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Introduction ix

Introduction

These two volumes have grown out of about seven years of graduate
courses on various aspects of representation theory and cohomology of groups,
given at Yale, Northwestern and Oxford. The pace is brisk, and beginning
graduate students would certainly be advised to have at hand a standard
algebra text, such as for example Jacobson [128].

The chapters are not organised for sequential reading. Chapters 1, 2, 3 of
Volume I and Chapter 1 of Volume II should be treated as background refer-
ence material, to be read sectionwise (if there is such a word). Each remaining
chapter forms an exposition of a topic, and should be read chapterwise (or
not at all).

The centrepiece of the first volume is Chapter 4, which gives a not entirely
painless introduction to Auslander-Reiten type representation theory. This
has recently played an important role in representation theory of finite groups,
especially because of the pioneering work of K. Erdmann [101]-[105] and
P. Webb [204]. Our exposition of blocks with cyclic defect group in Chapter 6
of Volume I is based on the discussion of almost split sequences in Chapter 4,
and gives a good illustration of how modern representation theory can be
used to clean up the proofs of older theorems.

While the first volume concentrates on representation theory with a co-
homological flavour, the second concentrates on cohomology of groups, while
never straying very far from the pleasant shores of representation theory. In
Chapter 2 of Volume 11, we give an overview of the algebraic topology and
K-theory associated with cohomology of groups, and especially the extraor-
dinary work of Quillen which has led to his definition of the higher algebraic
K-groups of a ring.

The algebraic side of the cohomology of groups mirrors the topology,
and we have always tried to give algebraic proofs of algebraic theorems. For
example, in Chapter 3 of Volume II you will find B. Venkov’s topological
proof of the finite generation of the cohomology ring of a finite group, while
in Chapter 4 you will find L. Evens’ algebraic proof. Also in Chapter 4
of Volume II, we give a detailed account of the construction of Steenrod
operations in group cohomology using the Evens norm map, a topic usually
treated from a topological viewpoint.

One of the most exciting developments in recent years in group coho-
mology is the theory of varieties for modules, expounded in Chapter 5 of
Volume II. In a sense, this is the central chapter of the entire two volumes,
since it shows how inextricably intertwined representation theory and coho-
mology really are.

I would like to record my thanks to the people, too numerous to mention
individually, whose insights I have borrowed in order to write these volumes;
who have pointed out infelicities and mistakes in the exposition; who have
supplied me with quantities of coffee that would kill an average horse; and
who have helped me in various other ways. I would especially like to thank
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Ken Brown for allowing me to explain his approach to induction theorems in I,
Chapter 5; Jon Carlson for collaborating with me over a number of years, and
without whom these volumes would never have been written; Ralph Cohen
for helping me understand the free loop space and its réle in cyclic homology
(Chapter 2 of Volume II); Peter Webb for supplying me with an early copy
of the notes for his talk at the 1986 Arcata conference on Representation
Theory of Finite Groups, on which Chapter 6 of Volume II is based; David
Tranah of Cambridge University Press for sending me a free copy of Tom
Korner’s wonderful book on Fourier analysis, and being generally helpful in
various ways you have no interest in hearing about unless you happen to be
David Tranah.

There is a certain amount of overlap between this volume and my Springer
lecture notes volume [17]. Wherever I felt it appropriate, I have not hesitated
to borrow from the presentation of material there. This applies particularly
to parts of Chapters 1, 4 and 5 of Volume I and Chapter 5 of Volume II.

THE SECOND EDITION. In preparing the paperback edition, I have taken
the liberty of completely retypesetting the book using the enhanced features
of BTEX 2¢, AMS-BTEX 1.2 and Xy-pic 3.5. Apart from this, I have corrected
those errors of which I am aware. I would like to thank the many people who
have sent me lists of errors, particularly Bill Crawley—Boevey, Steve Donkin,
Jeremy Rickard and Steve Siegel.

The most extensively changed sections are Section 2.2 and 3.1 of Volume I
and Section 5.8 of Volume II, which contained major flaws in the original
edition. In addition, in Section 3.1 of Volume I, I have changed to the more
usual definition of Hopf algebra in which an antipode is part of the definition,
reserving the term bialgebra for the version without an antipode. I have made
every effort to preserve the numbering of the sections, theorems, references,
and so on from the first edition, in order to.avoid reference problems. The
only exception is that in Volume I, Definition 3.1.5 has disappeared and
there is now a Proposition 3.1.5. I have also updated the bibliography and
improved the index. If you find further errors in this edition, please email
me at djb@byrd.math.uga.edu.

Dave Benson, Athens, September 1997
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CONVENTIONS AND NOTATIONS.

All groups in Volume I are finite, unless the contrary is explicitly
mentioned.
Maps will usually be written on the left. In particular, we use the
left notation for conjugation and commutation: 9h = ghg™!, [g,h] =
ghg™1h~!, and 9H = gHg™ .
We write G/H to denote the action of G as a transitive permutation
group on the left cosets of H.
We write H <¢ K to denote that “H is G-conjugate to a subgroup of
K”. Similarly h €¢ K means “h is G-conjugate to an element of K”.
Thus we write for example @ to denote a direct sum over conjugacy
9€GG
classes of elements of G.
The symbol O denotes the end of a proof.
We shall use the usual notations Op(G) for the largest normal p-
subgroup of G, OP(G) for the smallest normal subgroup of G for which
the quotient is a p-group, G(®) for the smallest normal subgroup of G
for which the quotient is soluble, ®(P) for the Frattini subgroup of a
p-group P, i.e., the smallest normal subgroup for which the quotient
is elementary abelian, Z(G) for the centre of G, ;(G) for the sub-
group of an abelian p-group G generated by the elements of order p,
and so on. The p-rank r,(G) is defined to be the maximal rank of an
elementary abelian p-subgroup of G.
If H and K are subgroups of a group G, then ) Hgk Will denote a
sum over a set of double coset representatives g of H and K in G.
We shall write A Mt to denote that M is a A-I'-bimodule, i.e., a left
A-module which is simultaneously a right I'-module in such a way that
(Am)y = A(my) foral A€ A, m € M and y € T
If G is a group of permutations on the set {1,... ,n} and H is another
group, we write G ! H for the wreath product; namely the semidirect
product of G with a direct product of n copies of H. Thus elements
of G H are of the form (m;h1,...,h,) withw € G, h1,... ,h, € H
and multiplication given by

(r's B, .o R (m b, .o Ry) = (0 h;r(l)hl, ey h;(n)hn).
If X is a set with a right G-action and Y is a set with a left G-action,

then we write X Xg Y for the quotient of X x Y by the equivalence
relation (zg,y) ~ (r,gy) forallz € X, g€ G, yeY.






CHAPTER 1
Background material from rings and modules

Group representations are often studied as modules over the group al-
gebra (see Chapter 3), which is a finite dimensional algebra in case the co-
efficients are taken from a field, and a Noetherian ring if integer or p-adic
coefficients are used. Thus we begin with a rather condensed summary of
some general material on rings and modules. Sources for further material
related to Chapters 1 and 3 are Alperin [3], Curtis and Reiner [64, 65, 66],
Feit {107] and Landrock [148]. We return for a deeper study of modules over
a finite dimensional algebra in Chapter 4.

Throughout this chapter, A denotes an arbitrary ring with unit, and M
is a (left) A-module.

1.1. The Jordan—-Hoélder theorem

DEFINITION 1.1.1. A composition series for a A-module M is a series
of submodules

O=My<My<---<M,=M

with M;/M;_ irreducible.

A module M is said to satisfy the descending chain condition (D.C.C.)
on submodules if every descending chain of submodules eventually stops, and
the ascending chain condition (A.C.C.)if every ascending chain of submodules
eventually stops. A module satisfying A.C.C. on submodules is said to be
Noetherian.

LEMMA 1.1.2 (Modular law). If A and B 2 C are submodules of M then
(C+ANB=C+(ANB).

PRrOOF. Clearly C + (ANB) C (C+ A)N B. Conversely if b=c+a €

(C+A)NBthena=b-c€ AnNBandsobe C+(ANB). O

THEOREM 1.1.3 (Zassenhaus isomorphism theorem). IfU D V and U’ D
V' are submodules of M then

U +V)nU' _ Unu U +V)nU

(V+v)nU' — UnNnV)+UnV) (V' +V)nU’
ProoF. It suffices to prove the first isomorphism. The kernel of the
composite map
UnU < (U+VHYnU') = (U+VHNU)/((V+V)NU)

1



2 1. BACKGROUND MATERIAL FROM RINGS AND MODULES
is
UnUYN(V+V)NUY=UNV+V)INU=U'NV)+UNV
by two applications of the modular law. O
THEOREM 1.1.4 (Jordan—Hélder). Given any two series of submodules
0=My<--- <M, =M
0=My<--<M;=M

of a A-module M, we may refine them (i.e., stick in extra terms) to series of
equal length

0=Lo<--<L.=M

so that the factors L;/L;_1 are a permutation of the factors L; /L;‘_l (up to
isomorphism). Thus the following conditions on M are equivalent.

(i) M has a composition series.

(ii)) Every series of submodules of M can be refined to a composition
series.

(ili) M satisfies A.C.C. and D.C.C. on submodules.

PROOF. Between M; and M;,; we insert the terms (M]’ +M)N My,
and between M, and M}, we insert the terms (M; + M}) N M. Now use
the Zassenhaus isomorphism theorem. O

REMARK. It follows that the length of a composition series, if one exists,
is an invariant of the module. It is called the composition length of the
module.

A module M is said to be uniserial if it has a unique composition series.
This is the same as saying that M has a unique minimal submodule My,
M /My has a unique minimal submodule M; /My, and so on.

EXERCISE. Suppose that M is a module of finite composition length.
Show that the submodules of M satisfy the distributive laws

(A+B)NC =(ANC)+(BNC)
(ANB)+C =(A+C)n(B+C)

if and only if M has no subquotient isomorphic to a direct sum of two iso-
morphic simple modules.

Read about Birkhoff’s theorem for distributive lattices of finite length in
Aigner [1]. In effect, this says that for a module with the above property,
one can draw a diagram, whose vertices represent the commposition factors,
and whose edges describe how they are “glued together.” In fact, there is
a generalisation of Birkhofl’s diagrams to modular lattices of finite length
(Benson and Conway [22]), but this method quickly becomes cumbersome,
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as there are usually many more vertices than composition factors. For fur-
ther discussions of diagrams for modules, see Alperin [2] and Benson and
Carlson [21].

1.2. The Jacobson radical

DErFINITION 1.2.1. The socle of a A-module M is the sum of all the
irreducible submodules of M, and is written Soc(M). The socle layers
of M are defined inductively by Soc®(M) = 0, Soc™(M)/Soc™ 1 (M) =
Soc(M/Soc™~1(M)).

The radical of M is the intersection of all the maximal submodules of
M, and is written Rad(M). The radical series or Loewy series of M is
defined inductively by Rad®(M) = M, Rad™(M) = Rad(Rad™!(M)). The
nth radical layer or Loewy layer is Rad"~!(M)/Rad™(M).

The module M is said to be completely reducible or semisimple if
M = Soc(M). This is equivalent to the condition that every submodule has
a complement, by Zorn’s lemma. If M satisfies D.C.C. then M is completely
reducible if and only if Rad(M) = 0. In this case, M is a finite direct sum of
irreducible modules.

The head or top of M is Head(M) = M/Rad(M).

If M has socle length n (i.e., Soc®(M) = M but Soc™ (M) # M) then
M also has radical length n (i.e., Rad®(M) = 0 but Rad"}(M) # 0) and
Soc? (M) D Rad™ (M) for all 0 < j < n.

The annihilator of an element m € M is the set of all elements A € A
with Am = 0. It is a left ideal, which is maximal if and only if the submodule
generated by m is irreducible. The annihilator of M is defined to be the
intersection of the annihilators of the elements of M. It is a two sided ideal I
which is primitive, meaning that A/I has a faithful irreducible module. We
define J(A), the Jacobson radical of A to be the intersection of the maximal
left ideals, or equivalently the intersection of the primitive two sided ideals.

We claim that J(A) consists of those elements x € A such that 1 — axb
has a two sided inverse for all a, b € A, so that it does not matter whether
we use left or right ideals to define J(A). If x € J(A) then 1 —x cannot be in
any maximal left ideal (since otherwise 1 would be!) so it has a left inverse,
say t(1—x) = 1. Then 1—t = —tx € J(A) so t has a left inverse, and is hence
a two sided inverse for 1 —x. Applying this with axb in place of x shows that
1 —axb has a two sided inverse. Conversely, if 1 —axb has a two sided inverse
for all a, b € A, and I is a maximal left ideal not containing x, then we can
write 1 as ax plus an element of I, contradicting the invertibility of 1 — ax.

If we let A act on itself as a left module, we call this the regular rep-
resentation AA. Since submodules are the same as left ideals, we have
J(A) = Rad(pA). We say that A is semisimple if J(A) = 0. Note that
A/J(A) is always semisimple.

LEMMA 1.2.2. Ifa € J(A) then 1 — a has a left inverse in A.
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PROOF. Since 1 = a+(1—a) we have A = J(A)+A(1—a). If A(1—a) # A,
then by Zorn’s lemma there is a maximal left ideal I with A(1 —a) C I. By
definition of J(A) we also have J(A) C I, and so A C I. This contradiction
proves the lemma. |

LEMMA 1.2.3 (Nakayama). If M is a finitely generated A-module and
J(A)M = M then M = 0.

PRrOOF. Suppose that M # 0. Choose my,... ,my generating M with n
minimal. Since J(A)M = M, we can write m, = Y ., a;m; with a; € J(A).
By Lemma 1.2.2, 1 — a,, has a left inverse b in A. Then (1 — a,)m, =
Z;:ll a;m;, and so m, = b( ;:11 a;m;), contradicting the minimality of
n. |

LEMMA 1.2.4. If A is semisimple and satisfies D.C.C. on left ideals, then
every A-module is completely reducible. Conversely if A satisfies D.C.C. on
left ideals and pA is completely reducible then A is semisimple.

PrOOF. If A is semisimple then Rad(,A) = J(A) = 0 and so sA is
completely reducible. Choosing a set of generators for a module displays it
as a quotient of a direct sum of copies of pA, and hence every module is

completely reducible. Conversely if AA is completely reducible then zA =
A/J(A) & J(A) and so as A-modules,

J(A) = J(A).(A/J(A)® J(A)) = J(A).J(A)
so that by Nakayama’s lemma J{A) = 0. |

PROPOSITION 1.2.5. If M is a finitely generated A-module then J(A)M =
Rad(M).

Proor. If M’ is a maximal submodule of M then by Nakayama’s lemma
we have J(A)(M/M’) = 0 so that J(A)M C M’, and hence J(A)M C
Rad(M). Conversely M/J(A)M is completely reducible by Lemma 1.2.4
and so Rad(M/J(A)M) = 0, which implies that Rad(M) C J(A)M. a

DEFINITION 1.2.6. A ring A is said to be Noetherian if it satisfies
A.C.C. on left ideals, and Artinian if it satisfies D.C.C. on left ideals. A A-
module is Noetherian/Artinian if it satisfies A.C.C./D.C.C. on submodules.

THEOREM 1.2.7. If A is Artinian then

(i) J(A) is nilpotent.

(ii) If M is a finitely generated A-module then M is both Noetherian and
Artinian.

(iii) A is Noetherian.

PROOF. (i) Since A satisfies D.C.C. on left ideals, for some n we have
J(A)™ = J(A)?™. If J(A)™ # 0, then again using D.C.C. we see that there
is a minimal left ideal I with J(A)"I # 0. Choose = € I with J(A)".x # 0,
and in particular  # 0. Then I = J(A)™.x by minimality of I, and so for
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some a € J(A)", we have £ = az. But then (1 — a)z =0, and so z = 0 by
Lemma 1.2.2.

(ii) Let M; = J(A)!M. Then M;/M;,, is annihilated by J(A), and is
hence completely reducible by Lemma 1.2.4. Since M is a finitely generated
module over an Artinian ring, it satisfies D.C.C., and hence so does M;/M,4,.
Thus M;/M;1 is a finite direct sum of irreducible modules, and so it satisfies
A.C.C. Tt follows that M also satisfies A.C.C.

(iii) This follows by applying (ii) to the module A A. a

The following proposition shows that whether a ring homomorphism to an
Artinian ring is surjective can be detected modulo the square of the radical.

PROPOSITION 1.2.8. Suppose that A is an Artinian ring and A’ is a sub-
ring of A such that A’ + J*(A) = A. Then A’ = A.

PROOF. We show that A’ + J*(A) = A’ + J*T1(A) for n > 2, so that by
induction and part (i) of the previous theorem we deduce that A’ = A. If
x € J"1(A)and y € J(A), choose ' € J*"1(A)NA’ such that z—z' € J*(A)
and ¢y’ € J(A) N A’ such that y — ' € J*(A). Then

gy =2z(y—y)+ @ - +2y

€ JVHAYI2(A) + JHANT(A)YNA) + (T HA) N AT (A) N A)
C JmHHA) + A 0

EXERCISES. 1. If A is a Noetherian ring, show that a A-module is finitely
generated if and only if it is Noetherian. Deduce that every submodule of a
finitely generated A-module is finitely generated.

2. Give an example of a simple ring (i.e., one with no non-trivial two
sided ideals) which is not Noetherian.

1.3. The Wedderburn structure theorem

LEMMA 1.3.1 (Schur). If My and My are irreducible A-modules, then for
M; ¥ Ms, Homp(M;, M3) = 0, while Homa(M,, M1) = Enda(M)) is a
division Ting.

PrOOF. Clear. a

DEFINITION 1.3.2. An idempotent in A is a non-zero element e with

€2=€.

Note that if e # 1 is an idempotent then so is 1 ~ e, and we have JA =
Ae B A(1 —¢).

LEMMA 1.3.3. (i) If M is a A-module and e is an idempotent in A then
eM = Homp(Ae, M).

(ii) We have an isomorphism of rings eAe = Enda(Ae)°P (A°P denotes the
opposite Ting to A, where the order of multiplication has been reversed).
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PRrOOF. (i) Define maps fi : eM — Homp(Ae, M) by fi(em) : ae — aem
and fz : Homp(Ae, M) — eM by fo : o — afe). It is easy to check that f;
and fo are mutually inverse.

(ii) This follows by applying (i) with M = Ae. It is easy to check that f;
and fo reverse the order of multiplication. O

THEOREM 1.3.4. Let M be a finite direct sum of irreducible A-modules,
say M = M @ --- ® M,, with each M; a direct sum of n; modules M;1 &
< @ My, isomorphic to a simple module S;, and S; & S; if i # j. Let
A; = Endp(S;). Then A; is a division ring, Enda(M;) = Maty,,(4A;), and
Enda (M) = @, Enda(M;) is semisimple.

PrROOF. By Lemma 1.3.1, A; is a division ring. Choose once and for all
isomorphisms 6;; : Mj; — S;. Now given A € Enda(M;), we define Aj; € A;
as the composite map

ei_,cl 2 0;;
S; & My — M; = M; » M;; =5,

The map A — (Aj;) is then an injective homomorphism Enda(M;) —
Mat,, (A;). Conversely, given (A;z), we can construct A as the sum of the
composite endomorphisms

-1

0
M——»M,k_S, S,_M”f—>]\/[

Finally, Enda( ) @D, End (M;) since if ¢ # j, Lemma 1.3.1 implies
that Homy (S;, Sj) = 0

THEOREM 1.3.5 (Wedderburn—Artin). Let A be a semisimple Artinian
ring. Then A = @;_; Ai, A; = Mat,,(A;), A; is a division 1ing, and the A;
are uniquely determined. The ring A has exactly v isomorphism classes of
irreducible modules M;, i = 1,... ,r, Enda(M;) = AP, and dimAgp(Mi) =
n;. If A is simple then A = Mat,(A).

Proor. By Lemma 1.2.4, pA is completely reducible. By Lemma 1.3.3
with e = 1, A = Endp(pA)°?. The result now follows by applying Theo-
rem 1.3.4 to pA. Note that the opposite ring of a complete matrix ring is
again a complete matrix ring, over the opposite division ring,. O

REMARKS. (i) Wedderburn has shown that every division ring with a
finite number of elements is a field.

(ii) If A is a finite dimensional algebra over a field k&, then each A; for
A/J(A) in the above theorem has k in its centre. If for each ¢ we have
A; = k, then k is called a splitting field for A. This is true, for example,
if k is algebraically closed, since in this case there are no finite dimensional
division rings over k (apart from k itself).

Finally, the following special case of the Skolem—Noether theorem is often
useful.
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PROPOSITION 1.3.6. Suppose thatV is a vector space over a field k. Then
every k-linear automorphism of Endg (V) is inner (i.e., effected by a conju-
gation in Endg(V)).

PROOF. Since the regular representation of Endg(V) is a direct sum of
copies of V, it follows that Endi (V') has only one isomorphism class of simple
modules. Thus if f : Endg(V) — Endg(V) is an automorphism, then f
defines a new representation of Endg (V) on V, which is therefore conjugate
to the old one. Thus f is conjugate to the identity map. O

EXERCISE. If A is a finite dimensional algebra over k, show that some
finite extension k' of k is a splitting field for A (ie., for ¥’ @, A). If k is
algebraically closed, then k is a splitting field for A.

1.4. The Krull-Schmidt theorem

DEFINITION 1.4.1. A (not necessarily commutative) ring E is said to be
a local ring if it has a unique maximal left ideal, or equivalently a unique
maximal right ideal. This maximal ideal is automatically two-sided (see the
remarks in Section 1.2) and consists of the non-invertible elements of E. The
quotient by the unique maximal ideal is a division ring.

It is easy to see that E is local if and only if the non-invertible elements
form a left ideal.

DEFINITION 1.4.2. A A-module M has the unique decomposition
property if

(i) M is a finite direct sum of indecomposable modules, and

(i) Whenever M = @2, M; = @}, M! with each M; and each M]
non-zero indecomposable, then m = n, and after reordering if necessary,
M; = N,.

A ring A is said to have the unique decomposition property if every finitely
generated A-module does.

THEOREM 1.4.3. Suppose that M is a finite sum of indecomposable A-
modules M; with the property that the endomorphism ring of each M; is a
local ring. Then M has the unique decomposition property.

ProOOF. Let M = @, M; = @}, M/ and work by induction on m.
Assume m > 1. Let «; and 3; be the composites
i M — M — M,
and
Bi: My — M - M.

Then idp, = Y ;0 8; 1 My — M;. Since Enda(M;) is a local ring, some
a; o ; must be a unit. Renumber so that a3 o 3; is a unit. Then M; & M.
Consider the map u =1 — 6, where 6 is the composite

-1 m
8:M—» M — M — M- P M~ M.
i=2
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Then pM{ = My, and p(@~, M;) = @2, M;, so p is onto. If p(w) =0,
then w = 6(w) and so w € @], M;. But then 8(w) = 0.
Thus p is an automorphism of M with uM] = My, and so

éMi’ = M/M| =~ M/M, = éMi. O

=2 =2

LEMMA 1.4.4 (Fitting). Suppose that M has a composition series (i.e.,
satisfies A.C.C. and D.C.C. on submodules, see Theorem 1.1.4) and f €
Enda(M). Then for large enough n, M = Im(f") & Ker(f").

Proor. By A.C.C. and D.C.C. on submodules of M, there is a positive
integer n such that for all k > 0 we have Ker(f") = Ker(f"**) and Im(f™) =
Im(f"*k). If x € M, write f*(z) = f>*(y). Then z = f*(y) + (z — f*(y)) €
Im(f*) + Ker(f*). If f*(z) € Im(f™) N Ker(f") then f2*(x) = 0, and so
f™Mz)=0. O

LEMMA 1.4.5. Suppose that M is an indecomposable module with a com-
position series. Then Endp(M) is a local ring.

PrOOF. Let £ = Enda(M), and choose I a maximal left ideal of E.
Suppose that ¢ € I. Then E = Ea + 1. Write 1 = Aa + p with A € E, and
u € I. Since p is not an isomorphism, Lemma 1.4.4 implies that u™ = 0 for
some n. Thus (1+u+---+u" Hha=(1+---+ " 1)(1 —u) =1, and so
a is invertible. 0O

THEOREM 1.4.6 (Krull-Schmidt). Suppose that A is Artinian. Then A
has the unique decomposition property.

ProOOF. Suppose that M is a finitely generated indecomposable A-mod-
ule. Then by Theorem 1.2.7 M has a composition series, and so by Lemma
1.4.5, Enda (M) is a local ring. The result now follows from Theorem 1.4.3.

O

EXERCISE. Suppose that O is the ring of integers in an algebraic number
field. Show that the Krull-Schmidt theorem holds for finitely generated O-
modules if and only if O has class number one.

1.5. Projective and injective modules

DEFINITION 1.5.1. A module P is said to be projective if given modules
M and M’, a map A : P — M and an epimorphism p : M’ — M there exists
a map v : P — M’ such that the following diagram commutes.

P

v
|
5

MM —>0
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A module 7 is said to be injective if given two modules M and M’, a
map A : M — I and a monomorphism M — M’, thereisamapv: M' — I
such that the following diagram commutes.

0—> M —2> M

. v
s

I

LEMMA 1.5.2. The following are equivalent.
(i) P is projective.

(ii) Every epimorphism X : M — P splits.
(iii) P is a direct summand of a free module.

PROOF. The proof of this lemma is left as an easy exercise for the reader.
O

Note that if P is a projective left A-module and
i My — Mp—1 — Mp_g9 — -
is a long exact sequence of right A-modules then the sequence
o M, @AP = My 1 QAP > My o@yP — -

is also exact. A left module with this property is called flat. Similarly a
right A-module with the above property with respect to long exact sequences
of left A-modules is called flat.

Since every module M is a quotient of a free module, it is certainly a
quotient of a projective module. If A is Artinian, and P, and P, are minimal
projective modules (with respect to direct sum decomposition) mapping onto
a finitely generated module M, then we have a diagram

Plr\M
o«

P,
If the composite map P; — P, — P is not an isomorphism then by Fitting’s
lemma P; has a summand mapping to zero in M and so P; is not minimal.
Applying this argument both ways round, we see that P; 2 P,. This module
is called the projective cover Pys of M. We write Q(M) for the kernel, so
that we have a short exact sequence

0—-QM)—>Py—-M-—0.
Even when A is not Artinian, we have the following.

LemMA 1.5.3 (Schanuel). Suppose that 0 - My — P, — M — 0 and
0 — My — P, - M — 0 are short exact sequences of modules with P, and
Py projective. Then My & Po = P & Ms.
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PRrROOF. Let X be the submodule of P} & P; consisting of those elements
(z,y) where x and y have the same image in M (the pullback of P, — M
and P, — M). Then we have a commutative diagram with exact rows and
columns

0 0
M, Mo
0 M X Py 0
0 M P M 0
0 0
The two sequences with X in the middle must split since they end with a
projective module, and so we have M @ P, =2 X = M, & P,. O

Thus if we define (M) to be the kernel of some epimorphism P — M
with P projective, Schanuel’s lemma shows that (M) is well defined up to
adding and removing projective summands.

If o : M; — M; is a module homomorphism then we may lift as in the
following diagram

0— QM) P M 0
0 — QM) P; M, 0

and obtain a map €(a) : Q(M;) — Q(M,) which is unique up to the addition
of maps factoring through a projective module. For a discussion of the right
functorial setting for €2, see Section 2.1.

The discussion of injective modules is achieved by means of a dualising
operation as follows.

LEMMA 1.5.4. FEvery A-module may be embedded in an injective module.
PRrOOF. If M is a left A-module, the dual abelian group
M° =Homz(M,Q/Z)

is a right A-module in the obvious way, and vice-versa. There is also an
obvious injective map M — M. If P is projective, then the dual P° is
injective, as is easy to see by applying duality to the definition. Thus if P is
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a projective right A-module mapping onto M° then M — M — P° is an
embedding of M into an injective left A-module. O

If M — I is an embedding of M into an injective module I then we write
Q~1(M) for the cokernel.

Injective modules are better behaved than projective modules in the sense
that for any ring A and any module M there is a unique minimal injective
module I (with the obvious universal property) into which M embeds. This
is called the injective hull of M. A proof of this statement, which is the
Eckmann—Schopf theorem, may be found in Curtis and Reiner [64], Theo-
rem 57.13. If M — I is the injective hull of M, we write Q~'(M) for the
cokernel.

EXERCISE. (Broué) Suppose that A is a k-algebra. Write Q5 for the
kernel of the multiplication map A ®; A — A, so that 2, is a A-A-bimodule
(usually called the degree one differentials). Show that if M is a A-module
then Q4 ®5 M is a A-module of the form Q(M).

1.6. Frobenius and symmetric algebras

Suppose that A is an algebra over a field k. If M is a left A-module,
then the vector space dual M* = Homy(M, k) has a natural structure as a
right A-module, and vice-versa. If M is finite dimensional as a vector space,
which it usually is because we are normally interested in finitely generated
modules, then there is a natural isomorphism (M*)* 2 M. If M is injective
then M* is projective, and vice-versa, since duality reverses all arrows.

In general, projective and injective modules for a ring are very different.
However, there is a special situation under which they are the same.

DEFINITION 1.6.1. We say a finite dimensional algebra A over a field k&
is Frobenius if there is a linear map A : A — k such that

(i) Ker()) contains no non-zero left or right ideal.
We say that A is symmetric if it satisfies (i) together with

(ii) For all a,b € A, A(ab) = A(ba).

We say that a ring A is self injective if the regular representation 5 A is
an injective A-module.

PROPOSITION 1.6.2. (i) If A be a Frobenius algebra over k, then (Ap)* =
AA. In particular A is self injective.
(ii) Suppose that A is self injective. Then the following conditions on a
finately generated A-module M are equivalent:
(a) M is projective (b) M is injective
(c) M* is projective (d) M* is injective.

PROOF. (i) We define a linear map ¢ : AA — (Ap)* via ¢(x) : y — A(yz).
Then if v € A,

(v(8(x)))y = (#(2)) () = AMyrz) = (¢(72))y,
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S0 ¢ is a homomorphism. By the defining property of A, ¢ is injective, and
hence surjective by comparing dimensions.

(ii) It follows from self injectivity that M is projective if and only if M*
is projective, so that (a) and (c) are equivalent. We have already remarked
that (a) & (d) and (b) & (c) hold for all finite dimensional algebras. O

It follows from the above proposition that if P is a projective indecom-
posable module for a Frobenius algebra then not only P/Rad(P) but also
Soc(P) are simple. In general they are not isomorphic, but in the special
case of a symmetric algebra we have the following;:

THEOREM 1.6.3. Suppose that P is a projective indecomposable module
for a symmetric algebra A. Then Soc(P) = P/Rad(P).

PRrOOF. Let e be a primitive idempotent in A with P = Ae. Let A\: A — k
be a linear map as in Definition 1.6.1. Then Soc(P) = Soc(P).e is a left ideal
of A and so there is an element x € Soc(P) with A(x.e) # 0. By the symmetry,
Ale.x) # 0 and so e.Soc(P) # 0. But e.Soc(P) = Homy(P,Soc(P)) by
Lemma 1.3.3 (i), and so there is a non-zero homomorphism from P to Soc(P),
which therefore induces an isomorphism from P/Rad(P) to Soc(P). |

REMARK. We shall see in Section 3.1 that the group algebra of a finite
group over a field of any characteristic is an example of a symmetric algebra.

EXERCISES. 1. Show that for a module M over a self injective algebra
we have

M = QO Y (M) & (projective) = Q7 1Q(M) & (projective).

In particular, as long as M has no projective summands, M is indecomposable
if and only if (M) is indecomposable.

2. Show that a finite dimensional algebra A is self injective if and only if
for each simple A-module § with projective cover Ps, Soc(Ps) is simple, and
whenever § ¥ 5, Soc(Ps) % Soc(Psr).

3. Show that a finite dimensional self injective algebra A is Frobenius if
and only if for each projective indecomposable A-module P, dimj, Soc(P) =
dimy P/Rad(P).

4. Show that if A is a finite dimensional symmetric algebra then so is
Mat,(A).

1.7. Idempotents and the Cartan matrix

Recall that an idempotent in a ring A is a non-zero element e with
2

e“ =e. If e # 1 is an idempotent then so is 1 —e.

DEFINITION 1.7.1. Two idempotents e; and es are said to be orthogonal
if ejea = ege; = 0. An idempotent e is said to be primitive if we cannot
write e = e] + e2 with e; and es orthogonal idempotents.
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There is a one—one correspondence between expressions 1 =e; +---+e,
with the e; orthogonal idempotents, and direct sum decompositions sA =
AL & --- ® A, of the regular representation, given by A; = Ae;. Under this
correspondence, e; is primitive if and only if A; is indecomposable.

PROPOSITION 1.7.2. Two idempotents e and €' are conjugate in A if and
only if Ae =2 Ae’ and A(1 —e) = A(1-¢).

PROOF. If e and €' are conjugate, say ey = pe' with p invertible, then
(1—e)p = p(l—¢') and so u induces an isomorphism form Ae to Ae’ and from
A(1—e) to A(1 —¢'). Conversely if Ae = Ae’ and A(1 —e) = A(1 —¢'), then
by Lemma 1.3.3 there are elements p) € eAe’, us € €'Ae, uz € (1—-e)A(1—¢)
and p4 € (1 —€')A(1 — €) such that

Hipe =€ papy =€
papsa =1—ce papz =1—¢'.
Letting p = p1 + 3 and y' = pg + pg, we have pp’ = p'py=1and ep = py =
!
pe'. O

Under the circumstances of the above proposition, we say e and e’ are
‘equivalent. Note that if the Krull-Schmidt theorem holds for finitely gen-
erated A-modules, then Ae 2 Ae’ implies A(1 — e) 2 A(1 — ¢’) since pA =
Ae® Al —e).

THEOREM 1.7.3 (Idempotent Refinement). Let N be a nilpotent ideal in
A, and let e be an idempotent in A/N. Then there is an idempotent f in A
withe = f.

If ey is equivalent to e3 in A/N, fi = e1 and fa = e, then fi is equivalent

to f2 in A.

PROOF. We define idempotents e; € A/N*-inductively as follows. Let
e;1 = e. Fori > 1, let a be any element of A/N* with image e;_; in A/N*"1,
Then a? —a € N*"1/N*, and so (a? — a)? = 0. Let ¢; = 3a2 — 2a3. Then ¢;
has image e; ; in A/N*~1, and

e? —e; = (3a? — 2a3)(3a® — 2a® — 1) = —(3 — 2a)(1 + 2a)(a® — @)* = 0.
If N" =0, we take f = e,.

Note that in this proof, if A happens to be an algebra over a field k of
characteristic p, we can instead take e; = a” if we wish.

Now suppose that e; is conjugate to e, say fie; = egfi for some p € A.
Let v = fopfi + (1 — f2)u(1 — f1). Then vfi = fov,and 1 —v = fou+pfi —
2foufi = (for— pf1)(1 —2f1) € Nsothat 1+ (1 —v)+ (1 —v)2+--- isan
inverse for v. O

COROLLARY 1.7.4. Let N be a nilpotent ideal in A. Let1l =e1+- -+ e,
with the e; primitive orthogonal idempotents in A/N. Then we can write
1= fi+ -+ fn with the f; primitive orthogonal idempotents in A and
fi = ;. If e; is conjugate to e; then fi is conjugate to f;.
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PROOF. Define idempotents f; inductively as follows. f] = 1, and for
i > 1, f] is any lift of e; + €;41 + --- + €, to an idempotent in the ring
! _WAf]_y. Then flfl .= fly1= fl1fl- Let fi=f]— fi,1. Clearly f;, =e;.
Ifj>1i, f; = finfifiyn, and so fif; = (ff — fly) fi1 fifiy = 0. Similarly
fifi=0. O
Now for the rest of this section, suppose that A satisfies D.C.C. on left
ideals. Then by the Wedderburn Structure Theorem 1.3.5, we may write
A/J(A) = @]_, Maty,, (A;). Write S; for the simple A-module correspond-
ing to the i*® matrix factor. Then the regular representation of A/J(A) is
isomorphic to @;_, n;S;. This decomposition corresponds to an expression
l=¢e1 +ez+--- in A/J(A) with the e; orthogonal idempotents. Lifting to
an expression 1 = f; + fo +--- in A as in the above corollary, we have a
direct sum decomposition

r
AN = @ n; P
i=1

with P;/J(A)P; = S;. By the Krull-Schmidt theorem, every projective inde-
composable module is isomorphic to one of the P;.
A; ifi=j

LEMMA 1.7.5. Homy(P;, S5) & {0 otheruise

PROOF. P; has a unique top composition factor, and this is isomorphic
to S;. ]

LEMMA 1.7.6. dima, Homa(P;, M) is the multiplicity of S; as a compo-
sition factor of M.

PROOF. Use the previous lemma and induction on the composition length
of M. Since P; is projective, an exact sequence

0-M->M-—S;—0
induces a short exact sequence
0 — Homa(P;, M’) — Homy (P;, M) — Homa(P;, S;) — 0. 0
Dually we have:
LEMMA 1.7.7. Suppose that Ig is the injective hull of a simple A-module

S, and A = Endj(S). Then dimp Homp (M, Is) is equal to the multiplicity
of S as a composition factor of M. O

Combining these lemmas, we have the following:

THEOREM 1.7.8 (Landrock [147]). Suppose that S and T are simple
modules for a finite dimensional algebra A over a splitting field k. Then
the multiplicity of T as a composition factor in the nth Loewy layer of the
projective cover Pg is equal to the multiplicity of the dual S* (which is a right
A-module) as a composition factor in the nth Loewy layer of the projective
cover Pr«.
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PROOF. Since k is a splitting field, each A; is equal to k. Since
Rad"Soc™I7 =0 and Soc™(Ps/Rad"Ps) = Ps/Rad"Ps,
we have
Homp (Ps/Rad"Ps, IT) = Homa (Ps/Rad™ Pg, Soc™It)
= Homy (Ps, Soc™ IT).

By Lemma 1.7.7, the dimension of the left hand side is equal to the multi-
plicity of T as a composition factor in the first n Loewy layers of Ps. By
Lemma 1.7.6, the dimension of the right hand side is equal to the multiplicity
of S in the first n socle layers of I7. The dual of I7 is Pr+, so this is equal to
the multiplicity of S* in the first n Loewy layers of Pr«. The theorem follows
by subtraction. O

DEFINITION 1.7.9. The Cartan invariants of A are defined as
cij = dima, Homa (P;, Pj),

namely the multiplicity of S; as a composition factor of P;. The matrix (c;;)
is called the Cartan matrix of the ring A.

In general, the matrix (¢;;) may be singular, but we shall see in Corol-
lary 5.3.5 that this never happens for a group algebra of a finite group. In
fact, we shall see in Corollary 5.7.2 and Theorem 5.9.3 that the determinant
of the Cartan matrix of a group algebra over a field of characteristic p > 0 is
a power of p.

Finally, the following general fact about idempotents is often useful.

LemMA 1.7.10 (Rosenberg’s lemma). Suppose that e is an idempotent in
a ring A, eAe is a local ring (cf. Lemmas 1.3.3, 1.4.5 and Theorem 1.9.3),
and e € 3 I, where I, is a family of two-sided.ideals in A. Then for some
a we have e € I,.

PROOF. Each el,e is an ideal in the local ring eAe, and so for some value
of a we have el,e = eAe. O

1.8. Blocks and central idempotents

DEFINITION 1.8.1. A central idempotent in A is an idempotent in the
centre of A. A primitive central idempotent is a central idempotent not
expressible as the sum of two orthogonal central idempotents. There is a one—
one correspondence between expressions 1 = e; + - -+ + e, with e; orthogonal
central idempotents and direct sum decompositions A = By @ --- @ B, of A
as two-sided ideals, given by B; = ¢;A.

Now suppose that A is Artinian. Then we can write A = B & --- @ Bs
with the B; indecomposable two-sided ideals.

LEMMA 1.8.2. This decomposition is unique; i.e., if A= B, ®---H B; =
B @---® B, then s =t and after renumbering if necessary, B; = B,.
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PROOF. Write 1 = e +---+e; =€} +--- +e;. Then eieg is either a
central idempotent or zero for each pair ¢, 5. Thus e; = e;e} + -+ - + eje}, s0

that for a unique j, e; = ew} = e a

DEFINITION 1.8.3. The indecomposable two-sided ideals in this decom-
position are called the blocks of A.

Now suppose that M is an indecomposable A-module. Then M = e M &
---@®esM shows that for some 4, e;M = M, and e; M = 0 for j # ¢. We then
say that M belongs to the block B;. Thus the simple modules and projec-
tive indecomposables are classified into blocks. Clearly if an indecomposable
module is in a certain block, then so are all its composition factors.

The following proposition states that the block decomposition is deter-
mined by what happens modulo the square of the radical. It first appears in
this form in the literature in Kiilshammer {144], although equivalent state-
ments have been well known for a long time.

PROPOSITION 1.8.4. Suppose that A is Artinian and I is a two sided
ideal contained in J*(A). Then the natural map A — A/I induces a bijection

between the set of idempotents in the centre Z(A) and the set of idempotents
in Z(A/I).

PROOF. If f is an idempotent in Z(A) then clearly f is an idempotent
in Z(A/I). If f = f' then f — ff’ is nilpotent and idempotent, hence zero,
sof=ff=f.

Conversely if e is an idempotent in Z(A/I) then by Theorem 1.7.3 there
is an idempotent f in A with f = e. So we must show that f € Z(A). Since
f e Z(A/I), we have f(A/I)(1— f) =0 and so fA(1— f) €I C J2. Since f
and 1 — f are idempotent it follows that fA(1 — f) = fJ2(1 — f). We show
by induction on n that fA(1 — f) = fJ*(1 — f). Namely

AU =)= fI7NQ = ) S FITHIA = ) + 7771 - HI(A - )
C LI (1= )+ fIMA - I - f) € FIH L - f).
Since J is nilpotent we thus have fA(1 — f) = 0, and so for a € A we have

fa= faf + fa(l1 — f) = faf. Similarly af = faf and so fa = af, so that
feZ(A). O

The following should be compared with the Wedderburn—Artin theo-
rem 1.3.5.

PRroOPOSITION 1.8.5. Suppose that M is a simple A-module which is both
projective and injective. Then M is the unique simple module in a block
B of A with B = Mat,(A). Here, A is the division ring Enda(M)°P and
n= dionP(M).

PROOF. Since M is both projective and injective, we can write A =
n.M @ P, where P is a projective module which does not involve M. Hence
by Lemma 1.3.3 A = End (AA)°P = Mat,, (Enda (M))°P & Enda (P)°P. O
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EXERCISE. Show that every commutative Artinian ring is a direct sum
of local rings.

1.9. Algebras over a complete domain

In order to compare representations in characteristic zero with represen-
tations in characteristic p, we use representations over the p-adic integers as
an intermediary. This is easier than using the ordinary integers because, as
we shall see, we have a Krull-Schmidt theorem. It is better than using the p-
local integers (i.e., the integers with numbers coprime to p inverted) because
of the idempotent refinement theorem, which enables us to lift projective
indecomposables from characteristic p.

Since it is often convenient to deal with fields larger than the rationals,
we also look at rings of p-adic integers for p a prime ideal in a ring of algebraic
integers. The most general set up of this sort is a complete rank one discrete
valuation ring, but we shall be content with rings of p-adic integers. If O is
the ring of integers in an algebraic extension K of Q and p is a prime ideal
in O lying above a rational prime p, we form the completion

Op = lim O/p".

The natural map O — O, is injective, and so K is a subfield of the field
of fractions Ky of Op. The ring Oy has a unique maximal ideal py, which
is principal, pp, = (7). In particular Op is a principal ideal domain, so that
finitely generated torsion-free modules are free. The quotient field

k=0y/pp, =2 0/p

is a field of characteristic p. We say that (K, Oy, k) is a p-modular system.
More generally, if O is a complete rank one discrete valuation ring with field
of fractions K of characteristic zero, maximal ideal p = (#), and quotient
field & = O/p of characteristic p, we shall say that (K, O, k) is a p-modular
system. For the remainder of this section, K, O and k& will be of this form.

Let A be an algebra over O which as an (J-module is free of finite rank.
Let A= K®oAand A = kQopA = A/mA. By a A-lattice we mean a finitely
generated O-free A-module. If M is a A-lattice then we set M = K ®o M as
a A-module, and M =k ®p M = M/nM as a A-module. If K is a splitting
field for A and k is a splitting field for A, we say that (K, O, k) is a splitting
p-modular system for A.

We call A-modules ordinary representations, A-lattices integral rep-
resentations and A-modules modular representations.

LEMMA 1.9.1. IfV is a A-module then there is a A-lattice M with M =
V.

PRrROOF. Choose a basis vy,... ,v, for V as a vector space over K and
let M =Avy + -+ Av, C V. As an O-module, M is finitely generated and
torsion free, and hence free. Choose a free basis zi,... ,Zm. Then the z;
span V and are K-independent, and hence m =n, and V = K ®¢p M. O
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Such a A-lattice M is called an O-form of V. In general a A-module has
many non-isomorphic O-forms.

LeMMA 1.9.2 (Fitting’s lemma, p-adic version). Let M be a A-lattice and
suppose that f € Endp(M). Write Im(f*°) = (e, Im(f") and Ker(f°) =
{reM|¥Vn>03Im>0st fM(x)e JA)"M}. Then

M =Im(f*°) & Ker(f*°).
ProOOF. This follows from the usual version of Fitting’s lemma. d

THEOREM 1.9.3 (Krull-Schmidt theorem, p-adic version). (i) If M is an
indecomposable A-lattice then Enda(M) is a local ring.
(ii) The unique decomposition property holds for A-lattices.

PROOF. The proof of (i) is the same as the proof of 1.4.5, and (ii) follows
by Theorem 1.4.3. d

THEOREM 1.9.4 (Idempotent refinement). (i) Let e be an idempotent in
A. Then there is an idempotent f in A with e = f. If e; is conjugate to e;
in A, fi = e and f> = e then f) is conjugate to fa in A.

(ii) Let 1 = e; + --- + ep with the e; primitive orthogonal idempotents
in A. Then we can write 1 = fi + -+ + fn with the f; primitive orthogonal
idempotents in A and f; = e;. If e; is conjugate to e; then f; is conjugate to
5

! (iii) Suppose that reduction modulo p is a surjective map from the centre
Z(A) to Z(A). Let1 = e +- - -+ en with the e; primitive central idempotents
in A. Then we can write 1 = fi + -+ + fn with the f; primitive central
idempotents in A and f; = e;.

PrOOF. (i) We may apply the idempotent refinement theorem 1.7.3 for
nilpotent ideals to obtain idempotents f; € A/m*A whose image in A/m*~1A
is fi—1. These define an element of A = lim A/7™A which is easily seen to be

n
idempotent.

The conjugacy statement is proved exactly as in 1.7.3.
(ii) Apply the same argument to Corollary 1.7.4.
(iii) Apply (ii) to the centre of A. O

REMARK. We shall see that the hypothesis in (iii) is satisfied by group
algebras of finite groups.

It follows from the above theorem that the decomposition of the regular
representation A into projective indecomposable modules lifts to a decom-
position of AA. So given a simple A-module §;, it has a projective cover
P; = (; for some projective indecomposable A-module Q; unique up to
isomorphism.

DEFINITION 1.9.5. Suppose that Vi,...,V; are representatives for the
isomorphism classes of irreducible A-modules, and Mj, ..., M; are O-forms
of them (see the above lemma). Then we define the decompaosition number
d;; to be the multiplicity of S; as a composition factor of M;.
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The following proposition shows that the decomposition numbers are in-
dependent of the choices of O-forms.

PROPOSITION 1.9.6. Suppose that (K, O, k) is a splitting system for A,
and that A is semisimple. Then d;; is the multiplicity of V; as a composition
factor of Q;. In particular

Cij = Z dkidkj-
k

PrOOF. We have
d;j = dimy Homp (P}, M;) by 1.7.6
= rankpHomy (@5, M;) since Q; is projective
= dimy Hom (Q;, V;)

which is equal to the multiplicity of V; as a composition factor of Qj since A
is semisimple. O

REMARKS. (i) Note carefully what this proposition is saying. It is saying
that the decomposition matrix can be read in two different ways. The rows
give the modular composition factors of modular reductions of the ordinary
irreducibles, while the columns give the ordinary composition factors of lifts
of the modular projective indecomposables. It is thus clear that the decom-
position matrix times its transpose gives the modular irreducible composition
factors of the modular projective indecomposables, namely the Cartan ma-
trix.

(ii) If A is a group ring, we shall see in Chapter 3 that A is semisimple,
so that this proposition applies in this case.

(iii) This proposition makes it clear that the decomposition numbers d;;
are independent of the choice of O-form M; chosen for the V;.

(iv) It also follows from this proposition that the Cartan matrix (c;;) is
symmetric in this case. This is not true for more general algebras, even over
splitting systems.

(v) In case (K, O, k) is not a splitting system, a modification of the above
proposition is true. Namely the multiplicity of V; as a composition factor of
Qj is

d;;.dimg Endy (S;)/ dimg End; (V;)
and so

cij = »_ diidy;. dimg End (S;)/ dimy Endy (V).
k
The proof is the same.






CHAPTER 2
Homological algebra

2.1. Categories and functors

We shall assume that the reader is familiar with the elementary no-
tions of category and functor (covariant and contravariant) as explained
in Mac Lane [149, Sections 1.7 and 1.8].

DEFINITION 2.1.1. If F,F’ : C — D are covariant functors, a natural
transformation ¢ : F ~» F' assigns to each object X € C a map ¢x :
F(X) — F'(X) in such a way that the square

F(X) 2 F(X)

F(a)l F'(a)

F(Y) -2 F(y)

commutes for each morphism a : X — Y in C. Similarly if F' and F’ are
contravariant, we make the same definition, but with the vertical arrows
in the above diagram reversed. We write Nat(F, F') for the set of natural
transformations from F to F’'. A natural transformation ¢ : F ~ F' is a
natural isomorphism if ¢ x is an isomorphism-*for each X € C.

An equivalence of categories is a pair of functors F' : C — D and
F' : D — C such that F o F' and F' o F are naturally isomorphic to the
appropriate identity functors.

The following are examples of categories we shall be interested in during
the course of this book:

(i) The category Grp of groups and homomorphisms.

(ii) The categories AMod of left A-modules and ymod of finitely generated
left A-modules, for a ring A.

(iii) The categories Set of sets, Ab of abelian groups and rVec of k-vector
spaces.

(iv) The category of functors from ymod to Ab, or from ymod to ;Vecif A is
a k-algebra. In this category the morphisms are the natural transformations.
(v) The category of topological spaces and (continuous) maps.

(vi) The category of CW-complexes and homotopy classes of maps.

(vii) The category of chain complexes and chain maps.

21
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The correct setting for doing homological algebra is an abelian cate-
gory. A typical example of an abelian category is a category of modules for
a ring.

DeFINITION 2.1.2. An abelian category is a category with the following
extra structure.

(i) For each pair of objects A and B the set of maps Hom(A, B) is given
the structure of an abelian group.

(ii) There is a zero object 0 with the property that Hom(A,0) and
Hom(0, A) are the trivial group for all objects A.

(iii) Composition of maps is a bilinear map

Hom(B,C) x Hom(A, B) — Hom(A, C).

(iv) Finite direct sums exist (with the usual universal definition).

(v) Every morphism ¢ : A — B has a kernel, namely a map o : K — A
such that ¢ o 0 = 0, and such that whenever ¢’ : K’ — A with ¢oo’ =0
there is a unique map A : K’ — K with ¢’ = oo A.

(vi) Every morphism has a cokernel (definition dual to that of kernel).

(vii) Every monomorphism (map with zero kernel) is the kernel of its
cokernel.

(viii) Every epimorphism (map with zero cokernel) is the cokernel of
its kernel.

(ix) Every morphism is the composite of a monomorphism and an epi-
morphism.

An additive functor F from one abelian category to another is one
which induces a homomorphism of abelian groups

Hom(A, B) — Hom(F(A), F(B))
for each pair A and B.

Freyd [108] has shown that given any small abelian category A (i.e., one
where the class of objects is small enough to be a set) there is a full exact
embedding F : A — sAMod for a suitable ring A. Here, full means that
for X,Y € A, every map in A\Mod from F(X) to F(Y) is in the image of
F. Ezxact means that F takes exact sequences to exact sequences. This has
the effect that diagram chasing may be performed in an abelian category
as though the objects had elements. Since we shall only be working with
categories where this is obviously true, we shall write our proofs this way. It
is a simple matter and a worthless exercise to translate such a proof into a
proof using only the axioms.

Thus you should not memorise the definition of an abelian category, but
rather remember the Freyd category embedding theorem, and look up the
definitions whenever you need them.

Often in representation theory, it is more convenient to work not in a
module category but in a stable module category. We write ymod for
the category of finitely generated A-modules modulo projectives. Namely, the
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objects of nmod are the same as those of ymod, but two maps in ymod are
regarded as the same in smod if their difference factors through a projective
module. Thus for example the projective modules are isomorphic to the zero
object in nmod. We write Hom, (M, N) and End, (M) for the hom sets in
amod, namely homomorphisms modulo those factoring through a projective
module.

If the Krull-Schmidt theorem holds in ornod then the indecomposable
objects in Amod correspond to the non-projective indecomposable objects
in Amod.

Recall from Section 1.5 that if M is a A-module then Q(M) is defined to
be the kernel of some epimorphism P — M with P projective. Schanuel’s
lemma can be interpreted as saying that while € is not a functor on ymod,
it passes down to a well defined functor

Q: nmod — ymod.

Similarly we write ymod for the category of finitely generated A-modules
modulo injectives, apd Homa (M, N) and Enda(M) for the hom sets in
amod. The functor Q2! passes down to a well defined functor

Q' ymod — smod.

If A is self injective, so that finitely generated projective and injective
modules coincide, then nmod = amod and the functors §2 and Q! are
inverse to each other.

REPRESENTABLE FUNCTORS.
DEFINITION 2.1.3. A covariant functor F' : C — Set is said to be repre-
sentable if it is naturally isomorphic to a functor of the form
(X,-):Y - Hom(X,Y).

A contravariant functor is representable if it is naturally isomorphic to a
functor of the form

(-,Y): X - Hom(X,Y).

If Hom sets in C have natural structures as abelian groups or vector
spaces, then we have the same definition of representability of functors F' :
C— Abor F:C — ;Vec.

One of the most useful elementary lemmas from category theory is Yon-
eda’s lemma, which says that natural transformations from representable
functors are representable.

LEMMA 2.1.4 (Yoneda). (i) If F : C — Set is a covariant functor and
(X, —) is a representable functor then the set of natural transformations from
(X, ) to F is in natural bijection with F(X) via the map

Nat((X,-), F) =F(X)
(¢ (X, =) » F) —¢x(idx).



24 2. HOMOLOGICAL ALGEBRA

(ii) If F: C — Set is a contravariant functor and (—, X) is a repre-
sentable functor then the set of natural transformations from (—,X) to F is
in natural bijection with F(X) via the map

Nat((—, X), F) SF(X)

(¢: (= X) ~ F) —¢x(idx).
ProOF. (i) It is easy to check that the map
F(X) —-Nat((X,-), F)
ze€F(X)—(¢:(X,=)~F
pv(a: X -Y)=F(a)(z) e F(Y))
is inverse to the given map. The proof of (ii) is similar. O
ADJOINT FUNCTORS.

DEFINITION 2.1.5. An adjunction between functors F' : C — D and
G : D — C consists of bijections
Hom(FX,Y) —» Hom(X,GY)
natural in each variable X € C and Y € D. We say that F is the left adjoint
and G is the right adjoint.

It is not hard to see that if a functor has a right (or left) adjoint, then it
is unique up to natural isomorphism. Examples of adjunctions abound. The
most familiar example is probably the adjunction

Hom(X x Y, Z) = Hom(Y, Hom(X, Z))

between the functors X x — and Hom(X, —) on Set. Similarly in ;Vec we
have

Hom(U ® V, W) = Hom(V, Hom(U, W)).

Another class of examples is given by free objects. For example if F : Set —
Grp takes a set to the free group with that set as basis, then F is left adjoint
to the forgetful functor G : Grp — Set which assigns to each group its
underlying set of elements.

LEMMA 2.1.6. Suppose that C and D are abelian categories and F : C —
D has a right adjoint G : D — C. Then F takes epimorphisms to epimor-
phisms and G takes monomorphisms to monomorphisms.

PROOF. A map X — X' is an epimorphism if and only if for every Z € C,
the map Hom(X’, Z) — Hom(X, Z) is injective. In particular

Hom(X',GY) — Hom(X, GY)
is injective so that
Hom(FX',Y) - Hom(FX,Y)

is injective for every Y € D. Thus FX — FX' is an epimorphism. The other
statement is proved dually. O
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2.2. Morita theory

When are two module categories \Mod and rMod equivalent as abelian
categories? Let F : ;\Mod — rMod, F’ : rMod — pAMod be an equiva-
lence. Since the definition of a projective module is purely categorical, F' and
F’ induce an equivalence between the full subcategories sProj and rProj
of projective modules. Among all projective modules, one can recognise the
finitely generated ones as the projective modules P for which Homx (P, —)
distributes over direct sums. So F and F” induce an equivalence between the
full subcategories pproj and pproj of finitely generated projective modules.

The image of the regular representation P = F'(rI') € s\Mod has the
following properties:

(i) P is a finitely generated projective module.

(i1) Every A-module is a homomorphic image of a direct sum of copies of
P.

(iii) T = End, (P)°P.

Conversely, we shall see that if P is a A-module satisfying (i) and (ii) then
letting T = Enda(P)°P, aMod is equivalent to rMod. The proof goes
via an intermediate characterisation of equivalent module categories, using
bimodules.

DEFINITION 2.2.1. A A-module P satisfying conditions (i) and (ii) above
is called a progenerator for \Mod.

If A is an Artinian ring with A/J(A) & € Maty, (A;) and corresponding
projective indecomposables P;, so that A\A = @ n,P;, then a finitely gener-
ated projective module P = @ m;P; is a progenerator if and only if each
m; > 0. If I' = Enda(P)°P then T'/J(T") = @ Maty,,(A;). Thus the simple
modules have changed dimension from n; to m;, without changing any other
aspect of the representation theory. The smallest possibility for T is to take
each m; = 1. In this case, we say that I is the basic algebra of A. Basic
algebras are characterised by the property that every simple module is one
dimensional over the corresponding division ring.

DEFINITION 2.2.2. Two rings A and T are said to be Morita equivalent
if there are bimodules 5 Pr and r@x and surjective maps ¢ : P Qpr Q — A of
A-A-bimodules and ¥ : Q@A P — T of I'-T'-bimodules satisfying the identities

2Py ®2) = d(z ® y)2z and yd(z ® w) = Y(y ® z)w for z and 2 in P and y
and w in Q.

LEMMA 2.2.3. If P is a progenerator for \AMod, and I' = Endy(P)°P
then A and T are Morita equivalent.

ProOF. The ring T acts on P on the right, making P into a A-T-
bimodule. Let @ = Homa (P, A), as a T-A-bimodule. The map ¢ : P ®r
Homy (P,A) — A given by evaluation is surjective, since A is a homomor-
phic image of a sum of copies of P, while the map 1 : Homa(P,A) @5 P —
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Enda (P)°P given by ¥(f ® z)°P(y) = f(y).x is surjective since P is a sum-
mand of a finite sum of copies of A A, so that every endomorphism is a sum of
endomorphisms factoring through 5 A. The identities are easy to check. 0O

LEMMA 2.2.4. If APy and rQp are bimodules as in the definition of
Morita equivalence, then the maps ¢ : POrQ — A andy : QA P — T are
isomorphisms.

PROOF. We shall show that Ker(¢) =0. Let ¢(3,z; ® y;) =1 €T and
suppose that ¢(Zj zj ® w;) = 0. Then

Z 2 @w; = Z(Z] ® wj)¢(:c,- ®y) = Z 2 ® IlJ(wj ® xi)yi
J

i,j ¥
=Y (W @) @y =Y ¢z @w) (@i ®y)=0. O
1 ,J

PROPOSITION 2.2.5. Suppose that A and T' are Morita equivalent, with
bimodules P and Q and maps ¢ : PQrQ — A and ¢y : Q@2 P — T as in
the above definition. Then the functors

Q®A —: AMod - rMod, P®r - :rMod — pMod

provide an equivalence of abelian categories between A\Mod and rMod. They
also induce equivelences between nmnod and rmod.

PROOF. This follows directly from the associativity of tensor product and
the above lemma. O

THEOREM 2.2.6 (Morita). Two module categories \Mod and rMod are
equivalent if and only if nmod and rmod are equivalent. This happens if
and only if T = Endp(P)°P for some progenerator P of \Mod.

PROOF. This follows from Lemma 2.2.3 and Proposition 2.2.5. O

PROPOSITION 2.2.7. If AMod 1is equivalent to rMod then the centres
Z(A) and Z(T') are isomorphic rings.

ProoF. If A € Z(A), then multiplication by X is a natural transfor-
mation from the identity functor on \Mod to itself. Conversely, we claim
that all such natural transformations are of this form. Given such a natural
transformation ¢, let A be the value on the identity element of the regular
representation, A = ¢,A(1) € A. Then for any A-module M and m € M, we
define f : AA — M by f()\) = Am. By naturality we have

dm(m) = dm(f(1)) = f($,a(1)) = fF(A) = Am.
Thus ¢ is equal to multiplication by A, which in particular implies that A €
Z(A).

It follows that the ring Z(A) may be recovered from aMod, so that
Z(A) = Z(T). O
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Exercises. 1. If A and I" are Morita equivalent, prove that A is semisim-
ple Artinian if and only if T is.

2. If A and I' are finite dimensional algebras over a field, prove that a
Morita equivalence between A and I' induces a bijection between the sim-
ple A-modules and the simple I'-modules, and that corresponding projective
modules have the same multiplicities of corresponding simple modules in each
Loewy layer.

3. If A and I" are Morita equivalent (-algebras of the form described in
Section 1.9, prove that A and I have the same decomposition matrices.

4. Show that if A and I" are Morita equivalent finite dimensional algebras
then A is self injective if and only if I is self injective, and that A is symmetric
if and only if I' is symmetric. Show that if A is Frobenius then I' does not
have to be Frobenius. Show that the basic algebra of a finite dimensional self
injective algebra is always Frobenius.

5. Show that if A Pr and r@4 are bimodules inducing a Morita equivalence
between A and I then there are adjunctions

HOIIIA(P Qr —, _) = HOmF(—,Q A ‘)
Homy (—, P ®r —) & Homr(Q ®A —, —)

so that P ®p — is both left and right adjoint to @ @A —.
Use these adjunctions and the fact that

Z(A) = HOIHA@AOP(P ®r Q, A)
to give an alternative proof that Z(A) = Z(T').

2.3. Chain complexes and homology

Homological and cohomological concepts can be associated to groups, to
modules, to topological spaces, to posets, and so on. These concepts form a
major part of the subject matter of this book. They are defined in terms of
chain complexes and cochain complexes.

DEFINITION 2.3.1. Let A be an abelian category. A chain complex of
objects in A (for example, a chain complex of abelian groups, or of vector
spaces, or of modules) consists of a collection C = {C,, | n € Z} of objects
C,, € A indexed by the integers, together with maps 9, : C,, — Cp—; (called
the differentials) satisfying 9, o 9,41 = 0.

A cochain complex of objects in A consists of a collection C = {C™ |
n € Z} of objects C" € A indexed by the integers, together with maps
6™ : C™ — C™*! satisfying 6" 0 677! = 0.

If x € C,, or C*, we write deg(z) = n and say = has degree n.

REMARK. If {C,,,8,} is a chain complex then letting C* = C_,,, 6" =
O_n, we obtain a cochain complex {C™, "}, and vice-versa. Thus in some
sense chain complexes and cochain complexes are the same thing. In the
end, whether we regard something as a chain complex or a cochain complex
usually depends on where it came from. It often happens, for example, that
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Cn = 0 (resp. C"® =0) for n < 0 or for n < —1. We say that a (co)chain
complex C is bounded below if C, = 0 (resp. C" = 0) for all n sufficiently
large negative, and bounded above if this holds for all n sufficiently large
positive. C is bounded if it is bounded both below and above.

DEFINITION 2.3.2. The homology of a chain complex C is given by
_ Ker(0,:Cp, = Cp1) _ Zn(C)
Im(8p41 : Cny1 — Crn)  Bn(C)'
The cohomology of a cochain complex C is given by
Ker(6" : C* — C™*1)  Z"(C)
H™(C)=H™(C,6") = = .
©) (C,57) Im(én-1:Cr"1 - C") B?(C)

If x € Cp with 8,(x) = 0 (resp. x € C™ with §"(x) = 0) then « € Z,(C)
is called a cycle (resp. ¢ € Z*(C) is a cocycle), and we write [z] for the
image of x in H,(C) (resp. H*(C)). If x = Op41(y) with y € Cp41 (resp.
z = 6" !(y) with y € C*!) then x € B,(C) is called a boundary (resp.

x € B*(C) is a coboundary). Thus H,(C) (resp. H*(C)) consists of cycles
modulo boundaries (resp. cocycles modulo coboundaries).

H,(C) = H,(C, d,)

DEFINITION 2.3.3. If C and D are chain complexes (resp. cochain com-
plexes), a chain map (resp. cochain map) f : C — D consists of maps
Jfn : Cn — Dy, (resp. f, : C" — D™), n € Z, such that the following diagram
commutes.

On n
Cp—>Cn (resp. C™ I foiaz! ).
lf'ﬂ lfn—l lfn lfn+1
On &
D, — Dy D" —— pntl

Clearly a (co)chain map f : C — D induces a well defined map f, :
Hn(C) — Ha(D) (resp. f* : H"(C) — H"(D)) defined by fulz] = [f(2)]
(resp. f*[z] = [f(z)]) for « € Z, (resp. ZM).

From now on, we shall formulate concepts and theorems for chain com-
plexes, and leave the reader to formulate them for cochain complexes.

DEFINITION 2.3.4. If f,f' : C — D are chain maps, we say f and f’
are chain homotopic (written f ~ f') if there are maps hy, : C, — Dyq1,
n € Z, such that

fn - fy,l = 0n+1 o hp + hp_y 0 0.

In+1 On
Cn+l Cn Cn—l
b1 h hn—1
f'n+1 b f'n fn—l
0n+1 o,

S Dn

n n—1
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We say C and D are chain homotopy equivalent (written C ~ D) if
there are chain maps f : C — D and f’' : D — C such that the composites
are chain homotopic to the identity maps f o f' ~idp and f' o f ~id¢.

We say C is chain contractible if it is chain homotopy equivalent to
the zero complex. This is equivalent to the condition that there is a chain
contraction, i.e., a collection of maps s, : C, = Cp4y with idg, = Op41 0
Sn + Sp—10 On.

The reason for this definition is that homotopic maps between topological
spaces (see Chapter 1 of Volume II) give rise to chain homotopic maps be-
tween their singular chain complexes. A contractible space will have a chain
contractible reduced singular chain complex. See for example Spanier {190,
Section 4.4]. Thus the following proposition is the algebraic counterpart of
the fact that the singular homology groups of a topological space are homo-
topy invariants.

PROPOSITION 2.3.5. If f, f' : C — D are chain homotopic then f. = f. :
H,(C) —» H,(D). Thus a homotopy equivalence C =~ D induces isomor-
phisms H,(C) = H,(D) for alln € Z.

PRroOOF. If ¢ € C,, with 8,(z) = 0 then

fle] = filz] = [fa(2) = fo(@)] = [Ons1(hn(@)) + hn-1(Bn(2))]
= [an+l(hn(x))] =0. O

THE LONG EXACT SEQUENCE IN HOMOLOGY.

DEFINITION 2.3.6. A short exact sequence 0 - C' - C - C" — 0
of chain complexes consists of maps of chain complexes C' — C and C — C”
such that for each n, 0 — C}, - C,, — Cl/ — 0 is a short exact sequence.

"
Cn 1
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PROPOSITION 2.3.7. A short ezact sequence 0 - C' — C — C" — 0 of
chain complexes gives rise to a long exact sequence

++ = Hy(C') = Hp(C) — Ha(C") = Hyy(C') = Hna(C) — -+

PrOOF. We define the switchback map or connecting homomor-
phism

0: H,(C") — H,—1(C)

as follows. If z € C. with &//(z) = 0, so that [z] € H,(C"), choose y € C,,
with ¢n(y) = 2. Then ¢n-10,(y) = FYn(y) = 0 and 50 Fn(y) = Pn-1(2)
with 2z € CJ,_;. We have ¢rp_20,,_1(2) = Op—1¢n—-1(2) = 9p-10,(y) = 0 and
so 8I,_1(2) = 0. We define 9z} = [2] € H,—1(C').

If ¥ is another element of C, with ¥,(y') = z and 2/ € CJ_, with
O (y') = dn-1(2"), then Y, (y—y') = 0, and so y—y' = ¢, (u) for some u € C..
We have ¢,-18,(u) = Ondn(u) = On(y) — On(¥') = dn-1(2) — ¢n-1(2’) and so
&, (u) = z — 2'. Thus [2] = [¢'] € H,—1(C'). This shows that 8 : H,(C") —
H,_1(C’) is well defined. Exactness of the sequence is not hard to check. O

We find it worthwhile to record the cohomological version of the above
proposition.

PROPOSITION 2.3.8. A short exact sequence of cochain complexes gives
rise to a long eract sequence

A particular case of the above exact sequences is the following:

LEMMA 2.3.9 (Snake Lemma). A commutative diagram of short exact se-
quences

0 foit G c! 0

Lok

0 ) Co cl 0

gives rise to a siz term exact sequence
0 — Kera — Kerf3 — Kery — Cokera — Cokerf3 — Cokery — 0.

PROOF. We regard the diagram as a short exact sequence of chain com-
plexes of length two, and apply Proposition 2.3.7. O

2.4. Ext and Tor

Our first application of the theory of chain complexes and homology is
to define functors Ext and Tor for modules over a ring. We shall interpret
Ext in terms of extensions of modules.
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DEFINITION 2.4.1. A projective resolution of a A-module M is a long
exact sequence

.- P2 p % p

of modules with the P, projective and with Py/Im(0;) & M. In other words,
the sequence

=P —-P—-P—->M-—-0

is exact. Since every module is a homomorphic image of a free module,
projective resolutions always exist.

We shall regard the sequences in the above definition as chain complexes.
The module M appears in degree —1 in the second sequence.

THEOREM 2.4.2 (Comparison theorem). Any map of modules M — M’
can be extended to a map of projective resolutions

o
P262P11P0 M 0

Py b, e
Q2 9 Qo M 0

Given any two such maps {f,} and {f,}, there is a chain homotopy
ha: Pn — Qnya, so that fo — f, =001 0 hn + a1 00n.

PRrROOF. We construct the fp, : P, — @, inductively as follows. Since
8:;—1 0 fn-100n = frn200,_100, =0,

we have

P,

o lfn—loan
£ gt

Qn —>Im(8) —>0

and so we can find a map f, : P, —» @, with 8,0 f, = fn_1 0 8.
We also construct the h, inductively. We have

8:1 ° (.fn - f:; - hn—l ° an) = (.fn—l - f:;—l - a;; ° hn—l) o On
=hp 200,108, =0

and so we may find a map hy, : P, — Qnyy with fn — f, —hp_100, =
O y1 0 hn. a

REMARK. The proof of the above theorem did not use all the hypotheses.
It suffices for the upper complex to consist of projective modules but it need
not be exact, and for the lower complex to be exact but not necessarily to
consist of projective modules. We shall sometimes use this stronger form of
the theorem.



32 2. HOMOLOGICAL ALGEBRA

If M’ is a right A-module and
.o P2 P 2R

is a projective resolution of a left A-module M, we have a chain complex

---M/®AP2%M/®AP1 18;61>M/(§§/\P[).

This complex is no longer necessarily exact, although it is clear that (1 ®
6n_1) ¢/ (1 ®6n) =0.

It follows from the above theorem that this complex is independent of
choice of projective resolution, up to chain homotopy equivalence. Thus the
homology groups are independent of this choice, and we define

TorX(M',M) = H,(M' ® P,1® d.).
Similarly if M’ is a left A-module and

"—*P2Q’P1AP0

is a projective resolution of a left A-module M, we have a cochain complex

Homa (Po, M') 2 Homa (P, M") 25 Hom(Ps, M') — - --

where 6" is given by composition with 8,41. This complex is independent of
choice of projective resolution, up to chain homotopy equivalence. Thus its
cohomology groups are independent of this choice, and we define

Ext? (M, M') = H"(Homy (P, M'), §*).
Note that Tor) (M’, M) = M’ ®5 M and Ext} (M, M’) = Homs(M, M").

ExXAMPLE. In case A = Z, a A-module is the same as an abelian group.
Since every subgroup of a free abelian group is again a free abelian group,
it follows that every module has a projective resolution of length one (i.e.,
P, =0 for n > 2), and so Tor% and Ext% aré zero for n > 2.

It was conjectured by J. H. C. Whitehead that if Ext}(A,Z) = 0 then
A is free as an abelian group. It is now known, thanks to the extraordinary
work of S. Shelah [187] that the truth of this conjecture depends on the set
theory being used!

REMARKS. (i) If M is projective, then P can be taken to be non-zero
only in degree zero, and equal to M there, so that in this case Ext (M, M’)
and Tor’ (M, M") are zero for n > 0.

(ii) We write Q"(M) for Ker(8,_1) in a projective resolution of M. Note
that by Schanuel’s lemma if Q*(M)’ is defined similarly using another pro-
jective resolution of M then there are projective modules P and P’ with
QYM)@ P = Q*(M) @ P. If M is finitely generated and the Krull-Schmidt
theorem holds for finitely generated A-modules then there is a unique mini-
mal resolution of M, and we write Q"(M) for Ker(89,_1) in this particular
resolution.

Dually we write Q~"(M) for the nth cokernel in an injective resolution,
and Q7" (M) if the resolution is minimal.
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(iii) The discussion above of Ext and Tor is a particular case of the
concept of derived functors. Suppose that A and B are abelian categories
and that every object in A is a quotient of a projective object. If F: A — B
is a covariant additive functor, and M is an object in A, we form a projective
resolution

op2p2p
of M, apply F to obtain a chain complex

oo F(P) 22 p(py) 29, pmy)

whose homology groups are the left derived functors
L,F(M) = Hn(F(P), F(0.))-

Using the comparison theorem in the same way as before, we see that these
are independent of the choice of resolution. If F is right exact then Lo F(M) =
F(M). Thus for example the left derived functors of M’ ®, — are

L,(M' @5 —) = Tor®(M', ).

Similarly, the right derived functors of the covariant additive functor
F are defined by applying F to an injective resolution

AR ALy
of M. The right derived functors are then the cohomology groups
R"F(M) = H"(F(I, F(6")).

If F is left exact then ROF(M) = F(M).

For contravariant functors, the left derived functors are defined using an
injective resolution and the right derived functors are defined using a projec-
tive resolution. Thus for example the right derived functors of Homy (—, M’)
are R"Homp (—, M') = Ext} (~, M").

The reader may wonder why we have not discussed L,(— ®a M) and
R™Homp (M, —). This is because it turns out that we get nothing but Tor
and Ext again, as we shall see in Proposition 2.5.5.

PROPOSITION 2.4.3. Suppose that A is Artinian, and P = Ae and P' =
Aé' are projective indecomposable A-modules, so that P/Rad(P) = S and
P'/Rad(P') = §' are simple (by the idempotent refinement theorem). Then

Ext}(S,S’) = Homp (Rad(P)/Rad?(P), S").

As an End (S')-Endy (S)-bimodule this is dual to the Enda (S)-Enda(S')-
bimodule e/ J(A)e/e' J*(A)e. In particular, if A is a finite dimensional algebra
over a field k, then

dimy, Ext} (S, 8') = dimy(e'J(A)e/e' JZ(A)e).
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ProOF. If Rad(P)/Rad?(P) = @), n:S; as a direct sum of simple mod-
ules, then letting P;/Rad(P;) = S;, the minimal projective resolution of §
has the form

—»@n,P,—»P

and so
Ext} (S, 8") = Homp (P n: P, §') = Homa (P n:S;, §')

which we can rewrite as HomA(Rad(P)/Radz(P), 8'). This is dual to
Homy (S, Rad(P)/Rad?(P)) = Homy (P', Rad(P)/Rad?(P))
= Homy (P',Rad(P))/Homy (P',Rad?(P)) = €' J(A)e/e' J*(A)e
by Lemma 1.3.3. [
AUGMENTED ALGEBRAS.

DEFINITION 2.4.4. An augmented algebra A over a commutative ring
of coefficients R is an algebra together with a surjective augmentation map
€ : A — R of R-algebras.

If A is an augmented algebra, then R may be given the structure of a left
A-module via A(z) = e(A)z, and of a right A-module via (z)\ = e(A)z.

We define the homology groups of A with coefficients in a right A-
module M to be

H,(A, M) = Tor®(M,R)
and the cohomology groups of A with coefficients in a left A-module M to
be

H"(A, M) = Ext}{ (R, M).
The special case M = R is of particular importance, since as we shall see in

Section 2.6, there is a ring structure in this case.

REMARK. Suppose that R — R’ is a homomorphism of coefficient rings,
and A is projective as an R-module. Then tensoring with R’ will take a
projective resolution of R as a A-module to a projective resolution of R’ as
an R’ ®g A-module. Thus we have

H,(A,R) = H,(R ®p A,R'), H™(A,R)~H"(R ®rAR).

EXERCISE. Show that Ext and Tor are bilinear in the sense that there
are natural isomorphisms

Exth(M & M', M") = Ext}(M,M") ® Ext}i (M', M")
Ext} (M, M’ ® M") = Ext} (M, M") ® Ext} (M, M")

and similarly for Tor2.



2.5. LONG EXACT SEQUENCES 35

2.5. Long exact sequences

LEMMA 2.5.1 (Horseshoe lemma). If 0 - M’ - M — M”" — 0 is a
short exact sequence of left A-modules, then given projective resolutions

of M’ and M", we may complete to a short exact sequence of chain complezes

0 0 0 0
| | | |
P} P P} M —0

| | |

o= PL@® Py — P{ & P — P& P} — M —0

} } | |

Py Py Py M" —0
| | | !
0 0 0 0

PROOEF. It is easy to construct the required maps by induction, using the
definition of a projective module. O

PROPOSITION 2.5.2. Suppose that
0-M-M->M' -0

is a short exact sequence of left A-modules.
(i) If My is a right A-module, there is a long exact sequence

-+ = Tor® (Mo, M") — Tor? (Mo, M) — Tor? (My, M") — Tor? | (Mo, M’) — - --
o= Tor'l\(Mo,M”) S Mo®AM — Mo@a M — My®s M — 0.

(ii) If My is a left A-module there is a long exact sequence

0 — Homp (M", My) — Homa (M, M) — Homp (M’, M) — Exth (M", M) — -
- — Ext} (M", My) — Ext} (M, My) — Ext}(M', My) — Ext?t (M", My) — ---
PrOOF. (i) Tensor My with the diagram given in the lemma and use
Proposition 2.3.7.

(ii) Take homs from the diagram given in the lemma to My and use
Proposition 2.3.8. O

Exactly the same proof shows in general that if F : A — B is a right
exact covariant additive functor then there is a long exact sequence

o+ = L, F(M') —» L,F(M) - L,F(M") = L, 1/F(M') — --.
— LiF(M") > F(M') —» F(M) —» F(M") -0,
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while if F' is a left exact contravariant additive functor then there is a long
exact sequence
0— F(M") - F(M) > F(M') - R"RF(M") - ---
— R"F(M") - R"F(M) — R*"F(M') - R""'F(M") — ...
Of course, similar statements are true of the right derived functors of a left

exact covariant functor and left derived functors of right exact contravariant
functors. We leave the interested reader to formulate these cases.

We also obtain exact sequences in the other variable as follows.
PROPOSITION 2.5.3. (i) Suppose that
0—-My— M —- My —0

1s a short exact sequence of right A-modules, and M’ is a left A-module. Then
there is a long exact sequence

-+ — Tor® (Mo, M') — Tor (M, M") — Tor® (Ma, M’y — Tor?_, (Mo, M) — ...
oo — Torl (Ma, M") — My @z M' — My @y M’ — My @4 M’ — 0.

(ii) Suppose that 0 — Mo — My — M2 — 0 is a short exact sequence of
left A-modules and M’ is a left A-module. Then there is a long exact sequence

0 — Homy (M', Mo) — Homp (M’, My) — Homp (M’, M) — Ext} (M', Mp) — - -
- — Exti (M, Mp) — Ext} (M', M;) — Ext} (M', M) — Ext?* 1 (M’, My) — -
ProoOF. (i) Tensoring the short exact sequence with a resolution
Py P B
of M’ as a left A-module gives a short exact sequence of chain complexes

0 0 0

} } }

> My® P, — My® Pl — My® P

} } }

—>M1®P2,—>M1®P1,—>M1®P(;

} } }

o> My ® P} — M ® P| — My ® P}

} } }

0 0 0
Applying Proposition 2.3.7 yields the required long exact sequence.
(ii) If

P Pl B
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is a projective resolution of M’ as a left A-module, then applying Proposi-
tion 2.3.8 to the short exact sequence of cochain complexes

0 0 0

| | |

HOmA(Pé, Mo) — HomA(Pl', Mo) —_— HOmA(Pé, Mo) _— e
HOmA(Pé,Ml) —_— HOmA(Pll,Ml) — HOmA(Pé,Ml) e

HOmA(Pé, M2) —> HomA(Pl', M2) — HOmA(Pé, M2) _— e

| | {

0 0 0
yields the required long exact sequence. a

COROLLARY 2.5.4. If M is a module for an Artinian ring A and S is a
simple A-module then

(i) Ext} (M, S) = Hom, ("M, S)

(ii) Ext}(S, M) = Homa(S,Q""M).

PROOF. (i) Let

S Rl S Ul &
be a minimal resolution of M. Then the complex
HOmA(Po,S) - HOmA(Pl,S) - HOmA(P2,S) e

has zero differential, since if the composite P,4; — F,, — S is non-zero then
P, has a summand isomorphic to the projective cover of S and which is in
the image of P,+; — P, and hence in the kernel of P,, — F,,_;, contradicting
the minimality of F,. Hence

Ext} (M, S) = Homp (P, S) = Homp (Pr/Im(Pryq — P,), S)
= Homp ("M, S).
(ii) is proved similarly, using part (ii) of the following proposition. a
PROPOSITION 2.5.5. (i) Suppose that M’ is a right A-module and
R 2'15» l'ii»Pé—>M'—>0
is a resolution of M' by projective right A-modules. Then
Tord(M',M) = H,(P' @ M, 8, ®1).
In particular if M’ is projective then Tor>(M', M) =0 for n > 0.
(ii) Suppose that M’ is a left A-module and
oMt ..
is an injective resolution of M’'. Then
Ext? (M, M') = H"(Homy (M,Y'), §*).
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In particular if M’ is injective then Ext} (M, M') = 0 for n > 0.

ProOF. We shall prove (ii), since the proof of (i) is the dual of the same
argument. The proof is an example of the inductive technique of dimension
shifting. We denote by EXT% (M, M') the groups H"(Homa (M, T'), 6*), and
we wish to show that Exth (M, M') = EXTH (M, M').

Choose a short exact sequence

0—-M —-P->M-—0

with P projective. Then the long exact sequence

RN Extx_l(P, M) — ExtX—I(Ml, M) —

Ext}(M,M') — Ext} (P,M') — - -
shows that Ext (M, M') = Ext?~ (M, M').

The functor EAXT also clearly has long exact sequences in each vari-
able by the same arguments as above, and so we obtain EXT % (M, M') =
EXTY (M, M').

We are now finished by induction, since the case n = 1 follows from the
diagram

0 — Hom (M, M’) — Homp (P,M’) — Homa(M,M’) — Exti (M,M’') —= 0

I I I

0 — Homp(M,M’) — Homp(P,M’) —> Homp(M1,M’) — EXTL(M,M’) — 0. O

COROLLARY 2.5.6. If either M or M’ is flat then TorA(M', M) = 0 for
alln > 0. a

The proof of the following may now be safely left to the reader.

PROPOSITION 2.5.7. ~ _
(i) Ext® (M, M') = Ext}~ (M), M') = Ext? (M, Q"1(M")).
(i) Tor® (M, M’) = Tor}_, (M), M') = Tor}_, (M, QM")). O

EXERCISE. Formulate and prove a version of Proposition 2.5.5 for derived
functors of functors of two variables with appropriate exactness properties.

2.6. Extensions

DEFINITION 2.6.1. If M and M’ are left A-modules, an n-fold extension
of M by M' is an exact sequence

0-M M, 1> M, o0—--—>My—M=0

beginning with M’ and ending with M, and with n intermediate terms.
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Two n-fold extensions are equivalent if there is a map of n-fold ex-
tensions

0 M M, e M, M 0
0 M M, _, M} M 0.

We complete this to an equivalence relation by symmetry and transitivity in
the usual way.

For n = 1, we simply call an n-fold extension an extension. Note that
an equivalence of extensions is an isomorphism of short exact sequences.

LEMMA 2.6.2. Suppose that A is an algebra over a field k, and
0> M - M, - M3 -0

is a short exact sequence of A-modules of finite k-dimension. If Mo =
M, & M3 then the sequence splits; i.e., it represents the zero element of
Ext) (M3, M;).

PROOF. By dimension counting, the last map in the exact sequence
0 — Homp (Mjz, M) — Homp (Mg, M) — Homp (Mg, M3) — Ext} (Ms, M;)
is zero, so the previous map is surjective. A pre-image under this map of the
identity homomorphism of M3 is a splitting for the sequence. (]

An n-fold extension of M by M’ determines an element of Ext (M, M’)
by completing the diagram

6n
Pn+1 Pn Pn——l P() M 0
] L]
0—— M — M, My M 0

using the remark after Theorem 2.4.2. By enlarging the projective resolution
of M if necessary, we may assume that ¢ is surjective.

It is easy to see that equivalent n-fold extensions define the same element
of Ext} (M, M'). Conversely, if two n-fold extensions define the same element
of Ext} (M, M') then we have a commutative diagram

0— M’ My My—g =+ — Mo — M —0

I t t b

0—>M — Py 1/0x(Ker¢) —Ppg— - —F—~M—0

I } } oo

00— M Mrll—l MI_2—>——>M6——>M——>O

n

and so they are equivalent. Thus we have interpreted Ext} (M, M) as the
set of equivalence classes of n-fold extensions of M by M’. In particular,
Ext) (M, M") is the set of equivalence classes of extensions 0 — M’ — My —
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M — 0, and in this case the equivalence relation reduces to isomorphism of
short exact sequences. R

If ¢ € Ext} (M, M'), we write { for the corresponding map Q™"(M) — M’
By rechoosing the projective resolution of M if necessary, we may always
assume that ¢ is an epimorphism, and we define L¢ to be its kernel. Thus
we have a commutative diagram

0 0
L L;
0 — Q™M) Py I ) EE Py M 0
| L
0 M’ Po1/L¢ Pns e P M 0
0 0

where the bottom row is an n-fold extension representing (.

Note that L. is only determined up to addition of projective modules, in
the sense that if L’C is defined using another projective resolution of M then
there are projective modules P and P’ with L; & P = L’C @ P.

YONEDA COMPOSITION. If

0— M — -1 — - — Mg —> M —0,
0—>M"—>M7’n_1 —>—>M6—>M’—>O
represent elements { € Exty(M,M’) and n € ExtT(M’, M”), then we can
form their Yoneda splice as follows.
0—>M"—>M7’n_1—>~~-—>M6—> 1 — - -— My —- M —0

NS
MI
7N
0 0

to obtain an element 770 { of Ext}*” (M, M”). This way we obtain a bilinear
map

ExtP(M’, M") x Ext} (M, M') — Ext™*™(M, M")

called Yoneda composition. If m or n is equal to zero (recall Ext? =
Hom) this map is defined by pushing out or pulling back in the obvious way.
This composition is clearly associative, and so it defines a ring structure on
Ext} (M, M), and Ext} (M, M’) is an Ext} (M’, M')-Ext} (M, M)-bimodule.
The reader should be warned that the ring Ext} (M, M) is often far from
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being commutative, even when A is a group ring RG, although it does turn
out that H*(RG,R) = Extho(R,R) is graded commutative. For further
details see Section 3.2. R

If ¢ € Ext}(M,M’) is represented by a map ¢ : "(M) — M’ and
n € Ext',{’(M/’_,\M") is represented by 7 : {0™(M’) — M”, we obtain a rep-

resentative 70 ¢ of the Yoneda splice as follows. As in Section 1.5, we may
form Q™(¢) : Q™ (M) — Q™(M') and then set
o =hoQm(() : Q™M) — M.
EXERCISES. 1. Show that a chain complex is chain contractible if and

only if it is a Yoneda splice of split short exact sequences.
2. Show that the natural isomorphism

Exth (M & M', M") = Ext}(M,M") & Ext} (M', M")
corresponds to a pushout diagram

0 — M"®&M" — Mu 18M),_| — Mn_26M!,_, —> - —> Mg®M}, — MM’ —= 0

| | || [ I

0 M X Mn_20M]_;, — - — Mo®M} — MM’ — 0.

Similarly, write down a pullback diagram for the natural isomorphism
Exth (M, M' ® M") = Ext} (M, M') @ Ext}(M,M").
Deduce that Yoneda composition is compatible with direct sum decom-
position, so that elements of
Exti(Mi® - ®Mp,N1®--- B Ny)
may be written as matrices ({;;) with ¢;; € Ext}(M;, N;), and Yoneda com-
position corresponds to matrix multiplication.

3. (Feit) If A is self injective, show that for n > O there is a natural
isomorphism

Ext} (M, M') = Ext} (Q2M, QM)
compatible with Yoneda composition, so that in particular
Ext} (M, M) = Ext} (QM, QM)

as graded rings
(after quotienting out the elements of Ext (M, M) = Homu (M, M) which
factor through a projective module).

4. Suppose that A is a ring and

0—-M - M, —> M;—-0
is a short exact sequence of A-modules representing an element
p € Ext} (Ms, My).
Show that for any A-module N, the connecting homomorphisms
Ext? '(N, M3) — Ext% (N, M;), Ext}~'(M;j,N) — Ext}(Ms, N)
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are equal to Yoneda composition with p.

5. Suppose that A is an Artinian ring, and that Py is the projective cover
of a A-module M with kernel Q(M). Show that the isomorphism between
Homy (QM, S) and Ext} (M, S) given in Corollary 2.5.4 can be described as
follows. If 0 # ¢ € Homa(Q2M, S) then applying the snake lemma to the
diagram

0—>Ker¢p — QM ——> 8§ ——>0

N

0 Py Py 0 0

we obtain a non-split extension of M by S.

2.7. Operations on chain complexes

In this section, we discuss tensors and homs, duality, Ext and Tor for
chain complexes. The theory is parallel to the theory for modules, but the
signs need some attention. We leave the reader to formulate the correspond-
ing notions for cochain complexes.

We begin by discussing tensor products. If C and D are chain complexes
of right, resp. left A-modules, we define

(CeAD)= P Ci®aD;.
i+j=n

The differential
9 : (CoaD), — (C.0AD)ny
is given by
On(z®@y) = d(x) ®y + (—1)'z © 9;(y)

for z € C;, y € D;. The introduction of the signs (—1) ensures that 8, o
On+1 = 0, as is easily checked.

The general convention about signs is that if we pass something of degree
i through something of degree j, we should multiply by the sign (—1)¥. We
regard O as being of degree —1, so that the above sign of (—1)¢ comes from
passing the 8 through the z. As long as one follows this convention carefully,
the signs should take care of themselves.

This boundary formula shows that if x and y are cycles thensois z ® y,
and if one is a cycle and the other is a boundary then z ® y is a boundary.
Thus we have a well defined product map

H;(C) ®A H;(D) — H;+;(C ®a D).
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THEOREM 2.7.1 (Kiinneth theorem). If the cycles Z,(C) and the bound-
aries B, (C) are flat A-modules for all n, then there is a short exact sequence

0— @D Hi(C)®n H;(D) — Hy(C®2 D) —
i+j=n
P Tor}(Hi(C), Hy(D)) —o0.
i+j=n—1

PRrooF. Since Z(C) is flat, we have
(Z(C) ®r Z(D))n = Ker(1® 9 : (Z(C) ® D) — (Z(C) @4 D)n-1)
(Z(C) ®r B(D))n =Im(1® 8 : (Z(C) @1 D)nt1 — (Z(C) @4 D)n)
and so
H(Z(C)®a D) = Z(C) @ H(D).
Similarly
H(B(C)®x D) = B(C)®x H(D).
We now tensor the short exact sequence of complexes
0 — B(C) % Z(C) - H(C) — 0
with H(D). By Corollary 2.5.6, Tor} (Z(C), H(D)) = 0 and so the long exact
sequence of Section 2.5 becomes
0 — Tor}(H(C), H(D)) — H(B(C) ®, D) % H(Z(C) ®, D)
— H(C)®xr HD) - 0. 1
We next tensor the short exact sequence of complexes
00— Z(C)—-C— B(C)[-1]—0

(where [—1] denotes a shift of degree —1, so that (B(C)[—1])n = Bn—1(C))
with D. Since Tor?(B(C), D) = 0 we obtain a short exact sequence

0> Z(C)eaD - C®,D — (B(C)®sD)[-1] — 0.
Taking homology we obtain
-+ — H(B(C)®x D) —» H(Z(C) ®x D) —» H(C ®4 D)
— H(B(C)®x D)[-1] - H(Z(C) @2 D)[-1] — - -

It is not hard to show that the boundary map of this sequence is the map i,,
and so we have

0 — Coker(iy) — H(C ®4 D) — Ker(i,)[-1] — 0
which, using the exact sequence (}) above, becomes

0 — H(C) ® H(D) — H(C ® D) — Tor} (H(C),H(D))[-1] = 0. O
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CoOROLLARY 2.7.2. If Z,(C) and H,(C) are projective A-modules for all
n then

H,(C®)sD) = @ H;(C) @A H;(D).
i+j=n

Proor. The sequence
0 — Bh(C) — Zn(C) — Ho(C) - 0

splits since H,(C) is projective, and so B, (C) is also projective. Thus Z,(C)
and B,,(C) are flat, and also Tor{ (H;(C), H;(D)) = 0, so the result follows
from the Kiinneth theorem. O

CoROLLARY 2.7.3. If Z,(C) and H,(C) are projective A-modules and
either C or D is exact then so is C ®, D. 0O

REMARK. The case A = R a commutative ring of coefficients is a useful
special case of the above theorems. In particular, if R is hereditary, namely
if every submodule of a projective module is projective (for example this
happens if R is a Dedekind domain) then as long as the modules C, are
projective over R then the cycles Z,,(C) and boundaries B, (C) are projective
and hence flat, so that the hypothesis of Theorem 2.7.1 is satisfied.

We shall see in Section 3.6 of Volume II that the Kiinneth theorem is
an -especially simple case of the Kiinneth spectral sequence in which the
hypotheses on Z,,(C) and B,(C) are dropped. This special case is the one
where the spectral sequence has only two non-vanishing columns, and no
non-zero differentials.

Next we discuss homomorphisms. If C and D are chain complexes of left
A-modules, we define a new chain complex

Hom,(C,D), = [] Homa(Ci, Dy)
with differential o
On : Hom) (C, D), - Hom, (C, D),
defined so that
9i(f(x)) = Bu(f)(x) + (—1)"f(Bis1(x))
for f € Homy(C;, Dj). In other words, 3, is defined by
(Onf)(2) = 85(f(x)) — (=1)"f (Bit1()),

i.e., 8f = [0, f], the graded commutator of 8 and f.

If M is a left A-module, we write M|[n] for the chain complex consisting
of M in degree —n and zero elsewhere. If C is a chain complex of left A-
modules, we write C[n] for A[n] ®, C. Namely we have (C[n]); = (C)itn.
Note that the differential in C[n] is (—1)" times the differential in C.
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The dual of C is the chain complex of right A-modules Hom, (C, A[0]).
Note that the differential on the dual is given by
@nf)(@) = (1)1 f(O-n+1(2))-
Evaluation is a map of chain complexes
Hom, (C, A[0]) ®4 C — A[0]

sending f ® x to f(x).
We now discuss Ext and Tor for chain complexes. This is sometimes also
called hypercohomology.

DEFINITION 2.7.4. Suppose that C is a chain complex of left A-modules,
bounded below. Then a projective resolution of C is a chain complex P
of projective left A-modules, bounded below, together with a map of chain
complexes P — C which is an isomorphism on homology.

Note that in the case C = M[0], this agrees with Definition 2.4.1. Exis-
tence of projective resolutions is easy to prove inductively using the definition
of projective modules. The Comparison Theorem 2.4.2 also holds for projec-
tive resolutions of chain complexes, with exactly the same proof.

If D is a chain complex of right A-modules, we may thus define

Tor}(D,C) = H,(D ®4 P),

and this will be independent of the choice of projective resolution P. Note
that if D is also bounded below, and P’ is a projective resolution of D, then
D), P — P ®), P — P'®, C are homotopy equivalences, so that

Tor}(D, C) = H,(P' ®, C).

This gives an alternative proof of Proposition 2.5.5.
Similarly if D is a chain complex of left A-modules, we may define

Ext}(C,D) = H"(Hom, (P, D)).
(Note that H™ really means H_,; we are regarding a chain complex as a

cochain complex by negating the degrees.) If D is bounded above, and I is
an injective resolution of D (defined in the obvious way), then

Homy (P,D) — Homy (P,I) — Hom, (C,1)
are homotopy equivalences, and so
Ext} (C,D) = H*(Hom, (C,I)).

If A is an augmented algebra, we write H, (A, C) and H"*(A, C) for the abelian
groups Tor?(C, R) and Ext? (R, C).
Composition of maps in Hom gives rise to Yoneda composition
Ext} (D, E) ® Ext} (C,D) — Ext}(C, E),

which agrees with the usual Yoneda composition in case C, D and E are
modules concentrated in degree zero. Indeed, this was part of the original
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motivation for the definition of the derived category, which is really what we
are using in disguise (see [70], Appendix 1).

EXERCISE. Show that an element f € Homy(C, D)y is a map of chain
complexes if and only if f is a cycle (Oof = 0), and that f and ¢ are homotopic
if and only if f — ¢ is a boundary.

2.8. Induction and restriction

DEFINITION 2.8.1. If T is a subring of a ring A and M is a A-module then
we may restrict the action to give the restricted I'-module which we write as
M |r. If N is a I'-module we define the induced A-module N 1A= A ®r N,
where A is regarded as a A-I'-bimodule by left and right multiplication. We
define the co-induced A-module N A= Homr(A, N), where A is regarded
as a I'-A-bimodule by left and right multiplication.

LEMMA 2.8.2. If T and A are rings, and we have a left A-module M, a
A-T-bimodule A and a left T'-module N, then there is a natural isomorphism

Homr(N,Homy (A4, M)) = Homa (A ®r N, M).
In other words, A ®r — s left adjoint to Homy (A4, —).
PRrOOF. We have maps
¢ : Homp(N, Homp (A, M)) — Homp(A ®r N, M)
given by ¢(a)(a ® n) = a(n)(a) and
¥ : Homp (A ®r N, M) — Homr (N, Homx (4, M))

given by ¥(8)(n)(a) = B(a ® n). It is easy to check that these are inverse
isomorphisms. O

PROPOSITION 2.8.3 (Nakayama relations). If I' is a subring of A, M 1is
a A-module and N is a T'-module then there are natural isomorphisms

(i) Homp(N, M |r) = Homs (N 14, M),

(i) Homp(M {r, N) = Homa (M, N {t%).
In other words, |1 has a left adjoint T and a right adjoint 2.

PRrooF. (i) Put A equal to A as a A-I'-bimodule in the lemma, and notice
that Homy (A, M) is equal to M |r as a I-module.

(ii) Put A equal to A as a I'-A-bimodule and swap the réles of A and I,
and of M and N in the lemma. Notice that A ®4 M is equal to M | as a
I'-module. O

It is worth pointing out that the natural maps n: M — M |pf* and 7/ :
M |12~ M corresponding to the identity map on M | under the Nakayama
isomorphisms have an obvious interpretation. Namely n(m) € Homr(A, M)
is given by n(m)()\) = Am; and if A®@ m € AQr M then (A ® m) = Am.
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COROLLARY 2.8.4 (Eckmann—Shapiro Lemma).

(sometimes this is known as Shapiro’s lemma, but see [93]) Suppose that
I' s a subring of A, and that A is projective as a T'-module. If M is a
A-module and N is a I'-module, then

(i) Ext}(N, M |r) = Ext}(N T4, M).

(ii) Ext}(M |r, N) = Ext? (M, N f1).

Proor. Choose a projective resolution
P: PP - B

of N as a I'-module. Since (') 1A= 4 A and induction preserves direct sums,
induction takes projective I'-modules to projective A-modules. Since A is
projective as a I'-module, induction takes exact sequences to exact sequences,
and so

Pt s Pt AT PR
is a projective resolution of N1 as a A-module. Hence
Extp(N, M |r) = H"(Homp (P, M |r))
=~ H™(Homy (P 14, M)) = Ext} (N 14, M).
The argument for co-induction is similar. O

Note that there is a natural surjective map from M |p1? to M given by
A® m — Am, and injective map from N to N 12| given by n — 1 @ n.

In terms of n-fold extensions, the correspondence given by the Eckmann—
Shapiro lemma is as follows. If

0-M|r—= Ny 1—o---—>Ny—-N-o0

represents an element of ExtF(N, M |r) then we can form the pushout

M|pth —= N1 1A

|

M X
to obtain an n-fold extension

0—>M—X— Nyt > Nt* > N1*— 0.

Conversely if
0-M—>My_1—--—>My—-N*>0
represents an element of Ext? (N 14, M) then we form the pullback
Y N

|

Molr —= N1 |p
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to obtain an n-fold extension
0> Mlr> My 1lp— > M lr—Y —-N->0.
Finally, the following is a dimension-shifted version of Lemma 2.8.2.

PROPOSITION 2.8.5. IfT" and A are rings, and we have an injective left
A-module I, a A-T-bimodule A and a left T'-module N, then

Ext?(N, Homy (A, I)) = Homy (TorL(A, N), I).
PRrRooF. Choose a projective resolution
P: oo PP - B
of N as a I'-module. Then
Extt(N,Homp (A, I)) = H"(Homp (P, Homa (A, I)))
= H"(Homp (A ®r P, I))

Since I is injective Homy (—, I) takes exact sequences to exact sequences and
so this is equal to

Homp (H,(A ®¢ P), I) = Homp (TorL(A, N), I). O

EXERCISE. Suppose that I' is a subring of A, and that A is projective as
a I'-module. If M and N are A-modules, denote by 17 : M — M |pf* and
7 : M |p1A— M the natural maps discussed above. Show that the following
diagrams commute.

Ext? (N, M) "> Ext3(N, M [c4d)  Ext (M, N) "% Ext3 (M [p15, N)

o~ =
resA,r resa,r

Ext?(N |r, M |r) Ext}(M |r,Nlr)

Here, the vertical maps are the Eckmann—-Shapiro isomorphisms.



CHAPTER 3
Modules for group algebras

In Chapter 1 we gave a brief summary of some standard material on rings
and modules. In this chapter we investigate what more we can say if the ring
is the group algebra RG of a finite group G over a ring of coefficients R. The
major new feature we find here is that we may give the tensor product over
R of two RG-modules the structure of an RG-module. Of course, we also try
to relate the subgroup structure of the group with the representation theory.

Throughout this chapter, R will denote a commutative ring of coefficients,
and k will denote a field of coefficients. All RG-modules and kG-modules
will be finitely generated.

3.1. Operations on RG-modules

DEeFINITION 3.1.1. If G is a finite group and R is a commutative ring,
we may form the group ring RG whose elements are the formal linear
combinations y_; r;g; with r; € R and g; € G. Addition and multiplication
are given by

Z rigi + Z T;gj = Z(Tz’ +1i)9i, Z Tigi - Z T;'gj = Z TiT;-(gigj)-

Z J i i J 4]

Thus RG is an R-algebra, which as an R-module is free of rank |G|.

Of course, this definition also makes sense for infinite groups, provided
we restrict our attention to finite sums.

The group ring RG is an augmented algebra with augmentation ¢ :

RG — R given by
5(2 rigi) = Z ri

(cf. Section 2.4). Thus it makes sense to talk of the trivial RG-module R.
We write H,(G, M) and H*(G, M) for the homology and cohomology groups
with coefficients in M, namely the groups H,(RG, M) and H"(RG, M) de-
fined in Section 2.6. Note that in the former case we should regard the left
RG-module M as a right module via mg = g~ 'm. This is a standard device
which we shall make explicit in this section. Similarly we write H,(G, C) and
H"(G,C) for the hyperhomology and hypercohomology groups discussed in
Section 2.7.

We shall see in Section 3.4 that a particular resolution called the stan-
dard resolution or bar resolution may be used to write down explicit

49
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cocycles and coboundaries. This approach is only really useful for low degree
cohomology, and in Section 3.7 we provide group theoretical interpretations
of degree one and degree two cohomology.

In case R = k is a field, the group ring kG is a symmetric algebra by
the following proposition:

PROPOSITION 3.1.2. The linear map X : kG — k sending a linear com-
bination of group elements to -the coefficient of the identity element satis-
fies the conditions of Definition 1.6.1. In particular, every projective kG-
module is injective, and if P is a projective indecomposable kG-module then
Soc(P) = P/Rad(P).

PROOF. Suppose [ is a non-zero left ideal of kG. If Y, rig; is in I with
r; # 0, then g]-_l(zi r;g;) is also an element of I and is not contained in
Ker(A). The same applies to right ideals and so condition (i) is satisfied.
Condition (ii) is clearly satisfied. The remaining statements now follow by
applying Proposition 1.6.2 and Theorem 1.6.3. 0

DEFINITION 3.1.3. A representation of G over R is a homomorphism
G — GL,(R), the group of non-singular n x n matrices over R, for some
n. Two representations are equivalent if one may be transformed into the
other by a change of basis in R*. A representation is called an ordinary
representation if R is a field of characteristic zero (or more generally of
characteristic not dividing |G|), 2 modular representation if R is a field
of characteristic p dividing |G|, and an integral representation if R is a
ring of algebraic integers or one of its localisations or completions at a prime
ideal.

Note that a representation ¢ : G — GL,(R) makes R" into an RG-

module via
O gz = rib(gi)(z).
i i

This gives a one—one correspondence between equivalence classes of represen-
tations and isomorphism classes of finitely generated R-free RG-modules.

One is often interested in a slightly wider class of modules. An RG-
lattice is a finitely generated R-projective RG-module. We demand that a
map of RG-lattices, when restricted to R, is a composite of a split epi and a
split mono.

TENSORS AND HowMms. If M and N are RG-modules, then we make M Qg
N and Hompg(M, N) into RG-modules via

(Z rigi)(m®n) = Z ri(gi(m) ® gi(n)),
(Z 7 9i (¢ (m Z ngz(¢(g, ))
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Note that only the group elements, and not general elements of the group
algebra, act “diagonally” in this definition. Thus we need to know where the
group is, inside the group algebra. This notion is captured in the following
definition:

DeriniTION 3.1.4. A bialgebra consists of an algebra A over a commu-
tative ring R together with maps of algebras

A:A—A®rA
called the comultiplication and
e:A—R

called the co-unit, such that the following diagrams commute:

A ARRrA
Al A®1

AorRA 25 A@AQRA

(co-associativity) and

A
~ lA =
RoOpA <2 A@pA 2 A®rR

(co-unitary property)
Let 7: A®r A — A ®pg A be the twist map 7(u @ v) = v ® u. We say
that A is cocommutative if the following diagram commutes:

o e

A®rA —T>A®gA
A Hopf algebra is a bialgebra A together with an R-linear map
n:A—A
called the antipode such that if A(A) =3, 4 ® v; then

Zﬂm(w) = Zn(ﬂi)%’ =e(A)1€A.

We are mostly interested in the case where A is either commutative or co-
commutative. In this case, the antipode is unique, it is an anti-automorphism
of A (i.e., n(Au) = n(u)n(N)), and its square is the identity map. See for ex-
ample Sweedler [194, Chapter 4] for more details.
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If A is a bialgebra over R and M, N are (left) A-modules, we make
M ®g N into a A-module as follows. If

=lei®V,’EA®RA

then
A(m ® n) Z pi(m) @ vi(n

We also make R into a A-module via A(r) = €(A)r. This module is called the
trivial module.

If A is a Hopf algebra over R and M and N are (left) A-modules, then we
make Homg(M, N) into a A-module as follows. If A(A) =, u;®v; € AQRA
and ¢ € Homg(M, N) then

A(g)(m) = Zuz (n(w3)(m))).

We shall write M* for the dual module to M, namely the module
Hompg(M, R). Note that we are viewing the dual of a left A-module as a left
A-module. What is happening here is that because of the antipode, we can
regard right A-modules as left A-modules via Am = mn(\) and vice-versa.

Suppose that R = k is a field and A is cocommutative. If M and N are
finite dimensional as k-vector spaces, then the natural vector space isomor-
phisms

Homp(M,N) = M* ®; N, M™*=M
etc. are A-module isomorphisms.

For example, a group algebra RG is a cocommutative Hopf algebra, with

A (Z Tz'gz') = Zrigi g, € (Z 7'1'91’) = Zri,
n (Z 7'1'91’) = zrigjl

With these definitions, the action of RG on a tensor product M Qg N is
given by

g(m®n) = gm @ gn.
The action on Hompg(M, N) is given by

(99)(m) = g(¢(g™'m)).

If R is an integral domain, we can recover the group G from the Hopf
algebra RG as the set of grouplike elements, i.e., the set of non-zero ele-
ments A € RG satisfying A(A) = A® A. Thus while many groups may have
the same group algebra as an algebra, the same is not true as a Hopf algebra.
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PROPOSITION 3.1.5. Suppose P is a projective module and M is an R-
free module for a Hopf algebra A over R. Then P @g M is projective.

PROOF. Since projective modules are the same as direct summands of
free modules, it suffices to prove that A ® g M is free. Notice that the action
of A on A @z M is the diagonal one defined through the map A, rather
than the action given in the definition (2.8.1) of an induced module. For the
induced module definition it is clear that A ® g M is free, because if {mq} is
a free R-basis of M then {1 ®m,} is a free A-basis of A®Qg M. So we define
an R-linear map

AQrRM - AQr M

as follows. If A(A) = >, 4 @ v; then A@ m — >, 4; @ yym. This is an
isomorphism of R-modules with inverse given by A @ m +— >, u; ® n(v;)m.
Furthermore, it defines a A-module isomorphism from A @z M with the
structure of induced module to A® g M with the required diagonal action. O

COROLLARY 3.1.6. Suppose M and N are modules for a Hopf algebra A,
and N is R-free. Then

Q(M) ®r N & (projective) = Q(M ®g N) & (projective).
If A is finite dimensional over a field k, then
QM) @ N = Q(M ® N) @ (projective).
PrOOF. Tensor the short exact sequence
0—-QM)—>P—->M—0
with NV and use the proposition. O

For group algebras we have another identity which is not obvious in the
more general case of a Hopf algebra.

ProrosITION 3.1.7. If M and N are RG-modules then
Hompgg(R,Homg(M, N)) = Hompg(M, N).
ProOOF. We can regard the left hand side of this as an R-submodule of
Hompg(M, N) by evaluating at the identity. Then it consists of the elements

¢ of Homg(M, N) such that for all ¢ € G, go(g~'m) = ¢(m). This is
equivalent to the statement that ¢ is an RG-module homomorphism. O

ProOPOSITION 3.1.8. Suppose My, M2 and Ms are modules for a group
algebra RG. Then there are natural isomorphisms
(i) Hompg (M, ®r Mz, M3) = Hompg(Mz, Homp (M1, M3))
(ii) If My is R-projective, then
EXtﬁG(Ml Qpr Mo, M3) = EXt%G(Mg, HOmR(Ml, M3))
(iii) If My is R-projective, then
EXtﬁG(Ml s M3) = H"(G, HomR(Ml, M3))
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PROOF. (i) It is easy to check that the isomorphism
Homp(M; ®g M2, M3) & Homp(Ma, Hompg(M;, M3))

of Lemma 2.8.2 is an isomorphism of RG-modules. Now apply Hompgg(R, —)
to both sides.

(ii) This follows from (i) by the usual dimension-shifting argument.

(iii) This is the special case of (ii) in which My = R. O

In general, tensor products of modules are hard to decompose. However,
under suitable conditions we can always tell when the trivial module is a
direct summand of a tensor product. The following theorem is proved in [20]:

THEOREM 3.1.9. Suppose R = k is an algebraically closed field of char-
acteristic p (possibly p = 0), and G is a group. If M and N are finite
dimensional indecomposable kG-modules, then M ®; N has the trwvial mod-
ule k as a direct summand if and only if the following two conditions are
satisfied.

(i) M = N*

(ii) p  dim(N).

(Note that if p =0 then (ii) is automatically satisfied.)

Moreover if k is a direct summand of N* ® N then it has multiplicity

one (i.e., k ® k is not a summand).

Proor. The trivial kG-module k is a direct summand of M ®; N if and
only if we can find homomorphisms

k—-Mer N —k

whose composite is non-zero.
Using the isomorphism

HOIIlkG(k, M@, N) HOIIlkG(N*, M)

we see that the sum of the submodules of M ®; N isomorphic to k is
Homy(N*, M). Thus the trivial module is a summand if and only if the
composite map

HOIIlkG(N*,M) i) M@ N —I-)» (Homgg(M, N*))*

is non-zero.
Associated to p o1, there is a map

n : Hompg(N*, M) @ Homga(M,N*) — k

with the property that p o4 # 0 if and only if 7 # 0. This map is given as
follows. Choose a basis ny,... ,n, for N and let nf, ..., n} be the dual basis
for N*. Let o € Homgg(N*, M) and § € Homgg(M, N*). Then

r

(@)=Y anj)@n;,  p(men)(B)=pH(m)(n),

=1
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and so by definition

T

n(@® )= ((poi)(@)(B) =p | Y am)®n;| (8

7=1
—Zp(a(n ®n;)(8) = Zﬂ(a(n ))(nj) = tr(B o a).

Hence we may factor 7) as composition followed by trace
Homyg(N*, M) ®; Homye(M,N*) > Endgg(N*) 5k

Since N* is indecomposable, Endgg(N*) is a local ring (Lemma 1.4.5),
and so since k is algebraically closed, every kG-module endomorphism of N*
is of the form AJ+n with A € k and n nilpotent. Now we have tr(n) = 0, and
tr(I) = dim(N*) = dim(N). Thus for k to be a direct summand of M ®; N
(i-e., for n to be non-zero) p cannot divide dim(N). Moreover, we must have
elements @ € Homyg(N*, M) and 8 € Homyg(M, N*) such that tr(Boa) # 0;
namely, such that § o a is an isomorphism. Since M is indecomposable this
means we must have M = N*. Moreover, in the case where p { dim(N) and
M = N*| it is clear that n(8 © &) # 0 for any isomorphisms a and 3.

Finally, suppose k is a direct summand of N* ®; N with multiplicity
greater than one. Then the image of po¢ has dimension greater than one. This
means that there are subspaces of Homyg(N*, M) and Homyg(M, N*) of
dimension greater than one, on which 7 is a non-singular pairing. Thus there
is a subspace of Homgg(N*, M) of dimension greater than one all of whose
non-zero elements are isomorphisms, and this we know to be impossible. [

See also Auslander and Carlson [9] for a discussion of more general coef-
ficient rings R. The following is also useful:

PROPOSITION 3.1.10. If M is a finite dimensional module for a cocom-
mutative Hopf algebra A over a field k, then M is a summand of M Q@ M* ®y
M. Thus the following are equivalent:

(i) M is projective

(ii) M ® M* is projective

(iii) M ® M is projective

(iv) M* is projective

(v) M is injective.

PRrOOF. Choose dual bases my, ... ,m, of M and m, ... ,m] of M*. We
have maps
M = k@M —> (MR M*)@M = M@ (M*®M) M@k M
m = 1@mbt—> (X m@m)em = 3} m®mi@m)—s ) m;@mj(m) = m.

Thus M is a summand of M ® M* ®; M. O
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COROLLARY 3.1.11. If A 15 a finite dimensional cocommutative Hopf al-
gebra over a field k, then A is self injective. O

In fact, this corollary is still true without the assumption of cocommuta-
tivity, but the argument is harder.

3.2. Cup products

Suppose A is a Hopf algebra over R which is projective as an R-module.
If M, M', N and N’ are A-modules which are projective as R-modules, then
we define the cup product

u: Extf (M, M) x Ext} (N, N') — Ext{"(M ®r N, M' ®g N')
as follows. Choose exact sequences
0-M My 11— - —>My—>M->0
0—-N 5N, —-->Nyg>N->0
representing the given elements ¢ € Ext}'(M, M') and n € Ext} (N, N'). We

can make sure the M; and N; are R-projective, for example by choosing the
sequences

0 M — Pp_1/Lg—--—>Ph—M-0
0N - Qn1/Ly—--—>Qo—N-—0
of Section 2.4. By Corollary 2.7.3 of the Kiinneth theorem, the tensor product
over R of the complexes
0-M =My — - — M
0—+N'—+Nn_1—+--.-—+N0
is a sequence
0— M N — (My_1 ®RN,)®(M'®RNn—1) — .+ = My®gr Noy

whose homology is M @gr N in degree zero and is exact elsewhere. Thus we
may complete to an exact sequence

0— M &N — (Mn1®rN')® (M &g Ny_1) —
= Moy®rNo— MQrN —0

representing an element of Ext}*"(M ®r N,M’' ®g N'). Maps of m-fold
and n-fold extensions, as in Definition 2.6.1, tensor together to give a map of
(m + n)-fold extensions, and so the resulting element (un of Ext}™"(M ®g
N, M’ ®g N') depends only on ¢ and 7.

Since tensor products of chain complexes are associative, cup product is
also associative.

If A is cocommutative, then tensor products of complexes are graded
commutative in the sense that given complexes C and D of A-modules,
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there is an isomorphism of complexes
CorD—-D®rC
TQy— (_1)deg(w) deg(y)y T

It follows that the cup product is graded commutative in the same sense.
In particular the cup product makes Ext} (R, R) a graded commutative ring
with unit.

In terms of projective resolutions, cup product can be viewed as follows.
If

P: e PP B
Q: o Qe - Q1> Qo

are resolutions of M and N respectively then again by the Kiinneth theorem
the tensor product over R of these complexes is a projective resolution of
M®gN. If { € Ext{(M, M') and n € Ext} (N, N') are represented by maps
(:Pp— M and7:Qn — N then (®7 : Py, @R Qn — M’ ®g N’ can be
extended by zero to give a map (P ®g Q)mi+n — M’ ®gr N’. Since

s(¢@n) =8() ®n+ (-1)*FO¢ @ (1)

the product of two cocycles is a cocycle, and the product of a cocycle with a
coboundary or a coboundary with a cocycle is a coboundary. This product
therefore passes down to a well defined product on cohomology which may
easily be checked to agree with the map defined above.

In particular, if M = N = R then we may take P = Q. Thus the
extension of é ® 7 to a cocycle PQr P — M’ ®g N’ may be composed with
a chain map P — P @pg P extending the obvious isomorphism R®gr R — R
to give a cocycle P — M’ ®p N’. Such a chain map A : P - P®P
exists and is unique up to homotopy by the Comparison Theorem 2.4.2.
It also follows from the comparison theorem that such a map is homotopy
cocommutative and co-associative, in the sense that the composite of A with
the map PQrP — PQrP sending x®y — (—1)de&(@) dee¥)y &z is homotopic
to A, and (1 ® A) o A is homotopic to (A ® 1) o A. Such a map A is called
a diagonal approximation. In fact we shall see that using the standard
resolution, which we shall investigate soon, the diagonal approximation may
be chosen to be co-associative (not just up to homotopy). The same is not
true of cocommutativity, and this is really the reason for the existence of
Steenrod operations, which we shall discuss in Chapter 4 of Volume II.

‘We now have two different definitions of products on Ext} (R, R), namely
Yoneda composition (Section 2.6) and cup product. The following propo-
sition shows that these agree, and that more generally every cup product
may be viewed as a Yoneda composition. The converse is not true, because
for example Yoneda composition is in general not graded commutative on
Extio(M, M).
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PRrROPOSITION 3.2.1. If M, M', N and N' are modules for a Hopf algebra
A, and ¢ € Ext (M, M'), n € Ext} (N, N'), then the cup product
¢un € Ext?t™(M ®gr N, M’ ®g N')
is equal to the Yoneda composite of
(®idy € Ext{(M ®r N',M' @ N')
and
idy ® 7 € Exth(M ®r N, M Qg N').
PRroOOF. Denote by M and N complexes
0-M - My —---— M
0> N S N,_;—--—= Ny

which together with maps € : My — M and ¢ : Ny — N correspond to
elements ¢ € Ext{'(M, M') and n € Ext}(N,N’). Then we have a map of
(m + n)-fold extensions

0 —> M’'QgN’ — (M@®RN)m+4n-1 —> s ~— (M®gN)o —> M®rN —0
“ ¢¢m+n—1 ¢¢0 “
0> M'@gN' ——> M1 —++--—> Mg —> Np—1 -+ Ng —> MQgrN —0

given by the composite maps
b (M®gN); > Mo®r N; S M®rN; 0<i<n-1
"IM@rN); = M;_, @g N’ n<i<m+4n-—1.

It is easy to check that this diagram commutes, which proves the proposition.
g

COROLLARY 3.2.2. Suppose A is a cocommutative Hopf algebra (for ex-
ample a group algebra). If ¢ € H*(A, R) = Ext} (R, R), denote by {p the
image of { under the natural map

Ext’ (R, R) 22 Ext} (M, M)

given by tensoring exact sequences with M. Then for any £ € Ext} (M, M)
we have

Cu 0§ = (~1) 2O 0 ¢y, O

In fact, the above discussion becomes clearer at the level of hypercoho-
mology (see Section 2.7). The tensor product map

Homy (C,D) ®r Hom, (C',D’) - Homy (C ®r C',D ®r D)
gives rise to a cup product map
Ext}(C,D) ®g Ext}(C',D’') — Exti(C®rC',D®rD’)
(®n = (un.
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LEMMA 3.2.3. If¢ € Ext};(C,D), n € Ext}h;(C',D’) then the cup prod-
uct

¢un € ExtFE"(C ®r C',D @r D)
is equal to the Yoneda composite of
(®idp € ExtFo(C®r D', D@ D’)
and
idc ® 7 € Exth(C ®g C',C @ D').

ProoF. This follows easily from the corresponding (obvious) statement
at the level of Hom. O

Since tensor products are graded commutative, so are cup products, in
the sense that the following diagram commutes:

Ext}'(C, D) ®g Ext}(C’, D) — Ext}™"(C ®r C',D ®r D’)

; :

Ext}(C',D’) ®g Ext}(C,D) — Ext7*"(C' ®g C,D’ ® D)

But in general Yoneda products are not graded commutative. So Ext} (C, C)
is in general a non-commutative graded ring and a module over the graded
commutative ring H*(A, R) = Ext} (R, R).

EXERCISES. 1. (Massey products) Suppose P is a projective resolution
of the trivial module R over a Hopf algebra A, and A : P - PgP is a
diagonal approximation. Choose a chain homotopy § : P - PQr P ®@r P
from (A®1)oA to (1®A)oA. If a, B and v are cocycles P — R representing
cohomology classes a, b and ¢, and with cup products ab = 0 and bc = 0,
choose cochains u and v with (e ® 8) o A = éu and (B3® v) o A = bv. Show
that the cochain

(u®~y)oA— (_1)deg(a) (a®v)oA— (_1)deg(a)+deg(ﬂ)+deg(7)(a @BS7)ob

is a cocycle, and its cohomology class is well defined modulo the ideal gen-
erated by a and c, and independent of the choices of P, A, 6, u and v. This
cohomology class is called the Massey product (a, b, c).

Note that there are two extreme cases in the above set-up. In case A is
strictly co-associative (for example for the bar resolution, Section 3.4), the
formula simplifies since we may take # = 0. In the other extreme, if we are
in a situation where we may take for P the minimal resolution (for example
if A is finite dimensional over a field) then we have u = v = 0 and so the
other two terms drop out. Thus non-trivial Massey products may be viewed
as obstructions to finding a strictly co-associative comultiplication on the
minimal resolution.

2. Give a definition of Massey product with respect to Yoneda compo-
sition. Show that in the circumstances where the Yoneda composition is
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expressible as a cup product as above, your definition agrees with the above
definition.

3.3. Induction and restriction

Let G be a finite group. If H < G, then RH is a subring of RG, and so by
Section 2.8 if M is an RG-module we can restrict it to an RH-module which
we write as M |g. If N is an RH-module we have the induced RG-module
N1%= RG ®ryg N. Since RG is free as a right RH-module, of rank |G : H|,
we can write N1C= @g,-eG/H 9; ® N as a sum of R-modules, where the sum
runs over a set of coset representatives of H in G. The action of G is given
by ¢g(¢; ® n) = g; ® hn, where g; is the coset representative with gg; = g;h
and h € H.

Since RG = (RG)* = Homp(RG, R) as RG-RG-bimodules, induction
and restriction behave well under duality in the sense that we have (M*) | g=
(M 1g)* and (N*) 192 (N 19)*. It also follows that induction and co-
induction coincide since

N16=RG ®py N = (RG)* gy N = Hompy(RG,N) = N4¢ .

ProrosiTION 3.3.1 (Nakayama relations).
(i) Homgg (N, M | g) = Hompg(N 1€, M)
(ii) Homgg (M | g, N) = Hompe(M, N 19).

PROOF. This was proved in Section 2.8. This version for groups is also
called Frobenius reciprocity. O

EXERCISE. Show that the Nakayama isomorphism
Hompy(M | g, N) = Hompg(M, N 1€)
is given by the exterior trace map ﬁH,G defined by
Trra(@)(m) = Y g®d(g~'m).

geG/H

Note that the expression g ® ¢(g~!

HinG.
COROLLARY 3.3.2 (Eckmann—Shapiro Lemma).
Exthy(N, M | ) = Ext}o(N 19, M)

ProoF. This was proved in Section 2.8, since RG is projective (even free)
as an RH-module. O

PROPOSITION 3.3.3. (i) (N ®r M |g)16= N1¢ @pM
(ii) Homp(N, M | ) 1¢= Homgp(N 1€, M).

PRrOOF. (i) By the associativity of tensor product we have
(N ®r M |p)1% = RG ®ru (N ®r M | 1)
~ (RG ®rr N) ®r M = N1¢ @M.

m) only depends on the left coset gH of
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(ii) By Lemma 2.8.2 we have
Hompg(N, M | g)1¢ = Homg(N, M | i) 1= Hompgy(RG, Homg(N, M | )
=~ Hompg(RG ®ry N, M) = Homg(N1¢, M). O
Now if H and K are subgroups of G, we wish to describe what hap-
pens if we induce a module from K to G and then restrict to H. Thus we

need to examine RG as an RH-RK-bimodule, with left and right action by
multiplication. We have

rHRGRK = @ R(HgK)
HgK

where R(HgK) denotes a free R-module on the elements of the double coset
HgK, with left RH-action and right RK-action given by multiplication as
before.

If M is a module for K, we write ¢ ® M or IM for the 9 K-module with

(gkg™")(g®m) = g ® km.
With this notation we have
R(HgK) ~ RH ®R(HF19K) (g ® RK)
hgk — h®g®k.

THEOREM 3.3.4 (Mackey Decomposition Theorem).
If M is an RK-module then

M1¢p= P EM) Lanox !

HgK
PrOOF. As RH-modules we have
M1y = ryRGrx ®rx M = @ R(HgK) ®rx M

HgK
= @ RH ®Rarek) (9 ® RK) ®rx M
HgK
@ RH ®pHnsk) (9© M) | Hrox = @(gM Lanox T O
HgK HoK

REMARK. For a more traditional proof without this notational overload,
see for example Curtis and Reiner [64], §44.

CoROLLARY 3.3.5. If M is an RK-module and N is an RH-module then
we have

(i) M1 ®@rN1°= P (°M lanek ®&N LHnok) 1€
HgK
(ii) Homp(M 1€, N 1¢) 2 @D (Homp(*M Lrrwk, N Linok)) 1€
HgK

(iii) M 1Y ®reN 16 @(gMHnQK ®r(Hrok) N LHn9K)
HgK
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(iv) Hompa(M 1%, N 1) = @B (Homp(sno k) (‘M Lanok, N L ano k)
HgK
(v) Torf®(M1°,N1°) = @ (TorRH K\ (IM | grokc, N | o))
HgK
(vi) Extho(M 16, N1¢) = @(EXt;lz(HngK)(ngHngK,NlHngK))-
HgK

ProOF. (i) Using Proposition 3.3.3 and the Mackey decomposition the-
orem we have

M1° @rN 192 (M 16|51 ®rN) 192 (D M lunsx1™) @r N) 1€

HgK
> (D "Mlanok)®rNLHnok) 1) 192 @D (Ml arok ®RNLanok) 1€
HgK HgK

The proofs of (ii), (iii) and (iv) are similar, and (v) and (vi) follow from (iii)
and (iv) by dimension shifting. a

In terms of the above descriptions, composition of maps is given as fol-
lows. Suppose M), M2 and M3 are RH, RK and RL-modules respectively,
where H, K and L are three subgroups of G. If double coset multiplication
is given by

(HgK)(K4'L) = Zni(Hgkig'L)

and
a € Hompg(M21%, M 1€), 8 € Hompe(M3 1%, M2 1)

are elements corresponding to

a € Hompgns k) (TM2 L Hno i, My LHA9K ),

Be HomR(Kng'L)(glM3 Lo M2 L gnor)
then o § is the sum of the elements corresponding to n;& o (9% 3), where

& o (#%f) € Homppyroroy, (9%:9' M3, M)
is the composite map

okid My P, ok pgy — 90y S My

Applying dimension shifting as usual, we obtain a similar formula for
Yoneda composition of elements

o € ExtBo(M2 19, My 16), B € Extho(M31¢, M2 1)

as the sum of the elements corresponding to the Yoneda composites n;é& o

(%)
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3.4. Standard resolutions
Suppose G is a group and R is a commutative ring of coefficients. The
standard resolution of R as an RG-module is the resolution
R N Ny AR N S

where F, is the free R-module on (n + 1)-tuples (go, ... ,gn) of elements of
G, with G-action given by

9(go; - - ,9n) = (990, - -- , 99n)-
The boundary map 8, is given by

an(907' .. 7gn) = Z(_l)i(go,' .. % (R ,gn)
=0

where the vertical arrow denotes that g; is missing from the list. This def-
inition should be compared with the usual boundary map in simplicial ho-
mology. See for example Spanier [190, Chapter 4]. It is easy to check that
O 0 Ony1 =0.
The map hy, : F;, — F41 given by
hn(go, cee ,gn) = (17 g0, - ,gn)
satisfies
idF, = Opy10 hn+ hn_1 00,

and is hence a chain contraction (as a complex of R-modules, not of RG-
modules) of the augmented complex

R 2R R SRS

where £(g) = 1 for all ¢ € G. Thus the complex is acyclic, i.e., Im(Fp41) =
Ker(8y,), see Section 2.3.
To see that F), is a free RG-module, we rewrite it in the bar notation

(90,- - +9n) = 9ol9g 9197 92| - -~ |97 19n]
91l lgn]l = 1, 91,9192, -y 91+ Gn)

n—1
Bnlg] -+ |gn] = grlgal -+ lgn] + D _(-1)lq1l - - lgigisa] - - - lgm]
i=1

+(=1)"gql- - |gn-1].

It is easy to see that F, is the free RG-module on basis elements given by
the symbols [g1] - - - |gn]. Thus for example Fp is the free module on the single
symbol [ ]. Because of this notation, the standard resolution is also known
as the bar resolution.

So we see that the {F},,8,} form a free resolution of Coker(d,) = R by
RG-modules.

Now if M is an RG-module we may form complexes

--—>M®RGF2@>M®RGF1@5M®RGFO
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and
Hompgg(Fy, M) 6—0> Hompgg(Fy, M) 6—1> Hompgg(Fo, M) — - --

where 6™ is given by composition with 8,41. Since the {F,,d,} form a free
resolution of R as an RG-module we have

Hn(G, M) = Tor®(M, R) = H,(M Qrc F,1®,)
H™(G, M) = Ext}c(R, M) = H*(Hompg(F, M), 6*),

see Section 2.3. Some people start with this definition in terms of the stan-
dard resolution as their basic definition of group homology and cohomology.

Notice how explicit the above description is. Since Hompgg(Fn, M) =
Homg(RG"™, M), an n-cocycle is a function from G™ to M, and the cobound-
ary formula above is given by

6 a(g1,. - gn+1) = g10(g2, - - , gn41) +

n
Z(—l)ia(gl, ey GiGit Dy 2 Gnt1) F (=D (g1, .., gn)-
=1

For the st;ndard resolution, there is a strictly co-associative diagonal
approximation called the Alexander—Whitney map given by
n
A(g(),... 7gn) = 2(907 7gj) ® (gjv--' 7gn)
j=0

or in bar notation,
n
Alga]-+1ga] = Y _lonl---1g;] ® g1--- gslg41l - - lgn)-
=

INFLATION. If N is a normal subgroup of G and M is an R(G/N)-module
then we have an inflation map

infg/ng: H*(G/N,M) — H"(G, M)

given as follows. If P is a projective resolution of M as an R(G/N)-module
and Q is a projective resolution of M as an RG-module, then by the Com-
parison Theorem 2.4.2 and the remark after it, the identity map of M lifts
to a chain map p : Q — P uniquely up to homotopy. Thus if f P — M
is a cocycle representing ¢ € H"(G/N, M) then g:o p:Qn — Mis also a
cocycle and represents infg n(¢) € H*(G, M). It is easy to check that any
other cocycle representing ¢ will give rise to the same element of H*(G, M).

If N does not act trivially on M, then we still write infg/y g for the
composite of the inflation from H*(G/N, M") to H*(G, M") with the map
H™"(G,M"N) — HY(G, M) induced by the inclusion.

In terms of the standard resolution, we may take p to be the obvious map
sending group elements to their coset representatives, so that Q: op is constant
on cosets.
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EXERCISE. Using the standard resolutions for G and G/N, show that if

M is an RG-module then there is a five-term exact sequence
0 — H(G/N,MN) 2% HY(G, M) — H'(N, M)C/N
— HYG/N, M) =5, g2(G, M).

This sequence does not continue. We shall derive this sequence in Chapter 3
of Volume II as a consequence of the spectral sequence of the group extension.

Note that by using the resolution for G to calculate H*(N, M), it is clear
that G/N acts, and that the image of restriction H*(G, M) — H*(N, M) lies
in the fixed points of this action.

3.5. Cyclic and abelian groups

The standard resolution constructed above is of exponential growth,
whereas we shall see in Chapter 5 of Volume II that for finite groups there
always exist resolutions of polynomial growth. The problem is that resolu-
tions of polynomial growth are in general much harder to write down. One
case where there is an easily describable periodic resolution is the case of a
cyclic group.

Let Z/n = (x | ™ = 1) be a cyclic group of order n. We have two maps

N : R(Z/n) — R(Z/n) T:R(Z/n) — R(Z/n)
g 1+z+--+2™! z—1—z.
PROPOSITION 3.5.1. The sequence
- X R@/m) L R@Z/Mm) S R(Z/M) D RE/)
is a free resolution of R as an R(Z/n)-module.
ProoF. This is easy to check. ]
COROLLARY 3.5.2. If M is an R(Z/n)-module then
HYZ/n,M)=M%"={me M|(1-xz)m=0}

H¥(Z/n,M) = MY /(1 4z +---+ 2" YM (r > 0)

H" Y Z/nM)y={meM|(l+z+---+2"Ym=0}/1-2)M. O

COROLLARY 3.5.3. Suppose M is an RG-module, and H is a normal
subgroup of G with G/H cyclic. If M | is projective then

M & (projective) = Q%(M) @ (projective).
PROOF. Since M |y is projective, so is
M 512 M @ R|1u1%= M ® R(G/H).
Thus tensoring M with the sequence
0— R— R(G/H) L R(G/H) - R—0
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we obtain a sequence of the form
0 — M — (projective) — (projective) — M — 0. 0
The proof of the above corollary also shows the following.

COROLLARY 3.5.4. Suppose G = Z/n is cyclic of order n. Then there is
an element 0 € H%(G, R) such that for all RG-modules M, cup product with
o induces an isomorphism

H™(G,M) S H'™(G, M)
for all r > 0. In particular, if n is not invertible in R then o is not nilpotent.

PROOF. We take o € Ext%o(R, R) to correspond to the 2-fold extension
0—R— RG-S RG—R—0. O

We now calculate the ring structure of H*(Z/n, k), where k is a field of
characteristic p. The above calculation shows that H"(Z/n, k) is one dimen-
sional over k for each r. Choose a non-zero element x € H'(Z/n, k). This is
represented, as in Section 2.6, by a map & : (k) — k. Now the projective
cover of k is k(Z/p®), where p® is the exact power of p dividing n. In other
words, the generator for the cyclic group is represented by a Jordan block
of size p® with eigenvalue 1. The remaining projective modules are obtained
by tensoring this one with the simple modules for k(Z/n) (if k is a splitting
field, these are one dimensional and there are n/p® of them). Thus Q(k) is
a uniserial module of length p® — 1 with all its composition factors trivial.
The map Z takes the unique top composition factor of (k) onto the trivial
module.

Now choose a non-zero element y € H?(Z/n,k). Since Q%*(k) & k, § :
Q2(k) — k is an isomorphism. We calculate products by the method at the
end of Section 2.6. Namely, y? is represented by the map

o 2(9) : k) — k

which is again an isomorphism, so that y? is a non-zero element of H4(Z/n, k).
Continuing this way, the powers " are non-zero elements in H*"(Z/n, k).
Similarly zy" is represented by the surjective map

& o)) o ¥(§) o+ 0 XTHG) : QHU(K) 2 Qk) — k

and is hence a non-zero element of H**1(Z/n, k).
The only thing left to do now is to calculate z2. This is represented by
the map

FoQ2): k) =k — QUk) — k.

If p* — 1 = 1 this composite is a non-zero multiple of y. If p° — 1 > 1 then
the composite is zero and so z2? = 0.
We summarise the results of this calculation in the following proposition.
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PRrOPOSITION 3.5.5. Suppose p° is the p-part of n, and k is a field of
characteristic p. Then the cohomology ring H*(Z/n,k) has the following
structure.

(i) If p* = 2 then H*(Z/n, k) = k[z] with deg(z) = 1.

(i) If p° > 2 then H*(Z/n,k) = k[z,y]/(z?) with deg(z) = 1 and
deg(y) = 2. |

An alternative proof is given in Cartan and Eilenberg [53, Chap. XII
§7], where more general coefficient rings are discussed. They use the explicit
diagonal approximation A, : R(Z/n) — R(Z/n) ®g R(Z/n) given by

1®1 r even
Ars(1)=¢1Qz r odd, s even
ZOS,’SJ'S"_I t'®17 rodd, s odd.

To calculate the cohomology of a general finite abelian group, we need a
version of the Kiinneth formula.

THEOREM 3.5.6. Suppose R is a hereditary ming of coefficients (see the
remark at the end of Section 2.7). If Gy and Gy are groups, My is an RG,-
module and M3 is an RG3-module, then there is a short exact sequence

0— EB Hi(Gl,Ml) QR Hj(G2,M2) — H™(G) x Ga, My ®g M3)
i+j=n
- @ Torf(H(G1, M), H(Ga, Ms)) — 0.
i+j=n—1
Here, M1 ®g M3 is regarded as an R(Gy x G3)-module via (g1, g2)(my ®ms) =
a1m & gama.

Proor. If P and Q are projective resolutions of R as RG; and RGo-
modules respectively, then P ®g Q is a projective resolution of R as an
R(G) x G3)-module (exactness follows from the Kiinneth theorem 2.7.1 since
R is hereditary). The theorem now follows by applying Theorem 2.7.1 to the
complex

Homp(g, xa,) (P ®r Q, M1 ®r M2) = Hompgg, (P, M1) ®r Hompe,(Q, M2).
O

REMARK. If R = k is a field then H*(Gy x Ga,k) = H*(Gy,k) ®
H*(Ga, k) as graded rings; i.e., (z ® y)(z' @ ¥) = (—1)de8W) dea@) g0/ @ 4y,
This follows from the cup product description of the ring structure and the
corresponding commutativity formula for tensor products of chain complexes.

COROLLARY 3.5.7. If G = (Z/p)® is an elementary abelian group of order
p® and k is a field of characteristic p then the cohomology ring H*(G, k) has
the following structure.

(i) If p = 2 then H*(G,k) = k[z1,... ,14] is a polynomial algebra with
deg(z;) = 1.



68 3. MODULES FOR GROUP ALGEBRAS

(ii) If p > 2 then H*(G,k) = A(z1,... ,zs) O kly1,- .. ,ys] is a tensor
product of an exterior algebra and a polynomial algebra with deg(x;) = 1,
deg(y;) =2 . a

3.6. Relative projectivity and transfer

DEFINITION 3.6.1. Suppose H is a subgroup of G. An RG-module M
is said to be projective relative to H or relatively H-projective if
whenever we are given modules M; and Mp, a map A : M — M; and an
epimorphism p : M3 — M; such that there exists a map of RH-modules
v:M|g— M|y with A = o v, then there exists a map of RG-modules
VM — My with A= por.

v o l)\
4

Myt M — >0

If H =1 and R is a field, this agrees with the definition of projective RG-
module given in Section 1.5.

An RG-module M is said to be injective relative to H or relatively H-
injective if whenever we are given modules M; and M2, amap A: M1 - M
and a monomorphism p : M; — M, such that there exists a map of RH-
modules v : M; |p— M |y with A = v o u, then there exists a map of
RG-modules v/ : My |g— M |y with A =/ o pu.

0 —> M; —2> M,

l/a-
M

A short exact sequence of RG-modules is H-split if it splits on restriction
to H.

The concept of relative projectivity was studied by D. G. Higman, who
related it to the transfer map as follows:

DEFINITION 3.6.2. If H is a subgroup of G, and M and M’ are RG-
modules, we define the transfer or trace map
Trac : Hompy (M’ |5, M | ) — Hompg(M', M)

as follows. Choose a set {g;, ¢ € I} of left coset representatives of H in G
and set
Tra,c(4)(m) = Zgi¢(9¢_1m)-
i€l
Since ¢ is an RH-module homomorphism, g;¢(g;” 1m) only depends on the left

coset g;H and so this map is independent of choice of coset representatives
of Hin G.
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In other words, Try ¢ is the composite of the exterior trace map

Trnc : Hompa (M Ly, M L) = Hompg(M', M |51€)
defined in Section 3.3 and the map induced by the natural surjection
M],HTG—> M.

We write (M’, M)© for Hompg(M', M), we write (M’, M)$, for the image
of Try ¢, and we set

(M, M)SH = (M, M)C (M, M)
as an R-module. Similarly if X is a collection of subgroups of G we write
(M, M)§ for the linear span of the (M’, M), H € X, and (M’, M)®?¥ for
(M, M)S/(M', M)§.
In case M’ = R, (R, M)€ is just the space of fixed points MC. In this case
we write M§ and MG ¥ for the image and cokernel of Tryy g : MH — MC.

LemMMA 3.6.3. (i) If @ € Hompy(M;, M2) and 8 € Hompe(Ma, M3) then
BoTrag(e) =Trae(Boa).

(ii) If « € Hompg(My, M2) and B € Homgy (Ma, M3) then
Tra,(B) o= Trag(Bo ).

(iii) If H < K £ G then Trg ¢Trg k(o) = Tryg g(o).

(iv) If H and K are two subgroups of G, then for o € Hompg (M, M2),
Trx,c(@) = X pgx TrHnok,H(90). Recall that (ga)(m) = g(a(g™'m)).

(v) If o € Endgr(M) and 8 € Endpk (M), then

Tra () Trk,c(8) = D Trank,c(agh).
HgK

(vi) Suppose K < H < G, M, is an RG-module, M2 is an RH-module
and i : My — Ma1C |y is the natural map taking m to 1 ® m. Then

Tra e Trr () (m) = Trg,(i o a)(m).

PROOF. (i), (ii) and (iii) are clear from the definition.

(iv) For each double coset HgK, let A(g) be a set of left coset represen-
tatives of H N 9K in H. Then Uy, {hg | b € A(g)} is a set of left coset
representatives of K in G.

(v) We have

Try,o()Trk(8) = Trao(eTrkc(8)) = True() | aTranek,u(90))
HgK

=Trac( ) Tranok,n(egB) = Y Transk,c(agh).
HgK HgK
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(vi) We have

Trn o Tek p(e)(m) = > Y. 9®hab™'g7(m)
9€G/H he H/K

= Z g®ag ' (m) = Trg (i o a)(m). g
9eG/K

Setting M = M; = My = M3 in parts (i) and (ii) of the above lemma, it
follows that (M, M)$ is a two-sided ideal in Endrg(M), and so the quotient
(M, M)SH inherits a ring structure. Similarly, (M, M)$ is a two-sided ideal
and (M, M) is a ring.

The following two propositions explain the relationship between relative
projectivity and transfer:

ProproSITION 3.6.4 (D. G. Higman). Let M be an RG-module and H a
subgroup of G. Then the following are equivalent:

(1) M is projective relative to H.

(ii) Pvery H-split epimorphism of RG-modules A : M' — M (i.e., one
which splits as a map of RH-modules) splits.

(ili) M is injective relative to H.

(iv) Fvery H-split monomorphism of RG-modules splits.

(v) M is a direct summand of M |1°.

(vi) M is a direct summand of some module induced from H.

(vii) (Higman’s criterion) The identity map on M is in the image of
Trpc.

PRrOOF. The implications (i) = (ii) = (v) = (vi) and (iii) = (iv) = (v)
are clear, using the natural H-split maps M — MLHTG and MLHTG—» M.

(vi) = (vii) : If M is a direct summand of N 1€ for an RH-module N
then we denote by p the RH-module endomorphism N 1€ |g— N1€| g given
by

gn ifge H
0 otherwise

p(g®n)={

i.e., the projection onto N as a summand of N 1€ |y (cf. the Mackey decom-
position theorem). Then we have Try ¢(p) = 1, the identity endomorphism
of N16.

Now we denote by € the RH-module endomorphism of M given by the
composite

0:M|g— N1C| gL N1C g M|y .

By Lemma 3.6.3 (i) and (ii), we have Try g(6) = 1.
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(vii) = (i) : Let

4

M2 —E—> M1 —0
be as in the definition of relative projectivity. If 8 € Endrp(M;) with
Trgc(8) = 1 then we let v/ = Trye(v 00). By Lemma 3.6.3 (i) and (ii)
we have
pov =poTryg(vod)=Truc(povod)
=Trgg(ro8) =AoTrpg() = A

(vii) = (iii) is proved dually. a

COROLLARY 3.6.5. Suppose an RG-module M is projective as an R-

module and has a finite projective resolution as an RG-module. Then M
is projective as an RG-module.

PROOF. Let
0—-PFP,—-P,_ 11— P ->M-—-0

be a projective resolution of M with n minimal. Since M is R-projective, this
sequence is R-split. By Proposition 3.6.4, P, is injective relative to the trivial
subgroup, and so the map P, — P,_; splits, contradicting the minimality of
n unless n = 0. 0

PROPOSITION 3.6.6. Suppose My and My are RG-modules, H is a sub-
group of G and a € Homgg(My, M2). Then the following are equivalent.

(i) a € (M1, My)§.

(ii) & factors as My} — My | #1G— M, where the latter map is the natural
surjection My | 16— Ms.

(iii) o factors as My =5 M 2% M, for some M projective relative to H.

PROOF. (i) = (ii) : This follows from the fact that Try ¢ is the composite
of Try ¢ and the map induced by My | g1¢— Ms.

(ii) = (iii) is clear.

(iii) = (i) : Write idyy = Trg,(0) as in the previous proposition. If
a = ag o ap then

o= 0 T['H‘G(o) oy = T('H,G(az ofo a1) € (Ml,Mz)g

by Lemma 3.6.3 (i) and (ii). O

COROLLARY 3.6.7. If M and N are RG-modules with M relatively H-
projective, then M @g N is also relatively H -projective.

PRrOOF. This follows from the Proposition 3.6.4, using the identity

M1p1% ®rN = (M |y ®rN 1) 1¢

(Proposition 3.3.3). O



72 3. MODULES FOR GROUP ALGEBRAS

COROLLARY 3.6.8. If M and N are RG-modules with M relatively H-
projective and N relatively K -projective, then M ®g N is a summand of a
sum of modules which are projective relative to subgroups of the form H N IK.

ProoF. This follows in the same way, using Corollary 3.3.5 (i). O

COROLLARY 3.6.9. Suppose |G : H| is invertible in R. Then every RG-
module M 1is projective relative to H.

PROOF. Try ¢ (idp/|G; H|) = idp. O

COROLLARY 3.6.10. Suppose R is a field of characteristic p or a com-
mutative local ring whose residue class field has characteristic p. Suppose
H contains a Sylow p-subgroup of G. Then every RG-module is projective
relative to H. O

COROLLARY 3.6.11. Suppose |G| is invertible in R. Then every RG-
module which is projective as an R-module is projective as an RG-module.
In particular every short exact sequence of such modules splits. O

COROLLARY 3.6.12 (Maschke’s theorem). Suppose k is a field of char-
acteristic coprime to |G|. Then every short exact sequence of kG-modules
splits. In particular kG is semisimple. O

REMARK. The usual proof of Maschke’s theorem is as follows. If M, is a
submodule of a kG-module M and if p is any linear projection of M onto M;
then o' =3 ¢ gpg~! is a G-invariant projection and so M = M; @ Ker(o').
This is in a sense the prototype for the proof of Higman’s criterion.

DEFINITION 3.6.13. If X is a permutation representation of G, we write
RX for the corresponding matrix representation whose basis elements are the
elements of X, and we say a short exact sequence 0 — M; — Mas — M3 — 0
is X-split if the sequence

0—- RX®prM; - RX®pr My > RX g M3 — 0

splits.
We say that M is projective relative to X, or relatively X-projective, if
every X-split epimorphism M’ — M — 0 splits.

The following two lemmas show that these concepts are equivalent to
those introduced in Definition 3.6.1, but better behaved on restriction to
subgroups.

LEMMA 3.6.14. Suppose X is a transitive permutation representation of
G with point stabiliser H. Then a short exact sequence of RG-modules is X -
split if and only if it is H-split. An RG-module M is relatively X -projective
if and only if it is relatively H -projective. O

LEMMA 3.6.15. Suppose X is a permutation representation of G and H
is a subgroup of G.
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(i) If a short exact sequence of RG-modules is X -split then its restriction
to H is also X -split.

(ii) If an RG-module M is relatively X-projective then M |y is also
relatively X -projective. O

TRANSFER IN COHOMOLOGY. We can extend the notion of transfer
from Hom to Ext as follows. First note that projective RG-modules are still
projective as RH-modules for H < G. So a projective resolution of M as an
RG-module gives us a projective resolution of M as an RH-module. Thus
we obtain a restriction map

resg, i : Extho(M, M') — Exthy(M, M').
If
P2 p PR

is a projective resolution of an RG-module M, and M’ is another RG-module
then for any o € Hompy (Pn, M') we have Try (@) 00n+1 = Trug(a©0ni1)
and 8, o Trgg(a) = Try,g(0n o @) by Lemma 3.6.3. Thus Try g induces a
well defined map

Try g : Exthy(M,M') — Extho(M,M').
It is easy to check that this is independent of the choice of the resolution.
LEMMA 3.6.16. (i) If a € ExtRy (M, M2) and B € Exth(Ma, M3) then
BoTrag(e) = Tryclresga(B)oa) € Ext'}'{g;"(Ml, Ms).
(ii) If a € Extfg(Mi, M2) and 8 € Exthy(Ma, M3) then
Try,c(B) o a = Tryg(B o resg g(a)).
(iii) If H < K < G then Trg ¢Trp k(a) = Trag(a).

(iv) (Mackey formula) If H, K < G, then for o € Exti (M1, M2) we
have

resG,H’I‘rK,G(a) = Z Tranok | resK,ngK(ga).
HgK
(v) If a € Extgy(M, M) and B € Exthg (M, M), then
True()Trke(B) = Y Tranok,c(agh)-
HgK

PRrooF. This is clear from Lemma 3.6.3. g
PROPOSITION 3.6.17. If o € Ext}(M, M') then Try g resg u(e) = |G :
H|.a. In particular for any a € Exth (M, M') with n > 0, we have |Gl.a =
0. O
COROLLARY 3.6.18. If |G : H| is invertible in R then the restriction map

resg, i : Exthg (M, M') - Exth (M, M')

is injective. In particular, if |G| is invertible in R and M is R-projective, then
Ext}o(M,M') =0 forn > 0. a
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COROLLARY 3.6.19. Suppose a Sylow p-subgroup P of G is a T.I set
(i.e., for all g € G we have either 9P = P or 9PN P = {1}), and suppose
|G : P| is invertible in R. Then the restriction map

resg Ng(P) * EXt%G(M, M’) — Ext%NG(P)(M, M,)
is an isomorphism, and multiplication by |G : Ng(P)| — 1 annihilates every
element of Ext}o(M, M'), for n > 0. Moreover, Ext';%NG(P)(M, M') is equal
to the invariants of Ng(P)/P acting on Ext}p(M,M').

PROOF. As above, Try(p)cresgng(p)(@) = |G : Ng(P)le, so that
resg N (p) 1S injective. But on the other hand, the Mackey formula 3.6.16
(iv) shows that

resg N (P) Tt Ng(P),c(B) = B
since the intersection of any two distinct conjugates of Ng(P) is a group of
order dividing |G : P|. Hence resg n.(p) and Try,(p) ¢ are inverse isomor-
phisms, and |G : Ng(P)|a = a.
Finally, the Mackey formula shows that if o € Ext}p(M, M’) then

resng(p),PTrpNg(P) (@) = D> go.
geNg(P)/P
Since |Ng(P)/P| is invertible in R, the image of deNG(P)/Pg is equal to
the invariants. 0O

ExXAMPLE. Suppose G = S, the symmetric group on p letters, for p odd,
and k is a field of characteristic p. A Sylow p-subgroup P of G is a cyclic
group of order p, whose normaliser is a Frobenius group of order p(p — 1)

Ng(P) = (g,h| g” = 1"~ =1,hgh™" = ¢°)
where s is a primitive root modulo p. Now by Proposition 3.5.5, we have
H*(P,k) = klz,y}/(z?)
with deg(x) =1 and deg(y) = 2. It is easy to check that the action of Ng(P)
on H*(P, k) is given by h : x — sz, h: y — sy (for example, use the explicit

description of degree one and degree two cohomology given in Section 3.7).

Now by Corollary 3.6.19, it follows that

H*(Sp, k) = H*(Ng(P), k) = H*(P, k)Ne(P)/ P
Since h : ¢y — s™y" and h : xy™ ! — s"xy™ L, it follows that the invariants
have a basis consisting of the elements of the form y*®~1) and xyk(P-D-1,
These elements therefore form a basis for H*(Sp, k).

Similarly, if ¢ denotes the sign representation of S, then ¢ [ p=k | p, so
H*(P,¢) is as before. However, as modules for Ng(P)/P we have H*(P,¢) =
H*(P,k) ®y . Since h is an odd element of Sy, it acts as —1 = sP=D/2 op ¢.
Thus we have h : y” > s®-D/24nyn 55q h o gy=1 o =D/ 24ngyn-1 " 4nd
SO

H*(S,,¢) = H*(Ng(P),¢) & [H*(P, k) ® ¢Na(P)/P
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has a basis consisting of the elements of the form

(2k+1)(p-1)/2 (2k+1)(p—1)/2—1‘

Y and zy

3.7. Low degree cohomology

We first give a group theoretic interpretation of
H"(G,M) = Exthe(R, M) = Ext3,(Z, M)

for an RG-module M, for n = 1 and 2. Such group theoretic interpretations
have been given for all n, but soon become contrived. The real home for
cohomology of groups is in module theory.

DEFINITION 3.7.1. An extension of a group G by an RG-module M is
a short exact sequence of groups

1-M—-G-oG—1

where M is regarded as an abelian group (now written multiplicatively) and
the action of G on M by conjugation is the same as the module action. A
central extension of G is as above but with trivial G-action on M. The
extension splits if there is a copy of G complementary to M in G. In this
‘case the group G may be written as matrices of the form (,11 g )

An isomorphism of extensions must be the identity on both M and

G.

PROPOSITION 3.7.2. The cohomology group H'(G,M) parametrises the
set of conjugacy classes of complements to the subgroup M in the split exten-
ston G.

PROOF. We write elements of GG as matrices as above. Then a comple-
mentary copy of G in G is given by matrices ( 5fg] 2). Since

( 5[111] .tg ) ( 6[112] 902 ) - ( [:f[gllgzl 91092 )

we have ([g1] + ¢18l92] = Blg192] and so 8 : G — M is a 1-cocycle for the
bar resolution. Conjugating by ( Y :7)') replaces 3 by 3’ where

B'lg] — Blgl = (1 - g)(m — Blg'])
which is the coboundary of the O-cochain [ | — m — B[d]. O

In terms of extensions, there is an obvious action of G on M = R® M

given by
1 0 n o\ _ n
m g my ) =\ nma+g(mg) J°

The above calculation shows that two complementary copies of G in G are
conjugate if and only if the restrictions of the short exact sequence 0 — M —
M — R — 0 correspond to the same element of Extpo(R, M).

DEGREE TWO COHOMOLOGY.
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PROPOSITION 3.7.3. The cohomology group H*(G, M) parametrises the
set of isomorphism classes of extensions of G by the RG-module M.

Proor. f1 - M -G - G — lis an extension, choose a set of coset
representatives of M in G, and write § for the representative corresponding
to an element g € G. Define a function a : G x G — M by

G192 = a[q1|g2]g162-
Because of the associative law in G, we have

algi|ge] + algig2193] = g1a]g2|g3] + a[g1]9293]

(recall that addition in M is really multiplication in G, and the action of G
on M corresponds to conjugation in G) so that éc[g1]g2|g3] = 0, and « is a 2-
cocycle for the bar resolution. Choosing new coset representatives § = 3[g]d
replaces a[g|g2] by

a[g1g2] + Bla1] + 918(g2] — Blgrg2]-

In other words it changes o by the coboundary of the l-cochainAﬁ.
Conversely given a 2-cocycle a, we can define an extension G by putting
a multiplication on the set of pairs m € M, g € G as follows :
(m1, g1)(m2, 92) = (M1 + g1(m2) + [g1]g2], 9192)-
As above, the associative law corresponds to the equation éa = 0. ([

If you like thinking in terms of matrices, suppose
0-M—-A—-B->R-0
represents an element of H2(G, M) = Ext%. (R, M). Letting
M’ = Coker(M — A) = Ker(B — R)

we can think of A and B as matrices of the form

as (8 o) P (ol st )

The group G then consists of all matrices of the form

1 0 0
blg) om(g) O
*  alg) om(9)

where * takes all possible values in M = Hompg(R, M). The matrices

100
010
* 0 1

form a normal subgroup isomorphic to M, and the quotient is isomorphic to
G.

The splitting of the extension corresponds to being able to choose con-
sistent values c(g) for the entry x, preserved by multiplication. This is the
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same as the Yoneda product of 0 = M - A —-M' - 0and0 — M' — B —
R — 0 being the zero element of Ext%; (R, M). The choice c(g) + ¢/(g) also

WOI‘kS if and Only if
( )

is an extension in Exthg(R, M) = HY(G, M).

COROLLARY 3.74. If |G| is invertible in R and M 1is an RG-module then
every extension of G by M splits.

PROOF. This follows from Proposition 3.7.3, Corollary 3.6.18 and the
fact that

H*(G,M) = Ext}s(R, M). O

PROPOSITION 3.7.5. Let G be a central extension of a finite group G by
the multiplicative group k* of a field k in which every element has a |G|th
root. Then there is a finite subgroup G of G with G = G.k*, and.GNk* a
cyclic group of order prime to p = chark. In particular, if G is a p-group
and k is a perfect field, then the extension splits and G = G x k*.

PROOF. Since every element of k& has a |G|th root, the map &% — k*
given by raising to the |G|th power is onto, with kernel of order dividing
|G|p. The short exact sequence

0-Z/|Gly = k* - k* =1

(where 1 is the zero group written multiplicatively and Z/|G|, is the |G|th
roots of unity written additively) gives rise to an exact sequence

.- — H¥G,Z/|G|y) — H*(G,k*) 2 HX (G k) — ---
where the second map is multiplication by |G|, and is hence zero by Propo-
sition 3.6.17. Thus we may choose representatives §; in G of the elements g;
of G so that letting §;§; = a[gi|g;]9:g;, the 2-cocycle o takes values in the

|G|th roots of unity. We take G to be the group generated by these g;, so
that GNk* is contained in the finite cyclic group of |Gith roots of unity. 0O

REMARKS. (i) The example k = Q, G = Z/2, G = (Q, /2) shows that
the hypothesis that every element has a |G|th root is necessary.

(ii) If @ : G x G — k* is a 2-cocycle on G, then the twisted group ring
[kG]« has basis elements §; for g; € G and multiplication g;§; = a(¢:]9;]9:;-
According to the above proposition, if k is algebraically closed there is a finite
cyclic p’-central extension

1-Z-G—-G—1

and an injective map Z < k* such that [kG], is the summand of kG on which
Z acts as scalars via this map, so that as a kG-module we have kGl Z ez 16,
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COROLLARY 3.7.6. Suppose that a finite group G acls as algebra auto-
morphisms on Endy(V), where V is a finite dimensional vector space over
an algebraically closed field k of characteristic p. Then a finite cyclic p-
central extension G of G acts on 'V in such a way that the induced action on
V @, V* = Endi(V) is the given one.

Proor. Every automorphism of Endy (V) is inner by Proposition 1.3.6,
and so we obtain a map G — PGL(V) = GL(V)/k*. This gives rise to a
central extension G of G by k* and a map G — GL(V). By the proposition,
we may pass down to a finite extension G of G and a map G — GL(V), as
required. O

EXERCISE. Show that Extk.(R, R) is isomorphic to the set Hom(G, R*)
of group homomorphisms from G to the additive group of R. Note that
every such homomorphism has the derived group of G in its kernel, and that
Hom(G, R") is an abelian group in an obvious way.

LIFTING THEOREMS. We now give an application of the above interpre-
tation of degree two cohomology to the problem of lifting representations.

THEOREM 3.7.7 (Green). Suppose (K,O,k) is a p-modular system (see
Section 1.9) with k = O/p, and M is a finitely generated kG-module such
that ExtzG(M, M) =0. Then there is an OG-lattice M with M /p = M.

Proor. We prove by induction that M = M lifts to an (O/ p?)G-lattice
M; with M;/p*~! = M;_,. If such a lift M; has been found, then finding
M; 1 is the same as finding the diagonal map in the following diagram.

-G

1 — Endp(M) — GLn(O/p™") — GLA(O/p*) — 1
The obstruction to finding such a lift lies in
H?(G,Endy(M)) = Extis(M,M) =0,

and so the diagonal map exists. Such a map gives a representation of G as
matrices over O/p*tl. By completeness of O, we now obtain an OG-lattice
M with the desired properties. O

In general, a representation may lift to O/p® for i arbitrarily large, and
then fail to lift further. For example, the trivial representation of the cyclic
group of order two over Fy lifts to the matrix (2:~! + 1) as a representation
over Z/2¢, which then fails to lift to a representation over Z/2'*!. But in
a sense, this lift only failed because we chose the wrong lift from Z /2! to
Z/2¢. The following theorem shows that if we can lift as far as Z/p?"!,
where p" is the order of the Sylow subgroups, then the reduction to Z/p"!
lifts to the p-adics.

The following theorem is essentially due to Maranda [150].
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THEOREM 3.7.8. Suppose G is a finite group of order p"q with q coprime
to p, and (K,0,k) is a p-modular system. If M is a finitely generated kG-
module which lifts to a finitely generated O/p®-free (O/p*)G-module M with
a > 2r + 1, then there is a finitely generated O-free OG-module M with
M/p* "M = M/p* M.

PROOF. Suppose M has dimension n over k. Since 2(a —r) > a + 1, the
kernel of the map

GL.(0/p**!) = GL,(O/p*™)

is an abelian group, isomorphic to Endo(M /p’HM ). Now consider the fol-
lowing diagram of groups and homomorphisms.

-G

1— Endo(M/p"_lM) - GLn(O/p‘H_H_I) —> GLa(O/p%) — 1
v J !

1— Endo(M/p" ' M) —> GLa(O/p**") —> GLa(O/p*™") — 1

The obstruction to lifting G — GL,(O/p*) to a map G — GLn(O/patTH])
lies in H2(G,Endo(M /p"+t1M)). Since p" is the p-part of |G|, by Proposi-
tion 3.6.17, multiplication by p" annihilates this cohomology group. Thus
the composite G — GL,(O/p*) — GL,(O/p*") lifts to a map G —
GL,(O/p**!). Now proceed by induction and use completeness to obtain an
appropriate map G — GL,(O) lifting the given map G — GL,(O/p* ). O

3.8. Stable elements
In the last section (Corollary 3.6.18), we saw that if |G : H| is invertible in
R thenresg p : Ext}q (M, M') — Exthy (M, M’ ) is injective. More generally
(cf. Corollary 3.6.9) we shall see in this section that if M or M’ is projective
relative to H then the above map resg g is injective, and we identify the
image as the stable elements in Ext%, (M, M').

DEFINITION 3.8.1. If H is a subgroup of G and M, M’ are RG-modules,
an element a of Ext; (M, M') is said to be stable with respect to G if for
allge G

resH,ngH(a) = reSsH,HngH(ya)-

PROPOSITION 3.8.2. Suppose H is a subgroup of G, and M, M’ are RG-
modules with either M or M’ projective relative to H. Then the map

resg,g : Extho(M, M') — Exthy (M, M')
is injective, and its image is the set of stable elements with respect to G.

PROOF. We shall deal with the case where M’ is projective relative
to H; the case where M is projective relative to H is similar. Let 8 €
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Endgy(M’) with Trgy,q(6) = 1 as in Higman'’s criterion (Proposition 3.6.4).
By Lemma 3.6.16 (i), if o € Ext}o(M, M’) then

Tryc(resgu(@)f) = aTryg(f) = a.

This proves that resg g is injective, since o may be recovered from resg g (c).
Conversely, suppose that 3 € Ext% (M, M’) is stable with respect to G.
Then by Lemma 3.6.16 we have

resc,aTrnc(08) = > Trhrom Hresom o (9(68))
HgH

= > Trrrom,u(resos,tnor (9(6)resors rinorr(9(6)))
HgH

= Z Tr o i, b (veso o, HAoH (9(0))resy trne b (3))
HgH

= Z Tranon aressn,mnon(9(9)) | B =Truc(0).0 =8
HgH

and so (3 is in the image of resg 4. O

Of course, the same description may be applied to H*(G, M) since this
is just Extko(R, M).

DEFINITION 3.8.3. A subgroup H of G is said to control p-fusion in
G if it contains a Sylow p-subgroup of G, and whenever K; and K, are p-
subgroups of H and 9K; = K3 for some g € G then there is an h € H with
gklg_l = hk‘]h_l for all k) € K;.

PRroPOSITION 3.8.4. If H controls p-fusion in G, and the p’ part of |G|
18 invertible in R, then the restriction map

resg,y : H*(G,R) — H"(H, R)
s an tsomorphism.

ProoF. Let S be a Sylow p-subgroup of G. We must show that if we
calculate H"(G, R) or H"(H, R) as stable elements in H"(S, R) we get the
same result in both cases.

fgeG, let K, =9 'SNS and K2 = SN9S. Then 9K, = K>, so there
is an element h € H with gk1g~! = hkh~! for all k; € K. In particular
h~1g centralises K1, and so if @« € H"(Kj, R) then go = hao € H"(K», R) so
that the stable element calculations do give the same answer. [

REMARK. The above proof does not work for the restriction map from
ExtRg(My, My) to Ext} g (M, My) if My and M> are non-trivial. The prob-
lem is that Cg(K) does not necessarily act trivially on ExtRy, (M, M2).
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3.9. Relative cohomology

LEMMA 3.9.1 (Relative Schanuel’s lemma). Suppose 0 — M; — X; —
M —0and 0 —> My —» X2 = M — 0 are H-split short exact sequences of
modules with X, and Xy projective relative to H. Then My ® Xo = Mo ® X;.

PROOF. Form a pullback diagram just as in the proof of Schanuel’s
lemma 1.5.3. O

DEFINITION 3.9.2. A relatively H-projective resolution of an RG-
module M is a long exact sequence

o X 2 x, 2L X,

of RG-modules with the following properties.
(i) Xo/Im(dy) = M.
(ii) Each X; is projective relative to H.
(iii) Each sequence
0 — Xp1/Ker(0pt1) = Xp, — Im(8,) — 0
as well as
0—>Im(81)—>X0—>M—>0

splits on restriction to H.
Since the surjection M |g1€— M always splits on restriction to H,
relatively H-projective resolutions always exist.

THEOREM 3.9.3 (Comparison theorem). Given a map of modules M —
M’ and relatively H-projective resolutions of M and M', we can extend to a
map of chain complexes

G2 1)}

X5 X1 Xo M 0
lfz lfl lfo l
% 9
Yy ¢l Yo M 0

Given any two such maps {f,} and {f}}, there is a chain homotopy
hn : Xn = Yoq1, so that fn_fylzz 10 by + hn_1 00, O

If M’ is an RG-module and
o Xy 2 x 2 X

is a relatively H-projective resolution of an RG-module M, we have a chain
complex

Hompa(Xo, M) 2> Hompa(X1, M) 25 Hompa(Xa, M) — ---

where 6™ is given by composition with 3,,,. By the comparison theorem this
complex is independent of choice of relatively H-projective resolution, up to
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chain homotopy equivalence. Thus its cohomology groups are independent
of this choice, and we define

Extg (M, M') = H"(Hompg (X, M'), §*).
We can now define the relative cohomology of G to be
H™(G,H,M) = Ext¢ y(R, M).

Just as in Section 2.4, we may view elements of Extg; y(M, M’) as equiv-
alence classes of H-split n-fold extensions

0O-M M, ,— - > My—M-=0.

Two such are equivalent if there is a map of H-split n-fold extensions taking
one to the other. We complete this as usual to an equivalence relation. Note
that two H-split n-fold extensions can be equivalent as n-fold extensions
without being equivalent as H-split n-fold extensions, so that the natural
map

Extg g (M, M') — Extpe(M, M)
is not necessarily injective.
Yoneda composition gives an associative bilinear product
Ext@ y (M',M") x Ext¢ g (M, M’y — ExtZ i (M, M")
and hence a ring structure on Extg; (M, M). Note that in general the ring
Exté g(R, R) is not necessarily Noetherian, even when R is a field. This

is in contrast to the case of Extp;(R, R), which is known to be Noetherian
whenever R is (see Chapter 4 of Volume II).

LONG EXACT SEQUENCES.

LEMMA 3.9.4 (Relative horseshoe lemma). If0 - M’ - M — M” — 0
is an H-split short exact sequence of left A-modules, then given relatively
H -projective resolutions

o X X X o X X = XY

of M' and M”, we may complete to a short exact sequence of chain complexes

0 0 0 0
J ! ! !
X} X! X} M 0

| | oo

= X5 B X — X ® X — Xp & X — M ——>0

! ) ! |

Xy XY Xy M" 0

/ } / l

0 0 0 0 O
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Thus as in Section 2.4, if My is another RG-module we have long exact
sequences

0 — Hompg(M”, Mp) — Hompgg(M, My) — Hompe(M', Mp) —
Extg g (M", Mp) — -+ — Extg g(M”, M) —
Extg, (M, Mo) — Extg g (M’, Mo) — ExtgHi(M”, My) — -

and

0 — Hompge(My, M') — Hompg(My, M) — HOng(Mo,M") —
Extg (Mo, M') — - -+ — Extg (Mo, M') —
Extg g(Mo, M) — Extg (Mo, M") — Extgt (Mo, M') — - -

3.10. Vertices and sources

In this section, R is a ring of coefficients such that the Krull-Schmidt
theorem holds for finitely generated RG-modules (e.g. R a field or a complete
local domain).

DEFINITION 3.10.1. Let M be an indecomposable RG-module. Then D
is a vertex of M if M is projective relative to D but not relative to D’ for any
proper subgroup D’ of D. A source of M is an indecomposable RD-module
My, where D is a vertex of M, such that M is a direct summand of My 1€
(cf. Proposition 3.6.4).

PRrOPOSITION 3.10.2 (Green). Let M be an indecomposable RG-module.

(i) The vertices of M are conjugate in G.

(ii) Let My and My be two RD-modules which are both sources of M.
Then there is an element g € Ng(D) such that My = IM,.

(iii) If the p’ part of |G| is invertible in R, then the vertices of M are
p-subgroups.

PROOF. (i) If M is a summand of M |51 and also of M | k1€ then it
is a summand of

Mu1°1k192% @ M Lanok 1€
HgK

by the Mackey decomposition theorem, so that if H and K are both vertices
of M then H = 9K for some g € G.

(ii) By Proposition 3.6.4, some summand M of M | p is a source of M.
Thus M, is also a summand of

My 1¢1p= @D Mo lpnept? .
DgD

Thus for some g € Ng(D), My =2 9 M.
(iii) This follows from Corollary 3.6.9. O
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EXERCISE. Use Rosenberg’s lemma, Higman'’s criterion and Lemma 3.6.3
(v) to give an alternative proof of part (i) of the above proposition, under
the assumption that the endomorphism ring Endgg (M) is a local ring.

3.11. Trivial source modules

As we shall see in Chapter 5, trivial source modules control quite a lot of
the structure of representation rings.

Throughout this section, R is an arbitrary commutative ring of coef-
ficients such that the Krull-Schmidt theorem holds for finitely generated
RG-modules, and (K, O, k) is a p-modular system.

DEFINITION 3.11.1. An RG-module M is a trivial source module if
each indecomposable summand of M has the trivial module R as its source.

LEMMA 3.11.2. An indecomposable RG-module M has trivial source if
and only if it is a direct summand of a permutation module.

PROOF. Suppose M is a summand of Ry 1€. Let D be a vertex of M,
and My be a source. Then by the Mackey decomposition theorem, M is a
summand of

Ry1°lp= P Roron 1”7
HgD
Since D is a vertex, My = Rp. O

One of the principal properties of trivial source modules is that they lift
from characteristic p to characteristic zero.

THEOREM 3.11.3 (Scott). Let My and My be the OG-permutation mod-
ules on the cosets of Hy and Hy respectively. Then the natural homomor-
phism from Homog(Mi, Ms) to Homyg (M1, My) given by reduction modulo
p S surjective.

PRrOOF. By the Mackey decomposition theorem, the free (O-module
Homog(M1, M3) and the k-vector space Homyg(Mp, My) have the same
rank, namely the number of double cosets HogH;. O

COROLLARY 3.11.4. (i) Every trivial source kG-module lifts to a trivial
source OG-module, unique up to isomorphism.
(i1) If My and My are trivial source OG-modules, then the natural map

Homog(M1, Ma) — Homyg (M1, M3)
gwen by reduction modulo p is surjective.

PrROOF. By the theorem, reduction modulo p is surjective on endomor-
phism rings of permutation modules. A trivial source module corresponds
to an idempotent in such an endomorphism ring, and so by the Idempotent
Refinement Theorem 1.9.4, trivial source modules lift.

Applying the theorem again, we see that homomorphisms between triv-
ial source modules lift. Uniqueness of the lifts follows from the conjugacy
statement in Theorem 1.9.4. g
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3.12. Green correspondence

For the purpose of this section, R is a commutative ring of coeflicients
such that the Krull-Schmidt theorem holds for finitely generated RG-mod-
ules, and such that the p’-part of |G| is invertible in R.

Let D be a fixed p-subgroup of G and let H be a subgroup of G contain-
ing N¢(D). In this situation, Green correspondence is a tool for reducing
questions about representations of G to questions about representations of
H, modulo stuff “coming from below”. Naively, this means induced from
proper subgroups of D, but we can refine the statement to see exactly what
subgroups are involved. Of course, the main tool here is Mackey decomposi-
tion.

Let

X={X<G|X<9IDND for some g€ G\ H}
Y={Y <G|Y <9IDNH for some g € G\ H}.
Note that X C Y and D & ).

LEMMA 3.12.1. Let M be an indecomposable RH-module which is pro-
jective relative to D.

(i) Let M 1C|g= M & M'. Then M’ is a sum of modules projective
relative to subgroupsY € Y.

(i) Let M 162 V @ V' with V indecomposable and M a summand of
Vig. Then V' is a sum of modules projective relative to subgroups X € X.

PROOF. (i) Let U be an indecomposable RD-module with U 172 M @M,
for some My. Then

UtClu= M1y @Mo 11y .
But by the Mackey decomposition theorem,
U1Cla=U" oU’
with U’ a sum of modules projective relative to subgroups Y € Y. Thus
M1C |y oMo 1C g2 MO My U’

and so by the Krull-Schmidt theorem, M1C| g M & M’ with M’ a sum of
modules projective relative to subgroups Y € ).

(ii) It is clear that V' is projective relative to D. Suppose it has an
indecomposable summand V; which is not projective relative to a subgroup
in X, and suppose D; < D is a vertex of V5. Let U; be a source of V;. Then
U, is a summand of V7 | p,, and so for some indecomposable summand M;
of Vi |y, Ur is a summand of M; | p,. Thus M; is not projective relative to
a subgroup in ), and hence neither is V'’ | g, contradicting (i). O

THEOREM 3.12.2 (Green Correspondence). Suppose as above that H is a
subgroup of G containing Ng(D). Then there is a one—one correspondence
between indecomposable RG-modules with vertex D and indecomposable RH -
modules with vertex D given as follows.
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(i) If V is an indecomposable RG-module with vertex D, then V |y has
a unique indecomposable summand f(V) with vertex D, and the remaining
summands have vertices in ).

(ii) If M is an indecomposable RH-module with vertex D, then M 1€ has
a unique indecomposable summand g(M) with vertex D, and the remaining
summands have vertices in X.

(iii) We have f(g(M)) =2 M and g(f(V)) =V

(iv) The correspondences f and g take trivial source modules to trivial
source modules.

(v) If Vi and Vo are RG-modules with vertex D, then the trace map Try g
induces an isomorphism

(F(Va), F(Va) HX TZES, (17, 15)6%
(see Definition 3.6.2 for the notation).

ProoF. (i) Let S be a source of V and let S 17~ M @ M’ with M an
indecomposable module such that V is a summand of M 16. By part (i) of
the above lemma, M is the only summand of M 16 | i with D as vertex, and
the rest have vertices in ). But some summand of V | i has vertex D, since
V is a summand of V | 1€, and so we take f(V) =

(ii) Choose an indecomposable summand V of M 1€ such that M is a
summand of V |g. Then by part (ii) of the above lemma, M 16~ V @ V/
with ¥V’ a sum of modules with vertices in X. We take g(M) =

(iii) and (iv) are clear from (i) and (ii).

(v) According to Proposition 3.3.1 and the exercise following it, the ex-
terior trace map ﬁyg induces an isomorphism

(Vi L, FOV) 2S5 (14, £(V2) 16)C.
By Lemma 3.6.3 (vi), this takes homomorphisms in (Vi |z, f(V2))¥ to ho-
momorphisms in (V3, f(V2) 1¢)$ and induces an isomorphism
V1 lu, f (V2))HX —5 (WA, £(V2) 19)57.

Since f(V2)1¢ is a direct sum of V, and modules projective relative to sub-
groups in X we have

(‘/l’ f(V2) TG)G’X = (Vly V2)G’X'

Since Try ¢ is the composite of ﬁH,G and the map induced by the natural
surjection Vz | y1¢— V4, it follows that if we regard f(V2) as a summand of
V2 Ly then Trgy ¢ induces an isomorphism

(Vi L, (Vo)) B 229, (7 1),

Finally, V] | g is a direct sum of f(V}) and modules projective relative to sub-
groups in Y. Since f(V2) is projective relative to D, applying Lemma 3.6.3 (v)



3.13. CLIFFORD THEORY 87

shows that any homomorphism from a module projective relative to a sub-
group in Y to f(V2) is a sum of transfers from subgroups in &. Thus

Vi lm, fFR)PX = (F(W), F(V2)) 2. 0

The following theorem gives us more information in the situation where
we have Green correspondence.

THEOREM 3.12.3 (D. Burry and J. F. Carlson [47], L. Puig [161]).

Suppose that H is a subgroup of G containing Ng(D). Let V be an
indecomposable RG-module such that V |y has a direct summand M with
verter D. Then V has vertex D, and V is the Green correspondent g(M).

PROOF. Let e = Trp u(a) € (V,V)E be the idempotent corresponding
to the summand M of V ] y. By Lemma 3.6.3, we have

Trpcl(a) = Z Trynep,H(ga) =€+ Z Trynep,a(ga) = e mod (V, V)g.
HgD HgD
g¢H
Since M is not Y-projective, e & (V, V)g , and so Trp g(a) is an idempotent in
W, V)E/(V,V)C 0 (V, V)H). Since (V, V)G is a local ring, this means that
(V, V)€ = Trpg(a)(V,V)C C (V, V)g, and so V is projective relative to D.
Hence V has vertex D and M is its Green correspondent. 0O

Once Green correspondence has been applied, we are left with a mod-
ule which is projective relative to a normal p-subgroup. Analysis of such a
situation is the subject of the next section.

3.13. Clifford theory

Clifford theory is concerned with the relationship between modules and
normal subgroups. In this section we present a primitive version of the Clif-
ford theory developed by Clifford, Cline, Conlon, Dade, Green, Knorr, Puig,
Ward, Willems and others. Throughout this section, R is a ring of coef-
ficients with the property that finitely generated RG-modules satisfy the
Krull-Schmidt theorem for all finite groups G.

Suppose N is a normal subgroup of a finite group G, and Mj is an
indecomposable RG-module which is projective relative to N. Then there is
a RN-module M such that My is a summand of M €. Now by the Mackey
decomposition theorem

MiCl @ oM
geG/N
is a sum of conjugates of M. So by the Krull-Schmidt theorem, My |y is a
direct sum of conjugates of M.

DEeFINITION 3.13.1. If M is an indecomposable RN-module with N < G,
we define the inertia group T' = T'(M) to be the set of all ¢ € G such that
M=IM.
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Thus in particular N.C¢(N) < T, and IM = 9'M if and only if g and ¢’
are in the same left coset of T in G. If T = G, we say M is inertial.

PROPOSITION 3.13.2. Suppose M is an indecomposable RN -module with
N <4 G, and with inertia group T. Let

MiIT=M & -0 M,

with each M; indecomposable. Then each M; 16 is indecomposable, and
M; 162 M;1€ if and only if M; = M;.

PROOF. Since T is the inertia group, M; | is a sum of copies of M, say
M; |NZ n;.M. Then

M1z P (9@ M)Ine P niIM.

geG/T geG/T

Now M; is a summand of M; TGlT, and so if M; TG is decomposable one
of the summands, X say, has the property that M; is a summand of X |,
and so n;.M is a summand of X | 5. But then since G acts on X, n;.9M is
also a summand of X |n. Since IM % 9 M if g and ¢’ are in different left
cosets of T in (7, this implies that all summands of M,-TGL N appear in X |y,
so that counting summands we must have X = M;16.

If M;19= M; 1€ but M; % M;, then by the Krull-Schmidt theorem M;
is a summand of Y, where M; 16|r= M;®Y. Then Y |y is a sum of copies
of IM for g € T, while M; |y is a sum of copies of M. Since IM ¥ M for
g € T, this is impossible. O

The effect of this proposition is that from now on we may assume that
M is inertial, so that Mp is a summand of M 1€, and M 16|y is a sum of
copies of M. We shall also assume that R = k is an algebraically closed field,
and under these hypotheses we examine idempotents in E = Endg(M 19).
By Frobenius reciprocity we have

E = Homgy (M, M1°|y) = @ Homyn(M,9M).
9€G/N
Since M = 9M for all g € G/N, we may decompose FE into a sum of pieces
of the same dimension
E= QB E;,  E, = Homin(M,9M).
geG/N

We have EgEy = Egy, Ey = Endgn(M) is a local ring, and J(E1)E, =
E,J(E) is of codimension one in Ey, consisting of the non-isomorphisms.
This is an example of what Dade calls a strongly G/N-graded algebra.
In particular we have J(E1)E C J(F), and each E;/J(E1)E, is one dimen-
sional, so that E/J(F))FE is a twisted group algebra for G/N. Thus by
Proposition 3.7.5 and the remarks following it, there is a p'-cyclic central

extension 1 - Z — G/N — G/N — 1 and an injective map Z — k> such
that E/J(E;)E is isomorphic to the summand of kG/N on which Z acts
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as scalars via this map. Thus by the Idempotent Refinement Theorem 1.7.3
the summands of M\T G are in one—one correspondence with the projective
indecomposable kG /N-modules lying in this summand.

As an application of this set-up, we prove the following theorem.

THEOREM 3.13.3 (Green’s indecomposability theorem). Suppose that N
is a normal subgroup of G such that G/N is a p-group, and M is an abso-~
lutely indecomposable kN -module (i.e., k' @ M is indecomposable for ail
extension fields k' of k). Then M 1€ is absolutely indecomposable.

ProOOF. Without loss of generality k is algebraically closed. By applying
induction on |G : N|, we may suppose |G : N| = p. If M is not inertial, then
by Proposition 3.13.2 M 1€ is indecomposable, and so we may suppose M is
inertial. Letting

E =Endic(M1%) = P E,
geG/N

as above, E/J(E1)E is a twisted group algebra for G/N. But every p'-cyclic
central extension of a cyclic group of order p splits, and so E/J(E})E is
isomorphic to the group algebra of G/N. Since J(E;)E C J(FE), this implies
that E/J(E) = k and so M 1€ is indecomposable. ]

Returning to the set-up discussed before the theorem, the projective in-

decomposable kG/N-module corresponding to a summand My of M 1€ is
called the multiplicity module, and another equivalent description of it is
as follows. If we let Mo | ny= M ®; V for some k-vector space V, then

Endgn(Mo L)/ JEnden (Mo In) = Endg (V)

admits an action of G/N as algebra automorphlsms so that by Corollary
3.7.6, there is a finite p'-central extension G/N /N of G/N and an action of G/N /N

on V compatible with this. This kG/N-module is the multiplicity module.
Its dimension gives the multiplicity of M as a summand of My | n.

If Endg, (M) = M ®; M* extends to a kG-module, then by Corollary 3.7.6,
there is a finite p’-central extension G of G and a kG-module M such that
Endi(M) = Endy(M) as algebras with G-action. This central extension
splits on N, so that G is a pullback

1—Z G G 1

B

1——>Z—>G/N——>G/N——>1

and M Inxz= M @ 7! for an appropriate one dimensional representation
¢ of Z. Thus if we regard M 1C as a representation of G with Z in its kernel
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then
M1C 2 (M@ e @k &)nnz 19% (M |nyz @1e) 1
=~ M @k enxz 192 M @i [kG/N]q

where [kG/N|, is the twisted group algebra for the 2-cocycle « corresponding
to the one dimensional representation £ of Z (see the remarks after Proposi-
tion 3.7.5). Thus as a module for G, the original module My breaks up as a
tensor product My = M ®;, V where V is the multiplicity module as before.

The extension M does not always exist, as is easily seen by looking at
the example where G = Z/p", N = Z/p, and M is any kN-module with
non-trivial action.

In general, the problem of whether M can be extended to a module M for
a suitable (3 can be rephrased as follows. Consider for each g € G the set of
all possible linear maps ¢, : M — M such that g® ¢, : IM =gQM — M is
an isomorphism of kN-modules. Then for g = 1 this gives the multiplicative
group (Endxn(M)°P)*. If we endow the set of all such pairs (g, ) with
the composition (g, #g).(9',¥y) = (99', ¢g © ¥g), then we obtain a (usually
infinite) group G, which fits into the following diagram:

1 1
} |
N=——=N
oo
1 — (Endyn(M)°P)> G G 1
l T
1 — (Endgn(M)°P)* — G/N — G/N —1
| |
1 1

and the kN-module M extends in an obvious way to a kG-module M. The
question is, can this be reduced to a central extension? In other words, if we
let K be the kernel of the determinant map (Endgy(M)°P)* — k> and set
G/N = (G/N)/K = G/(N x K), then we have a diagram of the form

1 1

! l

1— K — (Endgn(M)°P)* — kX —>1

| ! /

1—K G/N G/N —1
| |
G/N ———G/N

| |

1 1
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and the question is, does the exact sequence 1 - K — G/N — G/N — 1
split? If it does, then the kG-module M restricts to give a kG-module M as
required.

There are two cases of interest where the answer is yes. The first is the
case K = 1, in other words where Endgn(M) = k. In this case we have
G = G and so we can take M = M. The second case is the case where G/N
is a p’-group. In this case, K is a (usually infinite non-abelian) nilpotent
group in which every element has order a power of p, and so the splitting
follows by repeated application of Corollary 3.7 4.

We summarise what we have proved in the following theorem:

THEOREM 3.13.4. Let N be a normal subgroup of a finite group G and k
an algebraically closed field. Suppose M is an inertial kN -module, and either
(i) Endgn (M) &k, or
(ii) chark = 0 or char k does not divide |G/N|.
Then there is a p'-cyclic central extension

1—2Z G G 1

I

1—-Z—>G/N—G/N—1

such that M extends to a module M for G.
R If My is a direct summand of M 1€, then regarding My as a module for
G with Z in the kernel, we have

Mo = M@ V.

Here, V is the multiplicity module for My, regarded as a module for G with
N in the kernel. g

3.14. Modules for p-groups

For a p-group P over a field & of characteristic p, we shall see that there
is only one simple imodule, namely the one dimensional trivial module. But
all the complications of how simple composition factors glue together to form
an arbitrary module are already present in the case of a p-group.

LEMMA 3.14.1. Suppose P is a p-group and k is a field of characteristic
p. Then there is only one simple kP-module, namely the one dimensional
trivial module k.

ProorF. If M is a kP-module, we shall show that P has a non-zero fixed
subspace in its action on M. Since the fixed subspace is a submodule, it
then follows that if A is simple then P acts trivially on M and M is one
dimensional.

Choose a non-zero element m of M and consider the (additive) abelian
subgroup of M generated by the images g(m), ¢ € P. This is a finite abelian
p-group which admits the action of P. Since all orbits must have size a power
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of p, the number of fixed points is divisible by p. Since the zero element is
fixed, there must be some other fixed point. |

Thus the decomposition matrix has only one column, and its entries are
the dimensions of the ordinary irreducible representations. The Cartan ma-
trix has only one entry, which is the group order.

Since there is only one projective indecomposable kP-module, namely
the projective cover of the trivial module, this must be equal to the regular
representation. Thus kP has a unique minimal left ideal, also isomorphic to
the trivial module. It is equal to the last non-zero power of the radical, and is
hence a two sided ideal. We write Soc(kP) for this minimal ideal. Since the
projective indecomposable kP-module is also injective, whenever it is a sub-
module of another kP-module it is a summand. Thus every non-projective
indecomposable kP-module has Soc(kP) in its kernel. So studying the rep-
resentation theory of kP is almost the same as studying the representation
theory of kP/Soc(kP).

More generally, every transitive permutation module for kP has a one
dimensional socle, since the sum of the elements being permuted spans the
unique minimal submodule. Thus a transitive permutation module for kP is
automatically indecomposable.

Since every kP-module is obtained by gluing together one dimensional
composition factors, it is important to understand Extyp(k, k).

PropoSITION 3.14.2. There is a natural isomorphism
H'(P,k) = Extyp(k, k) = Hom(P/®(P), k")

where k* denotes the additive group of k. Thus if P/®(P) is elementary
abelian of rank n then Ext}p(k, k) is an n-dimensional vector space over k.

PrOOF. An extension
0-k—-M-—-k—>0

of kP-modules is the same as a matrix representation of the form

()

where o : P — k' is a homomorphism of groups from P to the additive group
of k. The kernel of o must contain ®(P), since k* is abelian of exponent
p. O

In fact the same argument shows that for any finite group G, any element
of Ext}(k, k) corresponds to a two dimensional representation of G with
OP(G) in its kernel, and so we have the following.

PROPOSITION 3.14.3. For any finite group G we have
HY(G,k) = HY(G/OP(G), k). O
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The next observation about cohomology of p-groups is that we can tell
whether a module is projective just by looking at its cohomology.

PROPOSITION 3.14.4. Suppose P is a p-group and M is a kP-module.
Then the following are equivalent.

(i) M is projective

(ii) H™(P,M) = 0 for some n > 0

(iii) H™(P,M) =0 for alln > 0.

Proor. By Corollary 2.5.4 we have
H"(P,M) = Ext}p(k, M) = Homyp(k,Q "M),

which is non-zero whenever Q"M is non-zero, namely whenever M is not
projective (remember kP is a self injective algebra). O

COROLLARY 3.14.5. Suppose P is a p-group and M and N are kP-mod-
ules. Then the following are equivalent.

(i) M* @ N is projective

(ii) Extpp(M,N) =0 for somen >0

(iii) Extpp(M,N) =0 for alln > 0.

PrOOF. By Proposition 3.1.8 we have
Extpp(M,N) = Extip(k, M* ®, N) = H"(P,M"* ®; N).
Now apply the above proposition. 0
JENNINGS’ THEOREM. We now give an account of Jennings’ theorem
[131], which describes the radical layers of the group algebra of a p-group.
Our presentation is closer to the one given in Quillen [165].

Suppose P is a p-group of order p", and k is a field of characteristic p.
We define the dimension subgroups of P to he

F.(P)={geP|g-1€J(kP)}

where J"(kP) is the rth power of the Jacobson radical of the group algebra
kP. Since

(gh-1)=(@g-D+*r-1)+(-1kh-1)
(67! -1 =-g7g-1), (hgh™' —1)=h(g—1)h™

F,.(P) is a normal subgroup of P. Also since
("= =(-17 (ghl-1)=(g-1h-1)—(h-1)g-1)g~'h""
the pth power of an element of F,.(P) is in Fp,(P), and the commutators
[F-(P), F5(P)] are contained in F,5(P). Also it is easy to see that Fy(P) = P
and F5(P) = ®(P), the Frattini subgroup of P.

We denote by I';(P) the lowest central series with the above properties.
Namely we begin with I';(P) = P, and then I',.(P) is generated by all com-

mutators [['4(P),T'y(P)] with s + ¢ > r, and all pth powers of elements in
T's(P) with ps > r. This series is called the Jennings series of P. It is clear
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from the above discussion that F,.(P) 2 I',(P) for all r > 0. We shall prove
below that F,.(P) = I'.(P) for all 7 > 0.

It follows from the definition that each T',.(P)/T,+1(P) is an elementary
abelian p-group, which we regard as a vector space over Fp, say of dimension
n,. We form the associated graded object and tensor with &

Jen.(P) = D k @, (T,(P)/Tr41(P)).

r>1

This is a Lie algebra, with the Lie bracket given by commutators. The Jacobi
identity follows from Philip Hall’s identity

Cle, [y, 2 Cly, [ 2 Cle 271yl = 1.

This Lie algebra also comes equipped with a pth power operation, the pth
power of an element of degree r being an element in degree pr. Such an object
is called a p-restricted Lie algebra (it is not necessary for our purposes to
know the exact axioms).

We define the restricted universal enveloping algebra UJen.(P) as
follows. It is the (associative) graded algebra over k generated by the graded
vector space Jen,(P), subject to the relations that zy — yz is equal to the
commutator [z, y], and the pth power zP agrees with the pth power operation
defined above. By definition, the identity element of U{Jen.(P) spans a copy
of the field in degree zero.

We now filter kP by the powers of the radical, and define the associated
graded object

gr.kP = (P Ji(kP)/J*! (kP)
20
where JO(kP) = kP. Since the product of elements in J*(kP) and J7(kP)
lies in J**7(kP), gr.kP inherits the multiplication to form an associative
graded algebra over k.
Since I'r(P) C F,(P), we have a vector space homomorphism

¢ : Jen.(P) — gr.kP
g—g-1
induced by sending an element g € I'-(P) to (g — 1) € J"(kP). This has the
property that the Lie bracket [g, h] goes to ¢(§)é(h) — ¢(h)$(g), and gP goes

to ¢(g)P. So by the definition of the restricted universal enveloping algebra,
the map ¢ extends to an algebra homomorphism

¥ 1 UJen,(P) — gr.kP.

Since Jen; (P) = I'1(P)/T2(P) = P/®(P), the map 9 is an isomorphism
in degree one. Now gr.kP is generated by elements of degree one, and so
¥ is surjective. In fact, it is an isomorphism, as we now show by counting
dimensions. This dimension count also gives us the dimensions of the radical
layers of kP.
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To count dimensions, we give a basis of UJen.(P), called the Poincaré-
Birkhoff-Witt basis. First, we choose a basis z, ... , z, of Jen.(P), in such a
way that the first n; vectors form a basis of Jen, (P), the next ng vectors form
a basis of Jeng(P), and so on. It may happen that some of these are the zero
space, but this does not worry us. We have n, = dimy Jen,(P), n = _n,,
and |P| = p”. We claim that the elements z{? ... 23" with 0 < a; < p span
UJen,(P) as a vector space. This is clear, because the generators in Jen, (P)
are certainly in this span, and because of the commutator and pth power
formulas, a product of such elements is again a linear combination of such
elements.

This proves that the dimension of UJen,(P) is at most p™. But we have
a surjective map 9 : UJen,(P) — gr.kP, and the dimension of gr.kP is p™.
This proves that the above elements are linearly independent, and that ¢ is
an isomorphism. Moreover, an element of I';(P) not in I’y (P) gives rise to
a non-zero element of Jen,(P) and hence has non-zero image in gr,.(kP). It
follows that I';.(P) = F,(P).

Finally the above basis allows us to give the dimension of gr,.AP. This is
easiest to write down in terms of Poincaré series.

. . . _pr\ P
th dimk(J’kP/J’HkP) = H(l T4+ t(P—l)r)nr — H (1 t )

¢ 1—tr
120 T

We summarise what we have proved in the following theorem.

THEOREM 3.14.6 (Jennings, Quillen). Suppose that P is a finite p-group.
Then the dimension subgroups F,.(P) are equal to the Jennings subgroups
T.(P). The map

¥ : UJen,(P) — gr kP

defined above is a isomorphism. In particular, the Poincaré series of the
radical layers of kP is given by

. . . _$pr\"r
> tidimy(J'kP/J T kP) = [] (%)
i>0 T

where |Lr(P)/Tr11(P)| = p™. Thus the radical length of kP is
1+Z(p—1)rnr. O

COROLLARY 3.14.7. The radical layers of kP are equal to the socle layers.

Proor. The Poincaré series given above is symmetric. Namely, if we set
=1+ Z(p — Dra,,
T

the radical length of kP, then the above formula shows that
dimy (JkP/J 'k P) = dimg(J "k P/J Tk P).
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By Proposition 3.1.2, kP is self-dual as a kP-module, so that
dimg (J'kP/J+ kP) = dimg(Soct* 1k P/SoctkP).
Since SoctkP 2 J'ikP, it follows by induction that we have equality. O

3.15. Tensor induction

We saw in Section 2.8 that if I" is a subring of a ring A then we may
induce modules from I" to A. The particular case of induction and restriction
for group algebras was briefly discussed in Section 3.3. The corresponding
notion of tensor induction for modules for group algebras, however, does not
easily generalise.

As in Section 3.3, if H < G and M is an RH-module we can write

M1°=RGora M= P go M.
geG/H

One way of checking that this gives a well defined RG-module which is
independent of the choice of coset representatives of H in G is to introduce
the following construction. Let n = |G : H|. Recall that the wreath product
Yo LH consists of elements (7;hy,... , h,) with 7 € £, and hy,... ,h, € H,
and with multiplication given by

(7' hy, oo R (T by .. hy) = (1w h;r(l)hl, ... ,h;(n)hn).

Given a choice of coset representatives gi,...,g, of H in G, we obtain an
injective group homomorphism ¢ : G — £, ! H as follows. For a given
g € G, we can write g.g; = gr(j)h; for uniquely defined elements m € X,
and hy,...,h, € H depending on g. We then set i(g) = (m; h1,... ,hs). A
different choice of coset representatives gives rise to a conjugate embedding
of Gin ¥, H.

Now given an RH-module M, we can make a direct sum M™ of n copies
of M into a module for £,,! H via

(71'; hl, .o ,hn)(ml, “ee ,mn) = (h,,_1(1)m,,_1(1), ceny h,,—1(n)m,,—1(n)).
The induced module is then
M1C=i*(M™) = (M) ¢ .

In a similar way, since tensor product is commutative, we can make the tensor
product M®" of n copies of M into a module for £, H via

(m3h1, ... b)) (M1 @ --- @ my) = hw—l(l)mn-l(l) ® - hr1(n)m,,v1(n).
DEFINITION 3.15.1. The tensor induced module M4S is defined to be
M€ = i*(M®") = (M®") | .

The basic properties of tensor induction are given in the following propo-
sition.
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ProPosITION 3.15.2. Suppose H < G and My, My and M3 are RH-
modules.

(i) (M) ®r M2)aC = M6 @ MaaC.

(ii) If H < H < G and M is an RH'-module then M&4C = MaC.

(iii) (My @ My)aC = MyaC @ MasC® @ M', where M’ is a direct sum of
modules induced from proper subgroups K containing the intersection of the
conjugates of H.

(iv) If H < H and M is an RH'-module then M TH &C is a direct
sum of modules induced from subgroups K containing the intersection of the
conjugates of H', and with KN H < H'.

(v) (Mackey formula) If K, H < G and M is an RK -module then

M&€ g2 Q) M |prax 8.
H\G/K

(vi) (Dress [89]) Suppose X is a permutation representation of G and
0— My - My —» M3 — 0 is an X -split short exact sequence of RH -modules
(see Definition 3.6.13). Then

RX ®g (M23C) = RX ®r (M & M3)s°).

PrOOF. (i) and (ii) are clear from the definitions.
(iii) As modules for £, 1 H we have

(My @ M2)®" = MP" o MS" o M’
where

M = @ (MP" @g Mf(n_r))(zrxz,._r)m R
1<r<n—1

and the result follows by restricting to G.
(iv) The module

@n

(M= P goM
geH/H'

is a direct sum of submodules corresponding to the ¥, ! H-orbits of ways of
choosing an n-tuple of coset representatives of H' in H. The stabiliser in H
of such an n-tuple is the intersection of the corresponding conjugates of H’,
and is therefore contained in some conjugate of H’. The result follows by
restricting to G.

(v) This follows by partitioning the set of left coset representatives of K
in G as a disjoint union of orbits of H corresponding to the double cosets.

(vi) Regard M; as a submodule of My by abuse of notation. As an
RG-module, M24¢C has a natural filtration

M&® =Up <Uj < - < Uy, = Maa®
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(n = |G : H}), where Uj is the linear span of the tensors m; ® --- ® my, for
which at most j of the m; do not lie in M;. It is easy to see that

(My @ M3)aC® = Uy ® Uy /U & - - - @ Uy /Un_1.

Thus we must show that tensoring with RX splits the above filtration of
MzéG.

Suppose f: RX ®p M3 — RX ®g M, is an X-splitting of the sequence
0 — M; - My — M3 — 0 of the form

f(Z TQ@my) = Z z® fz(myg)
zeX zeX
with f; linear maps from M3 to My (if there is any splitting of the form
FrexT®ma) = 30, yex T ® fay(my), then by dropping the terms with
x # y, we obtain a splitting of the desired form). Since f is an RH-module
homomorphism, we have hfy(m;) = frz(hm,) for h € H. Now a splitting ¢
for the map ’

RX @rU; - (RX®rU;)/(RX ®rUj-1) = RX ®r (U;/U;-1)

is given as follows. The typical generator for the right hand side is given as
z®(m1®---®my,), where j of the m; are in M3 and n—j are in M;. To apply
¢, we leave the x and those m; which are in M; alone, and we replace those
m; which are in M3 by fg{’z(mi)’ where g; is the coset representative of H

in G labelling the ith copy of My in MysC = MP™. Tt is easily checked that
¢ is an RG-module homomorphism which splits the above surjection. |

The reader is referred to Chapter 4 of Volume II for an extensive dis-
cussion of the tensor induction construction at the level of chain complexes.
In particular this gives rise to the Evens norm map and Steenrod operations
in cohomology. The algebraic proof by Evens that the cohomology ring of a
finite group is finitely generated depends heavily on this construction.



CHAPTER 4

Methods from the representations of algebras

4.1. Representations of quivers

It follows from Morita theory (Section 2.2) that to study the represen-
tations of a finite dimensional algebra over an algebraically closed field, it
suffices to consider the case where every irreducible module is one dimen-
sional. We shall see that such an algebra is expressible as a quotient of the
path algebra of a quiver (directed graph) by an ideal contained in the ideal
of paths of length at least two. More generally, a finite dimensional basic
algebra over any field can be expressed essentially uniquely as a quotient of
a “modulated quiver” by such an ideal, provided certain sequences of bimod-
ules over division rings split (this condition is always satisfied over a perfect
field). This makes the representations of quivers important to the study of
representations of finite dimensional algebras.

DEFINITION 4.1.1. A quiver is a directed graph, possibly with multiple
arrows and loops.

If Q is a quiver and k is a field, we define the path algebra kQ as follows.
It is an algebra over k, which as a vector space has a basis consisting of the
paths ¢ — ¢ — ... — e in (). Multiplication is given on basis elements
by composition of paths in reverse order (because we are dealing with left
rather than right modules) if the paths are composable in this way, and zero
otherwise. Thus for example corresponding to each vertex x there is a path
of length zero giving rise to an idempotent basis element denoted e,. A free
algebra is an example of a path algebra, for a graph with only one vertex.
Clearly kQ is finitely generated if and only if ) has only finitely many vertices
and arrows, and finite dimensional if and only if in addition it has no oriented
cycles.

A representation of a quiver () associates to each vertex x of ) a vector
space V;, and to each arrow £ — y a linear transformation V; — V,, between
the corresponding vector spaces.

There is a natural one—one correspondence between representations of Q
and kQ-modules given as follows. Given a representation of @}, we form a
kQ-module whose underlying vector space is @@, Vz, and where the action
of a basis element x; — --- — z3 is as the composite of the corresponding
maps:

Pve>Vey - - Vi, > PV
x x

9



100 4. METHODS FROM THE REPRESENTATIONS OF ALGEBRAS

So for example the action of the idempotent e; is to project onto V.

Conversely, given a kQ-module V, we form a representation of ¢ by
setting V; = e, V. If u is the basis element of kQ corresponding to an arrow
x — y, then eyu = u = ue,, and so u maps V,, to V,,. These are the maps we
use to define the representation of (). It is clear that the above procedures
are mutually inverse.

There is a simple kQ-module S; of dimension one corresponding to each
vertex x of (). It consists of a one dimensional vector space at the vertex z,
and a zero dimensional vector space at each other vertex. In case kQ is finite
dimensional, these are the only simple kQ-modules, but otherwise there are
others. For example, for a free algebra with at least two generators, there
are simple modules of every dimension.

ExXAMPLE. Let @ be the following quiver.

If any of the maps corresponding to the four arrows is not injective, then the
kernel splits off as a direct summand. Thus apart from four simple modules,
the indecomposable kQ-modules are in one-one correspondence with inde-
composable four subspace systems; namely a vector space V together with
four given subspaces V1, V5, V3, V4. There is an obvious notion of direct sum
for such systems, namely V&W; VieW,,... ,V,;®W,. The four subspace
problem is the problem of classifying the indecomposable four subspace sys-
tems. This problem was solved in 1970 by Gel’fand and Ponomarev [114].
It turns out that for at most three subspaces, there are only finitely many
isomorphism types of indecomposable system. For four subspaces, there are
infinitely many, but they are classifiable (this situation is called tame), while
for at least five they are in some sense unclassifiable (wild). We shall discuss
all this in more detail later.

The projective module P, = kQ.e; corresponding to an idempotent e;
may be described as follows. The basis elements correspond to the paths in
Q which begin with the vertex x, and the action of kQ is given by (reverse)
composition of paths as before. We now show that these are essentially the
only projective modules, and that every submodule of a projective module is
projective.

DEFINITION 4.1.2. A ring A is (left) hereditary if every submodule of
a projective (left) A-module is projective.

Thus for example the ring of integers in an algebraic number field is
hereditary, and the next theorem shows that the path algebra of a quiver
with finitely many vertices is hereditary.
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DEFINITION 4.1.3. We write kQ ) for the linear span in kQ) of the paths
of length at least n. It is a two sided ideal in £Q).

As a (left) kQ-module, kQ(5)/kQ(n41) is semisimple. It is a direct sum of
simple modules of the form S,, and the copies of a particular S, correspond
to the paths of length n ending at x. That is, €;.kQ(r)/kQ(n+1) has a basis
consisting of the paths of length n ending at x. For example, if £Q is finite
dimensional then kQ ) = J™(kQ).

Now a path of length m, x — --- — ¥, induces an injective map

€2-kQ(n)/kQ(n+1) = €y-kQ(n+m)/kQn+m+1)
and the images of these maps for distinct paths are linearly independent.
If F is any free kQ-module (not necessarily finitely generated) with a
chosen basis, then it inherits a filtration Fi;, from the above filtration on
kQ. Again if £ — --- — y is a path of length m then the induced map

ex-Finy/ Fina1y = ey-Flaem)/Fintm+1)

is injective, and the images of these maps for distinct paths are linearly
independent.

THEOREM 4.1.4. Suppose Q has only finitely many vertices. Then every
submodule of a free kQ-module is isomorphic to a direct sum of modules of the
form kQ.e,, so that kQ is a hereditary algebra. The Krull-Schmidt theorem
holds for finitely generated projective kQ-modules.

PRrOOF. We shall only prove the first statement in case kQ is finite di-
mengional. The general case may be found in Bergman [24, Cor. 2.6}, and is
quite hard.

Suppose P is a submodule of a free kQ-module F'. Define Fi,,j as above,
and P(n) = PN F(). Since [, F) = {0} we have [, Pny = {0}. As above,
ifz — -+ — yis a path of length m then the induced map e;.P(,y/FPn41) —
ey-Pintm)/ Pn+m+1) 18 injective.

Since kQ is finite dimensional, we have kQ ) = J(kQ). Now P/kQ1).P
is a module for kQ/kQ(y), which is a finite direct sum of copies of k. Thus
we may write P/kQ(yy.P as a direct sum of modules isomorphic to some S,
say

P/kQu).P =P Sz
z,0
with Sy o = S;. Letting Pro = kQ.e; be the corresponding projective kQ-
module, we have a surjective kQ-module homomorphism
¢: P Pea — P/kQq).P
T,0
which may be lifted to a kQ-module homomorphism

P @sza — P.

T,
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We claim that % is an isomorphism. The injectivity of ¢ follows from
the injectivity of ez.Pn)/Pn+1) — €y-Pintm)/ Pntm+1) above. Write X for
Coker(?). Tensoring the short exact sequence

0> PPalP-X—0

z,a

over kQ with kQ/kQ(l), we obtain
@Sﬂ:,a - P/kQ(l)-P - X/kQ(l)X -0

T,
so that X/J(kQ).X = X/kQ(;)-X = 0, and hence by Nakayama’s lemma
X =0, so that 9 is an isomorphism.

To prove the Krull-Schmidt theorem for finitely generated projective kQ-
modules, we note that

kQ/kQ(l) ®kQ @Pz,a = @ Sz,a
z. z,0

with Sz o = Sg. Thus if the module is finitely generated, the number of copies
of of each P, is finite, and hence well defined by applying the Krull-Schmidt
theorem for finitely generated kQ/ kQ)-modules. O

COROLLARY 4.1.5. Every projective module over a free algebra (over a
field) is free. a

EXAMPLE. The following is an example where @ has infinitely many
vertices, so that kQ is a ring without identity. Let @) be the quiver

e e—e

Then a representation V of Q) is the same thing as an inverse system of vector
spaces - -+ — Vo — V) — V. A kQ-module is projective if and only if every
map involved is injective, and the inverse limit is zero. Thus every submodule
of a projective kQ-module is projective, and so k@ is hereditary.

Let k denote the representation --- — k — k — k of () in which each
arrow is the identity map. Then giving a homomorphism k — V is the same
thing as choosing an élement v; in each V; in such a way that v; goes to v;-;
in V;_;. Thus Homgg(k, V) = !El V;. Since every submodule of a projective

module is projective, every module has a projective resolution of length one,
and so Extjg(k, V) = 0 for n > 1. The functor Ext,lcQ(k, V) is usually written

lim!V; or R lim V;, since it is the first (and only) right derived functor of lim.
By Proposition 2.5.2, given a short exact sequence 0 — V' -V — V" — 0
of kQ-modules, there is a six term exact sequence

0 - limV/ - limV; = lim V' = lim!'V} — lim'V; — lim'V}" - 0.

Of coilrse, the above discussion applies equally well when the field & is re-
placed by Z, because a subgroup of a free abelian group is again free abelian.
Thus we have a functor lim! for inverse systems of abelian groups, and a six
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term sequence as before. For further discussion of lim!, see Milnor [151] and
Bousfield-Kan [35], Sections IX.2 and XI.6.

DEFINITION 4.1.6. Suppose A is a finite dimensional algebra over an al-
gebraically closed field k. Let Sy, ... , S be the isomorphism classes of simple
A-modules with projective covers P; = Ae;. The Ext-quiver Q(A) has ver-
tices x1,... ,Z, corresponding to these simple modules, and the number of
arrows from x; to x; is dimy, Ext,l\(S,-, S;). Note that according to the remarks
in Section 2.4, this is the same as the dimension of

Homy (P, Rad(P;))/Homy (P, Rad?(P;)) = e;J(A)ei/ejJ*(A)e;.

PROPOSITION 4.1.7 (Gabriel [112]). Suppose A is a finite dimensional
basic algebra over an algebraically closed field k, and let Q = Q(A) be its
Ext-quiver. Then there is a surjective map of algebras ¢ : kQ —» A such that
the kernel of ¢ is contained in the ideal of paths of length at least two. In
particular, in case kQ is finite dimensional, this latter ideal is equal to the
square of the radical, and ¢ induces a bijection between the simple A-modules
and the simple kQ-modules, and between the blocks of A and the blocks of

kQ.

PROOF. Since A is a basic algebra, we can choose the e; with ey +--- +
e = 1 and e;e; = eje; = 0, and send the idempotent corresponding to
z; in kQ to the idempotent e; in A. Choose a complement to e;J2(A)e;
in e;jJ(A)e; as a vector space, and choose a basis for it. Send the basis
elements of k@ corresponding to the arrows from x; to z; to these basis
elements. Every relation in kQ says that products of non-composable paths
are zero. These relations are satisfied by the corresponding products in A
by the relations e;e; = eje; = 0, and so this map extends to a well defined
map kQ — A. It is surjective modulo J2(A), and so by Proposition 1.2.8 it
is surjective. In case kQ is finite dimensional, the bijection of blocks comes
from Proposition 1.8.4. ]

DEFINITION 4.1.8. A system of linear relations on a quiver Q is a
two sided ideal I contained in the ideal of paths of length at least two. This
is the same as assigning to each pair of vertices z and y in @ a subspace of
the space of paths of length at least two from z to y, called the relations,
in such a way that composing a relation on either side with any path gives
another relation.

We call the pair (Q, I) a quiver with relations. The path algebra of
a quiver with relations is the algebra kQ/I.

The importance of the above definition is that by the proposition, every
basic algebra over an algebraically closed field is isomorphic to the path
algebra of a quiver with relations.

EXAMPLE. Let Q be the quiver

e e e -
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and let I be the ideal generated by the paths of length at least two. Then
a kQ-module is the same thing as a chain complex of vector spaces. The
projective kQ-modules are the exact complexes.

More generally, for any ring A, one may form the path algebra AQ in the
obvious way, and a AQ-module is the same as a chain complex of A-modules.
The projective AQ-modules are the split exact sequences of projective A-
modules.

We now indicate what modifications have to be made to the above dis-
cussion in case k is not algebraically closed. We confidently leave the details
to the reader.

DEFINITION 4.1.9. A labelled graph is an undirected graph together
with a pair of positive integers (;dj, ,d2) for each edge « L y. We usually
omit to write in the label in case ,dj = ydi = 1. An orientation of a
labelled graph assigns a direction £ — y or x « y to each edge x — y.

A valued graph is a labelled graph with the property that there exist
positive integers f;, one for each vertex, with ;d}f, = yda f, for each edge
L y. Thus for example a labelled graph with no cycles is always a valued
graph.

A modulation of a valued graph consists of an assignment of a division
ring A, to each vertex z, and a Ay;—Ay-bimodule ;M) to each edge X Y
satisfying

(i) yM7 = Homa, (- My, Ay) = HomAy(zMJ, Ay)

(ii) dima, (e My) = .dj.

Finally, a modulated quiver consists of a valued graph together with
an orientation and a modulation.

If A is a finite dimensional algebra over a-field k, which is not necessarily
algebraically closed, its Ext-quiver is defined as a modulated quiver as fol-
lows. Again the vertices x; correspond to the isomorphism classes of simple
modules S;, with A; = End(5;)°P. There is an arrow z; SN z; if and only if
Ext,l\(Si, S]) # 0, and

M) = M;; = Ext}(S;,S;) as a Aj~A;-bimodule,

Z'MJ“y = Milj = Homk(]‘Mi‘y, k) = Homa, (jMi‘y, A;) = HOIIIA]. (jMi‘y, Aj)

jd7 = dij = dima, (;M])
id] = dgj = dimA]. (lM]) and fi = dimk(Ai).
Note that if Ext} (S;, S;) # 0 and Ext}, (S;, S;) # 0 then there are two distinct

'
arrows x; X zj and x; SN x; with separate bimodules.
A representation V of a modulated quiver assigns to each vertex x a
Ag-module V; and to each arrow = - y a homomorphism

yMg ®Az VT - ‘/y
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Just as before, representations of a modulated quiver @) are in natural
one—one correspondence with modules for the path algebra kQ. We give
a more abstract definition of this path algebra than in the unmodulated
case, but it amounts to the same thing. Namely we set A = @, Az, M =

e} zM, as a A-A-bimodule, and then we define the space kQ 5)/kQ (rn+1)
zlm
of paths of length n to be the n-fold tensor product M ®A M ®4 --- @ M
(and kQ(0)/kQ(1) = A). Then the path algebra kQ is the direct sum of the
kQ(r)/kQn+1) as a tensor algebra.

Imitating the proof of Proposition 4.1.7, we find that there are two pos-
sible obstructions, both of which disappear over a perfect field.

ProposiTion 4.1.10. Suppose that A is a finite dimensional basic algebra
over a field k. Suppose that

(i) the map of algebras A — A/ J(A) splits, so that we may choose a copy
of A; in Enda(P;) complementary to JEnda(P;), and

(ii) the short exzact sequence

0 — e;J2(A)ej — e;J(A)ej — e J(A)/T3(A)e; — O
splits as a sequence of Aj-A;-bimodules.

Then A is a quotient of the path algebra of its Ext-quiver by an ideal
contained in the ideal of paths of length at least two. O

COROLLARY 4.1.11. Suppose that A is a finite dimensional basic algebra
over a perfect field k. Then A is a quotient of the path algebra of its Ext-quiver
by an ideal contained in the ideal of paths of length at least two.

ProoF. Over a perfect field, there are no inseparable extensions, and
50 A; ® A;p is semisimple. Thus every exact sequence of A;—A j-bimodules
splits. In particular the sequence

0 — J(A)/J*(A) = A/J*(A) = A/J(A) = O

of A/J(A)-A/J(A)-bimodules splits and so the A;’s lift to A/J2(A). Con-
tinuing inductively, the map A — A/J(A) splits, and so we may apply the
proposition. 0

REMARKS. (i) There should be a way of modifying the definition of the
Ext-quiver of A to contain sufficient cocycle information so that a suitable
“path algebra” will always map onto A. To the best of my knowledge no-one
has attempted to do this.

(ii) Let ko be a field of characteristic p. Over the field k = ko(z), which
is not perfect, let A be the commutative algebra kiy,e]/(e?,y? — z — ¢) of
dimension p?. Then A/J(A) = ko(y) is an inseparable extension of k of degree
p, and the map A — A/J(A) does not split as a map of algebras over k. This
example shows that the above corollary does not extend to non-perfect fields.

(ii1) Since the group algebra of a finite group over the field of p elements
has a finite splitting field, the above corollary is true for a block of such a
group algebra over any field.
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4.2. Finite dimensional hereditary algebras

In the last section, we saw that the path algebra of a quiver with finitely
many vertices is hereditary. Conversely, we shall see in this section that over
an algebraically closed field, every finite dimensional hereditary algebra is
Morita equivalent to the path algebra of a quiver with finitely many vertices
and no oriented cycles.

LemMMA 4.2.1 (Eilenberg and Nakayama [94]). Let A be a ring and I a
two sided ideal contained in J*(A) which is finitely generated both as a left
ideal and as a right ideal. If A/I is hereditary then I = 0.

PROOF. Since I is finitely generated as a right ideal, by Nakayama’s
lemma, if I = I.J(A) then I = 0. Thus it suffices to work modulo I.J(A),
and so we assume I.J(A) =0. Let I' = A/I, so that T' is hereditary. Since I
annihilates the A-module J(A), we may regard J(A) as a I'-module. The map
of I'-modules J(A) — J(A)/I = J(T') splits, as J(I') is a projective I'-module,
so J(A) =2 J(A)/I®I. But I C J*(A) = (J(A)/I).J(A) = Rad(J(A)) as a
I'-module, so by another application of Nakayama’s lemma (this time on the
left), I = 0. (]

LEMMA 4.2.2. Suppose A is a finite dimensional hereditary algebra and
8S;, S; are simple modules with Ext}\(Si, 8;) # 0. Then the projective cover P;
of S; contains a copy of the projective cover P; of S; as a proper submodule.

PROOF. Since Ext}(S;, S;) # 0, there is a non-zero homomorphism P; —
P; whose image is in J(P;) but not in J%(P;). The image of this map is a
‘submodule of a projective module, and hence projective, and so the map
splits. Since P; is indecomposable, this implies that this homomorphism is
injective. O

LeEMMA 4.2.3. If A is a finite dimensional hereditary algebra then the
Ext-quiver of A contains no oriented cycles.

PRrROOF. Suppose S; — S2 — --- — 5, — ) is an oriented cycle. Then
by the previous lemma we have Py C P, C --- C P, C P;. These are strict
inclusions of finite dimensional modules, and so this situation is impossible.

(]

PROPOSITION 4.2.4. Suppose A is a finite dimensional hereditary basic
algebra over an algebraically closed field. Then A = kQy, the path algebra of
its Ext-quiver.

PrOOF. By Lemma 4.2.3, kQ, is finite dimensional, and so J"kQ, is the
ideal of paths of length at least n. By Proposition 4.1.7, there is a surjective
map ¢ : kQa — A whose kernel is contained in J2kQ 4. Thus by Lemma 4.2.1
¢ is an isomorphism. 0

The same arguments apply in the case of a modulated quiver, using Corol-
lary 4.1.11.
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PROPOSITION 4.2.5. Suppose A is a finite dimensional hereditary basic
algebra over a perfect field. Then A = kQa, the path algebra of its Ext-
quiver. O

REMARK. The above proposition is no longer true over a field which is
not perfect, since the splitting condition in Proposition 4.1.10 may fail. An
example of a finite dimensional hereditary algebra which is not isomorphic
to the path algebra of its Ext-quiver may be found in Dlab and Ringel {79].

4.3. Representations of the Klein four group

In this section we work through an example in detail to illustrate the
concepts introduced in the last two sections.

Denote by Vj the Klein four group (Kleinsche Vierergruppe), namely a
direct product of two cyclic groups of order two

Vi={z,yl|2® =y =[x,y] =1).

Let k be a field of characteristic two. We shall investigate the representations
of kVy. According to Section 3.14, there is only one simple kV;-module,
npamely the trivial one dimensional module &, and we have

dimy Extyy, (k, k) = 2.
Thus the Ext-quiver for kV} is the following graph:

SOLOL

The arrows a, b correspond to elements £ — 1 and y — 1 of J(kV,) comple-
menting J2(kV4). The relations are a® = 0, b2 = 0 and ab = ba.

Unfortunately the kernel of the natural map from the path algebra of
this graph to kV, is rather large, and so we try to be a bit cleverer. Now
according to Section 3.14, if we want to understand indecomposable kV;-
modules, it suffices to understand A-modules, where A = kV3/Soc(kV,) is
the three dimensional ring with basis elements 1, x —1 and y — 1, and

@-1)?=@-1)’=(z-1)@y-1)=0.
DEeFINITION 4.3.1. The Kronecker quiver is the following graph:

2.
Q= 110 L)
b

The path algebra of this quiver has two simple modules, S; and S,

corresponding to z; and z;. We have
. 2 fi=1,j5=2
dimy Ext}(S;, S;) = ’
iy Extig ) {0 otherwise.

If M is a kA-module, we obtain a representation of the quiver @ by
letting the vector spaces V; and V3 corresponding to the vertices x1 and =
be M/(Im(z—1)+Im(y—1)) and Im(z~1)+Im(y—1). The relations above for
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(z—1) and (y—1) imply that they both act trivially on Im(z — 1)+ Im(y—1),
so that they induce maps a and b from V; to Va.

Conversely if a,b : V] — V5 is a representation of @), we obtain a kA-
module whose underlying vector space is V] @ Vo, and where z acts as 1 + a,
and y acts as 1 + b.

These recipes are not quite inverse, but they do set up a one—one cor-
respondence between A-modules and representations of ¢ for which Vo =
Im(a) + Im(b), and preserving direct sums. There is only one indecompos-
able representation of @ for which V5 # Im(a) 4+ Im(b), namely the simple
module S2, and so the above is a one—one correspondence between indecom-
posable A-modules and indecomposable kQ-modules other than Ss.

Beware that the isomorphism between a A-module M and its image un-
der the composite of these functors depends on a choice of complement for
Im(z—1)+Im(y—1) in M, and so it is not a natural isomorphism of functors.
In particular, endomorphism rings are not preserved by the above correspon-
dences.

THEOREM 4.3.2 (Kronecker). Suppose a,b: Vi — Vi is a pair of linear
maps constituting a finite dimensional indecomposable representation of the
Kronecker quiver over a field k. Then one of the following holds:

(i) The vector spaces Vi and Vo have the same dimension, and the deter-
minant of a + Ab is a non-zero element of k[A].

In this case, if det(a) # O then the representations can be written in the
form

a— I, b— J

where I is an identity matriz and J is an indecomposable rational canonical
form. A rational canonical form is indecomposable if and only if it has only
one block, and is associated to a polynomial which is a power of an irreducible
polynomsial over k.

If det(a) = O then the representation can be written in the form

a+— Jy, b— 1T

where Jy is a rational canonical form associated with a polynomial of the
form X*. In some sense this corresponds to the “rational canonical form at
infinity.”

(ii) The dimension of Vz is one larger than the dimension of V}, and bases
may be chosen so that a and b are represented by the matrices
1 00 01 0
0 1 0 0 0 1

(iii) The dimension of V| is one larger than the dimension of V,, and
bases may be chosen so that a and b are represented by the transposes of the
above matrices.
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PROOF. We first deal with case (i). If V; and V2 have the same dimension
and det(a) # 0, then we can choose bases so that a is represented by the
identity matrix. Then b is determined up to conjugation, and the result
follows from the theory of rational canonical forms.

In case det(a + Ab) # 0 in k[A] but det(a) = 0 we argue as follows.
We homogenise by introducing a new variable p, so that det(ua + Ab) is a
non-zero homogeneous polynomial in k[), u]. Suppose first that k is infinite.
Then there is some point ()1 : 11) in the projective line P! (k) over k so that
det(pia + A1b) # 0. We set a' = p1a + M\b and b’ = a and argue as before.
Since a rational canonical form can have at most one eigenvalue in k, we
deduce that det(b) # 0 and the result follows by reversing the réles of a and
b.

In case k is finite we use Galois descent as follows. For some finite ex-
tension k of k we can find a point pja + A1b with (A : u1) € PL(k) as above.
Now the representation does not have to stay indecomposable over k, but
it will be a sum of Galois conjugates of the same indecomposable, and the
restriction back to k will just be a direct sum of [k : k] copies of the original
representation. Thus we again deduce that det(b) # 0 and proceed as before.

If case (i) does not occur then either V; and V; have different dimensions
or a + Ab is singular as a matrix over k[A]. In either case, after dualising
(and switching the réles of V; and V3) if necessary, we have a vector v(\) =
St o(—1)tw; At satisfying (a + Ab)u(A) = 0, ie., avp = 0, av; = bv;_; and
bv, = 0. Suppose such a v(\) has been chosen with n minimal. Our goal is
to show that dimV; = n, dim Vo = n + 1, and for a suitable choice of bases

1 A 0
a+ b= .
0 1)
Let us write E)(n) for this matrix. '
First we claim that the vectors avy, ... ,av, are linearly independent. For
otherwise if "1 ; azav; = 0, we set v;- =3 0 ®%Vi_ny; (with the convention
that v; = 0 if ¢ < 0), and notice that

(@+ b)Y (—1)vj X =" (1) (avj — bv_;) N
j=0 j=0

n
= Z (—1)]ai(avi_n+j - bvi_n+j_1)/\‘7 = 0,
1,j=0
contradicting the minimality of n. In particular it follows that vy, ... , v, are
linearly independent.
Now if we choose our basis of V; to begin with vg,...,v, and of V; to
begin with avi,... ,avy,, then a 4+ b is represented by a matrix of the form

Ex(n) C+H+AD
0 A"+ 2B /-



110 4. METHODS FROM THE REPRESENTATIONS OF ALGEBRAS

Thus the theorem will follow as soon as we show that we can find matrices
X and Y with

()50 228) (1) (5 wlw)

since one of the hypotheses was indecomposability. This equation is the same
as
X(A'+ AB') + (C + AD) + E\(n)Y =0.
Separating out the constant term and the coefficient of )\, we obtain
XA +C+Y =0
XB'+D+Y =0
where Y and Y denote the matrices obtained by removing the first, resp. the

last row of Y. Eliminating the terms in Y, we end up with an equation of
the form

A 0
_B A
/
(11, T1my T215 - -+ > Tnm) -B
. A
0 -B
n—1
=(da — €11, ,dam—1 — Clm-1,d31 — €21, - - 1dnt1,m—1 — Caym—1)

and so it remains to show that this (n — 1)(m — 1) x nm matrix has full
column rank. But a row vector

(w115« -+ s Ulm, U2l, - - 5 Unm)
annihilated by this matrix gives rise to a vector
V(A) = (w1 — Ut A+ - £ u AT L um — g o £ U AT
of degree (n — 1) in A satisfying v'(A\)(A’ + AB’) = 0. Thus

, Eyx(n) C+AD
o (B GTR ) =0

and so there is also a column vector of degree (n — 1) in A annihilated by
a + Ab, contradicting the minimality of n. |

We may now read off the classification of indecomposable modules for
kV;.

THEOREM 4.3.3 (Basev[12], Heller and Reiner[124]).

A complete set of representatives of isomorphism classes of indecompos-
able kVyi-modules is given as follows.

(i) The projective indecomposable module of dimension 4.
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(ii) For each even dimension 2n and each indecomposable rational canon-
ical form J of dimension n there is an indecomposable representation

s (11 (T
0 I y 0 I )"

(iii) For each even dimension 2n there is an indecomposable representa-

tion of the form
(1 Jo (T
’ 0 I y 01)

where Jy denotes the rational canonical form associated to the irreducible
polynomial \™.

(iv) For each odd dimension 2n + 1 there are two indecomposable repre-
sentations

1 00 01 0
I : I
AN 0 10 y 00 1
0 I 0 I
and (v)
1 0 0 0
o)
I I
0 1
T 0 - 0 y— 0 1
0 I 0 I

which are isomorphic if and only if n = 0.

PRrROOF. Apart from the projective indecomposable module, the indecom-
posable kVj-modules are in one-one correspondence with those for A. Apart
from the one dimensional simple module S2, these are in one—one correspon-
dence with those for kQ. The modules appearing in (ii) and (iii) of the
previous theorem, while cases (iv) and (v) correspond to cases (ii) and (iii).
The disappearance of the module S5 corresponds to the isomorphism between
(iv) and (v) in the case n = 0. O

REMARK. If k is algebraically closed, the indecomposable rational canon-
ical forms are powers of a linear factor (A — a)”. We write V,, o for the
corresponding indecomposable representation of type (ii) in this case. The
representations of type (iii) are written V;, oo. Thus for each n > 1 there is a
family of modules parametrised by P!(k). The modules of type (iv) are the
modules 2~ "(k), and those of type (v) are the modules " (k).



112 4. METHODS FROM THE REPRESENTATIONS OF ALGEBRAS

We can also read off the classification of indecomposable modules for the
alternating group A4 in characteristic two using Clifford theory. Namely,
every such module is a summand of a module induced from V;. Let us
suppose for convenience that.k is algebraically closed, and let {1,w,®} be
the cube roots of unity in k. The action of an element ¢ of order three
on the indecomposable kVj-modules is easy to see. Namely, it fixes the
modules Q*"(k), so that these extend in three ways to form the modules
Q*" of the three one dimensional simples k, w, @. The action on Pl(k) is
via @ — 1/(1 — @). Thus the fixed points correspond to the cube roots of
unity w and @. Fo a non-fixed a, Wy, = Vp 0 TA4 is indecomposable. For
o€ {w,0} Vpo 144 has three summands, Wia(1), Whalw) = Wna(l) Qw
and Wy (@) = W, 4(1) ® @. For example, W, (1) is given in terms of
matrices as follows.

s (1 X (1Y
0 I Y 0 I

t - diag(w™ 2,04, L w0 W WL W)
where X (resp. V') is an n X n matrix with @ (resp. w) on every diagonal entry,
w (resp. @) on every entry just below the diagonal, and zeros elsewhere.

LINEAR RELATIONS. Following Ringel [175], we use Kronecker’s classi-
fication to classify the linear relations on a vector space. We shall use this
later in the classification of representations of dihedral groups.

DEFINITION 4.3.4. A linear relation on a vector space V is a subspace
of V x V. For example, if A : V — V is an endomorphism then we also
write A for the graph of A, namely the relation {(v,A(v))} < V x V. If
C is a linear relation and U is a subspace of V, we write CU for {v €
V | for some u € U,(u,v) € C}. We write C~! for the linear relation
{(v,w) e VxV | (w,v) € C}. If C and D are relations, we write CD for the
linear relation {(v,w) € VxV | for some z € V, (v,z) €C and (z,w) € D}.

If a,b : W — V is a representation of the Kronecker quiver, then we
obtain a linear relation {(a(v),b(v)),v € W} < V x V. Conversely, if
C <V x V is a linear relation then the projections 7,73 : C — V give
us a representation of the Kronecker quiver. These recipes set up a one—
one correspondence between the representations of the Kronecker quiver for
which Ker(a) N Ker(b) = 0, and linear relations. The only indecomposable
representation of the Kronecker quiver for which Ker(a) N Ker(b) # 0 is the
simple module S;. Thus we may read off the list of indecomposable linear
relations from Theorem 4.3.2.

One particular consequence of this classification which we shall need later
is the following. If C is a linear relation on V, let ¢’ = |J,, C"0y, and
C” =, C*"V. Then C’ < C”, and C”/C’ is called the regular part of the
relation. The following proposition asserts that the regular part of a relation
splits off:
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PROPOSITION 4.3.5. If C is a linear relation on V, then there are sub-
spaces U and W of V with V = U@W, and C = (CN({U xU))d(CN(W xW)),
with CN (U x U) the graph of an automorphism of U, and C'®U = C". The
regular part of C N (W x W) is zero.

PRrooOF. This follows from the classification. O

Note in particular that C induces an automorphism ¢ of C”/C’, defined
by

#(x+C)=(CznC")+C".

COROLLARY 4.3.6. If C 1is a linear relation on V, and U is chosen as
above, then (C™1) @ U = (C71)". O

INTEGRAL REPRESENTATIONS. The integral representations of the Klein
four group were first classified by L. A. Nazarova [154]. We shall follow the
approach of M. C. R. Butler [49]. In both these approaches, the problem
is reduced to the four subspace problem, which had already been solved by
Gel’'fand and Ponomarev [114]. We shall give an outline of this reduction
here. For a list of the four subspace configurations, see Brenner [38].

Suppose R is a principal ideal domain in which 2 # 0 is prime (e.g.
R = Z), let K be the field of fractions of R, a field of characteristic zero,
and k = R/(2), a field of characteristic two. Then we can make R into
an RVj-module in four different ways, corresponding to the four different
choices of signs. We call these rank one modules Ly, Lo, L3 and L4, and we
write €1,... ,e4 for the corresponding idempotents in KG (a typical one is
(1 £z —y—=xy)/4), so that e;e; = §;;e; and ey +--- +es = 1.

DEFINITION 4.3.7. If M is an R-torsion free RG-module, we say M is
reduced if it has no summands isomorphic to L;,... ,Ls or RG.

If M is a reduced RG-module, we define e,M' = eyM +---+e4,M C KM.
Since e; + --- + e4 = 1, we have e,M = M + e;M + e;M + ez M for any
{i,3,k} € {1,2,3,4}. Thus letting

V=eM/M, V,=(eM+M)/MCV

we have a four subspace system V; Vj,...,Vy in which V is the sum of any
three of the V;.

DEFINITION 4.3.8. A four subspace system V; Vi,...,Vy is reduced if
V is the sum of any three of the V;.

It turns out that all but five of the indecomposable four subspace systems
are reduced.

Conversely, given a reduced four subspace system V; V4,..., V4, we form
a reduced RVj-module as follows. Let M; be a direct sum of dim(V;) copies
of L;, so that M;/2M; = V;. Then we have a map M) &--- & My — V given
by reduction modulo two followed by inclusion, and we define M to be the
kernel of this map. It is easy to see that this is a reduced RVs-module.
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THEOREM 4.3.9. The above processes set up a one-one correspondence
between the reduced R-torsion free RVy-modules and the reduced four subspace
systems. This correspondence preserves direct sums.

PROOF. See Butler [49]. 0

COROLLARY 4.3.10. The Krull-Schmidt theorem holds for R-torsion free
RVy-lattices. O

4.4. Representation type of algebras

In this section, we describe without proof the trichotomy theorem for the
representation type of finite dimensional algebras. We then investigate the
representation type of finite dimensional hereditary algebras. There are many
variations of the following definitions in the literature. The idea is always the
same. An algebra is of finite representation type if there are only finitely many
indecomposables; otherwise it is of infinite representation type. It is of tame
representation type if the indecomposables in each dimension come in finitely
many one parameter families with finitely many exceptions. In some sense
this is supposed to represent classifiability of the representations, although in
particular cases this can be a very hard problem. It is of wild representation
type if the representation theory “includes” that of a free algebra in two
variables. The latter in some sense includes the representation theory of an
arbitrary finite dimensional algebra, and the consensus feeling is that the
representations of a wild algebra are in some sense unclassifiable. This is the
same as the problem of finding a canonical form for pairs of not necessarily
commuting matrices. The definition of tame does not make sense over a finite
field, for obvious reasons.

DEFINITION 4.4.1. Suppose k is an infinite field.

A finite dimensional algebra A is of finite representation type if there
are only finitely many isomorphism classes of indecomposable A-modules.

A finite dimensional algebra A is of tame representation type if it
is not of finite representation type, and for any dimension n, there is a fi-
nite set of A—k[T]-bimodules M; which are free as right k[T}-modules, with
the property that all but a finite number of indecomposable A-modules of
dimension n are of the form M; ®;7) M for some i, and for some indecom-
posable k[T]-module M. If the M; may be chosen independently of n, we
say A has domestic representation type. Note that the indecomposable
k[T]-modules are classified by their rational canonical forms, which are the
powers of irreducible polynomials over k.

A finite dimension algebra A has wild representation type if there is
a finitely generated A—k(X,Y)-bimodule M which is free as a right k(X,Y)-
module, such that the functor M ®y,x y) — from finite dimensional k(X,Y)-
modules to finite dimensional A-modules preserves indecomposability and
isomorphism class. Here, k(X,Y’} is the free algebra on two variables; namely
the path algebra of the graph with one vertex and two arrows.
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We shall omit the proof of the following trichotomy theorem, which is
rather technical.

THEOREM 4.4.2 (Drozd [91, 92]; Crawley-Boevey [63]).

Over an algebraically closed field, every finite dimensional algebra is of
finite, tame or wild representation type, and these types are mutually exclu-
sive. ]

A precise statement about the unclassifiability of finite dimensional mod-
ules over a free algebra on two variables is the following. The theory of finite
dimensional A-modules is said to be decidable if there is a Turing machine
algorithm which will decide the truth or falsehood of any sentence in the
language of finite dimensional A-modules.

THEOREM 4.4.3 (Baur [13]; Kokorin and Mart’yanov [142]).
Let k be any field. Then the theory of finite dimensional k(X,Y)-modules
is undecidable. ]

The proof consists of encoding the word problem for finitely presented
groups into the module theory of k(X,Y). It is conjectured that for finite
dimensional algebras A, the theory of finite dimensional A-modules is un-
decidable if and only if A has wild representation type. For an extensive
discussion of this question, see Prest [160], where a proof is also given for
the above theorem. The conjecture has been verified for path algebras of
quivers (without relations).

For group algebras the trichotomy theorem is much easier to prove. The
following is a more precise statement:

THEOREM 4.4.4 (Bondarenko and Drozd [34]; see also Ringel [174]).

Let G be a finite group and k an infinite field of characteristic p.-

(i) kG has finite representation type if and only if G has cyclic Sylow
p-subgroups.

(ii) kG has domestic representation type if and only if p = 2 and the
Sylow 2-subgroups of G are isomorphic to the Klein four group.

(iii) kG has tame representation type if and only if p = 2 and the Sylow
2-subgroups are dihedral, semidihedral or generalised quaternion.

(iv) In all other cases kG has wild representation type. O

We shall be investigating the indecomposable representations of some of
the tame group algebras later in this chapter. We shall also see that for
path algebras, there is a connection between the representation type and
the positivity of a certain quadratic form defined in terms of the quiver.
In fact, the representation type is finite if and only if the associated form
is positive definite, and tame if and only if the associated form is positive
semidefinite (and not definite). We shall only prove some of these results,
and give references for the rest. The classification of quivers according to the
associated quadratic form is the subject of the next two sections, and leads
to the Dynkin and Euclidean diagrams.
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EXERCISE. Use the theory of vertices and sources to prove part (i) of the
above theorem. For a proof of a stronger version of this, see Corollary 6.3.5.

4.5. Dynkin and Euclidean Diagrams

In our discussion of representation type, and also in our discussion of
tree classes of Auslander—Reiten quivers later in this chapter, we shall have
need to refer to the list of diagrams given in the following definition. The
infinite diagrams are only needed in the latter topic. For the moment you
should ignore the numbers attached to the vertices of the Euclidean and
infinite Dynkin diagrams; these will appear in the proofs of Lemma 4.5.5 and
Proposition 4.5.7.

DEFINITION 4.5.1. (i) The following labelled graphs are called the (finite)
Dynkin diagrams.

A, o—e—eo— .- —o—o Eg I
*—o—0—0—90
3
B, e<=e—o¢— ... —eo—9 E; l
[ S U S S -
C, o=o—¢— ... —0o—o Eg I
— o —6—90—90 0o o
.
Dn .>._._ e 9— @ F 4 O——0—0
(n nodes) Gy e=>e

In these pictures, we have used e=>e and e=>e to denote the labelled edges

2,1 3,1 .
. @1 e and e G ® respectively.

(ii) The following are the infinite Dynkin diagrams.

ol
o —o—0— .- D o —@— .- -
Aso 1 2 3 *° 2 2
@
1
o0
¢ L—0—O— - .- i — — @——@—— oo
Boo T 1 1 A 1 1 1

*—>e0—0o— .-
Coo o=

(iii) The following are the Euclidean diagrams.

le

An / \ "2111 ’(1’4)’
e ' —0—0—0 1

1 1 1 1 1 1

[

d e (212)
B, e<—eo—o— .- —o—eo—e A e
I 1 1 1 171
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Il
D e—>e—0— ... —o o9 Fg 2
Cn 12 2 2 2 1
*—0—0—0—0
1 2 3 2 1
1 1 -
. ° E; [ D)
D, \o—o—— —o—o/
2 2N
L] ® *—O——0—0—0— 00— ¢
1 1 1 2 3 4 3 2 1
— Es *
B =00 ——0<—
Cn 27 2 2 1
*——0—0—0—0—0—0—0
1 2 3 4 5 6 4 2
l.

BD, A ec—e—o— ... — 0@ 2 —o _o—0—9
"2 2 22\F‘“12321
l.

P
D, :>o—-o— e —— @ F *—0—0—>0—0
D 2 2 2 2 2 %S 2
1.

(n + 1 nodes) Ga o—e=e

G *—0—>0
2 55T

Note that A consists of a single vertex with a loop, and A; consists of
two vertices with two distinct edges going between them. Also note that
B; = C3 and A3 = Dj3, but that there are no further duplications in the
above list.

Given two labelled graphs T} and T3, we say that T} is smaller than T if
there is an injective morphism of graphs p : T} — T% such that for each edge
r L yin T, ody < P(I)dZ(y)’ and strictly smaller if p can be chosen not
to be an isomorphism. Note that an infinite labelled graph may be strictly
smaller than itself. A, is an example of this.

LEMMA 4.5.2. Given any connected labelled graph T, either T is a (finite
or infinite) Dynkin diagram or there is a Euclidean diagram which is smaller
than T. Both possibilities may not occur simultaneously.

PROOF. Suppose there is no Euclidean diagram which is smaller than
T. Looking at An, we see that T has no cycles, and is hence a labelled
tree. Lookmg at A1; and Ajg, all edges are of the form (1,1), (2,1) or (3,1).
Looklng at G21 and Gag, if an edge of type (3,1) occurs then T = Gj. Looklng
at B, C, and BCn, there is at most one edge of type (2,1). Looking at BD
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and C%m if there is an edge of the form (2,1) then
T= :++ —o—0=—>0—0— -

and looking at Fy; and Fy this forces T = Fy, By, Cr, Boo or Coo. Otherwise
T is a tree with all edges of type (1,1). Then looking at Dp, it has at most
one branch point. Finally, looking at Eg, E7 and Eg completes the proof. O

DEFINITION 4.5.3. The Cartan matrix of a labelled graph T' (not to
be confused with the Cartan matrix of an algebra) is the matrix whose rows
and columns are indexed by the vertices of the graph, and with entries c;y, =
204y — 27 «dy, where the sum runs over edges = X yinT.

The symmetrised Cartan matrix of a valued graph has entries é;, =
Cay fy, where f is as given in the definition of a valued graph. Note that this
matrix is symmetric.

Thus for example the Cartan matrix of Fj is the matrix

2 -1 0 O
-1 2 -2 0
0 -1 2 -1
0 0 -1 2

DEFINITION 4.5.4. A subadditive function on a labelled graph T is
a function x — n; from the vertices of T to the positive rationals satisfy-
ing >, ngcqy > 0 for all y. A subadditive function is called additive if
> NaCay = 0 for all y.

If T is a labelled graph, the opposite labelled graph 7°P has the same
vertices and edges, but with the label ,dj replaced by ,di. If T is a valued
graph, then so is T°P, by replacing the f; by n/f,; for some positive integer
n.

REMARK. This broadens the usual definition, where the n; are taken
to be positive integers. We shall make use of this broader definition in our
analysis of periodic modules.

LeMMA 4.5.5. (i) Each Euclidean diagram admits an additive function.

(if) If TP admits an additive function then every subadditive function on
T s additive.

(i) Every subadditive function on o Fuclidean diagram is additive.

PROOF. (i) The numbers attached to the vertices of the Euclidean dia-
grams in the illustration form an additive function in each case.

(ii) Suppose x — n is a subadditive function on T. By hypothesis there is
a function x — n), such that Zy c,yn; = 0 for all . Thus Zz,y nzczyn; =,
while 3, ngcey > 0 and n;/ > 0 for each y. Hence we have equality and
T — ng is additive.

(iii) follows from (i) and (ii), since the opposite of any Euclidean diagram
is Euclidean. O
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LEMMA 4.5.6. Suppose T and T’ are connected labelled graphs and T is
strictly smaller than T'. Suppose also that £ — ng is a subadditive function
on T'. Then identifying T with a subgraph of T', the restriction of  — ng
to T is a subadditive function on T which is not additive.

PRrROOF. For z a vertex of T', we have
2ny > Z n':c:::d; 2 Z nmmd;7

z,veT’ zy€T

where the sums are over edges x X y, and the ,dj are the values in 7" in
the first sum and in T in the second. Since T is strictly smaller than T”, for
some y € T the second inequality is strict, and so the restriction of x — n,
is not additive. O

PROPOSITION 4.5.7. Each of the infinite Dynkin diagrams admits an ad-
ditive function.

(i) For Ax there are also subadditive functions which are not additive.

(ii) For the other infinite Dynkin diagrams every subadditive function is
a multiple of a given bounded additive function.

PROOF. The numbers attached to the vertices in the illustration form an
additive function in each case.

(i) Ao is strictly smaller than itself, and so by Lemma 4.5.6 there is a
subadditive function which is not additive.

(ii) First we show that every subadditive function on A% is constant and
additive. We label the vertices of A with the integers. Suppose j — n;
is a subadditive function on A3, and suppose n;_1 < n; for some j. The
inequality 2n;_1 > n; + nj_2 may be written in the form n;_; — n;_o >
nj — nj_1, so that by induction on r we have n;_. < n; — r(n; —n;_,) for
all 7 > 0. Choosing r large enough so that r(nj — n;_1) > n; we see that
nj_r < 0, contradicting the definition of subadditive function. Similarly if
nj_1 > n; we find that some n;,, < 0.

For By, Cos and Do, given a subadditive function we form a subadditive
function on A according to the following scheme.

0L—0—0— .- — e ——0—0—0——0—0—— - -
o N1 N2 nz n1 ng n1 N2
*—0—e— ... — ter —0——O0—0——O0—O—— -
ng Ny N2 n2 M1 2pg N1 N2

k1
o{

*—@— - — e —0—0—0—0—0— .-
/n1 no n2 Nlpgyn! M N2
, 0
Ty

The result follows immediately for By, and Cuo. For Dy, we obtain ng+ng =
ny. Subadditivity forces 2ny > n; and 2n6 > n; whence ng = ng, and the
result follows. O
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The following is a generalisation by Happel, Preiser and Ringel {122] of
the characterisation by Vinberg [200] and by Berman, Moody and Wonen-
burger [25] of the finite Dynkin diagrams.

THEOREM 4.5.8. Let T be a connected labelled graph, and © — n; a
subadditive function on T. Then the following hold:

(i) T is either a Dynkin diagram (finite or infinite) or a Euclidean dia-
gram.

(ii) If  — ny is not additive then T is a finite Dynkin diagram or As.

(iii) If x — ny is additive then T is an infinite Dynkin diagram or a
Euclidean diagram.

(iv) If £ — ny is unbounded then T & A.

PRroOOF. (i) Suppose this is false. Then by Lemma 4.5.2 there is a Eu-
clidean diagram which is strictly smaller than 7. Thus by Lemma 4.5.6 there
is a subadditive function on this Euclidean diagram which is not additive.
This contradicts Lemma 4.5.5 (iii).

(ii) This follows from Lemma 4.5.5 (iii) and Proposition 4.5.7 (ii).

(iii) Suppose this is false. Then T is a finite Dynkin diagram by (i),
and hence so is T°P. Thus T°P is strictly smaller than some Euclidean dia-
gram, and so by Lemma 4.5.6 and Lemma 4.5.5 (i), T°P admits a subadditive
function which is not additive, contradicting Lemma 4.5.5 (ii).

(iv) If z — n, is unbounded then T is infinite, and so by (i) it is an
infinite Dynkin diagram. Hence by Proposition 4.5.7 (ii), T & Aw. g

4.6. Weyl groups and Coxeter transformations

In this section, we examine the geometry of a certain real vector space
associated with the graphs discussed in the last section.

DEFINITION 4.6.1. Given a valued graph T with no loops (edges from a
vertex to itself), we form the real vector space RT with R-basis elements v,
corresponding to the vertices « in T, and with symmetric bilinear form given
by the symmetrised Cartan matrix

(g, Vy) = gy

The Weyl group W(T) is the group generated by the reflections
2(v, vg)
(’U;,;, Ua:) N

It is easy to check that the w; are transformations of order two preserving
the bilinear form, and fixing the hyperplane perpendicular to z. Note that
if @ is a (modulated) quiver with underlying valued graph T, and V is a
representation of ), then the dimension of V is in a natural way a vector in

RT. N amely the coefficient of v, is the dimension over A, of V.. This vector
is called the dimension vector of V.

wy(v) =v —

LEMMA 4.6.2. For x # y, the product wyw, has order 2, 3, 4, 6 or o
according as cgyCyz 450, 1, 2, 3 or at least 4 respectively.
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ProoF. This is an easy exercise in two dimensional geometry. a

PROPOSITION 4.6.3. Let T be a finite connected valued graph without
loops.

(i) T is a finite Dynkin diagram if and only if the bilinear form ( , ) is
positive definite on RT.

(ii) T is a Euclidean diagram if and only if ( , ) is positive semidefinite
on RT. In this case every null vector is a multiple of the vector given by the
additive function shown in Definition 4.5.1.

(iit) If T is neither Dynkin nor Euclidean, then there is a vector v € RT
with non-negative integral coordinates with respect to the basis vectors v,
such that (v,v) < 0.

PrOOF. Suppose T is a Euclidean diagram. By Lemma 4.5.5 (i), there
is an additive function z +— n, on T. For a particular value of z, we have
Zy# NyCyz /N = —2, and so the norm of a typical vector )~ azv; is

(Z AxVg, Z Gy V) = 2 Z as;fm + Z QzQyCay fy
x x x

zFy

1 ain aln,c f;
= ——Z( z i’lcymfx + -2 Zmy y)+Zaxaycmyfy
x

2 ety v oty
= 5 S memyey fy(as/ne — ay /)
x#y
which is positive semidefinite since the c;y are negative for « # y, and the
n, and f, are positive. Moreover for a null vector, all the a;/n, must have
the same value, so that the null space is one dimensional.

Since every Dynkin diagram is strictly smaller than a Euclidean diagram,
it follows that ( , ) is positive definite on the Dynkin diagrams.

If T is neither Euclidean nor Dynkin then by Lemma 4.5.2 there is a
Euclidean diagram T’ which is strictly smaller than T. If 7" contains all the
points of T, then a null vector for T’ has negative norm for T. Otherwise
choose a point of T adjacent to a point of 7, and add a small enough positive
rational multiple of the corresponding basis element to the null vector for 77,
to obtain a vector of negative norm. A suitable multiple of this vector has
non-negative integral coordinates with respect to the basis vectors v,. O

ProprosiTION 4.6.4. (i) Suppose T s a finite Dynkin diagram. Then
W(T) is a finite group of automorphisms of RT. There is no non-zero vector
in RT fived by the whole of W(T).

(ii) Suppose T is a Euclidean diagram. Let n be the null vector given
by the additive function * — n, shown in Definition 4.5.1. Then W(T)
preserves (n) and acts as a finite group of automorphisms of RT/(n).

PROOF. (i) Since the matrices in W(T') have integer entries with respect
to our basis v, W(T) is a discrete subgroup of the compact orthogonal group.
Thus it is finite. A vector in R” fixed by the whole of W(T') would have to



122 4. METHODS FROM THE REPRESENTATIONS OF ALGEBRAS

have zero inner product with each basis vector v,, and hence it would have
to be zero.

(ii) Since (n) is the radical of ( , ), (n) is preserved by W(T'). Now W(T)
acts as a discrete subgroup of the compact orthogonal group on R /(n), and
this action is therefore finite.

DEFINITION 4.6.5. A Coxeter transformation on R7 is a linear trans-
formation obtained by applying all the w, once each, in some order.

If T is a finite Dynkin or Euclidean diagram and ¢ is a Coxeter transfor-
mation, then by the above Proposition, ¢ has finite order k on R in the first
case, and on R7/(n) in the second. This number h is called the Coxeter
number.

If T is Euclidean and v € RT then the defect .(v) of v with respect to
a Coxeter transformation c is defined by

*(v) = v+ 8,(v)n.

Thus 8, is a linear form R” — R, and the map 8, gives us a splitting RT =
Ker(d;) @ (n).

EXERCISE. Show that if T is a tree then all the Coxeter transformations
are conjugate in W(T).

LEMMA 4.6.6. Suppose T is a Euclidean diagram. The following two con-
ditions on a vector v € RT are equivalent:

(i) v has infinitely many images under c.

(if) 8c(v) # 0.

If (i) and (ii) are satisfied then some image of v under some power of ¢
has negative coordinates.

PRroOF. This is clear from the previous discussion. O

DEFINITION 4.6.7. If T is a finite Dynkin diagram, then the root system
associated to T is the finite subset ® of RT consisting of the images under
W(T) of the basis vectors v,. These are exactly the root systems in the
sense of for example Humphreys [127, Chapter III]. The elements of ® are
called the roots. Since the matrices in W(T') have integer entries, all roots
are integral combinations of the basis vectors. Reflection in the hyperplane
perpendicular to a root permutes the set of roots. If v is a root we write w,
for this reflection.

A non-zero vector which is a non-negative linear combination of the v, is
called positive, and a vector v is negative if —v is positive.

LEMMA 4.6.8. Suppose T is a Dynkin diagram.

(i) If v is a Toot then so is —v.

(ii) Suppose v and v’ are roots, neither a multiple of the other, and suppose
(v,v') > 0. Then either (v,v') = 2(v,v’) or (v,v) = 2(v,v'). The vector v—1'
is also a root.

(iii) If v is a positive root and w, is a reflection then either w,(v) is
positive or v = v, and w,(v) = —vy.
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(iv) Bvery root is either positive or negative.

ProoOF. (i) wy(v) = —v.

(ii) The reflection perpendicular to v of v’ is a root, as is the reflection of
v’ perpendicular to v, and 2(v,v’)/(v,v) and 2(v,v")/(v',v') are integers. If
@ is the angle between v and v/, then

<2(v, v’)) <2(vv”')> - L. e <

(v,0) J \ (v/,¥') v, v) (', V')

Thus if (v,v') > 0 then either (v/,v') = 2(v,?') or (v,v) = 2(v,?’). In the
former case w,(v) = v — v/, while in the latter case w,(v') = v/ — v and we
use (i).

(iii) Suppose v is an image w(vy) under W(T') of the basis vector vy. If
v # vy and w.(v) is not positive, then (v,v;) > 0. As in (ii), we have two
cases according as 2(v,v;) = (vg,v;) or 2(v,v;) = (v,v) = (vy,vy). In the
former case, w;(v) = v— v,. Since v must involve a strictly positive multiple
of v, in order that (v, v;) > 0, we conclude that w,(v) is again positive.

In the latter case, we argue as follows. There is an isomorphism p : RT —
RT™ given by setting p(3_, azvz) = 3., @z frvz, and it is easy to check that
‘this isomorphism commutes with the actions of the reflections wy, so that
the two Weyl groups are isomorphic. In fact the réle of p is to make long
roots short and vice versa. We now look at the vector v/ = w(v,) € RT™. If
2(v,v;) = (v,v) in RT then 2(v/,v;) = (v, v;) in RT™ and so we may apply
the argument of the previous paragraph to deduce that w,(v') is positive,
and hence w,(v) is positive.

(iv) This easily follows from (iii). |
LEMMA 4.6.9. Suppose T is a Dynkin diagram, with vertices z,,... ,Zn
and corresponding basis elements vy, ... , v, of RT, reflections wy,... ,wy, on

RT and Cozeter transformation c = w, ... wy,.

(i) The transformation c has no non-zero fixed points on RT.

(ii) Given any vector v € RT, for some value of m > 0 the vector ¢™(v)
1s not positive.

PROOF. (i) Suppose v =)_; rjv; and ¢(v) = v. Then
wq (V) = wa ... wp(v)

and so the multiple of v; in w;(v) is still 71, and hence w; (v) = v. Repeating
this argument, we see that

wa(v) = w3 ... wy(v)

and hence wa(v) = v. Continuing this way, we see that v is fixed by all the
w;, and is hence zero.

(ii) If ¢™(v) is positive for all m, then Z?:_Ol ¢*(v) is a positive vector fixed
by ¢, contradicting (i). a
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4.7. Path algebras of finite type

The main theorem of this section is Gabriel’s theorem, which says that
the path algebra of a (modulated) quiver @ is of finite representation type if
and only if Q is a Dynkin diagram (with some orientation). In this case, the
indecomposable k@Q)-modules are in one—one correspondence with the posi-
tive roots in the associated root system. The proofs we shall give for these
statements are due to Tits and Bernstein—Gel’fand—Ponomarev.

PROPOSITION 4.7.1. (i) IfQ is a modulated quiver of finite representation
type then the underlying valued graph T of @ is a Dynkin diagram.

(ii) If Q is of tame representation type then T is either Dynkin or Eu-
clidean. (In fact T is Fuclidean, but this requires the proof, given later in this
section, that the Dynkin diagrams are indeed of finite representation type.)

PROOF. (i) We shall first give the proof in the case of a quiver (ie.,
the case where all the ;d] are equal to one) over an infinite field, and then
indicate what alterations are needed for the general case.

Suppose T is not a Dynkin diagram. Then by Proposition 4.6.3, there
is a vector v = Y nguy € RT with the n, non-negative integers, such that
(v,v) 0. In other words,

22713 < Z NgMy.
x

Y

Each edge gets counted both ways round in this sum, so this can be written

as
Srs Ynn,
I .

r—y

Let V, be a vector space of dimension n,. We shall show that there are
infinitely many isomorphism classes of representations of T using these par-
ticular V., and hence with dimension vector (n,). Such a representation is
determined by assigning a linear map V, — V,, to each arrow  — y, and two
such representations are isomorphic if and only if there are automorphisms
in [], GL(V;) taking one to the other. In other words we are interested in

the orbits of [[, GL(V;) on [],_,, Hom(V,, V). The former is an algebraic

group of dimension >, n2 while the latter is an algebraic variety of dimen-

sion ZI_,y ngny. Moreover, the diagonally embedded scalars act trivially, so
that we are really looking at the action of [, GL(V;)/scalars, of dimension
(32, n%) — 1. According to the above inequality, this algebraic group has
strictly smaller dimension than the variety, and so there must be infinitely
many orbits and T is not of finite representation type.

If k is not infinite, then we apply the above argument over the algebraic
closure k of k. Each representation over the algebraic closure is defined over
some finite extension of k, and so gives rise to a representation of larger

—Y
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dimension over k by restriction of scalars. Only finitely many representa-
tions over k give rise to each representation over k this way, and so we have
infinitely many representations over k.

If Q is a modulated quiver then we must replace GL(V,) by GLa_ (V)
where n, = dima_(V;) so that this has dimension n2f,. We replace the
space Hom(V,V},) by HomAy(yM;’ ®a, Vi, Vy) of k-dimension nyny ,di fs.
The corresponding inequality is

anfm < Z nznyydgfz
x ey

and so the proof proceeds as before.

(ii) If T is neither Dynkin nor Euclidean, then there is a Euclidean dia-
gram strictly smaller than T'. Thus by Proposition 4.6.3, there is a non-zero
vector v with non-negative integral codrdinates with respect to the v, and
with (v,v) < 0. The same argument as in (i) then shows that the space of
orbits with this particular dimension vector is at least two dimensional. This
is not quite enough to complete the proof, because a direct sum of two one
parameter families can be used to give a two parameter family. However, the
point is that (nv,nv) = n?(v,v) is strictly negative, and grows quadratically
in size with n. It follows that the spaces of orbits with these dimension vec-
tors are also growing quadratically in dimension with n, whereas finite sums
of one parameter families can only account for a number of parameters which
grows linearly with n. 0O

This means that we must now concentrate on the representations of
Dynkin diagrams. For this purpose, we introduce the concept of a reflec-
tion functor, which is a means of reversing the orientations on some of the
edges of a quiver, while almost giving an equivalence of categories.

DEFINITION 4.7.2. A vertex z of a (modulated) quiver is a sink (resp.
source) if all the arrows between = and another vertex point towards (resp.
away from) x.

If ¢ is any vertex of @ we define a new (modulated) quiver s;Q with the
same underlying (labelled) graph as @ but with the orientations of the edges
meeting x reversed.

An ordering zy, ... ,x, of the vertices of @) is admissible if for each ¢, z;
is a sink for s;y1 ...s,Q. There exists an admissible ordering for the vertices
of Q if and only if there are no oriented cycles in Q.

Now suppose y is a sink in ). We define functors

Sy :kgmod — y; gymod, Sy : (s, qymod — yomod

as follows. Given a representation V = {V,} of @), we define a representation
Sf(V) =W = {W;} of 5,Q by letting W, = V;, for = # y, and letting W,
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be the kernel of the sum of the maps going towards Vj;:

0—-WwW,— @ yMZ®A,Vzi>Vy.
Dy in Q
There are obvious maps
Wy = yMI @, Vs
and hence
M) ®a, Wy = W,

since ;M = Homa,(yM;,Ay). Thus the W, form a representation of s,Q.
A map of representations V — V' of @ gives rise in an obvious way to a map
of representations SV — SV’ of 5,Q.

The functor S, is constructed dually. Given a representation {W,} of
syQ, we let V, = W, for  # y, and we let V;, be the cokernel of the sum of
the maps going away from W,. Namely, each map M,/ ®n, Wy — W, gives
rise as above to a map W, — yMg ®a, Wz, and we have an exact sequence

w,% @ MIes WV, -0
ylm: in 5,Q

If we start off with a representation V of Q for which the map ¢ above is
surjective, it is clear that S, S (V) = V. Thus S and S give an equiva-
-lence between the subcategory of ygmod for which the map ¢ is surjective,
and the subcategory of k(s,@ymod for which the map ¥ is injective.

Now every representation of ) breaks up as a direct sum of the cokernel of
¢ concentrated at x, and a representation for which ¢ is surjective. Similarly,
every representation of sy} breaks up as a direct sum of the kernel of ¢
concentrated at x, and a representation for which v is injective. Thus we
have established the following proposition.

PROPOSITION 4.7.3. The functors S;’ and S, establish a bijection be-
tween the indecomposable representations of Q and the indecomposable rep-
resentations of syQ), with the exception of the simple module S, corresponding

to x in each case, which is killed by these functors. [}

Now let us examine the effect of these functors on dimension vectors. If V
is a representation of @ for which the map ¢ is surjective, then the dimension
over A, of W, is equal to

dimp, Wy = Y ydlfrdima, V; —dima, V.
Y .
z—y in Q
The dimension of the remaining W, is the same as the dimension of V.

Therefore the effect of S;’ on the dimension vector is the same as the effect

of applying the reflection w,.
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Conversely if W is a representation of s,Q for which the map  is injec-
tive, then the effect of Sy‘ on the dimension vector of W is again the same
as the effect of applying the reflection wy,.

DEFINITION 4.7.4. Suppose x1,... ,Z, is an admissible ordering for the
vertices of a (modulated) quiver . Then the Coxeter functor with respect
to this ordering is the functor

ct = S;"l S;'; : gomod — omod.
Note that since each arrow gets reversed twice, s;...5,Q = Q. We also set
C™ =8, ---8; : rgmod — omod.
LEMMA 4.7.5. Given any indecomposable kQ-module V, either
(i) C~CH(V) 2V, and the effect of C* on the dimension vector of V is
the same as the effect of the Cozeter transformation ¢ = wy ... wy, or
(ii) CH(V) =0.
Proor. This is clear from the above discussion. O

We are now ready to classify the indecomposable representations of a
Dynkin diagram.

THEOREM 4.7.6 (Gabriel). Suppose Q is a modulated quiver whose un-
derlying labelled graph T is a Dynkin diagram. Then there is a natural one~
one correspondence between the indecomposable representations of Q) and the
positive roots in RT, in such a way that each indecomposable is associated to
its dimension vector. In particular, Q has finite representation type.

PRrROOF. (Bernstein—Gel’fand-Ponomarev [26]) Choose an admissible or-
dering for the vertices of @ (this may be done since every Dynkin diagram is a
tree). Let C* be the corresponding Coxeter functor on ygmod and c the cor-
responding Coxeter transformation on RT. Suppose V is an indecomposable
representation of Q, with dimension vector v € RT. By Lemma 4.6.9 (ii), for
some m > 1 the vector ¢™(v) is not positive. Thus by Lemma 4.7.5 we have
(CH)™(V) = 0. Choose m as small as possible with (CT)™(V) = 0. Thus
for some @, S, -+ S (CH)™ Y (V) # 0 but S} SH,--- SH(CH)™ (V) =0.
So by Proposition 4.7.3 we have S}, --- SH(CH)™"}(V) 2 §;, and

V2 (0TS, - 554(50).

Thus the dimension vector of V is ¢c™™ 1wy, ... wi41(v;), a positive root. This
argument also shows that any indecomposable representation with the same
dimension vector as V is isomorphic to V.

Conversely, if v is a positive root then for some m > 1 the vector ¢™(v)
is not positive. Choose the shortest expression of the form

Wi ... wa(w ... we)™ 1 (v)

which is not a positive root. Then by Lemma 4.6.8 (iii), w1 ... wpc™ (v) =

v; and so the representation (C~)™" 1S, --- S;,15i has dimension vector v.
]
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COROLLARY 4.7.7. IfQ is a modulated quiver of tame representation type
then T is a Fuclidean diagram.

PrOOF. This follows from Proposition 4.7.1 and Theorem 4.7.6. O

We shall not prove that if T is a Euclidean diagram then @ is in fact
tame. A proof of this can be found in Dlab and Ringel [78]. A complete
classification of the indecomposables in the case of the Euclidean diagrams
of types A, D, and E, may be found in Ringel [177).

4.8. Functor categories

In the last section, we classified the indecomposable representations of
the Dynkin diagrams by using the geometry of root systems. In the next
few sections, we present another method of classification, first formulated
explicitly by Gabriel. This is the method of functorial filtrations, and is based
on Auslander’s work on the structure of functor categories. The idea is as
follows. We consider functors from the module category in question to vector
spaces. There are obvious notions of subfunctor and quotient functor, and it
turns out that the simple functors are in one—one correspondence with the
indecomposable modules. It is this observation of Auslander that initiated
this circle of ideas. It follows that to find all the indecomposable modules, it
suffices to find all the simple functors. We look at any functor which reflects
isomorphisms (see Definition 4.10.1), for example the underlying vector space
functor, and find its simple composition factors. Of course, in practice this is
easier said than done, but we shall give some examples where this method has
proved effective. We shall study in detail the case of the group algebras of the
dihedral groups (Ringel {175]), and mention without proof the corresponding
answer for the semidihedral groups (Crawley-Boevey [62]). Our exposition
is broadly based on Gabriel [111] and Ringel {175].

DEFINITION 4.8.1. If A is a finite dimensional algebra over a field k, we
denote by Fun(A) (resp. Fun®(A)) the category whose objects are the co-
variant(resp. contravariant) additive functors ymod — ;Vec from finitely
generated A-modules to k-vector spaces, and whose morphisms are the nat-
ural transformations of functors.

EXAMPLES. (i) There is the forgetful functor p € Fun(A) which assigns
to each A-module its underlying vector space.

(ii) Duality is a contravariant functor D : ; Vec — ,Vec. Composing with
this duality functor gives contravariant functors also denoted D : Fun(A) —
Fun®(A) and D : Fun®(A) — Fun(A).

(iii) For any A-module M there is a covariant representable functor

(M, —) = Homp (M, —) € Fun(A)
and a contravariant representable functor

(—, M) = Homp(—, M) € Fun®(A).
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There are also the dual functors
D(M,-) € Fun®(A) and D(—,M) € Fun(A).

It is easy to check directly that Fun(A) satisfies the axioms for an abelian
category, and we shall see later that it has a natural interpretation as a
module category for the Auslander algebra.

The kernel of a natural transformation F} ~ F3 of functors is the functor
assigning to each module M the vector space kernel of Fy(M) — Fo(M) and
to each homomorphism M — M’ the map of kernels making the following
diagram commute.

0 1% Fi(M) Fy(M)

Lo

0— V' — Fi(M') — F(M')

Cokernels are constructed dually. A natural transformation Fy ~ Fy is a
monomorphism if and only if F}(M) — F5(M) is injective for each M. In
this case we may identify F) as a subfunctor of F,. The quotient functor
"Fy/F is defined by (Fo/F1)(M) = Fo(M)/Fi(M). A simple functor is
defined to be a non-zero functor with no proper subfunctors. A finitely
generated functor is one which is isomorphic to a quotient of (M, —) for
some M.

Similarly Fun®(A) is an abelian category and the notions of subfunctor,
quotient functor, simple functor and finitely generated functor and defined
analogously.

THEOREM 4.8.2 (Auslander). The finitely generated projective objects in
the category Fun(A) (resp. Fun®(A)) are the representable functors (M, —)
(Tesp' (_a M))

If M is indecomposable then the functor (M,—) (resp. (—,M)) has a
unique mazimal subfunctor, written Rad(M, —) (resp. Rad(—, M)), consist-
ing of those homomorphisms which are not split monomorphisms (resp. split
epimorphisms). Every simple functor in Fun(A) (resp. Fun®(A)) is of the
form Sy = (M, —)/Rad(M, =) (resp. Sy = (—, M)/Rad(—, M)) for some
indecomposable A-module M.

PrROOF. We shall prove these statements in Fun(A); the statements in
Fun®(A) are proved dually.

First we shall prove that representable functors are projective. To show
that (M, —) is projective, we must show that given natural transformations
A and g as in the following diagram

(A{v _)

ST

F ~>F) ~~>0
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we may find v such that g o v = \. But by Yoneda’s Lemma 2.1.4,
Nat((M, -), F;) = Fi(M)
so that the map
Nat((M, -), F1) =5 Nat((M, -), F2)

is epi and so we may find v such that gov = u,(v) = A

Conversely, if F is a finitely generated projective object in Fun(A) then
F is a quotient of (M, —) for some M. Thus there is a short exact sequence
of functors

0> F - (M,-)—F—0.

Since F' is projective, this sequence splits and (M,~) = F @& F’. So there
is an idempotent natural transformation from (M, —) to itself whose image
is F. But by Yoneda’s Lemma, all natural transformations from (M, —)
to itself come from endomorphisms of M, and so F = (M’,-) for some
direct summand M’ of M. This completes the determination of the finitely
generated projectives in Fun(A).

Now if M is indecomposable, every proper subfunctor F of (M, —) is
contained in Rad(M, —), since if a split monomorphism f : M — M’ with
splitting f' : M’ — M (so that f' o f = idpy) is in F(M’), then given any
map f”: M — N we have

f'=f"o f'o f="F(f"of)f) € F(N).

Now if S is a simple functor, then choose an indecomposable module M
with S(M) # 0. By Yoneda’s Lemma, there is a non-zero natural transfor-
mation from (M, —) to S. Since S is simple, this natural transformation is
an epimorphism. The kernel is a proper subfunctor of (M, —), and is hence
contained in the radical. Since S is simple, the kernel is equal to the radi-
cal. (]

4.9. The Auslander algebra

DEFINITION 4.9.1. The Auslander algebra of a finite dimensional al-
gebra A is defined to be

Aus(A) = Endy (5)

where 2 = @, M,, is a direct sum of one A-module from each isomorphism
class of finitely generated indecomposable A-modules.

The following lemma. is a direct consequence of the definitions.

LEMMA 4.9.2. The following are equivalent:

(i) A has finite representation type.

(ii) 2 is a finitely generated A-module.

(iii) Aus(A) is a finite dimensional algebra. O
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Now given a covariant additive functor F : ymod — ,Vec we produce
a module for Aus(A) by taking the direct sum €, F(M,) as the underlying
vector space, and letting Aus(A) act in the obvious way. Namely, an endo-
morphism of @, M, is specified by giving a homomorphism M, — My for
each pair of indices a, 3 in such a way that for each « all but finitely many
are zero. This gives a homomorphism F(M,) — F(Mpg) for each pair, with
the same restriction, and hence an endomorphism of @, F(Ma). Of course,
if A has finite representation type then this module is just F(Z). We shall
write F(E) for this Aus(A)-module even when A does not have finite repre-
sentation type, despite the fact that in this case = is not in ymod. All we
are really doing is extending F in a natural way to the category of A-modules
which are (possibly infinite) direct sums of finite dimensional ones.

Conversely, if X is an Aus(A)-module then we define a covariant additive
functor ®x : nmod — ;Vec as follows. If M is a finitely generated A-
module, then Homa (M, Z) is an Aus(A)-module and we set

QX(M) = HomAus(A) (HOIIIA(M, 3)7 X)

LEMMA 4.9.3. If F : pnmod — Vec is a covariant additive functor then
there is a natural isomorphism

Hom ysp)(Homa (M, Z), F(E)) = F(M).

PROOF. Since both sides are additive in M, we may assume without loss
of generality that M is indecomposable. Choose a split surjection 7 : £ — M,
with splitting ¢ : M — Z, so that m o7 = idps. If ¢ is an element of the left
hand side of the above equation, then F(7)(¢(i)) € F(M). Conversely if
x € F(M) then the map taking p: M — Z to F(p)(xz) € F(E) is an Aus(A)-
module homomorphism. It is easy to check that these processes are mutually
inverse. In particular, any other split surjection gives rise to a map with the
same inverse, which is therefore the same map. O

PROPOSITION 4.9.4. There is an equivalence of categories between Fun(A)
and the category of Aus(A)-modules, given in one direction by F — F(Z) and
in the other direction by X — ®&x.

The finitely generated functors correspond to Aus(A)-modules which are
quotients of Homp (M, E) for some finitely generated A-module M. Note that
this is not the same as the category of finitely generated Aus(A)-modules
unless A has finite representation type.

ProoF. If X is an Aus(A)-module then
®x(E) = Homp ye(p)(Homy (8, E), X) = Hompysa)(Aus(A), X) = X.
Conversely if F' € Fun(A) then
®p(z)(M) = Homp ys(a)(Homa (M, E), F(E)) = F(M)

by the lemma.
The statement about finitely generated functors follows immediately from
the definitions. a
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COROLLARY 4.9.5. There is a natural one-one correspondence between
stmple Aus(A)-modules and finitely generated indecomposable A-modules.

PRrROOF. This follows from Theorem 4.8.2 and Proposition 4.9.4. O

REMARKS. (i) In the case of finite representation type, a similar equiva-
lence exists between Fun®(A) and Aus(A)°P-modules, but this breaks down
for infinite representation type.

(ii) The simple Aus(A)-module corresponding to an indecomposable A-
module M is Homy (M, E) modulo those homomorphisms which are not split
monomorphisms. We shall give this the same name S)s as the corresponding
functor. As a vector space, this is just Enda(M)/JEndj(M). Endomor-
phisms of M give rise to endomorphisms of Sy, and so we have

EndAus(A)(SM) = EndA(M)/JEndA(M)

(iii) We shall see later that in fact the algebra Aus(A) has global dimen-
sion two. In other words, every Aus(A)-module has a projective resolution
of the form

0P —->P—->PFP—-X-0.

This is related to the theory of almost split sequences. The Ext-quiver of
Aus(A) is called the Auslander—Reiten quiver of A, and this is also in-
timately connected with the theory of almost split sequences. But more of
this later.

4.10. Functorial filtrations

DEFINITION 4.10.1. A functor F' € Fun(A) is said to reflect isomor-
phisms if a homomorphism f : M — M’ in ymod is an isomorphism if and
only if F(f) : F(M) — F(M') is an isomorphism. For example, the underly-
ing vector space functor reflects isomorphisms. Note in particular that if F
reflects isomorphisms and M # 0 then F(M) # 0.

LEMMA 4.10.2. If F is a functor which reflects isomorphisms then F' has
every simple functor Sy as a subquotient.

PRrROOF. If M is a finitely generated indecomposable module, then by
Yoneda’s lemma

Nat((M, ), F) = F(M) # 0

and so there is a non-zero natural transformation from (M, —) to F. The
image of this modulo the image of Rad(M, —) is the desired subquotient. [

DEFINITION 4.10.3. A collection of subquotients, or intervals F.,/F} of
a functor F' € Fun(A) is said to cover F if given any M € pamod and
x € F(M) there is an index o with x € F,(M) but ¢ ¢ F!(M). Two
intervals F,,/F, and Fj/Fy are said to avoid each other if either Fj < Fy/
or Fj > F,. A filtration of F is a collection of intervals covering F and
avoiding each other.
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LEMMA 4.10.4. Suppose F is a functor which reflects isomorphisms and
F!/F" is a collection of intervals covering F. Then f : M — M’ is an
isomorphism if and only if (F.,/F2)(f) is an isomorphism for each indez c.

PROOF. Suppose (F./F!)(f) is an isomorphism for each a. Since the
F,/F" cover F, it follows that F(f) is an isomorphism. Since F reflects
isomorphisms, f is an isomorphism. 0

LEMMA 4.10.5. Suppose {M,} is a complete set of representatives of the
isomorphism classes of finitely generated A-modules, and {S,} are the cor-
responding stmple functors. Then we have the following:

(i) Sa(Mﬂ) o~ EndA(Mg)/JEndA(Mg) zfa = ,3
0 otherwise.

(ii) A homomorphism f : M — M’ in nmod is an isomorphism if and

only if So(f) 18 an isomorphism for each a.

PRroOOF. (i) This is clear from the discussion earlier in this section.

(ii) If f : M — M’ is not an isomorphism then it is either not injective
or not surjective. If it is not injective then some indecomposable summand
M, of M intersects the kernel non-trivially, and then S,(f) is not an isomor-
phism. Similarly if f is not surjective then some indecomposable summand
Mg of M’ is not contained in the image, and then Sg(f) is not an isomor-
phism. O

REMARK. The number of times a simple functor Sys occurs in a filtration
of the underlying vector space functor is equal to the dimension of M (over
the division ring End, (M)/JEnds(M)) by part (i) of the above lemma. So
when we filter the underlying vector space functor we should expect to have
this many repetitions of the simple functors, and it is important to discard
all except one copy at some stage so that the list of functors obtained can
satisfy (i).

We now present a naive form of the functorial filtration method, and then
we state the method in the generality we need. For convenience we state the
following proposition over an algebraically closed field.

PROPOSITION ‘4.10.6. Let A be a finite dimensional algebra over an alge-
braically closed field k.

Suppose {M,} is a collection of finitely generated A-modules and {S,} is
a collection of functors in Fun(A) such that
kE ifa=p
0 otherwise.

(ii) So(M) is finite dimensional for all finitely generated A-modules M,
so that So(M) Qr My makes sense as a finitely generated A-module and has
the property that Sa(So(M) @ M,) = So(M). Moreover, for every finitely
generated A-module M there is a map YoM @ So @ Mg — M such that
Sa(Ya,Mm) 15 an isomorphism.

(i) Sa(Mp) =



134 4. METHODS FROM THE REPRESENTATIONS OF ALGEBRAS

(iii) A map f : M — M’ in nmod is an isomorphism if and only if Sa(f)
s an isomorphism for all indices c.

(iv) For any finitely generated A-module M, only finitely many of the
So(M) are non-zero.

Then the M, are indecomposable and form a complete set of represen-
tatives of the isomorphism classes of finitely generated indecomposable A-
modules without repetitions.

PROOF. Suppose M is a finitely generated A-module. By (iv), the sum
@D, Sa(M)® M, is a finitely generated A-module. By (ii) there is a natural
map

> Yaurs D Sa(M) ® Mo — M

and by (i) S3(3", Vo,m) is an isomorphism for each 3. So by (iii) Y, Ya,m
is an isomorphism. Thus every finitely generated A-module is uniquely ex-
pressible as a direct sum of modules M, from the given list. In particular,
these must be indecomposable and form a complete list of representatives
of the isomorphism classes of indecomposable finitely generated A-modules
without repetition. O

REMARKS. (i) One of the remarkable things about this proposition is that
we do not have to demonstrate explicitly that the M, are indecomposable or
non-isomorphic in order to satisfy the hypotheses of the proposition.

(ii) Condition (ii) of the proposition is implied by the existence of a
surjective natural transformation (Mg, —) ~» S, for each a, but is some-
times easier to check. The reason for this implication is as follows. Let
Zo € Sa(M,) correspond to the given natural transformation via Yoneda’s
lemma. Since the natural transformation is surjective, given a finitely gen-
erated A-module M and a basis {va ;} for So(M) for each o, we can find
homomorphisms Y4 jm : Mo — M such that Su(Ya,jm)(Ta) = va,j- Then
we take o p = Zj YajM : Sa(M)® Mo — M.

(iii) Condition (iii) is guaranteed if there is a functor F' which reflects
isomorphisms and a set of intervals covering F' and each isomorphic to some
Sa-

(iv) If we filter the underlying vector space functor then only finitely many
of the intervals can be non-zero on a given finitely generated A-module, since
the underlying vector space is finite dimensional.

ExaMmPLE. The group algebra of a cyclic p-group over an algebraically
closed field of characteristic p is of the form A = k[T]/(T™), where n is the
order of the group and T is of the form g — 1 for a generator g. It is easy
to classify the modules for this algebra using Jordan canonical forms, but we
shall use it as an example to illustrate the functorial filtration method.

As our modules we take M; = k[T]/(T?), a uniserial A-module of dimen-
sion ¢ for 1 < ¢ < n. We have functors

F;; = Ker(T*) N (Im(T?) + Ker(T*"!)) € Fun(A).
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Since Ker(T%) 2 Im(TY) if i > n — j, we have Fj11n—i(M) = Ker(T?) =
F;o(M), and so we only consider the Fy; with i < n—j. If M is a A-module
with underlying vector space V, we have the inclusions

V= Fn,O(M) 2 (Fn,l(M) =)Fn—1,O(M) 2 Fn—l,l(M)
2 (Fn—1,2(M) =)Fn—2,0(M) 22 Fl,n—l(M) 2 Fl,n(M) =0.

Moreover, if n — j > i > 0, the action of T induces an isomorphism from
F;j-1/F;;to F_y j/F;_1;4+1. Thusif we take as our functors S; = F o/ F; ) =
-+ 2 F1;1/F1;, then S; appears as an interval in our filtration exactly ¢
times. Since (M;,—) = Ker(T*) = F,, each S; is a quotient of (M;, —)
and so condition (ii) is satisfied according to remark (ii). The other condi-
tions are easily checked using the other remarks. So we may conclude that
the M; form a complete list of representatives of the isomorphism classes of
indecomposable A-modules, without repetitions.

The following is the form of the functorial filtration theorem used by
Ringel {175] for his classification of the indecomposable modules for the di-
hedral 2-groups. The point of this version is that it allows for the classifica-
tion of entire one parameter families of modules at a time. We shall give an
outline of Ringel’s classification in the next section.

THEOREM 4.10.7. Let M and A, be abelian categories, and let S, : M —
A, and T, - A, — M be additive functors such that the following conditions
are satisfied.
ida, Hfa=g
0 otherwise.

(ii) For every M in M there is a map Ya,um : TaSa(M) — M such that
Sa(Ya,n) s an isomorphism.

(ii) A map f: M — M’ in M is an isomorphism if and only if Sa(f) is
an isomorphism for all indices a. '

(iv) For any M in M, only finitely many of the So(M) are non-zero.

Then the objects To(A) with A indecomposable in A, are indecomposable
and form a complete set of representatives of the isomorphism classes of
indecomposable objects in M without repetitions.

(i) SaTp =

PROOF. The proof is exactly the same as the proof of the above propo-
sition. O

Note that we are interested in the case where M is the category of fi-
nite dimensional A-modules for some algebra A. The A, are things like the
category of finite dimensional vector spaces or the category of finite dimen-
sional k[T]-modules. The latter will be used to capture entire one parameter
families of modules at once.

4.11. Representations of dihedral groups

As an example of the method of functorial filtrations, in this section, we
present Ringel’s classification [175] of the finite dimensional modules for the
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algebra
A = K(X,Y)/(X2,Y?),
namely the quotient of the free algebra on the two non-commuting variables

X and Y by the ideal generated by X2 and Y2, over any field k.
The relationship with the finite dihedral 2-groups is as follows. If

G=(r,y:22=92=1)

is the infinite dihedral group and & is a field of characteristic 2 then A = kG
via X & x—1,Y < y— 1. The finite dihedral 2-groups are the quotients

Dy = (z,y: 2" =y’ = 1, (ay)? = (y2))
(g a power of 2).
LEMMA 4.11.1. For q a power of 2 we have
kDsg = A/((XY)? - (YX)9).
PRrROOF. In A & kG we have

(zy)?—(yz)?=(zy—yz)?!=((z -y - 1) - (y — 1)(z - 1))
=(z-Dy-1))7-((y-@-1)!=(XY)! - (YX)"-EI

THE MODULES. Let W be the set of words in the direct letters a and
b, and the inverse letters a~! and b1, such that @ and ¢! are always
followed by b or b~! and vice versa, together with the “zero length words” 1,
and 1; (which are regarded as “beginning” with a and b respectively). If C is
a word, we define C~! as follows. (15)7! = 13, (15)™! = 1,; and otherwise we
reverse the order of the letters in the word and invert each letter according
to the rule (a71)~! = a, (b!)7! = b. Let W, be the set obtained from W
by identifying each word with its inverse.

The nth power of a word of even length is obtained by juxtaposing n
copies of the word. Let W' be the subset of W consisting of all words of
even non-zero length which are not powers of smaller words. Let V denote
the set of isomorphism classes of pairs (V, ¢) where V is a finite dimensional
vector space over k and ¢ is an indecomposable automorphism of V (¢ is
indecomposable if its rational canonical form has only one block, and that
block is associated with a power of an irreducible polynomial over k). Let
W be the set obtained from W' x V by identifying each word in W' with its
images under cyclic permutations

El...fnﬁfnfl...fn_l,

and by identifying (C,(V, ¢)) with (C~1,(V,¢7!)). Let Wy be the set ob-
tained from W' by identifying a word with its cyclic permutations and its
inverse.

The following is a list of all the isomorphism types of finite dimensional
indecomposable A-modules. The rest of the section will then be devoted to
proving this statement.
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MODULES OF THE FIRST KIND. These are also called string modules.
They are in one-one correspondence with the elements of W). Let C =
£1...8, € W. Let M(C) be a vector space over k with basis 29,...,2, on
which A acts according to the schema

[4 [Z £
kzg < kz1 < kzg---kzp_1 < kz,

where X acts via a and Y acts via b. For example, if C = ab~laba~! then
the schema is

b b
k2g <= k21 — kzg <& k2g — kzg = kzg

and the module is given by

000O0COCO 000O0CO0COC
100000 001000
X 000O0O0O0 Y 000O0OCO
001000 000O0OCO
000O0O01 000100
000O0O0CO 000O0COCO

It is clear that M(C) & M(C~1).

MODULES OF THE SECOND KIND. These are also called band modules.
They are in one-one correspondence with the elements of Wa. Let ¢ be an
indecomposable automorphism of a finite dimensional k-vector space V, and
let C =4¢;...£, be aword in W. Let M(C, #) be given as a vector space by
M(C,¢) = @;:01 V; with V; = V, on which A acts according to the schema

fH=¢ t2=id £n_1=id
Vo i |2} S Voo Vo

L J

¢n=id

where again X acts as @ and Y acts as b in the same sense as above. It is
clear that if (C,(V,¢)) and (C’,(V’,¢')) represent the same element of Ws
then M (C,¢) = M(C', ¢').

One of the above modules has (XY)? — (Y X)? in its kernel if and only if
one of the following holds:

(i) The module is of the first kind and the corresponding word does not
contain (ab)?, (ba)? or their inverses.

(ii) The module is of the second kind and no power of the corresponding
word contains (ab)?, (ba)? or their inverses.

(iii) The module is M((ab)?(ba)~9,ids) (of the second kind). This is
the projective indecomposable module for the quotient algebra A/((XY)? —
(Y Xxj9).

THE FUNCTORS. As usual, we provide a filtration of the underlying
vector space functor. Each isomorphism type will appear more than once,
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and so we then give lemmas which remove the repetitions. The final index
set for the categories A, is W) U W,
Denote by M the category of finite dimensional modules for

A= (X,Y)/(X%Y?).

If C, D and C~'D are words in W, we set Ac p = ymod, the category of
finite dimensional vector spaces. The functor Tc,p : Ac,p — M is defined
via To,p(k) = M(C™!D). This depends up to isomorphism only on the
equivalence class of C™1D in W.

If C is a word in W, we let A be the subcategory of k{,7-1jmod consist-
ing of finite dimensional k[T, 7T~!]-modules. A finite dimensional k[T, T~']-
module is the same as a vector space V' together with an automorphism ¢.
The functor T¢ : A¢c — M is defined via T (V, ¢) = M(C, ¢). This depends
up to isomorphism only on the equivalence class of C in Ws.

We now describe the functors Scp : M — Acp and S¢c: M — A¢ as
intervals (i.e., subquotients) of the underlying vector space functor. If C is
a word in W, then there is a unique direct letter d such that Cd is again a
word. If M € M, we define C~ (M) = CdM and C*(M) = Cd~'0yy, where
the letters a and b stand for the actions of X and Y on M, so that words are
interpreted as the corresponding linear relations on M. Thus for example if
C = a~'b then C~(M) is the subspace of elements of M whose images under
X are expressible as Y X (m) for some m € M, and C*(M) is the subspace
of elements of M whose image under X are expressible as Y (m) for some
m € M with X(m) = 0. We define

Sep=({(DT+C7)nCtH)/(D”+C7)nCY)
2 (Ct*nDY)/((CtND™)+(C~NnDYY).
Note that if C, D and CdD are words, with d a direct letter, then
CdD~ <cdD*<C-<ct<cd'D” <cd'D*.

LeEMMA 4.11.2. The isomorphism type of the functor Sc,p only depends
on the equivalence class of the word C~'D in W,.

ProOF. The above isomorphism shows that Scp = Spc, and so it
suffices to show that if d is a direct letter and C and D are words with
C~1dD a word in W then S¢4p & Si-1¢,p- But this follows from the fact
that multiplication by the corresponding element X or Y in A defines a
natural isomorphism

((d-'D* +CYNCH(M)  ((D* +dC~)NdCH)(M)
(@D~ +C)NCHM) (D~ +dC-)NdCH) (M)’
If Cis a word in W and M € M, we set C'(M) = |J,,C"0p and

C"(M) = N,C"M. Then C'(M) < C"(M), and C determines a vector
space automorphism ¢¢ p of C”(M)/C'(M). Set

Sc(M) = (C"(M)/C'(M), éc,m) € Ac-

O
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LEMMA 4.11.3. Suppose C =£;...£y, s a word in W',

(i) Let Ciy = i1 ... €nly ... L. Then Sc = Sc)-

(ii) Suppose Sc(M) = (V,¢). Then Sc-1(M) = (V,¢71).

Thus the isomorphism type of the functor S¢ only depends on the equiv-
alence class of C in Wa, as long as we allow ourselves to apply the automor-
phism T — T~ of Ac if necessary.

Proor. (i) Let V; = Cé’i) (M)/Céz)(M) If ¢; is a direct letter then multi-

plication by the corresponding element X or Y of A induces an epimorphism
V; — V;_1. If ¢; is an inverse letter then multiplication by the corresponding
element of A induces a monomorphism V;_; — V;. Thus we have

dimVy <dimW, <--- <dimV,_; <dim{}

and so all these maps are isomorphisms. The map ¢¢ s is the composite of
these maps, and up to conjugacy only depends on the cyclic ordering.

(ii) Sc(M) is the largest interval of the underlying vector space of M
on which the action of the word C is invertible, in the sense that any such
interval is an interval of Sc(M). Thus Sg-1(M) & S¢(M) as vector spaces.
The action of C~! on this interval is inverse to the action of C. O

‘We now show that our intervals form a filtration of the underlying vector
space functor. We start with a lemma.

LEMMA 4.11.4. Suppose d:V — V is an endomorphism with d2 = 0. If
Uy < Uy are subspaces of V' then

dim Uy /Uy > dim dUs /dU, + dimd ™ Uy /d~'U;.

PrOOF. The action of d defines isomorphisms d='Us/d~1U; = ((Us N
Im(d)) + U1)/U; and Us/(Us N (Ker(d) + Uy)) & dUs/dUy, so that the in-
equality follows from the inclusions

Uy < (U2 NIm(d)) + Uh < Uy n (Ker(d) + Uy) < Us. (W]

PROPOSITION 4.11.5. The intervals Sc,p for which C starts with a*! and
D starts with b*!, together with the intervals Sc for which C starts with a,
form a filtration of the underlying vector space functor M — ymod.

PrOOF. For the purpose of proving this, we introduce the set of infinite
words £1€s ... where the letters are a®! and bt!, and the restrictions are the
same as for the words in W. In other words, if A = £145 ... is an infinite
word then every initial segment A[n] =40y ... 0, isin W. If C is a word of
length m in W, we write C* for the infinite word with (C*°)n = C*. We
call such infinite words periodic.

First, we claim that if z is an element of M € M then either there is a
finite word C starting with a*! such that z € C* but z &€ C~, or there is
an infinite word A starting with a*! such that x € A"(M) = N, Apw(M)
but ¢ A'(M) = U, AjnjOm. To prove this, we totally order the (finite and
infinite) words starting with a*! as follows. We write C < D if there is a
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direct letter d, a finite word C', and words E; and E5 such that C = C) or
C\dEy, and D = C) or C1d™ ' E». Note that if C < D then C(M) < D(M) for
all M. Let A, be the smallest word with respect to this ordering of length
n such that = € A[n](M). Thus if z € A[n]d(M) then A[n+1] = A[n]d, and
otherwise A4y = A[n]d‘l. This way we construct an infinite word A with
z € A"(M). If x ¢ A'(M) we are done. If x € A'(M) then = € Ap,41)(0pr)
for some n. Choose n minimal with this property. Then the last letter of
Afn41) has to be inverse, and we have z € A[:](M ). By construction of A,

T ¢ A[;](M ), and we are done. Note that the total order also implies that

these intervals C*/C~ and A”/A’ all avoid each other.

Next, we claim that if A is an infinite word with A’ # A’  then A is
periodic. For suppose M is a module with A'(M) # A”(M). If we chop any
initial segment off from A, we obtain another infinite word B with B'(M) #
B"(M). If By # By are different infinite words obtained this way, then
the intervals BY(M)/B{(M) and Bj(M)/B4{(M) avoid each other in the
sense that either B4(M) > B{(M) or BY(M) < Bj(M). Since M is finite
dimensional, this implies that there are only finitely many different words
obtainable from A in this way. This shows that A = A, C* for some value
of n and some C in W'. Suppose n is minimal with this property. We wish
to show that n = 0. If not, then the last letter of Ay, is inverse (say d)
and the last letter of C is d. So we have (d~1C®) (M) # (d~1C*)"(M) and
(dC®)' (M) # (dC*)"(M). But by the Lemma, for any k we have

dim C¥M/C*0p > dimdC* M /dC*0ps + dim d ™ C*M /d~1C* 0y,
while for k large we have
dim C*M/C*0ps = dim dC*M/dC*0y;.

This proves the assertion.

Finally, we claim that the quotient C*/C~ is covered by the intervals
(DY +C)nCH)/((D™ +C7)NC™) for words D in W starting with b.
Applying what we know so far (replacing words starting with a by those
starting with b), it is certainly covered by these together with the intervals
(D"+C~)NCH)/((D'+C~)NCT) for words D in W' starting with b. So we
must show that (D'+C~)NC* = (D" +C~)NC*. Now by Proposition 4.3.5
and its corollary, the regular part of the relation D splits off, and if U is this
regular part then D' ® U = D" and (D!)’ @ U = (D™!)". Since D~ starts
with a, either C* < (D7) or C~ > (D7!)"”. In either case we have the
desired equality.

It is clear from the total order that the given intervals avoid each other.

O

Our next task is to evaluate the functors on the modules.

PROPOSITION 4.11.6. (i) If C, D and C7'D are words in W then the
following hold.
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(a) If M(E) is a module of the first kind, then Scp(M(FE)) = kz; if
E = C~1D, where i is the length of C, and Sc,p(M(E)) =0ifC D # E #
D-C.

(b) If M(E, ¢) is a module of the second kind then Scp(M(E,¢)) =0.

(i) If C is a word in W' then the following hold.

(a) If M(E) is a module of the first kind then Sc(M(E)) = 0.

(b) If M(E, ¢) is a module of the second kind, where ¢ is an automor-
phism of a vector space V, then Sc(M(E,®)) = (V,¢) if E is of the form
Cy or C(;)l for some value of i.

Proor. (i) If C = 1, and M is a module of the first or second kind, it
is easy to see that CT(M) = a~10y is the sum of C~(M) = aM and those
spaces occurring at the end of a schema for which the end letter is b*!. This
is because Ker(a) = Im(a) on the rest of the schema. By induction, it is
now easy to see that for any C in W, C¥ is equal to C~ on a module of the
second kind. If M = M(E) is a module of the first kind with F a word of
length n, then C*(M) is the sum of C~(M) and those spaces kz; for which
either C~! is an initial segment of E of length i or C is a final segment of
E of length n — 4. Thus if (DY +C~)NCt # (D~ +C~)NC? then either
M = M(C7'D) or M = M(D71C), and these are isomorphic modules. If
M = M(C~'D) then the space kz; forms a complement to (D~ +C~)NC*
in(Dt+C)NC*.

(ii) Without loss of generality C is a word of length n beginning with
a*". Since C is not a power of a smaller word, and is of even length, the
words

+1

Coys-++ »Cn-1):Cigy> -+ »Cininy
are all distinct, while by Lemma 4.11.3 they give rise to isomorphic functors.
Recall from the proof of the last proposition that we have a total order on the
words of length n starting with a*!. Thus we may replace C by a rotation
of C or C~! in such a way that C is strictly smaller than any rotation of C
or C~1 other than itself. We now assume this has been done.

Let M = M(C,¢) = @, Vi, Vi = V. It is easy to see by induction
on length that if E is any word of length at most n starting with a*!, then
E0)y is the sum of those V; for which C; or (C(,-))‘l, whichever starts with
a*!, is > E in the total order. In particular, taking E = C, we see by the
choice made above that C0p; = 0p. Thus C/(M) = 0. On the other hand,
Vo < C"(M), and so Vp embeds into (C"/C")(M).

Thus the n different words among the rotations of C and C~! starting
with a*! define subquotients of M each of dimension at least dim V. These
subquotients avoid each other by the previous proposition, and so the di-
mension must equal dimV and all other Sg must take zero value. Thus
C"(M) = Vp, and the automorphism induced by C on V} is of course just ¢.

In a similar fashion, the intervals S¢,p already exhaust the dimension of
M(C~'D) so that the Sc must take zero value on these too. a
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THE MAPS Yo,m. In order to invoke Theorem 4.10.7, it remains to
construct maps Yo, m for each & € Wi U W, as in part (ii) of the Theorem.

PROPOSITION 4.11.7. For every module M € M and every pair of words
C, D € W such that C~1D is also a word, there is a map

Ye,o,m : Te,pSc,p(M) — M
such that Sc,p(Yc,p,M) s an isomorphism.
Proor. For any element x € (C* N D*)(M), there is a map
v:M(C'D)—- M

such that v(z;) = x, where ¢ is the length of C. Choosing a basis for a
complement of ((CtND~)+ (C~NDH))(M) in (C*ND*)(M), we obtain a
map from a direct sum of dim Sg,p(M) copies of M(C~1D) to M such that
the sum of the basis vectors corresponding to z; map to the chosen basis for
the complement. This is the required map vc,p,m- O

PROPOSITION 4.11.8. For every module M € M and every C € W' there
is a map youm : TeSc(M) — M such that Sc(vo,m) is an isomorphism.

PRroOOF. We consider C as a linear relation on M. By Proposition 4.3.5,
the regular part of C splits off, so that there is a subspace U of M such that
C'(M)oU = C"(M), and C induces an automorphism ¢ on U via CxNU =
{#(x)} for x € U. Thus if we choose a basis z; of U, and C = {1 ... {,, we can
choose elements xgk) € M with xgn) = z;, xgk_l) € Kk(xgk)) and wgo) = ¢(x;).
This then defines a map from T Sc(M) = Te(U,¢) — M taking the basis

element x; of Uy = U to xgk). This is the required map vy, - 0

REMARK. Using similar but more complicated techniques, Crawley-Boe-
vey [62] has classified the indecomposable representations of the semidihedral
groups SDym+1 of order 2™ (m > 2)

G=(zy|a =y? =1, y lay=a2""""1).

in characteristic two. In this case, the appropriate algebra is
kG/Soc(kG) = k(X,Y)/(X3, Y% X2 — (YX)Y)

with n = 2™~1 — 1. The classification is similar to the dihedral case, but
with added complications coming from symmetry conditions on the words
involved.

It is interesting to note that the subalgebra of the Steenrod algebra gen-
erated by Sq! and Sq® (see Chapter 4 of Volume II) is the case n = 1 of
the above algebra, corresponding to the non-existent “semidihedral group of
order eight”. This explains why the cohomology of this subalgebra (which
is the B3 = E, page of the Adams spectral sequence converging to the real
Bott periodicity groups) is the same as the cohomology of the semidihedral
groups.
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The classification of the indecomposable modules for the generalised qua-
ternion groups ought to be similar in nature to the case of the semidihedral
groups, but no-one has succeeded in completing this case.

4.12. Almost split sequences

Almost split sequences were introduced by Auslander and Reiten [10].
They proved their existence for Artin algebras (a ring is an Artin algebra if
it is finitely generated as a module over its centre, and its centre is an Artinian
ring). We shall content ourselves with the case of a finite dimensional algebra,
even though the proof for a general Artin algebra is not much harder. Finally
we shall show how almost split sequences are related to functor categories.

DEFINITION 4.12.1. Let A be a ring. A short exact sequence of finitely
generated A-modules

0-M->EZN=O

is called an almost split sequence or Auslander—Reiten sequence if the
following conditions are satisfied:

(i) M and N are indecomposable.

(i1) The map o does not split.

(iii) Given any A-module N’ and map p : N' — N which is not a split
epimorphism then p factors through o as in the following diagram:

NI
- lp
A'a
0 M FE N 0

Note that if p is a split epimorphism, that is, N is a summand of N’ and p
is the projection, then by condition (ii) p cannot factor through o.

The extraordinary thing about this definition is that such sequences
should exist at all. Clearly if N is projective, there can be no almost split
sequence terminating in N.

THEOREM 4.12.2 (Auslander, Reiten [10]). Suppose A is an Artin alge-
bra. Given any finitely generated indecomposable non-projective module N,
there exists an almost split sequence terminating in N. This sequence is
unique up to isomorphism of short exact sequences.

We shall only prove this theorem for finite dimensional algebras. We first
prove uniqueness, since this is a general argument and is quite easy.

LEMMA 4.12.3. Suppose
0-M—->EZLN=0O

0->M - E 25 Noo

are almost split sequences terminating in the same module N. Then they are
isomorphic as short exact sequences.
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ProoF. The definition guarantees us a commutative diagram:

0 M E N 0
0 M E N 0

R
0 M E N 0
The composite map M — M’ — M is not nilpotent since otherwise the map

o would split. Thus by Fitting’s Lemma 1.4.4 it is an isomorphism, and so
by the five lemma the sequences are isomorphic. 0O

The idea of the proof of existence of almost split sequences is as follows.
Given an indecomposable module N, let us suppose that we can find an inde-
composable module M depending functorially on N, and such that there is a
natural duality between Hom (N, —) and Ext} (~, M). Well, we should mod-
ify this slightly since Ext does not see homomorphisms which factor through
a projective module. So we work in the stable module category pmod (see
Section 2.1), and let us suppose that Hom, (N, —) and Ext} (—, M) are dual.
Since for N non-projective Ends (N) is a local ring and Ext} (N, M) is its
dual, the latter has a simple socle as an End,(N)-module. We claim that
any extension 0 - M — E 5 N — 0 representing a non-zero element of
this socle is an almost split sequence. This is because

p: N’ — N is split epi

& py : Hom s (N, N’') — End,(N) has idy in its image
& p. : Hom, (N, N') — End, (N) is surjective

& p* : Exth (N, M) — Ext)(N’, M) is injective

& p* does not kill SocExt} (N, M)

& p does not factor through o.

The required functor taking N to M is called the Auslander—Reiten
translation DT'r, and is the composite of two contravariant functors T'r and
D.

The first clue as to how to obtain the required functor is the identity

Ext} (N, Homy(N', k)) = Homy(Tor} (N', N), k)
from Proposition 2.8.5. So the functor D is simply the duality functor. If M
is a finitely generated module then we set
D(M) = M* = Homy(M, k) = Homp (M, Hom(A, k)) = Homa (M, A*),

as a finitely generated A°P-module. Here, A* is a A-A-bimodule in the obvious
way. We also write D for the corresponding functor from finitely generated
A°P-modules to finitely generated A-modules, so that D? : ymod — ymod
is isomorphic to the identity functor. D passes down to these quotients to
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give dualities D : ymod — pormod and D : ymod — soomod. It should
be pointed out that we now have three different notations for vector space
duality, namely D(M), M* and Hom(M, k). We apologise for this burden
on the reader, which has arisen in an attempt not to break with traditional
notations.

We are thus left with the problem of finding a contravariant functor
Tr : namod — pcomod with the property that

.Ii(ﬂ.n_A(N7 —) = TOIJI\(TT N, _)'

The way to construct this functor is as follows. Form the beginning of a
projective resolution

pLproN=o
and let Tr N be the cokernel of the A°’-module homomorphism
f* : Homp (P, A) — Homp (P, A).

Now T'r is a well defined contravariant functor from pmod to jormod,
and it is easy to see that Tr? : ymod — smod is isomorphic to the identity
functor.

We have an exact sequence

0 — Homp (N, A) — Homp (Pp,A) — Homp (P, A) = Tr N -0

whose last three terms form the beginning of a projective resolution of Tr N
as a A°P’-module, and so we may use it to calculate Tor. Namely,

Ker(Homp (Py, A) ® N’ — Homp (P1,A) ® N')
Im(Homp (N,A) ® N’ — Homp (P, A) ® N’)
_ Ker(Homp (Py, N') — Homy (P, N'))

~ Im(Homp (N,A) ® N’ — Homy (Py, N'))

B Homy (N, N')

" Im(Homu(N,A) ® N') — Homp (N, N'))

= HOI]'IA(N, NI)
We have thus proved that

Hom, (N, N') = Tord(Tr N,N’)

Tor}(Tr N,N') =

so that
Extl(N’, DTr N) = Exti(N’,Homy(Tr N, k))
= Homg(Tor} (Tr N, N'), k)
= Homy (Hom, (N, N'), k)

as required. To complete the proof of the existence of almost split sequences
for finite dimensional algebras, we only need show that DTr takes indecom-
posables to indecomposables. But both D and T'r are self inverse, and so
they must take indecomposables to indecomposables.
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Note that DT'r gives a bijection between the non-projective indecompos-
able A-modules and the non-injective indecomposable A-modules. Thus given
any non-injective indecomposable A-module M, there is a unique almost split
sequence beginning with M, and it has the foom0 > M — E - TrDM — 0.
This is related to the following dual property of almost split sequences.

PropoSITION 4.124. If 0 - M Y ES N 0 is an almost split

sequence and p : M — M' is not a split monomorphism then p factors
through o'.

PROOF. Suppose p does not factor through o’. Then in the pushout

!

0 M-—Z+E N 0
Pl
0 M E N 0

the second sequence does not split. Thus we may complete a diagram

'

0 M-—~2>E N 0

N

0 M E N 0

pol

0 M E N 0
Since p’ o p is not nilpotent it is an isomorphism by Fitting's Lemma 1.4.4,
and so p is a split monomorphism. ]

COROLLARY 4.12.5. If0 - M — E — N — 0 is an almost split sequence
then s0 is0 - N* - E* - M* — 0. 0

We now give an interpretation of almost split sequences in terms of func-
tor categories. The following proposition is clear from the definition:

PROPOSITION 4.12.6. An almost split sequence of A-modules
0-M—->E—->N->O
gives Tise to exact sequences
0 — Homp (N', M) — Homy (N', E) —» Homp (N, N) — 0

if N' has no summand isomorphic to N, and

0 — Homp (N, M) — Homp (N, E) — Enda(N)

— Enda(N)/JEnda(N) — 0.

Dually, we have exact sequences

0 — Homy (N, M’) — Homp (E, M') - Homy (M, M') — 0
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if M’ has no summand isomorphic to M, and

0 — Homy (N, M) — Homy (E, M) — Enda (M)
— Enda(M)/JEndp (M) — 0. O

We may express this in terms of functors as an exact sequence of covariant
functors

0—(-,M)—(—E)—(-,N)=>S~v—0

where Sy is the simple functor associated to N, as in Theorem 4.8.2.
Similarly the dual property of almost split sequences shows that there is
also an exact sequence of contravariant functors

0—(N,~-)—(E,-)—(M,—)— Su —0.

Since M and N are indecomposable, (M, —), (N,-), (—, M) and (—, N)
are projective indecomposable functors, and so the above sequences are min-
imal projective resolutions of the simple functors Sy for NV non-projective
indecomposable and Sy for M non-injective indecomposable in Fun®(A) and
Fun(A) respectively.

Similarly if N is projective indecomposable then there is a minimal pro-
jective resolution of Sy in Fun(A) of the form

0 — (-, Rad(N)) = (-,N) - Sy — 0

while if M is injective indecomposable then there is a minimal resolution of
Sum in Fun®(A) of the form

0— (M/Soc(M),—) — (M,-) — Sy — 0.
Dually, we have injective resolutions
0— Sy — D(M,-)— D(E,—) - D(N,-)—=0
and
0—Sy— D(—,N)— D(—,E) - D(—,M)—10
in Fun(A) and Fun®(A) respectively, and similarly for the injective/projec-
tive modules.
EXERCISE. Show that if 0 - M — E — N — 0 is a short exact sequence
of finitely generated A-modules with the property that
0= (=, M) = (=,E) = (=, N) = Sy, =0

is exact, then the sequence is the sum of the almost split sequence terminating
in Ny and a split sequence. (Hint: write N = n.Ng & N’ and apply the
sequence of functors to N)

There is one situation in which the almost split sequence is easy to write
down.
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PROPOSITION 4.12.7. Suppose P is a projective and injective indecom-
posable module. Then there s an almost split sequence

0 — Rad(P) — P & Rad(P)/Soc(P) — P/Soc(P) — 0.

This is the only almost split sequence having P as a summand of the middle
term.

PRrROOF. It is easy to check directly from the definitions that this is an
almost split sequence. Conversely, if P is a summand of the middle term
of an almost split sequence and the right-hand term is not P/Soc(P), then
there is a map from P/Soc(P) to the right-hand term which is not a split
epimorphism and does not lift, contradicting the definition of an almost split
sequence. O

We are particularly interested in almost split sequences for group algebras
of finite groups. The first observation holds for all symmetric algebras.

PROPOSITION 4.12.8. Suppose A is a finite dimensional symmetric alge-
bra. Then for any non-projective indecomposable module M we have
DTr(M) = Q*(M), the second kernel of a minimal resolution of M.

PROOF. Since A is symmetric, A & A* as A—A-bimodules. Hence the

functors Homp{—, A*) and Homy(—, A) coincide, and so the functor T'r ap-
plied to M yields the dual of Q%(M). O

Note in particular that in this situation
Exti(N, DTr M) = Ext} (N, Q*(M)) = Hom, (N, Q(M))

and so the duality between Hom, (M, N) and Ext}(N, DTr M) becomes a
duality between the spaces Hom, (M, N) and Hom, (N, Q(M)).

PROPOSITION 4.12.9. Suppose A is a finite dimensional symmetric alge-
bra. Then there is a natural duality between the spaces Hom, (M, N) and
Hom, (N, Q(M)). O

REMARK. In case A is self injective but not necessarily symmetric, we may
modify the above propositions as follows. We define v to be the Nakayama
functor

v=A*®x — = DHomy (-, A).

Then we have DTr = 02, and there is a natural duality between the spaces
Hom, (M, N) and Hom, (N, vQ(M)).

We now specialise to group algebras.

PROPOSITION 4.12.10. An almost split sequence 0 - M — FE — N — 0
of modules for a group algebra kG splits on restriction to a subgroup H if
and only if H does not contain a vertexr of N (or equivalently of M ).
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ProoF. The sequence splits on restriction to H if and only if for all
kH-modules N’ the sequence

0— HOmkH(N',MlH) — HOmkH(N',ElH) — HOmkH(N',]VI lg)—0

is exact. By the Nakayama relations 3.3.1 this happens if and only if the
sequence

0 — Homyg(N'1¢, M) — Homg(N' 1%, E) — Homyg(N'1%,N) - 0

is exact. By the defining property of almost split sequences, this happens if
and only if N is not a direct summand of N’1€ for any kH-module N’. 0O

The following theorem was proved in [23].

THEOREM 4.12.11. Suppose M is an indecomposable kG-module with ver-
tex D, and suppose H is a subgroup of G containing Ng(D), so that the
Green correspondent f(M) is defined as a kH-module. If 0 — Q2f(M) —
E — f(M) — 0 is the almost split sequence terminating in f(M), then the
induced sequence 0 — Q2f(M)1¢— E 16— f(M)1%— 0 is isomorphic to
the direct sum of the almost split sequerice terminating in M and a (possibly
zero) split short exact sequence.

PrROOF. By the Nakayama Relations 3.3.1 and Proposition 4.12.6, we
have a diagram

0 - Homgg (N,Q2f(M)1€) > Homyg(N,E1€) - Homig (N, f(M)1F)

0 > Homyg (Nl i,Q2f(M)) > Homgg (Nl gr,E) - Homyp (Nl g, f(M)) - Spae)(Nlg) > 0.

By the Burry—Carlson—Puig Theorem 3.12.3, we have Syag) (N lr) = Sy (N),
and so we have an exact sequence

0 — Homyg (N, Q?f(M) 1) — Homyg (N, E1°)
— Homyg (N, (M) 1€) = Sp(N) — 0.

The result now follows from the exercise before Proposition 4.12.7. |

4.13. Irreducible maps and the Auslander—Reiten quiver

In this section, we describe a certain modulated quiver called the Aus-
lander—Reiten quiver, associated with almost split sequences, and describe
its elementary properties.

DEFINITION 4.13.1. Suppose M and N are finitely generated indecom-
posable A-modules. A map A: M — N is said to be irreducible if A has no
left or right inverse, and whenever A = v o i is a factorisation of A, either p
has a left inverse or v has a right inverse.

If M =@ M; and N = @ N; with the M; and N; indecomposable, we
denote by Rad(M, N) the space of maps M — N with the property that no
component M; — Nj is an isomorphism. We denote by Rad?(M, N) the space
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spanned by the homomorphisms of the form v oy with u € Rad(M, M’) and
v € Rad(M’, N) for some M’. Then the set of irreducible maps is precisely
Rad(M, N) \ Rad?(M, N). The space Irr(M, N) = Rad(M, N)/Rad?(M, N)
is an (Enda(N)/JEnda(N))—(Enda(M)/JEnda(M))-bimodule.

The Auslander—-Reiten quiver of A is the modulated quiver given as
follows. The vertices xz,, are indexed by the finitely generated indecomposable
A-modules M, with associated division ring

Ay = (Enda(Ma)/JEnda (M,))P.
There is an arrow o — zg if and only if Irr(M,, Mg) # 0, and
sMJ = M,p = Irr(M,, M3)
oM} = My = Homy (M, k) = Homa, (sM], As) = Homa, (sMJ, Ag)
pdg = dop = dima, (sM3)
oy = dyg = dima,(«M]) and
fo = dimg(Ay).

LEMMA 4.13.2. If A: M — N is irreducible, then A is either an epimor-
phism whose kernel is indecomposable, or a monomorphism whose cokernel
is indecomposable.

PROOF. The factorisation M £ M/Ker()\) % N shows that A is either
an epimorphism or a monomorphism.

Suppose ) is an epimorphism with kernel A @ B. Then there is a factori-
sation

MEM/AL M/(A® B)= N.

Since u is an epimorphism it does not have a left inverse, and so v has a right
inverse p : N — M/A. Similarly we obtain a right inverse o' : N — M/B
for the map v/ : M/B — N. Since M is the pullback of v and v/, p and o’
determine a map N — M right inverse to A, and so A is not irreducible. The
dual argument works for A a monomorphism. 0

ProrosITION 4.13.3. (i) If N is a non-projective indecomposable A-mod-
ule, let the almost split sequence terminating in N be 0 - DIr N - E —
N Z.0. Then A\: N' — N is irreducible if and only if N' is a summand of
E and A = g ot with i an inclusion of N’ as a summand of E.

If N is projective indecomposable, A\ : N' — N is irreducible if and only
if A is an inclusion of N’ as a summand of Rad(N).

(ii) If M is a non-injective indecomposable A-module, let the almost split

sequence beginning with M be 0 — M S E-TrDM — 0. Then A : M —
M’ is irreducible if and only if M’ is a summand of E and A =woo’ withw
a projection of E onto M’ as a summand.

If M s injective indecomposable, A : M — M’ is irreducible if and only
if A is a projection of M/Soc(M) onto M' as a summand.
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PROOF. (i) Suppose first that N is non-projective.

NI

po
e

0—> DTrN E—>N 0
Since A is not an isomorphism, A factors as ¢ o y. Since o does not have a
left inverse, p has a right inverse. Thus we may take i = p.

Conversely if N’ is a direct summand of E with inclusion i, we must
show that o o i is irreducible. Suppose it can be expressed as a composite
N £ N" 2 N. If v does not have a left inverse, then v factors through o,
and so g has a right inverse.

If N is projective then every map to N either has a right inverse or lands
inside Rad(N). Thus an irreducible map to N must be an injection, and the
inclusion into Rad(N) has a left inverse.

(ii) This is proved dually. |

REMARKS. (i) This proposition implies that for M, non-injective, dag is
equal to the multiplicity of Mg as a direct summand of the middle term of the
almost split sequence beginning with M,, while for M, injective dop is equal
to the multiplicity of Mg as a direct summand of M,/Soc(M,). Similarly
for Mg non-projective d;ﬂ is the multiplicity of M, as a direct summand of
the almost split sequence terminating in Mpg, while for Mg projective d,
is the multiplicity of M, as a direct summand of Rad(Mg). It follows that
the Auslander-Reiten quiver is a locally finite graph; that is, each vertex is
incident with only finitely many edges.

It is conjectured that the Auslander-Reiten quiver of a finite dimensional
algebra of infinite representation type always has infinitely many connected
components. This has been proved by Crawley-Boevey [63] in the case of
tame representation type over an algebraically closed field, but otherwise this
conjecture is still open.

(ii) Comparing this proposition with the minimal resolutions for the sim-
ple functors found in the last section, it is not hard to see that the Auslander—
Reiten quiver of A is the Ext-quiver of the Auslander algebra Aus(A).

LEMMA 4.13.4. Suppose M and N are indecomposable A-modules and
f M — N is non-zero and is not an isomorphism.

(i) There is an irreducible map A\ : M — M’ and a map p: M’ — N with
poX#0.

(i) There is @ map v : M — N’ and an irreducible map A : N' — N with
Aov #0.

ProOF. We shall prove (ii); (i) is proved dually using Proposition 4.12.4.
Suppose N is not projective. Let 0 —» DTr N — E 5 N — 0 be the almost
split sequence terminating in N. Since f is not an isomorphism it factors
through 0. Write E = @, E; and f =o0op =73 ,0;0p; witho; : E; > N
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and p; : M — E;. Since f # 0, some o;0p; # 0, and g; is an irreducible map.
On the other hand if N is projective then f factors through the injection
Rad(N) — N and we apply the same argument. O

PROPOSITION 4.13.5. Suppose M and N are indecomposable A-modules,
and f : M — N is non-zero and is not an isomorphism. Suppose there is no
chain of irreducible maps from M to N of length less than n.

(i) There exists a chain of irreducible maps

M=My—- M —- > Mp1— M,
and a map M, — N such that the composite map from M to N is non-zero.
(ii) There exists a chain of irreducible maps
No— Ny —-m Naoy = Ny =N
and a map M — Ny such that the composite map from M to N is non-zero.

Proor. This follows from the lemma and induction on n. O

Finite quiver components are especially easy to deal with. The idea of
the proof of the following proposition will reappear in the next chapter when
we deal with bilinear forms on representation rings.

PROPOSITION 4.13.6. Suppose that a component QQ of the Auslander-
Reiten quiver of A has only finitely many vertices. Then Q consists of all the
indecomposable modules in a block of A of finite representation type.

PRroOF. Let C% be a complex vector space whose basis elements e, cor-
respond to the vertices of Q. Letting M, denote the indecomposable A-
module corresponding to x, we impose a bilinear form on C® by setting
(ez,ey) = dimg Homa (M, My). For each non-projective M,, we have an
almost split sequence

0—- M, p)— B = @MyﬁMzﬁo
yea—
and we set
fz =€z +67-(z) — Z ey € (CQ.
yea~
If M, is projective, then Rad(M,) = — @y@

fo=ex— Y e cCl
yexr—
It follows from Proposition 4.12.6 for M, non-projective, and is clear for M,
projective, that (es, fy) =0 unless £ = y, and
(€x, fz) = dimg Endp(M,)/JEnda (M) # 0.

Thus the bilinear form ( , ) is non-singular on C9.
Now if @) does not consist of all the indecomposable modules in a block
of A, then there is an indecomposable module M not in ¢ and a non-zero

- M, and we set
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homomorphism from M to some M,. By the non-singularity of ( , ), we can
find a non-zero element 3" Aze; € C? such that

dimy, Homp (M, My) = () Asea, ey)

for all y € Q. Choose z with A; # 0, so that (3 A\ze,, fz) # 0. If M, is not
projective, then the sequence

0 — Homp(M, M, (5)) — Homy (M, E;) — Hom (M, M)

is not exact on the right. Hence using Proposition 4.12.6 again, M = M,,
contradicting the fact that M is not in Q. On the other hand, if M, is
projective, then

Homy (M, Rad(M;)) — Homp (M, M,)

is not surjective, and so there is a surjective map M — M. Since M, is
projective, this forces M = M,. O

The projective and injective modules often get in the way when we are
looking at the Auslander—Reiten quiver. Indeed, if we remove all the modules
of the form (DTr)"(I) for I injective and (TrD)"(P) for P projective, we
obtain the largest subquiver of the Auslander—Reiten quiver for which DTr
is an automorphism. This is called the stable quiver. In Section 4.15 we
investigate the possible structure of a connected component of the stable
quiver.

EXERCISE. Show that any short exact sequence 0 - M — E —- N — 0
with M = DTr(N) indecomposable and both maps irreducible is an almost
split sequence.

4.14. Rojter’s theorem

The main theorem of this section (4.14.3) was conjectured by Brauer and
Thrall, and first proved by Rojter. The proof we give is due to Auslander.
We refer to Ringel [176], Bautista [13], and Nazarova and Rojter [155] for
more information on this and another conjecture of Brauer and Thrall, solved
by Nazarova and Rojter.

We begin with a lemma.

LEMMA 4.14.1 (Harada, Sai [123]). Let My,...,Man_; be indecompos-
able modules, each having at most n composition factors, and suppose f; :
M;_y, — M; is a homomorphism which is not an isomorphism. Then for_j 0
o fpo fr=0.

PROOF. We show by induction on m that the image of fom_j10---0 fi
has at most n — m composition factors. The assertion is clear for m = 1,
since f1 is not an isomorphism. Let f = fom-1_j0:--0 f1, ¢ = fom-1 and
h = fam_y0.--0 fom-14,. By the inductive hypothesis, the images of f and h
each have at most n—m+1 composition factors. If either has strictly less, we
are done, so suppose the images of f, h and hogo f each has exactly n—m+1
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composition factors. Then Ker(hog)NIm(f) = 0 and Ker(h)NIm(go f) = 0,
and so by counting composition factors we have Mym_; = Ker(ho g) ® Im(f)
and My = Ker(h)®Im(go f). Since each is indecomposable, hog is injective
and go f is surjective. Thus g is an isomorphism, contrary to hypothesis. O

THEOREM 4.14.2 (Auslander [7]). Suppose A is a finite dimensional al-
gebra and Q is an infinite -connected component of the Auslander—Reiten
quiver of A-modules. Then Q has modules with an arbitrarily large num-
ber of composition factors.

PROOF. Suppose to the contrary that all modules in @ have at most n
composition factors. Suppose M is an indecomposable A-module in Q). For
some projective indecomposable A-module P we have a non-zero homomor-
phism ¢ : P — M (for example, take for P the projective cover of a simple
submodule of M). If P is not in the component @, then by Proposition 4.13.5
there is a chain of irreducible maps

My B B I e =M
and f: P — My such that for_j0---0 fao fi o f = ¢, so that by the lemma
¢ = 0. It follows that P is in Q, and P is connected to M by a chain of
irreducible maps of length at most 2" — 1. Since @ has finite valence, and
there are only finitely many projective A-modules, this forces Q) to have only
finitely many vertices, contrary to assumption. O

THEOREM 4.14.3 (Rojter [181}]). Suppose A is a finite dimensional alge-
bra of infinite representation type. Then there are finitely generated indecom-
posable A-modules with an arbitrarily large number of composition factors.

PROOF. (Auslander) By Proposition 4.13.6 the Auslander-Reiten quiver
of finitely generated A-modules has an infinite connected component. Now
apply the above theorem. O

REMARK. Almost split sequences exist for an arbitrary Artin algebra,
and so Auslander’s proof of Rojter’s theorem works in this generality.

4.15. The Riedtmann structure theorem

‘We now describe the Riedtmann structure theorem, which describes the
structure of an abstract stable representation quiver, of which the stable
quivers described in the last section are examples. The necessary terminology
is given in the following definitions. The proof of the structure theorem
involves a variant of the classical universal cover construction.

DEFINITION 4.15.1. A morphism of quivers ¢ : Q — Q' assigns to

each vertex = of Q a vertex ¢(z) of Q' and to each arrow £ 5 y in Q an

arrow ¢(x) ), oé(y) in Q.
If x is a vertex in a quiver @ we write x~ for the set of vertices y in
Q such that there is an arrow y — z in Q, and we write % for the set of

vertices y in @ such that there is an arrow z — y in Q.
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A quiver is locally finite if the sets 7 and z~ are finite sets for each
in Q. A loop in @Q is an arrow from a vertex to itself. A multiple arrow in
Q is a set of at least two arrows from a given vertex to another given vertex.
To a quiver Q without loops or multiple arrows, we associate an undirected
graph Q whose vertices are the same as the vertices of Q, and where two
vertices ¢ and y are joined by an edge in Q if there is an arrow z — y or
y—zxin Q.

A stable representation quiver or translation quiver is a quiver
Q together with an automorphism 7 called the translation such that the
following conditions are satisfied.

(i) Q contains no loops or multiple arrows.

(ii) For all vertices z in Q, = = 7(x)*.

A morphism of stable representation quivers is a morphism of quivers
commuting with the translation.

A stable representation quiver is connected if it is non-empty and can-

not be written as a disjoint union of two subquivers each stable under the
translation. Note that this does not imply that the underlying quiver is
connected.
. The reduced graph or orbit graph of a stable representation quiver
Q is the graph obtained from Q by identifying each vertex  with 7(x) and
then replacing each pair of arrows £ — y and y — « by an undirected edge
Ty

Thus for example the stable quiver of finitely generated A-modules is a
stable representation quiver with translation DT'r.

To a directed tree B we associate a stable representation quiver ZB as
follows. The vertices of ZB are the pairs (n,z) withn € Z and z a vertex of B.
For each arrow £ — y in B and each n € Z we have two arrows (n,z) — (n,y)
and (n,y) — (n—1,z). The translation is defined via 7(n,z) = (n+1,z). We
regard B as embedded in ZB as the vertices (0, z) and the arrows connecting
them.

L J
040 _ —@

ExampLES. If B = ./ then B = l and

< !

/\/\/\/

O->0—>0—>0—>0—>0—>

2B= . NN
FAVANVADA

7

If B= ./.—). then B and ZB are again as above. Keep this example

N

[ ]
in mind when reading the proof of the next proposition.
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LEMMA 4.15.2. Let B be a directed tree and QQ a stable representation
quiver. Given a quiver morphism ¢ : B — @ and an integer n, there is
a unique morphism of stable representation quivers f : ZB — Q such that

f(n,z) = ¢(z).
PROOF. f(m,x)=7™""¢(z) is clearly the unique such morphism. O

PROPOSITION 4.15.3. Let B and B' be directed trees. Then ZB = ZB'
as stable representation quivers if and only if B= B’.

PROOF. Since B is the reduced graph of ZB, if ZB = ZB' then B =~ B'.
Conversely, suppose ¢ : B = B’. Choose a vertex z of B, and send it to
(0,¢(x)) in ZB'. Since B is connected we may extend this uniquely to a
morphism of quivers B — ZB’ in such a way that each z in B is sent to
some (ay,@(x)) in B'. Now by the lemma, we obtain a morphism of stable
representation quivers ZB — ZB' sending (n, ) to (n+a,, #(x)). This is an
isomorphism with inverse sending (n, ¢(z)) to (n — ag, ). O

DEFINITION 4.15.4. A group II of automorphisms of a stable represen-
tation quiver @ is said to be admissible if no orbit of II on the vertices
of @ intersects a set of the form {z} Uzt or {z} U2~ in more than one
point. The quotient quiver Q/II, defined in the obvious way, is then a stable
representation quiver.

A morphism of stable representation quivers ¢ : Q — Q' is called a
covering if it is surjective, and for each vertex x of @ the induced maps
= — ¢(z)” and z¥ — ¢(z)* are bijective. It is clearly enough to check
that ¥ — ¢(x)* is bijective for each vertex z of Q.

Thus for example the canonical projection Q@ — Q/II, for II an admissible
group of automorphisms of @, is a covering.

ExaMmpPLE. Taking B = Ay, we obtain a stable representation quiver

NN
NN NN NS
NN
SN NN NN

Let IT be the group of automorphisms generated by the nth power of the
trapslation, 7. Then II is admissible, and the resulting stable representation
quiver ZA/(n) is called an tube; see Section 4.16.

ZB =

LEMMA 4.15.5. Let B be a directed tree, m : ZB — @Q a morphism of
stable representation quivers, ¢ : Q' — @ a covering, and (n,x) a vertex of
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ZB. Then for each vertex y of Q' with ¢(y) = n(n,z), there is a unique
morphism o : ZB — Q' with ¢oyp =« and y = Y(n, ).

7B
v
o

PROOF. The map ¥(n,z) = y clearly extends uniquely to a map from
the copy of B consisting of the elements (n,—) to Q whose composite with
¢ is w. The lemma now follows from Lemma 4.15.2. O

THEOREM 4.15.6 (Riedtmann structure theorem).

Given a connected stable representation quiver (), there is a directed
tree B and an admissible group of automorphisms I C Aut(ZB) such that
Q = ZB/I1. The graph B associated to B is determined by Q uniquely up
to canonical isomorphism, and Il is uniquely defined up to conjugation in
Aut(ZB).

PrROOF. Given @, we construct B as follows. Choose a vertex = of Q,
and let B have as vertices the paths
@E=w—on-——y) (n20)
for which no y; = 7(yi+2). The arrows of B are
=y — = Y1) (=Y = = Yn-1 = Yn).
Clearly B is a directed tree.
The quiver morphism B — ) given by
@=yo—""" = ¥Un) > Un
extends uniquely, by Lemma 4.15.2, to a morphism ¢ : ZB — Q. We check
that ¢ : ZB — @ is a covering morphism. If
u=(e =10 = )
is a vertex of B, then u™ is the set of vertices of the form
(c=10— = tn—2)
for which 7(z) # y,—1 if n > 1, while v~ consists of the single vertex (z =
Yo — -+ — Yn_1). Thus
(myu)t = {(m,v), veuttu{(m-1v), veu}
has image {z € y} | 7(2) # Yn-1} U {77 (¥n-1)} = ¥} in Q. Thus (m,u)* is
in bijection with 7(y,)* as desired.
Now let IT be the fundamental group of Q) at x, namely the group of
morphisms of stable representation quivers p : ZB — ZB with ¢ o p = ¢.

Since @ has no loops, II is admissible. It follows from Lemma 4.15.5 that IT

is transitive on the vertices of ZB whose image is a given vertex of @, and
so Q = ZB/II.
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Also by Lemma 4.15.5, we see that if ZB — Q and ZB’ — @ are two such

-1
covers, then we obtain inverse isomorphisms ZB i_» ZB_’ and ZB' 2 ZB.
Hence I’ = gIIg~ ', and so by Proposition 4.15.3, B~ B’, O

The stable representation quiver ZB is called the universal cover of Q,
and the isomorphism type of B is called the tree class of Q.

LEMMA 4.15.7. There is a natural map « from the tree B associated to Q
to the reduced graph of Q, which is surjective and does not identify adjacent
points in B.

PRrROOF. The composite map from ZB to  and then to the reduced
graph of Q is surjective, and has the property that (n,z) and (n+1,z) have
the same image. Thus we have a well defined surjective map from B to
the reduced graph of Q. Since Q = ZB/II with II an admissible group of
automorphisms, this map does not identify adjacent points. O

Finally, we note that a connected component @) of the stable quiver of
A-modules comes with a modulation which is invariant under the translation
DTr. Thus the tree class and reduced graph of @ are modulated graphs, and
in particular have labelled graphs associated to them.

We shall see that for group algebras the tree class and reduced graph are
very restricted in possible shape.

4.16. Tubes

In this section we investigate a special type of stable quiver component
called tubes.

DEFINITION 4.16.1. An infinite n-tube is a stable representation quiver
of the form (Z/n)As. A finite n-tube of length ¢ is a stable representation
quiver of the form (Z/n)A,.

A module M is said to be DTr-periodic (or just periodic) if (DTr)"M =
M for some n > 1.

Note that in case A is symmetric we have DTr = Q2 by Proposition 4.12.8,
so that a DT'r-periodic module is the same as an Q-periodic module.

THEOREM 4.16.2 (Happel, Preiser and Ringel [122]). Suppose that Q is
a connected component of the stable quiver of finitely generated A-modules
which contains some periodic module. Then every module in Q is periodic.
If Q is infinite then it is a tube. If Q is finite then the tree class is a finite
Dynkin diagram, and is equal to the reduced graph (but Q need not be a tube).

PRrROOF. Suppose (DTr)"M = M, and let = be the vertex of Q corre-
sponding to M. Then (DT7r)™ induces a permutation on z~, which is a finite
set by Proposition 4.13.3, and so some power of (DTr)" stabilises £~ point-
wise. The same is true of %, so arguing by induction we see that every
module in @ is periodic.
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Now the function on the reduced graph or tree class of ) which assigns to
each vertex the average number of composition factors in the (finite) DT'r-
orbit in ¢ corresponding to the vertex is easily seen to be subadditive. So
by Theorem 4.5.8 (i) this graph is either a Dynkin diagram or a Euclidean
diagram. If Q is infinite and this subadditive function is additive, then Q is
a component of the Auslander-Reiten quiver, and so by Theorem 4.14.2 this
additive function is unbounded. By Theorem 4.5.8 (ii) and (iv) this cannot
happen. If @ is infinite and this subadditive function is not additive, then
by Theorem 4.14.2 (iv) the tree class is Ay,. Since the only automorphisms
of ZA are the translations, by Theorem 4.15.6 it follows from the fact that
every module is periodic that for some n > 1, Q = (Z/n) Aco-

If Q is finite, then it is connected to at least one projective or injective
module, since otherwise ) is a component of the Auslander-Reiten quiver,
and we deduce from Proposition 4.13.6 that @ consists of all the indecom-
posable modules in a block of A of finite representation type. Thus the above
subadditive function is not additive. So by Theorem 4.5.8 (ii) the tree class
and reduced graph are both finite Dynkin diagrams. Finally by Lemma 4.15.7
and the fact that finite Dynkin diagrams are trees, we see that the tree class
and reduced graph are equal. O

4.17. Webb’s Theorem

Webb [204] constructed a subadditive function on the labelled tree asso-
ciated by the Riedtmann structure theorem to a connected component of the
stable quiver of kG-modules. It then follows from Theorem 4.5.8 that this
labelled tree is either a Dynkin diagram (finite or infinite) or a Euclidean
diagram. He then went on to examine each possibility in detail. His con-
struction used the finite generation of group cohomology. We shall present
Okuyama’s approach [156] to this theorem, in which it is only necessary to
understand the cohomology of cyclic groups of prime order.

LEMMA 4.17.1. Let M; and My be indecomposable kG-modules in the
same connected component of the stable quiver, and let N be a kG-module.
Then M; ® N is projective if and only if My ® N is projective.

PROOF. It suffices to prove this in case there is an irreducible map M; —
Ma. If My ® N is projective, then so is 22(Ms) ® N by Corollary 3.1.6. Thus
if we tensor the almost split sequence terminating in Ms with N we obtain a
sequence with both ends projective, and hence the middle is projective. But
M; ®N is a summand of this middle term by Proposition 4.13.3, and is hence
projective. The dual argument shows that if M; ® N is projective then so is
My;®N. O

Now given a connected component @ of the stable quiver of kG-modules,
we construct a subadditive function as follows. Choose a fixed indecompos-
able kG-module My in Q. Let P be a minimal p-subgroup of G such that
the restriction My | p is not projective. If P’ is a maximal subgroup of P,
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then My | pr is projective, P’ is normal in P and P/P’ is a cyclic group of
order p. Thus by Corollary 3.5.3, if X is an indecomposable summand of
My |p then X = Q3(X). By Proposition 3.1.10, X* ® X is not projective,
and hence neither are X* ® My | p nor (X* ® My |p) 162 X*16 ®Mp. Thus
by the lemma, for any indecomposable kG-module M in Q, X* 1¢ QM is
not projective.

We now define a function f from the vertices of @ to the natural numbers
via

f(M) = dimy Ext} (X 1, M),

which is equal to dimy Ext,lc p(X,M | p) by the Eckmann—Shapiro lemma.

LEMMA 4.17.2. The above constructed function f from the vertices of Q
to the natural numbers has the following properties:

(1) f(M) > 0 for every M in Q

(i) f(Q*(M)) = f(M)

(iii) If 0 — Q3 (M) — E — M — 0 is the almost split sequence terminat-
ing in M then

f(B) < f(M) + f(Q*(M)) = 2f(M).

If f(E) <2f(M) then M is periodic (i.e., Q"M = M for somen > 1).

PRrROOF. (i) This follows from Corollary 3.14.5.
(ii) By Proposition 2.5.7, we have

F(Q3(M)) = dimy, Exty (X 19, Q3(M))
= dimy, ExtL,(Q%(X 19), 3(M))
= dimy, Ext}o(X 16, M) = f(M).
(iiif) This inequality follows from the long exact Ext sequence
-+ = Exti p(X,92M |p) — Extip(X,E|lp) = Extip(X,M|p) — --- .
If M is not periodic then the restriction of M to a vertex is still not periodic,
and so the subgroup P used in the construction of f is a proper subgroup of
the vertex. But then by Proposition 4.12.7 the sequence 0 — Q*(M) — E —

M — 0 splits on restriction to P and so the long exact Ext sequence reduces
to a short exact sequence and f(E) = 2f(M). a

THEOREM 4.17.3. (i) (Webb [204]) Let T be the tree class of a connected
component Q of the stable quiver of kG-modules. Then T is either a Dynkin
diagram (finite or infinite) or a Euclidean diagram (apart from A,,).

(ii) The reduced graph T of Q is also either a Dynkin diagram (finite or
infinite) or a Euclidean diagram (this time A, is allowed).

PRrOOF. (Okuyama) By the lemma, the function f commutes with the
translation Q2 of Q, and satisfies 2f(z) > >_yez— f(y). Thus f passes to a
subadditive function on both T and T. The result now follows from Theo-
rem 4.5.8. a
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REMARK. Webb’s original subadditive function was constructed as fol-
lows [204] (see also the treatment given in [17]). Let

p(t) =Y " dimy(Py)

n=0
where

o PP R

is a minimal resolution of M. Then it follows from the finite generation of
cohomology that 7as(t) is a rational function of ¢ of the form p(t)/[];_, (1 -
tk). If the pole at t = 1 of np(t) has order ¢ (this is the same as the
complexity of M, see Chapter 5 of Volume II) then let n(M) be the value
of the rational function ([]7_, ki)nar(t)(1 — t)° at ¢t = 1. Then n(Q%(M)) =
n(M), and if 0 — Q*(M) - E — M — 0 is the almost split sequence
terminating in M then n(F) < 2n(M). Thus 7 passes to a subadditive
function on T and T as above.

Following Webb, we now investigate the possibilities allowed by Theo-
Tem 4.17.3.

THEOREM 4.17.4. Let Q be a connected component of the stable quiver
of kG-modules. Then one of the following occurs.

(1) Q consists of all the non-projective modules in a block of kG of finite
representation type. (We investigate this situation in Corollary 6.3.5 and
Theorem 6.5.5, where we see that Q is a finite tube (Z/e)Apn_1.)

(ii) Q is isomorphic to ZT for some infinite Dynkin diagram T = Ao,
Boo, Cooy Doo or AZ. (Components of type ZAxo are in fact by far the most
common. To the best of my knowledge nobody knows of an example where
ZBy, or ZCw occurs. ZAY occurs for infinitely many components in the case
of a block with dihedral defect group in characteristic two, and ZDy, occurs
for infinitely many components in the case of a block with semidihedral defect
group in characteristic two.)

(i) Q contains a periodic module. In this case Q is an infinite n-tube
(Z/n)As for somen > 1.

(iv) The reduced graph is a Fuclidean diagram. (This possibility has been
investigated by Okuyama [156] and Bessenrodt [32], who have shown that
this only occurs in characteristic two for blocks whose defect group is a Klein
four group. In this case the reduced graph is A2, Bs or As. )

ProOF. By Theorem 4.17.3, the reduced graph is either a Dynkin dia-
gram (finite or infinite) or a Euclidean diagram. The latter is covered by case
(iv), so we concentrate on the former.

It the reduced graph is a finite Dynkin diagram then by Theorem 4.5.8 (iii)
the subadditive function f used in the proof of Theorem 4.17.3 is not additive.
So by Lemma 4.17.2 (iii) there is a periodic module in Q. By Theorem 4.16.2
every module in @ is periodic, so @ has only finitely many vertices. Now by
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Proposition 4.13.6, @ consists of all the modules in a block of kG of finite
representation type, and we are in case (i).

If the reduced graph is an infinite Dynkin diagram, i.e., one of As, Boo,
Cooy Doy, AL, then the tree class T is also an infinite Dynkin diagram by
Lemma 4.15.7, and by the Riedtmann structure theorem Q = ZT/II for
some admissible group of automorphisms II. If II is trivial then Q = ZT
and we are in case (ii). If T is one of Ag, Boo, Coo Or Do, then every
non-trivial admissible group of automorphisms will identify two vertices in
the same DTr-orbit. In this case @ contains a periodic module and so by
Theorem 4.16.2, @ is an infinite tube, and we are in case (iii). If T = A
then every non-trivial admissible group of automorphisms will either identify
two vertices in the same DTr-orbit so that again using Theorem 4.16.2 we
are in case (iii), or produce a quotient with only finitely many DTr-orbits so
that the reduced graph is of type A, and we are in case (iv). O

ExaMPLES. (i) In Section 4.3 we described the classification of modules
for the Klein four group. It is not hard to see that for the indecomposable
modules M of even dimension we have Q(M) = M, so that M lies in a
1-tube. The indecomposable rational canonical forms corresponding to the
modules going up this 1-tube correspond to the ascending powers of a given
irreducible polynomial. For example, if & is algebraically closed, the 1-tubes
take the form

Vl,a = ‘/Q,a‘:"/&a =2
and so the corresponding almost split sequences are
0— Vn,a - Vn—l,a 8] Vn+l,a - Vn,a — 0.

So these modules form a family of 1-tubes parametrised by P!(k). The re-
maining modules are the projective indecomposable and the modules of the
form Qi"(k:) These form a quiver component of type ZA)s.

( (22 @2 (22) , )

L k) k22 g1y B2 g2 B2

N

P,

22) 2 k)

(ii) We also described in Section 4.3 the classification of modules for the
alternating group A, in characteristic two. The modules W, ,, for o € {w, &}
are periodic of period one and hence lie in 1-tubes. For a € {w,®} the
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modules Wy, (1), Wy o(w) and Wy, (@) form a 3-tube as follows:

WL;(I) Wi (@) Wi (o) Wia(1)

(identify left and right edges to make a 3-tube)
The modules Q%" of simples all lie in a single quiver component isomorphic
to ZAs as follows:

=2
to
—_
x>
N
>
~
S
—~
x>

~
[
P
|
&

/
VaVva

Q(k) —= P, —> Q1 (k)

AW

P
€

VANVANVAN

L/
/
\I
/
\/

92(k B

Eod
N
N
—
-
~

(identify top and bottom edges to make a ZAs).

The same story holds over any field containing three cube roots of unity.
If k¥ does not have three cube roots of unity the the simple modules are k& and
a two dimensional module S which when tensored with the field extension
obtained by adjoining cube roots of unity gives w @ @. In this case the
only difference is that the modules Q" of simples form a quiver component
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isomorphic to ZBj as follows:

Q2(k) k Q~%(k)

P
N N \ /
/

2,1 1,2 1)
Q2%(S 072(8)
(No identifications).

(iii) In Section 4.11 we described the classification of modules for the
dihedral group Dyq in characteristic two, where ¢ is a power of two. The
almost split sequences and Auslander—Reiten quiver are described as follows.
We define two functions Lg and Rq from the set W of words to itself as follows.
Let A= (ab)? 'a and B = (ba)?"'b. If a word C starts with Ab~! or Ba™!
then Ly(C) is obtained by removing that part; otherwise Ly(C) = A~1bC
or B~1aC, whichever is a word. Similarly if C ends in aB~! or bA~! then
R4(C) is obtained by removing that part; otherwise Ry(C) = Ca™'B or
Cb~1 A, whichever is a word. The maps L, and R, are bijections from W to
itself, and we have L; 0 Ry = Rgo L.

The Auslander—Relten translate on modules for Dy, is given on modules
of the first kind by Q2M(C) = M(L,R,C), and on modules of the second
kind by Q2M(C,¢) = M(C,¢). The almost split sequence terminating in
M(C)is

N

£’3
o
S

~—

k) — P, — Q7 1(k

~—

0— M(L4RyC) — M(LsC)® M(R,C) — M(C) -0

unless C or C~!is A, B or AB™1, in which case the almost split sequences
are

0 — M(A) > M(Ab~1A) - M(A) — 0
0— M(B)— M(Ba"'B) - M(B) = 0
0— M(A™'B) —» M((ab)*™ Y ® M((ba)T™)® P - M(AB™!) -0

where P is the projective indecomposable of dimension 4q.

If p(x) is an irreducible polynomial in kfz], let ¢n , denote an indecom-
posable automorphism of a finite dimensional vector space, with rational
canonical form associated to the polynomial p(x)™. Then the almost split
sequence terminating in the module of the second kind M(C, ¢np) is

0 — M(C,¢np) = M(C, dn+1,p) ® M(C, dn-1,p) = M(C,¢pnp) — 0
(where the term M(C, ¢n-1p) is absent if n = 1).
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The modules of the first kind form an infinite set of quiver components
of type ZA

™~ — T~ —7
M(R2C) M(L;'R,C) M(L;2C)
/ a0 7 A d \
M(R,C) M(L;'C) :
\ s ~ g ~. 7
M(L,R,C) M(C) M(L;'R;'C)
7 ™ - ™~ ~a
M(L,C) M(R;C) :
~ e ~a P4 ~. 7
M(LZC) M(L4R;'C) M(R;%C)
4 T P ~—— ~

M(R,AB™1)
M(A™1B) P M(AB™)
T T TN
M(L,AB™Y)

There are also two 1-tubes of modules of the first kind:
M(A) 2 M(R,A) = M(RZA) = -
M(B) = M(R,B) = M(R:B) = - -
All the modules of the second kind lie in 1-tubes:
M(C,¢1p) 2 M(C,d2p) 2 M(C,p3p) = -+

4.18. Brauer graph algebras

In this section we describe some finite dimensional algebras which arise
in the representation theory of finite groups, namely the class of Brauer
graph algebras. We show that there is a simple condition given in terms
of almost split sequences which guarantees that a finite dimensional algebra
is a Brauer graph algebra. Among the Brauer graph algebras, we identify
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the ones of finite representation type as being the Brauer tree algebras. In
Section 6.5, we shall see that blocks of cyclic defect of a finite group are
Brauer tree algebras. The ideas involved in this section are an adaptation
of the ideas in Erdmann [101]. Throughout this section we work over an
algebraically closed field k of coefficients.

DEFINITION 4.18.1. A Brauer graph consists of a finite undirected con-
nected graph (possibly with loops and multiple edges), together with the fol-
lowing data. To each vertex we assign a cyclic ordering of the edges incident
to it, and an integer greater than or equal to one, called the multiplicity of
the vertex.

A Brauer tree is a Brauer graph which is a tree, and having at most
one vertex with multiplicity greater than one. If there is such a vertex, it is
called the exceptional vertex, and its multiplicity is called the exceptional
multiplicity; otherwise the exceptional multiplicity is defined to be one.

Note that at least in the case of a tree, the cyclic ordering on the edges
around a vertex is usually indicated by drawing the tree in such a way that
the ordering is anticlockwise around each vertex. Thus the cyclic orderings
are sometimes thought of as being given by a “planar embedding”.

We say a finite dimensional algebra A is a Brauer graph algebra for a given
Brauer graph, if there is a one-one correspondence between the edges j of the
graph and the simple A-modules S; in such a way that the projective cover
P; of S has the following description. We have P;/Rad(P;) = Soc(P;) = 5j,
and Rad(P;)/Soc(P;) is a direct sum of two (possibly zero) uniserial modules
U; and V; corresponding to the two vertices u and v at the end of the edge
j. If the edges around u are cyclically ordered j,ji,j2,...,jr,J and the
multiplicity of the vertex u is e, then the corresponding uniserial module U;
has composition factors (from the top)

SirsSiare - 1850185, Sirse e 85 Sgreen e S

r

so that Sj,,...,S5;, appear e, times and S; appears e, — 1 times.
For example, a Brauer graph algebra for the Brauer graph

3.__i_.

S

S4
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(unmarked vertices have multiplicity one, and the cyclic ordering is anticlock-
wise around the vertices) has projective modules as follows:

S] S2
Sa Si Ss3 S
S Sy Sy Sa 54
Sy S3 Sh S1 53
51 S 83 S 5
S, Sh Ss 4
S] S2

Note that by the methods of Section 4.1, at least if there are no loops,
the basic algebra of a Brauer graph algebra over an algebraically closed field
is almost determined by the Brauer graph. Namely, the Ext-quiver consists
of one vertex for each edge of the Brauer graph, and directed edges going in
oriented cycles corresponding to the vertices of the Brauer graph (or rather,
those with either valency or multiplicity greater than one). For example, the
Ext-quiver in the above example is

N

There is one relation corresponding to each edge, and it says that going round
the cycle corresponding to the vertex at one end, a number of times equal to
the multiplicity, is equal to some non-zero multiple of doing the same for the
vertex at the other end. In the above example the relations say that there
are constants A;, A2, A3 with

BafBafa = A\ .76, afafaf = r.enl, &y = Aznle, (en=0.

By replacing the generators by multiples of the same generators, some of
the parameters can be set equal to one. If the graph is a tree, then all the
parameters can be set equal to one by this method, but in general the number
of remaining parameters will equal the number of edges minus the number of
vertices plus one (this is H! of the graph!). However, even these parameters
are forced to be equal to one if the algebra is assumed to be symmetric. Thus
in the above example A; and A may be set equal to one by replacing v and
¢ by suitable multiples, but then Ag is fixed. But if ) is a linear map on A
as in the definition of a symmetric algebra, then

A(n¢e) = Meng) = MaBaBaf) = MBapafa)
= A(76) = A(67) = As-A(nCe)
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and so since A may not vanish on the one dimensional ideal defined by this
element, we have A3 = 1.

We now investigate some conditions which force a finite dimensional sym-
metric algebra to be a Brauer graph algebra. Suppose A is a finite dimensional
symmetric algebra. If S is a simple A-module with projective cover Pg, and
U is a summand of Rad(Pg)/Soc(Ps), then we write U for the extension of
S = Pg/Rad(Ps) by U

0-U—->U—-8-0
and U for the extension of U by S = Soc(Ps)
0-S—-U—-U—0.

LEMMA 4.18.2 (Erdmann [101)). Suppose A, S, Ps, U and U are as
above. If0 # U # Rad(Ps)/Soc(Ps) then in the almost split sequence ending
in U, the middle term is indecomposable.

ProOF. Suppose Rad(Ps)/Soc(Ps) decomposes as U @V with U and V
non-zero. Note that V = Q(U). Let m be the number of simple summands
in Soc(U) = Soc(U) and n be the number of simple summands in

V/Rad(V) = V/Rad(V) = Soc(QV) = Soc(Q?T).
If the almost split sequence ending in U is
0-QW—-M3ZTU-0

then since U % Ps/Soc(Ps), M has  no projective summands. The almost
split sequence beginning with V. = QU is

O—>K—>Q_1M—>Q_2Z—>O

and so by dualising and reversing the roles of U and V if necessary, we may
assume that n < m. Since Soc(U) is a proper submodule of U, the inclusion
Soc(U) — U factors through a and so Soc(M) has m + n < 2m simple
summands.

If M = @le M; then the components o; : M; — U of a are irreducible
maps by Proposition 4.13.3. Since U has a unique maximal submodule, if
«; is injective, then M; is a summand of U. But then «; has the non-trivial
factorisation M; — Pgs/Soc(Ps) — U. So each «; is surjective, and the
map Ps —» U lifts to Ps — M;. This lift has Soc(Ps) in its kernel, and
Ps/Soc(Ps) —» U is surjective on socles, so a;(Soc(M;)) = Soc(U). If oy
is injective on socles then it is injective, contradicting the fact that it is an
irreducible map. Thus Soc(M;) has strictly greater than m summands. Since
Soc(M) has at most 2m summands, this forces M to be indecomposable. [

THEOREM 4.18.3. Suppose A is a finite dimensional symmetric algebra
with e simple modules, none of which is projective or periodic of period one.
Then there are at least 2e almost split sequences whose middle terms have
only one non-projective summand. If there are exactly 2e such almost split
sequences then A is a Brauer graph algebra.
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PROOF. For each simple module S we produce at least two almost split
sequences satisfying the given condition. Let Pg be the projective cover of
S. Then Soc(Ps) < Rad(Ps) and Rad(Ps)/Soc(Ps) is non-zero, since S is
not projective or periodic of period one. If it is indecomposable then the
almost split sequences terminating in S and Pg/Rad(Ps) satisfy the given
condition (see Proposition 4.12.7). If Rad(Ps)/Soc(Ps) = U@V with U and
V non-zero then by the lemma the almost split sequence terminating in U
and V satisfy the given condition. It is easy to see that the 2e almost split
sequences produced in this way are distinct.

Now suppose there are e simple modules Sj,... , S and exactly 2e such
almost split sequences. Let P; be the projective cover of S;. Then the quotient
Rad(P;)/Soc(P;) has at most two indecomposable summands, since otherwise
we can produce more almost split sequences by the above process. If there
are exactly two summands, we call them U; and V. If Rad(P;)/Soc(FP;) is
indecomposable we write U; for it, and set V; = 0 and V= V,=5;. Now
the 2e almost split sequences ending in the U; and V; have to equal, as a
set, the 2e almost split sequences ending in U; and V. Thus each U; and
V; is one of the U; or V;. In particular there is a permutation p of the
set {U;, Vi, 1 < i < e} w1th p(U;) = U; and p(V;) = V,. Thus Soc(U)
and Soc(Vz) are simple. Arguing by mductlon using the maps U; — U, and
V, - V; which have kernel and cokernel S;, we see that each U; and V;
is uniserial and of the same length as p(U;), resp. p(V;). The composition
factors, from the top, of U; are given by repeated application of p:

U;/RadU;, pU;/RadpU;, p*U;/Radp®T;, ...

We build the Brauer graph corresponding to A by taking an edge for each
S;. The two ends of this edge correspond to U; and V;. The edges in cyclic
order around the vertex at the end at U; correspond to the simple modules
in the list above. The length of U; is a multiple of the number of distinct

modules in this list, namely the number of images of U; under p, and this
multiple is used as the multiplicity at the vertex. O

PrOPOSITION 4.18.4. If A is a Brauer graph algebra of finite representa-
tion type then the Brauer graph is a Brauer tree.

PRrROOF. We first show that if the graph has a cycle then the algebra has
infinite representation type. If Si,...,S, are simple modules which form a
cycle in the graph of minimal length, then the projective cover P; of S; has a
quotient M; with M;/Rad(M;) = S; and Soc(M;) = S;_1 & S;+1, where the
subscripts are taken modulo r, and Rad(M;)/Soc(M;) does not involve any
of Sy,...,S, as subquotients. So M; @ M3 has a diagonal copy of S2 as a
submodule, which we may quotient out. Similarly M} G M3dMs®--- DM,
(going once round the cycle if r is even and twice if r is odd) has a diago-
nally embedded submodule S; & Sy @ - -+ & Sr—2 which we quotient out to
make a module M , which still has two copies of S, in its socle. Since k
is infinite, there are infinitely many isomorphisms A from the copy of S, in
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Soc(M;) and the copy in Soc(M;_;). Each such isomorphism defines a diag-
onally embedded copy of S; in M, and we write M (M) for the quotient. We
claim that the M()\) are non-isomorphic indecomposable A-modules. First
we show that M()) is indecomposable. If » = 1 or 2 then M()) has a
unique minimal submodule and is hence indecomposable, so suppose r > 2.
Note that M(A)/Rad(M (X)) has no composition factors in common with
Rad(M()))/Soc(M(X)). Denote by ¢;(A) the map M; — M()) defined by
the construction. Suppose M(A\) = M’ ® M”. Since M()\)/Rad(M(})) is
multiplicity free, the image of ¢;(A) composed with projection onto one of
the summands, say M’, has non-zero image in M’/Rad(M’) and the com-
posite with the other projection has zero image in M”/Rad(M"). Since S;
does not appear as a composition factor of Rad(M")/Soc(M") this means

that the image of M; SN, M(X) — M" lies in Soc(M") and so the image
of Soc(M;) in M” is zero. Thus both the simple summands of Soc(M;) lie in
M. One of these simple summands also lies in the image of Soc(M;1), and
so arguing by induction we see that every simple module in the socle of M
lies in the socle of M’ and so M” = 0.

Next we show that if M(A\) = M(u) then A = u. Suppose that 3 :
M(A) — M(p) is an isomorphism. Then v o ¢;()\) agrees on Soc(M;) with
some non-zero multiple o;¢;(¢) of ¢;(1). Comparing the socles of M; and
M; 41, we see that a; = a1, so that by induction a; = . Then comparing
the socles of M; and M, we see that A = u. We have assumed that r > 2 in
this argument, but a similar argument works for r < 2.

We have now shown that if A is of finite representation type then the
graph has no cycles, so it remains to show that there is at most one vertex
with multiplicity greater than one. If there is more than one, we may choose
a path with no repetitions, where the two end vertices have multiplicity
greater than one and none of the remaining vertices do. Let Sp,...,S, be
the simple modules corresponding to the edges along this path. As before,
the projective cover P; of S; has a quotient M; with M;/Rad(M;) = S;,
Rad(M;)/Soc(M;) does not involve any of Sy,..., Sy, Soc(M;) = S;_1® Sit1
for 2 < i <7r—1, Soc(M;) = 51 & S2 and Soc(M,) = S,_; & S,. So we
may apply exactly the same procedure as before to obtain quotients M(\) of
Mi®oM;D:- - &M, 1 OM, OM, 2@ ---® M,y if ris even and M; & M3 &
- OM, s OM DM DM,_3®---D M if r is odd. Exactly the same
arguments show that the M () are distinct and indecomposable. O

RECENT PROGRESS: Since the first edition of this book was published,
Erdmann [226] has proved that for a block of a group algebra having wild

representation type, all connected components of the stable quiver have type
Aco-



CHAPTER 5

Representation rings and Burnside rings

Representation rings are a convenient way of organising information about
direct sums and tensor products of modules. J. A. Green was the first person
to make a systematic investigation of representation rings in the 1960’s [117].
For this reason representation rings are also known as Green rings. In this
chapter we investigate representation theory from the point of view of the
structure of representation rings.

In the study of representation theory in characteristic zero, it is custom-
ary to work in terms of the character table, namely the square table whose
rows are indexed by the ordinary irreducible representations, whose columns
are indexed by the conjugacy classes of group elements, and where a typi-
cal entry gives the trace of the group element on the representation. Why
do we use the trace function? This is because the maps M — tr(g, M) are
precisely the ring homomorphisms from the representation ring to C, and
these homomorphisms separate representations. In particular, in this case
the representation ring is semisimple. This has the effect that we can com-
pute with representations easily and effectively in terms of their characters;
representations are distinguished by their characters, direct sum corresponds
to addition and tensor product corresponds to multiplication. The orthog-
onality relations state that we may determine the dimension of the space
of homomorphisms from one representation to another by taking the inner
product of their characters.

How much of this carries over to characteristic p, where p | |G|? The first
problem is that Maschke’s theorem no longer holds; a representation may be
indecomposable without being irreducible. Thus the concepts of representa-
tion ring a(G) and Grothendieck ring do not coincide. The latter is a quotient
of the former by the “ideal of short exact sequences” ag(G,1). Brauer dis-
covered the remarkable fact (he did not state it in this language) that the
Grothendieck ring R(G) = a(G)/ao(G, 1) is semisimple, and found the set of
algebra homomorphisms from this to C, in terms of lifting eigenvalues. Thus
he gets a square character table, giving information about composition fac-
tors of modules, but saying nothing about how they are glued together. For
some time, it was conjectured that a(G) has no nilpotent elements in general.
However, it is now known that a(G) has no nilpotent elements whenever the
Sylow p-subgroups of G are cyclic (p is the characteristic of k), as well as
a few other cases in characteristic two, whilst in general there are nilpotent
elements (Green [117], O’Reilly [158]|, Zemanek [208, 210], Benson and
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Carlson [20]). It is still not known whether there are nilpotent elements in
the representation ring of an elementary abelian 2-group of order at least
eight.

The next feature of ordinary character theory which we may wish to
mimic is the bilinear form and orthogonality relations. There are two sensible
bilinear forms to use here, which both agree with the usual inner product in
the case of characteristic zero. These are

(M, N) = dimy Homgg(M, N), (M,N) =rank of Zg on Homy (M, N).
geG

There are elements u and v of a(G) with wv = 1, (M,N) = (v.M,N) =
(M,u.N) and (M,N) = (u.M,N) = (M,v.N). It is thus easy to pass back
and forth between these two bilinear forms, and the second has the advantage
that it is symmetric. The non-singularity of these bilinear forms follows from
the fact that the almost split sequences provide dual elements to the inde-
composable modules. These dual elements correspond to the simple modules
and the almost split sequences.

5.1. Representation rings and Grothendieck rings

Suppose R is a commutative ring of coefficients. We define the represen-
tation ring a(G) = a(RG) to be the ring with generators the isomorphism
classes [M] of RG-lattices (finitely generated R-projective RG-modules), and
relations

[M]+ [N]=[M@&N], [M].[N]=[MQ®N|.
The identity and zero elements of this ring are given by
1= [R]’ 0= [0]

where R is the trivial RG-lattice and 0 is the zero lattice.

The usual properties of direct sum and tensor product show that a(G) is
a commutative associative ring with identity. In the presence of the Krull-
Schmidt theorem, the additive structure of a(G) is clear. Each element can
be written uniquely as a finite sum Y, n;[M;] with the M; indecomposable.
Thus the additive group of a(G) is free abelian on generators [M,], one for
each isomorphism class of indecomposable lattice M,. Note that there are
usually infinitely many of these, so that a(G) is quite a large object. It is,
for example, usually not a Noetherian ring.

It is often convenient to introduce various rings of coeflicients (not to be
confused with the ring R) into the representation ring. We set

A(G) =C®za(G), a(G)g=Q3za(G), a(G)p=2Z[1/p|®z a(G).

More generally, if S is a set of primes, we can look at the localised rep-
resentation ring a(G)(s), obtained by allowing denominators coprime to S.
Thus for example if S = {p}, we write a(G),) for the p-local representation
ring, and if S is the set of all primes other than p, we obtain a(G), as above.
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We also introduce various ideals and subrings of a(G) as follows. If H
is a subgroup of G, we denote by a(G, H) the ideal (cf. Corollary 3.6.7) in
a(G) spanned by the relatively H-projective RG-lattices. If X is a permu-
tation representation of G, we write a(G, X) for the ideal spanned by the
relatively X-projective RG-lattices (see Definition 3.6.13). Similarly, if X is
a collection of subgroups closed under conjugation and intersections, we de-
note by a(G, X) the ideal (cf. Corollary 3.6.8) in a(G) spanned by summands
of sums of relatively H-projective RG-lattices for H € X. We similarly write
A(G, H), A(G, X), A(G, X), a(G, H)g, and so on, for the corresponding no-
tions in A(G), a(G)q, etc.

If H is a subgroup of G, we denote by ag(G, H) the ideal spanned by the
difference elements of the form M; — My — M3, where 0 — M; — My —
M3 — 0 is a short exact sequence of RG-lattices which splits on restriction
to H. If X is a permutation representation of G, we write ag(G, X) for
the ideal spanned by the difference elements of the above form for X-split
sequences. If X is a collection of subgroups closed under conjugation and
intersections, we write ag(G, X') for the intersection of the ao(G, H) for H €
X. The Grothendieck ring of RG-lattices is by definition the quotient
R(G) = a(G)/ao(G,1). Note that all short exact sequences of RG-lattices
split on restriction to the trivial subgroup, since RG-lattices are by definition
projective as R-modules.

We write Ko(RG) for the ring with generators the isomorphism classes
[P] of finitely generated projective RG-modules, with the same relations

[Pl+[@=[FPeql [PlLQI=[Ped

as before. This is called the Grothendieck ring of projective RG-modules.
The same definition may be made with RG replaced by any ring A.

Now in case H = 1, an RG-lattice which is relatively 1l-projective is
projective. It follows that a(RG, 1) is the image in a(RG) of the natural map
Ko(RG) — a(RG). If the Krull-Schmidt theorem holds for RG-lattices, this
map is injective and we have Ko(RG) = a(RG, 1). It is unclear whether this
is true in the absence of the Krull-Schmidt theorem.

If H is a subgroup of G, we have restriction and induction maps on rep-
resentation rings and Grothendieck rings given by restriction and induction
of RG-lattices and RH-lattices

resg,H : a(RG) — a(RH) resGg . H * Ko(RG) — Ko(RH)

indg g : a(RH) — a(RG) indgc : Ko(RH) — Ko(RG).
Note that resg g is a ring homomorphism, while indg ¢ is just an additive
map, whose image is an ideal by Proposition 3.3.3 (i).

Tensor induction is not additive. However, by Proposition 3.15.2 (i), (iii)
and (iv), it induces a well defined ring homomorphism

ind§ ; : a(RH)/ ) Im(indggr) — a(RG)/ 3 Im(indk ).
K<H K<G
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5.2. Ordinary character theory

The easiest case in which to understand a(G) is the case R = C. In a
sense, this is the model for all further developments. In this case, we have
ring homomorphisms

tg:a(G) - C
M — tr(g, M),

one for each conjugacy class of elements g € G. Using modules induced from
cyclic subgroups, it is easy to see that these homomorphisms are distinct (the
argument is spelled out in detail in Lemma 5.3.1).

LEMMA 5.2.1. The Z-rank of a(CG) (i.e., the number of isomorphism
types of ordinary irreducible representations of G) is equal to the number of
conjugacy classes of elements of G.

PROOF. By Maschke’s theorem, a(CG) = R(CG) has a Z-basis consist-
ing of the irreducible CG-modules. Using the Wedderburn structure theorem
(Section 1.3), CG is a sum of matrix algebras over C. Each matrix compo-
nent corresponds to an isomorphism class of simple module, and has a one
dimensional centre given by scalar matrices. Thus the Z-rank of a(CG) is
equal to the dimension of Z(CG). The lemma now follows from the fact that
the conjugacy class sums form a basis for Z(CG). O

LEMMA 5.2.2. Suppose R; is a commutative ring, and Rs is an integral
domain. Then any set of distinct ring homomorphisms \; : Ry — Rz 1s
linearly independent over Rs.

PROOF. Suppose Y ;- ; a;A; = 0 is a linear relation between such ring
homomorphisms, with «; € R and n minimal. There is no linear relation
with n = 1. Choose y € R such that A\;(y) # A2(y). Then for all z € R; we
have

n n
D aki@Ai(y) =D aski(ay) =0
i=1 i=1
and so
n
D ai(Xi(y) — M) Ai(z) = 0.
=2
Since Ry is an integral domain, the coefficient of A2 is non-zero, and so this is

a shorter linear relation among the );, contradicting the minimality of n. O

PROPOSITION 5.2.3. Every ring homomorphism R(CG) = a(CG) — C
is of the form t, for some g € G. The sum of these maps is an isomorphism
after tensoring with C :

St:CazRG) =46G) S P .

ccl’s
of geG
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PROOF. Using the above two lemmas, with R} = a(CG) and R; = C,
we see that there can be at most as many ring homomorphisms ¢{(CG) — C
as there are conjugacy classes of elements in G. Since the t, are such ring
homomorphisms, we have equality. O

The character of a CG-module is its image under the above map ) ¢,.

5.3. Brauer character theory

If R = k is a field of characteristic p, we have to modify the procedure
given in the last section for obtaining ring homomorphisms a(kG) — C. Let
k be an algebraic closure of k, and let ¥ be the p'-part of the exponent of G.
Then the yth roots of unity in k and in C both form a cyclic group of order
5. We choose once and for all an isomorphism between these cyclic groups.
Let g be a p'-element of G. Given a kG-module M, we restrict it to (g) and
extend the field to k. Then the representation breaks up as a direct sum of
eigenspaces of g, and each eigenvalue of g is a yth root of unity in k. We
define t,(M) to be the sum of the corresponding roots of unity in C. It is
clear that ¢y : a(G) — C is a ring homomorphism. We also write ¢, for the
corresponding algebra homomorphism A(G) — C.

LEMMA 5.3.1. Suppose k contains the primitive yth roots of unity, where
v is the p'-part of the exponent of G. Let ty be as above. Then there is an
element z € A(G,1) with ty(z) # 0 and ty(z) = 0 for ¢’ a p'-element not
conjugate to g in G.

PROOF. Suppose g has order n, and let ¢ be the primitive nth root of
unity in k corresponding to ¢2™/™ € C. Let M; be the one dimensional
representation g — (¢7) of (g) and take

n
=Y e 2™I/MM;1% € A(G).
=1
If ¢’ is not conjugate to an element of {g) then M; TGL(QI) is a free module
(for example by the Mackey decomposition theorem) and so ty(z) = 0. We
also have

Mj1%lg= P "™M; o (free)

heNg{g)/(9)
so that since
i 3—2"ij/"t m(hM') - n if hgh‘l = gm
= g J 0 otherwise

it follows that tym(z) # 0 if and only if g™ is conjugate to g in Ng(g). O

PROPOSITION 5.3.2. Suppose M and M’ are kG-modules. Then the fol-
lowing are equivalent:

(i) to(M) =ty (M') for all p'-elements g € G.

(ii) M and M’ have the same composition factors.
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PROOF. Since all short exact sequences split on restriction to (g) for ¢
a p-element, it is clear that (ii) implies (i). Conversely, suppose t,(M) =
tg(M’) for all p’-elements g € G. We may replace M and M’ with completely
reducible modules with the same composition factors, without affecting the
values of to(M) and t4(M’). Let the irreducible kG-modules be My, ... , M,
and let the multiplicity of M; in M be a; and in M’ be b;.

If ¥’ is a finite extension of k, then the map R(kG) — R(k'G) given by
extension of scalars is injective, since composing with the map R(¥'G) —
R(kG) given by restriction of scalars gives multiplication by |k : k|. We may
thus assume that k is a splitting field for G.

By the Wedderburn structure theorem, we may choose elements z; € kG
with trace 1 on M; and zero on the other M;. Namely, regarding kG/J(kG)
as a sum of matrix algebras over k, we choose a pre-image z; in kG of the
element consisting of a 1 in the top left entry of the ith matrix component
and zeros everywhere else.

Since the trace of an element of G is equal to the trace of its p/-part, the
hypothesis tells us that every element of kG has the same trace on M as on
M’. In particular, the elements z; do, and so a; = b; mod p. So stripping
off some common direct summands, we may assume that a; = b; = 0 mod
p. If we divide these multiplicities by p, the values of ¢4 are also divided by
p, and so we may continue by induction to show that the multiplicities are
equal. O

THEOREM 5.3.3. Every ring homomorphism R(G) = a(kG)/ao(kG,1) —
C is of the form ty for some p’-element g € G. If k contains the yth roots of
unity, then the sum of these maps is an isomorphism after tensoring with C:

3t :CezR(G) = AG) /4G 1) S P C
ccl’s of
p’-elements g€G
PrOOF. By the proposition, the map 3" ¢4 is injective. By Lemmas 5.3.1
and 5.2.2, the t4 are linearly independent, and so ) ¢4 is surjective, and there
are no more ring homomorphisms a(kG)/ao(kG,1) — C. O

The Brauer character of a kG-module is its image under the above map
> ty. In contrast to the situation in characteristic zero, it turns out that in
characteristic p the field of definition of a representation may be deduced
from the character values, in the following sense.

PROPOSITION 5.3.4. Let k be an algebraically closed field of characteristic
p, and let ¢ : G — GL.(k) be a map affording a kG-module M. Denote by
F™: GL.(k) — GL.(k) the Frobenius map, which replaces matriz entries
by their p"th powers. If the representation F™(M) afforded by the map F™o¢
is isomorphic to M, then there is an Fpn G-module My with

k ®F,n My= M.
Note that the character of F™"(M) is given by t,(F™(M)) =t (M).
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PROOF. Since M = F™(M), there is a matrix X € GL,(k) such that for
all g € G, X¢(g)X! = F"¢(g). By a theorem of Lang (see for example
Srinivasan [191], p. 11), the map Y — F*(Y)~'Y on GL,(k) is surjective,
and so we may write X = F™(Y)™'Y for some Y € GL.(k). Then for all
g € G we have Y¢(g)Y ™! = F*(Y¢(g)Y!). Thus changing basis by means
of Y, we see that the image of G — GL(k) lies in GLy(Fpn) as required. O

COROLLARY 5.3.5. Suppose k contains the primitive yth roots of unity,
where 7y is the p’-part of the exponent of G. Then the Z-rank of R(kG) (i.e.,
the number of isomorphism types of p-modular irreducible representations of
G) is equal to the number of conjugacy classes of p’-elements of G. a

EXERCISE. Use the above arguments to count the number of isomorphism
types of p-modular irreducible representations of G in case k does not contain
the yth roots of unity.

COROLLARY 5.3.6. The representation ring A(G) decomposes as a direct
sum of ideals

A(G) = A(G,1) @ Ao(G, 1).
The Cartan homomorphism
c: A(G,1) — A(G) » A(G)/Au(G,1)

1s an isomorphism. In particular, the Cartan matriz is non-singular. Thus
projective kG -modules with the same Brauer character are isomorphic.

ProoF. By Lemmas 5.3.1 and 5.2.2, the 4 are linearly independent on
A(G,1), and so c is injective. But the number of isomorphism types of
projective indecomposables is equal to the number of isomorphism types of
irreducibles, so the dimensions of A(G,1) and A(G)/Ao(G,1) are equal, so
c is an isomorphism. Letting e = ¢7'(1), we see that e is an idempotent,
A(G,1) = e.A(G), and Ap(G,1) = (1 - €).A(G). O

5.4. G-sets and the Burnside ring

We now go through the same process with permutation representations
as we went through in the last two sections with linear representations. The
result is called the Burnside ring. There is a natural homomorphism from
the Burnside ring to the representation ring of RG for any coefficient ring R,
and we shall use this fact to obtain information about representation rings
(namely various “induction theorems”) in Section 5.6.

We define the Burnside ring 5(G) to be the ring with generators the
isomorphism classes [X] of permutation representations of G on finite sets,
and relations

X1+ Y] ={XuY], [X][Y]=[XxY]

giving the addition and multiplication in terms of disjoint union and Carte-
sian product. The identity element of this ring corresponds to the one point
set with trivial action, and the zero element corresponds to the empty set.
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Now any permutation representation X of G may be expressed uniquely
as a disjoint union of orbits. The isomorphism classes of transitive permuta-
tion representations are in one-one correspondence with the conjugacy classes
of subgroups in such a way that the permutation representation G/H corre-
sponds to the conjugacy class of H, which is characterised as the stabiliser
of a point. So the additive structure of b(G) is easy to describe. It is the
free abelian group, with basis corresponding to the transitive permutation
representations [G/H], one for each conjugacy class of subgroups H < G.

ExAMPLE. Suppose G is the symmetric group S3. Then we shall denote
the transitive permutation representations of G by 1, @, band ¢, on 1, 2, 3
and 6 objects respectively. The multiplication table of b(G) is as follows:

x|1 a b c
111 a b c
ala 2a c 2c
blb ¢ b+c 3c
cle 2¢ 3¢ 6¢

What are the ring homomorphisms f : J(G) — C? Clearly for any such
ring homomorphism we have f(1) = 1. Since f(c)? = 6f(c), either f(c) =0
or f(c) =6.

Case (i): f(c) = 6. In this case f(a)f(c) = 2f(c) implies that f(a) = 2,
while f(b)f(c) = 3f(c) implies that f(b) = 3.

Case (ii) : f(c) = 0 implies that f(a)f(b) = 0. In this case we have
f(a)? = 2f(a) and f(b)®> = f(b), and so we have either f(a) =0, f(b) = 1,
or f(a) =2, f(b) =0, or f(a) =0, f(b) =0.

We may summarise this information in the following table:

6 000

-8 o0

—— D O
et D b
— N O

0
0
1

We can interpret this table in terms of the numbers of fixed points on sub-
groups as follows. If H < G, the map

fa:b(G)—-ZCC

sending a permutation representation X to |X#| is a ring homomorphism,
since

(X UV = X7+ Y7, (X <)) = X5y H).

Clearly if H is not conjugate to K then fy # fg (evaluate on G/H and
G/K).

LEMMA 5.4.1. We have fa(G/K) # 0 if and only if H is conjugate to a
subgroup of K. O
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Let B(G) = C®zb(G). Then fy extends in an obvious way to a C-linear
ring homomorphism

fu:B(G)—C

THEOREM 5.4.2. Every ring homomorphism b(G) — C is of the form fy
for some H < G. The sum of these maps is an isomorphism after tensoring

with C:
Y m:BG) - @ C

H<gG

PrOOF. By Lemma 5.2.2, the fgy are linearly independent, and so the
above map ) fy is surjective. Since dim¢ B(G) is equal to the number of
conjugacy classes of subgroups, it follows that it is an isomorphism. O

We write ey for the primitive idempotent corresponding to H in the right
hand side of the above isomorphism, and ey for the corresponding element
of B(G).

It follows from the above theorem that

> fu:bG)— P z
H<sG

is injective with finite cokernel. How big is this cokernel? Choosing bases by
listing subgroups in non-decreasing order of size, the matrix of >_ fi is

* O
* *

The diagonal entries are fg(G/H) = |Ng(H) : H|, and so the size of the
cokernel, which is the determinant of this matrix, is equal to

II Ne(H): H).
H<sG

REMARK. Burnside calls the above matrix the table of marks. In sec-
tion 185 of his book [44], you will find the following table of marks for the
alternating group As.

1 C C3 Vi Ay
1912 0 0 0 O
C,|6 2 0 0 O
C3|4 0 1 0 O
Va3 3 0 3 0
A¢f1l 1 1 1 1

CONGRUENCES AND IDEMPOTENTS IN b
are the elements
> en

HeH

—_

G). The idempotents in B(G)
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where H is a collection of representatives of distinct conjugacy classes of
subgroups.

QUESTION 5.4.3. When is Y gy e in b(G)?

More generally, if S is a set of primes, we can look at the localised Burn-
side ring b(G)(s), obtained by allowing denominators coprime to S. Thus for
example if § = {p}, we write b(G),) for the p-local Burnside ring, and if S
is the set of all primes other than p, we write b(G), for Z[1/p] ®z b(G). All
these rings may be thought of as subrings of B(G).

QUESTION 5.4.4. When is 3 _yeq en i b(G)(s)?
LEMMA 5.4.5 (Burnside). The number of orbits of G on X is equal to

1
Ez:|X(g)|

geG
and in particular

Y IX9=0 (mod |G]).
geG

ProOF. Count {(z,9) | zg = z} in two ways. O

Hence, if H < K < G, then the quotient group K/H acts on X, and
we have

> IXHR =0 (mod |K/H]).
keK/H

Here, k denotes any pre-image of k in K, and the group (H,k) is clearly
independent of this choice.

We can obtain a complete set of congruences (i.e., characterising the im-
age of b(G) under the map 3 fy) by taking K = Ng(H) for each conjugacy
class of subgroups H of G.

These congruences are independent since they form a lower triangular
matrix of congruences with ones on the diagonal. For example, in the case
of the example above from Burnside’s book, the congruences say that

12 0 0 0 0 10000

6 2000||31000
4 0100[|80100[=0 (mod (12 21 3 1)).
3 3030]l0o1010
1 1111/\000 21

The second matrix in the above equation has its rows and columns labelled
by the conjugacy classes of subgroups of G, and has a non-zero entry if and
only if the subgroup H corresponding to the column is contained normally
in a conjugate of the subgroup K corresponding to the row, with cyclic
quotient. The entry is the number of times conjugates of K appear in the
above congruence for No(H)/H; namely the sum, over the subgroups K in
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the given G-conjugacy class that contain H normally with cyclic quotient, of
the number of generators of the cyclic group K/H.

These congruences therefore define an additive subgroup of 3~y ¢ Z of
the same index as b(G), which therefore is 5(G). We have therefore proved
the following theorem of Dress [86] (our presentation follows tom Dieck [72]).

THEOREM 5.4.6. The image of the map
dfu:bG)— P z
H<aG
1s given by the congruences

Z |{generators of K/H}.fa(x) =0 (mod |Ng(H): HY)
k

where the sum runs over the subgroups K < G with H <4 K and K/H
cyclic. O

Note that we can separate these congruences into p-primary components
by using the pairs of groups H I N < G with N/H € Syl,(Nq(H)/H).

THEOREM 5.4.7 (Dress). (i) An idempotent Y ycyen € B(G) lies in
b(G) if and only if, whenever H < H' with cyclic quotient, H ¢ H <& H' € H.

(ii) An idempotent ) yeqy en € B(G) lies in b(G) gy if and only if, when-
ever H < H' of index p € S, H is conjugate to a subgroup in H if and only
if H' is.

PROOF. Suppose Yy en € b(G)(sy and H < H' with cyclic quotient of
order p € S. Then the congruence | X¥| = |X'| mod |H' : H| implies that
for all x € 5(G)(s), fu(z) = fu/(z). Since 0 Z 1 mod p, H € H & H' ¢ H.
Conversely, by the above theorem, if these congruences are satisfied then
ZHE‘H eH € b(G)(S)- 0

COROLLARY 5.4.8 (Dress). (i) The primitive idempotents in b(G) are of

the form
>, en
H(°°)=H0

where H runs through representatives of conjugacy classes of subgroups of G
for which H®) is a given perfect subgroup Hy of G.

In particular, G is soluble if and only if the only idempotents in b(G) are
0 and 1.

(i) The primitive idempotents in b(G)y) are of the form

D en
OP(H)=Hy

where H runs through representatives of conjugacy classes of subgroups of G
for which OP(H) is a given p-perfect subgroup Ho of G (i.e., subgroup with
no normal subgroup of index p). ]
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INDUCTION AND RESTRICTION. If H < G, restriction is a ring homo-
morphism
resg,i : b(G) — b(H).
Induction is defined on permutation representations as follows. If X is
an H-set, define
GXHX=(G><X)/N

where the equivalence relation ~ is given by (gh,x) ~ (g, hz) for all h € H.
The map
indg ¢ : b(H) — b(G)
X—GxygX

is a homomorphism of additive groups, but not of rings. The following lemma
summarises some properties of induction and restriction.

LEMMA 5.4.9. (i) (Gxg X)¢ =0 if H <G.
(ii) indg g(a.resg g (b)) = indy g(a).b.
(iii) (Mackey formula):

resG,HindK,G(a) = Z indHngK,HreSyK,HnyK(ga).
HgK

ProOF. This is left as an easy exercise. O

THEOREM 5.4.10. Suppose H is a subgroup of G. Then
(i) indg g(enr) = |Ng(H) : Hley, where the first ey is in B(H) and the
second is in B(G). In particular, as an element of B(G), we have
eg € Im (indH,G) .
(ii) B(G) = Im(indu ) ® Ker(resg i) as a direct sum of ideals.

PROOF. The restriction of ey to any proper subgroup of H is zero, since
all fi vanish on it. So by the Mackey formula, for K < G we have

resg kindg ¢(eq) = Z indgnspr kresopr ks (Pen) = Z indegr x(%err).
KgH KgH
K>9H
The value of fi, on an element induced from a proper subgroup of K is zero,
and so we have

INg(H): H| H~K
0 H %K.

It follows that fx(indg,g(en) = fu(|Ng(H) : Hleg) for all K < G, and so
by Theorem 5.4.2 we have indg ¢(eqy) = |Ng(H) : Hleg.

It now follows that the ey with H' < H lie in Im(indg ) while the eg
with H' not conjugate to a subgroup of H lie in Ker(resg z), which proves
the given direct sum decomposition. O

fr(indgclen)) = fr(resg kindp clen)) = {
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The second part of the above theorem has the following implication for
representation rings [23).

COROLLARY 5.4.11. For any coefficient ring R we have
A(RG) = Im(indp ) ® Ker(resg,u)
as a direct sum of ideals.

PROOF. There is a natural map ¢ : b(G) — a(RG), which takes a permu-
tation representation to the matrix representation with the permuted points
as basis. We also write ¢ for the corresponding map B(G) — A(RG). Writ-
ing 1 = e+ ¢’ with e € Im(indy ) and €’ € Ker(resg, p) as in the theorem,
we see that 1 = ¢(e) + ¢(e’) in A(RG) so that

A(RG) =Im(indg ¢) + Ker(resg i )-

If z € Im(indg,g) N Ker(resg ) then z = z.1 = z.¢(e) + z.¢(e') = 0 since
the product of elements of Im(indp ) and Ker(resg p) is zero. 0

5.5. The trivial source ring

At the end of the last section, we made use of the natural map ¢ :
b(G) — a(RG), which takes a permutation representation to the matrix
representation with the permuted points as basis. In other words, if X is a
permutation representation, then the free R-module RX is an RG-module
with the obvious action. The map ¢ is usually not injective, but we wish
to study its image. For many purposes, it is better to work with subrings
of a(RG) which are closed under taking direct summands, so we make the
following definition.

DEFINITION 5.5.1. We write a(G,Triv) or a(RG, Triv) for the subring
of a(RG) consisting of linear combinations of trivial source modules (i.e.,
direct summands of permutation modules). As usual, we write A(G, Triv)
for C ®z a(G, Triv), and so on.

Let (K, O, k) be a splitting p-modular system for G and all its subgroups.
We investigated trivial source modules in Section 3.11, and found that a
trivial source kG-module has a unique lift to a trivial source OG-module.
Thus we have the following.

LEMMA 5.5.2. The natural map
a(OG, Triv) — a(kG, Triv),

given by reducing trivial source OG-modules modulo p, is an isomorphism of
rings. O

We now investigate the ring homomorphisms

a(kG, Triv) = o(OG, Triv) — C.
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DEFINITION 5.5.3. A group H is said to be p-hypo-elementary if the
quotient H/Op(H) is cyclic; in other words, if H has a normal p-subgroup
for which the quotient is a cyclic p’-group.

If H is a p-hypo-elementary subgroup of G, and g € H/Op(H), we define
a ring homomorphism

sH,g: a(kG, Triv) —» C

as follows. If M is a trivial source kG-module, let M | g= M; & M,, where
M, is a direct sum of indecomposable modules with vertex Op(H), and M,
is a direct sum of indecomposable modules with vertex properly contained in
Op(H). Since M is a trivial source module, Op(H) acts trivially on M, and
so M; is a module for H/Op(H). We define

sH,g(M) = to(M).

Since the tensor product of any module with a module whose vertex is prop-
erly contained in Op(H) is a direct sum of such modules (Corollary 3.6.7), it
is clear that sg,4 is a ring homomorphism.

PROPOSITION 5.5.4 (Conlon). Suppose M; and My are trivial source kG-
modules and s o(My) = sg,g(Ma) for all pairs (H,g). Then My = M.

PRrOOF. By stripping off common direct summands, we may suppose that
no direct summand of M, is isomorphic to a direct summand of Ms. Let D be
a maximal element of the set of vertices of summands of M; and Ms. Suppose
My |ng(py= Mj@® M) and My | N (py= M5® MJ, where M] and Mj are sums
of modules with vertex D, and M}, M} are sums of modules whose vertex
does not contain D. Thus M| and M are projective Ng(D)/D-modules.
Since tg(M]) = ty(M3) for all p’-elements g € Ng(D)/D, by Corollary 5.3.6
we have M| = M as modules for Ng(D)/D. By Theorem 3.12.2, the Green
correspondents of summands of M| and M, are summands of M; and Mo,
contradicting the fact that M; and M> have no isomorphic summands. [

COROLLARY 5.5.5. Every ring homomorphism a(G, Triv) — C is of the
form s g for some pair (H, g) with H p-hypo-elementary and g a generator
of H/Op(H). The sum of these maps is an isomorphism after tensoring with
C:

> sHg:AG,Tiv)» @ C
ccl's of
pairs (H, g)

PROOF. By the proposition, the map »_ sy 4 is injective. To show that
the sp 4 are distinct, we evaluate them on Green correspondents of projec-
tive Ng(D)/D-modules (viewed as Ng(D)-modules) as in the proof of the
proposition. By Lemma 5.2.2 it follows that >_ sg 4 is an isomorphism, and
that there are no more ring homomorphisms from a(G, Triv) to C. g
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5.6. Induction theorems

As an application of the theory of Burnside rings and trivial source rings,
we shall prove some induction theorems in representation theory. Each of
these theorems says that a representation ring can be written as a sum of
the images of induction from a certain class of subgroups. Which class of
subgroups is involved depends on whether we look at the full representation
ring or just the Grothendieck ring, and what coefficients we allow in the
representation ring. The four induction theorems we have in mind are:

A) Artin’s induction theorem,

B) Brauer’s induction theorem,

C) Conlon’s induction theorem,

D) Dress’ induction theorem.

The first two of these are theorems about Grothendieck rings, while the
last two are about representation rings.

The approach we shall be taking was communicated to me by Ken Brown,
to whom I am very grateful for permission to use this material here. It is a
distillation of ideas of many people, and I am sure they’ll not feel too hurt if
they are not mentioned here.

THEOREM 5.6.1 (Artin’s induction theorem). Suppose k is a field. Then
C®zR(kG) = Y Im(indy q)-
(9)<G

Here, (g) runs over the cyclic subgroups of G if k has characteristic zero, and
the cyclic subgroups of order prime to the characteristic otherwise.

PROOF. The proof of this theorem is easy, and will be our model for
proving the other induction theorems. We start off by writing down a com-
mutative diagram:

B(G) Dc
H<GG
\dJ N
CozR(G) —EP C

9€6G

In this diagram, ¢ is the map which takes a permutation representation
to the matrix representation with the permuted points as basis. The elements
g run through a set of representatives of the conjugacy classes of elements
of G if k has characteristic zero, and the conjugacy classes of elements of
order prime to the characteristic otherwise. The horizontal maps are the
ones given in Proposition 5.2.3, Theorem 5.3.3 and Theorem 5.4.2. Write ey
for the primitive idempotents in the top right hand corner of this diagram,
and ¢, for the primitive idempotents in the bottom right. Recall that e is
the preimage in B(G) or ey. The map ) takes a primitive idempotent £y to
> (9)=H €9 if H is cyclic, and 0 otherwise. It is an easy exercise to check that
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this diagram commutes. One proceeds coordinate at a time, and one uses
the fact that the trace of a group element on a permutation representation
is equal to the number of fixed points.

It follows that ¢(er) = 0 unless H is cyclic. But in Section 5.4 we showed
that ey € Im(indg ). So applying ¢ to the equation

in B(G), we obtain the equation

1= )" ¢len)

H<sG
cyclic

in C ®z R(G). In particular, we have
le Z Im(indg) G )-
(9)<G
However, by the identity
indp gla.resg g (b)) = indg g(a).b
this sum of images of induction maps is an ideal in C ®z R(G). Artin’s

induction theorem now follows from the fact that an ideal containing the
identity element must be the whole ring. a

We now turn our attention to Brauer’s induction theorem. This time,
we work with integer, rather than complex coefficients in our representation
rings. However, since b(G) does not have many idempotents (see Section 5.4),
we must work with g-local coefficients as an intermediate step, where ¢ is a
prime which may or may not equal the characteristic of k.

b(G) g — @ c

H<sG

l“’ X
R(G) g — Dc

gecG

Recall from Section 5.4 that the primitive idempotents in b(G)(q) are of

the form
> en
O(H)=Ho

where H runs through representatives of conjugacy classes of subgroups of
G for which O(H) is a given g-perfect subgroup Hy of G. Now ¢ kills such
an idempotent if and only if Hy is non-cyclic. So in R(G)(q) we have

1= Y > ¢len)

Hp cyclic \O9(H)=Hp
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DEFINITION 5.6.2. A group H is g¢-hyperelementary if O?(H) is cyclic.
In other words, H has a normal cyclic ¢’-subgroup for which the quotient is
a g-group.
PROPOSITION 5.6.3.
R(kG)g= Y Im(indgg)
H g-hyper-

elementary

Similarly, if S is the set of all primes not dividing |G| then
R(G)s) =R(G)IGI™M] = > TIm(indp,g).

H cyclic
Combining these statements using the Chinese remainder theorem, we
obtain the first form of the Brauer induction theorem.

THEOREM 5.6.4 (Brauer’s induction theorem).

R(kG)= > Im(indng). O
H g¢-hyper-
elementary
for some ¢q

COROLLARY 5.6.5. Suppose (K, O, k) is a p-modular system. Then the
decomposition map

d: R(KG) — R(kG)
(see Section 1.9) is surjective.

PRrOOF. Since indg ¢ commutes with d, it follows from Brauer’s induc-
tion theorem that it suffices to prove that d is surjective in case G is ¢-
hyperelementary for some prime g. Since R(kG) = R(kG/O,(G)), we may
also assume that Op(G) = 1. If ¢ # p it follows that G has order prime to p
so that d is an isomorphism. If ¢ = p then G is a split extension of a cyclic
p'-group by a p-group acting faithfully, and one can check using Clifford the-
ory that in this case the simple kG-modules lift to OG-lattices so that d is
onto in this case. (]

Examination of the representations of a g-hyperelementary group shows
the following, which we shall not prove.

DEFINITION 5.6.6. If H is a g-hyperelementary group, let ¢ be a primitive
|H|th root of unity, and let O%(H) = (a). Then H is k-elementary if for all
Galois automorphisms € — ! of k(g) over k, there exists an element b € H
such that bab~! = a'.

THEOREM 5.6.7 (Witt—Berman). We have

R(kG)= > Im(indug).

H<LG
k-elementary
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In particular, if k = C, the elementary subgroups are the subgroups
which are a direct product of a g-group and a cyclic ¢’-group. The full form
of Brauer’s induction theorem is the statement that R(CG) is the sum of the
images of induction from the elementary subgroups.

Next, we turn our attention to Conlon’s induction theorem. This time,
we are working with the full ring of all representations in characteristic p, and
there are usually more of those than we can reasonably handle. The usual
way to get around this is to choose particular kinds of modules which are
suited to the problem in hand. In our case, we are trying to prove induction
theorems, which means that we are trying to prove that the identity element
of the representation ring is in a certain sum of ideals. This means that we
need to look at a suitable subring of the representation ring containing at
least the image of the natural map from the Burnside ring. It turns out that
the trivial source subring is the right one to look at.

Recall from Proposition 5.5.4 and its corollary that every ring homomor-
phism from a(G, Triv) to C is of the form sy  for some pair (H,g) with
H p-hypo-elementary and g an element of H/O,(H), and that we have an
isomorphism

AG Tiv)2 P C.

ccl’s of
pairs (H,g)

Just as before we draw a commutative diagram:
D c

H<cG

¢ A

B(G)

4G, Tiv)— B ¢
ccl’s of
pairs (H,g)

Write ey for the primitive idempotents in the top right hand corner of
this diagram, and g 4 for the primitive idempotents in the bottom right. The
map A sends eg to Zg €(H,g) if H is p-hypo-elementary, and zero otherwise.
We now deduce in the usual way that

laemiv € D, Im(indgg).

H p-hypo-
elementary

We have thus proved the following theorem.

THEOREM 5.6.8 (Conlon’s induction theorem).
Suppose k is a field of characteristic p. Then

AkG)= > Im(indgge). O

H p-hypo-
elementary
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In contrast to the situation for the Brauer induction theorem, however,
none of these subgroups goes away when the field becomes large. One can
show that all the conjugacy classes of maximal p-hypo-elementary subgroups
are really necessary in the above theorem.

COROLLARY 5.6.9. The sum of the restriction maps

> resg.u : A(KG) — &P A(KH)

ccl’s of H
p-hypo-elementary
1s injective.
PROOF. We express the identity element 1 € A(kG) as a sum of elements
indg g(zy) with 2y € A(kH) and H p-hypo-elementary. If y € A(kG), then

y=yl=y.> indug(zn) =) indyc(rescu(y)zu).
It follows that if resg, g (y) is zero for all H p-hypo-elementary theny =0. O

Finally, Dress’ induction theorem consists of doing all of the above at
once. Let ¢ be a prime, which may equal p or not. Then we have as usual a
commutative diagram:

B c

b(G)(q) 0G
>G

s lA
a(G, Triv) ) — P C

ccl’s of
pairs (H,g)

The primitive idempotent

Z er € b(G)(y)

O9(H)=H,

goes to zero in a(G, Triv)(g) unless Hy is p-hypo-elementary, and so a(G) is
the sum of the images of induction from the so-called “Dress subgroups”.

DEFINITION 5.6.10. If ¢ is a prime (not necessarily different from p), a
(p,q)-Dress subgroup is a subgroup H such that H/O,(H) is g-hyper-
elementary. A k-Dress subgroup is a subgroup H such that H/O,(H) is
k-elementary for the field k of characteristic p.

THEOREM 5.6.11 (Dress’ induction theorem). Suppose that k is a field of
characteristic p and S is a set of primes. Then

a(kG)sy= Y. Im(indyg).
H (p,q)-Dress
subgroup, g€S
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In particular, taking for S the set of all primes,

akG)= > Im(indyg). O

H (p,q)-Dress

subgroup, any ¢
As with the Witt—Berman theorem, one can show that over a given field &,
the necessary subgroups are the k-Dress subgroups. Thus for a large enough
field &, the subgroups needed are the subgroups H for which H/Op(H) is a
direct product of a ¢g-group and a cyclic group of order coprime to p and q.

This time, we may assume p # g, since otherwise the Op just grows.

5.7. Relatively projective and relatively split ideals

Suppose k is a field of characteristic p. The main theorem in this section
is a theorem of Dress [89], which states that for any subgroup H < G, the
representation ring with p inverted

a(G)p = Z[1/p] ®z a(G)

decomposes as a direct sum of the ideal of relatively H-projective modules
a(G, H), and the ideal of H-split sequences ag(G, H),. More generally, for
any permutation representation X of G, a(G), decomposes as a direct sum
of a(G, X), and ao(G, X),. This latter statement is more amenable to proof
by induction. The case H = 1 (or equivalently X is the trivial permutation
representation on one point) will tell us that the determinant of the Cartan
matrix is a power of p. We give another proof of this using psi operations in
Section 5.9. Brauer’s original proof used his characterisation of characters.

THEOREM 5.7.1 (Dress). Suppose X is a permutation representation of
G, and k is a field of characteristic p. Then

a(kG)p = a(G, X)p ® ao(G, X)p.

PRrOOF. We first observe that it suffices to show that the identity element
1 € a(G)p lies in a(G, X)p+ao(G, X)p. For since a(G, X), and ao(G, X), are
ideals, we then have a(G), = a(G, X)p + ao(G, X)p. Elements of a(G, X),
and ao(G, X ), have zero product, so if 1 = a + 8 with a € (G, X), and
B € ao(G, X), then for any z € a(G, X), N ao(G, X), we have

r=zl1l=z.0+z.0=0,
and so a(G, X)p, Nao(G, X), =0.

We prove the theorem by induction on the order of G. For any subgroup
H of G we have

indg gla(H,X)p) € a(G,X)p, indgg(ac(H, X)) C ao(G, X )p.

If G is not a (p,q)-Dress subgroup for some g # p, then Dress’ induction
theorem 5.6.11 (with S equal to the collection of all primes other then p) says
that a(G), is the sum of the images of induction from proper subgroups. We
may thus suppose that G is a (p, q)-Dress subgroup for some prime q # p. In
particular, setting P = Op(G), we see that G/P is a p/-group. If P stabilises
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any point in X, then by Corollary 3.6.9, a(G), = a(G, X)p, and we are done.
So we may suppose P does not stabilise any point in X.
Recall that the tensor induction map

indR : a(P)p/ Y Im(indk,p) — a(G)p/ Y Im(indkc).
K<P K<G

is a ring homomorphism. By Proposition 3.15.2 (vi), the image of ag(P, X),
under this map lies in ao(G, X)p. It thus suffices to show that the identity
element of a(P), lies in ao(P, X)p + Y. k< pIm(indg p). Now if X = X;UX,
then ao(P, X)p = ao(P, X1)p N ao(P, X2)p, so since P does not stabilise any
point in X, we may suppose that X is a non-trivial transitive permutation
representation of P. Let P’ be a maximal subgroup of P containing the
stabiliser of a point in X, so that ag(P, X)p > ao(P, P')p. Since P’ is normal
in P, and P/P' is a cyclic group of order p, a(P/P’,1) = Im(ind; p/p/) is
spanned by the regular representation. The composition factors of this are
exactly p copies of the trivial module, and so we have

a(P/P')p = a(P/P',1), ® ao(P/P',1), = Im(ind; p/pr) ® ao(P/P', 1),

(cf. Corollary 5.3.6). Inflating to P, we see that the identity element of a(P),
lies in Im(indpr p) + ao(P, P'), as required. O

REMARK. The statement of the theorem is equivalent to the statement
that the quotient a(G)/(a(G, X) + ao(G, X)) is entirely p-torsion.

COROLLARY 5.7.2 (Brauer). Suppose that k is a field of characteristic p.
Then the determinant of the Cartan matriz of kG is a power of p.

PROOF. This is the case of the theorem in which X is a single point (cf.
Corollary 5.3.6). For another proof of this theorem using psi operations, see
Theorem 5.9.3. O

5.8. A quotient without nilpotent elements

In this section, we prove that if k is a field of characteristic p, then A(kG)
has a fairly large quotient A(G)/A(G;p) with no non-zero nilpotent elements.
As an application of this, we show that if G has cyclic Sylow p-subgroups then
A(G) has no non-zero nilpotent elements. This was first proved by Green and
O’Reilly [118, 159] using some heavy computations for metacyclic groups.
The proof we present here is taken from [20].

PROPOSITION 5.8.1. Let k be an algebraically closed field of characteristic
p. Suppose M is a finitely generated kG-module with p|dimg M. Then for
any kG-module N and any summand U of M @ N we have p|dim U.

PROOF. Suppose dimy U is not divisible by p. Then by Theorem 3.1.9,
the trivial module k& is a summand of U @ U* and hence of (M @ N)@ U* =
M @ (N @ U*). But again applying Theorem 3.1.9, we see that this implies
that dimg M is not divisible by p, contradicting the hypothesis. O
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DEFINITION 5.8.2. Suppose k is a field of characteristic p. We write
a(G; p) for the additive span in a(kG) of the elements [M] with the property
that for any extension field kDK, every summand of k ®) M has dimension
divisible by p. We write A(G;p) for C ®z a(G;p) C A(G).

LEMMA 5.8.3. (i) ¢(G;p) is an ideal in o(G).
(ii) A(G;p) is an ideal in A(G).

Proor. This follows immediately from Proposition 5.8.1. O

LEMMA 5.84. If z = 3 a;[M;] € A(G), write z* for 3 @;[M}] where a;
is the complex conjugate of a;. If xz* € A(G;p) then z € A(G;p).

Proor. Without loss of generality, k is algebraically closed. If the trivial
module [k] does not appear with positive multiplicity in

gzt =Y el [Mi ® M7+ ) :;[M; @ M;]
i i#j
then by Theorem 3.1.9, each [M;] lies in A(G;p). O

THEOREM 5.8.5. The quotient ring A(G)/A(G; p) has no non-zero nilpo-
tent elements.

ProOF. If A(G)/A(G;p) has a non-zero nilpotent element, then there is
a non-zero element € A(G), not in A(G;p), but with 22 € A(G;p). Let
y = zz*. Then yy* = (zz*)?> € A(G;p). Applying the lemma twice, we
deduce first that y € A(G;p), and then that z € A(G;p). O

LEMMA 5.8.6. Suppose k is algebraically closed. Suppose H is p-hypo-
elementary with 1 # D = Op(H) cyclic. Let H be a subgroup of H of index
p (it is easy to see that there is one, but it need not be normal). Then

A(H;p) = Im(indw, #).

Proor. It follows from Jordan normal form that the indecomposable
kD-modules are just the Jordan blocks of size at most |D| with eigenvalue
one, so that they are uniserial modules.

Since kH/J(kH) = k(H/D) is a direct sum of distinct one dimensional
modules, the Idempotent Refinement Theorem 1.7.3 shows that each projec-
tive indecomposable module for kH restricts to the regular representation of
kD, which is uniserial of length |D|. It follows that if M is any indecompos-
able kH-module then M is uniserial and M |p is indecomposable.

Let D; be the subgroup of D of index p. If M; is an indecomposable
kDj-module then Homyp(k, M; 1P) = Homyp, (k, M;) is one dimensional,
and so M; 1P is indecomposable. It follows that a kD-module has dimension
divisible by p if and only if it is induced from a kDj;-module. Thus an
indecomposable kH-module M has dimension divisible by p if and only if it
is projective relative to H;.

It only remains to show that if N is an indecomposable kH;-module then
N 1H is indecomposable. But this is clear since N 1¥|p~ N | Dy 1P by the
Mackey decomposition theorem. [
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THEOREM 5.8.7 (Green, O’Reilly). Suppose that the group G has cyclic
Sylow p-subgroups, and k is a field of characteristic p. Then A(kG) has no
nilpotent elements.

PRrROOF. Without loss of generality k is algebraically closed. By Corol-
lary 5.6.9, the sum of the restriction maps to A(kH) with H p-hypo-ele-
mentary is injective, so it suffices to prove the theorem in case G = H is
p-hypo-elementary with D = Op(H) cyclic. We prove the theorem by induc-
tion on |D|. If |[D| = 1 then H has order coprime to p, and the theorem
follows from Proposition 5.2.3. If |D| > 1, let H; be a subgroup of H of
index p. Then by Corollary 5.4.11 and the lemma, we have

A(H) =Im(indg, u) & Ker{resy n,) = A(H;p) & Ker(resy m,)

as a direct sum of ideals. Thus resy g, maps A(H;p) injectively into A(H;),
and so A(H;p) has no nilpotent elements by the inductive hypothesis. Since
A(H)/A(H;p) has no nilpotent elements by Theorem 5.8.5, this completes
the proof of the theorem. O

REMARK. It turns out that if the Sylow p-subgroups of G are not cyclic, or
elementary abelian 2-groups (with p = 2), then there are nilpotent elements
in A(G) (Zemanek [208, 210]). In case p = 2 and the Sylow 2-subgroups of
G are elementary abelian of order four, Conlon [55] has shown that there are
no nilpotent elements in A(G). For larger elementary abelian 2-groups, this
question is still open. See also Section 5.9 of Volume II for a cohomological
method for producing nilpotent elements in A(G).

5.9. Psi operations

In this section we construct psi operations ¢" : a(kG) — a(kG). These
are the representation theoretic version of raising group elements to the
nth power, in the sense that the effect on Brauer characters is given by
tg(h™(2)) = tgn(x). They were first introduced in characteristic zero by
Frobenius, who used them to study the number of solutions of z” =1 in a
group. As an application of these operations, we give Kervaire’s proof [136]
that the determinant of the Cartan matrix is a power of p. In Chapter 2 of
Volume II we shall study the analogous operations in topological K-theory,
and explain how these are related to the cohomology of the finite general
linear groups.

We first construct the operations ¢™ in the case where n is coprime to p.
Let k be a field of characteristic p and let k[¢] be the field obtained from k
by adjoining a primitive nth root of unity ¢ to k. Let

T=(t|t"=1)

be a cyclic group of order n. If M is a kG-module then M®" is a k(T x G)-
module with T permuting the tensor multiplicands (this is just the tensor
induced module M4T*%). Since n is coprime to p, after tensoring with k[e],
this breaks up as a direct sum of eigenspaces on which ¢ acts with eigenvalues
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g/. Each eigenspace is a k[¢]G-module, and whenever (/) = (') the &
eigenspace is isomorphic to the ¢/ eigenspace. By considering the action of
the Galois group Gal(k[e]/k), it follows that these eigenspaces are defined
over k. We write [M®"],; = [M®"]; for the eigenspace corresponding to
a primitive dth root of unity &’ with d|n, considered as a kG-module. We
define

Yr(M) = 3 e, € A).

j=1
Now 3" 1<j<q €2"9/4 is equal to the Mobius function p(d), which takes values
0or j:l(.],iirfé)llows that
M) =Y u(d) Mg
dn
is an element of a(G).
PROPOSITION 5.9.1. If My and Ms are kG-modules then

(i) ¥™(My & Mp) = Y™ (M1) + ¢ (M2).
(i) (M, © M) =y (My)y™(My).
PRrROOF. (i) As kG-modules, we have
(M & My)*" = €D (M}, ®--- 8 My,).
Jj1=12,
Jn=1,2
Under the action of T, there are two fixed summands, namely M{X’" and
MP™. Apart from these, each orbit forms a k(T x G)-module induced from
a proper subgroup of the form T x G. 1t is easy to check that for such a
module, the sum of 2™/ times the &’ eigenspace is zero.
(i) (M) ® M2)®" = MP™ ® M$™, and so
n

(M1 @ M2)®").s & ED[ME"]em [ME"] 5.

m=1

Thus we have

Y (M ® My) =Y ¥/ (M @ M2)®"),s

j=1
n
_ Z 62m’m/n[Mign]sm621ri(j—m)/n[M§§n]€j_m — ¢n(Ml)1/Jn(M2) O
7ym=1

It follows from this proposition that we may extend ™ linearly to give a
ring homomorphism

Y™ a(G) — a(G).
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Note that since ¥™ is given in terms of direct summands of tensor powers,
the image of a(G, H) is contained in (G, H), and the image of a(G, Triv) is
contained in a(G, Triv).

PROPOSITION 5.9.2. Let ty be the ring homomorphism a(G)/ao(G,1) —
C defined in Section 5.3. Then

tg(¢" () = tgn ().

PROOF. Suppose M is a kG-module, and suppose without loss of gener-
ality that k is algebraically closed. Then we may choose a basis my,... ,m,
of M consisting of eigenvectors of g. Let gm; = A;m;. Then

r
tg("(M)) = ty(resg yd™(M)) = to($™(M Ligy)) = to(¥™(ED(m;)))

7=1
=3t ((my)) = DN} = tgn(M). O
j=1 j=1

THEOREM 5.9.3 (Brauer). Suppose k is a field of characteristic p. Then
the determinant of the Cartan matriz is a power of p.

ProoF. (Kervaire; for another proof see Corollary 5.7.2). This is the
same as saying that the cokernel of the Cartan homomorphism

¢:a(G,1) - a(G) — a(G)/ap(G,1) = R(G)

is a p-group.
Let m be the p’-part of the exponent of G. If z € a(G, 1) then ¥™(z) is
again an element of a(G,1). By Proposition 5.9.2, each ¢4 has value

tg(Y™ (x)) = t1(x)
equal to the “dimension” of z. Thus by Proposition 5.3.2, if P is a projective
kG-module then (dimy P).1 is in the image of c.

For each prime q # p dividing |G|, let @ be a Sylow g-subgroup of G.
Then kg 1€ is a projective kG-module since it is induced from a projective
kQ-module. Thus by the above, |G : Q|.1 € Im(c). It now follows from the
Chinese remainder theorem that |G|p.1 € Im(c), where |G|, is the p-part of
the order of G. Since Im(c) is an ideal, it follows that |G|, annihilates the
cokernel of ¢, and the theorem is proved. O

Finally, we show how Corollary 5.6.5 leads to an explicit description of
R(kG) in case k is a field of p” elements, in terms of the operation ",

PROPOSITION 5.9.4 (The Brauer Lift). Let (K,O,k) be a p-modular sys-
tem. Then for every n the decomposition map

d: R(KG) — R(kG)
induces an isomorphism

RIKG) = REG) = R(koG)
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where ko = {\ € k| \?" = A}
Proor. By Theorem 5.3.3 we have a diagram
t
R(KG) h, @ C
H<L G
d

REG) =2 P C

p'-elements
9€cG

so that by Proposition 5.9.2, d commutes with the action of the ¢ operations.
It also follows from Proposition 5.9.2 that for m large enough, ¥™ kills the
kernel of d. Suppose x € R(kG) is fixed by ¥P". Choose m as above to be
a multiple of n. By Corollary 5.6.5, x has a pre-image y in R(KG). Since
YP" (y) — y is killed by d, it is killed by ¥P", and so y*" " (y) =9P" (y) is a
pre-image of z which is fixed by ¥7". Thus d : R(IKG)¥ — R(*G)Y" is
an isomorphism.

Finally, by Proposition 5.3.4 we have R(kG)‘/’pn = R(koG). O

The way the above proposition is usually stated is that given a modular
representation M, the class function which assigns to each element g € G the
value of tys(M), where ¢’ is the p/-part of g, is a generalised ordinary character
(i.e., the character of a difference of two characteristic zero representations).

5.10. Bilinear forms on representation rings

The material in this and the next section comes from [23]. We define two
different bilinear forms ( , ) and {, ) on a(kG) and A(kG) as follows. If M
and N are finitely generated kG-modules, we let

([M],[N]) = dimy, Homyg(M, N) = dim(M* ® N)°.

We extend (, ) bilinearly to give a bilinear form on a(G) and A(G).
Now the bilinear form (, ) is usually not symmetric, but it is very closely
related to the symmetric bilinear form ( , ) defined by bilinearly extending

the dimension of the space of homomorphisms from M to N which factor
through some projective module (see Definition 3.6.2).

DEeFINITION 5.10.1. We define elements u and v of a{G) via
u=ue = [P] = [Q7'(K)], v=uc = [Pe] ~ Q)]

where Py is the projective cover (= injective hull) of the trivial kG-module
k, Q(k) is the kernel of Py —» k and 2~!(k) is the cokernel of k < P;. Note
that P, = P} and Q7'(k) = Q(k)*, so that v is the ‘dual’ of u.
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LEMMA 5.10.2. The following expressions are equal:

(i) ([M], [N]),

(ii) The multiplicity of Py as a summand of Homy(M,N) = M*® N,

(iii) (u, [Homy(M, N)]) = (u.[M], [N]),

(iv) The rank of the element deG g of the group algebra kG in its matriz
representation on Homg (M, N).

In particular, since Py is self-dual, (ii) shows that (, ) is symmetric.

PrOOF. Since each of these expressions is unaffected if we replace M by
the trivial module k£ and N by Homyg(M, N), we may assume that M = k.
Also, since each expression is additive in N, we may suppose that N is
indecomposable. We shall show that each of these expressions is equal to 1
when N = P, and 0 otherwise.

(i) If ([k],[N]) # O then there is a non-zero map k — N which is a transfer
from the trivial subgroup. The image of 1 under such a map is of the form
dec g(z) for some z € N. Let A : P —» N be the projective cover of N,
and choose y € P with A(y) = z. Then }_ 9eC 9(y) is a non-zero G-invariant
element of P which is sent to the non-zero element > gec 9(z) by A. Since
projective kG-modules are injective (Proposition 3.1.2) and Soc(Py) = k
(Theorem 1.6.3), the injective map k — P taking 1 to dec 9(y) extends to
an inclusion of Py as a direct summand of P. The map A does not kill the
socle of this copy of P, so since Py is injective, it is a summand of N. Since
N is indecomposable this forces N = Py. Clearly ([k], [Pg]) = 1.

(ii) The multiplicity of P as a summand of an indecomposable module
N is clearly equal to 1 when N = Py and zero otherwise.

(iii) A homomorphism from P to N factors through Q~!(k) = P/k
unless N = Py, since P is injective. Thus if N 2 P, we have (u,[N]) = 0.
On the other hand, if N = Py, then any homomorphism P, — N is a multiple
of this isomorphism plus a homomorphism factoring through Q~!(k), and so
(u, [P k]) =1

(iv) This is clearly equal to (i). a

LEMMA 5.10.3. In a(G) we have uv = 1.

Proor. Tensoring the short exact sequence 0 — Q(k) - P, — k — 0
with Q~1(k), we obtain a short exact sequence

0— Qk)®Q (k) = P, @Q (k) — Q (k) — 0.

We also have a short exact sequence 0 — k — P, — Q7 !(k) — 0 so that by
Schanuel’s lemma we obtain

PeaQk)®Q (k) 2k P, Q' (k).
Since tensoring with P splits short exact sequences, we also have
P, ® P, = P, @ Qk) ® Py
and so
PP oQk) Q0 (k)2 ko P ®Q (k) ® P ® Qk).
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It follows that

(1Pe] = [R)D (P — [ (R)]) = K]
in a(G). O

PROPOSITION 5.10.4. If x and y are elements of a(G) or A(G), then

(i) (z,y) = (vr,y) = (z,uy)

(ii) (z,y) (uxyy) = (IL‘, vy)

(iii) (z,9) = (y,v°2) = (v’y, 2).

ProoF. It follows from Lemma 5.10.2 that (z,y) = (ux,y). The rest
follows from the identity uv = 1 and the fact that u is obtained from v by
dualising. O

LEMMA 5.10.5. If H is a subgroup of G then resg g(urg) = ury and
resg c(Vke) = VkH-

PRroOOF. The first of these follows by applying Schanuel’s lemma to the
sequences

0 — QUk)kc la— (Pe)kclu—k — 0
0 — Qk)kar — (Pe)kar =k — 0
and the second follows by duality. O
PROPOSITION 5.10.6. Ifx € a(H) and y € a(G) then

(i) (z,resq,u(y)) = (indg c(x),y) and (resg,u(y), z) = (y,indg c(x)).
(ii) (z,resg.u(y)) = (indp c(x),y).

ProoF. The first of these follows from the Nakayama relations, and the
second follows since

(z,resg,H(Y)) = (uknT, resg,u(y)) = (indnc(ura ), y)
= (indp,c(rese,n (ukc)z), y) = (ukcindn,c(2),y) = (indpg(z),y). O

5.11. Non-singularity

In this section we use the almost split sequences, discussed in Chapter 4,
to prove that the bilinear forms (, ) and (, ) on a(G) introduced in the last
section are non-singular. The material in this section comes from [23].

Recall from Theorem 4.12.2 that given any non-projective module N,
there is an almost split sequence terminating in N

0—-—M-—->F—-N-0

unique up to isomorphism of short exact sequences, and by Proposition 4.12.7
we have M = Q?(N).
Recall also from Proposition 4.12.6 that an almost split sequence
0—-M-—-FE—->N-=>0
gives rise to an exact sequence

0 — Homa(N’, M) — Homp(N’, E) —» Homp(N’,N) — 0
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if N’ has no summand isomorphic to N, and

0 — Homp (N, M) — Homp (N, E) — Enda(N)
— Enda(N)/JEnds(N) — 0.
It follows that if we set 79[N] = [N] + [M] — [E] in a(G) then we have

d(N) if NN’
0 otherwise

([N], 70[N]) ={

(where d(N) = dimg Endgg(N)/JEndrg(N), which is always 1 if & is alge-
braically closed), so that the 7o[N] form a sort of “dual basis” to the basis of
indecomposable modules [N] for a(G).

There are two problems with this statement. The first is that we have
only defined 79[ N] for N a non-projective indecomposable. However, it is easy
to see that the right definition for N projective is 79[N] = [N] — Rad(N).
This is because any homomorphism to N whose image does not lie in Rad(V)
is surjective and hence splits.

Having now defined 79 on the basis elements [N], we extend antilinearly

to define
70y ai[Ni] =Y aimo[Ni]
i i

in A(G), where @; denotes the complex conjugate of a;.

The second problem is that for infinite dimensional vector spaces, duality
does not work very well, and it turns out that the 79[N] do not form a basis
of A(G) unless A(G) is finite dimensional (which happens if and only if the
Sylow p-subgroups of G are cyclic; see Theorem 4.4.4). But in any case,
we have now proved the following theorem, which may be thought of as a
non-singularity statement for the bilinear form ( , ).

THEOREM 5.11.1. Suppose N and N’ are indecomposable kG -modules,
and 19 is as defined above. Then

([N'], 7o[N]) ={

where d(N) = dimy, Endkg(N)/JEndkg(N).
Thus for any x = Y, a;[M;] € A(G) we have (z,70(z)) = Y ;la;|> > 0
with equality if and only if x = 0. U

d(N) if NN’
0 otherwise

The following corollary may also be proved directly without using almost
split sequences.

COROLLARY 5.11.2. Suppose N1 and Ny are two kG-modules, such that
for every kG-module M we have

dimk HOmkg(M, Nl) = dimk HOmkg(M, Nz).
Then N1 = N2. 4
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So far, everything we have done works just as well for an arbitrary finite
dimensional algebra. However, we now wish to do the same for the inner
product {, ), and for this we need to use the multiplication in A(G), as well
as the fact that kG is a symmetric algebra.

In the last section, we saw that it is very easy to pass between the ( , )
and (, ) using the elements u and v. We take

71[N] = w.70[N],

so that ([N'], n[N]} = ([N'],70[N]) is equal to d(N) if N & N’ and zero
otherwise.

Now suppose N is a non-projective indecomposable. By Corollary 3.1.6
we have N @ Q(k) = Q(N) @ (projective), and so modulo projectives we have
ung[N] = =27 (n[N]) = —[Q71(N)] - [27'(M)] + [~} (B)].

But recall from Corollary 5.3.6 that A(G) = A(G, 1) ® Ay(G, 1) as a direct
sum of ideals. Since 1[N] € Ap(G, 1), this shows that the above equation
holds without working modulo projectives.

On the other hand, if N is projective indecomposable, then N = Pg is
the projective cover of a simple module S. Schanuel’s lemma shows that
v.[S] = [Ps] — [(S)] = 10[N], and so 1[N] = u.v.[S] = [5].

We record what we have proved in the following theorem, which is a
non-singularity statement for (, ).

THEOREM 5.11.3. Suppose N and N’ are indecomposable kG-modules,
and define 71[N] to be N/Rad(N) = Soc(N) if N is projective, and

[X] = [Q71 (V)] = [N))]
if N is not projective, where
0—- Q' (N) =X - Q(N)—0

is the almost split sequence terminating in QUN). Then
d(N) f N=N
([N],na[N]) = {

0 otherwise
where d(N) = dimy Endkg(N)/JEndkg(N) . O



CHAPTER 6
Block theory

There are now quite a few decent expositions of block theory available.
The reader is advised to consult Alperin [3], Curtis and Reiner [66], Dorn-
hoff [84], Feit [107], Landrock [148], Nagao and Tsushima [153], and of
course the collected works of Brauer [36]. For this reason, we shall not at-
tempt an encyclopaedic treatment, but we shall rather try to concentrate on
aspects of the theory which are closely related to other topics discussed in
this book.

The approach we shall take is the module theoretic approach initiated by
Green [119]. In this approach, the group algebra kG is regarded as a module
for k(G x G), and the indecomposable direct summands of this module are
the blocks. A vertex of a block as a k(G x G)-module is always conjugate to
a diagonally embedded subgroup diag(D), D < G, and D is called a defect
group of the block. It turns out that the group D in some sense determines
how complicated the block is.

Throughout this chapter, (K, O, k) will denote a p-modular system. Thus
O is a complete rank one discrete valuation ring with field of fractions K of
characteristic zero, maximal ideal p, and quotient field k of characteristic p.
When we write R for the coefficient ring, we shall assume that R € {O, k}.

6.1. Blocks and defect groups
Recall from Section 1.8 that a block of £G is an indecomposable two-sided
ideal direct summand. A decomposition of kG into blocks
kG=B1®---®B;
corresponds to a decomposition of the identity element
l=e;+---+e

as a sum of orthogonal primitive central idempotents. The correspondence
is given by B; = e;.kG.

Since both Z(OG) and Z(kG) have a basis consisting of the conjugacy
class sums in G, it follows that reduction modulo p is a surjective map
Z(0G) — Z(kG), and so by Theorem 1.9.4 (iii), the idempotents e; € kG
may be lifted to orthogonal primitive central idempotents f; € OG. We thus
have

OG=B& @B,
with B; = £;,.0G and B; = k ®0 B;.

201
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Now if M is an indecomposable kG-module, the equation
M=eM&---®eM

shows that M = e;M for a unique ¢, and e;M = 0 for j # 4. Similarly if
M is an indecomposable OG-lattice, then f;M = M and f;M =0 for j # 1.
Finally, if M is an irreducible K G-module (recall that all indecomposable
K G-modules are irreducible by Maschke’s theorem) then f;M = M for a
unique %, and f;M =0 for j # i.

We thus think of a block as a sort of receptacle, into which are thrown
indecomposable summands of the algebras kG and OG, primitive idempo-
tents in Z(kG) and Z(OG), indecomposable modules for kG, OG and KG,
and so on.

Now the two sided ideal direct summands of RG (recall R € {O,k}) are
the same as the direct summands of RG as an R(G x G)-module, where the
action of R(G x G) on RG is via left and right multiplication

(91,92) : 9 — 91995~

With this action, RG is equal to the permutation module of R(G x G) on
the cosets of the diagonal

A(G) =1{(9,9),9€ G} C G xG.

In other words, RG = Ra(g) 197€. It follows that the R(G x G)-module
RG is projective relative to A(G), and so the vertices of any indecomposable
summand B = e.RG are conjugate to some subgroup of the form A(D) C
A(G), where D is a p-subgroup of G determined up to conjugacy by the
block B. The group D = D(B) is called the defect group of the block B.
If |D| = p?, we say that B is a block of defect a.

PROPOSITION 6.1.1 (J. A. Green). The defect group D of any block B of
RG is expressible as an intersection S NIS of two Sylow p-subgroups of G.

PROOF. By the Mackey decomposition theorem, the restriction of RG to
an R(S x S)-module is

RA(G) TGXGleS= @ R(st)n(l,g)A(G) TSXS .
(1,9)€SxS\GxG/A(G)
The double coset representatives may be chosen to be of the form (1, g) by
adjusting by elements of A(G). But
(S x S)NBIA(G) = WIAS NI S)

and so the restriction of RG to R(S x S) is a direct sum of permutation
modules on cosets of subgroups of the form (19 A(SN g~ S). Each transitive
permutation module for S x S is indecomposable, since for R = k it has a one
dimensional socle (see Section 3.14). So the vertex of R(Lg)A(Sﬂg, 15) 15%8
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is exactly M9A(S NI - S). Since RG is projective relative to § x § (Corol-

lary 3.6.9) it follows that each indecomposable summand of RG as an R(G x
G)-module has a subgroup of the form A(SN9S) as a vertex. O

PROPOSITION 6.1.2 (J. A. Green). Suppose B = e.RG is a block of RG
with defect group D. Then e lies in RG C Z(RG) if and only if H con-

tains o conjugate of D (see Definition 3. 6 2 for the notation). Furthermore,
every RG-module in the block B is projective relative to D.

PROOF. We have seen that as an R(G x G)-module, B is projective rela-
tive to A(G). Thus by Higman'’s criterion (Proposition 3.6.4), H contains a
defect group of B if and only if there is a map a € Endgag)(RG) such that
Tra(),a(c)(@) is the identity map on B = e.RG. If « is such a map then
we have

e = (Trawm,ac)(@)(e) = > (9.9)((g7",97")(e))
(9:9)€A(G)/AH)

= Z go(e)g™ = Traim ayale)

9€G/H

and so e € RGAEG)). Conversely if e = Tram) a(c)(a) € RG then we

define a map a : RG — RG by a(z) = a.x. Smce a € RGA we have
a € Endpag)(RG), and for z € e.RG we have

(Tragm.ac)(@)(@) = > (99allgeT)@)

(9:9)€A(G)/A(H)

Z g-a.g'zg.g7" = (Tramy,a@)(a) .z =ex ==
9€G/H

Finally, if M is an RG-module in the block B, then e acts as the identity
on M, and so the above element a = a(e) acts as an endomorphism of M
whose transfer is the identity. Again applying Higman’s criterion, we see that
M is projective relative to D. O

REMARK. In fact there is always an indecomposable module in B whose
vertex is exactly D, as we shall see when we come to discuss Brauer’s second
main theorem in Section 6.3.

ExAMPLE. The block of RG containing the trivial RG-module R is called
the principal block. Since a Sylow p-subgroup of G is a vertex of the
trivial module, it is also a defect group of the principal block, by the above
proposition. The principal block is usually denoted By = By(G).

COROLLARY 6.1.3. If B is a block of kG and B is the corresponding block
of OG then B and B have the same defect groups.
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Proor. If D is a defect group of B then by the proposition the corre-

sponding central idempotent e lies in (kG)iEg)). Thus the central idempo-

tent é corresponding to B lies in (OG)iEg)) + pZ(OG). So by Rosenberg’s
Lemma 1.7.10 we have either & € (OG)a\g) or é € pZ(OG). But pZ(OG) C
pG C J(OG) so the latter is impossible. Conversely if é € ((’)G)igg)) then
e € (kG)AS). u

6.2. The Brauer map

From now on, we restrict our attention to the (diagonal) action of G on G
by conjugation, and drop the symbol A used in the last section. The following
lemma is our starting point for the discussion of the Brauer map and Brauer’s
three main theorems. The first of these gives a one-one correspondence
between blocks of RG with defect group D and blocks of RNg(D) with
defect group D. First note that we are assuming that R is either O or k, so
that by Corollary 6.1.3 it suffices to consider the case R = k.

LEMMA 6.2.1. Suppose D is a p-subgroup of G. With the notation of
Definition 3.6.2, we have

(i) (kG)P = kCs(D) ® X p/ . p(kG)B,

(ii) (kG)Ne(P) = (kCa(D)VP) & T psg<ng(p) (G oo P
in each case as a direct sum of a subring and a two-sided ideal. Each sum-
mand in (ii) is contained in the corresponding summand in (i).

PRroOF. The space (kG)P has as a basis the orbit sums of D on elements
of G. The orbits of length one span £Cg(D), and the sums of orbits of length
greater than one are transfers from proper subgroups of D. The intersection
of kCa(D) and ¥ p. p(kG)2, is zero since k has characteristic p.

Similarly, for the second statement we split up the orbits of Ng(D) into
those on which D acts trivially and those on which D has no fixed points.

In each case, the right-hand summand is a two-sided ideal by Lemma. 3.6.3
(i) and (ii). 0

REMARK. The above lemma does not hold with k replaced by O since the
two pieces on the right hand sides do not intersect in zero. However, it follows
from the discussion in the last section that there is a one-one correspondence
between blocks of kG and blocks of OG preserving defect groups, so that if
we wish to count blocks then it suffices to work over k.

PROPOSITION 6.2.2. Suppose D ts a normal p-subgroup of G. Then every
idempotent in Z(kG) lies in kCq(D). In particular, if Cq(D) < D them kG
has only one block.

PROOF. Since D is a p-subgroup, it acts trivially on every simple kG-
module (its fixed points form a non-zero invariant submodule, by Lemma
3.14.1), and hence on kG/J(kG). Since transfer from a proper subgroup
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D' < D to D is zero on a module on which D acts trivially, we have
> p<p(kG)B, C J(kG). It now follows from Lemma 6.2.1 (i) that every
idempotent in (kG)P lies in kCg(D). If Cg(D) < D then Cg(D) is a p-
group, and so kCg(D) has only the identity as an idempotent, and hence kG
has only one block. ]

DEFINITION 6.2.3. We define the Brauer map
Brp : (kG)P — kCq(D)

to be the projection onto the first factor in the decomposition given in
Lemma 6.2.1 (i). Since the second factor in this decomposition is a two-sided
ideal, this map is a ring homomorphism. Note also that by Lemma 6.2.1 (ii),

the kernel of Brp on (kG)Nc(D) is equal to EDngNG(D)(kG)gG(D)-
In a sense, we are only really interested in the map
Brp : Z(kG) — Z(kCg (D))

obtained by restricting the above map to Z(kG) = (kG)¢ C (kG)P, and
its effect on idempotents. The point of the extended definition will become
clearer in Lemma 6.2.5.

If H is a subgroup of G with DC¢(D) < H < Ng(D) then by the above
proposition, every idempotent in Z(kH) lies in kCg(D). Let e € Z(kH) be a
primitive idempotent corresponding to a block bof kH,and 1 =e) +---+ €5
be a decomposition of 1 as a sum of primitive orthogonal idempotents in
Z(kQG) corresponding to the block decomposition kG = By + - -+ + Bs. Then
in Z(kH) we have

e = e.Brp(l) = e.Brp(ey) +--- + e.Brp(es).

Since e is primitive, we have e = e.Brp(e;) for some ¢, and e.Brp(e;) =0
for j # i. We define the Brauer correspondent b€ of b to be the block B; of
kG. In general, the Brauer correspondence is not a one—one correspondence,
but in case H = Ng(D), Brauer’s first main theorem, which we prove next,

states that it is a one-one correspondence between blocks with defect group
D.

LEMMA 6.2.4. A block idempotent e € Z(kG) has defect group D if and
only if e € (kG)$ and Brp(e) # 0.

PROOF. By Proposition 6.1.2, e has defect group D if and only if e €
(kG)S, and e ¢ (k:G)g, for D’ < D. By Rosenberg’s Lemma, 1.7.10, the latter
condition is equivalent to e & > 1 p(kG)$,. The lemma now follows from
the fact that the kernel of Brp on (kG)§ is 3 p . p(kG)§. O
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LEMMA 6.2.5. We have a commutative diagram
(kG)P kCqg(D)
lTrD‘G lTrD‘NG(D)

B
(kG)F == kCa (D) "

in which the bottom map is surjective. Note that we have (kG)$ C (kG)C =
Z(kG) and kCa(D)Xe®) C Z(kCo(D)).

PROOF. By Lemma 3.6.3 (iv), for z € (kG)P we have

Brp(Trpc(z)) = Brp( Z Trng(D)noD,Ne(D)(97)) = Brp(Trp ng(py(2))
Ng(D)gD

since the Brauer map is defined in such a way that it vanishes on the remain-
ing terms. Comparing parts (i) and (ii) of Lemma 6.2.1, we see that Brp
commutes with Trp x.(p), and so the above diagram commutes. Since the
top and right hand maps are surjective, it follows that the bottom map is
also surjective. O

THEOREM 6.2.6 (Brauer’s first main theorem). The map Brp establishes
a one-one correspondence, called the Brauer correspondence, between
block idempotents in Z(kG) with defect group D and block idempotents in
Z(kNg(D)) with defect group D. Ifb is a block of kNg(D) with defect group
D then bC is the corresponding block of kG with defect group D.

PROOF. By Lemma 6.2.4, a block idempotent e € Z(kG) has defect
group D if and only if e € (kG)§ and Brp(e) # 0. By Lemma 6.2.5, the map

Brp : (kG)§ — kCg(D)NG D) is onto, and by Proposition 6.2.2, every block
idempotent in Z(kNg (D)) with defect group D lies in kCG(D)NG D). O

Brauer’s first main theorem allows us to extend the above notation b€ as
follows. If DC¢(D) < H < G (but H not necessarily contained in Ng(D))
and b is a block of H with defect group D, then by the first main theorem,
there is a unique block b of Ny (D) with (b')H = b. We then write b€ for the
block (¥)C. It is easy to see that if H < K < G then (b¥)¢ = C.

Another way to view the Brauer correspondence, due to Alperin, is as
follows.

LEMMA 6.2.7. Suppose DC(D) < H < G and b s a block of kH with
defect group D. Then bC is the unique block B of kG such thatb is a summand
of the restriction B |g. g as a k(H x H)-module.

ProoOF. We first show that kG has a unique block B with b a summand
of Blyyy As in Proposition 6.1.1, we have

kG laxb= ka) 1€ lHxr= @ ki mnoae) i

(1,9)EHx H\GxG/A(G)
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and
(H x Hyn W9A(G) = VIAH N H).

It WOAH N9 'H) > Fh)A(D) then for ¢ € D we have hyzhy! =
g 'hazhylg and so hylghy € Cq(D) < H and so g € H. It follows that
for g ¢ H, no summand kg, gynt.9a(G) 1H*H has vertex containing A(D).
The identity double coset corresponds to the summand kH, and so kG |gxy
has only one summand isomorphic to b. It follows that there is a unique
block of kG whose restriction to H x H has a summand isomorphic to b.
To prove that this summand is bC, we argue as follows. It suffices to
prove this in case H < Ng(D), since applying this case twice yields the
general case. But in this case, if B is a summand of kG such that b is not
a summand of B |gxx, and e and ¢’ are the central idempotents in kH and
kG corresponding to b and B respectively, then the projection of ee’ onto kH
as a summand of kG is zero, so eBrp(e’) = Brp(ee’) =0and B#b¢. O

6.3. Brauer’s second main theorem

The following is Nagao’s module theoretic version of Brauer’s second main
theorem.

THEOREM 6.3.1 (Nagao). Let e € Z(kG) be a central idempotent, let D
be a p-subgroup of G, and let K be a subgroup with Ce(D) < K < Ng(D).
If M is a kG-module with M = e.M then

M | g= BrD(e).MlK @M’

where M’ is a direct sum of modules projective relative to p-subgroups @ with
DLQ<K.

PROOF. We have M’ = (1 — Brp(e)).My. Since e acts as the identity
endomorphism of M, e — Brp(e) acts as the identity endomorphism on M’'.
So by Lemma 6.2.1 (ii) we have

1py € Z (M’ MI)gG(D) c Z (M’,M’)g.
D{Q<Ng(D) DZQ<K
Thus by Rosenberg’s Lemma 1.7.10 and Higman’s criterion 3.6.4, each inde-
composable summand of M’ is projective relative to some p-subgroup Q with

D£Q<K. 0

COROLLARY 6.3.2. Suppose D is a p-subgroup of G, M is an indecompos-
able kG-module with vertex D, and e is a primitive idempotent in Z(kG). If
we denote by M’ the Ng(D) module corresponding to M under the Green cor-
respondence (see Theorem 8.12.2), thene.M = M if and only if Brp(e).M' =
M. O

COROLLARY 6.3.3. Suppose B = e.kG is a block with defect group D.
Then there is an indecomposable trivial source module M = e.M in the block
B, with vertex exactly D.
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PROOF. Let My be a projective indecomposable k(Ng(D)/D)-module
regarded as an indecomposable kNg(D)-module with vertex D, and chosen so
that Brp(e).Mp = Mp. Then by the above corollary the Green correspondent
M of My is a trivial source indecomposable kG-module with vertex D, and
eM=M. O

COROLLARY 6.3.4 (Blocks of defect zero). If B = e.kG is a block with
defect group D, then the following are equivalent:

(i) J(B) = 0 (and hence B is a complete matrix Ting over a division
ring).

(ii) D is the trivial subgroup of G.

(iii) B contains a projective simple module.

PROOF. By the above corollary and Proposition 6.1.2, D is the trivial
subgroup if and only if every module in B has vertex the trivial subgroup,
which is the same as being projective. By Lemma 1.2.4 this is equivalent to
the condition that J(B) = 0. Now by Proposition 3.1.2 projective modules
for kG are injective, and so by Proposition 1.8.5 this happens if and only if
B contains a projective simple module. O

COROLLARY 6.3.5. If B is a block of kG with defect group D, then B has
finite representation type if and only if D is cyclic.

PRrROOF. If D is cyclic, then every subgroup I’ of D is cyclic and so
kD’ has finite representation type So by Proposition 6.1.2 there are only
finitely many possible sources for modules in B, and therefore B has finite
representation type. Conversely, if D is not cyclic then D has a quotient
Z/p x Z/p, so there are infinitely many indecomposable kD-modules with
vertex exactly D. Let b be the Brauer correspondent of B, as a block of
Ng(D). Now if we induce the trivial kD-module to Ng(D) then the resulting
module k(Ng(D)/D) has summands in every block of kNg(D) (since every
simple k Ng(D)-module has D acting trivially). So given any indecomposable
kD-module M with vertex D, M 1V¢(P) has some summand M’ in b. Since
M 1Ne(D)| b is a sum of conjugates of M, the module M is a source of M’.
Since each conjugacy class in Ng(D) of kD-modules has finite cardinality,
we obtain infinitely many non-isomorphic indecomposable modules in b with
vertex D this way. By Corollary 6.3.2, the Green correspondents of these give
infinitely many non-isomorphic indecomposable modules in B with vertex
D. O

6.4. Clifford theory of blocks

In this section we examine the relationship between blocks and normal
subgroups. We use this to establish the extended version of Brauer’s first
main theorem, and Brauer’s third main theorem.

Let N be a normal subgroup of GG, e a primitive central idempotent in
kN, and b = e.kN the corresponding block of kN. For any g € G, geg™! is
again a primitive central idempotent in kN, and is hence either equal to or
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orthogonal to e. We define the inertia group T'(b) to be the subgroup of G
consisting of those elements g with geg~! = e. Thus

f= > geg!

9EG/T(b)
is a central idempotent in kG.

The identity element of kG can be written as the sum of such elements f,
one for each conjugacy class in kG of blocks of kN. Thus given any primitive
central idempotent ¢’ in kG corresponding to a block B = ¢’.kG, there exists
a block b of kN as above, unique up to conjugacy, such that B is a summand
of f.kG. This is equivalent to the condition that ¢'f = €', which in turn
happens if and only if €/f # 0 since €' is primitive. In the above situation,
we say that the block B covers the block b. Clearly every block of kN is
covered by some block of kG.

THEOREM 6.4.1. Suppose B is a block of kG, and N is a normal subgroup
of G.

(i) The blocks of kN covered by B form a single G-conjugacy class of
blocks of kN .

(ii) Suppose b = e.kN is a block of kN covered by B. Then some defect
group D(B) is contained in the inertia group T = T(b).

(iii) Let f =3 eq/T geg™! as above. Then we have f.kG = Mat,(e.kT)
where n = |G : T.

(iv) For some choice of D(B) (but not necessarily for all choices of D(B))
the group D(B) N N is a defect group of b.

{v) If Ca(D(b)) < N then ¢ = B and B is the unique block covering b.
Finally, if k is algebraically closed then |T : D(B)N)| is not divisible by p.

PROOF. (i) This is clear from the definitions.
(ii) As a k(N x N)-module we have kG = P,cq/n 9-kN, and so letting
f be the idempotent > 9€G/T geg~! as above, we have

fiG= P 9(fkN)= P P glhekNA™ P aibg"

g€EG/N g€G/N heG/T (g1,92)€
(GxG)/(A(T).NxN)
The latter is just b regarded as a k(A(T).N x N)-module induced up to
G x G. It follows that as a k(G x G)-module, every block B covering b is
projective relative to A(T).N x N. Thus for some defect group D(B) we
have A(D(B)) < A(T).N x N. Since N < T, it follows that D(B) <T.
(iii) We have
fkG = @ gl(e.lcT)g2_1
(91,92)€(GxG)/(TxT)
Similarly, e.kG can be written as an e.kT-module in the form

e.kG = @ (e.kT)g™"

9€G/T
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so that it is free of rank n = |G : T'| over e.kT. Thus we have
End, i1 (e.kG)*P = Mat,(e.kT).

We have an algebra homomorphism f.kG — End, r7(e.kG)°P given by right
multiplication. This is injective since if (ey)(fz) = 0 for all y € kG then
fx=ffr= deG/T geg L.fx = 0. It is surjective since the matrix entry
corresponding to sending (e.kT)gy ! to (e.kT)gy ! with right multiplication
by x € b is achieved by the element glzggl € f.kG.

(iv) Since B is a trivial source module with vertex A(D(B)), the restric-
tion to A(D(B)) has the trivial module as a summand. Hence the restriction
to A(D(B))N (N x N) also has the trivial module as a summand, and so
some summand of B |y« n has vertex containing A(D(B)) N (N x N). But
the restriction of B to N x N is a sum of modules of the form g1bg;'. The
vertices of these modules are all G x G-conjugate to A(D(b)), and so some
G-conjugate of D(B) N N is contained in D(b). Since b is a summand of
B | nxnN, it is projective relative to some G-conjugate of A(D(B)N'N), and
so we have equality.

(v) If Ce(D(b)) < N, then by Lemma 6.2.7 b€ is the only block B of kG
such that b is a summand of B | y«n, and is hence the only block covering b.

Finally, suppose k is algebraically closed, and let S be a Sylow p-subgroup
of T containing D(B). As in the proof of (ii), we regard b as a module
for A(T)(N x N) whose restriction to N x N is indecomposable. Hence
blA(s)(Nxn) is indecomposable and projective relative to A(D(B))(N x N),
so that by Green’s Indecomposability Theorem 3.13.3 it is induced from a
module for A(D(B))(N x N). Since b|a(p(B))(nxn) is indecomposable the
Mackey decomposition theorem implies that A(D(B))(N x N) = A(S)(N x
N), so that D(B)N = SN. This implies that |T : D(B)N| is not divisible
by p. O

LEMMA 6.4.2. Suppose Q is a p-subgroup of G and G = QC¢(Q). Then
the natural map 7 : kG — kG/Q induces a one—one correspondence between
blocks of kG with defect group D (which of course contain Q, for ezample by
Proposition 6.1.1) and blocks of kG /Q with defect group D/Q.

ProoF. By Proposition 6.2.2, every idempotent in Z (kG) lies in kC¢(Q).
Conversely Z(kCg(Q)) £ Z(kG) since G = QCg(Q), and so the primi-
tive idempotents in Z(kG) are the same as the primitive idempotents in

Z(kCc(Q))-
Now the map

7 kG = kG/Q = kCc(Q)/Z(Q)

maps Z(kCq(Q)) surjectively onto Z(kCe(Q)/Z(Q)), and has as its kernel
J(kQ).Ce(Q), which is nilpotent. So by the idempotent refinement theorem
it induces a one—one correspondence between idempotents in Z (kC¢(Q)) and
in Z(kG/Q). Since the image under 7 of (kG)§ is (kG/Q)gég the statemerit
about defect groups follows from Proposition 6.1.2. O
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THEOREM 6.4.3 (Brauer’s first main theorem, extended version).

Suppose that k is algebraically closed. Then there is a one—one correspon-
dence between the following:

(i) Blocks of kG with defect group D.

(ii) Blocks of kNg (D) with defect group D.

(iii) Ng(D)-conjugacy classes of blocks b of kDCg(D) with defect group
D, such that |T(b) : DCg(D)| is not divisible by p.

(iv) Ng(D)-conjugacy classes of blocks b of kDCq(D)/D of defect zero,
such that |T(b) : DCg(D)| is not divisible by p.

The correspondence between (i), (ii) and (iii) is given by the Brauer map
b bG, while the correspondence between (iii) and (iv) is given by the natural
map 7 : kDCq(D) — kDCq(D)/D.

Proor. The correspondence between (i) and (ii) was shown in Theo-
rem 6.2.6. The correspondence between (iii) and (iv) was shown in the above
lemma (with @ = D). So it remains to discuss the correspondence between
(ii) and (iii). We may thus assume that D is normal in G. We apply The-
orem 6.4.1 with N = DCg(D). This says that if B is a block of kG with
defect group D then the blocks of kN covered by B also have D as defect
group and p does not divide |T'(b) : DCg(D)|. Conversely if b is a block of
DC¢(D) with defect group D and p does not divide |T'(b) : DCq(D)| then
B = b6 is the unique block of kG which covers b. Moreover the defect group
D(b%) is a p-subgroup of T'(b) which intersects DCg (D) in exactly D, so that
since p does not divide |T'(b) : DCg(D)|, D is a defect group of 5C. |

It is worth making more explicit the structure of the blocks given in part
(iii) of the above theorem.

PROPOSITION 6.4.4. Suppose k is an algebraically closed field, and sup-
pose B is a block of kG with normal defect group D and G = DCq(D). Then
B = Mat, (kD).

PRrROOF. Since D acts trivially on simple kG-modules, and the block of
defect zero of kG /D corresponding to B as in the last theorem has only
one simple module by Corollary 6.3.4, it follows that B has only one simple
module S. So to prove that B = Mat, (kD) it suffices to show that B is
Morita equivalent to kD.

If M is a kD-module then M 1€ is a kG-kCg(D)-bimodule, with right
Cc(D)-action given by (g @ m)x = gz ® m. So we have a functor zpmod —
pmod given by M — M 16 ®rce(p)S. Similarly, we regard the dual S*
of S as a kD-kG-bimodule with trivial left action and we have a functor
pmod — ;pmod given by N — §*®ycN. Using the identity §*®c,(p)S &
Homyc, 0y (S, S) & k it is easy to see that these functors give an equivalence
of categories. 0O

THEOREM 6.4.5 (Brauer’s third main theorem). Suppose H is a subgroup
of G with DCg(D) < H, and b is a block of kH with defect group D. Then
bC is the principal block By(kG) if and only if b is the principal block Bo(kH).
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Proor. If we apply Nagao’s Theorem 6.3.1 to the trivial module, we find
that if b = Bo(kH) then B = Bo(kG). Conversely, suppose b® = By(kG).
We may suppose H < Ng(D), since applying this case twice gives the general
case. Let D’ be a defect group of b¥6(D). Then D < D’ < Ng(D) so that
Ce(D') < Cg(D) € Ng(D) and hence D'Cg(D’) < Ng(D). By the extended
first main theorem there is a unique Ng(D')-conjugacy class of blocks b’ of
kD'Cq(D') with (V)¢ = By(kG). Since Bo(kD'Cg(D')) is such a block and
is stable under Ng(D')-conjugation, this is the unique such block. But there
is also a block b of kD'Cg(D') with (')Ne(D) = pNe(D), For such a block we
also have (V)¢ = By(kG) and hence b = Bo(kD'Cg(D’)). Now by the first
part of the proof we have ¥¥¢(P) = By(kNg(D)). So we may assume that D
is normal in G.

We now apply Theorem 6.4.1 with N = DCg(D). Let ¥ be a block of
kN covered by b. By part (iv) of this theorem D is a defect group of ¥'. Since
Cg(D) < N, by part (v) we have (b)¥ = b and so (¥')¢ = Bo(kG). But also
Bo(kN) = By(kG), so that since Bo(kN) is stable under G-conjugation we
have ¥ = By(kN) and hence b = (V)H = By(kH). O

6.5. Blocks of cyclic defect

The situation of a block whose defect groups are cyclic is one which
is very well understood. The case of a cyclic defect group of order p was
originally described by Brauer. Using ideas of Green and Thompson, the
general case was analysed by Dade. We shall only describe that part of
the theory which has to do with the modular representations. We shall not
describe the ordinary characters or decomposition numbers.

Suppose B is a block of kG whose defect group D is cyclic of order p". By
Proposition 6.1.2 every indecomposable module in B has vertex contained in
D. Since a cyclic group has only finitely many indecomposable modules, there
are only finitely many sources and hence only finitely many indecomposables
in B. Thus B has finite representation type.

Let @ be the unique subgroup of D of order p, so that Ng(Q) > Ng(D).
By Brauer’s first main theéorem, there is a unique block b of Ng(Q) with
b¢ = B. By Theorem 6.4.1, there is a unique Ng(Q)-conjugacy class of blocks
by of Ca(Q) (note that Q < Ce(Q)) with 6D = b (so that bF = B). Let
T =T(b1) < Ng(Q) be the inertia group of by, and set e = |T : Ca(Q)|, the
inertial index of B (this is not the usual definition, but it is equivalent and
more suitable for our purposes). We shall not use the letter e to stand for an
idempotent during this section, so there should be no notational confusion.
Note that e divides |Ng(Q) : Ce(Q)|, which in turn divides p — 1 since
Ng(Q)/Ce(Q) is isomorphic to a group of automorphisms of Q.

We next analyse the Green correspondence between modules for G and

Ne(Q).
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LEMMA 6.5.1. Green correspondence between G and Ng(Q) sets up a
one-one correspondence between non-projective modules in B and non-pro-
Jjective modules in b, in such a way that

M | ng (@) = f(M) & (projective) & (modules not in b)
M'16 = g(M') & (projective).
If My and My are modules in B then
(M1, Mp) =2 (f(My), f(Mp))Ne(OH.
(see Definition 3.6.2 for the notation).

PROOF. By Proposition 6.1.2 every non-projective module in B has ver-
tex D' with 1 < D’ < D. Since Q is a characteristic subgroup of D’ this
means that Ng(D’) < Ng(Q) and so we may apply Green correspondence.
By Nagao’s theorem a module with vertex D’ lies in B if and only if its Green
correspondent lies in b.

The theorem now follows from Theorem 3.12.2 once we have evaluated
the sets of subgroups X and Y. Since Q is the unique minimal subgroup of
D, if ¢ ¢ Ng(Q) then we have * DN D = 1, and so X = {1}. Similarly )
consists of subgroups of Ng(Q) not containing @, so that any non-projective
indecomposable kNg(Q)-module with vertex in Y does not lie in b by Propo-
sition 6.1.2. O

We shall also need the following lemma.

LEMMA 6.5.2. Suppose A is a finite dimensional algebra with the prop-
erty that every projective indecomposable A-module and every injective inde-
composable A-module is uniserial. Then every indecomposable A-module is
uniserial, and in particular is a quotient of a projective indecomposable.

PROOF. Suppose M is indecomposable and S is a simple submodule of
M. Let M’ be a submodule of M which is maximal subject to the condition
SNM' =0. Then M/M' has S as its socle since otherwise we could enlarge
M'. So the injective hull of M/M’ is the injective hull of S and hence
uniserial, and so M/M' is uniserial. So the projective cover P of M/M’
is also uniserial. The map P — M/M’ lifts to a map P — M whose image
M" is a uniserial submodule of M containing S and hence intersects M’
trivially. Thus M = M’ @ M", and since M" # 0 we have M’ = 0. O

We now analyse blocks of cyclic defect with inertial index one. This is
an easy case to understand, and acts as a model for the arguments in the
general case.

PROPOSITION 6.5.3. Suppose B is a block of kG with cyclic defect group
D of order p™ and with inertial index one. Then there is only one simple
module S in B, and the projective cover of S is uniserial of length p".
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PrOOF. We first prove that if B has only one simple module S then the
projective cover of S is uniserial. For this purpose we use the fact that B has
finite representation type.

Denote by Ps the projective cover of S. We have Rad(Ps)/Rad?(Ps) # 0,
since otherwise S is projective so that by Corollary 6.3.4 S lies in a block of
defect zero. If Rad(Ps)/Rad?(Ps) is a sum of at least two copies of S then
Pg has a quotient M with Rad(M) =2 S & S and M/Rad(M) = S. Thus
the basic algebra Endic(Ps)P of B is a quotient of the algebra End(M)°P.
Setting A = Endig(S)°P we have Endye(M)P = A[X,Y]/(X? XY,Y?).
This algebra has infinitely many non-isomorphic indecomposable modules.
This may be seen as follows. The algebra A[X,Y]/(X2,Y?) is a self-injective
algebra of dimension four over A, and the modules Q"% are all non-isomorphic
indecomposables on which XY acts as zero. Since B has only finitely many
indecomposables, we deduce that Rad(Ps)/Rad?(Ps) & S. It follows that
Ps is uniserial, since by induction on r, if Rad‘(Ps)/Rad‘*!(Ps) = S then
Rad!(Ps)/Rad®*2(Ps) is a quotient of Ps/Rad?(Ps) and so we have either
Rad+!(Ps) = 0 or Rad*+!(Pg)/Rad"t2(Ps) = S.

We now prove the proposition by induction on the order of G, and we
begin with the case where the subgroup Q of order p in D is central in G
(note that the case D = 1 was dealt with in Corollary 6.3.4). Applying
Lemma 6.4.2, we see that the natural map 7 : kG — kG/Q induces a one-
one correspondence between blocks of kG with defect group D and blocks of
kG/Q with defect group D/Q. If B is the block of kG/Q corresponding to
B then the inertial index of B is again one, and since G/Q is smaller than G
the inductive hypothesis shows that B has only one simple module S. Since
Q acts trivially on simple B-modules, B also has only one simple module,
namely S again. Now if ¢ is a generator of @ then as a kG-module we have

(9 — 1)PkG/(g — 1) kG = kG/Q

forj =0,1,...,p~1, and (g — 1)? = 0. Thus (g — 1)’B/(¢ —1Y¥*'B= B
and so the length of the projective cover of S as a B-module is p times what
it is as a B-module. This completes the proof in case Q < Z(G).

Next, we treat the case where Q is normal but not central. In this case
we apply Theorem 6.4.1 to the normal subgroup C¢(Q), which is equal to
T since e = 1. We see that if by is a block of kC¢(Q) covered by B then
B = Maty,(b1), where m = |G : T|. Thus B is Morita equivalent to b; and
the result follows in this case.

Finally, if @ is not normal in G then we apply Green correspondence be-
tween G and N¢(Q), as in the Lemma 6.5.1. If B has more than one simple
module, say S and S’ are simple B-modules, then the Green correspondents
f(S) and f(S’) are uniserial modules for N(Q), and so one is a quotient
of the other, say f(S’) is a quotient of f(S). Now it follows from Proposi-
tion 3.6.6 that a homomorphism from one module to another lies in the image
of Tr1 ¢ if and only if it factors through the projective cover of the second
module. Since f(S) is not projective, the surjection f(S) — f(S5') does not
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lie in (£(S), £(8)NeD. Hence we have (f(S), f($'))Ne(@:1 £ 0 so that
by Lemma 6.5.1 (S, 8")% # 0. Since S and S’ are distinct simple modules
this is absurd, and so B has only one simple module. Since the length of
the projective cover of this simple module is one more than the number of
non-projective indecomposables in B, it also follows from the Green corre-
spondence that this is the same as the length for the corresponding block of

N (Q). O

The next easiest case to consider is the one in which Q is normal in G.
To avoid complications we assume that k is algebraically closed.

PROPOSITION 6.5.4. Suppose k is algebraically closed, and B is a block
of kG with cyclic defect group D of order p™ and inertial index e. Suppose
further that the subgroup Q of D of order p is normal in G. Then there
are e simple modules in B, all of the same dimension over k. These simple
modules may be labelled Sq,...,Se in such a way that the projective cover
P; of S; is uniserial of length p"™ with Raudi(I—’j)/Raud"*’1 (Pj) = Siyj, with the
subscripts being taken modulo e.

B is Morita equivalent to the group algebra of a split extension with nor-
mal subgroup D and complement cyclic of order e acting faithfully en D.

PROOF. Let b; be a block of Cz(Q) covered by B, and let T = T'(b1)
be the inertia group. Then by Theorem 6.4.1 B is isomorphic to a complete
matrix algebra over b . It thus suffices to prove the proposition with G = T..
We may apply the last proposition to b; to see that it has a unique simple
module S, and its projective cover is uniserial of length n.

We first claim that S extends to a simple kG-module in exactly e ways,
and that these are all the simple modules in B (note that this is not true
unless G = T'). Since b, is stable under conjugation by G, so is the simple
module S. Thus if g € G generates the cyclic group G/C¢(Q) we have
9g® S5 =S. Let 0 be an element of Endg(S) such that g ® s — 6(s) is such
a kCg(Q)-module isomorphism. In other words, 0(g‘lhg(s)) = h(6(s)) for
h € Cg(Q). Then ¢’ ® s — 6I(s) gives an isomorphism ¢/ ® S = S. Since
9¢ € Cg(Q), 9(s) — 6°(s) is a kCe(Q)-module endomorphism of S. Since k
is algebraically closed, it 'follows that for some p € k we have g°(s) = pf%(s).
Since e is coprime to p, there are exactly e distinct choices for an element
A € k with A* = u. For each such choice, we may extend S to a simple
kG-module by letting g act as the endomorphism Af. Distinct choices of A
give non-isomorphic extensions of S to a kG-module, since an isomorphism
between two such extensions restricts to give an isomorphism on Cg(Q),
which may therefore be taken to be the identity map.

If we let Sp,...,Se be the extensions of S to kG-modules, then

Homyg (S5, 51°) = Homycy(g) (S, S) 2 k
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and so by counting dimensions we have $1¢= 8, & --- ® S.. Now if M is
any simple kG-module then

Homc(M, $1°) 2 Homycg (@) (M Leg@) S) # 0

and so M must be one of the Sj;.
Now by the Eckmann-Shapiro lemma

EXt’lCG(S]‘, Sl b---D Se) = Ethlccc(Q)(S’ S) >k

so that there is a unique value of i for which Exty;(S;,S:) = k, and for
the remaining values of i we have Ext}-(S;,S;) = 0. Since B is a block, all
simple modules are connected by some chain of extensions, and it follows that
we may label the simple modules in such a way that Ext,lCG(Sj, Sj+1) = k,
where j is taken modulo e. Thus if we denote by P; the projective cover of
S; we have Rad(P;)/Rad?(P;) & Sj41. It follows that P; is uniserial with
either Rad’(P;)/Radi*!(P;) = S;.; or Rad*(P;) = 0, since by induction on
i, if Rad*(P;)/Rad"*!(P;) & S;;; then Rad*(P;)/Rad*?(P;) is a quotient of
P;1;/Rad?(P;1;) and so either Rad**!(P;) = 0 or Rad**!(P;)/Rad'*?(P;) =
Si+j+1. The restriction of Pj to Ca(Q) is some multiple of Pg; this multiple
has to be one since Ps 1€ is projective and hence equal to the sum of the P;.
Thus the length of P; is the same as the length of Pgs, namely p".

Finally, to see that B is Morita equivalent to the group algebra of a split
extension of D by Z/e, we notice that the Ext-quiver is an oriented cycle
of length e with relations saying that any composite of p™ successive arrows
is zero, so this determines the basic algebra by the method of Section 4.1.
Since the group algebra of the split extension is a block of the type being
considered, it has the same Morita type. O

THEOREM 6.5.5. Suppose k is algebraically closed, and B is a block of
kG with cyclic defect group D of order p™ and tnertial index e. Then there
are e simple modules and e.p" indecomposable modules in B. The stable
Auslander—Reiten quiver of B is o finite tube (Z/e)Apn_. The algebra B is
a Brauer tree algebra (see Section 4.18) for a Brauer tree with e edges and
exceptional multiplicity (p™ — 1)/e.

PROOF. Let @ be the subgroup of D of order p, and let b be the Brauer
correspondent of B in Ng(Q). Then by the previous proposition there are
e simple modules in b, and their projective covers are uniserial of length p".
Thus every indecomposable in b is uniserial and a quotient of a projective
indecomposable. Each projective indecomposable has p™ — 1 non-projective
quotients, and so b has e(p"” — 1) non-projective indecomposables. It now
follows from the Green correspondence (Lemma 6.5.1) that B also has e(p™ —
1) non-projective indecomposables. So we must show that B has e simple
modules, and hence also e projective indecomposables.

We first claim that if S and S’ are simple B-modules then the Green
correspondents f(S) and f(S5’) have non-isomorphic heads. For otherwise,
since they are uniserial modules, one is a quotient of the other, and just as
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in the proof of Proposition 6.5.3 this implies that 0 # (f(3), f(§'))Ne(@:1 ~
(S, 8")! which is absurd. Thus there are at most e simple modules in B.

Conversely if Sy and S, are simple modules in b, we claim that the same
simple B-module S cannot appear in the top radical layer of the Green cor-
respondents g(Sp) and g(Sp). For if S appears in g(Sp)/Rad g(Sp) then
0 # (g(Sp), S)G! = (8o, f(S))Nc(@:1 50 that Sy is a submodule of f(S),
and similarly Sj is also a submodule of f(S) and so Sy & 5. So there are at
least e simple modules in B.

It follows from Lemma 6.5.1, Corollary 6.3.2 and Theorem 4.12.11 that
the induction to G of an almost split sequence of modules in b is a sum of
an almost split sequence of modules in B and a split sequence of projective
modules. Thus the stable Auslander—Reiten quiver of B is isomorphic to
that for b. It is easy to see from the structure of the projective modules in b
given in the previous proposition that the irreducible maps between modules
in b are the injections and surjections with simple kernels and cokernels, so
that the stable Auslander—Reiten quiver of b, and hence also for B, is a
tube of type (Z/€)Apn_1. In particular there are at most 2e almost split
sequences in B with the property that the middle term has only one non-
projective summand. Thus we may apply Theorem 4.18.3 to deduce that
B is a Brauer graph algebra. Since B has finite representation type, we
may then apply Theorem 4.18.4 to deduce that B is a Brauer tree algebra.
The number of edges in the tree is equal to the number of isomorphism
classes of simple modules, namely e. Following Alperin [3], the multiplicity
of the exceptional vertex may be determined by looking at the determinant
of the Cartan matrix as follows. It follows from Lemma 6.5.1 that Green
correspondence gives an isomorphism between the cokernels of the Cartan
homomorphisms for b and for B (cf. Corollary 5.3.5 and Theorem 5.9.3). So
the determinant of the Cartan matrix of B is equal to that of b, namely
det(I + ((p" — 1)/e)J) = p™, where I is an e X e identity matrix and J is
a matrix of the same size with all entries equal to one. We claim that for
a Brauer tree with e edges and exceptional multiplicity m the determinant
of the Cartan matrix is em + 1, which gives the value of m as (p" — 1)/e
as required. We prove this by induction on e. We first treat the case in
which the tree is a star; in other words there is at most one vertex of valency
greater than one. If the exceptional vertex is the one with valency greater
than one, then as above the determinant is det(I + mJ) = em + 1, while if
the exceptional vertex has valency one then the determinant is

m+1 1 ... 1
1 2 1

det . . =em+1.
1 1 ... 2

Finally, if the tree is not a star then there exists an edge E such that neither
of the vertices at its ends has valency one. Denote by L and R the trees to
the left and right of E, intersecting in exactly E, and with union the whole
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tree. Denote by Lg and Ry the trees obtained from L and R by removing
the edge E. We choose the labelling so that the exceptional vertex, if there
is one, lies in L. Denote by ! and r the numbers of edges in L and R, so that
l+7 =e+ 1. The Cartan matrix has the form

X 0
C= z
0 Y

with a single entry z in the overlap, equal to either 2 or m + 1, depending on
whether the exceptional vertex is the left-hand vertex of E or not. Denote
by Xy and Y the submatrices of X and Y obtained by removing the row
and column containing the overlap. Then X, Y, X and Y are the Cartan
matrices of L, R, Ly and Ryp. By the inductive hypothesis we know the
determinants of X, Y, Xy and Y5.
Expanding det(C) about the row containing the overlap, we see that
det(C) = det(X) det(Yy) + det(Xg) det(Y) — 2. det( Xg) det(Yp).
If z = 2 this equals
(Im+)r+((-1m+D(r+1)-2((I-1ym+1)r=em+1,
while if z =m + 1 it equals
(m+)yr+((-1m+1)(rm+1)—(m+1)((I+1)m+1)r=em+1.
This completes the calculation of the determinant of C. O

6.6. Klein four defect groups

In this section we show how the methods of the last section can be pushed
to determine the structure of blocks whose defect groups are Klein four
groups. In an extraordinary series of papers, Erdmann [101, 102, 103,
104, 105] has taken this method to its natural conclusion by completing the
analysis of tame blocks of group algebras; namely those whose defect groups
are dihedral, semidihedral or generalised quaternion. For all other possible
defect groups the representation type is wild, and so one does not expect an
analysis of almost split sequences to determine the algebra structure.

Suppose k is an algebraically closed field of characteristic two, and sup-
pose B is a block of kG whose defect group D is a Klein four group Z/2xZ/2.
By Brauer’s first main theorem, there is a unique block b of Ng(D) with ¢ =
B. By the extended first main theorem there is a unique Ng(D)-conjugacy
class of blocks by of kCa(D) (note that D < Cg(D)) with 67¢”) = b (so
that b§ = B). Let T = T(b1) < Ng(D) be the inertial group of b, and set
e =|T : Ce(D)|, the inertial index of B. Since Ng(D)/Cq(D) is isomorphic
to a subgroup of Aut(D), which has order six, and e is coprime to p = 2, it
follows that e = 1 or 3. We begin with the case e = 1.

THEOREM 6.6.1. Suppose k is an algebraically closed field of character-
istic two, and B is a block of kG with Klein four defect group D and inertial
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index e =.1. Then there is a unique simple module S in B, and if Pg is its
projective cover then Rad(Ps)/Soc(Ps) = S@® S. For some n > 1 we have
B = Mat, (kD).

PrROOF. We begin with the case where D is central in G. In this case
Proposition 6.4.4 shows that B = Mat, (kD). Next, if D is normal but not
central then by Theorem 6.4.1 there is a unique conjugacy class of blocks b
of Cz(D) covered by B. Since e =1 the inertial group of b is C¢(D) and so
B = Mat,,(b), where m = |G : C(D)|.

To examine the case where D is not normal in G, we first examine the
stable Auslander—Reiten quiver of kG-modules. Let b be the Brauer cor-
respondent of B as a block of kNg(D). Referring to the examples as the
end of Section 4.17, we see that the stable quiver of b-modules consists of
a component of type ZA;2 and an infinite set of 1-tubes, each fixed by Q.
Since every proper subgroup of D is cyclic, all but a finite number of these
modules have vertex D, and the remaining modules lie in 1-tubes. It thus
follows from Proposition 4.12.11 and Corollary 6.3.2 that the stable quiver
of B-modules also consists of a component of type ZA; and an infinite set
of 1-tubes, each fixed by €.

Now suppose Pg is the projective cover of a simple B-module S. If Pg is
attached at the end of a 1-tube then Rad(Ps) = Pg/Soc(Ps). It is easy to
see that this implies Pg is uniserial with all composition factors isomorphic
to S and hence S is the only simple module in a block of finite representation
type. This is absurd, and so Pg is connected to the component of type
ZA3. This implies that Rad(Pg) /Soc(Pg) =2 S®S. So S is the only simple
module in B, and by Morita theory B = Mat,(Endp(Ps)°?). Let o be
an endomorphism of Pg taking the top composition factor to one of the
summands of the middle, and 3 be an endomorphism taking it to the other
summand. Since the image M of « is a module with a resolution by projective
modules all of dimension four, it follows from Auslander’s Theorem 4.14.2
that M does not lie in the ZA;2 component and so it satisfies M & Q(M),
so that o = 0. Similarly 52 = 0 and af is some non-zero multiple of Ba.
But B, and hence also Endp(Ps), is a symmetric algebra. If A is a linear
map as in the definition of a symmetric algebra, then A(af) = A(Ba). Since
A cannot vanish on the left ideal generated by &3, we have o8 = Ba and so
Endp(Ps) = k(a, 8)/(a?, 8%,a8 — Ba) 2 kD. ]

THEOREM 6.6.2. Suppose k is an algebraically closed field of character-
istic two, and B is a block of kG with Klein four defect group D normal
in G, and inertial index e = 3. Then there are three simple modules, S,
S3, S3 in B with projective covers Py, Pa, P3. We have Rad(P;)/Soc(P;) =
S;j_1 @ Sj+1 where the indices are taken modulo three. For some n > 1 we
have B & Mat,(kA4), where Ay is the alternating group of degree four.

PROOF. Let b be a block of kCg(D) covered by B. Then T(b) = G,
|G : Cg(D)] = 3, and by the previous theorem we have b = Mat, (kD). Let
S be the simple module in b. Then S is stable under conjugation by G, and
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so by the same argument as we used in the proof of Proposition 6.5.4, we
see that § extends to give three non-isomorphic B-modules S;, Sz, Ss, and
this is a complete list of simple B-modules. Also Pg 16~ P, & P, & P; and
Pjlcgo(py= Ps. Thus Rad(P;)/Soc(F;) is isomorphic to a direct sum of two
simples. Since the three simples are related by tensoring with the three one
dimensional modules for kG/C¢(D) = k(Z/3), the whole picture is invariant
under the substitution S; — S;j;1. Now the fact that the determinant of the
Cartan matrix is a power of two (see Corollary 5.7.2 or Theorem 5.9.3) leaves
only one possibility, namely Rad(P;)/Soc(P;) = P;_1 ® Pj4+1. We now com-
pute the basic algebra by the method of quivers with relations (Section 4.1).
The Ext-quiver is as follows:

The relations are 0 = da = By = af = €8 = (6 = 7¢, and there are non-zero
constants p1, g2, 3 with Ba = u1¢e, e = p26y and v6 = usaB. By replacing
(say) ¢ and & by non-zero multiples, we may assume that y; = us = 1. Now
B is a symmetric algebra, and hence so is the basic algebra. If A is a linear
map as in the definition of symmetric algebra then

0 # Aaf) = A(Ba) = A(Ce) = Ale) = M(&y) = A(v8) = pzA(ap)

and so u3 = 1. Thus the basic algebra is completely determined. Now kA4
is an example of such a block B, and is basic. Since Sj, S2, S3 have the
same dimension, n say, Morita theory implies that B is isomorphic to the
endomorphism ring of a direct sum of copies-of the regular representation of
kA4, ie., B = Mat,(kAy). (|

THEOREM 6.6.3. Suppose k is an algebraically closed field of character-
istic two, and B is a block of kG with Klein four defect group D of inertial
index e = 3. Then there are three simple B-modules Sy, S2, S3 with projective
covers Py, P, P3. One of the following possibilities holds:

(i) B is Morita equivalent to the group algebra kA4. In this case

Rad(P;)/Soc(P;) & 51 & Sj+1,
where the indices are taken modulo three.
(ii) B is Morita equivalent to the principal block Bo(kAs) of the group

algebra of the alternating group As. In this case, after re-indexing if necessary
we have

Rad(Pl)/SOC(Pl) = Uni(Sz, S1, 53) D Uni(Sg, S1, 52)
Rad(P,)/Soc(Ps) = Uni(S1, Ss, S1)
Rad(Ps)/Soc(Ps) = Uni(S1, Sa2, 51)-
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Here, Uni(A, B,...) denotes a uniserial module with composition factors
A, B,... starting from the top.

PRrROOF. The proof of this theorem is a variant of the ideas in Theo-
rem 4.18.3 in which the almost split sequences considered have non-isomor-
phic ends. The problem with applying the theorem as it stands is that there
are infinitely many 1-tubes, as we shall see.

We use Green correspondence to examine the stable Auslander—-Reiten
quiver of B-modules. Let b be the block of kNg(D) corresponding to B by
Brauer’s first main theorem, and b; a block of kCg (D) covered by b. By the
previous theorem, b is Morita equivalent to the group algebra kA4 of the alter-
nating group of degree four, and so by the example at the end of Section 4.17,
the stable quiver of b-modules consists of one component ZAs, two 3-tubes,
and an infinite set of 1-tubes, and  fixes each component setwise. The non-
projective modules in b with vertex a proper subgroup of D lie at the ends of
1-tubes. Moreover, if M is an indecomposable non-projective module in B
with vertex a proper subgroup D’ of D, then by Nagao’s Theorem, the Green

correspondent f(M) is a module lying in bIIVG(D’). This is a block with defect
group D and inertial index one, and so by Theorem 6.6.1, f(M) = Qf(M)
and hence M = Q(M). It now follows from Proposition 4.12.11 that the
stable quiver of B-modules consists of one component ZAs, two 3-tubes, and
an infinite set of 1-tubes, and Q fixes each component setwise. The non-
projective indecomposable modules with vertex a proper subgroup of D lie
in 1-tubes.

We shall show that for each simple B-module S we can produce two
almost split sequences satisfying the following conditions:

(a) The middle term has at most one non-projective summand.

(b) The left and right hand terms are non-isomorphic.
Such an almost split sequence cannot lie in a Z/ig component or a 1-tube, so
it must lie at the end of a 3-tube. Since there are only six modules lying at
the ends of 3-tubes, this will say there are at most three simple modules.

Suppose S is a simple module with projective cover Ps. If S lies in a tube
it lies at the end, and so Rad(Ps)/Soc(Ps) is indecomposable. Conversely, if
Rad(Ps)/Soc(Ps) is indecomposable, then the almost split sequences termi-
nating in U = Pg/Soc(Ps) and V = S (notation as in Section 4.18) satisfy
(a) by Proposition 4.12.9, and S lies at the end of a tube. Since S 2 (S),
these almost split sequences satisfy (b), and S lies at the end of a 3-tube.

On the other hand, if Rad(Ps)/Soc(Ps) is decomposable, then it has
exactly two summands U and V, and S lies in the ZAs component. By
Lemma 4.18.2, the almost split sequences terminating in U and V satisfy
(a). If Q*(U) = T, then since every periodic module has period one or three,
we have Q(U) 2 U, ie.,, V¥ 2 U. Since Rad(Ps), U, V and Ps/Soc(Ps) lie
in the ZAs component, there is an irreducible morphism QV) 5 U, and
Q(V) 2 Rad(Ps). Since Q(V) has more composition factors than U, « is
surjective and has SocQ(V) = V/Rad(V) = U/Rad(U) & S in its kernel.
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But Q(V)/Soc (V) 2 V@ .S and so either U = V or U 2 S. Since neither of
these holds we have Q?(T) 2 U and so the almost split sequences terminating
in U and V satisfy (b).

We now know that there are at most three simple B-modules. Next,
we note that not all simple B-modules can be periodic, since otherwise by
the Horseshoe Lemma 2.5.1, all finitely generated B-modules would have
resolutions by projective modules of bounded dimension. But then the ZAs
component would contradict Auslander’s Theorem 4.14.2.

Let S; be a non-periodic simple module whose projective cover has as
few composition factors as possible. Then S lies in the ZAs component, and
hence so does Q(S;). So Rad(P,)/Soc(P,) = Uy &V, with Uy and V) non-zero
indecomposable. An examination of the action of Q on the ZAs component
shows that there have to be almost split sequences 0 — Q(Uy) = V1 & 5 —
QY (U)) - 0and 0 - QV1) = U1 & S1 — Q71(V;) — 0 with the possible
addition of a projective summand in the middle. We divide into two cases
according to whether such a projective summand appears in at least one of
these sequences.

First suppose that one of these sequences has a projective summand,
say 0 —» QU) > V1 ©dS1 @& P, —» QY(U;) — 0. In this case we have
Uy =2V, Vb 2 5) and S2 = U, and so there is an almost split sequence
0— QW) - S18 82 — Q7 1(Vi) — 0 with the possible addition of a
projective summand in the middle. But this almost split sequence does not
make sense without a projective summand in the middle, so in fact it is
0-0QWV) - 51959 P3 — Q7 1(V}) = 0. Thus there are exactly three
simple modules and Rad(P;)/Soc(P;) = Pj_1 ® Pj41 (indices modulo three).
We now argue as in the proof of the previous theorem to show that the basic
algebra of B is isomorphic to kA,.

Now suppose that we have almost split sequences 0 — Q(U;) — V1S —
QYU - 0and 0 - QW) = Uy &85 — Q7 1(11) — 0 without projective
summands in the middle. If the projective cover of U; has the projective cover
of a non-periodic simple as a summand then (U;) has more composition
factors than V} & S, so this cannot happen. Therefore there is at least one
periodic simple, say Sz, which lies at the end of a 3-tube. The modules at
the end of this 3-tube are therefore Rad(P,) = U,, Po/Soc(P;) = U, and
S2 = KZ = VQ.

Now consider the four modules Uy, V, U, and V. Since these all lie
at the ends of 3-tubes, either two of them are isomorphic, or one of them is
isomorphic to one of Sz, Uz or Us. In the first case, since V) is not isomor-
phic to either U, or U,, without loss of generality we have V,2V,. This
implies that V] is uniserial with all composition factors isomorphic to S;.
Since there is an injective irreducible map Q(U,) — Vi, Q(U)) has the same
property, contradicting the fact that the projective cover of U; does not have
P, as a summand. Thus the second case holds, and by dualising all argu-
ments if necessary we may assume without loss of generality that U, = U,.
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Hence V; & Q(U;) & U2 and so Uz /Rad(Us) = Soc(Us) = S, and hence
ExtL(S1,82) = k. Now Q(V,) = Q(Uz) = Sz and hence Q(W;) is a non-
split extension 0 — S2 — Q(V4) — S1 — 0. Now, Soc?(U1) = Soc?(U,) =
Soc?(U,) is also a non-split extension 0 — S — Soc?(U1) — S; — 0, so the
irreducible map (V1) — Uj is injective with simple cokernel. We claim that
this simple cokernel is not isomorphic to S} or S;. If it were isomorphic to
S then U; = Uni(S1, S1, S2) and Vi /Soc(Vh) 2 S5 so that there would be no
surjective map from P; to U;, which contradicts the fact that U; has a pro-
jective cover. If it were isomorphic to Sy then Rad(P;)/Rad?(P1) = S, & Sz,
which would contradict the fact that ExtL(S1, S2) & k. Thus there is a third
simple module S3, and we have U; = Uni(S3, S1,52), Uz = Uni(S1, 53, 51)
and V; = Uni(Ss, S1,53). Since the projective cover of U; does not have the
projective cover of a non-periodic simple as a summand, Pj3 is attached at
the end of the other 3-tube. It is now easy to see that Us & Uy, so that
Us = Uni(S1, Sz, S1). We have proved that B is a Brauer graph algebra, and
so finally the basic algebra may be determined by the method of quivers and
relations as explained in Section 4.18. As usual, the last scalar is determined
using the fact that B is a symmetric algebra.

Since As = SLy(4), the principal block of kAs has a two dimensional
simple module whose restriction to a Sylow 2-subgroup is indecomposable of
even dimension and hence periodic, so this principal block is an example. of
a block of type (ii). O

REMARK. Part of this theorem, namely the fact that there are three
simple modules in B, may be given an alternative proof using generalised
decomposition numbers, see Brauer [36] (Vol. III, 20-52: Some Applications
of the Theory of Blocks of Characters of Finite Groups, IV). The above
proof in fact shows something stronger, namely that any finite dimensional
symmetric algebra A whose stable Auslander—Reiten quiver is isomorphic to
that of kA4 is in fact Morita equivalent to one of the two algebras listed, and
in particular has exactly three simple modules.

Auslander has conjectured that if A and I" are any finite dimensional
algebras such that smod is equivalent to rmod (such algebras are said
to be stably equivalent) then A and I" have the same number of simple
modules (other than those lying in summands isomorphic to complete matrix
algebras). This may be related to a conjecture of Alperin, which says that
if B is a block of kG with abelian defect group D and Brauer correspondent
b as a block of Ng(D), then the number of simple modules in B is equal to
the number of simple modules in b. A theorem of Knérr implies that in this
situation D is a vertex of every simple module in B, and so this is a special
case of a more general conjecture, usually called Alperin’s conjecture. This
says that if B is a block of kG with defect group D (not necessarily abelian),
then the number of simple modules in B is equal to the sum over all conjugacy
classes of p-subgroups P of G of the number of projective simple modules for
N¢g(P)/P which when viewed as modules for Ng(P) lie in a block b for which
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b¢ = B. In other words, the number of simple modules in B, which may
be thought of as a global invariant, is equal to the number of simple Green
correspondents of modules in B, which may be calculated locally. This is
considered by many to be one of the most important conjectures in modular
representation theory at this time.
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finitely generated, 129
left derived, 33
Nakayama, 148
projective, 129
quotient, 129
representable, 23
right derived, 33, 102
simple, 129
functorial filtration, 132
fundamental group, 157
fusion, control of, 80

G/H, v
G, v
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Ga, 116
(G/H], 178
Ga1, Gaa, 117
(9]~ -1gn], 63
Gabriel’s theorem, 103, 127
Galois descent, 109
generalised quaternion groups, 115, 143
graded
algebra, 94
strongly group-, 88
commutative, 41, 56
graph, 112
Brauer, 166
labelled, 104
opposite, 118
orbit, 155
reduced, 155
valued, 104
Green
’s indecomposability theorem, 89
’s lifting theorem, 78
correspondence, 85, 212
‘Ting, 171
Grothendieck ring, 171, 172
group
-like elements, 52
algebra, 49
alternating
Aa, 112, 162, 179, 220
As, 220, 223
cyclic, 175, 193
defect, 202
dihedral, 115
Dress, 189
elementary, 187
extension of, 75
Frobenius, of order p(p — 1), 74
fundamental, 157
generalised quaternion, 115, 143
hyperelementary, 187
hypo-elementary, 184
inertia, 87
Klein four, 107, 115, 218
metacyclic, 191
nilpotent, 91
ring, 49
twisted, 77
semidihedral, 115, 142
soluble, 181
symmetric
Ss, 178
Sp, 74
Weyl, 120
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H,(G,M), H*(G, M), 49 Conlon’s, 188
Hall’s identity, 94 Dress’, 189
Harada-Sai lemma, 153 inertia group, 87, 209
head of a module, 3 inertial index, 212
hereditary ring, 44, 100 infinite
Higman's criterion, 70 Dynkin diagram, 116
Hom, 44 representation type, 114
homology, 28 inflation, 64
of an augmented algebra, 34 injective
homomorphism hull, 11
Cartan, 177 module, 8
connecting, 30 relatively, 68
homotopy, chain, 28 inner product, 172
Hopf algebra, 51 integral representation, 17, 50
horseshoe lemma, 35 intersection of Sylow subgroups, 202
relative, 82 interval, 132
H-split, 68 invariants, Cartan, 15
hull, injective, 11 irreducible map, 149
hypercohomology, 45 isomorphism
hyperelementary group, 187 natural, 21
hypo-elementary group, 184 of extensions, 75
reflecting, 132
ideal theorem, Zassenhaus, 1
maximal, 3
nilpotent, 13 Jacobi identity, 94

primitive, 3 Jacobson radical, 3
)

relatively Jennings’ theorem, 93
projective, 190 Jordan—Hélder theorem, 1
split, 190 Ko(RG), 173

idempotent, 5, 12 Kernel, 22

central, 15, 201
conjugate, 13
equivalent, 13
in b(G), 179
orthogonal, 12

Klein four group, 107, 115, 162

as defect group, 218
Kronecker quiver, 107
Krull-Schmidt theorem, 7, 18, 172

) Kiinneth
primitive, 12 spectral sequence, 44
primitive central, 15, 201 theorem, 42, 67
refinement theorem, 13, 18
identity labelled graph, 104
Jacobi, 94 smaller, 117
Philip Hall’s, 94 strictly smaller, 117
ind§ 5, 173 AA, 3
indy g, 173, 182 Landrock’s theorem, 14
indecomposability theorem, Green’s, 89 lattice, 17, 50
indecomposable law, modular, 1
absolutely, 89 layer
four subspace system, 100 Loewy, 3, 14
index, inertial, 212 radical, 3, 95
induction, 46, 182 left

tensor, 96, 173 adjoint, 24
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Burnside’s, 180
Eckmann-Shapiro, 47, 60
Eilenberg-Nakayama, 106
Fitting’s, 8, 18
Harada—Sai, 153
horseshoe, 35
Nakayama's, 4
relative
horseshoe, 82
Schanuel’s, 81
Rosenberg’s, 15, 204
Schanuel’s, 9
Schur’s, 5
Shapiro’s, 47
snake, 30
Yoneda’s, 23, 130
length
composition, 2
radical, 3
socle, 3
<G, v
Lie algebra, restricted, 94
lift, Brauer, 195
lifting theorem

Green’s, 78
Scott’s, 84
lim', 102

linear relation, 112
on a quiver, 103
local ring, 7
locally finite quiver, 155
Loewy
layer, 3, 14
series, 3
long exact sequence, 29, 35, 82
loop, 155
low degree cohomology, 75

Mackey

decomposition theorem, 61

formula, 73

for permutation representations, 182

map

Brauer, 205

(co)chain, 28

Frobenius, 176
Maranda’s theorem, 78
Maschke’s theorem, 72
Massey product, 59
matrix, Cartan, 12, 118
maximal ideal, 3
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metacyclic groups, 191
minimal resolution, 32, 147
Mobius function, 194
aMod, smod, 21
amod, 23
Am_Ody 22
modular

law, 1

representation, 17, 50
modulated quiver, 104
modulation, 104
module

band, 137

flat, 9

for group algebra, 49

free, 9

head of, 3

injective, 8

multiplicity, 89

Noetherian, 1

periodic, 158

projective, 8

radical of, 3

semisimple, 3

socle of, 3

string, 137

theory, decidable, 115

top of, 3

trivial, 49, 52

source, 84, 183

uniserial, 2
monomorphism, 22
Morita theory, 25
morphism of quivers, 154
u(d), 194
multiple arrow, 155
multiplicity

exceptional, 166

in Brauer graph, 166

module, 89

Nagao's theorem, 207
Nakayama

functor, 148

lemma, 4

relations, 46, 60
natural

isomorphism, 21

transformation, 21
negative vector, 122
nilpotence of J(A), 4
nilpotent

elements in A(G), 191
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ideal, 13
Noetherian
module, 1
ring, 4
non-singularity
representation rings, 198
v, 148
number, Coxeter, 122

o, 17
object, zero, 22
Qr(M), Q7™ (M), 32
Q(M), 9
QY (M), 11
Q](G), v
Qr (M), G "(M), 32
QM), 10
0,(G), OP(G), v
operations
on RG-modules, 49
psi, 193
opposite graph, 118
orbit, 178
graph, 155
ordering, admissible, 125
ordinary
character, 174
representation, 17, 50
orientation, 104
orthogonal idempotents, 12
orthogonality relations, 172

Par, 9
p, 17
p-fusion, control of, 80
p-local Burnside ring, 180
p-modular system, 17, 201
p-rank, v
path algebra, 99, 103
periodic
module, 158
resolution, 65
word, 139
D, v
planar embedding, 166
Poincaré
~Birkhoff-Witt basis, 95
series, 95
positive vector, 122
primitive
central idempotent, 15, 201
ideal, 3

INDEX

idempotent, 12
principal block, 203
product

cup, 56

inner, 172

Massey, 59
progenerator, 25
projective

cover, 9

functor, 129

module, 8

relatively, 68

resolution, 31

of chain complex, 45
relatively, 81
psi operations, 193
pullback, 10
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quaternion groups, generalised, 115, 143

quiver, 99
Auslander—Reiten, 132, 150
covering of, 156
Ext-, 103
Kronecker, 107
locally finite, 155
modulated, 104
morphism of, 154
representation of, 99
stable, 153
translation, 155
with relations, 103

quotient
cyclic, 180, 184
functor, 129

R(G), 173

TP(G)’ v

radical
filtration of kP, 94
Jacobson, 3
layers, 3, 95
length, 3
of a module, 3
series, length, 3

rational canonical form, 108, 114

reciprocity, Frobenius, 60
reduced graph, 155
reducible, completely, 3
refinement, idempotent, 13
reflecting isomorphisms, 132
reflection, 120
regular

part of relation, 112
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representation, 3
relations, 103
linear, 112
Nakayama, 46, 60
orthogonality, 172
quiver with, 103
regular part, 112
relative
cohomology, 81
horseshoe lemma, 82
injectivity, 68
projectivity, 68
Schanuel’s lemma, 81
relatively
projective
ideal, 190
resolution, 81
split ideal, 190
representable functor, 23
representation, 50
integral, 17, 50
modular, 17, 50
of a quiver, 99
ordinary, 17, 50
quiver, stable, 155
regular, 3
ring, 171, 172
type, 114
domestic, 114
finite, 114, 208
infinite, 114
tame, 100, 114
wild, 100, 114
resg,u, 173, 182
resolution
free, 63
minimal, 32, 147
periodic, 65
projective, 31
relatively projective, 81
standard, 63
restricted Lie algebra, 94
restriction, 46, 182
in cohomology, 73

Riedtmann structure theorem, 154

right

adjoint, 24

derived functors, 33, 102
ring

Artinian, 4

Burnside, 171, 177

division, 6

Green, 171
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Grothendieck, 171, 172

group, 49

hereditary, 44, 100

local, 7

Noetherian, 4

representation, 171, 172

self injective, 11

semisimple, 3, 72, 171

twisted group, 77
Rojter’s theorem, 153
root system, 122
Rosenberg’s lemma, 15, 204

S, 129

Schanuel’s lemma, 9
relative, 81

Schur’s lemma, 5

Scott’s lifting theorem, 84

second main theorem, Brauer’s, 207

self injective ring, 11
semidihedral groups, 115, 142
semisimple
module, 3, 101
ring, 3, 72, 171
sequence
almost split, 143
Auslander-Reiten, 143
long exact, 29, 35, 82
series
composition, 1
Jennings, 93
Loewy, 3
Set, 21
Shapiro’s lemma, 47
sign convention, 42
simple functor, 129
sink, 125
Skolem—Noether theorem, 6
SLy(4), 223
smaller (labelled graph), 117
snake lemma, 30
socle
of a module, 3
series, layer, length, 3
soluble group, 181
source, 83, 125
trivial, 84
spectral sequence
Adams, 142
Kiinneth, 44
splice, Yoneda, 40
split extension, 75
splitting
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p-modular system, 17
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0, v
stable
elements, 79
module category, 22
quiver, 153
representation quiver, 155
connected, 155
stably equivalent algebras, 223
standard resolution, 63
string modules, 137
strongly group-graded algebra, 88
structure theorem, Wedderburn, 5
subadditive function, 118
subfunctor, 129
subgroups
cyclic, 174, 185
dimension, 93
Sylow, 72, 78, 80, 203
EHgK’ v
switchback map, 30
Sylow subgroups, 72, 78, 80, 203
cyclic, 115, 171, 191
dihedral, 115
generalised quaternion, 115
intersection of, 202
Klein four, 115
semidihedral, 115
T.I,, 74
symmetric
algebra, 11, 50
group Sz, 178

group Sp, 74
symmetrised Cartan matrix, 118
system

of linear relations, 103
p-modular, 17, 201
root, 122

T(b), 209
table of marks, 179
tame
group algebras, 115
representation type, 100, 114, 218
T0, T1y 199
tensor
induction, 96, 173, 193
product, 50
of complexes, 42
&, 96
theorem
Artin’s induction, 185

Auslander’s, 129, 154
Brauer’s

first main, 206

induction, 187

second main, 207

third main, 211
Burry-Carlson—Puig, 87
comparison, 31, 81
Conlon’s induction, 188
Dress’ induction, 189
Eckmann—Schopf, 11
extended first main, 211
Gabriel’s, 103, 127
Green's

indecomposability, 89

lifting, 78
idempotent refinement, 13, 18
induction, 185

Artin’s, 185

Brauer’s, 187

Conlon’s, 188

Dress’, 189
Jennings’, 93
Jordan—Hélder, 1
Kiinneth, 42, 67
Krull-Schmidt, 7, 18, 172
Landrock’s, 14
Mackey decomposition, 61
Maranda’'s, 78
Maschke’s, 72
Morita, 26
Nagao’s, 207
Riedtmann structure, 154
Rojter’s, 153
Scott’s lifting, 84
Skolem-Noether, 6
trichotomy, 115
Webb’s, 159
Wedderburn

on finite division rings, 6

structure, 5
Witt~Berman, 187
Zassenhaus isomorphism, 1

theory, Clifford, 87
third main theorem, 211
T.I. set, 74

top of a module, 3

Tor, 30

Tr, 68

Tr, 60

trace, 171

map, 68
exterior, 60
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transfer, 68

in cohomology, 73
transformation

Coxeter, 122

natural, 21
translation, 155

Auslander-Reiten, 144

quiver, 155
tree

Brauer, 166

class, 158

directed, 155
trichotomy theorem, 115
trivial

module, 49, 52

source module, 84, 183
tube, 156, 158
Turing machine, 115
twisted group ring, 77

u, 196
UJen.(P), 94

undecidable module theory, 115
unique decomposition property, 7

uniserial module, 2
universal

cover, 158

enveloping algebra, 94

Vs, 107

Va,a, 111

v, 196

valued graph, 104

« Vec, 21

vector
defect of, 122
dimension, 120
negative, 122
positive, 122

vertex, 83
exceptional, 166

Wia, 112
Webb’s theorem, 159

Wedderburn structure theorem, 5

Weyl group, 120
Whitehead’s conjecture, 32

wild representation type, 100, 114
Witt—-Berman theorem, 187

word, periodic, 139
wreath product, v

Yoneda
composition, 40
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lemma, 23, 130
splice, 40

ZAs, 221

ZAyz, 219

ZAZ, 165

Zassenhaus isomorphism theorem, 1
ZB, 155

ZB3, 164

zero object, 22

Z(G), v

Z(kG), Z(0G), 201
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