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Preface

This text contains material for a two- or three-semester undergraduate course. The
aim is to sketch the logical and mathematical underpinnings of the theory of series
and one-variable calculus, develop that theory rigorously, and pursue some of its
refinements and applications in the direction of measure theory, Fourier series, and
differential equations.

A good working knowledge of calculus is assumed. Some familiarity with
vector spaces and linear transformations is desirable but, for most topics, is not
indispensable.

The unstarred sections are the core of the course. They are largely independent
of the starred sections. The starred sections, on the other hand, contain some of the
most interesting material.

Solving problems is an essential part of learning mathematics. Hints are given
at the end for most of the exercises, but a hint should be consulted only after a real
effort has been made to solve the problem.

I am grateful to various colleagues, students, friends, and family members for
comments on, and corrections to, various versions of the notes that preceded this
book. Walter Craig enlightened me about the difference between clarinets and
oboes, and the consequences of that difference. Eric Belsley provided numerous
corrections to the first version of the notes for Chapters 1-9. Other helpful comments
and corrections are due to Stephen Miller, Diana Beals-Reid, and Katharine Beals.
Any new or remaining mistakes are my responsibility.

I had the privilege of first encountering many of these topics in a course taught
by Shizuo Kakutani, to whom this book is respectfully dedicated.

X
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Introduction

The properties of the real numbers are the basis for the careful development of
the topics of analysis. The purpose of this chapter is to engage in a preliminary
and rather informal discussion of these properties and to sketch a construction that
justifies assuming that the properties are satisfied. Along the way we introduce
standard notation for various sets of numbers.

1A. Notation and Motivation
First, we use IN to denote the set of natural numbers or positive integers:
N=1{1,2,3,4,...}.

In this set there are two basic algebraic operations, addition and multiplication.
Each of these operations assigns to a pair of positive integers p, g an integer,
respectively, the sum p + g and the product p - g or simply pq. Further operations,
such as powers, may be defined from these. There are then many facts, such as

1+2=3, 1+2+4=7, 1+2+44+8=15, 1+2+4+8+16 =31,
More interesting, from a mathematical point of view, are general statements, like
142422422+ 42" =211, allmelN. (1)

Within IN, there is also an order relation, denoted <, defined as follows. If m and
n are elements of IN, then m < n if and only if there is p € N suchthatm + p = n.
If so, we also write n > m. It is easy to convince oneself that this has the properties
that define an “order relation” — given elements m, n of IN, exactly one of the
following is true:

m<n, or n<m, or m=n. 2)
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Moreover, the relation is transitive:
m<n, n<p = m<p. 3)

(The one-sided arrow = means “implies.”)

Implicit in this discussion is the following fact: Given positive integers p and ¢,
the equation p 4+ r = g does not generally have a solution r in IN; the necessary
and sufficient condition is that p < g. Of course one can get around this difficulty
by introducing Z, the set

Z=1{01-1,2-2,3,-3,...}

of all integers. The operations of addition and multiplication extend to this larger
set, as does the order relation. Within this larger set one can make new statements,
such as

1— (_2)n+1

1—2+22—23+24—---+(—2)"=f. 4)

The left side of this equation is clearly an integer, so the right side must also be an
integer, despite the fact that not every integer is divisible by 3.

A more general way to put the statement about divisibility is this: Given integers
p and g, the equation gr = p does not generally have a solution r in the set Z. To
remedy this we must enlarge our set once more and go to Q, the set

Q=1{p/qg:peZ,q N}

of rational numbers. The operations of addition and multiplication extend to the
larger set, as does the order relation. Here we may make a statement that generalizes
(1H-3):

1 — n+1
1+r—|—r2—|—r3—|—---+r”:17r ifre@ and r#1. (5
—r
The identities (1)—(5) are purely algebraic. The last one leads to a kind of state-
ment that has a different character. Suppose that r is “small”: Specifically, suppose
that |r| < 1. Then successive powers of r get smaller and smaller, so that one might
be tempted to write

1
1+r+r2+r3+~-=—1 , ifre@ and |r|<1. (6)
—r
Here the ellipsis - - - means that the addition on the left is imagined to be carried out
for all powers of r, that is, there are infinitely many summands. The reader may or
may not feel that it is clear what the left side means and why it is equal to the right
side; these points will be discussed in much detail in Chapter 4.
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Consider two more examples of statements like (6):

1_14‘1—14‘1—1‘1’1_“':31; 7
2 3 4 5 6 17
P
3 2 5 7 4 9 11 6

Note that the second (formal) sum has exactly the same summands as the first, except
that they are written in a different order. We know that addition is associative and
commutative, so it would seem that if the sums mean anything, then clearly s; = s;.
Now group the terms in (7):

1 1 1 1 1 1
slzl_ _ — — —_ _ — = —_ _— = —_— ..
2 3 4 5 6 7
_ 1 1 1
- 2.3 4.5 6-7 '

®)

Each expression in parentheses is positive, so we should have s; < 1. Similarly,
in (8),

1 1 1 1 1 1 1 1 1
S2=1+(§—§+g>+<§—Z+§)+<H—E+B>+'“
1 1 1
235 479 61137 "

=1+ (10)
Each expression in parentheses is positive, so we should have s, > 1. It is tempting
to conclude that either the processes we are describing do not make sense or
that there is some subtle flaw in the argument that purports to show that s; # s;.
However, the processes do make sense, and there is no flaw in the argument. In
fact, in Chapter 4, Section D, we will show how to prove that

1 1 1 1 1 1

| s b o s s —10g2:
27373757677 085

RIS U S 3 log?2
- — — — - — — — ...=—1lo s
3 275777479 2 %8

where log 2 means the natural logarithm. In Chapter 5, Section D, we will show
how to obtain different proofs of these identities. (We also present an argument for
the “identity”

1

T424+3+4454+647+ - =——,

but this last should not be taken too seriously.)
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There are a number of points to be made in this connection:

¢ Care must be taken with infinite repetition of algebraic operations.

e When care is taken, the results may be paradoxical but they are consistent, and often
important.

¢ The addition of rational numbers can lead to an irrational sum, when it is extended to the
case of infinitely many summands. Here is another example, also proved later:

1+1+1+1+1+1+ —”2 an

49 16 25 36 6
Let us pause to examine (11). Without worrying, at the moment, about the equality
between the left and right sides, consider how one might conclude that the left side

should have some meaning. The sequence of rational numbers

=1 —1+1 —l—i-l-l-1 —1—i—1+1+1
r =1, rp = 4s r3 = 4 9, rqg = 4 9 16,
is increasing: r1 < r, <ry <.... We show later that this sequence is bounded

above; in fact, r, < 2 for every n. There is a standard representation of rationals as
points on a line. We might expect geometrically that there is a unique point on the
line with the property that, as n increases, the rationals r, come arbitrarily close
to this point. [Warning: Statements like “come arbitrarily close” need, eventually,
to be made precise.] Then the left-hand side of (11) should be taken to mean the
number that corresponds to this point. Thus, to be sure that things like the left side
of (11) have a meaning, we want to be sure that any bounded, increasing sequence
of numbers has a limit. (This is one version of what can be called the “no-gap”
property of the real numbers. Starting in Chapter 2 we will take as basic a different,
but equivalent, version, the “Least Upper Bound Property.” See Figure 1.)
Another example of a bounded, increasing sequence is

3, 3.1, 3.14, 3.141, 3.1415, 3.14159,

Figure 1. Heading for a gap.
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Assuming that this sequence is headed where we expect, the limit 7 is known not
to be a rational number. What justification do we have for asserting the existence of
such numbers, and for thinking that we can add and multiply them in the usual ways,
with the usual rules, such as (x + y) + z = x + (y + z), without encountering a
contradiction? These questions will be discussed in the next two sections.

Exercises

1. Prove the identity (1) by induction on n.

2. Prove by induction that the numerator in the right side of (4) is always divisible by 3.

3. (a) Prove the identity (5) by induction.
(b) Give a second proof of the identity (5).

4. Derive and prove a general form for the expressions in parentheses in the sum (9), thus
verifying that these expressions are positive.

5. Derive and prove a general form for the expressions in parentheses in the sum (10), thus
verifying that these expressions are positive.

1B*. The Algebra of Various Number Systems

We begin by examining the “usual rules.” The basic properties of addition and
multiplication in IN can be summarized in the following axioms (statements of
properties). It is understood for the moment that m, n, and p denote arbitrary
elements of IN.
Al: Associativity of addition. (m +n) + p =m + (n + p).
A2: Commutativity of addition. m +n = n + m.
M1: Associativity of multiplication. (mn)p = m(np).
M2: Commutativity of multiplication. mn = nm.
D: Distributive law(s). m(n + p) = mn +mp; (m+n)p = mp + np.
[Note that either part of D follows from the other part, together with M2.]

The order relation in IN has the defining characteristics of an order relation. Again
m and n denote arbitrary elements of IN,

O1: Trichotomy. Exactly one of the following is true: m < n, n < m, orm = n.

02: Transitivity. Ifm < nandn < p, thenm < p.
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The order relation has connections with addition and with multiplication:
m<m+n; m<n = mp<np, all m,n, p e N. (12)

We shall take the positive integers and these properties for granted. One can
then construct the set of all integers as follows. The ingredients are all the formal
expressions m — n, where m and n are positive integers. This formal expression can
be thought of as representing the “solution” x of the equation n + x = m. We do
not want to consider these as all representing different things (consider 1 — 1 and
2 — 2), so we identify the expressions m — n and m’ — n’ under a certain condition:

m—n=m—n ifm+n =n+m. (13)

The set Z may be thought of, for now, as the set of such expressions, subject to the
“identification” rule (13).
Addition and multiplication of these expressions are defined by

(m—n)+(p—q)=m+n)—(p+q) (14)
(m —n)-(p—q)=(mp+nq) — (mq + np). (15)

These rules associate to any pair of such expressions an expression of the same
form. It can be checked that

ifm—n=m—nand p—q=p' —¢q,then
(m—n)+(p—q =@m —n)+(p —q)and
(m—n)-(p—q)=m' —n)-(p'=q. (16)
Therefore, the operations (14) and (15) are compatible with the “identifications”

and may be considered as operations in Z.
The order relation may be extended to Z, using the definition

m—-n<p-—q itm+4+qg <n+p. a7
This order relation is also compatible with the identification:

ifm—-n=m—nandp—q=p —q’, then
(m—n)<(p—q)=m —n"<(p' —q). (18)

If we identify a positive integer m with (any and all of) the expressions
(m 4+ n) —n, n € N, then the operations (14) and (15) are compatible with the
operations in IN, so IN may be considered as a certain subset of Z. The properties
Al, A2, M1, M2, D, O1, 02 can be proved for Z, using the properties for IN and the
definitions. The important point is that Z has additional properties, also provable,
that are not true for IN. (At the risk of introducing confusion, we now let z denote
an arbitrary element of Z.)
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A3: Neutral element for addition. There is an element 0 with the property that
z+0=zallz € Z.

Ad4: Additive inverses. For each z € Z. there is an element —z with the property
that 7 + (—z) = 0.

The role of the neutral element is played by any of the expressions m — m, and the
role of the additive inverse of m — n is played by n — m, or by any other expression
n’ — m’ with the property thatm +n' =n + m'.

(Any set A that has an operation of addition that satisfies A1-A4 is called a com-
mutative group. If A also has an operation of multiplication and satisfies M1, M4,
and D as well, then it is called a commutative ring. If one drops the commutativity
of multiplication, M2, one has a plain ring.)

There is an interplay between the order relation and the algebraic operations in
Z., summarized in two properties that can be derived using (some of) A1-A4, M1,
M2, D, O1, 02, and (12).

03: Order and addition. Ifm < n, thenm + p <n + p.
04: Order and multiplication. Ifm < n and p > 0, then mp < np.

This type of method can be extended to a construction of the rational numbers
as well. Consider expressions of the form m/n, where  is a positive integer and m
is any integer; this expression represents the “solution” x of the equation nx = m.
Again it is necessary to introduce an identification:

m/n=m'/n if mn' =nm'. (19)

The set Q of rational numbers can be thought of as the set of expressions m — n,
subject to this identification rule.
Addition and multiplication in Q are defined by

m mq + pn
m P _mqtpn 20)
noq nq
m.p_mp o
n q ngq
and the order relation is defined by
m < P if mg < np. (22)
n q

The operations (20) and (21) and the order (22) are compatible with the identification
rule (19), so the operations and order may be viewed as being defined in Q.
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We may consider Z as a subset of Q by identifying m € Z with the expressions
mn/n, where n belongs to IN. The operations and order in Z are consistent with
those in Q under this identification. The set Q with the operations (20), (21), and
the order relation (22) has all the preceding properties A1-A4, M1, M2, D, 01-04.
Again, there are new algebraic properties. Here  denotes an element of Q:

Ma3: Neutral element for multiplication. There is an element 1 such thatr - 1 =
r,allr.

M4: Multiplicative inverses. For each r # 0, there is an element r~! such that
-1
r-r— =1

In fact, the multiplicative neutral element is represented by any n/n, the rational
that is identified with the integer 1. A multiplicative inverse of m/nisn/mifm > 0,
or (m/n)~' = (=n)/(=m)if m < 0.

There is another important property to be noted concerning Q.

O5: The Archimedean property. Ifr and s are positive rationals, then there is a
positive integer N such that Nr > s.

(If we think of s as the amount of water in a bathtub and r as the capacity of a
teaspoon, this says that we can bail the water from the bathtub with the teaspoon in
at most N steps. Of course N may be large.) To verify OS5, suppose that r = m/n
and s = p/q. Then Nr = (Nm)/n, and, in view of (22), we need to find N so that
Nmgq is larger than np. Obviously N = np + 1 will do.

As we have noted, we need to go from IN to Z to Q in order to guarantee that
simple algebraic equations like a + x = b and ax = b have solutions. However, Q
is still not rich enough to do more interesting algebra. In fact, the equation r> = 2
does not have a solution r € Q. Suppose that it did have a solution r = p/q, where
p and ¢q are integers and ¢ is positive. We may assume that r is in lowest terms,
that is, that p and ¢ have no common factors. Then p> = 2¢?, so p is even. Thus,
p = 2m with m an integer. Then 4m? = 242, so 2m* = g2, so q is also even, and
so p and g have the common factor 2, a contradiction.

Now it is possible to find an increasing sequence of rationals

1, 1.4, 1.41, 1.414, 14142, 1.41421, 1.414213,

whose squares get “arbitrarily close” to 2. (The reader is invited to formulate a
more precise form of this statement.) As before, we would like to be able to assert
that (a) this sequence has a number x as it limit and (b) x> = 2.



1C*. The Line and Cuts 9

Note what has happened in this section: In effect, we took the positive integers Z
and their operations as raw material and sketched how to construct the remaining
integers and the rationals. The construction allows us to prove the various algebraic
and order properties of Z and Q from properties of IN. In the next section we sketch
a construction of the real numbers from the rationals, in order to fill in the gaps like
V2and 7.

Exercises

1. Prove the assertion (16).
2. Use the definition (14) and the identification (13) to prove Al and A2 for the
integers Z.
3. Use the definition (15) and the identification (13) to prove M1 and M2 for the
integers Z.
4. Verify A3 and A4 for the integers Z.
5. Prove from axioms A1-A4 that 0 is unique: If z + 0’ = z, then 0’ = 0.
6. Prove from A1-A4 that, given integers m and n, the equation m + x = n has a unique
solution x € Z.
7. Use (12) and the remaining axioms for Z to prove O3 and O4 for Z.
8. Prove the analogue of assertion (16) for the rationals Q.
9. Use the definition (20) and the identification (19) to prove Al and A2 for Q.
10. Use the definition (21) and the identification (19) to prove M1 and M2 for Q.
11. Use axioms A, M, and D to prove that 7 - 0 = 0.
12. Prove from axioms A, M, and D that, for any rationals r, s, if r 7 0, then the equation
rx = s has a unique rational solution x.
13. Prove that there is no rational r such that r2 = 3.
14. Prove that there is no rational r such that > = 2.

1C*. The Line and Cuts

The usual geometric representation of the various number systems above uses a
horizontal line. Imagine such a line with one point marked as the origin. Choose a
unit of length, and march to the right from the origin in steps of unit length, denoting
the corresponding points as 1, 2, 3,.... Similarly, points obtained by going to the
left from the origin in steps of unit length are denoted —1, —2, —3, . ... This gives
us a representation of Z. The order relation p < ¢ has the geometric meaning that
p is to the left of g. The distance between p and ¢ is the absolute value |p — ¢|.
Points corresponding to the remaining rationals are easily introduced: If we divide
the interval with endpoints 3 and 4 into five equal subintervals, the first of these has
endpoints 3 and 3 4+ 1/5 = 16/5 and so on.

The integers Z determine a partition of the line into disjoint half-open intervals
I,,, where I, = [n,n + 1) consists of all points that lie at or to the right of n but
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strictly to the left of n 4+ 1. Given a point x of the line, the integral part of x, denoted
[x], is the unique integer [x] = n such that x belongs to I,: The point x is at or to
the right of the integer n, and its distance from 7 is less than 1. It is important to
note that this may be sharpened if we proceed to the rationals: Each point x on the
line may be approached as closely as we like by rational points. In fact, partition
the interval with endpoints [x] and [x] + 1 into 10 equal subintervals. The point
x lies in one of these subintervals and is therefore at distance less than 107% from
one of the endpoints of that subinterval, which are rational numbers.

The preceding is the basis for one of the first constructions of the reals, due to
Dedekind. We want the reals to account for all points on the line, and we want the
line to have no gaps: Any sequence of points moving to the right, but staying to the
left of some fixed point, should have a limit. We also want to extend the algebraic
operations and the order relation to this full set of points, again so that < means “to
the left of.”

Our starting point for this process can only be the rationals themselves; they must
be the scaffolding on which the real numbers are constructed. In order to see how
to proceed, we begin by imagining that the goal has already been accomplished.
Then, for any point x in the line, we could associate to the point, or real number,
x a set S of rationals — all rationals that lie strictly to left of x. If x and x’ are
distinct points, then there is a rational r strictly between them. (Choose k so large
that 1/10% is smaller than the distance between x and x’, and look at the rational
points m /10X, m € Z.) Therefore, the set S that corresponds to x and the set S’ that
corresponds to x” are different: r belongs to S’ but not to S. Notice also that the set
S that corresponds to x has the following properties:

(C1) S is not empty and is not all of Q.
(C2) If risin S, sisin Q,and s < r, then s is in S.
(C3) S has no largest element.

We call a subset of the rationals that has these three properties, (C1), (C2), and
(C3), a cut. (Actually, Dedekind considered both § and the set T consisting of all
rationals to the right of x; the pair together partitions the rationals not equal to x
into two subsets that correspond to the act of cutting the line at the point x.)

Now, conversely, suppose that S is a cut, a subset of the rationals that has the
three properties (C1), (C2), and (C3). Then we expect there to be a unique point x
such that S consists precisely of the rationals strictly to the left of x. To see this,
construct a sequence of rationals as follows. Conditions (C1) and (C2) imply that
there is a largest integer ry such that ry € S. Then ry + 1 is not in S. Next, there is
an integer p, 0 < p < 9 such that

14 p+1
r1=r0+1—0€S, I’0+T¢S
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Continuing in this way, we can produce a sequence of rationals r, such that ry <
ri <rp, <...and

neS, n S
' "t o #

Because of the no-gap condition, we expect this sequence to have a limit x. (In fact,
the r,,’s are successive parts of what should be the decimal expansion of x.) A bit
of thought shows that a rational should belong to S if and only if it is smaller than
some r,, which is true if and only if is to the left of x.

Our discussion to this point says that if we had attained our goal, then there would
be a 1-1 correspondence between real numbers on one hand and cuts on the other.
We now turn the procedure around. We take as our objects the cuts themselves —
the subsets of Q that satisfy (C1), (C2), and (C3). One can introduce algebraic
operations and an order relation among the cuts and demonstrate the properties
listed in the previous section. For example, the sum of two cuts S and S’ is defined
to be the set of rationals

S+S ={s=r+r:reS, res) (23)
The rational r can be identified with the cut it induces, which we denote by r*:
r'={seQ:s<r}. (24)

In particular, 0* turns out to be the neutral element for addition of cuts, and 1* the
neutral element for multiplication of cuts.

The order relation is simple: If S and S’ are cuts, then we set S < §"if S C &’
and S # §'. (The notation §” C S means that S’ is a subset of S, but not necessarily
a proper subset.)

Defining multiplication of cuts is a bit tricky. (The obvious simple adaptation
of the sum rule has a problem: The product of two very negative numbers is very
positive.) The usual practice is to start by finding a good definition for S - S” when
S and S’ are both positive, that is, 0* < S, 0* < §’. [The reader may try to find such
a definition and to verify the multiplicative and distributive properties M1-M4, D;
see the exercises. ]

One can verify that the set of all cuts, with the indicated addition and order relation
(and the multiplication to which we have merely alluded), satisfies all the properties
listed in the previous section. Of course () already had all these properties. The key
here is that the set of all cuts satisfies the no-gap condition. We do not verify this in
detail here, because we have not yet defined what we mean for a sequence to have
a limit, but it is easy to specify what the limit is. Suppose that {S,} is a sequence of
cuts that is increasing and bounded above:

SiCcSHCSsc...cs, CT, all n, (25)
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for some fixed cut T. Then one can show that the union

o0
s=JS=5USusuU--. (26)

n=1

is a cut and should be considered to be the limit of the cuts S,,.

The same idea leads to the proof of a second version of the no-gap condition, the
Least Upper Bound Property, stated in the next chapter. Thus, what we have done
in this section is to indicate how one can, starting with Q, construct a collection of
objects R that satisfies all the conditions listed in the next section and that contains

(a copy of) Q itself.

10-12.
13.

14-18.
19.

20.

Exercises

. Suppose that S and S’ are two cuts. Prove that either S C S'or 8’ C S,or S = §'.
. Suppose that S and S’ are cuts. Prove that S + ' is a cut, that is, that it is a subset

of the rationals that has the three properties (C1), (C2), and (C3).

. Prove some or all of the addition properties A1-A4 for cuts.
. Check the compatibility of addition for rationals and the corresponding cuts:

(r+s) =r*+s*

. Define the product of positive cuts. Check that your definition gives a cut, and that

S - 1" = « for every nonnegative cut S.

. Check the compatibility of multiplication for positive rationals and the correspond-

ing cuts.

Prove some or all of M1, M2, and D for positive cuts.

Define the absolute value |S| of a cut and use it to extend the definition of the
product to any two cuts. (Hint: Define the product with 0* separately.)

Prove some or all of axioms M and D for arbitrary cuts.

Suppose that Sy, Sy, ... and T are cuts that satisfy (25). Prove that the set S in (26)
is a cut, and that it is the smallest cut such that every §,, is smaller than S.
Another approach to constructing the reals is to take all formal decimal expan-
sions. (To remove ambiguities like 1 versus .9999. .., we could take nonterminat-
ing formal decimal expansions.) Discuss the difficulties in defining the algebraic
operations. For example, what would be the first term in the decimal expansion
corresponding to

997999194 . .. + .002000805 . .. ?

Is there some stage (preferably specifiable in advance) at which you would be sure
to have enough information to know whether the sum is greater than 1?

1D. Proofs, Generalizations, Abstractions, and Purposes

Why do we want proofs? Consider assertions like (4). This is actually an infi-
nite family of assertions, one for each positive integer n. Any single one of these
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assertions could be checked by performing the required arithmetic. If one checked
the first thousand or so, one might become quite confident of the rest, but that
is not sufficient for mathematical certainty. (There are statements that are valid
up to very large integers but not for all integers. A simple example: “n is not di-
visible by 10'%° ") Certainty can be established in at least two ways. One way is
by mathematical induction: Statement (4) is clearly true if n = 1, and by adding
(—2)"*! to each side and regrouping the right side one obtains the truth of each
subsequent statement from the truth of the one that precedes it. Since the first
statement is true, so is the second; since the second statement is true, so is the
third; and so on. On the other hand, (4) is a special case of the more general se-
quence of statements (5). Now (5) can also be proved by mathematical induction.
Another way to prove (5) for any given positive integer n is to multiply both sides
by 1 —r.

Not only do general statements like (5) need to be proved if we are to rely on
them, but, as we have just remarked, there may be more than one way to prove
such a statement. In addition to general techniques that work in many cases, like
mathematical induction, there are specialized tricks that may give more insight into
particular problems. We can deduce (4) as a special case of (5) — but only if (5) has
been soundly demonstrated. Because of the cumulative nature of mathematics, we
want to be very careful about each step we take.

What makes a proof a proof? A proof is simply an argument that is designed to
convince, to leave no doubt. A proof by induction is very convincing if it is carried
out carefully — and if the listener or the reader is familiar with the technique and has
confidence in it. Such a proof demands some sophistication of both the presenter
and the presentee. The second proof of (5) mentioned above is clear and convincing
to anyone who is comfortable with algebraic manipulation, and may even suggest
how (5) was discovered.

How does one learn to “do” proofs? By observation and practice, practice,
practice.

The purpose of this book is to proceed along the path from properties of the
number system to the most important results from calculus of one variable, with
each step justified, and with enough side excursions to keep the walk interesting.
Definitions are crucial. They give precise meaning to the terms we use. Many results
follow fairly directly from the definitions and a bit of logical thinking. One thing to
keep in mind: The more general the statement of a result, typically the simpler its
proof must be. The reason is that the proof cannot take advantage of any of those
features of special examples that have been abstracted (i.e., removed) in defining
the general concepts.

Proving the equality of real numbers (or of sets) is often best accomplished by
proving two inequalities: We may prove that number a = number b or that set



14 Introduction

A = set B by proving

a<b and b<a,

or
ACB and B C A.

In some brief excursions, in order to get some more interesting results or examples,
we will break the logical development and use things like the integral and the natural
logarithm before they have been introduced rigorously. No circularity is involved:
These results will not be used to develop the later theory.

Exercise

1. Another way to show equality: Prove that the real numbers a and b are equal if and only
if, for each positive real ¢, the absolute value |a — b| satisfies |a — b| < €.



2
The Real and Complex Numbers

The previous chapter was somewhat informal. Starting in this chapter we develop
the subject systematically and (usually) in logical order. This does not mean that
every step in every chain of reasoning will be written out and referred back to the
axioms or to results that have already been established. Such a procedure, though
possible, is extremely tedious. The goal, rather, is to include enough results — and
enough examples of reasoning — so that it may be clear how the gaps might be filled.

2A. The Real Numbers

Our starting point is the real number system R. This is a set that has two algebraic
operations, addition and multiplication, and an order relation <. Let a, b denote
arbitrary elements of IR. Addition associates to any pair a, b a real number denoted
a + b, while multiplication associates a real number denoted a - b or simply ab.
That < is a relation simply means that certain ordered pairs (a, b) of elements of
R are selected, and for these pairs (only) we write a < b. These operations and the
order relation satisfy the following axioms, or conditions, in which a, b, ¢ denote
arbitrary elements of R.

Al (a+b)+c=a+ b+ o).

A2 a+b=b+a.

A3 There is an element O such that, for all a, a + 0 = a.

A4 For each a € R there is an element —a € R such that a + (—a) = 0.

M1 (ab)c = a(bc).

M2 ab = ba.

M3 There is an element 1 # 0 in R such that, foralla, a - 1 = a.

M4 For each a such that a # O, there is an element a ' eRsuchthata -a ' = 1.
D (a+b)c=ac+ bc; a(b+c)=ab+ac.

O1 For any a and b, exactly one of the following is true: a < b, b < a, ora = b.
02 Ifa<bandb < c, thena < c.

15
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O3 Ifa <b,thena+c <b+c.

04 Ifa <band0 < ¢, then ac < bc.

05 If0 < aand0 < b, then there is a positive integer n suchthatb <a+a+a+ ---+a
(n summands).

There is one more axiom that is satisfied by IR, but to state it we need to define
some terms. Note, by the way, that we may refer to the elements of R as numbers
or as points (thinking of the representation of R as a line). Also, we write a < b
to mean that eithera < b ora = b, we write b > a if a < b, and we write b > a
ifa <b.

Definition. Suppose that A is a nonempty subset of IR. A number b € R is said
to be an upper bound for A if for every a in A we have a < b. If A has an upper
bound, then it is said to be bounded above.

The number b is said to be a least upper bound for A if it is an upper bound and
if b < b’ for every upper bound 4'. There is at most one such number, and it is also
called the supremum of A and denoted

b=supA.

The definitions of lower bound, bounded below, and greatest lower bound or
infimum are defined similarly, with < replaced by >. The infimum ¢, when it exists,
1s denoted

¢ =infA.

The last property in our list of properties of R is the Least Upper Bound Property.

06 If A is any nonempty subset of R that is bounded above, then there is a least upper
bound for A.

[There is an apparent asymmetry here, but property O6 implies the similar Great-
est Lower Bound Property, and vice versa. In fact, if A is nonempty and bounded
below, then its greatest lower bound is precisely the supremum of the set of its
lower bounds, and so on. See Exercise 4.]

All the usual algebraic rules for manipulating real numbers and solving sim-
ple equations and inequalities can be deduced from these axioms. Here are some
examples.

Proposition 2.1

(a) Given a and b in R, there is a unique x € R such thata + x = b.
(b) Givena and b in R, ifa # 0, then there is a unique y € R such that ay = b.
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Proof: If a + x = b, then
bt(—a)=@+x)+(a)=x+a)+(-a)=x+@+(-a)=x+0=x;
so if there is a solution x, then it is unique: x = b + (—a). On the other hand,
at+b+(—a)=a+(—a)+b)=(@+(-a)+b=0+b=0+0=0,

so x = b + (—a) is a solution. A similar argument shows that if a # 0, then y =
a~'b is the unique solution to ay = b. O

Corollary 2.2

(a) The additive and multiplicative neutral elements 0 and 1 are unique.
(b) The additive inverse —a and (if a # 0) the multiplicative inverse a™
(¢) Foranya, —(—a) =a; ifa #0, then (a™")™' = a.

(d) Foranya e R,a-0=0and (-1)-a = —a.

! are unique.

Proof: According to Proposition 2.1, a +x = a and ay = a (if a # 0) have
unique solutions; this proves (a). Part (b) also follows from uniqueness. Part (c)
follows from commutativity and uniqueness. Finally,

a-0+40=a-0=a-0+0)=a-0+a-0;
a+()-a=1-a+(-1)-a=0+(-1)-a=0-a.

Uniqueness implies that a - 0 = 0, which, in turn, implies that (—=1)-a = —a. O

With these results as encouragement we streamline things by (usually) writing
b — a for b + (—a), (often) writing 1/a for a~!, and so on. Next we consider some
properties of the order relation.

Proposition 2.3

(a) Foranya € R, exactly one of the following is true: 0 < a, 0 < (—a), or a = 0. More-
over, 0 < a if and only if —a < O.
(b) Foranya andbin R, a < b ifand only if0 < b — a.

Proof: This uses O3. If a < 0, then 0 = a + (—a) < 0 4+ (—a) = —a. This ar-

gument implies both statements of part (a). If a < b, add —a to both sides. If
0 < b — a, add a to both sides. O

We say that a € R is positive if 0 < a and negative if a < 0.
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Proposition 2.4. If a and b are positive, then the sum a + b and the product ab
are positive.

Proof: Using O2 and O3, we see that 0 < a implies b < a + b, while 0 < b
and b < a + b imply 0 < a + b. As for the product, by O4 and Corollary 2.2(d),
O =a- 0 <da- b O

Because of transitivity (O2), it is reasonable to write chains of inequalities like
a<b<c<---

Corollary25. 0 <1 <1+1<14+14+1<---

Proof: By the preceding results, either 1 or —1 is positive, and if —1 were
positive, then so would be (—1)(—1) = —(—1) = 1. Thus 1 must be positive and
the remaining inequalities follow from successive applications of O3. O

The following is a particularly important fact about the ordering, which will be
used very frequently.

Proposition 2.6. If0 <a < b, then 0 < 1/b < 1/a.

Proof: 1f 1/b were negative, we could multiply the inequality 1/b < 0 by b and
conclude that 1 < 0. Similarly, 1/a and 1/ab are positive. The second statement
follows, since 1/a — 1/b = (b — a)/ab is the product of positive numbers. O

Remarks. 1. Axioms A1-A4, M1-M4, and D are the axioms for a field. Axiom
A3 requires that a field have at least one element, 0, and M3 requires that it have at
least one additional element, 1. In fact, there is a field that has exactly two elements,
denoted 0 and 1. Addition and multiplication are determined in part by the axioms
(041 =1 and so on) and completedby 1 +1 =0and0-1=0=1-0.

2. Axioms A1-A4, M1-M4, D, and O1-04 are the axioms for an ordered field.
An ordered field must have infinitely many elements. See Corollary 2.5.

3. So far we have taken the reals as simply an abstract set, with two operations
and an order, that satisfies the preceding axioms. Thus, a priori it has no relation
to Q or even to IN and Z. Here is how to remedy that situation. Suppose that n is a
positive integer and a belongs to R. Let na or n - a denote a +a + - - - + a, where
there are n summands. If n is a negative integer, we let n - a denote —(—n)a. (We
are letting 1 denote either the multiplicative neutral element of Q) or that of R, but
context should make clear which is meant.) We can assign to a rational number
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r = m/n the real number (m - 1)(n - 1)~!, which we denote by 7. With some labor
one can prove the following, for any rationals r and s.

(a) ¥ =T ifand only if r = s.
®) r+s)=F+5and (rs) =75.
(c) r <sifandonly if 7 <5.

In other words, the subset Q@ = {7 : r € Q} of R, using the operations and order
from IR, is an exact copy of Q. From now on we identify Q with this copy and
consider it to be a subset of R.

4. The preceding axioms characterize R. This means that if R" were another set
having two operations and an order that satisfied all the preceding axioms, then
there would be a 1-1 correspondence between elements R and elements of R’ that
takes sums to sums, products to products, and preserves the order relation. In other
words, R and R’ can be regarded as identical. [Here is how this result is proved.
First, as before, consider Q) as a subset of R. Any given a € R can be obtained as
a supremum of a set of rationals as follows:

a=sup{fr e Q:r <aj. (1)

Now, if R’ is a second such set, we may first identify a subset of it with the rationals
and then use (1) to see how to associate to any a € R a corresponding element
a €R]

At the end of Section 1B we showed that there is no rational solution of the
equation x?> = 2. The situation is different in RR.

Theorem 2.7: Existence of n-th roots. Suppose that b is a positive real num-
ber and n is a positive integer. There is a unique positive real number a such
thata" = b.

Proof: For any real numbers x and y,
V= x" = =00 YT Y T " ()

[Notice that this formula implies the formulas at the beginning of Section 1A!] If
0 < x < y, then it follows from (2) that y* — x" is the product of positive factors
and therefore is positive. Therefore, there can be at most one positive solution to
a"™ = b. To show that there is a solution, we note that the set A below is bounded
above (prove!) and take advantage of the Least Upper Bound Property. Set

a=supA, where A = {x e R: x" < b}. 3)

We show that a” = b by showing that a” cannot be smaller or larger than b.
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First, suppose that x is positive and x" < b. We shall choose y > x such that
y" < b. This will show that x is not an upper bound for the set A, so x # a and
therefore a” > b. For this purpose, we may assume to begin with that y < x + 1.
It follows from this and from (2) that

Y =GN =) <2 4 (v = 0+ D], @

since there are n terms in the summation on the right-hand side of (2). Therefore,
ifx <y <x+41andalso

b—x"

R o

y—Xx
it follows that y" < b. To accomplish this we can take y to be the smaller of the
numbers x + 1 and x + %c, where c is the right-hand side of (5). Thus a" > b.

Finally, suppose that y is positive and y"” > b. If we show that there is a positive
x such that x < y and b < x", it follows that x is an upper bound for A. But then
y is not the least upper bound, so y # a and consequently a” < b. The proof that
such a number x can be chosen is similar to the previous part of the proof and is
left as an exercise. O

Remark. There are other (and, in some respects, better) ways to prove Theo-
rem 2.7. However, any proof relies ultimately on the Least Upper Bound Property
(or some equivalent property) of the reals. The advantage of this proof is that
it makes that reliance explicit and does not depend on introducing notions like
continuity and connectedness.

Exercises

1. Show that, for any positive reals x and y, there is a positive integer n such that x /n < y.

2. Show that, for any reals x and y with x < y, there are a rational r and an irrational ¢
suchthatx <r <yandx <t < y.

3. Show that the Archimedean axiom O35 follows from the Least Upper Bound Property
06, together with the other axioms for the reals.

4. (a) Suppose that A and B are nonempty subsets of R. Define subsets —A = {—x : x € A}
andA+ B ={x+y:x € Aand y € B}. Show that if A and B are bounded above, then
inf(—A) = —sup(A) and sup(A + B) = sup(A) + sup(B).

(b) Use part (a) to prove the Greatest Lower Bound Property: Any nonempty subset of
R that is bounded below has a greatest lower bound.

5. The Nested Interval Property: Suppose that I, I, I3, . . . is a sequence of bounded closed
intervals of reals, I, = [a,, b,], where a, < b,. Suppose that I, DI, D ...D1I,...,
and suppose that the lengths |I,| = |b, — a,| have limit zero. (This means that, for any
& > 0, there is an integer N such that |1,| < ¢ if n > N.) Show that there is exactly one
real number x that belongs to all the intervals.
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6. Assume the axioms for the reals except for the Least Upper Bound Property O6; assume
instead the Nested Interval Property, formulated in Exercise 5. Prove the Least Upper
Bound Property as a consequence.

7. (a) Suppose that x > 0 and x> < 2. Prove that there is a real y > x such that y> < 2.
Show that y may be chosen to be rational.

(b) Suppose that x > 0 and x? > 2. Prove that there is a real 0 < y < x such that
y? > 2. Show that y may be chosen to be rational.

8. Use the preceding exercise to show that if a = sup(A), where A={re Q:r >
0 and r? < 2}, then a®> = 2. This demonstrates that Q does not have the Least Upper
Bound Property.

9. Prove that n € Z., implies 2" > n; prove that for any integer n > 4, 2" > n?.

10. Prove that for any positive # and any integer n > 0, (1 + h)" > 1 + nh.
11. Prove that for any positive 4 and any integer n > 0,

nn — l)h2

1+h)">1+nh+ 2

12. Suppose that a is positive and n > 2 is an integer. Suppose that a” = n. Prove that
l<a<14+42/@m—-1).

13. Let N = 108. Compute N'/V to three decimal places.

14. True or false? For every ¢ > 0 there are positive integers m and n such that the inequality
[/1n — /m — 7| < ¢ is true.

15. Show that there are no rationals r and s such that 7> = 8 or s° = 6.

16. Suppose that x > 0 and x> 4+ x = 4. Prove that x is irrational.

17. Show that there is at most one real x such that x> + x* +3 = 0, and it cannot be
rational.

18. There is an investment strategy called “dollar cost averaging” based on the claim that
investing a fixed amount of money in a stock at each of n times results in an average
price per share that is less than the mean of the prices at the various times. Discuss.

2B*. Decimal and Other Expansions; Countability

Suppose that x is a real number. We may deduce from the Archimedean prop-
erty O5 and the other properties of the reals that there is a unique integer m
such that m < x < m + 1. Geometrically, this simply says that the half-open in-
tervals (m, m + 1] partition the line. (We use here the reasonably standard interval
notation:

(a,b]={x e R:a < x < b}, [a,p]={x e R:a < x < b}, (6)

and so on.) Partitioning the interval (m, m + 1] into ten half-open subintervals of
length 1/10, or simply looking at the algebra, we see that there is a unique integer a,
0<a; <9,suchthat m +a;/10 < x < m 4+ a;/10 4 1/10. Continuing, we find
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a unique sequence of integers m, aj, as, . .. that is characterized by the properties
ai ) a a a
m+m+1—()2+---+1—0k <Xx §m+m+1—02+~-
ay 1
tir T 0w =9 %

If we also write the integer part m in its decimal form, the result is the decimal
expansion of x.
For convenience, suppose that m = 0, that is, 0 < x < 1. We write, formally,

a
x=.a1a2...ak...=1—0+1—02+---+ﬁ+---. (8)

(Notice that our procedure gives .999. .. as the decimal expansion of 1, .4999 ...
as the decimal expansion of 1/2, and so on. In fact, this construction guarantees
that there are infinitely many a;’s that are not zero.)

One justification for writing (8) is the following: The sequence of rationals

4 h 40 S 9)
r=-—, rp=— —, I3 = — — —, ...
Y00 P10 102 T 10 102 108
satisfies
rn<rn<r..<I; x =sup{ry, r,r3, ...} (10)

Conversely, suppose that {a;, as, a3, ...} is a sequence of integers such that
0 < a; <9 and infinitely many of the a;’s are not zero. Define rationals r; by (9).
These satisfy the first part of (10), and we may use the second part of (10) to define
a number x. It is not difficult to show that this number x has the expansion (8). In
other words there is a 1-1 correspondence between the real numbers in the interval
(0, 1] and the decimal expansions .aia; . . . that have infinitely many nonzero terms.
Geometrically, we can look on the decimal expansion as specifying a sequence of
intervals: The first term identifies that one of the ten equal subintervals of (0, 1]
that contains x, the second indentifies that one of the ten equal subintervals of the
first that contains x, and so on. Together these successive intervals locate x to any
degree of accuracy.

There is nothing special about the number 10 in this discussion, other than the
fact that it is an integer larger than 1. If we split successive intervals into two or
three equal subintervals and continue as above, we obtain the binary expansion

b
X=—+=+=+ eachb, =0orl, (11)

x=c—+——|—c—'+---; eachc¢, =0,1, or2. (12)
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We have mentioned several times the concept of a 1-1 correspondence. This
concept allows one to make precise the idea that two sets have the same number
of elements. In fact, one can view the usual process of counting as the process of
establishing a 1-1 correspondence between the objects being counted and one of
the standard sets

B, {1}, {1,2}, {1,2,3}, {1,2,3,4}, ...,

where () denotes the empty set, the set with no elements. One can extend the idea to
infinite sets. In particular, an infinite set is said to be countable if it can be put into
1-1 correspondence with the set IN of positive integers. Otherwise, it is said to be
uncountable.

This notion has some surprising features. The relation n <> n 4 1 establishes a
1-1 correspondence between IN and the “smaller” set consisting of integers > 2,
while the relation n <> 2n establishes one with the “much smaller” set of even
integers. In the other direction, listing

0,1, —1,2, =2,3, =3, 4, —4,...

shows how to establish a 1-1 correspondence between IN and the “much larger”
set of all integers; in other words, Z is countable. In fact Q is countable. It is not
difficult to see how to write a list; another approach is to note that the correspondence
2"=1(2n — 1) <> m/n establishes that the positive rationals are countable.

Not all infinite sets are countable, however. Georg Cantor, who founded set
theory, proved the following.

Theorem 2.8. The set R of real numbers is uncountable.

Proof: If R were countable, then the interval (0, 1] would be countable. If so,
then one could make a list of all the corresponding decimal expansions

ajaraszay . ..
.b1bybsby . ..

.C1C2C3C4 . ..

However, we can find a number not on the list by constructing its decimal expansion
.X1X2X3X4 . .. according to the simple rules x| # ay, x» # by, x3 # c3, and so on.
This expansion differs in its k-th place from the k-th expansion on the list for every
k. (We also choose so that each of these expansions has infinitely many nonzero
terms, as does the new one being constructed.) It follows that x is not on the list. O
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Exercises

1. Show that any rational in the interval (0, 1] can be expressed as a finite sum r = 1/q; +
1/g2+ ...+ 1/gqn, where the g; are integers and q; < g < ... < gy.

2. Discuss the probability that a real number chosen at random from the interval [0, 1] has
no 7’s in its decimal expansion.

3. Give a proof of Theorem 2.8 using binary expansions. Be careful about the possibility
of two binary expansions representing the same real number.

2C*. Algebraic and Transcendental Numbers

We may think of the rational numbers as the subset of R whose elements are all
solutions of equations nx —m = 0, where n is a positive integer and m is any
integer. More generally, a real number is said to be algebraic if it is a solution of a
polynomial equation with integer coefficients:

k—1

akxk—kak,]x +---+ax —I—a0=0, ake]N, ak,l,...,aer. (13)

If x is a solution of (13) but not a solution of any such equation having degree less
than k, then x is said to be algebraic of degree k. Thus the rationals are precisely
the real numbers that are algebraic of degree 1.

So far the only real number that we have shown to be irrational is /2. How-
ever, /2 is a solution of x2—2 =0, so it is algebraic. A real number that
is not algebraic is said to be transcendental. It is not obvious that there are
any transcendental numbers. Late in the nineteenth century, the number e was
shown to be transcendental by Hermite and & was shown to be transcendental by
Lindemann. We give here two proofs that there are transcendental numbers. The
first is a counting argument: There are not enough algebraic numbers to account
for all real numbers.

Theorem 2.9. The set of algebraic numbers is countable.

Proof: Define the weight of the polynomial in (13) to be the integer k + a; +
|ag—1] + - - - 4 |aog| — 1. Thus the minimum possible weight is 1, the weight of the
polynomial x. The polynomials of weight 2 are x2, x + 1, x — 1, and 2x, and those
of weight 3 are x> £ 1, x &2, 2x & 1, and 2x2. There are finitely many possible
polynomials (13) of any given weight w. Each of these has degree less than w and
therefore has at most w — 1 roots. This allows us to list the algebraic numbers in
a systematic way: For weights 1, 2, 3 we get 0, =1, 2, £1/2. Going to weight 4
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we obtain a few irrationals; for example, the polynomials x> — 2 and x* + x + 1
have real roots :I:\/z and (—1 £ «/5)/2. O

Theorem 2.9 tells us that in some sense “most” reals are transcendental, but
it does not exhibit any transcendental number. The first examples were given by
Liouville, based on his theorem about approximation by rationals.

Theorem 2.10. Suppose that x is an algebraic real number of of degree k > 2.
Then there is a constant K > 0 such that, for every rational r, if r = p/q in lowest
terms, then

K

lx —rl=—.

(14)

_

Proof: The proof can be made purely algebraic, but it is quicker to appeal to
calculus — specifically, the Mean Value Theorem. Notice that (14) is true with any
K < 1if|x —r| > 1, so we may assume that [x —r| < 1.

Let P denote the polynomial in (13) and suppose that P(x) = 0. There is a
constant L such that the derivative P’ satisfies |P'(s)| < L if |s — x| < 1. Now
suppose that [x — r| < 1. The Mean Value Theorem says that

P(r)= P(r) — P(x) = (r —x)P'(s), (15)
where s is some number between r and x. It follows that
| P(r)l
x| > . 16
lr —x| > 7 (16)

However, if r = p/q, then ¢g* P(r) is a (nonzero) integer, so | P(r)| > 1/g*. There-
fore (14) holds, with K taken to be the smaller of 1 and 1/L. O

Remark. The preceding theorem is also valid for k = 1 if we add the conditions

that r = p/q is in lowest terms and that ¢ is sufficiently large; this is necessary to

rule out r = x.

Corollary 2.11. The number with decimal expansion
.1100010000000000000000010000000000000000000 . . . (17)

(where the k-th one in the expansion occurs in the k! place) is transcendental.

Proof: Let x be the number with decimal expansion (17). We leave it to the
reader to check that for any positive integer k and any constant K the sequence
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of rationals
1 Lo o1
n=—, n=—+—7, n=—+—+—,
"T100 2T 10 7102 T 10 102 T 100
1 1 1 1
M= — —  — 4 —

10 102 100 102’

eventually violates (14). Therefore x is not algebraic of any degree. O

Remark. The algebraic numbers form a field: the sum, product, difference, and
quotient of algebraic numbers is algebraic; see the exercises.

Exercises

1. Suppose that x is algebraic of degree n. Prove that —x and (if x # 0) 1/x are also
algebraic of degree n.
2. Suppose that x is a real number. Prove that the following are equivalent:
(i) x is algebraic of degree < n;

(i) 1, x,x2,...,x", x"*! are linearly dependent over Q;

(iii) every nonnegative integer power of x is a linear combination of 1, x, x2, ..., x"
with rational coefficients.

(iv) there are rational numbers yy, s, ..., ¥, such that every nonnegative integral power

of x is a linear combination of the y; with rational coefficients.
3. Use the preceding exercise to show that 2!/3 4+ 31/2 is algebraic of degree at most 6. In
fact, if x and y are real numbers that are algebraic of degrees m and n, respectively, then
x + y and xy are algebraic of degree < mn.

2D. The Complex Numbers

To start, we take as the complex numbers the set € of all expressions a + ib, where
a and b are real numbers and i is simply a place marker; we could equally well
write this as an ordered pair (a, b). In the set € we define operations

(a+ib)+(c+id)=(@+c)+i(b+4d);
(a +ib)(c+id) = (ac — bd) + i(ad + bc). (18)

Proposition 2.12. @ satisfies the field axioms A1-A4, M1-M4, and D.

Proof: Most of this is routine checking. The neutral elements for addition and
multiplication respectively are 0 +i0 and 1 4+ i0. If a + ib # 0 + i0, which is the
same as saying a® + b* # 0, then the multiplicative inverse is

a —-b

=1 .
(a+ib) _a2—|—b2+la2+b2'

19)




2D. The Complex Numbers 27

The correspondence that assigns to a € R the complex number a 4 i0 takes
sums to sums, products to products, and the neutral elements for addition and
multiplication in R to the neutral elements of €. Therefore we may identify a
with a + i0 and consider R as a subset of €. Using the definition (18), one can
check easily that (0 4+ i1)> = —1 + i0, the complex number identified with the real
number —1.

From now on we will make no distinction between a and a + {0, and we will also
write ib for 0 4+ ib and i for (&1) - i. Thus i> = —1. Moreover, we may denote
complex numbers in general by single letters z, w, ... orevena, b, .... Also, we
may denote z~! by 1/z.

Definitions. Suppose that x and y are real and let z = x + iy. Then x and y are
called the real part and imaginary part of z:

x =Rez y=Imz.

The complex number Z = x — iy is called the complex conjugate of z. The real
number |z| = {/x2 + y? is called the modulus of z.

There is a potential conflict of notation here, since a real number x with absolute
value |x| can also be considered as a complex number x = x + {0 with modulus
|x 4+ 70|, but in fact these are the same, namely, Vx2.

Various useful algebraic facts are summed up in the following.

Proposition 2.13. For any complex numbers z and w,

z=Rez+ilmz; (20)
Rez = 1(z+12), Imz = 5-(z — 2); 2D
Ztw=zZ+w, Iw=27Iw, (22)
Iz =22zl =zZl; (23)
lzw| =zl Iwl;  ifw #0, then|z/w|=|z|/Iw]; (24)
ifz#0, thenz!=z/|z|% (25)

Proof: Eachidentity in (20)—(23) is either an easy consequence of the definitions
or is easily checked by calculation. The first identity (24) is a consequence of the
first identity in (23) and the second identity in (24) follows from the first. The
identity (25) follows from the first identity (23). O

We may identify the complex number z = x + iy with the point (x, y) in the
(coordinatized) plane IR?. Then the geometric interpretation of complex conjugation
is a reflection about the horizontal coordinate axis. The geometric interpretation of
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|z| is that it is the Euclidean distance from the point z to the origin (Pythagorean
Theorem). More generally, |z — w| is the Euclidean distance between the points z
and w.

The following inequalities are elementary but very important. The third, (28),
is known as the triangle inequality for the modulus. With the interpretation of the
modulus as the distance it may seem geometrically evident, but it is important to
prove it.

Proposition 2.14. For any complex numbers z and w,

Rez| < |zl, [Im z| < |z|; (26)
|z| < |Rez| + [Imz]; (27)
lz +w| < lz] + |w]. (28)

Proof: Let x = Rez, y = Imz. Then |z| = /x2 + y? is clearly larger than or
equal to both |x| and |y|. Conversely, (27) follows from squaring both sides. To
prove (28) we square and then use Proposition 2.13 together with (26) to obtain

z4+wl?=G+w)EZ+Ww) =27+ @ +w2)+ww
= |z|* + 2Re (zW) + |z|* < |z + 2[zw | + [w?
= |z +2lzlw| + [w* = (Jz| + w])>. O

Remarks. We have not introduced an order into (. It is not possible to do so in
such a way that € becomes an ordered field, that is, so that O1-O4 are satisfied
(see Exercise 2). An inequality 7 < w or z < w has no meaning unless w and z are
both real. Note that the inequalities in the preceding proposition all involve real
numbers!

From now on we shall frequently use the following convention: Whenever a
complex number is written in the form z = x + iy, then it is understood that x and
y are real, the real and imaginary parts of z.

Exercises

1. Prove that an ordered field cannot be finite.

2. Prove that there is no way to choose an ordering in € such that it becomes an ordered
field.

3. Suppose that z = x + iy with x and y real. Show that max {|x|, [y|} < |z] < |x| + |y].

4. (a)—~(d) Prove Proposition 2.13 in detail.

5. Suppose that z is a nonzero complex number. Show that there is a unique pair r € R,
w €@ such that r > 0, |w| =1, and z =rw. This is called the polar decomposition of z.
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13.
14.

15.
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.LetS={zeQ:|Imz|] <Rez}and T = {z?: z € S}. Describe these sets in terms of

the modulus and argument of their elements.

. For complex z, show that |z —i| = |z 4 i| if and only if 7 is real; give a geometric

interpretation of this result.

. Suppose that a, b, and ¢ are complex numbers such that |a| = |b| = |c| =1 and

a+b+c=0. Prove that |a —b| =|b—c| =|c —a| and discuss the geometric
meaning.

. Let f(z) = (z —1i)/(z + i) for complex z # —i. Show that, for each complex number

w # 1, there is aunique z such that f(z) = w. Show that the image of the real line f(IR)
is the unit circle {z : |z| = 1}. Find the image of the upper half-plane {z : Imz > 0}.
(a) Suppose that A and C are real and B is complex. Prove that the set of complex z’s
such that AzZ + Bz + BZ + C = 0 is either a circle, a straight line, or the empty set.
(b) Prove conversely that any circle or straight line in the complex plane can be described
by an equation of this form.

Suppose that a, b, ¢, and d are complex numbers such that ad — bc # 0. Define a
function f by f(z) = (az + b)/(cz + d) whenever cz 4+ d # 0. Prove that if S is a
circle or straight line in the complex plane, then the image f(S) = {f(z) :z € S}isa
circle or straight line.

The following set of exercises gives a nonrigorous preview of material that will be
developed rigorously in Chapter 9. Earlier we have used “show” as a synonym for
“prove,” but in these exercises it has a looser meaning.

Use the power series expansions of sin ¢ and cos f to justify defining e’ = cost + i sint
for real 7.

Show that |¢!’| = 1 and ¢!/t = ¢S,

Use Exercises 3, 12, and 13 to show that each complex z # 0 can be written as re'’,
where r > 0, t € R. Relate this to polar coordinates in the plane.

Show that for any n € IN there are exactly n complex solutions to the equation z" = 1.
Show that for any complex w # 0 and any n € IN there are exactly n complex solutions
to the equation 7" = w.
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Real and Complex Sequences

The goal of this chapter is to establish the basic definitions and results concerning the
convergence of real and complex sequences. These include monotone sequences,
upper and lower limits of real sequences, the Cauchy criterion, and subsequences.

3A. Boundedness and Convergence

A complex sequence is a collection of complex numbers a,, a,, as, ... indexed by
the integers 1, 2, 3, ... . We denote such a sequence by {a,},2, or {a,}{° or simply
by {a,}. We also consider sequences {a,},-, indexed by the nonnegative integers

0,1,2,3,....Such a sequence is said to be real if each of its terms a, is real.

Definitions. A complex sequence {a,} is said to be bounded if thereisareal K > 0
such that |a,| < K, all n. A real sequence {a,} is said to be bounded above if there
is areal M such that a, < M, all n; it is said to be bounded below if there is a real
L such that L < q,, all n.

The first of the following two sequences is bounded below but not bounded, and
the second is bounded:

1, 2,3, 4,...; 1,0, —-1,1,0, -1, 1, 0, —1,.... (1)

It is fairly obvious that a real sequence is bounded if and only if it is bounded
both above and below. Moreover, a complex sequence {a,} is bounded if and only
if the two real sequences {Re a, } and {Ima,} are bounded.

Definition. The complex sequence {a,} is said to converge or to be a convergent
sequence if there is a complex number a with the property that for each ¢ > 0
there is an integer N such thatn > N implies |a, — a| < €. [This is one of the most
important definitions in the subject.] If so, a is said to be the limit of the sequence.

30
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Remarks. 1. Neither of the sequences (1) has a limit, according to this definition.
Later we will modify the definition and give a sense to saying that the first sequence
has limit 4o0.

2. It can be tempting to think of the preceding definition as saying that the terms
of the sequence get progressively closer to the limit, but this is not necessarily the
case. Let @, = 1/n if n is an odd positive integer and a,, = 0 if n is even, so that
the sequence is

1,0, 1/3, 0, 1/5, 0, 1/7, 0,.... )

Then the limit is 0, but each even term is closer to the limit than is any odd term.
3. We have been speaking of “the limit.” In fact, suppose that both a and a’ are

limits for the sequence {a, }. Given any ¢ > 0, choose N and N’ so that |a, — a| < ¢

ifn>Nand|a, —a'| <eifn > N'.Choose n > N + N’. Then

la —a'|=l(a—ay)+(a,—a)l <la—ayl+la, —d'| <e+e=2e.

Since this inequality is true for every ¢ > 0, it follows that @ = a’. [This method
of proving equality is used frequently.] Thus, if there is a limit, it is unique.

4. Here are some important examples of convergent sequences. The proofs are
left as exercises.

lim 1/n = 0; 3)
n—oQ
lim a" =0 if |a| < 1; 4
n—oQ
lima/"=1 ifa>0; (5)
n—oo
lim n'/" = 1. (6)
n—oo

The question of convergence can be reduced to the question of convergence of
real sequences.

Proposition 3.1. A complex sequence {b, + ic,} has limit b + ic if and only if the
real sequences {b,} and {c,} have limits b and c, respectively.

Proof: This is a good exercise in using the definitions, together with the inequal-
ities (26) and (27) of Chapter 2. O

Definition. A real sequence {a,};- , is said to be nondecreasing if

a<a; <az3 <...<a,, all n. (7)
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The sequence is said to be nonincreasing if
ay>a>az>...>a,, all n. 8)

It is said to be monotone if it is either nondecreasing or nonincreasing.

Note that a nondecreasing sequence is bounded below (but not necessarily above)
and a nonincreasing sequence is bounded above (but not necessarily below).

The following theorem is the starting point for most of the theory of convergence.
(Note that it is the “no-gap” condition, as formulated in Chapter 1.)

Theorem 3.2: Convergence of bounded monotone sequences. Any bounded
monotone sequence of reals is convergent.

Proof: Assume that {a,} is bounded and nondecreasing. Let a be the least upper
bound of the set of numbers {ay, a,, ... }. If € is positive, then the number a — ¢ is
less than a and therefore is not an upper bound for this set. Consequently, there is
some index N such that ay > a — ¢. This, the inequalities (7), and the fact that a
is an upper bound imply that for any integer n > N

a—¢<ay <a, <a.

Therefore n > N implies |a, — a| < ¢, and a is the limit. The nonincreasing case
is proved in a similar way. O

We shall see in the next section that a convergent sequence is necessarily bounded,
so a monotone sequence is convergent if and only if it is bounded.

Exercises

1. Suppose that {x,}{° is a sequence of real numbers with limit x, and suppose that
a < x, <b,all n. Provethata < x < b.

2. Suppose that z, = x,, + iy,, with x,, and y, real. Prove that lim,_, o z, = x + iy with
x and y real if and only if lim,—, oo X, = x and lim,,, o ¥, = y.

3-6. Prove (3) to (6), using Exercises 10—12 of Section 2A.

7. Suppose that {z,}{° is a complex sequence with limit zo. Prove directly from the
definitions that (a) lim,—. z2 = z3 and (b) lim, o ¥ = zf, k € IN.

8. Suppose that |z] < 1. Prove that lim,,_,» 2" =0

9. Determine: (a) lim,_oo[v/n%2+2n —n], (b) lim, (2" +n)/(3" —n), and
(©) lim,,_, oo (nD'/™.

10. Prove that Theorem 3.2 is equivalent to the Least Upper Bound Property. More pre-

cisely, assume all the axioms for the reals from Section 2A except 06, and assume
that Theorem 3.2 is valid. Show that O6 is a consequence of these assumptions.
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11. Prove that the following limits exist, and evaluate them:

. n?+3n+35\"
(a) Im (| —————— ) .
n—soo \ n?24+4n +7

1/n
(b) lim {<1+1>(1+z>...<1+f)} .
n—oo n n n

12. Suppose that x; =1 and x,1; = +/2+ x,, n=1,2,.... Prove that the sequence
{x,}{° converges and find its limit.

13. Suppose that x; =1 and x,4; =14+ 1/x,, n = 1,2,.... Prove that the sequence
{x,}{° converges and find its limit.

14. Letx; = 1, xp =2, and x,45 = %xn + %xnﬂ, n=1,2,....Prove that the sequence
{x,}7° converges and find its limit.

15. Let positive a and x; be given, and let x,+ = (@ + x,,)/(1 + x,),n = 1,2, .... Prove
that the sequence {x, }{° converges and find its limit.

16. Let positive a and x; be given, and let x,, 1| = %(x,, +a/x,),n=1,2,....Prove that

the sequence {x,}7° converges and find its limit.

3B. Upper and Lower Limits

Suppose that {x,} is a bounded real sequence. Then all its terms are contained in
the closed interval [a;, b;], where

ai :inf{xl,x25x3a~~~}; bl :Sup{xlaxz’x3s~"}'

It follows from the definitions that this is the smallest closed interval that contains
all the terms x,,. Similarly, if we omit the first m — 1 terms xy, x, ..., X;—1, then
the remaining terms are contained in a smallest closed interval [a,,, b,,], where

a,, = inf{x,,, Xpat, Xma2, ... 1, by = sup{X,, Xm+1, Xmt2, -« - }- 9)

Consider, as an example, the sequence (2). For it we have a, = 0 for every n,
while by, = by, = 1/(2k — 1),k =1, 2, .... For the second sequence in (1), on
the other hand, a, = —1 and b, = 1, all n.

It follows from the definitions that the intervals [a,, b, ] are nested:

a<ay<a3<...<a,<b,<...<b3<by <by, all n. (10)

Thus the nondecreasing sequence {a,} is bounded above by each b,,. According
to Theorem 3.2 and its proof, {a,} converges to its least upper bound a < b,,.
Similarly, the nonincreasing sequence {b,} converges and has limit » > a. These
limits are called, respectively, the lower limit and upper limit of the sequence {x,}
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and denoted by liminf,_, . x, and lim sup,,_, ., x,. Summarizing,

liminfx, = lim [inf{x,, x,41,...}] < Lim [sup{x,, xp41,...}]
n—oo n— oo n— o0
= lim sup x,,. (11)
n—oo

Note that (10) and (11) imply

a, <liminfx, <limsupx, < b, all m. (12)
n—00 n—00

The following is a useful characterization of the upper and lower limits.

Proposition 3.3. Let {x,} be a bounded real sequence. The lower limit
liminf,_, X, is the unique real number a that has the following two properties.

(a*) Foreach ¢ > O there are only finitely many indices n such that x, < a — ¢.
(a**) For each ¢ > O there are infinitely many indices n such that x, < a + ¢.

The upper limit lim sup,,_, . X, is the unique real number b that has the following
two propetrties.

(b*) For each ¢ > 0 there are only finitely many indices n such that x, > b + ¢.
(b**) For each ¢ > 0 there are infinitely many indices n such that x, > b — ¢.

Proof: Suppose first that a has properties (a*) and (a**). Property (a*) implies
that no number ¢ smaller than a can have property (a**) (choose ¢ = (a — ¢)/2, so
a—e&=c+ (a —c)/2). Property (a**) implies that no number larger than a can
have property (a*). Therefore there is at most one such number a.

Now take a to be the lower limit of {x,}, that is, the least upper bound of the
sequence {a,} of (9). Given ¢ > 0, the smaller number a — ¢ is not an upper bound,
so there is some N such that

a—&<ay = inf{xN,xN+1, .. }

This proves (a*). On the other hand, given an index N, we deduce from the fact
that ay < a < a + ¢ that there is some index n > N such that x,, < a + €. This
proves (a**).

The proof that the upper limit is the unique number that has properties (b*) and
(b**) is very similar and is left as an exercise. O

This leads to one criterion for convergence.

Proposition 3.4. A bounded real sequence {x,} converges if and only if its upper
and lower limits are equal.
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Proof: Suppose first that the upper and lower limits are each equal to x. Then,
given ¢ > 0, it follows from Proposition 3.3 that there are only finitely many indices
n for which x, < x — ¢ or x,, > x + ¢. Consequently, if N is large enough,n > N
implies |x, — x| < ¢ and x is the limit.

Conversely, suppose that {x,} converges to x. This means, of course, that, given
e > 0, there is an index N suchthatn > N implies x — ¢ < x, < x + €. Therefore
x has the properties, listed in the statement of Proposition 3.3, that characterize the
upper and lower limits. O

Remark. The criterion in Proposition 3.4 is of limited practical interest — one
would have to be able to determine the upper and lower limits — but it plays a key
role in the next section.

Exercises

1. For each of the following real sequences {x,}{°, determine

Yn = inf{xnv Xn41s Xn425 « - - }7 Zp = SUp {xn’ Xn41s X425 « - - }

Also determine liminf,_, o x, and limsup,,_, ., x,.
@ x, = (=1 + L.
(b) x, = (=1)" — 1.
© Xy = (=D'[1+ ;1.
2. Can both sequences {a,} and {b,} of (9) be strictly monotone?
3. Suppose that {a,}{° and {b,}{° are bounded real sequences.
(a) Prove that

lim sup(a, + b,) < limsupa, + lim sup b,,.
n—oo n—o0 n—0oQ

(b) Show by example that strict inequality can occur.
(c) Can strict inequality occur if one of the sequences converges?
4. Suppose that {a,}{° and {b,}° are bounded nonnegative sequences. Prove that

limsup a,b, < limsupa, - limsupb,.
n—oo n—0oQ n— o0

5. Prove the second part of Proposition 3.3.

3C. The Cauchy Criterion

The definition of convergence of a sequence involves its limit. How can one tell
whether a series converges if one has not already determined the limit? An answer to
this question was given by Cauchy, and the concept he introduced has been named
accordingly.
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Definition. A complex sequence {a,} is said to be a Cauchy sequence if for each
& > O there is an index N such that, if the indices n and m are each greater than or
equal to N, then |a, — a,| < €.

Remark. It is easy to see that {b, 4 ic,} is a Cauchy sequence if and only if the
associated real sequences {b,} and {c,} are Cauchy sequences.

Proposition 3.5. If {a,} converges, then it is a Cauchy sequence.

Proof: Given ¢ > 0, choose N so large that n > N implies |a, — a| < ¢/2 and
use the triangle inequality. O

Proposition 3.6. If{a,} is a Cauchy sequence, then it is bounded.

Proof: Choose N so large that n,m > N imply |a, — a,,| < 1. In particular,
n > N implies that |a,| = |ay + (a, — an)| < |lan| + 1, and so for every n

la,| < 1+ max{|ail], |azl,...,layl}. O

Corollary 3.7. Every convergent sequence is bounded.
Now we come to the basic result on convergence of complex sequences.

Theorem 3.8: Convergence of Cauchy sequences. If the complex sequence {z,,}
is a Cauchy sequence, then it converges.

Proof: Suppose that {z,,} = {x, + iy,} is a Cauchy sequence. Then the real se-
quences {x,} and {y,} are Cauchy sequences. If they converge, say to x and to y,
then {z,,} converges to x + iy (Proposition 3.1). Consequently, it is enough to prove
that any real Cauchy sequence converges.

Suppose that {x,} is a real Cauchy sequence. Then it is bounded, so it has upper
and lower limits @ and b. We only need to show that a = b. Let {a,} and {b,} be
the sequences (9). Given ¢ > 0, choose N so that n > N implies xy — & < x, <
xn + &. It follows from this, the definitions of a, and b,,, and (12) that

xy—e<ay<a=<b<by<ixy+e

and therefore |b — a| < 2e. This is true for every ¢ > 0; so a = b and, by Propo-
sition 3.4, the sequence {x,} has limit x =a. O
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Exercises

1. Suppose that {a,} is a convergent sequence whose terms are positive and nondecreasing.
Suppose that {b, } is a complex sequence with the property that, for each n, |b, | — b, | <
ap+1 — ay. Prove that {b,} converges.

2. Prove that Corollary 3.13, for real sequences, is equivalent to the Least Upper Bound
Property. More precisely, assume all the axioms for the reals from Section 2A except 06,
and assume that Corollary 3.13 is valid for real sequences. Show that O6 is a consequence
of these assumptions.

3D. Algebraic Properties of Limits

Definition. If {a,} and {b,} are two complex sequences, the sum, difference, and
product are the sequences with terms a, + b,, a, — b,, and a,b,, respectively. If
no term of b, is zero, then the quotient is the sequence with terms a,,/b,,.

Theorem 3.9. Suppose that {a,} and {b,} are convergent complex sequences with
limits a and b, and suppose that c is a complex number. Then

lim ca, =ca; (13)

n— 00
lim (a, £ b,) =a £ b; (14)
lim (a,b,) = ab. (15)

Moreover, if b, # 0, all n, and b # 0, then

(16)

Proof: The assertions (13) and (14) are left as exercises. To prove (15), observe
that

|anbn - ab| = I(anbn - abn) + (abn - ab)| = |anbn - abnl + Iabn - ab|
= |a, — al|by| + lal|b, — b. (17)

We know that if n is large enough, then |b,| = |b + (b, — b)| will be less than
|b| 4+ 1. Given ¢ > 0 we can choose N so large that n > N implies |b,| < |b] + 1
and also

|b, — b

la, —al (18)

& &
< —, < —.
21b] + 2 20al + 2

It follows that n > N implies |a,b, — ab| < e.
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The proof of (16) is somewhat similar. Note that if n is large, |b, — b| < %|b|,
which implies that |b,| > %|b|. For such n,

a, a a,b —ab,
by b| | bb,
_ (anb — ab) + (ab — ab,) - anb — ab‘ N ab — ab,
bb, - bb, bb,
_ |blla, —al lallb, — b| §|an—a|i+|bn—b|£.
D161 D116y |b| 2|b|?

As in the proof of (16), we can control the size of the last expression by choosing
n so large that |a, — a| and |b,, — b| are sufficiently small. O

Remark. Note the trick of breaking the “double” variation a,b, — ab into two
“single variations” by subtracting and adding ab,,, and the simple modification for
dealing with a,,/b,, — a/b.

The following result is a partial generalization of (13) that will be used when we
come to power series. The proof is left as an exercise.

Proposition 3.10. If{b,} is a bounded real sequence and {a, } is a positive sequence
with limit a, then

liminfa,b, = aliminfb,; limsup a,b, = alimsupb,,. (19)
n—00 n—00 n— 00 n— 00
Exercises

1. Prove (13) and (14).

2. Prove Proposition 3.10.

3. Suppose that {z,,}{° is a complex sequence with limit z. Let {w,}{° be the sequence of
arithmetic means w, = (z; + 22 + ... + z,)/n. Prove that lim,, o, w,, = z.

4. Suppose that lim,,_, », z, = z. Let

Wy = Xn: 2™ (Z)zk,
k=0

where (k) is the binomial coefficient n!/k!(n — k)!. Prove that lim,_, ,c w, = z.
5. Suppose that {z,}{° and {w,}{° are complex sequences with limits z and w, respectively.
Show that the following limit exists:

lim 2Wn + 22Wn—1 + 23Wp—2 + ... + 2w

n—00 n
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3E. Subsequences

Definition. A subsequence of a sequence {a,} is a sequence {b,} whose terms are
among the terms of {a, }, with increasing indices. In other words, there is a sequence
{ni )2, of positive integers such that

n<nm<n<...<nn<..., bk:ank. (20)

(In particular, any sequence is a subsequence of itself, with each n;, = k.)
For example, the first sequence (1) has among its subsequences the sequences

2,4,6, 8, 10,...; 1, 4,9, 16, 25, ...,
and the second sequence (1) has among its subsequences the sequences

,1,1,1,1,1,...; -1,0, -1, 0, -1, O, ....

Proposition 3.11. A complex sequence {a,} converges to a if and only if each of
its subsequences converges to a.

Proof: 1f {a,} converges to a, it is very easy to prove that each subsequence
has limit a. Conversely, {a,} is a subsequence of itself, so the convergence of each
subsequence trivially implies the convergence of the sequence {a,} itself. O

For bounded real sequences there is a close relationship between the convergent
subsequences and the upper and lower limits of the original sequence, as indicated
in the next proposition. The proof is left as an exercise.

Proposition 3.12. Suppose that {x,} is a bounded real sequence.

(@) If {yn} is any convergent subsequence, then

liminfx, < lim y, <limsupux,.
n—00 n—00 00

(b) There is a subsequence that converges to liminf,_, o, x,, and also a subsequence that
converges to limsup, _, . Xn.

A particular consequence of part (b) is important.

Corollary 3.13: The Bolzano-Weierstrass Theorem. Eachbounded real or com-
plex sequence has a convergent subsequence.

Proof: The real case follows from Proposition 3.12. For a complex sequence
{x, + iy,}, choose a subsequence whose real parts converge and then a subsequence
of that one whose imaginary parts converge. O
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Exercises

1. Prove Proposition 3.12.

2. Suppose that {x,}{° is a real sequence, and suppose that for each k € IN there is a
subsequence of {x,}{° that converges to 1/k. Prove that there is a subsequence that
converges to 0.

3. Suppose that {x,}{° is a bounded real sequence. For each m € N, let S,, be the set
{Xms Ximt1s Ximt2s - - }-

(a) Suppose that for some m, the set S,, does not contain its least upper bound. Show
that {x,}{° has a strictly increasing subsequence.

(b) Suppose that for all m, S,, does contain its least upper bound. Show that {x,}{°
has a nonincreasing subsequence. Conclude that every bounded real sequence has a
monotone subsequence.

4. Suppose that {x,}{° is a bounded real sequence and b = lim sup,,_, ., x,,. Show that there
is a monotone subsequence converging to b.

3F. The Extended Reals and Convergence to =00

It is sometimes convenient to consider the extended real numbers; by definition,
this is the set that is the union of R and the two-element set {—o0, +o0}. In this
enlarged set one extends the standard algebraic operations and the order relation to
include the following:

a+ (+00) = (+00) +a = +o0o,  alla € R; (21
a-+(—o0) = (—o0)+a = —oo. alla e R; (22)
a-(+o0)=+oc0 ifa>0;, =-oco ifa<0O0; (23)
a-(—o0)=—o0 ifa >0 =400 ifa <0; 24)
a/(£oo) =0 alla € R; (25)
(+00) + (+00) = +00;  (—00) + (—00) = —00; (26)
(+00) - (+00) = +00 = (—00) - (—00); (27)
(+00) - (—00) = —00 = (—09) - (+00). (28)

The various field axioms remain valid when each of the expressions that occur
is defined, but 0 - (£00), (£00) - 0, (+00) + (—00), and (—o0) + (+00) are not
defined. [There is a reason why they are not defined; we return to this point shortly.
In particular, do not yield, yet, to the temptation to set O - (00) equal to 0.]

Definition. A real sequence {x,} is said to have limit +o0 if for each real M
there is a positive integer N such that n > N implies x, > M. Similarly, {x,}
is said to have limit —oo if for each real L there is N € IN such that n > N
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implies x,, < L. In these cases we write lim,,_, o X, = +00 or lim,_, » x, = —00,
respectively.

For example, the first sequence in (1) has limit +oc0. The various parts of Theo-
rem 3.9 remain valid for real sequences when some or all of the limits are +oo0,
Some of these are included among the exercises. To see what might go wrong,
consider the sequences with terms

a, =0, b, = 1/n, c, =n, dn:nz, n € IN.

Then {a,} and {b,} both have limit 0 and {c,} and {d,,} both have limit +o00, while
{a,c,} and {a,d,} have limit O, {b,,c,} has limit 1, and {b,d,,} has limit +oc0. Thus
there is no way we can define 0 - (4-00) to make the limit of the product equal to
the product of the limits in all these examples.

Note that a nondecreasing real sequence either has a finite limit or has limit
~+00. The proof is left as an exercise.

Remark. The plus sign is often omitted when writing 4-00.

Exercises

1. Suppose that all x,,’s are positive. Prove that {x,}{° has limit co if and only if {1/x,}{°
has limit 0.

2. Prove that any nondecreasing real sequence has a limit, allowing 400 as a possible
limit.

3. Prove (14) and (15) when {a,} and {b,} are real sequences and {a,} has limit a € R,
a > 0, while {b,} has limit +o0.

4. Suppose that {x,}{° is a sequence of positive reals with limit x > 0 (allowing x = +00).
Prove that lim,,_, oo (X1 X7 - - - x,)'/" = x.

5. Suppose that {z,}{° is a complex sequence with limit z and suppose that {a,}{° is a
positive sequence such that lim,,_, o(a; + a2 + ... + a,) = +o0. Prove that

. az1taxzo+ ... anZy
lim =
n—oo aqy+ay+...+a,

6. Prove
(@) lim,_ o x"/n* = +o0ifx > land k € IN;
(b) lim,_ oo nfx® = 0if |x| < 1 and k € IN;
(©) lim,L o x'/" =1ifx > 0.

7. Use the preceding and/or succeeding exercise to rank the following in order of size
for very large positive integers n; you may use the fact from the next section that
lim, (1 + 1" =e=2718.. .

100 /2 o (%)" .
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8. Suppose that a,, and b, are positive, all n € IN. Suppose that there are positive constants
r and N with r < 1 such that

g1 by
n+ <rn+

if n> N.
an n
Show that lim,,—, » @, /b, = 0.
9. Suppose that {x,}7° is a real sequence such that x,,, < x, + x,, for each pair of in-
dices n and m. Prove that either the sequence {x/n}>, converges or else lim, o *
= —o00.

3G. Sizes of Things: The Logarithm

The derivative, integration, the Fundamental Theorem of Calculus, the exponential,
and the (natural) logarithm are all treated rigorously in Chapter 8, but they are not
likely to be new to any reader of this book. To add to our repertoire in treating
limits and in comparing the sizes of things, it is very useful to jump ahead and to
use various facts about the logarithm.

We write log x for the natural logarithm (base e), which is often written In x. It
is defined for all positive x and has the properties

d 1 o
log1 = 0; —logx = —; €%t = x. (29)
dx X

It follows from the first two of these properties that

*dt
logx = e (30)
1

It will be useful to have a good estimate of log x when x is close to 1. We take
x = 1 + h and assume that 4 is positive. Then (30) becomes

1+h dt

log(1 + h) = / ’z (31)
1

The interval of integration has length /2, and on this interval the integrand is between
1/(1 4+ h) and 1 (see Figure 2). Therefore,

h
T < log(l +h) < h, if h > 0. (32)
It follows from (32) that
a
<10g(1+—> , if a > 0;
n+a

a
n
Tim nlog (1+ ) = a. (33)
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L[|

MN+hp—== ===~

1 1+h

Figure 2. Estimating log(1 + k).

Exponentiating, we get

ena/(n+a) < (1 +_)n < ea.

a n
lim (1 + —) —
n—00 n

Exercise

1. Prove that lim,_, o n [n'/" — 1] = 4-00.

Additional Exercises for Chapter 3

1. Suppose that F(x) = ax(l — x), where 0 < a < 4.

(34)

(a) Show that if x € I, where I is the unit interval [0, 1], then F(x) € I. This means
that we can define sequences in / by choosing any x; € I and letting x,+1 = F(x,),

n>1.

(b) Prove thatif 0 < a < 1, then, for any choice of x; € I, lim,_, o, x, = 0.

(c) Provethatif 1 < a < 3, then there are exactly two points y in I such that F(y) = y,
and for any 0 < x; < 1 the sequence converges to the larger of these two points.
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(d) Prove that for 3 < a < 4 there are two points as in (c) and also two distinct points p

and ¢ in I such that F(p) = g and F(g) = p. Show that for 3 < a < 1 + /6 and
any x) in /, either the sequence stays at one of the two fixed points of (c), or else its
even terms converge to one of the points p or g and its odd terms converge to the
other.

Exercises 2—6 deal with the Fibonacci sequence. This is the sequence {F,}{° that
is characterized by the equation (*) F, 1, = F, + F,+1 together with the starting
conditions F) = F, = 1.

2.
3.

For what values of r does the sequence {r"}°° | satisfy the equation (*)?

Show that if sequences {x,}7° and {y, }{° both satisfy the equation (*) and a and b are
constants, then the sequence {c,}{° with terms ¢, = ax, + by, also satisfies (¥).

. Show that there are constants a, b, r, and s such that F,, = ar" + bs" foreveryn € IN,

while r > 1 and |s| < 1.

. Compare F, in size to (8/5)" and (13/8)". Compute lim,,—, o Fy+1/F}.
. Are 17/12 and 41/29 good approximations to +/2? Discuss the reason for this in

connection with the sequence {G,}{° defined by G| = G2 =1, G142 = Gpy1 + %Gn.

Exercises 7-13 deal with the Mandelbrot set. This is the set M of all complex
numbers ¢ with the property that the sequence of complex numbers {z, }7° defined
as follows is bounded: zo = 0, 7,41 = z,% + c. (See almost any book or article on
“fractals.”)

7.
8.
0.

10.
11.
12.
13.

Compute the sequence for each of the choices: c =0,c = —1,c =i,c = —i,c = —2.
Which of the following is in M: 1 %, —%, 14+i?

Prove that if ¢ is positive, then the sequence is strictly increasing. Assuming that the
limit is finite, compute it as a function of c.

Prove that M N[0, co) = [0, 1].

Prove that M N (—o0, 0] = [—2, 0].

Prove thatif c € € and |c| > 2,thenc ¢ M.

Prove that if for some m € N, |z,,| > 2,thenc ¢ M.
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Series

The principal concepts and techniques of infinite series are introduced here, in-
cluding the standard convergence tests and the difference between absolute and
conditional convergence. Using Euler’s constant, we evaluate some of the series
introduced in the first chapter.

4A. Convergence and Absolute Convergence

If {a,} is a complex sequence, we associate to it the series denoted by Y {° a,. For
the moment this is just a formal expression. To give it meaning, we look at the
sequence {s,} of partial sums

sy =ai, §» = ay + ay, cees Sp = E Q. (D

The series Y_1° a, is said to be convergent, or to converge, if the sequence of partial
sums converges. If {s,,} has limit s, then s is said to be the sum of the series Z‘l’o a,
and one writes

ian = nll)rglo anak =3s. 2)
n=1 k=1

Otherwise the series is said to diverge or to be divergent.

Remarks

1. For a convergent series the expression Y ;" a, does double duty. It stands for the series
itself (with terms a, and partial sums (1)) and also for the complex number that is its

sum, depending on the context.

45



46 Series

2. Consider a, = b, + ic,. The real parts of the partial sums are the partial sums of the real
series Y 1~ by,, and so on, so >_° a, converges if and only if both Y (" b, and Y "¢,
converge (Proposition 3.1).

3. The terms of a series can be recovered from the partial sums:

ay =S8y, A, =58, —Sy—1 ifn>1. 3)

Therefore, for a series Y ;" ay to be convergent, it is necessary that lim,_, o a, = 0. We
shall see later that this condition is not sufficient.

4. We also deal frequently with series whose terms are indexed by the nonnegative integers
0, 1,2, .... This requires minor modifications in the notation and in (1)—(3).

The simplest examples of convergent series are the geometric series.

Theorem 4.1: Geometric series. Let z be a complex number. The series y o 2"
converges if and only if |z| < 1. If so, the sum is 1/(1 — z).

Proof: If |z| = 1, then the terms of the series do not have limit O and so the series
diverges.
Suppose that |z| < 1. The partial sums are

n 1 - Z
o Z r=ll
(equation (5) of Chapter 1) and lim,_, o, "+ = 0, so the limitis 1/(1 —z). O

In principle, the theory of series is contained in the theory of sequences: One
looks at the sequence of partial sums. We have not yet developed the theory of
sequences far enough to include much useful information about series, but we can
obtain some algebraic properties from Theorem 3.9.

Theorem 4.2. Suppose that Y " a, and y_|° b, are convergent and c is a complex

number. Then the series Y ;" can, ¥ 1 (an + by), and Y {"(a, — b,) are convergent
and

00 I 00 . ~
annchan; Z(a"ibn)zzanizbn- 4)
n=1 n=1 n=1 =) =1

Definition. The series Y_|° a, is said to be absolutely convergent, or to converge
absolutely, if the real series Z‘fo |a,| converges.
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This definition would be unfortunate if there were a series that was absolutely
convergent but not convergent, since the former sounds like a stronger condition.
In fact it is a stronger condition.

Theorem 4.3: Absolute convergence. If the series Y | a, is absolutely conver-
gent, then it is convergent and the sum satisfies

o0

D an| < lanl. 5)
n=1

n=1

Proof: Let {s,} be the sequence of partial sums of Y ;" a, and let {,} be the
sequence of partial sums of Z‘fo la,|. To show convergence, we show that {s,} is a
Cauchy sequence. In fact, if m < n, then

ISy — S| = l@mt1 + Amao + ...+ ayl

=< |am+l|+|am+2|+-'—+|an|:tn_tmzltn_tml- (6)

But {#,} is a Cauchy sequence, so (6) is small if » and m are large.
The inequality (5) follows from the inequalities |s,| <1, for the partial
sums. O

Notice that the terms of Y |” |a,| are nonnegative. Thus the following theorem
specializes to give a necessary and sufficient condition for absolute convergence.

Theorem 4.4: Series with nonnegative terms. [f b, > 0 for all n, then Y_{° b,
converges if and only if the sequence of partial sums is a bounded sequence.

Proof: The sequence of partial sums in this case is nondecreasing, so it has a
(finite) limit if and only if it is bounded (Theorem 3.2). O

If the terms b, are nonnegative, then divergence of ) {° b, means that the partial
sums have limit +oo. In this case one writes

i b, = oo.
n=1

It is important to remember that this notation presupposes that all b,’s are
nonnegative.
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Exercises

1. Suppose that {s,}{° is the sequence of partial sums of the series ) a,. Suppose that
lim,,—, oo @, = 0 and that lim,,_, o, 52, exists. Prove that the series converges.

2. Find the sum of the series Y ;~ 1/n(n + 1).

3. Supposethata; > a; > a3 > ..., and suppose that lim,,_, o a, = 0. Show that if Zfo a,
converges, then lim,,_, o, na, = 0. (This is easy if you know that lim,,_, o, na, exists, but
why should it exist?)

4B. Tests for (Absolute) Convergence

Theorem 4.4 is the basis for the first general test for convergence.
Theorem 4.5: Comparison Test. Suppose that b, > 0 for all n, and suppose that
there are constants M and N such that
la,| < M b, alln >N (7
and Y " b, converges. Then Y 1" a, converges.
Proof: 1t follows from the assumptions that the partial sums of ) [°b, are

bounded, and (7) can be used to show easily that the partial sums of Z‘fo |a,| are
bounded. Therefore Y " a, is absolutely convergent, and hence convergent. [

The Comparison Test is not of much use without a stock of convergent series
available for comparison. The only nontrivial positive series that we have, so far,
are the geometric series »_ r”, with 0 < r < 1. The next two tests take advantage
of these series.

Theorem 4.6: Ratio Test. Suppose that a, # 0 for all n. Then

o0
. Ap+1 . .
(a) lim sup M < 1 implies that Z a, converges;
n— 00 anl =1
|Gn g1 . . - .
(b) | >1 forn> N impliesthat Zan diverges.
An

n=1
In particular, if the limit L = lim,,_, o |a,+1|/|a,| exists, then the series converges
if L < 1and divergesif L > 1.

Proof: Suppose that the condition in (a) is satisfied and choose r so that

ap+1
a1l r ol

lim sup
n—00 ay|
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Only finitely many of the quotients can exceed r (Proposition 3.3), so there is
N € IN such that the quotient is < r for n > N. This means that, foreachn > N,

2 -N
lan] < rlay—1] < r(rlap—)) =rlag—| < ... <r" Vlay| =Mr",

M =r"Nay]|.

The Comparison Test and the convergence of Y ° r" imply convergence.
Now suppose that the condition in (b) is satisfied. Then |a,| > |ay| forn > N,
so the terms of the series do not have limit 0. O

Examples
1. Y07 1/n!. The ratio is 1/(n + 1), so the series converges.

2. Y. °1/n.Theratioisn/(n + 1) = 1/(1 + 1/n), which is < 1 but has limit 1, so the ratio
test is inconclusive. The same is true for Y ° 1/n>.

The next test is usually harder to apply than the Ratio Test, but it is important, in
principle, for power series.

Theorem 4.7: Root Test

o0
(a) limsup |a,|"" < 1 implies that Z a, converges;
n—0oQ n=1
(o]
(b) lim sup |a,,| Vn > 1 implies that Z a, diverges.
n— o0

n=1

In particular; if the limit L = lim,_, |a|'/" exists, then > 0% ay convergesif L < 1
and diverges if L > 1.

Proof: 1f the condition in (a) is satisfied, choose r such that

limsup |a, /" <r < 1.
n—oo

By Proposition 3.3 once more, this implies that |a,|'/” < r forn > N. Thus |a,| <
r" for n > N, and the Comparison Test implies convergence.

If the condition in (b) is satisfied, then |a,| > 1 for infinitely many values of n,
by Proposition 3.3, so the terms do not have limit 0. O

Example. Y {° 1/n. By Exercise 5 of Section 3F, lim,_.o,n!/" = 1, so the Root
Test is inconclusive. The same is true for the series > {° 1/n?.
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Neither the Ratio Test nor the Root Test tells us whether Y (" 1/n or Y {° 1/n?
converges or diverges. The terms of these series are positive, so all we need deter-
mine is whether or not the partial sums are bounded. For large m,

TR
27374 T om

—1+1+ 1+1 + 1+1+1+1 +...+ ! + +1
B 2 3 4 5 6 7 8 om=l4 1 77 om

R N
> - - - - = -
27272 2 2

Therefore, the partial sums are unbounded and the harmonic series diverges:

Zrll:oo, (8)

1

On the other hand,

1 1 1 1
I+-4+-4+—=+...+ =
+4+9+16+ +(2m+1—1)2

(Db et )
4 9 16 25 36 49
1 1
+"'+<ZE+"'+(2m+l—_1)2>

2 4 8 LN |
I+ =+ —+—=+... — =2,
<lt+m+ptgt +(2’")2<m;2’"

so the partial sums are bounded and the series ) ;" 1/ n? converges.
The two procedures just outlined can be used to prove the next theorem.

Theorem 4.8: 2™ test. Suppose that the real sequence {a,,} is nonincreasing and
has limit O:

ay>a,>a3>...>a, >0; nli)rgloan=0.

Then Y " a, converges if and only if the series Yy 2™ ayn converges.

Example. Consider Y {° 1/n®, where b > 0. Then a, = n"?, so

e ©_ om ) 1 m
Y;)Zm arm = Z (2mb = Z (F) :

m=0 m=0
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The last series is a geometric series and it converges if and only if 2°~! > 1, that
is, b > 1. In particular, this shows again that Y ;" 1/n diverges while Y " 1/n?
converges.

One good proof deserves another. Let us take a second look at the series Y ;" 1/n
by picturing a sequence of rectangles in the plane. Each rectangle has its base on
the horizontal axis, identified with the real line. The n-th rectangle has as its base
either the interval [n — 1, n] or the interval [n, n + 1] and has height 1/n®. This
picture demonstrates the inequalities

e "1 " dx
/ x—bgzk—b§1+ - )

b

b

Performing the integration, one sees once again that the partial sums of > [ 1/n
are bounded if and only if b > 1.

The preceding argument can also be put into the form of a general convergence
test. (See Figure 3.)

Figure 3. The integral test.
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Theorem 4.9: Integral test. Suppose that f is a nonnegative nonincreasing con-
tinuous function defined for x > 1 and suppose that a, = f(n) foralln € N. Then
Y17 ay, converges if and only if the improper integral |, 100 f(x)dx is finite.

[The cautious and logically minded reader will note that we have not defined
several of the terms used here and do not do so until later sections. The good news
is that no use is made of Theorem 4.9 in any of the developments leading up to
those sections, so the reasoning is not circular. On the other hand, Theorem 4.9 is a
beautiful reminder of the analogy between summation and integration — and it may
be helpful in some of the exercises.]

Some General Remarks About Deciding Convergence or Divergence

No convergence test has all the answers. For series with positive terms, it is vital to
know how fast the terms go to zero. Remember that, for comparison, an inequality

1000000

a
|Yl|— I’l2

is good enough for convergence, and an inequality

an > ;
— 1000000 n

is good enough for divergence. In examining the terms of a series, note what is
important and what is not for large n: If an expression like 2" — n* appears in a
numerator or denominator, 2" is important and 72 is not (why?). Sometimes simply
clearing out the unimportant terms will give the answer. For example, in the case
of n?> — n, one can use the inequalities

2
n
?§n2—n§n2 forn >2

2 2

to replace n~ — n in a denominator by the simpler term n-.

Exercises

In Exercises 1-18, determine whether the series converges or diverges.




10.

11.

12.

13.

14.

15.

16.

17.

18.

4B. Tests for (Absolute) Convergence

N (n)*(15)"?

— 2n)!
i(n—f)

o 1(r12—1—5n)
i«/n—}-l N

n=1 n

iZ”n'

n=1 n'

i?)”n'

n:1 nl’l

il-S --2n—1)
~ 2:4.6--2n '
i 2:4.6---2n
—~1-3. @n+1)’
o0

Z(log n)~ logn_

Z(log n)—loglogn.
n=I

N

n=1

logn
logn+1)/)"

> 1
an+l/n'

3
Il
—_

( I/n _
Zf
5002

2 ”Mg

—1).

1/n? _

—%)-n(l—;—l), a>0.

(@+n-1)

ia(a—l—l)(a—i—E)uo

, a,b>0.
— bbb+ 1Db+2)---(b+n—1)
S aa+1)---(a+n—-1)-clc+1)---(c+n—-1)
;b(b—i-l)"'(b—i-n—1)-d(d+l)---(d+n—1)’

19. For what, if any, values of a > 0 do the following series converge?

(@) Y _1/n(logn)".
n=2

(b) > 1/nlogn(loglogn)®.

n=3

a,b,c,d > 0.

53
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20. For what, if any, values of the real numbers a and b do the following series converge?

2 /1 a 2 /1 a b
(a);<g+n+l>' (b);(z+n+l+n+2)'

21. Do the following two series converge or diverge?

1 1 1 1 1
1— e T
WAt A A AR
1 1 1 1 1
b)) 14+ — — — 4+ ..
®) +ﬁ ﬁ+ﬁ+ﬁ JZ+

22. Does the following series converge or diverge?

1+ ! ! + ! + ! ! + -+ ! + ! ! +
32 2 52 72 4 @n+172  @n+32? 2n+2 '
23. Is there any real constant a such that the following series converges?

1 a 1 1 a
I+ NG + NG + NN + e
24. Prove Theorem 4.8, the 2™ test.
25. Prove Theorem 4.9, the integral test. (Assume the standard properties of the definite
integral.)
26. Let M be the subset of IN consisting of those integers n such that no digit of » in its
decimal expression is 5. Prove that ), _,, 1/n converges.

4C*. Conditional Convergence

A series that converges but that is not absolutely convergent is said to be condition-
ally convergent, or to converge conditionally.

The alternating harmonic series ZT"(—I)"‘1 /n that we saw in Section 1A
is not absolutely convergent. On the other hand, look at the grouping of terms

there:
] 1 1 1 1 1 1 1 1 10
_<§_§)_<Z_§)_(8_?)_(§_§)_”' (10)

The regrouped series converges by comparison to Y ;° 1/n?, and this suggests
that the original series (10) converges. In fact, it shows that the odd partial sums
{son+1} converge; and since the terms have limit 0, it is not difficult to show that
the full sequence of partial sums converges and has sum < 1. Thus the series (10)
is conditionally convergent.
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Similarly, the regrouping
1 1 1 1

4+ - — -4 =4 - —

11
372757773797
1
7

1
oG e
3 25 13

1 1

=1 o 11
+2-3-5+4-7-9+6-11-13 an

shows that the last series converges (by comparison with Y {° 1/n%); one can con-
clude first that the subsequence {f3,,;} of the sequence of partial sums of (11)
converges and then that the series (11) itself converges. Moreover, its sum is > 1.
In other words, we have recovered the paradox of Chapter 1 and have shown that
indeed these two (infinite) sums are different even though the summands are the
same. We return to this question in a moment, after turning to the single most useful
criterion for conditional convergence.

1
1

1
1
4

Theorem 4.10: Alternating series. Suppose that the real sequence {a,} is non-
increasing and has limit 0:

ay>a>a3>...>a, >0 lim a, = 0. (12)
n— oo

Then the alternating series Zcfo(—l)”*lan converges. Moreover, if {s,} is the se-
quence of partial sums, then

s <) (=)' lay < sy alln, (13)

Proof: 1t is easy to see by induction that
§2 S84 = =82 S8y S 8358 (14)

for all n. It follows that the upper and lower limits of {s,} lie between s, and
son,—1 for every n. But sp,_1 — $2, = ap, has limit 0. Therefore, the upper and
lower limits are the same, and the sequence converges. The inequality (13) follows
from (14). O

Let us return to the paradox concerning the series (10) and (11). Note that (11)
is a rearrangement of (10), in the following sense.

Definition. A series Y {° b, is said to be a rearrangement of the series Y | ay, if
there is a 1-1 mapping of N onto itself, n — o(n), such that b, = a, (), all n. In
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other words, each index m occurs exactly once among the integers o (n), so each
indexed term a,, occurs exactly once as an indexed term b,,.

Absolutely and conditionally convergent series have completely different behav-
iors under rearrangement.

Theorem 4.11. Suppose that Y |° a, is absolutely convergent and that ) | by is
a rearrangement. Then y_° b, converges and has the same sum as y | .

Proof: Let {s,} be the sequence of partial sums of > |° a, and let s be the limit.
Let {1, } be the sequence of partial sums of Y ;" b,. Given ¢ > 0, choose M so large
that

o0

> lanl < /2. (15)

n=M+1

It follows from this that |sy; — s| < /2. Choose N so large that every one of the
first M terms of {a,} occurs among the first N terms of {b,}. It follows that for
n > N the difference |f, — s)/| is no larger than the left-hand side of (15), and
therefore

lt, —s| < |ty —spul+|sy—s|l<e/2+¢e/2=¢. O

The next theorem shows that it is not at all remarkable that the series (10) and
(11) have different limits.

Theorem 4.12: Riemann’s Rearrangement Theorem. Suppose that Y 1" a, isa
conditionally convergent real series. For each real number s, there is a rearrange-
ment of Y | a, that converges and has sum s.

Proof: Let p1, p»,...andq1, q>, . . . enumerate, in order, the positive and negative
terms, respectively, of Y ° a,. The nonnegative series Y ;- p, and >_;°(—g,) both
diverge. In fact, if both were convergent, it would follow that Y {° |a,| converges,
that is, >_1° a, would be absolutely convergent. On the other hand, if one of these
series converged and the other diverged, it would follow that the partial sums of
>0 a, diverge either to +00 or to —oo. The convergence of >_{° a, itself implies
that {p,} and {g,} have limit 0. With these facts in mind we can rearrange Y {° a,
to sum to s by constructing a sequence of terms as follows. Choose terms pj,
D2, ... up to the first index k; such that

s<pir+pr+--+ Pi-
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This will eventually occur, because Zfo pn = 00. Second, choose g1, g2, ... up to
the first index /; such that

(pr+pr+-+p) @ +q+-qy) <s.

Third, choose just enough new p’s to get to the right of s, and then choose just
enough new ¢’s to get to the left of s, and continue. At each phase of the 2n-th step
of this construction, the difference between s and the partial sum of the new series
has absolute value smaller than max{py,, |g;,|}, and at each phase of the 2n 4 1-st
step, the difference has absolute value smaller than max{py, ., |q;,|}. These have
limit 0, so the rearranged series has sum s. O

n+17

Exercise

1. Suppose that the real series Y |~ a, is conditionally convergent. Show that it has a
rearrangement that diverges to +oo.

4D*. Euler’s Constant and Summation

Let us take another look at the harmonic series ZTO 1/n. As in (9), we can see that
its partial sums are approximated by integrals. Here we look at

Vll n k+ld n+1d
I B e B L]
ok S X 1 X

where, again, log(n + 1) denotes the natural logarithm. Let us look at the difference

n

1 A |
ynzzz—log(nﬁ-l):kzl:k r dx

k=1

n k+1 —k
=§1/ T (16)
=1 k Xk

This identity makes it clear that the sequence {y, } is positive and strictly increasing.
Moreover, the integrand of the k + 1-th summand is < 1/x(k + 1) < 1/(x — 1)3,
so the sequence is bounded with limit

0 1+/oo dx 2
< < _— =
v , -1

The constant y is called Euler’s constant and has value .5772.... Not much is
known about y — even whether it is rational — but its very existence allows us to
obtain exact evaluations of the series (10) and (11). In fact, let {s,} be the partial
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sums of the harmonic series. According to (16), s, = log(n 4 1) 4 y,,. Therefore

1 1+ 1+ 4 1 1
4 7 2m—1 2n

1

23

:(1+1+1+...+i)_z(1+1+1+...+i)
23 n 274" 6 2n

= 820 = 2(80/2) = s230 — 5 = (log(2n + 1) + y,) — (og(n + 1) + y2)

= log il (Yan — ¥a)-
n+1
Because {y,} converges, it follows that the limit of the preceding is log 2, that is,
1—l+l—l+---+ : —i—l—...:logZ,
2 3 4 2n—1 2n

as promised in Chapter 1.
We leave as an exercise the similar, slightly trickier, argument that shows that
the series (11) has sum (3 log 2)/2.

Exercise

1. Prove that the sum of the series (11) is (3log2)/2.

4E*. Conditional Convergence: Summation by Parts

The following generalizes the theorem on alternating series. The idea is due to Abel.

Theorem 4.13. Suppose that the sequence {a,} has the properties

ar>a>az>--->a, >0; lim a, =0, (17)
n—oo

and suppose that the sequence {B,} of partial sums of the series {b,} is bounded.
Then the series Zcfo a,b, converges.

Before getting to the proof we consider two examples. First, for alternating
series Y 7 (—1)""'a, we take b, = (—1)""!. Then the partial sums are B,,_; = 1
and B,, = 0, so Theorem 4.13 implies Theorem 4.10. Next, consider the series

[ I o

ST 18
T (18)

where z is some complex number. Theratio |a,,+1|/|a, | for this seriesis |z|(1 4+ 1/n),
which has limit |z|, so the series converges absolutely if |z| < 1 and the terms do
not have limit O if |z] > 1. Therefore the interesting question is: What happens if
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|z| = 1? For z = 1, (18) is the (divergent) harmonic series and for z = —1 it is the
(convergent) alternating harmonic series. For other z’s having modulus 1 we try
Theorem 4.13 with a,, = 1/n and b, = 7". Then

- _lz —-z”“l‘< |z| + |z|" ! 2

k
| = < = )
§: [T —z| 1 —z| 1 —z|

k=1

|Bn|:

Thus (18) converges if and only if |z| < 1 (absolute convergence) or |z| = 1 but
z # 1 (conditional convergence).

Proof of Theorem 4.13: Note that b, = B, — B,_;. If m < n, the difference
between the n-th and m-th partial sums of Zcfo a,b, is

am+1bm+l + am+2bm+2 +...+ an—lbn—l + anbn
= am+l(Bm+] - Bm) + am+2(Bm+2 - Bm+]) +...+ an(Bn - anl)
= _am—HBm + (am—H - am+2)Bm+l +...+ (an—l - an)Bn—l +a,B,. (19)
Suppose that | By| < K, all n. Note that the a;’s and the a; — ay,’s are nonnegative.

Take the modulus of each side in (19) to see that the modulus of this difference
between partial sums is at most

[am+1 + (@nt1 — Ami2) + -+ (@n—1 — an) + ay] K = 20,11 K.
But {a,,} has limit 0, so the sequence of partial sums of Y |~ a,b, is a Cauchy

sequence. O

The computation (19), which converted the sum of terms a;b; into a sum of
terms involving sums of the b;’s and differences of the a;’s, is called summation
by parts. It is closely analogous to integration by parts, which converts the integral
of a product fg into the integral of f'G, where G is an integral of g and f’ is the
derivative of f.

Additional Exercises for Chapter 4

1. Suppose that b is positive and a, = 1/n”. Compute the limit

. a
lim n = _1).
n—00 apy1

2. (Raabe’s test) Suppose that a, > 0, all n. Prove that ) ;" a, converges if

liminfn< n_ _ 1) > 1
n—00 ap41

and diverges if n(a, /a,+1 — 1) < l,alln > N.
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3. (Gauss’s test) Suppose that a,, > 0, all n. Suppose that p > 1 and that

a, 1 o
Apt1 n

n?

is bounded. Prove that ch’o a, converges if « > 1 and diverges if o < 1.
4. (Bertrand’s test) Suppose that a,, > 0, all n. Prove that ZTO a, converges if

liminf log n {n( I _ 1) - 1} > 1
n—00 Ay

and diverges if

limsup logn {n( n_ _ 1) - 1} < 1.
n—00 ap+1
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Power Series

We shall use power series to define some of the most important functions of analysis.
To begin, we establish the basic properties: radius of convergence, differentiation,
and products.

5A. Power Series, Radius of Convergence

Suppose that {a,}7° is a complex sequence indexed by the nonnegative integers.
The associated power series is (are) the series

oo
Ya=ataztamdtar’ -, e (1)
n=0

(The standard convention is that z° = 1even for z = 0.) Anexample is the geometric
series Y o z". An application of the Ratio Test shows that the geometric series
converges if |z| < 1 and diverges if |z| > 1. This dichotomy is characteristic of
power series.

Theorem 5.1: Radius of convergence. Suppose that{a,}; is a complex sequence.
There is an extended real R, 0 < R < 00, such that the series (1) converges abso-
lutely when |z| < R and diverges when |z| > R. The number R, called the radius
of convergence of the series, is

1
" lim SUp,,_, oo lan |/

R 2)

In particular, R = 0 means that (1) converges only for z = 0 and R = 0o means
that (1) converges for every complex z.

61
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Proof: This is a simple application of the Root Test, taking into account the
presence of the powers z”. In fact,

lim sup |a, 2" /" = limsup |a,|'/"|z| = (limsuplan|””)lz|.

n—oQ n—oo n—oQ

This upper limit is less than 1 if |z] < R and greater than 1 if |z] > R. O

Remarks. 1. Theorem 5.1 says nothing about convergence when |z| = R, if R is
positive and finite. The reason is that it depends on the particular series. Consider
three examples:

n

:|N=
o\l

n=0 n=1

b =)

(For the last two, the coefficient of z° is 0.) Suppose that |z| = 1. The first diverges,
since the terms have modulus 1. The third converges absolutely, by comparison
to Y_7° 1/n%. The second diverges when z = 1 (harmonic series) and converges
when z = —1 (alternating harmonic series). Indeed, the second series converges
conditionally for all z such that |z] = 1 but z # 1 (see Section 4E).

2. Although (2) gives a definitive formula for R, it is frequently hard to compute.
The following theorem is often useful.

Theorem 5.2. Suppose that {a,}q° is a complex sequence with the properties:
a, # 0 forn > N and
lim |an+1|

n—00 |an|

exists (possibly = 00). Then the radius of convergence of Y .. ,a,z" is the
reciprocal

a
R — lim %
=00 |ap 41|

3)

Proof: This is an application of the Ratio Test and is left as an exercise.

Examples. The series Y o” n!z" has radius of convergence R = 0. The series
Zgo Z"/n! has radius of convergence R = 00, as do the series

2n 2 4

Z(_)ﬂ — _Z_+Z__Z_+...-

n)! 2 24 720 ’
Z(—l)”ﬂ—z—i—i-i— Z’ +
£t @n+D! 7 6 120 5040

[We shall have much to say about these series in Chapter 9.]
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Exercises

In Exercises 1-8, determine the radius of convergence.

o0
E n‘z", a real.
n=0

2. Z3”z”/n3
n=1
0 2
3. Za” ", a>0
n=0
00 2
(n!)
4. "
nzzo(zn)' :
o0
5. Zn!z”’
n=0
6. Py
n:lnn
o0
7. D ata+a+2)--(a+n—1)2",
n=0
o0

8. >

n=0
9. Prove Theorem 5.2

a@+@+2)---(a+n—-1) ,

bb+)b+2) - (btn—1) "

63

a > 0.

b¢.

10. Suppose that Y o° a,2" has radius of convergence R and 0 < r < R.
(a) Prove that there is a constant K such that |z| < r implies | Y o~ a,z"| < K. (In fact,
one can take K = Y ° |a,|r", but why is this finite?)
(b) Prove that for any given k € IN there is a constant K such that

< Kilz|f

o0
E a7"
n=k

if |z] <r.

5B. Differentiation of Power Series

Suppose that Y o a,z" is a power series with radius of convergence R > 0. Then
it defines a function of z in the disk of radius R centered at the origin (the disk of

convergence):

0
f(Z)=ZanZ"=a0+alz+a2z2+a3z3+...’

n=0

|z] < R. @)

We show here that this series may be differentiated term by term. The derivative
of a function of a complex variable is defined in the same way as for a function of
a real variable, as the limit of difference quotients. Suppose that f is defined for
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|z] < R. Given a point z with |z| < R, the complex number c is the derivative of
f at z, written ¢ = f/(2), if

T Sw)— f(2)

im ——— =¢

w—z w—z
The more precise version of this is, for each ¢ > 0 there is a § > 0 such that,
whenever 0 < |z — w| < § and |w| < R, it follows that

fon = f@)

w—2z

c} < €. )

If the usual rules of calculus applied even for infinite sums, we could expect that
the derivative of (4) would be the power series

o0 o0
Z(n + Da,172" = X:nanz’“1 = ay + 2az + 3azz> + - - -. (6)
n=0 n=1

In fact this is correct. To prove it we first show that (6) and its formal derivative
both converge.

Lemma 5.3. If the series (1) has radius of convergence R, then the series

o0

o0
(n+ Danpiz", Y (n+2)0 + Dapgaz” (7)
n=0 n=0

also have radius of convergence R.

Proof: The second series in (7) has the same relation to the first as the first does
to the series (6), so we only need to consider the first. Multiplication by z gives the
series Zgo na,z", which therefore converges for the same values of z and has the
same radius of convergence as ) o (n + 1)a,41z" itself. By Proposition 3.2,

lim sup |na,|"" = (nm nl/”)(limsuplanl‘/") =1 limsup |a,|"",

n—00 =00 n—00 n—00

so this series has radius of convergence R. O

Theorem 5.4: Differentiation of power series. If the power series Y " a,z" has
radius of convergence R > 0, then the associated function f(z) =Y a,z" is
differentiable at each point of the disk of convergence and

o0
f@=) na," ' =ai+2mz+3a +-,  lI<R. ()
n=1
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Proof: Given z with modulus |z] < R, we fix a number r, |z| < r < R. Sup-
pose that |[w — z| < r — |z|. This implies that [w| < r. We want to show that the
modulus of

Jw) = f@) Zaz 1 ©)

w—2z

is small when |z — w| is small. Now f is defined by (4), and we may use the
algebraic properties (Theorem 4.2) to write (9) as the sum of a series whose terms
are

wh — " .
a, ( — nz”1> =a,W" w2 =Y

w—2Z
:an[(wn—l _Zn—l +(Wn_2—Zn_2)Z+--~+(W _Z)Zn—2] (10)
n—1 n—1 n—2 n—2
w —Z w —Z w -2z
=an(w—z)[ + z+-+ 7" 2:|.
w—2z w—2z w—2z

Since |z| < r and |w| < r,

=W w4 Y < ke (11)

wk — &
w—2z

It follows from (11) that (10) has modulus

<lw=zllaa [ = D" 2+ m =2r"3r+- -+ 2rr" 2 + "2

=w—zlla, | r" =D+ @n -2+ +1]

= in(n — Dla,|lw —z|r" 2 (12)
The power series with coefficients |a, | has the same radius of convergence as that
with coefficients a,. Therefore we deduce from Lemma 5.3 that

o0

> nm = Dlay|r" ™ = K < +oo. (13)
n=2

Putting all this together we obtain

M—Znanzn_l <iKlw-—z| iflw—zl<r—lz, (14
w —2Z

n=1
and it follows that the derivative is given by (8). O

Consider the converse situation: Suppose that we know that a function like f(z) =
1/(1 — z) is given by a power series; how can we determine the coefficients of the



66 Power Series

series from the function itself? It is clear from (1) that f(0) = ay. Differentiating
gives f'(0) = ay, f”(0) = 2a,, f"(0) = 3 - 2a3, and so on.

Corollary 5.5: Coefficients and derivatives. If the power series Y o a,z" has a
positive radius of convergence and define the function f, then

AR
ok

k=0,1,2,.... (15)

A

Exercises

.Forlw—1] < 1,let f(w)= Zflozl(w — 1)"/n. Find f'(w).

. Determine the coefficients {a, }§° of the power series whose sum is (1 — )72,
. Determine the sum of the series Zgo (n+2)n+ )%, |z] < 1.

. Prove that, for any positive integer k,

ik—i—n .1 <1
K )S T a—or T

n=0

AW N~

5. Suppose that Y _o” a,z" has radius of convergence R > 0, and suppose that |z9| = r < R.
Define

o0
g =) ar(z—z), lz—z2l<R-r
n=0

Prove that g is given by a convergent power series

00
g(Z) = Z bn Zn
n=0

whose radius of convergence is at least R — r.

6. Suppose that the function f is defined by a convergent power series and suppose that
f(z4+w)= f(2)f(w) for all complex z, w.
(a) Prove directly from this assumption that there is a constant a € @ such that f'(z) =

af(z), all z. (In fact, a = f/(0).)

(b) Use (a) to prove that f(z) = Y o (az)"/n!.

7. Determine the coefficients of the power series that defines a function with the following
properties: f"(z) = —f(2), f(0) = 1, f'(0) = 0.

5C. Products and the Exponential Function

We begin by defining the product of two series and then apply the result to products
of power series. Consider the formal product

(@p+ar+ay+---)(bo+by+by+---). (16)
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Each term a ;b occurs in the formal product. To be able to consider this as a series
we need to group these terms so as to sum over a single index. One way is to group
the a;b;’s whose indices have the same sum. The result is the formal series

aobo + (aoby + aibo) + (aoby + a1by + axbp) + - - -. (17)

This series Y o° ¢, with terms
¢y = apb, +aib,—1 + - -+ a,—1by + a,by (13)
is called the Cauchy Product or simply the product of the series Y " a, and Y _o° by.

One might expect that the product of convergent series is convergent, with its
sum equal to the product of the two sums. Now the alternating series

. (=1)" 1 1 1
> =l-—+—=—-—+
=+ V2 V3 V4

converges, but the term ¢,_ in the product of this series with itself is

Cay = (— 1y~ (% n % \/1_ .t %)

There are n summands in parentheses, each > (1/4/n)?, so |c,—i| > 1 and the
product diverges.

This discouraging situation cannot arise if one of the factors is absolutely con-
vergent, by a theorem of Mertens.

Theorem 5.6: Products of series. If the series Y ay is absolutely convergent
with sum A and the series Y " b, converges with sum B, then the product series
Zgo ¢, converges, and its sum is AB.

Proof: Let {A,}, {B,}, and {C,} be the sequences of partial sums. Since A, B,
has limit AB, it is enough to show that A, B, — C,, has limit 0. Suppose that m < n.
Then

ABy—Co= Y ajb=) a ( > bk)
J.k<n; j+k>n j=1 k=n—j+1
=Y ajBi=Bi)+ ) aj(Bi—Buip). (19
j=0

Jj=m+1
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Let K be a bound for the |B,| and let L = 280 |a,|. Given & > 0, choose m so
large and then n so large that

o0
Z la;| < &; |B, — B,—j| <¢ if 0 <j<m.
Jj=m+1

Because of these choices, the first sum in the last line of (19) has modulus < Le
and the second sum has modulus < 2K ¢. Therefore A,b, — C, has limit 0. O

We turn now to the product of power series.

Theorem 5.7: Multiplication of power series. The product of the power series
> o anz" and Y " b,z" is the power series Y o c,2",

Chn = aObn + albn—l +---+ an—lbl + anbO-

The radius of convergence of the product is at least as large as the smaller of the
radii of convergence of the factors.

Proof: The first statement follows from the definition of the product: In formula
(18), the term a b, is to be replaced by

(@;z)) (bp—jz" ) = ajb,_;z".

The second statement follows from Theorem 5.6. O

Consider the apparently unrelated matter of powers of a positive number. The
positive integer powers of a > 0 satisfy the equations a™ 1"
carries over to all integral powers if and only if one defines a® = 1, a™" = 1/a",
n € IN. The equation carries over to all rational powers if and only if one defines
a™" = (a'/"y",m € Z,n € N. We now try to extend this to real powers; if f(z) =
a” has been defined, we want f(x + y) = f(x)f(y), for all real x and y.

Let us be more ambitious and look for functions f, defined for all complex z,
that satisfy

= a™a". This equation

fz4+w)= f@fw), all complex z, w. (20)

In fact, we shall find every such function that is defined by a convergent power
series, by determining what the coefficients can be. Suppose that f(z) = > ° a,z".
Fix z and w for the moment and consider f(¢z + tw) for complex ¢. This is a power
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series in ¢ and (20) is equivalent to
o o n ) )
Yoac+wyt =Y Y ajaiZdw )" tzwed (D)
n=0 0 j=0
Corollary 5.5 implies that the power series in ¢ in (21) are equal if and only if the

coefficients are the same:

az+w)' = aja, W' n=01,2,.... (22)

This is true for all z and w if and only if the coefficients of each z/w"~/ are the
same after the left-hand side is expanded. This means

jlaj-(n— ja,_j =nla,, all n, all j <n. (23)

Set by = k! a;. The equations (23) are equivalent to the equations b,,b,, = b, .
Let by = a; = a be given. Then the unique solution is b, = a”, m > 0. Thus
an = a™/m!. What we have shown is that a function f given by a convergent
power series satisfies (20) if and only if it has the form

o anzn aZ2 aZ3
> — I G G
~ n! 2 6
= E(az), for some complex a,
where
0 7" 2 3 Z4 ZS
E(z) = — =1 — 4+ — 24
@ ;n FiE S 24)

This series converges for every z € (.

Theorem 5.8: The exponential function. The function E defined by (24) has the
properties

Ez4+w)=E@) EWw), al z,w € (; Er)y=¢ allre@. (25

Here e is the positive real number

1 1 1 1
—E(D) =1 1 — — e — 26
e=E(l)= ++2+6+24+120+ +ot (26)
Proof: We showed above that the functions f(z) = E(az) are the only solutions
of (20) given by power series; in particular, E itself satisfies (20). Note that x > 0
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implies E(x) > 0. Repeated application of (20) gives, for m,n € IN,

[E(/m)]" = EQ/n)E(1/n)...E(1/n)= E(/n+1/n+ ...+ 1/n)
=E()=e¢;

[EQ/m)]" = EQ/m)EQ/n)...E(1/n) = E(l/n+1/n+ ...+ 1/n)
= E(m/n).

The first of these equations tells us that E(1/n) =e'/" and the second then
gives E(m/n) = e"". Now E(0)=1=¢" and E(—m/n)E(m/n) = E(0) = 1,
so E(—m/n) = 1/E(m/n) =e™™". O

Exercises

1. Determine the coefficients {a, }§° of the power series whose sum is (1 — z) 2 for|z] < 1,
by squaring (1 — z)~L.

2. Determine the coefficients of the power series that defines a function with the following
properties: f”(z) = 2f'(z) — f(z), f(0) =0, f’(0) = 1. How is this function related to
the exponential function?

3. Prove that e is irrational. (Show that if {s, }{° is the sequence of partial sums of > 0" 1/n!,
then

1 1 1 1
0<e—s, 1+ + o) =—.
e <(n—|—1)!( Al (1) > nln

If e were the rational p/g, then g! e and g! s, would be [distinct] integers.)

4. (Abel’s product theorem) Suppose that the series Y 0" a, and ) o~ b, converge and have
sums A and b, respectively. Suppose also that the Cauchy Product Y ° ¢, converges,
with sum C. Prove that C = AB. (None of these series is assumed to be absolutely
convergent.)

5D*. Abel’s Theorem and Summation

Here we look a second time at the problem of summing the alternating harmonic
series Z‘fo(— 1)"~!/n. This time we consider the associated power series

o0 IZn ZZ Z3 Z4
— Y = 27
1) ; e T T 27)

The radius of convergence is 1 and the derivative is the geometric series

o0
1
f’(z)zl—z+z2—z3+...zg (=)' = .
= 14z
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Note that f(0) = 0. Thus we may integrate to obtain
todt
fx)= —— =log(1 + x), 0<x<l. (28)
o 1+1¢

It is tempting now to take the limit on both sides and conclude that _7°(—1)"~!/n =
log 2. But can one justify this procedure?

Theorem 5.9: Abel’s Summation Theorem. Suppose that the power series
Yo" anz" has radius of convergence 1 and suppose that the series Y o a, con-
verges. Then

00 =)
lim E a,x" = E a,. (29)
x—1, x<1
n=0 n=0

Proof: Let {B,} be the sequence with terms
o0
BnZZak=an+an+1+an+2+“'- (30)
k=n

Note that @, = B, — B,+1. Given ¢ > 0, choose m so large that n > m implies
|B,| < € and fix m. Forn > m,

n

Xn:ak — Xn:akxk = iak(l — x5+ Z ai(1 — x5). (31)
k=0 k=0 k=0

k=m+1

Since m is fixed, the first of the two sums on the right has limit O as x — 1. The
proof will be complete if we show that for each n > m the modulus of the second
of these sums is < 2¢. To do so we set y; = 1 — x* and note that

O<y<1l; O<xf—xfle=y  —w<l, ifO<x<l1. (32
We reorganize the second sum:

A1 Yma1 + Qa2 Ymao + -+ + auyn
- Bm+1ym+1 + Bm+2(ym+2 - ym-i-l) +--- 4+ Bn(yn - yn—l) - Bn+1yn. (33)

Because of (32) and the fact that |By| < & for k > m, the modulus of the
sum (33) is at most

EVmet + Oma2 = Ymy) + -+ = Yu—1) T Yul =268y, < 2. O
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The reader is invited to critique the following argument. Differentiating the
geometric series Y z" = 1/(1 — z) gives

1_Z)2 an

Taking z = —1, we get

1 o
Z:}2(—-1)"*1n=1—2+3—4+5—6+---

n=1

This allows us to evaluate

S=14+24+34+44+54+6+---.
In fact,

1=1-243-445-6+

=1 +2+3+4+54+6+---)—2Q+4+6+8+---)
=(1+24+3+4+5+6+---)—4(1+2+3+4+5+6+---)
= —38.

Thus § = —1/12, as promised in Chapter 1A.

Exercises

1. Use the method of Section 5D to obtain the evaluation
1+1—1+1+1—l+-~-=§10g2.
3 2 5 7 4 2
2. Prove the following partial converse of Abel’s Theorem, due to Tauber: Suppose that
Zgo a,z" has radius of convergence 1. Let f(x) = Zgo a,7" for0 < x < 1 and suppose
that:
lim  f(x) = A4; lim na, =0.
O<x<l, x—1 n— 00
Prove that ) o~ a, = A. (This was the first “Tauberian theorem.” Hardy and Littlewood
showed that the result is still true if the second condition is weakened to |a,| < K /n.)
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Metric Spaces

Some of the concepts with which we have been concerned are not special to the real
or complex numbers but are connected to the general idea of distance, in particular
the notion of objects being very close to each other. These ideas can be made
general and precise. The abstract concept allows us to develop once and for all
a vocabulary and basic results that apply in many circumstances beyond the real
numbers. In particular, there are various useful senses in which functions might be
considered as being very close to each other (or not).

6A. Metrics

The abstract setting for the notion of distance is a set S, whose elements may be
referred to as points. A distance function or metric on S is a function that assigns
to each pair of points p and ¢ in S a real number d(p, ¢) and has the properties,
for all p, g, and r in S:

D1 (Positivity) d(p,q) > 0; d(p,q) =0if and only if p = q.
D2 (Symmetry) d(p,q)=4d(q, p).
D3 (Triangle inequality) d(p,r) <d(p,q)+d(q,r).

Definition. A metric space is a pair (S, d), where d is a metric defined on the set S.

Examples

1. If S is an arbitrary set, the discrete metric on S is defined by d(p, p) = 0, while d(p, q) =
lifg # p.

2. Suppose that S consists of all strings of length n of 0’s and 1°s; two such strings of length
5 are 00101 and 10110. Let d(p, q) be the number of places in which the strings differ;
for our example, d(p, q) = 3. (If g is supposed to be a copy of p, d(p, q) is the number
of errors.)

73
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. If (S, d) is a metric space and A is any subset of S, then A inherits the metric d and
(A, d) is a metric space.

. The standard metric in € and its subsets is d(z, w) = |z — w|. This gives the standard
metric d(x, y) = [x — y| in R and its subsets. If we identify € with the plane

R?> = {x=(x,x):x; e R}

in the usual way, then the standard metric takes the form

dx,y) = V(1 — x> + (2 — x2)%.

. Another example of a metric in R? is

di(X,y) = |y1 — x1| + |y2 — x2|.

(If one thinks of this as the sum of the east/west and north/south distances, it is an
appropriate notion of distance in a city that is laid out in a rectangular grid [and has no
vacant lots].)

. If V is a vector space over the real (or complex) numbers, a norm on V is a function from
V to the nonnegative reals, v — ||v||, that has the following properties for any vectors
v and w in V and any scalar a in R (or €):

@ vl =0, IV =0 <= v=0;
(ii) llav|l = la| - [IVI];
(ii1) v +wll < [Vl + [Iwl].

A norm on V induces a metric on V: d(v, w) = ||[v — w|| (as the reader should verify).
Examples 4 and 5 are special cases.

Remarks. 1. It is common practice, when the metric is understood, to refer to the

set S alone as a metric space. For example, when we consider € and its subsets

as metric spaces, then we mean the standard metric unless we specify some other
metric (e.g., the discrete metric). When we speak of an abstract set S as a metric
space, S is considered as having some metric denoted d, or sometimes ds.

2. It is usually easy to check properties (D1) and (D2) of a proposed metric. The

triangle inequality may be more difficult, as in C.

Exercises

1. Define two functions d; and dy, on R" x R" by

dix,y) =Y _Ixj—yjl.  deolx,y)=sup{lx; —y;l. 1 < j <n}.
j=1

(a) Show that these are both metrics on R".
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(b) Show that they are equivalent metrics in the sense that there is a positive constant C
(which may depend on n) such that

C'di(x,y) <ds(x,y) < Cdi(x,y), all x, y.

2. Given a metric d on S, define d* by d*(p, q) = d(p, q)/[1 + d(p, q)]. Prove that dx is
also ametric on S. Is it necessarily equivalent to d, in the sense of the preceding exercise?
3. Verify that a norm on a vector space induces a metric, as described above.

6B. Interior Points, Limit Points, Open and Closed Sets

Consider the following subsets of the complex plane:

A={z:]z] <1} B={z:]z] <1} 0
C={z:0<zl=1}y D={z:]z| =1; Rez € Q}.

These sets are qualitatively different. The concepts introduced in this section help
to specify the differences in a precise way.

The basic concept is that of a neighborhood of a point in a metric space S. Given
p € S and r > 0, the r-neighborhood of p is the set of points at distance < r
from p:

N.(p)={qeS:d(p,q) <r}.

Thus the set A in (1) is N1(0) in C.

Definition. A point p is said to be an interior point of a subset A of § if there is
¢ > Osuchthat N.(p) C A.Inother words, each point of S that is sufficiently close
to p belongs to A. The set A is said to be open if each of its points is an interior
point.

Note that if p is an interior point of A, then it is an interior point of any larger
set B,AC B CS.

Examples. 1. The set A in (1) is open. The interior points of B are the points of A,
the interior points of C are the nonzero points of A, and D has no interior points.
2. In any metric space S, the set § itself is open. The empty subset ¢ is also open —
because for a set not to be open it must have some point that is not an interior point.
3.In R, open intervals (a, b) = {x : a < x < b} are open sets while the intervals
[a, b), (a, b], (a, b] are not.
4. No nonempty subset of R is open when considered as a subset of C.
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Remark. It can be helpful in working with these concepts to picture S as the plane
and to make sketches. Sketches cannot substitute for proofs, but they can help to
clarify concepts and to suggest proofs.

The following summarizes all but two of the basic general facts about open sets.

Proposition 6.1. In a metric space S

(a) Each neighborhood N,(p) of a point p in S is an open set.
(b) The intersection of a finite collection Ay, A,, ..., A, of open sets is open.
(¢) The union of any collection A of open sets is open.

Proof: (a) Suppose that g belongs to N,(p). Lets = r — d(p, q), which is pos-
itive by assumption. If ¢’ is in N;(g), then the triangle inequality

d(p,q") <d(p,q)+d(q,q") <d(p,q)+[r—d(p,g)l =r

implies that ¢’ is in N,(p). Thus ¢ is an interior point of N,(p).

(b) If p is a point of the intersection, then there are positive numbers r; such
that N,,(p) C A;. Let r be the smallest of the r;’s. Then N,(p) is included in the
intersection.

(c) A point p that belongs to the union belongs to one of the open sets A and is
therefore an interior point of the union, which is larger. O

Example. In connection with (b), consider the intersection of the sequence of open
sets A, = Ni41/,(0) C @. The intersection is the set B of (1), which is not open.

Definition. The interior of a subset B of S is the set whose elements are the interior
points of B.

Proposition 6.2. The interior of a set B is an open set and is the largest open set
that is a subset of B.

Proof: Let A be the interior of B. If p is in A, then a neighborhood N, (p) is a
subset of B. By Proposition 6.1(a), each point of this neighborhood is an interior
point of the neighborhood and therefore of B. Thus each point of the neighborhood
is an interior point of B, so N,(p) C A.

If C C B is open, then each point of C is an interior point of B and so belongs
to A. O

Definitions. A point p in S is said to be a limit point of a subset B of § if for
each ¢ > 0 there is a point ¢ in B, g # p, such that g € N.(p). An equivalent
formulation is that p is a limit point of B if it is the limit of a sequence of distinct
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points from B. (See Section 6D for the general definition of limit. The proof of
equivalence is left as an exercise.) A subset B of S is said to be closed if each limit
point of B belongs to B.

Note that if p is a limit point of B, then p is a limit point of every larger set C,
BcCCCcCS.

Examples. 1. For each of the sets in (1), B is the set of limit points. Thus B is
closed and the others are not. In particular, C and D are neither open nor closed.

2. In any metric space S, the set S itself is closed. The empty subset ¥ is also
closed. Thus S and @ are both open and closed. [The reader should conclude from
this and the preceding that common English usage is no substitute for careful
thinking when handling these very precise concepts.]

3. In R, closed intervals [a, b] = {x : a < x < b} are closed sets while other
types of bounded intervals are not.

4. In any metric space, any set that consists of a single point, or of finitely many
points, is a closed set.

The following is the one remaining basic property of open sets; it is also the one
general relationship between open sets and closed sets. Recall that the complement
ofasubset A C Sistheset A°={peS:p¢<A}l

Proposition 6.3. A subset A of a metric space S is open if and only if its complement
is closed.

Proof: We begin with an observation about points of the complement that follows
immediately from the definitions: A point p in A is either a limit point of A€ or an
interior point of A, but not both. Thus, if A is open, then its points are not limit
points of A€, so limit points of A€ belong to A€. If A€ is closed, then points of A
are not limit points of A°, so they are interior points of A and A is open. O

Remarks. The preceding proof illustrates two points. First, general results of this
type are direct consequences of the definitions, which is a good reason to study
the definitions. Second, it can be tempting to try indirect proofs (“suppose that A
is open but A€ is not closed...”). One could give indirect proofs of both parts of
the preceding proposition, but when a direct proof is possible it is almost always
shorter and more to the point.

The following contains all but one of the remaining basic general properties of
closed sets.
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Proposition 6.4. In any metric space S:

(@) The union of a finite collection By, By, ..., B, of closed sets is closed.
(b) The intersection of any collection of closed sets is closed.

Proof: (a) If p does not belong to the union of the B;, then for each j there is
€j > 0 such that N, (p) is included in B; Let ¢ be the smallest of the ¢;. Then
N:(p) C B¢, so p is not a limit point of the union. [What has happened here is
that Proposition 6.1(b) and Proposition 6.3 have been combined in a somewhat
disguised way. An alternative is to use them with no disguise.]

(b) If p is a limit point of the intersection, it is a limit point of each of the closed
sets; therefore it belongs to each, and therefore it belongs to the intersection. O

Example. In connection with (a), consider the union of the sequence of closed
intervals [-1+ 1/n,1 — 1/n]in R.

Definition. The closure of a subset A of S is the set whose points are the points of
A together with the limit points of A.

The following is the final basic property of closed sets.

Proposition 6.5. The closure of a set A is closed and is the smallest closed set that
includes A.

Proof: Suppose that p is not in the closure of A. Then it has a neighborhood
N,(p) that is included in A°. This neighborhood is open, so none of its points is
in the closure of A. Thus the complement of the closure is open, so the closure is
closed.

If C D A is closed, then each limit point of A is a limit point of C and therefore
a point of C, so C includes the closure of A. O

Exercises

1. Suppose that S is a finite set with metric d. Prove that every subset of S is open.

2. Prove that p is a limit point of B if and only it is the limit of a sequence of distinct points
from B.

3. Suppose that r is positive and p is a point of the metric space S. Prove that the subset
A={q e S:d(p,q) <r}isclosed. Prove that B ={q € S : d(p, q) > r} is open.

4. Show that a point p is in the closure of a set A if and only if every neighborhood N, (p)
contains a point of A.

5. Prove that a subset of IR has no interior points as a subset of C.

6. Prove that any limit point in € of a subset of R must belong to R.
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7. Suppose that A is a closed subset of R that is bounded above. Prove that the least upper
bound belongs to A.

8. Determine the closure of the set S in R? that is the graph of the function sin(1/x),
S = {(x, sin(1/x)) : x # 0}.

9. Letint (A) denote the interior of a set A and cl (A) the closure. Find a subset of R? such
that as many as possible of the following sets are distinct:

A, int(A), cl(A), cl(int(A)), int(cl(A)), int(cl(int(A))), cl(int(cl(A))).

10. The boundary of a set A is the set dA that is the intersection of the closure of A and
the closure of the complement A°.
(a) Show thata point p isin d A if and only if each neighborhood N, (p) contains points

both of A and of A°.

(b) Show that dA = ¢ if and only if A is both open and closed.

11. Is it true (always? sometimes?) that the boundary of the neighborhood N, (p) is the
“sphere” {p : d(p, q) =r}?

12. Show that there is a proper subset A of Q with 9A = @. (A subset A of a set B is proper
if A# {and A # B.)

13. A metric space with the property that no proper subset A has dA = (J is said to be
connected. Show that the unit interval [0, 1] is connected; show that R" is connected.

6C. Coverings and Compactness

Throughout this and the remaining sections § is a metric space and other sets are
subsets of S unless otherwise specified. To avoid a few uninteresting technical
glitches, we assume that S is not empty.

Definitions. A collection U/ of subsets of S is said to cover a subset B of § if each
point of B belongs to at least one set from the collection /. If so, I/ is said to be a
cover of B. If U is a cover and each set in the collection is open, then I/ is said to
be an open cover.

A collection of sets V that consists of some or all of the sets in a cover U is said
to be a subcover if it is also a cover of B.

A cover U of B may consist of finitely many or infinitely many sets. A finite
subcover is a subcover that consists of only finitely many sets from U.

Examples. 1. The collection S consisting of S alone is a cover for any subset B.

2. For any nonempty B, the collection N of all neighborhoods N,(p), p € B,
r > 0, is an open cover of B. Note that B is bounded (see below) if and only if there
is a subcover that consists of a single set from . The collection N consisting of
all Ni(p), p € B, is a subcover.

Definition. A set B is compact if each open cover of B contains a finite subcover.
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Remark. It follows that a set is not compact if some cover has no finite subcover.
Viewed as an adversarial procedure, to show compactness one must deal in principle
with whatever clever cover one’s adversary produces; to disprove compactness one
gets to choose an open cover to confound the adversary. For example, choosing the
open cover of R that consists of all intervals (n — 1, n 4 1), n € Z, allows one to
demonstrate that R is not compact.

Compactness is an important concept, though its meaning and the reason for
its importance become apparent only gradually. We begin by relating it to earlier
concepts.

Definition. A set B is said to be bounded if there is a point p in S and a radius
r > 0 such that B is a subset of N,(p).

Proposition 6.6. If B is compact, then it is closed and bounded.

Proof: Suppose that p belongs to the complement B€. Let I/ be the collection
{U,}, where

U,={q €S :d(p,q) > 1/n}, n € IN.

These sets are open (see Exercise 3 of Section 6B), and since p is not in B, they
cover B. There is a finite subcover. But U; C U, ..., so the subcover contains a
largest set U, and B C U,. Then Ny,,(p) is included in B¢. We have proved that
B¢ is open, so B is closed.

Now choose any point p in S, and let )V be the collection {V, }, where V,, = N,(p).
Then V is an open cover of B and there is a finite subcover. Now V; C V, C ...,
so there is a largest V, in the subcover and B C V,,. Thus B is bounded. O

Remark. The converse is not true. In some metric spaces there are closed, bounded
sets that are not compact. We pass to a useful fact and then prove an important partial
converse.

Proposition 6.7. Any closed subset of a compact set is compact.

Proof: Suppose that B is compactand C is a closed subset of B. The complement
C° is open. Suppose that U/ is an open cover of C. Adding C°¢ to this collection
gives us an open cover V of B. There is a finite subcover, which we may assume
consists of sets Uy, ..., U, from U, together with C¢. Each point of C belongs to
one of these sets, but not to C¢,so Uy, ..., U, cover C. O

The following is the partial converse to Proposition 6.6.



6D. Sequences, Completeness, Sequential Compactness 81

Theorem 6.8: Heine-Borel Theorem. A subset of R or @ that is closed and
bounded is compact.

Proof: 1t is enough to consider subsets of €. If C is bounded, it is contained in
a sufficiently large square with side length R centered at the origin:

B={z=x+iy:Ix| =R/2, |yl = R/2}.

If C is closed, then it is compact provided that B is compact, which we now prove.
Suppose that U/ is a collection of open sets and suppose that no finite subcollection
covers B. We shall see that U{ itself does not cover B. Let us say that a subset
D C B is elusive if no finite subcollection of ¢/ covers D. Thus B is assumed
elusive and the goal is to chase down an elusive point of B. To do so we select a
sequence of closed squares B,. Let By = B, with side of length R. There are four
closed squares with side of length R/2 that cover B. Since B is elusive, at least
one of these smaller squares is elusive. Choose an elusive one and denote it by Bj.
Continuing, we obtain elusive closed squares

ByD>DB  DB,D---; B, has side of length R/2".

(See Figure 4.) The centers of these squares are a Cauchy sequence {z,} that con-
verges to a point z that must belong to each of the closed sets B,,. This is our elusive
point. But z cannot be so elusive: It must belong to one of the open sets U from the
collection &/. Then U would include a neighborhood of z, and that neighborhood
would include B, when n is large enough, contradicting the elusiveness of B,,. O

Note that the same idea applies to R and to higher dimensional spaces R": In
R?, use eight smaller closed cubes to cover a given closed cube, and so on.

Exercises

1. (a) Suppose that A is a finite subset of a metric space S. Prove that A is compact.
(b) Suppose that the space S has the discrete metric and A is a compact subset of S.
Prove that A is finite.
(c) Use (b) to give an example of a closed, bounded set that is not compact.
2. Prove that the union of two compact subsets of a metric space is compact.

6D. Sequences, Completeness, Sequential Compactness

Many concepts from the study of real and complex sequences carry over to metric
spaces. A sequence in S is, of course, a collection {p,} of points of S indexed by
the positive or nonnegative integers. The sequence {p,} is said to converge, or to
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Figure 4. In search of an elusive square.

be convergent, if there is a point p € S such that for each ¢ > 0 there is an index
N such that n > N implies p, € N (p). The point p is unique and is said to be the
limit of the sequence. We write p = lim,,_, oo py,.

A sequence {p,} is said to be bounded if it is bounded as a set of points, that is,
there is ¢ € S and r > 0 such that each p, is in N,(g). The sequence is said to be a
Cauchy sequence if for each ¢ > 0 there is an index N such that m,n > N implies
d(pm, pn) < &.

The following two propositions can be proved in general by the same arguments
that were used in Chapter 3 to prove them in C.

Proposition 6.9. Each convergent sequence is a Cauchy sequence.
Proposition 6.10. Each Cauchy sequence is bounded.

Definition. A metric space is said to be complete if each Cauchy sequence in S
has a limit (in S). A subset B is said to be complete if each Cauchy sequence in B
has a limit in B.
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Theorem 3.8 can thus be restated: € is complete. This implies and is implied by
the fact that R is complete.

Definition. The notion of a subsequence is defined as before. A set B is said to be
sequentially compact if each sequence in B has a subsequence that converges to a
point of B.

Theorem 6.11. A subset of a metric space is compact if and only if it is sequentially
compact.

Partial proof: We prove the more often used part: Compactness implies sequen-
tial compactness. The other implication is left as Exercises 6-9.

Suppose that A C S is not sequentially compact. Then there is a sequence {p, } in
A such that no subsequence has limit in A. A consequence (Exercise 3) is that each
point p € A has a neighborhood U, = N,(,)(p) with the property that there are
only finitely many values of the index n such that p, belongs to U,,. The collection
U of these sets U, is an open cover of A. Any finite subcollection contains p, for
only finitely many values of n. Therefore no finite subcollection covers A, so A is
not compact. 0O

Theorems 6.8 and 6.11 combine to give another proof of the Bolzano-Weierstrass
Theorem (Corollary 3.13), namely, any closed and bounded set of R” or C" is
sequentially compact.

Exercises

1. Prove that p is in the closure of B if and only if there is a sequence in B that converges
to p. (You will need to consider two cases.)

2. Suppose that the sequence {p,} in S has a limit p. Let A = {p, p1, p2, ... }. Prove that
A is compact.

3. Show that Q is not complete.

4. By Exercise 2 of Section 6A, d(x, y) = |x — y|/(1 4+ |x — y|) defines a metric on R.
(a) Show that R is bounded with respect to d.

(b) Show that R is complete with respect to d.
(c) Show that R is not compact with respect to d.

5. Suppose that S is complete. Show that B C S is complete if and only if B is closed.

6. Suppose that the {p,} is a sequence in S and suppose that p is a point with the property
that for each ¢ > 0 and each index N there is some n > N such that p, € N.(p). Prove
that some subsequence of {p, } converges to p.

7. A subset B of S is said to be totally bounded if for each ¢ > 0 there are finitely many
points pi, pa, ... p, such that the neighborhoods N.(p) cover B. Adapt the proof of
Theorem 6.8 to show that if B is complete and totally bounded, then it is compact.
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8. Suppose that B is not totally bounded. Prove that there is a sequence {p,} in B that has
no convergent subsequence.

9. Suppose that B is not complete. Prove that there is a sequence {p,} in B such that no
subsequence converges to a point of B. Deduce from this and Exercises 6 and 7 that a
set that is not compact is not sequentially compact.

10. Suppose that B is compact. Prove that it is complete and totally bounded.

11. Suppose that the sequence {p,} in S has the property that Y " d(p,, pa+1) is finite.
Prove that {p,} is a Cauchy sequence.

12. (Banach Fixed Point Theorem, or Contraction Mapping Theorem) Suppose that S is a
complete metric space and is not empty. Suppose that f is a function from S to itself
that is a strict contraction, meaning that there is a constant 0 < » < 1 such that

d(f(p), f(@) <r-d(p,q), all p, qgeS.

Prove that there is a fixed point, a point pg such that f(pg) = po. Prove that there is
only one such point.

13. Suppose that 0 < a < 1 and define f(x) = (x2 4+ a)/2. Show that f has a fixed point
in the interval [0, a], and find it.

6E*. The Cantor Set

Let Cy C R be the closed unit interval [0, 1] and consider the sequence of sets
Co D C; D ... constructed as follows. Remove the open middle third interval from
Cy, leaving the set

=0, 5]uf5 1]

Remove the open middle third of each of these intervals, leaving the the set

C2= [0, 5]V 5. 5]V 5 STV 5. 1]

Continue. Then C, is the union of 2" closed intervals, each of length 1/3". The
(standard) Cantor set is the intersection

o0
C:ﬂcnzcomcmcm---. )
n=0

Thus C is a subset of C, for every n; put very loosely, it is what is left after the
procedure of removing middle thirds of intervals is carried to completion. The total
length of the intervals that make up C, is (2/3)", which has limit 0, and the total
length of the middle third interval that have been removed is

1+21+4 1+ 1 2+4+ .
3 9 27 - 3\3 9 -

Thus one might think that C has very few points.
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Proposition 6.12. The Cantor set C is compact and uncountable.

Proof: Each C,, is a union of finitely many closed sets, so it is closed and the
intersection C is a closed, bounded subset of IR, and hence it is compact.

Suppose that x belongs to (0, 1] and consider its ternary expansion

cr € C3
X = 3 +32+33+

(see Section 2B). Note that ¢; = 1 if and only if x belongs to the interval (1/3, 2/3].
Suppose that c; = 2. Then ¢, = 1 if and only if x belongs to the interval (7/9, 8/9].
In fact, one can check that if there are no 1’s in its ternary expansion, then x belongs
to C. Conversely, if x belongs to C, then either it has no 1’s in its ternary expansion or
it is one of certain endpoints 2/3,2/9, 8/9, . ... Ignoring these (countably many!)
exceptional points, we assign to the point with ternary expansion .02200020220. . .
the point with binary expansion .01100010110..., and so on. This provides a
1-1 correspondence between a subset of C and the entire uncountable interval
(0, 1]. So C is uncountable. O

Exercise

1. Discuss the result of removing the second of ten equal subintervals at each step, instead.
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Continuous Functions

The notion of continuity of a function at a point makes sense whenever both the
domain and the range of the function are metric spaces. Continuity and related issues
are discussed from a general point of view in this chapter. In some circumstances,
continuous functions themselves constitute a natural metric space. The Weierstrass
Polynomial Approximation Theorem can be viewed in this context.

7A. Definitions and General Properties

Suppose that S and T are two sets. By a function f from S to T we mean an
assignment to each point p € S of aunique point of 7', denoted f(p). The associated
notation is f : § — T, which is read “ f is a function from S to 7,” or “ f maps S
toT.”

Suppose that § and T are metric spaces and f is a function from S to 7. The
function f is said to be continuous at p if for each & > 0 there is § > 0 such that
ds(p, p') < §impliesdr(f(p), f(p')) < e.The function f is said to be continuous
if it is continuous at each point of S. If A is a subset of S and g is a function from
A to T, then we extend these definitions to g by considering A itself as a metric
space, with the metric it inherits from S.

From now on we take S and T to be metric spaces and derive a number of results
that are exercises in the use of the various definitions.

Proposition 7.1: Continuity and sequences. A function f from S to T is contin-
uous at a point p in S if and only if, for each sequence p,, in S that has limit p, the

sequence { f (p,)} has limit f(p).
Proof: Suppose first that f is continuous at p. It is a very easy exercise in the

use of the definitions to show that if lim,,_, o, p, = p, thenlim,_, o, f(p,) = f(p):
See Exercise 1.

86
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Conversely, suppose that f is not continuous at p. Then there is some & > 0
with the property that for each § > O there is a point p’ € Ns(p) such that
dr(f(p), f(p")) = e. Therefore, for each n € N we may choose p, € Ni/,(p)
such that d7(f(p), f(pn)) > €. The sequence {p,} converges to p, but { f(p,)}
does not converge to f(p). O

Suppose that f is a function from S to 7. Given any set B C T, we define a set
f~(B) to be the set of points of S that are taken into B by f:

fTB)=1{peS: f(p)e B} )

This set is called the inverse image of B by f, or just the inverse image, if f is
understood. Notice that f~!, as defined here, is a function defined on subsets of T,
not a function on (points of) 7.

Proposition 7.2: Continuity and open sets. A function f from S to T is contin-
uous if and only if it is has the property: The inverse image of each open set in T
is openin S.

Proof: Suppose that f is continuous and that B C T is open. Suppose that p
is in f~'(B). Then f(p) belongs to the open set B so there is & > 0 such that
N:(f(p)) C B. By continuity, there is § > 0 such that p’ € Ns(p) implies f(p’) €
N.(f(p)) C B.Therefore N;s(p) is included in f~'(B). This proves that f~!(B) is
open.

Conversely, suppose that the inverse image of each open set is open. Given p € §
and ¢ > 0, let B = N,(f(p)). This is an open subset of T, so f~!(B) is open in S.
Now p belongs to f~!(B), so there is § > 0 such that Ns(p) C f~!'(B). But this
means that d7(f(p), f(p')) < & whends(p, p') < 8, so f is continuous at p. O

If f is a function from S to T and g is a function from T to U, the composition
of f and g is the function denoted by g(f) or g o f:
gfH):S—=>U, [gOlp)=g(f(p), peS.

Proposition 7.3: Composition of continuous functions. Suppose that S, T, and
U are metric spaces and that the functions f mapping S to T and g mapping T to
U are continuous. Then the composition g( f) is continuous from S to U.

Proof: Suppose that C is an open subset of U. Then B = g~!(C) is openin T,
andso f~1(B) = f~!'(g~(B)) is open in S. It is easy to check that

(¢(H)) ) = f(g7(C)).
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Thus inverse images of open sets under g(f) are open and so g(f) is con-
tinuous. O

Definition. A function f from S to T is said to be bounded if the image set
f(S) ={f(p): p € S}is abounded subset of T'.

Theorem 7.4: Continuity and compactness. Suppose that A is a compact subset
of S and that f is a continuous function from A to T. Then the image f(A) =
{f(p): p € A} is a compact subset of T. In particular, f is bounded.

Proof: Suppose thatVis an open coverof f(A).Let U be the collection of subsets
of § consisting of the inverse images of the sets in the collection V. Proposition 7.2
implies that these sets are open. Given any point p in A, f(p) belongs to some V
from the collection V, so p belongs to the set f~!'(V) from the collection /. Thus
U is an open cover of A. Let {Uy, ..., U,} be a finite subcover. Then each U; is
f~1(V;) for some V; in the collection V, and the collection {V;} is a finite subcover
of f(A). O

Definition. A function f from S to T is said to be uniformly continuous if for each
& > 0 there is a § > 0 such that ds(p, p') < & implies that dr(f(p), f(p) < €.
Continuity says that, for each p and each ¢ > 0, there is § > 0.... Uniform
continuity says that, for each ¢ > 0, there is § > 0.... It is obvious from the
definitions that uniform continuity implies continuity. The converse is not true.

Examples. 1. The function from IR to R defined by f(x) = x? is continuous but is
not uniformly continuous. In fact, given any § > 0, suppose that |y — x| = §/2 < 8.
Then

1F) = FOI =1y =P =1y =) + 0] = 38|y +x],

which is larger than 1 whenever y > x > 1/6.

2. The function from (0, 1) to R defined by g(x) = 1/x is continuous but not
uniformly continuous. Points x, y that are very close to 0 (and thus close to each
other) can be sent to points g(x), g(y) that are very far apart.

These examples show that the following theorem contains useful information.

Theorem 7.5: Compactness and uniform continuity. If A is compact and f is
a continuous function from A to T, then f is uniformly continuous.
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Proof: Given ¢ > 0, we create an open cover of A as follows. For each p in

A, choose 8(p) > 0 such that if p’ is in the neighborhood V), = Nas)(p), then
dr(f(p), f(p')) < &/2. Let U be the collection of neighborhoods U, = Ns,y(p).
There is a finite subcover, corresponding to points py, ..., p,. Let § be the smallest
of the numbers 8(p ;). Suppose now that ds(p, p’) < 8. Choose p; so that p belongs
to U,,. The triangle inequality and the choices we made imply that both p and p’
are in V). Therefore

10.

11.

12.

13.

=e¢. O

dr(f(p), f(P)) < dr(f(p), F(p) +dr(f(p)), f(P)) < g + %

Exercises

. Prove that if f is continuous at p and lim,_, o p, = p, then lim,_.» f(p,) = f(p).
. Prove that f : § — T is continuous if and only if the inverse image of each closed set

is closed.

. Suppose that f : S — T and g : T — U. Suppose that f is continuous at the point

p € S (butis not assumed to be continuous elsewhere) and suppose that g is continuous
at the point ¢ = f(p). Prove that g(f) is continuous at p.

. Suppose that a is a point of the metric space S. Define g(p) = d(a, p), p € S. Prove

that g is uniformly continuous.

. Suppose that A is an unbounded subset of S. Show that there is a uniformly continuous,

real-valued function on A that is not bounded.

. Suppose that B is a subset of S that is not closed. Show that there is a bounded, uniformly

continuous real-valued function on B that does not attain a minimum.

. Suppose that B is a subset of S that is not closed. Show that there is a continuous,

real-valued function on B that is not bounded.

. Suppose that B is a subset of S that is not closed. Show that there is a continuous

real-valued function defined on B that is not uniformly continuous.

. Find a bounded, continuous function f : R — R such that f(IR) is neither open nor

closed.

Find a closed, bounded subset B of Q and a continuous, real-valued function f defined
on B such that f is not bounded.

Suppose that S has the discrete metric. Show that every function from § to a metric
space is uniformly continuous.

Find an unbounded set A such that every function from A to a metric space is uniformly
continuous.

Suppose that A is a nonempty subset of the metric space S. Define the distance from a
point p of S to the set A to be

da(p) = infld(p. q) : q € A).

Prove that d4(p) = 0 if and only if p is in the closure of A. Prove that d4 is a uniformly
continuous function on S.
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14. Suppose that f is a real-valued uniformly continuous function on a set A.
(a) Suppose that {p,}{° is a Cauchy sequence in A. Show that { f(p,)}7° is a Cauchy
sequence in R.
(b) Show that there is a continuous real-valued function g defined on the closure of A
such that, for each p in A, g(p) = f(p). Show that g is unique.
15. Suppose that A is a dense subset of the metric space S, and suppose that f : A - R
is uniformly continuous. Prove that there is a unique continuous function g : § — R
such that g = f on A.

7B. Real- and Complex-Valued Functions

If f and g are functions from S to €, we define the sum and difference functions
f % g and the product function fg by

[f £gl(p) = f(p)+g(p), [fellp) = f(p)g(p), pES.

If c € @, we define cf by [cf1(p) =c- f(p), p € S. The function | f] is defined
to have value | f(p)| at p € S. If g(p) # 0, all p € S, we define the quotient f/g

by [f/gl(p) = f(p)/g(p), p € S.
Functions that take real values are a special case of the preceding.

Proposition 7.6: Continuity and algebra. Suppose that f and g are continuous
functions from S to € and suppose that c is complex. Then the functions cf, | f|,
f x g, and fg are continuous. If g(p) # 0, all p € S, then f/g is continuous.

Proof: It is enough to prove that each of these functions is continuous at each
point p € S. According to Proposition 7.1, it is enough to examine convergent
sequences {p,}, lim,_. . p, = p. Given such a sequence, we may define a, =
f(pn), by = g(py) and apply Theorem 3.9 on algebraic properties of limits. O

Remark: The function f : € — € defined by f(z) = z, all z, is continuous: Given
e > 0, take § = ¢. It follows from Proposition 7.6 that any polynomial function
h(z) = Zg a,z" is continuous. [On the other hand, we proved in Chapter 5 that any
function defined by a convergent power series is differentiable; a similar but simpler
proof shows that it is continuous. A polynomial is a power series with only finitely
many nonzero coefficients, so the continuity of polynomials is a very special case.]

Theorem 7.7: Maximum and minimum. Suppose that A is a compact subest of
S and that f is a continuous function from A to R. Then f attains its minimum and
maximum values: There are points puin, Pmax i A such that

f(Pmin) < f(P) = f(Pmax),  all p € A. 2



7C. The Space C(I) 91

Proof: According to Theorem 7.4, the image f(A) is a compact subset of R;
therefore, it is closed and bounded. A closed, bounded set in IR contains its least
upper bound (Exercise 7 of Section 6B). Thus there is a point py, in A such that
Jf (Pmax) 1s the least upper bound of f(A). Similarly, there is a point pp,;, in A such
that f(pmin) 1s the greatest lower bound. O

Exercises

1. Suppose that f is a real-valued function on R that is additive: For any real x, y,
f&x+y) = f(x)+ f(y). Prove that if f is continuous, then there is a constant a such
that f(x) = ax for all real x.

2. Suppose that f is a continuous real-valued function on IR, and suppose that for any x
and y in R,

fa+N+fa—n=2[fO+f»].

Prove that there is a constant ¢ such that f(x) = a x for all real x.
3. A real-valued function f defined on an open interval (a, b) is said to be convex if

flex+ A —0y) <tf @)+ =0 f(y)

for all x, y € (a, b) and each ¢ € (0, 1). Prove that any convex function is continuous.
4. Prove that any increasing convex function of a convex function is convex.
5. Suppose that f is a continuous real-valued function defined on an open interval (a, b),
and suppose that

f<x+y> < SO iy e (@b,

2 2
Prove that f is convex.

6. Suppose that the power series Y o a,z" has radius of convergence R > 0. Let A be
the disk {z € € : |z] < R}. Give two proofs that f(z) = > a,2" is a continuous func-

tion on A.

7C. The Space C(I)

Suppose that A is a compact set in a metric space S. Let C(A; €) denote the
set whose elements (points) are the continuous functions from A to €. Similarly,
C(A; R) denotes the set whose elements are the continuous functions from A to R.
For convenience we use the notation C(A) to denote either space of functions.

We look first at the following special case:

I=[a,b]={xeR:a <x <b};
Cl)y=CU,R)y={f:f:1—R; fcontinuous}. 3)
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(We assume that a < b, so the interval [ is not trivial.) A “point” of C(I) is a
continuous real-valued function f on /. Such a function may be visualized by
identifying it with its graph, pictured as a continuous curve in the plane.

The standard metric in C(I) is obtained by starting with the norm

IIfIl = sup{|f(x)] : x € I}. “4)
This is well defined and finite, by Theorem 7.4. Then define
d(f. &) = Ilf —gll =sup{|f(x) — g(x)[ : x € [}. &)

It is not difficult to check that the norm || f|| has the properties, listed in Sec-
tion 6A, that define a norm:

AI=0, [Ifll=0 < f=0; (6)
llef Il = Tel- 1A ceR; )
ILf+gll < 1A+ 11gll- ®)

The distance between f and g is precisely the maximum vertical distance between
their graphs.
A metric can be defined in the same way in C(A; €) or C(A; R):

ILf1l =sup{lf(p)l:p Al d(f.g)=If—zgll

The single most important fact about these spaces of functions is the following.
Theorem 7.8. For any compact A, the spaces C(A; R) and C(A; €) are complete.

Proof: Suppose that { f,,} is a Cauchy sequence in C(A; @). (The proof is exactly
the same for C(A; R).) Foreach p € A, the sequence { f,,(p)} is a Cauchy sequence
of complex numbers, in fact,

| fa(P) = fu (D] = |1 for = Sl = d(frs fin)-

Given any ¢ > 0, we can choose N so large that n, m > N implies d(f,,, fn) < &.
Therefore we may define f(p) = lim,_, o f,(p). For each p and each m,

L f(p) — fu(P)| = n“l?o [fo(P) — fu(P)| < &

if m> N, so d(f, fu) <e if m > N. This would complete the proof — except
that it is necessary to show that f is continuous. To do so, we argue as follows.
Given any ¢ > 0, choose N as before. The function fy is uniformly continuous, so
there is § > O such that ds(p, q) < § implies | fy(p) — fn(g)| < &. Suppose that



7C. The Space C(I) 93

ds(p, q) < §. Then, by what has already been shown,

1 f(p)— f@] =< 1f(p)— v+ fn(p) — vl + 1 fn(g) — fg)l
<e+e+e=3e.

Therefore f is (uniformly) continuous. O

Example. Let/ = [0, 1]andlet f,inC(/),n = 1,2, ...bedefined by f,(x) = x",
x € I. Then f,(x) has limit f(x) =0for0 <x < 1and f(x) = 1 forx = 1. This
limit function is not continuous — but this does not contradict Theorem 7.8. (Why?)

We know that any real number can be approximated by rationals. More precisely,
given areal x and any ¢ > 0, we can find a rational r (for example, a partial sum of
the decimal, or binary, or ternary expansion of x) such that |[x — r| < . This gives
one the comforting feeling that the reals are not so mysterious after all. Elements of
C(1), viewed simply as all possible graphs, with all sorts of cusps and corners, may
seem yet more mysterious, but they too can be approximated arbitrarily closely by
less exotic objects.

Theorem 7.9: Weierstrass Polynomial Approximation Theorem. Suppose that
a and b are real, a < b, and suppose that f is a continuous real-valued function
on la, b]. Given any ¢ > 0, there is a polynomial P such that || f — P|| < e:

|f(x)—P(x)|<8, all x,a <x <b.

There are a number of ways to prove this theorem. One is given in the next section.

A subset A of S is said to be dense in S if S is the closure of A. This is the same as
saying that, for any point p in S and any ¢ > 0, there is a point ¢ € A that belongs
to N.(p). Thus Q is dense in R. Theorem 7.9 says: Polynomials are dense in the
space of real-valued continuous functions on [a, b].

Remark. The notion of convergence of a sequence of real- or complex-valued
functions that corresponds to the metric can be generalized beyond compact sets
and continuous functions. If § is any set and if { f,,}5° and f are functions from S
to R or to @, then the sequence {f,} is said to converge uniformly to the function
f if for each ¢ > 0O there is an index N such thatn > N implies

| f(p) — f(p)| <e¢, all p € S.

Thus a sequence { f;;} in the space C(A) converges to f with respect to the metric
(4) if and only if it converges uniformly to f.
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In particular, it is easy to see that the Weierstrass Polynomial Approximation
Theorem may be reformulated in the following way: If f is a continuous real-
valued function on [a, b], there is a sequence {P,} of polynomials that converges
to f uniformly on [a, b].

Exercises
1. Which of the following sequences of functions fi, f2, f3, ... converges uniformly on
the interval [0, 1]?
(a) fox) = nx(1 — x)".
(b) fo0) = n’x(1 =%y
() fulx) = n2xde™r,
@ ful@) i
n\X) = —F———5-
x2 4+ (1 —nx)?

2. Let/ =[0,1]Jand A={f e CU): |f(x)| <1, all x eI}.
(a) Show that A is closed and bounded.
(b) Show that the sequence (f,)5-, with f,(x) = x" is a sequence in A that has no
convergent subsequence. (In fact, for fixed m the distance d(f;, f,,) increases as
n— 00.)

3. Let I and A be the same as in the preceding exercise. Let U, = {f € C(I) : | f(0) —
f(1/n)| < 1}, n € IN. Show that {U,} is an open cover of A but there is no finite
subcover.

4. Let P, denote the subspace of C(I) consisting of functions that are polynomials of
degree < n.

(a) Prove, forn = 0,n = 1, and n = 2, that this is a closed subset.
(b) Give a strategy for proving the result for general n.

5. Show that functions whose graphs are polygonal lines in R? are dense in C (/).

6. A metric space is said to be separable if it has a countable dense subset. Thus R is
separable, since (Q is countable and dense.

(a) Prove that € is separable.
(b) Prove that C([I) is separable.

7. Consider the set of all real polynomials that have only terms of even degree, for example,
x0 —3x2 4+ 7, butnot x + 2 or 2x* — x3 + 4.

(a) Prove that these polynomials are dense in C(/) if I = [0, 1].
(b) Is this true when I = [—1, 1]?
8. Define a sequence of polynomials Py, P, P,, ... by Py(x) =0 and

x% — (P,,()c))2
5

Prove that this sequence converges uniformly to the function |x| on the interval [—1, 1].

Pn+l(x)=Pn(-x)+ n=0,1,2,....
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7D*. Proof of the Weierstrass Polynomial Approximation Theorem

The following proof is due to S. N. Bernstein. To simplify matters slightly, we
observe that we may take the interval / to be the interval [0, 1]. In fact, given
a <b,let

p)=10—-na+1b, 0=r=<1; Y= a<x=<bh.
a

Then f is a continuous function on [a, b] if and only if g = f(¢) is a continuous
function on [0, 1]. If polynomials { P,} converge uniformly to g on [0, 1], then the
functions Q, = P,(1) are polynomials that converge to f = g(i) on [a, b].

Thus, suppose that f is a continuous real-valued function on 7 = [0, 1]. We
define a sequence of polynomials as follows:

P,(x) = Xn:f (S) <Z>xk(1 —0 k. neN. 9)
k=0

(See Figure 5.) As usual, (’;) denotes the binomial coefficient n!/k! (n — k)!. Note
that P, is a polynomial of degree < n, because each of the functions x*(1 — x)**
is a polynomial of degree n.

14 T T T T T T T T T

1.2 .

0 1 J. I 1 1 1 1 1

-1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Figure 5. Py f for f(x) = |x|on [—1, 1].
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These polynomials have a nice probabilistic interpretation, which is discussed
below. Let us show that they converge uniformly to f.

A key step is to compute these polynomials in three cases: the cases f(x) = x",
x € I, where v =0, 1, 2. These lead to the three sums evaluated next.

Lemma 7.10. For each real x

3 (Z)xk(l xR =1, (10)

k=0
Zk(Z)xk(l —x)"* =nx; (11)
k=0
Zk2<2)xk(l — )" * =nm - Dx* + nx. (12)
k=0

Proof: The identity (10) is immediate, because the left side is just the binomial
expansion of [x 4+ (1 — x)]". To verify (11), notice that

(n) n! n-(n-—1)! (n — 1)
k(") = - —n )
k k—D!'n—k)! *k-=—D'n—1—(k-—1D) k—1

Note also that we may take the sum in (11) starting fromk = 1. Let j =k — 1 and
use (13) to rewrite the left-hand side of (11) as

n—1

Zl’l(n — l)xj-i-l(l _ x)n—l—j =nx[x+ (1 _ x)]n_l — nx.
J

Jj=0

Note that k> = k(k — 1) + k, so the final identity (12) can be deduced immediately
from (11) together with

n
3 ktk - 1)(”)x"(1 — )" = n(n — a2, (14)
k=0 k
To obtain (14) we proceed as before. As in (13),

n n—2
k(k — 1)(k> =nn — 1)<k B 2).

The sum in (14) may be taken starting with k = 2 and written with j =k —2to
convert it to n(n — Dx?[x + (1 —x)]%. O

To prove uniform convergence we need to investigate the difference P,(x) —
f(x), x € I. Now P,(x) is the sum (9). We take advantage of (10) to write
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f(x) = f(x)-1asasum and obtain

n k n
P(x) = f(x) = Z f (;) (Z)xka ey f(x)(’;)xk(l —xy
k=0

—Z[ ( ) f(x)]( >xk(1—x)"_k. (15)

For any given (small) § > 0O let us break the last sum into two parts:

lx%:d [f (i) f<x>]() K1 — et

+ [f <5) - f(x)] (")xku —x (16)
lx—k/n|=5 n k

We shall see that the first sum in (16) is small if § is small, because of continuity. For
fixed§ > 0, the second is small when n is large, because the weights (Z)xk(l —x)rk
are small when k/n is not close to x. To quantify this, suppose that & > 0 is given.
Choose § > Ososmallthat,forx,y € I,|x — y| < §implies | f(x) — f(¥)| < &/2.
Then the first sum in (16) has absolute value less than

N AW! nk €
5-;(k>x (=2 =,
Now | f(x)] < ||fIl,allx € I,so the second sum in (16) has absolute value at most

A1 <Z)x"(1 — (17)

|[x—k/n|>8

We fix § and turn to the second sum in (16). Now we use the fact that §~2(x — k/n)?
is nonnegative for all k and is > 1 for the values of k that occur in the sum (17).
Therefore

nk—"_kin _Eznk_n—k
Ix—;r;ms(k)x = 5822::()6 n) (k)x (1=

-5 Z ( -kt k2> (Z)xk(l — Xk

1 ,  2x 1
82 |:x — — - (nx) + — (n(n — x>+ nx):|
_ x(1 —x) - 1 (18)

nd2 T 4né?
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for x € I; we have made use of (10)—(12). Therefore, the absolute value of (16) is
less than ¢ for every x € I, provided that n > £/2 || f|| §*. We have proved that the
polynomials P, converge uniformly to f on the interval /.

Going back to a function f that is defined and continuous on an interval [a, b],
one can see from the remarks at the beginning of this section that the corresponding
Bernstein polynomials that converge uniformly to f on [a, b] are

P _i n kb x—a\/b—x\"* 18)
o $(erte ) () (2

Here is the promised probabilistic interpretation. Fix x € I. Suppose that one has
a coin that has probability x of coming up heads and probability 1 — x of coming
up tails when tossed. The probability of any particular string of n tosses that result
in k heads is x*(1 — x)"~*. The number of ways that k heads can come up in n
tosses is (Z) Therefore, the probability of k heads in n tosses is (Z)xk(l —x)"k,
Thus (10) gives the probability of getting some number of heads (0 < k < n) in
n tosses, while (11) gives the expected number of heads in n tosses — that is, the
expected average over many repetitions of n tosses.

The inequality (18) gives an estimate of how little likelihood there is that the
proportion of heads will differ from the probability x by more than § and shows
that this becomes less and less likely as n increases.

Finally, suppose that the coin is to be tossed n times and there will be a payoff
of f(k/n) if the number of heads is k. Then the expected payoft is P,(x). This is
why one could expect P,(x) to be close to f(x) if n is large.

Exercise

1. (a) Compute the Bernstein polynomials P, (see (9)) for the function f(x) = ¢* on [0, 1].
(b) Show that for any ¢ > 0 it is true for large enough » that

x\n x+e\"
<1+—) sPn(x)§<1+ ) O=x=1
n n
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Calculus

In this chapter we present a rapid review of the theoretical foundations of differential
and integral calculus in one variable. This includes the Mean Value Theorem and the
Generalized Mean Value Theorem, various versions of the Fundamental Theorem,
and Taylor expansions.

8A. Differential Calculus

Suppose that f is a real- or complex-valued function defined in a neighborhood of
apoint x € R. Then f is said to be differentiable at x with derivative f'(x) if for
each ¢ > 0 there is § > 0 such that

fO)— fx)
y—x

— )] <e if0<|y—x| <8é. (D

This can be rewritten somewhat informally as

lim SO = /&)
m ——----

y—ox oy —X

= f'(x). 2)

Remarks

1. Differentiability at x implies continuity at x, as is easily seen by multiplying (1) by
ly — x|

2. A complex-valued function is differentiable at x if and only if its real and imaginary parts
are differentiable at x. Thus, considering complex-valued functions does not introduce
any genuine complications here, and it will be convenient later.

Proposition 8.1: Differentiation and algebra. Suppose that f and g are real-
or complex-valued functions defined in a neighborhood of the point x in R, and

suppose that c is complex. If f and g are both differentiable at x, then cf, f *+ g,

99
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and fg are differentiable at x and

[efTx) =c- f'(x); (3)
[f £81'(x) = f'(x) £ g'(x); “)
(£ (x) = f()g'(x) + f'(x)g(x). )
If g(x) # 0, then 1/g is defined in a neighborhood of x and
17 g'(x)
Z - _ . 6
[g} ) g(x)? ©

Proof: The identities (3) and (4) are very easy. The usual trick of adding and
subtracting a term leads to

fe(y) — f(gx) _ 6 [g(y) —g(X)} n [f(y) - f(X)}
y—x y—x y—X

which leads to (5), Leibniz’s rule.
By assumption, g is continuous at x, so g(x) # 0 implies that g is nowhere zero
in some neighborhood of x, and thus 1/g is defined there. Now

Ve —1/gx) 1 g0 —g&)
y—x gygx)  y—x
which leads to (6). O

g(x),

In what follows we shall make use of Proposition 8.2 in conjunction with the
(obvious) facts: f(x) = constant implies f' = 0, while f(x) = x for all x implies

fr=1.

Proposition 8.2: Chain rule. Suppose that g is real-valued and that the compo-
sition f(g) is defined in a neighborhood of x € R. Suppose that g is differentiable
at x and that f is differentiable at g(x). Then f(g) is differentiable at x and

[f(®)(x) = f(g(x)) g'(x).
Proof: Differentiability of f at g(x) implies that
() — f(g(x) = [f'(g(x) +r(] - [g(y) — ()],

where the error term r(y) has limit 0 as g(y) approaches g(x). Since g is continuous
at x, we conclude that r(y) has limit O as y — x. Therefore the difference quotient
fg(y) — f(gx) g8(y) —gx)

=[S +r(n] =———

y—Xx y—x

has limit f'(g(x))g’(x)asy — x. O
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Theorem 8.3: Rolle’s Theorem. Suppose that f is real-valued and continuous on
the closed interval [a, b] C R and differentiable at every point of the open interval
(a, b). Suppose also that f(a) = f(b). Then there is a point c € (a, b) such that

f'(c) = 0.

Proof: If f is constant on the interval, then f’ vanishes at every point of the
open interval. Because [a, b] is compact, we know that f attains it minimum and
maximum values. If f is not constant, then either the maximum value is larger
than f(a) or the minimum value is smaller than f(a), or both. Suppose that the
maximum value is larger than f(a). Then any point ¢ at which it is attained lies in
(a, b). Let ¢ be such a point. The numerator of the difference quotient

f(y) = f
y—c

y € [a, b]

is always < 0 and the denominator can have either sign. We have assumed the
existence of the limit f'(c) as y — ¢, so the only possible limit is 0. The same
argument applies if f attains a minimum < f(a). O

Theorem 8.4: Mean Value Theorem. Suppose that f is real-valued and contin-
uous on the closed interval [a, b] C R and differentiable at every point of the open
interval (a, b). Then there is a point ¢ € (a, b) such that

fb) = f(a)

= f©. @)

Proof: Let g be the function defined on [a, b] by

) = f(a)
a

g() = f(x) = ——— ~a).
Note that g(a) = g(b) = f(a). By Rolle’s Theorem there is a point ¢ € (a, b) such

that

b _
0=g(c)= f'(c) - f()if:(a)

b —

The Mean Value Theorem (MVT) is fundamental for the theory of calculus. The
reader who doubts this is invited to consider the following corollaries and find
rigorous proofs that do not make use of the MVT. Note that the MVT implies
Rolle’s Theorem; on the other hand, we used Rolle’s Theorem to prove the MVT.

Corollary 8.5. If f'(x) = 0, all x in the interval (a, b), then f is constant on (a, b).
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Proof: 1t is enough to prove this for the real and imaginary parts of a function,
so suppose that f is real. Given x and y in (a, b), with x < y, apply the MVT to f
on the interval [x, y] to conclude that f(y) — f(x) =0. O

Definition. A real-valued function f on the interval (a, b) is said to be

nondecreasing if x,y € (a, b), x < y implies f(x) < f(y);
strictly increasing if x,y € (a, b), x < y implies f(x) < f(y);
nonincreasing if x, y € (a, b), x < y implies f(x) > f(y);
strictly decreasing if x,y € (a, b), x < y implies f(x) > f(y).

A function that is either nonincreasing or nondecreasing is said to be monotone; a
function that is either strictly increasing or strictly decreasing is said to be strictly
monotone.

It follows easily from the definitions that if f is nondecreasing and is differ-
entiable at x, then f’(x) > 0; if f is nonincreasing and differentiable at x, then
f'(x) < 0. The converse results follow from the MVT.

Corollary 8.6. Suppose that the real-valued function f on the interval (a, b) is
differentiable at each point of (a, b). Then

f'(x) >0, all x € (a, b) implies that f is nondecreasing;
f'(x) > 0, all x € (a, b) implies that f is strictly increasing;
f'(x) <0, all x € (a, b) implies that f is nonincreasing;
f'(x) <0, all x € (a, b) implies that f is strictly decreasing.

The following generalization of the MVT is also useful.

Theorem 8.7: Generalized Mean Value Theorem. Suppose that f and g are
continuous real-valued functions on the interval [a, b] that are differentiable at
every point of (a, b). Suppose also that g’'(x) # 0, all x € (a, b). Then there is a
point ¢ € (a, b) such that

f) = f@ _ fio)
gb)—gl@ g

®)

Proof: Notice that MVT and the assumption that g’ # 0 on (a, b) imply that
g(b) — g(a) # 0, so the left hand side of (8) is well-defined. Define 4 : [a, b] — R
by

h(x) = f(x)[g(b) — g@)] — g) [ f(b) — f(@)].
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Then h(a) = f(a)g(b) — f(b)g(a) = h(b), so by Rolle’s Theorem there is ¢ €
(a, b) such that

0="H()= f'x)[sb) — g@]— g ) [fla)— fB)];

divide by [g(b) — g(a)] g'(x). O

Note that MVT is the case g(x) = x of the Generalized Mean Value Theorem
(GMVT). The GMVT is the basis for a well-known method for calculating limits.

Corollary 8.8: L’Hopital’s Rule. Suppose that the real-valued functions f and g
are differentiable at each point of the interval (a, b), that g(x) # 0 and g'(x) # 0
for x in (a, b), and that

Jim f(x)=0= lim g(x). €))

Then

fx) . ')
m lim

= 10
g0 T e g (o) (10

whenever the limit on the right side exists. (The limits here are limits from the right
ata.)

Proof: The assumption (9) means that if we define f(a) = 0 = g(a) then f and
g are continuous on the interval [a, b). Suppose that the limit on the right side in
(10) exists and equals L. Given any ¢ > 0, choose § > 0 such that

f'()
g'(c)

—L‘<a ifa<c<a-+s.

For any x € (a, a 4+ §) we may apply the GMVT on the interval [a, x] to conclude
that

fx)
g(x)

— L‘ <e O
Remark. It can be useful to know that the conclusion (10) is also true if f and g
are differentiable on (a, 0o) and instead of (9) we have
lim f(x) =00 = lim g(x), 9
X—>00 X—>00

when the limit on the right in (10) exists. In fact, given 0 < & < 1, choose b so
large that | f'(c)/g’(c) — L| < ¢ for all ¢ > b. Note that (9') implies that, for all
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sufficiently large x,

[fBD)] <elf)l,  1g®)] < elgx)].

Then
Jx)  fx) = f) _ fx)gd) — f(b)g(x)
glx) gx)—g) [g(x) — g(b)]g(x)
’ ’ fx) ’ 2 | f(x)— f(b)
< Z¢& < .
g(x) —gb) I —¢]gx)—g)

Then again the GMVT leads to the result.

Exercises

1. Compute the following limits, with justification. (In (f), assume that f”(x) is continuous.)

1
() lim 228%
x—1eX —e
log(1 +x)—x
) e e S
x—0 sin(x?)
(©) lim x™“logx, a > 0.
X—>00
(d) lim x“ log x, a > 0.
x—0
.1 —cosx
(e) lim ——.
x—=0 XxSIinx
C fx+h)+ fx—h)=2f(x)
) lim .

h—0 h2

2. Suppose that f is a real-valued function on R whose derivative exists at each point and
is bounded. Prove that f is uniformly continuous.

3. (a) Suppose that f : R — R is continuous and lim,|— f(x) = 0. Prove that f is

uniformly continuous.
(b) Find a bounded function f : R — R such that f is differentiable at every point and
uniformly continuous, but f” is not bounded.

4. (a) Suppose f : R — R and | f(x)| < x?, all x. Prove that f is differentiable at x = 0.
(b) Find a function f : R — R that is differentiable at one point and not continuous at

any other point.

5. Suppose that f is differentiable at each point of (a, b) and suppose that the derivative is
never 0. Prove that f is either strictly increasing or strictly decreasing on the interval.
(Notice that f’ is not assumed to be continuous.)

6. Suppose that f is differentiable at each point of the interval [a, b] and suppose that
f'(a) < ¢ < f/(b). Prove that there is a point x in (a, b) such that f'(x) = c. (Notice
that f’ is not assumed to be continuous.)
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7. Let f(0) =0and f(x) =sin(1/x)if x # 0. Let g(x) = f(f f. Prove that g is differen-
tiable at every point, but the derivative is not continuous at x = 0.

8B. Inverse Functions

The following theorem is basic.

Theorem 8.9: Intermediate Value Theorem. If f is a continuous real-valued
functiononthe interval [a, bland f(a) # f(b), then foreach real number c between
f(a) and f (D) there is a point x in the interval (a, b) such that f(x) = c.

Proof: Let g(x) = f(x) — c¢; we want a point where g(x) = 0. We construct a
sequence of intervals as follows: Let Iy = [a, b]. If g vanishes at the midpoint of
this interval, then we may stop. Otherwise, g changes sign (has different signs at the
two endpoints) on one of the two closed subintervals of length (b — a)/2 that cover
Iy. Denote this subinterval by /; and continue. Either we reach in finitely many
steps a midpoint at which g = 0 or we obtain a sequence of intervals I, = [a,, b, ]
of length (b — a)/2", on each of which g changes sign. The sequences {a,} and
{b,} have a common limit x. By continuity and the change of sign condition,
gx)=0. O

We use the term interval, without qualification, to mean any of the possibil-
ities (a, b) with —o0 <a < b < 400, (a,b] with —o0 <a < b < 400, [a, b)
with —oco < a < b < 400, or [a, b], —00 < a < b < 400. Thus one possibility
is (—o00, +00) = R.

Corollary 8.10. If f is a continuous real-valued function on an interval I, then
the image f(I) = {f(x) : x € I} is an interval.

Theorem 8.11: Inverse functions. If f is a continuous strictly monotone real-
valued function on an interval I, then f has an inverse function g: g is defined on
the interval f(I) and

gif)=x, xel; f@ON=y, yef). (11)

The function g is also continuous and strictly monotone.
If f is differentiable at an interior point x of I and f'(x) # 0, then g is differen-
tiable at f(x) and

1
! = . 12
SUN =2 (12)



106 Calculus

Proof: Suppose that f is strictly increasing. It follows from this that for each y
in the interval f(I) there is a unique x € [ such that f(x) = y; setx = g(y). Then
(11) is satisfied. The function g is strictly increasing. For continuity, suppose that
y = f(x) € f(I)and ¢ > 0 are given. Suppose that x is an interior point; a slight
change in the argument will deal with an endpoint. Choose x; and x, in / such that

1

28§x1<x<xz§x+%8.

X —

Set y; = f(x;) and let § be the smaller of y, —y and y — y;. Then |y’ — y| < 6
implies that y’ is in the interval (yi, y2), so g(y’) is in the interval (x;, x»), so
18(y) — gl <e.

Finally, suppose that x is an interior point and f'(x) exists and is positive. Each
y' close to y is f(x) for x’ = g(y’) close to x, so

80N —ey) X —x
Y=y f&x) — fx)

and the limit is (12). O

Remark. The function f(x) = x? is strictly increasing on IR and differentiable at

every point, but the derivative vanishes at x = 0 and the inverse function g(y) = y'/3
is not differentiable at y = f(0) = 0.
As an example, consider the real exponential function from Section 5C:
% n K2 3 A S
X = E = _— = 1 _— -_— - - AR 13
" = E(x) ;m xS ot (13)

Theorem 8.12. The exponential function is a continuous strictly increasing func-
tion from R onto (0, +00). The inverse function logy has derivative 1/y at the
point y > 0.

Proof: It follows from (13) that ¢* > O for x > 0. Butsince e “e* = e*™* =1,
it follows that e™ = 1/¢* and the function also takes positive values on (—oo, 0).
Differentiating (13), one sees that the derivative is e*, and hence positive, so the
function is continuous and strictly increasing. Next, (13) implies e* > 1 + x when
x>0,s0e™™ < 1/(1 +x)and

lim e* = +oo; lim e =0.
x——+00 X—>—00

Thus the image is (0, +00). The inverse function g(y) = log y satisfies g'(y) =
1/ =1/fgyn=1/y. O
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Exercises
(For some of the following exercises, integration is assumed.)

1. Define f : (—n/2, 7/2) = Rby f(0) =0 and

f@) =T ifx 0.

COosS x

(a) Show that f is continuous at x = 0.
(b) Show that f is strictly increasing and the image of the interval is all of R.
2. Prove that for every a > 0 there is a unique b > 0 such that

/b dx
a= _—
o (14 x3H/3

3. (a) Prove that every polynomial of odd degree, having real coefficients, has a real root.
(b) Prove that every polynomial of even degree, having real coefficients, attains a max-
imum or a minimum.
(c) Give another proof of (a).

4. Suppose that ag, a1, az, . . . , a, are real numbers such that
a;  a a,
T A =0.
ap + 5 + 3 + + w1

Prove that the polynomial a,x" + a,_1x"~' 4 --- 4+ a;x + ap has a root in the interval
O, 1).

5. Suppose that f is a continuous real-valued function on R and suppose that f(x) is
rational whenever x is irrational. Prove or disprove: f must be constant.

8C. Integral Calculus

Suppose that I = [a, b] is a closed, bounded interval. Recall that a function f from
I to R is said to be bounded if its image f (/) is bounded. This means that there is
a constant M such that | f(x)| < M, all x € I. Suppose that f is bounded.

Definitions. A partition of the interval [a, b] is a collection P of points
X0, X1, ..., X, such that

a=x)g <X <Xp<---<x,=>b.

The lower sum L(f, P) and upper sum U(f, P) of f with respect to the partition
P are the numbers

L(f, P)= ka (xx — xk—1),  m =nf{f(x) : x € [xp_1, x1}; (14)
k=1

U(f, P)=) M (e —x-1), M =sup{f(x):x € [, %} (15)
k=1
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Note that Z'l'(xk — X¢—1) = b — a. It follows immediately that, for each parti-
tion P,

m(b—a) < L(f,P)<U(f, P) <M (b —a),
m=inf{f(x): x €[a,b]}; M =sup{f(x):x € [a, b} (16)

Examples

1. If f(x) = cforall x in [a, b], then for every P the lower and upper sums are L(f, P) =
U(f,P)=c.

2. Suppose that f is defined for x € [0, 1] by f(x) = 1 when x € Q and f(x) = 0 when
x & Q. Then, for every partition P, L(f, P) =0and U(f, P) = 1.

Definition. A partition P’ is said to be a refinement of the partition P if each point
of P also belongs to P’.

Lemma 8.13. If P and P’ are partitions of [a, b] and P’ is a refinement of P, then

L(f, P) < L(f, P) = U(f, P)) S U({, P). an

Proof: Notethat (16) is a special case of Lemma 8.13. In fact, P is arefinement of
the trivial partition that consists of yy = a, y; = b. The general case of Lemma 8.13
follows by applying the analogue of (16) to each subinterval [x;_, x;] determined
by P. O
Corollary 8.14. If P and P’ are any two partition of [a, b), then

L(f, P) < U(f, P). (18)

Proof: Choose a partition P” that is a refinement both of P and of P’. Then

L(f,P) < L(f,P") < U(f,P") =U(f, P)). O (19)

The inequality (16) shows that the upper and lower sums with respect to all
possible partitions form a bounded set.

Definition. The lower integral fab f and the upper integral fab f of f onthe interval
[a, b] are defined to be o

b )
/f=Sl;p{L(f, P)}; /f=igf{U(f, P)}, (20)
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where the supremum and infimum are taken over all partitions P of the inter-
val [a, b].

Proposition 8.15. fab f< f_ab f.

Proof: First, fix a partition P. The inequahty (19) shows that L( f, P)is a lower
bound for the upper sums, so L(f, P) < f f. This is true for every partmon P,
so the upper integral is an upper bound for the lower sums. This proves f f <

faf. O

Definitions. A bounded real-valued function f on an interval [a, b] is said to be
integrable on [a, b] in the sense of Riemann, or Riemann integrable if f f f f.
If so, then the common value is denoted f f or by f f(x)dx (or by f f(t)dt,
etc.) and is called the integral of f on the interval [a, b].

In the second example above, fab f =0 and fab f =1, so the function is not
integrable. o

Proposition 8.16. A bounded real-valued function f on an interval [a, b] is
Riemann integrable if and only if for each ¢ > 0O there is a partition P such that

U(f,P)—L(f, P) <e. 21)

Proof: Suppose that f is Riemann integrable on [a, b]. Given ¢ > 0, it follows
from the definitions of the lower and upper integrals that there are partitions P’ and
P” such that

b & b &

Let P be a refinement of P’ and of P”. Then

b b
</ f)—%<L(f,P’)§L(f,P)§U(f,P)SU(f,P")<</ f>+§,
which implies that U(f, P) — L(f, P)<8

Conversely, (21) 1mphes that 0 < f f— f f < e. If this is true for each
¢ > 0, then f f= f f. O

Theorem 8.17: Integrability of continuous functions. If f is a continuous real-
valued function on an interval [a, b), it is Riemann integrable on [a, b].
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Proof: Since the interval [a, b] is compact, it follows that f is bounded and
uniformly continuous. Given ¢ > 0, there is a § > 0 such that if x and y are points
of [a, b] at distance < §, then | f(x) — f(y)| < &/(b — a). This means that if the
partition P is chosen so that each of its intervals [x;_;, x;] has length < §, then the
my and My of (14) and (15) differ by < ¢/(b — a). Therefore (21) is satisfied. O

The following algebraic properties follow fairly readily from the definitions and
from Lemma 8.13 and Proposition 8.16.

Proposition 8.18: Algebraic properties of the integral. Suppose that f and g

are Riemann integrable functions on [a, b] and suppose that c is real. Then the
functions cf, f £ g and | f| are Riemann integrable on [a, b] and

b b
/Cf(x)dx:cf fx)dx; 22)

/ [f(0) £ g0)]dx = / fx)dx + f gx)dx; (23)

/ fx)dx| <

b b
/ f(x)dx 5/ gx)dx if f(x)<gx) forall x € |a, b] 25)

a

/ GOl dx. 24)

Moreover,

The additivity of the integral suggests an appropriate extension to complex-
valued functions.

Definition. A bounded complex-valued function f on an interval [a, b] is Riemann
integrable if the real and imaginary parts are Riemann integrable. If so, we set

b b b
/ fx)dx = / Re f(x)dx +i / Im f(x)dx. (26)

a a

In particular, f is Riemann integrable if it is continuous. O

The next result shows a different kind of additivity of the integral. It is easily
proved by using partitions that include the point b.

Proposition 8.19. Suppose that a < b < c. A bounded function f on the interval
la, c] is Riemann integrable on |a, c] if and only if it is Riemann integrable on each



8C. Integral Calculus 111

of the subintervals [a, b] and |b, c]. If so, then

c b c
/ f(x)dx =/ f(x)dx+/ f(x)dx. 27
a a b

The identity (27) is very useful and can be made more useful by dropping the
conditions a < b < c. To do so, we assume that f is Riemann integrable on [a, b]
and define

c a b
/ f(x)dx =0, c € la,bl; / fx)dx = —/ fx)dx. (28)
c b a

Then it can be checked, case by case, that (27) is valid for any triple of real numbers
a, b, and ¢ for which all three integrals are defined.

Theorem 8.20: Differentiation of the integral. Suppose that f is a continuous
real- or complex-valued valued function on the interval 1. Suppose that a is a point

of I and let F be defined by

F(x):/xf(t)dt, x el (29)

Then F is differentiable at every interior point x of I and F'(x) = f(x).

Proof: Fix an interior point x of /. For y close to x we use (27) to conclude that

F(y)—F(x): 1 |:/> f(t)dt—/x f(t)dt]
y—x y—=x a a

1 Y
=—/ f@)dt,
y =X Jx

and it follows that
F(y) — F(x)
— S =
y—Xx
Given any ¢ > 0, we can choose § > 0 such that |y — x| < § implies that the

integrand in (30) has modulus < ¢ at each point. Then the modulus of the right side
of B0)is <e. O

1 y
— / [f@) = f(x)]dt. (30)
Yy =X Jx

Corollary 8.21: Fundamental Theorem of Calculus. Suppose that f and G
are continuous real- or complex-valued functions on [a, b]. Suppose that G is
differentiable at each x € (a, b) and G'(x) = f(x). Then

b
/ fx)dx = G(b) — G(a). (€29)
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Proof: Let F be defined by (29). Then the difference F — G has derivative 0, so
F — G is constant. Therefore F(b) — G(b) = F(a) — G(a) = —G(a), or F(b) =
Gb)—G@). O

Remark. Another way to state this result is that

f(x) = f(a)+ f f/(t)dt if f'is continuous. (32)
a
As an example, we obtain the integral form of the natural (base e) logarithm:
tdt
logx = e x > 0. (33)
1
Exercises

1. (a) Suppose that f is a continuous real-valued function on the interval [a, b]. Prove that
there exists x € [a, b] such that [” f = f(x)(b — a).

(b) Give another proof.

2. Let f(0) = 0and f(x) = sin(1/x) for x in the interval (0, 1]. Prove that f is integrable
on the interval [0, 1].

3. Suppose that f is continuous and nonnegative on the interval [a, b], where a < b, and
suppose that fab f = 0. Prove that f = 0O on [a, b].

4. Let g(1/n) =1 for n € IN and g(x) = 0 otherwise. Prove that g is integrable on the
interval [0, 1].

5. Let f(p/q) = 1/q if the fraction p/q is in lowest terms and f(x) = O for irrational x.
Prove that f is continuous at x if and only if x is irrational or x = 0.

6. Prove that the function in Exercise 5 is not differentiable at any point.

. Prove that the function in Exercise 5 is integrable on the interval [0, 1].

8. Suppose that f is continuous, nonnegative, and nondecreasing at each point of [0, c0).
Prove that

~

/xf(l)dtfxf(x), all x > 0.
0

8D. Riemann Sums

The proof of Theorem 8.17 shows that if f is continuous on [a, b], then, for a given
& > 0, any partition P all of whose intervals are small enough will give upper and
lower sums within & of fab f. In particular, one might work (conceptually, at least)
with partitions into equal subintervals. For a givenn € IN, let P, denote the partition
into n equal subintervals. Thus

xj=a+lb-a), j=0,12...n
n
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(Note that these points are different for different values of n as well as for different
values of j; we ought to, but will not, use a notation like x;").) A corresponding
Riemann sum is

R, (f) = Zf(x;)(xj —xj-1),  Xj € [xj_1, )]
j=1
This depends on the choice of the points xj-‘, as well as onn and f.

Clearly

L(f, Po) = Ru(f) = U(f, Py).

It follows from this and from the proof of Theorem 8.17 that
b
lim R,(f) = / f
n—oo a

whenever f is continuous on [a, b].

Remark. There is a potential trap here. Let us return to Example 2 in Section 8C,
on the interval [0, 1]. Here, given n, the endpoints x; = j/n of the subintervals
are rational, as are the midpoints. Therefore, if we look at the Riemann sums with
the x7’s at the endpoints or midpoints of the subintervals, then each R, f = 0. In
other words, to see the failure of integrability it is necessary to look at more general
choices of the points x7.

Exercises

1. Determine the limit

"Lk
li =) -
i > (5) 5

2. Prove that

o 1 1 Udr
lim — + - :2/
N—o0 N +in N —in 1 1+ 12

n=—N

8E*. Two Versions of Taylor’s Theorem

Suppose that / is an open interval and that f is a complex-valued function on / with
the property that f and its successive derivatives f', f”,...f" are continuous on /.
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Figure 6. Taylor polynomials for sin x ata = 0.

At any given point a € I, the n-th Taylor polynomial of f at a is the polynomial

(k)
TO(x) = Zf (a) o — )t

(@) o

> x—a)". (34

= f(@)+ f'@(x —a) + APt

()
n!
See Figure 6.

Proposition 8.22. The Taylor polynomial T( " is the unique polynomial p of degree
at most n that has the property that

PP = fPw), k=01,2,...,n. (35)

Proof: One checks, by the simple expedient of differentiating, that p = T;." ) has
the property (35). Conversely, if p is a polynomial of degree at most n that satisfies
(35) and we set ¢(x) = p(x — a), then (35) determines ¢*(0), 0 < k < n, which in
turn determines the coefficients of g. Thus p = T}"). O
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Theorem 8.23: Taylor’s formula with remainder. Suppose that f is a complex-
valued function on an interval I with the property that f and its derivatives of
order < n are continuous, and suppose that a and x are points of 1. Then there is
a point ¢ between a and x such that

f"(a) @)

fx) = fla)+ fl(@)(x —a)+ x—a+---+ (x —a)y"!
2 0 —1)!
(n)
+ 1 n'(C) (x —ay'. (36)

Proof: For n =1 this is just the Mean Value Theorem. Suppose that n > 2.
Let g(x) = f(x) — T/, '(x) and h(x) = (x — a)". Then g(a) = h(a) = 0. By the
Generalized Mean Value Theorem there is a point ¢; between a and x such that

gx)  glx) —gla)  g'(cr)
h(x)  h(x)—h(a)  h(cr)

Now g’ and /&’ both vanish at a, so there is a point ¢, between a and ¢; such that

gx)  g'lcr)  g'(c)

f&) ey h(e)
Continuing, we eventually reach a point ¢ = ¢, such that

g _ 8" _ )

h(x)  h®™(c) n!
Multiplication by (x — a)" converts this last equation to (36). O

Remark. Since continuity of the derivative is not required in the GMVT, we do
not need to assume in Theorem 8.23 that £ is continuous, only that it exists at
each point between a and x.

Just as the previous version of Taylor’s formula starts with the Mean Value
Theorem, the next version starts with the Fundamental Theorem of Calculus in the
form (32). To extend (32) we can use integration by parts.

Theorem 8.24: Integration by parts. Suppose that I is an interval and that f
and g are complex-valued functions on 1 whose first derivatives are continuous.
Suppose that a and b are points of 1. Then

b b b
/ F) g @) dx = f(x) g | — / Fl0g() dx. (37)

Proof: This results from integrating Leibniz’s rule in the form fg’' = (fg) —
flg. O
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Fix a and x and set A () = (x — 1)¥, so that hz(a) = O for k > 1 and hy is the
derivative (with respect to ¢) of —hy1/(k + 1). Starting from (32) we obtain

£ = f@) + f oy
= f(a) - / f'O R\ (0)dt
— @+ f@m@+ o @ dr
- @+ @6 -0~ f o dr

1 1 [
:f(a)+f/(a)(x—a)+Ef”(a)(x—a)erE/ @) ha(t) dt.

Continuing, one arrives at the following result.

Theorem 8.25: Taylor’s formula with integral remainder. Suppose that f is a
complex-valued function on an interval I with the property that f and its deriva-
tives of order < n are continuous, and suppose that a and x are points of 1.
Then

7" (n—1)
fx) = f@+ f'@@(x—a)+ %(x —ay 4+ w(x —ay!
(n—1)!
1 ! (n) n—1
+—(n — 1)!/a P =" dr. (38)

Exercises

1. (a) Prove that, for every positive integer n, lim,_, o, x"e™ = 0.
(b) Give another proof.

2. Let f(x) =0 when x <0 and f(x) = exp(—1/x) for x > 0. Prove that f and all its
derivatives are continuous at x = 0. What are the Taylor polynomials for f ata = 0?

3. Suppose that f is a bounded real-valued function on R, and suppose that its first and
second derivatives are bounded and continuous. Prove that

sup | f'(x)I* < 4 sup| f(x)| - sup | £ (x)].
xeR xeR xeR

Additional Exercises for Chapter 8

1. Suppose that f is real-valued and continuous on [0, 1], and f(0) = f(1) = 0. Suppose
that the second derivative f” exists and is nonnegative at each point of (0, 1). Prove that
either f is constant on the interval or else f(x) < O for all x € (0, 1).
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3.

10.
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Suppose that f is real-valued on (a, b) and f”(x) > O for all x € (a, b). Prove that f is
convex (see Exercise 3 of Section 7B).

Suppose that f is continuous from [a, b] to [c, d], and suppose that ¢ is continuous and
convex on [c, d]. Prove Jensen’s inequality:

1 b 1 b
w(m / f(x)dx> < / o(f(0) dx.

. Suppose that f is a continuous real-valued function defined on the unit square in

R%: {(x,y):0 < x,y < 1}. Let

1
F(x)=/ fx,ydy, 0=x=<1
0

Prove that F' is continuous.

. Suppose that L is a real-valued function on (0, co) with the properties:

(1) L(xy) = L(x)+ L(y), all positive x and y;
(i) L'(1) exists and = 1.
Prove that L(1) = 0, and L'(x) = 1/x for all x > 0.

. Conversely, suppose that L(x) is defined to be |, lx dt/t for x > 0. Prove that L has the

two properties of the preceding exercise.

. Suppose that { f,}{° is a sequence in the space C(/) of continuous functions on the

interval I = [a, b], with limit f. Prove that

b b
1111010/ fn=/ f

(In other words, for a uniformly convergent sequence, the limit of the integrals is the
integral of the limit.)

. Find an example of a sequence of real-valued continuous functions f; on [0, 1] such

that lim, ., f,(x) =0, all x € [0, 1], but fol fu(x)dx =1, all n. Compare with the
preceding exercise.

. Suppose that % is a continuous real-valued function on R. Define a function H on the

metric space C([a, b]) by

b
H(f) = / h(f () dx.

Prove that H is continuous.
Let I = [0, 1] and let L(f) be defined for f in C(I) by

3 1
L(f) = /O F)dx - / F)dx.

This is a continuous function on C(/). Let A be the bounded closed subset A =
{f eCd):|lfll <1}. Show that

sup L(f) = 1; but L(f) <1, all feA.
feA
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11. Suppose that f is a continuous real-valued function on [a, b], and suppose that for
every nonnegative integer n

b
/ x" f(x)dx = 0.

Prove that f(x) =0, all x € [a, b].
12. Define d(f, g) for f and g in C([a, b]) by

b
di(f.8) = / | f(x) = ()] dx.

Show that d; is a metric on C([a, b]), but that C([a, b]) is not complete with respect
tod,.
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Some Special Functions

So far we have dealt with few particular functions, apart from polynomials and
the exponential functions. Here the basic trigonometric functions make their ap-
pearance, in a way that is particularly efficient for establishing their properties
rigorously (but manages to hide the geometry until late in the game). One applica-
tion is the Fundamental Theorem of Algebra; a second is Euler’s product formula,
which gives an evaluation of another of the series from Chapter 1.

9A. The Complex Exponential Function and Related Functions

We return to the function E(z) = Y z"/n! of Section 5C. Based on the justifica-
tion given there, we define e* = E(z). Now

et = E(x +iy) = E(x) - E(iy) = ¢* ",

so to understand the complex exponential function we need to understand the real
exponential function ¢* and the function e””. We know that e* is a strictly increasing
function from IR to (0, +00) that is its own derivative, so in this section we examine
e, x € R. The power series is absolutely convergent for all x. We may group the

real and imaginary parts to find that
eix_Zix _1+ix_x__i+x_+£_x_6+ ix’ +
B n! 2 6 24 120 720 5040
=Cx)+iSk),

where C and § are the functions from R into R defined by the power series
00 n,.2n 2 4 6
(—=D)"x X X X
C(x) = e T 1
0 20: 2n)! > "2 70" M
0 (_1)nx2n+1 )C3 x5 X7

S(X)=XO:W=X—€+I—ZO—SO4O+'“- (2)

119
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We will not assume that these functions are familiar in any way. Instead, we derive
their properties from first principles. Notice that the complex conjugate of e/~ is
e for real x. It follows that we can also write the real and imaginary parts in
terms of the exponential function itself:

Cx) =3 +e™™);  Sx)=5(e" —e™™). 3)

Proposition 9.1. The functions C and S are differentiable and have the properties

C'x)=-Sx), SX)=Ckx), dixeR, C@O=1, S0 =0. 4
Cx)’+Sx)?=1 alxeR. (3)

Proof: The identities (4) come from term-by-term differentiation of the power
series (1) and (2), and from evaluation at x = 0.

One can deduce (5) in several ways; here are two. First, since ¢ = C(x) + i S(x),
we have

C(x)z + S(X)2 — |eiX|2 — eixe—ix — eix—ix — eO — 1
Second, we derive (5) from (4). Set g(x) = C(x)> 4+ S(x)*. Then
g =2CC"+288 =-2C85+25C=0, g0)=14+0=1.

Therefore g is constant and g(x) = 1,allx. O

It is not surprising that one can deduce (5) directly from (4). In fact, the next
result shows that the properties (4) completely determine the pair of functions C
and S.

Proposition 9.2: Uniqueness of C and S. If C| and S| are two real-valued
differentiable functions with the properties C{ = —S;, S = C1, C1(0) = 1, and
$1(0) =0, then Cy = C and S; = S.

Proof: Let h be the function h = (C — C)> + (S — S;)%. Then h(0) = (1 —
1)2 4 0 = 0, so it is enough to show that & is constant. But

W =2(C—-C)(=S+S)+25—8)C—-C))=0. O
Lemma 9.3. There is a positive number xo such that

Cx)>0, 0<x < xq C(xg) = 0;
S(x) >0, 0<x <xp S(xp) = 1.

(6)
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Proof: The series that defines the function C is an alternating series so long as
x is in the interval [0, 1], so on this interval C(x) > 1 — x?/2 > 1/2. Suppose now
that C is nonnegative on the interval [1, a], where a > 1. Since S’ = C, it follows
that S is nondecreasing on this interval. The series that defines S(1) is an alternat-
ing series, so S(1) > 1 — 1/6 = 5/6. Therefore C'(x) = —S(x) < =5/6 on [1, a]
and so

0<C(a)= C(l)—l—/a C'(x)dx <1—>5(a—1)/6,
1

which implies a < 11/5. Therefore C becomes negative somewhere on the interval
[1, 11/5]. By continuity and the Intermediate Value Theorem, there is a smallest
number x in this interval at which C vanishes. Thus C = §’ is positive on [0, xo),
and it follows that S is strictly increasing on this interval and hence positive on
(0, xo]. Since C? + §? = 1 and C(x() = 0, it follows that S(xo) = 1. O

We now define the number 7 to be 2xy; thus, 77 /2 is the smallest positive number
at which the function C vanishes. We shall eventually relate 7 to the circle. (The
proof of Lemma 9.3 shows that for 7 as just defined, 2 < w < 22/5.)

Proposition 9.4. The functions S and C have the properties, for all real x,

Clx+1inm)=-Sx), S(+ir)=Cw); (7)
Cx+m)=-Clx), Skx+m)=-8k) ®)
C(x +2m) = C(x), S(x +2m) = S(x). 9)

Proof: SetCy(x) = S(x + 1m)and S»(x) = —C(x + 37). These functions have
the properties (4), so they coincide with S and C. This proves (7). The remaining
identities are consequences of (7). For example,

Cx+m)=C((x+3ir)+in)==S(x+4im)=—-Ckx). O

We can now demonstrate the geometric significance of these functions.
Theorem 9.5. The function F :[0,27] — R?, defined by F(x) = (C(x), S(x)),
takes this interval onto the circle with center (0, 0) and radius 1. As x increases,

F(x) moves in the direction of increasing argument and the length of the arc of the
circle from F(0) to F(x) is x.
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In view of this result we set
cosx = C(x), sinx = S(x) (10)

and note that these quantities have their usual geometric significance. It follows that
one can link these trigonometric functions to the complex exponential function:
eix + e—ix eix _ e—ix

e =cosx +isinx; cosxzf; sinxzf. (11
L

One consequence of this linkage is to relate the addition formula for the exponential
to the addition formulas for sine and cosine:

cos (x + y) +isin(x + y) = /) = /¥ ¢
= (cosx +isinx)(cosy +isiny)
= (cosxcosy — sinx siny) + i(cos x siny + sinx cos y).

Equate the real and imaginary parts on left and right to obtain

cos(x + y) = cosxcosy — sinx sin y;

sin(x + y) = cos x siny + sinx cos y. (12)

Proof of Theorem 9.5: Since C? + §? = 1, the function F maps into the unit
circle. The Intermediate Value Theorem and Proposition 9.4 imply that this map
hits every point and proceeds in the counter-clockwise direction. For example, if
a’?+b*=1and a,b > 0, then there is a unique x € (0, 37) such that C(x) = a
and then necessarily S(x) = b.

To prove the statement about arc length, we must first give a reasonable definition
of arc length. Given x € [0, 2] and n € IN, set

k
Xin = — X, k=0,1,2,...,n.
n

Thus xi, — xx—1,» = x/n. By continuity, as n increases, the adjacent points of
{F (xx,) : 0 < k < n} become close on the circular arc joining F(0) to F(x). Thus
it is reasonable to take the length of the arc to be

) (13)

n
Tim Y | F o) = F(1.)
k=1
provided this limit exists, where | | denotes the euclidean norm. Thus
2 2 2
|F(t) — F(s)|” = [C(t) — C(®)] + [S(t) — S)]".

By the Mean Value Theorem there are points ¢/, #” between s and ¢ such that

|F() — F(s)|* = [C'@)t — )] + [S'a" @t — )]
=[SU)* +C"1(t — ).
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Applying the Mean Value Theorem once again,

|C@"y? —C@'y| <21t -t <2t —s|.

Since S(t')> + C(¢')> = 1, we find that

[|F@) = F&)* = (¢ =92 <201 = 5P,

| < 2t —s|?
T |F@t) = F(s)| + |t — 5|

| |F(t) — F(s)| — It — <20t —s)".

It follows from the preceding that

n 2
D F () — Fimrn)| — x| < =
k=1 n

and so the limit (13)is x. O

Exercises

. Show that e*' = €% if and only if z; — z, = 2nmi for some integer n.

. Suppose that w is a nonzero complex number.

(a) Find all complex z such that e* = w.

(b) Writing z = x + iy, show that ¢* and y are polar coordinates of the point
(Rew,Imw) € R

. Show that, for any complex w # 0 and any positive integer n, the equation 7" = w has

exactly n distinct complex solutions z, and find them explicitly.

. The hyperbolic functions hyperbolic sine (“sinh”) and hyperbolic cosine (“cosh”) are

defined by

coshx = %(ex +e™), sinhx = %(ex —e ).

(a) Prove that cosh? x — sinh®x = 1.

(b) Prove that cosh(x + y) = cosh x cosh y 4 sinh x sinh y.
(c) Prove that sinh(x 4+ y) = sinh x cosh y 4+ cosh x sinh y.
. Extend (11) to arbitrary complex z:

cosz=2(e“+e7%),  sinz= 1(e —e ).

(a) Determine the power series expansions of these functions.

(b) Prove that ¢’* = cosz + i sinz forall z € .

(c) Prove that the addition formulas (12) extend to all complex values of the arguments.
(d) Prove that (cosz)> + (sinz)> =1, all z € Q.

(e) Give a second proof of (d).

(f) Show that cos(ix) = coshx and sinix = i sinhx, x € R.
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—n

6. For what real (or complex) values of x does the series ZTO 2" sin(37"x) converge?

7. True or false? For each w € (@ there is z € € such that cos z = w. Find all solutions,
when there are any.

8. Prove:

sin(%x) [14+2cosx +2cos2x +2cos3x + ---+2cosnx] = sin (nx + %x)

9B*. The Fundamental Theorem of Algebra

Starting from (Q, one has to enlarge the field of numbers in order to have solutions
even to simple equations like x> — 2 = 0. Even from R one has to go to @ to have
a solution to x2 4 1 = 0. How does one know when to stop?

Theorem 9.6: Fundamental Theorem of Algebra. A polynomial

' +ap1"+ - taiz+ao, ao,ar,...,a,-1 €CQ (14)
of degree n > 1 has n complex roots ry, ..., r, (counting multiplicity), it can be
factored as

@—r)@—r)...(z—r). 15)

Proof: The key step is to show that the polynomial p(z) defined by (14) has at
least one root r. To see that this is the case, note that

lz| = R =1+42|aol + |ai| + -+ + |an—1] =
Ip@)| = 12" = lay—12" " + -+ + aol
> 2" = [an1] + - - + laol] |z" ™
> |z| = [lan—1] + - -+ |aoll = |ao| = |p(0)|.

(16)

The continuous function |p|, restricted to the closed disk {z : |z] < R}, attains a
minimum at a point z = r and (16) implies that the minimum is a global minimum:
|p(r)| < |p(2)],all z € €. We shall see that this is only possible if p(r) = 0. In fact,
suppose that s is such that p(s) # 0. The polynomial p may be written in the form

p() =bo+ bi(z — ) + bz — )T 4 (2 =9, by #0,

where by = p(s) # 0. Suppose that ¢ is chosen with |c| = 1 and let z —r = ¢c,
where 0 < ¢ < 1. Then

p(s + &) = by + (bec")e® + (e, )", |h(e, o) < K.
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We can choose ¢ so that ¢ = —pby /by, where p > 0 (see Exercise 3 of Section 9A).
Then

p(r + e¢) = bo(1 — e*p) + h(e, ¢)e*t!, (17)

and for small positive ¢ the expression on the right side of (17) will have modulus
smaller than | by |: It will be closer to the origin by a small multiple of £*. This proves
that at a point » where p(z) has minimum modulus, necessarily p(r) = 0. Thus p
has at least one root.

Given a root r; for p, let a, = 1 and note that

p(@) = pR) = ptr) =Y a( —rf) =@ —rOpi),
k=1

where p; is the polynomial of degree n — 1:

n

pi1(2) = Zak[zk_l +57 4+ r{‘_l].

k=1

The proof is completed by finding a root r, for p; and continuing. O

9C*. Infinite Products and Euler’s Formula for Sine

Our aim in this section is to prove Euler’s formula for the sine function:

sinx = x H( 2n2> (18)

e 42 1 2 | 2
= 72 472 or2 ) "7

There is at least some plausibility to (18) because it appears that the right-hand side
vanishes if and only if x is an integer multiple of w. If we accept that (18) has a
precise meaning and that the product can be expanded out, then

<1 . x3
x—(annz)x3+---=smx=x—€+---. (19)

n=1

Comparing the coefficients of x>,

S 20

(Several confirmations of this result are given in the exercises for Chapter 13.)
There are three main steps to justifying (18). One is to give a meaning to an infinite
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product. Consider a formal product

8]

]_[ = bibybs - - -. 1)

n=1

In analogy with infinite series, one might take this to mean the limit of the partial
products

po=[]be=biby ... by (22)
k=1

Notice, however, that if some b,, = 0, then p,, = 0 for all n > m, no matter what
the other factors are. Moreover, if |b,| < r < 1 for all large enough n, then the p,’s
converge to 0, but this is not a particularly interesting result. For these reasons one
defines a formal product to be convergent if and only if for each ¢ > 0 there is an
index N such that

[bmbmtr - ... by — 1] < ¢ it n>m=>N. (23)

This condition implies that the partial products (22) converge and that the limit is
zero if and only if some factor b,, = 0. We also write the limit as ]_[Cl>o b,. In partic-
ular, (23) implies that lim,,_, o, b, = 1. For this reason the factors b, are commonly
written in the form b, = 1 + a,,. Note that

(1 + ap)d +amy)-...- (1 +a,) — 1
<+ lamDd + |an]) - ... - (1 +lan|) — 1. (24)

The product ]_[(1’0( 1 + a,) is said to be absolutely convergent if ]_[To(l + la,|) is
convergent. It follows from (24) that absolute convergence implies convergence.
Now the product an(l + |an|) is close to 1 if and only if its logarithm is close to

zero. Since
¢ dt
- 5/ <a, ifa>0,
1+Cl 0 l+t

it follows that
%flog(l—i-a)fa if0<a<l (25)

Taking all this into consideration, we obtain the following criterion.

Proposition 9.7. The product [[7°(1 + a,) is absolutely convergent if and only if
the series y_|° ay, is absolutely convergent.
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In particular, the infinite product in (18) is absolutely convergent for every real x
(in fact, for every complex x as well). Moreover, one can use the estimates above
to justify the expansion of this product as a power series in x. It remains to prove
that the value of the product is sinx. The next step is to represent the complex
exponential function as a limit of products.

Proposition 9.8. For any complex z,

lim (1 + %) = (26)

n—oQ
Proof: For real z this was done in Section 3G. In general,

Z\" Oozk Zk
RUREIR Y R HES I SIS

k=n+1

where

n —
0< =1—7=
= Cnk (n—k)'l’lk H)

Note that for each fixed k, lim,_ o c,x = 0. Given z and given ¢ > 0, we may
choose m so large that Y-, | |z|¥/k! < e. Then as n — oo the sum of the first m
terms in the extreme right-hand side of (27) converges to O while the sum of the
remaining terms has modulus < ¢ for every n. Therefore (27) has limit 0. O

Because of (26),
. e .
sinx = — = lim P,(x),
n—od
where P, is the polynomial

P()—i<1—|—i—x n—i 1_i_x>" (28)
nx_2i n) 2i( nj)

(See Figure 7.) This polynomial vanishes for x = 0 and also when [(1 —ix/n)/
(1+4+ix/n)]* =1, that is, when

xX=in——r, w' =1. (29)

Suppose that n =2m is even. Then P, has degree n —1=2m —1 and
the roots of 1 that give the 2m — 2 nonzero roots of P, are w = e/k™/™,
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Figure 7. Pj; (x) and sin x.

k ==+1,...k = +(n — 1). The associated roots x are

ikm/2m

efikﬂ/m -1 ) efikrr/Zm —e

Xkn =1H o—ikn/m 1 =1n e—ikm/2m + etk /2m

—ntantkn/n)  k=4+1,42, ... £m—1).

Note that P,(x)/x = 1 at x = 0. Consequently, the polynomial P, = P»,, can be
factored as

m—1 2

by
Pop(x) = 1— . 30
() = % g ( [2m tan(kn/2m)]2> 30

Thus we have proved that
m—1 X2

inx = li 1 - . 31
= I ,l] ( [2m tan(krr/Zm)]2> D

Note that for each fixed k, lim,_, o, n tan(kw /n) = ki, so each factor in (31) con-
verges to a factor of the product (18). We leave it to the reader to complete the proof
by getting an appropriate estimate for the tail of the product expansion.
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Exercises

. Carry the expansion (19) out further and show that } [ 1/n* = *#/90.
. Fill in the details of the proof of the Euler product formula: Prove that, for any fixed x
and any ¢ > 0, there is an N such that

m—1 )C2
1 - -1
1;[ ( [2m tan(kn/Zm)]2>

for every m > N. Conclude that, for large m, P,,,(x) is close both to sinx and to the
Euler product.
. The Gamma function is the function defined for s > 0 by the integral

- dx
F(s):/ e x’ —.
0

X

<€

It is useful in many computations.

(a) Show that I'(s + 1) = s T'(s).

(b) Show that for positive integers n, '(n) = (n — 1) 1.
(c) Prove the identity

1 o dx
s’“:—/ e x4 —, s>0, a>0.
I'(@) Jo x
. Prove that I' is strictly decreasing on the interval (0, 1) and strictly increasing on the

interval (1, 00).
. (a) Show that

(b) Evaluate I'(1/2).
. The Beta function is the function defined fora > 0, b > 0 by

1
B(a,b) = f 1A = btar.
0

It comes up in various calculations.
(a) Show that

X
/ Y e =)' dy = Bla, by x
0
(b) Use (a) and a change of variables in the double integral to prove that
Ba,b)T(a +b) =T(a)T(D).

. Evaluate the following integral in terms of Gamma functions:

o0
/ s“TA+9"ds, a>0,b>0.
0
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The hypergeometric function is the function F' defined for complex a, b, ¢, and z by

the series

F(a,b,c;x):ZM "

2 (©)n!

k]

where

(po =1, Ph=pp+DpP+2)---(p+n—-1), n=1273,...,

and it is assumed that ¢ is not a negative integer.

(a) Prove that the radius of convergence of this series is at least 1.

(b) Under what conditions on a, b, c is the radius of convergence larger than 1?
(c) Verify that

I'(a +n)

(a)n = T (a)

. Prove that fora > O and |z| < 1, f(a,b,b,z) = (1 —2)7“.

Use Exercises 6(b), 8(c), and 9 to prove the identity

1
F(a,b,c;z) = m/() 7N = )P — 1) dt

fora >0,c>b>0,|z] < 1.
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Lebesgue Measure on the Line

The notions of length, area, and volume are more subtle than one might think, if
one tries to extend them from simple sets to more general sets in the line, plane,
or 3-space. For various reasons it is important to find such extensions, however,
especially in connection with integration. In this chapter we introduce the basic
construction and properties for subsets of the line.

10A. Introduction

The formulation of the integral in Chapter 8, due to Riemann, Darboux, and others,
is adequate for many purposes. It assigns a number — the (definite) integral —
to each bounded, piecewise continuous function on a bounded real interval. The
procedure can be rephrased in the following way: Approximate the given function
from above and below by step functions, that is, functions that are constant on each of
finitely many subintervals whose union is the original interval. These approximating
functions have integrals that should approach the desired value.

We have already introduced the standard example for which this procedure breaks
down, the function

fiO SR feo={p o Eatonal

0 if x is irrational.
Approximation from above gives numbers > 1, and from below it gives num-
bers < 0.

This example may seem artificial, but consider it in the following way. If the
function g takes only the values 0 and 1, then its integral should be the fotal length
of the set A = {x : g(x) = 1}, since it represents the area of a figure of height 1
and base A. Therefore, trying to integrate this function f amounts to trying to
determine the total length of the set consisting of all rationals in the interval [0, 1],

131
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a geometric question that is not a priori meaningless. If there is a reasonable notion
of total length, we can also ask whether the sum of the total length of Q N [0, 1]
plus the total length of Q° N [0, 1] is 1, the length of [0, 1]; as usual, Q denotes the
rationals and Q¢ denotes the complementary set (in R), that is, the irrationals.

It is important to be aware that reasonable-sounding geometric questions of this
kind do not necessarily have answers. For example, consider the question of volume
in 3-space R>. A precise formulation of the question is, can we assign to each subset
A of R? a number, denoted vol (A), that has the properties one would expect of
volume:

(i) Foreach A, 0 < vol(A) < 0.
(i) If A and B are disjoint, then vol (A U B) = vol (A) + vol (B).
(iii) If A and B are congruent, then vol (A) = vol (B).
@iv) If A is an open ball {x € R?: ||x —al| < r}, where a is in R? and r > 0, then 0 <
vol (A) < oo.

The answer is no, it is not possible to accomplish this. The impossibility is shown
by the following paradoxical result. We denote the congruence of sets A and B by
A = B, meaning that there is a combination of translations and rotations of IR® that
takes A onto B.

Theorem of Banach and Tarski. Let A, B and C be pairwise disjoint closed
balls of radius 1 in R>. There are pairwise disjoint sets A1, A,, ..., A7, By, By, B3,
Ci,Cp,C53,Cy such that

A=A1UA2U---UA7, B=31U32UB3, C=C1UC2UC3UC4;
A1 =B, AYEB;,, A3=B3, A4=Ci, As=C, Ac=C;, A7=Cy.

In other words, we can disassemble one ball of radius 1 into seven pieces, move
the pieces around by rotations and translations, and assemble them into two balls of
radius 1. A proof is sketched in the Appendix. (In fact, itis possible to accomplish the
same result with as few as five pieces, but no fewer. For more detail, see S. Wagon,
The Banach-Tarski Paradox, Encyclopedia of Mathematics, vol. 24, Cambridge
University Press, 1985.)

Exercise

1. Show that the Banach-Tarski theorem implies the impossibility of assigning volume to
arbitrary subsets of IR® in such a way that properties (i)—(iv) are valid.
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10B. Outer Measure

If 7 is an interval with endpoints a, b, a < b, the length of I is b — a. This also
makes sense for the empty set ¥ = (a, a) and for infinite intervals:

U|=b—a ifI=(a,b), [ab), (@b]l, or [a,b]

We use the conventions oo — a = 00, and so on, from Section 3F.

Suppose that A is a subset of R that is covered by intervals Iy, I, . .., Iy, thatis,
A C UY_ T,. Then the “total length” of A should be at most Ziv:l |1,]. One might
even take the greatest lower bound of all such numbers as the definition of the total
length of A. However, this procedure has undesirable features. The set of rationals
in [0, 1] and the set of irrationals in [0, 1] would each be assigned total length 1, as
would the interval itself. Lebesgue took the important step of allowing countable
COVers.

Definition. If A is a subset of IR, the outer measure of A, denoted m*(A), is the
infimum of all the numbers

o0
> Ik,
k=1

which can be obtained by choosing a sequence of open intervals {/;} that covers A:

o0
AC Ulk.
k=1

Here some of the intervals I; (or all of them, if A = (J) may be empty. In particular,
m*(@¥) = 0.

The following settles the question of the total length of the set of rationals in the
unit interval or of all of Q.

Example 1. Suppose that A has at most countably many points. Then m*(A) = 0.
In fact, let (x;)72; be an enumeration of the points of A. Given ¢ > 0, let I; be an
open interval of length &/2F that contains the point x;. The collection {/;} covers
A,and Y || = Y e/2F = &, som*(A) < e.

In view of this example, it is fair to ask whether every set can be covered in some
very clever way so as to show that its outer measure is zero. This is not the case.

Example 2. If A is an interval, then m*(A) = |A|. To see this, suppose that A
is a bounded, closed interval; the remaining cases can be deduced from this one
and are left as an exercise. Suppose that A = [a, b]. Given ¢ > 0, we can choose
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L =@@—¢/2,b+¢/2)and I}, = fork > 1toseethatm™(A) < b —a + €. Thus
m*(A) <b—a=|A|

The converse is trickier. Suppose that (I;)72, is a cover of A by open inter-
vals. Since A is compact, there is a finite subcover. Renumbering, assume that I,
I, ..., Iy cover A. Renumbering again and again as we go along, we may assume
that the left endpoint a is in /; and either the right endpoint b is in I, or else the
right endpoint of /; is less than b and belongs to /5. Continuing to renumber, we
eventually have points

a=a <a <---<dapy =Db, (aj,aj1) € 1.
Then
n n o
Al=b—a=au—ar=) (aj—a) <Y | <D |
j=1 j=1 Jj=1
so m*(A) > |Al.

Example 3. The standard Cantor set C of Section 6E has m*(C) = 0. In fact, C =
ﬂ;io C,, where Cy = [0, 1], C; =[O, %] U [%, 1], and in general C, 1| consists of
the intervals of C, with their open middle thirds removed. Thus C, is the union
of 2" closed intervals of total length (%)". Since C C C,,, it follows that m*(C) <
3y — 0.

Example 4. Suppose that A is a subset of R and 4 is real. The translate of A by h
is the set
A+h={x+h:x e A}

If 1 is an interval, then so is I + &, and the length is unchanged. If the intervals
cover A, then their translates by & cover A + h. Therefore,

m*(A + h) = m*(A).

Here is a summary of the basic properties of outer measure. Some are obvious
from the definition and some have been established in the examples, so only the
third property needs to be discussed.

Properties of outer measure

(1) 0 < m*(A) < +o0.
(i1) A C B implies m*(A) < m*(B).
(ii) A c | JA, implies m*(A) <Y m*(A,).

n=1 n=1
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@iv) m*(A) = |A| if A is an interval.
) m*(A + h) = m*(A).

To establish property (iii), assume that ¢ > 0 is given. Choose a cover (1, )7,
of A, such that

> &
Z |In,k| =< m*(An) + PR
k=1 2

Then (In.k)szl is a countable cover of A of total length < [>_m*(A,)] + «.

There is one key property that one would like to have that is not on this list, and
indeed is not necessarily true. Suppose that A and B are disjoint subsets of R. We
would like to have

m*(A U B) = m*(A) + m*(B),

but this is not always the case. Rather than try to remedy this by modifying m*, we
restrict the class of subsets that we work with.

Exercises

1. Show that using closed intervals rather than open intervals in the definition of outer
measure would not change the evaluation m*(A).

2. Using the result for closed, bounded intervals, prove that for everyinterval I, m*(I) = |I|.

3. Show that for any two sets A and B with union [0, 1], the outer measures satisfy m*(A) >
1 — m*(B).

4. In Example 2 we saw thatif Iy, ..., I, are open intervals whose union contains a given
bounded closed interval A, then |A| < Y }_, |k|. Give another proof of this fact, by
induction on 7.

5. Suppose that I} and I, are disjoint open intervals, and suppose that A, is a subset of
I, and A; is a subset of I,. Prove, directly from the definition, that m*(A; U A;) =
m*(Ay) + m*(Az).

6. Suppose that A is an open subset of IR. Prove that A is a countable union of disjoint open
intervals (some or all of which may be empty).

7. Prove that if the open set A is the union of a sequence of disjoint open intervals I,
b, ..., thenm*(A) =Y 0 |L,I.

8. Prove that for any subset B of R, m*(B) = inf{m*(A) : A open, A D B}.

9. The Cantor set, Example 3 of Section 10B, is a closed subset of [0, 1] that is nowhere
dense, that is, it contains no nonempty open intervals. For the standard Cantor set,
m*(C) = 0. Show that there is a fat Cantor set, a closed nowhere dense subset A C R of
the interval [0, 1], such that m*(A) > 0. In fact, show that for each ¢ > 0 there is such a
set with outer measure m*(A) > 1 — ¢.
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10. Let A = {x € [0, 1] : no fives occur in the decimal expansion of x}. Find m*(A).
11. Suppose that A is a bounded set and m*(A N I) < %m*(] ) for every interval /. Prove
that m*(A) = 0. What if A has the indicated property but is not bounded?

10C. Measurable Sets

Suppose that A and E are two subsets of R. Let A denote the complement in IR.
Then E is the union of the two disjoint pieces £ N A and E N A€, but its outer
measure is not necessarily the sum of the outer measure of the pieces. It turns out
to be useful to select precisely those subsets A that do split every set E additively.

Definition. A subset A of R is measurable if, for every subset E of R,
m*(E) =m*(E N A) +m"(E N A°). (1)
Notice that, from property (iii) above, we always have
m*(E) <m*(ENA)+m"(E N A).
Therefore, to prove that a given set A is measurable, it is sufficient to prove

m*(E N A) +m*(E N A°) < m*(E), forall E C R. 2)

Examples. The empty set and IR are measurable. (Why?) If A is measurable, so is
its complement. (Why?) If m*(A) = 0, then A is measurable. (Why?)

We denote the collection of all measurable subsets of R by M. In this section we
prove one concrete and several abstract results on measurability of sets, beginning
with the concrete result.

Proposition 10.1. Every interval is measurable.

Proof: Suppose that A is an interval and E is any subset of IR. Suppose that (/; ){°
is a cover of E by open intervals and suppose that ¢ > 0 is given. Now A N [ is
an interval and A€ N [ is either an interval or a union of two intervals, so it is easy
to see that there are open intervals 7/, I, and I;” such that

ANL CI, ANLClUuIl, |Ll+\I/+|I' <|I| +¢/2"

Therefore ANE C |, I}, ANE C | J,(I/ UIL), and

o0

(29 e (29 ) .
S (1l + 5) = YU+ Y (K1) = m' (A0 E) + m*(A N E).
k=1 k=0 k=1

Since this is true for every E and every ¢ > 0, we obtain (2). O
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The abstract results mentioned above are the following five propositions. The
first was already noted.

Proposition 10.2. If A is measurable, then so is A°.
Proposition 10.3. If A and B are measurable, then so are AU B and A N B.

Proof: Suppose that E is a subset of R. Because A is measurable,

m*(EN(AUB)) =m*(EN(AUB) N A)+m*((EN(AN B)N A%))
=m*(E N A) +m*(E N BN A°). 3)

On the other hand,

m*(E) =m*(ENA)+m"(E N A
=m*(E N A) + [m*(E N A° N B) +m*(E N A° N BY)]
= [m*(ENA)+m*(EN BN A)]+m*(EN(AU B))
=m*(EN (AU B)) +m*(EN (AU B).

(At the next to last step we used A° N B¢ = (A U B)‘ and at the last step we used
(3).) This shows that A U B is measurable. Using Proposition 2 we also have A€
and B¢ measurable, so both A° U B¢ and A N B = (A€ U B°)¢ are measurable. O

Proposition 10.4. Suppose that Ay, A,, ..., Ay are pairwise disjoint measurable
sets and suppose that E is a subset of R. Then

N N
m* (E nJ Ak> =Y m"(ENAp.
k=1

k=1

Proof: Let B, = UZ:I Ay for 1 <n < N.By induction, each B, is measurable.
The desired equality is obtained by induction, using Proposition 3. In fact, if

m*(ENB,) =Y m*(EN Ay,
k=1

then
m*(E N Byy1) = m*(E N Byyy N AS ) +m*(E N Byt N Ayir)
n+1
=m"(ENB,) +m"(ENAy) =Y m*(ENAY). O
k=1
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Proposition 10.5. Suppose that (A,),2, is a sequence of pairwise disjoint mea-
surable sets. Then the union | J,_, A, is measurable and

n=1 n=1

Proof: Let B, = | J_, Ay and let B = U2, Ax. For any E C R, since By is
measurable, we can use Proposition 10.4 to obtain

N
m*(E) = m*(E N By) + m*(E N By) = [Zm*(E N An)} + m*(E N BY).

n=1

Now By, D B¢, so we may take the limit as N — oo to get

m*(E) > |:Zm*(E N An):| +m*(EN B >m*(EN B)+m*(E N B,

n=1

since EN B = U;OZI(E N A,). Therefore B is measurable. Moreover,

m*(E) = m*(E N B) + m*(E N BY) < [Zm(E N A,,)} +m*(E N B°),

n=1

so we have equality:

m*(E) = [Z m*(E N An)} + m*(E N B). (5)

n=1

Taking £ = B in (5), we obtain (4). O

Proposition 10.6. Suppose that (B,),2, is any sequence of measurable sets. Then
the intersection (), B, and the union | J,- | B, are also measurable.

Proof: Let Ay =By, A, =B,NB{,..., A,=B,N(BiUB,U---UB,_1),
and so on. Then it is easy to check that the sets A, are pairwise disjoint and

LnJ Ak = 0 Bk, all n.
k=1 k=1

Propositions 10.2 and 10.3 imply that each A, is measurable, and Proposition 10.5
gives the measurability of  J72, A, = U~ By.
For the intersection, we have

Thus the intersection is also measurable. O
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Exercises

1. Prove that m*(A) = 0 implies that A is measurable.
2. Suppose that A is a subset of R with the property that for every ¢ > 0 there are measurable
sets B and C such that

BCAcCC, m(C N B°) < e.

Show that A is measurable

3. Selectasequence (¢,,){° of 0’s and 1’s at random in such a way that each ¢,, has probability
one-half of being 0. Let x = ¢1/2 + &,/4 4+ €3/8 + - - - - Show that the probability that
x lies in the subinterval [a, b] C [0, 1]is b — a.

10D. Fundamental Properties of Measurable Sets

Suppose that A is a measurable set. Then its (Lebesgue) measure is defined to be
its outer measure, denoted by m:

m(A) = m*(A) if A is measurable.

We have verified the first three of the following properties of measurable sets, and
the remaining properties will be proved in this section.

L

IL.
III.

Iv.

VI
VIL

Complements, countable unions, and countable intersections of measurable sets are
measurable.

Any interval is measurable, and its measure is its length.

Countable additivity: If (A,);2, is a sequence of pairwise disjoint measurable sets,
then

m (Ejl A,,) = im(A,,).

Continuity: Suppose that {A,}{° and { B, }{° are sequences of measurable sets such that
A1 DAy D A;z---and B; C B, C Bs..., and suppose that m(A) is finite. Then

[ee) o0
m<ﬂ An) = lim m(A,), m(U Bn) = lim m(B,).
n:l n—oo n:l n—oo

. Translation invariance: If A is measurable and 4 is real, then the translate A + 4 is

measurable and m(A + h) = m(A).

Open subsets and closed subsets of R are measurable.

Approximation: If A is measurable, then for any ¢ > 0 there exist a closed set B and
an open set C such that

BCAcCC, m(C N B°) < e.

In particular, m(B) > m(A) — ¢ and m(C) < m(A) + ¢. If m(A) is finite, then B can
be taken to be bounded.
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Proof of continuity: With (B,);2 , as in the statement, set
Ci = By, Cot1 = B,y1 N By,

Then the C,,’s are pairwise disjoint and By = C; U C, U --- U Cy. It follows that
U2, B, = U2, C, and so

o] o] 00 N
m (U B,,) —m (U c,,) = Zm(Cn) = lim Zm(Cn) = lim m(By).
n=1 n=1 n=1 —oe n=1 oo

Next, suppose that (A,);2, is a sequence as in the statement. Let A = ﬂ;’lo:l A,
and set B, = A N A{,. Then B C B, C --- and Uflozl B, = A N A°. Moreover,
Ay =A,UB,and A, N B, = . Therefore

m(A)) = m(A) +m(A; N AY) =m(A) + lim m(B,).

But also m(A) = m(A,) + m(B,) and m(A,) has a limit since it is a bounded,
nonincreasing sequence. Thus

Since m(A;) is finite, it follows from these last two equations that limm(A,) =
m(A). O

Proof of translation invariance: Suppose that A is measurable and E is a subset
of R. Note that

ENA+h)=[(E-hNA]+h, ENA+h=[E—-hNA]+h.

It follows from the measurability of A and the translation invariance of m* (see (5))
that m*(E) = m*(E N (A + h)) + m*(E N (A + h)°), as desired. O

Proof that open and close sets are measurable: Since the complement of an
open set is closed, we only need to consider open sets. Given A open and a point
x € A, choose an interval I, having rational endpoints, such that x € I, C A. There
are at most countably many distinct such intervals that arise, so they can be num-
bered as a sequence (/,)52,, and A is the union of the sequence of measurable
sets (£,,)72,. O

Proof of the approximation property: Suppose first that A C J, where J is
a bounded closed interval. By definition, m(A) = m*(A), and so there are open
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intervals (1,)>2, with A C |J,~, I, = C such that

m(A) < m(C) < i 1] < m(A)+ =
— — — n 2'
Similarly, there is an open set C’ O J N A€ such that m(C’") < m(J N A°) + ¢/2.
Then B = J N (C’)¢ is closed and B C A, while

m(J) =m(C")+m(B) < m(J N A°) +m(B) + ¢/2.

But also m(J) = m(J N A°) + m(A), so m(A) < m(B) + ¢/2. Then
m(CNB)=m(CNA)+m(ANB)=m(C) —m(A) + m(A) — m(B) < ¢.
Now we drop the assumption that A is bounded. Let A, = AN [n,n+ 1], n € Z.
By what has just been proved, there are closed sets B, and open sets C,, such that

B, C A, CC,, m(C,, N Brcz) < Jlnl+2°

Then B = ;- By isclosed, C = J;—__ C, is open, and these sets have the
desired properties. If m(A) is finite, then the continuity property implies that

N
[lim m (B \nQN Bn> =0.

Therefore we may replace the countable union B by the bounded set Uﬁ] N By if N
is taken to be sufficiently large. O

Exercises

1. Give an example of a sequence (A,);2, with Ay D Ay D --- such that each m(A,) is
infinite but ()~ A, = @.

2. Given a subset E C R, let E, = EN[—n,+n] for n € Z. Show that m*(E) =
lim,,_, oo m*(E,).

3. Suppose that (4,)]° is a sequence of subsets of R. Define

limsup A, = {x : x belongs to A, for infinitely many values of n}.
n—o00o

liminf A, = {x : x belongs to A,, for all but finitely many values of n}.
n—0o0

(a) Give an example to show that these sets may be different.
(b) Show that if each A, is measurable, then so are liminf A,, and lim sup A,,. In fact,
show that

o0 o0
minf A, = U( A,,,),

n=1 \m=n

and find a similar expression for lim sup A,,.
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4. The symmetric difference of sets A, B is defined to be the set
AAB = (AN B)U(BN A
of points belonging to one of the two sets but not both. Show that
d(A, B)=m(AAB)

defines a semi-metric on the family M of all measurable subsets of R that have finite
measure. (A semi-metric on a set X is a function d defined on pairs of elements of X
such that d(x, y) > 0, d(x, y) = d(y, x), and d(x, 2) < d(x, y) + d(y, 2).)

5. Show that (M, d) is complete: If (A,){° is a Cauchy sequence in M, then there is a set
A € M such that lim,,_, o, d(A,, A) = 0.

10E*. A Nonmeasurable Set

Is every subset of R measurable? Here is the standard counterexample. Define an
equivalence relation for real numbers by setting
xRy if x — y is rational.
This allows us to partition R into disjoint nonempty sets E,, with
x,y € E, for some « if and only if x & y.
For any real x, let [x] denote the largest integer < x. Then
x ~x —[x] and x —[x] €[O0,1).

We “construct” a set A, using the Axiom of Choice, by choosing one element from
each set E, N[0, 1). Let (x,);2 , be an enumeration of the rationals in the interval
(—1, 1) and set

A, =A+x,.

The sets (Ay),2, are pairwise disjoint. In fact, if there were a point x € A,, N
A, then for some points x’, x”" in A, x = x" + x, = x" + x,, 0 x' — x" = x,, —
x, € Q,s0x" ~ x”,s0x,, = x,, and so n = m.

There are inclusions

o0
©.hclJa, c-1.2.
n=1
In fact, by construction, for each x € (0, 1), there is a unique x’ € A C [0, 1) such
that x — x’ € Q. Then x — x’ = x,, for some n, and so x € A,. The other inclusion
is obvious, since A C [0, 1) and |x,| < 1, all n.
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The set A is not measurable. In fact, suppose it were. Then the inclusions and
the fact that the A,, are pairwise disjoint imply

1 =m((0, 1) <m (U An> = m(4,) <3 =m([-1,2]).
n=1

n=1

But m(A,) = m(A + x,) = m(A) for all n, so the preceding inequality is
1 <m(A) +m(A) +m(A) +--- < 3.

Neither m(A) = 0 nor m(A) > 0 is possible here, so A cannot be measurable.
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Lebesgue Integration on the Line

We motivated the concept of measure in connection with integration. In this chapter
we take advantage of the properties of measure to define and establish properties
of the corresponding integration concept.

11A. Measurable Functions
If f is a function from R to R and A is a subset of R, recall that the inverse image
f~1(A) is the set defined by

flA)={xeR: f(x) € A}.

This mapping from sets to sets preserves complements and countable (indeed arbi-
trary) unions and intersections:

1A = (1),

o (U An) = Jr A,
n=1 n=1

fo (ﬂ An> = A
n=1 n=1

To motivate what follows, suppose that f is a bounded continuous function de-
fined on the interval I = [0, 1). Consider the problem of trying to integrate f; in
fact, suppose that we want to compute the integral to a prescribed accuracy, say
within 1/1000. The standard method says: Cut the interval [ into disjoint subinter-
vals of length < § and compute a corresponding Riemann sum or Darboux upper
and lower sums. Then, for é sufficiently small, the accuracy will be within 1/1000 —
but how small must § be?

144
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Here is another method: Divide the range of f into disjoint intervals /; =
la;,a;+1) of length < 1/1000 and let A; = f~'(I;). Then the function g that
takes the value a; on the set A; comes within 1/1000 of f on the whole interval I,
so its integral should be within 1/1000 that of f. In many cases each A is a union
of finitely many disjoint intervals, so that

1
/O g(x)dx = a;m(4)). (1)
J

We shall see that in all cases the continuity of f implies that the sets A; are
measurable and therefore the sum in (1) makes sense. Moreover, even if we do
not assume continuity, this sum should give a good approximation to the integral —
whatever we mean by the integral — so long as the sets A; are measurable.

Recall that f is continuous if and only if f~!(A) is open whenever A is open.
This fact, and the preceding remarks about integration, lead us to formulate the
following definition of a “reasonable” function.

Definition. A real-valued function f defined on R is measurable if, for each open
subset A of R, the inverse image f~'(A) is measurable.

Note that if f is continuous, then it is measurable, since open sets are measurable.
There are a number of equivalent formulations of this condition:

(i) f~'(A) is measurable whenever
(ii) f~'(A) is measurable whenever

A is open.
A
(iii) f~'(A) is measurable whenever A is an interval.
A
A

is closed.

(iv) f~'(A) is measurable whenever is an open interval.
(v) f~'(A) is measurable whenever is an interval of the form (a, +00).

In fact, (i) and (ii) are equivalent by taking complements, while (i) and (ii) imply
(iii) because open intervals are open sets, closed intervals are closed sets, and a half-
open interval is the intersection of an open interval and a closed interval. Obviously
(iii) implies (iv) and (iv) implies (v). To complete the circle we show that (v) implies
(1). Note that

[e¢]

(—oo.b) = J(b— L. 400)°.  (a.b)=(—00,b)N(a,+00),

n=1

so (v) implies (iv). Any open set in R is a countable union of open intervals (see
Exercise 6 of Section 10B), so (iv) implies (i) and the circle is complete.



146 Lebesgue Integration on the Line

Definition. If f and g are real-valued functions on R, then the functions f A g
and f V g are defined by

(f A @) =min{f(x), g}, (f V&) = max{f(x), g(x)}.

Proposition 11.1. Suppose that f and g are measurable functions, and suppose that
c is real. Then the functions cf, f + g, fg, |fl, f AN g, and f Vv g are measurable.

Proof: We leave cf and fg as an exercise and check condition (v) for the re-
maining functions. It is convenient here and later to have a shorthand notation:

(f>al={xeR: f(x)>a}= fNa, +0).
Then
{IfI>a}={f>a}U{f < —a},
{(fng>a}={f>a}N{g>al,
{fvg>a}={f>a}U{g>al},
so|f|, f A g,and f Vv g are measurable. As for the sum f + g, note that
fx)>r, gx)>a—r implies (f 4+ g)(x) > a.

Conversely, if (f + g)(x) > a , then there is a rational r such that f(x) > r >
a — g(x) . Therefore

(f+e>a=J{r>r1n{g>a—-r},

reQ

which is a countable union of measurable sets. O

It will be convenient to extend our notion of a measurable function somewhat,
by allowing our functions to take the values 0o as well as values in R. We may
take (v) above as the definition, but with the interval A taken to include co. The
preceding results do not change, although we must assume that the functions are
such that the sum and product are defined; this is not automatic, because co + (—o0)
and O - (£00) are not defined.

Proposition 11.2. Suppose that ( f,,);2 | is a sequence of measurable functions and
suppose that, for each real x, lim,,_, o, f,(x) = f(x). Then f is measurable.

Proof: Suppose that f(x) > a . Then for some m € IN, f(x) is greater than
a + (1/m). Therefore there is N such that f,(x) > a + (1/m) for all n > N. This
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shows

r=acUUnNfa=ar)

Conversely, if x belongs to the set on the right, then for some m and some N we
have f,(x) > a+ (1/m) for all n > N , so the limit f(x) is > a + (1/m) > a.
Therefore the two sets above are equal and thus { f > a} is measurable. O

Proposition 11.3. Suppose that (f,)5- , is a sequence of measurable functions. Let
g(x) =nf{f, ()}, h(x) = sup{fu(x)}.
n
Then g and h are measurable.

(It is in results like this that it is convenient to allow the values 00 , so that g
and h are always defined at every point.)

Proof: Foranya € R,

g<ay=Jh<a, h>a=Jfi>a. O

n=1 n=1

Exercises

1. Prove that the indicator function 14 of a subset A of R is measurable if and only if the
set A is measurable.

2. Suppose that f is a function from R to the extended reals, R U {—o0, 4+00}. Reinterpret
criterion (v) for such a function. Show that if f is measurable according to the new
criterion (v), then the sets { f = —oo} and { f = +o00} are measurable.

3. Suppose that f and g are real-valued functions on R such that f is continuous and g is
measurable. Prove that the composition f(g) is measurable.

4. Suppose that f and g are measurable real-valued functions.

(a) Suppose that A is an open subset of R?. Prove that {x € R : (f(x), g(x)) € A} isa
measurable set.

(b) Suppose that H is a continuous real-valued function on IR?. Prove that the function
h defined by h(x) = H(f(x), g(x)) is measurable.

(c) Deduce from (b) that the sum f + g and the product fg are measurable.

5. As hinted at in the discussion about integration, f~'(/) may not consist of finitely many
disjoint intervals, even when f is a continuous function defined on a closed bounded
interval and [ is an interval. Give an example.

6. Prove Egorov’s Theorem: Suppose that { f,,} is a sequence of measurable functions that
converge to f at each point of a set A that has finite measure. Prove that for any positive
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¢ there is a set B C A such that m(B) < ¢ and f, converges to f uniformly on the
difference set A\ B = AN B°.

11B*. Two Examples

It might seem that a more natural requirement for the measurability of a function
f would be that f~'(A) be measurable for every measurable A. This turns out to
be too restrictive. Let us define g : [0, 1] — [0, 1] as follows. Any number x in the
interval [0, 1] has a binary expansion

X e
x=),

n=1

| £

each ¢, =0 or 1.

n’

[\

This expansion is unique if we take the expansion that terminates whenever possible,
that is, when x = p/2" for some integers p, n. Then set

gm=Zﬁ?

n=1

This function is strictly increasing, continuous except at the points p/2" for 0 <
p < 2", and maps [0, 1] to the Cantor set C. We extend g by taking g(x) = 0 if
x ¢ [0, 1]. Suppose now that B is a subset of (0, 1] that is not measurable and
let A= g(B). Then A C C, so m*(A) = 0 and thus A is measurable. Now g is
strictly increasing. Therefore g is 1-1 on (0, 1] and g~!(A) = B. But g is not an
evil function. In fact, it is a pointwise limit of the step functions

" 2e,

gn(x) = a ET

k
Thus, to require that inverse images of measurable sets be measurable would be to
rule out even some limits of step functions.
The function g above is closely related to another interesting example. Define f
by taking the ternary expansion of x € [0, 1] :

n=1

™
N

—, &, =0, 1, or2.

O8]

We opt for the terminating expansion if and only if the last (nonzero) digit of the
terminating expansion is 2. If x belongs to the Cantor set C, that is, if no ¢, = 1,
we define

f(x) =

N =

e
n=12
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On the complement, which is the union of the successive middle third intervals, we
define f on an interval to be its value at the endpoints ( f takes the same value at
each endpoint). Thus f = 1/2 on the interval (%, %), f =3/40on (%, g), and so on.
This function f has the properties

f maps [0,1] onto [0,1];
f is nondecreasing;
f'(x) exists and = 0 except on a set having measure 0.

In fact, clearly f’'(x) = 0 for X € [0, 1] N C¢. Except at countably many points of
[09 1]’ f(g(X)) = X.

Exercises

1. Prove that the function g in Section 11B is continuous except at the points p/2".
2. Show that the composition of two measurable functions may not be measurable.

11C. Integration: Simple Functions

A starting point for the theory of the (definite) Riemann integral is the integral of
a step function, that is, a function that is constant on intervals, using the geometric
notion of the length of an interval. We have extended the latter notion to a much
larger collection of sets, so we have a much larger collection of basic functions at
our disposal.

Definition. The indicator function of a subset A of R is the function
Iax)=1 if x € A, =0 if x ¢ A.
Definition. An integrable simple function (ISF) is a function of the form
f=ala+--+anla, (2)

where the g;’s are real numbers and the A;’s are disjoint measurable sets having
finite measure.

Definition. The integral of an ISF of the form (1) is

ff /Rf fRf(X)x > aman 3)
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Strictly speaking, we should first verify that the sum in (3) depends only on the
function f and not on the particular way of expressing it in the form (2). Suppose
in fact that

Zale.f = Zble’f’ )
j=1 k=1

where the A;’s, and By’s are measurable sets with finite measure, while the sets {A; }
are pairwise disjoint, as are the sets { By }. The equality (4) then implies thata; = by
if A; N By is not empty. Therefore

> aymA) =" (Zajm(Aj N Bk)) => (Zbkm(Aj N Bk)>
j=1

j=1 \k=1 j=1 \k=1

=> b (Z m(A; N Bk)> =Y bem(By).
k=1 j=1 k=1

Here is a collection of basic properties of integrable simple functions. The veri-
fications, which are easy, are left as an exercise.

L. If f and g are ISF's and c is real, then cf and f + g are ISFs and

[ar=c[r [uro=[r+]e

Moreover, | f| is an ISF and
’/fs/uL

I If f and g are integrable simple functions and f < g, then [ f < [ g.
L. If f isan ISF and f, is its translate by a € R, f,(x) = f(x — a), then f, is an ISF and

[r=]r

Example. Let f be the function mentioned in the introduction to Chapter 10,
extended to the line: f(x) = 1 if x is rational, f(x) = O if x is irrational. Then
f = 1q is an ISF with integral f f =m(Q) = 0, since Q is countable.

Exercise

1. Verify the properties I, II, and III of integrable simple functions.



11D. Integration: Measurable Functions 151

11D. Integration: Measurable Functions

At this point we can introduce a notion of the integral for any nonnegative measur-
able function.

Definition. If f : R — IR is a nonnegative measurable function, then f f is the
supremum

sup{/g:gisanISFsuchthatOfgSf}. &)

(In particular, it is possible that [ f = +00.)

Notice that there is no conflict in notation, because if f is itself an ISF, then, for
any g as in (5), f g =< f f; on the other hand, in this case we can take g = f, so
the supremum is [ f as defined earlier.

Once again we begin with basic properties.

If f and g are nonnegative measurable functions and a > 0, then

[ar=a[s [u+o=[r+]e

Moreover, if f < g, then f f< f g.

The only one of these statements that is not fairly obvious is additivity. The proof
of additivity requires a result on approximation that is of interest in itself. (The idea
here is the one we already used at the beginning of Section 11A in discussing how
to approximate a Riemann integral.)

Lemma 11.4. Suppose that [ is a bounded measurable function and A is a set
with finite measure. For any ¢ > 0, there are integrable simple functions f1 and f
such that fi < f < f,on Aand f, — f1 < € at every point.

Proof: Choose M so that | f(x)] < M for all x’s and decompose the inter-
val [-M, +M] into disjoint subintervals Iy, I, ..., I, of length < ¢. Let Ay =
AN f7(I) and let

f1=Zak1Ak, f2:Zbk1Ak,
k=1 k=1

where a; and by are the left and right endpoints of the interval [,. O

Proof of additivity: Suppose that f and g are nonnegative measurable functions,
and suppose that f, g; are ISFssuchthat0 < f; < fand0 < g; < g. Then f; +

g1 = f+g,s0
/f1+/81=/(f1+81)§/(f+g)-
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(We used additivity of the integral for ISFs.) Take the supremum over all such ISFs

to deduce that
[r+[e<[u+o

To prove the reverse inequality, suppose that 4 is an ISFand 0 < h < f + g. Let
A be the set where 4 is positive; it has finite measure. Now £ is bounded, so the
functions & A f and h A g are bounded. We can use the lemma to choose ISFs
fi1, g1 such that

O<fishnf=fite, 0=gi<hng=<g +e

Nowh < f4+g,s0oh<hAf+hAg=<fi+g +2cl,andso

fos ([ e ) esmn (] ) somn

Taking first the infimum over ¢ > 0 and then the supremum over & < f 4 g, we
obtain the remaining inequality

[[o+os=[r+[e o

The additivity property will be important as we extend the definition of integration
to functions that change signs. For any real-valued or extended-real-valued function
f on R, define nonnegative functions

ff@) = fl) if f(x) >0, [T =0 if f(x) <0
fr@=—f) if fx) <0, f =0 if f(x)=0.

These functions are measurable if f is, and
f=fr—=5r. Ifl=r"+r.

Definition. A measurable function f is integrable if [ | f| < +o0. Note that func-
tions f* satisfy 0 < f* < |f|, so f is integrable if and only if [ f™ < +o00 and
[ f < oo.

Definition. If f is integrable, its integral [ f is definedtobe [ f* — [ f~. (This
is consistent with the earlier definition, since f > 0 implies f™ = fand f~ = 0.)

Basic properties of integrability and the integral

I. Suppose that f and g are integrable and a is real. Then af and f + g are integrable
and [af =a [ f, [(f+e)=[f+[¢g
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IL. If f and g are integrable and f < g, thenff < [ & Also, |ff| < f | f1.
III. If f is integrable and f, is its translate by a € R, then f, is integrable and

[r=]s

These properties require some proof. We concentrate on additivity, which is not
obvious, since in general (f + g) # f* + g*. First, note that | f + g| < | f| +
|gl; soif f and g are integrable, so is f + g. Next, note that

(f+ " —(f+e) =f+eg=("—fH+@E " —¢g).

Therefore
f+f+f+e =+ +fT+g

All the functions in the preceding identity are nonnegative, so

fu+gﬁ+/ﬂ*+/g‘=fu+gr+ff++/fi

This identity implies

‘ﬂf+m+—/ﬁ+gY=[/f+—/fﬂ+[/g+—/gﬂ,

so [(f+e)=[f+[zs

Now f < g implies g — f >0,s0 [g— [ f = [(g— f) > 0. Since —| f| <
f <|f|, we have also | f fl < f | f|. Property III follows from the corresponding
property of ISFs.

So far we have defined integration only over the entire line. The restriction to
subsets is easy.

Definitions. Suppose that A is a measurable set. A function f defined on A is
measurable if f~'((a, +o0o]) is measurable for every a > 0. Equivalently, f is
measurable if the function ?, obtained by extending f to vanish on the complement
A€, 1s measurable. The function f is said to be integrable if 7 is integrable; if so,
the integral [, f is defined to be | 7.

If f is an integrable function on R, the integral of f over A is the integral of
the restriction of f to A, or, equivalently, [ f14. (In the product f1, we vio-
late an earlier stricture and use the convention that 0 - (=00) = 0. Thus f14 =0
on A€.)



154 Lebesgue Integration on the Line

Exercises

The functions in Exercises 1-9 are assumed to be nonnegative, measurable functions
on R. It may be be assumed that if f, is a sequence of such functions with the
properties

O fisfo<--=foos
(i) im0 fr(x) = f(x), all x;
(iii) each f, vanishes outside a bounded closed interval I,, = [a,, b,] and is continuous on
that interval, where {I,} is an increasing sequence with union /7,

then the integral of f is the limit of the Riemann integrals:

/f = hm f,,(x)dx

(This will follow from the results in Sections 11E and 12B.)

1. For what values of the exponenta > 0is [ f < oo, where f(x) =x9if0 <x < 1
and f(x) = 0 otherwise?

2. For what values of the exponent b > 0is [ f < oo, where f(x) = xbifx>1and
f(x) = 0 otherwise?

3. Find a function f that vanishes outside the interval [0, 1], such that f f is finite but

[ f?is not finite.

. Show that if f is bounded and | f < oo, then [ f? < oo.

. Find a bounded function g such that [ g% < cobut [ g = 0o

. Show that if g vanishes outside a bounded interval and [ g* < oo, then [ g < co.

. Suppose that f f <oo.Foranya > 0,let E, = {x : f(x) > a}. Prove that

~N N L A~

m(E,) < l/f.
a

8. Find a function f such that m(E,) < 1/a, all a > 0, where E, is as in the preceding
exercise but [ f = +o0.
9. Suppose that f is continuous and [ f < +oo0. Is it always true that

lim f(x)=

[x|—o00
10. Suppose that [* f, — 0, and suppose that ¢ > 0 is given. Prove that
lim m({x D fu(x) > 8}) =0.
n—0o0

11. Let f(x) = sinx/x for x # 0. Show that the limit

N
lim Fx)dx
N—oo _N

exists and is finite but f is not an integrable function.
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11E. Convergence Theorems

The first theorem proved in this section is the single most important convergence
theorem of integration theory. We begin with a very special case.

Lemma 11.5. Suppose that g is a nonnegative ISF and suppose that (f,);2, is a
sequence of measurable functions such that

e>fi=fHh=>=>fp=-->0; lim f,(x) =0, all x.
Then limn_moff,, =0.

Proof: Since g is an ISF, it is bounded; say 0 < g(x) < M, all x. Moreover, the
set A = {g > 0} has finite measure. Given ¢ > 0, let A, = {f, > ¢}. Our assump-
tions imply

ADADAD - [A=0

Therefore (by continuity) m(A,) — 0. Choose N so that m(A,) < & forn > N.
Then n > N implies

fn =00n A, fan<eonANA,, fon <M,

SO
0§/fn:f fo+ o S Mm(A,) +em(AN A < e[M+m(A)]. D
Ay ANAS

Theorem 11.6: Lebesgue’s Dominated Convergence Theorem (DCT). Sup-
pose that (f,),2, is a sequence of measurable functions such that, for all real
x, lim f,(x) = f(x). Suppose also that the f,’s are dominated by an integrable
function g, in the sense that, for every real x, | f,,(x)| < g(x). Then

li)ngo fn=/f-

Proof: We consider three cases, of increasing generality.
Case 1. Suppose that f =0 and (f,);2, is a nonincreasing sequence. Given
& > 0, choose an ISF g; with0 < g; < gand [ g < [ g + &. Now

fn:ﬁzAgl+[fn_angl]anAgl+(g_g1)
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The functions f,, A g; satisfy the conditions of the lemma, since they are dominated
by the ISF g,. Therefore, for large n,

/ﬂf[ﬁA&+/@—m§8+a

Case 2. f =0and f, >0, all n. Let g, = sup{ fu, futr1> fut2,--..}. Then the
gn's decrease to 0 and Case 1 applies to the g, so

05/&5/&+O

Case 3. The general case. The functions g, = | f;, — f| are nonnegative, mea-
surable, converge to 0 at each point, and g, < | f,| + | f| < 2g, so Case 2 applies

to the g, and
oz |[ 5= [ 1= [1n-151=[e~0

This completes the proof. O

One easy and useful consequence of the DCT is the following.

Theorem 11.7: Monotone Convergence Theorem. Suppose that (f,)7, is a
nondecreasing sequence of nonnegative measurable functions: 0 < f; < fp---.
Let f(x) = lim,_, o fu(x). Thenlim,_. [ f, = [ f.

Proof: Clearly lim,_ o [ f, < [ f.1f h is any ISF such that 0 < h < f, then
the Dominated Convergence Theorem implies that

/ﬁ:hm/hAﬁshm/ﬁ.

Taking the supremum over such h, we obtain [ f <lim,_ [ f,. Thus [ f =
lim,,_, oo f Jao O

The next result is an easy consequence of the Monotone Convergence Theorem.
The proof is left as an exercise.

Theorem 11.8. Fatou’s Lemma. If(f,);° is a sequence of nonnegative measur-
able functions, then

/ liminf f;, < liminf / Ja-
n—oQ n—oo
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The three preceding results — Dominated, Monotone, and Fatou — are the funda-
mental convergence theorems of integration theory.

Exercises

1. Show that the following limits exist, and compute them (in (c), assume a > 0):

. 1252
(a) lim ——dx.
n—oo Jq enx
1
1
(b) lim / RN
n=oo Jo (1 +x)"
o X
(©) lim 14+ =)'e“dx.
n—>o0 J n

2. Suppose that f is integrable, and let E(n) be the set {| f| > n}. Improve on Exercise 7
of Section 11D by showing that
lim nm(E,) = 0.

n—o00

3. Suppose that f is integrable and define F(x) = f(_oo,x) f.
(a) Prove that F is continuous.
(b) Is F necessarily uniformly continuous?

4. Supposethat0 < p < g < r. Suppose that f is a nonnegative measurable function such
that [ f7 and [ f" are finite. Prove that [ f4 is finite.

5. Prove Fatou’s Lemma.

. Show by an example that strict inequality is possible in the conclusion of Fatou’s Lemma.

7. Suppose that f, is a sequence of real-valued continuous functions on the interval [0, 1]
such that | f,,(x)] < 1,all x € [0, 1], and lim,,—, » f,(x) = 0, all x € [0, 1]. By extending
the f, to vanish outside the interval, one can use the DCT to prove that f fn — 0. Give
a direct proof of this fact using some ideas from the proof of the DCT but not the DCT
itself. (Although this is purely a theorem about the Riemann integral, it is difficult to find
a proof that does not borrow ideas from measure theory.)

8. Suppose that (f,,)2 ; is a sequence of measurable functions such that

0<fisfpsfs=s--

and let f(x) = lim f,(x). Thus f may take the value +oo at some or all points. Prove
that if lim | f, is finite, then f is finite except on a set of measure 0.
9. Find a sequence ( f,);2, of nonnegative measurable functions such that

[@))

lim fn =0, limsup f,(x) = +o0, all x.

n—>00 n—00
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Integration and Function Spaces

In this chapter we establish the connection between integrability in the sense of
Riemann and integrability in the sense of Lebesgue, introduce two important spaces
of integrable functions, and establish a very general connection between integration
and differentiation. Each of these developments depends on the notion of “almost
everywhere.”

12A. Null Sets and the Notion of “Almost Everywhere”

From the point of view of integration, sets of measure O are negligible. From the
point of view of spaces of integrable functions, they are a (very) minor nuisance.

Definition. A null set is a measurable set with measure 0.

As an exercise from the definition of measurability, note that a set of outer
measure 0 is measurable; therefore, a subset of a null set is a null set.

Definition. Two functions f and g are said to be equal almost everywhere if
they coincide except on a null set. This is usually abbreviated as f = g a.e. An-
other way to express this is that f(x) = g(x) for almost every x, also abbreviated
as a.e. x.

Proposition 12.1. Suppose that f is a measurable function and that g is a function
such that g = f a.e. Then g is measurable.

If f is nonnegative and measurable, then f f=0ifand only if f =0 a.e.
Also, if [ f is finite, then f is finite a.e. In particular, any integrable function is
finite a.e.

Proof: If f = g a.e., then it is easy to see that, for any real a, the sets {f > a}
and {g > a} differ by a null set, so the second set is measurable if the first is.

158
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Suppose that f > 0.Let A, = {f > %}. Then

o 1
tr=0=Uas omans[ r=[r
n=1 n A,

Therefore [ f = 0 implies m(A,) = 0, all n, som({f > 0}) =0
Finally, let B, = {f > n}, so that {f = +o0} = (,—; B,. Then

n'm(Bn)S/anS/f-

If [ f is finite, then this implies m(B,) — 0, so {f = +oc} has measure 0. O

Remark. Various hypotheses made earlier can be weakened. For example, in
the Dominated Convergence Theorem, one only needs lim f,(x) = f(x) a.e. and

| fu(0)] < g(x) ae.

12B*. Riemann Integration and Lebesgue Integration

As before, by a step function on an interval [a,b] we mean a function that is constant
on subintervals. Setting such a function equal to O outside the interval, we obtain an
ISF whose (Lebesgue) integral is clearly the same as the (Riemann) integral of the
step function. Here we show that this equality extends to all Riemann integrable
functions.

It is not difficult to deduce one more criterion for Riemann integrability from
Proposition 8.16: A bounded function f : [a, /] — R is Riemann integrable if and
only if there are sequences of step functions (g,),>, and (4,)52, such that

g f<h  fim [ -g)=0
n—0oo
Then the common value lim,,_, « [ g, = lim,_. [ &, is the Riemann integral fab 1.

Theorem 12.2. [f the real-valued function f is Riemann integrable on I = |a, b],
then it is Lebesgue integrable on I and the Lebesgue integral f ; J equals the

Riemann integral fab -

Proof: The maintrick is to prove that f is measurable. Choose sequences (g, )
(hn),2, as above. We may replace these functions by

n=1>

g1vVeVv Vg, hiAhA---Ah,
and assume that the sequences are monotone:

1@< <g=<f=<h <---<hy<h.
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Then the limits g(x) = lim,_, » g,(x) and A(x) = lim,_, -, h,(x) exist, for each
x € [a, b],and g < f < h. By dominated convergence,

/g_llmfgn_llm/h,l_f
n—oo n—oo

s0 |, ;(h — g) = 0. It follows from this and the inequality g < h that g = h almost
everywhere (see Proposition 12.1). Therefore f is equal a.e. to the measurable
functions g and 4 and is itself measurable. The argument shows that the Riemann
and Lebesgue integrals of f are each equal to lim, o [; gn. O

An example. The relationship between the Riemann and Lebesgue integrals does
not hold for improper integrals. For example, the improper Riemann integral

 sin x ) " sin x
——dx = lim —dx
0

X n—>oo Jo X
exists but
n | 3
. sin x|
lim dx = o0,
n—o00 [o X

so sin x /x is not Lebesgue integrable on (0, c0).
We know now that a Riemann integrable function is (bounded and) measurable.

Theorem 12.3. A bounded, measurable real-valuedfunction f onla, b] is Riemann
integrable if and only if its points of discontinuity are a set of measure 0.

Proof: The idea is to relate the Riemann integrability to the amount of oscillation
of f over small distances. Set A = [a, b], and for each x in A set

1 1
wn(X)=Sup{If(y’)—f(y)| Y,y €A |ly—x| < - Iy — x| < ;}-

Then w; > w, > ... and the w,’s are measurable (why? — see Exercise 2). The
function f is continuous at x if and only if lim,_, ,c @, = 0. What we need to show
is that Riemann integrability of f is equivalent to

lim m({w, > ¢}) =0, for all ¢ > 0.
n—oo

Suppose that the preceding limit is 0. Given & > 0, choose n so large that the
measure of the set {w, > ¢} is less than ¢. Divide A into finitely many disjoint
subintervals A ;, each of length < 1/n. Define the usual largest step function g and
smallest step function A such that g < f < h, while g and & are constant on the
intervals A;. If h — g > ¢ on A, then w, > € on A}, so the total length of such
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intervals A; is less than €. If | f| < M, then
f(h—g)= f (h—g)+ / (h—g) <e-[m(A)+ M].
A

(h—g)<e (h—g)>¢

Therefore f is Riemann integrable.
Conversely, suppose that f is Riemann integrable. Givene > Oand§ > 0, choose
step functions g, & such that

g<f=<h, fm—@ss&
A

Assume that g and /& are constant on each of the disjoint subintervals Ay, ..., A
with union A. Define the distance from a point x to a set B to be d(x, B) =
inf{|x — y| : y € B}. Given a positive integer n set

1
A’j: {xeAj :d(x,Aj.) < ;}
1
Al = {x €A :d(x,Aj) > - and w,(x) > 8} )
It follows from these definitions that

k
{w, > &} C U (A’] U A/]/)

j=1

If A’ is not empty, thenh — g > s on A, s0
V 1
mmps—fw—w.
& A’J{

Moreover, the definitions imply that m(A’j) < 2/n. Therefore

m({o, > e}) < Zm(A’)+Z (A”)<—k+%/A(h—g)§2n—k+8.

Since n and § are arbitrary, the proof is complete. O

Exercises

1. Prove that a bounded real-valued function f on [a, b] is Riemann integrable in the sense
of Section 8C if and only if there are sequences {g,}, {#,} as in the proof of Theorem12.2.

2. Let f and w, be as in Theorem 12.3. Show that w;‘((a, 00)) is an open subset of the
interval A, that is, if w,(x) > a, then there is § > 0 such that x’ € A and |x' — x| < §
implies w,(x) > a.
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3. Prove directly from the definitions that the indicator function of the Cantor set is Riemann
integrable.

4. Suppose that A is a measurable subset of the interval [a, b]. Prove that the indicator
function 1, is Riemann integrable if and only if its boundary d A (see Exercise 10 of
Section 6B) has measure 0.

12C. The Space L!

The function space L' = L'(R) is defined to be the set of all integrable functions
on RR. We define

||f||1=/|f|- )]

Then || f||; > 0 and we know that || f||; = O if and only if f = O a.e. Therefore,
| |1 is a norm on the vector space L' only if we identify, that is, do not distinguish
between, functions that are equal a.e. The remaining properties of a norm are easily
established:

lafily = lal-1Ifll, aeRs |f+glh < IS+ 1Iglh-
Thus, up to identifying functions that differ only on a null set, L' has a metric
d(f.e)=I1f —glh-

As a metric space, L' has two properties of great importance: It is complete (every
Cauchy sequence converges) and the integrable continuous functions are a dense
subset.

Lemma 12.4. Suppose that h is a nonnegative measurable function. For any . > 0,
1
h>M)<-]h
m(tn =) <5 [

Proof: Let A ={h > A}. Then h > Aly, so fh > fMA = A m(A). (We have
used this idea several times already.) O

oo

oo in L1 there is

Theorem 12.5. L' is complete: Given a Cauchy sequence (f,)
a function f € L' such that

lim || f, — flli =0.
n—oo

Proof: Given a positive integer k, choose N (k) so large that || f, — fi||; < 27%
if n, m > N(k). Also choose these integers so that N(k + 1) > N(k). It is enough
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to show that the subsequence g = fy) has a limit. Note that

llgx — grr1llh <275

Set h1(x) = |g1(x)| and

M1 (x) = 18101 + D Iges1 () — ge(x)].
k=1

Then (h,);2 | is nonnegative and nondecreasing and

fh <llgilh + Y llgesr — gl < llgilhi + Y 27 =llgill + 1.

k=1 k=1

By the Monotone Convergence Theorem, the limit

91| + Y [gnt1(x) — gu(x)]

n=1

is integrable; therefore it is finite a.e. Writing

gn(x) = 1) + Y [ger1(x) — g(x)],

k=1

we see that f(x) = lim g, (x) exists (it is the sum of an absolutely convergent series)
for a.e. x. Moreover,

| £@) = 8] <D |gisi(0) — i)
k=n

SO

o0
1f = galli < Y llgkrn — gilli <217
k=n

and f is the desired limit. O

An example. Let fy be the indicator function of the interval [0, 1], and f;, f2,
f3, ..., the indicator functions of the successive intervals

[0.5]. 5. 1].[0. 51, [5. 51 [5- ] [0, 3] [ 5] 53]

Then || f,||1 — 0. But for any x € [0, 1] there are infinitely many indices n such
that f,,(x) = 1. Thus the passage to a subsequence is necessary to obtain pointwise
convergence. (In this case one could take as a subsequence the functions f,,,—1)/2,
which are the indicator functions of the intervals [0, }l]).
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Definition. A function f : R — R is said to be compactly supported if there is
some M > 0 such that f(x) = 0 if |[x|] > M. Note that any compactly supported
continuous function is integrable.

Lemma 12.6. If C is an open subset of R and B is a closed, bounded, nonempty
subset of C, then there is a compactly supported continuous function g such that

0<g=<1l, gx)=1 ifxeB, gx)=0 ifxeC".

Proof: The functions d(x, B) = inf{|x — y| : y € B} and d(x, C¢) are continu-
ous functions of x that vanish precisely on B and on C¢, respectively. We take

go(x) = minfl, d(x, A%)/d(x, B)},

where A is the intersection of C with a bounded open set that contains B. Then g
has the desired properties. O

Theorem 12.7. The compactly supported continuous functions are dense in L';
that is, for each f in L' and each & > 0, there is a continuous function g such that
g has compact support and || f — g|l1 < e.

Sketch of proof. By the definitions, there are ISFs fli such that || f* — f]i||1 <
/4. Then, with f; = f;" — f;” we have ||f — fill1 < &/2. By definition, the ISF
f1 is a linear combination of indicator functions of sets having finite measure.
Therefore it is enough to prove that we can approximate each such an indicator
function 1,. We use the approximation property for measurable sets (Section 10D):
If m(A) < oo, then, given ¢ > 0, there is a bounded closed set B and an open set C
suchthat B C A C C and m(C \ B) < ¢. The corresponding function g of Lemma
12.6 has the property

llg = 1alli <e. O

Remark. It follows from this theorem that if we started by using only very nice
functions — continuous, compactly supported — but then wanted to take all limits
with respect to the norm || ||;, we would end up with all the Lebesgue measur-
able integrable functions. This is analogous to starting with the rational numbers
and then wanting to include all limits of Cauchy sequences: The result is all real
numbers.

It is often convenient, and sometimes necessary, to consider complex-valued
functions. A function f : R — @ can be written uniquely as the sum f = g + ih,
where g and & are real-valued; in analogy with complex constants, we refer to them
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as the real part and the imaginary part of f:
f=g+ih, g=Re(f), h=Im(f).

The function f is said to be measurable if its real and imaginary parts are measur-
able. If so, then f is integrable if its real and imaginary parts are integrable, and

the integral is
/f=fg+i/h.

Equivalently, a measurable function f is integrable if its complex modulus | f|,
defined by | f|(x) = | f(x)], is integrable. Again

‘/f S/Ifl-

The theorems, and proofs, in this section remain valid if L!(R) is taken to be the
space of integrable complex-valued functions on R.

In addition to considering functions on the line, it is common to consider (real or
complex) integrable functions on an interval /, such as I = [0, 1] or I = (0, 00).
The notation is L'(I). Theorems 12.5 and 12.7 are valid in this context as well.

Exercises

1. Show that if A and B are measurable set with finite measure, then
m(AAB)=/|1A—1B|, AAB = (AN B)U(A°N B).

Use this and the approximation property for measurable sets to prove that, for any ISF
f and any ¢ > 0, there is a step function g (constant on infervals) such that

/If—g|<8~

2. Suppose that the real-valued function f on R is nonnegative and continuous, and suppose
that [ f < oco.Is f necessarily bounded? Prove or give a counterexample.

3. Suppose that f is real-valued and integrable. Given a in R, define the translate f, by
fa(x) = f(x — a). Prove that

lim || fa — flli = 0.
a—0

4. Suppose that f and g are integrable on R and set F(x) = f; fand G(x) = fux g. Prove
the general integration-by-parts formula

b b
/ Fg:F(b)G(b)—/ fG.
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5. Prove a version of Lusin’s Theorem: If f is integrable, then for each ¢ > O there is a set
A with measure < ¢ such that f is continuous on the complement of A.

6. Prove that the integrability assumption in Exercise 5 can be replaced by the assumption
that f is finite a.e.

12D. The Space L2

By definition, L2 = L?(R) is the set consisting of all real-valued measurable func-
tions f such that the square f?2 is integrable. The elementary inequalities

2labl <a®>+b*,  (a+bP? <2@*+b*, a,beR

imply that if f and g belong to L2, then so does the sum f + g, while the product
fg is integrable. In particular, L? is a vector space, and we may define an inner
product in L?:

(f.8) =/fg, fgel? ®)
This has the defining properties of an inner product:

L H=0; (f,f)=0 ifandonly if f =0 a.e.;
(f. &)=
(af.g)=a(f.g), a€eR;

(f+g. 1) =(f,h)+ (g h).

One can deduce, therefore, the usual Cauchy-Schwarz inequality:
(f.8° = (f. /)8 8)
(See Exercise 5.) The inner product induces a norm and a metric in L%
Ifll2= (£ N2 d(f.9) =I11f = glla.

In particular, the triangle inequality follows from the Cauchy-Schwarz inequality.
The Cauchy-Schwarz inequality may be written in terms of the norm:

ICf ol < 11 f 112 11gll2 3)

The following theorem says that L?(RR), with its inner product as given above, is
a (real) Hilbert space: a vector space, with an inner product, that is complete with
respect to the metric induced by the inner product.

Theorem 12.8. L? is complete.
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Proof: As in the proof for L', we may choose a subsequence (g,)>°, of a given
Cauchy sequence ( f,,);2, such that

||gn+l - gn||2 =< 27"
If A is a bounded interval, then the Cauchy-Schwarz inequality gives

/ 181 — &nl < llgns1 — &nll2 - 111all2 = llgnt1 — &nll2 - m(A)'2.
A

As in the proof of completeness of L', it follows that f(x) = lim g,,(x) exists a.e. in
the interval A. But R is the union of countably many bounded intervals, so the limit
f exists a.e. on R.

To show that ||g, — f||2 — 0, we let i be any function in L?. Then, as before,

o0

LX) = ga()Ih(x) = D [gis1(x) — gk ()] A(x);
k=n
(f = & B sZ/Lng — gl 1h1 <) llgess — &ll2 111l < 2" "Il
k=n k=n

Letting h = f — g,, we get

I1f —gall3 < 271 F — galla,

SO||f — gulla < 2! (Strictly speaking, we should let / run through an appropriate
sequence approximating f — g,, since we do not know ahead of time that f — g,
actually is square integrable.) O

Theorem 12.9. For each function f in L? and each & > 0 there is a compactly
supported continuous function g such that || f — gl|» < ¢.

(See the proof sketched for L'; it also applies here.)

Again, it is often convenient to consider complex-valued functions. The complex
version of L%(IR) consists of functions with a square-integrable modulus: [If 1> <
00. Then the inner product must be modified:

(f. 8) = / fs.
The properties of this inner product are the same as above, except that

(f. &) = (& )

The Cauchy-Schwarz inequality remains valid, and the proofs of the two theorems
carry over, so complex L? is a complex Hilbert space.

Again, one frequently encounters spaces L?(1) of functions square integrable on
areal interval /. Theorems 12.8 and 12.9 remain valid.
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Exercises

In these exercises, the norm, inner product, and convergence notions are those
of L*(R).

1. Suppose that lim,,_, », f, = f. Prove that lim,_ - (f,, &) = (f, g).
2. Supposethatlim, . f, = fandlim,_ g, = g.Provethatlim,_, «(f,, g») = (f, &).
3. Show that if f and h are orthogonal, that is, (f, h) = 0, then

£+ a1 = [I£11>+ |1l

4. Suppose that f # 0. Show that for each g there is a unique constant a such that g — af
is orthogonal to f.

5. Prove the Cauchy-Schwarz inequality |(f, g)| < ||f|| - ||g]| by writing g = af + h as
in the previous exercise, with 4L f and noting that ||g||*> = ||laf]||> + ||k]> > ||laf]|>.
(Note that neither of the preceding two exercises depends on the Cauchy-Schwarz
inequality, so the reasoning is not circular.)

6. Suppose that fi, f2, ..., f, are mutually orthogonal: (f;, fi) = 0if j # k. Prove that

fi+ ot fllPF=UAIR AP+l

7. Suppose that the functions ey, e, ..., e, are orthonormal, that is, (e, e;) = 1, and
(ej, ex) = 01if j # k. Show that for each f there is a unique linear combination g =
> aje; such that f — g is orthogonal to each of the ¢;’s.

8. In the preceding exercise, show that " |a,|* < || f||>. When does equality hold?

9. Show that the element g in Exercise 7 is the closest element to f in the subspace
spanned by the elements e, .. ., e,.

10. Suppose that f is orthogonal to each element of a subset S. Show that f is orthogonal
to each element in the closure of the subspace spanned by S.
11. Suppose that f is real-valued and belongs to L?. Set

F(x) = / f)dt, xeR.
0

Prove that there is a constant C such that |F(y) — F(x)] < C|ly — x|'/?,all x, y € R.

12. Tie up the loose end in the proof of completeness in L?: Suppose that f is a measurable
real-valued function on R and suppose that for every 4 in L? the function f is integrable
with | [ fh| < C||h||. Prove that || f|| < C.

12E. Differentiating the Integral

Suppose that f is an integrable function on R. Fixing a pointa € R, we may define

F(x)= f, if x = a; F(x)=— f, if x <a.

la,x] [x,a]
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By definition, we write this as a single formula:

F(x) = / f.

Theorem 12.10: Differentiation. Fora.e. x, the derivative F'(x) exists and equals
f(x).

The proof is not trivial; we outline the steps.

First, F is continuous. In fact, this is an easy consequence of the Dominated
Convergence Theorem applied to a sequence of functions f1,4, , where A, = [a, x,]
or A, = [x,, a], where lim x, = x.

Second, the resultis true if f is continuous: This is just the ordinary differentiation
theorem.

Third, we may approximate f by continuous functions, since they are dense in
L'. However, in order to control what happens when we approximate, we need
some machinery.

n?

Definition. The Hardy-Littlewood maximal function of a function h € L' is de-
fined by

1
h*(x) = sup {|I_| / |h| :x € I, I an open interval} .
I

Theorem 12.11: The Hardy-Littlewood inequality. For any positive X, the set
E, = {h* > A} has measure

5
m(Ey) < xflhl- 4

Proof of Theorem 12.10, assuming Theorem 12.11. We want to show that the the
set where

F(y) = F(x)
— X

lim sup >0

y—x

- f)

has measure 0. It is enough to show that for each § > 0 and & > O the set

F() = F@)

E={x:limsup f(x)‘>8}

y—x

has measure < M e for some fixed M, because then we may take a sequence §,, with
limit 0. Choose a continuous g € L' such that || f — g||; < 5. Set G(x) = [ g.
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Given y # x, let I be the open interval with endpoints x, y. Then

F() = F) _ f(X)l S‘F(y)—l%c)_G(y)—G(x)
y—X y—X y—X
Giy)—G
+ ‘% - g(x)‘ +18() = f ()|
1 Giy)—G
= f(f—g)'Jr‘M—g(x)‘
PARNY y—=x
+lg) = f).

The middle term in the last expression goes to zero as y — x. The first and last
terms are at most £*(x) and |h(x)|, respectively, where h = f — g. Therefore E is
contained in the union of the two sets

(h*>8), (h>8).

The measures of these sets are, respectively, at most

2 2
5-—f|h|§108, —/|h|§28.
5 5
O

Thus m(E) < 12¢ and the proof is complete.

We turn now to the Hardy-Littlewood maximal inequality (4) and assume again
that 4 is in L' and that A > 0 is given. Again

E, ={x:h"(x) > A}

Now a point x belongs to Ej if and only if there is an open interval / with x € [

such that
1
—/|h| > A.
1 J;

Thus |I] < fl |h|/A, so there is a bound to the lengths of intervals /. Notice also
that I C E,. Thus, if Iy, I, ... is a pairwise disjoint family of such intervals with
union A C E;, then

1 1 1
m()ZIIAZfIKII x/A||x/||
We can finish the job with a covering lemma.

Lemma 12.12. Suppose that E C R is the union of a family T of open intervals of
length < ¢ < +o00. Then there is a finite or countable collection of pairwise disjoint
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intervals I, I, ... belonging to the family T such that
m(E) < S(|L| + |l + -+ ).

Proof: Let c; be the supremum of the lengths of the intervals in Z and choose
I, € Z suchthat |I;]| > ¢;/2. Suppose now that we have chosen intervals Iy, . .., I,
and define a subfamily Z, consisting of those intervals in Z that are disjoint
from each of Iy, ..., I,,. If Z,, is empty, stop. Otherwise, choose I,+ € 7,41 such
that

1 .
[Lt1] = 3 Cn+1) Cny1 = Sup{lI]: I € T 11}

Case 1. For some n, the collection Z,; is empty. Then every interval [ € 7

intersects one of Iy, ..., I,. Suppose that k is the first index such that I N I; # (.
Because of the method of choice, this implies that |I;| > |I|/3, so that [ C [},
which is the interval with the same midpoint as [; but five times the length. This
shows that

E C OI*,
k=1

and the result follows.

Case 2. We can choose I, for all n. If Y 2 | |I,| = oo, then there is nothing to
prove. Otherwise, |I,| — Oasn — oo. Given ) # I € 7, we have |I,,| < |I|/2 for
large n. Considering how the intervals /,, were chosen, this implies that I intersects
some I, and, as in Case 1, this implies that / C I* for some k. Thus again

o
EcC) Iy O
n=1

Exercises

1. Let f(x) = 0 outside the interval (0, %) and f(x) = 1/x(log x)? for x € (0, %). Show
that f is in L'(R) but the maximal function f* is not.

2. Suppose that f is in L'(R). Prove that f* > | f(x)| a.e.

3. Suppose that A is measurable. A point x € A is said to be a point of density for A if

m(ANIT)
im —— =
-0 m(l)

3

where the limit is taken over intervals / that contain x. Prove that almost every point of
A is a point of density for A.
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Additional Exercises for Chapter 12

These exercises deal with L? spaces for values of p more generalthan p = 1, p = 2.
For0 < p < oo, the space L? = LP(R) consists of all measurable functions f such

that | f|” is integrable. Let
1/p
£l = (/m") .

1. Suppose that p and g are positiveand 1/p + 1/g = 1,s0 p > land g > 1.
(a) Prove that for any nonnegative a and b,

(b) Prove that if f belongs to L? and g belongs to L4, then the product fg belongs to

L' and
1 1
UngE/VV+5/M?

2. Prove Holder’s inequality: If f isin L? and gisin L9,and 1/p + 1/q = 1, then

’/fg

(Note that the Cauchy-Schwarz inequality (3) is a special case.)
3. For 1 < p < oo, prove that the result in Exercise 2 is optimal: If 1/p 4+ 1/q = 1, then

£l =sup{‘/fg‘ gl = 1}.

4. Show that the expression || ||, has the properties of a norm (if we identify functions
that coincide a.e.) when p > 1. In particular, prove the triangle inequality

ILf+gllp = 1f11p + 11gllp

= fllplgly-

forl < p < o0.
5. Suppose that 0 < p < 1. Prove that the triangle inequality fails: There are f, g in L”
such that

ILf+gllp > [1f 1, +11gllp-

6. Show that for each p, 0 < p < o0, there is a function f that belongs to L? but does not
belong to any L4 for g # p.
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Fourier Series

The subject of Fourier series has its roots in the analysis of certain problems with
a physical origin, including vibrations of a string and conduction of heat, and it
has many mathematical applications and ramifications as well. In this chapter we
introduce the basic question — how to represent a general periodic function in terms
of simpler ones — and develop the fundamental mathematical ideas associated to
this process.

13A. Periodic Functions and Fourier Expansions

A real- or complex-valued function f defined on the line is said to be periodic,
with period L > 0, if f(x + L) = f(x) for every x. If so, then it is also periodic
with period nL for every positive integer n. The most familiar examples are the
trigonometric functions sin x and cos x, with period 2. We can always rescale a
function g that has period L to a function f that has period 27 by setting f(x) =
g(xL/2m). Throughout this chapter, we consider functions with period 27 and
refer to such functions simply as “periodic functions.” Depending on the context,
we may only require functions f to be defined almost everywhere and to satisfy
the basic equation

fx+2m) = f()

only for almost every x.

The following is an elementary but important observation. Suppose that [ is
a half-open interval of length 27, say I = [a,a + 27), and suppose that f is
defined on I. Then there is a unique extension of f that is defined on the entire
line and is periodic. In fact, for any integer n, a point x belongs to the interval
[a +2nm,a+ 2(n + 1)) if and only if x — 2nmw belongs to I, so we must set
f(x) = f(x —2nm). Usually we take I = [—m, ) and simply identify functions
on [ and periodic functions on the line.

173
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The simplest continuous periodic functions are the trigonometric functions sin nx
and cos nx, indexed by the positive integers and the nonnegative integers, respec-
tively. It turns out to be more convenient to consider instead the complex exponential
functions

o0 . m
en(x) = " = Z (”ZC') =cosnx +isinnx, n¢€Z. (D
m=0 :

A linear combination of periodic functions is a periodic function, and a function
that is, at each point, the limit of periodic functions is also a periodic function.
Therefore, any two-sided series

00 N
E ape’™ = lim ape'’™* 2)
—0

Ngan:_N

that converges at every point defines a periodic function. (Here {a,}> is a two-
sided sequence of complex constants.)
It is easy to produce examples. In fact, each of the exponentials has modulus 1

[o.¢]

at each point, so if the sum )~ |a,| is finite,

[o¢] o0 o0
Y danl =) lanl + Y lau| < oo, 3)
n=1 n=0

n=—0oo

then the series (2) converges absolutely at every point; in fact, it converges uni-
formly, so the limit is a continuous function (see Theorem 7.8).
The fundamental questions to be investigated in this chapter are

¢ Given a periodic function, can it be expressed as a series (2)?

e If so, is the expression unique?

¢ How can the coefficients a, be calculated?

* How are properties of f related to properties of the coefficients a,,?

Here is an argument that suggests that, in some sense, the answers to the first
two questions should be “yes.” The argument also may help to explain the special
role of the exponentials (1) and shows how to calculate the a,’s.

We start by considering a finite-dimensional complex vector space V with inner
product (). Abasisey,...,e, for V is said to be orthonormal if the basis vectors
are unit vectors that are mutually orthogonal:

ej,e)=1, (ej,e)=0 ifj#k. (4)

Any element v € V can be written uniquely as a linear combination of the basis
vectors v = Y _ ae;. Moreover, if we take the inner product of each side of this
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equality with e; and use (4), we can identify (v, e;) = a;. Therefore

V= Z(V, eje;. 5
j=1

There are various ways to find an orthonormal basis for a given finite-dimensional
inner product space V. One way uses the spectral theorem: SupposethatT : V — V
is a linear transformation that satisfies the symmetry condition

(Tv,w) = (v, Tw), allv,we V. (6)

Then there is an orthonormal basis for V' that consists of eigenvectors of T: T'ej =
Aje; for some constants A ;.

We know from Chapter 12 how to find an inner product space that includes a
large class of functions on the interval I = [—m, ); as we noted above, such func-
tions can be identified with periodic functions. Thus, by the space of L>-periodic
functions, or square-integrable periodic functions, we mean the periodic functions
identified with the functions that are square integrable on the basic interval, that is,
functions in the space

LX), I=[-n,n). (7)

We take the inner product in this space to be given by

1 T -
(f, 8) = 2—/ f(x)g(x)dx.
T Jn

We define an operator T for periodic functions f that have continuous derivatives
by

Tf(x)=—if'(x). ®)

It is the factor —i that makes this operator symmetric. In fact, suppose that f and
g are two such functions. Integration by parts shows that

T

1 -
Tf.g)=—i5— | [f(x)gx)dx

2w J_,
b 1 7 _
—-ifwe| +is [ rwywdr
- T J_x
I
= fOl—=ig'(x)ldx = (f, Tg).
T Jn

(The boundary terms cancel because of periodicity.)
This suggests, but is far from a proof, that the eigenvectors of 7 might be a
basis for our space (6). An eigenvector would be a function that is a solution
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of —if’(x) = Af(x) and therefore a multiple of
f(.x) — ei)xx‘

This function is periodic only if f(27) = ¢'*** = f(0) = 1, which is true if and
only if X is an integer (Section 9A, Exercise 1). Thus the eigenvectors of T are, up
to multiplication by constants, the exponentials (1). Let us check the orthonormal
conditions. It will help to recall various facts about the exponential function with
an imaginary argument:

eixeiy — ei(x+y); 87 — e_ix; |eix| =1.
Then
1 [ 2 L ("
ns €n) = 5 n dx = — ldx =1;
e == [ leamPax == [ 1ax
1 T . 1 T i( )
(en, e ):—/ e””‘e_’"”dx=—/ e dx
ns €m o . o ),
1 T 4 ei(n_m)x ei(n—m)x T
21 ), dx |i(n —m) i(n—my| nEm 9

This discussion suggests that we try to write a periodic function f as a series by
the formal recipe

f =" fmye™, (10)
where the coefficients are
—~ 1 T .
Sfn)=(f,e) = o f(y)e "™ dy, n €. (11)

(We use y as the variable of integration here to distinguish it from the variable x
in (10).)

Expressions equivalent to (10 and (11) were first proposed by Fourier in his study
of heat flow and are now called the Fourier series and Fourier coefficients of the
function f. In the rest of this chapter we study the validity of (10).

13B. Fourier Coefficients of Integrable and Square-Integrable
Periodic Functions

The necessary and sufficient condition for all the integrals (11) to exist is that
the function f be integrable on the period interval / = [—m.7). We say that a
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measurable complex-valued function f on R is an integrable periodic function if
it satisfies f(x + 2m) = f(x) a.e. and its restriction to / is integrable.

Definition. The Fourier coefficients of an integrable periodic function f are the
complex numbers f(n) defined by the integrals (11).
The L' norm of an integrable periodic function will be taken to be

1 T
Il =5~ | f(0)] dx. (12)
T J_x

Similarly, the L? norm of a square-integrable periodic function will be determined
from

1 m
Hm%mﬂ=5/Ume (13)

(These conflict with the notation in Chapter 12, but we can live with the conflict.)
The relation between these function spaces and norms is as follows.

Lemma 13.1. An L?-periodic function is an integrable periodic function, and

INAIr=ival (14)

Proof: The function | f| is also L2-periodic. We take its inner product with the
constant function e and use the Cauchy-Schwarz inequality to obtain

A= (f eo) < I - Hleoll = 1IFII. O

The propositions in this section list some of the most important properties of the
Fourier coefficients of a function.

Proposition 13.2. Suppose that f is an integrable periodic function. Then
IfmI<1Iflli,  allneZ. (15)

Proof: Inequality (15) is immediate from the definition of f(n) and the fact that
le,|] =1. O

Proposition 13.3. Suppose that f is an integrable periodic function. Given a in
R, let f, be the translate: f,(x) = f(x — a). Then

fun) = e ™ f(n),  forall n € Z. (16)
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Proof: The identity (16) is left as an exercise. The proof uses the fact that, for a
periodic function, the integral over any interval of length 27 is the same:

b+2m 1 b4
/ gx)dx = — / g(x)dx if g is periodic. 17
b 2 -7
This identity is also left as an exercise. O

Proposition 13.4. Supposethat f is a continuous periodic function with continuous
derivative f'. Then

fm)y=inf(n), all neZ. (18)
Proof: The identity (18) is left as an exercise. O

Proposition 13.5. The Riemann-Lebesgue Lemma. If f is an integrable peri-
odic function, then

lim f(n) = 0. (19)

|n|—o0

Proof: Itisenough to prove the result for continuous functions, since for any ¢ >
0 we can choose a continuous periodic g with || f — g||1 < &. By Proposition 13.2
(and the additivity of integration), the Fourier coefficients of f and g differ by less
than ¢, so the f(n)’s are eventually less than & in modulus if the g(n) approach 0.

If g is continuous, we may use Proposition 13.3 to estimate g(n) for n # 0. In
fact, choose a = 7 /n, so e”"* = —1. Then

—~ N ~ 1 [~ T
12g(n)| = [g(n) — ga(n)| < 2—/ |gx) — g(x —a)|dx, a=an)=~—.

T J_ . n
As |n| tends to oo, the corresponding a = a(n) tends to 0, so the last integrand
approaches 0 uniformly. O

To visualize the reason that the Fourier coefficients of a continuous function
approach zero, look at the real and imaginary parts of ¢”*, cosnx and sinnx.
These functions oscillate more and more rapidly. We multiply by a fixed continuous
function and integrate; since the function is continuous, it is nearly constant over
adjacent pairs of intervals of length 7 /|n| while each of cosnx and sinnx have
opposite signs on such adjacent intervals. Therefore, the integrals over two adjacent
intervals nearly cancel. It is plausible — and true — that the sum of all the integrals
over subintervals is itself small when |n| is large.

For the proof of the final result in this section, we introduce the partial sums of
the Fourier series. If f is an integrable periodic function and N is a nonnegative
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integer, we define the function Sy f as a partial sum of the Fourier series:
N —_~ .
Svf) =Y fmye™. (20)
n=—N

Proposition 13.6. Bessel’s inequality. If f is an L*-periodic function, then

+o0
Y7 < 1111 @1

(We shall see later that there is actually equality in (21).)

Proof: Let g = f — Sy f,sothat f = Sy f + g. A direct computation of the
inner products shows that (g, e,) =0, for |n| < N. It follows from this that
(g, Snvf) =0=(Snf, g). Therefore, using the properties of the inner product,
we have

A2 =ISvf +gll>=(Snf+g Svf+g)
= ISy FII* + (Sv f. &) + (. Sn ) + lIglI?
=[S fII* + l1glI* = ISw f1I%. (22)

In the same way, the orthonormality of the e, implies that

N
INFIED O] (23)
—N

Taken together, (22) and (23) imply that the partial sums of the series in (21) are
bounded by || f]|?>. O

Remark. It is worth noting explicitly one consequence of (21) or (22):

Sn I = I1LF1I- (24)

Exercises

1. Compute the Fourier coefficients of the function f when it has the following forms on
the interval (—, ):

(a) fx) =x;
(b) f&x) = |x|;
(c) f(x) =x%

-1, x €[—m,0)

@ Jo = {1, x € [0, 7).
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2. Suppose that f is a finite sum Y "\, ¢, e,
(a) Prove that f(n) = c,.
(b) Show that f can be written in the form

1 N
fx)= an + ;[an cosnx + b, sinnx].
(c) Relate a,, b, to ¢, and also express them as integrals.
(d) Show that f is real if and only if all a,, b, are real.
(e) Show that f is even, thatis, f(—x) = f(x), if and only if all b, = 0.
(f) Show that f is odd, that is, f(—x) = — f(x), if and only if all @, = 0.
3. Suppose that the sequence of functions f, = Y ;__, a,e™™ converges in L'(—m, ) to
the integrable periodic function f. Show that

Il = m| = fa(m) = F(m).
4. Find a function f whose Fourier coefficients are
f)=0, n<0; fn)=2", n>0.

Be as explicit as possible.
5. Suppose that a is complex and |a| < 1. Find the Fourier coefficients of the functions

(a) !
a _
1 —ae™*
(b) !
1 — aei?x’
o0
(©) Za” sin(2"x).
n=1

6. (a) Prove the identity (17) for continuous periodic functions.
(b) Prove (17) for arbitrary integrable periodic f.

7. Prove (16).

. Prove (18).

9. Suppose that f is periodic and satisfies the strong continuity condition (Holder condi-
tion): For some positive constants C and o witha < 1,

o]

[f(x+h)— f)] <Clhl*, forall x,y.
Show that the Fourier coefficients satisfy, for some constant C’,

fm) < C'lnl™,  n==£1,42,....

13C. Dirichlet’s Theorem

The most straightforward question about representing a function f as the sum of
its Fourier series is, when is the representation (10) valid at a given point x? This
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is a surprisingly difficult question. There are continuous periodic functions whose
Fourier series diverge at some point. In 1926, Kolmogorov gave an example of an
integrable periodic function whose Fourier series diverges a.e. On the other hand,
if f is periodic and has a continuous derivative, then (10) is valid at every point.
This is a consequence of Dirichlet’s Theorem, which is proved in this section.

As a first step, we combine equation (20) for Sy f with the integral expression
for the Fourier coefficients, in order to write Sy f as an integral. On the way we use
the additivity of the integral and the addition formula for the exponential function:

N
Snf@)y= Y fmye™
n=—N
N inx pr
e .
=) o5 fme™ay
n=—N -7
1 T N n( :
- in(x—y
= { ;Ne }f(y)dy- (25)

The next step is to evaluate the sum; for convenience, we replace x — y by x. Note
that /™ = (¢'*)", so that the sum is a geometric progression. As long as e/™* # 1,
the sum is

N 2N
E emx — e—le E (elnX)n
n=—N n=0

i@N+Dx _
_ —iNx®© 1
=e _

e —1

efix/Z ei(N+1)x _ efiNx

e—ix/2 eix — 1

. 1 . 1
et(N+§)x _ e—z(N—i—z)x

eix/2 _ p—ix/2
sin ([N + l]x)
= 2 (26)

Sim EX

(The last step follows from the identity e’ — e~? = 2i sin y.) See Figure 8.

Proposition 13.7. Suppose that f is periodic and integrable. Then the partial sum
Sy f of its Fourier series is given by the integral

1 T b8

1
- Dy(x —y) f(y)dy = — Dn(y) f(x — y)dy, (27
T J_ . 27 J_,
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14 T T T T T T T

L A

Figure 8. Dirichlet kernel for N =4 and N = 12.

where Dy is the Dirichlet kernel

sin ([N + 31« Mo

Dy(x) = M =) M (28)
sin 5x

(The terminology comes from integral equations. The transformation that takes

a function f to a new function 7' f defined by

17w = [ K@) f0)dy
is said to be an integral transformation with kernel K.)

Proof: The preceding arguments show that Sy f is given by the integral on the
left in (28). The fact that the two integrals are equal follows from a change of
variable in the integral (take y = x — y’) together with (17) to return to the original
interval I. O
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One basic property of the Dirichlet kernel is

1 b
T / Dy(y)dy = 1. (29)
T J_n

In fact the integral here is the inner product (Dy, 1); write Dy as a sum of expo-
nentials to see that (29) follows from the orthonormality properties (9).

Theorem 13.8: Dirichlet’s Theorem. Suppose that f is an integrable periodic
function that is differentiable at a point xy. Then

Jim S f(x0) = f(xo). (30)

Proof: We use (29) to rewrite Sy (xg) — f(xo) as an integral:

L) / Dy(y)dy
vs -

1 m
Sy ()~ fw) = 5 f Dy(y) fxo — ) dy —

e

1
== DvOWIf(xo—y)— f(x0)]

27 J_,
1 T
= T - sin ([N + %]x) g(y)dy, (31

where

JOo—y) = flxo)

. 1 M
sin 5y

g(y) =

By the assumptions on f, the first factor is bounded near O and integrable on the
interval /. The second factor is bounded on /. Therefore g is integrable on /. It
follows that the difference (31) has limit 0 as N tends to infinity. In fact, we may
either adapt the proof of the Riemann-Lebesgue Lemma to the last integral in (31)
as it stands, or else extend g to vanish on the rest of the interval (—2m, 27), extend
the integral to this larger integral, and change variables to obtain

g(y/2)
2

1 T
— in[2N + 1
7 sin[2N + ]y)

-
where h(x) = g(x/2)/2. Therefore (30) follows from the Riemann-Lebesgue
Lemma applied to . O

dy:%ﬂﬂﬂV+D—ﬁGQN—lﬂ (32)

Remark. It is clear from the proof that instead of differentiability at x(, we only
need to assume that the difference quotient

J(x) = f(x0)

X — X0

is integrable on /. This allows some cusps, such as for f(x) = +/|x| on I, xo = 0.
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Exercises

1. (a) Let f(x) = |x| on [—m, 7). Evaluate the Fourier series at x = 0 to find

nZ (2n+ 12

(b) Deduce from this the value of Z;’o:l 1/n2.
2. Let f(x) = x2. Evaluate the Fourier series at x = 7 to find > 1/n2.
3. Compute the Fourier coefficients of f(x) = e**, assuming that a is positive, and prove
the identity

sinhwa o a?
1= 1+2 -1 .
ma ( ;( ) n2+a2>

4. Compute the Fourier coefficients of f(x) = /", assuming that 0 < @ < 1, and find a
representation of sec(ra) as a sum.

13D. Fejér’s Theorem

Although the partial sums Sy f need not converge to f even when f is continuous,
the situation is much better if one takes averages instead. According to Exercise 3 of
Section 3D, the arithmetic means of a convergent sequence necessarily converge.
On the other hand, even a nonconvergent sequence like x, = (—1)" can have a
convergent sequence of arithmetic means. This leads us to look at the arithmetic
means of the Fourier series of an integrable periodic function f:

Sof +Si1f+...+8Sv-1f

Tvf = ~ . (33)

As we did for Sy f, we can express this as an integral:

b/ b8

1 1
zwﬂwzig/'FMx—wf@nw=§; Fy() fG—ydy,  (34)

where the Fejér kernel is

1 N-1
Fy(0) == Da(x)
n=0

=
—7Zsin(n+%)x

= —
Nsin3x 7=

1 N— ei(n+%)x e—i(n+%)x

Z > . (35)

n=0

N sin %x
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Once again we can write the sums as geometric progressions and evaluate, for
et #£1:
N—1 i(n+%)x e—i(n—&-%)x /2 N=] —ix/2 N—1

> P =2 z:emx_fgm Z;eimx

= n=0

S

eix/2 eiNx -1 efix/Z efiNx -1

2i eix 2 e ix
eiNx -1 e—iNx -1
T 2i(e*/2 — emix/2) | Di(e—i*/? — ¢ir)2)
eiNx -2+ e—iNx
(2i)?sin 1x
iﬂx —iﬂx 2
(2 =)
(2i)? sin §x

(2i)*sin* & x

= ——= 36
(2i)?sin 1x (36)
Combining (35) and (36), we obtain
Fy(x) sin? %x 37)
X)= ——F.
N N sin? %x

See Figure 9.

Proposition 13.9. The Fejér kernel Fy has the properties

® Fy(x) = 0;
1 s
(11) ~ FN(x)dx = 1;
2 J_»
(iii) lim Fy(x)dx =0 if 0<é6<m.
N—oo S<|x|<m

Proof: Property (i) is obvious from (37). Property (ii) follows from the corre-
sponding property (29) of the Dirichlet kernel. Finally, since sin?

X increases as x
goes away from the origin in (—, ), it follows that

F(XS s 3595577»
wix) N sin? ol

[NSJ=g]

and property (iii) follows. O
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Figure 9. Fejer kernel for N =4 and N = 12.

Theorem 13.10: Fejér’s Theorem. If f is continuous and periodic, then the av-
erages Ty [ of the partial sums of the Fourier series of [ converge uniformly to f.

Proof: According to Proposition 13.6 and the definition of Fly,

g

1
Ty /o) = 5 / Fa() fx — y)dy. (38)

—IT

As in the proof of Dirichlet’s Theorem, we may take advantage of property (i) in
Proposition 13.7 to write

T

1
Tnf(x)— f(x) = FyO) [f&x = y) = f(x)]dy
21

-

FyO) [f(x—y)— f(x)]dy

27 Jixi<s

FxO) [fx =y = f@]dy (39

2r S<|x|<m
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for any choice 0 < § < m. Properties (i) and (ii) of Fy imply that the first of the
two integrals in the last line of (39) has modulus bounded by

1
E'SUP{If(x—y)—f(X)I:IyI <8} (40)

A continuous periodic function is uniformly continuous (why?), so given ¢ > 0 we
may fix § so small that the bound (40) is < &/2, for all N. The modulus of the
second integral is bounded by

1
> -2 sup {If(y)l} / Fn(y)dy. (41)
T

s<|yl<m

Property (3) implies that for all large N, the bound (41) is < /2. O

Exercises

1. Suppose that f and g are continuous periodic functions.

(a) Show that f is even if and only if, for each n, .f(—n) = f(n).

(b) Show that £ is odd if and only if, for each n, f(—n) = — f(n).

(c) Show that g(x) = f(x) a.e. if and only if, for each n, g(n) = f(—n).
2. Suppose that f : R — R is continuous and periodic. Suppose that

1 b2 w

1
— f(x) sin(nx)dx =0= — f(x) cos(nx)dx, n=0,1,2,....
2w 2

-7 —JT

Prove that f is identically zero. (For a considerably more general result, see Exercise 1
of Section 13E.)

13E. The Weierstrass Approximation Theorem

The Weierstrass Approximation Theorem that was proved in Section 7D is one of
two results that commonly go by that name. The other refers specifically to the
approximation of a continuous periodic function by the simplest kind of periodic
functions, the trigonometric polynomials.

A trigonometric polynomial of degree N is a linear combination of the functions
{e, : |n] < N}.Thename is justified by the identity ™ = (cos x + i sinx)", which
shows that a trigonometric polynomial of degree N is a polynomial of degree N in
the functions cos x and sin x.

Theorem 13.11: The Weierstrass Approximation Theorem. Any continuous
periodic function f can be approximated uniformly by trigonometric polynomials.
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T T T T T T T

-1} i

-4 -3 -2 -1 0 1 2 3 4
Figure 10. Ty, f for the function f(x) = |x| on[—1, 1).

Proof: This is an immediate consequence of Fejér’s Theorem, because the func-
tions Ty are trigonometric polynomials. O

See Figure 10.

Remarks. 1. Theorem 13.11 predates Theorem 13.10. In fact, Weierstrass recog-
nized that the properties (i), (ii), and (iii) listed in the last section imply uniform
convergence, as in the proof of Theorem 13.10. He constructed a different se-
quence K y of trigonometric polynomials that have the same three properties. (See
Exercise 4, Section 13H.)

2. The Weierstrass Polynomial Approximation Theorem proved in Section 7D
can be derived easily from Theorem 13.11. In fact, suppose that g is continuous on an
interval [a, b]. By rescaling and translating, we may assume that —m < a < b < 7.
Then there is a continuous periodic function f that agrees with g on [a, b]. It can
be approximated uniformly within a given /2 by a trigonometric polynomial.
The power series expansions of the exponentials e, converge uniformly on [a, b],
so we may replace each exponential by a suitable Taylor polynomial and thus
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replace the trigonometric polynomial by an ordinary polynomial that approximates
it within /2 on the interval [a, b]. Thus we have approximated f within ¢ on this
interval.

Exercises

1. Suppose that f is an integrable periodic function and suppose that f(n) = 0, all n. Prove
that f =0a.e.
2. Obtain the results in Exercise 1 of Section 13D for integrable periodic f and g.

13F. L%-Periodic Functions: The Riesz-Fischer Theorem

Fejér’s Theorem shows one kind of “mean convergence” of the partial sums Sy f(x):
convergence of the arithmetic means. A second kind of mean convergence refers to
averaging with respect to x by integration. The discussion in Section 13A already
suggested that there is a close fit between Fourier series and the space L*(I). The
next theorem spells that out in detail.

Theorem 13.12: The Riesz-Fischer Theorem. Suppose that f is an L*-periodic
function. Then the partial sums of its Fourier series converge to f in the sense of
L*(I):

Jim [[Sy f = fII =0. (42)

Moreover, there is an equality (Parseval’s Identity):

Y F@P =111 (43)

n=—oo

Conversely, suppose that (a,)>,, is a two-sided complex sequence that is square-
summable, that is, la,|*> < oo. Then there is a unique function f in L*(I) that
has the a,,’s as its Fourier coefficients.

Proof: If f is continuous, then Fejér’s Theorem shows that Ty f converges to f
uniformly, so it converges in L2(I). It follows that the Sy f ’s must also converge to f
in L2(I): See Exercise 9 of Section 12F. For general f in L(1), givene > 0, choose
a continuous periodic g such that || f — g|| < ¢. Then we use (24) to estimate

IShf = fIl < IISN(f = Il + 1I1Svg — gll + 1Ig = flI
<If —gll+1I1Svg =gl +1lg = fIl = |ISwvg — gll + 2,
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which is < 3¢ for large N. This proves (42). The identity (23), in combination with
(22), implies the identity

N
AP =SV AP +I1f = SufIP = D IF@P+11f = SvfIP. (44

n=—N

The identity (43) is a consequence of (44) and (42),
Conversely, suppose that (a,)>, is a square-summable sequence. Set

N .
fn(x) = Z ae'™.

n=—N

The orthonormality of the exponential functions e, implies that, for M < N,

v = fullP = >0 laal™ (45)

M<|n|<N

By the assumption of square summability, the right side converges to zero as M, N
tend to 00, so (fy)g° is a Cauchy sequence in L2(I).Let f be the limit. Orthonorma-
lity implies that ( fy, e,) = a,, for all N > |n|. This fact and the Cauchy-Schwarz
inequality imply

fy=(f.e) = }\}ilnw(fN, en) =ay. 0O (46)

As noted above, the Fourier partial sums Sy f(x) do not necessarily converge
to f at a given point x, even if f is continuous. L. Carleson proved in 1966 that
convergence occurs almost everywhere if f belongs to L>(I) (and, therefore, if f
is continuous). The proof is quite difficult and technical.

The equality (43) is a special case of an equality for the inner product in the
Hilbert space L2(1), also known as Parseval’s Identity.

Theorem 13.13. If f and g belong to L*(1), then
N -~ D ~——
(f.g)= lim ,,:Z_N g, (47)

or, more succinctly, (f, g8) = >_ f(n)fg%.

Proof: Again, the Cauchy-Schwarz inequality and the orthonormality of the ¢,,’s
imply that

N
(f.g)= lim (Syf. Syg) = lim ;N Fmgm). o
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Another way to look at the results in this section is in terms of standard models
of various spaces. The standard model of an n-dimensional complex inner product
space is the space @" with standard inner product

n
(Z, W) = ZZ]'W]'.
=1

Suppose that V is another n-dimensional complex inner product space and
{e1, ..., ey} is an orthonormal basis for V. Consider the linear transformation that
takes a vector v € V to the vector whose entries are its coefficients a; = (v, €;) with
respect to the orthonormal basis. This linear transformation allows us to “identify”
V with @". (More formally, it is a unitary transformation: an isomorphism from V
to €" that preserves the inner products.)

Here the role of a standard model of an infinite-dimensional (separable) complex
Hilbert space is taken by the space of two-sided complex sequences {a,}>, that
are square-summable:

o0
Z |a,,|2 < 0.

n=—0oo

The inner product between two such sequences is defined to be
0 —_—
Z a,b,.
n=—00

The Riesz-Fischer Theorem says that L2(I) may be identified with this sequence
space by identifying a function f with its sequence of Fourier coefficients.

Exercises

1. Prove that for any f in L*(I) and any N =0,1,2,..., the partial sum Sy f is the best
approximation to f in the subspace spanned by the functions {e, : |n| < N}.
2. Suppose that the sequence (f,,)52, converges to f in the space L'(I). Prove that

lim f,(k) = f(k), allk € Z.
n—o00
3. Suppose that f, converges to f and g, converges to g in L>(I). Prove that
lim (fy, 8) =(f,8),  lIm(f,, &) = ([, ).
n—o00 n—oo
4. Use Parseval’s Identity (43) and the functions f(x) = x and g(x) = x% to compute
o0
(a) DIRVLE
n=1

o0

(b) > 1/nt.

n=1
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13G. More Convergence

The Riesz-Fischer Theorem shows how to create a function in L?(1) with appropri-
ate Fourier coefficients. The following theorem gives sufficient (but not necessary)
conditions on the Fourier coefficients of a continuous periodic function.

Theorem 13.14. Suppose that {a,}>, is a complex sequence such that

o]

Z la,| < oo.

n=—oo

Then the partial sums

N
fN(x) — Zane27{inx
—-N

converge uniformly to a continuous periodic function f whose Fourier coefficients
are f(n) = ay,.

Proof: Since the e,’s have modulus 1, if M < N, then
V@) = fu@I < D al,

M<|n|<N

and the right side tends to 0 as M, N — oo by the assumption. Therefore, the fx’s
converge uniformly and it follows that the limit f is continuous; it is periodic since
the fn’s are. The conclusion about the Fourier coefficients follows as in the last
part of Theorem 13.12, by taking limits. O

Lemma 13.15. Suppose that (a,)* is a complex sequence such that

o0
Z |na,,|2 < 0.

n=—0oo

Then

e8]

D7 laul < oo
n=—00
Proof: We may assume that a, = 0. By the discrete Cauchy-Schwarz inequality,

00 2 00 ©
( Z |an|> = Z |nan|22n2=]:ﬁ O

n=—oo n=—oo
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Theorem 13.16. Suppose that f is continuous and periodic, and suppose that the
derivative f' exists and is continuous. Then Sy f converges uniformly to f.

Proof: Use Exercise 4 of Section 13G and the preceding lemma. O

As a consequence of (the proof of) Fejér’s Theorem, we can obtain a useful result
on convergence of the Fourier series itself.

Theorem 13.17. Suppose that f is an integrable periodic function. Suppose that
f is continuous at the point x and suppose that the Fourier series of f converges
at the point x, that is, suppose that limy _, oo Sy f (x) exists. Then this limit is equal

to f(x).

Sketch of proof: The argument, in the proof of Fejér’s Theorem for convergence
of Ty f to f atthe point x, goes through under these assumptions on f. The reason is
that the translates £, converge to f withrespecttothe L' normasa — 0 (Exercise 3
of Section 12C). If Sy f(x) converges, then the averages Ty f (x) converge to the
same limit (Exercise 3 of Section 3D), so limy_ oSy f(x) = f(x). O

We note here, without proof, a result concerning convergence when the function
is not assumed to be continuous.

Theorem 13.18: Lebesgue’s Theorem. If f is an integrable periodic function,
then limy_ o Ty f(x) = f(x) a.e.

Corollary 13.19. Suppose that f1 and f, are integrable periodic functions. Then f;
and f, have the same sequence of Fourier coefficients if and only if f1(x) = fo(x)
a.e.

Proof: Let f = fi — f>.1f f = 0a.e., then f(n) = 0, all n. Conversely, suppose
that f(n) =0, all n. One way to see that this implies that f = 0 a.e. is to note
that Ty f = 0 for every N and use Lebesgue’s Theorem. For another way, see
Exercise 1 of Section 13E. O

Exercises

1. Are any of the following sequences the Fourier coefficients of a continuous periodic
function? A continuously differentiable periodic function? An L>-periodic function?

_ (=
(a) an——1+n2. (b) b”_1+|n|'
©) ¢, = G @@d=—.
" VT ECETDEE
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2. Let f(x) =Y o2 ycosnx /(1 + n?).
(a) Show that f is continuous and periodic.
(b) Determine the Fourier coefficients of f.
(c) Prove or disprove: f has continuous first and second derivatives.

3. Show that foreachr suchthatO < r < 1,thereisafunction f whose Fourier coefficients
are ?(n) =0forn < 0and ?(n) =r" for n > 0. Calculate f.

4. Show that for each 0 < r < 1, there is a function f, whose Fourier coefficients are
f,(n) = rI"l, Show that

1—r2

fr(-x) =

14+r2—=2rcos2mx’

5. Suppose that f is continuous and periodic and that it has a continuous derivative.
(a) Show that there is a constant C such that

| ()| < 3, n=-41,42,....
n|

(b) Show that Y7 n2| f(n)| < oc.

6. Suppose that f is an integrable periodic function whose Fourier coefficients satisfy
YR f)? < oo
(a) Prove that there is a continuous function g such that f = g a.e.
(b) Prove that the derivatives (Sy f)’ converge in L2(I).

7. Suppose that f is continugus and periodic, and let F(x) = f(f f(x)dx. Show that F
is periodic if and only if f(0) = 0. If so, relate the Fourier coefficients of F to those
of f.

8. Suppose that f is periodic and has continuous derivatives of order < k. Prove that there
is a constant C such that

~ C
lfm)] < e n=+1,42,....

9. Suppose that f is an integrable periodic function, and suppose that for some constant
C and some nonnegative integer k the Fourier coefficients satisfy

-~ C
|f(”)|§|n|T+2, n==l1,4£2,....

Show that there is a function g such that g and its derivatives of order < k are continuous,
and such that f = g a.e.

10. Suppose that f is periodic and both f and its derivative f’ are bounded and are
continuous except at isolated points; suppose that at such a point xo both the limit
from the left and the limit from the right exist:

f(xo—)= lim Of(X); fxo+)= lim f(x).

X—>X0,X>X X—>X0,X>X(

Show that the Fourier series at xy converges to %[ fxo—) + f(xoH)].
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13H*. Convolution

The expressions for the partial Fourier sum Sy f and its sequence of averages Ty f
suggest an operation that assigns a periodic function to a pair of periodic functions f
and g: the convolution product, or simply convolution f * g. Formally, it is defined
by

T

1
[f *glx) = T SO glx — y)dy.

Asin (7),

1 s
[f *glx) = E/ f&x—=y)gndy = [g * f1(x).

This makes sense if one of the two periodic functions is continuous (or piecewise
continuous) and the other is integrable. In fact, it can be shown to be well defined
for a.e. x if we only assume that both f and g are integrable periodic functions. In
particular, we have, for any periodic f in L'(1),

SN\f=Dyxf=f*xDy, TInf=Fyx*xf=fxFy,

where Dy is the Dirichlet kernel and Fy is the Fejér kernel.

The Fejér kernel is one example of the important notion of an approximate
identity. A sequence (¢,);>, of continuous periodic functions is said to be an
approximate identity if it satisfies the three conditions that we identified for (F,); :

® ¢n = 0;

b4

1
(ii) — on(y)dy =1, foralln € IN;
2

-7

T

-6 ke
(i)  lim |:/ o (y)dy —i—/ <p,1(y)dy:| =0 for any fixed §, 0 < § < m.
n—00 _ F}

As we noted in connection with the Weierstrass Approximation Theorem, the con-
clusion of Fejér’s Theorem, and its proof, remain valid for any approximate identity:
If f is a continuous periodic function, then f * ¢, converges to f uniformly as
n — oo.

Exercises

1. Suppose that f and g are continuous periodic functions.
(a) Show that the Fourier coefficients of the convolution f % g = h satisfy

hk) = fk)gk), all k € Z.

(b) Interpret this when g = Dy, the Dirichlet kernel.
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(c) Show that this remains true if it is only assumed that f is integrable and g is square
integrable.
2. Suppose that (g,)52; is an approximate identity. Show that for each integer k,

lg.(k)l <1  and lim g,(k) = 1.
n—00

Check this with gy = Fy, the Fejér kernel.
3. Use the preceding two exercises and Parseval’s Identity to show that if f is an L2-periodic
function and (g,);2 ; is an approximate identity, then

lim [|g, * f — f|| =0.
n—oo
4. Show that constants ¢, can be chosen so that the sequence of functions
g(x) =c¢, [1 + cosx]", n=0,1,2,....

is an approximate identity. Compute the c,’s. (This leads to the original proof by
Weierstrass of his approximation theorem.)
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Applications of Fourier Series

In this chapter we analyze a famous phenomenon of Fourier expansions, touch on
a few of the many uses of Fourier series, and introduce the related topics of finite
Fourier expansions and the Fourier integral.

14A*. The Gibbs Phenomenon

Although the Fourier series of a piecewise continuous function like the square-wave
function

-1, -1 <x <0

f<x>={ |

0<x<m

converges at each point of continuity of f, by Dirichlet’s Theorem, it was noticed by
Wilbrahim and others, including J. W. Gibbs, that the partial sums Sy f overshoot
for small positive x and undershoot for small negative x by an amount that tends
rapidly to a nonzero constant as N — oo. See Figure 11.

We sketch here a precise analysis of this phenomenon and an evaluation of the
constant. Direct calculation shows that the Fourier coefficients of the square-wave
function f are

feny=0;  f@n+1)=

in+ D’
Therefore,
: sin3x sin2n — 1)x
Son—1 f(x) = sinx + 4. —

[cost + cos3t + -- -+ cos(2n — 1)t] dt

Re[e’ + e + .-+ @V dt

Q| A~ A

ho\;

197
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Figure 11. Sy of the square wave function for N = 21.

4 x ei2nt -1 4 X efznt -1
= —/ Re | —— |dt = —/ Re P TTEe— dt
T Jo et —e !t T Jo 2i sint

2 (¥ sin2nt
_2 / dr. (1)
0

T sin ¢

We are interested in small positive x, so the last integral is approximately

2 [* sin2nt 2 (P gins
= dr == — ds.
T Jo t T Jo N

The extrema of foy sin s ds /s for positive y occur at integer multiples of 77, and since
the humps of the function being integrated decrease in size, and their signs alternate,
the maximum occurs at y = 7. Therefore the maximum of (1) forO < x < 1/2 and
n large occurs near x = 7 /2n and has a value approximately equal to

2 (7 s
—/ MY s =1.179. ...
T Jo N

In other words, the overshoot, in the limit, is nearly 18 percent.
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Exercises

1. Suppose that f is a piecewise continuous function as in Exercise 10 of Section 13G.
Discuss the behavior of Sy f near a point of discontinuity of f for large N. Is there an
undershoot or overshoot to the right of the point? By how much, and why?

2. Do the arithmetic means Ty f of the square-wave function (1) exhibit an overshoot?
Why, or why not?

14B*. A Continuous, Nowhere Differentiable Function

Filling in the gaps of an idea of Riemann, Weierstrass distressed various nineteenth-
century mathematicians by producing a continuous, periodic, nowhere differen-
tiable function with a simple Fourier series representation. In fact, choose a in
(0, 1) and consider

o0
fx)= Za" cos(2"x) O<a<l. )
0
This function is continuous, by Theorem 13.14.

Theorem 14.1. The function f of (2) is not differentiable at any point if a > 1/2.

(In fact, amodification of the argument below, using the square of the Fejér kernel,
shows that f is also nowhere differentiable if @ = 1/2. The result was proved by
Weierstrass for a close to 1 and extended down to a = 1/2 by G. H. Hardy.)

Theorem 14.1 is a consequence of the following result.

Theorem 14.2. Suppose that g is periodic and continuous and suppose that the
Fourier coefficients g(m) vanish unless m = £2" for some integer n > 0, and
¢(E£2") = ax. If g is differentiable at some point xo, then there is a constant C
such that

laf| < Ccn2™, n=1,2,3,.... (3)

Proof: Translating g by xg does not change the moduli of the Fourier coefficients
(Proposition 13.3), so we may assume that g is differentiable at 0. Subtracting a
constant from g changes only g(0), so we may assume that g(0) = 0. These two
assumptions imply that, for some constant M,

|8(X)| < Mplx|,  all x.
This in turn implies that, for some constant M,

hy = 801 _ M

=— 71 =<1 all x € (—m, ), x #O. 4)
| sin §x| |x|
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Let us prove the inequality (3) for ;7. The assumptions on the Fourier coefficients
imply that

(g em)=0, if 2" <m<2" and m#2"; (g, ex)=a.
This implies that, for the Fejér kernel Fy,
at =(g,enFy), N=2"" 1.

Using the form of the Fejér kernel (equation (37) of Chapter 13) and the inequalities
(4) and | sint| < |t], we get

2N_
la —————dx
nree |< | MIler /00 o0 €€ oE coooos
¥ ANz
<— AN*|x|dx + —
—m sin N7 Nm J1
NE TedsTET4 . 4 . 414 - dregBTF 111
. N
N N |’

Since N = 2", this gives the desired inequality. O

lx —x |

Exercise

Fl¢l.)-460(Let)] TI/F5 1 T£3.109 0 TD(H)Tj/F1 1 Tf0.8341 0 TD[(be)-347.1(the)-347(W)80(eierstra
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In other words, this confirms the intuitive feeling that, among curves of a given
length, the circle encloses the largest total area.

The first step of the proof is to assume that the curve is oriented so that A lies to
the left; then, by Green’s Theorem,

/xdy —ydx = // [ix — i(—y)] dxdy = 2/ / dxdy = 2 area(A).
¥ aLox dy A

&)

Next, we may assume that the curve is parameterized by arc length, so that
vy =(x0.y0), 0sr=m;  KOP+DOF =1 (6)
Then x and y may be considered as periodic functions with Fourier coefficients
X(n) =a,,  Yn)=b,.

We interpret the line integrals in (5) as an inner products and use the expression
of an inner product in terms of Fourier coefficients (equation (47) of Chapter 13)
and the relation of the Fourier coefficients of a function to those of its derivative
(equation (18) of Chapter 13) to obtain

2w
/ xdy — ydx = /0 [x()y' (1) — x'(O)y®)]dr =27 [(y', x) — (=", y)]
14

o0
=21 Y inlbydy — anby). (7)
n=—00
Using (5), (7), and the elementary inequality |ba — ab| < 2|ab| < |a|* + |b|?, we
obtain

2area(A) < Y 27 nl(lanl* + 1ba?) < Y 270’ (lanl® + 1bal’),

n=—o00 n=—00
with strict inequality unless a, = b, = 0 for all |n| > 1. Now we make use of the
identity for the derivatives in (6) to see that

o0

=G+ 00 )= Y n*(lal + 1bal%). (8)

n=—oo

Combining (7) and (8), we get
2area(A) < 2m,

with strict inequality unless a, = b, = 0 for all |n| > 1. Since the functions x, y
are real, equality implies that x” and y’ are linear combinations of cos ¢ and sinz. If
we choose as our starting point ¢ = 0, the point where x is maximal, it follows that
x'(0) = 0 and x”(0) < 0 and thus x'(t) = — sin¢. Then, since (x")> 4+ (y')? = 1, it
follows that y’(¢t) = =+ cos¢, and the curve is a circle.
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14D*. Weyl’s Equidistribution Theorem

Let [x] denote the integer part of the real number x, that is, the unique integer m such
that m < x < m + 1. Let {x} denote the fractional part: {x} = x — [x] € [0, 1). If
x is rational, then the fractional parts of its integer multiples, {nx}, take only finitely
many distinct values. Conversely, if x is not rational, then it is easy to see that the
{nx}’s take infinitely many values; in fact, no two are the same. Kronecker showed
that for irrational x these values are dense in the interval [0, 1), that is, each open
subinterval contains {nx} for some integer n (and therefore for infinitely many
choices of n). One can ask for more information: On average, over the long run,
what fraction of the values lie in a given subinterval (a, b)? If we denote the number
of elements in a finite set A by card(A), the question is, does the limit

ngnoo IN 1 card {n :|n| < N and {nx} in (a, b)}, )
exist and, if so, what is it? A two-sided sequence in the interval [0, 1) is said to
be equidistributed if the corresponding limit exists and is equal to b — a for every
subinterval (a, b). In other words, for an equidistributed sequence, in the long run
the likelihood of its lying in a given subinterval is equal to its length. Weyl showed
that for any irrational x the sequence with x,, = {nx} is equidistributed. Here is a
sketch of the proof.

First, we rewrite the quantity in (9), using the indicator function 14 of the interval
A = (a, b); then this quantity is

l N

> Lat).
2N +1 =,

Note the resemblance to a Riemann sum. The equidistribution property can be
written

fim s O L= [ 14 (10
im w) = )
Novoo N 1 Lt AT AT

If (10) is true for each subinterval A of [0, 1), then it extends to linear combinations,
that is, to step functions f:

N 1
am N + 1 Z f(xn)=fo Fdy. (11)

n=—N

If (11) is true for all step functions f, then an approximation argument shows that
it is also true for all continuous functions, and in particular for all trigonometric
polynomials scaled to have period 1.
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Weyl’s idea was to reverse this line of reasoning: If (11) is true for all such
trigonometric polynomials, then the Weierstrass Approximation Theorem shows
that it is true for all continuous functions, and a further approximation argument
extends the validity to indicator functions of intervals. Thus one obtains the desired
identity (10).

By linearity, (11) holds for trigonometric polynomials if it holds for the scaled
exponentials e, (27 x). For f = e, both sides of (11) equal 1. For f(x) = ¢,(2m x),
n # 0, the right side of (11) is 0. Thus the task is simply to show that in this case
the left side is also 0. But

en(2mx,) = 7™ = exp(i27 {nx}) = exp(i2mnx) = o, « =,

Since x is assumed irrational, it follows that o” # 1 for n £ 0. Therefore,
1 ~ oVt — o~

n2 -
2N+1n;Ne(””) IN+1 a—1

N

and powers of o have modulus 1, so the limit is O.

An analogous result with an analogous proof holds for several reals: If xi,
X2, ..., X, are irrational real numbers that are linearly independent over the ra-
tionals, then the fractional parts of integral linear combinations

{nixi +nyxo+ -+ n,x,}, ny, Ny, ...,Nn, € Z (12)

are dense in [0, 1). One consequence is that irrational flows on a torus are “ergodic.”

Exercises

1. Prove that if (11) is true for each continuous f, then (10) is true for every subinterval A
of [0, 1).
2. Formulate and prove the analogous equidistribution result for the fractional parts (12).

14E*. Strings

Historically, a direct antecedent to the idea of Fourier analysis was the analysis,
by D’Alembert and Euler in the mid-eighteenth century, of the vibrating string
problem. A string, say of length 7, is stretched between two fixed points and is set
moving by plucking, striking, or bowing. The problem is to describe mathematically
the subsequent motion. If the motion is assumed to be in the vertical plane through
the fixed ends that are at the same height, then the state of the string at time ¢ is
given by the function u(x, ¢) that is the vertical displacement of the string above the
rest position at distance x from the left endpoint. In particular, the fixed endpoints
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imply the boundary conditions
u(,t) =u(r,t) =0, all ¢. (13)

The equation of motion of the string is given by Newton’s general law: Mass
times acceleration equals force. For a taut string one may essentially ignore gravity
and take the force to result from the tension, which for small displacements is
proportional, at a point on the string, to the amount the string curves at that point —
in other words, to the second partial derivative with respect to x. The acceleration
is the second time derivative. Thus, for small displacements and ignoring friction,
the equation of motion has the form

0u 0%u

37 = ¢ L (14)
where ¢ is a constant that depends on density and tension. If the string is set in
motion at time ¢ = 0, then (2) should hold for # > 0 and 0 < x < 1. To complete
the mathematical description of the problem, one should give the initial conditions,
which in this case are the initial configuration and the initial state of motion

0
u(x,0) = f(x), a—”t‘ (x,0) = g(x), (15)

where f and g are known functions; for example, g = 0 means the string was held
in position f and then released, while f = 0 means that a string at rest was given
an initial impetus g.

Our strategy is to assume that there is a solution and find a good way to analyze
it. Suppose that we were trying to solve an ordinary differential equation,

d’u )
W(l) = c"Au(t), (16)

where u takes values in a vector space V and A is a linear transformation, A : V —
V. If the matrix of A with respect to some basis is diagonal, then with respect to that
basis equation (14) becomes a collection of simple scalar equations. The matrix of
A with respect to a basis is diagonal if and only if each of the basis elements is an
eigenvector of A: a nonzero vector v such that Av = Av for some scalar A.

We can consider (14) to be in the form (16) if we take V to be a space of
functions on the interval (0, 7) and take A to be the operator d? /dxz, which is
indeed linear. Thus we would like to find a basis for our function space consisting
of the eigenfunctions of d*/dx?*: nonzero solutions v of

d*v )
—2(x) = A7v(x), x € (0,1). a7
dx
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Because of (13) we want also to impose the conditions
v(0) = v(w) =0. (18)

The solutions of (17) for A = 0 have the form ax + b, but (18) impliesa = b = 0.
Otherwise, the solutions necessarily have the form

v(x) = ae* + be ™

(see the next chapter) and (18) implies thata + b = O and ae”* + be™ = 0. Together
these conditions imply that A = inm and v is a multiple of sin nx. Thus we are led
to try to expand u in the form

oo
u(x,t) = Zan(t)sinnx. (19)
n=1
We can deduce that such an expansion exists, under the assumption that u is square
integrable with respect to x for each fixed ¢, by the following argument. Any
function in L?((0, 7)) can be extended so as to be an odd function on the interval
(—m, ) and then can be extended to be be periodic with period 2. Such functions
can be expanded in Fourier series using the exponentials e,, or, equivalently, the
trigonometric functions cos nx, sinnx. Since we have taken our functions to be
odd, only the sine functions play a role.
We differentiate both sides of (19) twice with respect to ¢ (we simply assume
that the right side can be differentiated term by term) and equate coefficients to see
that the differential equation (14) leads to the equations

al(t) = —n*ca,(t), (20)
whose solutions can be written as
a,(t) = b, cosnct + ¢, sinnct. 21

Putting (19) and (21) together, we find (formally) the most general form of the
solution to (13), (14). The conditions (15) determine the constants b,, and c,. In
fact, extend f and g to be odd; then the b,’s are the coefficients of the sine expansion
of f and the ¢,’s are multiples of the coefficients of the sine expansion of g.

Special solutions of the vibrating string problem can be obtained by taking a
single term,

Uu,(x,t) =cosnctsinnx. (22)

These solutions are called standing-wave solutions; u,, moves back and forth be-
tween extreme positions as ¢ varies; it has period 27 /nc and frequency (number



206 Applications of Fourier Series

of complete oscillations per unit time) equal to nc/2x . Thus the characteristic fre-
quencies are the positive integer multiples of the lowest, or fundamental, frequency.

A little thought shows that the part of the solution associated to (21) can be
written in a way that shows a closer connection to (22). In fact, take (r,, nc6,) to
be polar coordinates for (b, c,), so that (21) becomes

rpl cosnct cosnch, + sinnct sinnc6,] = r, cos(nct — ncb,).

Combining this with (22) and (16), we get

o0

ulx,t) = Zrnun(x, t—06,),
n=1
a sum of standing waves with time shifts.

So far we have shown that the solution of the problem (13), (14), (15) can be
expressed as a sum of standing-wave solutions. Another look at the formulas shows
that it can also be expressed as a sum of two traveling-wave solutions. In fact, the
trigonometric identities

2cosnct sinnx = sinn(x — ct) + sinn(x + ct),

2sinnct sinnx = cosn(x — ct) — cosn(x + ct)

(which are easily obtained by using the complex exponential expressions) imply
that the sum (19), (21) can be reorganized into the form

ulx,t) = filx —ct) + folx +ct) (23)

for suitable functions f] and f;, periodic with period 2.

This last expression could have been arrived at much more directly and leads
to a different approach to the whole problem (13)—(15). In fact, we can factor the
differential operator that appears in (14):

2, 0 9 d d N 3 ] N d d 3
— —CC—=|\-—-¢c— —tc—)=|\7+c— ——Cc— ).
012 0x2 ot ox ) \or 0x ot dx ) \or 0x

This factorization leads to the decomposition (23) of solutions of the differential
equations (14). The functions f; and f, should then be chosen so that the boundary
conditions (13) and initial conditions (15) are satisfied; see Exercise 2.

In light of the relative simplicity of this second method of attack on the problem
(13)—(15), the reader may wonder why we bothered with the first method. One
answer is that the first method, and variants of it, apply to a much wider class of
problems than does the second method. A second answer is that the standing-wave
solutions (22) and the characteristic frequencies nc/2m are important features of
the problem. In fact, the ear — or any physical detector — can detect frequencies only
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over a finite range, which means that only certain partial sums in (19) can actually
be detected.

Exercises

1. Given astring, we can vary either the tension, which changes the constant ¢, or the length.
Find the standing-wave solutions for a string of length L and discuss the effect of lowering
the tension or lengthening the string on the sequence of characteristic frequencies.

2. Relate the functions f; and f, in (23) to the functions f and g in (15), after extending
f and g to be odd with period 2.

3. The heat equation or diffusion equation in one space dimension is

u 2y ..
—x, 1) = k—=(x,1), k a positive constant.
ot 0x2

(This describes the temperature of a wire in an insulating medium. The length unit
has been chosen so that the wire has length 27 and « is the coefficient of thermal
conductivity.) If we assume that the ends of the wire are joined, that is, that it forms a
closed curve, then it is appropriate to think of u as being a periodic function of x.
Discuss the solution of this equation for u periodic in x and ¢ > 0, given the value of

u(x, 0):
(a) Write the solution as a convolution.
(b) Find the limit of u as t — o0.

4. Discuss the temperature of a wire of length 27 in an insulating medium if the initial
temperature distribution is known and the ends of the wire are kept at a fixed temperature;
here we have dropped the assumption that the wire forms a closed curve.

14F*. Woodwinds

Guitars, zithers, and the like are not the only instruments that can be analyzed
using Fourier series. For woodwinds, the results have some similarities and some
differences. We begin with the flute. The sound is produced by the vibrations of
a cylindrical column of air. Small vibrations turn out to be governed by the same
equation as for the vibrating string, (14); here we take u(x, t) to be the difference
between the pressure at time ¢t and at distance x along the column and the ambient
pressure in the room. (Pressure is essentially constant across the cross section of
the column). The column is set into motion by blowing across an open hole, and the
length of the vibrating column is essentially the distance to the next open hole, or
to the open end of the instrument if no other hole is open. At the open holes, or the
end, the pressure is the same as the ambient pressure, so boundary conditions (13)
are appropriate if the length is taken to be 7. Then the standing-wave solutions and
the characteristic frequencies are the positive integer multiples of the fundamental
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frequency. One effect of this is that if the flute is blown to produce a fundamental
tone C, and then is blown rather harder with the same fingering, the note produced
is C’, an octave higher (twice the frequency).

Now consider a clarinet. Playing the same game, one goes from a fundamental
tone of C to G’, the fifth above the octave C’ (triple the frequency). This suggests
that there is something wrong with equation (14) for the clarinet — or what? In fact,
equation (14) is still correct (approximately, as before), but the boundary conditions
(13) are not. The column of air in the clarinet is set in motion using the reed at
one end, and there is no reason for the pressure there to be the same as that of
the ambient air. What does happen at a closed end is that the pressure cannot drop
off or increase sharply as a function of x. If the closed end is at x = 0, then the
appropriate boundary conditions are

a—u(O, 1) =0, u(l, ) =0. 24)
0x

We leave it as an exercise to show that the standing-wave solutions for the problem
(14), (24) have the form

cos ([n + %] ct) cos ([n + %] x), (25)

and to deduce that the characteristic frequencies are precisely the odd positive
integer multiples of the fundamental. In particular, above a fundamental C we
would expect to hear the note with 3 = % - 2 the frequency, that is, the fifth above
the octave C’.

Finally, consider an oboe, and play the same game. Like a clarinet, the oboe has
one closed and one open end and therefore would seem to correspond to the same
boundary conditions (24). Nevertheless, the tone heard above a fundamental C
is the octave C’. This must mean that this time there is something wrong with
equation (14), and indeed there is, though not because of some occult properties
of the air in an oboe (or of the oboist). In fact, an oboe is not cylindrical; it is an
elongated cone, tapering nearly to a point. Since the cross section is not constant,
we would expect the coefficients of the equation to show some dependence on the
variable x. (In deriving (14) for a string we tacitly assumed that the string was
homogeneous; if it has different properties along its length, then (14) should not be
accurate.) The correct equation can be shown to have the form

@(x,t)=c2 82—”(x,t)Jrza—”(x,t) :
o2 dx2 X 0x
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This equation can be rewritten as

2

O e, = 2 Leuge, 1] 26)
o2 xu(x,)] =c P xu(x, )].

Therefore the function w(x, t) = xu(x, t) satisfies the wave equation (14). More-
over, w satisfies the boundary conditions (13), so the standing-wave solutions and
the characteristic frequencies (for this simplified model) are the same (up to the
determination of the constant c¢) as for the string or the flute.

Percussion can be more complicated.

Exercises

1. Find the eigenfunctions of the operator d?/dx? subject to the boundary conditions (24)
and follow the method of Section 14E to show that the general solution of (14) with
boundary conditions (1) is a sum of standing-wave solutions (25), translated in time. In
particular, one needs to show that any function in L?((0, 7)) has an expansion in the
appropriate cosine functions of x.

2. Verify that the equation that precedes (26) is equivalent to (26).

14G*. Signals and the Fast Fourier Transform

In practical applications a function, such as a signal, is given by a finite amount
of discrete data: N numbers, where N may be quite large but is definitely finite.
Thus let us consider functions on a finite set, taken, for convenience, to be complex-
valued:

f:5—-C, S=Sv=1{0,1,2,...,N —1}. 27

Equivalently, f is an N-tuple of complex numbers, an element of €. However, it
is more convenient to think of the representation (27) and to write the variable x
for an element of S. We denote the set of such functions by 7 = Fy. Then F is
taken to be a finite-dimensional Hilbert space with the inner product and norm

1 S 1
(=52 fG)  IfIF =53 If0P. (28)

xes xes

We may also extend our functions to be defined on the integers and periodic of
period N:

fZ— Q, f(x+N)= f(x), x eZ. (29)
We leave it as an exercise to show that the exponential functions

e,(x) =X mN - —=0,1,2,....,.N—1, xe€Z (30)
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satisfy (29) and are an orthonormal basis for . Consequently, any function f in
F has the finite Fourier expansion

fE =) Fwe,(0), ) =(f.e. 3D
xeS
This decomposition can be useful for applications, but one needs to be concerned
with the number of computations necessary to compute it when N is large (e.g.,
210 or 220y Now

-~ 1
n)=— x)en(—x), 32
fmy = 2; f@en(=x) (32)
so it appears that N multiplications and N additions are necessary to compute
each of the N coefficients — a total of 2N? operations. However, the process can
be reorganized so as to involve on the order of N log N operations, that is, on the
order of 10 - 2!9 rather than 2%° if N = 2'°, a factor of 1028; the saving grows very
rapidly with N. This is known as the fast Fourier transform (FFT). It was essentially
known to Gauss in the early nineteenth century and was rediscovered in the twentieth
century. Suppose that N = 2M is even. Given f in Fy, define the functions

fO+f&x+ M), JOO) = fx+ M)

f+(x) = 5 ;o fm) = 2 e_1(x). (33)
Both these functions have period M = N /2. In the case of f_, this follows from
the fact that e_;(x + M) = —e_;(x). Now the functions e,,, are the orthonormal

exponentials for Fj,. It follows that the Fourier coefficients of f, and f_ as
elements of F, are related to the Fourier coefficients of f by

i)y =@k,  f_(k)y=fk+1). (34)

Thus the problem has been reduced to that of computing the Fourier coefficients
of each of two functions in Fy,. If N = 2™, the process can be iterated down to
the point where we have N functions in Fi, that is, N constant functions, whose
values are exactly the Fourier coefficients of f.

In (34) we only need the values of fi at0,1,..., M — 1, so there are 2M = N
additions and (counting multiplication by %) M + 2 multiplications, one of which
is trivial. Therefore, in at most 2N operations one reduces to two functions in
Fu, M = n/2. Inductively this means at most 2m - 2" operations when N = 2.

Exercises

1. Verify that the functions (30) are indeed an orthonormal basis for F.
2. Verify that f and f_ of (33) have period M.
3. Verity (34).
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14H*. The Fourier Integral

Fourier series can be adapted to functions periodic of any period or, equivalently,
to functions belonging to the Hilbert space L?(I) for any interval /. To see how to
deal with functions on the whole line, the space L?(R), we pass to the limit from
longer and longer intervals. Specifically, given L > 0, let I} = [—%, %L /] be the
interval of length L centered at the origin. We take the inner product in L?(;) to
be the (unnormalized) integral

L/2
(f, 9L = f(x)g(x)dx.
L2
The rescaled complex exponentials
eiZnnx/L
enr(x) = ., nex (35)
L NG

are an orthonormal basis for L*(1}).
Suppose that f belongs to the intersection L>(R) N L'(R). Let f; denote its
restriction to the interval [; ; thus

fr € L* ) N LY(1y). (36)

Correspondingly, we have the Fourier expansion

fu=>_ fumeu; (37)
fum=— f N floye b (38)
T VL -1L '

Let us associate to the sequence of Fourier coefficients of f; a step function g,
constant on intervals of length 277 /L:

. +iL ‘
gL =L fr(n) =/ f)e < /Lax, for & € |:
L

2nrn 2n(n+1)

L L’ L )
(39)

Then g; is square integrable and

+

1 .
= /R @l =3I = /_

Because of our assumption that f is integrable on R, we may apply the Dominated
Convergence Theorem to deduce from (39) that

L
| f(0))dx. (40)

1
5L

Jim g0(6) = f(¢).  where f(§) = /R fe dx. (41)



212 Applications of Fourier Series

The function fis called the Fourier transform of f.

For the moment let us assume more about the function f, say that it is continu-
ously differentiable. Then at every interior point of the interval I; the Fourier series
of f converges and we can rewrite the resulting sum as an integral involving gy :

(9] 1 ~
fo=>y 7 femen)

_ i 1 2n

- o Z 8L T enL(x)
1 1

= 2—/ gr)er(§)ds, x| < L, (42)
T JRrR 2

where ey, is the step function

eLx(E) — €i271nx/L’

c 2nn 2n(n+1)
L’ L )

Taking the limit as L — oo in (42) we have

1 —~ .
fx) = 2—/ f(E)edE. (43)
T Jr

The pair of formulas (41) and (43) show a certain duality between the function f
and its Fourier transform f. Taking limits in (42) gives the relation

1 —~
/ | £ dx = - / | 7)) de. (44)
R T JR

In fact, one can deduce a more general result about inner products in L2(IR):

I~
(f.8) = 5-(f.8)- (45)
b4
So far we have obtained these formulas somewhat formally, and under the assump-
tion that f is integrable and continuously differentiable, as well as square integrable.

The precise version for square-integrable f is the following.

Theorem 14.4: Plancherel’s Theorem. Suppose that f belongs to L* on the line.
Then, as L tends to 400, the functions

_ SR
L) = f fx)e " dx
—1L

[SIE
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converge in L>(R) to a function f. Conversely, the functions
+iL

1 —~
i = [ Feeas
T J-1L

converge to f in L>(R). The identity (45) for inner products is valid for any functions
f and g in L>(R).

(ST

We omit the details of the proof.
Suitably interpreted, or for suitable functions, we may write the preceding result
in the form

Fe) = / e f0) = o / T dE. (46)
R T JR

Theorem 14.5. Suppose that f is a complex-valued function on the line that has
continuous first and second derivatives, and suppose that f, f', and f" are inte-
grable. Then f is integrable and equation (46) is valid at every point x € R.

Proof: Clearly
7o = [ Je poolax = [ [reo]ax @7
R R

It follows from Exercise 2, and the same calculation, that

£7©1< [ |fwlar 48)
R

Therefore, |f($ ) < C/(1 + £?) and it follows that fis integrable. Now we intro-
duce a “convergence factor” into the right side of (46), so that when the result is

written as an iterated integral, the order of integration may be legitimately inter-
changed:

1 / S FE)dE = lim — f e~ 261 () g
27 JR e=>0+ 2 JR

1 . .
= lim —/ o (€82 gixt |:/ e_’ysf(y)dy:| d§.
e—0+ 27T R R

For fixed ¢ > 0 we can interchange the order of integration in the last expression
and obtain, after some rewriting,

1 PN
> / e f(§)dE = lim / Ge(x — ) f()dy,
T Jr =0+ JR
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where

1 . 1 . |
me=——/dﬁf@””5=__/QMM”*“d5=—1wﬂm>
2 R 2re R 2

Here g is the Gaussian function g(y) = e/, According to Exercise 6 below,
G(x) = %e"‘zﬂ. Thus

1 o~
2_/ e f(E)dE = lim | G.(x — y)f(»)dy
T JR

e—>0+ R

= 1im/ e 'GEe (x — y) f()dy.
R

e—0

From this point, the proof is exactly like the proof of Fejér’s Theorem, since

G, >0; / G.(x)dx = 1; lim G.(x)dx=0. O
R =0+ J x>
Exercises

These exercises introduce some properties of the Fourier transform and some appli-
cations. One may assume that the functions in question satisfy enough hypotheses
so that the formal manipulations are justified.

1. Continuity of the Fourier transform: If f is integrable, then fis continuous.

2. The Fourier transform of the derivative: If g = df/dx, then g(§) = i& f(g).

3. Thi Fourier transform under multiplication by x: If h(x) = xf(x), then d f(f )/dE =
—ih().

4. The Fourier transform under translation: Find g(§) if g(x) = f(x — a), a fixed.

. The Fourier transform under scaling: Find Z(s) if h(x) = f(px) for some positive p.

6. The Fourier transform of a Gaussian function: Let f(x) = ﬁe"‘z/ 2, Show that f(£) =
—£2/2
e 52,

W

7. The heat equation on the line: To solve the problem
M= eER, >0
— X, = — WX, ) X ) >V,
ot dx2
u(x,0) = f(x),

take the Fourier transform of u with respect to x and derive an equation for the transform
(&, 1), which implies that

e, n=e"f&).



14I*. Position, Momentum, and the Uncertainty Principle 215

Show that the solution is given by

1 2
=] Gx—y, dy, G(x,t) = —— - ¥/,
u(x, 1) /R (= 0f Oy, G = e

8. The Poisson summation formula: Suppose that f is integrable on R. Prove that

= 1 o inx
m;oo flx —2mm) = n;o Fye™,
under the assumption that f and its first derivative are continuous and converge rapidly
enough to 0 as |x| — oo.

9. Band-limited signals: If we interpret x as the time variable, we may think of a function
f(x) as the amplitude of a signal. If f(x) = sinx&, then this is a pure sine wave with
frequency &. For a more general (but, say, integrable and square integrable) function f,
the second half of equation (46) may be viewed as showing how f can be decomposed
as a “continuous linear combination” of waves with frequencies &, the coefficients being
f(é ). If the signal comes over a channel with limited bandwidth (meaning that there
is a limit to the frequencies that can be transmitted — or detected), then the signal is
completely determined by its values at a discrete set of points whose spacing depends on
the bandwidth. Prove a precise form of this result: Suppose that f(é ) =O0for |&| > M/2.
Show that f is continuous (assume 15.12 and use Dominated Convergence). Show that
f is determined by its values at the points 2nw /M, n € Z.

141*. Position, Momentum, and the Uncertainty Principle

Suppose that f is a function in L?>(R) with norm 1. Then | f(x)|?, which has integral
1, can be thought of as a probability density, so that the probability that a point x
lies in an interval I of R is

Prob{x € I} = / | £ ()| *dx. (49)
1

Then the expected value of the position of the point is the mean

E=/x|f(x)|2dx. (50)
R

The variance (square of the standard deviation) is a measure of how spread out the
probability distribution is; it is

V= / (x — EXIf(0Pdx. 51)
R

It is small only if most of the mass of | f|? is concentrated near the mean E. The
behavior of the Fourier transform under scaling (Exercise 5 of Section 14H) suggests
that if f has small variance, then f may be expected to have large variance. Note



216 Applications of Fourier Series

that we need a factor of 1/27 to make the Fourier transform have norm 1, so the
mean and variance for f are

E

1 y 2 .
ZRLSU@Nda (52)

<)
I

1 ~ 5
5—/@—Enﬂwds (53)
T Jr

The remark above about the relation between the variances V and V' can be given
quantitative form.

Proposition 14.6. If f belongs to L>(R) such that || f|| = 1, then the product of
the variances of f and of f, V -V, is at least i.

Sketch of proof: We use the results of some of the exercises for Section 13H. Let
QO and P be the linear transformations on the functions

1d
0f@ =xftxr P =L,

Then the Fourier transform of Pf is & f(é ), so
V=llQ-EBEfI  V=II(P-EFI (54)
Denoting the identity operator by I, note that

PQ — 0P =—il,  (Qf. &) =(f, Q8. (Pf.g)=([ Pg). (55)

It follows from (29) and the Cauchy-Schwartz inequality that

L=[IfI? = (f, /)= i(POQf — QPf, [) = il(Qf, Pf) — (Pf, Of)]
=2Im (Pf, Of) < 2|[OfII - [| Pf]l. (56)

Now it is also true that
(P — EINQ — EI) — (Q — EIN(P — EI) = —il,

so we may repeat the calculation (56) with Q — EI in place of Q and P — El in
place of P to obtain the desired inequality. O

The simplest case in quantum mechanics consists of a single particle in one di-
mension. Its wave function is an element ¥ € L?(R) having norm 1. Any physical
measurement is characterized by a linear transformation 7' defined on some sub-
space of L?(R) that has the property (Tf, f) = (f, Tf) for all f in its domain. The
theory is probabilistic: If the wave function of the particle at a given moment is i,
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then the mean and variance of the measurement of the quantity associated to 7" are

Er =Ty, ¥);  Vr=I|(T — ErD*yI (57)

In the usual representation of the wave function, the position operator is the operator
QO above and the momentum operator is h P, where P is the operator above and
the positive number /4 is Planck’s constant. Thus the inequality proved above gives
the quantitative form of the relationship between the uncertainty in measurement
of the position and the uncertainty in measurement of the velocity, known as the
Heisenberg Uncertainty Principle:

V% Vi 2. (58)

Exercises

1. Prove that the product on the left side of (58) is unchanged if v is replaced by /oy (px),
for any fixed positive p. (Note that the new function also has norm 1.)

2. Prove that equality is obtained in (58) if v is the Gaussian function ¥ (x) = e /2 / V2.
It follows from the preceding exercise that equality is also obtained by scaling this
function.

3. Prove that equality is obtained in (58) only when v is one of the functions in the preceding
exercise (possibly multiplied by a constant having modulus 1).

4. The Schrodinger equation for a free quantum mechanical particle in one dimension is

2,
(x t) = zh (x 1), h a positive constant.

Discuss the solution of this equation for u periodic in x, given the value of u(x, 0). Show
that

1 T . ..
T lu(x, t)|2 dx is constant, i.e., independent of ¢.
T J-n

5. Discuss the Schrédinger equation for functions that are not periodic.
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Ordinary Differential Equations

At various points we have come across simple first-order and second-order ordinary
differential equations. In this chapter we study equations and systems of arbitrary
order and establish the basic existence, uniqueness, and representation theorems.

15A. Introduction

An ordinary differential equation (ODE) expresses, at each point of an interval
that is the domain of some function u, a relationship between u(x) and various
derivatives u®¥(x). The equation is said to be linear if the relationship is linear.
The order of the equation is the order of the maximum derivative that appears.
Examples are

@ [+ @] =1 ®) «’ &) =sinu®x) (1)
(@) u'(x)+ cosx - u(x) =e* (b) u’(x)+u'(x) —2u(x) = e*. )

Examples (1) are nonlinear (= not linear) and examples (2) are linear. Examples
(a) are of order 1 and examples (b) are of order 2. For reasons that should be clear,
of the two linear equations, (2b) is said to have constant coefficients.

A system of ODEs consists of more than one equation for more than one function,
for example,

u'(x) = v(x), V'(x) = sinu(x). 3)

This system is said to be of order 1 (or of first order). The reader may note that the
single equation (1b) is equivalent to the system (3) and that, similarly, one can find
a first-order system of two equations for two functions that is equivalent to (2b). In
fact, any ODE or system of ODEs is equivalent to some first-order system.

In this chapter we treat some basic but general topics in the existence and unique-
ness of ODEs and systems of ODE:s.

218
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Exercises

1. Show that (3) is equivalent to (1b).

2. Find a first-order linear system of two equations that is equivalent to (2b).

3. (Gronwall’s inequality) Suppose that f is a positive, continuously differentiable function
on [0, 00), and suppose that there is a constant C such that | f'(x)| < Cf(x) forallx > 0.
Prove that f(x) < e“* £(0) for all x > 0.

15B. Homogeneous Linear Equations

It is convenient once again to consider complex-valued functions u. As before,
differentiability means differentiability of the real and imaginary parts, and u’ =
(Reu) + i(Imu)'. Higher order derivatives u”, u”, .. . are defined accordingly. We
consider here the set of all infinitely differentiable functions

C®(R) = {u : R — € : each derivative of u exists and is continuous on R}.

This is a vector space with the usual operations for functions. The derivative D =
d/dx and its iterates

Du=u', D*u=u", Dlu=u",...,

are linear transformations from C*(R) to itself. It is convenient to define the zeroth
power of D as the identity operator /:

D°=1, Du=Iu=u.
Given any polynomial with complex coefficients, such as
pA)=A"+a, A"+t ah+ap, a; eC, 4)
there is a corresponding linear differential operator with complex coefficients
p(D)=D"+a, D" ' +---+a;D+aol. (5)

Note that these operators satisfy the same algebraic laws as polynomials: If p and
g are polynomials, then

[p +ql(D) = p(D) + q(D), [pql(D) = p(D)q(D). (6)

(In algebraic terminology, the mapping from polynomials to differential operators
is a homomorphism from the ring of polynomials to the ring of linear operators
from C*°(R) to itself.)

The main result in this section is a description of all the solutions of the equa-
tion p(D)u = 0, that is, the null space of the linear transformation p(D). This is
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necessarily a subspace of C*°(IR). We show that it is a finite-dimensional subspace
and find a basis.

Theorem 15.1. Suppose that the polynomial (4) has the factorization
p(L) = H(A — A%, A distinet.
j=1
Then the solutions of the equation p(D)u = 0 are precisely the linear combinations
of the n functions
xkehix, 0<k<dj, 1<j=<m. (7

The proof takes a number of steps.
Lemma 15.2. D*u = 0 ifand only if u is a polynomial (in x ) of degree less than k.

Proof: This is true for k = 1, by the Mean Value Theorem (applied to the real
and imaginary parts), or by the Fundamental Theorem of Calculus. Induce on k: If
D*'y = D¥(Du) = 0, then Du is a polynomial of degree less than k. There is a
polynomial p of degree at most k such that Dp = Du; then u — p is constant. O

Lemma 15.3. If i is a complex number, then (D — 1) u = 0 if and only if u has
the form

u(x) = p(x) e,
where p is a polynomial in x of degree less than k.
Proof: Write p(x) = e **u(x), so that u(x) = e** p(x). By Leibniz’s rule
(D — )™ p(x)) = pe™ p(x) + " Dp(x) — pe"* p(x) = " Dp(x).
Repeating this calculation & times, we get
(D — uD! (" p(x)) = -+ = & D" p(x).

Lemma 15.2 implies that these expressions vanish if and only if p is a polynomial
of degree less than k. O

Lemma 15.4. Suppose that q1, q», ..., qn are nonzero polynomials that have no
root in common. Then there are polynomials py, ps, ..., pm Such that

P1M)g1(A) + p2(M)@2(A) + - -+ + pru(M)gm(A) = 1. ®)
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Proof: Let 7 be the set whose elements are all polynomials that have the form of
the left side of (8) for some choice of the polynomials p ;. For example, g; belongs
to Z. If g, itself has degree O, then it is constant and a multiple of it is 1. Otherwise,
there are at least two polynomials in our original set {g,}, and g; cannot divide every
one of them. (If it did, then any root of ¢; would be common root of all.) Suppose
that g; does not divide g,. We may divide ¢, by ¢, to obtain g, = 5,9 + 1, where
s1 and ry are polynomials; the degree of the remainder term r; is less than the of
q1, denoted deg (q;); and r; # 0. Now r; = q; — sq», so r; belongs to Z. If r; has
degree 0, then 1 is a multiple and we are finished. Otherwise, r; does not divide
some ¢g; and we may repeat the process: g; = s,r1 + rp with deg (r,) < deg(ry),
and r, # 0. Again

r=gq;—sr =q;—5(q1 —$192) = q; — 52q1 + (5251) @2

belongs to Z. This process of dividing and obtaining as remainder an element of 7
having lower degree can be continued until we reach an element r # O that divides
all the ¢;’s and therefore has degree 0. (Again, any root of » would be a common
root of the g;’s). O

Proof of Theorem 15.1: Define polynomials

| “_ PO
q;() = ga W= ©)

These polynomials have no common roots, so we may find polynomials p; to satisfy
(8). There is a corresponding identity for the differential operators defined by these
polynomials:

I = p1(D)q1(D) + p2(D)q2(D) + - - - + pm(D)gm(D). (10)

Now suppose that p(D)u = 0. Use (10) to write

m

u=Y pi(D)g;(Du="Y_q;(D)p;(Du=>» uj. (11)
Jj=1 j=1 j=1
Then
(D —2))u; = (D —x1)%q;(D)p;(D)u = p(D)p;(D)u = p;(D)p(D)u = 0.

By Lemma 2, u; is a linear combination of the functions (7), so the proof is
complete. O
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Remark. Theorem 15.1 shows that the dimension of the null space of p(D) is at
most equal to deg (p). It can be shown that the functions (7) are linearly independent,
so the dimension is exactly deg (p); see Exercise 12.

Exercises

1. Suppose that p is a polynomial of degree 2. Show that for any constants ¢y and ¢, there
is a unique solution to the problem

p(Du =0, u0) =co, u'0)=cy.
2. Suppose that p has degree 2. Prove or disprove: For every choice of constants ¢y, ¢i, and
W, the problem
pDu =pu, u@) =c, ul)=c

has a unique solution.
3. Suppose that p is any polynomial and u is any complex constant. Prove that p(D)(e/**) =

p(p)et.
4. Find all the solutions of the problem

uw’(x) + 2u'(x) + u(x) = e*.
5. For what values of A € C (if any) does the problem
W' (x)=2u'(x)+ ux)=0, u@ =1, ul)=0

have a solution?

6. Let u(t) denote the vertical displacement from equilibrium of a weight suspended from a
spring. The motion, if the spring is frictionless and there is no air resistance, is described
by the equation of motion (a) below, while the presence of friction gives equation (b),
where K and F are positive constants. In each case discuss the behavior of u(?) as
t — +00.

(@ u"(t) = —Ku(r). (b) u"(t) = —Ku(t) — Fu'(r).

7. Suppose that L is the differential operator D> 4+ bD + cI. Find the necessary and suffi-
cient conditions on the coefficients b and c so that every solution of the equation Lu = 0
has the property

(@) lim |u(x)|=0 or (b) limsup |u(x)| < oo.
xX—>+00 x—+00

8. Show that the following subspace of F,
Fri =span{x/e™;0 < j <k},

is invariant under D and therefore under each p(D). Show that if p can be factored, then
all solutions of p(D)u = f can be found explicitly whenever f belongs to F, ;.
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11.

12.
13.
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. Suppose that g is a continuous function that vanishes for |x| > M and suppose that u

satisfies one of the following equations. What can you say about the behavior of u as
x — +00?

(a) D*u — Du +2u = g. (b) D*’u+2Du+2u=g.

Let L = D? — I. A fundamental solution for L is a continuous real- or complex-valued
function G defined on R that has the properties

(1) G'(x) and G”(x) exist for x # 0, and G"(x) = G(x);
(i) lim [G'(e) = G'(=o)] = 1.

(a) Find a bounded fundamental solution G for L.
(b) Show that if g is a continuous function that vanishes for |x| > M, then the function

+00
u = [ G- )gdy
—00
satisfies the equation u” — u = g.
Suppose that the polynomial p in Theorem 15.1 has real coefficients. (Recall that this
implies that the roots come in complex conjugate pairs.) Show that any real solution of
p(D)f = 0is areal linear combination of functions of the form

x*e"* cossjx,  xFe*sins;x,

where the numbers {r; + is;} are the roots of p.

Prove that the functions (7) are linearly independent.

The operator T defined by Tu(x) = xu’(x) is a linear transformation from the space

C*°(IR,) of infinitely differentiable functions on the half-line R, = (0, +00) to itself.

(a) Find all solutions of Tu = ru, for constant r € (.

(b) Find all solutions of T%u 4 2bTu + cu = 0, at least in the case when the poly
nomial A% 4 2bA + ¢ has distinct roots.

15C. Constant Coefficient First-Order Systems

A first-order linear system of ODEs is a system of equations of the form

uy(x) = an(Ou(x) + ap@)uz(x) + - - + a,(Ou,(x) + fi(x),
up(x) = an (Xu1(x) + an(x)uz(x) + - - - + a2 (O, (x) + fo(x),

U, (X) = ap1(0)u1(x) + an()uz(x) + « - - 4 app () (x) + fr(x).

Using vector and matrix notation, we can write this much more concisely as

u'(x) = A(x)u(x) + f(x),
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where u and f are functions from R to €" and A(x) is an n x n matrix. The sys-
tem is said to have constant coefficients if A(x) = A is constant and is said to be
homogeneous if f = 0.

We consider here the constant coefficient n x n case and begin with the homo-
geneous system

u'(x) = Au(x). (11)

Here A is fixed matrix. One way to look for a solution is to assume that the solution
is given by a power series in the variable x. This would mean

u(x) = Zxk ug, (12)
=0

where each uy, is a vector. Since convergent power series can be differentiated term
by term, (11) and (12) imply

o0 o0
kakfluk = ZxkAuk. (13)
k=0 k=0

Coefficients of x* must be equal, so u; = k' Aug_,. Iterating, we can conclude
that u, = (k)" A*uy. Now uy = u(0), so we have derived the solution

u(x) = [Z %(xA)kj| u(0) = ¢ u(0), (14)

where we use the power series to define the matrix ¢*4. Our derivation was rather
formal, but the power series can be shown to converge; moreover, it can be dif-
ferentiated term by term and so, in fact, it does provide a solution to (11). But,
conversely, every solution has this form. To see this, suppose that u is a solution to
(11) and note that Leibniz’s rule implies

di[e“‘ u(x)] = —Ae ™ ux) + e Au(x) = 0, (15)
X

~*Au(x) is constant; its value at x = 0

since A commutes with e 4. Therefore, e

is u(0). Similarly, a differentiation shows that e *4¢*4 is constant, and its value at
x = 01is I, so u has the form (14). (Various loose ends in this argument are dealt
with in the exercises.)

We have sketched a proof of the following.

Theorem 15.5. Every solution of W = Au has the form u(x) = ¢*4 ug, where ug
belongs to @". Conversely, every function having the form e**uy is a solution of

u = Au.
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Another proof can be given based on the result in Section 15E; see Section 15F.

Corollary 15.6. The set of solutions of W = Au, where A is n X n, has dimen-
sion n.

Consider now the inhomogeneous problem: Given the function f, assumed to be
continuous, determine u such that

u'(x) = Au(x) + f(x), u(0) =v. (16)

If u were a solution of (16), then a calculation like (15) would imply that

%[e—“‘ u(x)] = e f(x). (17)

Therefore, integration from x = 0, followed by application of e*4, gives
X X
u(x) = v+t / e A f(y)dy = v + / eI E(y)dy. (18)
0 0

(At the last step we used the identity e*4e ¥4 = =4 )

The results in the preceding section and in this section, to this point, almost
exhaust the cases for which a differential equation or system of a reasonably general
type has a solution that can be expressed simply by a formula. We digress from
the main topic of this section to mention the principal remaining cases. First are
equations of the form g(u(x))u'(x) = f(x), where g and u are known. Choose G so
that G’ = g and let v(x) = G(u(x)). Then the differential equation for u becomes
the equation v'(x) = f(x). Second, consider the general first-order linear equation
for a single function

u'(x) = a()ux) + f(x). (19)
Choose b so that b’ = a. Then (19) is equivalent to the equation

%[e_b(x)u(x)] = e " f(x), (20)

whose general solution looks like
u(x) = "0y 0) + / "I £ (y)dy. (21)
0

Some other cases in which the solution is (nearly) given by formulas are dealt with
in Exercises 10 and 12.
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Exercises

1. Write each of the following problems as a first-order system and use the matrix method
to compute the solution:

(a) Wtu=0, w0 =0, w0 =1
(b) u —u=0, u0) =0, u'0) =1
(c) w —2u +u=0, uw0)=0, u'0) =1.

. Fill in the details in the derivation of equations (17) and (18).

. Find all solutions of the equation u’(x) = xu(x) + €*.

. Prove Corollary 15.6.

. Suppose that B is an invertible matrix whose columns are eigenvectors of A. Show that
the matrix B~'AB is diagonal. Find the system of equations for v(x) = B~'u(x) that
corresponds to the system u’(x) = Au(x). Apply these ideas to give a second derivation
of a solution to Exercise 1(a).

6. Suppose that A is a real n x n matrix. Find the necessary and sufficient conditions on
A such that every solution u : R — R" of the system u’(x) = Au(x) has the property
that the Euclidean norm |[u(x)|| = [>_ uj()c)2]1/2 is constant.

7. Define a norm on the space of n x n matrices by setting

| NS I \S]

I[A]l = sup [|Aul],

[u]|<1

where, for a vector u, ||u|| denotes the Euclidean norm in IR", as in the previous exercise.

(a) Show that, always ||Au]|| < [|A]| - [|u]].

(b) Show that, forn x n matrices A and B, ||AB|| < ||A]|| - || B||. In particular, ||A¥|| <
AN

(c) Use (b) to show that the series defining e# always converges.

8. Show that e4e®? = ¢A*58 if AB = BA.

9. Consider the system version of (19), in which u takes values in €" and a(x) is an
n X n matrix. Show that (17) and (18) go through if the matrices a(x), a(y) commute
for all x, y. Consider the question of what goes wrong if they do not commute.

10. Afirst-orderequationdu/dx = f(x, u)issaidtobe separableif f(x,u) = M(x)/N(u)
for some functions m and N. Show that solutions are given implicitly by

/M(x)dx:/N(y)dy.

11. Find the solution to du/dx = cos x /2u, u(0) = 2.

12. In the first-order equation du/dx = f(x, u), assume that f satisfies the homogeneity
condition: For all # > 0, f(¢tx, t%u) = pa-] f(x,u). Show that the equation becomes
separable (Exercise 10) in x and v if v = x“%u.
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15D. Nonuniqueness and Existence

The simplest nonlinear differential equation is the first-order equation for a real-
valued function u:

u'(x) = f(x, u(x)),

where f is a given real function defined on an open subset 2 of IR?. We assume that
f is continuous. Geometrically, f should be thought of as specifying at each point
of Q2 a preferred direction or slope. A solution u# of (1) is a function u such that, at
each point of the graph u, the tangent line has the preferred direction. Intuitively it
seems that there should be exactly one such maximal graph through each point of
2, where maximal means that the graph is prolonged to the boundary of €2. This
intuition is half correct: Such a solution exists, but it may not be not unique. An
example is

u'(x) = 3[u(x)]??3, u(0) = 0. (22)

This has the following solutions: For any ¢ and d such that —co <c¢ <0 <
d < 400,

(x — ), x <c
uca(x) =40, c<x=d,
(x —d)*, x >d.

We shall see in the next section how to guarantee uniqueness. The proof of
existence, in this generality, depends on an important result about compactness in
a space of continuous functions. As in Chapter 7, if I is a bounded closed interval,
I = [a, b], then C(I) denotes the space of continuous real-valued functions defined
on I, with norm

||u||sup = sup |M(X)|
xel

Convergence in norm is the same as uniform convergence.

Definition. A collection F of functions in C([) is is said to be equicontinuous if
for each ¢ > 0 there is § > 0 such that, for every u € F,

lu(x) —u(y)| < e ifx,yel, |x—y|l<3é.
(The important point here is that § does not depend on u.)
Theorem 15.7: Theorem of Ascoli-Arzela. If F is a bounded, equicontinuous

Sfamily of functions in C(I), then every sequence in F contains a subsequence that
converges in norm to an element of C(I).
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Proof: Suppose that (u;)72, is a sequence in F. For each positive integer n,
partition the interval [ into 2" equal subintervals and partition the interval [— M, M ]
into 2" equal subintervals, where M is a bound for . This gives a partition of the
rectangle I x [—M, M] into 4" subrectangles. If u belongs to F, then its graph is
a subset of the large rectangle. Say that the n-pattern of u is the union of those of
the 4" subrectangles that are intersected by the graph of u. We choose a sequence
of patterns as follows. At stage 1 there are nine possible patterns and at least one
of them is the pattern of u; for infinitely many values of k. Choose such a pattern
P;. Among the various possible 2-patterns that are subsets of P;, choose one, P»,
that is the 2-pattern of u; for infinitely many values of k, and continue. In this way
we can choose a sequence of patterns and a subsequence of functions with

PPDODP,DPyD -, P, is the n-pattern of uy, .

Now we invoke the equicontinuity assumption. For any given ¢ > 0O there is an
N so large that any u € F varies by at most & on intervals of length 2=V|7|; if
we also choose N so that 2~V M < ¢, it follows that any vertical slice of P, has
length < 5¢ for n > N. Thus

g, — Mkm”sup <3¢ if n,m>N.

Therefore (since C (/) is complete) the subsequence converges in norm to a function
inC(I). O

Remark. The theorem and the proof go through with little or no change if the

interval I is replaced by a compact set in R and the functions take values in Q.

In fact, the proof can be adapted to allow the domain and range to be any pair of

compact metric spaces, using total boundedness (see Exercise 8 of Section 6D).
We are now in a position to prove the general existence theorem.

Theorem 15.8. Theorem of Peano. Suppose that Q2 is an open subset of R* and
suppose that f is a continuous real-valued function on Q2. For each point (xo, yo)
in , there is a continuously differentiable function u, defined in an open interval
containing x, such that

W(x)= f(x,ux)) and  u(xg) = yo. (23)

Proof: Since €2 is open and f is continuous, we can choose positive constants
K and § such that

if [x —xo| <dand |y — yo| < K8, then(x,y)e Qand|f(x,y) <K. (24)

Let! = [xo — 8, xo + 6] and let F be the subset of C (1) that consists of the functions
uy, obtained as follows: Partition 7 into 2¥ equal subintervals and take the unique



15D. Nonuniqueness and Existence 229

continuous function whose graph goes through (xy, yo), has constant slope on each
subinterval, and the slope on a subinterval is the value of f at the right endpoint of
this portion of the graph if the subinterval is left of x(, and at the left endpoint if the
subinterval is to the right. Because of (24), these graphs stay in €2. This family of
functions is bounded and the limitation on slopes implies that it is equicontinuous,
so some subsequence converges uniformly to a function u € C(I). Now each uy
is piecewise continuously differentiable and its derivative at a given point comes
closer, uniformly, to the value of f at that point of the graph as k increases, because
of continuity of f and the choice of the u;. Therefore, for x in 7,

u(x) = nli)ngo ug, (x) = nli}rglo |:yo +f uy (1)) dt] =y +f [t u@®)dr.

X0 X0

This is equivalent to (23). O

Remark. This theorem is valid in much greater generality. For example, consider
an n-th order equation

D"u(x) = f(x,u(x), Du(x), ..., D" 'u(x)), (25)

where f is a continuous real-valued function defined on an open set 2 C R"™!. This
can be converted to a first-order system if we think of u; = D*"'u for 1 < k < n.
The system is

up(x) = upp(x),  1<k<mn;
0, (¥) = fQ, ur(x), ua(x), ..., un(x)).
This is a special case of the system
u'(x) = f(x, u(x)) (26)

for a vector-valued function u : / — R”, where f is a continuous function from 2
to R". Again, this system has a solution, not necessarily unique, through each point
of Q:

u(xo) = Yo, (x0, Yo) € £2. 27

The proof is the same as before.
Going back to (25), condition (27) means specifying u and its derivatives of order
less than n at a given point.

Remark. The fact that one may need to pass to a subsequence of the sequence of
functions constructed in the proof of Peano’s Theorem in order to get convergence
means that, in this generality, the construction is of no practical value. However,
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if f satisfies the stronger hypothesis of the next section, then the u;’s themselves
converge.

Exercises

1. With the example of nonuniqueness (22), explain how, starting at a point (xo, yo) with
yo # 0, one might have to pass to a subsequence of the sequence in the proof of Peano’s
Theorem in order to get convergence.

2. Can a system of two second-order equations

u"(x) = fx, u(x), v(x), u'(x), v'(x))
v'(x) = g(x, u(x), v(x), u'(x), v'(x))

be reduced to a first-order system?
3. Prove the assertion made in the proof of Peano’s Theorem that the family of functions
constructed there is an equicontinuous family.

15E. Existence and Uniqueness

In this section we show that a seemingly slight strengthening of the continuity
hypothesis on the function f in (23) or f in (26) leads both to uniqueness and
to an efficient method of approximating solutions. We consider the vector-valued
version of the problem (23), (24) and note that these together are equivalent to the
vector-valued integral equation

u(x) = yo + / f(z, u(r)) dr. (28)
Xo

Picard’s iteration method or method of successive approximations for solving (1)

is to make an initial guess at a solution and then refine the guess by using (28).

One obtains the sequence of vector-valued functions known as the Picard iterates

for (28):

X

uwx)=yo; W (x) =yo+ / f(t, w(®)dr, k=0,1,2,.... (29
X0

If these iterates converge uniformly on some interval / containing x¢, then the limit

u satisfies (28) and is therefore a solution of (26), (27).

Another point of view suggested by (28) is to view our problem as a fixed point
problem. Suppose for the sake of simplicity that the domain of definition 2 of F
is all of R"*!. Given any bounded closed interval I, let C(I) now denote the space
of vector-valued continuous functions

C(I)={u:I — R"; u iscontinuous}; llul|sup = sup [[u(x)]]. 30)
xel
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Then define a mapping S from C (/) to itself by

[SW](x) = yo + / f(z, u(®))d. (31)

X0

Then (28) says that we want a fixed point of S: an element u € C(/) such that
u = S(u). Now C(7) is a complete metric space, so we can hope to make use of the
following.

Banach Fixed Point Theorem. Suppose that X is a nonempty complete metric
space with metric d and suppose that the function S from X to itself is a strict
contraction, that is, for some positive constant p < 1, and any x and y in S,

d(S(x), S() < pd(x, y). (32)

Then S has a unique fixed point in X.

Proof: Choose any point x; € X and define a sequence by iteration: x4 =
S(xx). Condition (32) implies that
d(Xps2, K1) < pdXpgr, Xi) < p2d (g, xi—1) < -+ < pld(x2, xy).

Therefore

AdXkgm> Xit1) < dXpms Xkgm—1) + dXppm—1, Xegm—2) + - -+ + d(Xeq2, Xig1)
k

B 3 1Y
< [P*HM2 4 pkm=3 4 6K d (g, X)) < 1 d(xa, x1).

-p
It follows that (x;);2, is a Cauchy sequence in X, so it converges to a point x € X.
Now S is continuous, so

d(x, S(x)) = lim d(xi, S(x)) = lim d(xi, x1) = 0.

If x' is also a fixed point, then

d(x,x") =d(S(x), S(x") < pd(x, x),
sod(x,x)=0andx' =x. O
Definition. A function f(x, y) defined for certain values of x € Randy € R" and

having values in R" is said to satisfy a Lipschitz condition with respect to y if there
is a constant K such that

IfCe, y) —fCe, Pl < K lly — Yl (33)

whenever the left side is defined. (This will be true if the components of F have
partial derivatives in the y-variables that are bounded on the domain of definition,
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provided the domain is, for example, a ball or rectangle.) The constant K is called

a Lipschitz constant.

Theorem 15.9: Existence and Uniqueness Theorem. Suppose that Q2 is an open
subset of R"", and suppose that £ is a continuous function from Q to R" that
satisfies a Lipschitz condition with respect to y. Then, for each point (xg, yo) in 2,
the problem (28) has a solution on some open interval containing xo, and any two
such solutions coincide on their common domain of definition.

Proof: Given (xp, yo) € €2, choose & > 0 and r > 0 small enough that

[,y i x —xol <&, |ly —yoll <r} C Q.

Let

N = sup [[f(x,yo)ll

[x—xo|<e

Let K be a Lipschitz constant for f and let J = [xo — &, xo + 8], where
8 = min{e, r/2N,r/2K}.

Let ug = yq be the first Picard iterate, and let S be the mapping defined by (4). Let
X C C(I) be the closed ball

X = {llE cd): ||u_u0||sup Er}

By our choice of 4,

[[S(uo) — ugllsup = sup <éN < (34)

[x—xo| <

/X f(z, yo)dt

X0

NS

If u and v belong to X, then S(u) and S(v) are defined, and an elementary argument
using (33) shows that

||S(ll) - S(V)Hsup = SK ||ll - V||sup = % ||ll - VIIsup- (35)

In particular, we can take v = ug in (35) and use (35) to conclude that § maps X
to itself. The Banach Fixed Point Theorem gives us a unique solution to (28) in the
ball X. O

The Picard iterates are precisely the sequence obtained by starting with ug = yg
and ugy; = S(ug). Therefore the proofs of the two preceding theorems together
give the following.
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Corollary 15.10. Under the assumptions of the Existence and Uniqueness The-
orem, the Picard iterates on an interval containing xo converge uniformly to a
solution of (28).

Remark. The interval of existence that is obtained in the proof of Theorem 15.9
is usually not as large as it could be. Suppose, for example, that the function f
is defined and continuous for all x € R and all y € R" and satisfies (6) every-
where. The proof of Theorem 15.5 given above only proves convergence on a
certain bounded interval, but in fact the Picard iterates converge on all of R; see
Exercise 8.

Exercises

1. Compute the first three Picard iterates for the problem
W(x)=x+ux)? w0 =1.

2. Compute the first three Picard approximations to the solution of the first-order system
associated to the problem

u’(x) = u(x), u(0) =1, 4(0)=0.

3. Suppose that A is an n x n matrix. Investigate the Picard iterates of the problem for
u:R—>C"

' (x) = Au(x), u(0) =v.
4. Write the formula for the Picard iterates of the system associated to the problem
u”(x) 4+ u(x) +cos[x —u'(x)] =0; u(0) = u’(0) = 0.

5. Discuss the question of existence and uniqueness of solutions to the following problems:

(a) u'(x) = (sin’[u(x) + x])'°, u(0) =0

(b) w'(x) = (1 +sin’[u(x) +xDV3,  u@©) =0

(©) u”(x) = cosu(x), u(0)=u'(0)=0
(d) u”"(x) = u(x)?, u0)=1,4'0)=0
(e) u'(x) = u(x)'?, u(0) =0, u'(0) = 0.

6. Prove the inequalities (34) and (35).

7. Prove Corollary 15.10 by showing first that there is a solution on some largest subinterval
of J; if this subinterval were not all of J, then it would have an endpoint that belongs to
J. What would happen near this endpoint?
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8. Suppose that f(x, ©) is defined for all real x and all y in R” and satisfies
||f(x7y/)_f(xﬂy)||SK“y/_y“? allanﬂy/‘

(a) Suppose that J is any bounded interval that contains x. Prove that the Picard iterates
(30) satisty

n
||Un—Un71||§C—,|X—X0|, xelJ, n=1,2,...,
n!

where
C = sup{||f(x,u0)|| 1X € J}.

(b) Deduce from this sequence of inequalities that the iterates converge uniformly on
the interval J.

(c) Suppose that u and v are two solutions of (28) on the interval J. Deduce a se-
quence of similar inequalities for ||[v — u|| on the interval and use them to show that
v=uon/J.

15F. Linear Equations and Systems, Revisited

An important application of the result of the previous section is to linear equations
and systems with variable coefficients. For first-order systems this means a problem
like

u'(x) = Aux) +f(x);  u(xo) = yo. (36)
Again u takes values in €" and A(x) is an n x n matrix. Set
f(x,y) = Ax)y +f(x). (37)
Then
G, y) — £Ce, YOI = 1ALy — YT < AL - [ly = ¥'1, (38)
where the matrix norm is defined by

I[A]l = sup [[Ay]].
livll<1

(See Exercise 7 of Section 15C.)

Proposition 15.11. Suppose that the vector-valued function £ and the matrix-
valued function A are defined and continuous on an interval J C R. Then the
function F defined by (37) is continuous. Moreover, F satisfies a Lipschitz condi-
tion on every closed, bounded subinterval I.
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In fact, ||A(x)|| depends continuously on x and is therefore bounded on I, so
(38) implies the Lipschitz condition.

Corollary 15.12. Under the same hypotheses, the problem (36) has a unique so-
lution on the interval J for every xo € J and every y.

The existence of a unique solution on some subinterval around x, follows imme-
diately from previous results. The fact that there is solution on the whole interval
J is left as an exercise.

A linear equation of higher order

D"u(x) + a,_1(x)D" 'u(x) + - - + ap(x)u(x) = g(x), (39)
u(xo) = yo, Du(xg) = yi, - D" " =y, (40)

can be reduced to a linear first-order system of the form (1). Continuity of the
coefficients a; and of the function g implies the continuity of A and of f.

Corollary 15.13. If the coefficients a; and the function g are continuous on an
interval J, then for each xo in J the problem (39), (40) has a unique solution on
the interval J.

Exercises

1. Suppose that the n x n matrix-valued function A is continuous on an interval J. Show
that the set of solutions to u" = Au is an n-dimensional subspace of the vector space of
continuous functions from J to C".

2. Deduce from Exercise 1 that the dimension of the space of solutions to a homogeneous
linear equation of order n with continuous coefficients (i.e., (36) with g = 0) is n.
Consequently, the solutions found in Section 15B in the constant coefficient case are
linearly independent.

3. Show in detail how Corollary 15.13 follows from Corollary 15.12.

4. Suppose that b and c are constants. Prove that every solution of the differential equation
x2D*u + bx Du + cu = 0 is a linear combination of powers x” and (possibly) of terms
of the form x* log x for suitable choices of r and (if necessary) s. When is it necessary
to use a term like x* log x?






Appendix
The Banach-Tarski Paradox

Here we give a brief sketch of the theorem stated in Section 10A. We start with a lemma
whose proof is sketched in the exercises. It deals with the rotations in R? , that is, the
group SO(3) of 3 x 3 orthogonal matrices having determinant 1. Any subset of SO(3)
generates a subgroup; if the subset has two elements o and 7, then the subgroup G
consists of the identity matrix, which we denote by 1, and all matrices of the form

ki ko ,,,Gjn.tkn’ (A.1)

olithigir
where each j,, and each k,, is an integer (possibly negative); we also require that each of
these integers, except possibly j; and k, be nonzero, and when n = 1 we require that at

least one of j; and k; be nonzero. The group G is said to be free if there is only one such
expression for each matrix in G; this is equivalent to saying that 1 cannot be expressed in

the form (A.1) with the limitations we have placed on the exponents.

Lemma A.1. There are elements o, Tt in SO(3) with the property that the subgroup G that
they generate is free.

A proof of Lemma A.1 is sketched in the exercises at the end of this section.

From now on we take o and t to be elements that generate a free subgroup G. If H is a
subset of G, we write o H for the subset {ou : © € H}, and so on. The following result
shows that a subset of G can be cut into four pieces that can be reassembled, using only
the rotations o and t, to give two copies of G itself.

Lemma A.2. There are pairwise disjoint subsets H,, H;, Hs, Hy of G, whose union does
not contain 1, with the property that

G=O‘H1U‘CH2, O‘Hlﬁ‘Eszﬂ;

G=0'H;Utr 'H,, o 'Hynt 'Hy = 0.
Proof: Let W(o ") denote the set of elements of G that begin with o~ in the expression
(16.1), that is, those with j; < 0. Similarly, let W (t~'o) consist of those elements for
which j; =0,k = —1, j, > 0, and so on. Then G is the disjoint union of the sets {1},
W(o), W), W(r), W(z™h). Let

H, = W™, Hy, = Wi 'o), Hy = W(o), Hy=W(o™.

237
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These sets are pairwise disjoint and do not contain 1 or 72, for example. It is easy to check
that

oH, = {1} UW@ HUuWwWE)UwE™, tHy, = W(o),

and similarly forc ~'Hy and T 'Hy. O

Now let A = {x € R? : |x| < 1} be the closed unit ball in R>. Each element of G takes
A to itself. The orbit of a point x € A is the set Gx = {ux : u € G}. The origin 0 has only
the trivial orbit {0}. Every other point of A can be shown to have a countable orbit
(Exercise 6 below). A subset X C A is said to be a cross-section for the action of G if
every X contains exactly one point from each nontrivial orbit. According to the Axiom of
Choice, there is a cross-section.

Lemma A.3. There are pairwise disjoint subsets Ay, Ay, Az, A4 of the ball A, whose
union is a proper subset of A, with the property that

A=0A UTA,, cAINTA, =0
A={0}Uoc 'As Ut Ay, o lAsNtAs = 0.

Proof: Let X be a cross-section, let the H; be as in Lemma 2, let
H; X ={ux:pn € Hj, x € X}, and set

A = HHXU{0}, A, = Ho X, Ay = H3X, Ay = HiX;
Ay =\ {t'0 A NA)y Ay = A5\ {to T A3 N Ayl

Note that any point of X is not in the union of the A;’s. Since A = GX U {0}, the desired
properties follow from Lemma A.2. O

Now let B and C be the closed unit balls with centers b = (0, 0, 3) and ¢ = (0, 0, —3),
respectively.

Lemma A.4. There are pairwise disjoint sets By, By, C1, C,, C3 and a function
f : BUC — A with the properties:

B =B UB,, C=CiUC,UCs;

the sets f(By), f(B2), f(Cy), f(Cy), f(C3) are pairwise disjoint; and the restriction of f
to any of B or C; is a distance-preserving mapping (congruence).

Proof: The map x — ox + b takes the set A| of Lemma A.3 onto a subset B; of B, while
the map x — tx + b takes A, onto a subset B, of B. By Lemma A.3, B; and B, are
disjoint and have union B. We take f : B — A; U A, to be the inverse of the map just
defined. Similarly, the map x — o ~'x + ¢ takes A3 to C; and the map x — 7~ 'x + ¢
takes A4 to C;. To exhaust C we must take one extra point a € A that does not belong to
any A; and translate it to the center ¢ € C; then C3 = {c}, and again

f:C — A3zU A4 U {a} is the inverse of the mapping just defined. O

We can now prove the Banach-Tarski Theorem, which we restate here, in slightly
different notation.
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Theorem. There are pairwise disjoint sets A', ..., A}, B|, B5, B}, and C}, ... C} such
that

A=A|U---UA,, B=B/UByUB;, C=C/U---UCy;
A =B, A,= B, A,=B;, A,=C|, A\=C, A,=C; A,=C,.

Proof: Define g : A — B U C to be translation by b, so g(A) = B.Let D = BUC, so
that (using Lemma A.4) we have the 1-1 mappings (piecewise congruences)

f:D— A, g:A— D.

Given a point x € A, we say that x has an ancestor in D if x = f(y) for some y € D;
similarly we say that y € D has an ancestor in A if y = g(x) for some x € A—which is
true if and only if y € B. Given any point in A or in D that has an ancestor, we can search
for successive ancestors, that is, ancestors of the ancestors. Either this process terminates
(for example, it terminates immediately in D for y € C) or it continues without
terminating. This allows us to partition each of A and D into three subsets:

Ay = {x € A : the ancestor search terminates in D}
A, = {x € A : the ancestor search terminates in A}
Ao = {x € A : the ancestor search does not terminate},

and similarly D, D,, and D,. It is clear that f : Dy — Ay is 1-1 and onto (bijective);
similarly g : A, — D, is 1-1 and onto, while also f : Doy — Axand g : Ay = Dy
are inverses of each other. It follows from this and Lemma A .4 that we can complete the
proof by setting

B}:Bjﬂ(DfUDoo), j=172; By = BN Dyg;
C./]-Zij(DfUDoo), j=12,3; Cy=CNDy;
A =fB), j=1,2  Ay=g (B}
L= f(CH, j=1,23  A,=g'(C). O

Exercises

1. Rotation by an angle 6 in R is represented by a 2 x 2 orthogonal matrix

. cosd —sind
H=1ino coso '

Check by matrix multiplication that rotation by 8; followed by rotation by 6, is rotation
by 0 + 6,. In particular, this means that the entries of u" are cos n6 and =+ sinnf.

2. Suppose in Exercise 1 that cos§ = « and sin = B. Then ¢/’ = o + i and it follows
that cos n6 and sinn6 are the real and imaginary parts of ¢/ = (a + i8)". Deduce
that

cosnf = Z <2nk)(—1)koz”2kﬂ2k; sinnf = Z (2](’:_ 1)(_1)kan2k1’32k+1.
k

k
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3. In Exercise 2, suppose thate = 1/3 and 8 = 24/2/3. Show that

n 1 . n 232
cosnf = |:; <2k)(—8)k:| 3 sinnf = |:Z <2k v 1)(—8)k:| ETRR

k

Note that the identities (1 4+ 1)" = 2" and (1 — 1)" = 0 imply that

2. <2nk> =2 <2k1 1) =2

k k
Use these identities and the fact that —8 = 1 (mod 3) to deduce that

cosnf =, /3", sinnf = ,3,,2«/5/ 3", where «,,, 8, are integers not divisible
by 3.
4. With « and B as in Exercise 3, let o and t be the 3 x 3 orthogonal matrices
a —B0 100
o=|Ba 0]; t=|0a —8
00 1 0B «

Suppose that u is the element of the group G generated by o and t that has the form
(A.1). Prove (by induction on N) that if k,, # 0, then the vector

0 a
p|0|=3"|bv2|,
1 Cc

where a, b, and c are integers and N = Y | j,| + Y_ |kn|. Moreover, show that c is
divisible by 3 if j; # 0 while a is divisible by 3 if j; = 0 and k; # 0.

5. Use the results of Exercises 3 and 4 to prove that the group G generated by o and t is
free. In fact, show that an element p of form (A.1) with k,, # 0 cannot be the identity
matrix by showing (by induction) that the vector in Exercise 4 has a middle entry
bN/2/3N, where b is an integer not divisible by 3 and so b # 0. On the other hand, if u
has the form (A.1) with k,, = 0 but j, # 0, then necessarily k,,—; # 0 and u = 1 if and
only if 4/ = o/rpuo = — 1.

6. Show that an orbit of G on A distinct from {0} is infinite. [Hint: If x is in a finite orbit,
show that there are positive integers m, n such that ™ x = x = 7”x and deduce from
this that ¢ and 7" must commute.]



11.
12.
13, 14.

Hints for Some Exercises

Section 1A

. Multiply by 1 —r.
. Write the terms in the n-th expression in terms of n and put over a common denom-

inator.

Section 1B

. Add —z to both sidesof z+ 0=z +0'.
. Add —m to both sides; show that the resulting expression for x is the desired

solution.
Multiply the identity O + 0 = 0 by r and use the result of Exercise 5 or 6.
Multiply by r~!.

Adapt the divisibility argument used for 2 = 2.

Section 1C

.S+0 =S
. For s to belong to —S, one must have r 4+ s € 0* for every r € S.
. Hint: What positive rationals should the product contain? What other rationals?

Section 2A

. Convert this statement so that O5 applies.
. Start with a rational ry < x and an irrational #y < x, and add multiples of a suffi-

ciently small rational.

. Can the set consisting of positive integer multiples of ¢ be bounded?
. The set {ay, a,, ...} has a least upper bound a; show that a is the desired (unique)

point.

241
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9-11.
12.
13.
14.

15, 16.
17.
18.

Hints for Some Exercises

. Suppose that A is nonempty and bounded above. Show that there is some integer

M such that M + 1 is an upper bound and n is not; leta; = M, b; = M + 1. Then,
among the three numbers M, M + %, M + 1, we can choose a, and b, so that a; is
not an upper bound, b, is an upper bound, and b, — a; = % Continue.

. (a) Show that if 4 > 0 is small enough, then (x + /#)> < 2, and then use Exercise 2.

(b) Adapt the method in (a).

Induction.

Writea = 1+ h, so (1 + h)" = n, and use Exercise 11.

See Exercise 12.

True. We can suppose that m is very large and letn = m + k; then \/n — /m ~
implies k =n —m ~ w(/n + /m) < 2w /m, which implies that k is much
smaller than m, so it is reasonable to try taking k close to 27 \/m.

Divisibility.

Uniqueness: What if x < y?

This amounts to finding a (presumed) inequality and checking whether it is neces-
sarily true.

Section 2B

. Choose the g;’s as large as possible at each step.
. The numbers with a 7 in the first decimal place make up an interval of length 1/10

in [0, 1], so the total length of the remaining intervals is 9/10. What is the total
length of the intervals corresponding to no 7 in the first two decimal places?

Section 2C

. Look at the dimensions of the appropriate vector spaces.

Section 2D

. What happens to successive sums of 1?
. Should one have i < Oori > 0?7
. Suppose that z has the given form. What do you learn from looking at the pro-

duct zz?

. Interpret this as saying two distances are equal.
. The relations do not change if we rotate the plane, so we can assume that a = 1.

Then necessarily c = b = b~

. Use Exercise 14.

Section 3A

. It is enough to prove that, for every ¢ > 0, it follows thata — e < x < b + ¢.
. Suppose first that |z — zo| < 1, so that z = zo + & with |4| < 1. Then |z" — z5| <

(something fixed)-|k|, . ... So, given ¢ > 0, take § to be < 1 and < some expression
depending on ¢.
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12.

13.

3,4.

Hints for Some Exercises 243

. Since |7"| = |z|", it is enough to show that 0 < r < 1 implies r* — 0. But 1/r =

14+ hwithh > 0,s0 1/r" — 4o00.

. () Multiply and divide by +/n2 + 2n + n. (b) How does n compare to 2" or to %3"

if n is large? (c) In the product n!, about half the factors are > n/2.

See Section 3G.

(a) Divide the numerator and denominator of the fraction by n* and use (34).
(b) Take the logarithms and view them as Riemann sums approximating a certain
integral.

Is the sequence monotone and bounded? The limit is one solution of a quadratic
equation.

. The even and odd terms are monotone. The limit is a solution of a quadratic.
15.
16, 17.

Look at x;+; — x; and note that x,, — xq is a sum of such differences.
If there is a limit, what equation must it satisfy? How do successive terms of the
sequences relate to each other and/or the possible limits?

Section 3C

. Show that {b,} is a Cauchy sequence.

Section 3D

Write w, — z as a sum of n terms and note that, for large m, most of the terms are
small by comparison with 1/n. (Given ¢ > 0, choose N ....)

. Adapt the method of Exercises 3 and 4.

Section 3E

. There is a way, in principle, to construct such a subsequence.
. Consider three possibilities: (i) there are infinitely many n such that x, > b; (ii)

there are infinitely many » such that x,, = b; (iii) neither of the first two.

Section 3F

. All except the extreme cases can be deduced from Exercise 3 of Section 3D by

taking logarithms.

. Adapt the method of Exercises 3—5 of Section 3D.
. What can you say about x,,/n for n = mp, where p is fixed and m = 1,2, ...?

Consider lim inf(x, /n).

Section 3G

. Leta, = N7 — 1 and consider (34).
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1,2,3.
4.

5.

6,7.
8, 9.
10, 11.
12.

13.
14, 15.
16, 17, 18.

19.
20-23.
26.

Hints for Some Exercises

Section 4A

. Relate s, to s2,.
. Compute a few partial sums and use induction.
. If na, > ¢ > 0, then s, > ¢. Show by using similar inequalities that if {a,} is

positive and nondecreasing and lim sup(na,) > 0, then ) _ a,, = co.

Section 4B

The Ratio Test.

Find a simple estimate for the size of the terms for large n. Show a,, > 1/2n for
large n.

Rationalize the numerator.

The Ratio Test; (34) of Chapter 3.

Cancel factors that are larger than 1 and compare to Y (1/n).

The 2™ Test.

Put the two summands over a common denominator and use (32) of Chapter 3
to compare the series to Y (1/nlogn).

Use (6) of Chapter 3.

See Exercise 1 of Section 3G.

Use Exercise 2 at the end of Chapter 4 or estimate the size of a, by taking the
logarithm and using (32) of Chapter 3. (To use the second method for 17 and
18, divide each factor by n.)

The 2™ test.

Group terms and estimate sizes.

Estimate how many such integers there are between 10" and 10"*! and get a
(crude) upper bound for their contribution to the sum.

Section 4C

. See Section 3G.

Additional Exercises for Chapter 4

. Use (34) from Chapter 3 to deduce that (n + 1)?/n® ~ ¢?/" ~ 1 4+ b/n, so that

the limit is b. Or use L’Hopital’s rule.

. Convergence: The condition implies that n(—1 + a,/a,+1) > ¢ > 1 for large

enough n. Use Exercise 1 (with 1 < b < ¢) and a comparison. Or show that,
for large enough 7, and for some ¢ > 0,
na, — (n+ Dayy1 = €ay;

sum these inequalities to bound the partial sums of the series.
Divergence: The condition implies that, for large enough n, a,,11/a, > [1/(n +
1)1/[1/n], so compare to Y (1/n).
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. Use Exercise 3 of Section 4D.
. Convergence: Look at (n — 1)log(n — 1)a,—; — nlogna,. Divergence: Compare

apy1/an to byyy /b, with b, = 1/(n — 1)log(n — 1).

Section 5A

Start with the Root Test.

The Ratio Test.

Choose r < s < R. What does the convergence of Y ° a,s" tell us about the size of
|a,|? and thus about convergence of Zgo la,|r"? Compare the modulus of a partial
sum of Y ° a,z" to this series.

Section 5B

.Letw =141z

. Differentiate 1/(1 — z).

. Integrate twice.

. Differentiate 1/(1 — z) repeatedly.

. Compute the coefficients b, by using the Binomial Theorem and estimate them

using Exercise 4.

. (a) Go to the definition of the derivative.
. Find equations that link any three successive coefficients. What are the first two

coefficients?

Section 5C

. Show that the partial sums satisfy Co + C1 + -+ + C, = AoB, + A1Bp_1 + -+ +

A, Bo; divide both sides by n + 1 and use Exercises 3 and 5 of Section 3D.

Section SE

. Set x, = 1 — 1/n and consider

Doa— fe) =Y al—x)— Y awx;
k=0 k=0

k=n+1

use the 2" Test.

Section 6A

. The trick is to prove the triangle inequality. For the second part, note that d distances

are always < 1.
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Section 6B

Use the definitions.

Consider unions of sets like those in (1), e.g., the translate of these sets; you may
also need something like the single point {0}. It is possible to construct A so that
the seven sets are distinct.

What happens with the discrete metric? With Q?

A may be chosen to be an interval.

For the first part, use the Least Upper Bound Property. Reduce the second part to
(something like) the first part.

Section 6C

Use the definition.

Section 6D

Given an open cover, some set of the cover contains p. How many points p,, are
not in this set?

Use the definitions.

Use a sequence ¢,, converging to 0.

Prove the two parts separately, from the definitions.

Use the (extended) triangle inequality.

Choose p; € S and define a sequence with p,+; = f(p,). Use the preceding
exercise to show that this is a Cauchy sequence. For full details, see Section 15E.
Use Exercise 12.

Section 7A

. Use the definitions.

B =17 B

Use the definitions.

Use Exercise 4.

Use Exercise 4 and take a reciprocal.

The image can be a half-open interval, like (0, 1].

B can be the intersection of a real interval with Q.

Use the definitions.

Use Exercise 11.

Use the definitions.

(a) Use the definitions. (b) How should g be defined at points of the closure that
are notin A?

The proof of differentiability (Theorem 5.4) can be modified and simplified. Or
show that the partial sums converge uniformly (see Exercise 3(b) of Section 5A).
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Section 7B

. Prove this for integers, then for rational x, and then use continuity.
. Let a = f(1). By induction, f(n) = an® for n € N. Also, f(2x) = 4f(x), so f(x) =

ax? for a dense set in R.

. Use the geometric meaning of the condition: The graph lies below any secant.
. Prove the convexity condition for # of the form p/2" and use continuity.
. Use differentiability; show that the partial sums converge uniformly on each subset

{z:]z] <r}forr < R.

Section 7C

. Estimate the value of f, at the point where it attains its maximum, or, for (d), where the

denominator is minimal.

. Evaluate at enough points to get control of the coefficients.

. Use uniform continuity and connect the dots.

. (b) Use the preceding exercise.

. (a) Functions on [0, 1] can be extended to be even functions ( f(—x) = f(x))on[—1, 1].

If polynomials converge uniformly to a function on [—1, 1], what about their even part
(terms of even degree)?

. The P,’s are even, so consider the interval [0, 1] and prove that x — P,(x) > 0; then P,

increases with 7.

Section 8A

. (a)—(e) Remember that there are two versions of 1I’Hopital’s rule. (f) Consider % as the

variable; use 1’Hopital twice.

. (a) For a given ¢ > 0, this essentially reduces to the case of a bounded interval. (b) Take

advantage of (a).

. (b) Use part (a), and modify the construction of a function that is known to be discon-

tinuous at every point (Example 2 in 8C).

. Can f take the same value twice? Can it decrease, then increase (or vice versa)?
. Reduce to the case ¢ = 0 and use the preceding exercise.
. The derivative at x = 0 is 0: The positive and negative contributions to the integral very

nearly cancel — like looking at the tail of an alternating series.

Section 8B

. After differentiating, understand the behavior of the numerator by looking at its deriva-

tives.

. IVT and monotonicity; to show that the right side gets large as b does, notice that x > 1

implies 1 + x3 < 2x3.

. (a) Use the IVT over a sufficiently large interval.
. Integrate the polynomial and use the Mean Value Theorem.
. Use the IVT and the noncountability of the (nonrational) reals in an interval.
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Section 8C

. The Intermediate Value Theorem; the Mean Value Theorem.
. Although this function is not continuous on [0, 1], it is uniformly continuous on

[e/4, 1]. Let x; = £/4 and then deal with the rest of the partition.

. If f(c) > 0,then f(x) > %f(c) on some interval, so there is P such that L(f, P) > 0.
. We need P with U(f, P) < e. Take x; = %s; then there are only finitely many bad

points left to worry about.
In any given bounded interval, for any given ¢ > 0 there are only finitely many points
x where f(x) > e.

. The only candidates for points of differentiability are points of continuity. Look at

difference quotients where one point is rational.

Section SE

. L’Hopital; series expansion of e*.
. What general form do derivatives have for x > 0? Now use the preceding exercise.
. Use (36) with n = 2 to conclude the following, and choose the best a:

! 1 1
|f () =2a-sup|fl+ o sup /7.

Additional Exercises for Chapter 8

. What does the Mean Value Theorem say about f'?

. Reduce this to the preceding exercise.

. Approximate the integral with sums.

. Use uniform continuity.

. In the difference quotient [L(x + h) — L(x)]/h write x + h = x(1 4+ h/x) and use

(i), then (ii).

. Write L(x + y) — L(x) as an interval and change variables so that the interval [x, xy]

becomes [1.y].

. Take f,, = 0 outside [1/2n, 1/n].
. Do this first under the assumption that 4 is uniformly continuous. Then note that if

we fix f and look at nearby functions g, we only need to know 4 on a bounded
interval.

Use Exercise 7 and the Weierstrass Theorem to see that fa b f (x)>dx = 0; then use
Exercise 3 of Section 8C.

Section 9A

. Look at e*! /e*2.
. Start with (b) and use Exercise 5 of Section 2D.
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. See the preceding exercise.
. Use the definitions and the properties of the exponential function.

Fix x # 0. What does the n-th term look like if n is very large?
Let u = ¢® and note that we get a quadratic equation for u.

. Use the identities in (11): The sum on the left becomes a pair of sums of geometric

progressions.

Differentiate and use Exercise 11(a).

(b) Square the integral (using x and y to denote the two variables of integration),
interpret the result as an integral in the plane, and change to polar coordinates.

Letr =s/(1+s).

Section 9C

. Use the fact that |tanx| > |x| on (=% + %) to show that x*/[2m tan(kr/2m)]* <

x2/k*m?.

Section 10B

. Let m* be defined using closed intervals. It is easy to see that m*(A) < m*(A).

To prove the converse, replace any closed interval by a slightly larger open
interval.

. The union of all open intervals / C A containing a point x € A is an open interval,

so A is a union of disjoint open intervals. Any nonempty open interval contains a
rational.

. If there are only finitely many nonempty intervals, use (4) and induction. The finite

case gives an inequality from which the general case follows.
Alter the construction of C somewhat and take advantage of Exercise 2.
The unbounded case can be reduced to countably many bounded cases.

Section 10C

. Use the definition.
. Do this first for intervals with endpoints of the form p/2", p an integer.

Section 10D

. Use (5).
. It is enough to prove that some subsequence has this property. Passing to a suit-

able subsequence and renumbering, one may assume that d(A,,, A,4+1) < 27"~!. Then
let B, = (o, Am and A = (2| B, = liminf A,. Show that d(A,, B,) < 27" and

m=n n=1

d(B,, A) = 0.



250

4.

6.

10.

0 AN

10, 11.
12.

Hints for Some Exercises

Section 11A

(a) Prove this when A is a rectangle with sides parallel to the coordinate axes; show
that any open set is a countable union of such rectangles.
Let

Eknz[xeA:sup|fm(x)—f(x)|>l/k}, k=1,2,.... n=12,....

m>n

Show that for each k there is n = n(k) such that m(Ey, < /2!, and show that
convergence is uniform on the complement in A of the union of the Ey ).

Section 11D

. CllE” < f.

Use Exercise 7.

Section 11E

. (¢c) Fort > 0, we have log(1 + 1) < 1.

. Apply the DCT to f Ig,.

. (a) Use the DCT. (b) F has limits at £o00.

. Look at the sets where f(x) > 1 and where f(x) < 1.

. The set {f > a} is the union of the sets { f, > a}; use the continuity property to

estimate its measure.

. Adapt the construction in the example after Theorem 12.5.

Section 12C

. It is enough to prove these for a dense subset. (Why?)
. Use Theorem 12.7, and the method used in the proof of Theorem 12.5, to find a

sequence of continuous functions that converge pointwise a.e., show that the limit
is f a.e., and use Egorov’s Theorem (Exercise 6 of Section 11A).

. Show that for large enough a, the set A = {| f| > a} has measure less than ¢/2.

Then, foranyn =1, 2, 3, ..., f isintegrable on [—n, n] N A, and use can be made
of Exercise 5.

Section 12D

Use Exercise 6, with n = 2.

Cauchy-Schwarz.

Show that it is possible to choose a sequence of functions %, € L? such that fh,
increases to f? and use the Monotone Convergence Theorem.
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Section 12E
Use Theorem 12.10. For Exercise 3, note that m(A N B) = fB 14.

Additional Exercises for Chapter 12

. (a) It can be assumed that b = 1; the problem can be rephrased as a problem about a

minimum value.

. Replace f by f/a and g by ag in Exercise 1(b) and make a good choice of the constant

a.

. What choice of g would guarantee equality?

. Use Exercises 2 and 3.

. There are examples in which f and g are indicator functions.

. Try functions that look like x“(log x)” for small positive x and like x°(log x)? for large

positive x.

Section 13B

. Use Exercise 2(a) and take a limit.
. (a), (b) Use the expansion of 1/(1 — z).
. (b) Either approximate by continuous functions or break the interval [, 1) into at most

two subintervals, each of which is obtained by translating by an integer a corresponding
subinterval of [—, ).

. Use (9), orthonormality.
. Integrate by parts.
. Use (43).
Section 13C
Dirichlet’s Theorem is applicable. For 1(b), break the sum into even and odd terms.

Section 13D

. Use Exercise 2 of Section 13B and Fejér’s Theorem.
. Use Fejér’s Theorem.

Section 13E

. Note that % ffn fg = 0 for every trigonometric polynomial g. By the Weierstrass

. . s .. . 1 b4

Approximation Theorem (or Fejér’s Theorem), this implies that 5 f_n fg =0 for
every continuous periodic g. Using continuous g’s to approximate the indicator func-
tion of an interval A C (—, ), show that [ 4 J = 0 for every such interval. Deduce
from this and dominated convergence that | 4 J = 0 forevery open set A C (—m, 7).
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This and the approximation property of measurable sets imply that [, f = 0 for ev-
ery measurable set. In particular, this is true for the sets A = {x : Re f(x) > 0} and
B = {x : Re f(x) < 0}. Therefore

T

% 7ﬂ|Ref|=/ARef—/BRef=Ov

which implies that Re f = 0 a.e. The same argument applies to Im f.

. Use the preceding exercise.

Section 13F

. If g belongs to this space, then f — Sy f is orthogonal to Sy f — g, which implies

that || f — g|| is at least equal to || f — Sy f|| (see Exercise 9 of Section 12D).

. Cauchy-Schwarz.

Section 13G

. Use Theorems 13.13 and 13.14 and Proposition 13.4.
. (a) Use Lemma 13.15 and Theorem 13.14 to conclude that Sy f converges uniformly

to a continuous function g and note that g has the same Fourier coefficients as f.

. Proposition 13.4, iterated.
. Use Theorem 13.14 and Proposition 13.4.
10.

Translate f, so you may assume that xo = 0. Then write f as a sum of a function
to which Dirichlet’s Theorem applies and a multiple of the function which is —1 on
(—m,0)and +1 on (0, ).

Section 14A

. See the hint for Exercise 10 of Section 13G.
. Show that the values of Ty f(x) lie in the interval (—1, 1).

Section 14B

. Write f(x) — f(y) as a series; estimate the sum of the terms up to 27" ~ |x — y| by

using the size of the coefficients and an estimate on the difference of the cosine terms;
estimate the remaining sum using only the size of the coefficients and the boundedness
of the cosine function.

Section 14D

. Note that fox g = G(x) is even and periodic. Solve for f] and f, in terms of f and G.
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Sections 14E and 14F

Expand the would-be solution in appropriate eigenfunctions and proceed in analogy
with the vibrating string problem.

Section 14H

. Use the Dominated Convergence Theorem.
. Integrate by parts.
. Note that f satisfies the differential equation df/dx = —xf(x). Show that f satisfies

the same equation (with respect to the £ variable), by using the results of the preceding
exercises.
Deduce that f is a multiple of e5°/2. Because f has integral = 1, it follows that

) = 1.

. Use the inversion formula (43) and the results of previous exercises.
. Show that the Fourier coefficients g of the periodic function g on the right side are

related to the Fourier transform of f by

—~ I~
8 = — - f(m)

and use Theorem 13.16.

. It is enough to show that f is determined by these values. But consider f as a func-

tion on the interval [—M /2, M /2] and look at its Fourier expansion in terms of the
complex exponentials that are periodic with period M, just as was done above for f;
in (37).

Section 141

. When does equality hold in the Schwarz inequality?

Section 15A

. Write this as f(x)e* — £(0) < 0.

Section 15B

. Use Exercise 2 to find one solution and Theorem 15.1 to find the rest.
. The argument will be different depending on whether r is a root of p.
10.

(a) The differential equation and the boundedness condition determine G on the intervals
(—00, 0) and (0, co) up to constant multiples. The remaining conditions determine the
constants.

Given a linear combination that vanishes, look at its behavior for large x.
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Section 15C

6. Differentiate the inner product (u(x), u(x)). (This can be done either directly from
difference quotients and properties of the inner product or by writing out the inner
product.)

8. Differentiate e*A*8¢=*4¢~8 and compare the values at x = 0 and x = 1; remember
that ede™4 = 1.

10. Use implicit differentiation.
11. Use Exercise 10.
12. Note that f(x, x%v) = x*"' £(1, v).

Section 15E

5. Consider the presence or absence of a Lipschitz condition.
8. Induction.

Section 15F

4. What is the dimension of the space of solutions?
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Abel’s Theorem, 71
absolute convergence, 46
additive function, 91
a.e. (almost everywhere), 158
algebraic number, 24
almost everywhere (a.e.), 158
alternating series, 55
approximate identity, 195
Archimedean property, 8
Ascoli-Arzela Theorem, 227
axioms

forIN, 5

forQ,5,7,8

for R, 15-16

forZ, 5,7

Banach Fixed Point Theorem, 84, 231
Banach-Tarski Theorem, 132, 239
band-limited signal, 215
Bernstein polynomials, 95
Bessel’s inequality, 179
Beta function, 129
binary expansion, 22
Bolzano-Weierstrass Theorem, 39
boundary conditions, 204, 208
boundary of set, 79
bounded sequence, 30

set, 80

function, 88

Cantor set, 84, 134
Cauchy product, 67

Cauchy sequence, 35
Cauchy-Schwarz inequality, 166, 168
chain rule, 100
closed set, 76
closure of set, 78
commutative group, 7
commutative ring, 7
compact set, 79
compactly supported function, 164
comparison test, 48
complete metric space, 81
complex conjugate, 27
complex numbers, 26
composition of functions, 87
conditional convergence, 54
connected set, 79
continuity, 86

uniform, 88
Contraction Mapping Theorem, 84,

231

convergence

of sequences, 30, 81

of series, 45
convergence tests

alternating series, 55

comparison, 48

Gauss, 60

integral, 52

Raabe, 59

ratio, 48

root, 49

2™ 50
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convergent sequence, 30, 81
series, 45
convex function, 91
convolution, 195
cosh, 123
cosine, 122
countable additivity, 139
countable set, 23
cover, 79
open, 79
cut, 10

DCT (Dominated Convergence Theorem),
155

decimal expansion, 22

dense subset, 93

derivative, 64,

differentiable, 99

differentiation, 99

of power series, 64

diffusion equation, 207, 214

Dirichlet kernel Dy, 182

Dirichlet’s Theorem, 183

discrete metric, 73

disk of convergence, 63

divergent series, 45

Dominated Convergence Theorem (DCT),
155

Egorov’s Theorem, 147

eigenfunctions, 204

equicontinuity, 227

equidistributed sequence, 202

equivalent metrics, 75

Euler’s constant, 57

Euler’s formula for sin x, 125

exponential function, 69, 106,
119-122

extended reals, 40

fast Fourier transform (FFT), 210
Fatou’s Lemma, 156

Fejér kernel Fy, 184, 185

Fejér’s Theorem, 186

FFT (fast Fourier transform), 210
Fibonacci sequence, 44

field, 18

Fourier
coefficients, 176, 177
series, 176
transform, 212
function, 86
additive, 91
Beta, 129
bounded, 88
compactly supported, 164
continuous, 86
continuous at a point, 86
convex, 91
differentiable, 99
Gamma, 129
hypergeometric, 130
indicator, 149
integrable, 152, 165
integrable periodic, 175
integrable simple, 149
inverse, 105
L?-periodic, 175
measurable, 152
monotone, 102
nondecreasing, 102
nonincreasing, 102
periodic, 173
square-integrable periodic, 175
strictly decreasing, 102
strictly increasing, 102
strictly monotone, 102
uniformly continuous, 88
fundamental solution, 223
Fundamental Theorem
of Algebra, 124
of Calculus, 111

Gamma function, 129

Gauss’s test, 60

Generalized Mean Value Theorem
(GMVT), 102

geometric series, 46

Gibbs phenomenon, 197

GMVT (Generalized Mean Value
Theorem), 102

greatest lower bound, 16

Greatest Lower Bound Property, 16

Gronwall’s inequality, 219



General Index 259

Hardy-Littlewood least upper bound, 16
inequality, 169 Least Upper Bound Property, 16
maximal function, 169 Lebesgue’s theorem on

heat equation, 207, 214 dominated convergence, 155

Heine-Borel Theorem, 81 Fourier coefficients, 193

Heisenberg Uncertaintly Principle, L’Hopital’s Rule, 103

217 limit

Hilbert space, 166 lower, 33

Holder’s inequality, 172 of sequence, 30

hyperbolic functions, 123 point, 76

hypergeometric function, 130 upper, 33

Lipshitz condition, 231

imaginary part, 27, 165 logarithm (natural), 42, 102

indicator function, 149 lower

inequality bound, 16
Bessel’s, 179 integral, 108
Cauchy-Schwarz, 166, 168 limit, 33
Gronwall’s, 219 sum, 107
Hardy—Littlewood, 169 Lusin’s Theorem, 166
Holder’s, 172
isoperimetric, 200 Mandelbrot set, 44
triangle, 73 maximal function, 169

infimum, 16 Mean Value Theorem (MVT), 101

infinite product, 126 measurable

initial conditions, 204 function, 145

integers 2 set, 136
construction 6 Mertens’ Theorem, 67

integrable function method of successive approximations, 230
Lebesgue, 152, 165 metric, 73
Riemann, 109, 110 discrete, 73

integrable simple function (ISF), 149 standard, 74

integral (Lebesgue) metric space, 73
of integrable function, 152 compact, 79
of ISF, 149 complete, 81
of nonnegative function, 151 separable, 94

integral (Riemann), 109 metrics, equivalent, 75

integral test, 52 modulus, 27

integration by parts, 115 momentum operator, 217

interior point, 75 Monotone Convergence Theorem, 156

interior of set, 76 monotone function, 102

Intermediate Value Theorem, 105 sequence, 32

inverse function, 105 MVT (Mean Value Theorem), 101

inverse image of set, 87

ISF (integrable simple function), 149 natural numbers, 1

isoperimetric inequality, 200 neighborhood, 75

Nested Interval Property, 20
Jensen’s inequality, 117 no-gap property, 4, 32
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nondecreasing Raabe’s test, 59
function, 102 radius of convergence, 61
sequence, 31 ratio test, 48
nonincreasing rational numbers, 2
function, 102 construction, 7-8
sequence, 32 real numbers
nonmeasurable set, 142 axioms, 15-16
norm, 74 construction, 10—12
null set, 158 extended, 40
real part, 27, 165
open cover, 79 rearrangement (of series), 55
open set, 75 refinement of partition, 108
ordered field, 18 Riemann integrable, 109
orthogonal, 168 Riemann sum, 113
orthonormal, 168, 174 Riemann’s theorem on rearrangement, 56
outer measure, 133 Riemann-Lebesgue Lemma, 178
Riesz-Fischer Theorem, 189
Parseval’s Identity, 190 Rolle’s Theorem, 101
partial sums, 45 root test, 49
partition, 107
refinement, 108 Schrodinger equation, 217
Peano’s Theorem, 228 separable differential equation, 226
periodic separable metric space, 94
function, 173 sequence, 30
integrable function, 177 bounded, 30, 82
square-integrable function, 175 Cauchy, 35, 82
T, 121 convergent, 30, 81
Picard iterates, 232 Fibonacci, 44
Picard’s method, 230 monotone, 32
Plancherel’s Theorem, 212 nondecreasing, 31
point nonincreasing, 32
interior, 75 sequences
limit, 76 difference, 37
point of density, 171 product, 37
Poisson summation formula, 215 quotient, 37
polar decomposition, 28 sum, 37
position operator, 217 sequential compactness, 83
positive number, 17 series, 45
power series, 61 absolutely convergent, 46
differentiation, 63 alternating, 55
radius of convergence, 61 conditionally convergent, 54
product convergent, 45
of power series, 68 divergent, 45
of series, 67 geometric, 46
proof, discussion, 12—13 set

proper subset, 79 bounded, 80



bounded above, 16
bounded below, 16
Cantor, 84
closed, 76
closure of, 78
compact, 79
connected, 79
interior of, 75
measurable, 136
null, 158
open, 75
sequentially compact, 83
sine, 122
sinh, 123
spectral theorem, 175
square-integrable periodic function,
175
standard metric, 74
standing-wave solutions, 205
strict contraction, 84, 231
strictly
decreasing, 102
increasing, 102
monotone, 102
subcover, 79
subsequence, 39
subset
compact, 79
dense, 93
proper, 79
sum of series, 45
supremum, 16
symmetric difference, 142

Tauberian theorem, 72
Taylor polynomial, 114
Taylor’s formula

with remainder, 115

with integral remainder, 116
ternary expansion, 22
Theorem

Abel, 71

Ascoli-Arzela, 227

General Index

Banach, 84, 231

Banach-Tarski, 132, 239

Bolzano-Weierstrass, 39

Dirichlet, 183

Egorov, 147

Fejér, 186

Heine-Borel, 81

Liouville, 25

Lebesgue, 155, 193

Lusin, 166

Mertens, 67

Peano, 228

Plancherel, 212

Riesz-Fischer, 189

Weierstrass, 93, 187, 199

Riemann, 56

Rolle, 101

Weyl, 202
transcendental number, 24
translate, of set, 134
translation invariance, 139
traveling-wave solutions, 206
triangle inequality, 73
trigonometric functions, 122
trigonometric polynomial, 187
2™ test

uncountable set, 23
uniform continuity, 88
uniform convergence, 93
upper

bound, 16

integral, 108

limit, 33

sum, 107

wave function, 216
Weierstrass’s theorem on
trigonometric approximation, 187
nondifferentiable function, 199
polynomial approximation, 93
Weyl’s theorem on equidistribution,
202
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