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COHOMOLOGIES OF THE LIE ALGEBRA OF VECTOR FIELDS ON
A LINE

V. V. Zharinov!

Providing adequate mathematical tools, we find cohomologies of the Lie algebra of smooth vector fields on
a line with coefficients in the trivial, natural, and adjoint representations. We construct the generalized
series of complexes and calculate the corresponding cohomologies.

The recent development of theoretical and mathematical physics is intrinsically related to geometric and
algebraic formulations. An unsophisticated observer would say that contemporary mathematical physics is a
mixture of special branches of geometry and algebra spiced with analysis and the theory of partial differential
equations. Lie algebras play a central role in this pattern because the whole historical development of
classical and quantum physics is intrinsically related to symmetries, which are mathematically described by
Lie groups and algebras. Currently, finite-dimensional Lie algebras related to symmetries in isotopic and
physical spaces are being replaced as the main object of investigation by infinite-dimensional algebras, which
are intrinsic to modern quantum theories including string and gauge theories. Mathematical constructions
supply physics with their specific objects and methods of investigation. This provides a common base
for describing otherwise unrelated physical phenomena. One of the many examples is the classification of
elementary particles based on Lie group representations.

A convenient language for describing a number of objects related to Lie algebras and their representa-
tions is provided by the method of cohomologies of Lie algebras [1]. This language yields adequate tools for
investigating, classifying, and finding natural relations between the physical quantities under investigation.
This method becomes especially useful in an infinite-dimensional case [2], [3], where standard methods fail
(see [4] and the references therein regarding the modern trends in using the cohomologies of Lie algebras in
physics). The growing number of publications involving Lie algebra cohomologies in electronic archives and
physical journals indicates that their applications in theoretical and mathematical physics are increasing.

Constituents of the theory of Lie algebra cohomologies important for applications are the calculation
apparatus and the assortment of completely calculated typical examples (see [2], [3] and references to the
original papers therein for the known results). One of the most important classes of infinite-dimensional
Lie algebras are Lie algebras of vector fields on manifolds, of which the Lie algebras on the unit circle and
on the line are the simplest examples. The former algebras, being algebras of fields on a compact manifold,
have been more thoroughly studied because the invariant integration technique [5] is available in this case
(see [2], [3] and the references therein). The most complete results were obtained with coefficients in the
trivial representation.

In this paper, we calculate the cohomologies of the Lie algebra of smooth vector fields on the line with
coefficients in the three most important representations: the trivial, the natural (fundamental), and the
adjoint representations. As a by-product, we develop an adequate mathematical apparatus, which reduces
calculations to elementary algebra and admits generalizations to more involved cases. We basically give
algebraic, combinatorial arguments, which are specific to the problem under investigation, leaving aside the
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analytic part, which is standard and does not contain new knowledge.
1. Definitions and formulation of results

1.1. Cohomologies of Lie algebras. Let F be a field of characteristic zero, let 2 be the Lie algebra
over F with the bracket [-, -], let & be a module over 2, i.e., & is the linear space over F, and let a
representation p of the Lie algebra 2 in K be given:

p: A — Homp(R; R), a—pla): R— R Vae

This representation must obey the commutation rule

p([a,b]) = [p(a), p(b)] = p(a) o p(b) — p(b) © p(a) Va,be A,

where the symbol o denotes the composition of mappings.
Let

AL = P Ao
q=>0

be an external algebra of the linear space 2 over F, and let

c(; 8) = e g)

q>0

be a linear space over F of all cochains on 2 with values in &, where C?(2; R) = Homy(A2; K) are linear
spaces of all g-linear skew-symmetric mappings from 2 to K. An external differential d on C(; R) is
determined by the rule

(dw)(ao,...,aq):%{ > (=1)%p(aa) (a0, - . e - -y aq)) +

+ > (—1)a+ﬁw([aa,aﬁ],...,aa,...,aﬁ,...,aq)}

0<a<f<q

for w € CI(A; R) and aop,...,aq € A (the argument under the hacek is omitted); hence, d: CI(; 8) —
CT (A, R), g € Z4 = {0,1,...}. Because of the Jacobi identity and the commutation rule, the composition
dod =0 and the complex {C(2; K);d} with the cohomologies

HH{C(; R);d}) = H(A; &) = P HI(A; R)
q20

are well defined.

1.2. Lie algebra of smooth vector fields on the line. Let F = C, let £ be an associative
commutative algebra over C of all smooth (i.e., having continuous derivatives of all orders) complex-valued
functions on the line R with the standard pointwise operations, and let 2 be the Lie algebra of all smooth
vector fields (i.e., all smooth differentiations of the algebra &) on the line. In detail,

A= {u = u(m)%; u(z) €€, z € }R},
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the Lie bracket is [u,v] = w, where w = w(z)d/dz, and

w(z) = u(@)v' () — v(@)u' (@) = Wau, v](z)
is the Wronskian of two functions u(z),v(z) € £ calculated at the point z € R (the prime denotes the
derivative w.r.t. x € R). In particular, supplying the linear space & with the Lie bracket defined by the
Wronskian, we can identify the Lie algebras 2 and &.
The most important representations of the Lie algebra 2 are

a. the trivial representation in which & = C and p(u) =0, u € %,

b. the natural representation in which & = £ and p(u) = u(z)d/dz, u € A, and

c. the adjoint representation in which & = 2 and p(u) = [u, -], u € .
We note that any Lie algebra has the trivial and adjoint representations, while the natural representation
is intrinsic for any Lie algebra of differentiations of an associative algebra.

1.3. Cohomologies: Formulating the results. In the case of cochains with coefficients in the
trivial representation, the external differential acts as

1 .
(dw)(ug, ... uq) = —— Z (=)W ([ters Ul U0, - -+ s Ty - - -5 Ty - - - 5 Ug)

11 i<
for all w € CHA; C), ug, ..., uq € A, and g € Zy.

Theorem 1. The cohomologies of the Lie algebra 2l of smooth vector fields on the line with coefficients
in the trivial representation, i.e., the cohomologies of the complex {C(2;C);d}, are

C, q=0,
HY(A;C)={ C-W5(0), q=3,
0, q#0,3,

where W3 [u, v, w](0) is the Wronskian of three functions u,v,w € & calculated at the point 0 € R.

In the case of cochains with coefficients in the natural representation, the external differential acts as

(dw)(x; ug, - . ., uq) ! { Z (=) %ua () (w(T; U, - .y Ty - -y Uq) )y +

e+,

+ Z (=1)*TPw(z; [Ua, UBJ, U0y« -+ s Ty - - -5 U - - - ,uq)}
0<a<B<q

for all w € CUA; E), ug, ..., uqg €A, and q € Z.

Theorem 2. The cohomologies of the Lie algebra 2l of smooth vector fields on the line with coefficients
in the natural representation, i.e., the cohomologies of the complex {C(%;);d}, are

C, q=0,
0, q>2.

In the case of cochains with coefficients in the adjoint representation, the external differential acts as

(dw)(x;ug, - - ., uq) ! { Z (=1)*Walug, w(ug, . .. Ga, - - - uqg)](x) +

e+ 5L,

+ Z (=1)2Buw(a; [ua, ugl, wo, -« ., Tay -, Ug, - - ,uq)}
0<a<B<q

for all w € CHA;A), up, ..., uq €A, and g € Zy.
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Theorem 3. The cohomologies of the Lie algebra 2l of smooth vector fields on the line with coefficients
in the adjoint representation, i.e., the cohomologies of the complex {C(2(;2l); d}, are trivial,

HYA;A) =0, q€Z,.

The remainder of the paper describes the adequate mathematical apparatus and contains the proofs
of the above theorems.

2. The mathematical apparatus

2.1. The exponential transformation. We establish a correspondence between & € C and the
functions ef € £, where e¢(x) = €™, v € R, while [e$,e"] = (n — £)es*7 for all £,n € C.

We now briefly describe several definitions and results in distribution theory needed in what follows.
Let £(R?) be a linear locally convex space of all smooth functions on R? with the topology of uniform
convergence on compact sets in R? together with partial derivatives of any given order. Its conjugate space
E'(R?) (in the strong sense) is the linear locally convex space of all distributions with a compact support in
R? with the topology of uniform convergence on bounded subsets of £(R?). Let Exp(C?) be the linear space
of all entire functions of the exponential type on C?. The Laplace transformation L: £'(R?) — Exp(C?),
w — Llw], is Lw](&1,...,&) = w(e®, ..., e%) for all w € & (RY) and € = (&,...,&,) € CI. The linear
mapping L is injective; its image L[E'(R?)] C Exp(C?) comprises all entire functions on C? that grow not
faster than an exponential of a linear function in real directions and not faster than a powerlike function
in imaginary directions. The linear space L[E'(R?)] is endowed with the locally convex topology induced
from £’(RY) such that we can define the isomorphism of linear locally convex spaces L: &'(R?) ~ L[E'(RY)]
(see, e.g., [6]).

By construction, the linear space of g-cochains C?(2; C) is the subspace in £'(R?) that consists of all
skew-symmetric distributions with a compact support in R9, i.e.,

CUA;C) = {w € &'(RY): m*w = sign(m)w V1 € ¥, },

where X, is the set of all permutations of the indices {1, ..., ¢}, sign(n) is the signature of a permutation
T € By, (Tw)(ui,...,ug) = wW(Un1),---;Ur(g)). Endowing the image ®¢ = L[CI(A;C)] C L[E'(RY)]
with the locally convex topology induced from L[E'(R?)], we obtain the isomorphism of linear spaces
L: C4(A;C) ~ ®1. We note that C°(A;C) = ® = C. For ¢ = 1,2,..., the linear locally convex space ®?
consists of all skew-symmetric entire functions on C? that grow not faster than an exponential of a linear
function in real directions and not faster than a powerlike function in imaginary directions and is endowed
with the topology induced from £’(R?). Therefore, the isomorphism L: C(; C) =~ @, where ® = P, 99,
is well defined.

Further, the linear space of g-cochains C4(2;€) = £ ® C4(2U; C), where & denotes the closure of the
tensor product in an appropriate topology, which is not important at the moment (we note that & = £(R*)).
Using the identification L = idg ® L, we can continue the Laplace transformation to C4(%; E) and obtain
the isomorphism L: C4(2;E) ~ F4, where F1 = £ ® ®?. We now introduce a “twisted” transformation
A: C1U; E) ~ F9, where

Aw](z; &1, ..., &) —exp< Z §a> [CE ST

1<a<q
for all w € CY(A;E), x € R, and & = (&1,...,&;) € CZ. We have thus defined the isomorphism of linear
spaces A: C(; E) ~ F, where F = ®q20 Fland CO(;E) = FO = €.
As mentioned, the linear spaces 2 and £ coincide and the isomorphism of linear spaces A: C(2; ) ~ F
is therefore well defined.
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Proposition 1. We have the isomorphism of complexes

L: {C(;C);d} ~ {®;dc},
where the differential dc = Lodo L™': ® — ® acts as

(dc(b)(g()a"'?gq):ﬁ% Z ( )Ot+6 (5 _gﬂ)¢(fa +£ﬁa£0a"'7€aa"'7éﬁa"'7£q)
0<a<pB<q
for all p € ®4, &y, ...,6, €C, and g€ Zy.

Proposition 2. We have the isomorphism of complexes

A {C(RA;E);d} ~ {F;de},

where the differential de = Aodo A™': F — F acts as

(e ) (@560, - &) = — { 3 <—1>0‘(az+ 3 fﬂ—fa)ﬂx;go,...,éa,...,gq)+

R 0<B<q

+ Z a+ﬁ 15 _gﬁ)f(x;ga+£ﬁa£07'~'7€av'~'7gﬂv'~'7§q)}

O<a<ﬁ<q

for all f € F9, &y,...,6,€C, andq € Zy.

Proposition 3. We have the isomorphism of complexes

A {C(AA); d} ~ {Fda},

where the differential dog = Aodo A™1: F — F acts as

(douf) (@3 €0, -1 €) = — { 3 <—1>0‘(az+ 3 fﬂ—2fa>f(x;fo,...,éa,...,§q>+

R 0<B<q

+ Z a+ﬁ 15 _gﬁ)f(x;ga+£ﬁa£07'~'7€av'~'7gﬂv'~'7§q)}

O<a<ﬁ<q

for all f € F9, &y,...,6,€C, andq € Zy.
The proofs of Propositions 1-3 are elementary calculations.

2.2. Operations in the space ®. In the spaces ®9, ¢ € Z, we now segregate the subspaces
of homogeneous polynomials ®77 = {¢$(£) = 2 inj=p Pn€" € DI},
of complementary functions (I’;Iép ={¢(&) = Zln#p P& € 1}, and
of the residues ®4 = {$(£) = Dojn|zp Pn&" € 2},
where the order p € Z,, the argument ¢ = (&1,...,&;) € C?, the multi-index n = (n1,...,nq) € Z%, its

absolute value [n| = >, ., <, Na, the coefficient ¢, € C, and the monomial {" = 7' - -- 0

The functions ¢ € @9, q € Z, are skew-symmetric by construction, i.e., 7*¢ = sign(m)¢ for all m € £,
where (7°¢)(€1,. .., &) = 0(&x(1)s -+ - &n(q))s €15+ -+ & € C. This results in the following assertion.
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Proposition 4. If $ € &7, g € Z, then ¢p(&) = Vy(&) - p(€), where

V.= J] &-%)

1<a<f<q

is the Vandermonde determinant, p(§) is a symmetric entire function with the same estimates as the function
#(¢), and £ = (&1, ...,&;) € CY. In particular, 77 =0 for p < degV, = q(¢ —1)/2.

We note that L7[V,] = Wy[---](0) is the Wronskian calculated at the point 0 € R and that the

Wronskian A= [V,](z) = W[ - -](z) is calculated at the point z € R.
We now introduce several operations on the space ®.

e The linear mappings Vf: ®— b, kleZ,, are

(Vo) &)= O chokol - E)

" 1<a<q

for all ¢ € ®7 and &,...,& € C, where the partial derivatives 0, = 0/0&,.
Vf: OPd — PrHr—la while

0 o 1 R
V0|¢p,q— qldq)p,q, V1|¢p,q— pldq)p,q

for all p,q € Z.
e The linear mappings \*: & — &, k € Z,, are

1

In particular, we have

(/\kgb)(&)v s 7561) = 1 Z (—1)a§§¢(€0, v 75017 s 7&1)

a+1,552,

for all ¢ € ®9 and &, ..., &, € C. In particular, we have \F: P4 — P+hatl for all p.g € Zy .

e The linear mappings tx: ® — ®, k € Z,, are

()€1 Eg1) = 75 (060, 0,1 &-1) |y

for all ¢ € ®? and &1,...,&,—1 € C. In particular, we have ¢, : &7 — oP~Fa=1 for all p,q € Z,.

Proposition 5. For all k,l,m,n € Z, we have the following equalities:

k
L ViV =3 [ ’m] vk

1<r<li Ln

e [ = () (1) () () (8) =

k!

—Y’

m _
2. Vi, = (l )A’”m 5
m+1l—k
3. [Lmavﬂ = < l >Lm+lk§
4. [F A =0
5. {\*, 4} = 6F ide, where 6F is the Kronecker symbol;
6. {Lk, Ll} =0.
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Here, [ X, Y] =X oY —Y o X is the commutator, and {X,Y} = X oY +Y o X is the anticommutator of
the mappings X,Y: & — .

The proofs of all these formulas are direct calculations. We introduce additional operations on the
space P.
e The linear mapping 6: ® — & is

BO) (€)= —— S ()TN = £)0(En + €50 s B )

1+ i<
for all ¢ € ®4 and &, ..., &, € C. In particular, we have §: P9 — ®PTLITL for all p,g € Z,.
e The linear mappings 6;: ® — ®, k € Z, are 6, = 6 — kA!. In particular, §;: &9 — dPT1a+L for all

P, q € Ly.

Proposition 6. We have the following equalities:

1. 606=0;

AN = Ao N0 i =0,1;
A, 0} =V | — Vi, k € Zy, in particular, {t9,6} = —V} and {11,d} = V§ — V1i;
- [V6, 0 =0;
AN G = N o X0 i = 0,1, in particular, A° o 6 + g1 0 A? = 0 for k € Z;
0 00 = —k)\QO)\O, ke Z.

SN BN U

These equalities can be proved by direct calculation.

We now define two more operations on the space ®.

e The linear mappings Ry: ® — ®, k € Z, are R, = V) — VI — kidg. In particular, Ry : ®P4 — P4,
while Rk‘@m: (¢ — p — k)idgr.a, whence ker R, N @9 = ¢9=%4 ¢ ¢ 7.

e The linear mappings pi: 1 ® — 1 ®, k € Z, where

_ q
k=Pl )
q=>0

are

1
(hd) (Err - ) = — / 0 Gte ey d

forall g € @4 p>q—Fk, &,...,& €C, and

pkiquq: (q a2 k)_l idc}p,q

for p # q — k. We can easily verify that these formulas are mutually consistent and indeed determine the
series of linear mappings on ;®, k € Z.

Proposition 7. The isomorphisms of linear locally convex spaces
Rk: kq):kq)v (Rk)il = Pk, kEZ,

are well defined.

For the proof, it suffices to consider the action of the above mappings on the homogeneous components
dPa.
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Proposition 8. We have the following equalities:
1. Mo Ry = Riy1-10 )\l, I,k e

Mok = prri—i0 N, Lk € Z;

. [5,Rk] =0, k € Z;

. [0, p6] =0, k € Z;

. {L1,5k} = Rk, ke Z.

SN

These equalities can be proved by restricting the mappings to homogeneous components using Propo-
sitions 5 and 6.

2.3. Auxiliary complexes. It follows from assertions 4 and 6 in Proposition 5 that the linear
mappings A, 0: ® — ® satisfy the equalities \° 0 A% = 14 0 1o = 0; therefore, the complexes {®; \°} and
{®;10} are defined. We now set ¥ =ker A\’ = {¢ € ®: \° =0} and Q = kerig = {¢ € ®: 19 = 0}. The
homotopical formula {\°, 1o} = ids (see assertion 5 in Proposition 5) then implies the following proposition.

Proposition 9. We have the following statements:

1. we have the decomposition ® = ¥ & Q (¢ = ¢y + ¢q, where ¢pg = \°(10¢) and ¢pg = 19(\°¢));
2. the complex {®; \°} has trivial cohomologies;
3. the complex {®; 1o} has trivial homologies.

By virtue of assertion 5 in Proposition 6, we have J;,: UP4 — WPtLatl where P4 = ®P9 NV, for all
p,q € Z4. By virtue of assertion 6 in Proposition 6, d; o dx|y = 0. The complexes {¥;d} are therefore
well defined for all k£ € Z.

In addition to the above spaces ,®, we introduce the spaces *® = G}QO P4 guch that

d=Fdpp,d VkeZ

Analogously setting ¥ = ,® "W and *¥ = *® NV, we obtain ¥ = *U &,V for all k € Z. By construction,
Or: "W — "W and 6;: ¥ — ,¥. The complexes {*¥;d;} and {,¥;d;} are therefore well defined, and

{(U: 6.} = {*W; 6.} @ {1 W;6,} VkeZ
Lemma 1. The complexes {,¥;0;} have trivial cohomologies. We therefore have the equality of
cohomologies
HI({W;6}) = HI({"W:64}), q€Zy, ke

By virtue of Proposition 7 and assertions 2, 4, and 5 in Proposition 8, the homotopical formulas
{Sk, 0k} = id, where Sy = Ry o1, are defined on the spaces ¥, which implies that these complexes are
exact (by virtue of assertions 1 and 2 in Proposition 8, we have Ry, pi: ¥ — U).

Lemma 2. The linear spaces o = 0 and the complexes {k\I!;(Sk} in particular are null spaces for
k> 2.

By virtue of Proposition 4, ®9=%4 = 0 for ¢ — k < q(q¢—1)/2, i.e., for ¢*> — 3¢+ 2k > 0, while the latter
inequality is valid for all ¢ € Z as soon as k > 2.

Lemma 3. The cohomologies of the complex {°¥; 6y} are

C'AO€25 q= 27
HI({"W;60}) =S C- A0, q=3,
0, q#2,3,
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where (A\°€%) (&1, &) = (€3 —€3)/2 and x (&1, &2) = 3(&a—&1)€1&2 (we note that \Ox = V3 is the Vandermonde
determinant of the third order).

By virtue of Propositions 4 and 10, we have (*W)? = W% = \0®%9~1 = () for ¢ # 2, 3, while ®>* = C-£2
and ®32 = C - y. By virtue of assertion 5 in Proposition 6, we have §o(A\°62) = —\°(6_1£2) = 0 because
§_16%2 = —\0¢3.

Lemma 4. The cohomologies of the complex {1W; 6, } are

C-\1, ¢g=1,
HY({";6,}) =< C- N, ¢g=2,
07 Q#172)

where (A\°1)(¢) = 1, \°6 = V4 /2, and V4 is the Vandermonde determinant of the second order.
By virtue of Propositions 4 and 10, we have (*W)4 = w9—14 = \0@a—1a=1 —  for ¢ # 1,2, while
000 = C and ®1! = C - £. By assertion 5 in Proposition 6, §;(A°1) = —X%(dp1) = 0 because o1 = —\°¢.
Combining Lemmas 1-4, we obtain the following theorem.

Theorem 4. The cohomologies of the complexes {¥;d;} are

Hq({qlvdk}):((:)‘()@z’ qakGZJrv
where
§ = 0000567 + 83x) + 0,(071 + 05¢) € Q7,
61 is the Kronecker symbol, and x(&1,&2) = 3(&2 — &1)&1&o.

2.4. Operations in the space F. As in Sec. 2.2, in the spaces F4 = £ ® ®9, we segregate the
subspaces FP4 = £ @ P4, Fi,=& ® ®%,,and 7L =¢& ® L, p,q € Zy. Identifying ¢ = 1® ¢, ¢ € P,
we obtain the inclusion ® C F. In turn, using the identification X = idg ® X, we can extend a mapping
X initially defined on the space ® to the space F such that all operations in Sec. 2.2 are defined on F.
In particular, the linear mappings \°,10: F — F are defined, and we can set K = ker A\’ = £ ® ¥ and
M =keryy = £ ®Q. All calculations in Sec. 2.3 obviously hold when K is substituted for ¥, M for Q, and
& for C.

We introduce the proper operation on the space F.

e The linear mapping d,: F — F is d, = 0, o A\, where 0, = 0/0z is the partial derivative w.r.t. .
In particular, d, : FP9 — FP9tL for all p,q € Z.

Proposition 10. We have the following equalities:
1. dyod, = 0;
2. dw05k+5k+1 od, =0, k € Z;
3. {de, \F} =0, k€ Z,.
By virtue of assertion 1 in Proposition 10, we can define the complex {F;d,}.

Proposition 11. The complex {F;d,} has the cohomologies

HY{F;d,})=Q4, qeZy.

If ¢ € Q, then the formula [¢] = ¢ + d,F determines the cohomology because d,¢ = \g¢,, = 0, while
[#] = 0, ie., ¢ = drg = \¢, iff » = 0 by virtue of assertion 1 in Proposition 9. On the other hand, given
the cohomology [f], where d,f = A°f! = 0, we can use Proposition 9 to verify that f = ¢ + d,g, where
¢ =10(A°f(0)) € Q, g = 1oF, and F! = f (we recall that f(0)(&) = £(0;¢), £ € C9).
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3. Proofs of Theorems 1-3

3.1. The proof of Theorem 1. By virtue of Proposition 1, it suffices to calculate the cohomologies
of the complex {®;dc}, i.e., the complex {®; g}, because dc = § = §p by definition (dg0dg = dod = 0; see
assertion 1 in Proposition 6). The calculations are similar to those in Sec. 2.3.

By construction, ® = °® @ (@, while dp: °® — °® and dp: (P — @, and we have the decomposition
into the direct sum of complexes

{®; 00} = {°®; 60} @ {o®; 00}

For the complex {o®;dp}, we have the homotopic formula {Sp,dp} = id, where Sy = Ry o ¢;. Hence, the
cohomologies of this complex are trivial, and we must calculate the cohomologies of the complex {0<I>; do}-
By definition, (°®)¢ = ®%4, ¢ € Z,. By virtue of Proposition 4, %9 = 0 for ¢ < g(q — 1)/2, i.e., for
g > 3. In turn, simple calculations yield ®*° = C, ®1! = C - ¢, ®22 = C - §¢, and 33 = C - Vi, where
V3 is the Vandermonde determinant of third order. Because § = 0 for ®° = C, we conclude that the
cohomologies H9({°®;d0}) = 0 for ¢ # 0,3, while H'({°®;50}) = C and H*({°®;60}) = C - V4, and, as
before, L~1[V3] = W3(0). Theorem 1 is thus proved.

3.2. The generalizing series of complexes. We now introduce several operations in the space F.
e The linear mappings Ay: F — F, k € Z, are A, = 5 + Vo A,
e The linear mappings dy: F — F, k € Z, are dx, = d; + Ag.

Proposition 12. For all k € Z, we have the following equalities:

1. Ak o Ak = O;

2. 6,0 A2+ X0 o Ay =0, in particular, 6, o dy + dy 0 A, = 0;
3. {0, Ar} =0;

4. dpod, =0.

The proofs are direct calculations using formulas in Sec. 2.2 and assertion 1 in Proposition 10.

Remark. In general, we can introduce the linear mappings Ag,, = § — kAl + mV(l) o AY with some
k,m € C. In this case, the composition Ak, 0 Ag, =0iff m =1, k € C.
We have thus defined the series of complexes {F;dy}, k € Z; we now calculate the corresponding

cohomologies.

Lemma 5. The equation \° o Apf =0, f € F9, k,q € Z, admits the general solution

f=aQi" + X+ Aph, a€&, gheFIY

where the function Qf is determined in Theorem 4.

Every such function Q7 is a solution of the equation above. On the other hand, if f € F? and
Ao Apf = 0, then it follows from assertion 2 in Proposition 12 that 6, (A\°f) = 0, while \°f € Ka+1,
Hence, by virtue of Theorem 4, \0f = a)\OQZH + 6ih, where a € £, h € K?. By virtue of assertion 2 in
Proposition 9, h = —\°h, where h € F4~1. Therefore,

A(f = Arh —aQith) =0,
whence, by virtue of assertion 2 in Proposition 9, we have f = X\0g + Agh 4+ aQ?™, g € Fa~1.

966



Lemma 6. The equation d, o Apf =0, f € F?, k,q € Z,, admits a general solution

f=aQl™ +dug+Aph+ ¢, a€&, gheFi™l el

where the function Qf is determined in Theorem 4.

The proof can be obtained by a slight modification of the previous reasonings. Namely, if f € F¢ and
dz o A f = 0, then by virtue of assertion 2 in Proposition 12, 6x(d, f) = 0, while d,f € K91, Hence, by
Theorem 4, we have d, f = a;)\OQZH + 8 h with some a € £, h € K9. By assertion 2 in Proposition 9, we
can set h = —X°h/, h € F4~! whence

de(f —aQi™ — Aph) = 0.

By virtue of Proposition 11, f — aQZJrl — Aph =d,g + ¢ with some g € F4! and ¢ € Q9.

Lemma 7. The function Q} determined in Theorem 4 has the properties

1. X°Q% = 0 for those and only those k,q € Z4 for which Q} = 0 and
2. ALQY =0 for all k,q € Zy.

By construction, the function Qf € Q97! and by virtue of assertion 1 in Proposition 9, we obtain
AQ7 = 0 only if Qf = 0. Furthermore, by construction, §z(A°Q%) = 0, and assertion 2 in Proposition 12
yields A\°(A,Q%) = 0. Hence, by virtue of assertion 2 in Proposition 9, AyQ% = A\°P, where we have
P = 1p(ArQF) = —Ak(0Q}) = 0 by assertion 3 in Proposition 12 and assertion 1 in Proposition 9.

Theorem 5. The cohomologies of the complexes {F;dy}, k € Z., are

HY({F;d}) =C-QI™, qeZy,

with the function Q} determined in Theorem 4.

Let f € F% and di.f = 0. Then Apf = —d,f = —A°f., whence we have \° o Ay f = 0 by virtue of
assertion 4 in Proposition 5. By Lemma 5, we then have f = aQZJrl + X% + Aph with some a € £ and
g, h € Fi=1 while

0=dpf = dp(aQl™) + Ar(\g) + d.(ALh).

Furthermore, using assertion 2 in Lemma 7, we obtain

de(@QET) = A X°QIT! + aALQIT =/ NOQIT,

while using assertion 2 in Proposition 12, we have

AR(X°g) +dy(Akh) = 8,(X° (g — hy,))-
Therefore,
ANQET =~ (N9 — 1))

By virtue of Theorem 4, we have a/, = 0 and 6;x(\°(g—h%)) = 0. Hence, a € C C £, and A0 Ay (g—h’) = 0.
Using Lemma 5, we obtain

g =Ry = V,QF + A1 + Ays,,
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with some b € € and r, s € F472. Substituting g = h}, + b,QF + \°r + Ags,, in the above representation for
f and taking assertion 2 in Lemma 7 and assertion 1 in Proposition 12 into account, we obtain

f=aQit £ 2O, +0.Q7 + X0 + Aysl) + Aph =
= aQI™ + dph + d(bQY) + di(Ags) + Ap(DQY) 4+ Ag(Ags) =

= QI + di(h 4 bQL + Ays).

We thus obtain the cohomology [f] = CLQZJrl with some complex constant a.

3.3. Proofs of Theorems 2 and 3. The above mathematical apparatus and, in particular, Proposi-
tions 2 and 3 and Theorem 5 make the proofs of these theorems an elementary verification of the equalities
dg = d1 and dg[ = d2.

4. Discussion

The cohomologies of Lie algebras of vector fields on the line with coefficients in the trivial representation
were essentially known [2], [3], although a concrete formulation was lacking. We provide this formulation
in Theorem 1 and show its place in the general scheme using a general method of proof. In the cases
where the coefficients are in the natural and adjoint representations, there are general results concerning
cohomologies with nontrivial coeflicients [7]-[9] from which explicit expressions for the cohomologies under
consideration can be derived. However, the necessary calculations are substantially more difficult than our
direct calculations. In any case, it is useful to have elementary proofs for basic model examples. Moreover,
it is probable that the developed technique can be generalized to actual situations of physical importance.
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