2 + K 4(1 /\ (J). 

The hîst l'.NO cqnaLions arc 

Tlwl'('{o]'c 

52 
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The otlwr Ccîse 1,0 he c()llsiden~d is yvlwn LflPfJ = () i.e. 1., = O. 

Now aftcr phase 3 of the absmhtioll of torsiOll pw(:('ss, the JJH1(1111('(('r ('Ij is ~I'l'U. \VI' 

shoulcl reclllcc (]w strllctUl't' gl'Ollp (;4 1.0 C; c G:,. 

CI () Cl 0 
(:1 

0 c::, 0 () 
---t () 

() () () () 
('-

( 

C7 C:j - l 0 l 

( 
flloclifyillg (:2. 2D) wC' 0 Maill 

d(1 = -/1/\ (1 + (2/\ (; 

d(2 = -2/1/\ (2 

d(, = n /\ (1 + :) /\ (, 

() 

C, 

(;:, - l 

d(., = -2:3/\ (2 + (1 /\ (" 

l 
() 

() 

l 

(2AO) 

where Cl' ,lml r) Hre cC[l1ivalenL modulo the l!'lsc ('ofrmne (0 (th(' rigllt illvmÎ<mt 

cofnUllC) 14 Hlld ,'(j on (/J. The actioll of the nxlncc!l gronp (,':, ()u t Ill' t Ul'sioll is 

t l'Îvial, Sill(,C thcl'C' is JIU non-Collstaut (msioll l('ft ill (2.38). 

Tlll'reforc. ther!' is no f'mtIH'r possible gl'Clllp IHlndioll. 

ll(-'u('(~ 

l 
~/-I - T:11:,(; - 1;]12(2 - 111(1 - 2T212(,. 

;-j 
l 

Îli + TI 12(2 + Tlll(, - 2'212(j. 

(:2. -II ) 

(LI2) 

~()w WI' cOlllpnte the diffé'l'l'llt.iiÎls ,wcl thell absorh tllC's!' t.\VO Ill'\\' st 1'111't 11 1'1' eqllil1iollS. 



B Y addillg n p Llw above cq natiolls to the pre vions s tl'Uc( nl'e' e(l1l<1 t iOllS 0 Lia i ll('d !'nllll 

(2.40), we l'cc!ncc the prolongee! systelll to Eln {c }-stmc:j me'. 

H 13 = 0 vve obtain 

Ot!lC'l'wisC'. wC' can normalil:(' 13 10 1. and obblÎn 

(c) point tl'i1nsfurrn (\ Li O!l cl i vergellce eq ni valence (case ,/1 = 4): 

Th(, liflcd cofnmw is giVCll hy 

wlwl"C' 

élnd 

Su 

11 1 = dlil i 

112 = rl'}.'jl + r1:;'I'2 

l1: j = d,+" 1 1 + d e, 112 + d(j 'I:j 

112 = ~I + ~2 
'I:j = I)~~J + 1)(;(3 

'1_1 = du'. 

riO 1 = III /\ (11 -+- TI 1:;111 /\ (1; + Til :è111 /\ 112 + T12;11 2 /\ (); 

(W2 = 152 /\ (1 1 + Il:j /\ rh --1- T212() 1 /\ O2 + T2I/i 1 /\ 11; + T22l()2 /\ (JI 

dl1:1 = c5~ /\ 01 + cl;,) /\ e:, + T:ll2fJ 1 /\ O2 + T:11 :;()I /\ el + T:12:1 0:z /\ (}:;. 

d04 = !l, /\ el + (); /\ e 2 + T412()1 /\ e 2 + T_121e2 /\ fJ;) + TjL/f l /\ ():;. 

:31 



whcrc 

dl d;'(/li 

d,d(dï ) - d'2.rl(d,) , (), = d(d,). 
ri J .11;\ . rl;l 

ckd,'jd7 J I + d)d,) - ri" + d.1,d ï 
T.1,12 = 

The fil'st t]m,(' plwses of êlhsmhtioll alld 1l01'1wtliza!ioll of 1 ()]'sim[ m(' W-i fol!O\\'s 

Ph,lse 1. 

Pllètsc 2. 

Phase :3. 

TilL 

The Court h C'èîS(' is 

T12;\ l =? dl = r1;\rl li. 

T22;\ Ti2;\ =? d2 = rl ï · 

T212 Till =? d·) = (1-

rI;\ 

( 

T:zn T.ln - ] =? = {'. 
( (; 

T;\2\ (This cqUittiOll is nhvnys Siî1isficd.) 

2c Id 1 

2TlI;, =? (h = --.-,,-. 
3d(; 

\vJWl'C I~' clCllotCS the 8111bigniLy ill the Sigll, allcl 

- 2 2 '2 
J 4 = f - -1/,-J I .71 \ - -JI 

.3 9 

is llO! zero. o(Jwl'wisc we lllUS! prolong 1 he systelll. 'Ilw ][IS( plU1SC is O!J(êliw'd 1!\' 

Phase 5. 



ACter ahsOl'btion of tor;-;ioll, 'Ne can ohtaill the st r1l(:lur(' eqnaliow-; 

wlwrc 

fi)I)4 - .l''-III 

J] 

f\h 
') . 2 . J". I/1.1 ... ,I , 

-~Jllll + 3(J.,J 1.'12 - .lIJ". '/2) - 2 J.. . 

f\ 1:l 
.. il . 

J4 J2 + J., J.'j.112.'ll· 

\IVe can llOW COlU]llJlC tllC dcrived illval'Î,mls. 

i\ lOI 

.Aloi 

iÎl OI 

Thcrd'ol'c, Uw 13ialldli iclcllt dim are oht()illecl. 

M II)2 + 1\12 + !\f~) 

;Î/2J), - 21Î/ IIJI - i\l1(i\l2 + 2J\J .. ) 

]\1:3.11, - lÎ/4J!2 - (/\/ 1 + l)!lIil 

j\1' 111 

(J. 

D. 

D. 

o (which is (dw,î,vS satisfic'd). 

III UJ(' phase -±, il' J .. = Cl we nmnoL ob1 ain ally more group T'eclucj,iolls alld W(' 1[('('<1 

to pl'Olollg the svs1elll allc! 11lCll ahsmb ,me! llonnnli/:(' tl[(' tOl'SiOll ('()('ftiC'jr'1l1s ()f the 

]ll'o]ollgec! S.VS(Clll [7]. 

;)0 



Conclusions 

III Lllis thesis, \VC wviewcd 1 he main stcps in thc soin tiOll of the cqni \,(\l('l\cc pro h

lC1n of Elie Cartan, alld c:arried ont an explicit implcl1H'llt atioll of Cml all's 1ll<'11J(Jt! 

in the: case of first onkr Lagrangians cm the line. The soln!ic)1\ of t1\(' ('cpli\",l!('!lCC' 

problcm is bas,~d on the constrnction of Cl complete sct of l()(',ll ilivariClllls. l1lilt \\"Cj"(' 

fin.;t obtainccl in [7]. An obvions qucstion tlmt mises frolll this w()]"k is w11('t11('r tlwsc' 

ill\·aria!lts Imve jlrac!icèll applicatiolls in otlwr (\n'2IS of lllatlwllul1.icS. Thc ,U]s\\"cr t 0 

1 his qucsj.ioTl is Cl clcar 11 ycs·'. InclcccL t hc solutioIl of t.he Lagrallginn cqni villcll('C 

jll'Oblclll rcvic\vcd in this tl!esis leacls tu il highl.r original apprOèlCh t() tll(' C'!clssific,l

lio1l prolJlc~1lI of hillary l'emus in clnssical invmÎèmt themy. [lOlo Tl)(' 1C)(ël! iIIV()ri,lIIls 

of tlw c~qlliv(11ence problmll for Lagnmgians give risc 10 a COlllplelc' sc'l 01" ]occll im'ilri

ants for hillarv fonns which can Iw nsee! to c1cri\'c ncccssan" and snfficicll1 c()1lditio!ls 

Cor cqllÏvalellc(, whic:h won1d llot havc l)('cll rc'1.clilv nI t ainable in lhc' ('olllc'Ill 0[' clilS

sintl melltocls in illvariant thcOl'v. 
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