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Abstract In this article, we study the global and asymptotic properties of the solutions of
the difference equation

xn+1 = Axn + Bxn−k + (βxn + γ xn−k)/(Cxn + Dxn−k), n = 0,1,2, . . . ,

where the initial conditions x−k, . . . , x−1, x0 are arbitrary positive real numbers and the co-
efficients A,B,C,D,β and γ are positive constants, while k is a positive integer number.
Some numerical examples will be given to illustrate our results.

Keywords Difference equations · Prime period two solution · Locally asymptotically
stable · Global attractor · Global stability
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1 Introduction

The qualitative study of difference equations is a fertile research area and increasingly at-
tracts many mathematicians. This topic draws its importance from the fact that many real life
phenomena are modeled using difference equations. Examples from economy, biology, etc.
can be found in [2, 16, 19, 29]. It is known that nonlinear difference equations are capable
of producing a complicated behavior regardless its order. This can be easily seen from the
family xn+1 = gμ(xn), μ > 0,n ≥ 0. This behavior is ranging according to the value of μ,
from the existence of a bounded number of periodic solutions to chaos.
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There has been a great interest in studying the global attractivity, the boundedness charac-
ter and the periodicity nature of nonlinear difference equations. For example, in the articles
[1, 5, 8–14, 21–30] closely related global convergence results were obtained which can be
applied to nonlinear difference equations in proving that every solution of these equations
converges to a period two solution. For other closely related results (see [3–7, 10, 17, 18]
and the references cited therein). The study of these equations is challenging and rewarding
and is still in its infancy. We believe that the nonlinear rational difference equations are of
paramount importance in their own right. Furthermore the results about such equations of-
fer prototypes for the development of the basic theory of the global behavior of nonlinear
difference equations.

Our goal in this article is to investigate some qualitative behavior of the solutions of the
difference equation

xn+1 = Axn + Bxn−k + βxn + γ xn−k

Cxn + Dxn−k

, n = 0,1,2, . . . , (1)

where the initial conditions x−k, . . . , x−1, x0 are arbitrary positive real numbers and the coef-
ficients A,B,C,D,β and γ are positive constants, while k is a positive integer number. The
global stability of (1) for A = B = 0 and k = 1 has been investigated in [20]. M. Saleh et al.
[30] have investigated the global stability of (1), where A = B = 0 and k ∈ {1,2,3, . . .}.

Our interest now is to study the behavior of solutions of (1) in the general case where
A �= 0, B �= 0 and k is a positive integer number. For the related work see [31–43]. The
study of these equations is challenging and rewarding and is still in its infancy. We believe
that the nonlinear rational difference equations are of paramount importance in their own
right. Furthermore the results about such equations offer prototypes for the development of
the basic theory of the global behavior of nonlinear difference equations. Note that (1) can
be considered as a generalization of that obtained in [20, 30]. Let us now recall some well
know results [15] which will be useful in the sequel.

Definition 1 A difference equation of order (k + 1) is of the form

xn+1 = F(xn, xn−k), n = 0,1,2, . . . , (2)

where F is a continuous function which maps some set J k+1 into J where J is a set of
real numbers. An equilibrium point x̃ of this equation is a point that satisfies the condition
x̃ = F (̃x, x̃). That is, the constant sequence {xn}∞

n=−k with xn = x̃ for all n ≥ −k is a solution
of that equation.

Definition 2 Let x̃ ∈ (0,∞) be an equilibrium point of the difference equation (2). Then:

(i) An equilibrium point x̃ of the difference equation (2) is called locally stable if for every
ε > 0 there exists δ > 0 such that, if x−k, . . . , x−1, x0 ∈ (0,∞) with |x−k − x̃| + · · · +
|x−1 − x̃| + |x0 − x̃| < δ, then |xn − x̃| < ε for all n ≥ −k.

(ii) An equilibrium point x̃ of the difference equation (2) is called locally asymptotically
stable if it is locally stable and there exists γ > 0 such that, if x−k, . . . , x−1, x0 ∈ (0,∞)

with |x−k − x̃| + · · · + |x−1 − x̃| + |x0 − x̃| < γ , then

lim
n→∞xn = x̃.
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(iii) An equilibrium point x̃ of the difference equation (2) is called a global attractor if for
every x−k, . . . , x−1, x0 ∈ (0,∞) we have

lim
n→∞xn = x̃.

(iv) An equilibrium point x̃ of (2) is called globally asymptotically stable if it is locally
stable and a global attractor.

(v) An equilibrium point x̃ of the difference equation (2) is called unstable if it is not
locally stable.

Definition 3 A sequence {xn}∞
n=−k is said to be periodic with period p if xn+p = xn for all

n ≥ −k. A sequence {xn}∞
n=−k is said to be periodic with prime period p if p is the smallest

positive integer having this property.

Definition 4 A positive semi-cycle of {xn}∞
n=−k consists of “a string” of terms {xl, xl+1,

. . . , xm} all greater than or equal to x̃, with l ≥ −k and m ≤ ∞ such that

either l = −k or l > −k and xl−1 < x̃,

and

either m = ∞ or m < ∞ and xm+1 < x̃.

A negative semi-cycle of {xn}∞
n=−k consists of “a string” of terms {xl, xl+1, . . . , xm} all less

than x̃, with l ≥ −k and m ≤ ∞ such that

either l = −k or l > −k and xl−1 ≥ x̃,

and

either m = ∞ or m < ∞ and xm+1 ≥ x̃.

Definition 5 Equation (2) is said to be permanent if there exist positive real numbers m and
M such that for every solution {xn}∞

n=−k of (2) there exists a positive integer N ≥ −k which
depends on the initial conditions, such that

m ≤ xn ≤ M, for all n ≥ N.

The linearized equation of the difference equation (2) about the equilibrium point x̃ is
the linear difference equation

yn+1 = ∂F (̃x, x̃)

∂xn

yn + ∂F (̃x, x̃)

∂xn−k

yn−k. (3)

Now, assume that the characteristic equation associated with (3) is

p(λ) = λk+1 − p0λ
k − p1 = 0, (4)

where

p0 = ∂F (̃x, x̃)

∂xn

, p1 = ∂F (̃x, x̃)

∂xn−k

.
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Theorem 1 [15] The linearized stability theorem.
Suppose F is a continuously differentiable function defined on an open neighbourhood

of the equilibrium x̃. Then the following statements are true:

(i) If all the roots of the characteristic equation (4) of the linearized equation (3) have ab-
solute value less than one, then the equilibrium point x̃ of (2) is locally asymptotically
stable.

(ii) If at least one root of (4) has absolute value greater than one, then the equilibrium
point x̃ of (2) is not locally stable.

(iii) If all the roots of (4) have absolute value greater than one, then the equilibrium point
x̃ of (2) is a source.

1.1 Change of Variables

In this section, we apply (2) to the rational recursive sequence (1). By using the change of
variables xn = γ

D
yn. Then (1) reduces to the difference equation

yn+1 = Ayn + Byn−k + pyn + yn−k

qyn + yn−k

, n = 0,1,2, . . . , (5)

where p = β

γ
and q = C

D
, with p,q ∈ (0,∞), y−k, . . . , y−1, y0 ∈ (0,∞). To avoid a degen-

erate situation we also assume that p �= q .
Next, we investigate the asymptotic of the equilibrium points of the nonlinear rational

difference equation (5) where the parameters p,q and the initial conditions y−k, . . . , y−1, y0

are arbitrary positive real numbers, while k is a positive integer number.
The equilibrium points of (5) are the positive solutions of the equation

ỹ = Aỹ + Bỹ + pỹ + ỹ

qỹ + ỹ
.

If 0 < A + B < 1, then the only positive equilibrium point is

ỹ = p + 1

[1 − (A + B)](q + 1)
. (6)

1.2 Linearization

In this section, we derive the linearized equation of (5). To this end, we introduce a contin-
uous function F : (0,∞)2 → (0,∞) which is defined by

F(u0, u1) = Au0 + Bu1 + pu0 + u1

qu0 + u1
. (7)

Therefore,
{

∂F (u0,u1)

∂u0
= A + (p−q)u1

(qu0+u1)2 ,

∂F(u0,u1)

∂u1
= B − (p−q)u0

(qu0+u1)2 .
(8)

From (6) and (8) we have
{

∂F (ỹ,̃y)

∂u0
= A + (p−q)[1−(A+B)]

(p+1)(q+1)
= ρ0,

∂F(ỹ,̃y)

∂u1
= B − (p−q)[1−(A+B)]

(p+1)(q+1)
= ρ1.

(9)



On the Rational Recursive Sequence 291

Then the linearized equation of the difference equation (5) about ỹ is

yn+1 − ρ0yn − ρ1yn−k = 0, (10)

where ρ0 and ρ1 are given by (9).

Theorem 2 [20] Assume that ρ0, ρ1 ∈ R and k ∈ {1,2, . . .}. Then

|ρ0| + |ρ1| < 1 (11)

is a sufficient condition for the asymptotic stability of the difference equation (5). Suppose
in addition that one of the following two cases holds:

(i) k is an odd integer and ρ1 > 0.
(ii) k is an even integer and ρ0ρ1 > 0.

Then (11) is also a necessary condition for the asymptotic stability of (5).

Theorem 3 [15, p. 18] Let F : [a, b]k+1 → [a, b] be a continuous function, where k is a
positive integer, and where [a, b] is an interval of real numbers and consider the difference
equation (2). Suppose that F satisfies the following conditions:

(i) For each integer i with 1 ≤ i ≤ k + 1, the function F(z1, z2, . . . , zk+1) is weakly
monotonic in zi for fixed z1, z2, . . . , zi−1, zi+1, . . . , zk+1.

(ii) If (m,M) is a solution of the system

m = F(m1,m2, . . . ,mk+1) and M = F(M1,M2, . . . ,Mk+1),

then m = M, where for each i = 1,2, . . . , k + 1, we set

mi =
{

m if F nondecreasing in zi ,
M if F nonincreasing in zi

and

Mi =
{

M if F nondecreasing in zi ,
m if F nonincreasing in zi .

Then there exists exactly one equilibrium point x̃ of the difference equation (2), and every
solution of (2) converges to x̃.

2 Semi-cycle Analysis

Theorem 4 Assume that F ∈ [(0,∞)2, (0,∞)] is a continuous function such that F(x, y)

is increasing (respectively, decreasing) in x for each fixed y, and F(x, y) is decreasing
(respectively, increasing) in y for each fixed x. Let ỹ be a positive equilibrium of (5). Then
except possibly for the first semi-cycle, every oscillatory solution of (5) has semi-cycle of
length at least k.

Proof When k = 1, the proof is presented as Theorem 1.7.1 in [20]. We just give the proof
of Theorem 4 for k = 2. The proof of Theorem 4 for k ≥ 3, is similar and omitted here. Let
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{yn} be a solution of (5) with at least three semi-cycles. Then, there exists N ≥ 0 such that
either

yN−1 < ỹ ≤ yN+1,

or

yN−1 ≥ ỹ > yN+1.

We first assume that

yN−1 < ỹ ≤ yN+1.

Since the function F(x, y) is monotonic in each of its arguments, then we have

yN+2 = F(yN+1, yN−1) < F(ỹ, ỹ) = ỹ,

and

yN+3 = F(yN+2, yN) > F(ỹ, yN).

Since the function F(x, y) is decreasing in y for fixed x, then

F(ỹ, yN) > F(ỹ, ỹ) = ỹ for yN < ỹ.

Hence, we obtain

yN+2 < ỹ < yN+3.

Similarly, we can prove the theorem if yN−1 ≥ ỹ > yN+1 which is omitted here. Now, the
proof of Theorem 4 is completed. �

3 Local Stability

In this section, we investigate the local stability of the positive solutions of (5). By using
Theorems 1 and 2, we have the following result.

Theorem 5 (i) Assume that p > q , 0 < A + B < 1 and

B >
(p − q)[1 − (A + B)]

(p + 1)(q + 1)
.

Then, the positive equilibrium point ỹ of (5) is locally asymptotically stable.
(ii) If k is either odd or even, p < q , 0 < A + B < 1 and

A >
(q − p)[1 − (A + B)]

(p + 1)(q + 1)
.

Then (11) is the necessary and sufficient condition for the asymptotically stable of (5).
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Proof Under the assumptions of part (i), we deduce from (9) that

|ρ0| + |ρ1| =
∣

∣

∣

∣

A + (p − q)[1 − (A + B)]
(p + 1)(q + 1)

∣

∣

∣

∣

+
∣

∣

∣

∣

B − (p − q)[1 − (A + B)]
(p + 1)(q + 1)

∣

∣

∣

∣

= A + (p − q)[1 − (A + B)]
(p + 1)(q + 1)

+ B − (p − q)[1 − (A + B)]
(p + 1)(q + 1)

= A + B < 1.

According to Theorem 2, the proof of part (i) of Theorem 5 is completed.
Under the assumptions of part (ii), we deduce from (9) that

|ρ0| + |ρ1| =
∣

∣

∣

∣

A − (q − p)[1 − (A + B)]
(p + 1)(q + 1)

∣

∣

∣

∣

+
∣

∣

∣

∣

B + (q − p)[1 − (A + B)]
(p + 1)(q + 1)

∣

∣

∣

∣

= A − (q − p)[1 − (A + B)]
(p + 1)(q + 1)

+ B + (q − p)[1 − (A + B)]
(p + 1)(q + 1)

= A + B < 1.

Furthermore, if k is an odd positive integer, we get

ρ1 = B + (q − p)[1 − (A + B)]
(p + 1)(q + 1)

> 0,

while, if k is an even positive integer, we have

ρ0ρ1 =
(

A − (q − p)[1 − (A + B)]
(p + 1)(q + 1)

)(

B + (q − p)[1 − (A + B)]
(p + 1)(q + 1)

)

> 0.

According to Theorem 2, the proof of part (ii) of Theorem 5 is completed. Thus, the proof
of Theorem 5 is now finished. �

4 Periodic Solutions

In this section, we investigate the periodic character of the positive solutions of (5).

Theorem 6

(1) Assume that p > q > 1 (or p < q < 1) and k is an odd positive integer, then (5) has no
positive solutions of prime period two.

(2) If k is an even positive integer, then (5) has no positive solutions of prime period two.
(3) If k is an odd positive integer, then (5) has prime period two solutions

. . . ,	,
,	,
, . . .

if the following condition is valid:

(p − 1)(q − 1)(A + 1 − B) > −4(qA + p − Bp),
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where p > 1, q > 1 and A + 1 − B > 0 while the values of 	 and 
 are the (positive
and distinct) solutions of the quadratic equation

t2 − (1 − p)

(qA + 1 − B)
t + (qA + p − Bp)(1 − p)

(q − 1)(A + 1 − B)(qA + 1 − B)2
= 0.

Proof First of all, we prove the part (1) in the case p > q > 1. Similarly, we can prove the
part (1) in the case p < q < 1 which is omitted here. Assume for the sake of contradiction
that there exists distinctive positive real numbers 	 and 
 , such that

. . . ,	,
,	,
, . . .

is a prime period two solution of (5).
If k is odd, then yn+1 = yn−k . It follows from (5) that

	 = A
 + B	 + p
 + 	

q
 + 	
and 
 = A	 + B
 + p	 + 


q	 + 

.

Consequently, we obtain

q	
 + 	2 = qA
2 + A	
 + qB	
 + B	2 + p
 + 	, (12)

and

q	
 + 
2 = qA	2 + A	
 + qB	
 + B
2 + p	 + 
. (13)

By subtracting (13) from (12), we deduce that

	 + 
 = 1 − p

qA + 1 − B
, (14)

while, by adding (12), (13) and using (14) we get

	
 = (qA + p − Bp)(1 − p)

(q − 1)(A + 1 − B)(qA + 1 − B)2
. (15)

Consequently, we conclude from (15) that

(qA + p − Bp)(1 − p) > 0 and (q − 1)(A + 1 − B)(qA + 1 − B)2 > 0 (16)

or

(qA + p − Bp)(1 − p) < 0 and (q − 1)(A + 1 − B)(qA + 1 − B)2 < 0. (17)

From (16) we deduce that q > 1 and A−B + 1 > 0. Since p > q > 1, then (1 −p) < 0 and
consequently, we deduce from (14) that

qA − A < qA − B + 1 < 0.

The last inequality gives q < 1. This is a contradiction. Similarly, from (17) we deduce that
q > 1 and A − B + 1 < 0. Since p > q > 1, then (1 − p) < 0 and consequently, we deduce
from (17) that

qA − Ap > qA + p − Bp > 0.
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The last inequality gives p < q . This is a contradiction and hence the proof of part (1) is
completed.

(2) Assume for the sake of contradiction that there exists distinctive positive real numbers
	 and 
 , such that

. . . ,	,
,	,
, . . .

is a prime period two solution of (5). If k is even, then yn = yn−k . It follows from the
difference equation (5) that

	 = A
 + B
 + p
 + 


q
 + 

and 
 = A	 + B	 + p	 + 	

q	 + 	
.

Hence we have (	−
)(A+B + 1) = 0. Thus 	 = 
 . This contradicts the hypothesis that
	 and 
 distinct positive real number. Thus, the proof of part (2) is completed.

(3) Assume that (5) has prime period two solutions

. . . ,	,
,	,
, . . .

If k is odd, then yn+1 = yn−k . It follows from (5) that

	 = A
 + B	 + p
 + 	

q
 + 	
and 
 = A	 + B
 + p	 + 


q	 + 

.

Then we have

	 + 
 = 1 − p

qA + 1 − B
and 	
 = (qA + p − Bp)(1 − p)

(q − 1)(A + 1 − B)(qA + 1 − B)2
.

Now, we consider the quadratic equation

t2 − (1 − p)

(qA + 1 − B)
t + (qA + p − Bp)(1 − p)

(q − 1)(A + 1 − B)(qA + 1 − B)2
= 0.

So, the values of 	 and 
 are the (positive and distinct) solutions of the above quadratic
equation. Thus, we get

t = (1 − p) ± δ

2(qA + 1 − B)
,

where

δ =
√

(1 − p)2 − 4(qA + p − Bp)(1 − p)/(q − 1)(A + 1 − B).

Thus, we deduce that

(

p − 1

qA + 1 − B

)2

>
−4(qA + p − Bp)(p − 1)

(q − 1)(A + 1 − B)(qA + 1 − B)2
,

and hence, we have

(p − 1)(q − 1)(A + 1 − B) > −4(qA + p − Bp).

Thus, the proof of part (3) is completed. The proof of Theorem 6 is now finished. �
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5 Boundedness Character

In this section, we investigate the boundedness character of the positive solutions of (5).

Theorem 7 Let {yn}∞
n=−k be a solution of (5). Then the following statements are true:

(1) Suppose p < q and assume that for some N ≥ 0

yN−k+1, . . . , yN−1, yN ∈
[

p

q
,1

]

,

then

yn ∈
[

p

q

(

A + B + p + 1

q + 1

)

,A + B + 1

]

, for all n > N.

(2) Suppose p > q and assume that for some N ≥ 0

yN−k+1, . . . , yN−1, yN ∈
[

1,
p

q

]

,

then

yn ∈
[

A + B + 1,
p

q

(

A + B + p + 1

q + 1

)]

, for all n > N.

Proof First of all, if for some N > 0, p

q
≤ yN ≤ 1 and p < q , then

yn+1 = Ayn + Byn−k + pyn + yn−k

qyn + yn−k

≤ Ayn + Byn−k + qyn + yn−k

qyn + yn−k

= Ayn + Byn−k + 1 ≤ A + B + 1,

and

yn+1 = Ayn + Byn−k + pyn + yn−k

qyn + yn−k

≥ p

q

(

A + B + p + 1

q + 1

)

.

Thus, the proof of part (1) is completed.
Secondly, if for some N > 0, 1 ≤ yN ≤ p

q
and p > q , then

yn+1 = Ayn + Byn−k + pyn + yn−k

qyn + yn−k

≤ p

q

(

A + B + p + 1

q + 1

)

,

and

yn+1 = Ayn + Byn−k + pyn + yn−k

qyn + yn−k

≥ Ayn + Byn−k + pyn + yn−k

pyn + yn−k

≥ Ayn + Byn−k + 1 ≥ A + B + 1.

Thus, the proof of part (2) is completed. The proof of Theorem 7 is now finished. �
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6 Global Stability

In this section, we investigate the global stability of the positive solutions of (5).

Theorem 8 Assume that p > q , 0 < A + B < 1 and B >
(p−q)[1−(A+B)]

(p+1)(q+1)
, then, the positive

equilibrium point ỹ of (5) is globally asymptotically stable.

Proof Under these assumptions, we have shown in part (i) of Theorem 5 that the positive
equilibrium point ỹ of (5) is locally asymptotically stable. It remains to prove that ỹ is a
global attractor. To this end, we consider the function

F(x, y) = Ax + By + px + y

qx + y
.

Since p > q , then the function F(x, y) is increasing in x for each fixed y, and decreasing in
y for each fixed x. Suppose that (m,M) is a solution of the system

M = F(M,m) and m = F(m,M).

Then we get

M = AM + Bm + pM + m

qM + m
and m = Am + BM + pm + M

qm + M
.

From which we have

(1 − A − qB)Mm = pM + m + Bm2 − q(1 − A)M2, (18)

and

(1 − A − qB)Mm = pm + M + BM2 − q(1 − A)m2. (19)

From (18) and (19), we obtain

(m − M)[p − 1 − (q(1 − A) + B)(m + M)] = 0. (20)

The relation (20) gives M = m. According to Theorem 3, the proof of Theorem 8 is now
completed. �

Theorem 9 If k is either even or odd, p < q , 0 < A + B < 1 and A >
(q−p)[1−(A+B)]

(p+1)(q+1)
, then,

the positive equilibrium point ỹ of (5) is globally asymptotically stable.

Proof Under these assumptions, we have shown in part (ii) of Theorem 5 that the positive
equilibrium point ỹ of (5) is locally asymptotically stable. It remains to prove that ỹ is a
global attractor. To this end, we consider the function

F(x, y) = Ax + By + px + y

qx + y
.

Since p < q , then the function F(x, y) is decreasing in x for each fixed y, and increasing in
y for each fixed x. Suppose that (m,M) is a solution of the system

m = F(M,m) and M = F(m,M).
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Then we get

m = AM + Bm + pM + m

qM + m
and M = Am + BM + pm + M

qm + M
.

From which we have

(q − qB − A)Mm = pm + M + qAm2 + (B − 1)M2, (21)

and

(q − qB − A)Mm = pM + m + qAM2 + (B − 1)m2. (22)

From (21) and (22), we obtain

(m − M)[p − 1 + (qA + 1 − B)(m + M)] = 0. (23)

The relation (23) gives M = m. According to Theorem 3, the proof of Theorem 9 is com-
pleted. �

7 Numerical Examples

In order to illustrate the results of the previous sections and to support our theoretical dis-
cussions, we consider several interesting numerical examples in this section. These exam-
ples represent different types of qualitative behavior of solutions to the nonlinear difference
equation (5).

Example 1 Figure 1 shows that (5) has prime period two solution if k = 1, y−1 = 0.05,
y0 = −0.079, A = 0.25, B = 0.3, p = 2, q = 20.

Example 2 Figure 2 shows that the solution of (5) is global stability if k = 1, p > q , y−1 = 1,
y0 = 2, A = 0.25, B = 0.3, p = 300, q = 5.

Fig. 1 yn+1 = 0.25yn + 0.3yn−1 + 2yn+yn−1
20yn+yn−1
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Fig. 2 yn+1 = 0.25yn + 0.3yn−1 + 300yn+yn−1
5yn+yn−1

Fig. 3 yn+1 = 0.25yn + 0.3yn−1 + 5yn+yn−1
300yn+yn−1

Example 3 Figure 3 shows that the solution of (5) has global stability if k = 1, p < q ,
y−1 = 1, y0 = 2, A = 0.25, B = 0.3, p = 5, q = 300.

Note that Example 1 verifies Theorem 6 part (3) which show that if k is odd, then (5) has
prime period two solution. But Example 2 verifies Theorem 8 for p > q which shows that
the solution of (5) is globally asymptotically stable, while Example 3 verifies Theorem 9 for
p < q which shows that the solution of (5) is globally asymptotically stable.
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8 Conclusions

We have investigated the global asymptotic stability, the periodicity nature and the bound-
edness character of the positive solutions of the difference equation (1) subject to the initial
conditions x−k, . . . , x−1, x0 where k is a positive integer. We have shown that the positive
equilibrium point ỹ of (1) is a global attractor depending on certain conditions. In the forth-
coming articles, we might generalize (1) to be in the following new form:

xn+1 = Axn + Bxn−k1 + Cxn−k2 + αxn + βxn−k1 + γ xn−k2

axn + bxn−k1 + cxn−k2

, (24)

subject to the initial conditions x−σ1 , x−σ1+1, . . . , x−1, x0 where σ1 = max{k1, k2} and
A, . . . , α,β, γ, . . . , c are arbitrary constants. Furthermore, (24) can be generalized to take
the more general new form

xn+1 = Axn +
m

∑

i=1

aixn−ki
+ Bxn + ∑m

i=1 bixn−ki

Cxn + ∑m

i=1 cixn−ki

, (25)

subject to the initial conditions x−σm−1 , x1−σm−1 , . . . , x−1, x0 where σm−1 = max{k1, k2,

. . . , km} and A, . . . , ai, bi, ci are arbitrary constants. Some qualitative behavior of the so-
lutions of the difference equations (24), (25) will be obtained. These are open problems.
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31. Stević, S.: On the recursive sequences xn+1 = xn−1/g(xn). Taiwan. J. Math. 6, 405–414 (2002)
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33. Stević, S.: On the recursive sequences xn+1 = α + (x

p
n−1/x

p
n ). J. Appl. Math. Comput. 18, 229–234

(2005)
34. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (D + αxn + βxn−1 +

γ xn−2)/(Axn + Bxn−1 + Cxn−2). Commun. Appl. Nonlinear Anal. 12, 15–28 (2005)
35. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (αxn +βxn−1 +γ xn−2 +

δxn−3)/(Axn + Bxn−1 + Cxn−2 + Dxn−3). J. Appl. Math. Comput. 22, 247–262 (2006)
36. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (A +

∑k
i=0 αixn−i )/(B + ∑k

i=0 βixn−i ). Int. J. Math. Math. Sci. 2007. Article ID 23618, 12 p. (2007).
doi:10.1155/2007/23618

37. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (A +
∑k

i=0 αixn−i )/
∑k

i=0 βixn−i . Math. Bohemica 133(3), 225–239 (2008)
38. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = axn − bxn/(cxn −

dxn−k). Commun. Appl. Nonlinear Anal. 15, 47–57 (2008)
39. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (axn + bxn−k)/(cxn −

dxn−k). Commun. Appl. Nonlinear Anal. 15, 67–76 (2008)
40. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = (α + βxn−k)/(γ − xn).

J. Appl. Math. Comput. doi:10.1007/s12190-008-0205-6 (in press)
41. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive sequence xn+1 = γ xn−k + (axn +

bxn−k)/(cxn − dxn−k). Bull. Iranian Math. Soc. (to appear)
42. Zayed, E.M.E., El-Moneam, M.A.: On the global attractivity of two nonlinear difference equations,

J. Math. Sci. (to appear)
43. Zayed, E.M.E., El-Moneam, M.A.: On the rational recursive two sequences xn+1 = axn−k +

bxn−k/(cxn + δdxn−k). Acta Math. Vietnam. (to appear)

http://dx.doi.org/10.1155/2007/23618
http://dx.doi.org/10.1007/s12190-008-0205-6

	On the Rational Recursive Sequence xn+1=Axn+Bxn-k+ betaxn+gammaxn-kCxn+Dxn-k
	Abstract
	Introduction
	Change of Variables
	Linearization

	Semi-cycle Analysis
	Local Stability
	Periodic Solutions
	Boundedness Character
	Global Stability
	Numerical Examples
	Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


