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Abstract In this article, we study the global and asymptotic properties of the solutions of
the difference equation

Xnt1 = A)C,, + B-xn—k + (ﬂxn + yxn—k)/(cxn + D-xn—k)s n= 0» 1’ 27 cees

where the initial conditions x_g, ..., x_1, xo are arbitrary positive real numbers and the co-
efficients A, B, C, D, 8 and y are positive constants, while k is a positive integer number.
Some numerical examples will be given to illustrate our results.
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stable - Global attractor - Global stability

Mathematics Subject Classification (2000) 39A10 - 39A11 - 39A99 - 34C99

1 Introduction

The qualitative study of difference equations is a fertile research area and increasingly at-
tracts many mathematicians. This topic draws its importance from the fact that many real life
phenomena are modeled using difference equations. Examples from economy, biology, etc.
can be found in [2, 16, 19, 29]. It is known that nonlinear difference equations are capable
of producing a complicated behavior regardless its order. This can be easily seen from the
family x,41 = g.(x,), # > 0,n > 0. This behavior is ranging according to the value of p,
from the existence of a bounded number of periodic solutions to chaos.
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There has been a great interest in studying the global attractivity, the boundedness charac-
ter and the periodicity nature of nonlinear difference equations. For example, in the articles
[1, 5, 8-14, 21-30] closely related global convergence results were obtained which can be
applied to nonlinear difference equations in proving that every solution of these equations
converges to a period two solution. For other closely related results (see [3-7, 10, 17, 18]
and the references cited therein). The study of these equations is challenging and rewarding
and is still in its infancy. We believe that the nonlinear rational difference equations are of
paramount importance in their own right. Furthermore the results about such equations of-
fer prototypes for the development of the basic theory of the global behavior of nonlinear
difference equations.

Our goal in this article is to investigate some qualitative behavior of the solutions of the
difference equation

Bxn + ¥ Xn_k
Xpp1 =Axy +Bxyy + ——, n=0,1,2,..., 1
n+ n n an + Dxn,k ( )
where the initial conditions x_g, ..., x_y, Xo are arbitrary positive real numbers and the coef-

ficients A, B, C, D, B and y are positive constants, while k is a positive integer number. The
global stability of (1) for A= B =0 and k = 1 has been investigated in [20]. M. Saleh et al.
[30] have investigated the global stability of (1), where A= B =0and k € {1,2,3,...}.

Our interest now is to study the behavior of solutions of (1) in the general case where
A #0, B#0 and k is a positive integer number. For the related work see [31-43]. The
study of these equations is challenging and rewarding and is still in its infancy. We believe
that the nonlinear rational difference equations are of paramount importance in their own
right. Furthermore the results about such equations offer prototypes for the development of
the basic theory of the global behavior of nonlinear difference equations. Note that (1) can
be considered as a generalization of that obtained in [20, 30]. Let us now recall some well
know results [15] which will be useful in the sequel.

Definition 1 A difference equation of order (k 4 1) is of the form
Xn+1 :F(xns-xnfk)v n:0,1,2,..., (2)

where F is a continuous function which maps some set J**! into J where J is a set of
real numbers. An equilibrium point X of this equation is a point that satisfies the condition
X = F(X,X). That is, the constant sequence {x,}3> _, with x, =X forall n > —k is a solution
of that equation.

Definition 2 Let X € (0, o) be an equilibrium point of the difference equation (2). Then:

(i) An equilibrium point X of the difference equation (2) is called locally stable if for every
& > 0 there exists § > 0 such that, if x_g, ..., x_;, xg € (0, 00) with |[x_; —X| +--- +
|x_1 —X| + |xo — X| < 8, then |x, — X| < ¢ for all n > —k.

(ii) An equilibrium point X of the difference equation (2) is called locally asymptotically
stable if it is locally stable and there exists y > 0 such that, if x_g, ..., x_1, xo € (0, 00)
with [x_; —X|+ -+ |x_; = X| + |xo — X| < v, then

lim x, =X.
n—oQ
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(iii) An equilibrium point X of the difference equation (2) is called a global attractor if for
every x_g, ..., xX_1, xo € (0, 00) we have
lim x, =%.
n—o0
(iv) An equilibrium point X of (2) is called globally asymptotically stable if it is locally
stable and a global attractor.

(v) An equilibrium point X of the difference equation (2) is called unstable if it is not
locally stable.

Definition 3 A sequence {x,};-_, is said to be periodic with period p if x,4, = x, for all
n > —k. A sequence {x,}° _, is said to be periodic with prime period p if p is the smallest
positive integer having this property.
Definition 4 A positive semi-cycle of {x,};° _, consists of “a string” of terms {x;, x;41,
..., Xy} all greater than or equal to X, with [ > —k and m < oo such that

either [=—k or [>—k and x_; <X,
and
either m=00 or m<oo and x,4, <X.
A negative semi-cycle of {x,}°2 , consists of “a string” of terms {x;, x;41, ..., X,,} all less

than X, with [ > —k and m < oo such that
either |=—k or [>—k and x_;>%,

and
either m=o00 or m<oo and x,4 >X.
Definition 5 Equation (2) is said to be permanent if there exist positive real numbers m and

M such that for every solution {x,}>> _, of (2) there exists a positive integer N > —k which
depends on the initial conditions, such that

m<x,<M, foralln>N.

The linearized equation of the difference equation (2) about the equilibrium point X is
the linear difference equation

IF(x,X) AF(x,X)
Yn + Yn—k- (3)
0x,, 0Xn_k

Ynt+1 =

Now, assume that the characteristic equation associated with (3) is

p(W) = A = pork — p1 =0, 4)
where
IF(x,X) aF(x,X)
Po=——", pr=——
0x, 0Xp—_k
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Theorem 1 [15] The linearized stability theorem.
Suppose F is a continuously differentiable function defined on an open neighbourhood
of the equilibrium X. Then the following statements are true:

(i) If all the roots of the characteristic equation (4) of the linearized equation (3) have ab-
solute value less than one, then the equilibrium point X of (2) is locally asymptotically
stable.

(i) If at least one root of (4) has absolute value greater than one, then the equilibrium
point X of (2) is not locally stable.

(iii) If all the roots of (4) have absolute value greater than one, then the equilibrium point
X of (2) is a source.

1.1 Change of Variables

In this section, we apply (2) to the rational recursive sequence (1). By using the change of
variables x, = % v,. Then (1) reduces to the difference equation

n + n—
Var1 = Ayy + By, + LIk 01,2, ©)
qYn +yn7k

where p = g and g = %, with p,q € (0,00), y_¢, ..., ¥_1, Yo € (0, 00). To avoid a degen-
erate situation we also assume that p # g.

Next, we investigate the asymptotic of the equilibrium points of the nonlinear rational
difference equation (5) where the parameters p, g and the initial conditions y_g, ..., y_1, Yo
are arbitrary positive real numbers, while k is a positive integer number.

The equilibrium points of (5) are the positive solutions of the equation

py+y
qy+y

¥=AY+ By +

If 0 < A+ B < 1, then the only positive equilibrium point is

~ p+1
= . 6
YTH-A+BIg+) ©

1.2 Linearization

In this section, we derive the linearized equation of (5). To this end, we introduce a contin-
uous function F : (0, 00)?> — (0, c0) which is defined by

ug+u
Fluo, 1) = Aug + Buy + 2210 %)
quo+uy

Therefore,

duo (quo+un)?’ ®)
Fwom) _ p_ _(p=quo
duy (quo+up)?”

{ AF (ug,uy) —A (p—q)uy

From (6) and (8) we have

dug p+hgtn R0 )
IFGY _ g p—U-—(A+B] _
g (p+hE@+h  — P1

{BF(T%% A4+ (P=1-(A+B)] _
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Then the linearized equation of the difference equation (5) about y is

Y1 — P0Yn — P1Yn—k =0, (10)

where pg and p; are given by (9).
Theorem 2 [20] Assume that py, p1 € R and k € {1,2,...}. Then

lool + 1po1] < 1 (11)

is a sufficient condition for the asymptotic stability of the difference equation (5). Suppose
in addition that one of the following two cases holds:

(i) k is an odd integer and p, > 0.
(i) k is an even integer and pyp; > 0.

Then (11) is also a necessary condition for the asymptotic stability of (5).
Theorem 3 [15, p. 18] Let F : [a, b]**! — [a, b] be a continuous function, where k is a

positive integer, and where [a, b] is an interval of real numbers and consider the difference
equation (2). Suppose that F satisfies the following conditions:

(1) For each integer i with 1 <i <k + 1, the function F(z1,22,...,2k+1) IS weakly
monotonic in z; for fixed 21,22, ..., Zi—15 Zit1s -+ » Tkl -
(i) If (m, M) is a solution of the system

m=F@m,my,...,mpy) and M=FM, M,..., M),
then m = M, where foreachi =1,2,...,k+ 1, we set

m  if F nondecreasing in z;,
m; = ; . .7
! M  if F nonincreasing in z;

and

M= [ M if F nondecreasing in z;,

m if F nonincreasing in z;.

Then there exists exactly one equilibrium point X of the difference equation (2), and every
solution of (2) converges to X.

2 Semi-cycle Analysis

Theorem 4 Assume that F € [(0, 00)2, (0, 00)] is a continuous function such that F(x,y)
is increasing (respectively, decreasing) in x for each fixed y, and F(x,y) is decreasing
(respectively, increasing) in y for each fixed x. Let ¥ be a positive equilibrium of (5). Then
except possibly for the first semi-cycle, every oscillatory solution of (5) has semi-cycle of
length at least k.

Proof When k = 1, the proof is presented as Theorem 1.7.1 in [20]. We just give the proof
of Theorem 4 for k = 2. The proof of Theorem 4 for k > 3, is similar and omitted here. Let
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292 E.M.E. Zayed, M.A. El-Moneam

{y.} be a solution of (5) with at least three semi-cycles. Then, there exists N > 0 such that
either

YN-1 <Y S YN+
or
YN-12Y > YN+i-
We first assume that
YN-1 <Y S YN+1-
Since the function F(x, y) is monotonic in each of its arguments, then we have
yn+2=FQni yv-1) < F(3,Y) =7,
and
YN+3 = F(yn12, yn) > F (3, yw)-
Since the function F(x, y) is decreasing in y for fixed x, then
FG,yn)>F(y,y) =y foryy <y.
Hence, we obtain

IYN+2 <Y < YN+3-

Similarly, we can prove the theorem if yy_; >y > yy,1 which is omitted here. Now, the
proof of Theorem 4 is completed. ]

3 Local Stability

In this section, we investigate the local stability of the positive solutions of (5). By using
Theorems 1 and 2, we have the following result.

Theorem 5 (i) Assume that p > q,0< A+ B <1 and

(p—q@)1 - (A+ B)]
(p+D@+1

Then, the positive equilibrium point y of (5) is locally asymptotically stable.
(ii) If k is either odd or even, p <q,0< A+ B < 1 and

(g —p)1—(A+B)]
(p+D@+1

Then (11) is the necessary and sufficient condition for the asymptotically stable of (5).
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Proof Under the assumptions of part (i), we deduce from (9) that

lol + 11| = |A +

(P =)l —(A+ B)] 'B_(p—q)[l—(AJrB)]
(p+D@+D (p+D@+1D
(p—q)l1 —(A+ B)] _(p—9@Ill - (A+B)]
(p+D@+D (p+D@+1D
=A+B<l1.

—A+

According to Theorem 2, the proof of part (i) of Theorem 5 is completed.
Under the assumptions of part (ii), we deduce from (9) that

ool + 11| = | A — (g —pI1—-(A+ B)] ' (g —p)1—(A+ B)]
(p+D@+D (p+D@+1D
_g—pl1-(A+B)] (g —p)l1—(A+ B)]
(p+D@+1) (p+D@+1)
=A+B<1.

Furthermore, if & is an odd positive integer, we get

()1 - (A+B)]
=B 0
A I TR TR

while, if k is an even positive integer, we have

pom:(A_ (q—P)[l—(A+B)]><B+(q—P)[l—(A+B)]>>0
(p+D@+D (p+D(g+1)

According to Theorem 2, the proof of part (ii) of Theorem 5 is completed. Thus, the proof
of Theorem 5 is now finished. O

4 Periodic Solutions
In this section, we investigate the periodic character of the positive solutions of (5).

Theorem 6
(1) Assume that p >q > 1 (or p < q < 1) and k is an odd positive integer, then (5) has no
positive solutions of prime period two.
(2) If k is an even positive integer, then (5) has no positive solutions of prime period two.
3) Ifk is an odd positive integer, then (5) has prime period two solutions
e, O, D
if the following condition is valid:

(p—D@—-1D(A+1—-B)>—-4(qA+ p— Bp),
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where p > 1,q > 1and A+ 1 — B > 0 while the values of ® and \V are the (positive
and distinct) solutions of the quadratic equation

»  (d=p) (gA+p— Bp)(1—p) —0
(qA+1—B)  (@q—D(A+1—-B)(gA+1—B)?2

Proof First of all, we prove the part (1) in the case p > g > 1. Similarly, we can prove the
part (1) in the case p < ¢ < 1 which is omitted here. Assume for the sake of contradiction
that there exists distinctive positive real numbers ® and W, such that

SR R RO RN

is a prime period two solution of (5).
If k is odd, then y, ;1 = y,,_. It follows from (5) that

V4P S+ W
d=Av+Bo+ 2ot i w=ab4Bu4+ P2TY
qV¥ + @ q®+ Vv
Consequently, we obtain
qOV + &> = gAYV + ADV + gBOY + BD? 4 p¥ + O, (12)
and
qOV + V2 =gAD’ + ADV + gBOY + BYU? 4 pd + V. (13)

By subtracting (13) from (12), we deduce that

l1-p
P+ =— -~ 14
+ ATI_B (14)
while, by adding (12), (13) and using (14) we get
A — Bp)(1 —
(gA+p—Bp)(1—p) (15)

T @-DA+1-B)gA+1—B)?
Consequently, we conclude from (15) that
(qA+p—Bp)1l—p)>0 and (g—1D(A+1—-B)(gA+1— B)?>0 (16)
or
(qA+p—Bp)(l—p)<0 and (¢q—1)(A+1—B)(gA+1— B)? <0. 17)

From (16) we deduce thatg > 1and A — B+ 1 > 0. Since p > g > 1, then (1 — p) <0 and
consequently, we deduce from (14) that

gA—A<gqA—-B+1<0.

The last inequality gives g < 1. This is a contradiction. Similarly, from (17) we deduce that
g>1land A— B+ 1<0.Since p > gq > 1, then (1 — p) < 0 and consequently, we deduce
from (17) that

qgA—Ap>qgA+p—Bp>0.
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The last inequality gives p < ¢. This is a contradiction and hence the proof of part (1) is
completed.

(2) Assume for the sake of contradiction that there exists distinctive positive real numbers
& and W, such that

LD,

is a prime period two solution of (5). If k is even, then y, = y,_. It follows from the
difference equation (5) that

pY + W pP+ P

b =AV+BY + ——— d V=Ad+ B .
+ +q\L’—|—\IJ an + +q<1>—|—<b

Hence we have (& — W)(A + B+ 1) =0. Thus ® = W. This contradicts the hypothesis that
@ and W distinct positive real number. Thus, the proof of part (2) is completed.
(3) Assume that (5) has prime period two solutions

SRR R RO R

If k is odd, then y, 1 = y,—¢. It follows from (5) that

U+ O+ W
PYHP hd W=Ad+ By 4+ 22T

& =AV+ B .
+ +q\IJ+d> qP+ v

Then we have

1— A — Bp)(1 —
Prve— TP ad ow— (gA+p—Bp)(1-p)

gA+1—B (g—1DA+1—-B)(gA+1—-B)?

Now, we consider the quadratic equation

2 d=p (gA+p—Bp)(—p) _
(qA+1—B)  (q—1D(A+1—-B)(gA+1—-B)?

So, the values of ® and W are the (positive and distinct) solutions of the above quadratic
equation. Thus, we get

_ (d=p)=£s
" 2(qA+1-B)’

where

§=yV(1—p)2—4(qA+p—Bp)(1—p)/lg—1D(A+1-B).
Thus, we deduce that

( p—1 )2> —4@A+p—Bp(p—1)
qgA+1—B (g—1DA+1-B)(gA+1—B)?

and hence, we have
(p—D@g—-DA+1-B)>—-4qA+p— Bp).

Thus, the proof of part (3) is completed. The proof of Theorem 6 is now finished. a
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5 Boundedness Character
In this section, we investigate the boundedness character of the positive solutions of (5).

Theorem 7 Let {y,}°° _, be a solution of (5). Then the following statements are true:

n=—k

(1) Suppose p < q and assume that for some N >0

p
YN—k+1s--+s YN—1, YN € [5 1}

then

y,,€|: <A+B+p_L),A+B+1], foralln > N.
q

(2) Suppose p > q and assume that for some N >0

P
yN—k+1,-~-7yN—17)’N€[1,—],
q
then
1
yn€|:A+B+1,E<A+B+i)i|, foralln > N.
q q+1
Proof First of all, if for some N > 0, £ <yN<1andp<q then

+ n— n + n—
> = Ayn + BYnfk + 1 nk
qYn + Yn—k qYn + Yn—k

:Ayn+Byn7k+1§A+B+l5

Y1 = Ayn + Byn k +

and
n =+ Yn— +1
yn+l:Ayn+Byn7k+u_p<A+ +p_>
qYn + Yn—k q + 1
Thus, the proof of part (1) is completed.
Secondly, if for some N >0, 1 < yy < g and p > ¢, then
n =+ Yn— +1
ywrl:Ayn‘{‘Bynfk‘l'M < +B+p—>y
qYn + Yn—k q +1
and
n + n— n + n—
Ynt+1 = Ayn + Byn—k + M > Ayn + Byn—k + M
qYn + Yn—k PYn + Yn—k
> Ay, + By,—x+1>A+ B+ 1.
Thus, the proof of part (2) is completed. The proof of Theorem 7 is now finished. a
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6 Global Stability

In this section, we investigate the global stability of the positive solutions of (5).

(P—9)[1-(A+B)]

Theorem 8 Assume that p >q,0< A+ B <1and B > DD

equilibrium point y of (5) is globally asymptotically stable.

, then, the positive

Proof Under these assumptions, we have shown in part (i) of Theorem 5 that the positive
equilibrium point ¥ of (5) is locally asymptotically stable. It remains to prove that y is a
global attractor. To this end, we consider the function
x +
F(x,y)=Ax+ By + 222
qx +y

Since p > ¢, then the function F(x, y) is increasing in x for each fixed y, and decreasing in
y for each fixed x. Suppose that (m, M) is a solution of the system

M=FM,m) and m=F(m, M).

Then we get
M M
M=AM+Bm+ P2 E™ ond m=Am+ By + PPN
gM +m gm+ M
From which we have
(1—A—gB)Mm=pM +m+ Bm?> —q(1 — A)M?, (18)
and
(1—A—gB)Mm = pm+ M+ BM* — q(1 — Aym*. (19)
From (18) and (19), we obtain
(m—M)p—-1-(q(l—A)+ B)im+ M)]=0. (20)

The relation (20) gives M = m. According to Theorem 3, the proof of Theorem 8 is now
completed. ]

Theorem 9 If k is either even orodd, p <q,0< A+ B <1 and A > W, then,
the positive equilibrium point y of (5) is globally asymptotically stable.

Proof Under these assumptions, we have shown in part (ii) of Theorem 5 that the positive
equilibrium point y of (5) is locally asymptotically stable. It remains to prove that y is a
global attractor. To this end, we consider the function

px+y

F(x,y)=Ax+ By + .
qx +y

Since p < g, then the function F(x, y) is decreasing in x for each fixed y, and increasing in
y for each fixed x. Suppose that (m, M) is a solution of the system

m=FM,m) and M=F(@m,M).
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Then we get
M M
m=AM+Bm+ MM hd M=Am+Bym+ PN
gM +m gm+ M
From which we have
(g—qgB—AMm=pm+M+qgAm* + (B — 1) M?, 1)
and
(q—qB—A)Mm=pM+m+qAM* + (B — Hm>. (22)
From (21) and (22), we obtain
m—M[p—1+(@A+1—B)m+M)]=0. (23)

The relation (23) gives M = m. According to Theorem 3, the proof of Theorem 9 is com-
pleted. ]

7 Numerical Examples

In order to illustrate the results of the previous sections and to support our theoretical dis-
cussions, we consider several interesting numerical examples in this section. These exam-
ples represent different types of qualitative behavior of solutions to the nonlinear difference
equation (5).

Example 1 Figure 1 shows that (5) has prime period two solution if k =1, y_; = 0.05,
yo=—-0.079,A=0.25,B=0.3, p=2,q =20.

Example 2 Figure 2 shows that the solution of (5) is global stability if k=1, p > ¢, y_; =1,
yo=2,A=0.25 B=0.3, p=300,9 =5.

0.1 plot of X(n+1)=(A*X(n)+B*X(n-1))+((p*X(n)+X(n-1))/(q*X(n)+X(n-1)))

(AX()+BX(n-1)+((P*X(MX(n-1)/(Q™X()+X(n-1))

0 2 4 6 8 10 12 14 16 18 20
n-iteration

solution of X(n+1)

2yn+Yn—1

Fig. 1 y;4+1=0.25y, +03y,—1 + PG —
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140 plot of X(n+1)=(A*X(n)+B*X(n-1))+((p*X(n)+X(n-1))/(g*X(n)+X(n-1)))

120

100

80

60

(A™X(n)+B*X(n-1))+((P*X(n)+X(n-1))/(q"X(n)+X(n-1)))

40

20

solution of X(n+1):

0 I I I I

'l 'l 'l 'l
0 20 40 60 80 100 120 140 160
n-iteration

300yn+yn—1

Fig 2 yup1 =025y +03y, 1 + “5pats

plot of X(n+1)=(A*X(n)+B*X(n-1))+((p*X(n)+X(n-1))/(g*X(n)+X(n-1)))

N

L
180

200

o o - A a
o o =~ N »~» O O

(A™X(n)+B*X(n-1))+((P*X(n)+X(n-1))/(q*X(n)+X(n-1)))

I
~

o

solution of X(n+1)
o
N

120 140 160

o
N
=]
N
S
o
S
®

100
n-iteration

. Syn+yn—
Fig.3 y,411 =025y, +0.3y,_1 + W

180

200

Example 3 Figure 3 shows that the solution of (5) has global stability if k =1, p < ¢,

yoi=1y=2A=025B=03, p=5,q=300.

Note that Example 1 verifies Theorem 6 part (3) which show that if k is odd, then (5) has
prime period two solution. But Example 2 verifies Theorem 8 for p > g which shows that
the solution of (5) is globally asymptotically stable, while Example 3 verifies Theorem 9 for

p < g which shows that the solution of (5) is globally asymptotically stable.
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8 Conclusions

We have investigated the global asymptotic stability, the periodicity nature and the bound-
edness character of the positive solutions of the difference equation (1) subject to the initial
conditions x_y, ..., x_y, Xo where k is a positive integer. We have shown that the positive
equilibrium point y of (1) is a global attractor depending on certain conditions. In the forth-
coming articles, we might generalize (1) to be in the following new form:

ax, + ﬁxn—kl + Y Xn—ky

Xpp1 = Ax, + Bxy—p, + Cxpiy + , 24)
n+ n n—kip n—ky ax, ¥ bxn_k] ¥ an_k2
subject to the initial conditions xX_, X_g,41,...,X_1, X0 Where oy = max{k(, &>} and
A,...,a,B,y,...,c are arbitrary constants. Furthermore, (24) can be generalized to take
the more general new form
m m
Bx, + Y i bixy_,
Xn+1 = Axn + Zaixn—ki + Im -, (25)
i—1 an + Zi:l CiXn—k;
subject to the initial conditions x_,, |, X, ,s-..,X—1,Xo Where o,_; = max{ky, k,
...,ky}and A, ..., a;,b;,c; are arbitrary constants. Some qualitative behavior of the so-

lutions of the difference equations (24), (25) will be obtained. These are open problems.

Acknowledgements The authors wish to thank the referees for their interesting suggestions and comments
on this paper.
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