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We study the possible existence of first integrals of the form I(z,y) = (y—
91(@))1 (y=g2())°2 - - - (y—ge () (), where g1 (2),. .., g¢(x) are unknown par-
ticular solutions of dy/dx = Q(z,y)/P(z,y), a; are unknown constants and h(z) is
an unknown function. For certain systems some of the particular solutions remain
arbitrary and the other ones are explicitly determined or are functionally related
to the arbitrary particular solutions. We obtain in this way a nonlinear superposi-
tion principle that generalizes the classical nonlinear superposition principle of the
Lie theory. In general, the first integral contains some arbitrary solutions of the
system but also quadratures of these solutions and an explicit dependence on the
independent variable, see .

1. Introduction

We consider in this paper two—dimensional systems
dx dy
_— = [ = P _— = . = ].

in which P,Q € R[z,y] are polynomials in the real variables z and y and
the independent variable (the time) ¢ is real. Throughout this paper we
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will denote by m = max{deg P, deg Q} the degree of system (1). Obviously,
we can also express system (1) as the differential equation

)
We associate to system (1) the vector field X' defined by X = P9/0x +
Q0/0y. H is a first integral of the system (1) on U if and only if YH =0
on U. We are lead to the problem of characterizing the systems of dif-
ferential equations for which a superposition function, allowing to express

the general solution in terms of a certain finite number of particular solu-
tions, does exist. As it is well known, this problem has been studied by Lie
2 Let ¥ = {g1(x),...,gn(2)} be a set of particular solutions of equation
(2). Then F(y,q1(x),...,gn(z)) is defined as a connecting function of (2)
if F' =0 is also an implicitly defined particular solution. Formally, a non-
linear superposition principle is an operation F' : R x 7™ — G where F and
G are function spaces such that the former properties hold.

Moreover, we will say that ¥ is a fundamental set of solutions of (2)
if a connecting function F' exists, such that F' is a first integral or equiv-
alently F' = ¢ is the general solution of equation (2), where ¢ is an ar-
bitrary constant. The standard example of nonlinear first order differen-
tial equation with a fundamental set of solutions is the Riccati equation
dy/dx = Ag(x) + A1 (x)y + Az(x)y? for which the general solution is given
by the cross ratio

(v — 91(2))(g3(x) — g2(x))

By 91(2), 2(2) 92@)) = 0= N s @) —r @)~ ©

where ¢ is an arbitrary constant. It follows from the work of Lie and
Scheffers 2 that the real equation (2) with n arbitrary particular solutions
defining a fundamental set of solutions is associated with finite dimensional
Lie algebras of vector fields on R. In fact, Lie showed that there is a
fundamental set of n arbitrary solutions for the differential equation (2)
if and only if it can be written in the form dy/dz = > ;_, A;(z)Bi(y),
where the vector fields X; = B;(y)9/0y with ¢ = 0,1,...,s, generate an
r-dimensional Lie algebra with s + 1 < r < n. Moreover, the notion of a
fundamental set of solutions developed by Lie is extremely restrictive as
can be seen from the following theorem proved by Lie 2.

Theorem 1.1. The only ordinary differential equations of the form
dy/dx = f(x,y), with f € C', allowing a fundamental set of arbitrary
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solutions are the Riccati equation dy/dx = Ag(x) + A1 (z)y + A2(z)y? and
any equation obtained from it by a change of dependent and independent
variables of the form v = ¥(y), T = 7(x).

In the expression of the first integral given by the Lie theory, the partic-
ular solutions g;(x) of the fundamental set are arbitrary. The natural ques-
tion is: are there intermediate cases of nonlinear superposition principles
for which some of the particular solutions remain arbitrary and the others
are explicitly determined ? To answer this question we introduce the follow-
ing ansatz for the first integral I(z,y) = (y — g1(2))** (y — g2(x))*2 ... (y —
ge(x))*¢h(x), where g;(x) are unknown particular solutions of (2), h(x) is
an unknown function of x and the «; are unknown constants such that
Hle a; # 0, in order to detect first integrals of (1).

Example. Let us consider the following polynomial differential system
& = —y + 2%, § = z. The equation for the orbits is
de —y+azt
Tyt Q
Yy x
We propose the following first integral I(z,y) = (x — g1(y))**(z —
92(y))** (z — g3(y))** (z — g(y))**h(y), where the functions g;(y) for i =
1,...,4 are particular solutions for equation (3). Applying the method we
obtain that gg(g;) = ;gl(y), 91(y) = —g3(y), aa = a1, a3 = a4 = —a; and
h(y) = e2 J(g3(W)=9i(W))dy  Therefore, a generalized nonlinear superposi-
tion principle is given by the first integral

I(2,y) = (2* — 91 W) 2 jaaw) st @iy
(22 — g3(y))
where ¢1(y) and g3(y) are arbitrary particular solutions of equation (3).
This nonlinear superposition principle is not a particular case of the Lie
theory, because the expression of the first integral contains quadratures of
the particular solutions g1 (y) and gs3(y).
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