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Set-Theoretical Background

SINCE THE NOTION OF A SET is essential to everything we shall do here, we begin with some basic set-theoretic

facts. Intuitively, a set is a well-defined collection of distinct objects: for example, the sets N of all natural numbers,

Q of all rational numbers and R of all real numbers. If 4 is a set and a an object we write

acd ag A
for "a is a member or element of A, or belongs to A" and "a is not a member of 4", respectively. We shall regard a
set as being uniquely determined by its members: thus, if two sets 4 and B have the same members, they are
identical. This assertion is known as the axiom of extensionality and may be expressed formally by
A=B& Vx[xe A< x € B]

A collection of sets is often called a family of sets.

We shall use the brace notation to form sets from properties: thus, if Px is the assertion that the object x has
the property P,

{x: Px}
will denote the set of all objects x such that Px. For example, if N is the property of being a natural number, then
N = {x: Nx}.
Evidently, for any object a we have
a € {x: Px} & Pa.
Given a set 4, we write {x € A: Px} for {x: x € A & Px}. For objects ay,...,a,, we define
{ay,...,a,} ={x:x=a;0rx =a,or...x = a,};

thus {ay,...,a,} is the set whose members are precisely the objects aj,...,a,. In particular, {a} is the set —the singleton
of a —whose sole member is a.

We extend the brace device for set formation to the following situation. Suppose that for each object x such
that Px there is assigned a unique object x*. Then {x*: Px} will denote the set of all x* such that Px. That is,

{x*: Px} = {y: Ix[y = x* & Px]}.

The set A4 is said to be a subset of the set B, written 4 B, if every member of 4 is also a member of B. If 4
is a subset of B we shall also say that 4 is included or contained in B. A subset of a family of sets will be called a
subfamily. Clearly

A=B< AcCcB&BcCA.
We define the power set PA of a set 4 to be the family of all subsets of 4: PA = {X: X < 4}.
The union of the sets 4 and B, written 4 U B, is the collection of objects which belong to 4 or B or both,

that is:



AUB={x:x0A4o0rx0B}.
The intersection of A and B, written 4 N B, is the collection of objects which belong both to 4 and to B:
ANB={x:xe€A&x e B}.
The empty set—the set with no members—is denoted by &, and may be defined by
D= {x:x#x}.

The empty set may be regarded as a subset of any set: for, if 4 is an arbitrary set, then we have, since x ¢ & for

every x,

ex[x ¢ A= x ¢ ],
whence

ex[x e = x € 4],
so that & < 4.

The sets A and B are said to be disjoint if their intersection is empty, i.e., if A N B = & . In the contrary
case, A4 is said to meet or intersect B.
The (relative) complement B — A of a set A in a set B is the set of objects which belong to B but not to A4:
that is,
B—-A={x:xe B&x ¢ A}.
The notions of union and intersection, so far defined just for pairs of sets, is easily extended to arbitrary
finite (nonempty) families by defining, for sets 4, ..., 4,,
A1 U...UA,={x:x € A; forsomei=1, .., n}
Ayn..nA,={x:xeA; foralli=1, ..., n}.
We shall also need to consider unions and intersections of families of sets which are not necessarily finite.

Suppose that for each member i of a fixed set / (which we shall call an index set) we are given a set X;. Then the
union U X, and the intersection ﬂ X, of the indexed family of sets {X;: i € I} are defined by

iel iel
UX ={x:3iel. xeX;} (X, ={x:Viel xe X}

iel iel
An important special case of this notion arises when the index set is itself a family @ of sets and X is the set A4 for

each 4 0 @.. In this situation the union of the family {X,:4 € @} is written U® and the intersection (:
Ua= {x: Fded(x 0 A)} Na={x: VAellx € 4)}.

A cover of a set X is a family @ of sets such that X < UG; in this situation @ is said to cover X.

We tabulate some of the basic facts about set-theoretical operations in the following

0.1. Proposition. Let 4, B, C, X be sets, {X;:i € I}, {Y;:j € J} indexed families of sets. Then
HDX-X-A)=4AnX;

(i) AuUB=BUA, AnB=BuUA;

(i) AvBUO)=(AVBUVCANBNC)=ANB)NC



iV X-(AUB)=X-ANX-B), X—-(ANnB)=X-4) v (X-B);
WMANBUO)=ANnBUANC), AUBNC)=AUBNAVUO),
o X-Ur=Nx-v) x-y-=UK-v)

Jjed jed Jjed Jjed

oi) Jx, nUY, =UUX Y, NXivY, =X vY;.

iel jed iel jed iel Jjed iel jed

Given two objects a, b, we assume that we can form a new object (@, b) called the ordered pair of a and b,
which has the following characteristic property: for any objects u,v,
(ab)=<u,v>= a=u&b=nv.
a and b are called the first and second coordinates, respectively, of the ordered pair (@, b). It is now easy to define
ordered triples, quadruples, etc., by recursion. Thus (@, b, ¢) = ((a, b), ¢) and in general
(ar,....an) = ((ar,... ,an1), ay).
Clearly
(ay, ..., an)=(by, ... b)) © a=b &..&a,=b,.
Let {4,,..., A,} be a finite family of sets. We define the (Cartesian) product A;x...x A, of the family to be the set of
all n-tuples (ay, ..., a,) with a; € 4; for each i = 1, ..., n. If it should happen that each 4; is identical with some fixed
set A, we write A" for A x ... x A. (Thus, for instance, R" is Euclidean n-space.)

A set of ordered pairs is called a (binary) relation. If R is a relation, we often write xRy for (x, y) € R. We
define the domain dom(R) of R to be the set of first coordinates of members of R and the range ran(R) of R to be the
set of second coordinates of members of R. That is,

dom(R) = {x: Jy.xRy}, ran(R)= {y: Ix.xRy}.
The composition R oS of two relations R and S is defined by
R o §={(x, z): Iy.xSy & yRz}.
The inverse R*' of a relation R is defined by
R = {(x, y): yRx}.
It is easy to see that, for any relations R, S,
RN =R (Ro 5" =5"o R"

A function, map, or mapping is a relation f with the property that for each x € dom(f) there is a unique y €
ran(f) such that (x, y) € f. This unique y is called the value of f at x, or the image of x under f, and is denoted by f(x).
We sometimes write x — f{x) for f. Suppose now that 4 and B are sets and f'is a function such that dom(f) = 4 and
ran(f) < B. In this event we say that f'is a function from A to B, or that f maps A into B, and write

f4—B.
In this event 4 is the domain of fand B is sometimes called the codomain of f. If, further, ran(f) = B, we say that f
maps 4 onto B, or is a surjection, or surjective. The function f is said to be one-one, injective, or an injection, if

distinct members of 4 have distinct images under f; i.e. if



xyeA&fx)zfy)= x=#y,

or, equivalently, if

x,yeA&fix)=fy) = x=y.

It is not hard to see that the inverse f' of fis a function from ran(f) onto 4 if and only fis injective. A function that
is both injective and surjective is said to be bijective. It is readily shown that a function f: 4 — B is bijective iff its
inverse /' is a function from B to 4.

Given sets 4y, ..., 4,, for each i=1, ..., n we define the i projection Bi: A) x .. x A, —> A; to be the
map (ay, ...,a,) — a.

A set X is said to be finite if, for some n € N, there exists a bijection from X to the set {0, 1, 2,..., n}. In the
contrary case X is said to be infinite. X is said to be countable if it is finite or there is a bijection from X to the set N
of natural numbers. In that case X can be presented as a set {x,: n € N} indexed by N. If X is not countable, it is said

to be uncountable. It can be shown that Q is countable and R uncountable. In the sequel we shall occasionally use

the fact that the union of a countable family of countable sets is countable.
The identity map on a set 4 is the function 1, = {(x, x): x € A}. Thus 14(x) =x forall x € 4.
If f: A > B and X < 4, we define the restriction f|X of fto X by f|X =f (X x B). It is evident that f|X is
a function from X to B and that f'|X (x) = fix) for each x O X. Let f* 4 — B; for each subset X of 4 we define the
image f[X] of X under f by
NXT = {x): x € X}
Clearly, for each x 0 4 we have
M = ().
Furthermore, for each y € B we define the preimage f ~'(y) of y under f by
[T = {xe 4 fx) =y}
Evidently
') =D < y e ran()).
If Y < B we define the preimage f '[Y] of Y under fby
M= {xe 4:fw) e V3.
Suppose now that > 4 — B and g: B — C. Then the composition g o f'is a function from A4 to C, and, for
any x € 4, (g o f)(x) = g(f{x)). Moreover, for any Z < C,
o N2 =1"1¢"[1Z]]-
We compile our final remarks on functions in the form of a proposition whose proof can be safely entrusted

to readers (if any).

0.2. Proposition. Let 4, B be sets, let {X;: [ € I}, {Y;: j € J} be indexed families of subsets of 4 and B,
respectively, let X € 4, Y < B, and finally let fbe a function from 4 to B. Then we have



@ fIUx1=U f1xi] ) fIN) X1 f1X] dii) Uy =l vl

iel iel iel iel iel iel

@) NN Y] @A B-N=4-1 0 o) A e Y

iel iel

(vii) X </ '[f1X]]. ™

We conclude this chapter by defining two special types of relation. A relation R is said to be (defined) on a
set A if R A x A. A relation R on A4 is said to be reflexive if aRa for all a € A, symmetric if aRb = bRa for all a, b
€ A, antisymmetric if aRb & bRa = a = b forall a, b € A, and transitive if aRb & bRc = aRc for all a, b, ¢ € A.

A reflexive, transitive, and symmetric relation R on a set 4 is called an equivalence relationon 4 . 1If a €
A, the set R[a] = {x: aRx} is called the R-equivalence class of a. Clearly distinct equivalence classes are disjoint,
and, for all @, b € A, aRb < a and b belong to the same R-equivalence class.

A reflexive, transitive, and antisymmetric relation R on a set 4 is called a partial ordering on A: in this
situation we shall usually write < for R and a < b for aRb. If < is a partial ordering on A, the pair (4, <) (or when

confusion is unlikely, simply A) is said to be a partially ordered set. If for any elements a, b € 4 we have either a <

b or b < a, then < is said to be a rotal ordering and (4, <) a totally ordered set.

Examples. 1. The standard "equal to or less than" relations on the sets N of natural numbers, Q of rational
numbers, and R of real numbers are each total orderings.

2. The relation "m is a divisor of n" is a partial, but not total, ordering on N.

3. The inclusion relation C is a partial ordering on any family of sets.

Let (4, <) be a partially ordered set and X — 4. An element a € 4 is said to be an upper (lower) bound for
Xifx < a(a <x) forall x € X. An upper (lower) bound a for X such that a < b (b < a) for every upper (lower)
bound b for X is called a supremum (infimum) for X: it is clearly unique if it exists. We write sup X (inf X) for the
supremum (infimum) of X if it exists. (4, <) is said to be complete if every nonempty subset with an upper (lower)

bound has a supremum (infimum). For example, R with its standard ordering is complete.



Topological Structure of the Real Line

ROUGHLY SPEAKING, TOPOLOGY may be regarded as the analysis of concepts and entities which involve the
notion of proximity or continuity: for example, points in n-dimensional space, plane or space curves, continuous
real-valued functions, limits of sequences, etc. So our task is to specify a basic structure possessing sufficient
breadth to enable the characteristic properties of these notions to be expressed. The resulting theory will then be
applicable in any context in which these notions figure.

Suppose we are given a set X of elements, which may be such mathematical entities as mentioned above,
although in general we make no assumptions as to their exact nature. The basic structure we single out for study will
be a family J of subsets of X, called open sets, which satisfy certain conditions, to be specified presently. A family
satisfying these conditions will be called a fopology on X, and X —or, to be precise, the ordered pair (X, 5) —is
called a topological space. Members of X will often be called points.

In order to motivate the general definition of a topology, we first discuss a very special topological space

which lies at the heart of the subject, namely, the real line.We shall need to make some preliminary definitions.

1.1. Definition. For ¢, b € R we define:

(a, b)={x e U:a<x<b},
[a. b]={x e U:a<x <b},
[a, b)={x € U:a <x<b},
(a, b]={x e G:a<x < b},
(a, 2)={xe U a<x},
[a, 2)={xe U a<x},
(<, a)={xe U:x<a},
(< al={xe U:x<a}.

Subsets of R of any of the above forms, together with & and R itself, are called intervals. Subsets of R of the form

(a, b) or [a, b] are called open or closed intervals, respectively. Intervals of the form [a, b), (a, bl, [a,—) or («, a]

are called half-open intervals. 1t is easily shown that the intervals in R are precisely the subsets X of R possessing

the betweenness property: ifa <b <canda, c € X, then b € X.

1.2. Definition. A subset 4 of R is said to be open (in R) if, for each x € A4, there is an open interval

containing x and included in 4.



In other words, an open set is a union of open intervals. Notice that in particular the empty set is open.

1.3. Proposition. In R,

(i) the union of any family of open sets is open;

(ii) the intersection of any finite (nonempty) family of open sets is open;

(iii) R and & are both open sets.

Proof. (i) and (iii) are obvious; (ii) follows from the fact that the intersection of finitely many open intervals

is easily seen to be an open interval. B

Despite its straightforward character, this proposition should be taken very seriously, for properties (i) —
(iii) will later be taken as characteristic of open sets.

Observe that all open intervals and all subsets of R of the form (a, —) or (<, a] are open sets.

Although finite intersections of open sets are open, the intersection of an infinite family of open sets is not
necessarily so. For instance, each interval of the form (-%,,%.) is open but ﬂ (- % ,%) = {0} which is evidently

neN

not open.

1.4. Definition. A subset 4 of R is said to be closed if its complement R — 4 is open.

1.5. Proposition. In R,

(i) the intersection of any (nonempty) family of closed sets is closed;
(ii) the union of any finite family of closed sets is closed;

(iii) R and J are both closed sets.

Proof. Immediate from 1.3 and 1.4. B

From 1.3 (iii) and 1.5 (iii) we see that R and & are both open and closed —they are clopen sets. (This is

not a logical contradiction, merely a linguistic oddity!) Notice also that every closed interval [a, b] is a closed set
since its complement is the union of the two open sets («—,a) and (b, =) and is accordingly open. For similar reasons

[a, =) and («—,a] are closed as well.

1.6. Definition. A subset /' of R is said to be a neighbourhood of a € R if there is an open set U such that a

eUcV.
In other words, V' is a neighbourhood of « if it contains an open interval around a. It follows easily from

this that a set is open if and only if it is a neighbourhood of each of its points.
Is every subset of R open or closed? No, the set Q of rational numbers is neither. For it is well known that

every nonempty open interval contains both rationals and irrationals. Therefore neither Q nor its complement R —



Q is a neighbourhood of any of its points, so certainly neither is open. Accordingly, Q is neither open nor closed.

1.7. Definition. A point ¢ of R is said to be a limit point of a subset 4 of R if every neighbourhood of a

contains points of 4 different from a.

Clearly each neighbourhood of a limit point of of a set 4 must contain an infinity of points of 4: it follows

that only infinite subsets of R possess limit points. However, the mere fact that a set is infinite does not ensure that it

possesses limit points: the set N, for example, is infinite but does not have any limit points.

The concept of limit point yields a characterization of closed sets which provides some indication as to why

such sets were called "closed" in the first place.

1.8. Proposition. A subset of R is closed iff it contains all its limit points.

Proof. Let 4 be a closed subset of R. If x € R — 4, the open set R — 4 is a neighbourhood of x which fails
to intersect 4, so x cannot be a limit point of 4. It follows that A4 contains all its limit points.

Conversely, suppose that 4 is a subset of R which contains all its limit points, so that no point of R — 4 is a
limit point of 4. Then for each x € R — A4 there is a neighbourhood of x which does not meet 4, and is accordingly

included in R — 4. So R — 4 is a neighbourhood of each of its points and is therefore open. This means that A is

closed. W

1.9. Definition. Let 4 be a subset of R. A family 4l of open subsets of R which covers 4 is called an open

cover of A. A subfamily of 4t which is also a cover of 4 is called a subcover of QL.

Our next result is one of the central theorems of classical analysis:

1.10. Heine-Borel Theorem. Each open cover of a closed interval in R has a finite subcover.

Proof. Let Al be an open cover of a closed interval [a, b] (where a < b, the result being trivial when 5 <
a). Define X to be the set of all x € [a, b] such that there is a finite subfamily of @ covering [a, x]. Proving the
theorem amounts to showing that b € X. Now X # O since a@ € X, and it is bounded above by b; since ( R, <) is
complete, X has a supremum c¢, say. Clearly ¢ € [a, b] and a < ¢ since any member of Al which contains a also
includes some nonempty open interval around a.

Now choose U € 4l so that ¢ € U, and choose a member d of the open interval (a, ¢) so that [d, c] < U.
Since d < ¢, it follows from the definition of ¢ that there is a finite subfamily 5 of @0 which covers [a, d], so that the
finite family $ =5 U {U} covers [a, c]. Accordingly ¢ € X. If ¢ < b, then there is e € (c, b) such that [c, e] < U, so

that § covers [q, e], contradicting the definition of c. It follows that b = ¢ € X, and the theorem is proved. B
Notice that this result fails for intervals which are not closed. For example, the family of open sets (— %, ,1)

with n € N — {0} covers the open interval (0, 1), but clearly no finite subfamily does.
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As a corollary to this theorem we prove the classical result of Bolzano-Weierstrass.

1.11. Corollary. Any infinite subset of a closed interval has a limit point in that interval.

Proof. Let X be an infinite subset of the closed interval [a, b]. If no point of [a, b] is a limit point of X, then
each x € [a, b] has an open neighbourhood ¥(x) such that V(x) N X < {x}. The family {V(x): x € [a, b]} is an open
cover of [a, b]; by 1.10 it has a finite subcover {V(x;):i =1, ..., n}. But then

X=XnN]a blcX Nn[V(x)...0 V(x)] < {x1, ..os Xty

contradicting the assumption that X is infinite. B
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Topological Spaces

WE NOW INTRODUCE the definition of a topology on an arbitrary set.

2.1. Definition. A fopology on a set X is a family § of subsets of X satisfying the following conditions:
(i) the union of any subfamily of 5 belongs to ;
(ii) the intersection of any finite nonempty subfamily of § belongs to &;

(iii) X e Sand J € 4.

The pair (X, 9) (or simply X when confusion is unlikely) is called a topological space, or simply a space; the
members of § are called § -open, open in X, or simply open, sets. The set X is called the underlying set of the

topological space (X, ).

Examples. 1. The family of all open sets in R as laid down in Def.1.2 is a topology on R; it is known as the

usual topology on R.

2. For any set X, the family {&, X} is a topology on X called the indiscrete or trivial topology on X. A set
with the indiscrete topology is called an indiscrete or trivial space.

3. For any set X, the family of all subsets of X is evidently a topology on X: it is known as the discrete
topology on X, and with this topology X is called a discrete space. Clearly, X is a discrete space iff {x} is open for
eachx € X.

4. For any set X, the family consisting of the empty set together with all subsets of X whose complement

with X is finite is a topology on X called the cofinite topology on X.

5. Consider Euclidean n-space R". For each pair of points a = (ay, ..., a,) and x = (x|, ..., x,) of R" we

define the distance d(a, x) between a and x to be the real number d(a, x) = /Z (x;, —q, )* If ¢ is a positive real
i=1

number, the open sphere of radius € about a is the set
{x e R": d(a, x) <e}.
The family of unions of open spheres about points of R" is a topology called the usual topology on R". Thus a subset

of R"is open in the usual topology iff it contains an open sphere about each of its points.

As already indicated, to emphasize the geometrical content of topology, elements of topological spaces will
often be called points.
2.2. Definition. A subset U of a topological space X is said to be a neighbourhood of a point x € X if U

includes an open set to which x belongs. The family of all neighbourhoods of a point is called the neighbourhood
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system at that point. The neighbourhood system at a point reflects the properties of the ambient space in the vicinity

of that point.

2.3. Proposition. Let X be a topological space. Then the neighbourhood system 9, at any point x 0 X is a
filter on X, that is, satisfies:

WU Ve, =>UnNnVe,

MHUen&UcVcX=>Vey. N

A concept which should be expressible in topological terms is that of convergent sequence. We shall see

that a credible definition can indeed be framed within an arbitrary topological space.

2.4. Definition. Let X be a topological space and let x, x),... be a sequence of points of X. We shall say that
this sequence converges to the point x € X if for each neighbourhood U of x there is an ny € N such that x, € U

whenever n > ny.

In other words, a sequence converges to a point provided that the sequence is eventually in every neighbourhood of
that point. Notice that in an indiscrete space every sequence converges to every point, while—at the opposite
extreme—in a discrete space the only convergent sequences are those which are eventually constant. (Two

picturesque examples of topological pathology.)

2.5. Definition. Let (X, ) be a topological space. A subset A of X is said to be (5-) closed if its complement
X — A4 is (5-) open.

Thus a subset of a topological space is open iff its complement is closed. Our next proposition enumerates the

characteristic properties of closed sets.

2.6. Proposition. In a topological space X,
(i) the intersection of an arbitrary nonempty family of closed sets is closed;
(ii) the union of a finite family of closed sets is closed;

(iii) X and J are closed. &

The next proposition, whose proof we entrust to the reader, shows that topological spaces could equally

well have been defined in terms of the concept of closed set.

2.7. Proposition. Let 5 be a family of subsets of a set X such that

(i) the intersection of any nonempty subfamily of § belongs to F;
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(i1) the union of any finite subfamily of § belongs to F;
(iii) X and & are both members of .

Then the family 5= {X— F: F € § } is a topology on X and  is precisely the family of 5-closed subsets of X. H

2.8. Definition. Let (X, 5) be a topological space. The (5 -) closure A of a subset 4 of X is the intersection
of all (5 -) closed subsets of X which include 4. A4 is said to be dense in X if A=X

Clearly A s closed and is in fact the least (under inclusion) closed set containing 4. It follows from this that a

subset of a topological space is closed iff it coincides with its closure.

2.9. Proposition. Let 4 be a subset of a topological space X. Then, for any point x of X, x € A iff every
(open) neighbourhood of x meets A.

Proof. If x ¢ A, then by definition there is a closed set F containing 4 but not x. So X — F'is an (open)
neighbourhood of x which does not meet A. Conversely, if x has an open neighbourhood U disjoint from 4, then X —

U is a closed set containing 4 but not x, so that x ¢ A.m

It follows from this proposition that a subset of a topological space is dense if and only if it meets every nonempty

open set. Thus, in particular, both the sets Q of rationals and g of irrationals are dense in R (with its usual topology).

We also have

2.10. Corollary. If X is a bounded subset of R, then both sup X and inf X are members of X , and so, if X

is closed, of X.
Proof. Let @ = sup X and ¢ > 0. Then since a is the least upper bound for X, there must be x € X for which a
— & < x. It follows that every open interval about ¢ meets x, so that, by 2.9, a € X . The argument for inf X is

similar. W

2.11. Theorem. In any topological space, we have

G) D =0, (ii)Ac A (iii) A=A:(iv) AUB=AUDB.

Proof. (i). Since & is closed this is obvious. (ii) is evident from the definition of closure. (iii). Since A is
closed it coincides with its closure E . (iv). Since AUB is a closed set containing both 4 and B, it must contain
both A and Band so also their union. On the other hand, AU B is a closed set containing 4 U B and hence

also A U B . (iv) follows. B

Our next result shows that the properties enumerated in 2.11 are actually characteristic of topological

closure. In order to give this fact precise expression we need the following definition.
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2.12. Definition. A closure operation on a set X is a function which assigns to each subset 4 of X a subset
A° of X in such a way that the following four statements, the Kuratowski closure axioms, are satisfied for all subsets
A, Bof X:
(1) D =0; (i) 4 c A4 (iii) 4° = A4, (iv) (4 UB) =4"U B".

Now we can prove

2.13. Theorem. Let “ be a closure operation on X, let §= {4: 4A“= A} and 5= {X—-A4: A € §}. Then Fis a
topology on X (called the topology induced by ©) and, for any subset A of X, A° is the 5-closure of A.

Proof. It follows immediately from 2.12 (i) and (ii) that both & and X are members of 5, and (iv) shows
that the union of any pair of (and hence any finite collection of) members of § belongs to 5. We claim that the
intersection of any nonempty subfamily of 5 is a member of 5. To prove this, observe that, if B < A4, then B < A°
because 4° = (4 U B)° = A° U B°. Now suppose that (@ is a nonempty subfamily of 5, and let B=(\@. Then =~ Bc 4,
and so B° c A°, for all 4 € @. Therefore

BcN{d-Aed}=N{4d: A @} =8B,
so that B = B and B € §. This proves the claim. By 2.7, 5 is a topology on X, and F is the family of 5-closed subsets
of X.

We must finally show that A° = A, the 5-closure of 4. Now it follows from 2.11(iii) that A° € ; since 4
c A° and A is, by definition, the intersection of all members of § containing 4, we infer that A c A°. But A ,as
the intersection of a subfamily of 5, itself belongs to , so that A=A ;since 4 < Z it follows that  A4° < A=

Z, whence A = 4° |

0
2.14. Definition. The interior A of a subset 4 of a topological space is the union of all open sets contained

0
in 4. Points of A are called interior points of A.

0
Evidently A is open, and is in fact the largest open set contained in A4; it follows that a set is open iff it coincides
0
with its interior. It is easy to see that A consists of all those points a € 4 such that 4 is a neighbourhood of a. As the

next proposition shows, interior and closure are intimately related.

0 _
2.15. Proposition. Let 4 be a subset of a topological space X. Then A =X- X - A.
0
Proof. We have x ¢ A < A contains no neighbourhood of x < every neighbourhood of x meets X — 4

Sxe X-A. R

0
From 2.11 and 2.15 we derive the corresponding dual properties of the interior operator, viz., (i) 9

0
0 0 0

o 0 0
=@ (ii) Ac A; (iii)) A= A;(@v) AnB=ANB.




15

3

Bases, Subbases, and Relative Topologies.

IN DEFINING THE USUAL topology on the reals we began with the family of all open intervals and from this

constructed the topology. We now consider a useful extension of this procedure to arbitrary topological spaces.

3.1. Definition. Let (X, 5) be a topological space. A subfamily % of J is said to be a base for § if for each x

€ X and each neighbourhood U of x there is a member B of 8 such thatx € B < U.

For example, the family of open intervals is a base for the usual topology on R, and the family of open n-spheres is a
base for the usual topology on R". More interestingly, the countable family of open intervals with rational endpoints
is also a base for the usual topology on R, and the countable family of open n-spheres with radii of rational length

and centres with rational coordinates is a base for the usual topology on R".

We entrust the proof of the next proposition to the reader.

3.2. Proposition. A subfamily % of a topology J is a base for J iff every member of  is a union of members

of . A

Now not every family of sets is a base for some topology. For instance, let X = {0, 1,2}, 4 = {0, 1}, B=
{1,2}. If 8 = {X, A, B,J} then by direct computation the union of members of $ is always in B, so were B a base
for some topology, that topology would have to none other than & itself. But % isn't a topology because 4 N B
={1} ¢ B. Our next result shows exactly what conditions must be satisfied if a given family of sets is to be a base

for some topology.

3.3. Proposition. A family 8 of sets is a base for some topology on the set X = U% iff for every pair of
members U, V of B and everyx € U Vthereis W e Bsuchthatx e W UN V.

Proof. Necessity is almost trivial. Conversely, if B is a family of sets with the prescribed property it is a
routine exercise to show that the family 5 of unions of subfamilies of % is a topology on X; % is a base for § by 3.2.

Since not every family of sets is a base for a topology, it is natural to ask whether any family determines a

topology in some natural way. Our next proposition shows that this question has an affirmative answer.

3.4. Proposition. If § is a nonempty family of sets, the family % of all finite intersections of members of &
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is a base for a topology on the set X =U§.
Proof. The intersection of any pair of members of B is easily seen to be a member of 6. So by 3.3 B is a

base for a topology on X. W

3.5. Definition. A family § is a subbase for a given topology J if the family of finite intersections of

members of § is a base for . In this case & is said to generate 5.

That is, & generates J iff each member of § is a union of finite intersections of members of &. In view of 3.4, every
nonempty family of sets generates a unique topology: it is easily seen that this topology is the least topology (under
inclusion) containing the given family.

In general, there will be many different bases and subbases for a given topology and the most felicitous
choice will depend on the problem at hand. For example, a natural subbase for the usual topology on R is the family
of sets of the form (a, =) or («, @). The family of all such sets with a rational is a subtler and more interesting
subbase.

We next formulate a local version of the concept of base.

3.6. Definition. Let x a point of a topological space X. A local base at x is a family 9 of neighbourhoods of

x such that every neighbourhood of x contains a member of éll.

3.7. Definition. A topological space is said to satisfy the first axiom of countability, or to be first countable,

if every point has a countable local base.

For example, any Euclidean space with its usual topology is first countable.

In a first countable space one can formulate a very simple intuitive description of the closure of a set.

3.8. Theorem. Let 4 be a subset of a first countable space. Then for any point x, x € A iff there is a
countable sequence ao, ay, ... of points of 4 converging to x.

Proof. If ay, a,, ... from A converges to x, then every neighbourhood of x contains members of this

sequence, so a fortiori meets A. Hence x € A. Conversely, suppose that x € A, and let {Uy-ne N} be a
countable local base at x. For each n € N define V,, = U; n...n U,; clearly {V,: n € N} is also a local base at
x. Since x € A, each V', meets A and so for each n € N we can choose a, € V,, N 4. But then the sequence a, aj, ....
converges to x. For if U is any neighbourhood of x, there is some V, c U; if m > n then a, € V,,cV, < U, which
proves the contention. B

We next turn to a different problem. Suppose we are given a topological space (X, 5) and a subset 4 of X. Is
there a natural topology which is, so to speak, "inherited" by 4? The affirmative answer to this question is provided

by the next definition.
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3.9. Definition. If (X, 5) is a topological space and A4 is a subset of X, define 5, to be the family of
intersections of 4 with the members of 5. Then 5 is a topology on 4 called the relative topology on A induced by &.
Each member U of 9, is said to be open in A, and its relative complement 4 — U closed in A. The space (4, 5,) (or
simply A) is called a subspace of (X, 5) (or simply of X). Formally, an arbitrary topological space (Y, ) is a
subspace of a space (X, 9) if Y < X and U= 5.

If (X, 9) is a topological space and A — X, then unless explicitly stated otherwise we shall assume that 4 has
been assigned the relative topology induced by 5. Thus if we assert that 4 has a certain topological property —first

countability for instance —we shall mean that the space (4, 3,) has this property.

3.10. Proposition. Let (¥, Q) be a subspace of a topological space (X, &), and let A < Y. Then
(i) 4 is U-closed iff it is the intersection with Y of a $-closed set;
(ii) the QU-closure of 4 is the intersection with Y of the J-closure of A.
Proof. (i). 4 isU-closed<> Y—A4= V1 Yforsome VO 5< A4 =(X— V)N Yforsome V € . This proves
@).
(ii). The “-closure of A =({B: B is Al-closed and 4 < B}
={CnY: Cis S-closed & 4 = C}
=YNN{C: CisJ-closed & 4 c C}

=Y N J-closure of 4. A
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4

Continuous Functions.

L[y

o3
ST

CONSIDER TWO REGIONS X and Y in the plane, and a function f: X — Y. Intuitively, we say that f'is continuous
if it carries neighbouring points of X to neighbouring points of ¥, that is, if x and y are points of X, and x is close to y,
then f{x) is close to Ay).

Now this notion of "closeness" is vague, and in classical analysis the definition of continuity is often given
the following precise formulation in terms of the limit concept. Namely, f'is continuous if whenever X, X1,... 18
a sequence of points of X converging to a point x of X, then the sequence f{xo), f{(x),... converges to the point f{x) of
Y. But it is easy to see that this condition is equivalent —for plane regions at any rate —to the following: for any
subset 4 of X, if x is in the closure of 4, then f(x) is in the closure of f[4]. That is, f[Z] c m forall 4 c X.

Obviously this condition makes sense even when X and Y are arbitrary topological spaces. We thus arrive at the

following definition.

4.1. Definition. Let X and Y be topological spaces, and let - X — Y. Then f'is said to be continuous (with
respect to (the topologies on) X and Y) if, for all 4 < X, we have f [Z] c f[A4]. (That is, "for any subset of X, the

image under f of its closure is a subset of the closure of its image under f".)

In other words, if we say that the points in the closure of a subset of a topological space are close to that subset, then
a continuous function between topological spaces is one that preserves the closeness relation between points and
subsets.

We next formulate a bundle of useful conditions each of which is equivalent to continuity.

4.2. Proposition. Let /' be a function between topological spaces X and Y. The following conditions are

equivalent:
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(1) fis continuous;

(i1) the preimage under f'of any closed subset of Y is a closed subset of X;

(iii) the preimage under f'of any open subset of Y is an open subset of .X;

(iv) for any x € X, the preimage under f of any neighbourhood of f{x) is a neighbourhood of x;

(v) for any x € X and any neighbourhood U of f{x), there is a neighbourhood ¥ of x such that /[ V] < U.

Proof. (i) = (ii). Assume (i), and let 4 be a closed subset of Y. By (i) we have
SN 1Al A= 4,

so that, applying /' to both sides,

Sl LTI,

whence m = f7'[4]. Therefore f''[4] is closed.

(i1) = (iii). This is a simple consequence of the fact that preimages preserve complements (0.2 (v)).

(iii) = (iv). Assuming (iii), if V' is a neighbourhood of f{x), then there is an open set U such that fx)
U c V. It follows that x 0 f/'[U] < f*'[V]. Since f"'[U] is open by (iii), /*'['] is a neighbourhood of x.

(iv) = (v). Assuming (iv), if x € X and U is a neighbourhood of f{x), then /*'[U] is a neighbourhood of x
and f[/"'[U]] € U.

(v) = (i). Assuming (v), if x € A cXand Uis any neighbourhood of f{x), then there is a neighbourhood V'
of x such that f[V] < U. But since x € Z we have A N V= O so that

D=V A IV Al < U flAL.

It follows that x € f]A], so that f] [Z] c f[A] and f'is continuous. W

Examples. 1. Every function from a discrete space, or to an indiscrete space, is continuous.

2. Every constant function, i.e. a function assuming just one value, is continuous.
3.Let A c Rand f: A — R. Then f'is continuous iff for every a € 4 and each 8 > 0 in R there is € > 0 in R

such that, for all x € 4, *x — a* <& = *f{x) - f{a)* <J. (This is the classical “g, 8 condition for continuity for real-

valued functions.)
We shall frequently make use of condition 4.2 (iii): to illustrate, we prove
4.3. Corollary. If X Y, Z are topological spaces and f: X — Y, g: Y — Z are continuous, thensois go f:
Proof. If U is open in Z, then g”[U] is open in Yandf“[g“[U]] =(go f)“[U] isopenin X. B
4.4. Corollary. If - X — Y is continuous and 4 < X, then the restriction f][A: A — Y of f to A is also

continuous (with respect to the relative topology on A4).

Proof. If U is open in Y, then (fi4)''[U] = A N f'[U] is open in 4. W
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The following local version of continuity is also useful.

4.5. Definition. A function f from a space X to a space Y is said to be continuous at the point x € X if for

each neighbourhood U of f{x) there is a neighbourhood 7 of x such that f[V] < U.

Clearly f: X — Y is continuous iff it is continuous at every point of X.

Additional important concepts are contained in the following

4.6. Definition. A mapping from a space X to a space Y is said to be open if it carries open sets to open sets,
i.e. if f{U] is open in Y whenever U is open in X. A bijective continuous open mapping from X to Y is called a
homeomorphism of X and Y. Under these conditions X and Y are said to be homeomorphic, or homeomorphs of one

another.

Evidently a bijective map f between topological spaces is a homeomorphism iff f and /' are both
continuous. This means that a topological space is topologically indistinguishable from any of its homeomorphs. In
other words, any purely topological property possessed by a space is shared by all of its homeomorphs. This may be
illustrated as follows. Suppose we imagine a topological space to be some sort of geometric configuration, for
instance, a diagram drawn on a sheet of rubber. Then a homeomorphism may be thought of as any deformation of
the diagram (by stretching, bending, shrinking, etc.) which does not tear the sheet. Under deformations of this sort a
circle, for example, can be changed into an ellipse, a triangle, or a square, but not into a figure eight, a horseshoe, or
a single point. A topological property is any property which is preserved by such deformations. Notice that metric
properties such as distances and angles are not topological because they can be altered by suitable
homeomorphisms. In the case of the circle examples of topological properties include the fact that it has one "inside"
and one "outside" and the fact that, if two points are removed from it, it falls into two pieces, whereas, if only one
point is removed, just one piece remains. These remarks explain why topology is sometimes called "rubber-sheet

geometry".
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Basic Topological Properties

WE HAVE SEEN in the previous chapter that a topological property may be defined as one which is preserved

under arbitrary homeomorphisms. We now introduce various properties of this sort, most of which are natural

generalizations of properties possessed by subsets of R with its usual topology. We begin with the

5.1. Definition. A topological space is said to be a Hausdorff ("housed-off") space if each pair of distinct

points have disjoint neighbourhoods.

For example, any Euclidean space with its usual topology is Hausdorff, as is any discrete space. Clearly, also, any
subspace of a Hausdorff space is Hausdorff. It is also easily shown that in a Hausdorff space any subset consisting of
a single point is closed.

Sequences behave particularly well in Hausdorff spaces. We have remarked that in certain spaces, in
indiscrete spaces, for instance, it is possible for a sequence to converge to more than one point. But this pathology

cannot arise in Hausdorff spaces:

5.2. Proposition. In a Hausdorff space a sequence can converge to at most one point.
Proof. Suppose X is a Hausdorff space and xo, xj,... is a sequence of points of X converging to the two

distinct points a and b. Since X is Hausdorff, a and b have disjoint neighbourhoods U and V. But, for some m e
N, U and V" would both have to contain all x,, with n > m. Contradiction. ®

5.3. Definition. A topological space is said to be connected if it is not the union of a pair of disjoint

nonempty open sets.

Intuitively, a space is connected if it coheres in the sense that it cannot be decomposed into a pair of disjoint

nonempty open fragments. The straightforward proof of the next proposition is entrusted to the reader.

5.4. Proposition. The following conditions on a topological space are equivalent:

(i) X is connected;

(1) X is not the union of a pair of disjoint nonempty closed sets;

(iii) the only subsets of X which are simultaneously open-and-closed ("clopen") are & and X itself;

(iv) any continuous function from X to a 2-element discrete space is constant. B
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5.5. Definition. A subset of a topological space is said to be connected if it is connected in the relative

topology.

It is easy to see that a subset 4 of a topological space X is connected iff, whenever 4 — U U V, where U and V are

disjoint and open in X, then 4 c Uor 4 c V.

5.6. Theorem. The closure of a connected set is connected.

Proof. Let Y be a connected subset of a topological space X and suppose that Y =4 U B, where 4 and B
are disjoint and open in Y . Then Y is the union of the disjoint sets A N Y and B N ¥; since both of these are open in
the connected subspace ¥, at least one of them —B M Y, say —must be empty. In that case it follows that Y c 4,
so that ¥ gz. But 4 is closed in ?, so that 4 = ANY . Therefore ¥ c ANY = A, whence B = . So Y is

connected. B
5.7. Corollary. A space with a connected dense subset is itself connected. ®

5.8. Theorem. The union of a family of pairwise nondisjoint connected sets is connected.

Proof. Let (¢ be a (nonempty) family of pairwise nondisjoint connected subsets of a topological space X and
suppose that Ud < U U ¥V, where U and V are disjoint and open in X. Choose 4 € @; then 4 ¢ U U V so that, since 4
is connected, either 4 < U or A < V; suppose the former. For any B € @, the same argument shows that B < U or B
c V. But the latter cannot hold since, if it did, 4 and B would be disjoint. Hence B < U for all B € @, so that Ut < U.

In the case 4 < V we similarly conclude U < V. It follows that U is connected. B

The proof of the next proposition is left to the reader.

5.9. Proposition. If X is a connected space and fis a continuous mapping of X into a space Y, then f[.X] is a

connected subset of Y. (That is, "the continuous image of a connected space is connected".) W

What subsets of R are connected? Here we have the intuitively satisfying

5.10. Theorem. A subset of R is connected iff it is an interval. In particular, R itself is connected.

Proof. Let X be a nonempty subset of R. If X is not an interval, then clearly there exist real numbers a <

b < csuch that g, c € Xand b ¢ X. We can then express X in the form X = (X N («, b)) ¢ (X n (b,—)), which
shows that X is disconnected.

Conversely, suppose that X is a nonempty interval, but that X is disconnected. Then X = 4 U B, where 4
and B are disjoint nonempty sets both closed in X. Choose points a € 4, b € B. We may assume without loss of

generality that @ < b. Since X is an interval, [¢, b] < X, and so each point in [a ,b] is either in 4 or in B. Define ¢ =
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sup([a,b] N A). Evidently a < ¢ < b,s0oc € X. Now ¢ € A by 2.10, so that, since 4 is closed in X, ¢ € 4. Therefore

¢ < b. But now it follows from this and the definition of ¢ that ¢ + € € B for every € > 0 such that ¢ + ¢ < b, so

that ¢ is also in the closure of B. Since B is closed in X, ¢ € B. But this contradicts the disjointness of 4 and B,

completing the proof. W

The next result is an immediate consequence of 5.9 and 5.10.

5.11. Corollary. The image of a connected space under a continuous function to R is an interval. B

5.12. Corollary: Weierstrass's intermediate value theorem. Any continuous function from R to itself

assuming two values a < b also assumes any value ¢ such that a < ¢ < b.

Proof. By 5.11, f[R] is an interval, and the result follows immediately. B

Our next definition extends 1.9.

5.13. Definition. An open cover of a subset A of a topological space X is a cover of 4 by sets open in X. A

subfamily of an open cover @ of 4 which also covers 4 is called a subcover of L.

The following definition is motivated by the Heine-Borel theorem 1.10.

5.14. Definition. A topological space X is said to be compact if every open cover of X has a finite subcover.

As examples of compact spaces we have: indiscrete spaces, any set with the cofinite topology, and — as we shall
see — any closed bounded subspace of a Euclidean space. Clearly a discrete space is compact iff it is finite. It is
also easy to see that a subset 4 of a topological space X is compact in the relative topology iff every open cover of 4

by sets open in X has a finite subcover.

5.15. Definition. A nonempty family of sets is said to have the finite intersection property (fip for short) if
the intersection of each nonempty finite subfamily is nonempty.
5.16. Proposition. A topological space is compact iff every family of closed sets with the fip has nonempty
intersection.
Proof. X is compact
& every open cover of X has a finite subcover
& if alis a family of open sets such that each finite subfamily fails to cover X, then
q fails to cover X

< if Qlis a family of open sets such that {X-U: U € @ } has the fip,
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then (NFu# O

& every family of closed sets with the fip has nonempty intersection. W

5.17. Corollary. If 5 is a nonempty family of nonempty closed sets which is totally ordered by inclusion,
then(F= <. W

5.18. Definition. Let X be a topological space and 4 < V' < X. V is said to be a neighbourhood of A if there
is an open set Usuchthat A c Uc V.

5.19. Theorem. If A4 is a compact subset of a Hausdorff space X and x € X — A4, then there are disjoint
neighbourhoods of x and of 4.

Proof. Since X is Hausdorff, for each y O 4 there are disjoint open neighborhoods U(y) and V(y) of x and y
respectively. The family {V(y): y € 4} is an open cover of 4 which, since 4 is compact, has a finite subcover

{V(y): 1 <I< n}. Then Uyy) N...n U(y,) and V(yy) U...u W(y,) are the required disjoint neighbourhoods of x and

A. 1

5.20. Corollary. A compact subset of a Hausdorff space is closed.
Proof. By 5.19 the complement of a compact subset A4 of a Hausdorff space contains a neighbourhood of

each of its points and is therefore open. It follows that 4 is closed.

Notice, however, that a compact subset of an arbitrary topological space need not be closed: for instance, every

subset of an indiscrete space is compact but only the empty set and the whole space are closed.

5.21. Proposition. A closed subset of a compact space is compact.
Proof. If Atis an open cover of a closed subset 4 of a compact space X, then U {X — A} is an
open cover of X. Since X is compact, U U {X — A} has a finite subcover 0, and 0 — {X — A} is a finite subcover of ‘.

These results enable us to characterize the compact subsets of R.

5.22. Proposition. The compact subsets of R are precisely the closed bounded subsets.

Proof. Since R is Hausdorff, compact subsets must be closed by 5.20. If 4 < R is not bounded, then 4 has

a cover by open intervals of length 1 with no finite subcover, and so is not compact. Conversely, if 4 is closed and
bounded, then it is included in some closed interval, which is compact by the Heine-Borel theorem 1.10. As a closed

subset 4 must be compact by 5.21. B

We next discuss the action of continuous functions on compact spaces.
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5.23. Proposition. Let X be a compact space and f> X — Y a continuous surjection. Then Y is compact, and
if Y is Hausdorff and f'bijective, then fis a homeomorphism.

Proof. If 4 is an open cover of Y, then {f '[U]: u € 1} is an open cover of X which has a finite subcover
since X has been assumed compact. The family of images under f of members of this subcover is a finite subfamily
of U which covers Y; consequently, Y is compact. Suppose now that Y is Hausdorff and f bijective. If 4 is a
closed subset of X, then A4 is compact by 5.21, so its image f[4] is compact by the first part of the proof and
accordingly closed by 5.20. Thus (")''[4] = f[4] is closed for each closed 4, so that (by 4.2(ii)) /*' is continuous,

and f'is a homeomorphism. B

5.24. Corollary. Any continuous real-valued function on a compact space is bounded and attains its

bounds.
Proof. Suppose X is compact, and f- X — R continuous. Then f[X] is compact —hence a closed bounded —

subset of R. Thus, by 2.10, both inf({X]) and sup(f[.X]) are members of f[X], proving the corollary. B

If in this corollary we take the compact space to be a closed interval [¢, b] in R we get a familiar result of

classical analysis.

The final property we consider in this chapter is a kind of "poor man's" version of compactness.

5.25. Definition. A space is said to be locally compact if each point has at least one compact

neighbourhood.

For example, any compact space is locally compact, while infinite discrete spaces and R are locally compact spaces

which are not compact. Notice that the set Q of rational numbers (with the relative topology induced by the usual
topology on R) is not locally compact. In fact none of its points has a compact neighbourhood. For suppose, e.g. 0
had a compact neighbourhood U in Q. Then U would contain a subneighbourhood ¥ of the form QN[
al; since this is closed in Q, and hence in U, ¥ would have to be compact. But this cannot be the case since, for each
irrational x € [-a,al, the decreasing family of nonempty sets V' " [x — 1/n, x + 1/n] (n € N), each of which is closed
in ¥, has nonempty intersection.

From this example we see that a subspace of a locally compact space need not be locally compact.

However, providentially enough, we have the two following propositions.

5.26. Proposition. Any closed subspace of a locally compact space is locally compact.
Proof. Let A be a closed subset of a locally compact space. Then each ¢ € 4 has a compact nighbourhood
U. Since 4 is closed, U N A4 is closed in U, since U is compact, so is U N A. Therefore U N 4 is a compact

neighbourhood of a in 4, and so 4 is locally compact. ®
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5.27. Proposition. An open subspace of a compact Hausdorff space is locally compact.

Proof. Let A be an open subset of a compact Hausdorff space X. Then X — 4 is closed and hence, by 5.21,
compact. So, by 5.19, for each a € A4 there are disjoint open neighbourhoods U of ¢ and Vof X— 4. Then Uc X -V
< A so that

UcX-V=X-VcA
Since X is compact, so, by 5.21, is the closed set U . Therefore U is a compact neighbourhood of @ in 4, and

accordingly 4 is locally compact. ®

In contrast with compact spaces, the continuous image of a locally compact space is not always locally
compact. For any nonlocally compact space X (Q, for instance) is the continuous image —under the identity map on

X —of the locally compact space X with its discrete topology.
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Metric Spaces.

AS WE HAVE SEEN, the usual topology on R” can be derived from the distance function on R". We now examine

this procedure in a general setting.

6.1. Definition. A metric on a set X is a function d from the product X x X to the set R of nonnegative real

numbers such that, for all x, y,z € X,

() d(x, y) = d(y, x);
(i) d(x ,y) +d(y, 2) > d(x ,2);
(i) d(x,)) =0 = x = y.

For obvious reasons, (ii) is known as the triangle inequality.

6.2. Definition. A metric space is a pair (X, d) where X is a set and d is a metric on X. If ¢ is a positive real
number and x € X, the open g-sphere about x is the set
S(xe)={y € X d(x, y) <0}
and the closed ¢ -sphere about x is the set

{ye Xodx, y)<el.

We now show that any metric space can be assigned a natural topology.

6.3. Proposition. The family of open spheres in a metric space (X, d) is a base for a topology on X.
Proof. We must show that the intersection of any pair of open spheres contains an open sphere about each
of its points. Suppose that x € S(y, €) N S(z, 1), and write ¢ for the lesser of the numbers ¢ — d(x, y), n—d(x, 2).
Then, for any w € S(x, £), we have
d(w, y) <d(w, x) +d(x, y) <e—d(x, y) +d(x, y) =€
and
d(w, z) < d(w, x) +d(x, z) <n—d(x, 2) +d(x, z) = 1.
Thus w is contained in the intersection of the open spheres S(y, €) and S(z, n); it follows that the open sphere S(x, C)

about x is also contained in this intersection. This proves the contention, and the result follows. B

The topology generated by the family of open spheres in a metric space (X, d) is called the metric topology induced

by d. Unless otherwise specified, we shall assume that any metric space has been assigned the induced metric

topology.
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Examples. 1. Given a set X, define the metric d on X by setting d(x, y) = 1 if x # y and d(x, x) = 0. Then
S(x, 1) = {x} for each x € X; so {x} is open in the metric topology induced by d and the metric space (X, d) is

discrete.
2. The standard metric d on R" is given by

n

d(x, y) = Z(xi - yi)2 .

i=1

If (X, d) is a metric space and Y is a subset of X, then d induces a metric on Y in the obvious way. It is easy
to verify that the topology on Y induced by this metric coincides with the relative topology induced on Y by the

metric topology on X.

6.4. Definition. Let d be a metric on a set X and let A and B be subsets of X. The distance d(4, B) from A4 to
B is defined by

d(4, B) =inf{d(x, y): x € A & y € B}.

In particular, the distance d(a, B) from a point a € X'to B is

d(a, B)=d({a}, B) = inf{d(a, y): y € B}.

6.5. Proposition. Suppose that d is a metric on X (and X is assigned the metric topology induced by d). If
A is a fixed subset of X, then the function x — d(x, 4): X — R is continuous.

Proof. Since d(x, z) < d(x, y) + d(y, z), it follows, by taking infima over z € 4, that d(x,4) < d(x,y) +
d(),4). The same inequality holds with x and y interchanged, and accordingly |[d(x,4) — d(y,4)] < d(x, y).

Consequently, if y € S(x,€), then |d(x,4) — d(y,4)| < &, and continuity follows. B

6.6. Corollary. The closure of a subset of a metric space is the set of points at zero distance from it.
Proof. Let d be a metric on X and let A < X. Since (6.5) the function x — d(x, 4) is continuous, as the
preimage of {0} under this function the set {x € X: d(x, 4) = 0} is closed. Therefore, since it contains 4, it must also

contain A . If V¢ A, then there is a neighbourhood of y, which may be taken to be an open g-sphere about y, failing
to meet 4. But then d(y,4) > g > 0, so that {x: d(x,4) =0} is included in A and hence the two coincide. B

6.7. Proposition. Any metric space is first countable.
Proof. For any point x of a metric space, the family of open spheres S(x,e) with rational € is a countable

neighbourhood base at x. W

It follows from this and 3.8 that the closure of a subset 4 of a metric space coincides with the set of points x for
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which there is a sequence from A4 converging to x.

6.8. Definition. A topological space is said to be separable if it contains a countable dense subset.

For example, any Euclidean space R” is separable, since the countable subset consisting of all points with rational

coordinates is dense in it.

6.9. Proposition. Any topological space with a countable base is separable.
Proof. Choose a point out of each member of the base, thus obtaining a countable set A. The complement
of the closure of 4 is an open set which, being disjoint from A4, contains no nonempty member of the base and is

hence empty. So 4 is dense. W

But observe that the converse of 6.9 fails. For let X be an uncountable set with the cofinite topology. Then every
infinite subset of X is dense because it intersects every nonempty open set, so that, a fortiori, X is separable. On the
other hand, suppose that X has a countable base B and let a be a fixed point of X. The intersection of the family of all
open sets to which a belongs must be {a} itself because the complement of every singleton is open. It follows that
the intersection of all members of B that contain a is {a}. But the complement of this intersection is the union of
countably many finite sets, which must itself be countable. Since this complement coincides with X — {a}, this set
must also be countable. In that case, X itself would have to be countable, a contradiction.

However, this situation cannot arise for metric spaces:

6.10. Theorem. Any separable metric space has a countable base.

Proof. Suppose that (X, d) is a separable metric space, let ¥ be a countable dense subset of X and let < be
the family of all open g-spheres with rational g about points of Y. Then A, as the union of a countable family of
countable sets, is countable. If U is a neighbourhood of a point x of X, then there is a rational g such that S(x,¢)
c U. Since Y is dense, Y N S(x, €/3) is nonempty; choose a point y in this intersection. Then x € S0,

2¢/3) = S(x, €) < U, and S(y, 2¢/3) € . So4lis a base for X. W

6.11. Theorem. Any compact metric space has a countable base, and is therefore separable.

Proof. Let (X, d) be a compact metric space. Then for each n>0 the family {S(x,1/n): x € X} is an
open cover of X; since X is compact this cover has a finite subcover $,. We claim that the family $ = U{%,: n > 0}
is a base for X. If U is open in X, then for each x € U there is n > 0 for which S(x, 1/n) < U. Since the family %,,
covers X, there is y € X such that xe S(y, 1/2n) € B,,. Clearly S(y, 1/2n) < S(x, 1/n) < U. Therefore 4 is a base for X
as claimed; since B, as the union of a countable family of countable sets, is countable, it follows that X is separable.
| |

Call a topological space (X, 5) metrizable if there is a metric d on X such that the metric topology induced
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by d is identical with 5. We shall see later that a compact space is metrizable if and only if it possesses a countable
base.

We conclude this chapter with a discussion of connected metric spaces.

6.12. Definition. Let (X, d) be a metric space. For € > 0, x, y 0 X, an g-chain in X linking x and y is a finite

sequence X, ..., X, of points of X such that x; = x, x, = y and d(x;, x;4;) < efori =1, ..., n— 1. (X, d) is said to be

fine-grained if for all € > 0, any pair of points of X can be linked by an e-chain.

6.13. Theorem. Any connected metric space is fine-grained.

Proof. Let (X, d) be a connected metric space and for x € X, € > 0, write X(x, €) for the set of points of X
which can be linked to x by an e-chain. Then X(x, €) is nonempty since it contains x; it is open, since if y is a point of
X(x, €), the same is true of every point z such that d(y, z) < €. It is closed, because, if y € m , there is z € X(x, 9)
such that d(x, ) < &. Since X is connected, X(x, €) must then coincide with X. This holds for arbitrary x € X, so X is

fine-grained. W

The converse of this theorem is false in general: for example, the metric space Q is easily seen to be fine-
grained, but not connected. However, the converse does hold for compact metric spaces. To prove this assertion, we
require the following

6.14. Lemma. If 4 and B are disjoint closed subsets of a metric space (X, d) and 4 is compact, then d(4, B)
> 0.

Proof. Ifx € A thenx ¢ B =B, and it follows from 6.6 that d(x, B) > 0. The set D = {d(x, B): x
€ A} is the image of the compact set 4 under the continuous map (6.5) x — d(x, B). Therefore, by 5.23 and 5.20, D

is a compact closed subset of R which does not contain 0. Then d(4, B) = inf(D) eD =D, and it follows, in

particular, that d(4, B) # 0, whence d(4, B) > 0. &

6.15. Theorem. Any compact fine-grained metric space is connected.
Proof. Let (X, d) be a compact metric space. If X is not connected, then X = 4 U B with 4, B disjoint and
closed, hence compact, subsets of X. By the previous lemma, d(4, B) =8> 0. If 0 < & < §, then no point of 4 can be

linked to a point of B by an e-chain. For if x), ..., x, were such a chain, let i > 1 be the smallest index such

that x; € B; then x;; € 4 and d(x;;, x;) < g, contradicting d(4, B) = 5. So X is not fine-grained. W

This last result can be employed to give another proof of 5.10. For each closed interval in R is compact and

obviously fine-grained, and so, by 6.15, connected. Furthermore, it is easily seen that any nonempty interval in R is

the union of closed —hence connected intervals with a common point, and so, by 5.8, connected.



31

Product Spaces

WE SHALL NEED the following

7.1. Definition. Let X be a set, {X;: i € I} an indexed family of topological spaces, and for each i € I let f;
be a function from X to X;. The topology generated by the family of all subsets of the form f;"'[U], with U open in X,
for arbitrary i € [ is called the weak topology induced by the set of functions {f;: i € I} (or, for short, by the f;). Sets

of the form f;"'[U] are called subbasic open sets in the weak topology.

Observe that, under the conditions of 7.1, the family of subsets of X of the form ﬁ1”[U1] N...N ,-,,"I[Un] with each
U;open in X;, and {iy,...,i,} </ is a base for the weak topology induced by the f;. Sets of this form will be called the

basic open sets determined by the f.

7.2. Proposition. Assume the conditions of 7.1. Then:

(i) the weak topology induced by the f; is the least topology (under inclusion) on X with respect to which
each f; is continuous;

(ii) a map g from a topological space Y to X is continuous iff each composition f; og is continuous.

Proof. (i). Suppose that X has been assigned the weak topology. Let x € X and let U be an open
neighbourhood of f(x). Then by definition £;"'[U] is an open neighbourhood of x in X. Since x was arbitrary, f; is
continuous. If §is a topology on X with respect to which every f; is continuous, then, for any i € / and open U in X,
£ [U] must be a member of 5. Therefore § contains every member of the family of sets generating the weak
topology. Since the weak topology is the least topology containing this family, it follows that & contains the weak
topology.

(ii). One direction follows immediately from (i) and the fact that a composition of continuous functions is
continuous. Conversely, suppose f;o g continuous for all i € 1. If y € Y and V' is a neighbourhood of g(y), then there

is a subset {iy,...,i,} < I and sets Uy, ..., U, open in X ,..., X; , respectively, such that

g(y) E.ﬁl!l[Ul] M...M in!l[Un] o= V.
Applying g to this gives

) yve (fie"[UlN..0(fac )" [Ulce’ V]
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But in view of the continuity of each f;o g, each intersectand in (*) is open in ¥ so that g”'[/] is a neighbourhood of

y. Since y was arbitrary, g is continuous. B
We now make our central

7.3. Definition. Let X}, ..., X, be topological spaces, and write X for their product X; x ... x X,. Recall
that for each i = 1, ..., n there is a projection map m;: X — X;. The weak topology induced by the set of projections
{my,... Ty} is called the product topology on X. The resulting topological space is called the product of the spaces

X1,..., X,; these latter are called coordinate spaces.

It is readily shown that each basic open set in X] x...x X, determined by the m; is of the form U, x...x U, with U;

openin X;fori =1, ..., n.

7.4. Example. Products of metric spaces. Let (X}, d,),...,(X,, d,,) be a finite sequence of metric spaces, and
let X = X; x ... x X,. Define the map d: X x X — R by setting, for each x = (xy,...,x,) and y = (yy,...,y,) in X,

dix, y) = ,/id(xi»yi)Z

Using standard inequalities, it is not hard to show that d is a metric on X: it is called the product of the metrics
d,,...,d,. The resulting metric space (X, d) is called the product of the metric spaces (X;,d,),...,(X,,d,). Each of these,
equipped with the metric topology, is a topological space, so we may assign the resulting product topology to X.
Happily, this product topology turns out to be identical with the metric topology induced by d. To verify this, we
need only show that each basic open neighbourhood U = U, x...x U, of a point x € X there is a neighbourhood of

the form V(e) = {y € X: d(x, y) <&} contained in U and conversely. Now each U, is of the form {u € X;: di(u,x;) <

&}, so that if we take € = inf {¢;: | < i < n} we see that V(¢) < U. Conversely, given a neighbourhood of the

form V (g), if we define U; = {u € X;: di(u,x;) < 7\/2 }, it is easily shown that U = U, x...x U, < W(¢).

We now turn our attention to the following problem. Call a property & of topological spaces productive if,
whenever Xj,..., X, is a finite sequence of spaces each of which has & the product space 4; x...x A4, also has &
Which properties are productive? It is obvious that, in order to establish the productivity of a given property &, we
need only prove that if a pair of spaces X, Y have %, then so does X x Y: the general case then follows by induction.
Armed with this knowledge, we now set about showing that many of the topological properties we have introduced

are productive.

7.5. Proposition. Metrizability is a productive property.
Proof. By example 7.4. ®

7.6. Proposition. "Hausdorffness" is a productive property.
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Proof. Let X, Y be Hausdorff spaces and let (x, y), (u,v) be distinct points of X x Y. Then either x # u or y #
v; suppose the former obtains. Since X is Hausdorff, there are disjoint neighbourhoods U, V of x, u respectively, and
U x Y, V' x Y are then the requisite disjoint neighbourhoods of (x, ), (u,v), respectively, in X x Y. The argument

in the case y # v is similar. B

7.7. Theorem. Compactness is a productive property.

Before proceeding to the proof of this result we require the following

7.8. Lemma. For any topological spaces X, Y and any point x of X, ¥ is homeomorphic to the subspace {x}

xYof X x Y.
Proof. Let f: ¥ — {x} x Y be the function y — (x, y): we claim that f'is a homeomorphism. It is obviously

bijective; also m; o f'is the constant function with value x, and m, o f'is the identity function on Y. Since both are
continuous, so, by 7.2(ii), is /. Finally, if U is open in ¥, then f{U] = {x} X U= (X x U) N ({x} x Y) which is open in

{x} x Y since X x Uis open in X x Y. Therefore fis a homeomorphism as claimed. ®

Proof of 7.7. Let X and Y be compact topological spaces, and let At be an open cover of X x Y. Then for
each t = (x, y) € X x Y there is U(f) € 9 such that 0 U(#) and so there are open neighbourhoods ¥(¥), W(¢) of x, y
respectively such that V(¢) x W(f) < U(¢). For each x € X, Y, = {x} X Y is homeomorphic to ¥ by 7.8 and is

accordingly compact since Y is. Therefore, since {}(¢) x W(f):t € Y,} is an open cover of Y,, it has a finite

subcover {V(t)) x W(t): j € J(x)} with J(x) finite and ¢ = (x, ;) for j € J(x). Observe that {W(t): j e Jx)}
is an open cover of Y. Also V'(x) = ﬂ V(t;) is an open neighborhood of x and we have, for each x € X,
jedtx)
Vi) = () Vie)x J W) e U vig)xwig) < | U, *)
jedtx) jedtx) jed(x) jedtx)

Since {V{x):x € X} is an open cover of X, and X is compact, it has a finite subcover {V{x;): k € K}. By (*)

the finite subfamily U {U(t,): j € J(x,)} of Ucovers X x Y. So each open cover of X x Y has a finite subcover, and
keK

X x Yis compact. W

7.9. Corollary. The compact subsets of a Euclidean space are precisely its closed bounded subsets. (A

subset of a Euclidean space is said to be bounded if it is a subset of a product of bounded closed intervals.)

Proof. If 4 is a compact subset of R", then, since the latter is Hausdorff, 4 must be closed. Also, since
projections onto coordinate spaces are continuous, the image of 4 in R under each such projection must, as the
continuous image of a compact set, be a compact subset of R, and hence, by 5.22, contained in a bounded closed
interval. It follows that 4, as a subset of the product of its images under projections, is bounded.

Conversely, if 4 is closed and bounded, it is a closed subset of a finite product of compact intervals of R

which, by 7.7, must itself be a compact subset of R". Therefore 4 is compact and the result is proved. B



34

7.10. Corollary. Local compactness is a productive property.
Proof. Let X and Y be locally compact spaces and let (x, y) be a point of X x Y. Then x, y have compact
neighbourhoods U, V'in X, Y respectively; the product U x V'is by 7.7 a compact neighbourhood of (x, y). ®

7.11. Theorem. Connectedness is a productive property.

Before proceeding to the proof of this result we need

7.12. Definition. A mapping f between topological spaces is said to be open if the image of any open set
under f'is open.

7.13. Lemma. Any projection onto a coordinate space is an open mapping.

Proof. Let U be an open subset of a product X; x...x X,. Then for each point (xy,...,x,) of U and each i = 1,
..., n there is an open neighbourhood U; of x; such that U; X...x U, < U. But then U; ¢ w;[U], so that the latter

contains a neighbourhood of each of its points and is therefore open. It follows that each m; is an open mapping. M

Proof of 7.11. Let X and Y be connected spaces. Suppose that X x Y is the union of two nonempty disjoint
open subsets U, V. By 7.8, {x} x Y is homeomorphic to Y, and therfore connected, for each x € X. It follows that, for
each x € X, {x} X Yis contained either in U or in V. Therefore x € m;[U] = {x} c Yc Uand x e m[V]= {x} xY
c V, so that, taking the union over x € m;[U] and x € m;[V] respectively, we get
*) m[U] xYcU m[V] xY V.

By 7.13, B,[U] and B,[V] are open; since they are both nonempty and their union is X (recall that Uu V' = X x
Y), their intersection must be nonempty in view of the connectedness of X. It now follows from (*) that & = & =
(mUINmV) xY=(m[U] x )~ (m[V]x)cUnV.

But this contradicts the assumption that U and V are disjoint. Therefore X x Y is connected.

From 5.10 and 7.11 we immediately infer

7.14. Any Euclidean space is connected.
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Normal Spaces and Urysohn's Theorem

IN THIS CHAPTER we introduce a class of spaces—the normal spaces—which turn out to be richly endowed with

continuous real-valued functions.

8.1. Definition. A topological space is said to be normal if any pair of disjoint closed subsets have disjoint

neighbourhoods.

8.2. Theorem. Any compact Hausdorff space is normal.
Proof. Let 4 and B be disjoint closed subsets of a compact Hausdorff space. Then 4 and B are compact

and, by 5.19, for each b O B there are disjoint open neighbourhoods U(b) of 4 and V(b) of b. The family  {V(b): b
€ B} is an open cover of B; since B is compact it has a finite subcover {V(b;): | < I < n}. The open sets
() Ub) and J V(b,) are then disjoint neighbourhoods of 4 and B respectively. B

1<i<n 1<i<n

8.3. Theorem. Any metric space is normal.

Proof. Let (X, d) be a metric space and 4, B closed subsets of X. Let U= {x:d(x,4)
<d(x,B)} and V = {x: d(x,B) < d(x,4)}. Since A and B are closed, it follows from 6.6. that A — U and B < V. And
since d(x,4) and d(x,B) are both continuous in x, U and V" are open. Therefore U and V are disjoint neighbourhoods

of A and B, respectively; normality follows. H
We shall need

8.4. Lemma. If B is a neighbourhood of a closed subset 4 of a normal space X, then there is an open set U
suchthat AcU c U c B.

Proof. There is an open set J such that A < V' < B, so that 4 and X — V are disjoint closed sets, which, by
the normality of X, have disjoint open neighbourhoods U and W respectively. ThenA c Uc X— W V; since X— W

is closed, 4 c UFU < X— W c V. The open set U meets the requirements of the Lemma. B

Now we prove

8.5. Urysohn's Theorem. Let 4 and B be disjoint closed subsets of a normal space X. Then there exists a
continuous function f> X — [0,1] such that f[4] = {0} and f[B] = {1}.

Proof. The set X — B is a neighbourhood of the closed set 4, so, by the normality of X and the preceding
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lemma, 4 has an open neighbourhood U(}%) such that
Ac UL c UL cX-B.

Now U(Y2) and X — B are neighbourhoods of the closed sets 4 and U('2) respectively, so in the same way there exist

open sets U(Y4) and U(¥4) such that
AcU() c U(A) cUCA) < U(Ys) c U() cU(%) < X - B.

Continuing this process indefinitely, for each dyadic rational number m/2" = r (where n = 1,2, 3,...and m = 1,2,...,2"
- 1) we obtain an open set U(7) such that, for r; < r,,
AcUr) c er) cUr)c U, cX-B.
We can now define the function /> X — [0,1] by setting
Ax) =0 if xe(U(r) Sfix) =sup{rix & U(r)} if xe(U(r).
Clearly fA] = {0} and f[B] = {1}. We have finally to show that f'is continuous; and for this it suffices to show that
f '110,0)] andf "[(a,1]] are open for each a € (0,1). Now f{x) < a < x € U(r) for some r < a; hence

S0.@1= {x: fix) < a} =N{UC): 7 < a),

and this latter set is open. Similarly, f{x) > a < x € U(r) for some r > a, so that
F@ = ) > ay =UX— U > al,

and this last set is also open. Therefore f'is continuous. B

Let us call a space X completely regular if for each point x of X and each closed subset not containing x
there is a continuous function /> X — [0,1] such that f{x) = 0 and f[4] = 1. Using the observation that singletons are
closed in Hausdorff spaces, we see from Urysohn's theorem that every normal Hausdorff space is completely

regular. In particular, we have

8.6. Corollary. Let X be a normal Hausdorff space. Then for any distinct points x, y of X there is a
continuous function f> X — [0,1] such that f{lx) =0 and () =1. A

In other words, for any normal Hausdorff space, there are enough real-valued continuous functions defined on it to

distinguish its points.



37

Generalized Product Spaces and Tihonov's Theorem

SUPPOSE WE ARE GIVEN an arbitrary—possibly infinite—family {X;: i € I} of topological spaces. We show
how the product of such a family may be defined. First, we need to specify what is meant by the product of the
family of sets {X;: i € [I}. By analogy with the finite case, this ought to be the collection of all "/-tuples" (x;: i € 1)
with x; € X, for each i € I But what, exactly, is an "/-tuple"? A plausible definition is: "a function with domain /".

In that case we make the following

9.1. Definition. Let {X;: i € I} be a nonempty indexed family of nonempty sets. A choice function on {X;: i
€ lyisamapf I — {X:ie I} suchthat f{i) € [ forall i € I. The product || X, of the family is defined to be the

iel
set of all choice functions on it. If each JX; is identical with some set X, then the product is simply the set of all

functions from / to X, and is denoted by X'.

Notice that, if [ is finite, say /= {1, ..., n}, then HXi is essentially the same as X X...x X, defined Chapter

iel

0. The diagram below illustrates the general situation.

|
T T
\

Al

—RH1—T 8k \ i 4

h

Here the horizontal axis represents 7, the vertical lines the X, and the curves typical choice functions on X i
€ I}. Just as in the case of finitely many sets, we define the projections m; : HXi — X; by setting ;(f) = f{i) for
iel
each i € Tand f € [ | X, .Thus mi(f) is the "™ coordinate" of /in the sense that, if we write x; for (i) and represent / as
iel
the "I-tuple" (x;- i € I), then w(f) is its "i" coordinate" x;.

Now we make the following
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9.2. Definition. Let {X;: i € I} be a family of topological spaces. The weak topology induced by the family
{Bi: i 0 I} of projections is called the product topology on [ [ X, . Equipped with this topology []X; is called the

iel iel

product of the family {X;: i € I}, and each X; is called a coordinate space.

By definition, the product topology is the smallest topology on a product which renders all projections onto

coordinate spaces continuous. Basic open subsets of a product determined by the family of projections onto
coordinate spaces will simply be called basic sets. Ina product [ ] X; =X, each basic set is of the form

il
(*) U U = eX i) e U & ... & i) € UL,
where {iy,...,i,} < I and each Uy is open in X;. The set (*) is called the basic set determined by U,, ..., U,. Each
subbasic open set in the product topology is of the form
' '[U] = {f eX: fli) € U}
with U open in X;.
The product topology is sometimes called the topology of pointwise convergence in view of the following

result.

9.3. Proposition. Let (f,) = (f;, f1, ...) be a sequence of elements of the product X of a family {X;: i € I} of
topological spaces. Then (f,) converges (in the product topology) to an element f of X iff the sequence (f,(7)) = (fo(i),
f1(0),...) converges to f{i) for each i O /.

Proof. Suppose (f,) converges to f, and let U be a neighbourhood of f(i). Then m''[U] = V is a
neighbourhood of f; and so, since (f;) converges to f, there is m such that f; O " whenever m > n. But then £,(i) € U

for all m > n and so (f,(i)) converges to f{i) for each i € I Conversely, suppose that (f,(i)) converges to f{i) for

each i € [, and let U be a neighbourhood of fin X. Then U contains a basic neighbourhood V of f determined by

open neighbourhoods U, ..., U, of f(i}),...,f(i,) in some coordinate spaces Xj; ,...X; respectively. Since (f,(i))

converges to f(i;), for each j = 1, ..., n there is a number m; such that fi(i)) € U; whenever k > m;. If m is the largest

of the numbers my,...,m,, then f; € V whenever k > m, and therefore (f,) convergesto /. MW

We now set about proving what is probably the most important result in general topology: Tihonov's
theorem that the product of an arbitrary family of compact spaces is compact. In order to prove this theorem we need

a little more set-theoretic machinery.

9.4. Definition. A subfamily € of a family & of sets is called a chain in 5 if it is totally ordered by inclusion,

that is, if X € Yor Y < X for any X, Y € €. 5 is said to be closed under unions of chains if, whenever Cis a chain in ,

we have Ue € 5. A member M of Fis said to be maximal if forany X €e S wehave Mc X = M=X.

The following lemma, whose proof we omit, gives a sufficient condition for a family of sets to have a
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maximal member.
9.5. Zorn's Lemma. Any family of sets closed under unions of chains has a maximal member.
Zorn's lemma is used in the proof of

9.6. Tihonov's Theorem. Any product of compact spaces is compact.
Proof. Let {X;: i € I} be a family of compact spaces. To show that their product X is compact it suffices to

show that, if § is any family of closed subsets of X with the fip, then 5 = &. So let § be such a family and let 3 be

the collection of all families of subsets of X which include F and have the fip. It is a simple matter to verify that 3 is

closed under unions of chains, and so by Zorn's lemma it has a maximal member .# We show that ﬂ M#Q.
Me.it

First of all observe that .# satisfies the two following conditions:

() My,...M, € b = My N..."\ M, € .4

AcX&AnM=DforallM e M = A €.
To verify (i): If M,,...,M,, € .4, then clearly the family .4 {M; N...n M,} is a member of 3; since it includes .#
and .4 is maximal in§, it must coincide with .4 so that, a fortiori, M; N...n M, must be a member of .4 For
(i1), suppose that 4 is a subset of X which meets every member of .# Then, for each finite subset {M,,..., M,}
of .4 we have by (i) MiN...N M, € J; so that A N (M, N...n M,) # &. Therefore.#'\w {4} has the fip, and so is a
member of J including .# The latter's maximality implies then that A € .4 This proves (ii).

Now for each i e [ the family { n,[M]: M € .} of closed subsets of the compact space X; has the fip (since
Alitself does) and hence nonempty intersection. For each i € I choose a member x; of this intersection. Then x = (x;:
i € I) € X has the property that each open neighbourhood U of x; meets m;[M], and so 7;''[U] meets M, for any M
L. Therefore, by (ii), Tti!l[U] € . It follows now from (i) that, for any open neighbourhoods U,...,U, of x; ,..., Xin
respectively, ;' '[U] N... N m;,''[U,] € .4 In other words, every basic neighbourhood of x is a member of .

Since .# has the fip, each basic neighbourhood of x meets each member of .4, that is, x is in the closure of each
member of .4 Thusx e (| M = Q.

Me.it

Finally, since each member of § is closed, and § < .4 it follows that ﬂ M 5 so that 5= and the

Me.it

result follows. W
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10

Urysohn's Metrization Theorem

IN THIS SECTION we prove a classical result of Urysohn, which gives a purely topological sufficient condition for
an arbitrary space to be metrizable. Restricted to compact Hausdorff spaces, this condition is also necessary. We

shall need some definitions and preliminary results.

10.1. Definition. A cube is a product space of the form J*, where J is the closed unit interval [0,1] with its

usual topology (and J* has been assigned the product topology).
By the theorems of Heine-Borel and Tihonov, any cube is compact. Furthermore we have

10.2. Proposition. If X is countable, the cube J* is metrizable.

Proof. If X is finite, the assertion follows from 7.5.

Suppose now that X is countable and infinite; then we may assume without loss of generality that X =N, the
set of natural numbers. We have to find a metric on J* which induces the product topology. To this end, define d by
setting, for £ g € J,

dif, @)= 227" | fin)-gln)|
n=0
Using standard inequalities, it is not hard to show that d is a metric on J*. To show that the metric topology induced
by d coincides with the product topology, observe first that, if ¥ is an open 2”-sphere about a point f € J* and
U= {ge Ju*n)—gn)*<27"*foralln<p +2},

then Uc V. Forif g € U, then

p+2 0
df,g) < Y272y Y on<or!l 427 l=07
n=0 n=p+1

Since U is a neighbourhood of f'in the product topology on J¥, it follows that each set which is open in the metric

topology is also open in the product topology. Conversely, let U be a member of the defining subbase for the

product topology. Then U = {f € J': f{n) € W} for some n € N and some open set W in J. If f € U, then, since W is

a neighborhood of f{n), for some real € > 0 we have {x € J: |[f{n) —x| <&} < W. But then the open €2 "-sphere about
fin JV is contained in U. For we have d(f, g) > 27" |fin) — g(n)|, so that if g lies in the open g2 "-sphere about f,

then
in) - g(n)| < 2'd(f, @) <2".£2" =,

so that g € U. It follows that each member of the defining subbase, and hence each member of the product topology,

is open in the metric topology. ®
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It follows from 10.2 that every subspace of J" is metrizable, so that any space homeomorphic to such a

subspace is metrizable.
Our aim now is to find sufficient conditions on a space for it to be homeomorphic to a subspace of J~, and

so metrizable.

10.3. Definition. Let X be a topological space and & a family of functions to R. Zis said to (1)
distinguish points of X if for each pair x, y of distinct points of X there is f € Z such that f{x) = f(y); (ii)

distinguish points and closed sets of X if for each nonempty closed set 4 of X and each x € X— A4 thereis fe F
such that f{x) = 0 and f[A] = {1}. An Urysohn family on X is a family of continuous functions on X to J satisfying (i)
and (ii).

Let Fbe a family of functions on a space X to J. For each x 0 X we define e, € J” by setting e,(f) = fix) for
f e J?. Now define e: X — J” by setting e(x) = e, for each x € X. The map e is called the evaluation map of X into

J7.

10.4. Proposition. Let Fbe a family of continuous functions on a space X to J. Then

(i) the evaluation map e is a continuous map of X into the cube J7;

(ii) if, in addition, Z distinguishes points and closed sets of X, then e is an open mapping to the subspace
e[X] of J7,

(iii) e is injective iff F distinguishes points.
Proof. (i) We may regard J” as a product []J, , where each J; coincides with J. Then the composition of
feF

each projection n,with e is £, a continuous map. Therefore, by 7.2(ii), e is continuous.

(i) To prove this it suffices to show that if & distinguishes points and closed sets, then for each x € X and
each open neighbourhood U of x, there is a neighbourhood ¥ of e(x) in J” such that V N e[X] c e[U]. If U = X the
assertion is trivial, so assume U # X. Then, since # distinguishes points and closed sets, we can choose f € Z to
satisfy fix) = 0, f1X — U] = {1}. It is now easily verified that ¥ = {n € J” n(f) # 1} is an open neighbourhood of
e(x) in J” satisfying the required condition.

Finally ,(iii) is obvious. ®
This result, together with 10.2, gives:
10.5. Corollary. If Zis an Urysohn family on a space X, then the evaluation map e is a homeomorphism of

X to a subspace of JZ. In particular, if Fis countable, then J” is metrizable, and sois X. ®

This corollary shows that a sufficient condition for metrizability is the existence of a countable Urysohn
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family. We now show that each member of an extensive class of spaces possesses such a family, and is accordingly

metrizable.

10.6. Urysohn's Metrization Theorem. Any normal Hausdorff space with a countable base possesses a
countable Urysohn family, and is therefore metrizable.

Proof. Let X be a normal Hausdorff space with a countable base. Since singletons are closed in any
Hausdorff space, to prove the theorem it suffices to construct a family % of continuous functions on X to J which
distinguishes points and closed sets.

Let % be a countable base for X and let P be the set of all pairs (U, ¥) € % x % such that U < V . For each
(U, V) e P, U and X — V are disjoint closed sets, so by 8.5 we can choose a function f: X — J such that f U ] = {0}
and f[X — V] = {1}. Let Fbe the family of all such functions; then Zis certainly countable. It remains to show that
Z distinguishes points and closed sets. Suppose that 4 is closed in X and x € X — 4. Since 4 is a base, there is V € %
such that x € ¥ < X — 4 and by 8.4 there is an open set U such that x € U < V. The fact that $ is a base implies that
we may take U to be a member of ®. Thus (U, V) € P, and so, if f'is the corresponding member of %, then f{x) = 0

and f[A] = {1}. So Fdistinguishes points and closed sets and the theorem is proved. W
8.2, 10.6, and 6.11 now give
10.7. Corollary. A compact Hausdorff space is metrizable iff it possesses a countable base. W
Thus the property of possessing a countable base characterizes metrizable spaces within the class of compact

Hausdorff spaces. The problem of characterizing (by purely topological means) metrizable spaces among all spaces

is much more difficult and will not be taken up here.
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11

The Stone-Weierstrass Theorem

ONE OF THE MOST IMPORTANT tools of classical analysis is the representation of real or complex-valued
functions as power series. The partial sums of the power series expansion of a function form a sequence of
polynomials which provide approximations to the function of increasing accuracy. Now it is not true that every
continuous real-valued function has a power series expansion, but a remarkable theorem of Weierstrass —his
approximation theorem —asserts the next best thing, namely, that every such function defined on a closed interval
can be approximated by a sequence of polynomials. Moreover, the polynomials can be chosen in such a way as to
make the approximation uniform in a natural sense.

In this chapter we prove Stone's celebrated generalization of this theorem to arbitrary compact Hausdorff
spaces.

Let X be a topological space and let C(X) be the set of all real-valued continuous functions on X. We may
regard C(X) as a commutative ring by defining the sum f + g and the product f.g of two members f, g of C(X) as
follows:

(F+ 200 =fx) + ) (f 9) =f). gx)
for xe X It is easy to verify that f + g and fg are in C(X) if both f and g are, and that defining addition and
multiplication in this way turns C(X) into a commutative ring. For each a € R we write a for the constant function
on X with value a. Clearly each such constant function is a member of C(X).

Now suppose that X is a compact space. Then we know from 5.24 that each member of C(X) is bounded,

and so we can define a metric d on C(X) by

d(f; ) = sup{lfix) — g@)|: x € X}
for f, g € C(X). A sequence (f,) of members of C(X) is said to converge uniformly to f € C(X) if for each ¢ > 0
there is a natural number n such that |f(x) — f,,(x)| < € for all m > n and all x € X. Under these conditions f'is called
the uniform limit of the sequence (f,). Clearly (f,) converges uniformly to f if and only if it converges to fin the
metric topology on C(X) induced by d.

Let P(a, b) be the set of all polynomial functions with real coefficients defined on a compact closed interval
[a,b] in R. Clearly each member of P(a, b) is continuous; that is, P(a, b)) < C(a, b). Now the Weierstrass
approximation theorem asserts that each member of C(a, b) is the uniform limit of a sequence of members of P(a,
b). In terms of the metric topology for C(a, b), this assertion is equivalent to saying that P(a, b) is a dense subset of
P(a, b).

Our aim is to extract the characteristic features of P(a, ) which ensure its density in C(a, b).

We observe that P(a, b) has the following properties:
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(1) it is a subring of C(a, b), i.e.,iff, g € P(aq, b), thenf+ g, f—g, f. g € P(a, b);
(11) it distinguishes points of [a,b], i.e., for any each pair x, y of distinct points of [a,b] there is fe
P(a, b) such that f{x) = f(y);

(iii) it contains all the constant functions.

These properties turn out to be the ones we seek, as we have

11.1. The Stone-Weierstrass Theorem. Let X be a compact Hausdorff space, and let 4 be a subring of
C(X) which distinguishes points of X and contains the constant functions. Then A4 is dense in C(X) (with respect to
the metric topology on C(X)).

The proof of this theorem requires a sequence of lemmas. We assume throughout that X is a compact

Hausdorff space.

11.2. Lemma. Let 4 be a subring of C(X). Then the closure A of 4 in the metric topology for C(X) is also a
subring of C(X).

Proof. Letf g € A. Then, by 3.8 and 6.7 fand g are the uniform limits of sequences (f,), (2,), respectively,
from A. But then f + g is the uniform limit of the sequence (f, + g,) so that f+ g € A . Similarly for f—gandf g. W

Before proceeding to the next lemma we need another definition. Given f, g € C(X), define the functions
M, f v g fAgon Xby setting, for x € X,
M) =)l (fv @)x) = max[fx), gx)], (f A g)x) = min[f(x), g(x)].
It is readily shown that, if f € C(X), then |[f] € C(X). Hence, in view of the fact that
*) fveg="lf+g+lf-gll frg="lf+g-|-¢gl
we havef, g € C(X) = fvg farge CX).

11.3. Lemma. Let 4 be a subring of C(X) which is closed in the metric topology and contains the constant

functions. Thenf, ge A= fvg frged.

Proof. By (*) above, it suffices to show that f'e 4 = |f| € 4. Suppose f € 4 and assume first that sup {|f(x)|:
x € X} < 1. A familiar result of elementary analysis asserts that the binomial expansion of (1 — #)”* converges

uniformly to the positive value of (1 — £)”

for |#/< 1. Each partial sum p,(f) of this binomial expansion is a
polynomial in ¢ and, since the convergence of the sequence (p,(¢)) is uniform, given € > 0 we can find a member p(7)

of this sequence for which

(%) (10" ~p(d] < for|d<1.
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Since [f(x)|< 1 for all x € X, we have |l — fix)’| < 1 for all x € X, so that, if we substitute 1 — f{x)* for ¢ in (**), and

note that the positive value of (f(x))*)” is [{x)], we get
fx)* = p(1 = flxy| <e
for all x € X. Taking the supremum over x € X of the left hand side of this inequality gives
d(f, p(1-f)) <,

where p(1 — f) is the member of C(X) obtained by substituting 1 — /* for ¢ in p(¢). Since 4 is a subring containing fas
well as the constant functions, it is clear that p(1 — /) € A. Therefore, for arbitrary & > 0, |f] is within distance & of a
member of 4. Since 4 is closed, it follows that |f] € A.

If, on the other hand, sup{|f{x)|: x € X} =a > 1, let g = ' f. Clearly g € 4 and sup{|g(x)|: x € X} < 1, so

that |g| € 4 by the first part of the proof. Hence |f] =|a..g]==0..|g| € 4. &

11.4. Lemma. Let 4 be a subring of C(X) which distinguishes points and contains the constant functions.

Then for each pair x, y of distinct points of X and each pair a, b of real numbers there is a function 0 4 such that
fix) =aand fly) =b.
Proof. Since A distinguishes points there is g € A such that g(x) # g(y). Define f: X — R by
f2) = alg@) - 20MVI8() g + blg(2) ~gVIel) — g()l.

This f meets the requirements. W

The next lemma is crucial.

11.5. Lemma. Let 4 be a closed subring of C(X) which distinguishes points and contains the constant
functions. Then 4 = C(X).

Proof. Let 0 C(X); we have to show that /0 4. This will be the case if, given any € > 0, we can show that
there is a function g € 4 such that f{x) — € < g(x) < f{x) + ¢ forall x € X. For then d(f g) <e, and so, since A4 is
closed and ¢ arbitrary, it will follow that f' € 4.

Let x be an arbitrary but fixed point of )X, and let y be an arbitrary point of X different from x. By 11.4, there
is a member of 4 whose values at x and y coincide with those of f'at these two points. Let us denote this function by
J, in order to indicate its dependence on y. Thus f, 0 4 satisfies f;(x) = f{x) and f)(v) = f(y). Now define

U,=1{ze X fi(2) <flz) +&}.
Then U, is an open set containing both x and y, so that the family {U,: y € X & y # x} is an open cover of X. Since X
is compact, this open cover has a finite subcover {U,, ,...,U,, }. To indicate its dependence on x, write g, for the
function f}; A...A f;, . By 11.3, g, € A and we have g,(x) = f(x), g(z) <f(z) + e forallz € X.
Now consider the open set
Vi={ze X g(2) > fi2) - ).

Since x € V,, the family {V,: x € X} is an open cover of X which, in view of the compactness of X, has a finite
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subcover {V, ,...,Vy, }. Let g be the function g,; v...v g, . By 12.3, g € 4 and it is clear from the definition of g that
flz)—e < g(z) <flz) + ¢ forall z € X. The lemma follows. B

We can now complete the proof of Theorem 11.1. Let A be a subring of C(X) satisfying the conditions of
the theorem. Then, by Lemma 11.2, A is a closed subring satisfying the conditions of the theorem, so that, by 11.5,
A = C(X), in other words, 4 is dense in C(X). B

As an immediate consequence of 12.1 we have

11.6. Corollary. The Weierstrass approximation theorem. Each continuous real-valued function on a
closed interval of R is the uniform limit of a sequence of polynomial functions. H

So far we have confined our attention to real-valued functions on topological spaces. What is the situation
for complex-valued functions?

Let C be the field of complex numbers with its usual (metric) topology (i.e., the topology obtained by
identifying C with R x R). Let X be a topological space and let C(X) be the set of all continuous functions on X
to C. We may regard C_(X) as a ring by defining addition and multiplication pointwise -- just as we did for C(X).
Moreover, if X is compact, every function in C, (X) is bounded, so we can define the usuual metric d on C_(X) by

d(f; ) = sup {[fix) - g@)|: x € X}
for £, g € C,(X). We may then assign C, (X) the metric topology induced by d.

Our aim now is to prove a version of the Stone-Weierstrass theorem for C, (X). That is, we want to find
sufficient conditions on a subring 4 of C,(X) to ensure its density in the latter. Now first of all it is not hard to see
that conditions (i) — (iii) on p.43 are not in general sufficient to ensure this. For let X be the closed unit disc ~ {z: |z
< 1} in the complex plane. Clearly X is a compact Hausdorff space. Let 4 be the set of all functions in C, (X) which
are analytic (i.e. differentiable) in the interior of X. Evidently 4 satisfies conditions (i) — (iii) on p.43; moreover, 4 is
closed in view of the fact that the uniform limit of a sequence of analytic functions on a compact set is analytic.
Nevertheless 4 does not coincide with C_(X), because the conjugation function z — z* is in C_(X) but not in 4,
since it is not differentiable anywhere. (Here the conjugate of z = a + ib is z* = a — ib, where i = /-1 as usual).

What, then, is to be done? The above example shows the way: we must insist that 4 be closed under
conjugation as well.

Letf e C,(X). We define the conjugate f* of f'by setting f*(x) = fix)* for x € X. We also define the real
and imaginary parts of f by

(**%) Rf="(f+/*) 1f=-Va(f—f*)
where, as before, constant functions are indicated by bold-face values. Observe that f* € C_(X), Rf, If € C(X) and f
=Rf+iIf.

Let us say that a subset 4 of C (X) is self-conjugate if f € A = f* € A. Then we have
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11.7. Lemma. Let X be a compact space and let 4 < C,(X). Then if 4 is self-conjugate, so is A, the
closure of 4 in the metric topology for C_ (X).

Proof. Suppose f € A ; we have to show that /¥ € A. Sincef € A, fis the uniform limit of a sequence
(f,) from A. But then, clearly, f* is the uniform limit of the sequrnce (f,*). Since 4 is self-conjugate, each f,* € 4, so

ffeA. 1
We can now finally prove

11.8. The Complex Stone-Weierstrass Theorem. Let X be a compact Hausdorff space and let 4 be a self-
conjugate subring of C, (X) which distinguishes points of X and contains the constant functions. Then 4 is dense in
C,(X).

Proof. We have to show that A = C LX). By 117, A is self-conjugate, and it obviously distinguishes
points and contains the constant functions since 4 does. An argument similar to that for 11.2 shows that A is a
subring of C_ (X). From this it follows directly that the real valued functions in A form a closed subring B of C L.

We claim that B = C(X). By 11.5 it suffices to show that B distinguishes points and contains the (real)
constant functions. Let x and y be distinct points of X. Since A distinguishes points, there is a function f € A
which takes different values at x and y. In that case either Rf or If takes different values at these points. Since A is a
self-conjugate subring of C_(X), formulas (***) show that both Rf'and If are in B, so that B distinguishes points.
And B contains all the constant functions since A does. This proves the claim.

Knowing as we now do that B = C(X), we can now easily complete the proof of the theorem. Let fe
C,(X). Then Rf and If are in C(X), hence in B and so certainly in A . But since f = Rf + i.If and A is a subring

containing the constant functions, it follows that f € A . Hence 4 = C ,(X) and we are through. ®

11.9. Corollary. The Complex Weierstrass Approximation Theorem. Let X be a compact subset of the
complex plane. Then any continuous complex-valued function on X is the uniform limit of a sequence of
polynomials in z and z* with complex coefficients.

Proof. The set of such polynomials satisfies the conditions of 11.8. W
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Appendix A

Some Fundamental Results on Linear Spaces

IN THIS APPENDIX we shall assume an acquaintance with the basic theory of linear spaces.
By a linear or vector space we shall understand a linear space over the field R of real numbers. We use
lower case greek letters a, 3, y to denote arbitrary real numbers.
Let X be a linear space, let 4, B be subsets of X, and let a € X. We write
A+B for (x+y:xeA&yeB}
AIB for (x—y:xeAd&ye B}
14 for {—x:x € A}
ad for {ox:x e A}
Axa for A+ {a}
axA for {a} £A.
A subset K of X is said to be convex if "K + (1 — 0)K < K whenever 0 < a < 1. Evidently any subspace, and any

one-point subset, of X is convex.

Al. Lemma. (i) The intersection of any family of convex sets is convex.

(ii) If K and L are convex, so are oK and K £+ L.

(iii) Let x,,...,x, be members of a convex set K and let a,..., a,, be nonnegative real numbers such that o
+...+ o, = 1. Then ax; +...+ ox, €K.

Proof. (i) and (ii) are left as exercises to any unlikely reader. As for (iii), we argue by induction on n. If n =
1, the assertion is trivial, while if n = 2, it is true by definition. Suppose now that it is true for some n > 2. Then,
writing = o, +...+ a4, and

v = (0u/B)xy +...t (0lget/B)xns1,

it follows from our induction hypothesis that y € K. Since a; + B =1, we have

n+l

Dax, =oux; + By € K,
i=1
and (iii) follows. ®
Let 4 be a subset of a linear space X. Then by (i) above, there is a least convex set containing A. This set is

denoted by A° and called the convex hull of A. Using (iii) above, it is easy to verify that 4° consists of all convex

combinations of members of 4: that is, of elements of X of the form
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oy Tt g
with yy,...,y, € 4, ay, ...,a, >0 and oy +...+ o, = 1.

An element p 04 is called an internal point of A4 if for each x € X there is € > 0 such that p + dx € 4
whenever [9] < e.

°p

X

Let K be a convex subset of X and suppose that the origin 0 of X is an internal point of K. Define the map
gx: X — R by setting, for each x € X

gk(x) =inf{a: >0 & x € 0K}.

gk is called the gauge of K. For example, if K is the unit disc in the complex plane, then gi(z) = |z|.

A.2. Lemma. Let K be a convex subset of a linear space X and suppose that the origin is an internal point

of K. If g is the gauge of K, then

(i) 0 < g(x)<wforanyx € X;

(i) g(ox) = ag(x) foranyx € Xand a > 0;

(>iii) g(x) < 1 forx € Kand g(x) > 1 forx ¢ K;

(iv) gix +y) < gx) +g(y) forallx, y € K.

Proof. The proofs of (i) - (iii) are left as exercises to the reader. To prove (iv), we notice that, if Y >
g(x) + g(v), theny = a +  with a > g(x), > g(»). It now follows from the convexity of K that the point

v+ p) = (o B+ ) = afa+ B) (o) + Bla+ BB

is in K, since, by the choice of o. and B, o 'x and B'y are both in K. Hence x + y € yK and so g(x + y) < y. This

proves (iv). B

A proper linear subspace Y of a linear space X is said to be maximal if there is no proper subspace Z of X
such that Z # Y and Y < Z. A set of the form Y + x, with ¥ a maximal subspace, is called a hyperplane in X. For

example, in Euclidean n-space, maximal subspaces are (n—1)-dimensional, and hyperplanes are translates of these.

A linear functional on a linear space X is a linear function on X to R.
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A.3. Lemma. Let Y be a subset of a linear space X.

(i) Y is a maximal subspace of X iff there is a nonzero linear functional fon X such that ¥ = £(0).

(ii) Y is a hyperplane in X iff ¥ 7y is a maximal subspace of X for each y € Y.

(iii) Y is a hyperplane in X iff there is a nonzero linear functional fon X and a real number o such that X =
7.

Proof. (i) If f'is a nonzero linear functional on X, then clearly '(0) = Y is a proper linear subspace of X.
Moreover, ifx ¢ Y, then YU {x} generates X: forifz € X, then z— (f{z)/f{x))x € Y. So Y is maximal.

Conversely, suppose that Y is a maximal linear subspace of X. Choose x ¢ Y; then since Y is maximal, YU
{x} generates X, so every element of X is uniquely expressible in the form y + o, with y € Y. Fix 3 # 0, and define
/> X — R by setting f{y + ox) = op. Then fis a linear functional on X and ¥ = £(0).

The proof of (ii) is easy and is entrusted to the reader.

(iii) It follows from (i) and (ii) that

Yis a hyperplane in X < Y fy is a maximal subspace of X forany y € Y
& there is a nonzero linear functional on X such that ¥ —y = (0)

& there is a nonzero linear functional fon X and an ** such that ¥ = f (o). W

We have just shown that, for each hyperplane H, there is a linear functional f'and a real number o such that
H=f().

An equation of this form is called a representation of H. It is easily shown that if H = g '(B) is another
representation of H, then there is A # 0 such that g = Af and B = Aa. We leave the proof of this assertion to the
reader.

If Y and Z are subsets of a linear space X, we say that a nonzero linear functional f'on X separates Y and Z if
there is a real number o such that

Yo {x:fix) <a} and Zc{x: fix) > "}

A hyperplane H is said to separate Y and Z if, for some representation H = f"'(a1) of H, the functional f separates ¥

and Z. Clearly, two sets can be separated by a hyperplane iff they can be separated by a linear functional.

f=a

We now prove a fiu damental theorem
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A.4. The Hahn-Banach Theorem. Suppose that the real-valued function p on the linear
space X satisfies
plx +y) <p(x) + p(y), plax) =op(x) fora>0,x yeX
Let /" be a linear functional defined on a subspace Y of X such that

fix) <p(x) forx e X.

Then there is a linear functional F on X such that
F|Y =fand F(x) < p(x) forx € X.

Proof. Consider the set of all linear functionals g which extend (i.e. include) f'and for which the inequality  g(x) <

p(x) holds for all x € dom(g), where the latter is a subspace of X containing Y. This set is closed under unions of
chains and so Zorn's lemma applies to yield a maximal member F. Thus F is a maximal linear extension of fsuch
that F(x) < p(x) for all x € dom(F). It remains to show that the domain Z of F'is X.

For contradiction's sake, suppose that there is a point # in X which is not in Z. Then any point in the
subspace U of X generated by Z \U {u} has a unique representation in the form z + ou. For any constant y, the
function G defined on U by setting

Gz +ou)=F(z) +a(
is a linear functional properly extending F. The desired contradiction will be obtained and the proof completed if we
can show that y can be chosen in such a way that
(* G(x) < p(x) forallx e U.
Let x, y € U; then the inequality
F(y) - F(x) = F(y —x) < p(y —x) < p(y + u) + p(-u - x)
gives
P —x) = Fx) < p(y + u) = F(y).
Since the left-hand side of this last inequality is independent of y and the right hand side is independent of x, there is
a constant y such that
(1) Y <ply+uw) - F()
(i) —p(-u—y)=F(y) < (
fory € Z. For x = z + au in U, the inequality
G(x) =F(2) + ay < p(z) + ou = p(x),
which holds for o = 0 by hypothesis, is obtained for a. > 0 by replacing y by o 'z in (i), and for o < 0 by replacing y
by o'z in (ii).

Thus we obtain (*) in all cases, and hence the required contradiction. M

This result enables us to prove the
A.5. Corollary. Basic Separation Theorem. Let M and N be disjoint convex subsets of a linear space X, and

suppose that M has an internal point. Then there is a nonzero linear functional, or, equivalently, a hyperplane,
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separating M and N.

Proof. If a is an internal point of M, then, as is easily verified, O is an internal point of M f a. Moreover, it
isn't hard to see that a linear functional separates M and N iff it separates M F a and N 1 a. Thus it suffices to prove
the theorem under the assumption that 0 is an internal point of M.

Let b be any point of N. Then -b is an internal point of M I N, and so 0 is an internal point of the convex set
K =M TN +b. Since M and N are disjoint, b ¢ K. Let g be the gauge of K; then g(b) > 1 by A.2(iii). If, for real a,
we put fo(ab) = ag(b), then f; is a linear functional defined on the one dimensional subspace of X generated by {b}.
Moreover,

Solab) < g(ab)
for all o, since for o> 0 we have fy(ab) = ag(b) = g(ab), while for o < 0 we have fy(ab) = afy(b) < 0 < g(ab).
Therefore, by the Hahn-Banach theorem, f; can be extended to a linear functional F on X such that F(x) < g(x)
for all x € X. It follows that F(x) < g(x) < 1 for x € K, while F(b) = g(b) >A 1. Accordingly F separates K and {b};

it follows immediately that it separates M J N and {0}, and so also M and N. B

Normed Linear Spaces

A norm on a linear space X is a function x — || x || to the nonnegative real numbers such that, for all x, y

€eX
D) IxlI=0<x=0;
) lx+yll < lHxli+lyl
(iii) [lax || =|alll x || for all real .

A linear space equipped with a norm is called a normed (linear) space.
Examples. 1. On R" we can define a norm by putting

< 2
hxll =2 %%
i=1

2. If X is a compact topological space, we can define a norm on C(X) by putting

I f lI=sup{lfx)|: x € X}.

where x = (x1,...,X,).

When X is a closed interval [a, b] we can define another norm on C([a,b]) by

I =1 flodx .

Each normed linear space has a natural metric d defined on it by

dixy)=llx-yll.
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for x, y € X. The metric topology induced by d is called the norm topology on X. From now on we assume that each
normed space has been assigned its norm topology.

We proceed to establish some basic facts about normed spaces. Let X be a fixed normed space.

(i) The map (x, y) — x + y from X x X to X is continuous. To prove this, let € > 0. Then, if u, v € X satisfy
lx-—ull <&2,||ly-v| <e&/2, we have
Ix+y-(@u+v)ll <llx-ull +lly-vi <e2tel2=¢ W
(ii) The map x — —x is a homeomorphism of X with itself. Forif || x —y || <&, then
l-x=(y)ll = lly-xIl = llx-yll <,
so that the map in question is continuous. Since it is also self-inverse, it is a homeomorphism. W

(iii) For fixed o # 0, the map x — ow is a homeomorphism of X with itself. This is proved in a manner

similar to the previous assertions.

(iv) For fixed a € X, the map x +— a + x is a homeomorphism of X with itself. For the map in question is

the composition of the maps x — (a, x) — a + x, and so continuous. Its inverse is x +— —a + x which is also

continuous. W

It follows immediately from (iv) that if U is a neighbourhood of x, then, for any ¢ € X, U Fa is a

neighbourhood of x — a.

A.6. Lemma. Let f be a linear functional on a normed space X. Then the following conditions are
equivalent:
(1) fis continuous;

(i1) fis continuous at 0;
(iii) fis bounded on the set {x e X : || x| < 1};

(iv) for some a, [fix)] < al x|| forallx e X.

Proof. (i) < (ii). One direction is trivial. Suppose conversely that f'is continuous at 0, and let U be any
neighbourhood of f{x) for arbitrary x € X. Then U ! f{x) is a neighbourhood of 0 and so, since f'is continuous at 0,
there is a neighbourhood ¥ of 0 such that f[}V] U I fix). But V' + x is a neighbourhood of x and f[V + x] = f[V] +
flx) c U. Hence f'is continuous at x, and so continuous.

(i) = (iv). If fis continuous at 0, there is € > 0 such that |f{x)| < 1 if || x || < €. For arbitrary x # 0, the point
y=(&/2]| x| )x hasnorm || y || <&g; so

(21 x D) = )l < 1,
and hence
Mol <2/l x|l

(iv) = (i1) is easy and is left to the reader.
(iii) = (iv). Assume (iii) and let o = sup{| f(x)|: || x| < 1}. Then for arbitrary x # 0, we have
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[ FO] = lxl fllxI™ x) < ollx]l.

Finally, (iv) = (iii) is obvious. H

A.7. Lemma. Any interior point of a subset ¥ of a normed space X is an internal point of Y.

Proof. If a is an interior point of ¥, then there is € > 0 such that, for all x € X,

la-x|| <e=xel.
Therefore, if |§] < || x ||, we have

la+dx—all = |I8x|| <&,

so that a + dx € Y, and a is an internal point of Y. M

A.8. Lemma. If a linear functional on a normed space separates two sets, one of which has an interior
point, then the functional is continuous.

Proof. Let f'be a linear functional on a normed space X separating two subsets M and N, the former of
which has an interior point a. Let U be a neighbourhood of 0 such that a + U c M. (Take U = W I a, where W is a
neighbourhood of ¢ included in M.) Then f[U] < f{M] [ fla) and so, since f separates M and N, f[M], and hence also
AU, is contained in an interval of the form [-", —) of the real line, where o > 0. Let V =Un IU, then
V' = IV and V is a neighbourhood of 0 such that f[ /] < [a, ] But then

Aea 'V < [e, €]

for any € > 0. Since o'V is a neighbourhood of 0, it follows that f'is continuous there, and so, by A.6, continuous.

From this and the two preceding lemmas we immediately infer the

A.9. Separation Theorem for Normed Spaces. In a normed space, any disjoint pair of convex sets, at
least one of which has an interior point, can be separated by a nonzero continuous linear functional, and hence by a

(closed) hyperplane. W

Finally, we prove the

A.10. Continuous Extension Theorem. Any continuous linear functional defined on a subspace of a
normed space X has a continuous linear extension to X.
Proof. Let f be a continuous linear functional defined on a subspace Y of X. Then by the continuity of f,

there is a neighbourhood U of 0 in X of the form {x € X: || x || < &} such that [f{x)| <1 forx € U N Y. It is easy to

verify that U is convex; since 0 is an interior point of U, it is also (by A.7) an internal point. Let p be the gauge of U.
We claim that|f{x)| < p(x) for x € Y. For if o > p(x), then, by definition of p, o 'x € Y, so that [f{x)| /o < 1,
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i.e. [fix)] <o. This establishes the claim.
By the Hahn-Banach theorem, there is a linear functional " on X which extends f and satisfies F(x) < p(x)

for all x € X. One verifies immediately that p(x) = p(—x) for all x =€ X, so that
—F(x) = F(=x) < p(=x) = p(x).
Therefore |F(x)| < p(x) for all x € X. Since p(x) < 1 on U, it follows that |F(x)] < 1 for allx € U, and so |F(x)| <

1/e whenever || x|| < 1. Accordingly F is bounded on {x: || x || < 1}, and therefore, by A.6, continuous. M
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Appendix B

Complete Metric Spaces and the Baire Category Theorem

IT IS READILY seen that a sequence of points ay, ay,... in a metric space (X, d) converges in the metric topology if

there is a point a € X with the following property: for every € > 0 there is an integer N such that d(a,, @) < ¢ for n >

N. The sequence is a Cauchy sequence if for every € > 0 there is an integer N such that d(a,, a,) < &€ whenever m, n

> N. A metric space is said to be complete if every Cauchy sequence in it converges. It is a basic fact of classical

analysis that each Euclidean space R” with its usual metric topology is complete.

[}

A subset 4 of a topological space X is nowhere dense if A= &, or equivalently, if X — Ais dense. 4 is
meagre or of first category if it is the union of a countable family of nowhere dense sets, and nonmeagre or of
second category if it is not meagre. Evidently a space is of second category in itself iff it is not the union of
countably many nowhere dense closed sets. A second category set is in some sense “large”.

We now prove the

Baire Category Theorem. Every complete metric space (X, d) is of second category in itself.

Proof. Let Fy, F, ... be a sequence of nowhere dense closed subsets of X. Then X — Fj is nonempty and
open. Choose xy and g) < 1 so that xo € X— F and

S()C(), 80) NFy= .
Now the sphere S(xo, Y2) & Fy. Accordingly there is x; € S(xo, &) and &; < %2 such that
S(xl, 81) M F1 = S(xl, 81) c S(X(), 1/280).
Arguing recursively, construct a sequence xo, xj, ...of points of X and a sequence &, €;, ...of radii such that
(a) S(xn+ln Sn+l) c S(xm 1/2871)

(0) 0<e,< %

(C) S(X,,, 8,,) an =.

The sequence xg, xj, ...is Cauchy in view of the fact that

k-1 k-1

k=1
1 1 1
d(x)H/c ’xn) < Zd('xnﬂ" xn+i+1) < Zzgnﬂ' < Z gntitl < on
i=0

i=0 i=

Since X is complete, xo, X}, ... converges to some point x € X. It follows from (a) that x,, € S(x,, 2¢,) for all k, and

we can choose k sufficiently large so as to ensure that d(x,+, x) < Ye,. So we have
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d(xm X) S d(xn+ks -x) + d(xn+ks xn) S 1/28,, + 1/281/1 S €.

Hence x € S(x,, €,) for every n, so that by (¢), x ¢ U F . So Xis not the union of the F, and is therefore of second

n

category. W

We use this theorem to show that “most” continuous functions on R fail to be differentiable anywhere,

thereby extending a classical result of Weierstrass.

Let C[0,1] be the set of continuous real-valued functions fon [0,1] for which f{0) = f(1), with the metric
d(f, g)= sup | f(x)-g(x)|.

xe[0,1]
It is a fact from classical analysis that, with this metric, C[0,1] is complete.
Now let I be the space obtained from C[0,1] by extending each f € C[0,1] to the whole of R by periodicity
and imposing the same metric. I is complete, and so also of second category in itself. Let K < I" be the set of

functions such that, for some &, the set
”f(&+h)—f(i)‘ . 0}
h
is bounded. Then K contains all functions in I' which are differentiable somewhere. We claim that K is of first
category in T
To prove this, define

K, ={feF:EI§Vh>O‘M‘Sn}.

Clearly K = U K, . We first claim that each K, is closed.

n

To prove this, let f e Izﬂ and let fy, f1, ... be a sequence from K, converging to /. Foreach k=0, 1, ...

choose &, € [0,1] to satisty, for all 2> 0,

Lﬁ@k+m—fxawgn. *)

h

Then some subsequence é';ko ,F,kl ,...0f &g, &, ...converges to some & € [0,1]. Since fy, f, ...converges to f, so does
fko R fk, ,.... Each f; being continuous, we may then pass to the limit in (*) to obtain, for all h > 0,

If@+%—f@1$m
h

Hence f € K, and K, is accordingly closed.

We show finally that each K, is nowhere dense. Since K,, is closed, it suffices to show that I' — K, is dense

in T. To this end suppose g € T" and let € > 0. Partition [0,1] into k equal intervals in such a way that, if x,x“are in the

il

same interval of the partitioning, then |g(x) —g(x")| < “¢. Now over the i subinterval [ 7> 71, if we consider the

rectangle R defined by
gl —e<y<g(f+ie.

Then the points (+, g(+)) and (%, g (%)) lie on the right and left sides, respectively, of R. By connecting the two
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points with a polygonal graph which remains within R and whose line segments have slopes exceeding n in absolute
value, we obtain a continuous function which is within € of g and is at the same time a member of I'-K,. So

the latter is dense in I".

L7

v
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Exercises

1. Show that the only topology on infinite set with respect to which every infinite subset is open is the discrete

topology.

2. A topological space is said to be a Ty-space if for each pair of distinct points there is a neighbourhood of at least
one of them which does not contain the other, and a T;-space if singletons are closed.
(i) Show that every Ty-space is a Ty-space, but not conversely.

(ii) Show that any Hausdorff space is a Ty-space, but not conversely.

(iii) Show that no Ty-space contains a finite set of distinct points xy,...,x, such that, for each k£ < n, x;4+; € {x,} and x;
€ {x,}
(iv) Show that a space is Ty iff for each pair of distinct points there is a neighbourhood of each one of them which

does not contain the other.

3. Let (X, <) be a partially ordered set.

(i) Show that the family of intervals {y € X: x < y}, for x € X is a base for a topology (the order topology
determined by <) on X.

(ii) Show that, with the order topology, X is a Ty-space in which the intersection of any family of open sets is open,
and in which {x} = {y: y <x}.

(iii) let X be a Ty-space in which the intersection of any family of open sets is open. Show that the relation X €
{y} is a partial ordering on X and that the order topology on X determined by this partial ordering is the original
topology on X.

(iv) Deduce 2.(iii).

(v) Show that a map between partially ordered sets is continuous with respect to the corresponding order topologies

iff it is order preserving.
4. The boundary 04 of a subset A of a topological space X is defined to be the set A N (X—A).

(i) Show that 94 U0 A < 84 and (4 U B) < 84 U 0B.
(ii)) If A N B =, show that (4 U B) =04 U &B.

5. Give an example of two topological spaces X, Y, a continuous map f> X — Y, and a subset 4 of X such that

f1A] = fIA].

6. Let X, Y be topological spaces, and suppose that Y is Hausdorff. Show that, if fand g are continuous maps from X
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to Y, the set {x € X: filx) = g(x)} on which f'and g coincide is closed. Deduce that if f and g coincide on a dense
subset of X, then = g.

7.(i) If A and B are connected subsets of a topological space such that A N B # &, show that 4 U B is connected.
(ii) Let (4,) n>0 be an infinite sequence of connected sets such that 4, N 4,,+, # & for all n > 0. Show that U A, is

n>0

connected.

8. Let A be a subset of a topological space X. Show that any connected subset of X which meets both 4 and X — 4

also meets 04.

9. Show that, if 4 is a connected subset of a topological space, then any subset B such that 4 ¢ B < A is also

connected.

10. A maximal connected subspace of a topological space X is called a component of X.

(i) Show that each component is a closed set, and that any pair of components are either disjoint or identical.

(ii) Show that the component containing a given point is contained in the intersection of the family of all clopen sets
containing that point.

(iii) A space is said to be totally disconnected if its components are singletons. Show that the space of rational and
the space of irrational numbers are both totally disconnected (but not discrete).

(iv) show that the following conditions on a topological space X are equivalent: (a) the components of X are open

sets; (b) the intersection of the family of clopen sets containing any given point is an open set.

11. A space is said to be locally connected if each point has a local base consisting of connected neighbourhoods.
Show that each component of a locally connected space is open, and give an example of a locally connected but

disconnected space.

12. Show that a countable metric space with at least 2 points cannot be connected.

13. A filter on a set X is a family § of subsets of X with the following properties: (a) every subset of X which
contains a member of § belongs to &, (b) finite intersections of members of § belong to ¥, (c) the empty set is not a
member of 5. If X be a topological space, a filter 5on X is said to converge to x if every neighbourhood of x belongs
to 5.

(i) Let @ be a family of subsets of X. Show that @ is contained in some filter on X iff @ has the finite intersection
property (5.15).

(ii) Show that a filter § converges to x iff every member of some local base at x belongs to .
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(iii) Show that X is Hausdorff iff no filter on X converges to more than one point.

(iv) A cluster point of a filter Fis a point which belongs to the closure of every member of 5. Show that x is a cluster
point of § iff there is a filter  ©  which converges to x.

(v) Show that the set of cluster points of any filter is closed.

(vi) Show that the closure of a subset 4 coincides with the set of cluster points of filters on 4.

14. For each point x of a topological space X let 91(x) be the family of all neighbourhoods of x. (i) Show that 91(x) is
a filter on X satisfying (a) x € N9Ux), (b) for any U € 9(x) there is ¥ € 9(x) such that U € 9(y) forall y € V.

(i) Conversely, suppose that for each member x of a set X we are given a filter 9(x) on X satisfying conditions (a)
and (b) above. Show that there is a unique topology § on X such that, for each x € X, 9(x) is the family of 5-

neighbourhoods of x.

15. (i) Show that any pair of (nonempty) open intervals, any pair of half-open intervals, and any pair of closed

intervals in R (with the relativized usual topology) are homeomorphic.

(ii) Show that any nonempty open interval is homeomorphic with R.

(iii) Show that no nonempty open interval is homeomorphic with a closed interval.

16. Show that every subset of an infinite set with the cofinite topology is compact, connected, and T;.

17. (i) Show that, if 4 is a subset, and U an open subset, of a topological space, then U N A c AnU , so that, if 4 is
dense, then U c AnU .

(i) Deduce that a dense locally compact subset of a Hausdorff space is open.
18. Show that a subset of a topological space meets each dense subset iff its interior is nonempty.

19. If 4 is a subset of a topological space X write 4* for i and A for 2& Then A — B implies A4* — B¥and Ac B.
(i) Show that, if 4 is open, then 4 = A* and that if A4 is closed, then AcA.

(i) Deduce that, if 4 is any subset of X, then 4 ** = 4* and A=A.

(iii) Use 17(i) to show that, if U is open, then, for any subset 4, U N A* < (U N 4A)*

(iv) Deduce from this that, if U and V are open, then (U N V)*=U* N V*

20. Let @t be a family of closed compact subsets of a topological space whose intersection is contained in an open set

U. Show that there is a finite subfamily of G whose intersection is contained in U.

21. Let X be a set with a total ordering #. An open interval in X is a subset of the form {z: x <z < y} withx, y
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€ X. Define a topology on X by calling a subset Y of X open if Y contains an open interval about each one of its

points. Show that, with this topology, X is connected iff (X, <) is complete and contains no gaps, i.e.,if whenever x

< yin X, there is z for which x <z <y.

22. A space is said to be regular if the family of closed neighbourhoods of each point is a local base at that point.
(i) Show that a space is regular iff each closed set and each point not contained in it have disjoint neighbourhoods.
(i) Show that each subspace of a regular space is regular.

(iii) Show that the closure of a compact subset of a regular space is compact.

23. Let X be a compact space satisfying the first axiom of countability. Show that each sequence in X has a

convergent subsequence.

24. A Cauchy sequence in a metric space (X, d) is a sequence (x,) such that for each & > 0 there is n such that d(x,,

x,) < € whenever p, ¢ > n. A metric space is said to be complete if every Cauchy sequence in it converges. Show

that a subspace of a complete metric space is complete iff it is closed.

25. A map of one topological space to another is said to be closed if it carries closed sets to closed sets.
(i) Show that the image of a normal space under a closed continuous map is normal, and give an example to show

the the assumption that the map be closed can't be dropped.
(ii) Show that the projection maps R x R — R are not closed.

26. Let N be assigned the cofinite topology. Show that the sequence 0, 1, 2, 3,... converges to every point of N.

27. A metric space (X, d) is called an ultrametric space if, for all x, y, z € X, d(x,y) < max(d(x,z),d(y,z)). Prove the
following assertions concerning an ultrametric space (X,d):

(i) if d(x,z) = d(y,z), then d(x,y) = max(d(x,z),d(y,z))—in other words, all triangles in X are isosceles;

(ii) any open sphere is clopen;

(iii) the space is totally disconnected.

28. Show that a space X is Hausdorff iff the set {(x, x): x € X} is closed in the product topology for X x X.

29. Let f'be a map from a locally compact space X onto a Hausdorff space Y. If fis both continuous and open, show

that Y is also locally compact.

30. Recall that, if X is a topological space, C(X) denotes the ring of continuous real-valued functions on X. We write

C*(X) for the subring of all bounded continuous real-valued functions on X.
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(i) Show that f € C(X) has a multiplicative inverse iff it vanishes nowhere. Show also that f € C*(X) has a
multiplicative inverse in C*(X) iff fis bounded away from zero, i.e. if there is » > 0 for which |[f{(x)| > r for all x € X.
(i) For each 0 C(X), write Z(f) for /'(0). Show that (a) Z(f) is always closed; (b) Z(fg) = Z(f) U Z(g) and Z(f* +
&) =Z(f) N Z(g) forall £, g € C(X).

(iii) An element f'of C(X) is idempotent if f* = f. Show that X is connected iff the constant functions 0 and 1 are the
only idempotent elements of C(X).

(iv) A space X is said to be pseudocompact if C(X) = C*(X). Show that any compact space is pseudocompact, and
that the continuous image of a pseudocompact space is pseudocompact.

(v) For each x € X show that the set I, = {f € C(X): f{x) = 0} is a maximal ideal in C(X), and that its intersection
with C*(X) is a maximal ideal in the latter.

(vi) Suppose that X is compact. Show that each proper ideal in C(X) is included in one of the form /.. Deduce that

the maximal ideals in C(X) are precisely those of the form /..

31. Prove the two-variable Weierstrass approximation theorem: if f(x, y) is a real-valued function defined on the
closed rectangle [a,b] X [c,d] in the Euclidean plane, then f'is the uniform limit of polynomials in x and y with real

coefficients.



